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Ot aBTOpPOB

There’s no point in being grown-up
if you can’t be childish sometimes.

«Doctor Who»

Hoporoit gpyr! Bbl gepxkute B pyKax WM [IpOCMATpHBaeTe C dKpaHa Barero
30MO0SIIIIKa OpOIITIOPY € MaTepUaJaMH 3aHATHN «HEOOLIYHOM» Tpymmbl 9 Kiacca
JleTneit mHOTOIIpEIMETHO IKOIBI KMPOBCKO# 06/1aCTH, TTIOPOKIEHHYIO TTPETIOIABa~
TeJIIMU T'PYIIT PAa3HO cTeneHn 00bIIHOCTH. HeCKOIbKO 3aHATHI MOSBUJINCH HA, CBET
KaK COBMECTHOE TBOPYECTBO C IPEIOJABATENSIME IPYIIBI «IIPODU».

Mpb1 BeIparkaeM HCKPEHIOI0 6JIaroapHOCThb KoJleeraM ¢ JIpyrux napasuiesei F. A.

Ncaaky u M. A. JIykuny 3a IPUSITHYIO COBMECTHYIO PAGOTY IO COCTABJIEHIIO MaTEMa~
Tuyeckux 00€s, unzkernepam M.II. Cemonuny u P. A. KpununuHy 3a TeXHUYECKYIO
MIOJI/IEPYKKY BCErO W, KOHEYHO, HAIUM IPEKPACHBIM JIETM:
Barpacapsuy 9puky, bBbapsimesoit Kcenune, Jlamunoy Apciany, /lynaesoii ITo-
sinae, EwmenbstHoBy Anupero, 2KypasiéBy BsiueciaBy, Kynun-BorosiBierckomy
Ceprero, Kapwmanosoit Osibre, JlurBunenko Usany, Jlysamuny Marseio, Cabu-
poBy Pomany, Cam Qerysutaxy, Tarapunoy ['eopruto, Ten HOpuro, VYpakosoit
Esrenunn, Ileruyx Mapume.
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1. BcrynuresbHoe 3aHsATHE. 4 UIOJIS

Croxket. lHomranersiHuH Z KUBET B JBYMEPHOM MHUDE, TO eCTb Ha, mitockocTu. OJ1-
HAXKJIbl Z PEINNJI 103aroparh. Z XO4eT, YTOOb! KaK/asd TOYKa Ha I'PAHUIIE €r0 TeJIa
ObLJIa OCBEIIEHa JIyYaMU COJTHITA He MeHbIte 1 MunyThl. [Ipn aToM Z MoxkeT BepTeThCs
B IJIOCKOCTHU KaK YrOAHO (JIe7aeT OH 3T0 MOMEHTAJIHHO), & JIyUU CBETa NapaJslIe/IbHbI
u coHampanJieHbl ¢ ocbio OX. Touka MOBEPXHOCTH CUNTAETCSI OCBEIEHHOM, ec/ii Ha
Hee He TaJIaeT TeHb HU OT KaKO# JAPYyTroit TOUKM Tesa Z.

1. Kakoe MuHIMAaJIbHOE BPEMsI JOJKEH 3aropaTh Z, €CIH OH KBaIDATHBIN?

2. A ecnn Z TpeyrobHBII?

3. HoxaxkuTe, 9TO €CcaU Z — BBIIYKJIBIH MHOTOYTOJIBHUK, TO €My JOCTATOYHO JIBYX
MUHYT, YTOOBI 3ar0pPEeTh.

4. JlokaxkuTe, 9TO €CJii / — BBINYKJIbIF MHOTOYTOJILHUK, TO €My HY2KHO HE MeHee
1,5 MuHyT, 9TOOBI 3ar0OPETH.

5. Kakoe MunHnMaibHOE BpeMst TOIKEH 3aropaTh Z, €CJIn OH nMeeT (popMy CeKTopa
Kpyra C OCTPBIM yIJIOM?

6. Kakoe MuHIMAJIBHOE BPEMsI JOJIZKEH 3arOpaTh Z, €CJIU OH UMeeT (DOPMY CEKTOpa
KpyTa C TYIBIM yTJIOM?

7. HapucyiiTe 1ecTuyrojbHOr0 Z, KOTOPbI MOXKET 3arOpeTh, HO Ha, 3TO HABEPHSIKA,
norpebyercs bosiee 2 MUHYT.

8. Bepmo 1, uT0 /1060it MATHYTOMBHBIN Z CMOXKET 3arOpeTh, MPUYIEM IS ITOTO
JOCTaTOYHO 2 MUHYT?

2. BcrynuresgbHas ojiuMnuaga. 4 MO

1. Jluma Hammcas Ha JOCKe BBIPAXKEHUe

1x2%3%...%x2019,

e Kaykjasi 3Be3J0uka — Jnbo 3Hak “+7’, aubo 3Hak “—”. Ceperka MOKeT 3a OJ-

HO JIefiCTBHE BBIOpATH He KpailHee YHCJIO W IOMEHATH 00a 3HaKa PsOM C HUM Ha
[IPOTUBOIIOJIOXKHBIE (ILIIOC HA MUHYC, MUHYC Ha IJI0C). JIoKaXKuTe, 910 TAKUMU Olle-
pamusimu Ceperka MOYKeT TIOJIyYUTh BbIparkKeHne, 3HaUeHre KOTOPOro JIeJIUTCs Ha, 7.

2. lana okpyxHocTh 1 TouKa O Ha Heil. Bropast okpykHOCTB ¢ nieaTpoM O 1epe-
cekaer 1epByio B Toukax P u Q. Touka C j1iexKuT Ha 11€pBOil OKPYKHOCTH, & IIPSIMbIE
CP u C(@) Bropu4IHO TIEpECEKalOT BTOPYIO OKPYKHOCTE B Toukax A u B. Jlokaxkure,
aro AB = PQ.

3. Orpsax M9 nposomuT 3HakoMcTBO. Ha Hero sisunucek n gereit. Y Ilasaa Cepree-
BUYa OHU IIPOHYMEPOBAHBI B CIUCKE YucjaaMu OT 1 10 n. JleTn BBICTPOMINCH B KPyT
TaK, 9TO MEXKIY KayKIbIMU ABYMs J€THBMH C IIOCTEI0BATEIHHBIMA HOMEPAME CTOUT
o/lHO m TO Ke uymucyo aApyrux pebsar. Cocenkamu 2Kenu okazamcs Ans u Ogist. Y
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Ann B ciiucke nomep 11, y 2Kenn — momep 4, y O — womep 17. CroyibKO jiereit
MIPUTILIO HA 3HAKOMCTBO !

4. Jlan xieryaTsrit KBagpat 131 X 131, u3 KoTOpOro BbIpe3aHa OJIHA yTIJIOBas KJET-
Ka. YeTHO M/ HEYETHO KOJUIECTBO CIIOCOOOB PA30UThH ITOT KBAJIPAT HA YTOJKH U3
TpeX KJIETOK?!

5. Ha nocke BblIMCAHBI YUCIA T1, T2, ..., £100, TAKHE 9TO T1 = 1/2 u 1yist a:060ro
n ot 1 10 99 BBITOTHAETCS PABEHCTBO

Tpt1 =1 —T122...2,.

Hoxkaxwure, 910 21909 > 0,99.

6. Jamo 30 pas3mvHBIX TPEX3HAYHBIX dncesl. JloKaxkuTe, YTO U3 HUX MOXKHO BbI-
OpaTh HECKOJIBKO U PA30UTh Ha, JBa PABHBIX U IO KOJUYIECTBY, U IO CyMMe MHOXKe-
CTBA.

3. Mmuorouiyennl 1. Teopema bezy. 5 utosasa

Onpenenenune. Pasdesums muorodien P(z) Ha HeHyeBol MHOrowIeH Q(x) ¢ ocTar-
KOM — 9TO 3HAYMUT HaiiTu Takume MHOrouieHbl H(x) (nenoanoe wacmmoe) m R(x)
(ocmamox), aro BemosHeHo paBercTBo P(z) = Q(x)-H (z)+R(x), npuaem deg R(z) <
< deg Q(x) wu R(z) = 0.
Teopema Besy. Ocrartok or jenenns MHorowiena P(x) Ha JBYYIeH T — a paBeH
P(a), 1o ectb P(z) = (z — a)Q(x) + P(a), upu srom deg Q(x) = deg P(z) — 1.

1. (a) Muorounen P(x) neaurcst Ha (2 —a) TOrJa 1 TOJBKO Torja, Korja P(a) = 0.
(b) JokaxkuTte, 9TO 9MCJIO KOPHEHl MHOTOWIEHA HE TPEBOCXO/UT €r0 CTENECHH.
(c) Hokaxkure, 9T0 €ciiu 3HAYMEHUS JBYX MHOIOYICHOB, CTEIEHDb KayKJIOrO M3 KOTO-
PBIX HE MPEBOCXOJUT 71, COBIAJIAIOT B 1+ 1 PA3IMIHBIX TOUKAX, TO ITH MHOTOUJICHBI
DaBHBI.
(d) Ecim muorounen P(z) memwures Ha Q(x), TO KOpHEM MHOTOWIeHa (Q(2) ABIASIOTCS
KOpHSAMM MHOrowreHa P(x).

2. Ipu kakux a u b muorowten P(x) = (a+0b)x® +abx?®+1 nemurcs na 2 — 3z +27

3. Muorowien P(z) maer ocrarok 2 npu gejgedun Ha £ — 1 1 ocraTok 1 npu gegeHun
Ha x — 2. Kakoit ocrarok maer P(z) npu nesennn Ha MuorowieH (x — 1)(z — 2)?

4. Haiiyure Bee 1eIble &, IPH KOTOPBIX uncio &t 4 323 4 222 4+ 3z — 1 nesurcs Ha
22 + 1.

5. IIpo muorounen P(x) crenenu 10 ¢ neiicrBuresnbHbMU KodbdUIMEHTAMA U3~
BectHO, uro P(1) = P(-1),...,P(5) = P(=5). Hokaxure, uro P(z) = P(—z) nis
JII000TO0 .

6. Haiizure Bce MHOTOUIEHBI P(Z), yZIOBIETBOPSIONIAE TOXKIECTBY

xP(x —1) = (x — 20) P(z).
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7. Iokaxkure, 94TO OPU HEUYETHOM M Bbipaxenue (xr + y + z)™ — ™ — y™ — 2™
nemures Ha (z+y + 2)% — 2% —y3 — 23,

8. Muorounen x2 + pr? + gx + r nmeer na uaTepsase (0,2) TPH PA3IMIHBIX Bele-
cTBeHHBIX KopHs. Jlokaxkute, aro —2 < p+q+r < 0.

9. Muorounen P(x) = 23 + ax? + bx + ¢ uMeeT TPU Pa3IMIHBIX BENIECTBEHHBIX
kopa#, a muorowies P(Q(z)), rae Q(x) = 2% + = + 2019, BemecTBeHHbIX KOpHEit He
nmeer. Tokaxkure, uro P(2019) > 1/64.

4. Touku m BhIyKJiag 000JIOUKA. 5 MIOJIA

Onpenenenune. Bunyk.iot 060a404k0l MHOKeCTBa X HA3BIBAETCS IePeCcevIeHne BCeX
BBIITYKJIBIX MHOXKECTB, cojepkarmux X .

1. Jdano muOXKECTBO TOUeK A1, ..., Ay, Apy1. [lyers G — BbiyKitast 060JI09Ka MHO-
kecrBa To9eK Aj, ..., A,. Ilycrs H — durypa, gpisiomiasicss 00beIUHEHUEM BCEX
OTPE3KOB, coeuHsomux A, 1 co Bcemu Toukamu G.

a) okaxure, uro H — Bbluykias durypa.
b) Hokaxure, uro H — Bbinyk/ias 060J09Ka MHOXKECTBA BCEX TOYEK.
¢) okaxure, ut0 H — MHOrOyroJbHUK.

Teopema. Brimykiias 06071017Ka KOHETHOTO MHOYKECTBA TOYEK sIBJIAETCST TOYKOI, OT-
PEe3KOM JInHO BBILYKJIBIM MHOTOYTOJIbHUKOM.

2. Jokaxkure, 9TO cpean JIIOOBIX 5 TOYEK, HUKAKUE 3 U3 KOTOPBIX HE JIEXKAT Ha
OJIHOI IIPSIMOIl, MOYKHO BBIOPATH 4, SIBJISIFOINMECS] BEPIIMHAMU BBIITYKJIOTO YeThIPEX-
YTOJIbHUKA.

3. Ha miockoctu JaHbl N TOYCK, IIpUYeM JI00bIe 4 U3 HUX SIBJISTIOTCSI BepHainHaMu
BBIIIYKJIOTO Y€ThIPEXYT'OJIbHUKA. ,ZLOK&)KI/ITQ, 9TO BCE TOYKHU ABJIAIOTCA BEPHIMHAMU
BBIIIYKJIOTO N-YI'OJIbHUKA.

4. Ha niockocTu PacIoJIOKEHbI HECKOJIBKO IIPaBUJIBHBIX 7-YT'OJIBHUKOB. HOK&}KI/I-
T€, 9TO BBIIIYKJIasd 000JI0YKa, UX BEpIIH MMEEeT HEe MeHee 1 yIJIOB.

5. Ha croJjie pacmosiorKeHo 1 KapTOHHBIX W 7 IJIACTMACCOBBIX KBaIPaTOB, IPUYEM
HUKAaKKe JIBa KAPTOHHBIX U HUKAKUE JBa IJIACTMACCOBBIX KBaJIpara He UMEIOT 00X
TOYEK, B TOM YHCJIe W TOUeK rpamuiibl. OKa3ajaoch, YTO MHOXKECTBO BEPITUH Kap-
TOHHBIX KBaJIPATOB COBIAIAET C MHOXKECTBOM BEPIIHH ILJIACTMACCOBBIX KBaJIpPaTOB.
O06s13aTeILHO JIM KaXK/Iblii KAPTOHHBIN KBaJIpaT COBIAJIAET C HEKOTOPBIM ILJIacTMac-
COBBIM !

6. Ha miockocTn 0oTMEYeHO KOHETHOE KOJTMIECTBO TOUEK, HE BCE HA OJIHOM IIPSIMOI.
B kaxmoii ToUKe 3ammcaHo 9uc/I0, IPUYeM CyMMa YUCeI BO BCEX TOYKAX, JIEXKAIIIX
Ha ojHOo# mpsamoii, pasHa 0. lokaxkute, 9To Bce umcaa paBHBI ().

7. Ha miockoctu mamo 22 TOYKH, IPUYEM HUKAKWMe TPU U3 HUX He JIeXKaT Ha OJIHOM
npsimoit. JTokakure, 9T0 UX MOYXKHO Pa3dbUTh HA TAPBI TaK, YTOOBI OTPE3KH, 33 IaHHbBIE
mapamu, IepeceKkaJiich 110 KpaifHeil Mepe B IIATU Pa3JIMYHBIX TOYKaX.
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8. Ha mrockocTu paciosiozKeHo KOHETHOe KOJIMIeCTBO IPSAMBIX U To4ueK. JlokaxKuTe,
9TO HA TJIOCKOCTH HANAETCs TOUKa A, He COBIAAIONIAs HU C OJIHON U3 JIAHHBIX TOYEK,
paccTostHue OT KOTOPOU JI0 JIF0O0i U3 JAHHBIX TOUEK OOJIbIIE PACCTOSHUS OT HEE IO
J110001 U3 MAHHBIX IPSMBIX.

5. Tpnauryasamus n jgJemma IllnepHepa. 5 mrona

1. /IoM mMeeT BHJ KJIETIATOTO MPIMOYTOJBHUAKA, B KOTOPOM KJIETKH — 3TO KOMHA-
TbI, CTOPOHBI KJIETOK — JiBepH. JIBepb Ha CTOPOHE MPSIMOYTOJIbHIKA HA30BEM HAPY K-
woii. TymnumkoM Ha30BeM KOMHATY, B KOTOPOil OTKPBITA POBHO OHA JIBEPH, IPUIEM
He HapyxKHas. VI3BeCTHO, 9TO B KaXKJ0#l KOMHATE OTKPBITO He 0ojiee IABYX IBEpEii.
JlokazkuTe, 9TO YUCJIO0 TYIHKOB U UHCJIO HAPYXKHBIX JBEpEl MMEIOT OIUHAKOBYIO
YEeTHOCTb.

Omnpenenenne. Tpuaneyrsyues MHOTOYTOJbHAKA HA3BIBACTCS TAKOE pa3bueHne ero
Ha TPEYTOJBHUKH, ITO JTIOObIE IBa TPEYTOJbHIUKA pa3dueHns Jud0 He UMEIOT OOIIIX
TOYEK, JINOO UMEIOT TOJBKO ODIIYI0 BEPITUHY UJIU MEIYI0 CTOPOHY. DTU TPEYTOJIbHU-
KU HA3BIBAIOTCST 2PAHAMY TPUAHTYIIAIINN, IX CTOPOHBI — €€ pebpa.mu, UX BEPIIHHBI —
€€ s8epuUUHAMU.

Ucnonp3ys npeapaynime 3a1a9u PENINTe CIeIYONLyIO.

2. Jlemma Ilnepnepa. Bepruabl Tpuanryssiiun Tpeyroibanka ABC 1momedeHsbl
quciamu 1, 2 wian 3 TakuM 00pa3oM, 9TO KazK/1ast BEPIINHA TPUAHT YIS, JIe2KAIIAT
Ha cropone AB, umeer nomerky 1 win 2; na cropone BC — nomerky 2 wiau 3; Ha
cropore CA — mnomerky 3 mim 1. JlokaykuTe, ITO UUCJIO TPAaHEH TPUAHTYJISIIIAN,
HECYIIUX TPU PA3JIUIHBIE [IOMETKN, HEYETHO.

3. Bepiunbl Kj1eTok Kjerdaroro npsimoyrojbauka ABC D nomedenbr ynciamu 1,
2, 3 win 4. Ilpu aToM cobTIomaeTcst TpAaHUYHOE YCJIOBHE: BEPIINHA, JieyKaras na AB,
nomeuena ducyoM 1 wim 2; ua BC — 2 wnu 3; na CD — 3 wim 4; na DA — 4 unm 1.
JlokaxkuTe, 9TO HalIeTCsl KJIeTKa, NMeoIlasi He MeHee TPeX Pa3JINYHBIX [TOMETOK.

4. Kaxayto cTOpOHY TPEyTrOJIbHUKA [TO/IEJINIA Ha, 1 PABHBIX YaCTell 1 Yepe3 TOUKN
JIeJIEHUsI IPOBEJIN IIPsIMbIe, ITapaJ/ljieJIbHbIEe er0 CTOPOHaM. B pe3yJibrare MOy Ymiach
TPHAHTYJIAINS TPeyroJbHuKa. KarXKyio BEPINHY TPUAHTYJIAINN TOKPACUIN B OIIH
U3 JIByX IIBETOB: KPAaCHbBI mim cuHuil. JloKaxkuTe, 9TO YUCIO NBYIBETHBIX Debep
TPUAHTYJISIIIAN IETHO.

5. Haum xy6 100 x 100 x 100. Ero nmokpouin kBagparukamu 1 X 1 6e3 mpommyckoB u
HaJIOXKeHmit. B KaXkJIoM KBajpare IpoBeJin 00e IMArOHAJIM, & CTOPOHBI BCEX KBaJl-
patukoB crepsu. /lokaxkure, 4T0 M3 JIIOO0H BEPIIUHBI Ky0a €CTb IyTh B KAKYIO-TO
APYTYIO BEPIMUHY KyOa, TPOXOASAIINANA IO OTMEYEHHBIM [THATOHAJISAM.

6. st npon3BOJILHOI TPUAHTYJISIIAA MHOTOYTOJIbHUKA JJOKAXKUTE PABHOCUIBHOCTD
YCJIOBUIA:

® BCPIHINHBI TPUAHTYJIANIUN MO2KHO OTMETUTDH TaK, 9TO KazK/lasd 'PaHb HECET TPpU
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pazubix ormeTkE 0, 1 m 2;

® BCe I'PaHU TPUAHTYJIAIINA MOXKHO IIPaBUJILHO PACKPACUTDh B JIBa IIBETa TaK, YTO
JIIOOBIE JIBE COCEIHNE IPAHN OKPAIIEHBI PA3JINIHO;

® U3 KayKJ0il BHYTPEHHEH BEPIINHBI TPUAHTYJISIMNA BBLIXOAUT YETHOE YHCJIO Pe-
6ep.

7. Ksaapar [0, 2n+1] x [0, 2n+ 1] KOOpAMHATHOM IIJIOCKOCTH PAa3pe3aH Ha TPEyTroJb-
HUKHU TaK, 9TO KOOPJUHATHI BCEX BEPINUH EJOYUCICHHBI. JIOKaskuTe, 9TO HafimeTcs
TPEYTOJNLHUK C HENENOH TIOMAIBIO.

6. Jlekcukorpaduieckuii mopsiiokK. 6 mroas

Onpepnesienne. PaccMorpum jiBe cTpoKy u3 n HaTypasbHbIX unces: A = (a1,...,a,)

u B = (by,...,b,). Bymem rosoputs, uro A wmascopupyem B (u mucats A = B),

ecqu /71 HeKOToporo Homepa 1 < ¢ < n BBIONHEHO a; > b; mw a; = b; qma j < i.

OTHOIIIEHnE «MazKOPUPYET» 3aJa8T HA MHOKECTBE Aekcukoepaduueckuts nopadok.
1. JokaxkuTe, ITO

(a) ecou A= B, B> C, 10 A >~ C;

(b) crporo ybeIBaIOmAas MOCIEIOBATEIBHOCTD CTPOK JIJIMHBI 1 BCET 3, KOHETHA;

(C) B KaxKI0M HEIyCTOM MHOYKECTBE CTPOK JJIUHBI 7l €CTh HAMMEHBIIHI 3JIEMEHT;

(d) AHAJOrMYHO MOMKHO OIPEJIEJINTH NOPSJIOK HA MHOXKECTBE GECKOHEYHBIX BIPABO

CTPOK HATYDAJBHBIX 4mces. BepHbl u s wero nyHKTH (a), (b), (¢)?

2. B crpane N cymecTByIOT n pPasjMIHbIX HOMUHAJIOB MOHET. B 3TOM rojmy BBI-
11eJ1 3aKOH, COIVIACHO KOTOPOMY KazK/Iblil »KUTesIb CTPaHbl II0JIydaeT exKeMecadHyIo
3apIiaTy MOHETAMHU MEHBIIIEro HOMHHAJA, YeM Te, KOTOPBIMHU OH IJIATHJI HAJIOT B
npeapLIyIeM Mecsre. Jlokaxkure, 9To paHO WM TO3/IHO HAPOJ, PA30PHUTCS.

3. Hana mocaenoBaTe bHOCTh U3 OECKOHEIHOrO YHCJIA HyJIell W KOHEIHOrO YHCa
enuant. Ecim waiinerca rpynna Buga 01, To ee MOXKHO 3aMEHHUTb Ha T'DYIILY BU-
ga 10...0 ¢ mpou3BOIbHBIM YuCIOM HyJeh. JlokaxkuTe, 9T0 MOXKHO CI€IaTh JIUIIb
KOHEYHOE YNCJIO0 TAKUX 3aMEH.

4. JIBoe urparoT B CJIEIYIONIYI0 UIPY. ECTh 110C/I€I0BATEIBHOCT U3 7 KPDECTUKOB U
HOJIMKOB. 3a OJIMH XOJI pas3pelaercs B3dTh Jiobble k (k= 1,...,n) moaps uaymux
3HAKA TAKUX, 9TO ITA MOCIEOBATEIFHOCTh HAYNHAETCS C KPECTUKA, & BCE OCTATbHBIE
3HAKM B Hell — HOJIMKHU (JIOIyCKAETCsl MOCIIEJ0BATEIBHOCTD U3 OJJHOIO KPECTHKA), U
UHBEPTUPOBATH €€ (3aMEeHUTh KPECTHK Ha HOJIMK U HOJIMKH Ha KpecTwku). [Ipowur-
PBIBAET TOT, KTO HE MOXKET Clesiarh xoiu. KTo BeMrpbiBaer npu npasusibHOR urpe (B
3aBUCUMOCTHU OT HAYAJILHON mo3unun)?

5. IIycre P(x) u Q(x) — aBa MHOrOWIEHA C HATYDPAJILHBIME KO DunuenTamu.
Bynem roeopurs, uro P acumiroruyecku Menbine @, ecin P(x) < Q(x) st Beex
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nocraroano Gosbmux z. CyrmiectByer i GeCKOHEYHAs OCJIEI0BATEIBHOCTH MHO-
rouwnteHoB Pi, P», ..., B KOTOpOil KaXKJbI CJIEIYIONINH aCUMITOTUIECKA MEHBIIE
[IPEIBLIYIIero?

6. Maneim u Kapiicon niesrar Bapenbe. M3HavyaapHO TIepesl HUMU CTOSAT 239 Herry-
cThIX ODaHOK ¢ BapeHbeM. [Ipu 3T0M BCE MMeroIeecst BApEHbe YMEIAeTCsl B JIFOOYI0 U3
banok. KapJyicon MoxKeT B J1000# MOMEHT MJIM ChECTh COJAEPKUMOE TPEX OAHOK U yJIe-
TeThb, WX BHIOPATH 4 OAHKHU U PA3/IUTh COAEPKUMOE KaXKIOM B IBA CTAKAHA: JIEBBIN 1
upasbiii (Bcero 8 crakanos). Ilocsie aToro Masibiin paBbie CTaKaHbI HETOXK ICCTBEH-
HO IIEPECTABJISET U CJIMBAET COJIEPXKUMOE OOPATHO B Te 2Ke OAHKH — COJIEPIKUMOE
JIEBOTO C COIEPXKUMBIM HOBOrO mpasoro. okaxkure, uro Kapscon cmoxer cbhectb
ne menee 99.99% Bcero BapeHbsi, €CJIM Ha CTEHKAaX COCYZI0B OHO HE OCTAGTCS.

7. KoMmiuiekcubie uyncJsa. 6 mroJid

Onpenenenune. Komniexchvim “ucrom z Ha3bIBAETCS HUCJIO BUAA 2 = a + bi, e
a 1 b — BelecTBEHHbIE YUCTA, 8 12 = —1. IIpu 9TOM a Ha3BIBACTCA 6ew,ecmeeniol
yacmovio wucaa z 1 obozHadaeTcs depes Re z, b — muumot wacmsio wucaa z 1 060-
3nadaercsa depe3 Im z. /[Ba KOMILIEKCHBIX YUUC/IA 21 U Zo PaBHBI, ecan Re z; = Re 29
u Imz; = Im 2.

Onpenenenue. [isa uncia z = a+ bi cONpsizKEeHHBIM HA3BIBAETCS INUCJIO Z = a — bi.

CsoiicTBa.
1°Z =z 2° Z + 2z, Zz — BeIeCTBEHHDIE YUCTIA;
3% 21 + 29 = Z1 + Zo; 4° 21 — 29 = Z1 — Z2;
5° Z129 = Z122; 6° 2" =7Z";

(1) =4 SO(ZT):;R

z2 Z2

1. Yupocrute Boipazkenue (a) i2019; (b) %.

2. I306pa3uTe HA KOMILIEKCHOM IIIOCKOCTH CJIELYIONINE MHOKECTBA!
. 2 . 1 1
(a) Rez < 2; (b) Im (2?) < 1; (¢) Im I < —3.
3. Jokaxkure, 9T0 €Cu z — KOMILJIEKCHBLH KOpeHb MHOrowIieHa P(z) ¢ BemecTsen-
HBIMH K03 DUIEHTAM, TO Z — TaKKe KOPEHb 9TOr0 MHOIOUJICHA.

4. CocraBbTe MHOTOYJIEH HAMMEHBINEIl CTEIIEHH C BEIECTBEHHBIMU KO3 dUIeHTA~
MU, UMeromuit kopuu 1 + 2¢ u <.

Ounpenenenune. Modyaem |z| yucna z Ha3bIBAETCS JJIMHA BEKTOPA OZ, a apeymen-
MOM arg z Yucja z — OPUEHTUPOBAHHBINA yIOJI MEXKIy IOJIOXKUTEbHBIM HallpaBJie-
HueM ocu abcruce u BekropoMm OZ. [ljisi HEHYJIEBBIX KOMILJIEKCHBIX 9HCET MOXKHO

cunTarhb, 9to argz € [0,2n). st ancaa z = 0 apryMeHT He OIPEJIeIeH.
1 V3

5. VzobpasuTe Ha KOMIJIEKCHOH myiockocTn qucha 1, 4, 1 +iu 5 — 173 Haitnure
WX MOJIYJIA U apr'yMeHTHI.
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6. /loxaxxkure, 9TO

(a) |z| = Vz7; (b) |21 — 22| — paccrosiHEe MexXK Ty TOUKAME 21 U 22;
(¢) |71 + 22| < |21] + |22]; () |z122] = |21]]22].
(@ 2] = £

7. N306pa3ute HA KOMIIJIEKCHON TIJIOCKOCTH CJIETYIOIINE MHOXKECTBA:

(@) [z =il < 1;b) 5] = 1; (¢) liz — 1| > [z = 1]; d) |arg(z — i) < .

8. Haitaure min |3 + 2¢ — z| mpu |z] < 1.

9. Ilycrs f(2) = £ npn z # i. ycrs 2o = 1= + 4, 2 = f(2n—1) 2131 Beex n > 1.
Haitinre z9002.

10. ITpo KOMIUIEKCHBIE YHCTIA &, Y U 2z u3BecTHO, uto |z| = |y| = |z| = 1. Kakne

lzt+y+z] o

3HAYEHUs] MOYKET IPUHUMATH BbIPAXKEHHE T
lzy+yz+zz|

11. V upuBeieHHOrO MHOTOUJIEHA YeTBepTOl crenenn P(x) ¢ BelecTBEHHBIMA KO-

sddburmentamu ectb 4 KOPHsI, HO OHU HE sIBJISIOTCS BEIeCTBEHHBbIME ducaamu. [Ipo-

U3BeJIeHUE JIBYX U3 KOpHEi paBHO 13+ 4, cymMmMa aByX Apyrux pasHa 3+ 4¢i. Haitmure

KO UIMEHT MHOTOWIEHa, IpH Z°.

12. IIpesacraBbre B TpUroHOMeTpudeckoit (popme uncio 1+ cos ¢ + isin .

8. Ywuciuaa Karasana. 6 uroaa

Onpenenenne. Oboznaunm yepe3 C),, KOJIUIECTBO CIIOCOOOB PaCcCTaBUTL B P, 1
OTKPBIBAIOIIUXCS U N 3aKPBIBAIOIINXCS CKOOOK TaK, YTOOBI 3aliCh OblLIa, KOPPEKTHA
(To ecTh, cpenu JI06Or0 KOJIMIECTBA IIEPBBIX JIEMEHTOB PsJIa OTKPBIBAIONIUXCS CKO-
GOK He MeHbIIIe, YeM 3akpbiBalonuxcs). duciao Cy nosaraercs pasubiM 1. Juciao C,
HA3BIBAETCS N-blM wucsom Kamanana.

1. Jokaxkwure, aro yncyia Karaimama omnpesessiioTcs peKypPEeHTHBIM COOTHOITEHIEM

Cny1=CoCp, +C1Cr1 + -+ C,Cy

" HavaJbHBIM wienoM Cy = 1.
0. Haiture niepsoie 5 uncen Karasana.

2. JlokazkuTe, MOCTPOUB SIBHYIO OHEKIIUIO WJIM IPOBEPUB PEKYyPEHTHOE COOTHOIIe-
HUe, 9TO CJeyronme ancya pasabl C,.
a) Kosmuecrso nyreit uz Touku (0,0) B Touky (n,n) 1mo JuHUAM Kierdaroii Gymary,
HIYIHUX BBEPX W BIPABO M He IIOJHUMAIONINECS BBIIIE IPIMOi y = .
b) Yucmo mpuareyasuuts (paspesannii Ha N TPEYTOJHHUKOB HEEPECEKAIOIIMUCS
JIMATOHAJISIME ) BBIILYKJIOTO (1 + 2)-yroJbHUKA.
¢) Kosmuectso nuockux xopresvir cmpozo dsouunvr depeeves (y KazKkI0i BEPIIUHBL
6o J1Ba ChIHA, MO0 HU OJHOTO) ¢ 1 + 1 JucThsmu.
d) Kommuecrso Tabmui 2 X 1, 3al0JHEHHBIX HATYPAJILHBIMU ducjaMu oT 1 110 2n,
TaK, 9TO YUC/Ia B KAXKJIONH CTPOKE U B KAXKJIOM CTOJIOIE BO3PACTAIOT.
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3. a) Jokaxwure, 9T0 KOJUIECTBO IyTeil Ha Kjerdaroit 6ymare u3 rouku (0,0) B
TouKy (2n,0), cocToamux u3 2n OTPE3KOB, MPOXOJMIIUX 110 JUATOHAJISM KJIETOK U
He onyckaromuxcst Huxke ocu O X, paguo C,.

b) Jdokaxkure, 9T0 KOJIMIECTBO IIyTeli Ha Kierdaroii 6ymare us rouku (0,0) B TOUKy
(2n,0), cocrosinux u3 2n OTPE3KOB, IPOXOJSIIUX 10 JUATOHAJIAM KJIETOK U UMEIOIIIX
TOYKN B HUXKHEN IOJIYIUIOCKOCTH, PABHO KoaudecTBy IyTeil u3 Touku (0,0) B TOUKy
(2n, —2).

¢) Haiinure sBuyio dbopmymy s C,.

4. JlokakuTe, 9TO 9HUCJIO HAOOPOB U3 N IEJbIX ducesa or 0 10 n, cyMMa KOTOPBIX
) )
nesures Ha (n + 1), paBaa n-omy uucity Karanana. Hanpumep, rakue HaGOpBI fjist

n=3:(000), (013), (022), (112), (233).

9. C mesabivu kKo3dduMueHTaMu. 7 U0

1. Hycrs P(x) — MHOrowIeH ¢ neibiMu Koaddurnpenramu, ¢ 1 b — 1esble ducia.
Hoxkazkute, 9TO:
(a) P(a) — P(b) pemurcst Ha a — b;
(b) P(a) = P(a+b) (mod b).

2. JMaun muorouwien P(z) ¢ uesasiMu koaddurnmenramu. Ussecrno, ayro P(1) = 2019,
P(2019) = 1, P(k) = k, rue k — mexoropoe nienoe aucio. Haiinure k.

3. V muorounenos P(z) u Q(z) — onuH u TOT Ke HAOOP HEJIBIX KOIDMUIMEHTOB
(ux nopsiIoK pazinveH). Jokaxure, 9ro pasHocts P(2019) — Q(2019) kparna 1009.

4. Hokaxwure, 910 s joboro muorowiena P(x) ¢ uejabivu koaddunuenramMu u
JIF0GOr0 HATYPAJIBHOIO K CyIIeCTBYeT Takoe HaTypaiabHoe n, urto P(1)+ P(2) +...+
+ P(n) penurcs Ha k.

5. Jlokaxkure, 9TO Jyist JH0OOr0 HEIIOCTOSIHHOIO MHOrowieHa P(x) Haiijercs Takoe
HATYDPAJIBHOE IHCIIO N, 9T0 P(n) — cocraBHOe IHCIIO.

6. B pasencrse x° + 2z 4+ 3 = pF uncna x u k — marypasisabie. MoxeT Ju 4ncyo
P OBITH IIPOCTHIM?

7. JlokaxkuTe, 9TO HE CYIIECTBYeT MHOI'OYJIEHA CTEIIEHN HEe HUXKe JBYX C IeJIbIMUI
HEOTPHUIATETbHBIMI KO3 DUIIMenTaMu, 3Ha4eHrne KOTOPOro MpHu JIIOOOM ITPOCTOM P
SABJISIETCS TIPOCTBIM IUCJIOM.

8. Yuureyb cobupaercsa JAaTh JeTsM 3ajady ciegyomero suga. OH coobumuT uMm,
9TO 3ajyMaJl IpuBeleHHblil Muorowien P(z) crenenu 2019 ¢ uenbivu koadbdury-
eHTaMM. 3aTeM OH COOOIIUT UM k IIEJIBIX YMUCeT N, N, . ..,MNk, X OTIEJIHHO COOOIITUT
3HaveHne Bbipaxkenust P(ny) - P(ny) - ... P(ng). Ilo 3TuM JaHHBIM JETH JOJIXKHBI
HAWTH MHOTOYJIEH, KOTOPBIA MOT ObI 33/lyMaTh yauTesb. [Ipu KakoM HanMeHbIneM k
YUIUTEJIb CMOXKET COCTABUTH 33/[a9y TAKOT'O BUJA TAK, YTOOBI MHOTOUJIEH, HANIEHHBIH
JIeTbMH, 00513aTEJILHO COBITAJI ObI C 33/ [y MAHHBIM ]
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10. IloBoporHas romoreTusd. 7 MIOJIS

Onpenenenune. Ilosopomnoti comomemueti ¢ meHTpoM B Touke (O, KO3 PUImeH-
TOM k M OPHEHTHPOBAHHBIM yTJIOM (¢ HA3BIBAETCS IIPE0OPA30BAHUE ILJIOCKOCTH, IIe-
peBoadmee Jobyio TOUKy INIocKocTH X B Takyio Touky X', uto kOX = OX' n
/X0X' = a.
k k
O6brun0 910 Mpeobpaszosanne obosnadaor Hey'". 3amernm, uto Hy" = RY o
Hg = Hg o Ry, rie = RE — moBopoT, a Hg — TOMOTETHSI.

ITpumep. Jlan xBagpar ABCD c nearpom O. Touka K — cepemuHa oTpe3Ka
AB. TTocrpoiiTe X0Tsi ObI OJUH IIEHTP IIOBOPOTHON I'OMOTETHH, IIEPEBOIAIIEN OTPE30K

BK B AO.

1. (a) Tpeyronbuuku Y AB u Y A’ B’ 107106HB 1 07jMHAKOBO OpUEHTHPOBaHbL. Jlo-
kaxkure, uro Y AA’ u Y BB’ Toxke 110J00HBI U OJUHAKOBO OPUHTUPOBAHDIL.
(b) Hokaxkure, 9T0 MOYTH JJIst JIIOOBIX (Iyist Kakux?) JByX orpe3koB AB n A'B’
CyIIEeCTBYeT eIMHCTBeHHAs IIOBOPOTHAaA roMorerus, nepesongamas A 8 A’ u B B B'.
Kpowme Toro, eé nentp — mouxa Muxeas nns npsmeix AB, A’B’', AA' u BB'.
(c) Kakomy yriy Ha KapTuUHKe U3 IyHKTa (@) paBeH yros Mexkiay npsambimu AA" u
BB'.

2. Cepenunnl cropon BC' u B'C’ npaBu/IbHBIX OJMHAKOBO OPUHTHPOBAHHBIX TPe-
yroasaukos ABC u A'B'C’ cosnagaror. Haiimure yron mexny AA’ w BB’ u orno-
menue JymH oTpe3koB AA’ u BB'.

3. Ksanparet ABCD u AXY Z onunakoBo opueHTHpOBaHbI. JloKaxKuTte, 94T0 TIpsi-
mble BX, CY u DZ nepecekaroTcst B OJIHOI TOYKe.

4. B upsmoyrosibaoM Tpeyrosbauke ABC' ¢ runorenysoii AC' mpoBejieHa BbICOTA
BH. B tpeyrosbauku ABH u C BH Brumcansl oKpyKHOCTH, Kacawommecss AB u BC
B roukax X u Y. [lokaxure, uro ZX BY = 90°.

5. Ha quaronanu BD BrmcanHoro derbipexyrosbunka AX Y Z spibpana Takast TO4-
ka K, uro ZAKB = ZADC. Ilycts I u I’ — 1eHTPB BPUCAHHBIX OKPYXKHOCTEH
tpeyronbankos ACD u ABK coorsercrsenno. Orpeskn [I' u BD nepecekarorcs B
touke X. JTokaxkure, uro Touku A, X, I u D jexkar Ha OJHON OKPYKHOCTH.

6. Cepenunnbiii neprenaukynasap k cropoue AC Tpeyronbuuka ABC nepecekaer
cropory BC' B Touke M. Buccekrpuca yria AM B niepecekaer ONHUCAHHYIO OKPY K-
HocTh Tpeyronbauka ABC B Touke K. Jlokaxkure, 9T0 mpsiMast, TPOXOJISINAs T€Pe3
[EHTPBI BIIMCAHHBIX OKPYKHOCTEH TpeyroabuukoB AK M u BK M, nepuesukyJisip-
Ha 6uccekrpuce yria AKB.

7. JIBe OKpy2KHOCTHU ItepecekaroTcs B Toukax A u B, a xopubst AM u AN Kacarorcst
atux okpykuocreit. Tpeyrompauk M AN nocrpoen no mapasienorpamma MANC.
IIycte P — cepenuna orpeska BN, a (Q — cepeauna orpeska M C. okaxkure, 910
/APQ = ZANC.
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11. Smm3ox 1: HoBble akcuoMbl. 7 UIOJIA

Axkcunoma Kanropa— denekunga. Kakosbl Obl HU OB HEIYCTHIE MHOXKECTBA
A C Ru B C R, takue 9T0 JijIs1 JIFOOBIX JIBYX 3JIEMEHTOB @ € A u b € B BbBINOJIHSIETCS
HEPABEHCTBO a < b, CyIIECTBYeT TaKOe BEIeCTBEHHOe YUcjo &, 4TO I Beex a € A
u b € B umeer mecto cootHorernue a < £ < b.
Teopema. (O BIOXKEHHBIX OTpe3Kax.) st BCSKO 110CII€I0BATEILHOCTH BIIO-
JKEHHBIX OTPE3KOB

[al,bl] 2 [ag,bg] 2 2 [an,bn] 2

CyIIeCTBYeT XOTs ObI O/iHA TOYKa &, NpUHAJJIEXKAIAas KaXKJIOMy U3 OTPE3KOB ITOM
10CJIeJOBATEIbHOCTH.
Teopema. (O craruBaromuxcsi orpeskax.) [ljsi BCSKOH OCII€I0BATEILHOCTI
BJIOZKEHHBIX OTPE3KOB

[a1,b1] 2 [ag,b2] 2 ... 2 [an,by] 2 ...,

TaKoii, 4rTo i Jroboro £ > 0 cymecrByer n € N Takoe, 4r0 |b, — a,| < €, cymie-
CTBY€T €JJMHCTBEHHAS TOUKA &, MPUHAJIEXKAITAS KasKJIOMY U3 OTPE3KOB 9TOH TOCTe-
JIOBATEILHOCTH.

Ounpenesenne. MuoxectBo A C R HasbiBaercs ozpanuuennvim ceepry (crusy),
ecsu cymecrByer Takoe C' € R, uro jyis sioboro a € A pomosneno a < C (a > C).
MHOKeCTBO HA3BIBACTCA 02PAHUMEHNDILM, €CJIU OHO OIPAHUYIEHO CBEpXY W CHU3Y.
Ounpenesnenne. Cynpemymom (ungumymom) muoxkecrsa A C R Oynem HasbBaTh
rakoe uncyo C € R (ecsn oHO cymiecTByer), 4ro

eVace Aa<C (azC),
eVe>0daceA:|a—C|<e.

O6o3HagaTh 910 9ncio OyaeM depes sup A (coorBercrBenHo inf A).
Akcuoma cyiecrBoBaumus cynpemyma. [lycrs muoxkecrso A orpannyeno. Torna
cymiecrByer sup A.

1. Jokaxkwure, auro Axcnoma Kanropa— lefeknnia, TeopemMa O BJIOKEHHBIX OTPE3-
Kax u AKcrnoMa CylnecTBOBaHUS CylIPEMyMa IIONAaPHO PABHOCHUJIHHDI.

Ha sanamuu yorce bvuau doxasdans umnaukayuu A. K.-J[. = A. Jsup = T. o
BAONHCEHHDIT OMPEIKAL.
Ounpexnesnenune. [ocienoBaresbHOCTb {ay, bnen Ha3bIBAETCH CLOOAWETCH, €CIU CY-
mecrByer Takoe A € R, uro mis joboro € > 0 cymecrsyer N = N, Takoe, 9To
Jtst mr06oro n > N BBINOJHEHO |a, — A| < &. Yncsmo A B TakoM cirydae HA3bIBAETCS
npedesom nocaedosamenvrocmu, {ay, }neny 1 0603HaYACTCA Yepe3 limy, s oo Gy,
Onpexaenenune. IlociaenoBarelbHOCTD HA3LIBACTCA HECKOHEUHO MAAOT, €CIH €€ Ipe-
JieJI CYIIIEeCTBYET U PaBEH HYJIO.

Ha sansTun Mbl 0Ka3a/1u CJIeyIONue CBONCTBRA.

1. Ecnu nipejiest mocae10BaTeIbHOCTH CYIIECTBYET, TO OH €JIMHCTBEHHBIH.
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2. Eciu lim,, o @y, = A u lim,, oo b, = B, 10 lim,, o (ay, + b,) = A+ B.
3. Eciu lim,, o a,, = A # 0, 1o lim,,_, o, ai CyIIECTBYET U paBeH %.

Cilenyrormue Apa CBOMCTBa OBLIM OCTABJIEHBLI B KAYECTBE YIIPAXKHEHUIL.
2. (a) Ecim limy, o0 a, = A u limy, 00 by, = B, 10 limy, o0 (@ - b)) = A - B.
(b) Ecau lim,, 000, = A # 0 u lim, 00 b, = B, 10 lim, Z—" CyIIeCTBYeT U
paBeH %.
3agaun.
[Yy 1 1 .
3. Haiinure npenens (a) z, = ~; (b) @, = nif:/ﬁ’ (c) v, =1— 320

o
4. IlycTb mocienoBaTeIbHOCTL T, — A, TOrIA X, OrpaHUYeHa.

5. Ilycte mpesest nociepoBaresibHocT paBeH A. Jlokaxkure, 94To mpejes Jioboit eé
[IOJIIIOCJIeI0BATEILHOCTU paBeH A.

6. /loxaxxuTe HEpaBEHCTBA
1 n—1 1 n 1 n 1 n+1
1+ ——- <(14+—-] ;5(b 1+——) =2 (14— .
@ (oimg) < (en) 0 (o) 2 ()

12. Oprpadbi—1. 9 urons

Omnpenenenue. Opuenmuposartvili 2pagh — rpad, Kaxkgoe pedpo KOTOPOro siB-
JISIETCS CTPEJIKON OT OMHON BepmuHbl pebpa K apyroi. IlyTh B OpmeHTHpOBAHHOM
rpacde — Takas MOCJIeJ0BATEILHOCTD BEPIIUH, YTO B KAXKIAYIO CJICAYIOINLYI0 BEpIINHY
BEJIET CTPEJIKA U3 MPEIBIIY e

Onpegesierne. [Hoasycmenenvio ucroda d+(v) BEPIIUHBI v HA3BIBACTCA YUCIO Po-
6ep, BBIXOISINUX U3 BePIIUHLL v. [Toaycmenenvto 3axoda d~ (v) BepIIMHBL U HA3BIBA-
eTcd YUCIIo pébep, BXOAAIINX B BEpIIMHY v.

1. B opuentuposanuom rpade 101 Beprmua. Hekoropble n3 BepimH COeIUHEHB
otHuM pebpoM. Y KaskJI0 BepiuHbl, Kpome Bepiutbl w, d+(v) = 20 u d~ (v) = 21.
JlokazkuTe, 9TO B BEPIIUHY W HE CYIIECTBYET IIyTH HU U3 KAKOH BEpIIUHLL.

2. B opuenTupopannom rpade st JIOObIX JBYX BEPHIMH U U U CYIIECTBYET JHOO
IyTb U3 U B v, JUOO IIyTh U3 ¥ B U. JIOKaxKuTe, 9TO CYMIECTBYET IIyTh, KOTOPDIH
IPOXOJUT Yepe3 Bce BepIIUHbI rpada.

3. B opuentuposanuom rpade 101 Beprmuaa. 13 110601t BEPITHHBI BBIXOIUT POBHO
40 pédep, u B J00yI0 BepiuHy BxoauT poBHO 40 pébep. dokarkure, uro u3 j0boit
BEPIIMHBI B JIIOOYIO JIPYTYIO CYIIECTBYET MyTh JJIUHBI He 60JIee 9eM TPH.

Onpenenenune. OpreHTHPOBAHHBIN I'Pad HABBIBAETCS CUADHOCEAZHHIM, ECITH CYIIE-
CTBYIOT IIyTH B 00€ CTOPOHBI MEXK/Iy JIIOOBIMU JIBYMs BEPIITHHAMU.

4. JlokaxkuTe, 9TO B CHJIBHOCBA3HOM OPUEHTHPOBAHHOM rpade CyIeCTBYEeT IHKJI,
IPOXOJISAIINIT Yepe3 BCe BEPIINHBI rpada.
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5. B opuentupoBannom rpade CymecTByeT IIyTh MEXKY JIOOBLIMUA JIBYyMs BEDIIU-
HaMu JUIUHBL He Oojtee weMm nBa. OKaz3ayioch, UTO MOCHE yAAJeHus JII00ro pebpa B
ToM Tpade, rpad ocraercs CHUILHOCBSI3HBIM. JlOKaxKuTe, YTO Telephb CyIIecTByeT
IIyTh MEXKJy JIIOOBIMU JIBYMs BEPIITUHAMHE [IJINHBI HEe O0Jiee YeM TPU.

6. B cBasnom rpade ra 30 BepmmrHax BBEJIU OPUEHTAINIO PEOED TAK, 9TO B KAXK/IyIO
BEPINUHY BXOIUT XOTs ObI OMHO pebpo u XoTs ObI omHO pebpo BeixoauT. Jlokaxkure,
49T0 B rpad MOKHO J106aBUTH He Oosiee 10 OpreHTHPOBAHHBIX PEGEp, YTOOBI OH CTAJI
CHJIbHOCBSA3HBIM.

7. Iosnycrenens mcxona KaxKJA0il BEPIINHBI OPUEHTUPOBAHHOTO Ipada He IIPEeBOC-
xoauT equHUIEL. JlokaxknuTe, 9TO BepmHBL rpada MOXKHO PAa30UTh HA TPU ITOIMHO-
2KeCTBa TaK, UTO B KaXKJOM M3 ITOIMHOXKECTB He OyIeT CMEKHBIX BEPIIHH.

8. okaxxure, 9T0 B IOJHOM rpade, B KOTOPOM 0oJiee YeThIPEX BEPIIMH, MOXKHO
TaK BBECTH OPUEHTAINIO PEGEp, UTO m3 JI000IH BEPIMUHBI B JIOOYIO0 JAPYryio OyaeT
CyIIECTBOBATH IIYTh JJINHBI HE OOjiee UeM JBA.

9. B opuentupoBanuunom rpade na 1001 Beprumae MexK Ty JIFOOBIMU JABYMS BEPIIU-
HaM# ecTb POBHO O/HO pebpo. Ilosycrernenn mcxoma u 3axojia KaxKJI0W BEPITUHBI
pasubl 500. Hokaxkure, 4To Jy1r000it moarpad u3 668 Bepmun manuoro rpada saBis-
€TCsl CHJIBHOCBSAZHBIM.

13. /IBa BeJjiocurieaucTa. 9 mioas

1. ITo aByM OKpY2KHOCTSIM, IIEPECEKAIOIINMCA B ToUYKaxX P u (), OJHOBpPEMEHHO Ha-
9ajIu JBUXKEHUE U3 TOUYKU P 110 9acoBOii CTpesiKe ¢ PABHBIMU YTJIOBBIMU CKOPOCTSIME
nBa Besocuneaucra A u B. (a) Hdokaxwure, uro npsMas AB Bce BpeMsi IPOXOIUT
Jepe3 TOUKy Q.

(b) Hokaxkure, aro Tpeyronbuuku PAB 110106HbI APYT APYTY U HOJA00HBI TPEYIOJIb-
uuky PO10s, tie O1 u Oz — HEHTPBI OKPYZKHOCTEIA.

(c) Haitmure TMT cepeaun orpeskos AB.

(d) Jokaxkure, aro Touku A u B 1OCTOSHHO PABHOYAAJIEHBI OT HEKOTOPOI (pukcH-
poBaHHOI TOUKHN X .

(e) Hdoxaxwure, aro yroa QPX — mpsMoii.

2. OKpyKHOCTD, ITpoxosIas depe3 Bepimubl A u B tpeyronpanka ABC, nepe-
cekaet cropory BC' B Ttouke D. OKpyKHOCTb, Tpoxojsias depe3 Bepmmuasl B u C,
nepecekaer cropony AB B Touke E M 1epBYI0 OKPY’KHOCTH BTOPUYHO B Touke F.
OxkasaJjoch, uro Touku A, F, D, C nexar Ha OKpyzKHOCTHU ¢ 1leHTpoM O. JlokaxkuTe,
qaro yron BFO — upsmoit.

VYkazanue. Paccmorpure BeJIOCUIIEIUCTOB, IBUKYIUXCA U3 TOUYKH F.

3. Jlaun tpeyronmbuuk ABC u OKpyKHOCTBH ¢ HEHTPOM B Touke (O, MPOXOJAIiast
qgepes Bepiuabl B u C' n noBTopHO Tepecekaiorias mpsiMbie AB u AC B Toukax P u
@ coorBercTBenno. OnucaHHbIe OKPYKHOCTU TpeyroibHUKOB APQ u ABC umeror
posHo jBe obmue Touku A u M. Torga yron OM A — npsimoii.
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4. (O 6a6ouke.) Yepes TouKy A, He JIEXKAILYIO HA OKPYZKHOCTHU, IPOBEIEHBI JBE
NpSIMbIE, TIEPECEKAIONIHE 9Ty OKPYKHOCTb, OJHA — B Toukax Py, Py, 1pyrast — B TOY-
kax Q1, Q2. IIpoussosibHas MpsiMast, IPOXOsAIIas Yepe3 A, mepecekaeT OKPYKHOCTD
B Toukax M7, My, a onncaHHble OKPY?KHOCTH TPeyroJbHUKOB AP Q1 1 AP>(QQs — B
Toukax N1 u Ny coorBercrBerno. Torma N1 My = NoMs.

5. Jlau BeinykJbnii deTbipexyrojbauk ABCD. Ilycts ero guaroHasyu mepeceKkaroT-
cs B Touke F, rouku M u N — ux cepegunbl. Bokpyr tpeyrossaukos ABE, BEC),
CED, DEA onucanbl OKPYKHOCTH, TIPUYEM II€PBasi U TPEThsl [T€PECEKAIOTCS BTO-
pudHO B Touke L, BTOpas m derBepras — B Touke K. /lokazars, uro Touku M, K,
N, L jmexat Ha OJTHONU OKPYKHOCTH.

6. OKpyKHOCTH w1 U wo Tepecekatorcs B Toukax A n B. KacarenbHast K OKpyK-
HOCTH w; B TOYKe A mnepecekaer we B Touke C; KacarTe/jbHas K OKPYKHOCTH Wo B
Touke A nepecekaer wi B Touke D. Buccekrpuca yriia C AD nepecekaer wi U ws B
toukax F u F, coorBercrBenno. Buemuss ouccexkrpuca yria C AD mepecekaer wy u
wo B Toukax X u Y, coorBercTBeHHO. JloKaxKuTe, 94T0 CepeMHHBIN MEePIeH IUKYJISD
K oTpe3Ky XY Kacaercs OIMUCAHHON OKPYKHOCTU Tpeyrojbuuka BEF.

14. Teopema Xesu. 10 uroas

1. (a) Ha upsivoii maHo n > 2 MONApHO IEepeCceKaloNmxcsi 0Tpe3koB. Jlokaxkmure,
9TO BCE OTPE3KHM MMEIOT ODIIYIO0 TOUKY.

(b) Teopema Xenum Ha npsimoii. Ha npsamoii Jano n > 2 nomapHo Iepecekaro-
IIUXCeA BBIITYKJIBIX MHOXKECTB (TO‘IKI/I, OTPE3KU, UHTEPBaJIbI, .J'[yLII/I). ﬂOKa)KI/ITe7 9To
BCE MHOYKECTBA MMEIOT ODIYIO0 TOUKY.

2. Ha miockocTu JaHO KOHEYHOE MHOXKECTBO MHOIOYIOJIbHUKOB (HE 00g3aTesIbHO
BBIIIYKJIBIX ), KasKJIble JIBa U3 HUX UMEIOT OOILy0 TOUKY. JIoKarXKnuTe, 4To CyIIeCTByeT
npsiMasi, IepeceKalolas BCe 3TU MHOTOYTOJbHUKU.

3. Hutst mroboro n > 3 HapucyiiTe HA IUIOCKOCTHU 7 BBITYKJIBIX MHOXKECTB TaK, ITOOBI
JIFOOBIE JIBa, MHOXKECTBA HUMEJIA ODIIYI0 TOYKY, HO BCE MHOXKECTBA HE MMEJIM TaKOi
TOYKU.

4. (a) Ha nuockocru gano n > 4 rouek. Jokaxkure, 970 UX MOXKHO pa3buTh Ha 2
MHOKECTBA, BBIMYKJIbIE 000J0YKHA KOTOPBIX IIEPECEeKAIOTCS.

(b) Ecsim Ha turockocTn 4 BBINYKJIBIX MHOXKECTBa U JIOOble 3 U3 HUX UMEIOT
ODIIYIO0 TOYKY, TO W BCE MHOXKECTBA UMEIOT OOIIYIO TOUKY.

(c) Teopema Xennu Ha miockocTu. Ecin HA IUIOCKOCTH N 2> 3 BBIILYKJIBIX
MHOXKECTB W JIIOOble 3 M3 HUX HMEOT OOIIYI0 TOYKY, TO W BCE MHOYXKECTBA MMEIOT
OOIIIYIO TOYKY.

5. JlaH BBIMTYKJIBIA MHOTOYTOJIBHUK. I3BECTHO, 9TO 1Jisl JIIOOBIX TPEX €ro CTOPOH
MOXKHO BBIOpATh TOYKY O BHYTPU MHOTOYTOJBHUKA TAK, YTO MTE€PIIEH IUKYJISPBI, OITy-
meHHbe n3 Touku O HA 9TU CTOPOHBI, TIOMAIAI0T Ha HUX, & HEe HA WX MPOJIOJIZKEHUSI.
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Jlokazkure, 910 TOrA TaKyi0 TOYKY () MOYKHO BBIODATH JIJIsi BCEX CTOPOH OJTHOBPE-
MEHHO.

6. Ha mrockocTr mpoBeieHO 1 MPSIMBIX U JJIs KaXKIOW MPSMOi BBIOpAJM OfHY U3
JIBYX TIOJIYILJIOCKOCTEH, HA KOTOPbIE OHA JEJIUT IJIOCKOCTh. VI3BeCTHO, UTO BHIOpaH-
HbIE TIOJIYTLIOCKOCTH IEJIMKOM TOKPBIBAIOT BCIO IJIOCKOCTD. JlOKaxKuTe, ITO MOXKHO
OCTaBUTH TOJIHKO 3 MOJTYIJIOCKOCTH, KOTOPbIE TAKXKe MOKPBHIBAIOT BCIO IJIOCKOCTD.

7. Ha crosie cuut n KOMapoB, JIOOBIX TPOUX M3 KOTOPBIX MOYXKHO IIPUOUTH KPYyT-
JIoit Kpy2KKoit pagmyca 1. /IokaxKuTe, 9TO UX BCEX MOYKHO MPUOUTH ITOU KPYKKOU
OJJHOBPEMEHHO.

8. (a) CropoHbl 0CTPOYroJaBHOrO TpeyrosibHuKa He Godibine 1. Jokaxkure, 4ro pa-

JIYC OIMUCAHHOW OKPY?KHOCTHU He DoJjiee % .

(b) IonapHble paccTOsSTHUST MKy N TOYKAMU Ha ILUIOCKOCTH He Gosbine 1. To-
KayKUTe, 9TO BCE TOYKU MOXKHO HAKPBITH KPYTOM Pajyca %

9. Ha mrockocTn J1aHO HECKOJIBKO apaJlIeIbHBIX OTPE3KOB, IMPUYEM Il JIIOOBIX

TpexX M3 HUX HalijleTcs mpsiMasi, UX mepecekarommas. Jlokaxnre, 9T0 HaIeTCs TIpsi-

Masi, IePeceKaroInasi BCe OTPE3KH.

15. HuTepnongumoHHbII MHOro4wieH. 10 uroJjis

Onpenenenune. [Tocrpoenne Takoro muorowieHa P(z) creleHu He BBIIIE 7, YTO
P(z;) = y;, tie 0 < i < n, HA3BIBAECTCS UHMEPNOAALUED.

1. (a) ITocrpoiire muOrOwIeH £(), KOTOPBIl IPHHAMAET HYJIEBbIE 3HAYEHHS B TOY-
KaxX T1,%2,..., Tk, & B OCTAJLHBIX TOYKAX OTJUIEH OT HYJIS.
(b) Iocrpoiire MmHOrOWIEH £) () CTEleHU N, KOTOPBIHA B TOYKE Xy [IPUHAMAET 3HA-
YeHUe Yy, a B Toukax x; — 3Hadenne 0 (0 < i< n, i £ k).
(c) Teopema. Ilycrb 29 < 1 < T2 < ... < &, — BellecTBeHHble yncia. Jlokaxure,
YTO JJIS JIOOBIX Y1, Y2, - - - , Yn CYIIECTBYET €IMHCTBEHHbIH MuOrOWIeH P () crenenu
He BBIIE N Takoi, uro P(zg) = yo, P(x1) = y1, ....P(zn) = ypn. ITOT MHOrOWIEH
HA3BIBAETCA UHMEPNOAAUUOHHLM MHOZOUAEHOM Jlazpanoica.

2. ITocrpoitte Muorounen P(z) Bropoit cremenn takoii, aro P(1) = 2, P(3) = 13,
P(5) = 36.

3. Ha mnockoctu pacnosioxkerno 100 touek. VI3BecTHO, UTO Uepe3 KaxKJble UETHIPE
U3 HUX OPOXOJUT rpaduK HEKOTOPOTO KBAIPATHOrO TpexwieHa. Jokaxure, 4To Bee
100 Touek sexkaT HA TpadUKe OTHOrO KBAJIPATHOIO TPEXUJICHA.

4. JlokakuTe, 9TO I PA3INIHBIX UUCeN G, b, ¢ 1 d

abe n abd
@—ad-d—0)  c-ac-bc—d
acd bed

T -0 -d  @a-bBa-da—d -

_|_
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5. Ilycrs P(z) = apz™+. ..+ a12 4+ ag — MHOrOWIEH C 1eJIbIMEA KO3 DUIUeHTaMHU.
Jlokazkure, 910 X0Ts1 GBI 07tHO U3 uuces 3" — P(n+1)|, ..., |31 = P(1)], |1 — P(0)]
HEe MeHbIme 1.

6. Jokaxure, uro ecau P(x) — MHOroWIeH, CrelieHb KOTOPOro MEHbIIIE 1, TO JIPO6hb

P(z)
(z—z1)(z—=2)
qHUC/Ia) MOXKET OBbITh IIPEJICTABJIEHa B BUJE CyMMBI 70 IPOCTEAIMX Apobeii:

o) (3mech 1, Ta, ..., Ty — HPOU3BOJIBHBIE IOIMAPHO DPA3IMIHBIE

Ay As Ap
e e
T—1T1 T — I T — Ty
raoe Aq,..., A, — HEKOTOpbIE KOHCTAHTHI.

Onpenenenne. MHOro4IeH HA3BIBAETCH UEAO3HAYHDIM, €CIIH B IIEJIBIX TOYKAX OH
IPUHUMAET I[eJIble 3HAUEHUSI.

7. (b) Jokaxure, uto mMuOrounent suga CF = w
CY = 1. Takue MHOTOYUICHBI HASBIBAIOTC GUHOMUANDHOLMU.
(b) Hdokaxkure, 9T0 BCAKHUII [[EJO3HAYHBI MHOTOWIEH CTEIEHU 7 HPEJICTABIISETCS
nuHefinolt komGunanueit muorowtenos CO,CL ... C" ¢ neabivu kKosddurmentamu.
(c) Ecan muOTOWIeH P(2) crenenn n 1enosHadeH, o n!P(x) nmeer nesble kKoabdnu-

IIAEHTHI.

— IIeJIO3HAYHEI,

8. nrepnosnsnmonHblili MHOTOowIeH HpioToHa./[oKakuTe, YTO HHTEPIOJISIH-
OHHBIIT MHOTOYJIEH OJHO3HAYHO OIpe/iesisieTcss (hopMyJIoit

P(z) =Co+Ci(x—x0)+Co(x—xo)(x —21)+. ..+ Cr(x —x0)(x—21) . .. (T—T1—1).

9. Jokaxkure, 4ro ecau MHorowien f mmeer crenenb n u |f(x)] < 1 upu Beex
z €[0,n], To f(—1) <2t — 1.

16. Tpuronomerpudeckass (popMa KOMIJIEKCHBIX YN-
ces. 11 wnrosnda

Onpegesienne. 3anuch |z| cos ¢ + ising, e ¢ — apryMenT 9ucia z, Ha3blBAETCs
MPULOHOMEMPUYECKOT POPMOT KOMNACKCHO20 YUCAG Z.

1. Jokaxkure, ITO
(a) cos(a— ) = cos acos B+sin asin B (depes ckassipHOE y
npoussesierne BekropoB OA u OB, Ha PUCYHKe CIIPpaBa); A
(b) cos(a+ ) = cosacos f — sin asin G;
(c) sin(a + 8) = sinacos § + cos asin f; @
(d) sin(a — ) = sinacos § — cos asin S. 5 -

2. JlokaxkuTe, YTO IPH YMHOXKEHUH (JeJIeHUH) KOM-
[JIEKCHBIX YHCEJI UX MOJLYJIA YMHOMKAIOTC (JIeJISTCst) APYT
HA JIPYIa, a apryMEHThI CKJIQILIBAIOTCS (BHIYUTAIOTCH).
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dopmyna Myaspa. /lokaxure, 910
(r(cosp +ising))™ = r™(cos(ny) + isin(ny)).
3. Borumcsinre 3HaM€HNE BHIPAZKEHNS, IPEJICTABUB €I0 B TPUTOHOMETPUIECKO# hop-
Me:
(1—49)7(—v/3+1)'°
(141)ts

Onpenesienne. Yncesno € HA3BIBAETCS KOPHEM N-Of CTENIEHU {/Z M3 KOMILJIEKCHOTO
quCsIa Z, ecau " = z.

4. (a) Beraucsure Bce KOpHI V1, /1, V1. Hapucyiite ux Ha KOMIIJIEKCHOMN IIOC-
KOCTH.
(b) Buiseure dbopmysty 1UIst HAXOXKIeHUsT Beex 3Hadenmii kopus /1. Kak arm kop-
H1 paCIIOJIO)KeHbI Ha KOMIIJIeKCHOﬁ IIJIOCKOCTI/I?
(c) BoiseauTe dbopMysy fJ1s HAXOXKIEHAS BCEX 3HAMEHWUN KOPHS /2 B TPUTOHOMET-
pudeckoit popme. Kak paciiosiosKeHbl 3T KOPHU Ha KOMILIEKCHOM IJIOCKOCTH?

5. HaiiyiuTe Bce 3HaYeHUs KOPHA M U300pa3sMTe MX HA KOMILIEKCHON ILIOCKOCTH:
V14

6. Pemure ypasuenne x° + 2% + 23 + 22 + 24+ 1= 0.

7. Haityure (a) cymmy; (b) npomnssesienue seex xopneit /1.

8. ILOKaH(HTe Cﬂegy}oume pPaBEeHCTBA:

(a) sin 2% + sin 47 -l—...-l—SinM:O;

n

(b) cosz—“+cos4—”+ —|—cosw=—1;
(c) cos 2F + cos 4T + cos O = — 1

9. (a) ,Z[OK&)KI/ITQ, 94TO BCe KOPHH /1 MOMKHO IIPEICTABUTH KAK CTEIEHH OIHOTO N3
HuxX (HA30BEM 3TOT KOPEHb NEPE000pa3HbLM MU NOPOHCOUOULUM ).
(b) CkousbKo cymmecTByeT epBooGpasHbIX KOPHEl n-0if CTeleHn U3 eJuHUIBI!

Kopmn {/1 6y1em 0603HauaTh Yepes €1, €, . . ., Ep.
Omnpeaenenne. Kopenb e n-oif crenenu n3 eauHuIBb uMeeT nopadox d, ecimn d —
HaNMeHbIee HATYPAIbHOE THCII0 TaKoe, uTo e = 1.
10. (a) Ilycrs n € N, d — nenurens n. CKOJIBKO KOPHEH ypaBHEHHs 2 —1=0
€CThb CpPeJIU YHCeJI £1,¢&,...,E, 7 CKOJIBKO CpeIu HUX 9JIEMEHTOB IOpsaKa d?
(b) CkoIbKO 3/1eMEHTOB TOPAIKa d €CTh CPEIU YUCET 1,9, . .., Ep”?

11. (a) Ilycrs € — nepBoobpas3Hblil KOPEHb N-0if cTeneHn u3 eauHMIpBL. JJokaxkure,
aro (1 —¢)(1—¢?)...(1—e""1) =n.
(b) Hokaxkure, 94T0 NpOU3BeeHNE JJINH BCEX CTOPOH U JUATOHAJIEN, [IPOBEICHHBIX
13 OJHOI BEPIINHBI IPABUJILHOI'O N-YI'OJIbHIKA, BIINCAHHOI'O B OKPY?KHOCTH PaJIIyca
1, paBHO n.

cos 1°+cos 2°+...4cos 44°
sin 1°+4sin 2°+...4sin 44° *

2. Boraucaure
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17. VYuummcg cuutarhb. 11 urosada

Baxknas semma. B tpeyrosbauke ABC na npsimoit AC' BeiOpana touka D. /Toka-
sin/ABD  AD-BC

sin/DBC DC-AB’

KUTE, ITO

Omcroda cpasy orce umeem 068a He MeHEE BANCHBLT CACOCTIEUS.

Cunycuas Treopema Yessbl. B tpeyronsuuke ABC tposejienbl yeBuanbl AAq,
BB;, CC,. JokaxXuTe, 4TO OHU IIEPECEKAIOTCs B OJIHOI TOYKE TOIJIa U TOJBKO TOTJIA,

sin /ABB; sin/BCC; sin/ZCAA;
KOTJI& =

sin /B,BC sin/C,CA sin/A,AB

3ameuanne. Teopemy MOXKHO 0OOOIIUTE TSt CIydast, KOTIA TOYKA I€PECEIEHUsT
BHE TPEYIOJIbHUKA.

Eute omua BakHasi iemma. B tpeyrosnbauke ABC nposenena deBnana BD.
sin ZABD

sin /DBC'"
1. JTokaxkure, 4TO IJIaBHbIE JUANOHAJIU BIUCAHHOTO mectuyroiabanka AByCA; BC,
[I€PeCeKaloTCsl B OJHOI TOUKE TOrJa U TOJBLKO TOrA, KOILa,

JlokaxkuTe, 9TO OHA OJHO3HAYHO OIIPEJIEJISETCS OTHOIIEHUEM

AB;,-BC;-CA; = A1B-B,C-C,A.

2. Ha croponax BC', C' A, AB rtpeyroyibauka ABC BO BHEIIHIOK CTOPOHY ITOCTPO-
ennl Tpeyroasauku BCD, CAE, ABF rak, uto /BCD = /FECA = ¢, ZCAE =
/BAF =0, /CBD = ZABF = 1. Jlokaxure, uro npsimbie AD, BE, CF KoHKYy-

PEHTHBI.

3. B Tpeyronbauk ABC' BrmcaHa OKpPY»KHOCTB W C IIEHTPOM [, Kacarolacst CTOPOH
AB, BC, CA B toukax M, N, P coorBercrBenHo. T — Touka nepecederuss C'1 u w.
R=ATNMP,Q =BT NMN. Hokaxwure, uro RQ1LIC.

4. Buyrpu napautenorpamma ABC D Beibpana Touka P Takum obpasom, uro ZPAD =
/PCD. Hokaxwure, uro /PBC = /ZPDC.

5. Ha cropone AB Tpeyronbauka ABC B3sThl Takue Touku X, Y, uro AX = BY.
[psmbre CX u C'Y BTOPUYIHO HEPECEKAIOT OMUCAHHYIO OKPY?KHOCTH TPEYTOJIbHUKA
B roukax U u V. Hokaxwure, ato Bce mpsambie UV IPOXOIAT depe3 OmHY TOUKY.

6. B tpeyroasauke ABC nposenena dbuccekrpuca AAg, Ha orpeske AAg BeiOpana
touka X . [Ipsmas BX nepecekaer AC' B Touke By, a npsimast C X nepecekaer AB B
touke Cy. Orpesku AgBy u CCy nepecekatorcss B Touke P, a orpesku AgCy u BBy
nepecekaiorcs B Touke Q. Hokaxkure, aro yruisl PAC u QAB paBHbI.

7. lIycrs AK u AL — usozonasu (IIpgMble, CHMMEPHYHBIE OTHOCUTEIHHO JIUAIO-
wamm), ZABK = ZACL = 90°. Jlokazarn, uro upsambie KC u LB nepecekaiorcs
Ha BbicoTe AH.
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18. Mmuorounens! Han 7Z,. 12 uroJsa

Onpenenenne. MHOKECTBO BCEX OCTATKOB (BBIYETOB) 110 MOJLYJIIO 7 0003HAIUM Zi, .
B caydae, ecm n npoctoe, Jis ynoocTBa OyeM nucarhb Zy.

Onpesiesium MHOTOUIEH HaJ Z, Kak dbopMmaiabHyto 3amuck P(x) = ag + a1x +
<o 4 Q™ rae KoIDOUIUEHTs! a; € Ly, Gy 7 0. MHOXKECTBO TAKUX MHOTOYJIEHOB
oboznauaercs Zy,[x].

1. (a) Hdoxaxmure, 4ro ecnu gBa MHorourena P, Q) € Zy[z], To degPQ = degP +
deg@.

(b) Ipusenure npuMep, KOrjga 3TO HEBEPHO Jjisi COCTABHOIO 7.
2. Jokaxkure, 910 1151 (POPMAIILHBIX MHOIOWIEHOB HaJ| Z; BBIIOJIHAETCS TEOPEMA O
JIEJIEHHU € OCTATKOM: Jjist MHOrowieHoB A(x) u B(x) # 0 cyIiecTByIOT eIMHCTBEHHbIE
muorowitensl Q(z) u R(x) takue, uro A(x) = B(x)Q(z) + R(z) u degR < degB.

3. (a) Cdhopmynupyitte n gokazkuTe TeopeMy Besy s MHOro4IeHOB Han Z,,.

(b) dokaxkure, 9TO0 KOJIUIECTBO KOPHEH MHOTOWIEHA HE TIPEBOCXOJAT €TO CTETe-
HU.

(c) Hpuseaure npumMep MHOrOYIEHA HAL, Z;,, KOJUYECTBO KOPHEH KOTOPOro 60JIb-
nre ero crenenu (B cirydae coctasHoro n). OObaCHUTE, B KAKOW MOMEHT «JIOMAETCsI»
JI0Ka3aTeIbCTBO MPEIBIIYIIEro MyHKTa.

4. Ucnonb3ys TeopeMy Be3y, pasjiozKuTe Ha MHOXKHTeNH MHOrowieH zP~! — 1 n
JloKaxkuTe TeopeMy Buibcona: mist sroboro mpocroro p ducio (p — 1)! + 1 mesures
Ha P.

5. (a) IIpuBenure mpumep HeHymeBOoro MuOrounena P € Zy[z] Takoro, uro P(x) =
0 Bo BCcex TOUKAX T € Zp.

(b) Hdokaxkure,9T0 /115 JIEOOOI0 MHOIOWIEHA CYIIECTBYET MHOTOYJIEH CTEIIEHH He
BBIIE P — 1, COBIAJIAIONINIT C HUM TI0 MOJYJIIO P BO BCEX TOUKAX.
(c) Hdokazkure, 4T0 ecjiu JBa MHOIOUJIEHA CTEIICHU He BBIIIE P — 1 COBHAIAIOT 110
MOJIYJIIO P TI0 BCEX TOYKaX, TO OHU PaBHBI (POPMAJIBHO.
6. lana nmpoussonbHasd dyHKIUA f @ Zp — Z,. Jokaxure, 9TO CyIIeCTByeT MHO-
ro4JieH CTeleHn He BbIlie p — 1, coBnagamonuii ¢ f mo MOJyJII0 p BO BCEX TOUYKAX.

7. Ilycts Q(T) — MHOrOWIEH C TENbIME KOI(bDMUIMEHTAMHI, p — IIPOCTOE YHCIIO.
Oxasasoch, aro Q(0) = 0,Q(1) = 1, u upu sr06om HaTypaabHoM k uncio Q(k) maer
octarok 0 wm 1 npu nenennn ua p. Jokaxkure, urto deg@ > p — 1.

19. Mar6oii. 12 uronda

1. Ilycts H — oprorenTp ocTpoyrojabHoro Tpeyroiabuuka ABC. Cepenauuubii nep-
meHUKYJIsIp K orpe3ky BH mepecekaer cropoust BA, BC B Toukax Ay, Cy co-
orBercrBento. Jokaxure, uro nepumerp rpeyrosubuuka AgCoO (rme O — ueHTp
onmcannoii okpyzxkuocru ABC) pasen AC.
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2. Pemmure cucremy ypasmennit a® +b=c¢,b>+c=d, > +d=a,d®> +a=0b.

3. Ha miockocTr mpoBeaeHo HECKOJIBKO MPSAMBIX OOIIEero moJioxennst. Haoko Hadu-
HaeT JBUXKEHHE B HEKOTOPOI TOYKE Ha OJHON M3 IpsMbIX. KaK TOJBKO OHa, JJOXOIUT
JI0 TOYKU IIEPECEUEHNs] IPSIMbIX, OHA CBOPAYMBAET HA JAPYIYIO IPAMYIO U IIPOIOJIZKA-
eT mBuXKeHne BAoJb Heé. Jlokaykure, uro Haoko He cMOXKeT MPOUTH OJUH U TOT Ke
OTPE30K B PA3HBIX HAIPABJICHUSX.

4. Ksagpar ABCD Buucan B okpyxkuocthb. Touka M sexxur na gayre BC, mpsimast
AM nepecekaer BD B touke P, npsimast DM nepecekaer AC' B Touke Q. Tokaxkure,
9TO IJIOMIAIL YeThIpEXyroabunka APQD paBHa NOJOBUHE ILIOMA/NA KBAJIPATA.

5. Baca zanmcans uncna 1,2, ...,40 Ha ABaAIATH KApPTOUKAX, HA KarXKJIOH CTOPOHE
KaXKJI0H KapTOYKU — I10 YUCJLY. 3aTe€M OH BBLIOXKWJI KAPTOUIKMU Ha cTojI. [lers BuauT
JINIIb BEpXHUE YKCJIa; OH MOXKET BBIOPATH JIF000I HAbOP KapTOUYeK U IEPEBEPHY T UX.
OH BBIUTPAET, €CJIN TOCJIE ITOTO CYMMa YHCeNl Ha BEPXHUX CTOPOHAX KapPTOUYeK OyJeT
ue menbine k. [Ipn kakom Hanbosibirem k IleTs rapaHTHPOBAHHO MOXKET BBIUTPATD !

6. /lan opuenTupoBaHHBI rpad. B KaxKmoil BeplinHe YHCIO BXOJSIIMX B HEE U
UCXOJAIIUX U3 Heé pébep OAMHAKOBO U He MeHbIle JIBYX (CTeIeHH PA3HBIX BEpINUH
[IPU 9TOM MOI'YT ObITH PA3INIHBIMHT ). VI3BECTHO, 9TO U3 JIIOGOI BEPIIUHBI CYIIECTBYET
OPHEHTUPOBAHHBIN IIyTh 10 JI000i1 apyroit. JlJokaxKkuTe, 910 U3 9TOr0 rpada MOKHO
YIaJUTh BCe pEOpa HEKOTOPOro OPHEHTUPOBAHHOTO ITHKJIA TAK, YTOOBI TO—TIPEYKHEMY
u3 JI000#1 BePIIUHBI CYIECTBOBAJ OPHEHTUPOBAHHBIN IIYTh J0 JIOO0H APYTOii.

7. Jdnsa kazkaoro HarypasibHoro n monoxuM E(n) =n(n+1)(2n+1)...(10n+1).
Haiiaure nauGospiunii obuwmit genurens qucen E(1), E(2),..., E(2019).

8. /IBa MHOrOwWIEHA YETBEPTOIl CTEIEHN f(a:) = a4:c4 + a3x3 + axx? + a1z + ag u
9(z) = by +b323 +bow® + by 2+ by OTIIMUAIOTCA JPYT OT JIPYTa MePecTaHOBKON Kodb-
durmenTor. M3BecTHO, uTO a; # b; pu Bcex ¢ = 0,1, 2,3,4. Moxer i oKa3aThCs,
uro f(z) > g(x) upu Bcex BeleCTBEHHBIX X7

20. CumenuaHbl. 14 nioJd

Bo Bcex 3asiavax 9TOro JUCTOYKA OY/IyT MCIIOJIB30BAHBI OJHU U T€ YK€ 0003HACHMUSI.
Byxsbl, oriuunsie or X, Y u Z (mis 91ux 6yKB 0003HaU€HUsT BBOJISTCS KaXKIblil pas3
3aHOBO), KOTOPbIE OIPEJIEJICHbI B 3aJa9ax, OY/IyT UCIOJIb30BAHbBI B IIOC/IEIYIONIHX.

B tpeyrosbauke ABC nposenena memuana BM. Torga npsivast, ciMMeTpUYIHAS
OTHOCHUTEILHO OMCCEeKTPUCH yriia B aToit mennane, Ha3biBaeTcsa cumeduanot. Ilycts
H — opTrornentp 3Toro tpeyrojbuuka, a H,, Hy,, H. — OCHOBaHUS BBICOT U3 TOUYEK
A, B u C, w— ero onucanHasi OKpy>KHOCTb ¢ rieHTpoM O, mycts K, N — cepeauHbI
AB u BC.

1. Cumenuana u3 BepmuHbl B riepecekaer npsimyto AC B Touke S. Jlokaxkure, 9410

(a) orHomenus paccrosguuii or Touku S 10 cropon AB u BC' paBHO OTHOIIEHUIO
9TUX CTOPOH;
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b AS  AB?
) 5 = pe
2. Jokarxure, 9TO CHMEIUAHDI [IEPECEKAIOTCS B OIHOM TouKe L — mouke Jlemyana.
3. Ilycte X u Y — ocHOBaHUsI IIEPIIEHIUKYJISPOB, OIYIIIEHHBIX U3 TOYKKU H} Ha CTO-
poust AB u BC coorBercrBenno. Jlokaxkure, uro BM — cumenana TpeyroJbHUKA
XYB.

4. Ipsivmbie BS u BM niepecekaioT OKpY>KHOCTD W B TOYKaX () 1 R COOTBETCTBEHHO.
Hoxkaxwure, ato MR = MQ.

5. IlepBas kaprtunka. (a) Ilycts Touka P rtakosa, uro /PAB = /PBC n
/ZABP = /BCP. Hokaxure, uro Touka P jexxut Ha cuMmeguane. [louemy Takast
TOYKA BCETJIa CYIECTBYET?

(b) Hokaxkure, uro BK PN — BuucanHbI.

6. Bropas kaprunka. Kacarenbubie K w B Toukax A u C' mepecekaroTcst B TOUKe
T. Hokaxure, yro BT — cumemuana Tpeyrojibanka ABC. Y10 MOXKHO cKa3arh B
cIydae, KOTJla KacaTebHble He TePeCceKJINCh?

Tlonckaska. IIpoeeaure okpyzkHOCTH ¢ 1eHTpoM 1 u paguycom T A, ormerbre
BTOpBIE TOUKH Iepecedenus 3Toil OKpykHocTu ¢ npsaMbiMu AB u BC' u nokaxwure,
9TO OHU JIEYKaT Ha OJIHON mpsamoit ¢ 1.

7. llycts [ — wunnentp Tpeyroiabuuka ABC. JlokaxKurte, 4T0 cumeauana u3 Bep-
mmabl [ Tpeyrosbauka AIC nepecekaer w B cepenun ayru ABC.

8. Oxazasoch, uro BC || AT. Hokaxwure, aro upamas CQ memur orpesox AT
TIOTIOJIaM.

9. Bricota BH, nepecekaer w B Touke B’. JlokaxkuTe, 9TO TOUYKA NMEPECEUCHUS
W ¥ OIMCAHHON OKpY>KHOCTH Tpeyroiabuuka B'HyM, orauunas or B', jexwur Ha
CHUMe/INaHe.

21. Oprpadsr—2. 14 nroasa

Be who you needed when you were
younger.

MIPOCTOPBI MHTEPHETA

Onpenenenune. Typrupom Ha3BIBAETCS OPUEHTUPOBAHHBIN I'Pad, B KOTOPOM MEXKLY
JIFOOBIMU JIBYMsI BEPIIUHAMU CYIIIECTBYET POBHO OJIHO OPUEHTUPOBAHHOE Pebpo.
Teopema. B j11060M CHJIBHOCBSI3HOM TYPHUPE Ha N BepIIUHAX it Jioboro 3 < k < n
HalIETCsA X0Tsd ObI N — k + 1 pas/jmIHbIX HeCAMOTIEPECEKAIONNXC A TNKJIOB JIJIMHEI k,
MpUYIeM CyIIEeCTBYET CHJILHOCBI3HBIN TYPHHUD, B KOTOPOM UX pPoBHO 1 — k + 1.

1. CocraBbTe CHILHOCBS3HBIM TYPHHUD Ha ISTH BEPIIMHAX, B KOTOPOM OIWH ITUKJI
JIUHBL TSITh, JBa IUKJIA, JJIUHBI YeThIpe U TPHU IUKJIA JIJTHHBI TPH.
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2. Jlokaxkure, YTO TYPHHUP SBJSIETCS CHILHOCBI3HBIM TOT/Ia U TOJHKO TOT/Ia, KOTIa,
B HEM €CTh HecaMoIlepeCeKaIoIuiics MUKJI, WY 110 HAIIPaBJIEHNAM CTPEJIOK Ha
pebpax U MPOXOJANINIA 110 BCEM BepITuHaM rpada.

3. JlokakuTe, 9TO B CUJIHHOCBAZHOM TYPHHpE Uepe3 JIIOYI0 BEPIIMHY ITPOXOIUT
HeCaMOIePeCEKAIOTIMICS TIMKJT (MY M [0 HATIPABJIEHASIM CTPEJIOK Ha pebpax) Jin-
ubl (a) Tpu; (b) m060it JIMHBEL OT TPEX J0 N.

4. JIoKasKuTe, 9TO CYIIECTBYEeT CIJIbHOCBA3HBIA TYpHUD Ha 1 BEPIINHAX, B KOTOPOM
(a) n — 2 mukios jgumael Tpyu; (b) n — 3 HecaMolEPECEKAIONUXCS MUKJIOB JJIUHBI
vetwipe; (¢) n — k 4+ 1 Hecamonepecekammuxcs: UKJIOB JJIMHBL k.

5. JlokazkuTe, 9TO B JIIOG0OM CHJIBHOCBA3HOM TYPHHUPE Ha 1 BEePUIMHAX, 10 KpaiiHeil
Mmepe (a) n — 2 nukaa mqymae Tpu; (b) n — k + 1 HecamomepecekaroOmuxes: IUKJIOB
JIAHEL K.

6. /loxakute Teopemy.

22. KBaBaaparu4Hble BbIYETbI. 15 UIOJId

IIycTh p — HeweTHOe TIpocToe uuco. Pacemorpum ypasaernue x2 = a(modp).

Onpenenenune. Eciu jist a # 0 cyimecTByer peieHne ypaBHEHUsI, TO G HA3bIBAETCsI
K6adpamuUMHLM 8bi%emom Nno Mmodyato p. B mporuBHOM ciiydae a — keadpamusHbill
HEGBIYEN.

1. (a) CkosbKo KOpHeif MO¥KeT mMeTh ypasHenue r2 = a (mod p) B 3aBUCEMOCTH
or a?
(b) Hdokaxkure, 94TO Cpe/yi HEHYJIEBBIX OCTATKOB II0 MOYJIIO P POBHO HOJIOBHHA $B-
JIATIOTCS KBAJAPATHIHBIMU BBITETAM.

2. JIokazKuTe CJIeyoNme CBOMCTBA MTPON3BEICHNIT KBAJIPATHIHBIX BBIIETOB:
(a) BBIYET X BBIUET = BBIYET;
(b) BBIYET X HEBBIYET = HEBBIUET;
(c) meBbIUET X HEBBIYET = BBHIYET.

. Cum M HA3BIBAIOT BbIpaykenue (2 |, mpudaem:
Omnpenenenne. Cumsonrom Jleoscandpa Ha3BIBAIO aKeHne ; , e

1, €C/IN a4 — KB. BBIYET,
a
() =4 —1, ecium a — KB. HEBBIYET,

b 0, ewma=0 (mod p).

3. lloxaxkure, 9TO (9) (g) = (“—b).
p)\p P
4. (a) Ucnoubsys maiyio reopemy Pepma, JoKazKkuTe, 4TO €CJIU ¢ — KBAJAPATHIHDILI
BBIYET, TO otz =, 1.
(b) Ucnonbsyst Teopemy BuibcoHa, J0KaxKuTe, YTO €CAM @ — KBaJPATHIHBIN
HEBBIYET, TO a7 =, —L
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p—1

Kpurepuit Ditnepa. Eciun p — HegeTHOE TTPOCTOE 9HCIIO, TO (%) =,a 2

-1
5. st ocrarka a # 0 pacCMOTPUM MHOXKECTBO OCTaTKOB A = {a, 2a,..., %a}.

IIycTs n — kommdecTBo ocTaTKOB B A, Gompmmx £.

(a) Hokaxkure, aro ecm B Kaxzapli u3 ocrarkos k > § samenurs ma p — k, 10
—1
I0JIyIeHHOe MHOKeCTBO B conasaer ¢ MuoxkectsoM {1,2,..., 22},
p—1
- n
(b) Hoxaxure, uto a = =, (—1)".

Kpurepuit I'aycca. Ecin p — HedeTHOE TPOCTOE IUCTO, 0 HE JETUTCS HA P, TO

)

3
6. Borauncaure (4—7), HCIIONIB3YsT 00a KPUTEPHUSI.
7. Jokaxkure, 4To uucjao 22 + 1 He MOXKET MMeTh MIPOCTBIX JleuTeseit suia 4k + 3.
8. Teopema 2Kwupapa. Ilycts npocroe p umeer Buzx 4k + 3. okaxkure, 9T0 ecian
22 4+ y? 1 p, To TOrmA O0BAZATENLHO T ©: PU Y | P.

9. Jlokaxxure, 9TO MPOCTHIX unces Buaa 4k + 1 GECKOHETHO MHOTO.

2

10. [Iokaxkute, 9TO ypaBHeHUE 4Ty — X —Y = z° He UMEEeT PENIeHn B HATYPaJTbHBIX

qucJiax.

11. PemuTe ypaBHeHHe B IeJbIX ducaax: o5 + 7 = y2.

23. TapmMmonmveckmuii 4eTHIPEXYTOJBHUK. 15 WO

Hanomunauue. Cumeduanot u3 Bepimuabl B tpeyroibinka A BC na3piBaercs
(a) upsiMasi, KOTOpast M30rOHAJIbHA Me/[HaHe;

AB?

BC?’

(C) npdamMasdd, IIPOXo/JdInasd Iepe3 TOYUKY IepeCcedeHnd KaCaTC/JIbHbIX B TOIKaAX Amn

(b) ueBmana, koropas memut cropory AC B OTHOIIEHAN

C;
(d) npsimasi, comepkamas Takyio Touky X, yro ABX nonoben BCX.

3decwv, Kak u parvwe, 0bosHaverus 6 1-5 3adauax odurarosvie.

1. Cumenuana u3 Bepimuabl B Tpeyroiabunka A BC nepecekaer ONMUCAHHYIO OKPY K-
voCcTh B Touke D. Ilycte M — cepenuna AC. lokaxure, uro /BMA = ZAMD.

2. Touka F' — nepecedenue KacareabHoit B Touke B u AC, O — nenTp w.

(a) Jokaxure, uro BOM DF — BuncasHbIH.
(b) Hokaxkure, uro F'D — kacarejbHas K w.

Baxknoe caencrsue. Eciin Brucanublit yerbipexyroibauk ABC D TakoB, 4To
kacaresbuble B Toukax A m C mepecekarorcst Ha juaroHanun BD, To KacaTeabHbIe
B Toukax B u D mepecekarorcsts na AC. [pyrumu cioBamu, KaxKjas JUArOHAJb
SIBJISIETCsI CUMEIMAHOM JBYX TPEYTOJIbHUKOB.
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3. Hokaxmure, uro 6uccekrpuch! yriioB ABC u C' DA nepecekaroTcst Ha quaroHaIn
AC,u AB-CD = BC - AD.

Omnpenenenne. Brucannbrit gersipexyroasuuk ABC D rakoit, uro AB-CD = BC'-
AD Ha3BIBAETCS 20PMOHUNMECKUM.

4. Jlokaxkure, uro 1mo Tpem Toukam A, B, C' 0JHO3HAYHO BOCCTAHABJINBAETCS Y€T-
Beprasl BepinHa [ rapMOHUYECKOro derbipexyrojibauka ABCD.

5. okarkuTe paBHOCHJIBHOCTD CJIEIYIONIUX CBOWCTB BIIMCAHHOI'O Y€THIPEXYTOJIbHU-

ka ABCD:
(a) AB-CD = BC - AD;
(b) BD — cumenunana ABC)
(c) xacaresnpuble B Toukax A u C nepecekatorcs Ha BD;
(d) ZBMA = Z/AMD;
(e) 6uccexrpuccer ABC u ABD nepecekarorcst Ha AC.

Tenepb 0603HAMEHUA 6 YCAo6UAT HE3ABUCUMDL.

6. Ilycte AB, C'D — mnapaJuiejibHble XOPIbl OKPY2KHOCTU w, M — cepenuna AB,
E — nepeceuenne w u MC, K — cepenuna ED. Jlokaxure, uro LZEKA = /ZFEKB.

7. JIBe OKPY>KHOCTH W1 U Wy IIEPECEKAIOTCs B TOUKax A u B 1 BHyTpeHHe KacarTcst
okpyzxkHOocTH w B Toukax C' u D. Ilpamas AB nepecekaeT OKPY>KHOCTb W B TOYKax F
u F. Jlokaxkute, 9T0 KacaTeJbHbIE K OKPY?KHOCTH w B TOUKax F u F mnepecekaroTcs
Ha upstmoit C'D.

8. Ilycts ABCD — onucaHHBIN 4eTBIPpEXYroJbHUK, a M — cepeinHa XOP/IbI, BbI-
cexaemoit quaronanpio AC. Hokaxure, aro ZBMA = /DM A.

24. KowmiuiekcHbie ynucjia B reoMmeTpun. 16 uroJis

Jorosopumcs 4epes z 0603HAYATH KOMILIEKCHYIO KOODJIMHATY TOYKH Z KOMILIEKCHOIT
IJIOCKOCTH.

1. ITycth 29 — HEKOTOPOE (PUKCMPOBAHHOE KOMILIEKCHOE Ymciio. Kakne mpeobpaso-
BaHMs KOMILIEKCHOI IJIOCKOCTH 3aJIAI0T CJIeyiomue by HKIIH:
(@) wie) == + 2
(b) w(z) =
(c) w(z) ==z- zo, rue |zl = 1;
(d) w(z) =r-z toer € R;
(e) w(z) = 20~

2. Jan npasmwibHBI Tpeyronbank ABC 1 KOMIUIEKCHAsST KOODIMHATA BEPITHHBI A.
Haiiure KOMILIEKCHYIO KOODJMHATY BEPIIUHBI B I OJIO0KUTENIHHO OPUEHTUPO-
BAHHOTO Tpeyroabuuka ABC, eciu 3a HAUAIBHYIO TOUKY NPUHSITA
(a) Bepmuna C;|
(b) uenrp Tpeyronbuuka ABC)
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(c) ocuosanue BbicOTBI AA;.

3. (a) Ilycrs A u B — KOHIBI OTPE3KA, Pa3ueaéHHoro To9koit C' B OTHOLIEHUH D : g.

Hoxkazkute, 970 ¢ = ——a + ——b.
p+q p+q
(b) Bripasure KOMIUIEKCHOE YHCJIO, COOTBETCTBYIONIEE TOUKE MepecevdeHns MenaH

TpeyroJIbHUKA C BEPIIMHAMU G, b U c.

4. JToxaxmute, ato (a) ksagpar jymmbt orpeska |AB|? = (b —a)(b — a);
(b) 2z =1 — ypaBHeHHe eIMHUIHON OKPY?KHOCTHU C IEHTPOM B To4Ke 0.
(c) Hanumure ypaBHeHnue OKPYyKHOCTH PaJiyca T C IEHTPOM B TOUKE q.

5. Jloxaxxure, 9TO

a T
(a) OA || OB <> Korga — — BEIIECTBEHHOE YUCTIO > ab = abr;

b
(b) AB || DC + korua Z

— BemecTBeHHOE THCIO ¢ (a—b)(¢—d) = (a—b)(c—d);

(c) Kpurepwuit kosumuHeapHocTu Tpex Todek. Tpu touku A, B, C nexar
a—c a—=c¢

Ha OJIHON HNPSAMON TOrJa U TOJIBKO TOT/A, KOrJa b = A

—c —c

6. /loxkaxxure, 9TO
(a) OA 1L OB + % — "mcTo MHUMOe umcyio <+ ab + ab = 0;

—b _ _
a4 — 9YUCTO MHUMOE 9nciio <+ (a—b)(¢—d)+ (a—b)(c—d) = 0.

(b) AB L CD

7. llycts A, B, C, D — Touku euHu9IHON OKpy»kHOCTH ¢ 1ieaTpoM B O. Jlokaxure,
9TO
(a) AB || CD < ab = cd;
(b) AB L CD < ab+ cd=0.
8. Ilycts A, B — TO4YKMU equHUYHOM OKpyKHOCTH ¢ 1eHTpoM B O. Jlokazkure, 4To
(a) z 4+ abz = a + b — ypasHenue upsimoii ADB;
(b) @z + az = 2 — ypaBHeHUE KacaTeJbHON K eJIUHUIHON OKPY’KHOCTU B TOYKe Aj;
(c) =(a+ b+ m — abim) — ocHOBaHUe TEPIEHAUKYJIAPA, OILYIIEHHOr0 U3 ToYKu M
Ha npsamyio AB;
2ab
(d)
a+b
Au B.

9. Jokaxure, aro touku A, B, C, D jexar Ha OJHOIN OKPY>KHOCTU (MU HA OI-
a—c b—c
a—d b-—d

— TOYKa IlepecevdeHnsd KacCaTeJIbHbIX K G,HI/IHI/I‘IHOﬁ OKPY2KHOCTH B TO9IKaX

HOI OPSIMOI) TOTa W TOJLKO TOIJA, KOTJa JBOMHOE OTHOIIECHUE

a—c b-—c dfé_l_)fé

BEIIECTBEHHOE 9HCJIO 4 w—d'bh—d-a di a
10. ITycte tpeyronpuuk ABC BrimcaH B eIMHUYIHYIO OKPYKHOCTD. JIOKayKuTe, ITO0
KOODJIMHATA €r0 OPTOIEHTpa paBHa h = a + b + ¢ (1y1s BBIBOZA MOXKHO BCIIOMHHTD

upsaMyio Jitepa).
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11. ITycTs BuMcaHHAst OKPY?KHOCTH Tpeyroiabuka ABC sBIsgeTcst eIuHUYHON 1
kacaercs cropor BC, AC, AB B toukax P, @, R. lokaxxure, 4TO IEHTD OMMCAHHOI
2pqr(p+q+7)
(p+a)(g+r)(r+p)

OKpY2KHOCTU TpeyrojibHuKa ABC umMeer KOOpAUHATY

25. Maremarudeckuii 60it 00brdHBIX Tpynn M8 — M9.
16 urossa

1. Yucso cynraercsi CYaCTIUBBIM, €CJIU PABHSIETCS YaCTHOMY OT JIeJIeHHs HEKOTO-
poro HATYpaJabHOrO UHCJIa T Ha KOJUIECTBO JaeauTeneit x. fABasercda jm ducao 18
CYACTIIUBBIM 7

2. Touka H — oprornenrp Tpeyroiasuuka ABC. Ilycrs D, Eu F' — cepepunnt AB,
AC u AH coorBercrBenno, P u () — obpa3bl Touek B u C' 1npu 1eHTpabHON CuM-
Merpun orHocuTeabHO F'. Jlokaxkure, uro PE n QD nepecekaioTcss Ha OKPY2KHOCTH,
OTIMCAHHOI OKOJIO0 Tpeyrojibhuka ABC.

3. iz momapHO pasIMYHbIX HEOTPHUIATENbHLIX YHCEI @, b, ¢ JOKaXKUTe HepaBeH-
CTBO
a? n b2 L 2
b—cf " c—aZ T @-b)

2>2.

4. B xax 101 KJIeTKe MaxMaTHON JOCKA 1 X 1 3AIICAHO YUCJI0 TAKUM 00Pa30M, 9TO
CYMMBI YHUCeJI 10 BCEM I'OPU30HTAJIAM, BEPTUKAJISM U IJIABHBIM JUArOHAJISIM DABHBI
OJIHOMY U TOMYy ke umciy S. IIpu Kakux n MOXKHO OIPEJIeNTh, YeMy PaBHa CyMMa
4qucesl B YIJVIOBBIX KJIeTKaX.

5. /g medgeTHoro k, HATYpPaJbLHOTO 1 U MENBIX @, b, ¢ ©U3BECTHO, UTO
a” +kb=0"+kc=c"+ ka.

Hokaxwnre, aro a = b = c.

6. HeckobKO UTI'POKOB y9aCTBYIOT B COPEBHOBaHMM. KaXKblil CHITPAJ C KaXKIBIM
onuH pa3. Huubux He 6biBaeT. Irpok A cunTaercss omAuuHbLM, €CJIU BBIIOJIHICTCS
cJIeIyTollee yCJIOBUE: JJIsl JII0OOro aApyroro urpoka jubo A 6ber B, jmmbo cyiiecrByer
apyroit urpok C', koropseiit 6ber B, A u 6per C. Oka3ajaoch Tak, YTO €CTh TOJHLKO
OJIH OTJIMYHBIA UI'POK, JOKAXKHUTE, 9TO ITOT UT'POK MOOEIUIT BCEX JIPYTUX UI'POKOB.

7. IpoxkekTop oceermaer yrosn B 90 rpajaycos. Eciau on crout B TOUuke (Zg,Yo), TO
ocBemaer ToYKu (T, y) ¢ KoOpauHaTaMu T < o U Y < Yo. Ha IJI0CKOCTh B pasHbIX
Toukax yxke BoicTaBmin 2019 3e1eHbIX TPO2KEKTOPOB. Beerma jim MOXKHO yCTaHOBUTH
eme 2018 KeJTBIX MPOKEKTOPOB TaK, YTO BCIKas TOYKA IJIOCKOCTH, OCBEIIEHHAS
k > 0 3es1€eHBIM IIPOXKEKTOPOM, OYIET OCBEIATHCA k — 1 2KEJITHIM IPOKEKTOPOM.

8. Jlenyrarsl B mapJamente pazzesnensl Ha 10 dpakmuit. CorsacHo perjaMenty,

HHU OOHA (bpaKI_LI/IH HE MO2KET COCTOATH M3 MEHEEC YeM IIATH YC/IOBEK, I HUKAKHE IBE
(bpaKI_[I/II/I HE MOT'YT UMETb O/[TUHAKOBOE KOJINIECCTBO YJICHOB. Ilocne OTIIyCKa CbpaKL[I/II/I
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PACHAJINCh, U BMECTO HUX BO3HUKJIO HECKOJLKO HOBBIX (IO TOMY K€ PErJIAMEHTY ).
Kpowme Toro, HekoTopsie semyTars cTaan HezaBucuMbiMu. (OKa3a/10Ch, 9TO HET ABYX
JIEIyTaTOB, KOTOPbIe OBbLIM B OJHOM (PPAKIMK JI0 OTILYCKA U BOILIM B Ty Ke (Dpak-
U0 TocJie oTmycka. Haiinure HamMeHbIllee BO3MOYKHOE KOJUYIECTBO HE3ABUCUMBIX
JEIyTaToOB II0CJIe OTILYCKA.

26. MaremaTudeckuii 60it 00br9HBIX Tpynn M9 — M10.
16 urosisa

1. B HEKOTOPOIi TOYKE OKPY?KHOCTH JJIMHBI 1 CTOUT MaJjIbuuK, erle B 10 pasjinaHbix
TOYKaX OKPYXKHOCTU crodT (uiaxkku. Masibauk xoduer cobpars Bee (iiakku (OTHO-
CUTh UX HUKYJa He HyzKHO). OH MOXKET IepeiBUraThCs TOJILKO 110 OKpyzKHOCTH. M3-
BECTHO, YTO BHE 3aBHCHUMOCTH OT HAYAJIHLHOI'O PACIIOJOXKEHUSA (PIAXKKOB OH MOIKET
cobpaTh BCe, MPEOIOJIEB JAUCTAHITUIO JIUHBI He O6osbine L. Haitnure MuHnMaIbHOE
3nadenne L, st KOTOPOTO 9TO BEPHO.

2. Jaun muorowied P(x) ¢ ueabivu koadduimenramu. Ilycrs a u b — B3anMHuO 1po-
CThIe HATYpaJbHBIe Ynca. VI3BecTHO, 9TO Ipu JIH06OM IesioM n aucsio P(n) mnemurcs
Ha a win b. JTokaxkure, uro npu Jjiro6oM 1es10M n uucio P(n) neaurcs Ha a wiu npu
Jr060M TiesioM n dnciio P(n) aennrest va b.

3. Hocnemosareaprocts 1,11,21,1211,111221, 312211, . . . cTpouTcs CaeLyOMuM 00-
pa30oM: TIepBbIil YIeH paBeH 1, a KaXKIbIil CJIe/IYIOMU SIBISETCS IIPOUYTEHUEM> CJIe-
Ba HaIpaBo npeaplaymero. Hampumep, ancio 111221 auraeTcs Kak «TPH €IUHATIIBI,
JIBe JIBOWKU, OJHA eJMHUIAy, 1 nojrydaercd 312211 (610K u3 oquHaKOBBIX nudp BCe-
/& IPOUATHIBAETCS IIEJMKOM). JIoKazKuTe, 9TO 9Ta MOCIe0BATEIbHOCTD MOHOTOHHO
BO3PACTAET.

4. Kaxmoe n3 2019 naTypaybHBIX 9HCES B3AUMHO IIPOCTO C OJHUM U TE€M Ke KO-
JINYECTBOM OCTAJIbHBIX, HO He CO Bcemu. 1Ipm KakKOM HamMeHbIEM Kk MOXKHO yTBEpD-
KJIATh, ITO CPEJN JIIOOBIX k M3 HAINUX YUCEJ HANIyTCs JIBa, MMEIONNX OOIIMit Jie-
JINTEJID, OoMbImmii 17

5. Ausa u Bops urpaior B urpy Ha xsaapare 6 x 6. Kaxkaplii 1o oyepeay cTaBuT
B OJHY U3 KJIETOK KBaJpaTa Jjioboe ducsio (mepsoii crasur Awus). CraBuTh 4ucio,
BCTpevaBIlleecsi paHee, He paspemniaercs. Korja Bce KJIETKN 3aHATHI, B KaXKJI0i CTPO-
K€ 3aKPallnBaeTCs KJIeTKA C HAaNOOJIBIITUM B 9TO CTPOKE IUCJIOM. Ecam MOXKHO Tpoii-
TH 10 COCETHUM 3aKpAIIEHHBIM KJIETKAM U3 BEPXHEH CTPOKHU B HUXKHIOKO, ITOOEIIIA
Awns. Econ npotitu Henb3st — Bopst. Kro Bbmrpaer npu npaswisHoit urpe? (Kierkn
CUUTAIOTCS COCEIHUMU, €CJIM OHU UMEIOT XOTs Obl OJ[HY OOIILYIO BEPIIUHY )

6. Haiimure BCe mpocTele p Takue, 4ro ypasHenue p” = x5 4 y umeer pemenne B
HATypaJbHbIX YHUCJIAX.
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7. Ilycto a, b, ¢, d — BemecTBeHHDIE YHUCIA, YIOBIETBOPSIIONINE CHCTEME

(a+b)(c+d) =2,
(a+c)(b+d) =3,
(a+d)(b+c) = 4.

HaitauTe MEHEMAIBHOE BO3MOXKHOE 3HaMeHNe BhIpaxkeHns a? + b2 + ¢ + d2.

8. B ocrpoyrosibaom Tpeyrosbauke ABC yros A 6osbie yria C. Ha croporne AC
B3siTa Touka D Takas, uro AB = BD. Touka G — IeHTp BIUCAHHON OKPYKHOCTH
tpeyrosbauka BDC. Brincannasi okpy»kHOCTb Tpeyrosbanka A BC' kacaeTcst cTOpOH
AB u AC B toukax K u L coorBercrBenno. Jlokaxkure, uro orpe3ok KL memur
orpe3ok AG monoJiam.

9. Bayrpu kpyra pamguyca n € N pacnosiozkeno 4n oTpe3KOB JJIUHBI 1 KaKIbIi
(KOHIIBI BCEX OTPE3KOB JIe’KAaT BHYTpU Kpyra). Jlokaxkure, 4To €cju JaHa HEKOTO-
pasi mpsiMasi, TO Haljercs mpsiMasl JIMOO HapaJjieibHast, JUOO IepIeHIUKYIIpHas
JAHHOM, KOTOPas IepeceKaeT KaKk MUHUMYM 2 OTPE3Ka.

10. ITycte Tpeyrombauk ABC sBisiercs ocTpoyronabHbiM, e ZBAC = 60° u
AB > AC. Ilyctb I siBjisiercsi IIeHTPOM BIUCAHHOW OKpy»KHOCTU, H — OpTOIeH-
tpom Tpeyronbauka ABC. lokaxkure, uro 2/AHI = 3/ABC.

27. OKpy2KHOCTH AIIO/LJIOHUS ¥ TapMOHUS. 17 MIOJIs

1. (a) Ha npsimoit AB ormeueHa Touka F, OT/IMUHAs OT CepeauHbl O0Tpe3ka AB.
Jlokazkure, 9TO CYMIECTBYET €INHCTBEHHAS TaKas To4uka I’ # F wa npsimoit AB, 9to

AFE AF

EB ~ FB
Yro mpoucxonut B ciydae, Korjga E — cepenunra?

Taxasn verBepka Touek A, B, E u F Ha3bBaeTCsl 20pMOHUMECKOTU. )

(b) Ha orpeske AB ormeuena touka C. Haiinure IMT X takux, uro XC —

buccekrpuca Tpeyrojbuuka X AB.
AX
(¢) Hua nByx pannbix Touek A u B nocrpoiite T’MT Takux Toyek X, uro X5 =

k, e k — HEKOTOpOe IMOJIOKHUTEIbHOE YnC/o. dTo mpoucxoaut, Korga k = 17
Onpenenenne. I'MT u3 upenbiiymeit sagaqau (npu k # 1) HA3BIBAIOT OKPYIHCHO-
cmwviro Anoaronus.

2. (a) Hycrs AB — nuameTp HEKOTOPOH OKDPY’KHOCTH, & TOUKa [ JIeKUT Ha JIyde
AB Bue okpyxuoctu. DP u D() — kacaresbHbIe K 3TOH OKpy2KHOCTH. P() niepecera-
er AB B Touke C. Jlokaxure, uro yerBepka Touek A, B, C' u D — rapMoHHUYECKasI.

(b) Hoxkaxkure, uro mis 060t Touku X 3T0il OKpYKHOCTH 0Tpe30K X B siBjisi-
ercst buccekrpucoit Tpeyronbanka C X D.

3. Uepes Bepuuny A Tpeyrosbauka ABC mpoBeieHa KacareabHas K €ro OMUCAH-

HOI OKpY2KHOCTH, KOoTOpasi nepecekyia npsmyto BC' B touke K. Jlokaxwure, yro K
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SIBJISIETCS TIEHTPOM OKpYy2kHOCTH Amositonust Touek B u C, npoxosineii yepes3 TOIKy

A.

4. JlokaxkuTe, YTO TOUYKU IIEPECEUEHUs] OKPYKHOCTH ATI0oJIjIoHUs 11 oTpe3Ka AB
1 OKPY2KHOCTH W, IIpoxosiieit yepes A u B, obpasyior ¢ Toukamu A u B rapMoHu-
9eCKUil 9eThIPeXyTrOJIbHUK.

5. Touku A u B jiexkar Ha guaMerpe JaHHON okpykHOCTH. [IpoBeinTe yepes HUX
JIBe PABHBIE XOPJIBI C OOIIUM KOHIIOM.

6. okarkure, 9TO TPU OKPYKHOCTH ATIOJUIOHUSI, TOCTPOEHHbBIE Jjist JTF000I Tapbl
JIBYX BEPINUH U TPOXOJSIIIE UYepe3 TPEeThIo, MepeceKaloTcs B JBYX TOYKaX. Takme
TOYKHU HA3BIBAIOTCS MOYKaMU ANnosronus.

3amedyanne. OUeBUIHO, YTO PACCTOSHUASA OT TOYKM AIIOJIJIOHHS JI0 BEPIIMH 00-
PaTHO IPOIIOPIIUOHAIBHBI IPOTUBOJIEXKAIIMM CTOPOHAM. DTO PABHOCUJIBHOE OIIpPE/Ie-
JICHHE.

7. Ilycrs Apy, Aps — Touku Anosutonus jyis tpeyrosibauka ABC. Jlokaxure, 9T0o
A — rTouka Anosutonus i Tpeyrosbauka Ap; BC.

8. Jlokaxure, uro eciiu L touka Jlemyana Tpeyronbuuka ABC, O — 1nieHTp onu-
caHHOI oKpyKHOocTH pajguyca R, a Apy, Aps — Touku Anosutonus, To

(a) Ap1, Aps, L nexar Ha OIHON IPSIMOIL;
(b) crenens Toukn O OTHOCUTEIBHO OKPY¥KHOCTel ATiojiionust pasHa R?;
(¢) Touku Apy, Aps, O, L nexar Ha OZHOMN IIPIMOIL.
9. Yernipe mapa JeKaT Ha IJIOCKOCTH W TOMAPHO KACAIOTCA JpyT apyra. Torma
KaKJIasl U3 TOYEK KACAHMSA SABJISIETCS TOYKOM AIOJIJIOHUS JJIsi OCTABIIMXCS TPEX TO-
Yexk.

28. Kuaerouknu! Kierouknu! 17 urouada

1. V Ajému ecTb NUPOXKHBIE, PA3JIOKEHHBIE B HECKOJIBLKO KOPOOOK. Auéiia 3amu-
CaJl, CKOJIbKO MUPOXKHBIX B KaxK10# Kopobke. Cepérka B3I TI0 OJHOMY MTHPOKHOMY
U3 KaXKJ0U KOPOOKHU W TOJIOZKWJI UX Ha MEPBBIi MOJHOC. 3aT€M OH CHOBA B3I 11O
OJTHOMY TIMPOYXKHOMY U3 KarKJOi HEIyCTOH KOPOOKHU U TOJIOXKWJI UX HA BTOPOI TOJI-
HOC — U TaK JaJiee, II0Ka BCe IMPOXKHbIE HE OKa3aJIUCh Pa3JI02KEHHBIMU 110 IIOJHOCAM.
[Tocte aroro Cepéxka 3amucal, CKOJIBKO MTUPOXKHBIX HA KaYKIOM TogHOCe. Jlokakure,
YTO KOJMYECTBO PA3JIMYHBIX YHUCEJI CPEIU 3alUCaHHbIX AJIEell paBHO KOJUYECTBY
Pa3/IMYIHBIX YUCeJI cpeju 3anucadabix Cepéxei.

2. ai,as,...,0, — IPOU3BOJbLHbIE HATypaJbHble yncaa. Obo3nauum uyepes by Ko-
JINYECTBO YUCes U3 Habopa a1, ds, . . . , Uy, YIAOBIETBOPSONUX ycaoBuoo: a; = k. [o-
Ka3aTb, 9T0 a1 + Gy + ...+ a, = by + by + ...

3. Ha mocke mammcaam HECKOJIBKO HATYpaiabHbIX uncen. llycts a, — Koauaectso
TeX U3 HUX, KOTOPbIe He MeHbIne n. VlcxonHbie 9ucia cTepu U BMECTO HUX HAITMCAJIN
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BCE HEHYJIEBBIE (. 3aTe€M C HOBBIMU YUCJIAMM IIPOJEJIAIN TO 2Ke caMoe. JlokaxkuTe,
9TO Ha JOCKE TMOSIBUJICA MCXOMHBIN HAOOP.

4. Jlokaxkure, 9TO KOJIMIECTBO pa3bueHuii yucja [N Ha He OoJiee YeM 1M CJiaraeMbixX
paBHO wuncay pasoumennit ancaa N + m POBHO Ha M CIATAEMBIX.
5. JlokaxkuTe, 9TO KOJMIECTBO pa3dbmenHuit uncaa [N Ha He OoJiee IeM M CJIaraeMbIX
1
POBHO CTOJILKO 7K€, CKOJIBKO CII0COD0B pa3buTh uuciao N + %
Pa3/IMIHBIX CIArAEMBbIX.

Ha M MONAaPHO

6. PaccmaTpuBarorcst BceBO3MOKHbIe HAOOPHI 13 100 HEOTPUIIATETHHBIX ME/IBIX THU-
CeJI, PACIOJIOZKEHHBIX B HEYOBIBAIOIIEM ITOPsiKe u He mpeBocxositiue 100, B KOTOpbIX
cymMa Beex uucen geiurcs Ha 10. JlokaxkuTe, 9TO POBHO MOJIOBHHA ITUX HAOOPOB
3akaHunBaeTcd aucaoM 100.

7. Ilycrs S — MHOXKeCTBO Beex nap HaTypasbHbIX uucedl (h, k) rakux uro h+k < n.
Kazkpiii asieMenT S OKpAaIeH B OpaHzKeBblil wiin cuuuii nset, upudém, ecau (h, k) —
opanxkeBbiii, u hg < h, kg < k, To (hg, ko) — Toxke opanzKesblit. Byjem HaszbBaThL N~
3JIEMEHTHOE MHOYKECTBO CHHUX Tap u3 S 3a6a6HbLM, €CJIU TTePBble YUCJIa JIIOOBIX 11ap
B HEM PA3JINYIHBI, 6ECEABIM — €CIU BTOpbIE. JJoKaXkuTre, 9TO 3a0aBHBIX [TOIMHOXKECTB
CTOJIBKO K€, CKOJIBKO BECEJIBIX.

8. Jloxaxxkure, 9TO KOJINIECTBO pa3dbueHnit uncia N Ha HEUETHDBIE CJIaraeMble PABHO
KOJIn4ecTBY pa3buenuii ducsia N Ha IIONAPHO pa3J/dYHBbIE cjaraeMble (II0JCKa3Ka:
moaudunupyiire guarpammy FOHra 10 0CeCHMMETPUIHOIR).

29. MHuaumble 3HaHU4g. 19 uroJada

Benommnum popmyave u3 npedudywezo aucmuxa.

a+b+c
QO B rpeyroabnuke ABC 1eHTponj, UMeeT KOOPAMHATY M = ——————, OPTO-

HeHTp (ec/om ommcaHHas OKPYXKHOCTh — €IMHWIHAS ¢ TMeHTpoM B 0) — h =
=a+b+e

Q Ilycrs A, B, C u D — touku eguanynol okpyzxuoctu ¢ rearpom B 0. Torma

AB | CD <= ab=cd; AB L CD <= ab+ cd =0.

Q Ilycrts A u B — Touku eauHu9HON OKpyzkHOCTH ¢ TlenTpoM B 0. Torma

e 2+ abZ = a + b; — ypaBHeHue npsimoii AB;
e Gz+aZz = 0 — ypaBHEHNE KacaTeJIbHON K eMHUIHON OKPYKHOCTH B TOUKE

A:

)

1
° B (a+b+m—abm) — ocHOBaHMe NEPIEHIMKYIISPA, ONYIIIEHHOIO U3 TOYKH

M ua upsmyio AB;
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2ab
[ ]
a+b

Toukax A n B.

— TOYKa IlepecevdeHnusd KacCaTeJIbHbIX K e,[LHHPI‘IHOfI OKPYZKHOCTHU B

1. Ha croponax mapaJuiesorpaMmMa BO BHEIIHIOK CTOPOHY MOCTPOEHBI KBa[PATHI.
(a) Boipasure KOOpAUHATHI EHTPOB KBAJPATOB Y€PE3 KOOPAUHATHI BEPIIMH [apaJi-
JIeJIorpaMMa.

(b) Moxaxxure, 9TO IMEHTPHI MOCTPOEHHBIX KBAJPATOB 0OPA3yIOT KBaJ[PAT.

2. Teopema HproTrona. /lokakure, 9TO B ONMCAHHOM YETHLIPEXYTOJHHUKE Cepe-
JUHBL Juaro"aJjeil 1 neHTp BIUCAHHONA OKPY>KHOCTH JIeXKaT Ha OAHOHU IIPAMOM.

3. Hoxazkure, aro st Tpeyrojbanka ABC ¢ 1eHTpoM onucaHHoil OKpyzKHOocTu O
u oprorieHTpoM H BBITTOSTHSIETCST

OH? = 9OR? — (AB? + BC? 4+ CA?).

4. Tanwr okpyxkuOCTE ¢ 1tleaTpoM O u Touka M. /lokakure, 910 CyMMa KBaIpPaTOB
paccrostauii or Touku M 10 KOHIIOB XOpbl, mapaJuresbHoit OM, He 3aBUCAT OT
BBIOOpA XOP/IbI.

5. B npsamoyroasaoM Tpeyronbauke ABC wa xarerax AC u BC B3aTbl Touku M
u N tak, uro AM = BC u AM = NB. Jlokaxute, 94TO yroj MeXKIY OTPE3KAMU
AN u M B pasen 45°.

6. Yernipexyroabuuk ABC D Brnucan B OKpY*KHOCTh. JIoKazKuTe, 9TO OPTONEHTPHI
tpeyrosibaukoB BC D, CDA, DAB u ABC' jexar Ha OIHOIl OKPY?KHOCTH, PaBHOI
JIJIAHBI.

7. llycts A, B, C, D — gerbipe Toukn Ha okpyxKuoctu ¢ nearpom O. Toukn Ag,
Ap — upoexiuu Toukn A na BC' u BD coorBeTcTBeHHO; TOUKHN B, Bp — MpoeKIun
touku B Ha AC u AD coorBercrBento. Touku Hx u Hp — OpPTOIEHTPHI TPEYTOJIb-
uukoB ACD u BCD coorsercrBenno. Jlokaxure, aro ecoiu AcAp 1 OHp, To
BeBp L OHy.

8. Touku M u N BHyTpu Tpeyrojbauka ABC takosbl, uto /ZMAB = /NAC n
/ZMBA = ZNBC. Jdokaxure, 910

AM-AN+BM-BN+CM-CN_1
AB-AC '~ BA-BC CA-CB

30. IlpuBommmoctb Hazg Z[zr|. 19 wuioss

1. (a) Jau muOorowren P € Z[z]. Ilycrs nenoe 4ucio g siisiercsi KopueMm P(x).
Hokaxkure, aro cBoGOAHbIN wieH P(x) nesurcs Ha g.
(b) Ilycrs necokparumast npobb /1 aBisercsa kopuem P(z). okaxkure, 9T0 CBO-
GozHbIil wien P(x) nesures Ha ¢, a KO3bOUIMEHT IPU CTapIleM YjieHe JeJUTCs Ha T
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(c) Hokaxkure, uro eciau P(x) — npuBeieHHbII MHOIOWIEH, TO JIIOOOH ero paruo-
HAJILHBII KOPEHD SIBJIFETCS TEJIBIM THUCIIOM.

(d) Jnst cnyuast u3 nyrkra (b) mokaxkure, 9To jyist 006010 1esaoro n aucao P(n)
JIGJTATCS HA T — ¢.

Ounpeznesrenne. MHOrOWIEH HA3BIBAECTCS NPUBOIUMbIM HAJL Z[T], eciu CylecTByoT
Q, R € Z[x] menbeii crenenn takue, uro P(z) = Q(z)R(x). B nporusHoM ciaydae
P(z) menpusonum Hag Z|[z].

2. Hpusomumbr mm waj Z[x] muoroanenss: (a) 22 +2; (b) z* + 23 + 22 + 2 + 17

3. Ilycrs P, Q, R € Zlz], upuuem P(x) = Q(x)R(x). Ussecrno, uro Bce koaddu-
[UeHTHl MHOrOUWIeHa P(x) messgerca Ha HEKOTOPOe MPOCToe IucJio p. Jlokaxkure, 4ro
6o Bee koadbdumentsr Q(x), mmbo Bee Kosbdunuents R(z) meaarcs Ha p.

4. Ilycrs P, Q, R € Z[x], upuuem P(z) = Q(z)R(x). O6oznauum HOJI Beex xoad-

dunuenros P(x), Q(z) u R(x) 3a a, b u ¢ coorBercrenHo. Jlokaxure, 910 a = be.

Onpenenenue. HOJI Bcex ko3pDUIMEHTOB MHOTOYICHA € MEABIMU KODDUINEeH-
TaMU Ha3bIBAETCSI COOEPICAHUEM MHOTOUTICHA.

5. (a) Hokaxure, uro moboit muorowieH P € Q[x] MOXKHO UpEJICTABUTL B BHUIE
apobu Q) (x), tae Q € Z[z], mpiwaem coneprkanne MuOrodnena Q(x) pasno 1.
(b) Hokazkure, uto ecau MHOrOWIeH P € Z[x] npusonum Hag Q[z], To oH npuBouM
u Hax Z[z].

6. (a) Kpurepunit Diizenmreiina. [Iycre P € Z[x], upuyem crapiuii koaddu-
IUEHT He JEIUTCS Ha IIPOCTOE YUCJIO P, BCE OCTAJIbHBIE KOIMDMUIMEHTHI AeIATC HA
P, HO CBOGOJIHBII WieH He jemutcs Ha p2. Jlokaxute, uro Torga P(z) HenpuBommM
Haz Z[x].

(b) TlpuseauTe IpUMEp MHOTOWIEHA, JJIsT KOTOPOTO OOPATHOE YyTBEPKICHAE HEBEp-
HO.

JIemma. Ilycrs a — nenoe. Ecin muorouwnen P(x) HenpusoguMm Hasz Z[z], To Pz +
a) — ToXe.

7. JlokaKuTe, 9TO CJIeJIyIONUe MHOTOUICHBI HeTPUBOIUMBI HaJL Z[T]:
(a) 152° + 18z* — 922 + 272 — 36;
(b) z* + 1;
(c) 25+ 2%+ 1,
(d) 2™+t + 52™ — 3.

8. Jokaxkure, 4To MHOTOWIeH 2P~ 4+ 2P~ 2 + .. .4+ 2+ 1 HempuBOIUM HaJI Z[z] Torna
7 TOJIBKO TOTZa, KOTJIa P — IIPOCTOEe IUCITIO.

9. Jokaxure, yro morowied P(z) = (x —a1) ...  (x —a,) — 1, vue ay,...,a, —
pasIMJHbIe Ieble YnC/a, HEIPUBOAUM HaJl Z[z].
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31. IlepBooOpa3HbIii KOpeHb. 20 UIOJIs

Onpenesnenne. IlokazaTeseM OCTaTKa T 110 MOMYJIIO 71 HA3BIBAETCA HAMMEHDbIIAS
HoJIOKUTE/IbHAs creniedb ¢ Takasi, uto ' = 1 (mod n). Eciu t = ¢(n), To x Ha3bI-
BaeTCsl EPBOOOPA3HBIM KOPHEM 110 MOJLYJIIO 7.

1. PaccmorpuM ypaBHenne P! = 1 (mod p) mua mexoToporo upocroro p. s
KaXKJIOTO PEIeHUs 3TOr0 ypaBHEHUs OOO3HAYMM €ro IOKAa3aTedb ¢ IO MOJIYJIO P.
JloKazKuTe ClIeLyIonye yTBEPKICHHS:

(a) ypasuenue umeer p — 1 pemtennii;

(b) t — nemmrens p — 1;

(c) ecnu cymecTByer ocTaToK Y ¢ lOKazareyeM t, To ypaphenue ' = 1 (mod p)
uMeer POBHO ¢ pemeHuil (Kakue?);

(d) ecom ocraTok z MMeeT mokasaresib f, TO z HpejacTaBuMO B Buje yF, npuuem
(kv t) =1

(e) cymecrByer smbo p(t) ocTaTKOB € 1OKa3aTeseM t, b0 HU OJHOTO.

2. (a) Paccmorpum npobu zﬁ’ 1%, cee %. Coxkparum Bee jpobu. Ilycrs t — je-

suresib uncia p — 1. CKoJabKo Jpobeil OyIyT uMeTh 3HAMEHATe/b, PABHbIH 17
(b) JIemma I'aycca. lokaxure dhopMmyiy (CyMMHpPOBaHUE 110 BCEM JI€TUTEIISAM YUC-

aap—1):
> et)=p—1.
tlp—1
(c) Vayumure pesysnbrar 3amadn 1(e), TO €CTh JOKAXKHUTE, 9TO CYIIECTBYET POBHO
©(t) ocTaTKOB ¢ mOKazaTesneM t, ecin t — geauresb p — 1, u 0 — uHave.
Teopema. ITo npocromy MomysIo p cyiectByeT poBHO (p — 1) mepBoobpasHbIX
KOpHEI.
3. Haiigure Bce mepBoobpa3Hbie KOpHA 1O Moaysisam 5, 13, 6.

4. Yrobbl IPOBEPHUTH, SIBJISIETCH JIU OCTATOK a (Takoil, 4ro (a,n) = 1) mepBoob-
Pa3HBIM KOPHEM M0 MOJYJIIO 71, Hy?KHO DA3JIOKATh HA MPOCTBIE MHOKHTENHN @(n) =
p(n)

k1, ks .
Dy Dy .. .pf,;" U IIPOBEPUTH, YTO HU OJHO M3 4Ynces Buia a Pi  He cpasuumo ¢ 1.
OObscHUTE STOT CIIOCOD.

5. n u k — HarypaJbHble 9ncia. JJoKaykuTe, 9TO eCn He CyIecTByeT mepBoodbpas-
HOTO KODHS [T0 MOJIYJIIO 71, TO HE CYIIECTBYeT U IO MOJIYJIO kn.

6. Hokaxkure, 4TO 1715 JTFOOOTO IIPOCTOTO P IMEPBBIE P — 1 HATYPAJIBHBIX IUCEST MOXK-
HO PaCCTABUTH 110 KPYTy TaK, YTOOBI JJIst JTFOOBIX TPEX MOAPS UAYIIUX YUCeNT a, b,
¢ pasnocth b% — ac genmnach Ha p.

7. Jlokaxkure, 94To npu Jo6oM HaTypaabaoM k, rae (k,2016) = 1, BepHo:
1P 428 438 4 4 2016F = 1F 28 4 2%F 4 22015F  (1mod 2017).

(Yucio 2 sBisiercs mepBoOOPA3HBIM KOPHEM [0 IIPOCTOMY MoyJio 2017.)
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8. (a) Ilycrs n = 4q, rue ¢ — nedernoe upocroe, (a,n) = 1. Moxker ju okazareinb
YHCIIA @ O MOJLYJIO 1 ObITH PABHBIM ¢(n)?
(b) yctb n = pq, TAe p U ¢ — PA3IUUHBIE HEUETHBIE IPOCTHIE Yuciaa, (a,n) = 1.
MozkeT Jin TIOKA3aTeNb IUCTa @ TI0 MOJYIIO 1 OBITh PaBHBIM ¢(n)?

9. okaxure, 4TO He CYIIECTBYET II€PBOOOPA3HBIX KOPHEI 110 MOJIYJISAM, OTJINIHBIM
or 2, 4, p*, 2p*.

10. HoxaxkuTe, 94TO IpH JIFOOOM HATYPAJBHOM 7 UUCIIO 2 ABJISETCs IEPBOODPASHBIM
KOPHEM TI0 MOJyJTio 3™.

32. pyrasa cummMmerpusi. 20 uroJjis

Onpenenenue. Muorowier f OT n MepeMEHHBIX HA3BIBACTCS CUMMEMPUBECKUM,
ecya Jiutst Jii000# mepecTaHoBKH |uces 1,2, ...,n, 0003HAYEHHON Uepe3 o,

f@1,22, .. 20) = [ (To(1), To2), - - - > To(n)) -

O6o3HaYNM Yepes

0'1(1'1,1'2,...,.%71) =T +T2+ ...+ Tp,
02(T1,22,. .., Tp) = T1T2 + T 13+ ...+ Tp_1Tp,

On—-1(T1,@2,y ..., Xy) = T1T2 .. . Tp—1+ X1 .. . Tpolp + ...+ Ta...Tp_1Tn,
On(T1,Z2, ..., Tp) = T1Ta ... Ty.

Bynem Ha3bBaTh TaKue MHOTOWIEHBI IACMEHMAPHBIMU CUMMEMPULECKUMU.

0. a) CKOJIbKO OJJHOYIEHOB B 07
b) Hokaxure, 4ro ecan fi, fo — cUMMeTpUYECKHE MHOIOWIEHBI OT 7 [IEPEMEHHBIX, &
¢ — TIPOU3BOJIbHAS BEIEeCTBEHHAsI KOHCTaHTa, TO cf1, f1+ f2, f1fe cummerpuueckue.

1. Boipasure gepes sjieMeHTAPHBIE CHMMETPUIECKIE MHOTOWICHDI
(a) 22 + y2 + 22%; (b) 2%y + xy® + 222 + 222 + y?2 + y2 %
(c) z° +¢* + 2°; (d) Digicj<n (@i — ;).

2. Teopema Buera. (a) Ilycth ¢1,¢2 U ¢3 — KOPHU MHOTOWIEHA 23 + agx? +
+ a1x + ag. JHoxkaxkure, 910

as =—(c1+ca+c3), a1 =cica+cacz+czer, ag = —cicacs.

(b) Ilycts ¢1, ¢, .. . , ¢ — KOPHH MHOTOWIEHA T" + Gy 12" L 4 ay 02" 2 +. .. +ap.
Torma ms moboro narypanapHoro 1 < k < n

0k = (~1)fon_k(c1, 2, - cn).

Omnpezesnenne. ByjieM roBOpaTD, ITO OJHOMIIEH T . .. ;7" aekcukoepadurecku 6oav-
we OJTHOYIIeHA 25" . . . T B TOM M TOJIBKO TOM CJIyHdae, KOTHA (41,42, . - -, in) > (J1y- - Jn)-
Crpamum 41eHOM Ha3bIBAeTCsl HAUOOJBIIHIA B JIEKCUKOIPAMDUICCKOM CMBICIIE.
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Teopema. Jlioboit cummerpuueckuii muorowren f € Rlzy,...,z,| eauHcrBeHHbIM

00pa30M TIPEJCTABIACTCA B BUIE

f 29(017027‘”7071);

e g € R[zy, ..., x,] 3aBuCHT TOIBKO OT f.
3. (a) [oxaxkure Teopemy s n = 2.

(b) ITycre 7 ...zl — crapmmii wWieH cuMMeTprdeckoro Muorousena f. JJokaxure,

‘{T0i1>i2>...>in.

(c) BeipasuTe uepes sjieMeHTapHBIE CHMMETPUYECKHE KAKOH-HUOY/[b MHOTOWIEH CO

CTAPIIUM 9JI€HOM Zi' ... Zkr.

(d) Moxaxkure, 9T0 HyKHBIi MHOTOYWIEH ¢ CyIIECTBYET.

(e) Joxkakure, 9TO Hy?KHBI MHOTOYWIEH ¢ €IMHCTBEHHBIA.

Iodckaska: sexcuroepapuiecku ymenvuatime cmapuwuts 4iaeH. ..

Kommeﬁmapuﬁ: npu doxazamenvcmee Meopemvl, HEAB3A TOADB30BATNOCA camoti

meopemoti!

4. U3BecTHO, 4YTO T1, T2, T3 — KOpHU ypaBHeHus > — 222 + x 4+ 1 = 0. CocTaBbTe

HOBOE ypaBHEHNE, KOPHAMHI KOTOPOTO OBLIN ObI THCIA
(a) y1 =22+ 73, Yo = T1 + T3, Y3 = T1 + Ta;
(b) y1 = z2x3, Y2 = 1173, Y3 = T1T2.

5. Pemmure cucremy ypaBuenunit

r+y+z2=0,
22 4+ y? + 22 =42,
23 +y3 + 23 = 60.

6. IlycTs

rT+yt+z=u+v+t,
2?4y + 22 =02 + 02+ 2,
w3+y3+23:u3+v3+t3.

Jokaxkure, 94TO IPU JIFOOOM HATYPAJIBLHOM 7 BBIIOJHEHO " + 4" + 2" = v +v™ + ™.

7. TlonoxKuTebHbIe IeficTBUTebHBIC THCTA 1, - . . , G U K TAKOBBI, 9TO a1 + ... +
+a, =3k, al+...+a2=3k>ual+...+ad > 3k3+ k. [Jokaxure, 4T0 Kakue-To

JBa, U3 UKUCEJI A1, . . ., 0y, OTJINYAIOTCA OOJIbIIE YeM Ha 1.

33. Teopus Pamces. 21 uiouasa

Onpepnenenne. Jucrom Pamces R(m,n) (m, n — HaTypaJbHble YUC/IA) HA3BIBAET-
s HAMMeHbIIee HATYPAJbHOE THUCII0 TaKoe, UTO MoJHBIA rpad Ha R(m, n) BeprnHax,
pebpa KOTOpOro IIOKpaIlleHbl B KPaCHBLIH U CHHMIT 1IBeTa, COMep:KHUT JUOGO IIOJIHbIH
KpacHbIil noarpad Ha 1 BepIIMHAX, b0 HOIHLIH cunuil noarpad Ha M BepIITHAX.



40 Bumkunias. 3—28 urouaa 2019 r.

Teopema Pawmcesi. R(m,n) cymecrByer Jjist JIOOBIX HATYDAJBLHBIX 1 U M.
1. Haitnure R(1,n), R(2,n).

2. Jloxaxwure:
(a) R(3,3) < 6;
(b) R(3,4) < 9;
(c) R(3,3) = 6;
(d) R(4,4) < 18.
3. Jloxaxkure:
(a) R(m,n) < R(m,n — 1)+ R(n,m — 1) guga m,n > 2;
(b) R(m,n) < Cpiiy s
(c) Hokaxkure Teopemy Pamcest.
Onpepnenenue. Muozousemmvim wucaom Pamces R(ny,na, ..., n;) HA36IBAETCS HAW-
MeHbIIlee HATYPAJBbHOE UHUCJIO TAKOE, UTO BCAKas PACKPACKa B | IIBETOB MOJHOTO
rpada ma R(ni,nso,...,n;) BepIINHAX COJEPIKUT TMOJHBIA moarpad IBeTa ¢ Ha N,
BepIITHAX.
4. Haiinure Tounoe 3Hauenue R(3,4).

5. HMokaxure, uro 9 < R(3,3,3) < 17.

6. Teopema IIlypa. Bce HarypaJibHble YHC/Ia TOKPAIIEHBI B HECKOJBKO IIBETOB.
Torma MO>KHO BBIOPATH TPU OIHOIBETHDLIX YUCA T, Y U 2, JJIT KOTOPBIX T + y = 2.

7. Jokazarb, nosb3ysick Teopemoii llypa, uro ais jroboro m € N u s 1060~
ro JIOCTATOYHO OOJIBIIIOrO IIPOCTOrO YHCJIa P cpaBHeHue '™ + y™ = z™(p) umeer
HETPUBUAJILHOE DEIeHHe.

34. Jlama c cobaukoii. 21 mroJis

OcnoBHas Teopema anre6pnt (OTA). JIi060if MHOTOWIEH CTENEHH HE MEHbIIE
€JIMHAIIBI ¢ KOMIUIEKCHBIME K03 duImeHTaMu (B TOM IHCIIE U ¢ JAefCTBUTEIbHBIMHY)
nuMeeT XOTsl Obl OJUH KOMILJIEKCHBIH KOPEHb.

1. ITycTh 4uCI0 2 BBIXOZUT U3 TOYKH 1, OOXOIUT OKPYKHOCTb PaJIUycoM 1 ¢ IeH-
Tpom 0 1 Bo3BpaIaercs B Ty ke TouKy 1. Haueprure jimanio, 1o Koropoit 1BuKeTCst

1 1
Touka: (a) g (b) 2%; (c) 22+ 1; (d) z + =

PaCCMOTpI/IM HpHBeﬂeHHbIﬁ MHOI'O4JIEeH CTeIlIeHU 7t C KOMIIJIEKCHbIMM KOS(b(bI/IL[I/I-
€HTaMU1

P(2)=2"+an 12"+ -4 a1z +ag

. ITycrb ag # 0 (unaue muOrOWIeH P(z) Gyner umers Kopenb z = 0). Ilpu nsikennu
[0 KOMIIJIEKCHO IIJIOCKOCTH TOYKH 2z NPOUCXOJUT IIePEMEIeHHe [0 KOMIIJIEKCHOM
wiockoctu Touku P(z). Touky 2" Ha KOMILIEKCHOH IutockocTu HazoseM Jlamol, a
rouky P(z) — Cobaukot.
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2. Yucao z maunHaeT CBOW MyTh MO KOMILJIEKCHOM IIJIOCKOCTH B JIEHCTBUTEIHHOMN
TOUKe R, MPOXOIUT OAMH Pa3 Mo OKPYKHOCTH pajinyca R MpOTUB YacoBOM CTpEKN
U BO3BpAIaeTCd B Ty K€ TOUKY.

(a) Kakoit myTs npu srom coeepumt Jama? CKOIBKO pa3 OHA 00OHIET BOKPYT
Touku 07

[Ipu 1060M TOJIOXKEHUY TOYKK 2z paccrosiuue Mexay amoti u Cobaukoti paBHO
|P(z — 2z™)|. HazoBeM jitnHO# MOBOJKA IUCIIO L, paBHOE MAKCUMAJILHO BO3MOKHOMY
paccrosiauio Mexy amoti u Cobaurol pu 3aaHHOM 3HaYEHUH RR.

(b) Hokazkure, aro mpu R > 1 muuna mosojka He npeBocxomuT L < (Jan—1| +
-+ |ag|) R L.

(c) Kaxkoro pagmyca R Hy>KHO B3sITh OKPY>KHOCTh B Ka1eCTBE TPAEKTOPUH JIBU-
JKEHUS TOYKU Z, ITOOBI JJTNHA MOBOJKA ObLi1a MeHbie R™ — paccrosaus ot Jamwi 10
touku 07 Ckosbko pa3 mpu srom Cobadra oboiier BOKpYT TouKy () Ipu IBUKEHUH
Z 10 OKPYXKHOCTHU?

Hagnem ymeHbIIaTh pajyc OKPY>KHOCTH , TIO KOTOPO# JIBUXKETCS TOYKa z. Pa-
JIYC OKPY?KHOCTH, TI0 KOTOPO#i Tysser Jlama, yMEHBIAETCsI, HO OHA IMO-IIPEKHEMY
Oyaer npoxoauThb 1 pa3 Bokpyr Touku 0. Tpaekropust jpuxkenus: Cobauku MeHsET-
Cs1 HEIIPEPBIBHO, TO €CTh MPU «HEDOJIBIIIOM» U3MEHEHUH R TPaeKTOPHUs U3MEHSeTCS
HE3HAYUTEJHHO.

3. (a) Jokaxure, aro npu R < 1 Cobauka HAXOMUTCS OT TOUKH G( HA PACCTOSHUN
He GosbmeM, 4eM (1 + |ap—1| + -+ + |a1]) R.

(b) Kakoe 3nauenue paguyca R OKpy:KHOCTU HY?KHO B3dTb, npu KoTtopom Co-
bawka HE pa3y He mpoiizer BOKpyr Toukm (7

Wrak, B mporecce ymenbiienust R auciio 06xonoB rpaekropuu Cobauky BOKPYT
Touku (0 YMEHBIIAETCS OT N J0 HyJsl. 3HAYUT, IPU HEKOTOPOM 3HAYCHWH PAJIIYCa
Cobayxa OGyner BeIHY2KIeHA poiiTu depe3 0.

Teopema mokasana!

CiueacrBusi.
4. Beakuit MHOTOYJIEH CTeleHn 1 > 1 ¢ KOMIUIEKCHBIMEA KO3(MMUITNEHTAMN €INH-
CTBEHHBIM ODOPa30M € TOYHOCTHIO JO YMHOYKEHUsS Ha YHMCJIO PACKJIAIBIBAETCS B IIPO-
U3BEJIEHUE N JIMHEHHBIX COMHOXKHUTEJIEH ¢ KOMILJIEKCHBIMUA KO(MDUIMEHTAMHA.

5. Jloxaxkure, 9T0 J1T0O0# MHOTOJIEH C AHCTBUTETHHBIMEA KOI(DDUITMEHTAME €TIH-
CTBEHHBIM 00pPa30M PACKJIAIBIBAETCS B IIPOM3BEICHIE MHOTOUYJIEHOB CTEIIEHU HE BbI-
e BTOPOi C JIeCTBUTEIbHBIMU KOI(DDUITHEHTAMU.

6. /loxkaxxure, 94TO JI0O0H MHOIOUJIEH C AeHACTBUTEIbHBIMEI KOI(MPUITHEHTAMN HEUET-
HOIt CTeIeHN UMeeT XOTs Obl O/INH JIEHCTBUTEIHHBINT KOPEHbD.

HeckoJsbko 3agad4.

7. Pasjoxxure Ha MHOXKUTEIN C JEHCTBUTEIbHBIMA KOI(PPUITHEHTAMI MHOTOYICH
8+t + 1.
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8. Muorowien P(x) ¢ neficrBureabHbiME KObDMUIMEHTAME [IPU BCEX JeHCTBUTE b
HBIX & IPUHAMAET TOJIBKO TOJIOKUTE/IbHbIE 3HadeHns. JlokaxknuTe, 9T0 HANyTCA Ta-
kue MHOrowieHsl A(x) u B(z) ¢ neficrBurenbHbiME KO3bDUIMEHTAMHE, J1JIST KOTOPBIX
P(z) = A%(z) + B%(x).

9. JlokasKuTe, 9TO IPH JTIOOBIX HATYPATBHBIX p 1 ¢ 9ucio (p+1)24T1 +pi+2 nemmres
Ha p? +p+ 1.

35. 06 omHOM MeToae. 22 MIOJS

ITycrb ectb aBa HaGopa uucesn & = (L1,%2,...,Tn) B Y = (Y1,Y2, -, Yn)-
Omnpenenenue. I[lyctb x1 220 2232 ... 22, UYL Z Y2 2 Y3 = -+« = Yn-
Bynem rosopurhb, 4T0 HAOOD T MadHCOPUPYEM HAOOD Y, U IIMCATH X = ¥, €CJIU BBIIIOJI-
HSIIOTCS CJIEJLYTOIINE YCIOBUS:
n n
1) Y=y
i=1 i=1
k k
2) nyist mo6oro 1 < k < n BBINOJIHSETCS HEPABEHCTBO Y. X = Y Y
i=1 i=1
Omnpenenenne’. Habop x masrcopupyem nabop y ecam Jis moboro mogHabopa ns
k UTPEKOB Yp, s - - -y Yn, HAHIYTCS k UKCOB Ty, - .., Ty, TAKUX, UTO

Ty + Ty + oo+ Ty, 2 Yng HYny + oo+ Yny

W npu sTOM TOJTHBIE CyMMBI HAOOPOB OIMHAKOBHI.
1. JJokaxknuTe, 9TO ONpeeIeHIe W ONpeIeeHrne’ paBHOCUIHHBI.

2. a) Jokaxkure, 9TO €COU T > Y, TO eCjid JOOABATH K KAXKJOMY M3 HHUX OJIUH U
TOT K€ JIEMEHT ¢, TO 1 > Y1, e 1 = x U {c} n y1 = y U {c}.
b) Hdokaxkure, 4T0 eciay K HaGOpYy x U HAOOPY Y A00ABUTH HEKOTOPOE KOJMYECTBO
9J1eMeHTOB, (T.e. 100aBUTH OJMHAKOBLI HAOOD YHCE) TOrJa MasKOPAIMsd HE UCUEe3-
HET.

3. Bepno i, uro ecau z U {c} = y U {c}, 10 z > y?

4. a) Ilycrs x = y u x # y. Jokaxure, 4ro cymecTByeT HaOOp 2z He COBIIAIAIOIIUL
HU C T HU C i TAKOW, 9TO T > Z > Y.
b) IIycrs B HAGOpE X eCTh JBa JIEMEHTA T U X; TaKue, 9To Tj > Tj.
IIycte € TakoBo, uTO T) > T} — € = T + £ > x;. HazsoBem cbausicenuem Habopa x
HOBBIT HAOOp ¥y = = ~ {zk, 21} U {xr — &,2; + &}, Torma = > y.
¢) Jokaxkure, 9T0 eciid T > Y, TO CyIIECTBYIOT IPOMEKYTOYHbIE HAOODLI
T =202 > ... Zyn =Y Takue, 9TO z;j41 ABJIACTCA COTMKEeHnEM Zj.

Onpenenenne. Iloanoti opbumoti Habopa HA3HIBAETC

O(ny,ng,...,ng) = Z xzzl)xgé) e xg’(“k).
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a) Ilyctb nq > ny — e 2 ng + € > no. Jdokaxkure, 4ro
O(ni,na,...,nk) = O(ny —e,na +¢,...,nk).
b) IIycrs Habop (n1,na,...ng) = (M1, ma,...my). Jokaxure, 9ro
O(ny,ng,...,ng) = O(my,ma, ..., mg).

s HATYpAIbHBIX YUCEJ N,; W M; 3TO HEPABEHCTBO HA3LIBAETCAd HEPABEHCTBOM
Miopxena.

6. /L9 MOJIOKUTETBbHBIX YUCETT X1, L2, - . - , L, JOKAKUATE HEPABECHCTBO
gttt 11 1
> — 4+ — 4. +—.
1T ... Ty I T2 In

36. IlLmroc-mmByc. 22 mroJjIs

1. ITocraBbre B psam 11 ymcen Takux, 9TO CyMMa WX BCEX IIOJIOKUTEIbHA, HO IIPHU
TOM CyMMa JIFOOBIX TPEX COCEIHUX UUCeJI OTPUIATE/bHA.

2. O6oznaunm 3a f(A, B) MakCUMAJIbHYIO JUIMHY DsiJia YHCEJ TAKAX, YTO CyMMa
JIFOOBIX A coceHUX dmceJI MOJIOKUTENIbHA, 8 CyMMa JIFOObIX coceHuX B umcesn or-
pUIaTeIbHA.

(a) Jokaxure pasencrsa f(7,2) =7; f(6,2) =5; f(4,3) =

(b) Hoxaxure, uro f(A, B) = f(B, A). HaI/I,zLI/ITe f(A, 1) u f(A, A).

(c) Jokaxure, uro f(A,B) < A+ B.

(d) Hdoxaxwure, aro eciu A > B u f(A,B) =N, ro f(A— B,B) > NB.

(e) U3 nyukra (d) mosyunre uepasencrso f(A,B) < A+ B —HO/ (A, B) — 1.

(f) Jokaxwure, uro f(A,A—1)=2A-3.

(g) Hokaxure, uro eciu f(A,B) = N, 1o ajs Jo60ro HaTypasbHOrO k BbI-
nosmsierca nepasenctso f(kA,kB) > N + (N + 1)(k — 1). Baoauo jgokaxkure, 4ro
ecau BbInogHsieTcst paBeHcTBo f(A, B) = A+ B — HOJI(A, B) — 1, 1o f(kA,kB) =
kA+ kB —HOI(kA,kB) — 1.

(h) IIyers A > B+ 1,B > 2,HOJI(A, B) = 1. Paccmorpum psag uz A + B — 2
qucesl. Bynem cuurars nx BepmmHamu rpada. Coepunum pebpamMu 9ucsia, HOMepa
KOTODBIX B psifly omimuaiorcs Ha A wim Ha B. Haliure crenmenm Bcex BepInH.
Jokazkure, 9T0 B 3TOM rpade POBHO JB€ KOMIOHEHTHI CBAZHOCTH.

(i) TlocTaBuM BO BCe BEPIIMHBI IEPBOl KOMIIOHEHTHI CBSI3HOCTH YHCIIO 1M, BTO-
poit — n. Jlokaxkure, 9T0 cpean JOOBIX A COCEIHUX TUCEN OJMHAKOBOE KOJIMIECTBO
quces1, paBHbIX m. U cpenu m0061x B TOXKeE.

(j) Hokaxkure, 9T0 MOXKHO HAJTH TAKHE M U M, YTO BHIIOJHIETCS YCIOBUE UC-
XOJHOI 3a1a49U.

(k) O60061muB npeaplIynme IyHKThI, JOKAXKUATE, ITO
f(A,B)=A+ B—-HOJ(A,B) — 1.
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37. 3akJio4durejbHasl oJuMIIAaAA. 23 UIOJIA

doBbIBO
1. CymectBytoT Jin Takue 6 HATYPAJIbHBIX HYUCEN, UTO HAUOOJIBITHI
OOIHi JIeTNTE/ b KazKJIbIX JIBYX U3 HUX — IIPOCTOE YHCJI0, MeHbIiee 26, u
[IPU 9TOM KazK/I0€ TAKOE IPOCTOE UUCJIO SBJISIETCS HAMOOJIBIITIM OOITIM
JIeJTUTEIeM KAKUX-TO JIBYX U3 9TUX MIECTH YUCEJT!

2. Ilycrb @1, x9,...x,(n > 2) — BellecTBeHHbIE YnCJIa, GOJbIIHE 1.

[ycers |z, — xiq| < 1 mg i = 1,2,...,n — 1. Jlokaxkunre, 9aro
s} T2 Tpn—1 T
e ST e S
T2 T3 Tn gl

3. Jana Tpamnemus ABCD c ocnopanusivmu BC' u AD. Touku B’ u C’
cuMMeTpudHbl Toukam B u C' orHocuresnbHo npsaMbix CD u AB coor-
BeTCTBEHHO. JloKazkuTe, 9TO cepeinta OTPe3Ka, COeIUHSIIONEro HEeHTPhI
OIIMCAHHBIX OKpYy2KHOCTElN Tpeyroabuukos ABC' u B'C' D, pasHoyiaJe-
Ha oT Touek A m D.

4. ,Z[OK&)KI/ITG, 9TO HU IIPpHU KaKOM HaTypPaJIbHOM 7 ITPOU3BEJICHUE
'+ 12+ +22+1)...(n" +n*+1)

HE ABJIA€TCA TOYHBIM KBaJpPaTOM.

5. [lnan kapTuHHO rajgepen — KjeTdaras purypa, rie Kaxjas KieT-
Ka — 9TO0 3aJ1, ¥ U3 JIF0OOI KJIETKH MOXKHO JIONTH J10 JIF0OOI JIPpYTOit, 11epe-
XOJIsi B COCEJIHHE 10 CTOPOHAM KJeTKH. CMOTPHUTE b, HAXO/IACh B OJITHOM
U3 3aJ10B, CJIEIUT 3& BCEMHU 3aJlaMM, B KOTOPbIE MOXKHO HOIIACTh U3 ITOMI
KJIETKH OJTHUM XOs1oM bepsst (He BBIXOs 3a mpejessl rajiepen). Kakoe
HauMeHbIIlee YUCJIO0 CMOTpUTE el oTpedyeTcsi, 9To0kI B 100011 rajiepee
13 1 3aJ0B (n > 2) BCe 3a/Ibl OKA3AJHCH [0J] TPUCMOTPOM !

BriBos,
6. /lanbl pazauydabie HATYpaJbHbIE YUCTA A1, G2, . . . , Ay, T > 3. JloKa-
JKUTE, 9TO CPeJM HUX CYIIECTBYIOT JBa Pa3/JINYHBIX YUCIIA @, (1 TAKHUX,
49TO @; + a; He JeJUT HU OJHO U3 9UCeI 3a1, 3a2, . . . , 30y

7. llycts A1 As ... A, — BBIIYKJIBII n-yroyibHUK. BHYTpH HEro Buibpa-
Ha Touka P Takas, 4ro e€ npoekiuu P, P, ..., P, Ha CTOPOHBI MHOIO-
YIOJIbHUKA JIexKaT Ha oTpe3kax AjAs, AsAs, ..., A, Al COOTBETCTBEHHO.
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[Iycty X1, X, ..., X,, — Toukn Ha orpe3kax A;A,, AsAs, ..., A, A
COOTBETCTBEHHO. JloKaxkuTe, 4TO

X1 Xy XoXj Xn Xy
max | ———, ———,...,——— | > L.
PP, PPy PP

8. B raitHom obmectBe 2020 WjIeHOB, B Y KaXKJIO0TO €CTh CUYeT B OaHKe
(Ha cUeTy 1es10e IucsIo pybIIeit, KOTOPOe MOKET OBITH OTPUIATETHHBIM ).
Bpemst o BpeMeHn ouH U3 9JIEHOB OOIIECTBa IIEPEBOIUT CO CBOErO CUe-
Ta Ha CYEeT KaxKJO0ro U3 CBOUX JIpy3eil, cocrosdiux B obiiecTse, 1Mo 1
py6.t0. I3BEeCTHO, UTO ¢ TIOMOIIBIO IEMOYKU TAKUX IIEPEBOIOB OHU MO-
T'yT TIepepaciIpeeTnTh NMEIOITNecs Ha CIeTaX CPeJICTBA TPON3BOILHBIM
obpazom. [lokaxkute, uro B 3ToM 001iecTBe poHo 2019 11ap apys3eii.






ITuxanos Ilasen Cepzeesun
Cmapocmuna Oavea Basenmurosra
Badastckosa Oavea Anexcandposha

Jlancxkux Upuna FOpovesta

Jlaxosey, Jlanuun FOpvesun,

Tazusyaruna Pumma Kamavesra
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