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YBaxkaemble IIKOJIbHUKM!

Harmra cmena mmogxoant K konity. Hajeemcst, 910 3a BpeMst IOJINOTOBKHI K 3a96TY
3HaHUs U3 OECKOHEYHO Y/aJeHHONH TOYKHU MPUOIN3ATCs K BaMm Ha Ve > 0.

YBepeHbl, 9TO Bbl CMOYKETE CIIPOCIMPOBATH MOy YeHHbIe HABBIKM Ha, Oy IyIInii
yuebHbI roj. 2KesaeM, 9TOOBI Ballll HABBIKU POCJN aCUMIITOTHYECKN ObICTpee
CJI0YKHOCTH 3a/1a4. [IycTh Balm JBOiHbIE OTHOIIEHUs ¢ FeoMeTpueit Oy1yT B3aM-
HEL.

o Berpeun B cegyromem yaeoHoM roy! [IprcoemasiiTecsh K HaleMy OHIaMH-

KPYXKKY!

Nckpenne Bamm,

Jvutpwmii AjtekceeBud,
Pycman Cepreesmuy,

Cepreii AtekcanIpoBIY
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1. Berymmrenabnas oJmMmmana / wioas

1. /Inma Hammcasr Ha JIOCKe BhIpayKeHue
1x2x3%...x2019,

re Kaxkjasl 3Be3104uKa — Jjinbo 3HakK “+”, 6o 3Hak “—". Cepexka MOXKET 3a 0JHO
JeficTBUe BBIOpaTh He KpaiiHee 4KCJIO U HOMEHSITh 00a 3HaKa PsJIOM C HUM Ha
IPOTUBONIOJIOZKHBIE (ILTIOC HA MUHYC, MUHYC Ha 1ioc). JlokaxknTe, 910 Takmumm
onepanusiMu Cepeka MOXKET IOJIyIUTh BbIpakKeHne, 3HadeHne KOTOPOro JIe/INTCs
Ha 7.

2. Jlana oxpyzxHOoCcTb U Touka () Ha Heil. Bropas okpykHocTh ¢ menrpom O
nepecekaer nepsyio B Toukax P u (). Touka C' jeKuT Ha 11epBoil OKPY?KHOCTH, &

upsMble C'P u C'() BTOPUIHO IIepecekalT BTOPYIO0 OKPYZKHOCTh B TouKax A n B.
Hoxkazkure, uro AB = PQ).

3. Orpan M9 nposoaut 3aakomcTBo. Ha nero sisuwiuck n nereit. ¥V Ilaia Cep-
reeBruYa OHU IIPOHYMEpPOBaHbI B CIIMCKe ducjgaMu oT 1 10 n. leTu BhicTpou/Inch B
KPYT Tak, YTO MEXK Iy KaKJIbIMI JIBYMsl JIETBMHE C II0CJIEI0BATE/ILHBIMI HOMEPaMI
CTOUT OJIHO U TO »Ke 4uncjo apyrux pebst. Cocenkamu 2Kenn okazaiuch AHs 1
Oust. Y Ann B cimcke nomep 11, y 2Kenn — momep 4, y Osin — momep 17. CroIbKO
JleTeil MPUIIO Ha 3HAKOMCTBO?

4. Jlan xyeruarniii kBajgpaTr 131 X 131, u3 KoToporo BbIpe3aHa OJIHA YTJIO-
Basl KJeTKa. YeTHO M HeYeTHO KOJIMYIECTBO CII0COO0B pa3dUTh 9TOT KBaJipaT Ha
YIOJIKH 13 TPeX KJIETOK?!

5. Ha Jjiocke BbINUCaHbl YUCIa X1, To, ..., T100, TaKHe 9T0 1 = 1/2 u jjis
smo0boro n oT 1 710 99 BeITOIHAETCSA PABEHCTBO

Tpel =1 — 2129 ... 2.

Hoxkazkure, 9To 199 > 0,99.

6. /Jano 30 pasjmaHbIX Tpex3HadHbIX 4dnces. J[okaxkuTe, 4TO U3 HUX MOXKHO
BBIOpAaTh HECKOJIBKO M pa30UTh Ha JiBA PABHLIX U 10 KOJMYECTBY, U IO CyMMe
MHOZKECTBA.

2. Cepug (), BCTyInTEeIbHOE 3aHITHE 4 woss

Croxer. VlnommaneTsiun 4 »KUBET B JIBYMEPHOM MUPE, TO €CTh Ha IJIOCKOCTH.
OjHaxKapl Z peninmi 1mo3aroparb. Z XodeT, YTOObl KayKjasl TOUKa Ha I'PAHUIE
ero Teja ObLIa OCBeIeHa JIydaMW COJIHIIA He MeHblne 1 MunyTwl. [Ipm stom Z
MOYKET BEPTEThCsI B IJIOCKOCTH KaK YTOJIHO (JIeIaeT OH 9TO MOMEHTAJIBHO), & JIyUIn
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cBeTa napaJulesibHbI 1 cOHaIpaBjeHbl ¢ 0cbio OX . Touka MOBEPXHOCTH CUUTACTCS
OCBEIIEHHOM, ec/Ii Ha Hee He aJaeT TeHb HU OT KaKoil Apyroil ToUku Tesa .

1. Kakoe MuHUMAaJIbHOE BPEMsI JIOJI?KEH 3aropaTh /£, €CJIn OH KBaJIPATHbIN !
2. A eciin Z TpeyroJibHbI?

3. Jlokaxkure, 4TO €cjin Z — BBIIYKJIbIII MHOTOYTOJIbHUK, TO €MY JIOCTATOYHO
JIBYX MUHYT, YTOOBI 3aTOPETh.

4. Jlokaxxure, 4TO €CJU /Z — BBINYKJIbII MHOIOYTOJIBHUK, TO €My HY»KHO He
MeHee 1,5 MUHYT, 9TOOBI 3arOpeTh.

5. Kakoe MuHmMaJibHOE BpeMs JIOJIZKEH 3aropaTh /, €C/ii OH uMeeT (popMmy
CEKTOpa Kpyra ¢ OCTPBIM YIJIOM?

6. Kakoe mMunmmaJsibHoe BpeMs JIOJIZKEH 3aropaTh Z, €C/ii OH uMeeT (popMmy
CEeKTOpa Kpyra C TYIBIM yTJIOM?

7. HapucyiiTe mectnyrosbHOTO Z, KOTOPLIT MOXKET 3aropeTh, HO Ha 9TO Ha-
BepHsiKa ToTpedyercst bojiee 2 MUHYT.

8. Bepno s, 9To J11000# MATUYTOJIBHBIN £ CMOXKET 3aropeTb, MPUYeM J1JIsi
9TOI'0 JIOCTATOYHO 2 MUHYT?!

3. Cepug 1, LTE — T0, 9T0o Hamo JIMIIL ;5 woss

O6o3magenne. byjiem 0603HaYATH CTEIIEHb, B KOTOPOIl IPOCTOE YUCJIO P BXOJIUT
B Pa3/I0KeHNe N Ha IPOCTble MHOXKUTEIH, depe3 Uy(n).

Jlemma 06 yrounenmn nokasarens, JIoYII, lifting the exponent lemma, LTE.
Ilyctb a u b — paznudnble ne/ble 9ncia, k — HaTypaabHOe YUCTI0, & P — HEYEMHOE

npocroe unciao, HE JAEJISANIEE a u b. ECJIL a — b : p, To
0p(a = b¥) = vy — b) + (k).

JlokazaTeibCTBO.
Byjiem Bectn umyknuio 1o v,(k).
(a) Hokaxkure 6a3y st vy(k) = 0.
(b) Hoxazkure, noxasuyiicra, 6asy u uist vy(k) = 1. D10 npurogurcst B
JaJibHEeNIIeM.

(c) Jokazkure WHIYKIIMOHHBII TTEPEXO/T.

1. Ha Kaxyio MakcuMajbHyIO CTelleHb MATepKH jeanTes poipazkenue 310000 —

_ 9100009

2. Ilpu Kakux HATYpAJbHBIX M CYHNICCTBYIOT HATYPAJIbHOE @ U IIPOCTOE P, JIJIst
KOTOpbIX 3P + 4P = a"?

3. JlokaxkuTe, 4To mMokasaTesb dnciaa 2 1mo Mojuyso 3" paser ¢(3").
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4. Jlemma 006 yrounennu nokasareis gy 2. ChopmysinpoBaHHasl BbIIIE JIEM-
Ma He paboraer B ciydae p = 2 (IpuBejnTe KOHTPIPUMED U 00bsICHUTE, KAKOl
MOMEHT B JIOKa3aTeJIbCTBE JIOMAeTcst ). JlokazkuTe, 9T0 eC/in JIOMOTHUTEIBHO BbI-
1oJjiHeHo a — b 1 4, To Bce-Taku

va(a® — b7) = va(a — b) + vy (k).

5. Pemure B HaTypaJbHBbIX unciax ypasuenune 3° = 2%y + 1.

6. 3BecTHO, 9TO IPH BCeX HATYPATBHBIX N anciio 4(a™ + 1) sBisiercs TOTHbIM
kKybom. [lokaxkure, uTto a = 1.

7. Haitijure crenensb Bxoxkaenus 1991 B

19901991 4 19921991

4. Cepug 2, ABOIiHBIE OTHOIICHNS 5 woan
Ompenenenne 1. Jlcotinvim omuowernuem dersepku rouek A, B, C, D, nexa-
3 ) AC AD
IIMX HA& OJHOM HMPsIMOii, HA3BIBAETCS OTHOIICHNE —— @ ——.
CB DB

Onpenenenue 2. /[6otiHbiM OMHOWEHUEM YIOPSIOUEHHON YeTBEPKU IPSIMbBIX
a, b, c,d, Ha3pIBaETCS BEJIMINHA,
sin Z(a,c) sinZ(a,d)

(a,b,c,d) = —— —
sin Z(b,c) sin Z(b,

rie a, b, ¢, d — Npon3BOJIbHBIE BEKTOPHI, HAIIPABJIEHHBIE BJIOJIb IPSIMBIX @, b, ¢, d.
1. [Ipsimbie ¢4 u {5 nepecekarorcst B Touke A. Ha npsmoit £ orMedeHbl TOUKN
B1,C4, Dy, a na upsimoit £9 — touxku By, Cy, Dy. Jlokaxkure, 4To HpsiMbie BBy,
C1Cy, D1Ds konkypenmuv, (TO €CTh MepeceKatoTcst B OJHON TOYKe WK TTapali-
JIeJIbHBI) TOTJIa U TOJBKO Torja, korga (A, By, C1, D) = (A, By, Co, D).
2. (a) dokaxure, uro eciu (A, B,C, D) =1, To 6o A = B, mbo C = D.
(b) Hokaxure, uro (A, B,C, D)+ (A,C,B,D) = 1.
(c) Iycrs (A, B,C, D) = k. Kaxkue 3Hauennsi MoxkeT IPUHUMATH JIBOIHOE
OTHOIIEHNsI TOH »Ke YeTBEPKU TOYEK, B3ATHIX B JPYIOM IOPsiIKe?
3. HerBepka ToueK (MPsAMBIX) HA3BIBACTCS 20PMOHUYECKOT, €CIIU UX JIBOHHOE
orHorrenne pasHo — 1. Jlokaxkure, 9T0O CJI€YIONINE Y€TBEPKN TaPMOHIIECKIE.,
(a) (B,C,M,N), rne M u N — ocHOBaHWsI BHyTPEHHEl 1 BHEIIHel O1cceK-
tpuc Tpeyroiabanka ABC ¢ ocaoBanunem BC.
(b) (A, B, M, Py), tie M — cepennna orpeska AB, a P, — 6eCKOHETHO
yJaJIeHHasT TOUKa BJI0JIb npsMoit AB.
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(c) (A,B,X,Y), tie X u Y 1eHTpbI OKPYZKHOCTel pasHoro pajuyca, A u
B — Touku nepecedenusi 00IUX BHEIIHUX U BHYTPEHHUX KacaTeJbHbIX.

(d) Ha Bemecrsennoit npsimoit ormerum touxkn O(0), A(a), B(b). Jokaxn-
te, uto (A, B,0,X) = —1 Toria u TOJBKO TOTJa, KOTja Koop/uHaTa X paBHA
cpejiHeMy rapMoHndeckomy ducest a u b. (Orcrojia n B3sI0Ch HA3BAHUE 2aPMOHU-
YECKAA HEMEEPKa).

4. IIpogomxenust cropon AB u C'D qernipexyronbanka ABC D nepecekarorcst
B Touke F, npogosnkennst BC' u AD — B touke F, npsimbie AC' n BD niepecekaior
EF B roukax M u N. Jlokaxxure, uro (K, F, M, N) = —1.

5. [Ipojio/izKeHusT POTUBOIOJIOXKHBIX CTOPOH BBIIMYKJIOIO YeThIPEXYTOJbHUKA
ABCD mnepecekatorcst B Toukax P u ). Yepes Touxky O nepecedennsi ero jma-
roHaJieil MpoBOANTCs IpsMasi, HapaJsuienabHas P(Q). JlokaxxnuTe, 9T0 0TPE30K 3TOI
HPSIMOI, 3aK/IFOYEHHBIN BHYTPU Y€THIPEXYTOJbHUKA, JIeJINTCs TOUKoi O TorosamM.

6. /lan yros ¢ Bepiunoit O u BHyTpH Hero Touka A. Paccmorpum Takne ToUKn
M, N na pasHbIX cTOpOHax jaHHoro yria, aro yriasl M AO u OAN pasubl. [lo-
KayKuTe, 9T0 Bee npsMble M N TpoxXoaT depes ojiHy TOUKY (W MapaJsiiebHbl).

7. Buyrpennsst u BHemHsig OMCCEKTPHUCH yryia A HepaBHOOEIPEHHOTO Tpe-
yronbanka ABC' nepecekator npsmyio BC B Toukax K u L cOOTBETCTBEHHO.
Touka M — cepenuna croponbl AB. Ilpsmast KM nepecekaer npsimyio AC' B
touke N. Jlokaxkure, uto NL = NA.

8. B ocTpoyrossraom Tpeyroisanke A BC nposeena Beicota AH 4 1 0OTMedeHbI
1eHTps! I, 14 BIucaHHOI U BHEBINCAHHONI OKpYy:KHOCTEl. JloKaXKuTe, 9To IpsiMble
Hal, Hyl 4 cuvMeTpudHbl OTHOCUTEILHO Hpsimoit BC'.

9. [TocTpoiiTe ¢ TOMONIBIO OJHON JUHENKN K TPEM JIaHHBIM MPIMbBIM, ITPOXO-
JSIIAM 9epe3 OJIHY TOYKY, YeTBEpTYIO TakK, UTOObI 9TH IMpsMble 00PA30BBIBAJIN
rapMOHUYECKYIO YETBEPKY.

10. B ocrpoyrossnom tpeyrosbuuke ABC Boicotst AD, BE u C'F nepece-
Kaforcst B Touke H. P u () — npoexkmun Touek A n1 H na EF cooTBETCTBEHHO.

[Iycrs R — Touka nepecederns DP u QH. Haitaure HQ/HR.
11. Ilycts B Tpeyrosbuuke ABC BrnumcanHast OKPYKHOCTb KaCaeTCst CTOPOH
BC, CAu AB B toukax D, E u F coorsercrBenno. [lycts X Takasi Touka

BHYyTpH Tpeyroiabanka ABC', 4To BIucaHHas OKPYKHOCTHL TpeyroybHuka X BC
kacaerct X B, XC u BC B Z, Y u D coorBercrBenHo. lokaxure, uro EFZY

BIIMCAHHDBI.

5. Cepug 3, memMma Illnepuepa 5 wons

1. Jlom mmeeT BHJ KJIETYATOI'O IPSIMOYTOJIBHUKA, B KOTOPOM KJIETKH — 3TO
KOMHATBI, CTOPOHBI KJETOK — JBepHu. JIBepb Ha cTopoHe IpAMOYTOJLHIKA Ha-
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30BeM HapyzkHoil. Tynukom HazoBeM KOMHATY, B KOTOPOIl OTKPbLITa POBHO OJHA
JIBEpb, NpuYeM He HapyxKHad. V3BecTHO, UTO B KaxKJA0il KOMHATE OTKPBLITO He
boJiee JByX JBepeil. /lokazkKuTe, 9TO YMUCJIO TYNUKOB U YHCJIO HAPYKHBIX JBepeii
NMEIOT OJIMHAKOBYIO Y€THOCTb.

Onpenenenwe 1. Tpuareyssyuet MHOTOYTOJBHIKA HA3bIBACTCSA TaKoe pa3du-
eHUe ero Ha TPeyroJbHUKHU, 4TO JIIOObIe JIBa TPEeyroJbHUKa pa3dueHus Judbo He
UMEIOT 00X TOYEK, JUOO MMEIOT TOJILKO OOIIYIO BEPIIUHY I IEJIYIO CTOPOHY.
OTH TPEYTOJbHUKN HA3BIBAIOTCS 2PAHAMU TPUAHTYJISIIIUN, UX CTOPOHBI — ee ped-
PaMU, UX BEPITUHBI — ee sepuiuHamu. Vcoab3ys mpeablyIme 3a/ a9 PerTe
CJIETYTOTITYTO.

2. Jlemma IlImeprepa. Bepiuasr tpuanrysiun Tpeyroibanka ABC momede-
HbI YucjaaMu 1, 2 mim 3 TakuM o0pa3oM, YTO KaxKjas BEpINUHA TPUAHTYJISIINN,
Jexkailnasi Ha croporne AB, umeer nomerky 1 wiau 2; Ha cropone BC — nomer-
Ky 2 mm 3; Ha cropone CA — nomerky 3 min 1. Jlokaxkure, 910 InCI0 IpaHei
TPUAHTY/IAIIN, HECYIUX TPHU PA3JUIHbIe TOMETKN, HEYETHO.

3. Bepmunnl Kj1eTok KjaeTdaToro npssmoyrosbanka A BC D movedenbl gucaMn
1, 2, 3 unu 4. Ilpu 3T0M cOO/IIOAAETCS IPAHUYIHOE YCIOBUE: BEPIIHA, JiexKallas Ha
AB, nomeuena unciom 1 nin 2; #a BC — 2 nim 3; va CD — 3 wm 4; na DA —
4 nym 1. Jlokaxkure, 94TO HalijleTcd KJIeTKa, UMEIOIast He MeHee TPeX Pas/ImIHbIX
ITOMETOK.

4. Kaxk1yto cTOpoHy TpeyroJibHUKa MO Ha 7 paBHBIX dacTell W depes
TOUKH JIeJIEHUsI TPOBEIN IpsMble, MapaJJie/bHble ero croponaM. B pesyiabrare
MOJTYYIJIaCh TPUAHTYJIANNA TPEYToJbHIKA. KarK1yio BepInHy TPUAHTYJISIINN 110~
Kpacwju B OJWH U3 JBYX IIBETOB: KpacHBIN uian cunuii. Jlokaxkure, 910 9UCTIO
JIBYIIBETHBIX pebep TPUaHTYISITII YeTHO.

5. Jlam xy06 100 x 100 x 100. Ero mokpwlin kBajpatukamMu 1 X 1 6e3 mpo-
IIyCKOB W HaJIOXKeHU. B KaxKja0M KBaJpaTe TpoBen 0be JTUAroHa/ i, & CTOPOHBI
BCEX KBaJIpaTUKOB cTep/in. JlokaykuTe, 9T0 U3 J11000I BEPHINHBI Ky0Da €CTh IIyTh
B KaKyIO-TO JIPYT'YIO BEPIINHY KyOa, MPOXOIAIIHI 10 OTMEUEHHBIM JINaroHa IsIM.

6. JLiist 1pous3BOJILHON TPUAHTYJISIIME MHOTOYTOJIbHUKA JIOKAYKUTE PABHOCU T
HOCTb YCJIOBUIL:
(a) BepIIUHBI TPHAHTYJIAIINA MOKHO OTMETUTH TAK, YTO KazK/[asl IPaHb HECET
Tpu pa3ubix ormerku 0, 1 u 2;
(b) BCe TpaHU TPUAHTYJIAIMN MOYKHO [TPABUJILHO PACKPACUTH B JBa IIBETA
TaK, UTO JIIOObIE JIBE COCE/IHNE TPaH! OKPAIIEHbI Pa3IUIHO;
(€) U3 KaK/10it BHYTPEHHeH BePIIHHBI TPUAHTYJISIIIUE BBIXOUT Y€THOE UHCIIO
pebep.
7. Ksagpar [0,2n + 1] x [0,2n + 1] Koop/uHATHO TIOCKOCTH Da3pe3aH Ha
TPEYTOJLHUKHI TaK, 9TO KOOPJMHATHI BCEX BEpIINH IeJodncaennnl. Jlokaxknre,
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yTO HafijleTcsd TPeyroJibHUK ¢ HelleJa0il MI01a/IbIo.

6. Cepud 4, 0T HeCKOJIbKIX HEePEMEHHDBIX ¢ wons

Ompenenerne 1. Mrozounrern om HeckoAbKUL NEPEMEHHDIT X1, Lo, . .., Tj — ITO
CyMMa, OJIHOWIEHOB, KaK/Iblil I3 KOTOPBIX UMeeT BUJ cxy ' x4” ... &), TJle ¢ — HEeKO-
TOpas KOHCTAHTA.

Omnpenenenne 2. Cmenenvio 00novrena cxy Ty’ . .. " Ha3bIBAETCA CyMMa 1] +
+ N9+ ...+ Ng.

Ompenenenne 3. Cmenenvio MHo204A€H0 HA3BIBACTCS MAKCUMAJIbLHAS U3 CTE-
IIeHeil ero OJIHO4YJICHOB.

Onpenenenne 4. ByjeM Ha3LIBATDL 6HICUWUM YAEHOM MHOTOYJICHA HANOOJIBLINNIL
OJJHOYWIEH C TOYKM 3PEHUsI JICKCUKOIPApUUIECKOrO IIOPSIKA.

1. UsBecrno, uro muorowien P(ay,as,...,ar) = 0 npu 00X ai,as, ..., Q.
Hoxaxkute, uro P = 0, To ectb uT0 P — TOXKIecTBeHHHBIIT ().

(a) Baza jist k = 2. ITodckaska. Tpencrasbre P kak Py, (x)y"+ P, 1 (z)y" 1+
+ ...+ Pi(z)y + Po(x), rue Pj(x) — MHOrOWIEH OT OJIHOf epeMeHHOIH.

(b) Cuemnaiite nepexof Jjisi Jir060r0 k.
Kax crepcrue, P(xy, xg, . .., x,) = Q(21, 22, ..., x,) <= Play, a9, ... ,a;) =
= Q(ay,as,...,a) Upu JIOOBIX a1, A9, . . . , (.
2. [Tycrs f u g — JBa MHOrOY/IEHA OT IIEPEMEHHDIX T'1, L2, ..., Ly, ¥ IPU JIHOOBIX
3HAYEHUAX lepeMeHHbIX Boinoneno fg = 0. Jokaxkure, uro torjga f = 0 um
g=0.

3. Joxazkure, uto mMuorounen suga 2002 + 1 Henn3a mpesicTaBUTL B BHJIE

P(x)Q(y).

4. ]I KaykI0ro U3 HUKelepednC/IeHHbIX MOJMHOXKeCTB A Touek Ha KOOp.In-
HATHOMW IIJIOCKOCTH YCTAHOBUTE, HaljieTcst Jii MHOro4IeH P(x,y), s KOTOPOro
A ecTb B TOYHOCTH MHOYKECTBO TOYEK, B KOTOPBIX OH OOpaIaeTcs B HYJIb.

(a) A — touka. (b) A — KoHEUHOE MHOXKECTBO TOUEK.
(c) A — obbemunenne KoHeIHOro uncsia npaMoix.  (d) A — y.
(e) A={(z,y) |z,y>0;zy=1} (") A={(z,y) |y=2"}

5. Beerpa jin MOXKHO BOCCTAHOBUTH MHOI'OWIEH OT JIBYX II€PEMEHHBIX CTeIIeH!
He OoJipiie 3 110 3HadyenusdaM B 100 Toukax?

6. (a) CymecrBytor jin muorouwiensl P = P(z,y,2), Q@ = Q(z,y,2) u R =
= R(z,y,2) OT EPEMEHHbIX X, ¥, 2, YJOBJIETBOPSIOIINE TOXKJICCTBY

(r—y+1PP+(y—2—-1PQ+ (z—22+1)°R=1?
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(b) Tor ke BOIpOC JJIsT TOXKIECTBA
(z—y+1PP+(y—2-1PQ+(z—z+1P°R=1.

7. lan muorowten P(x,y) crenenn menbire n. Jlokazxkure, 4T0 MOZKHO BBIODATH

n? TOYEK M 10 3HAUCHMSM B HUX y3HATh 3Hadenne P B j1106oil J1pyroit Touke.

8. Ilycte P(£x + 9, ..., xx,) = P(21, 29, ..., T,) AJ1s1 JTI000r0 HAOOpA 3HAKOB
wioc u Munyc. Jlokazkure, 9ro cymectByer MHOrOWIEH Q(Y1, Yo, ..., Yn) TAKOIi,

uto P(x1, %9, ..., 1) = Q(x%, 23, ..., 22).

7. Cepnug 5, acuMmToTnka—1 6 wons

1. V Iletn ecth 6€CKOHEYHO MHOI'O OJMHAKOBBIX TPEYTOJbHBIX cajiderok. Jlo-
KayKITe, 9TO JIJI JJOCTATOuHO O0oabmmX [ [TeTs cMokeT MOKpLITh 9TUMHI casideT-
kamu 6osiee 99% mrormaan Kpyriaoro crosia pajguyca R (canderkn He nepekpbl-
BAIOTCsI, HE BBLIE3AI0T 32 Kpail CToJIa, X MOYKHO TTepPeBOPAUNBATS).

2. Cy1iecTByeT Jii KBaJIPATHBII Tpexd/ieH, Bce 3HaUeHUsl KOTOPOI'o B HATYPaJ/Ib-
HBIX TOYKAX — KyObI HATYPaAJIbHBIX UNCE!

3. CymiecTByeT Jii MHOTOUJIEH C BEIIECTBEHHBIMU KO3 DUIneHTaMu, 3HaUeHNsT
KOTOPOI'0 BO BCEX HATYPAJbHBLIX UNC/IaX — CTEIeHU JBONKIN?!

4. Jloxazkure, uto j1 noaxosamiero N ypasaenne x5 +v° + 23 +3 = N mveer
He MeHee 1000 perenuit B HATypaJIbHBIX YUCIAX.

5. BepHo jmn, 9To m3 J11000ro 4mcjia MOYKHO TOJIYUYUThb KBaJPaT, BCTaBJISAS B
ero jgecsaTuunyio 3amnuch He oosiee 10 nudp? udpbl MOXKHO BCTaBIATH B JIIOObIE
MeCTa.

6. Bce smadenust yaurapuoro (to ecrtb ¢ koaduimentom 1 mpu crapiiei
CTETeHN) TeJOUNCIEHHOIO MHOTOUIEHA B MEIBIX TOYKAX — TOYHBIE KBAPATHL.
lokazknuTre, 9T0 caM MHOTOYJIEH MTPEJICTABIM KaK KBapaT HEKOTOPOI'O MHOTOUIe-
Ha.

7. Haiiyture Bce MHOTOUJIEHBI, KOTOPBHIE B PAIMOHAJIBLHBIX TOYKAX MPUHUMAIOT
palMoHasbHble, & B UpPallMOHAJIbHLIX — UppalloOHaJIbHbIC 3HAYCHNS.

8. Cepusg 6, poxjgecrBenckasd T. DepMa 6 wonn

Yupaxnenne. /[okaxkuTe, 9TO B BUJE CYMMBI JIBYX KBaJIpaTOB IEBIX HNCET
IIPEJICTABIISAIOTCS THCIJI0 2 1 THCII0 PP,

1. /IBa umcia mpejicTaBIAIOTC B BUJE CYMMbBI JIBYX KBaJpaToB. [lokaxkure,
4TO UX IPOU3BEJICHUE NIPEJCTABIACTCS B BUJIE IBYX KBaJIPaTOB.
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2. Yucso n npejicTaBisgeTcs B BUJEe CYMMBI JIBYX KBajpaToB. /lokaxkure, 1To
B pa3JIOXKEHUU 7 Ha, IIPOCTbIe MHOYKUTEJM BCe MpPOCThIe JenuTtesnn Bujia 4k + 3
BXOJAT B YETHOII CTEIICHMU.

3. Jlemma Tys. Illycth n — HaTYpasibHOE YUCTIO, & @ — Iesioe. Torma HaiiyTcs
Takue 1ebe T u y, uro (x,y) # (0,0), ax —y i n, u |z|, |y| < /n.

4. C nomoripio jjemMbl Ty3 jgokaxkure, 4To npoctoe p = 4k+1 npejcrassiercs
B BUJIE CYMMBbI JIBYX KBaJPaTOB.

5. Onumnre Bce YmcIa, MPEJICTABUMbBIE B BUJIE CYMMBbI JIBYX KBaJIPATOB.

6. lokaxkure, uro p = 4k + 1 upejcraBisieTcss B BAJIe CyMMBI JIBYX KBaJIPaTOB
eJINHCTBEHHDLIM CIIOCOOOM.

7. JlokazkuTe, uto ypasnenue 2 +y% = z° 4+ z nMeeT 6eCKOHETHO MHOTO TIEJIBIX
pelieHnii, B KOTOPbIX T, Yy U 2 MNOIapHO B3aUMHO ITPOCTHI.

8. Kakue mpocrble uncsia p IpecTaBisioTes B Buje p = a® + 2b%7

9. CKOJIbKUMHE CIIOCOOAMIE N TIPEJICTABJISIETCS B BUJIE CYMMBI JIBYX KBaJIpaToOB?

9. Cepug 7, Teopema Xejum—1 7 wions

Teopema Xesum jjig nmpsimoii. Ha mpsiMoit gano KkonedHoe MHOXKECTBO OTPE3-
KoB. M3BecTHO, 4TO JIIOOBIE JIBa NMEIOT OOIyI0 TOUKY. Torja Bce OTpe3Kn MMEIOT
OOIYIO TOUKY.

1. Ilycts mano MHOXKecTBO A TOYEK Ha IMPSIMOil, SIBJIsIOIeecss 00beIMHEeHN-
eM HECKOJIbKIX OTpe3KoB. JloKaxkuTe, YTO M3 STUX OTPE3KOB MOXKHO BBIOPATH
HECKOJIbKO TaK, YTOOBI BBIIIOJIHSAIOCH JBa, YCJIOBUSI:

® MHOXKECTBO A IMOKPBITO STUMEI OTPE3KAMIU;

® HUKAaKHe TPU OTPEe3Ka He MMEIT ODIILYI0 TOUKY.

2. Ha npsmoit jano 2n + 1 orpe3kos. M3BecTHO, 9TO KarKAblil IIepecekaeT He
MeHee n ApyTuX. JlokaxKkure, 9To CyIIeCTBYET OTPE30K, ITepeceKalolnii Bce 0CTa b
HBIE.

3. Ha npsamoit jano 2n — 1 depubix n 2n — 1 06es1bIX oTpe3koB. Kaxk iblii 11e-
pecekaeT X0Tsd Obl m OTPE3KOB JAPYToro IpeTa. /Jlokaxkure, YTO HaliIeTCA OTPE30K
OJIHOTO U3 JBYX IIBETOB, IepeCceKaoNil Bce OTPE3KN JIPYToTo IBeTa.

4. JIaHbl HECKOJILKO MPAMOYTOJILHUKOB € HapasllebHbIMU cTopoHaMu. V3secr-
HO, 9TO JIIOOBIE JBa UMEIOT 00ILyIo TouKy. Jlokaxkure, 94T0 BCe NPSAMOYIOJLHUKI
UMEIOT OOIIYIO TOUKY.

5. Jlano [4n/3] mpsiMOyTrOJILHEKOB € HapaJlIebHBIMI CTOpOHAMH. Kaskibrii
IepeceKaeT XoTs Obl 1 Apyrux. JokazkuTe, 9To CyHIeCTBYeT IIPSIMOYIOILHUK, IIe-
peCceKarolnii Bce ocTajbHbIe.
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6. IlycTb Ha npsamoit jganbl nk + 1 orpesok. [lokaxkure, 4T0 U3 3TUX OTPE3KOB
MOYKHO BBIJICJINTH WK 1 + 1 IomapHo HerepeceKatomuxcs, nin k + 1, nMeronux
OOIIYIO TOUKY.

7. Ha miockocTn JJaHO KOHEYHOE MHOXKECTBO KBaJIPaToB A ¢ HapaJsiie bHbIMI
croporamu. JlokaykuTe, 9TO MOXKHO BBIIEJNTH MOIMHOXKECTBO B MHOXNKecTBa A
TaK, YTOObI KBaJIpaThl U3 B He IepeceKallch, a TakyKe KBaJIpaThl B, pas3yThie B
3 paza, mokpbiBaan A.

8. Ha miockocTn JaHO KOHEUHOE MHOXKECTBO A KBaJpaToB ¢ HapaJlie/bHbI-
M croponamu. Jlokarkure, 9T0 MOXKHO BBIKHHYTH YaCTh KBaJIpPATOB TaK, 4TOOLI
OCTaBIIIECsT TOKPBIBAJIN BCE MEHTPHI KBAIPATOB 3 MHOYKECTBa A, a TakKe HIKa-
Kag TOYKa IIJIOCKOCTU He OblLjia IOKpbITa OoJiee 4-X pas.

9. Ha miockocTn j1aHo HECKOJIBKO €JIMHUYHBIX KBaJIPATOB € HapaJIeTbHBIMU
croporamu. ITycTh mioma b, KOTOPYIO OHI TOKPLIBaIOT, paBHa S. Jlokaxkure, 410
MOXKHO BBIKHHYTh 4acThb KBaJpaTOB TakK, YTOObI OCTABIIMECs] HE IIePEeCeKAIICh 1
MOKPBIBAJIN TLIOMIAIb, HE MEHbIIy0 S/4.

10. Cepuga 8, rapMoHIYecKas 7 wions

Onpenenenue. BrcaHHbBI 9eThIPEXYTOJbHUK Ha3bIBACTCS 2GPMOHUYECKUM,
ecJIi NPOU3BEJIEHNs JIJTUH €TI0 ITPOTUBOIIOJIOXKHBIX CTOPOH PABHBI.

Onpenenenne. [Ipsivast, cumMeTprdHast MeJane TPEyroJibHIKa OTHOCUTE/IHHO
OMCCEKTPUCHI IIPOBEJCHHO U3 TOMl »Ke BepPIIIHbI, Ha3bIBALTCs CUMeIUaHod.

1. (a) Ilycte ABC' D — rapMoHIYecKuil 9eThipexyrojibiuk, M — Touka mepe-
cedenns ero aumaronaJeil. Jlokaxknure, 4o

|AM|  |AB]>  |ADJ?
IMC| |BC|? |DC*

(b) Jokaykure, 4To KaK/as JUATOHAJb TAPMOHIYECKOIO YeThIPEXYrOJIbHI-
Ka SBJIACTCS CUMEINaHOil TPEyTroJbHIKOB, Ha, KOTOPbIE pa30dUBaeT UeThIPEXyToIhb-
HUK JIpyras JuaroHaJb.

(c) duaronans BD srnucanuoro derbipexyrosbiika ABCD spisercs cu-
menanoii Tpeyronbanka ABC. dokaxkure, uro derbipexyroibauk ABC D rap-
MOHUYECKUI.

CaencrBue. ['apMoHnUIecKuil 9eThIPEXyroJIbHUK OJHO3HAYHO 3a/1aeTCs TPeMsi
CBOMMHU BepImHaME (TIOPsIIOK 00X0/1a BEPIIIH TaKKe N3BECTEH ).

Onpenenenme. Toukn A, B, C, D nexar na okpyxkuoctu S. [Iycrs X — npous-
BOJIbHAs TOYKA Ha OKPYKHOCTU. /[60THILM OMHOWEHUEM YTIOPSTOUEHHON YeTBEP-

ku Touek A, B, C, D nassiBaerca sesnanna (A, B,C, D) = (XA, XB, XC, XD,).
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DTa BeJIMUKMHA HE 3aBUCUT OT BbIOOpa Toukn X . B ciydae, eciin ojHa U3 TOUEK
A, B,C, D cosniajgaer ¢ X, B KauecTBe COOTBETCTBYIOIIEH MPSIMOIT paccMaTpuBa-
eTcsd KacaTeabHasg K OKPYKHOCTH S.

2. (a) Ilyctre ABC'D — rapMoHIYeCKHiT 9eThIpexyroybHiuk, M — Touka mepe-
CcevueHmsl ero auaroHaseii, P — Todka IepecedeHnsI KacaTeJbHOU K ero OMMCaHHON
okpyzHOoCcTH B Touke B u npsimoit AC'. [lokaxure, uro (A,C, M, P) = —1.

(b) Jlokazkure, 4T0 BrMcaHHbIH deThIpexyrobHuk ABC' D saBjisieTcst rapMo-
HUYECKIM TOIJIa U TOJIBKO TOIJla, KOIJla KacaTe/lbHble K ero OIMMCAHHONW OKPYK-
HocTH B ToukKax B u D nepecekatorcs Ha mpsimoit AC, 0o napaJiiesibHbl 9Toi
IPAMOIA.

3. O6osnaunm yepe3 N cepenuny nuaronain AC BIINCAHHOTO YETHIPEXYTOJTb-
nuka ABCD. Jlokaxxkure, uTo derbipeyroibiuk ABC D rapmonnyeckuii Toria u

TOJIbKO Tora, Korja ZBNC = ZDNC.

4. [lyctb ABC'D — BumcaHHbI 9€TbIPEXYTOJIBHUK, B KOTOPOM OHCCEKTPHUCHI
yriioB A n C nepecekatorcst Ha guaroHajn BD. Jlokaxkurte, 9T0 OUCCEKTPUCHI
yrioB B u D nepecekatorcst Ha juaronain AC.

5. Hepes Touky A, jexkaliyio BHe OKPYZKHOCTH, IPOBeIeHbI KacaTesbabie AB 1
AC' K 9TOl OKPYKHOCTH, & TaK»Ke MpsiMast, IIepeceKaronias OKPYKHOCTh B TOUKaX
X nY. Joxkaxxure, aro Toukn A, B, C, u cepennna orpeska XY Jiexkar Ha OJIHOI
OKPY?KHOCTH.

6. B okpykuocTn S nposejiensr jiBe napaJsuiesbhbie Xopiabl AB u C'D. Ipsimas,
nposenennas depe3 C' u cepeauny AB, Bropuuno nepecekaer S B Touke F. Touka
K — cepennna orpeska DFE. Jlokaxkure, uro LZAKE = /BKFE.

7. B yron BAC Briucana OKpy>KHOCTH W, KacaroIasicst CTOPOH yTIJia B ToUKax B,
C. Xopuma C'D oxpy:kHOCTH w mapaJsuienbha npsimoit AB. [psmas AD Bropoit
pas mepecekaeT OKpPYKHOCTh w B Touke F. [lokakure, aro npsimass C'E jgenut
oTpe3oK AB 1ormosam.

8. Iz Touku P K OKpPYKHOCTH w IPOBEJIEHbI 0Tpe3Kn Kacareabubix PA, PB,
Touka C' 1raMerpaJibHO IIPOTUBOIIO/I0KHA TouKe B. Jlokarxkute, uro npamasa C' P
JICJTAT TIOTIOJIaM HEePIIeH INKYJISIP, onyIieHHbiit n3 Toukn A Ha npsimyio BC.

9. /IBe HepaBHbIC OKPYXKHOCTU W1 U Wo KACAIOTCS BHYTPEHHUM 00Pa30M OKPY K-
Hoctn w B Toukax A u B. [lycts C' u D Touku nepecevdeHust OKpyKHOCTEH wq 1
wy. [Ipsimast C'D niepecekaer w B Toukax F u F. Jlokaxkure, 9T0 KacaTejabHbIE K
w, TIPoBeJIeHHBIe B TouKax F u F', nepecekaiorcst Ha npsamoit AB.

10. Yernipexyrosbauk ABC'D Buucan B OKpy»>KHOCTH w ¢ 1ieHTpoM O. Buccek-
tpuca yria ABD nepecekaer orpe3ok AD B Touke K U OKpPYKHOCTBH W BTOPOii
pa3 B Touke M. Buccekrpuca yria C'BD nepecekaer orpe3ok C'D B Touke L n
OKPY2KHOCTB w BTOpOil pa3 B Touke N. l3BectHo, uTo psambie K L u M N napaJ-
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JesibHbL. JlokaykuTe, 4To onucanHasi OKpyKHOCTB TpeyroJibauka MON 1mpoxoanT
yepes cepeinHy orpeska BD.

11. Cepng 9, pazaoboii—1 7 wions

1. Jano nesnoe uncsio n > 1. /IBoe 110 odepejm 0OTMEYAIOT TOYKN Ha OKPYKHO-
CTU: TIEPBBII — KPACHBIM IIBETOM, BTOpOil — cuHuM. Korjga ormevdeno mo n Todex
KazKJIOro I[BeTa, UI'pa 3aKaHIMBAETCS. 3aTeM KarK/Iblil HI'POK HAXOJIUT Ha, OKPYK-
HOCTH JIyT'y HauOOJIbINell JIUTMHBI ¢ KOHIIAMU CBOET'O I[BeTa, Ha KOTOPOil OOJIbIINEe HET
OTMEYEHHBIX TOUeK. Y KOO JI/TUHA JIyTH OOJIbIIe — TOT BHIUIPAJ (B CJIydae DABEeH-
CTBa JUINH JIYT, & TaKyKe [IPU OTCYTCTBUU TAKUX JIyT y 0OOUX UIPOKOB — HUUbS).
Ko u3 urparonmx MozKeT Bcerjia BhIUI'PbIBaTh, KaK Obl HU UI'PaJI COIEPHUK?

2. IIpaueunas B JIMIII paboraer Tak. B rnpadedHoii ecTh Tpy OJMHAKOBBIX OaKa
JUTST OJIEXKJIbI: JIJIst OesIoro, I IIBETHOTO U JIJIs TeMHOTO Oestbs. [lociie KaxKoro
y4eOHOTO JIHSI JIeTH IIPUHOCAT cyMMapHO 50 KI' 0JIe?K/Ibl. DTO BCE PACIIPEIE/ISIeTCs
1o 6axkaMm. CaMblil 3al10JIHEHHBIN OAaK IEJTNKOM CBAJIMBAIOT B MAIUHY U CTUPAIOT.
[Ipn xakoM HamMeHbIIeM oObeMe 0AKOB OHUM HUKOTJIA HE IIEPEIOJIHATCS, KAK ObI
Hu cTapaJinch jern! Kak ussectno, cmena B JIMII 6eckoneuna.

3. CymmecrByer jin MHOTOWIEH f (2, Yy) OT JBYX BENECTBEHHBIX MIEPEMEHHDIX, KO-
TOPBI BCIOJY OTJIMYEH OT HyJIsd, HO IPUHUMAET 3HAYEHHs, CKOJIb YIOIHO OJIM3KIIe
K HYJII0?

4. (a) Ilycrp maHo MHOXKECTBO A TOYEK Ha TPSAMOii, sIBJISEOIEecs: 00bejnHe-
HIEM CUETHOI'O 9HCJIa OTPE3KOB. MOKHO JI U3 9TUX OTPE3KOB BBIIEIUTDL CIETHOE
IOJMHOYKECTBO TaK, YTOObI BBIIOIHSLIOCH /IBa, YCJIOBUS:

® MHOXKECTBO A IMOKPBLITO STUME OTPE3KAMIU;

® HUKAKUEe TPU OTPE3Ka HEe NMEIOT ODIILYIO TOUKY.

(b) A ecimn KazKIdad TOYKa IIOKPbITa KOHEYHBIM KOJIMYECTBOM OTpGSKOB?

5. B tpeyrosibaunk ABC' Brmcana oKpy»KHOCTh, Kacatorasicsa cropon BC, C'A
nu AB B Toukax X, Y u Z coorBercrBenno. Ha rockoctn oTMeTnain Touky K.
Cepenunnble nepreHanKy/asspbl K orpeskam K X, K'Y u K Z nepecekatoT IpsiMbie
BC,CAn AB B toukax X1, Y1 u Z; coorBercrBerno. Jlokaxknure, aro Touknm X1,
Y1 u Z; nexkar Ha OJIHOIl IIPSIMOIA.

6. Jlaubl okpyKHOCTB, €€ xopjaa AB u cepeauna W menbmreii gyru AB. Ha
oostbineit jyre AB BoiOupaercs: npousBosibHas Touka C. KacareibHas K OKpy»K-
HOCTH, TPOBeJIéHHAad n3 Touku (', repeceKaeT KacaTelbHbIe, MPOBEIEHHDbIC W3
Touek A n B, B Toukax X n Y coorBercrBerno. [Ipameie WX u WY nepe-
cekaroT npsimyio AB B Toukax N u M coorBercTBenHo. Jlokaxkurte, 9TO JIJINHA
orpeska N M ne 3aBucut ot Bhibopa Touku C'
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12. Cepug 10, npegenn § woan

Barazgka 1. [Touemy 1uioma/ib KBajpaTa co CTOPOHOI a pasHa a’?
Barazka 2. (a) Kax onpejenstercs uuncio 219°? Kak ero soruncianTs?
(b) Kax onpesensiercs uuncio 2327 Kak ero Bbranc/nTs?
(c) Kak oupesenstercss qucio 2V2? Kak ero BbIUuCIUTS?
1. Haitaure xoTst 661 071HO Takoe N, 4ToObl st J1F000r0 1 > N BBIIIOJIHSLIOCH
a, > 10°, ecoin a,, paBHO
1 n3 +2n* +3n + 4

1 1
1,02 (b)) 1+=4+=+4+... 4+ —;

2. Haiigure xorst 66l ojiy Takyio napy a € R, N € N, uro |a, — a|] < 1078
npu Bcex n > N, re a, paBHO

n? —n+ 28 1 . .
(a) o (b) n \/1+;—1 ; (c) 0,99 (d) v/2;

1

1 1
@145+ttt s

Oupenenenue 1. Yucio, KoTopoe JlaHHASA ITOCTIEIOBATEIBHOCTH MOXKET YTOU-

HUTH ¢ JIE0OOI Harepe/| 3aJIAHHON TOYHOCTBIO HA30BEM npedesom ITOil Mocie10-
BaTe/bHOCTH. Bojiee hopMasbHO:

Omnpeenenne 2. Yuc/io a HA30BEM NPedesom NMOCTEIO0BATEIBHOCTH Gy, A9, - . - ,
Ay, ... (nm npocro {a,}), eciu Ve >03IN € N:Vn > N |a, —a| < e. B arom
CJIydae TOBOPAT, YTO MOCJIEJI0BATE/ILHOCTL CTPEMUTCS MM CXOJUTCSA K @, TIUIILYT

lim a,, = a wm a, — a.
n—oo

3. Jlokaxkure, 9TO y IOC/I€EI0BATE/ILHOCTH HE MOXKET ObITh 00Jiee OJIHOIO IIpe-
nena. [IpuBeaure npumep rmocse0BaTe/IbHOCTH, Y KOTOPOI HET Tpejiea.

4. [Iycry lim a, = a n lim b, = b. [lokaxxkure, 4T0:

n—oo n—o0
(a) lim a, + b, = a+b;
n—oo
(b) lim ca, = ca, rje ¢ — KOHCTAHTA;
n—00
(c) lim a,b, = ab;
n—o0
(d) lim a,/b, = a/b, ecin by, b # 0.
n—oo
1 1)
5. Haityiure ipesesiel mocsieioBaresbaocTeit mpu n — 0o (a) —; (b) (713#2);
n n

(C) vn + 1 — \/ﬁ
OIIpe,Z[eJIeHI/Ie 3. HOCﬂe,ZLOBaTeJIbHOCTb {an} Ha3bIBAETCA OZpCZHU“{,@HHO’[Z, ecJin

it Hekotoporo M BoimostaeHo Vn @ |a,| < M.

6. Akcmoma oJTHOTHI. JI100asi MOHOTOHHAST OTPAaHUYEHHAS IT0C/IEI0BATE/IbHOCTh
UMeeT Ipejie.
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7. Teopema o aByx MmymimoHepax. [locieoBarenibHocTu a,,, b, u ¢, TaKOBHI,
qro Vn a, < b, < ¢,. Okazajoch, 4T0 a, U ¢, CTPEMSITCS K OJHOMY U TOMY »Ke
qncay d. Jlokaxxkure, 9to b, crpeMuTcs K d.

8. Jlokazkure, 94T0 CyIIeCTBYeT Ipejes HOCIeI0BaTeILHOCTH Ipu 1. — 00 (a)

(1 + %) (b) /m.

9. Onpejie/InM 1OCJIE/I0BATE/IbHOCTD @, PEKYPPEHTHO: a1 = 1, api1 = /2 + ay,.
Haiinure npenen a,.

13. CepI/Iﬂ ]_]_, LTE_2 9 wona

1. /Iy Becex MpOCTHIX p pemmTe ypasaenue aP — 1 = p¥.

2. Pemmre B HaTypaJIbHBIX YHCJ/IaX YpaBHEHUE

562009 + y2009 — 7%

3. Ilycts p — mpoctoe ducyo, a m > 1,2 > 1,y > 1 — #HaTypaJabHble YncIa.
r+y? ety
2\ 2

4. Ilyctb a n b — BemecTBennble uncta. OKazanoch, 4to a—b, a®>—b%, a®—b3, . . .

m
OxkaszaJjioch, 4To ) . Hokazkure, 4T0 m = p.

— 1iesble dncia. Jlokaxkure, 9To a u b nesbie.

5. Ilycts p — mpocroe 4Ymesno, @ m n — HaTypaJjbHble 4UCIa TaKue, 4YTO
o1 .
E— = 2" Kakum MoyKeT ObITh KOJMUYECTBO HATYyPaIbHBIX Je/auTeeil aucia na’

p—1
n
6. HaiiuTe Bce Takme HATYpaJbHbIE N, UTO 2t IeJI0€.
n

7. Pemmre B HaTYpasibHBIX unciaax ypasnenne (n — 1)+ 1 = n*.

8. Ha jiocke nanucanbl n mudp B psiji. Jokaxkure, 9T0 K HUM MOYKHO ITPHIIH-
caTh HECKOJIBKO P ciieBa 1 He Oosiee n 1udp crpasa Tak, YTOObI MOy IUIaCh
CTelleHb JIBOMKMN.

14. Cepug 12, cumeauana 9 woan

1. Jlan tpeyroasuuk ABC, B xotopom AC = BC', u Touka P BHyTpHu Ta-
kasi, uto L PAB = ZPBC'. Obo3naunm cepequay AB depe3 M. Jokaxkure, 910
LAPM + ZBPC = 180°.

2. Tpu pasmuunbie Toukn A, B, C pacrojioxKeHbl Ha TIPSIMOIl B YKa3aHHOM
nopsijike. [lyctb oKpyzKHOCTD w npoxoauT depes A u C, u ee IeHTP HE JICXKUT
Ha AC. Oboznaumm depe3 P TOUKy IepecedeHns KacaTeJbHbIX K W B TOYKax A
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u C. Ilyctp orpe3ok PB nepecekaer w B Touke (). Jlokaxkure, 9TO OCHOBAHUE
ouccekTpuchl yria £ Tpeyronbaunka AQC' He 3aBUCHT OT BhIOOpa W.

3. JIBe OKPYzKHOCTH IIepeceKkaloTcst B TouKax A m B 1 KacaloTcs ux odIeit kaca-
TesibHOI B TouKax P u Q). Ilycth S — Touka 1mepecedeHnst KacaTebHbIX B TOUKAX
P u () x onucannoit okpyKHOCTH Tpeyroiabanka AP(Q), a Touka H cumMerpudHa
B ornocurenbno P(Q). Jlokaxute, uro A, S u H jiexkar Ha OIHOI MIPsIMOii.

4. Tan Tpeyrosbuuk ABC'. ITycts X — 1eHTp OBOPOTHOI ITOMOTETHH, I€PEBO-
nsmeit BB Aun A B C. Jokaxkute, ato AX comepKuT ceMuaaHy TPeyroJbHIKa

ABC.

5. lau Tpeyronpauk ABC. Ha cropone BC' Beibupaetcs Touka P. Touku Q) un
R na AC' n AB coorsetctBento takosbl, 910 PQ || AB nu PR || AC. [lokaxunre,
YTO ONHUCAHHAST OKPYKHOCTb TpeyroyibHuKa AQ R npoxonut depe3 Touky X, He
3aBUCAIILYIO OT BbIOOpa TOUKHU P.

6. IIycrs ABC — octpoyrosibablil Tpeyroiabuuk, M, N, P — cepeauHbl cTO-
pou BC, C' A, AB coorBercrBerno. Ilycrh cepeummbie nepreHanKy/sspbl K AB
n AC nepecekator AM B Toukax D u E coorsercrBenno. Ilpsymeie BD nu CE
nepecekatoTcs B Touke F BayTpu Tpeyroabauka ABC. okaxkure, 910 TOUKN A,
N, F, u P nexxatr Ha OJHOI OKPY>KHOCTH.

7. Tpeyrosbnuk ABC' Briucan B OKpy2KHOCTB w. KacaresbHble K W B ToUkax B
n C nepecekarorcs B 1. Touka S na npsmoit BC' takosa, uto AS 1 AT. Toukn
By u C) nexar va upsimoit ST’ tak, uro BT = BT = CiT. Jlokaxure, 410
tpeyroabanku ABC n AB1C} 110100HbBI.

8. Ilyctb A — onHa U3 TOYEK MepecevdeHnsl OKPYKHOCTEH wy U Wy ¢ HEHTPAMI
O1 n O,y. Obmiag KacaresibHasi K Wy 1 we KacaeTcd ux B Toukax B un C. Ilycrs
O3 — 1eHTp ommcaHHoii OKpyzKHocTu Tpeyroyibinka ABC. Obosnaunm depes D

Takyio Touky, 9o A — cepemnna orpeska O3D. Ilycts M — cepennna O10s.
Hokazkure, auro ZO1DM = Z0sDA.

15. Cepug 13, cuMMeTprmyecKast 10 woss

Hamomunanme. O6o3naunm N = {ay, as, .., a, | a; € N}. Ilycrs A, B € N™.
Bynem rosoputs, uto crpoka A = (ay, . . ., Gy) Menvwe crpoku B = (by, ..., by),
ecJIN TIePBBIil CUMBOJI, B KOTOpOoM A 1 B pa3indaiorcs, y CTpoKun A MeHbIIIe.

(a) YobBatoras mocjaeoBaTebHOCTh ¢Tpok 13 N™ KoHedHa.

(b) B sirobom nemycrom muOKecTBe N €cTh HAUMEHBIIUH 9JIEMEHT.
Omnpeenenne 1. Muorouien ot n nepeMeHHbIX HA3BIBAETCS CUMMEMPULECKUM,
ecJIn OH He MEHsIeTCsI TIPH JIIOBIX [ePeCTAHOBKAX MEPEMEHHBIX.
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Onpeﬂeﬂeﬂne 2. QJLBMeHmCLpH‘bLJ\/L cummempuiecCkum MHO20YNEHOM HA3bIBACT-

O = E Liy oo Ty

1< <..<i<n

cd

Taxoke npumem og = 1.

OcHoBHag TeopeMa. Besikuilt cuMMeTpudecKuii MHOTOWIEH €IMHCTBEHHBIM 00-
pa30M IpPeJCTaB/IsIeTCs] B BUJjie MHOT'OUWIEHa OT 3JeMEHTaPHBIX CUMMETPUIECKIX
MHOrowieHoB. KoaddunnenTsl 5T70ro MHOTOU/IeHa — EJI0YNCIeHHbIe JITHEeTHbIe
KOMOWHAIINN KOI(DDUITMEHTOB CXOTHOI'O MHOTOUJICHA.

Jlemma 1. Ilycts v = a:clflxgz’ .afna # 0 — Beicmmit wien (oTHOCHTEHHO
JIEKCHKOIpabUIeCcKOro MopsiJIKa) CUMMETPHIECKOro MHOTo'YIeHa. Toraa BbIIOJI-
HeHO]{?l 2]{3222]6”

Jlemma 2. 1151 j1r060r0 OHOWIEHA U = :U]fleQ .. .CC?kj; cki>2ko>... 2k, >0
CYIIIECTBYIOT TaKHe HeOoTpHIlaTebHble Iejble 4uciaa li,ls, ..., l,, 9TO BBICIINI

In copnagaer ¢ w. Yucaa i, lo, ..., 1, onpeeeHs

Ll
qJIeH MHOTOYJIeHA 00y ...O,!

9THM YCJIOBHEM OAHO3Ha4YHO.

1. Boipasure a® + b® + ¢ + d® uepes sneMenTapHbIe CHMMETPHYECKIE MHOTO-
YJIEHBI.

2. Jlokazkute, 4TO 3HAUEHUE JIFOOOI0 CHUMMETPUIECKOI0 MHOI'OUJIEHA, C IIeJIbIMU
KodddurmeHTaMu 0T KOpHell YHUTAPHOIO MHOIOYJIEHa C LeJIbIMI KO3 UIneH-
TaMu SABJISIeTCsI 1esibiM dncyioM. (CanraeM, 9To Bee KOPHHU BEIECTBEHHBIE).

3. JTokazkuTe 0OCHOBHYIO TEOPEMY O CUMMETPUICCKIX MHOTOYICHAX OT HECKO/Ib-
KX Ha,60pOB IIepeMEHHDbIX. ECJ_H/I MHOI'OYJIEH HE MEHACTCA OT IIEPECTaHOBKHU IIE€PE-
MEHHBIX BHYTpU HAOOPOB T1, ..., Tn, Y1, - - > Ym, - - -, TO €IO MOYKHO BLIPA3UTDH Ye-
PE3 OCHOBHBIE CUMMETPHYECKIE MHOTOUWIEHBI OT L1, - « + s Ly Y1y - « - 5 Yumy - - - (1 TEPES
octasrmecst mepemennbie). [Ipmvep: (t—x1—y1)(t—x1—y2)(t—x2—1y1) (t—x2—12)
BbIpazkaeTcd yepe3 t U Ty + To, L1T2, Y1 + Y2, Y1Yo.

n
4. O6osnaunm uepes pi(w1,29,...,2,) = > aF. Torga st pp cymecTByioT

=1
pekyppenTHbie popmy/ibl HbioToHa:

(a) pr—pr—101+pr—202+. ..+ (=1)" p1oj_1+(—1)* 0, = 0npu 1 < k < m;

(b) Pk —Pk—101+Pr—202+ ...+ (_1)n_1pk‘—n+10n—1 + (_1)npk—n0n =0 npn
k> n.

5. JlokazkuTe, 9TO IPOU3BEICHUE BCEX UHCE BHUIA +vV1+V2+ ... £/10
ABJISIETCS

(a) 1eJIbIM IHCTIOM;
(b) xkBapaToM.

6. lokazxure, aro y muorownena P(z1, g, ..., xn) = []¢icicn (@i — 25) Bee
X X
ko3 dunnenTs! papabl +1, —1 uan 0.
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7. Illycts p > 3 — npocroe. Jokaxkute, 9T0
(a) ox(1,2,...,p—1)ipma 1 <k <p—2;

(b) o9p1(1,2,...,p—1) i p* g 1 < k < (pES)'

16. Cepug 14, Xemmm—2 10 woss

Onpenenennme 1. MHOXKeCTBO Ha3bIBAETCSI 6bINYKAbGLM, €CJIA JII0OOI OTPE30K
MEXKJIy €ro TOUYKaMU TaKzKe IPUHAJJIEYKUT ITOMY MHOXKECTBY.

Yup. 1. JlokaxkuTe, 4TO 1epecedeHne Jo00ro ceMeiicTBa BbITYKJIbIX MHOXKECTB
SIBJISIETCSI BBIIYKJIBIM MHOXKECTBOM. BepHo Jin TO 2Ke camoe Jijisi 00beIIHeHsI !

1. Teopema Xemm. Ha 11ockocTi JJaHbI 1 BBIITYKJIBIX MHOYKECTB, KarKJble TPU
13 KOTOPBIX UMEIOT OOIMyIo TOUKY. /loKaykure, 4TO BCE 3TU MHOYKECTBa MMEIOT
OOIIYIO TOUKY

(a) st n = 4. Ilodckaska. PaccmoTpuTe TOUKE mepecedeHns TPOeK MHO-
JKECTB.

(b) Lyt TpoOn3BOJIBHOTO M.

2. (a) dokaxkure, 910 J1j1s1 JFOOOTO BBITYKJIOTO CEMIYTOTBHIKA BCE TSITHYTOJTh-
HUKHU C BEPIINHAME B BEPIINHAX JTAHHOTO CEMUYTOTbHUKA UMEIOT OOIYI0 TOUKY.

(b) Jokazkure, 9T0 BHYTpPH JIIOOOTO BBIYKJIOIO CEMIYTOJBHUKA €CTh TOUKA,
He TpUHAJIeXKallas HI OJTHOMY M3 YeThIPeXyTOJIbHUKOB, 00Pa30BaHHBIX YeTBEP-
KaM# €ro COCeJIHUX BepIINH.

3. Ha mmockoctn 3a7aubl HECKOJBKO MOJIYTLIOCKOCTEH, KOTOPbIE TOKPBIBAIOT
BCIO TIJIOCKOCTD. JloKaxKuTe, 4TO M3 3TUX MOJIYIJIOCKOCTENl MOYKHO BBIOPATH TPH,
KOTOPbIE TaKzKe MOKPBIBAIOT BCIO IJIOCKOCTb.

4. Ha 1m1ockocTH JaHbl HECKOJIBKO TOYEK, JII0ObIe TPU N3 KOTOPLIX MOXKHO TO-
KPBLITH KpyroM pajnyca 1. JlokaxkuTte, 9T0 Bce STH TOUKH MOXKHO TTOKPBITH KPYTOM
pajinyca 1.

5. Ha mrockocTn ganbl HECKOIHLKO TOYEK, PACCTOSHIE MEXKTy JTIOOBIMU JIBYMsI
13 KOTOPBIX He MpeBocxonuT 1. JokazkuTe, 4TO BCE 9TU TOYKU MOXKHO HAKDPBITH
Kpyrom pajuyca 1/4/3.

6. HazoBeMm nosocoti MupuHbI W MHOYXKECTBO BCEX TOUYEK MEXKJLY JIBYMS ITapaJi-
JIEJIbHBIMI TIPAMBIMI Ha PACCTOSHUU w, BKJOYad camu mnpsamble. Ha mrockoctn
JIAHO KOHEYHOE MHOXKECTBO TOYEK, JIIOOble TP W3 KOTOPLIX MOYKHO TMOKPBHITH 110~
jocoit mmpunbl 1. JlokaxKuTe, 4TO 9TO MHOXKECTBO MOXKHO ITOKPBITH I0JIOCOI
IIAPUHBL 2.

7. JlaHO HECKOJIbKO TapaJiie/IbHbIX OTPE3KOB, MpUIeM JII JIIOOBIX TpexX u3
HUX HalijleTcd mpsaMmasi, UX Iepecekaiorad. Jlokaxkurte, 9To HalijieTcsd TpsaMmasd,
nepeceKkaronast Bce OTPE3KU.
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8. Ha mjiockocTn j1ano HECKOJLKO MPSIMOYTOJLHUKOB CO CTOPOHAMU, ITapaJi-
JISJIbHBIMU OCsIM KoOopAuHaT. VI3BecTHO, 4TO KazKble ABa MPIMOYTOJIbHIKA MOYKHO
repecedb BEePTUKAJIbHOI MM NOPU30OHTAJIbHOI mIpsimoil. JlokaxkuTe, 9TO MOXKHO
IIPOBECTU NOPUBOHTAJIBbHYIO U BEPTUKAJILHYIO IIPSIMble TaK, YTOObI JIFOOOI IIpPsiMO-
YIOJIbHHUK TIepeceKasIcd XOTs Obl ¢ OJHOM U3 9TUX MPAMBIX.

17. Cepus 15, HeIIPEPLIBHOCTD 10 woss

Omnpenenenne 1. [lodnocaedosamervrnocmvio TOCIETOBATEIBLHOCTH { Xy, b HA3BI-
BAETCs JTH00ast MOCJIeI0BATEIbHOCTD { Xy, }, Tie Ny — BO3PACTAIONIAS MOC/IEI0BA~
TEJIbHOCTH HATYPAJIbHBIX UNCE.

Teopema. I3 1100011 OrpaHMYEHHOI I10CJIEIOBATEILHOCT MOYKHO BBIJICIUTD
CXOJIATILYFOCST TTOJIITOCIIEIOBATETbHOCTb.

Onpenenenne 2. OyHKiws f HABBIBACTCS HENPEPLIGHOT 6 MOYKE G, €CJU JIJIs
JIE00OT TIOC/IETIOBATEIHHOCTH Xy, CXOJISIIETCS K @, TOCIeI0BATeIbHOCTD f (1, ) cxo-
murest K f(a).

Onpenenenne 3. OyukIiust f Ha3BIBACTCS HENPEPHIBHOT 8 MOYKE @, €CJTH BbI-
nosieHo Ve > 030 > 0 : npu |a — z| < 6 umeem |f(a) — f(z)] < e.

Teopema. Omupejesiernst 2 1 3 paBHOCUIbHEI.

Onpenenenne 4. OyHKIMS HA3BIBACTCS HENPEPuI8HOU, CCIM OHA HEIPEpbIBHA
BO BCEX TOYKAX OIPEJIe/ICHNUS.

Onpenenenne 5. [lyctb dyukiun f u g HenpepbIBHLI B TOUKe a. Torna GpyHK-
tun f+gu f-g wenpepoiBHbl B Touke a. Ko g(a) # 0, To f /g Toxke HenpepbiBHA
B TOYKE Q.

Onpenenenne 6. Ecin dyukmms g HempepbiBHA B TOUKe a, & GYHKINA [ Herpe-
pbiBHA B ToUKe ¢(a), To dbyuKius f(g) HEMpEpHIBHA B .

[IBe TeopeMbl BhIIIIE MO3BOJISIOT 0€3 TPY/IA JIOKA3bIBATH HEIIPEPHIBHOCTH pa3HO-
obpasubix byHKIMii. Hanmpumep, HepepbIBHOCTD JII000I0 MHOTOUJIeHA NI (DYHK-
mun sin(2? 4+ 3z + Inx).

Teopema. (O mpomexxyTounom 3ravennu) Hernpepbisrast Ha oTpeske [a, b] byHK
mng f npunuMaer Bee 3uadenns Mexay f(a) m f(b).

Teopema. (Beiiepmrpacca) MuoxkecTBO 3HAUEHMIT, KOTOPBIE TPUHUMAET HEIPe-
peIBHAs (DYHKIMS, ONpee/eHHas Ha OTpe3Ke, 00pasyeT OTPe3oK.

1. ITycrs f: [0, 1] — [0, 1] — HenpepoiBHast byuKIiws. Jlokaxkure, 910 HaiiIeT-
cst © € [0, 1] Takoii, uro f(z) = .
2. Ilycrs f: [0,1] — [0, 1] — HenpepbiBHas Gyukius, npuiém f(0) = f(1) = 0.
(a) Bepno J, uto Ha rpaduke f HaiiéTcst TOPU3OHTAIbHAS XOPJIA JIJTHHBI
1/37

(b) IIpu kaxux ¢ 0bst3aTeIHHO HAIETCS TOPU3OHTAIBHAST XOpa JJINHBI {7
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3. Muorowien P(x) rakos, uro muorouiensl P(P(x)) u P(P(P(x))) crpo-
ro MOHOTOHHBI Ha Bceii BemecTBennoii ocu. Jlokaxkure, uro P(x) Toxke cTporo
MOHOTOHEH Ha BCell BEIIeCTBEHHOII OCH.

4. Haiipnre Bce dyukmuu f: R — R makme, uro obpasom J0060ro oTpeska
SIBJISIETCSI OTPE30K TaKOil »Ke JIJINHBI.

18. Cepug 16, Teopema I'epunra 11 wons

Onpenenenne 1. IIycrs Vi n Vo — nommuoxkectBa Bepmna rpada G. MuoXKe-
crBo Bepina M naswiBaercst (Vi, Va)-pasdeasrowsum mmoocecmeom, ecin Jiodoit
nyTh n3 Vi B Vo nepecekaerca ¢ M.

1. Teopema I'epumnra. Ilycts Vi u Vo — moamuoxkecTBa BepminH rpada G, a
k € N. Toryma BepHO 0JTHO U3 JABYX Y TBEPXKICHUIL:

Yreepxkenne 1. B G naitnércsa (Vi, Vo)-pasensioniee MHOKECTBO MOIIHOCTH
<k-1.

Yreepxenne 2. B G naitjnérces k wenepecexkatoniuxces myreit u3 Vi B Va (B Tom
qucsie Mo BepimHaM MHOKecTB Vi u V3).

(a) Jokazkure, 1410 06a yCJIOBUS HE MOTYT BBIOJTHSITHCS OJTHOBPEMEHHO.

(b) Hokazkure, uto ecin Y TBepzK/ieHre 1| HEBEPHO, TO BEDHO BTOPOE, MHTY K-
et 1o KoyimdecTBy BepinuH. [IpeobpasyiiTe rpad Tak, 9Tobbl 1-€ yTBEep:KIeHIe
He BBINOJIHSIIOChH, U IPU yOUpaHuu HeKOToporo pebpa xy cyrecrsosaio (Vi, Va)-
pasjiessioniee MHOXKeCTBO Z, tje |Z| < k. Uccnenyiite muoxkectsa Z Ux u Z Uy.

2. Teopema Menrepa. [Iyctb a u b — ;iBe Bepiunbl cBa3Horo rpacda G, He co-
e iuHeHHbIe pebpoM. Toria HanMeHbIIee KOJTMIecTBO BepIint (a, b)-pasie/isonero
MHOKECTBA, He COJIePZKAIero BEePIH ¢ U b, pABHO KOJIMYECTBY HelePeCeKatoImX-
cst myTeit Mexty a u b (MCKIto9ast BepIinHbl ¢ 1 b).

3. Jlemma Xomma. /lanbl m roHOIIEH M HECKOJIBKO AeByIIeK. Kcam st Jio-
ooro k = 1, 2, ..., m Jobble k foHOIIEH 3HAKOMBI B COBOKYITHOCTU XOTdA OBI C
k nmeByIIKaMm, TO MOXKHO OJHOBPEMEHHO IOXKEHUTH KayKJIOI'0 FOHOIIMY Ha 3HAKO-
MOTi JIeByTIIKe (HHBIME CJIOBaAMHU, CYIIECTBYET MapocoueTaHne, MOKPhIBAIOIIEe BCEX
MAaJIIUKOB).

4. Obobmennas jemMa XoJuta. /laHbl HaTypabHOE YUCTIO S, & TaKKe 11 IOHO-
meit 1 HeckoJIbKO JieByniek. Eciau s jioboro k > s jrobble k 10HOIIEH 3HAIOT HE
MeHbIIIe, YeM k — § JIEBYIIEK, TO MOXKHO OJITHOBPEMEHHO IOYKEHUTb XOTsI Obl M — S
IOHOIIIE]].

5. Teopema Kémmra. Hanbosibiiee KoimdecTBo pédep B MapocodeTaHun B JIBY-
JI0OJTbHOM Tpade paBHO HAaMMEHBIIEMY KOJMIECTBY BEPIIMH B BEPIIMHHOM II0-
kpbiTun rpadga G (BeplIMHHOE TTOKPLITHE — 9TO TAKOe MHOYKECTBO BEDIIIIH, YTO
KazKji0e pebpo COJMEPIKUT XOTs Obl OJIHY U3 HUX).
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Onpenenenne 2. ['pad G nasbiBaercst k-c64A3HbLM, €CJIN OH UMeeT DOJIbIIe YeM k
BEPIIUH U T0CJIe yaaeHuss MeHee deM k JTIoObIX BepInH rpad ocTaéTcst CBA3HDBIM.

6. Teopema [upaka. [Iycts k£ > 2. B k-cBasnoMm rpade ajs 006X k BepIinH
CYIIECTBYET MPOCTOM MUKJI, COAepZKaIIuili Bce 3TU BEPIINHBDI.

7. [lycrb A, B — j1Ba MHOXKeCTBa BEPIIUH B OPUEHTUPOBAHHOM (BO3MOXKHO, C
KpaTHBIMI pebpamu 1 teT/isMu) KonednoM rpade G. Hazosem muoxkectso C' C A
xopowum, ecin u3 C' B B cymectByer |C/| HemepeceKamuxest M0 BEPITHHAM 1Ty~
Teit. JlokaxkuTe, 4TO BCe MaKCHMaJbHbIE 10 BKJIIOUEHHUIO XOPOIINE MHOXKECTBA
COJICPXKAT OJMHAKOBOE KOJTMYECTBO 3/IEMEHTOB.

19. Cepug 17, nBoiiHasg jgo0aBKa 11 won

1. (a) Ha oxpyzxHoctu w ormedensl pasinanbie Touku A, B, C, D. Touka P
He JIEXKUT Ha OKpy:KHOCTH w. IIpameie PA, PB, PC', PD Bropoit pa3 mepece-
KAIOT OKPY’KHOCTh w B Toukax A', B', C' D'. Jlokaxure, uro (A, B,C, D) =
= (A, B',C", D).

(b) [lokakure, 9TO MPH MHBEPCUH COXPAHSIETCs JIBOITHOE OTHOIIECHIE TeTh-
pex TOYEeK.

2. Boicorsr ocTpoyrosibHOro Tpeyroibunka ABC nepecekaiorcst B Touke H n
IIEPECEKAIOT ero ONMCAHHYIO OKPYzKHOCTL w B Toukax A’ B', C'; M — cepenn-
na BC'. Jlyu M H nepecekaer w B Touke X. B rpeyromsuuku A'B'X n A'C'X
BIMCaHbI OKpYzKHOCTH C 1ienTpamu U u V. [lokaxkure, aro UV || BC'

3. Teopema o 6abouke. Xopael AC 1 BD OKpy»KHOCTH HPOXOJSIT Uepe3 cepe-
auny xopabl M N. Orpeskun AD n BC' nepecekator orpe3ok M N B Toukax X u
Y. Hokaxxute, ato XM =Y N.

4. YeTblpe OKPYKHOCTH W4, Wp, Wc U Wp KACAIOTCA OKPYXKHOCTH W B TOUYKAX
A, B, C', D cooTBeTCTBEHHO U KacaloTcs Jpyr Jpyra o HUKIy. Bce Kacanus
sremHne. Jlokaxxnure, uro ABC' D — rapMOHNYeCKHUil 9eThIPEXYTOIbHIK.

5. Ha cropone BC' Tpeyrombunka ABC' ormedennr Toukn D u E Tak, 9To
BD = DFE = EC. llpsamas p nepecekaer otpesku AB, AD, AE, AC B Toukax
K, L, M, N, coorBercrBerno. [lokaxkure, uro KN > 3LM.

6. Ilycte M; — touka Ha cropoHe AB uerbipexyroibuuka ABCD. Ilyctb
My — upoeknust My wa upsmyto BC' u3z Touku D, M3 — upoekuust My na C'D
uz A, My — npoexmust M3z na DA us B, My — npoexiust My na AB u3 C') u tak
nagee. loxkaxkure, aro M3 = M;.

7. Jdan tpeyrompuuk ABC' u Touka M; npsimasi, mpoxojsimas depe3 M, me-
pecekaer AB, BC, CA B 4, Ay, By coorBerctBenno. Ilpsmbie AM, BM, CM
[epeceKkaloT OIMMCaHHYIO OKPYKHOCTH Tpeyroibanka ABC B Toukax Ag, Bs, Cy
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coorBercrBeHHO. Jokarkure, uro A1 Ay, B1 By, C1Cy nepecekaloTcst B OJHON TOY-
Ke, JiesKalleil Ha onncaHHoit okpy»KHocTH Tpeyrojbanka ABC.

8. Oxpy:xuoctb Kacaercs cropodn AB u AC tpeyronbnnka ABC B Toukax P u
(2, a Tak:Ke onmMcaHHoi OKpyzKHOCTH Tpeyroabunka ABC'. Jlokaxkure, 910 HEHTP
BIIMCAHHON OKpyzkHOCTH TpeyroibHuka ABC' nexut Ha orpeske P().

9. Ocrpoyrosibablit TpeyroibHuK ABC' Brincan B OKpyKHOCTD 2. OKpyKHOCTD
w4 Kacaercs ero cropod AB, AC n okpyzkuHOCTH () BHYTPEHHIM 00pPa30M B TOUKE
T (Takast OKpY’KHOCTb, KCTATH, HA3BIBAETCsI noayenucantol). Touka [ — tmeHTp
BIIMCAHHOI OKpy2KHOCTH Tpeyrojbanka ABC.

(a) Ilpsmbie BI, C'I BTOpO#i pas mepecekaoT OKpyKHOCTD §) B Toukax By,
Cy coorBercrBerno. oxkaxkure, uro deTnpéxyroabank AByT'Cy — rapMoHmYe-
CKUIL.

(b) dokakure, uro npsimas 1T'1 nenut ayry BAC momosam.

20. Cepug 18, mpousBoaHas 12 woss

Vupaxuenme. Y dbynxuun f(xr) = x3 — 6z + 2. Haiigure (a) npomexyTku
monoronnocty; (b) munumym n makcnmyMm na [0; 3]. Vrkasanue. Pacemorpure BbI-
Onpenenenne 1. [Ipouzsodnoti dpyukiun f B TOUKE a HA3BIBAETCS 3HAYEHNE
npegena f'(a) = lim &=/
r—a r—a
Ha3bIBaeTCcdA duppeperyupyemoti B TOUKE a.
Onpegenenne 2. Oupesesnm n-io npoussopuyio: £ (a) = (f™ D) (a).
Jlemma 1. @yukius f umeer npoussoaayto f'(a) B TOUKe a TOrJa U TOJBKO
torya, Korga f(z) = f(a)+ f'(a)(z —a) +r(x), rae ocrarounsrii wien r(x) “mar”

. Ecim Takoit nipesest cyiectByet, To MyHKIHA f

110 CpaBHEHUIO C JIMHEHOI qaCTblo, TO €CTb hm riw ()l = 0.
z—a ¥

Cuencrue. Eciin dyuknus f anddeperiupyema B ToUKe a, TO [ HelpepbiBHA
B a.

Jlemma 2. ITycre dbynkmum f u g muddepennupyembr B Touke a. Torma dyHK-
mun f+ g u fg roxe nuddepennupyemst B a, npuaém (f + g)'(a) = f'(a)+¢'(a)
n (fg)'(a) = f(a)g'(a) + f'(a)g(a).

Jlemma 3. [Tycrs dyukiun g u f nuddepeniupyeMbr B Toukax a 1 g(a) coot-
sercTBenHo. Torma dyukiws f(g(z)) nuddepennnupyema B a, npuiém (f(g(a)))’ =
— f(g(a))g'(a).

Caencreue. [lycrs dyukiuu f u g quddepennupyemsl B Touke a u f’'(a) He

! /
pasuo 0. Torma (5) nuddepeHImpyeMa B TOUKE @ 1 (5) (a) = f'(a )g(g)(a)f(a)g (a)

Yupaxueaune. Haiiiure mponsBoinyio
(a) P(z) = a,a" + ...+ a1z + ap; (b) 1; (c) sinz; (d) /.
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Teopema. (Posuist, mim o kopHe ipou3BoHoiL. ) [Tycrs dyukius f HenpepbiBHA
Ha [a,b] n muddepennupyema na (a,b), npuaém f(a) = f(b). Torga maitnérca
Touka ¢ € (a,b) Takas, aro f'(c) = 0.

Teopema. (Jlarpanxka.) [lycts dyukims f wenpepbisaa Ha [a, b] u quddepen-

f(bl))—f(a)
70, *
Teopema. Ilycrs dbyukiust f wempepbiBHa Ha |a,b] n guddepeniupyema Ha

nupyema Ha (a,b). Torga naiinércs Trouka ¢ € (a,b) takast, uro f'(c) =

(a,b). OyukIms f MOHOTOHHO BO3PACTAET TOTJA U TOJIBLKO Toria, Korga f'(z) > 0
npu Beex = € (a,b). Anajoruuno yHKIMsT MOHOTOHHO yOBIBAET TOTIA U TOJBKO
torya, korya f'(z) < 0 mpu Beex = € (a, b).

1. Ha gocke nammcan mMuorowieH x° + ...x%2 +...x + .... JIBoe 10 ouepen
cTaBaT KO3 UIMEHTHI Ha NpOIyINeHHble MecTa. [lepsblii xoyer 100uThesa TOro,
9TOOBI MHOTOYJICH UMEJI €JMHCTBeHHbII BellecTBeHHbI Kopenb. CMoXKeT Jin BTO-
poil eMy Homerniarh?

2. UcxoHo Ha JIOCKe HAMCAHbI MHOrowIeHsl 2 — 4z u 22 — 322 + 5. Ecim
Ha JIOCKe HaIncaubl MHOrowieHnbl f(x) m g(z), paspemaercs Jomnmcarh Ha Heé
muorounensl f(z) + g(x), f(x)g(z), f(g9(z)) u cf(x), rae ¢ — npousBosbHast (He
00st3aTeJILHO Ties1ast) KoHctanTa. MoyKer Jin Ha JTOCKe Moc/Ie HeCKOJBKIX Ollepariiii
MOSIBUTHCsT MHOTOWIeH Buja & — 1 (mpu HaTypasbHOM n)?

21. Ilpocpu—9. Bayrpennuii MmaT6oii 12 woss

1. CymiectByer jin Takoii MuOrowieH P(z,y), 9TO MpU MOJCTAHOBKE BCEX TAp
HATYPAJIbHBIX T U Y OYIyT MOIydaThcs HATypaJIbHble 3HAUEHUS, TPUIEM KarK10€e
HATYypaJIbHOE 3HAYEHME TIOJIyIUTCs POBHO OJIUH pas3?

2. HaiiiuTe Bce BelleCTBeHHHBlE 4YHCIa T Takue, 4To 4a° — 7 n 4™ — 7 —
TOUYHbBIE KBa/JIpaThI.

3. I'pad G MOXKHO HapuCOBATh Ha ILJIOCKOCTU TaK, UTO Karkjoe pedpo — OT-
PE30K €IMHNIHON JI/TMHBI (pEOPa MOTYT MepeceKaThCsl U HAKJIa IbIBATHCST JPYT Ha
Jpyra, pasHble BEPIINHbI JIOJKHBI COOTBETCTBOBATH PA3IMYHBIM TOUYKaM ). Moxer
JIN 0Ka3aThCsl, YTO B JIIOOOM TAKOM PHUCYHKE HAMyTCs JIBEe BEPIIMHLI Ha PACCTOs-
HUT ﬁ?

4. Jlan ocrpoyrosbablii Tpeyroibank ABC ¢ AB > AC, nycrs M — cepenn-
Ha BC. P — touka BHyTpH Tpeyroabunka AMC' takas, uro LZMAB = ZPAC.
[Tycts O, O1, O9 1eHTpbI OIUCAHHBIX OKpYy2KHOCTEl Tpeyroibuukos ABC, ABP,
ACP coorBerctBenno. Hokaxkure, uro npsmas AO nenut orpe3ok (109 110110~

JIaM.

5. Ha mrockoctn ormedennsr 2000 Touexk. OKazaioch, 9TO Cpeau JIIOOBIX CeMU
13 HUX €CTh YeThIpe, JieyKallle Ha OJIHOi oKpy kKHoCcTHU. JloKaknuTe, 4To HalijgeTc
xoTst Obl 1000 0OTMEUEHHBIX TOYEK, JIeKalluX Ha OJHOI OKPY>KHOCTH.
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6. Kakoe namboJibIiiee 4ncsio Mialiek MOXKHO paCcCTaBUTb B KJIETKaX T&6JH/IHBI
n X n Tak, 4TOODLI BBLIIIOJIHAIOCH ycJjoBue: €cJini HIalllKa A HaXOoJUTCA HHNXKE U
IIpaBee mIallKn B, TO OHI HaXOLATCA B COCeIHUX II0 JMal'OHaJIl KJIETKaX.

7. Jlan Tpeyromsnuk ABC. Ha nydax AB u C'B BwiOpanbl Toukn L u N
cooTBeTcTBEeHHO Takue, uto AL = CN = p, ryie p — nojayrnepuMeTrp TpeyroabHIKa
ABC' Ilyctp Touka K jmameTpasbHO NPOTHUBOIOIOXKHA TOYKe B Ha OIMUCaHHOI
okpyzKHOCTH TpeyroyibauKa ABC. JlokaxkuTe, 9T0 HepIeHINKY/ISIP U3 TOUKH K
Ha LN comepKuT HeHTp BINCAHHON OKpyKHOCTH TpeyroybHuka ABC'

8. CymiectByer jiu MHOTOUIeH P(x) msiToii cremeHu, KOTOPbI Ji000e Iucyio
Brja 11...1 mepeBoguT B UNCI0 TAKOIO »Ke Buja’?

22. Cepug 19, KoMILJIEKCHBIE YHCJIA 13 woss

Ompeneneane 1. Komniekchvim 4ucaom Ha3LIBAIOT BhIpaykeHue Buaa a + bi,
rjge a u b — BellecTBeHHbIE YUC/Ia, & ¢ — CUMBOJI, YIOBJIETBOPSIONIMH COOTHO-
mennio i = —1. Ecim 2z = a + bi, To 4ncia a u b Ha3LIBAIOT COOTBETCTBEHHO
sewecmeennot 1 MHrumMot dactoio ncia z. (Re(z) = a,Im(z) = ).

Onpenenenne 2. Conpsaosicenmnvim IUCIOM K 2 = a + bi Ha3bIBaOT Z = a — bi

Komiiekcrble dncsia MOXKHO MHTEPIPETUPOBATH MEOMETPUUYECKH KakK KOOPJIU-
HATHYIO TIJIOCKOCTH ¢ OasucHpiMu BekTopamu 1 (ocs OX) n ¢ (oc OY).

Ompeneneane 3. Mody.iem KOMILIEKCHOIO YHC/Ia HA3bIBAETCSI JIJIMHA BEKTOPA,
10 ecthb 2|2 = a® + b = 2Z.

Orcrofia moJtydaem, 9To ec/ii |z| = 7, a yroy HaKJOHA BEKTOpa paBeH ¢ (3TO
HA3BIBACTCS AP2YMEHMOM KOMILJIEKCHOTO THCIIA 2), TO

z =r(cosp +isiny).

Yupaxuenne. [lycts 21 = a; + b1, 20 = as + byl — KOMILJIEKCHBIE YHCJIA.
Haiimure i—;, TO €CTb IIPeJICTaBbTe 3TO OTHOIIEHNEe B BUJIE T + Yi.

Hexkoropbie mATEpecHBIE TOXAecTBa. IIycTb @ u b — KOMILJIEKCHbIE YHCIIA.
okaxkure, 9TO

1. Re(ab) = Re(ab).

2. |a+b> — |a — b|> = 4Re(ab).

3. la+b> + |a — b> = 2(|a|* + |b]?).

4. JTokazKuTe paBHOCUJILHOCTD JIBYX yTBEDPZKICHUIL:
(a) Re((a —c)(e¢—b)) > 0.

a+b
(b) le — 32| < §la — b
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5. lokaxkure dpopmysry Myaspa:
(cos ¢ + isin )" = cos(np) + isin(ne).

6. Onucarb MHOXKECTBO TOYEK, YJIOBJIETBOPSIONINX ypaBHeHHto 2" = 1.
7. Boipasure cos(nyp) n sin(ng) gepes cos ¢ u sin p.
8. (a) Hanummnre ypaBHeHUe MpsiMOi, IPOXOISIIIEN Yepe3 TOUKU 21 U Zs.
(b) IMokakure, uro ypasHeHnue Jjioboii npsamMoii umeer Buj az + bz + ¢ = 0.
9. Kazx1yto cTopoHy n-yroJibHUKa B IIpoIiecce 00Xo/1a TPOTUB YacOBO CTPEIKN
POJIOJIKIIIK Ha ee JiyinHy. OKa3aioch, YTO KOHIIbI TOCTPOEHHBIX OTPE3KOB JIeXKaT

B BepIIMHAX MPaBUJILHOTO N-yroJbHUKa. JloKaykKnuTe, 9TO MCXOIHBIN N-yTOJbHIK
TOYKe TTPABUJILHDII.

23.  Cepug 20, moamop KacareabHOI 14 woss

Onpenenennme 1. [Iycts dyuxknus f auddepenmuupyemast B Touke a. Torma
npsamas y = f'(a)(x —a) + f(a) HassiBaercsa kacameavrot K rpaduky f B TOUKe
a.

Yupaxuenne. [lycrs a,b,¢c,d > 0,a+ b+ c+ d = 4. lokaxkure, 9T0

a b c d 4

<
a3+8+b3+8+c3+8+d3+8 9

1. Ilyctb a,b,c,d > 0,a + b+ c+ d = 4. Jokaxkute, 4T0

1 n 1 n 1 n 1 S 9
az+1 »2+1 2+1 d2+17

2. [lyctb a, b, ¢ — nojoxKuTeIbHbIE YNC/Ia, CyMMa KOTOPbIX paBHa 1. Jlokaxkure,

qTO
1 n 1 n 1 S 2 n 2 n 2
l—a 1-b 1—c”  14a 1+b 1+c¢
3. IlycThb maHbl MOJIOYKUTEIbHBIE YUCAA A1, A2, - . . , Ay TAKHE, 9TO a1 + Ao+ . . .+

+ a, = n. Jokaxkure, 910 JIjIs1 JIFOOOTO HATYPAJBHOIO k BEPHO
k41 k+1 k+1 ko k k
ai ' +aytt o+ a2 al +as+ .+ al).

4. ITyctb a, b, c,d — nonoxureabuble. Haiijinre HamMenbiliee 3Ha9eHe BbIpa-

JKeHUS
a b c

b+c+d+a+c+d+a+b+d+a+b+c+

b+c+d a+c+d a+b+d a+bic

- - - + .
a b c d
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5. Cymma HOJIO’KUTENILbHBIX a, b, ¢ paBha 3. JlokazkuTe, 4To

cosa + cosb + cosc > sina + sinb + sin c.

6. /I1g OJIOXKUTENBHBIX a9, A3, . - . , G, BEPHO, YTO G903 . ..a, = 1. [lokaxKure,
4TO

(ag +1)?*(az +1)%. . (a, +1)" > n"
7. J1ns1 mo1oxKuTeNIbHBIX a, b, ¢ BepHO, uTO @ + b + ¢ = 1. /lokaxkure, 9410

10(a® +0* + &%) — 9(a® +b° + ) > 1.

24. Cepug 21, moaspel 14 wos

Omnpenenenne 1. Touku X u Y Ha3bIBaIOTCH NOAAPHLLMU OTHOCUTEIBHO OKPY K-
noctu w ¢ nenrpom O pajnyca R, ecin (OX,0Y) = R?.

Yump. 1. [Jokaxkure, uro nossiphbl: (a) Touka Ha OKpyxkHOCTH cama cebe; (b)
JIBe UHBEPCHBIE OTHOCUTEIHHO OKPYKHOCTH TOYKH; (€) TOUKA BHE OKPYZKHOCTH U
OCHOBAHME KacaTe/bHOI N3 Hee K OKPYKHOCTH.

Yup. 2. Jana touka A u okpykHOCTb W ¢ nenrpoM O. Jlokaxkute, 4TO BCe
TOYKH, MOJIAPHBIE TOUKe A, JieKaT Ha 0JHON MPSIMOI @, ITPOXOISINEil Yepe3 TOUKY
A" (A" nusepcna A), n a LOA.

Onpenenenne 2. [Ipsimasi a, cocraBieHHast U3 TOUEK, HOJIPHBIX A, HA3bIBAETCS
noaapot Toukn A. Touka A Ha3bIBaeTCA NOAOCOM TIPSIMON a.

OcHoBHOe cBoiicTBO moJspbl. Touka A jexxkut Ha nossipe Toukn B. Torma B
JIEXKNT Ha mossipe A.

Yup. 3. (a) [onsaper Touek A u B nepecekatorcst B Touke C. Hem siBjsieTcst
noszstpa Touku C'7

(b) [ama mpsiMast @ u OKpPy2KHOCTb w. JloKaxKnTe, 4TO MOJISAPBI BCEX TOUYEK Ha
@ TIPOXOJISIT Yepe3 HEKOTOPYIo TOUKy A.

1. (a) Touka A HaxomuTCs BHE OKPYKHOCTH W. JoKazkuTe, 4To 1mo/isipa TOYKI
A — 9T0 IpsiMas Yepe3 OCHOBaHMs KacaTebHbIX N3 A K w.

(b) Yepes Touky X mpoBomuTCS ceKyIasi, KOTOPast epecekaeT OKPYKHOCTD
w B TouKax A n B. JlokaxkuTe, 4TO TOUKa [epeceueHmst KacaTe/IbHbIX K W B TOUKaX
A n B nexur Ha nosisgpe X. B gacTHOCTH, BCe TaKue TOUKH I€pecedeHrs Iap
KacaTeJ/IbHDBIX JIezKaT Ha OJIHON ITPAMOIL.

(c) OxpyzxkuocTh w ¢ neaTpoM [ Kacaercsa ctopon BC, C A, AB tpeyroiib-
nuka ABC B Toukax Ay, By, C). Ilpamas Ay By nepecekaercs ¢ npsamoit AB B
touke X . Jlokaxkure, uro Touku C', C'| 1 oCHOBaHUE BTOPOil KacaTeabHON n3 X
K OKPY>KHOCTH W JiezKaT Ha OJHON MPAMOIA.
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(d) dokaxkure, uro B npejpiyieit 3auaue 1 X 1 CCY.

2. Hokaxkure, uro Toukn A, B u C' jexat Ha OJHOI MPIMOil TOIIa U TOJIHKO
TOTJ1a, KOTJIa UX IOJISIPBI @, b U ¢ epeceKaroTcs B OJIHOI TOUKeE.

3. (a) Yepes Touky X mpoejieHa MpsiMasi, KOTOPasi TIePEeCeKAeT OKPY?KHOCTD W
B Toukax A u B, a nonsipy X — B touke Y. [Jokaxkure, uro (X,Y, A, B) = —1.

(b) Ilonsiproe cBoiicTBo cekymmx. Yepe3 Touky X MpOBeJHN jiBe HpsIMbIE,
KOTOPBIE TTIepeceK/in OKPYKHOCTh w B Toukax A, B u C, D coorBercTBento. /loka-
»kute, 910 TouKa nepecedennss AC' u BD n touka nepecedennst AD nu BC' nexar
Ha ToJigpe Touku X .

B caemyromux Tpex 3amadax jgaH derbipexyroiabHuk ABCD, npsimbie AB n
C'D mnepecekatorcst B Touke P, BC' u AD — B Touke (), npambie AC u BD — B
Touke R.

4. Teopema Bpokapa. [Iyctb ABC'D Bmnmcan B OKpyKHOCTH ¢ 1meHTpoM O.
Hokazkure, uro noygpbl Touek P, () u R ectb npgambie QR, PR u P() coor-
BercTBerHo. Kak ciencreue, Touku O, P, () u R 00pa3yioT opmoueHmpuieckyo
YEMBePKy.

5. Ilycts B ABC'D Bumncana OKpy»KHOCTb w, KOTOpasi Kacaercss cTopoH AB,
BC, CD n DA B toukax K, L, M u N coorsercrBerno. [Ipameie KL u M N
nepecekaiorcsa B Touke S, a npsimble LM u NK — B Touke T'. Jokakute, 9T0
TOT 1

(a) P, Q, S uT jexar Ha OJHON MIPSIMOI;
(b) AC, BD, KM w LN mepecekaroTcsi B OJJHON TOUKe.

6. [Iycrs ABC'D onncan 0KOJI0 OKPY2KHOCTH W € EHTPOM [ 11 BIINCAH B OKPY K-
HocTh €2 ¢ eaTpom O. Hokaxkure, aro Toukn O, I u R jexkar Ha OIHOI HPSIMOI.

7. B okpyxnocrun w nposenennl xopjga MN un mumamerp AB. Ipsmbie AM
n BN mnepecekatorcsad B Touke X. Jlokaxkure, 4TO NEpHEeHANKY/IIp U3 TOUYKH X

Ha guameTp AB mpoxoanT Yepe3 HEKOTOPYIO TOUKY, He 3aBUCSIIYIO OT JHaMeTpa
AB.

8. Ilyctb BoicoTEl AA1 1 BB; Tpeyrosbanka ABC nepecekaiorcst B Touke H.
Ilpsimerte AB u A;B; nepecekatorcss B Touke X. Jokaxkure, uro npsimass X H
HepIeHInKYJ/IsIpHa Meanane u3 Bepimnabl C.

9. B rpeyrosibanke A BC' Brncannast OKPyzKHOCTb KacaeTcsi ctopoH AB u AC' B
toukax C7 n By. Okazasock, uaro npsmbie BC, B1C} u KacarejibHasi K OIUCAHHOM
okpyxkuoctu ABC' B Touke A nepecekatorcst B ojHoit Touke D. Jlokaxkure, 91O
D, nenTp BrucanHoi oKpyKHOCTH [ U IEHTD omucaHHoil okpyzkuOoCcTH O Jiekar
Ha OJIHOW HPSMOIL.
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25. Cepug 21.5, emie 3aaun 14 woas

1. Touka O He J1e2KUT Ha CTOPOHAX 1 UX MPOJIOJIKeHNAX Tpeyroibunka ABC.
Ay — Touka nepecedenns npamoit BC' ¢ nepneraukynasipom K OA, IpoXosiimm
yepe3 TouKy O. AHajoruaHo onpejessitorcs Touku By, Cy. J[lokaxkure, 910 TOUKH
Ay, By, C ytexxar Ha OJIHOM IPSIMOIA.

2. JIBe OKPY’KHOCTH Wi M Wy KacaloTcss BHemHMM obpaszoMm B Touke M. Ha
OKPY?KHOCTHU w9 BbiOpana 1poussojibHas Touka A. Toukun B u C' Ha w; TaKoBHI,
qro AB u AC' — kacarejibuble K wy. [Ipsimbie BM u C'M 1iepecekaloT wy B TOUKAX
E un F. [lycte D — TouKa mepecedennsi KacareabHoit n3 A K wy ¢ npsimoit EF.
JlokakuTte, 9TO Bce TaKne TOUKH [) jeyKaT Ha OJTHOI IpsIMOil.

3. Ay, By, C} — ocHoBaHUS BBICOT OCTpOyrobHOro Tpeyroiabanka ABC. A1 By
nepecekaer AB B Touke K, C'C} nepecekaeT ONMMCAHHYIO OKPYZKHOCTb TPEYTOJIb-
Huka B Touke L, M — cepennna AB. dokaxkure, uro Touku C, K, L, M nexar
Ha OJ[HOIl OKPY>KHOCTH.

4. Yernipexyroabuuk ABC'D Brucan B okpy2KHOCTb w. AB nepecexkaer C'D B
touke F, AD nepecekaer BC B Touke F'. OmucanHasi OKpY>KHOCTb TPEYTOJILHI-
ka AFEF nepecekaer w B Touke (7, a ommcaHHasi OKPY>KHOCTDb TpeyroybHuka C' K F
nepecekaet w B Touke H. Jokaxkure, uro AC, BD, u GH nepecekaioTcs B OJIHOI
TOYKE.

5. lan onmcanbrit gerbipexyroyibauk ABCD. Jlnaronanbs AC niepecekaeT BIIH-

CAHHYIO OKPY2KHOCTb B Toukax P u (). M — cepeauna P(Q). Hokaxkute, 4TO
LBMC = /ZDMC.

6. Yernpexyronpank ABC'D Bumcan B OKPY»KHOCTH € IeHTpoM B Touke O.
Omnucannbie okpyKHOCTH TpeyroabHIKoB AOB 1 C'OD 1noBTOPHO IepeceKkaioTcst
B Touke K, a onmcanubie OKpyKHOCTH TpeyrobHnkoB AOD n BOC — B Touke L.
OKpy?KHOCTB Wy MPOXOJUT Yepe3 TOUKY K 1 OCHOBaHUS MEPIEHINKYJIsApOB 13 I
Ha AB u CD. Aranorndno onpenesnnm ws. Jokaxkure, uro cepeauna K L jmexxur
Ha PaJuKaJIbHON OCU Wi U Wa.

26. Cepug 22, Banm JIOOUMEIE TPAPBL 1/ wonn

1. /Tanbr £ maigpuankoB u 2k — 1 kondera. Jlokarknure, 9T0 MOXKHO JIaTh KarK-
JIOMY MAJIBINKY 10 KOHGeTe Tak, 9TOObI MabinKy, KOTOPOMY HE HPaBUTCSI €ro
KoHdeTa, He HPaBUINCh U KOHGPEThI OCTAIbLHBIX MAJILINKOB.

2. Jlana Tabsiumia n X n. Eé nepsele £ < n cTpouek 3amoJIHEHbI HATYypasib-
HBIMU YHC/IAMHU OT 1 JI0 M Tak, 9TO B KaxKJOH CTPOKEe U B KarKJOM CTOJOIE Bce
quca pa3ndHbl. JJoKaXKuTe, 9TO MOXKHO PACCTaBUTHL HATypaJbHBbIE Yncia or 1



XXXV Kuposckas aemmsas muozonpedmemmnasn wxora, 9 xiacc IIPODH 31

JI0 ' B OCTaBINNECS KJIETKU TabJIUIbI TaK, 9TOOBI MTO-TTPEXKHEMY BBITIOJHAIOCH TO
yCJIOBHE.

3. Mmerores 27 kapTouek ¢ yncjiaMu oT 1 10 27. JIBoe oKas3bIBAIOT CJIe YOI
dokyc. Ileppriil noydaer k Kaprodek, BhIOpaHHbIE CydaiiHbiM obpazom. Oy
3 HuUX OH ybOupaer, a k — 1 ocTaBHINXCsI BBIKJIaJIbIBACT B psih. BTopoil mosken
HA3BATDb CIPSITAHHYIO KAPTOUYKY. MOryT Jin y4IacTHUKH JIOIOBOPUTHCS TaK, ITOOLI
0 BBLIOKEHHBIM KapTOYKaM MOXKHO OBLIO OIpPEJeUTh CIPATAHHYIO, ecyan (a)
k=47 (b) k =147

4. [Iyctb G — naBynoJibHBIIH rpad, B KaxKJ0i#l J0oje 110 1 BEpIINH, U B HEM
oosbiie wem (k — 1)n pébep. lokaxkure, 9ro B HEM HafiETCs TapocovdeTaHne, B
KOTOPOM XOTsI ObI k peodep.

5. Jlokarkure paBHOCUJIBHOCTD CJIEAYIONINX YCIOBHIL:
(a) rpad nBycBsi3eH;
(b) st JTH0OBIX JIBYX BEPIINNH CYIIECTBYET MPOCTOM IUKJI, MTPOXOSIIIIA 110
HUM;
(c) auist r060i BepImHbL U JF060r0 pebpa CyIecTBYeT IPOCTOll IHKJI, PO~
XOJAIINI 110 HUM.
Onpenenenue 1. Oxpyorceruem MHOXKECTBa BepIIUH A HAa3bIBA€TCsl MHOYKECTBO
BepIInH rpada, CMezKHBIX XOTs Obl ¢ 0/HOI BepiHOil MHOKecTBa A (BO3MOXKHO,
BKJIIOYas1 BEPITHHBI MHOXKeCTBa A).

6. [Iycte G — rpad ¢ MHO)KecTBOM BepiinH V. FI3BecTHO, 9TO J1J1s1 JIF0OOTO MHO-
kectBa A € V' MOIIHOCTD ero oKpy»KeHusi He MeHbie momuoctu A. Jlokaxknre,
aro B rpape G Haifijiercs napocoderanue, B KOTOpoM He MeHbIie V/3 pebep.

7. B crpane 100 ropojioB, coeMHEHHBIX JPYT C JAPYTOM JIOPOTAMHU Tak, UTO
nayke ecyn Jioboit ropoj; A 3akpoeT Bce JIOpOTH, BBIXOJSIINE U3 HEero, TO U B
9TOM cJiydae u3 JIOOro ropojia MOXKHO OyjeT mpoexarb B Jiroboit jpyroii (He
cunTasi, KOHEYHO, camoro ropoja A). [lokaxknre, 9T0 cTpaHy MOMKHO pa30OUThH
Ha JIBA CYBEPEHHBIX rocyJapcTBa, 1o 50 ropojIoB B KarKJOM, TaK, 9TO B 0DOMX
rocyJIapcTBax u3 JIIoOOro ropoja MOYKHO MpoexaTh B JII000H JIpyToii.

8. Cpennt 250 COTPYIHNKOB MEXK/IyHAPOIHOMN (hUPMBI B JII0OOIT 11ape coTpyIHI-
KOB KaKJIbIil 3HACT A3bIK, KOTOPLI He 3HaeT APYroil COTPYAHUK U3 ITON Iaphl.
Kakoe HamMeHbIIIee BOSMOXKHOE IHC/IO sI3BIKOB 3HAIOT (B COBOKYITHOCTH) COTPY/I-
HUKI PUPMBI?

27. Cepug 23, aj. KomOn 15 woss

1. /Tokaxknute, 9T0 B MHOYKECTBE U3 N UUCE] HaleTCs TOIMHOXKECTBO C CYMMOIi,
nejdiieiica Ha n.



32 Buwxunao, 3-28 uroas 2019 200a

2. OnummuTe BCce MHOYXKECTBA U3 N — 1 9uUCcesI, JiJisi KOTOPbIX He HailJIeTcst 1Mo/1-
MHOZKeCTBa C CYMMOii, jesdileiica Ha n.

3. Ilyctb S — MHOXKECTBO U3 N 9HCeJI, B3AMHO IIPOCTHIX ¢ n. JlokaxkuTe, 4T0
JIIOOOM OCTATOK IO MOJLYJIIO 1 PaBEH CYMME HEKOTOPBIX 3/IEMEHTOB S.

4. Ilyctp S — mHOXKecTBO n3 2n — 1 unces. [IpeamonoKuM, 9To HEKOTOPBIi
BBIYET @ 110 MOJIYJIIO 12 BCTpedYaeTcsi B MHOYKeCTBe He MeHee [n /2] pa3. Jlokaxure,
9TO0 B S MOYKHO HaiflTH POBHO M 4MCEJI ¢ CYMMOI, JleJidieiics Ha n.

Iodckasra. MoKHO cunTaTh, YTO STOT BBIUET @ HYJICBOIL.

Teopema. (Kowwu-/[26ennopm). Ilycts A u B — jBa MHOXKECTBa BBIYETOB 110
poctomy Mo yiiio p. Onpenenum cymmy A+ B ={a+b:a € A,b € B}. Torna
BbITONIHEHO |A + B| > min(p, |A| + |B| — 1).

Yopaxuenue. Pazoepure ciyuait |A| + |B| > p otnesnbho.

IIpednoorceriue 1. Ilpu cuBure MuOXKecTBa A Ha ¢ MOIIHOCTH CyMMBbI HE MEHS-
eTcsl.

IIpednoocenue 2. Ecom ANB # &, to ANB+AUB C A+ B.

IIpedarooicernue 3. 3aBepiinre HOKA3aTEILCTBO TEOPEMbI, UCIIOJIb3Ys IPUHIINAI
MIHIMAJIbHOTO KOHTPIIPUMEPA.

IIpumep ucnoavsosarus. Cpasnenne x2+y? = k 110 IPOCTOMY MOJIYJIIO P IMeET
perrenue st Jiiodoro k.

Teopema. (Ipdew-TIunsbype-3ue) N3 mobbix 2n — 1 duces MOXKHO BBIOpATH
POBHO M C CYMMOI1, JeJIsIeicsa Ha n.

5. Jlokaxkure, uTo ecin '3 BepHa i a U 1751 b, To oHa BepHa U it ab.
6. Jokarkure DI'3 st mpocToro p.

7. Onumnure Bce MHOXKECTBA U3 N — 2 9JIEMEHTOB, JIJII KOTOPLIX He Hailgercs
[IOJIMHOZKECTBa C CYMMOI1, JIeJIdAlleiicsa Ha n.

8. Ilycth p — npocroe uncsio. Jano muoxkecTBo S u3 2p — 1 duces, npudem
OCTATKH YUCeJ a1, A3, . . . , Oy HOIMAPHO pa3/jndHbl. JJokaxkure, 910 B .S CyIIECTBYeET
IIOJIMHOYKECTBO U3 P 9JIEMEHTOB C CYMMOI, JeJsiieiicss Ha p, cojepzKailiee He boJee
OJIHOT'O HUCJIa U3 A1, a3 . . . , Qy.

9. [Iyctb S — MHOXKecTBO 13 502 guces1, npuyeM OHO cojep:KuT poHo 10 pas-
JIMUHBIX 110 MOy 10 H41. Jlokaxkure, uTo B .S HaJIETCS TOJMHOZKECTBO € CyMMOIA,
neJigneiicst Ha 541.

28. Cepug 24, nepaBencTBo lencena 15 woss

1. (a) Jdokaxure, uro ecyin f(x) HA HEKOTOPOM OTpE3KE VIIOBJIETBOPSIET Hepa-

pererpy LW > ¢ (4tu

5 ) , TO Jyis J1oboro o = g, riae 0 < n < 2F  BBITIONIHS-

eTCA

af(x)+ 1 -a)f(y) = flax+ (1 -a)y);
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(b) lokaxkure, uro eciiu GpyHKIus f elle u HeNpepbiBHA, TO HEPABEHCTBO
BEpPHO JJIsT IPpon3BoJIbHOrO v € [0, 1].

Onpenenenne 1. Oyukiuu, yaosierBopsioriue yeaosuio af (z)+(1—a) f(y) =
> flax + (1 — a)y) s oboro 0 < a < 1 HA HEKOTOPOM IPOMEKYTKE,
HA3BIBAIOTCS GNYKAbMY (W 6BINYKADMY 6HU3) Ha ITOM TPOMEKYTKE.

Omnpenenenne 2. Oy, yaoBiersopsiomue yeaosuio af (z)+(1—a) f(y) <
< flax + (1 — a)y) mas gawboro 0 < o < 1 HA HEKOTOPOM ITPOMEXKYTKE,
HA3BIBAIOTCST 602HYMbMU (I 6LINYKADMYU 66€PT ) HA ITOM ITPOMEIKYTKE.

2. (a) [lokaxkure ¢ TOMOIIBIO TeopeMbl JlarpaHzka, 4To ecjim repBasi Mpow3-
BOJiHAST (DYHKIIUH MOHOTOHHO BO3DACTAET, TO (DYHKIIUS BBITYKJIA.

(b) Eciin BTOpas npousBo/Has HeoTpHUIATeIbHA, TO (DYHKIINS BBITYK/IA.

3. HepaBenctBo Uencena. /lokazkute, 94T0 ecyint (DYHKINS YIOBJIETBOPSIET 4CAO-
BUIO BLINYKNOCTNU

af(x)+ 1 —a)f(y) = flaz+ (1 - a)y),

TO JIJIsL JIFOOBIX HEOTPUIIATEIbHDBIX (vj, CyMMa KOTODBLIX paBHa 1, 1 x; U3 oTpeska
BBIITYKJIOCTH, BBINIOJIHAETCA HEPABEHCTBO

ar f(zy) + aof(x2) + ...+ anf(x,) = flogwy + asxs + ... 4 apy).

4. ITposepbTe, ¢ HOMOIIBIO TPOU3BOAHON UM ¢ IIOMOIILIO ITOJOBUHHOIO JIeJIe-
Hust, ato Gyukimn (a) €”; (b) — Inz; (¢) — sinx na [0; 7]; BBITYKJIBI Ha HEKOTOPBIX
POMEXKYTKAX, U YKAXKUTEe, Ha KAKUX.

(d) Ilpu kaxux p dyuKIws 2P BbITyK/Ia, a Ipu KaknxX BorayTa Ha [0, +00)?

5. CyMMa IOJIOXKUTEIbHBIX BEIeCTBEeHHbIX 4nces a, b, ¢ u d pasna 4. /loka-

JKUTE, YTO
a b c d S 8
b2+b+02—|—c+d2+d+a2—|—a " (a+c)(b+d)

[l +ab+. 4ab, :
6. HyCTb Mp(xla L2y .I'n) = { %7 M+OO - 121]?2% L3 M- = 1I<nj1£nxj7
My(x1, 29, ... 2,) = /T123 . . . Tp. HJokaxure, uro M, > M,, rae (a) p > g > 0;
(b)p>q=0,0=p>¢q; (c) +o0o =2p>q > —0.

7. JlokaxkKnuTe HepaBEeHCTBO O CPEIHEM B3BEIIEHHOM:

1] + Qo + ... + Ty S a1+a2+...+a</
=
o]+ oo+ ...+ Qy
rjie Bce T; U (/j HEOTPUIATEJIHHEL.

R

8. HepaBencrBo MuHKOBCKOro. Ijis1 1IOJIOXKUTENBHBIX A1, A9, ..., Ay U by, by,
-5 bn

Vaijas ... a, + \/biby...b, < ’(/(al+bl)(a2+b2)...(an+bn).
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29. Cepmus 25, pgr—-MeTon 17 woss

st TpéX KOMILIEKCHBIX 4uces a,b,c BBegém obo3naveHus:: p = a + b + ¢,

q = ab—+ ac+ bec, r = abe.

3

1. JJokazkuTe, 9TO @, b, c — KOpHU ypaBHeHUd x° — px? + qv — r = 0 U Apyrux

KOpHEeIl HeT.

2. JlokazKuTe, 9TO IO BEIIECTBEHHBIM P, ¢, T OJIHO3HAYHO BOCCTAHABJINBAIOTCS
a, b, c, mpuuém Jmbo a, b, c BelecTBEeHHbIE, JIMOO OJHO BEIECTBEHHOE, a JIPyrue
JIBa, CONPSAZKEHBI.

3. Hokaxkure, aro uucyio (a — b)(b — ¢)(c — a) BemecTBeHHO, Korja a, b, ¢ —
BEINECTBEHHDI, 1 YMCTO MHUMO B IIPOTUBHOM CJIydae.

4. Jlokaxxkure, 9TO
(a —b)%(b—c)*(c — a)* = —4pr + p*¢® + 18pqr — 4¢® — 27r* = T(p, q, 7).

5. Kpurepwuii BemecrBenHoctn. [lycts nannl p, g, r. Torga a, b, c — KopHU ypas-

Hennst 2 — px® + qr — r = () — BeIIECTBEHHBI TOIJA U TOJBKO TOIJA, KOIJIA

T(p,q.r) = 0.

6. Jlemma o HeorpumareapHocTu. Jlokaxkure, 1to Hepaserctsa 1'(p, q,7), p, q,
r 2 0 paBHOCUJIbHBI TOMY, UTO @, b, c — HeoTpuiaTe/bHbIe BEIeCTBEHHBIE YNC/IA.

HazoséMm Tpoiiky p, ¢, donycmumoti, ecii OHa yJIOBJIETBOPSET JIEeMMe O HEOT-
PUIATEILHOCTH.

JlemMma o r. I[Iycts nanbr p = pg, ¢ = qo. Jokaxkute, 4To 711 MUHUMAJIBLHOTO 7
TaKOro, YTO TPOWKa Py, o, T AOIMYCTUMAa, B COOTBETCTBYIOIICH TPOIKe KOpHEeil eCThb
WM JBa PaBHBIX, WU OJHO W3 HuX paBHO 0. JI71s MakcnmMaabHOTO 7 B COOTBET-
CTBYIOIIEl TPOIIKe KOpPHe#l eCTh /JIBa PaBHDLIX.

Jlemma o q. Ilycts mannot p = pg,r = 19. Jokaxkure, 94T0 /11 MUHUMAJIHLHOTO
1 MaKCUMAaJIbHOI'O ¢ TaKOI'0, YTO TPOWKa Pg, q, 7o AOIYCTUMA, B COOTBETCTBYIOIICH
TPOWKe KOpHEeil eCTh JIBa PABHDBIX.

Jlemma o p. Ilyctb nansr ¢ = qo, r = 1o. Jlokaxkure, 9410 JI/Isi MUHUMAJIHHOTO
I MAKCUMAaJILHOI'O ¢ TaKOT'0, YTO TPOIKa P, qo, 7o JLOIYCTUMA, B COOTBETCTBYIOIICH
TPOWKe KOpHEeil eCTh JIBa PABHDBIX.

7. UsBectHo, uT0 a,b,c > 0 u a + b+ c = 1. Jokaxkure, 910
1 + 12abe > 4(ab + ac + be).

1 1
8. N3BectHO, 4TO a,b,c > 0u — + — + — = 1. Jlokaxkure, 4T0
a c

b
(a—1)(b-1)(c—1)>8.
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9. 3BectHo, uT0o a,b,c > 0 u a + b + ¢ = 3. lokaxkure, 410

1 1 1 2
+ + = .
14+2ab 1+2bc 1+2ac” 14+ abe

10. I3Bectno, uTO @,b,c > 1 1 a+ b+ c =9. Jlokaxkure, 4To

\/5—|—\/l_)—|—\/52\/ab—|—ac—|—bc.

11. a, b, ¢ — croponbl TpeyroybHuKa. Jlokaxkure, 4TO

1 1 1 a b c
(a+b+e)(=+-+-)>6 + + .
a b ¢ b+c¢c a+c a+bd

12. V3BectHO, uTo @, b, c = 0 u a® + b* + ¢ 4 abc = 4. Jlokaxkute, 4T0

2 > ab + bc + ac — abe.

30. Cepus 26, mpoeKTuBHAS 17 wons

Teopema. CyiecTByeT poBHO OJIHO ITPOEKTUBHOE IIpeodpa3oBaHue, IIepeBoisi-
mee gerBepky Touek A, B, C', D obmero nonoxenns B yetBepky A, By, Ci, Dy
TaKzKe ODIIEro IMOJIOXKEHU.

IIpumep 1. JlokazkuTe, 9TO B Tpalenun cepeInHbl OCHOBAHMIT, TOUKa IIepecede-
HUst GOKOBBIX CTOPOH U TOYAK IepecedeHrs JJruaronaJieil JexKaT aH OJHOM MPsSMOIL.

IIpumep 2. dnaronanm gersipexyroiabanka ABC D nepecekatorest B P, AB n
CD -8R, BCu DA -8B (@Q. Yepes Touky P 1nposejieHa IpsiMasi, apaJiie/bHast
R(Q), nepecexaromiasi IPOTUBOIOJIOKHbBIE CTOPOHBI Y€ThIPEXYTOJbHIKA B TOUKaX X

n Y. Jokaxure, uro PX = PY.

1. Yesnanwt AA', BB, CC’ nepecekarorest B Touke (. Ilycrs A’B’ nepeceka-
ercsi ¢ AB B Touke C (nasee ananorndno). Jlokaxkure, aro Ay, By, C KoJumHe-
APHDI.

2. Jlan gernipexyronbuuk ABCD. Ilyers Q = AD N BC, P=AB N CD, n
R = AC N BD. Obosznaunm gepe3 X1, Xo, Y1, Yo Toukn PR N AD, PR N BC,
QR N AB, QR N CD. Jlokaxure, uto XY, XoY5, P() KOHKypPEHTHBI.

3. Uepes touky O nepecedenus Juarotajeil 4eTbIpeXyrobHUKa [POBEICHDI
YeTbipe HPSIMbIE, IIEPECEKAONINe ero IIPOTUBOOJIOKHBIE CTOPOHLI B TOYKax K 1
K ,Lul , MwuM ,NuN (Bosmoxuo maoro kouduryparuit). [Tpsvibie K M
u LN, K'M' u L' N’ nepecekaiorcst B roukax P u P’. Jloka:kure, 4T0 TOUKU
P, O, P’ nexar Ha 0JHOIl HPSIMOIL.

4. Teopema ITamma. Ha npsvbix ¢4 u fo ormedensr Touku Ay, By, C1 u As, Bs,
Cy coorsercrsenno. IIpsmble A1 By n Ay By nepecekaiorcst B Touke K, mpsiMble
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A1Cy n AsCy — B Touke L, upsimbie B1Co n BoCy — B Touke M. [Jokakute, 910
toukn K, L, M nexxat Ha OHOI IPIMOI.

5. Teopema [le3apra. [Iycts aBa Tpeyrosnbanka ABC n AygByCy pacioioKeHb!
TaKIM 0Opa30M, 4TO HpPsIMbIE, COEIUHSIOIINE COOTBETCTBEHHbIE BEPIINHBI, KOH-
KYPPEHTHBI, TO TPHU TOYKHU, B KOTOPBIX ITEPECEKAIOTCsT, OYIY I MPOIOIAKEHBI, TPH
COOTBETCTBEHHBIE CTOPOHBI, KOJLIMHEAPHDI.

6. Ecto Toukn A, B, C, D, upssmbie AB u C'D nepecekaiorcst B Touke F, mpsi-
Mble BC' u DA nepecekaiorcst B Touke ['. Ha miockocTu B3siTa IIPOU3BOJILHAS
touka X, Touku A, B, C, D cupoennpoBanb! Ha K F ¢ nenrpom B X, B pe3y/ibra-
Te dero mosyunanch Touku Ay, By, C1, Dy coorBercTBenno. Jokaxkure, aro ACY,
BD,, CAy, DBy nepecekaroTcst B 0JIHOiT TOUKe.

31. Cepns 27, nenodkn 19 wions

1. /TokazkuTe, 9TO B mocaeaoBaTe/ IbHOCTH 13 10 9uces ecTh MOHOTOHHAS IO/~
IOCJIeJI0BATEIbHOCTD U3 4 duce.

2. Ileawie Toukn ocu OX packpalleHsl B jiBa 1BeTa. Jlokaykure, 910 Haii yTCst
TPU TOYKH OJIHOI'O IIBETa, OJIHA U3 KOTOPBIX JIEXKUT IIOCEPEINHE MEXKJIY JIBYMSI

JIPYTHMU.

3. B crpane nse croymmmnsr — M. n II. M3Bectno, uto jymmna Jiroboro myTn
Mexk Ty HUME He Menee 11. /lokakuTe, 9TO BCe ropoja, Kpome CTOJUI], MOYKHO
pasgesuTh Ha 10 pecnybymk Tak, 9To0bI Jt000# myTh 13 M. B II. mpoxoami 1o
BCEM PECITyOJTUKAM.

4. JIokaxKuTe, 9TO B IOCJIE0BATEILHOCTH U3 nk + 1 pa3audHbIX YKces Haii-
JIeTCsI BO3pacTaloasl MOAII0CIe0BATEeILHOCTL U3 N + 1 duces min yoObIBaloIast
HIOJIITOC/IeIOBATEIbHOCTE U3 k + 1 uncet.

5. IleTs1 Kak-TO 3aHyMepOBaJl BEPIINHBI IPABUIBLHOIO
(a) 1001-yrosbauka yucaamu ot 1 10 1001;

(b) 2017-yrospauka ancaamu ot 1 go 2017.

Bacst nepBbIM X0/10M cTaBUT (DUIIKY B KAKYIO-TO U3 BepiinH. KarKIbIM 110ocse-
JIYIOIIIM XOJOM OH MOYKeT IepPeJBUHYTH (DUIIKY U3 BepIinHbl A B Bepmuny B,
ecJIM MeXKJy HUMH He OoJiblie 9 Jpyrux BepUIMH U 4KUcJI0 B B 00Jibllle Yucia B
A. Kakoe namboJibiliee KOJMYECTBO BEPIINH MAPAHTHPOBAHHO CMOXKET IIOCETUTD
Bacs, kak Obl Ilerst Hu HyMepoBaJs BEPIINHbI?

6. Llesibie ToUKH IJIOCKOCTH pacKpallleHbl B JBa IiBeTa. JlokaxKuTe, 4To Hail1er-
¢l paBHOOEIPEHHBII IIPSIMOYTOJIbHBII TPEYTrOJIbHIK C KaTeTaMiU, IapaJlie/IbHbIMI
JIMHUSIM CETKHU, C BEPIIMHAMU OJIHOI'O I[BETA.
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Ilodckaska. TlonpoOyiiTe moperiaTh 3Ty 3ajady ¢ KOHI@A, TO €CTh IO yMaTh,
KaK JIOJI?KHA BBITJISJIETh KOHCTPYKITUS, KOIJIa KAKYI0-TO TOUKY HeIb3st TOKPACHTD
HU B IEePBbIil, HX BO BTOPOIl IIBETA.

Yupaxuenne. [[lokaxkute, 9T0 Ha caMOM JieJsie JJOCTATOUYHO PAacKpacKu He Bceit
IIJIOCKOCTH, & JINIIL HEKOTOPOT'O JOCTATOYHO OOJILITION0 KBaJpaTa.

7. llestble TOUKM TJIOCKOCTU pacKpallieHbl B Tpu 1iBeTa. Jlokaxkure, 4To HaiigeT-
¢ PaBHOOEIPEHHDIIN MPSIMOYTOIBHBINT TPEYTOHLHUK ¢ KATeTAMU, MapasiIeTbHBIMI
JINHUSAM CETKH, C BEPITUHAMU OJTHOTO I[BETA.

32. Cepus 28, Mpo OKPyKHOCTH 19 won

Teopema. /lana okpy»kHOCTb 1 TOUKa M BHYTpH Hee. Torjia cyIiecTByeT IpoeK-
TUBHOE TIpeodpa3oBaHne, P KOTOPOM JIaHHask OKPYKHOCTDb IEPEXO/UT B OKPY K-
HOCTB, a TouKa M — B ee IeHTp.

Teopema. /lana okpykKHOCTb U He Tepecekaromas ee mpsimas £. Torma cy-
IIECTBYET TPOEKTHUBHOE ITPeoOpa3oBaHue, MepeBoJisInee JaHHYI0 OKPYKHOCTb B
OKPY?KHOCTb, & £ — B OECKOHEYHO Y/IAJIEHHYIO IIPSIMYIO.

IIpumep. Jlokarkurte, 4TO IHpsiMble, COEIMHSIIONINE BEPIINHBI TPEYIrOJIbHIKA C
TOYKAMU KacaHUS ITPOTUBOIOJIOKHBIX CTOPOH C BIIMCAHHOI OKPYKHOCTBIO, Iepe-
CeKaIOTCsl B OfiHOIT TouKe (mouke 2Kepeona).

1. (a) Teopema o 6aGouke. Hepes cepejuty C xop/ibl A B 1poBe/ieHbI J[Be XOP/Ibl
KM u LN. Ilpaymeie KL u M N nepecekator npamyio AB B Toukax D n E.
Hokaxkure, uro CD = CE.

(b) Teopema o mBoiiHoit 6abouke. Ha okpy:xuocTu S oTmedersbl Toukn Aq,
Ay, Az, Ay, B1, By, B3, By. llpsimast ¢ niepecekaer tpsimbie Ay Ay, AsAg, AsAy,
A4A; B Tourax X7, Xo, X3, X4 coorBercTBeHHO U mpsiMble BBy, ByB3, B3By
B Toukax X1, Xo, X3 coorBercTBeHHO. /loKaxkure, 9T0o npsMas BB IpoxomuT
yepe3 TOUKY Xy.
2. Yacrnseri cixy4ait Teopembl Ilackanga. B okpy:KHOCTH BIIHCAH IIECTUYTOJIb-
Huk Ay Ay A3 A A5 Ag. Jokarkure, 9T0 TOYKH IePECEUEHNSI €0 IIPOTUBOIOIOKHBIX
CTOPOH JIezKaT Ha OJHON MPAMOIL.

3. Hacraslii caydait TeopeMmbl Bpunanmona. /lokakute, 9To riaBHBIE JIMArOHA~
JIN OIMCAHHOI'O MIECTUYTOJIbHUKA IIepeceKaloTCsl B OJIHOI TOYKE.

4. JlokaxknuTe, 9TO TOUYKY BHE OKPYKHOCTU HEJIL3s MPOEKTUBHBIM ITPE0OPaz0-
BaHUE TIEPEBECTH B ee MeHTD ([epeBejist IPU 9TOM OKPYKHOCTH B OKPY?KHOCTB ).

5. (a) danbr okpyzkuocTh 1 Touka C' BHyTpu(BHE) ee. Yepes Touxy C' mposejie-
HbI deThipe Xopibl A; B;. Ilycrs D — Touka nepeceuenust npsiMbix A Ao 1 AgAy,
E — rouka nepeceuenust nupsambix By By u B3By. Hokaxure, uro Toukun C, D, E
JiezKaT Ha OJHOI IIPAMOIL.
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(b) lokaxkute, 4TO ecjiu IE€THIPEXYTOJBHUK BIMCAH U OIUCAH, TO MPSIMasi,
COCJIMHATIONIAs IIEHTPHl BIUCAHHON U ONMCAHHOI OKPYZKHOCTEN, IMPOXOJUT Yepe3
TOYKY IlepecevdeHrsl JuarotaJjeil 9eTolpexyroJbHIKa.

6. Jlan Bmmcanubiii gerbipexyronbHuk ABCD. Ilpsmbie AB u C'D mnepece-
kaforcst B Touke F, a gmaronamun AC' u BD B touke F'. Onucanubie OKpyK-
nocru AFD u BFC nepecekatorcsi BTopoit pa3 B Touke H. Jlokaxkure, 9TO
ZEHF = 90°.

7. [Iycth w — onmcanHas OKPYKHOCTH IPsIMOYTOJIbHOTO TpeyroJibauka ABC
(4B = 90°) ¢ nentpom B Touke O. Touka P — mponmsBosibHas TOUKa Ha Kaca-
TeJIbHOM K w B Touke A, D — BTopas Touka nepecedenns w u PB. Touka E Ha
C'D rakoa, uto AFE || BC. dokaxure, uro P, O, E KoJInMHEADHDI.

8. Ilycte D, E/, F — TOYKHN KacaHWs BIUCAHHON OKPYXKHOCTU W TPEyTOJbHUKA
ABC co croponamu BC', AB, AC coorserctBerno. Touku P u () Ha cTOpoHAX
AB u AC coorserctBenno Takosbl, uto PQ || BC' n PQ sBisiercst KacaTeibHOl
K w. [Iyctb M — cepennna orpeska P(Q), T — Touka nepecevdenus: npambix B F u
BC'. Hokazxxure, uro M'T kacaercsa w.

33. Cepug 29, elié HEMHOIO HEPABEHCTB 19 wions

1. IIyctb a, b, c — Heorpuiareabubie uncia. Jokaxkure, 9To

(2a+b+c)*>  (2b+a+c)®  (2c+a+b)? <
202+ (b+¢)2 202+ (a+c)? 22+ (a+b)2

2. Jlokazkure, 9To0 jjist JIIOObIX a4, b; (1 <4 < n), 9To

J(Za) + (20) < (L),

3. Jlokaxkure, 4TO 51 JIFOOBIX IOJIOYKUTEJILHBIX P1, . . . , P5 BEPHO, 4TO

D1 D2 D3 D4 ps 5

+ + + + > —.
P2+p3 p3+ps pPatps ps+p1r prtp2 T 2

4. Ilyctb a, b, c — Heorpunareabubie yncia. Jlokaxkure, 4To

Va2 +1+ VP2 +1+vV2+12/6(a+b+c).
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34. CepI/ISI 30, KSB_]_ 20 wions

Onpenenenwme 1. Hanomuum, ato cumeonrom Jleocarndpa Ha3biBaeTCsT BbIparke-

a
Hue, obosnagaemoe | — |, paBHoe 1, ecin @ — KBaJAPATUIHbBINH BBIYET 110 MOJLYJIIO

p; —1, eciiu a — HeBbIYET 110 MOAYJIO p; U 0, eci @ KpaTHO P.

a p=1
Takxke namomunm, 9o | — | =a 2 (mod p).

p
Teopema. KBajipaTudaabiit 3aKk0H B3auMHOCTH. [IycTh p n ¢ — HeudeTHBIE TIPO-

CTbIC YHUCJIa. TOFIL& BBITIOJIHCHO

[IpuBenem nokazaresnbeTBo E. M. 3omorapésa, nmomydennoe uMm B 1872-M rosy.
st 9TOTO CcHAaYasa BBEJIEM MOHSATHE TTePEeCTAHOBKH.

Onpenenenne 2. [lepecmanoskots aucen (1,2,...,n) Oynem Ha3bIBATDH UX I1e-
PECTAHOBKY.
Oupenenenune 3. Unsepcueti nepectaHoBKu (aq, ds, . . ., 4,) HA3BIBAETCS Tapa

(ai,ar), tae i < k, HO a; > ak.

Onpenenenme 4. Yemnocmovio 1epecTaHOBKH HA3BIBACTCS YETHOCTH KOJIMYUE-
CTBa MHBEPCHUIl.

Jlemma 0. YernocTh mepecTaHOBKM 1 0OPATHOI MTepeCTAHOBKH OJINHAKOBDI.

Jlemma 1. [lycTth p — mpocToe 4Ync/io, ¢ — HEHYJIEBOI OCTaTOK I10 MOJLYJIIO P.
Ompejesium 1iepectanoBky m = (a,2a,3a,...,(p — 1)a), e KaxKJIoMy 4YUCTY
COOTBETCTBYET €ro OCTATOK 10 MOJy o p. Torjia 3Ta mepecTaHoBKa YeTHAasl, eCJIi
@ — KBaJIpATUIHBII BBHIUET 11O MOJIYJIIO p, U HEUETHAsA, €CJIN ¢ — KBaJIPaATUIHbII
HEBBIYET.

Y100bI JI0Ka3aTh 3Ty JIEMMY, PACCMOTPUM MHOIOUJICH

P(.%'l,xg,...,ilﬁp_l) = H (xj—x,').

1<i<j<p—1

[IpumMenmM K repeMeHnbIM IIepecTaloBKY. Torjia MHOTOYJIeH He MEHSeTC s, eC/In
T YeTHa, U MeHseT 3HaK Ha IIPOTUBONOJOXKHBIN, ecjin T HEeUYeTHA.

[TogcTaBuM ; = ¢ U NPUMEHHUM II€PECTAHOBKY 7, TO €CThb IIOJCTaBUM T; = .
3uak mepectanoBku (1 st geTHON 1 —1 Jj1sT HEYETHOT) MOXKHO OIPEIEINTh Kak

PL,2,....p—1) _ H M = P~ p/2 = ,(p=1)/2

P(a,2a,...,(p—1)a) i— (mod p),

1<i<j<p—1

a
YTO COBITQIAET 110 3HAKY ¢ cUMBOJIOM Jlexkanapa | —
p
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Teneps 3aj1auM 1tepecranoBky 7 Ha unciaax {0,1,2,...,pg— 1}, rme pu g —
JIBa, HEYETHBIX IIPOCTHIX YKCIIA, JIJIT KOTOPLIX MbI jJoKasbiBaem K3B. IlpeacraBum
Kazjioe uncyio or 0 jopg — 1l kak = a+bp, 0 <a<p—1,0< Db < qg—1
(Takoe mpejcraBienne eqnacTBerHO). ComoctaBuM 7T @ a +bp = — y = b+ aq.

1. Jlemma 2. YeTHOCTh II€peCcTaHOBKH T OlpejesieHa Kak

2. BasepmmmTe jjokazareabcTBo K3B, cBs3aB 1eTHOCTH IepecTaHOBOK T I T.

3. [lycrs (n, k) = 1. Ilyers (a,n) = 1 u (a, k) = 1. dokaxure, 910 9UCI0 @
SIBJISCTCSA KBAJPATHIHBIM BBIUETOM 10 MOJLYJTIO 1k TOTJIA W TOJBKO TOTJIA, KOTJIA
OHO SIBJISIETCST KBAIPATHIHBIM BBIYETOM 10 MOJLYJISIM 1 1 K.

4. Ilycts p — mederHoe mpoctoe uncio, n € N. Jlokaxkute, 9T0 @ sBJseTCA
KBa/IPATUIHBIM BBIYETOM 110 MOJIYJ/IIO p" TOTJIa U TOJIBKO TOT/Ia, KOTJIA @ SIBJISIETCH
KBaJIPATUYHBIM BBIYETOM 110 MOJIYJIIO P.

5. JlokaxkuTe, 9TO @ SIBJSETCS KBaJPATHIHBIM BBIYETOM 110 MOyso 2" (rie
n > 3) Torja U TOJILKO TOTJA, KOIJA @ SIBJISIETCs] KBAJIPATHYHBIM BBIYETOM 110
MOJLYJIIO 8.

35. Cepng 31, acmMIToTHKa—2 20 wions

1. 113 Geckonednoit KaeTdyaToil JTOCKU BBIKIMHY/IN HECKOJILKO KJIETOK, HIKAKIE
JIBe U3 KOTOPBIX He SIBJIAIOTCSI COCEIHIMU 110 CTOPOHEe U 110 Juaronasu. Beerma jm
OCTaBIIIYIOCS 9aCTh MOXKHO Pas3sOUTh HA JIOMUHOIIKH?

2. U3 6eckoHedHOIT KJIeTYaToll JJOCKH BBIKUHYJIM BCEe KJIETKHU, 00e KOOPINHATHI
KoTopbIx gessdTcs Ha 100. MoxKHO Ji OCTaBIIYIOCS 9aCTh JOCKHA OOONWTH IaxMaT-
HBIM KOHeM?

3. Beckoneunyio KyleT9aTyio MmIOCKOCTb pa30M/IN Ha paBHbIE MApPaJIIeTIOrPaAM-
MBI C 11€JI0YUCJIEHHBIMU BEPIIMHAMU, HE COJlepzKalllie eJI0UYNCAEHHBIX TOYEK BHY T-
pu u "Ha rpanute. Jlokaxkure, 4TO IJIOMIA/bL MapaJsieorpaMMa paBHa 1.

4. Ha kjeTdaToil IJI0CKOCTHU JIEXKUT BBIIYKJasg purypa mioiaau oosibiie 10,
JlokaxkuTe, 4TO ee MOXKHO IIapaJiie/IbHO IIepeHecTn TaK, UYTOObI OHA COjeprKalia
11 1ejiouncIeHHBIX TOUYEK BHYTPU WJIK I'DAHUIIE.

5. Jlemma MunKOBCKOrO. B 1eHTpe KOOpAMHATHON IIJIOCKOCTH PACIIOJIOXKEHA
BBIITYKJIast EHTPaJIbHO-CUMMETPUIHAsT OTHOCUTEILHO TIEHTPa KOOP/IMHAT (hurypa
mtoma i 6osbiie 4. Jlokaxkute, 4To B Hell HafijileTcs ere ojHa IeJ0InCcIeHHad
TOYKA.

6. CyecTByer jin PYHKIUSI 13 [Iapa B KPYT, HE YMEHbBIIAIOIIAasl PACCTOSIHUSI?
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36. CepI/ISI 32, KBB_Z 21 wioas

1. Haiiiure Bce mpocThie 9mcia, JI/ish KOTOPBIX O ABJISETCS KBaPATHIHBIM BbI-
YETOM.

2. Jlokaxkure, 9TO POCThIX unces Bujga 10k — 1 GecKOHEYHO MHOTO.
3. okaxkure, uro uucjo 2" + 1 He uMeeT NMPOCTHIX JieauTresneil Bujga 8k + 7.

4. TMocaemoBaresbHOCTD {Z,} Ompeje/ieHa PEKYyPCUBHO: T1 = @ MPH HEKOTO-
pPOM HaTypaJbHOM @, & TakxkKe T, 1 = 2x, + 1. Ilycts gy, = 2% — 1. Kakoe
MAKCUMAJIbHOE KOJMYECTBO MOJIPST UYIINX MPOCTHIX YUCE/l MOXKET OBITH B I10-
CJIEJIOBATEILHOCTH { Yy }7

n
5. lano k = 22" + 1. JlokazKute, 4T0 k IIPOCTOE TOINA U TOJIBLKO TOTJA, KOTJIA
k-1
k siBiigercs mgesmresieM dmucia 3 2 + 1.

6. danbr narypasabhble uncia n u k. Okasagocs, uto (5" — 1) = 5% — 1.
Hokaxure, aro (n, k) > 1.

37. Cepug 33, mocTpoenne JUHEHKONR 21 wonn

1. (a) IMocrpoiite K Tpem JaHHBIM MPSIMbBIM, POXOJSIIIM Yepe3 OJIHY TOUKY,
YETBEPTYIO TaK, YTOOBI 9T MPSIMbIe 00PA30BBIBAIN FAPMOHUIECKYIO Y€TBEPKY.

(b) Ha mpsimoit ¢ maner Tpu takue toukn P, @), R, aro () ecthb cepejnnna
orpeska PR. [locTpoiiTe npsiMyto, apaJjiebHy o £ 1 IPOXOIAIILYIO Yepe3 JaHHY IO
TOUKY S.

2. (a) Hanbr n1Be mapasutesbhbie npsmbie {1 u {o. Pasenure momnosaM TaHHbIH
orpe3ok AB Ha 1psiMoit ;.

(b) Yepes natuyto ToYKy P IPOBECTH HPSIMYIO, HapalIe/ by JBYM JaH-
HBIM [APAJLICIbHBIM MKy co00it npsamMbiM £1 1 {s.
(c) Jaun orpesok AB u napaJuieibaas emy tpsamas £. Yisoiite orpe3ok AB.

(d) Pasgenure orpesok AB Ha m paBHBIX 4YacTeil, ecju 3ajaHa mnpsimas £,
napaJieabias AB.

3. (a) Jan napasienorpamm ABC D. HYepes jannyto To4ky P poBejure mpsi-
MYI0, TTapaJIeJIbHYIO JIAHHON TPsAMOil £.
(b) [an mapaJsuiesiorpaMm. YBeJndbre JaHHBI OTPE30K B 1 pas.
(c) an napasuieorpamm. Pasjesinre JaHHBIH OTPE30K HA 1 PABHBIX YaCTel.
4. (a) Jan memogBuKHBI KpyT ¢ 1ieHTpoM. IIpoBemnTe Yepes MaHHYIO TOUKY
IIPAMYIO, ITapaJslIe/IbHYIO JIJAaHHOM IIPSIMOIL.
(b) [lan HermoBIKHBII KPYT € MEHTPOM. Y BEJIHYbTe U YMEHbIIITEe JTaHHbIi
OTPE30K B N pas.
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5. Jlan HenoaBuKHBIN KpyT ¢ 1ileHTpoM. [locTpoiiTe TOUKY epecedeHns OKpy K-
HOCTH, 3a/JaHHOI EHTPOM M OJIHOI TOUKOIl Ha Heil u npsiMoii. Ilonpobytime cde-
AAMD 20MOMEMUIO.

6. /lan menonBuKHBIN KPyT ¢ neaTpoM. [locTpoiiTe TOUKy mepecedenns JIBYX
OKPYZKHOCTEI, KazKJasd N3 KOTOPLIX 3aJlaHa CBOUM I[EHTPOM U OAHON TOYKON Ha
caMOIl OKPYZKHOCTH.

Teopema IllIreiinepa-Ilonceite. JIto6oe mocTpoenne, BHITOJTHUMOE Ha ILJIOCKOCTH
UPKYJIeM U JIMHEHKOIl, MOKHO BBIIIOJIHATL OJHOI JIMHENKOI, eCJau HaphCcOBaHa
X0Ts1 ObI OJIHA OKPY’KHOCTH M OTMEYEH e€ IEHTP.

7. JlokayknuTe, 9TO MPHU ITOMOIIN OJHON JIMHEHKN HeJIb3s Pa3Je/IuTh JTaHHbIN
OTPE30K II0II0JIaM.

8. Ha myockocTnn gana oKpy»KHOCTb. JloKaxkuTe, 4TO IPU ITOMOIIN OJHOI JI1-
HellK1 HeJIb3s IIOCTPOUTDH ee IEHTP.

9. JIBe nmammble npsiMble £ u {9 IepecekaloTcss B Touke P, Haxousmeics 3a
npejenamMu deprexka. IlocTpoiiTe HpsMyI0, COEIMHAIONIYIO JTaHHYI0 TOUYKY () C
TOYKOIl P.

10. IIpoBennTe HpsIMyIO Uepes JIBe TOYKHU, MEeXKIY KOTOPBIMU PACCTOSHIE 00JIb-
e, 4eM JJINHA JUHeKN.

38. Cepnsa 34, Ban nep Bapien 21 wioas

1. [enble TOYKM MJIOCKOCTH pacKpalienbl B k 1BeToB. /lokaxkuTe, 910 HaiigeT-
cs PABHOOEIPEHHBII MPSIMOYTOIBHBIN TPEYTOJILHUK ¢ KATeTaMU, MapaslieTbHbIMI
JINHUSIM CETKH, C BEPITUHAME OJIHOTO ITBETA.

2. llesble TOYKN TIJTOCKOCTU pacKpalllenbl B 2 1BeTa. Jlokaxkure, 1To Hafigercs
KJIeTYaThIll KBaIpaTUK, BEPIIMHBLI KOTOPOI'O MOKPAaIlleHbl B OJIUH IIBET.

3. [lestbie TOUKM IJIOCKOCTH pacKpallieHbl B k 11BeToB. JloKaxkuTe, 9T0 Haii1ercs
KJIeTYaThIll KBaIpaTUK, BEPIIMHBI KOTOPOI'O MOKPAaIlleHbl B OJIMH IIBET.

4. Teopema Ban nmep Bapaena. /loxarkure, 9To Jijis1 J1OObIX k& U S IIPU JIIO-
Ooit packpacke HATYPAJbHOI'O pPsijia B S [IBETOB HAllIeTCsT OJIHOIBETHAs k-1dJIeHHAs
apudmeTnIecKast IIPOrPeCcCus.

5. Obobmennas Teopema Bau aep Bapaena. [lejibie TOUKHN TJI0CKOCTH pacKpa-
menbl B k 1iBeToB. HazoBem ¢uzypoti MHOXKecTBO ToueK M ¢ 1e/IbIMI KOO INHa~
tamu. JlokakuTe, 9TO Ha MJIOCKOCTH MOYKHO BBIOPATH (DUTYpPY, rToMOTeTHIHY0 M,
B KOTOPOIT BCe TOYKU OJIHOIBETHHI.
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39. Cepug 35, kacaTeibHasg PYHKIAST 22 wonn

VYupaxsaenne. J[aHbl H0JI0KUTEIbHBIE @, b, ¢ Takue, uto a’ + b> + ¢ = 3. Jlo-
KayKITe, 9TO

1 n 1 n 1 S
42 B+2 A+27

1. JIaHbI MOJTOKUTENBHBIE a, b, ¢ Takue, uto a’ + b% + ¢ = 3. JlokazkuTe, 4TO

1+ 1 +1
2—a 2—-b 2-—c¢

2. JlaHbI mOJIOKUTEIbHBIE @, b, ¢, d Takue, uto a’ 4 b% +c® +d? = 1. JJokazkure,
ITO

l—a+V1-b+V1—c+/1—d>a+ b+ e+ /d

3. Jlanpl oJloxKuTEeNIBHBIE @, b, ¢, d, € Takne, 4T0 11— +4+b+4+c+4+d+m =1.
okaxkure, 9TO

a n b n c N d N e <1
44a2 440 4+ 4+d2 4+

4. Ilyctb a, b, c — cTOpPOHBI TpeyroabHuKa. JlokaxkuTe, 910

1 \/+\/+\/
YRS RV AN S N A SV Y e T

5. Jlanbl nosioxkuTebHbIE @, b, c. [lokaxkute, 94T0

(@ —a?+3)0° —b* +3)(® = +3) = (a+b+c).

6. /lanbl mostoykurenbuble a, b, ¢ Takue, Yto abc > 1. Jlokaxkure, 9T0
n 1 - 1 n 1 S 27
a — || c > —.
a+1 b+1 c+1 8

10. Cepug 36, Teopema Ilackans 22 wonn

Teopema Ilackansa. Ecin A, B,C, D, E, F — 1mectb Tpon3BOJIbLHBIX TOYEK Ha
OKPY?KHOCTH, TO TOUKHN Iepecedenns npsmbix AB u DE, BC'u EF, CD u FA
JIezKaT Ha OJHOM HpsIMOii. B ciydae coBnajienns IByX TOYEK OepeTcs: KacaTeIbHast
K OKPY2KHOCTH.
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1. Xopust AB u C'D napaJuiesibabl, P 1 () Ipon3BoJIbHbIE TOYKH Ha TON 2Ke
okpyxkuocTH. [Tycrs X Touka nepeceuenuns BP u C'Q), Y Touka nepeceuerus AQ)
u DP. Jlokaxute, uro XY mapastenbao AB u C'D.

2. Toukn A, B, C nexar Ha OKpyKHOCTH w, Touka [ BHe ee. [Ipsambre AD,
BD, CD nepecekaior w Bropoii pasz B Toukax A’, B’, C' coorsercrsenno. Touka

N tak ke jexut Ha w. [pambie A'N, B'N, C'N nepecekaror BC, AC, AB B
roukax Ay, By, Cy. Jokaxkure, aro Toukn Ay, By, Cy u D KoJmmHEapHBI.

3. Xopma C'D okpyxkua0cTH ¢ ieHTpoM O TepleH nKyasapHa ee quamerpy AB, a
xopaa AE nenut nonosnam pagunyc OC. Jokaxkure, ato xopaa D E mennt momosam
xopay BC.

4. Jlan tpeyronpauk ABC n toukn By u C; na CA n AB. Buucannast okpy»K-
HOCTh W TpeyrosbHuka ABC kacaercss cropon CA nu AB B Toukax F u F
coorBercTBeHHO. [lycTh Kacaresnbubie B Toukax By u Cf (OT/IMYHBIE OT CTOPOH
tpeyrosibinka ABC') kacaiores w B Toukax Y u Z coorBercTBeHHO. JloKaxKuTe,
qyro npsambie B1C1, FF n'Y Z KOHKYypPEHTHBI.

5. Jlan BimcanubIil geTbipexyrogbHuk ABC'D ¢ HeHTPOM OIMUCAHHON OKPY2K-
noctu O. Ilepnenaukysip BocctaHoBIeHHbIT K BD B Touke B nepecekaer mep-
neHuKyJIssp BocctanoneHHblit K AC B Touke C' B Touke F. Ilepnenjuky/sip K
BD B D nepecekaet neprieniukyaap Kk AC' 8 A B F. [lycts X Touka nepecedennst
upambix AB nu C'D. Jloxkaxkure, aro Touku O, E, F', X KoJInHeapHbI.

6. Joxaxkure, aro npsimble [lackasrs mecruyronsaukos ABCDEF, ADEBCF,
ADCFFEB KOHKYDPEHTHBI.

7. Hana oxpyzkuocts ¢ rieaTpom O un nunamerpom AB. [Ipoussosbabie Toukn C'
u D Ha ojHOI 110JIyOKPY2KHOCTH TaKOBbI, 4T0 C' jiexkut Mexjy A u D. Ormerum

Touky F Ha jnpyroii mosyokpyzkuoctu. I Touka nepecedenust CE ¢ AD, K Touka
nepeceuennust [O ¢ BE. Hokaxure, uro ZC DK = 90°.

8. [Ipsimasi AB KacaeTcsi OKPY>KHOCTH W B TOUKe Y Tak, 4TO Y JICXKUT MEXKJLy
A un B. Touka X Ha oKpy:KHOCTH w TakoBa, 910 XY munamerp. [lycts XA u X B
nepecekaer BTOPOil pa3 w B Toukax C' u D coorBercrBenno, a AD n BC' — B
toukax I/ m F' coorBercrBenno. lokaxkure, uto X E = X F'.

9. [Iyctp gernipexyroibuuk ABC D Bincan B OKPY2KHOCTb w. P To4uka Ha 1psi-
moit AC takosa, uro PB u PD kacaresbhble K w. KacareibHast K C' mepecekaer
KacaresbHyio K PD B Touke (), a mpamyio AD B Touke R. Ilycrs E BTOpas To4uka
nepecedennst AQ n w. Hdokaxkure, uro B, F, R KoJaInHeapHbI.



XXXV Kuposckas aemmsas muozonpedmemmnasn wxora, 9 xiacc IIPODH 45

41. Bompocsl kK 3auery 23 woan
KomMmbunaaTOpuUKa.

1. Teopema I'epunra.

2. Teopema Memnrepa, jsiemma XoJuta, Teopema Kénnra. 3ajiaqda 22.5.

3. Teopema /lupaka, 3agaun 22.1, 22,4.

4. Jlemma IlInepuepa, 3aga4qa 3.7.

5. 3ajiaua 3.6.

6. Teopema Xennu na npamoii. [Ipumenenne ujeit mpoenupoBanns B 3ajiadax
74,7.5.

7. Ilpumenenue ujaen CKOJIbLKO YroJiHO OJIM3KUX 3HaYeHuil B 3ajadax 9.1, 9.2,
9.3.

8. Paznuia Mexk 1y KOHEIHBIM 1 OeCKOHEUHBIM Ha TpuMepe 3aga4u 9.4.

9. /lokazaTeqbCcTBO TeopeMbl XeJun Jijid 1ockocTu. [lpumenenmne B 3aiagax
14.2, 14.3, 14.4.

10. Ilenouku. 3agaun 27.3, 27.4, 27.5.

11. HactHble ciydan obobienust Ban jep Bapaena. 3agaun 27.6, 27.7.

12. Acumnrorndeckuii MeToj1 B 3ajiadax 31.2, 31.3, 31.4.

13. Acumnrormyeckuit meros B 3ajadax 31.5, 31.6.

14. 3ajaua 34.3 u Teopema BaH jep Bapjena.

T'eomerpus.

15. 'apmonunyecknii 4eTbIpexyroabunK, 3a1a4un 8.1, 8.2, 8.3, 8.5

16. Cumeuana 1 1EeHTP OBOPOTHOI romoreTnn, 3aja4a 12.5.

17. /IBoitable oTHOMmIEHNU, 3a0a4n 2.1, 2.3, 2.4.

18. Tlonsapel, moyigpHOE CBOMCTBO CEKYIINX, TeopeMa bpokapa.

19. 3ajaga 21.5.

20. ITpoexTuBnoe npeobpazopannue, 26.Teopema, 3a1a1a 26.3.

21. ITpoekTuBHOE NIpeobpa3oBaHne U OKPY2KHOCTH, JBE TEOPEMbI U3 cepun 28.

22. Hecraperomast kinaccuka: Teopembl [lamma, lesapra, o 6adbouke, Ilackaiis,
Bpuanmona

23. Teopewma Ireitnepa-Iloncere.

Anrebpa m MaTeMaTUIeCcKHit aHAJIN3.

24. Muoro4jieHbl OT HECKOJBKIX TepeMennbIx, 3aj1adn 4.1, 4.7.

25. CI/IMMeTpI/ItIeCKI/Ie MHOI'OYJIEHBI, TEOPEMa O CUMMETPHUIECCKUX MHOTI'OYJICHaX.
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26. [TpousBojHasi, ajapbTepHATUBHOE OIIPeiesIeHre I PAaBHOCUJILHOCTD OIpe/iesie-
nuii. [TponsBojiHast cymMMbl 1 Tpou3BeieHnst (DyHKITUIL.

27. IlpomsBomnas cioxkuoit dynknuu. [IponsBonnas orHomenns (GyHKINIA.
18.2.

28. Teopema Pojura. Teopema Jlarpamxka. 18.1.

29. Perrenne HepaBeHCTB ¢ IIOMOIIBIO MTOIIOpa KacareabHoil. Sajaqun 20.1, 20.3,
20.5.

30. /IBa cmocoba joka3aTe/bCTBa BBITYKJIOCTH (PYHKITUN.

31. Hepasencrso encena. 24.7, 24.6.

32. pgr—weron. T(p, q,r) = —4p*r + p*¢® + 18pqr — 4q¢® — 27r%. Jlemmbl o p, g
ur.

33. Ilonmop dyukmueit: 3agaun 35.1, 35.3.

34. Acuvmroruka. CpaBHeHIE MHOIOYJIEHOB ‘Ha OECKOHEYHOCTH , CTEleHHAas!
GYHKIUST 1 MHOMOUJIEH.

35. [IpuMmenenne acuMnToTndeckKnxX ujiei B 3agadax 5.2, 5.3.

36. Omupejiesienne mpejesa 1mociaeaoBarenbHocT. ClioXKeHne, YMHOXKEHUE Ha
KOHCTaHTY, YMHOXKeHUe, JieJIeHIe 1IPeJIesI0B.

37. Ilonck npemenoB mocaegoBaTe/lbHOCTE Ha TpuMepe 3aaa4 10.5, 10.8, 10.9.
38. AKcnoma TOJHOTHI, TEOPEMa O JIBYX MIJIUI[HOHEPAX.

39. /IBa ompeneeHnsl HENPEPHIBHOCTH, UX PaBHOCUJILHOCTL. HelpepbiBHOCTH
CYMMBbI, ITPOU3BEJICHNSI, YACTHOIO, KOMITO3UINH.

40. Teopema o mpomMekyTOUHOM 3HadYeHNN. Teopema BeitepmTpacca.

41. [Ipumenenne HenpepbIBHOCTH B 3aja4ax 15.1, 15.4.

Teopus uuce.

42. Jlokazarenwcrso LTE u LTE mrsa gsoiikn.

43. IIpumenenue LTE B 3amauax 1.2, 1.5, 1.6.

44. [Ipumenenne acUMITOTUYECKUX UJIell B 3a/1adax 5.4, 5.5.

45. JlokazareabcTBO PoxkjiecTBenckoit Teopembl Pepma ¢ MOMOIIBIO JIEMMBbI
Ty».

46. IIpumennene LTE B 3amauax 11.2, 11.5, 11.6.

47. JlokazaTenbcTBO TeopeMmbl Kormn-/IaBenmnopTa.

48. BriBo TeopeMbl dpiciia-I'un3oypra-3usa u3 Komn-/IsBenmnopra.

49. KajpaTnaHbIii 3aK0oH B3anMHOCTH. JlemMbr 1 u 2.

50. KpagpaTudnblii 3aKOH B3aMMHOCTH. JloKa3aTeJbCTBO C HCIIOJb30BAHUEM
JeMMm 1 u 2.

51. Ilpumenenne K3B B 3ajauax 32.1, 32.2.
52. IIpumenenue K3B s aBoiiku B 3aja1ax 32.3, 32.4, 32.5.









