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Mamemamura — 2mo uckyccmeo HA3BIGAMD PA3HHE GEULL OOHUM
U MEM IHCE UMEHEM.
Anpu Hyanxape

Mrozue ne 3Ha10M MAMEMAMUYECKUT UCTIUH HE 8CAEICTBUE HECO-
BEPUWEHCNEA CEOUL CNOCOOHOCMEN WAl HeJOCTNOBEPHOCTNY CAMO20
npeomema, Ho scacdemeue Hedocmamownozo ycepdud 6 npuodpe-
MEHUU, USYNEHUU U HAOAEINCOUEM CPASHEHUY IMUL uded.

Lorcon Jloxx

OOBIYHO TIPenuC/IOBUsI, BBEJIEHUsI, TPELYBEJIOMICHUsI, MPOJOTH U MPOYUE <«IPe» HAIUHAIOTCHA C
KaKoi-HUOY b MyjIpeHoit (ppaswl, U3 KOTOPOI aBTOP B CJAEAYIONINX HECKOJBKUX ad3alax BBIBOIUT C
HOJITIOZKUHBI CTOJIb YKe 3ayMHBIX CJIeJCTBHIA. Ecan npuBeieHHbIe HAMY TUIYOOKOMBICTIEHHBIE STUTPadbI
He y/IOBJETBOPUJIN TPEOOBAHUS YUTATEIS K ITOMY JIOCTOMOYTEHHOMY YKAHPY, TO MOYKEM TOCOBETOBATH
o0paTuTbhCs K 00beMHbIM cOOpHUKAM aOpU3MOB, U3 KOTOPbIX YHMTATE/b Y3HAET MHOI'O MHTEPECHOI'O
0 TOM, 9TO ecTh MareMaruka. OIHAKO ¢ Halleil TOYKH 3PEHHsl YUTaTeJ 0 ObLI0 Obl moje3Hee chop-
MYJIUPOBATH CBOI OTBET Ha TOT BOMPOC, U3ydast MaTeMaTuky. Hampumep, npuias B MareMaTudecKuii
KPY2KOK HJIM Cbh€3JIUB B OJHY U3 JIETHUX IIKOJI, cpean KoTopbix Kuposckas JIMILL ocobo Bbiaensercs
CBOMM pazMaxoM. Ecym durarenb permuTces Ha TaKOil IIar, OH, CKOpee BCero, Ha4HeT ¢ U3YYeHHs MPO-
cTellluX Belei, Ho Oy/eT UMeTh IIAHC OJHAXK/Ibl OIIACTh B I'PYIIILY € FOP/ibIM Ha3dBanueM «1pocdu-10».
Nmenno ¢ Takoit rpymmoit aBropaM 3Toit Opontopsl Bbiajia yectb paborars B uiojie 2008 roga. [Tosro-
MY B HIEPBYIO OYepe/ib Mbl XOTE/IH Obl BRIPA3UTh CBOIO OJIAr0IAPHOCTH T€M OJUHHAIATHA OECCTPATITHBIM
JTECATUKJIACCHUKAM, KOTOPBIE B 9TOM T'OJly 1O IPaBy KMEHOBAJIUCH «IIpodeccunonataMuy: AJIeKCAHIPY
Antpornosy, Autony ['yceBy, Imutpuio Kpacuosy, Onery Kypkorosy, Crenany Jlo6acroBy, Onery Op-
noBy, Hukonato [TaceiakoBy, Jleonuay I[lonoy, Koncrantuny Cvupuosy, Haraawe Typounoit u [laBy
Tropuny.

OcHOBHYTO T€JIb CBOEiT pabOTHI MbI BUIEIN HE TOJBKO B TOM, YTOOBI HAYYIUThH MKOJTHHIKOB OPUEH-
THPOBATHCA B PA3JHYHBIX 00IACTIX MATeMATHKH, HO U B TOM, YTOOBI IPOBECTU MOCTBI MEXK/Iy STUMH
00/TacTAMH, CO3/]aB TeM CAMBIM €JMHYI0 KAPTUHY BCEr0 M3YUEHHOr0. A MOTOMY MBI CTAPAJIUCH HAUTH
NPABUILHBIN DATaHC PA3HOMIAHOBOCTH TEMATHKY U WIACHHON BBIIEPZKAHHOCTU MpOorpaMMbl. MHOT000-
pasue BKYCOB U LpeJicTaB/IeHuil 1perojasare/ieil npodu-rpyuib odeciiednBajia mepByo COCTABJISAIO-
Y10, TOrJa KaK CIJIOYEHHOCTh Halieil MATepKu — BTOPYIO. XO4YeTcs HAJAEAThCH, YTO HPU ITOM MbI
60JIee COOTBETCTBOBAJIN MOCJTIOBHIIE O JBYX T'OJIOBAX, HEXKEIN O CEMH HIHbKaX.

Yurarenb, pazymeeTcs, OCO3HAET, YTO BKJIIOUYEHHBIE B 3Ty OPOIIIOPY JIHCTOYKN TMOTOOHBI KapaH-
JIAIITHBIM HAOPOCKaM, KOTOPBIe BEepHO MepealoT O0IIHe KOHTYPBI, HO ODECCUILHBI TTOKA3aTh IBETOBYIO
rammy. Bpsii jim 1o 3tum HabopaMm 3a/1a4 4uTaTe/Ii0 YJIacTcsd BOCCTAHOBUTH Ty aTMOCdepy KUBOI'O U
IJIOJIOTBOPHOTO ODIIEHMS, KOTOPYIO Mbl CTAPaJIMCh MOJJIEPKUBATH HA TPOTIKEHUN Beeit cmenbl. B cu-
JIy 9TOTO MBI He TTIOOOMMCST TOBTOPEHUS U ellle Pa3 MOCOBETYEeM YUTATE/I0 CAMOMY MPHEXaTh B JIETHIOO
MaTeMaTHIECKYI0 MIKOTY, €CJIH OH TaM ellle He MOObIBa.

K coxanenuio, B 3T0ii OPOITIOpE OTCYTCTBYIOT MaTePHUAbI 3aHATHI IO TOTOJIOTUU, KOTOPbIE TTPOBO-
gt A. B. CKONleHKOB — IJIaBHBI CIEIUAJIUCT 110 HEPEKPYIEHHBIM JIEHTOYKAM U PA3ZKUTAHUIO KOCTPA.
[Ipuyuna cero UCKJIIOYUTETLHO B TOM, YTO MAaTE€PUAJIbI 3TU 3ACJIYKHUBAIOT OTJAEJIbHONU OPOIIIOPHI.

U, nakonern, camasi IpusiTHAsI 9acTh JIIOO0OTO «Ipes. Ham xoTesock 661 BeIpa3uTh 6,1arolapHOCTh OP-
PaHU3aTOPAM IIKOJIBL, a TaKKe (HO JAJIeKO He B MOCJIETHIO 0Yepe/ib) HeOPIUHAPHBIM IIPENoaBaTe M
«00pranbIX Tpymy 10 k1acca: Anekcanapy BadeciaBosuuy Kupsune, Koncrantuny AekcanapoBudy
Knomy, Enene Muxaiitosae Kossiaunoit, Muxauny Anekcangposuuy JIykuny u Bagnmy Benunammno-
Buay CujiopoBy.
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4 wuona
BCTYHI/ITeﬂbHaﬂ OJINMMIINAQ/1A

1. Jlist mecstu HATYpAJIbHBIX dnces1 mocantaan Bee ux nonapuasie HO b, MoryT u 45 oty genabix
qHces paBHATbCA 1,2, ...,457

2. ¥V ngaTuyroJibHOi 3Be3/1bl BCE 3BeHbs paBHbI. VI3BeCTHO, YTO BHYTPEHHUI MATUYTOJIHHUK OMUCAH-
HbIil. /loKaxKuTe, 9TO 3TOT NATHYTOJbHIK ITPABUIbHBII.

3. Ha npsamoit pacnosioxkena dpunika. [lers u Bacsa urpator B Takyio urpy: Bacs nazbiBaer 10J10-
JKHUTesIbHOE uncsio, He Gosbinee 1, a Ilers nuraer dwumiky BopaBo win BaeBo (M0 ¢BoeMy BHIOODY)
Ha paccroguue, Hazpanuoe Baceit. [Ipu stom llere 3ampemaerca 10 pa3 mosgpsa ABUraTb (PUIIKY B
o/iHy cTopony. MoxkeT jiu Bacs Ha3pIiBaTh TaKue YuCJIa, 9TOOBI Y€pe3 HEKOTOPOe YHCJIO XO/I0B (DUIIKA
rapaHTHPOBAHHO OKAa3a/1ach CABHHYTON BIIPaBO HA paccTogHue, bobinee 20087

4. Tpeyronpauk ABC' takos, uro AB + BC = 2AC. JlokaxkuTte, 9T0 TOYKa B, MeHTp BIHCAHHOI
okpy:kHocTu Tpeyroibanka ABC u cepeaunbl cropon AB u BC' jexkar Ha OJHON OKPYKHOCTH.

5. p > 5 — npocroe unc/io. VI3BeCTHO, YTO JJIMHA HANMEHBINErO MePHOJA JeCATHIHON 3amuc Apoou
1/p paBua 2n. JlokazkuTe, 4TO €CJIM ITOT IEePUOJ| Pa30UTh HA JIBA N-3HAYHBIX KyCKa, TO CyMMa YhCeI
B 5THX Kyckax pasua 99...9 (n 1eBdTOK).

—

n

4 nond
Oyukiusa ditnepa (IuKbde3s)

1. Caeayrorue ycaoBUs SKBUBATCHTHDL:

(i) (a,m) = 1;

(i) a — obpamum 1o momyao m, 1o ectb ab = 1 (mod m) st Hekoroporo b (orciona ciaepyer, 9To
b orpe/iesieH OJHO3HATHO);

(iii) {0,1,...,m — 1} = {0a, 1a, ..., (m — 1)a}.
Omnp. Oyukius Diiiepa p(m) paBHA KOJUYECTBY HATYPAJIbHBIX YHCEJI, HE PEBOCXOJAIIUX 1M, U B3a-
MMHO MPOCTHIX ¢ M (<=> 00pATHUMBIX 10 MOJLYJIIO ).
Teopema Diinepa. Eciu (a,m) = 1, o a?™ =1 (mod m).

2. Jlano unco 2298, JlokazKkuTe, 9T0 MOYKHO IIPHIHACATH K HEMY CJIeBa HECKOIBKO Midp TaK, ITOOLI
TIOJIYYAJIACH CTENeHb JTBOHKH.

3. Pacemorpum pag 1/m,2/m, ..., m —1/m,m/m.

a) Jlokaxkure, 9ro mpu m > 2 ¢(m) — 4eTHo.

6) Hdokazkure, aro ¢(dy)+¢(de)+- - -+¢(ds) = m, rae cyMMEpOBaHUE BEJIETCS IO BCEM JICTUTETISM
aucsa m.

4. a) Jlokaxure, uro npu (a,b) =1 p(ab) = p(a)p(b);

6) Haitnure ¢(p™) (p — mpocroe) u BeiBeguTe 06IIYI0 hopMyy jist o(m).
Bameuanue. [lonoxum L(pt...ph*) = HOK (o(ph), ..., o(0eF)) < o(p* ... pe*). Jdokaxure,uTo B
TeopeMe Diisiepa MOKHO BMecTO ¢(m) Gparh L(m).

g caMoCTOATEeIbHOTO PENTIeHUs

1. JTokaxKkuTe MyJbTUILTMKATUBHOCTH (DyHKIMH 0% (m) = > dim d.
2. Jlokaxkure, 9TO JIJId KazKJIOTO N CYIIECTBYET YUC0 C CYMMOIl mudp n, Aessineecs Ha n.

3. Mexay AByMs € IMHUIIAMU TTHATIIETCST IBOIKA, 3aTeM MeK/Iy JIObBIMU IBYMs COCEIHUMA IUCIaAMU
MUIIeTCS UX CyMMa H T.J1. JIoKaKuTe, 4TO YUCIO N B UTOTEe GYIET BHIMUCAHO POBHO ¢(n) pas.



5 wuions
JInHeliHbIe cuCTeMbI: TeOpuUs

Oupl. /Ige CJIY (0T 0auHAKOBOTO HAGOPA MEPEMEHHBIX) HA3BIBAIOTCS IKGUSAACHIMHOLMU, €CTH Y HUX
COBTIAIAIOT MHOYKECTBA peTIeHn .

Omnp2. Pacemorpum asemernmaprvie npeobpasosanus CJIY Tpex Tunos:
DII1) k crpoke npubapisieM JAPYryIO CTPOKY, YMHOKEHHYIO Ha YIHCIIO;
DII2) cTpoOKy yMHOXKAEM HA HEHYJIEBOE THCJIO;

DII3) MeHsieM MecTaMu JiBe CTPOKH.

Yupl. Ecan ogna CJIYV noaydaercs u3 apyroit mytem npumenenust II11-9113, o stu CJIV sxBusa-
JIEHTHBI.

Teopema 1(meron T'aycca). Ilpu momoru DIT1-D113 kaxkayo CJIY MOXKHO HPUBECTH K CTYMEHYA-
TOMY BHJY, T.e. K BUIY

blexe + ............ + blnxn = dl
kaxk _|_ ......... _|_ b2n([;n — d2

b3ll'l+ ...... ‘f‘bSnl"n = d3

brsxs +e brnxn = dr ’
0 = dr+1

\ 0 = dm
rie biebopbs .. by 0, e <k <l <--- <s.
VYup2. a) Ckosbko pentennii Mmoxer 6bth y CJIV?
a) Ckosbko perrernii mozker 0biTh y CJIVY, re mepemMeHHBIX GOJIBbINE, YeM ypaBHEeHHii?

6) Kak HaiiTu Bce pemenns npou3sosbaoi CJIY?
B) 3a cKoJIbKO JeiicTBuii MoxkuO pemuth CJIY pasmepa 100 x 1007

Teopema 2. OgHOpPOIHAS CUCTEMA, B KOTOPOil IepeMeHHbIX 60/IbIe, YeM YpaBHEeHHIT, IMeeT HeHyIeBoe
pelieHue.

Teopema 3. Eciiu cucrema u3 n ypaBHEHUil C 1 HEM3BECTHBIMU MMEET €IUHCTBEHHOE peNIeHue Tpu
KaKOM-mo HADOPe CBODOJHBIX UIEHOB, TO OHA HMeeT eIMHCTBEHHOEe peIlleHue IpH 41000m HADOpe CBO-
OOIHBIX UJICHOB.

Teopema 4. Eciau CJIVY ¢ meabimu Ko3dduimenTaMu 1 CBOOOIHBIME UJI€HAMH HMEET €JIMHCTBEHHOEe
pereHne, To 3TO — pPellleHre B PAINOHAJIBLHBIX YHCIAX.

Teopema 5. Eciin CJIY ¢ nenbivu KoaddurmenTaMu u ¢cBOOOTHBIMI YJIEHAMHI HMEET KaKOe-TO pelle-
HIe, TO OHA MMeeT peIlleHNe B PAIMOHAJBHBIX YHCIAX.

g caMoCTOodATeJIbHOTO pelleHns

Banl. Hanummure a) obmee pemenne CJIY (y kaxaoro csog CJIY); 6) apyroe obimee pernieHue.

Ban2.(JuckperHoe ypaBHEHHE TEIJIOIIPOBOIHOCTH) a) B KaK/I0il KileTKe KaeMKH IIPSMOYIOJIb-
HO¥i TabJIMIBI 3amucano Yuco. JJokazkuTe, 9T0 MOXKHO PACCTABUTH ([IPUYeM eHHCTBEHHBIM 00pa3om!)
qHC/Ia BO BHYTPEHHUE KJIETKH TabJIMIbI TaK, 4TOObI Kayk/0€ YHCJIO0 BO BHYTPEHHE KJIeTKe PaBHSJIOCH
cpenHeMy apudMeTHIeCKOMY CBOUX coce/ieil (y KJIeTKH MakCuMyM 4 coceia).

6) Kakos dusnueckuii cMbica 3aga4qu (1 kKak oHa "pemaercs'mo dbusngeckum coodpazkeHusm)?

B) Penmre 3a/1auy, ecim y kjierku 8 coceieit.

r) O6obmure 3a7a4qy Ha HENpsIMOYroJibHbe Tabauibl ¢ "apipamMu'"BHYTPH U IPOCTPAHCTBEHHBIE
TaOJINIIL.

1) Kak BBIDJISIUT U pernaeTcs 3a/a4a Jijis IPOU3BOJIBHOTO CBA3HOTO rpada’

e) Pemnre 3a7a4y /1 KOMILIEKCHBIX IHCEL.



5 uwins
A ddunnpie mpeodbpasoBaHUsI

1. B rpeyrosbauke ABC rouku D, E, F,G, H — cepeaunnt orpeskos BC, AD, BD, ED, EF coor-
BeTCTBeHHO. X — TO4Ka nepecedenus npsimbix BE u AC, Y — touka nepeceuenus: npsimbix GH u AC.
Jlokakute, 910
a) GY = 3HG;

6) BE =3FX;
B) Haiijure oTHOmeHue 1omaeii rpeyronbuukos ABC u EGH.

2. Yepe3 TOUKY BHYTPH TPEYrOJbHHKA C ILIOMAIbI0 S IIPOBEIEHbI TPU IpsAMbIe, MapaJsiaebHbIe
CTOPOHAM TPEYIOJbHUKA. JTH IpAMbBIe JIeJAT TPEYrOJbHHK HAa TPH IapaJiejorpaMMa W TPH Tpe-
yroapauka. Obozuaunm S7, So, S3 IIOMAAM TpeX MOTYUHBIINXCA TPEYroJabHUKOB. JloKaxKuTe, 9TO
VS =S + VS + /S

3. B Beimykiaom naruyronpauke ABCDE wuspecrno, uro F' = BC N DE, G = CD N FA,
H=DFENAB,I = FANBC u J = ABN CD. Jloka:xute, 9T0 €CJH ILIOMAIA TPEYTOJbHIKOB
IAH,JBI, FCJ,GDF, HEG pasubl, To npsambie AF, BG,CH, DI nu EJ nmepecekaioTcs B OTHOI TOU-

Ke.

4. B mectuyronsanke ABC D EF mpoTuBONOI0KHBIE CTOPOHBI PABHBI U TapaJLiebHbl. JoKkaKkuTe,
4qro miomaaun Tpeyroabankos AC'E u BDF' paBHBIL.

5. Jlokaxxure, uro adpdunnoe npeodbpasoBanue MOKHO HPEJCTABUTH B BUJE KOMIIO3UIIUU HECKOJIb-
KUX cKaruii (pacrszkennii) u moBopoTHOii roMoreTnn. CKOMTBKO C:KATHil JOCTATOTHO?

5 5
6. a) Paccmorpum nsaruyroibuuk Ay Ag Az Ay As. Obosnaanm S = > |4 A, T = Y |AiAira]?
i=1 i=1

N3BectHO, uro A1 A3 A3 A A5 MoKHO IepeBecTn adhDUHHBIM Mpeodpa30OBaHueM B paBu/IbHbI. Haiiu-
e S/T.

6) Paccmorpum n-yroabuuk Aj;AsAs...A,. k < n — marypaabhoe umcio. O6osHaunm S =
n n

S lAA2 T = > |AjAik|?. Ussectno, uto A;AsA;... A, moxuo nepesectn addUHHBIM Tpe-
i—1 =1
obpa3oBanuem B mpasBuabHblii. Haiigure S/T.

6 wuondg
Iloka3arenn

Oup. IIpu (a,m) = 1 cymecrByer nojoxurenbuoe d ¢ yciaosueM a° = 1 (mod m). Haumenbiuee u3
TAKUX YUCE]T HA3BIBAETCH NOKA3AMEAEM, KOMOPOMY G NPUHAOAEHCU O MOOYAI0 .

1. a) Ynena 1 =a® at, ... a0t

)

110 MOJLYJIIO 1M HECDABHUMBbI.
6) a®* = a' (mod m) (s,t > 0) <= s =t (mod ¢). B wacrnocru, a®* =1 (mod m) <= s:4.
B) 0 sABJISATCS JeauresemM p(m).

Bameuanue. Ha camom jiese § apagrcs peaurenem L(m).

2. Haiinure Bce mpocToeie p, g Takue, uto 2P — 1:¢q,29 — 1:p.

3. Ilocmorpum Ha uucio Buja 2P — 1 u yBujaum, 9T0
a) IPOCTBIX YnCe] GECKOHEYHO MHOIO;
6) cymecTByeT XoTst GBI OJTHO TPOCTOE YUCI0 Buja 2px + 1.

4. JlokazkuTe, 4T0 1pOCThie Jenresnn dncia 22 + 1 umeror sug 2"z + 1.
5. 2" — 1 He menuTcd Ha n upu n > 1.
6. p, ¢ — upocreie uucaa, ¢ > 5. JTokaxkure, aro ecam |2 + 3P, To ¢ > p.

7.a)a>1,p> 2 p—upocroe. Torma npocTeie HEYETHBIE MeuTe Il Yncaa a’ — 1 wm genaar a — 1,
WK uMeroT Bujg 2pxr + 1.



6) a > 1, p > 2, p — npocroe. Torna npocreie HeveTHBIE Aeauresn dnciaa aP + 1 wim genst a + 1,

WM UMeroT BUI 2pxr + 1.
aP—1
a—1
9. /lokakute GECKOHEYHOCTH MHOYKECTBA MPOCTHIX Yuces] Buja 2px + 1.
g caMoCTOaTEeIbHOTO PeNTeHUs

8. Hucno “MeeT XOTs Obl OJUH MPOCTOH MHOXKUTEIb, He ABIMIONNNACT JeJuTeaeM a — 1.

10. a) a > 1. Torga p(a™ — 1) kparHo n.
6) JdokazkuTe, 94TO YHCIO TPABUIBHBIX HECOKPATHUMBIX JIpo0eil co 3HaMeHaTeseM a” — 1 KpaTHO n.

11. Haiiure Bce n, npu KOTOPBIX 1|3" — 2™,

6 WMo
Cynepno3urius

Benukas mogab3a spyaunuu. OOHIEn3BeCTHO, YTO C’I’fn :p, p — upocroe (k # 0,k # p).

1. [To kpyry crosr 128 mebix gucesi. 3a OJAWH XOJ BCE YHCJIA OJHOBPEMEHHO 3aMEHSIOTCS HA CYMMY
JIByX cBOMX cocejieil. /JlokakuTe, 4TO 4epe3 HeCKOJIbKO X0JIOB BCE YUC/Ia CTAHYT JIeJIMThcs Ha 128.

1) Tlo kpyry crout onna eaununa u 127 wyeir. Uro moayqurcs gepe3 7 xomos? Jlokazkure, 4To
yepe3 HECKOJIbKO XOJ/IOB BCe YHCJIa CTAHYT YeTHBIMU.

2) Onpegesum TOHITHE CYMMbL(CYNepno3uyuy) IBYX HAYATIBHBIX PACCTAHOBOK YHCET O Kpyry. B
KAKUX OTHOIIEHUSIX HAXOJUTCH ITA CyMMa C oneparnueil 3aMeHbr aucei’

2. (Mureprioasimuonnsiii Muorowien Jlarpauzxka.) Jlokakure 910 1j1st Jiroboro Habopa u3 n + 1 Toukn
C pasHBIME abCIUCCAMU Haiijiercs (e IMHCTBEHHbIH) MHOIMOWIEH CTEIIeHH He BBIIIe 7, KOTOPBIH B 9THX
TOYKAX MPUHUMAET 33]aHHbIe 3HAYCHUS.

Ykazanue. UTo 3j1eCh sBJISETCH aHAJIOIAMU HAYAJIbHON PACCTAHOBKM, Oll€pAIlUd U CYMMbI paccra-
HoBOK? Uepes kakue crenuduyaeckne(="6a3ncHpie") MHONOWIEHBI BBIPAKAETCs MHTEPIOISIIIMOHHbBIT
MHOrouten Jlarpam:kxa? Hanummre 1j1s1 Hero siBHy0 popmy.y.

3. (Kuraiickast Teopema 06 ocrarkax.) a) /[aHbl MONAPHO B3aUMHO MPOCTBIE UUCIA My, My, ..., My U
IPOU3BOJILHBIE (1, 2, . - . , Ay. JIOKAZKUTE, ITO CymecTByeT Takoe 1mucyao A, uro A = a; (mod my).
6) Yncao A onpesiesieHO OJHO3HATHO 110 MOJYJIIO My . . . My,.

4. Ectp 4mcna aq, ..., a,, CpeIM HUX POBHO JBa OJWHAKOBBIX. HammmmuTe BBIpazkKeHume oT aq, ..., d,,
3HaUYEHUEe KOTOPOI'0 PABHO ITUM OJIMHAKOBBLIM YUCJIAM.

st muorousiena P(z) paccMOTpUM MOC/IEI0BATEIHHOCTD CyMM
S, =P0)+ P(1)+---+ P(n).

Cayuait P(x) = 2* npencrasaser ocobeHnbii nuTEpEC.

5. Haiigure gBuyto dbopmymty s S, XOTb JJisl KAKOTO-HUOYIb MHOTOYIeHA CTeleHN k.
a) Onp. Uxc 6 yovsarowet cmenenu m: ™ = x(x — 1)(x —2) ... (x —m + 1).
6) Jlokazxure, uro a) (v + 1)2 — 2 = ma™=1L;
B) Haiimure 1™ + 2 + 3™ + ... 4 (n — 1)™.
6. lokaxure, uro S, (or MHOrOusIeHa crenenu k) ecrb muorowien crenenn k + 1 (1o ects S, = g(n)
Ju1s1 HekoToporo muorouiena ¢(x)). s npumepa soraucaute 14 + - -+ + nt,
g caMoCTOaTEeIbHOTO pPeNIeHns

1. B kueruaroit Tabsune 4 X 4 uaer urpa "2Kusap"mo ciaeayomuM nmpaBuiaM: KjaeTKa 00bsBIIsSET-
Cs1 JKUBOI, ecM Ha TPEeIbIAyINeM XOAy y Hee ObLIO HeYeTHOe YHCI0 YKUBBIX COCeIeil, ¥ MepTBOil B
IpOTUBHOM cJiydae. Haiiure MakcuMyM Ieproja UIPhl IO BCeM HAYAJIHHBIM ITO3UIUSIM.

2. a) Tlo okpyzkuOCTH paccrasienbl ™ nebix duces (p — npocroe). Jlokazkure, 9r0 4epe3 HECKOJIbKO
XOJ0B BCE YUCIa OYIyT JEJUTHCS Ha P, €CJH 3a X0 U3 KayKI0I0 YNC/Ia BHIUUTAETCS ero

a) JIeBBIH coces;

6) [-blit cocen ceBa, | purCHpOBAHO;

B) [-Blil cocet ceBa, | MOXKeT MeHsIeThCsl OT XOJa K XOJy!



T WO

Azpik CJIY

JuckpeTHoe ypaBHEHHE TEIJIOMPOBOIHOCTH. &) B KayKI0il KIeTKe KaeMKH MPSIMOYTOTHHON Tab-
JIMIBL 3AMUCAHO IHC/I0. JIOKAZKUTe, 4TO MOYKHO PACCTABUTH (IPUYeM eMHCTBEHHBIM o6pasom!) ducia
BO BHYTPEHHHUE KJIETKH TAOJHUIIBI TAaK, YTOOBI KayK/10€ YUCJIO BO BHYTDEHHEelH KJIeTKe PAaBHSIOCH CPeI-
HeMmy apudmerndeckoMy cBoux cocelieil (y Kiaerku makcumym 4 coceja).

6) Kakos dusmaeckuit cmpica 3agaqn (1 Kak ona "permaercs'no dbusngeckum coodpazkeHusim)?

B) Penmre 3amauy, ecam y KiaeTku 8 coceieii.

r) O6GobimuTe 3a7a4y Ha HENpsMOYToJbHbIE Tabauibl ¢ "abipaMu'"BHYTPH U MPOCTPAHCTBEHHBIE
TaOJINIIBL.

1) Kak BbirjisyinT u pemaercs 3aja4da Jijisi IPOM3BOJILHOIO CBA3HOIO rpada’

e) Pemure 3aja4y 11 KOMIIEKCHBIX 9HCEUL.

10 6ananoB. Ecth 10 6aHaHOB OJMHAKOBOIO Beca W JBYyXUallledHble Bechl Oe3 rupb. /lokazxKure, 9TO
MeHee 4eM 3a 9 B3BelIMBAHWIl HeJIb3s JI0OKa3aTh, YTO BCe OaHaHbl JIEHCTBUTE/ILHO BECAT OJIMHAKOBO.
Beca GanaHOB: a) BelecTBeHHBIE; 0) MOJIOKUTEIbHBIE; B) HEOTPHUIIATEIbHBIE; T') HATYPAJIbHbIE.

101 xopoBa. Ectp 101 koposa. Eciu yopars 100yi0 OYPEHKY, TO OCTABIIUXCSI MOYKHO pa3IeauTh Ha
JBa PaBHBIX 110 BeCy W YHUCJIEHHOCTHU CTa/la. ZLOKa)KI/ITe, YTO BCE€ KOPOBbI BeCAT OJMHAKOBO, €CJIM HUX
Beca a) ‘resble; 6) pannoOHAIBHBIE; B) JACfICTBATE/IBHbBIE; I') KOMILJIEKCHBIE.

Yucaa mo kpyry. 1o kpyry crogr 123 a) *mesnbix; 6) panuoHAJbHBIX; B) JEfiCTBATEIBHBIX; T') KOM-
LJIEKCHBIX YHUCJa, He BCe HyJieBble. JJOKazKuTe, 4TO MOKHO BBLIKMHYTL JIBa COCEJHMX 4HUCJIA TaK, 4TO
OCTaBIIMECA YUCJIA HeJIb3d Pa3OUTh Ha JIBe PABHBIC 110 CYMMe I'DYIIILL.

Bapybku mHa orpeske. Ha orpeske [0,1] oTMedeHBI KOHIBI, a TAK¥kKe KOHEYHOE UUCIO PA3AUYHLLE
TOoYeK BHYTpH. VI3BecTHO, 4TO J1100ast BHYTPEHHSISI OTMEeYeHHasi TOUKa JIe?KUT POBHO 1OCEPEIMHE MEZK Ly
KaKUMHU-HUOY/Ib OTMeYeHHbIMU TOUKaMu. JIoKazKuTe, 9T0 BCe OTMEYEeHHbIEe TOYKHA PAIMOHAJIBHBI.

O wuwong
Jlemma I'ensenda

O6o3nauenne: Bygem 0603Ha9aTh CTEIeHDL, B KOTOPOIi IIPOCTOE YUCIO P BXOIUT B PA3JIOKCHHE 1 Ha
IIPOCThIe MHOKUTEH, depe3 ord,(n).

Jlemma Teuzens: [Iycrs a, b — pasandnble mejble dncia, kK — HaTypaJbHOE, a P — MPOCTOE THCJIO,
He Jengmiee a. Ecim BbinosiHeno oiuo u3 yciopuit 1) u 2), to ord,(a® — b*¥) = ord,(a — b) + ord, (k).
1) p#2muord,(a—0b) >1;
2) p=2muordy(a—b) > 2.
Sameuanne: naue semmy [ensena moxxHO nepedopMyIupoOBATh TaK:
ecn a = b (mod p®) (a Z 0 (mod p)), & — MAKCHMATBHOE YUCIO C STUM CBOHCTBOM, TO
a) npu p # 2 pemonreno a® = 0% (mod p*™*), rae s = ord,(k), u UnCIO (v + S HETB3S YBEIMUHTD;
0) upu p = 2 aHAJOIUYIHOE BEPHO TOJBKO NpH & > 2.

HokazareabcTBo: [Ipeanonoxum, 9ro a — b geguTcs Ha p, HIpUYEM @ He JIeJUTCS Ha P.

a) lokaxure, uro ord,(a? — 0P) > ord,(a — b).
6) Jokaxure, aro ord,(a® — b°) = ord,(a — b), ecau s ve gesurcs Ha p.
B) Jokaxure, uro ord,(a® — b*) > ord,(a — b) + ord, (k).

) Hokaxwure, aro ecaun p > 2, to ordy,(a? — b?) = ord,(a — b) + 1.
1) Jokazkute jemmy [ersesist B ciydae, eciu BBIIOJHEHO ycJoBHe 1).
e) Jokaxure jemmy Lensesss B cryuae, eCjii BBIIOJIHEHO YCIOBUE 2).

T



3AJIAYUN

_ 910000

. KaKO¥ cTeneHun BXOJIUT B PA3JIO?KEHUE YUCJIA Ha IIPOCThIE MHOXKUTEJIN !
1. B 5 1 310000 ?

2. JTokazkure, 9TO NOKa3aTe b ucjIa 2 no moayao 3" pasen o(3").

3. Pemure B HaTypaJbHBIX YHCIaX ypaBHeHne 3 = 2%y + 1.

4. Haiigure BCe ueTBepKU HATYpAIbHBIX duces (n,k,p, ), s KOTopbix T > 2, n > 1, p — upocroe u
" =pF + 1.

5. Kakoe HanboJibIiree 9ucjIo HyJieii MOXKeT ObITh CPeIu IeCcTu nocjaeaux nudp dncia 2" g n > 1007

9 wuons
Diunckl. M3oronajabHoOe colpsizKeHne

1. /lokaxkute, uTo adpunHOE MTpeodpa3oBaHue MEPEBOIUT OKPYKHOCTH B JJLTHUIIC.

2. Ha mmockoctu manel npaMag £ u sumnce ©. Ipavasa ¢ napasrenbHa npsaMoii £y 1 mepecekaer
smnunc © B roukax A u B. Touka M, — cepenuna orpeska AB. Jlokaxkute, 9To BCe Touku M, nexar
Ha OJHOI HPAMOIA.

3. Ha croponax TpeyrosbHHKa KaK Ha JUACOHAJSX IMOCTPOEHBI HapasLieJOrPpaMMBL C HapasIIeshb-
HBIMHI HAIIPABICHUSIMH CTOPOH. /loKakuTe, 9TO BTOpHIE AUATOHAIN STUX IIAPAJLIEJOIPAMMOB II€pece-
KalOTCd B OJJHOW TOYKeE.

Onpenenenne. Paccmorpum Tpeyronbuuk ABC u Touky P ma mirockoctu. Ecim ais Toukn P cy-
mecTByeT Takasg Touka ), uro L(AB, PB) = Z(QB,CB); Z(CA, PA) = Z(QA, BA); Z(BC,PC) =
Z(QC,CA), 0 Touka () HA3BIBAETCS TOUYKOM, U3020HANLHO CONpadcernol K Touke P.

4. JIng KaKuX TOYEK CYIIeCTBYET M30TMOHAIBLHO CONPSKeHHass K HUM TOYKa?

5. HaiiguTe W30roHaJIbHO CONPSAYKEHHBIE TOYKH K CJAEIYIONAM TOYKAM:

a) IEHTP BIHMCAHHONH OKPYXKHOCTH;

) MEeHTp BHEBIHCAHHONW OKPYZKHOCTH;

B) OPTOIEHTD;

r) GapureHTp.

6. JTokazkuTe, 4TO OCHOBAHUS IIEPICHIAKYIAPOB, ONYIEHHBIX U3 ABYX H30TOHAILHO CONPSKCHHBIX
TOUeK, JIeyKaT Ha OJHONH OKPYZKHOCTH.

7. Jlokaxkure, 9T0 (HOKYCHI I/IJIMIICA, BIKCAHHOIO B TPEYTOJbHUK, H30MOHAJIBHO COIPSKEHDI.

10 wuwong
ITojsie Z, n MHOTOYJIEHBI HAJ, HUM

Omnpenenenne. [losem HA3BIBACTCS MHOYKECTBO, B KOTOPOM OIPEJIEIEHBI OMEPAINN CJIOYKEHUS U YMHO-
JKEeHUsT, TPUYEM BBINOJIHAIOTCS CJIEYIONIMe CBOCTBA:

a) CJIOXKeHWe acCONMATHBHO, KOMMYTATHBHO, CYIIECTBYET HEHTDPAIbHBIH MO CIO0KEHHIO 3J1eMeHT (OH
obo3navaercs () Uy KazKJI0ro 1eMeHTa eCTh 0OPATHBI 10 CJIOKEHUIO.

6) YMHOXKeHHe acCONUATHBHO, KOMMYTATUBHO, CYIIECTBYET HEHTPATBHBII 0 YMHOKEHUIO 3JIeMEHT (OH
obo3HaUaeTcst 1) Uy KayKJI0ro HEHYJIEeBOTO 3JIEMEHTA eCTh OOPATHBIN M0 YMHOKEHUIO.

B) CJIOZKEHHE M YMHOXKEHHE CBS3aHbI 3aKOHOM juctpubyrusnocru: & - (Y +2) =z -y + x - 2.

r) npu srom 0 # 1.

ITpumeps: moneii. Q, R, C,Q(v/2),Zy — nons. Z,R[z] — me momns.

1. a) /Iokazkure, 9TO ecIu B 10Jie BemoaHeHo a - b= 0, 1o a = 0 wm b = 0.
6) Ilpu KAKUX 1 MHOYXKECTBO Z,, SIBJsIETCS MOJeM?

BriBoa. CymiecTByOT 1M0JIsI KAaK KOHEYHBIE, TAK U OECKOHEYHBIE.

2. a) Pasjioxure na MuoxKuTesu naj Z, muorowien rf~ — 1.
6) dokaxure meopemy Buavcona: (p— 1) = —1 (mod p) npu npocrom p.



B) Haiinmure cymmy > Imsh (mod p).
0<l<m<s<h<p
3. Ilycrs f : Z, — Z, — npousBonbHasa dhynknusa. Torga Haiiercsa Takoii MHOrOWIeH f € Zy|x], nna

KoTOporo mpu Jiobom ¢ Bemoaaeno f(c¢) = f(c¢). (Ipyrumu cioBaMu, HA MHOMXKeCTBe Z, He HMeeT
CMBIC/IA PACCMATPUBATL HUKAKHE (DYHKIMA TIOMAMO MHOTOYJICHOB!)

4. Muorounensl f(z) u g(x) paBHbl B (DYHKIIMOHAJILHOM CMBICJIE TOLJA M TOJBKO TOLJA, KOIJA MX
Pa3HOCTDH JeJIUTCAHA Ha 1P — .

5. Haz Z, cymectByer G6CKOHEYHO MHOTO HEIPUBOINMBIX MHOTOUYJICHOB.

Bameuanue. Eciu muorounen f(z) umeer nesbie KO3(QOUIMEHTBI, TO €r0 MOXKHO PACCMOTPETH Kak
MHOTOUJICH HaJ| Z;, (1a0bl HEMOCBSIIEHHBIE TOHUMAJIH KaK MOXKHO MEHBIIIE, TO HOBBIl MHOIOUWICH TOYHO
Takzke obo3HaunM f(x)).

6. (Kpurepuii Diizenireiina) [lycrs f(r) — muorouwien ¢ neabivu kodbdunuenramu, y KOroporo
crapminit KoaduImeHT He JeJanTCs Ha P, BCe OcTalbHble KOI(MMUIMEHTHI JIeJIATCs HA P, a CBOOOIHBIT
qjIeH He JIeUTCs Ha p? s KaKoro-To mpoctoro uucia p. Torga f(x) wenpusogum Has Z.

7. Muorousnen 2" + 22 + -+ + x + 1 nenpusoaum Hag Z <= n — npocroe.
(Tonkuii namek: f(z) menpusoanm <= f(x + 2008) — nenpusognm).

8. IlycTh [y1st HATYPATBHOTO N U IPOCTOrO YUCTIA P HANLIOCH (n+ 1) 1e/ioe 9ucio, n-e CTeneHn KOTOPhIX
JIAIOT OJIMHAKOBbIE OCTATKM LpHU JiejieHun Ha p. Jlokaxure, 4TO Cpejiu ITUX 4YuCes HaljyTcs JiBa,
JAIole OJINHAKOBbIE OCTATKHU IIPU JleJIEHUU Ha P.

9. f(x) € Z[z], f(0) =0, f(1) = 1. TIpocToe IuCIO p TAKOBO, YTO JJIsI JIEOOOTO METOTO 7 OCTATOK OT
nenenust f(n) na p pasen 0 wau 1. Tokazkure, aro deg(f) > p—1. (Creuenb p— 1, oueBuno, GbiBaer. )

10 wuonsa
JIuHeiiHble (BEKTOPHBIE) MMPOCTPAHCTBA

Oup. Ilycts ganbl muOKecTBO V' (“BekTOph”) W mose K (“amcna’), MMEIOTCS Omepanus CJI0XKeHUsT
BEKTOPOB U IJId KazKA0I'0 YUCJia UMeETCA Oliepalud YMHOXKEHUA BEKTOPa Ha YUCJIO. HpI/I ITOM: _

a) CJI0JKeHMe aCCOIMATHBHO, KOMMYTATHBHO, CYIIECTBYET HeHTPaIbHBI 110 ca0keHn o 3aeMeHT (0 )
M Y KaxKJIOr0 BEKTOpa U eCTh OOPATHBIH MO CJIOXKEHHIO (— U');

6) 1-0 = 0; (kiko) 0 = k1(ko ') (31ech ki, by € K, W € V);

B) (kl + k’z)? == /{}1? + kz?; k(?l + 72) = k?l + /{7?2

Torpa V' HasbiBaercst aunetinvm(eexmoproim) npocmparncmeom ua K.
Yupl. 3agaiiTe ecTecTBEHHYIO CTPYKTYPY JHHEHHONO MPOCTPAHCTBA HAa CJIEAYIOMHNX MHOMKECTBAX:
a) K™ — cTpokn u3 n uucen; 6) quHelHbe ypaBHeHUs BUAA a1x1 + -+ + a,T, = b, ¢ Koabdunu-
C€HTaMU U3 K, B) BC€ MHOI'O4YJI€HbI Ha/ IIOJIEM K, F) MHOI'OYJI€EHbI CTEII€HN HE€ BBLIIIEC 71 Ha/J IIOJIEM K,
J1) BEKTOPBI Ha IJIOCKOCTH W B IPOCTPAHCTBE; €) MOCJIeI0BATEIbHOCTH 37IeMeTOB 10Jist K5 %K) MHOZKeCTBO
dbyuknuii f : [a,b] — R; 3) muokecrBo dyukmuii f: N — C.
Vup2. O6pa3yior Jm JuHeHbIe TPOCTPAHCTBA CJIe/IYIONIIHe MHOKECTBA (OTHOCHTEIHHO €CTeCTBEHHbBIX
omepanuii): a) MHOrOYIeHBI CTelleHn n HaJ mojeM K; 6) HeyObIBaromme MOCJeI0BATEIbHOCTH (HAI
R); B) MHOrOWIeHbl ¢ (DUKCHPOBAHHBIM KOPHEM (v; T') CTPOKH JIJIHHBL 1 C HYJIEBOi CyMMOIl 3JIeMEHTOB;
J1) CTPOKHU JIJIMHBI 1 C HYJIEBBIM MPOU3BEIEHIEM 3JIeMEeHTOB; €) MHOKecTBO dyHkiuil f : R — Q naz
Q; x) muo)kecTBO byukuuii f : R — Q max R; 3) nocaemoBaTe bHOCTH 37eMeHTOB 1ot F'| B KOTOPBIX
KOHEYHO€ YMCJIO HEHYJIEBBIX 3JIEMCHTOB]

VYup3. a) Jokazxkure, 9T0 MHOKeCTBO pemnteruii npon3soabHoil OCJIY 06pasyer BEKTOPHOE MPOCTPAH-
CTBO OTHOCHUTEIBHO €CTECTBEHHBIX OIEPAIHii.

6) C xaxmoit CJIY ecrecrBenubiv obpazom cssizkem OCJIY. Kak npu 910M OKaKyTCst CBsI3aHHBIME
MHOZKECTBA, UX PeIeHuii’!

Yup4. [laiite onpeaesienne nodnpocmparcmea.

Yup5. B ynpaxkuenusx 1-2 ykazkure mapsl 'poCTpaHCTBO—€r0 MOIIIPOCTPAHCTBO" .



Yup6. Paccmorpum mpocTpaHCTBO BEKTOPOB Ha MI0CKOCTH. OMUIIATE BCE €ro MOAIPOCTPAHCTBRA.
Yup7. [aiire onpesenenue uzomopdroir (Kak Obl OJUHAKOBBIX) TPOCTPAHCTB.
Yup8. Haiijiure napsl n30MOPGHBIX TPOCTPAHCTB B yIIpaxKHeHUSIX 1-2.

Omnp. [TogMHO)KECTBO S BEKTOPHOIO TPOCTPAHCTBA HA3BIBACTCI CUCMEMOT 00pa3yoUUT ITOTO MPO-

CTPAHCTBA, €CJIN BCIKHUl €r0 BEKTOP MOYKHO MPEJACTABUTH B BHAE A U1 + + + + + QpuUp, TJE V1, ..., U, € 5,
ai, ..., € K. Beipaxenne ajv; +- - -+, v, (a TakKe, B 3aBUCHMOCTH OT KOHTEKCTa, W €ro 3HAYeHNe)
HA3BIBACTCA AUHEUHOT KOMOUHGUUET BEKTOPOB U1, . . . , Up.

Omp. Ilycts S — npousBoJibHOE MOAMHOYKECTBO BEKTOPHOTO npoctpancrsa V. Jlunelnol 06040uKot
MHOZKeCTBa S B IPOCTPAHCTBe V' Ha3biBaeTCs COBOKYNMHOCTH L(S) Beex imHeiiHbIX KOMOMHAIUIT BEKTO-
poB u3 S.

Vup9. JTuneiinag oboouka L(.S) aBasiercss noanpocTpaHCTBOM OPOCTPAHCTBA V', COJAEPIKAIMM MHO-
xkectBo S. [Ipu 3roM BCsikOe HOANPOCTPAHCTBO HpocTpancTBa V', cojepxaiiee S, cogepxkur u L(S)
(o s7oit mpuanne L(S) Ha3bIBAOT €IIé MOANPOCTPAHCTBOM, HATSHYTHIM Ha MHOYKECTBO S).

Yupl0. B kax0M u3 1poCTpaHCTB B yIPasKHEHUX 1-2 yKaxKuTe Kakylo-HUOYAb MUHUMAALHYIO CU-
cmemy 06pa3yrouux (To eCTh Ty, KOTOPast HepecTaeT ObITh CHCTEMON 00pPa3yIOIINX TTOCIIe BHIKU b BAHUSI
JI0OOTO U3 BEKTOPOR).

Vupll. [Jokaxkure, uro npoctpancTso R wax Q He mMeeT KOHEUHOH (M JayKe CUETHOl) CHCTEMBI
obpazyomux.

11 uwona
PazMmepHOCTBH

JIuHelinag 3aBUCUMOCTL U HE3aBHCUMOCTD

IIpensioxkenune. [Tycrs S = {v;,i € I} — ceMelicTBO BEKTOPOB BEKTOPHOTO mpoctpancTsa V. Torma
CJIEJIYIONIUE YCJIOBUS PABHOCU/IHHBI:

a) HUKAKON BeKTOp 3 V' HeJb3si BHIPA3UTh Yepe3 BEKTOPHI U3 S JABYMST PA3HBIMHU CIIOCOOAMME;

6) HEUKAKON BeKTOp u3 S HeJb3sl BBIPA3UTD Yepe3 OCTAJbHBIE,

B) ecJiu JinHeiiHast KOMOMHAIMSI BEKTOPOB U3 S paBHA HYJIEBOMY BEKTODY, TO BCe ee KOI(DDUIHeHThI
paBubI 0.

Omp. CewmeiicTBO BEKTOPOB, 00/1a/1a10Iee CBOMCTBAMNU, ONMUCAHHBIMY B IIPEIBIIYIIEM MPEeJIOKEeHUH,
HA3bIBAETCS AUHETHO HE3GBUCUMbBIM, & He 0DTATAIONIee — AUHETHO 3A6UCUMBLM.

Yupl. /lokaxkure cjeayooliiue cCBORCTBa JUHEHHON 3aBUCUMOCTH W HE3aBUCUMOCTH:

a) cucTeMa, CoJieprKalasl HyJeBoil BEKTOD, siBisercs JI3;

6) cucreMa, cosepKaIiasi IpOMOPIUOHAIbHBIE BEKTODBI, siBjsiercs J13;

B) ecau cemeiictBo BekTopoB JIH3, To u s0bas ero yacts JIH3;

r) ecau cemeiicTBo JI3, To 1 T060€ cofepzKariee ero cemeiicTo JI3;

1) ecin JIH3 cemeiicTBO BEKTOPOB HE SIBJISETCS CHCTEMO 00Pa3yIoNiX BEKTOPHOTO IIPOCTPAHCTBA,
TO K 9TOMY CEMeHCTBY MOXKHO JI0O0ABUTH BEKTOP TakK, 9T00BI OHO ocTasochk JIH3.

Omnp. Cucrema obpasyonmx S BEKTOPHOIO MPOCTPAHCTBA HA3BIBAETCS €0 0a3UCOM, €CJTH BCIKHIA d1e-
MEHT IPOCTPpaHCTBa IIpeACTaB/IdeTCd B BHJ/E JIMHEMHOM KOM6I/IH&HHI/I QJIEMEHTOB U3 S, npu4ieM eJuH-
CTBEHHBIM 00pa30M.

Teopema 1. Crenyromue yCI0BHS PABHOCHIBHEI:

a) S — 6asuc npocrpancrsa V;

6) S — JmHeitHO He3aBUCHMAs cHCTeMa 0OPa3yIoIIUX MPOCTpaHcTBa V'

B) S JIMHEIHO HE3ABUCHMO, HO TepsieT TO CBOWCTBO NpH J06aBIeHUN JIIOOOTO BeKTOpa u3 V;

r) S — cucrema 0oOpa3yOMUX MPOCTPAHCTBA V', HO TEpseT 5TO CBONCTBO NPHU yIAJEHUH JHOOOTO
BEKTOPA.

Takum obpazom, 6a3uC BEKTOPHOIO IPOCTPAHCTBA MOXKHO OIIHMCATh, C OJHOII CTOPOHBI, KAK MUHU-
MANOHYIO CUCTNEMY 00PA3YIOWUL, & C IPYTOH — KAK MAKCUMAADHYIO NUHETHO HE3ABUCUMYN CUCTNEMY.
BosHukas Ha y3KOM CTBIKE JBYX MOYTH HE COUYETAaeMBIX KadecTB, OA3UCHI HE MOTYT He MPHOOPEcTH
LeHHbIe CBOICTBA.



Pa3zmepHocTh

Teopema 2. Ecyin B mpocTpaHcTBe ecTh 0a3uc u3 n BEKTOPOB, TO JIOObIe 1 + 1 BEKTOPOB JIMHEHHO
3aBHCUMBI.

Caencrsue. Ecyin B mpocTpancTse ecTh 6a3uc U3 1 BEKTOPOB, TO JIIOOO0I JPyToii Da3uc TOXKe COJMEPAKUT
1 BEKTOPOB

Omnp. BekropHoe mpocTpaHcTBO, UMEOIee KOHEUYHbIH 0a3uc, HA3bIBACTCH KOHEUYHOMEDPHDIM, & TUCJIO
BEKTOPOB B KaxKJOM H3 ero 6a3ucoB — ero pasmeprocmsviro. Ecjim B BEKTOPHOM IMPOCTPAHCTBE HET
KOHEYHOTr0 Da3uca, OHO HA3BIBACTCS OECKOHEUHOMEPHBLM.

3ameuaHme. Mbl He jJ0OKa3biBaeM, 4TO B OECKOHEYHOMEDHOM ITPOCTPAHCTBE TOXKE eCTh 0a3uc U 4TO
JII0ObIe 1Ba, 6a3uca PaBHOMOIIIHDI.

Yup2. B 6eckoHeTHOMEPHOM BEKTOPHOM IIPOCTPAHCTBE ecTh Oeckoneunas JIH3 cucrema BekTOpOB.

VYup3. a) U3 m060ii cucrembl 06pa3yoNUx KOHEYHOMEPHOTO BEKTOPHOTO HPOCTPAHCTBA MOXKHO y/Ia-
JINTh YaCTh BEKTOPOB TaK, 4TOOBI OCTABIINECS 0OPa30BBIBAIN OA3MC.

6) K s11060it JiuHeiiHO He3aBUCHMOIT cHCTEMe BEKTOPOB KOHEYHOMEPHOIO BEKTOPHOI'O MTPOCTPAHCTBA
MOZKHO /1I00aBUTH BEKTOPHI TAK, 4TOOBI MOJIYUIUICT OA3UC.

Teopema 3. PasmepHOCTH COOCTBEHHOTO (He COBHAAMOIIETO CO BCEM TPOCTPAHCTBOM) TIOIIPOCTPAH-
CTBa KOHEYHOMEDPHOI'O IIPOCTPAHCTBA MEHbIIIe PAa3MEPHOCTH IIPOCTPAHCTBA.

11 wwonsa
NuBepcusd. 1logsipbl

Omnpenenenne 1. PaccMoTpuMm OKpYKHOCTH w ¢ 1ieHTpoM B Touke O u pajuyca R. Uneepcueti oTHO-
CHTEJIbHO W HA3bIBAETCs 0TOOpazKeHue IIOCKOCTH 6e3 Touku O B cebsl, HepeBojdInee KazkK /Iyl TOUKY
P B taxyio touxky P’, nexamtyio na ayde OP, ato OP - OP' = R2,

Omnpenenenune 2. [[ns kaxa0it Toukn P, ormwanoit ot roukn O, ee noaspot OyaemM Ha3bIBATH MPSIMYIO
P, HPOXOALANIYIO Uepe3 MHBepCHBI oOpa3 P’ toukm P u nepuenmukyaspryio npamoin OP. Touky P
Oy71eM Ha3bIBATb NOANCOM TIPIMOI p.

Bomnpoc. /st Kakux npsMbIX CyIIECTBYET MOJIOCT

1. (Jlemma o nossipe) lokaxkure, 910 ecju noaoc A upsimoii a Jjexur Ha nosspe b toukn B, 1o
TouKa B J1ekut Ha npaMoil a.

2. Touka X jekuT Ha paJuKaIbHOI OCH JBYX HellepeceKarommuxcs okpyzkuocteit I'y u ['s ¢ 1en-
rpamu O7 u Oy coorBercrBenno. Touku X, nu Xy — maBepcHble 00pa3bl TOUkn X OoTHOCHTEbHO [ 1
I's. Joxaxkure, aro Toukn O, X1, Oy, Xo JekaT Ha OIHOI OKPY’KHOCTH.

3. Ilycts A, B, C' — Tpu pa3indHble TOUKH IJIOCKOCTH, & IPAMbIe a, b, ¢ uX moasapsl. JJokakure, 9To
CJIeYIOMINE JIBA YTBEPIK/ICHIS PABHOCUILHBL:
(1) roukn A, B, C siexkat Ha 0JHOIT IPSIMOI;
(2) npamsie a, b, ¢ mepeceKaOTCS B OJHOII TOUKe WM IAPAJIIEIbHBL.

4. U3 touku P BHe okpyzkuoctu [' nposejsiensl kacaresibubie PM u PN. /lokaxure, 4T0 1psiMas
MN — nonsipa Toukn P.

5. U3 toukn P BHyrpu okpyzxkuocru S nposen jpe cexkyne AB u C'D. JlokaxKure, 410 TOYKA
nepecevenust upambix AC u BD jiexkurt Ha nosspe touku P.

6. [lycTp man gernipexyroabauk ABC D
a) BIMCAHHBINH B OKPYZKHOCTD S
6) olMCAHHBI BOKPYT OKPYZKHOCTH S.
Jlokarkure, 9TO TEPHEHIUKYJISAD, ONYIIEHHBI U3 meHTpa S Ha NPSIMYI, COEJUHSIONIYI0 TOYKH Tie-
pecedeHns TPOTUBOIOIOKHBIX CTOPOH YeTHIPEXYTOJIbHUKA, IPOXOJUT Yepe3 TOUKY HepecedeHus ero
JUaroHaJei.
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7. B kakoe yTBepkKIeHNE MMEPEXO[IUT HEPABEHCTBO TPEYTOJIbHUKA IPU WHBEPCUU

8. B kakoe yTBepzKieHUE MEPEXOINUT YTBEPKIeHNE '"MeInaHbl TPEyroJbHUKA MEePECEKAIOTCS B O/I-
HOI TOUYKe'IIpU MOJISIPHOM TPeoOpPa30BaHUK, €CIU 338 OKPYKHOCTH TOJISPHOTO MpeodPa30BaHus B3dTh
OKPYZKHOCTB, OMUCAHHYIO BOKPYT TPeyroJbHUKAa?

12 wuionga

MaTb6oii

1. Boucannas B HepaBHOOe IpeHHDBIN TpeyroabHuK A BC' OKPYKHOCTH KACAETCS €r0 CTOPOH B TOUKAX
Ay, By, C; coorBercreenno. Touka B’ — Bropas To4uka nepece4eHns BIUCAHHON OKPY2KHOCTH ¢ OTPE3KOM
BBy. BH — Buicora. Jokaxkute, aro Touku B, H, cepenuna A;Cy n cepeanna By B’ nexar wa oxnoit
OKPY2KHOCTH.

2. /lan rpad. Paccmorpum packpackm ero pedbep B KpacHBI W CHHHI I[BeTa, /I KOTOPBIX W3
KazKJI0#i BEPIINHBI BBIXOIUT UETHOE UHCJIO0 KpPacHBIX pebep. JlokazkKuTe, UTO UHUCIO TAKUX PACKPACOK
SIBJISIETCS CTELEHbIO JIBOKU.

3. Jlokaxute, uro muorousen 200 — 72097 4 2007 - 2199 4 3 menpusoaum nax Z.

4. Kakoe namboJibIliee KOJUYECTBO HYJIell MOXKeT ObITh CpEeJIM IMeCTU MOCJeTHUX HMUPP CTerneHu
nBoitku, 6ompmeit 1097

5. Hazosem MuOrowien P ¢ BemecTBeHHBIME KOdbdurmentamu atobonvmmoim, ecau P(z) paruo-
HAJIBHO TOTJA U TOJBKO TOIJIA, KOTJ/Ia palMOHATLHO 2. [Ipu Kakux n cymecTByeT JTIOOOMBITHBIN MHOTO-
YJIeH N-# CTerneHu’

6. Ha Jrecnoii KoJiblieBoit TpornuHke ecTh 16 roHoIIeit u nmeercsd 16 YKPOMHBIX MeCTedeK, Iie pac-
noJsioxkenbl jieBymkn. B urpe "Yecrusrit Kutep''torormu oxorsarest 3a JieBymKaMu: CHavdaa FOHOIIA
Nel nmojkpajbiBaeTcs K OJTuzKaiilieil Mo 9acoBOil cTpesiKe *KUBOIi JIeBYIIKe U yOUBaeT ee; 3aTeM BTOPOi
IOHOIIIA TIOJIKPA/IbIBaeTCd K OnzKaiilreil K HeMy HeMy II0 9acOBOil CTpesKe »KHUBOi JeBYIIKe U yOUBaeT
ee u T.J0. JJokaxure, 4T0 cymMMa MPONJIEHHBIX IOHONIAMU PACCTOSHUN HE 3aBUCUT OT UX HYMepPallUHu.

7. lycrs z,y, 2z > 0, zyz(x + y + 2) = 1. Tokaxure, uro min (x + y)(z + 2) = 2.

8. Touku P u () nexkar BHyTpu Tpeyroabanka ABC n u30roHaabHO conpsizkeHbl. Jlokazkure, 910

AP - AQ BP-BQ+CP-CQ_
AB-AC  BA-BC CA-CB

1.

14 wmonsa
AprymMmeHT pa3MepHOCTHU

Chootcem nepewili, nosecmayruwuti 0 TAPAKMEPUCTNUNECKUL SEKIMOPAT

1. B mabmune (n + 1) X n (n + 1 cTpoka, n ¢To76110B) HEKOTOPBIE KJIETKH OTMEYEHbI KPECTHKAMHU.
JlokazkuTe, 4TO MOYKHO CTepeTh HECKOJILKO CTPOK (He BCe), TaK YTOOBI B OCTABIIEiCs TabIUIE B KAXKIOM
cT0J101e OLLTO OBl OTMEYEHO YETHOE UHCJI0 KPECTHKOB.

2. Ay, Ag, ..., Ayl — HelycTble HOJAMHOXKECTBA NM-3JIEMEHTHOIO MHOXKeCcTBa. JloKazkure, 94T0 MOXKHO

BBIOPATH TAKHME HEMYCThIE HEIEPECEKAIONNECst MHOYKECTBA UHIACKCOB {i1, ... ik} u {J1,..., e}, 9ITO
A, UA,U---UA;, =B;, UB;,U---UB,,.

Chrootcem emopoti, 8 KOMOPOM NOABAAEMCSA CKAAAPHOE NPOU3BEIEeHUE

Onpenenenne. Ilycrs v = (uq,...,u,) u v = (vq,...,0,) — BekTopsl w3 F". Tonoxum (u,v) =
UV + + - + upvy, (ckanaproe npouseederue BEKTOPOB U U V).

3. Jlokazkure CBOICTBA CKAJISPHOTO MPOU3BeaeHus (U, v, w, vy, ..., v, € V, k a1, ..., a, € F):
a) (u,v) = (v,u);

6) (u+v,w)y = (u,w)+ (v, w);

B) (ku,v) = k{u,v);

r) Ecim ajv + -+ - 4+ apv, =0, 10 ag(vy,v) +... +a,(v,,v) = 0.
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Onpepnenenne. Bektopsl u, v € F™ Ha3BIBAIOTCA 0PMO20HAALHbLMU, ecan (u, v) = (.

4. Jlokaxkute, 4TO 1000 HAOOP MOMAPHO OPTOTOHAJBHBIX HEHY/JIEBBIX BEKTOpOB B R" ymHeitHO He3a-
BUCHM.

5. B ropoge k cymnpyzkeckux map u n Kaybos. JIjisg MyKUYMHBI U KEHIIMHBI KOJHYECTBO KJIyOOB, B
KOTOPBIX OHH 00a ObIBa/IM, HEUETHO TOTAA M TOJILKO TOIA, KOrJa OHU — MYzK U yKeHa. JloKaxKuTe, 410
n > k.

6. Hecko1bK0 pa300MHIKOB XOIWIN B OIEPAINH, IIPHYeM 000l pa300UHUK TOOBIBAJ B 11 OIEPAIUIX, a
JI00ObIe TBa pa300iiHUKA MTOOBIBAIN OMJHOBPEMEHHO B k < n omnepanugx. /lokazxKuTe, 9TO IUCTIO0 ONepaInii
HE MEHbIIIe YUC/1a Pa300NHUKOB.

7. B KlIMax Exunoit Tocynapcrsennoit Omumnuanst (ETO) n tectoseix Bompocos. ET'O cnator k
y9aCTHUKOB. VI3BeCTHO, 4TO NPOBEPOYHAST KOMHUCCHSI MOYKET TaK HPUIUCATH HOJOKHUTEIbHBIE BECA, Te-
CTOBBIM BOIIPOCaM, YTOObI YHYaCTHUKHU PACIOJIOXKUJIUCH 1O HEPBUYHBIM OaJjiaM B JIFOOOM Hamepe] 3a-
JIAHHOM TpOTLTaYeHHOM Tnopsifake. [IpuBecTn moapodHOe akKypaTHOe 000CHOBAaHUE TOTO, UYTO N > k.

Chrootrcem mpemuﬁ, 8 KOMOpPOM Mbl NOHUMAEM, HTNO MHOS0UNAEHDBL OTN HECKOADKUIL TEpe-
MEHHDBLIL €CIMD ./Luueﬁuo-a./zae6pau%ec1cue obsexmut

8. Uwmerorcs muOrOWwIeHB  Pi(Y1,. .., 41000); - - - s Pro0o1(Y1s - - - Y1000) € JeHCTBUTENBHBIME KO-
dbunpmenramun. lokaxure, 4TO CyHNIECTBYeT Takoil HeHyjaeBoil wmuorouwnen R(zi,...,T1001), 4TO
R(Py,..., Po1) =0 (nmeercst BBUy PABEHCTBO MHOI'OYJIEHOB).

9. ITycth B — Takoe ceMelicTBO MOAMHOKECTB MHOXKecTBa {1,...,n}, 9T0 MOIIHOCTH MOMAPHBIX IIe-
pecedeHnit OJMHOZKECTB ITOr0 ceMeiicTBa npuHUMaloT poBHO £ pasaudnbix 3uadenuii (0 < ¢ < n).
JlokazkuTe, 4To HanboIbIee BO3MO3MOKHOe 3Hauenne |B| pasro CO + -+ + CL.

14 wuwona
JIBoiiHOE OTHOIIIEHHE

Onpenenenne. /[sotinv.m omnouwenuem deTbipex Touek A, B, C, D Ha II0CKOCTH HA3BIBAETCH THCJIO

(A,B,C,D)* := 45 . 40,

Onpenenenne. /[sotinvim omuoweruem derbipex Touek A, B, C, D Ha oaHOil IpsaMOil Ha3bIBAETCS

— —
aucio (A, B,C, D) := 45 . AD,

BC " BD
Onpenenenune. /[60GHUM 0OMHOWEHUEM TE€THIPEX MPAMBIX @, b, ¢, d, TPOXOASIINX Yepe3 OAHY TOUKY,

b d) = sin \(a,c) . sin\(a,d)
HasbIBaeTCs Iucyo (a,b, c,d) := ORI R

1. JlokazkuTe, 4TO ABOIHOE OTHOIIEHHE COXPAHSETCH IIPU HOASPHOM IPeoOPa30OBAHNM.

2. Jlokazkure, 9TO ABOHHOE OTHOIIEHHE COXPAHAETCS IPU HHBEPCHUH.

3. Hokaxure, uro ecsiu (A, B,C,D) =1, To 6o A = B, 6o C = D.

4. Hokaxure, uto (A, B,C, D)+ (A,C,B,D) = 1.

5. Okpyxkuocth [' mepecekaer npsambie a, b, ¢, d, Koropeie mepecekatorcs Ha ', B roukax A, B, C, D.
Torpa |(a,b,c,d)| = (A, B,C, D)*.

6. Cropount AB u C'D 4gerbipexyronbuuka ABC D nepecekaiorcs B touke F, BC' u AD — B Touke
F muaronamu AC' u BD nepecekator EF B roukax M u N. Torpa (E, F,M,N) = —1.

7. ABCD — Buucanubiii 4eTbipexyrojibHuk, Touka M cepeauna guaronanmu AC. Jlokaxure, 910
LABM = ZCBD rorga, u Toibko torja, korja (A, C, B, D)* = 1.
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15 wmonsa
IlepBOoOOpa3HbIE KOPHNI

Omnpenenenne. Ecin (a,m) = 1 n nokazarejib a o MOIYJII0 M paBeH @(m), TO G HA3BIBAETCS NEPEo-

00Pa3HBLM KOPHEM 10 MOOYAIO M.

Bameuannel. Tem cameiv a = a°, a', a2, ..., a?™1 (mod m) — 910 8ce BLIYETHI, B3AUMHO POCTHIE

c m.

3ameuanme2. Hajinuue 1mepBoodOpa3HOro KOpHS B TOYHOCTU O3HAYAET, YTO I'PYIIa 00PATUMBIX 3Jie-
MEHTOB 110 MOJLYJIIO M SBJSETCS YUKAUYECKOU.

Yupl. CymecTByer Jin mepBooOpa3Hblil KopeHb 1o Moayo 87 1o momxyno 97

Ban0. [Iycth 0 MOLYIII0 M CYNMIECTBYET MepBooOpa3Hblil KopeHb. a) CKOJBKO TOTIa CYIECTBYET JJie-

MeHTOB a, 1yig KoTophix al =1 (mod m)? 6) CKoIbKO mMeeTcs mepBooOpasHbIX KOpHeii?

Banl. a) Hax Z, (p — npocroe) muorotwren crenenn d mMeer me 6osiee d KOpHeif;
6) npu d|p — 1 ypasmenne x¢ = 1 umeer posHO d KOpHeif;
B) ecau d|p — 1, 1o 060o3HaunM depe3 f(d) KOIMUIECTBO BBIYETOB MOKazaTeas poBHO d. JlokaxKuTe,
uro d =Y, f(d'), rue cymmmupoBanue Bejercs 1o Beem jgesmrenam d uncaa d.
d/

Teopema (Taycc). CymecrByer 1epBoodpasHblii KOPeHb O MOJLYJIIO IPOCTOrO P.

VYup2. a) Kak BbISICHUTE, SBJISETCS JIU @ MEPBOOOPA3HBIM KOPHEM TI0 MOJIYJIIO 11, BO3BOJS G HE BO BCe
©(m) crenenei?
6) [Mokazxure, 410 2 — HEPBOOOPA3HBIT KOPEHD 110 MO0 29.

np3. CKOJIBKO KOpHeil H IMeeT ypaBHEHH = 17 Kak HaliTH B MICHUS STOT BHEHH
Yup3. Ckosbko Kopreii Haj Z, umeer ypasuenne ¢ = 1?7 Kax na ce perire 5TOr0 ypaBHCHHS,
€CJIM U3BECTeH IepBOOOPA3HBINA KOPEHb?

3ameuanued. [lo momyaio m cymecTByer mepBoOOpa3Hblii KOPEHb TOrJA W TOJBLKO TOT/a, KOIJa 1M
uMMeT Buj 2,4, p*, 2p“, rme p > 2 — IpocTOe YUCJIO.

1. Pemure ypasuenue 1+ x + ... + 2% =0 (mod 29).

2. Jlokaxkure, 9ro uncjaa 1,2,...,p — 1 MOXKHO pacCcTaBUTh 10 KPyry Tak, 9TO JJIsI JIOOBIX Tpex
nocIe0BaTeILHBIX @, b, ¢ pasHocTh b — ac GyneT JeIuThes Ha MTPOCTOe P.

3. Jlokaxkurte, 4T0 Ui KazK/I0r0 N Haiijercss takoe m, aro 2™ + 2008 : 3".

4. Haiiure cymmy juist mesbixX d (J1si OTPUIATENBHBIX TOXKeE )

p—1
n®  (mod p).
n=0
5. Muorouien f(x) € Z,[z] Gynem HaszpiBarh nepecmarnosounvim, ecau suadenns f(0),..., f(p—1)

HOTIAPHO PA3JIMYHbI.
a) Ipu KakuX d MHOTOYJIEH 24 GyaeT mepecTaHOBOYHBIM MO MO0 P?
6) mo Moy 101 He cymiecTByeT mepecTaHOBOYHOrO MHOrOWwIeHa cremenn 100;
B) [0 MOJIYJ/IIO P He CYHIeCTBYeT MepecTaHOBOYHOrO MHOrOWIeHa cremenn d > 1, d|p — 1.

6. f(z) € Zlz], f(0) =0, f(1) = 1. TIpocroe uncao p TaKOBO, YTO JJisi JEOOOTO MEIOTO 7 OCTATOK
or genenus f(n) ma p pasen 0 wau 1. Tokaxkure, aro deg(f) > p — 1. (Cremenb p — 1, oueBuHO,
ObIBaET. )
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15 wuwong
IIpoekTuBHBLIE ITPEOOpPa30BaAHUS

Onpegenenne 1. IIpoexmusroti naockocmvio Ha3bIBAETCS ILJIOCKOCTD, MIOMOJTHEHHAS OECKOHEYHO YA~
JIEHHOU MPSAMOIA.

Onpegenenne 2. [Ipoexmushnoim npeobpasosaruem Ha3bIBaeTcsd Mpeobpa3oBaHe MPOEKTHBHOI IJ10C-
KOCTH, TepeBo/IdIee PsIMble B MPSIMBbIE.

Onpenenenune 3. [IpoekTuBHOE NMpeodOpa30BaHUE, OCTABIIIONIEE HAa MecTe OECKOHEYHO YyIaJeHHYIO
HPSIMYTO, HA3BIBAETCS aAPPhUHHbIM.

Teopema 1. CymecTByeT IPOEKTUBHOE IIPEOOPA30OBaHUE, IIEPEBOJISINEE JAHHYIO IPAMYIO B OECKOHETHO-
VIAJeHHYTO.

Onpenenenne 4. Ocobot (6videnennoli) NPsIMON HA3BIBAETCsI MPsiMasi, TePEXosinas B 6eCKOHeTHO
VIAAJTEHHYTO.

Teopema 2. OTHoIIeHHE BEKTOPOB KOJLIMHEAPHBIX 0CODOM IPAMOil COXpaHaeTcs.

Teopema 3. CyiiecTByeT e IMHCTBEHHOE TTPOEKTUBHOE MPE0OPA30BaHNe, TEPEBOISIINEE JAHHBIE YeThIPe
TOYKH HE JIezKaIllue HA OJJHON NPAMOIl B JAHHBIEC YE€ThIPE TOYKH HE JeKallue Ha OJHON ITPAMOI.

Teopema 4. /IBoiiHoe OTHOIIIEHHE COXPAHIETCS IPU IPOEKTUBHBIX IIPEOOPa30BAHUIX.

1. (Teopema ITanma) PaccMoTpum Ha MIOCKOCTH Mapy OpsMbix ¢4 u fo, u mycts Touku Ay, By, C) €
{1, a Touku As, By, Cy € 5. JIoKazkuTe, 9T0 TOYKHU HepecedeHus npaMuiXx A1 By u Ay By B1Cy u By(Ch;
A1Cy n AyCly 1exkar Ha OJHOI HPSMOIA.

2. (Teopema lesapra) Pacemorpum asa tpeyroibauka A1 BiCy u AsByCy Ha tutockocru. [Joka-
JKHTE,9TO TOUKM lepecedenus npsambix A1 By n AsBo; B1C1 u ByCs; A1CT u AsCy nexxar Ha oaHoif
NPSIMOi TOTIA U TOJIBLKO TOTAa, Koraa npsambie Ay As, Bi By u C1Cy npoxogadar yepes3 oaHy TOYKY.

3. Yepes Touky O nepecedenust auaronaseii yersipexyroiabinka ABCD mpoBejeHbl 94eThipe 1mps-
MBIe, Iepecekaromnme ero ¢croponbl B Toukax K u K/, Lu L', M uw M', N u N'. Ilpamsle KM u LN
nepecekaiorcd B Touke P, npameie K'M' n L' N' — B rouke P’. Jlokazxure, uro Toukn P, P' u O nexar
Ha OJHOI HpPAMOIA.

4. a) Ha muiockocru jJaubl jBe npsivbie 1 u ly u Touka P He Jiexkaiias He Ha 0jiHO# u3 nux. Yepes P
LHPOBOISTCS IIaphbl UPSAMbBIX, Hepecekaromue [ u ls B Toukax A u C, coorsercrsenno B u D. Jlokaxkure,
410 TOUKK nepecedenus npaMbix AD u BC' 11 BCeBO3MOMKHBIX Nap NPAMBIX [ 1 o jIexKaT Ha, OZHOMN
upsamoit p. Ecnu [ u ls mepecekatorcs B ToOUKe (), TO U p MPOXOIAT depe3 TOUKY ().

6) Ha miaockoctu Jaubl npsivasi ¢ u e Touku A u B He jexkarue Ha 91oil npsimoit. [Tycrs U u V' —
napa Touek Ha ¢. M — rouka nepecedenus npsmbix UA u VB, N — 1ouka nepecedenust nupsimbix VA
u UB. Jlokaxkure, uro npsimbie M N niepecekatoTcst B 0JIHOI u TOi ke TOUYKe () jiezKaineit Ha npsMoi

AB.

5. Jlaubr aBa tpeyrosbauka ABC u Ay BCy. Ussecrno, uro npsveie AA;, BB, u C'C} nepece-
KaloTcsd B ofHoil Touke u npambie AB;, BC; nu C'A; nepecekarorcsa B oaHOil Touke. Jlokaxkure, 410
npsamele ACY, BA; u C' B nepecekalTcsa B OJIHON TOYKE.

16 wutons
JImHeiinbie peKyppeHThI

IloyunrenbHasa 3agada. CKOJBKUMHE CIIOCODAME IHOJOCKY 2 X 1 MOXKHO 3aMOCTUTH JOMUHOIIKAMU?
Haiianre accumnrorndeckyio ¢hpopmyJry.

PaccMoTpuM JnHeiiHOe PeKyppeHTHOe ypaBHeHIe
Tptk = Ok—1Tntk—1 + Ag—2Tntk—2 + *** + QoTn, Qo 7£ 0.

VYupl. a) Pemenns 310ro ypaBHeHus (TO €CTh MOCTE0BATENLHOCTH) 00PA3yIOT JTHHEHHOE TPOCTPAH-
CTBO OTHOCUTEJHLHO €CTECTBEHHBIX OTEPAIHii.
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6) Ilpexbsiure k nocaenoBaresbHOCTel (=BEKTOPOB), Yepe3 KOTOPbIe BCE OCTAJbHBIE MOCJIeI0Ba-
TeJILHOCTH BHIPAYKAIOTCH B BUJIe JIMHEHHOW KOMOMHAIINY;
B) OpUYeM eJUHCTBEHHBIM 06pa30M.

BeiBoa. Pemenust o6pasyior k-mepuoe npocrpanctso (mag Q,R,C,Z,, ... — cmorps rjie jexar koddb-
dbunmeHTH PEKypPPEHTHOrO yPABHEHNS).

Vup2. [Tonpobyem HaiiTu pernieHusi, KOTOPbIE SBIAIOTCS 260MEMPUHECKUMU NPo2peccusmu (Pa3yMHO
HCKaTh TOJILKO 3HAMEHATeH Mporpeccuii \;, He npasaa Jju?). VI3 Kakoro ypaBHeHHsI HAXOJATCS ITH
3HAMEHATEJIH \;7

Ompenenenne. [loyuennoe ypaBHeHne HA3bIBACTCS TAPAKMEPUCNUYECKUM YPAGHEHUEM PEKYPPEHT-
HOI IOCJIeIOBATE/IbHOCTH.

Yup3. He 0b110 Jiu B npe/iblyneM JucTke (hpakTuuecku J0Ka3aHo, 4To (B HPOCTPAHCTBE BCEX 11OC/Ie-
JIOBATEJILHOCTElT) TeOMeTPHYEeCKHe TIPOIPECCH ¢ pasandHbiMu 3HaMenaresasvu JIH3.

Ecam y xapaKTepuCTUY€CKOTO YPaBHEHUS HET KPAaTHBIX KOPHEIi...

Teopema. Eciu A, ..., \p — pasauunvie KOPHA XapaKTEPUCTUUECKOTO YpaBHEHUs, TO JI000e pelre-
HHe PeKyPPEHTHOI'O YPDaBHEHMS HMeeT BUJ T, = CIA] + -+ 4 CpA}, I/l KOHCTAHTBl C; OIIPE/eJIeHbl
OJ/THO3HAYHO.

3ameuanume 1. B ciayuae, Korma XapakKTepUCTHUIECKOE YpaBHEHHE HMeeT KPaTHbie KOPHHU, MTOMUMO
reOMeTPUIECKUX Tporpeccuit B 6a3uc doadcHb, BXOIUTH U JIPYTHE MOCJIeI0BATETbHOCTH.

3ameuanue 2. Kak npaBuio \; u ¢; JiexkaT He B TOM I0Je, riae Kodd@UIUeHT, a B 00AbuweM TOJIe
(ecim, ckazkeM, KOIDOUIMEHTHI PAIIMOHAJIBHBL, TO \; U ¢; BEIIECTBEHHBIE UJIM KOMILJIEKCHbBIE YUC/IA).

JlJ1g caMoCTOSITEJIbHOTO PemIeHns
1. a) Haiignre Bee dynkmnun f : Z — Z, rakue uro 3f(n) — 2f(f(n)) = n.
6) aecin f: R — 77
B) JOKayKHTe, 9YTO OTBeT m3Menutcs, ecin f : R — R,

2. Pemure dynkuuonasibaoe ypasuenue: f: Ry — Ry, f(f(x)) + f(z) = 6.

16 wuwonga
IIpoekTnBHOCTL 1 OKPY2KHOCTD

[. Hactb nepBasi, TeopeTuiecKast.

0. Ilycrs Touka M — cepemuna orpe3ka AB, N — GecKOHeUHO ymajgeHHas TOYKa mpsamMoii AB.
Hoxkaxwure, uro (A, B, M,N) = —1.

0. Ilycts mpamas ¢ — mosigpa Touku L orHOcuTenbHO OKpyxkHOCTH I'. Ilpsmas k, mpoxoasrmas
yepe3 TOUKy L mepecekaer oKpy:KHOCTb ' B Toukax A u B, a npamyio ¢ B Touke M. Jlokaxkute, 9T0

(A,B,L,M) = —1.

0. ABCD — BuucaHHBIil 9eTBIPEXyTOIbHHAK, Touka M cepenmna auaronaan AC. Jlokaxkure, 9TO
ZABM = ZCBD rorga, u Tonbko toria, korga (A, C, B, D)* = 1.
Teopema. CyiecrByer IpOeKTHBHOE MpeoOpa30BaHue, IepeBodInee JaHHYI0 TOYKY BHYTPH OKPYK-
HOCTH B IIEHTDP, 4 OKPYZKHOCTb B 0.

1. /Tana okpyzxkuocth u Touka C BHyTpHu Hee. Uepes Touky C mposejeHbl dersipe xopasl A;B;,
i=1,...,4. D — Touka nepeceuennd npamoix A;As u AsA4, E — Touka nepecedenus npsambix BB
u B3B,. Jlokaxkure, uro toukn C', D u E jmexkar Ha OJTHON TPIMOIi.

2. CymecTByeT POEKTHBHOE MPeoOpa30BaHNe, MEePEBOIAIIee JAHHYIO MPSIMYIO He TepeceKatonry o
OKPY?KHOCTb B OECKOHEYHO VIAJIEHHYIO, a OKPYZKHOCTH B cels.
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3. (reopema [Mackass) Ilycre Ay, Ao, As, Ay, A5, A — TOUKH, Jiexkalyme Ha OJHONH OKPYKHOCTH.
Torna Touku nepecedenust npsambix A1 As m AgAs, AsAsz n AsAg, AsAy u AgAy nexxar Ha omgHOM
MIPAMOM.

4. (reopema Bpuanmona) [Tycrs Ay, Ag, Az, Ay, A5, Ag — BepHIMHBI OMUCAHHOTO MIECTHYTOJIHHUKA.
Torna npsambie A1 Ay, AsAs, A3Ag nepecekaioTcsd B OJHON TOYKeE.

5. (teopema o Gabouke) Uepes cepenuny C xopabt AB uposenenst xopiasl KL u MN. Ilpsavbie
ML wn K Nuepecekaror npsimyto AB B Troukax D u E. Torna CD = CFE.

II. HacTp BTOpas, npakTudeckas.

6. Okpyxuoctb [' Kacaercst upsimbix, cojepzaiiux cropoubl AB u BC' tpeyrosbuuka ABC, B
toukax D u E coorBercrBenHo. Bropeie kacarenbhbie, nposejgennbie 3 A u C' k ' kacatorcs ee B
toukax F' u G coorsercrBenno. Jlokaxkure, uro npsmeie DG, FE u AC nepecekarorcst B OJHOI TOUKe.

7. Oxpyzxknocrs I kacaercs cropon AB u BC rpeyroibauka ABC B toukax D u F 1 ero onucannoii
okpyzkuoctu. /lokaxkure, uro npsimasi D F npoxogauT depe3 TOYKy [ — HeHTp BIUCAHHON OKPYKHOCTU
tpeyrobanka ABC.

8. Ilycrb Ay, By, (7 — ocHOBanus BbICOT, a Ay, By, Cy — COOTBETCBYIOLIME OCHOBAHUS MEIUAH TPe-
yroabauka ABC. Jlokaxkurte, uTo TOYKU nepecedenns npsambix A1 By u As By, A1Cy n ACh, B1Co n
B>C' nexkar Ha OZHOI IIPSMOIA.

9. Cepeunnbie nepueHaukyaapbl K croposaM AB u BC rpeyrosbaunka ABC' nepecekaior npsiMbie
BC u AB B toukax A; u Cy coorsercrsenno. Buccexkrpucol yrios A;AC' u C1C A nepecekaiorcs B
touke B’. Ananormuno onpepensarorca Toukn A’ n C'. JTokazkure, uro Touku A', B’, C' nexkat na omHOii
PAMOi, TPOXOJdIIell yepe3 IEeHTP BIUCAHHON OKPYXKHOCTU TPEYyTroJbHUKA.

17 wuwona
Teopema Popaa-PajikepcoHa

Onpepenenne 1. [Iycrs 3a1an0 MHOXKECTBO BepiiiH V', B KOTOPOM BBIJe/IeHBI JBe BepimHbl S ( 6200
win ucmok) u t (6wzrod win cmoxk). [lycrs onpenenena dynkuust ¢ : V x V — R ynosiersopsitoriast
COOTHOIMIIEHU AM

c(x,y) >0, c(x,s)=0, c(t,y)=0

s o0bix Bepmun z,y € V. Torna G = (V) s,t,¢) — cemw, Gynkuus ¢ HasbBaercs nponyckrol
cnocobrocmovio cetn G.

Onpenenenne 2. [lycts G — cerb, a dyskmua f : V X V — R yaoBiaeTBopseT TpeM yCJIOBHSIM:

1° f(z,y) < clz,y)

2° f(xvy) = —f(y,x);

3° s smoboit Bepumubl v € V, v # 5,1 Boinoansiercs ycaosue y o f(v,x) = 0.

Torma f — morok B cern G. Yucno |f| = > . f(s,2) HazpiBaeTca sesuvunoti nomora. Ilorox
cern G ¢ MAKCUMAJILHON BETMUIMHON HA3BLIBACTCA MAKCUMAALHOLM.

3ameuanue. Boobie-To coBceM He 0YEBHIHO, TOYEMY MAKCUMAJIHLHBIN TTOTOK CYIIECTBYET.

Onpenenenne 3. [Iycrs G — cerb, a MHOXKECTBO ee BepiinH V' pasdUTO Ha JIBA HElePeceKalomuxcs
muOkecTBa S 3 s u T > t. Torna (S,T) — paspes ceru G.

Bemmanna ¢(S,T) = > s er c(x, y) naspsaercs nponycknoti cnocobrnocmoio paspesa, a f(S,T) =
> wes, e f(z,y) nasbiBaercs nomokom wepes paspes (S, T). Jlroboit paspe3 cetu G ¢ MEHUMAJILHOI
IPOILYCKHON CIIOCOOHOCTBIO HAZBIBACTCS MUHUMALALHYLM.

3ameuanue. HeTpy/iHO MOHATH, YTO MUHUMAJIBHBIN pa3pe3 ceTu cyliecTByeT. Bo3aMoKHO, TaKHX pas-
Pe30B HECKOJIBKO.

1. s mo6oro noroka f u paspesa (S,7) cern G pokaxure, uro |f| = f(S,T).
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Onpenenenne. 1) [Iycrs f — morok B cern G. Pacemorpum cers Gy ¢ temu ke V, s, t n npomyckHoit
crocobuocTrio ¢f(x,y) = c(z,y) — f(x,y). Hazosem Gy ocmamounotd cemwio moroka f.

2) IIpoBesieM Ha MHOXKECTBe BeplinH V' OpHeHTHpPOBaHHbIe pedpa W3 & B Y Jisi BCEX TaKUX Map
(x,y), aro cs(z,y) > 0. JIwboii myTs U3 s B ¢ B HOJYIEHHOM OPHEHTHPOBAHHOM rpade Ha3BIAeTCs
doNoAHAIOULUM NYMEM TOTOKA f.

2. (Teopema Popna-Pankepcona, 1956) B cetu G ¢ IpomycKHO# COCOOHOCTHIO € 33/IaH MOTOK
f. Jokazkure, 94TO CI€IYIONINE TPH YTBEP:K/I€HNsT PABHOCHIbHBIL:

1° moToxk f MakcumaJiew;

2° cymecrByer paspes (S, T) rakoit, uro |f| = ¢(S,T);

3° B octaTo4noil cetn Gy HET JOHOJIHAIONIErO IIyTH.
CaencrBue. Benanna MakciMaJIbHOTO MTOTOKA paBHA MPOIMYCKHOM CITOCOOHOCTH MUHUMAJIHLHOTO Pa3-
pe3sa.

3. /lokazkure, 9TO B 1EJIOYUCJIEHHON ceTn (T. €. B CeTHU, IPOIYCKHbIE CIIOCOOHOCTH BCeX pedep KOTo-
PO ABJIAIOTCH IEJIBIMU qHCﬂaMH) CyHIeCTByeT MAaKCAMAJIbHBIA MOTOK, IPUYEM CPeJIn MaKCAMaJIbHbBIX
MMOTOKOB JIAHHOW CeTu HAWIETCAd MeJIOUNCIEHHBIN.

4. Ilycrs (S1,T1) u (S3,T2) — MunuManbHble pa3pessl B cetn (. Jlokazkure, 4o paspessl (S N
So, Th UTy) u (S7 U Sy, Th N'Ty) Takke ABAAIOTCS MUHUMATHHBIMU

a) Jyist nejaouncyaentoii cetn G

a) Jyisi Tpou3BOJIbHOI cetn G.

BroiBeete n3 teopembr Popaa-PaskepcoHa ciegayioniue yTBepKIeHNI.

5. (Teopema Xouna.) Ecan B asymoabaoM rpade ¢ gonsavu A u B g 1060ro MHOKeCTBA U3
k sepmun V' C A cymecrByer He Menee k BepiivH J0u B, ¢CMeXKHbIX XOTs Obl C OJHON U3 BepIIUH
MHOZKeCTBa, V', TO CYIIECTBYET IMapocoveTanne, cojep:Kalee BCce BepIHbl 3 A.

6. (Teopema Menrepa.) /laubl rpad G u ero BepiuHbl U U .

a) [Tycrb npn ypanennu Jo6bx k — 1 pebep B ocrasimeMcst rpade CymecTByer myTh MKy U 1 v.
Torma B rpade G cymecTByer k myTeil MexKIy u U v, He UMEIOIIHe O0IuX pedep.

6) IlycTh BepmmHbl © U ¥ HECMEKHBI W DK yaajaeHun Jo0bix k — 1 BepiuH B ocraiiemcs: rpade
CYIIECTBYET TyTh MexK 1y u u v. Torma B rpade G cymecrByer k myTeit MeXIy u U v, HE WMeEOIINe
OOIUX BHYTPEHHHUX BEPIINH.

7. (Teopema Kénura.) Ha kieruaroil mIoCKOCTH DACCTABIEHO HECKOJILKO Jajeii. Torma wau-
GoJibIIIee 9UCII0 HEOBIOMIUX JAPYT ApyTra Jajeil, KOTopble MOXKHO BbIOPATDb U3 HUX, PABHO HAMMEHbIIEMY
YUCJLy JAHUR (CTO,H6HOB u CTpOK), MOKPBIBAIOIINX BCE JIAHHBIE JIA/IbH.

17 wuwong
Martb6oii «9 npodpun — 10 npodu»

1. Buccektpucsi yriios A, B, C tpeyroibanka A BC nepecekaroT OMUCAHHY O OKPYZKHOCTH B TOUKAX
Ay, By u C} coorBercrBenno. Jlokaxkure, 910 Sapc, + Sacp, + Scpa, = Sapc.

2. B rpade cremnenu Bcex Bepriun ne menbiine 2 u He 6osbine 100. /lokakure, 9TO €ro BepUIUHbBI
MOKHO TIoKpacuTh B 101 1BeT Tak, 9T0o0ObI JTI0OBIE JIBE CMEYKHbBIE BEPITUHBI UM Pa3HbIe I[BETA, U JIJIsi
JI000I BEPITUHBI CMeKHbIE ¢ Heil He Bce OBLTN OJHOTO IBETA.

3. B okpy:kHOCTH TpOBeneHbl mepneHauKyasapabie nuamerpbl AB u C'D. U3 Toukn M, nexkamreit
BHE OKPY?KHOCTH, IIPOBEJIEHBI KaCaTeIbHbIE K OKPYXKHOCTH, Iepecekatonue npamyo AB B Toukax F
u H, a takxke npsmbie MC u M D, nepecekatoniue npsimyio AB B Toukax F' u K. Jlokaxure, 410
EFF=KH.

4. BemecTBennble 4uciaa ap,ds, ..., 0, TAKOBBI, YTO JJId JIOOBIX ¢,] BBIMOJHSIETCS HEPABEHCTBO
air; < a; + aj. Joxkaxure, uro a1 + @+ F + ...+ 2 > a,.

5. Han muorounen P(z) = z* + az® + bx? + cx + d ¢ pammonanbasivm ko3 dumuenTamu, mpaaem

d < 0. IlpousBejeHne Kakux-To JABYX Kopueii P(x) pamnmonanbho. /IoKazKuTe, YTO UX CyMMa TOKE
palnuoHabHa.
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6. Vmeercs cBsisHast Kierdaras durypa uz n — 1 kiaerku (n > 2). JJokakure, 9T0 U3 KJIETYATOrO
KBajipaTa m X 1 MOYKHO BHIPe3aTh 4deThipe TakuxX Hemepecekatonmxcs ¢urypol. (Kiergaras durypa
HA3bIBAETCS CBA3HOI, ec/iu J00ble Be € KIeTKN MOYKHO COeIMHHUTD IENOYKOil eé KJIeTOK, B KOTOPOil
JEO0bIE JIBE COCE/THIE KJIETKH UMEIOT OOIILYI0 CTOPOHY.)

7. Ha cdhepe ormedeno n pazaudabix To4ek. Jlokaxkure, 910 chepy MOKHO pa3bUTb HA 1 KOHI'PY-
SHTHBIX CBA3HBIX 00OJIacTeil Tak, 9TOOBI B KaxKI0i 00JIaCTH JieKasia POBHO OHA OTMeYeHHAs TOUYKA.

8. Hazosem cjoBoM J1I00YI0 KOHEUHYIO Toc/emoBaTe/ibHocTh OYyKB JI n fI. Ecth aBe onepanun Ha i
CJIOBAMU: IIepBasi — BCTABUTD B JIIOO0OM MecTe cjioBa OyKBY JI, a B KoHIle cjioBa — ¢I; BTopast — BCTaBUTH
B J1i000M MecTe coBa JI4. JlokazkuTe, 9T0O MHOXKECTBO CJIOB, KOTOpbIe MOXKHO TOJIYIATD U3 cjIoBa JI141
¢ IOMOIIHIO 1IEPBOI OlepaIuy COBIA/IAET ¢ MHOYKECTBOM CJIOB, KOTOPbI€ MOYKHO 1OJIYYUTh U3 cjioBa JI141
C HOMOILIBIO BTOPOM Oulepanuu.

9. HarypanpHoe 9ucao n TakoBo, 910 4" 4+ 2" +1 — mpoctoe. JlokaxKkuTe, 9TO 1 — CTeNeHb TPONKH.

10. PaceMOTpUM MOCJIEI0BATEIBHOCTD PAIMOHAIBHBIX Apobeit P, (), 3a1aHHy 0 CIeyOIHuM YCI0-
BHEM:

Pi(z) =2; Py(z)=2%
PS(:C) - Pn—l(x)

b = T wpa@ 22
Jokazkute, uTo BCe apobu P, (x) ABIAI0OTCS MHOTOUYIEHAMY.
19 wmona
(I)YHKHI/II/I Ha BeplIInHax 71n-MepHOI'o KY6a n TeopeMa
dpaHKJIa- Y MJICOHA

Omnpenenenusa u obo3HaveHus 1: n-mepHuvim Kybom Oy1eM HA3HIBATH MHOYKECTBO BCEX CTPOK JIJTUHBI
n u3 Hyseit u eguHuI (IPU 9TOM CTPOKH HA3BIBAIOTCS 6epuiunamu). Mpl Oymem 0003HAYATH N-MEPHBIi
Ky6 gepes {0,1}". Ero MOKHO HHTEPIPETUPOBATH KAK MHOYKECTBO BCEX MOJMHOXKECTB 1-3JIEMEHTHOTO
MHOXKecTBa. [loiiMuTe moueMy 5TO Tak. A KakoBa reoMeTpudecKas HHTeprperanusa! B mambHeiimmem,
XapaKTEePUCTUYECKYIO CTPOKY MOJAMHOXKeCTBa S Mbl Oyaem o6o3nauars x(.S5).

Omnpenenernsa u obo3nadenns 2: Yepes F* 0603HaUNM MHOKECTBO (DYHKIIMIA, OIpeIe/eHHBIX HA
MHOKecTBe A u npunuMalomux suadenus B nose F. Ha muoxectse F4 MOXKHO BBeCTH CTPYKTYPY
BEKTOPHOTO npocTpancTsa naj F. Kakum obpazom?

Vopaxkuaenne 1. Haiigure pa3smeprocts mpocrpancTsa F4 s koneunoro muoxkecrsa A. B wactro-
o n
cTH, HajiauTe pasMepHOCTh npocrpancTsa FO1",

Bameuanue: [lycts P(xq,...,2,) — MHOrowIeH ¢ koadhdunnenramu u3 noust F. Eciu B 310T MHO-
rOYJIEH BMECTO BCEX [EPEMEHHBIX MOJCTABUTHL HYJIU U €JUHUIbI, TO nojyuutcs jgement u3 F. Ho
MO/ICTAHOBKA HYJIel U eJMHUI] BMECTO TePEMEHHBIX MOYKET PACCMATPUBATHCS KAaK BBIYHUC/ICHUE 3HATE-
HUsl MHOTOYJIEHA B BepINMHAX N-MepHOro KyoOa. Takum oOpazoM, KazKjbplii TaKOi MHOTOYJIEH 3a/1aeT
dynknuio u3 {0,1}" B F, To ects anement npocrpancrsa F101",

3agaua 1. Jlokaxkure, 94T0 Bce (DYHKINH, 3aJaHHBIE MOHOMAMH BUAA Tj, ... T, rae 1 < i < -+ <
ir, < n, JUHEHHO He3aBUCUMbI (BO3MOXKEH ciydail k = 0, Torja Ham MOHOM — KOHCTaHTa). BbiBeure
OTCIONA, UTO OHH 00pa3yior Gasuc mpocrpamcrsa FION" [TokaxuTe, 410 KazxK 1y DYHKIIHIO I3 TOTO
IPOCTPAHCTBA MOYKHO 33JaTh C TOMOIILIO MHOTO/ICHA.

Teopema 1: Ilyctb B — Takoe ceMelCTBO MOJAMHOXKeCTB MHOXKecTBa {1,...,m}, 9TO MOIIHOCTH MO-
HAPHBIX IepecevdeHuii MOAMHOKECTB 9TOTO CeMeilcTBa HPHHUMAIOT He Oosiee ¢ pa3THYHBIX 3HAYCHUH
(0 < £ < n). JokaxuTe, 9To HAHOOTbIIee BO3MOXKHOe 3Hadenne |B| pasno CO + - -+ + C¥.

Vaopaxknenune 2. IIpusegure npuMep cemeiicta B ¢ yKa3aHHBIMHI CBOHCTBAMH, B KOTOPOM POBHO
C%+ .-+ + C! snementos.

HokazarenbcTtBo Teopembl 1: Ilycto My, ..., My — noamuoxKectBa u3 ‘B, yHopsjIovYeHHbIE TaK,
4TOOBI MX MOIHOCTH B 3TOM IIOCTIeI0BATEbHOCTH He yObBasu. IlycTh, masiee, MOIIHOCTH MOMAPHBIX
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nepecevdeHmit STUX MOJAMHOKECTB IPHHUMAIOT TOJIHKO 3HAYEHHUSI 11, . . ., Ty (HEKOTOpBIe, BO3MOXKHO, 1m0 ()
n
pa3). O6ozraunm qepes f; bynkuuio n3 RIOGY" sanammyio mmorowrenom [ ((x(M;), z) —t;). Baecn
b3 <|Mj]
= (T1,...,Tp).
Bamaua 2. a) [lokaxure, uro dbyHKumu fi, ..., fi JUHEHHO HE3ABUCHMBI.

6) Ilycte W — nuneiinas obosiouka dyHKImi u3 RO 34 nanupix MOHOMAaME BHA Tj, . . . X4y, TJ1€
1< << <nu0< k< Hokaxure, 910 f1,..., fr npuaamiexar W.

B) /lokaxkure Teopemy 1.

Teopema 2 (®Ppankia u Yuiacon, 1981): Ilycrs p — npocroe quciio, € — ceMeicTBO 2p-371€MEHTHBIX
IIOIMHOYKECTB MHOXKecTBa {1, ..., 4p}, HUKaKue JBa U3 KOTOPBIX HE MEPECEKAIOTCA POBHO 1O P J€MeH-
tam. B Takom ciyuae |€] < 2 f;,ll.

3ameuaHue: DTa TeopeMa sSBIgeTca PyHIaMeHTAIbHBIM pe3yIbTaToM KOMOMHATOPpUKHU. B gacTHOCTH,
13 Hee MOYKHO BBIBECTH HECKOJBKO BasKHBIX TeoMeTpHYecKux ciaeacTBuii. CymecTByeT rumoresa, uTo
YTBEPZK/IEHUEe TeOPeMbl BEPHO U JIJIsi COCTABHOTO P, OJHAKO, OKA 9Ta MPOOIeMa OCTACTCs HEePEITeHHOT.

HokazarenbcTtBo Teopemsbl 2: Ilycts My, ..., M}, — noavuoxkectBa u3 €, He comepzKariie 4p. Mur

Oysem paccMarpuBaTh ux Kak noamuoxkecrsa {1,....4p — 1}. Tlyctb S — MHOXKECTBO TeX BEpIIMH

0,1}~ B koTopsIX poBHO 2p equHnt,. O603HAMNM Uepe3 ¢; DYHKINO n3 72, 33 aHHY 0 MHOTOMIEHOM
) 3 J P’

IT ((x(M;),z) —i). Baecs © = (z1,...,Tap_1)-

1<i<p—1

Bamaua 3. a) /lokaxure, uro DYHKIMA 1, . . ., G JAHEHHO HE3ABUCHMBI.

6) I[Iycrs W — moanpocTpancTBo Z;? , HATAHYTOe Ha (DYHKINH, 3aJaHHbIe MOHOMAMH BHIA Tj, . . . Tj,,

e 1 <3 <<, <4dp—1u0<k <p—1. Jokaxure, 910 g1, ..., g; Tpunagmexar W.

B) Ilycts U — moampocTpancTBo Zg , HaTAHyTOoe Ha (QYHKINH, 33 JaHHbIe MOHOMAMU BHIA Ty - .. Tj,_,,
rae 1 <4 <--- <y <4p— 1. okaxkure, uro U = W.

r) Jlokaxure, uro k < Cff;_ll.

1) Hokaxkure Teopemy 2.

19 wmonsa
CunpHasg CBI3HOCTL OPUEHTUPOBAHHBIX I'padoB

Onpenenenne. Bepmunbl a u b opuentupoBannoro rpada G Ha30BeM céA3aHHbLMU, ecli B Tpade G
CYIIECTBYIOT IIyTH U3 @ B b u u3 b B a.

Onpenenenne. OpueHTupoBaHHbIN Tpad G HABBIBAETCS CUALHO CBA3HbIM, €CJTH JTIOObIe IBE ero Bep-
IITUHBI CBS3AHEI.

Ounpepenenne. Taknm o6paszom, MEOKeCTBO BepiuH V' ((G) oka3biBaeTcs pa3buTo Ha KIACCHI MOMAPHO
CBSI3AHHBIX BEPINNH, KOTOPbIE MBI OyIeM Ha3BIBATH KOMNOHEHMAMU CUNOHOT CEAZHOCTIU.

Omnpeaenenne. [locrpoum s Hamrero opuenTupoBannoro rpada G epad komnonenm cusvrol ceA3-
nocmu C(G), BePIIHHBI KOTOPOTO COOTBETCTBYIOT KOMIIOHEHTAM CHJIbHOI CBA3HOCTH OPUEHTHPOBAHHO-
ro rpada G. IIposesem B rpade C(G) pebpo V; — V; rorga u rosibko toraa, korga B rpade G ecrb
pebpo, nanpasjennoe ot V; K V.

1. a) B rpade C(G) HeT mukIoB.

6) dus s11060ii komuoHeHThl cuibHON cBsasuocTu V; rpad G(V;) ma Bepmmuax muoxkecrsa Vi ¢
peopamvu rpada G MeXKIy ITUMU BEPITHHAME CHJILHO CBSI3€H.

Omnpenenenne. Ilycrs V; — KoMioneHTa CuIbHOR CBA3HOCTH opuenTupoBanHoro rpada G. Hazosem
9Ty KOMIIOHEHTY npomescymounot, eciu B rpade C(G) cymecrByer pebpo, Bxojsiiee B V;, u cyiie-
cTByeT pebpo, Beixoasinee n3 V;. B nporuBHOM ciydae Ha30BeM KOMIOHEHTY V; kpatiHer.

2. B opuenrtupoanuom rpade 200 Bepiint, U3 Kazk/10f BEpIIMHBbI BBIXOAUT XOTs Obl 0JIHO PeOPO U B
KayKJIyI0 BEPIIUHY BXOAUT XOTsi ObI 07HO pedpo. lokazkuTte, 1T0 MOXKHO /100aBuThH He Oosiee 100 HOBBIX
OPHEHTUPOBAHHBIX pebep Tak, 4TOObl 3TOT rpad cTaa CUIbHO CBA3HBIM. (MeKiy IBYMsl BeplUIHHAMU
MOZKeT OBITh MPOBEJIEHO HECKOJIBKO pedep.)
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3. /11 cuJIbHO CBSI3HOTO OPHEHTUPOBAHHOTO Tpada G HA N BepHIMHAX BBITIOJIHIIOTCS CJIeJIy0Nne
YTBEPKACHUS.

a) CymecTByer CUIbHO CBsI3HBI ocToBHBIN mojarpad rpada G, B KoTopom He GoJiee 2n — 2 pebep.

6) Eciu B rpade G Mexy JOOBIME JBYMSI BEPIIMHAME TPOBEJIEHO He Gosiee OJHOrO pebpa, To
CYIIECTBYET CHJIBHO CBA3HBIH 0cTOBHBI noarpad rpada G, B kKoropom He Oosiee 2n — 3 pebdep.

B) s Beex v > 3 nmocrpoiite npuMepb rpadoB, st KOTOPBIX OIEHKN [YHKTOB a) U 6) sIBJISIFOTCS
TOYHBIMUA.

Onpenenenue. [oanvl opuenmuposanmnvlll 2pad wim mypHupHul epag — STO OPUEHTUPOBAHHBII
rpad, B KOTOpOM JIIOObIE JIBE BEPIIUHBI COEJUHEHBI POBHO OJIHUM OPHEHTUPOBAHHBIM peOpOM

4. JlokazKuTe, 9TO KOMIOHEHTHI CHILHOM CBA3HOCTH IIOJHOTO OPHEHTHPOBAHHOTO Tpada MOXKHO
uponymeposarb Gy, . .., Gy 1ak, urobst s sBeex ¢ < j B C(G) 6bL10 pebpo G; — G

5. JlokazKuTe, 4TO B IOJHOM CHJILHO CBA3HOM OPHEHTHPOBAHHOM rpade CyIecTBYeT 2aMUAbMOH0E
yuxa (T. €. MAKJ, TPOXOJANIMIL IO KasKI0# BepITuHe POBHO OJUH pas).

6. /lokaxkuTe, 4TO B CHJILHO CBA3HOM IIOJHOM OPUEHTHPOBAHHOM Ipadpe ¢ ueThIpbMd U GoJiee Bep-
MITHAMH CYIIeCTBYeT BeplInHa, yJaJdeHne KOTOPOi He HapyllaeT CHJIbHOI cBa3HocTH rpada.

7. Ilycrs G — nmosHbI OpHEHTHPOBaHHBIN Tpad ¢ n BepmmHamu. JJokaxKuTe, 9T0 B HEM CYIIECTBYET
TaKO# raMHJIBTOHOB IIyTh @7 — Qg — - -+ — @y, YTO €TI0 KOHIIBI COEIMHEHBI peOpoM a; — a,

a) IpU YETHOM N;

6) mpu HEUETHOM 7, OTJIUYHBIM OT 3 U 5.

B) Haiisure Bce nosnbie opuenTrpoBannbie rpadbl, jiJisi KOTOPHIX TAKOTO IIyTH HE CYIIECTBYET.

8. Jlan mosHbIi opueHTHpOBaHHBIH Tpad G ¢ n BepIIMHAMI.

a) dokaxkure, 4ro upu n > 7 B 910M rpade MOKHO BbIOPATH BEPUIMHY U U IIOMEHITH HAIDABJICHHE
BCcex pebep ¢ KOHIIAMHU B U TaK, 4TOOBI MOJIYUHJICH CUJIBHO CBA3HBIH OPUEHTHUPOBAHHbBIN rpad.

6) Haiiure Bce mosHbie OpueHTHPOBaHHbBIe Tpad HA, JJIst KOTOPHIX TaKOii BePIINHBI HE CYIIECTBYeT.

20 wuwonsa
Combinatorial Nullstellensatz n 0bo01ennasa Teopema
IHleBanne-Bapuunra
Teopema ITleBasne-Bapuunra: Ilycrs f — muorowien us Zy[tq, ..., x,| crenenun Menbuie n, Jist
koroporo f(0,...,0) = 0. Torua ypasuenue f(zxq,...,x,) =0 uMeer HETPUBUAIHHOE PEIEHUE.
O6o6wmennas reopema IlleBanse-Bapuunra: Ilycrs fi, ..., fiy — MHOrOWIEHBI U3 Zy[T1, . . ., Ty,
st koropeix f1(0,...,0) = -+ = fi(0,...,0) = 0. Sy,...,S, — noavuokectBa Z,, npudem 0 €

S; st moboro 1 < j < nu (|S1] — 1)+ -+ (|Su] = 1) > (p — 1)(degfi + --- + degfi). Torna
cymecTByer (aq,...,a,) € S1 X -+ X Sy, anst koroporo (ai, ...,a,) # (0,...,0) u fi(ay,...,a,) = ... =
felay, ... a,) =0

Combinatorial Nullstellensatz (Asion, 1994): [Tycrs F' — npoussosbhoe noste, a f € Flxy, ..., ]
— MHOTOWIEH cTeneHu d, y KOToporo kKoyghuiueHT npu xih x%l?...xfl" He paBeH HyJI10 (y2Ke HOc/e IpH-
BeJIeHNUs MOJO0OHBIX YWIeHOB), tie dy + - - - + d, = d. Ilycts Ay, ..., A, — Takue nogmHoxkecTBa F| 9410
|A;| > d; ans moboro 1 < ¢ < n. Torma cymecrsyer (aq,...,a,) € Ay X -+ X Ay, 1 KOTOPOro

f(al,...,an) # 0.
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20 wuwong

Combinatorial Nullstellensatz u obob1enHas Teopema
IHleBanne-Bapuunra: 3agadn

KommenTapuii: Bo Bcex npejijioykeHHbIX 3a/@4ax p — HPOCTOE YHUCJIO.

1. ( Teopema Kowwu-/[psennopma) |A+ B| > min(|A| + |B| — 1,p). 3mech cioxenne mpou3BOAUTCS MO
MoIytio p, |A 4+ B| o6o3HAYAET CyMMY MHOMKECTB.

2. (lunomesa pdewa-Iatiabporna) |A+A| > min(2|A| — 3,p). B gammom cayuae
A¥B={a+blac Abe B,a#b}.

3. B R" BoIOpano m runepiocKocTeil, NOKPHIBAIOIINX BCe Bepumubl eauanaroro Kyba {0, 1}, kpome
onnoii. Tokazxure, uro m > n. (Lunepnaockocms B R™ — 310 MHOXKECTBO TOUYeK (X1,...,T,) € R",
YIOBJAETBOPAIOIINX YPABHEHUIO A1 X1 + « - + ApLy = b.)

4. B R? BoiOpano m mIocKocTeil, 00beIMHEHIe KOTOPHIX HOKPHIBAECT BCE TOUYKH MHOMXKECTBA S =
{(x,y,2) € 2|10 <2 <n,0 <y <n,0< 2z < n}, kpove (0, 0, 0). Haiiure Haumenbiee BO3MOKHOE
3HAYEHUe M.

5. [Iyctb B rpade G me menbine 2p — 1 Bepmma. Jlokazkute, 9T0 CyIecTByeT HemycToe MHOKeCTBO U
BepmuH (G, TAKOE 9TO KOJINIECTBO pedep (G, MMeInX X0Ts Obl 0JHY BepiwHy B U, KpaTHO D.

6. IIycrb B rpacde G crenenb Kaxk 10l BEPIIMHBI HE IIPEBOCXOAUT 2p — 1, HO IPU ITOM CPE/IHsIsE CTeleHb
BCeX BepIInH 0oJibline yem 2p — 2. Jlokaxkure, 4T0 B HEM MOXKHO BbIOpaTh 1nojrpad, B KOTOPOM CTeleHb
KazKJI0if BepIIUHBL PaBHA P.

7. (Teopema Oacona) B kierkax rabuunpt 1+ k(p— 1) X k paccrasiensbt nesibie uncia. Jokaxure, 4ro
MOYKHO BBIYE€PKHYTh HEKOTODbIE (He BCe) CTPOKH, Tak YTOOBI B KazKJOM CTOJIOIE OCTaBIIeiics TabIuibl
CyMMa YUCENT JACTUIACH Ha .

20 wuonsa
IIpoekTnBHOCTHL 1 OKPY2KHOCTH — 2

[. Hactb nepBasi, TeopeTniecKast.

4. (reopema Bpuanmona) [Tycrs Ay, Ag, Az, Ag, A5, Ag — BepIIHHBI OMUCAHHOIO MIECTHYTOJTHHUKA.
Torna npsambie A1 Ay, AsAs, A3Ag nepecekaroTcss B OZHOI TOUKE.

[I. HacTh BTOpAasi, NpakTUIECKas.

6. OkpyxkuocTh ' Kacaerca mpsaMmbix, cojgepzkarux cropoubl AB u BC' tpeyronpuuka ABC, B
toukax D u F coorBercrBenno. Bropoie kKacarenbubie, nposeaennbie u3 A u C' k ) kacaoTcd ee B
toukax F' u G coorBercrBenno. /Jlokaxkure, uro npaMeie DG, FE u AC nepecekaiorcs B OTHON TOUKe.

7. Oxpyzxuoctb I kKacaercs cropor AB u BC tpeyronbanka ABC B Toukax D u F u ero onucanHoii
okpyzKHOCTH. [JoKaxkure, uro npamas D E mpoxoauT dyepes ToUKy [ — HEeHTP BIMCAHHOI OKPYZKHOCTH
tpeyroibauka ABC.

8. Ilyctp Ay, By, C] — ocHoBaHust BBICOT, a Ag, By, C'y — COOTBETCBYONINE OCHOBAHUS MeJIHaH Tpe-
yroapanka ABC. Jlokaxkurte, 9T0 TOUKH mepecedenns npsaMbix A1 By u Ay By, A1Cy n AxCh, B1Cy u
B>(C nexkar Ha OIHOI IPAMOIA.

9. Cepeaunnbie nepneHUKyIapbl K cropoiaM AB u BC' tpeyronbanka ABC nepecekaior mpsMbie
BC u AB B toukax A; u () coorBercrBenno. Buccekrpucol yrioB A AC' u C1C A nepecekatorcs B
touke B’. Ananornuno onpenensaiorca Touku A’ n C'. Joxkazkure, uro Toukn A', B', C' nexxat Ha o1Hoii
LHPAMOi, HpoXoadlIeil yepe3 LEeHTP BIUCAHHON OKPY>KHOCTU TPEYIrOJIbHUKA.
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20 wuong
da30B0€ ITPOCTPAHCTBO

Bcrpeua. MajibuuK 1 JIeBOYKA JIOTOBOPUJIUCH BCTPETUTHCs 1ocje 010os mexk iy 23-00 u 24-00. Kaxk-
JIBIH IIPUXOJIUT HA MECTO BCTPEUH CIydailHbIM 00pa3oM, KJieT 15 MUHYT, U €CJIu BCTPeva He TPOU30IILIa,
to yxoauT. KakoBa BeposiTHOCTH BCTpedn?

Hyru mHa cdepe. [Ipsavas na chepe — 310 nepecedenue cdepbl U 1JIOCKOCTH, ITPOXOJiieil yepes ee
HEeHTD. AHAJIOIMYIHO ONPEIEISIeTCS OTPE30K.

[IycTh Ha cdepe eMHUIHOTO PAJINYCa UMEETCsl HECKOJIBKO OTPE3KOB CyMMAapHOil JIIMHBI MEHbIIIE 7.
JlokazKuTe, 9TO TOTJa CYIIeCTBYeT MpsaMasd, He MepeceKarolias Hi OJINH U3 OTPE3KOB.

dnaraagusl. a) [IBoe duraraananes cnyckaorces ¢ Boicodaiinieil Bepuunbl Quarianun «I[Iuk kumnay
— OJIVH TI0 JIEBOMY CKJIOHY, & BTOPOil 110 npaBoMy. ['opa Be3jie BbIllle yPOBHS MOPs, a €€ TIOBEPXHOCTH —
rpaduk Kycouno-iuneitnoit HenpepoiBaoit dyukiuu. Oraaraan/ann "HenpepbiBHO IBUTAIOTCS, TAK ITO
3aBUCUMOCTH KOOPAUMHAT (hIaTIaH/IIIa OT BpeMeHH — HellpepbIBHAS (DYHKIIHS, HA CKOPOCTb OTpaHUYe-
HUI HeT.

a) dokaxkure, 9410 DJIaTIaH/IIbl MOI'YT JOCTHYb MODsi, BCE BDEMsl HAXO/SICh HA OJIMHAKOBOIT BbICOTE
HaJ[ YPOBHEM MOPsI.

6) ITycrb moBepxHOCTH TOPHI — rpaduk auddepernnpyemoii dynkunu. Torga anagIornaHoe yrep-
JKJIeHNe MOYKeT OBITh HEBEDHBIM.

g caMoCTOaTeIbHOTO pPeENIeHUs

Bosbl. 13 roposa A B ropos B BeiyT JiBe HellepeceKarommecs J0poru. VI3BecTHo, 4To JBe MallMHbI,
BbIE32KAIOIIMe 110 Pa3HbIM joporam u3 A B B u cBs3aHHble BepeBKOil jymHbl 20, CMOIVIM IPOEXATh,
He TTOpBaB BepeBKH. MOryT Jim pa3sMUHYThCS He KOCHYBINNCH JBa KPYTJIbIX Bo3a paguyca 10, meHTph
KOTOPBIX JBHXKYTCS II0 STUM JOPOraM HABCTPedy JApYyT JApYyry?!

MockoBckne BoicOTKU. B Mockse 7 BbicoTOK. Typucr-mareMaTuk Xo4derT HaflTH Takylo TOYKY, U3
KOTODOIT 9TH BHICOTKHU BHIHBI B 331aHHOM Topsiike (Hadunas ¢ MY, 1o gacooii crpesike). Beerga m
eMy YJIACTbCs 9TO CJie/1aTh?

3amper Ha MEPNEHAUKYJIAPHOCTb. B npocrpancrse umeercs n npsambiX. /Jlokazkure, 94T0 U3 HUX
MOZKHO BBIOpATh HE MeHee Tn/24 npsiMbIX, CPeJid KOTOPBIX HET IepIeHUKYIPHBIX.

21 wmong
Packpacku rpadoB

Onpenenenne. [lycte G — KoHeuHBI Tpad 6e3 merenb U KpaTHBIX pedep, ¢ MHOKECTBOM BEpIITHH
V' u muO)KecTBOM peGep E. Bynem o6osznauats uepes A(G) u 0(G) MaKCHUMATBHYIO U MEHHMAJIBHYO
crenedb BepmuHbl rpada G COOTBETCBEHHO.

Onpepenenne. /liaga moboro nogmuozkecrsa U C V' uepes G(U) bl Gyjem 0603HAYATH UHIYUUPO-
sannwili nodzpad rpada G Ha MHOKecTBe Bepiud U (Takoii rpad coctour u3 Bepiina MHOKecTBa U
u Bcex pebep rpada G Mexly 9TUME BePITHHAMH).

Ounpenenenne. [Iins aoboro nogmuoxkectsa F' C E vepe3 G|E| mbl Gyiem 0603HaAYATD UHOYUUPOGAH-
noli nodzpag rpada G Ha MHOKecTBe pebep E (Takoit rpad cocrout uz pebep MHOXKecTBa F' 1 BCex
Bepiint rpada G, HHIUJAEHTHBIX XOTs Obl OJHOMY U3 3THX pebep).

Packpacku BepiuH

1. Ilycrs G — cBasubiii rpad, A(G) = d. Tokaxure, uro Bepinnbl G MOZKHO IPABUJIBHBIM 00PA30M
packpacuThb B d I[BETOB, €CJIH

a) ecTh BEPIITMHA, NMEIOIasl CTeleHb MeHbIIe, 4eM d;

6) ecTb BepIIUHA, MPU YIATEHHT KOTOPOil rpad TepsieT CBI3HOCTD;

B) d > 2 U eCTh JiBe BEPIIMHBI TaKHe, YTO MPU yIAJICHUA UX 000X rpad Tepser CBA3ZHOCTD;
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) eCTh TPU BEPIITHHBI U, U U W TaKWe, 4TO U CMEeXKHA € U W W, BEPITHHBl U M W HECMEXKHBI U IPU
VIAJEHUN BEPIIAH ¥ U W CBA3ZHOCTH HE HAPYIIAETCS.

2. (Brooks, 1941) Ilycrs G — cBasubiii rpad ¢ A(G) = d > 3, ornmunsiii ot nossoro rpada K.
Jlokazkure, uTo BepmmHbl (G MOKHO PACKPaCUTh B d IIBETOB NPABHIBLHBIM OGPA30M.

Onpepenenne. [Tycts G — rpad. O6o3HaunM yepes3 xg(k) KOIUUECTBO IPABUIBHBIX PACKPACOK Bep-
mmu rpada G B k useros. Xpomarnueckoe uncio rpada x(G) — 310 nanMenbmee Harypaabhoe k
takoe, 9T0 X¢(k) # 0.

3. a) Jlokaxwure, uto Y (k) — MHOTOWIEH OT K.
6) Haiiiure xpomarudeckuii MHOTOWIEH JiepeBa U3 7 BEPIINH.
B) Jdokazwure, 4To J1000ii rpad ¢ TAKUM XPOMATHIECKHM MHOTOYJIEHOM — JI€PEBO W3 71 BEPIITHH.

Omnpegenenne. 10T MHONOYIEH HA3BIBACTCS TPOMAMUNECKUM MHo204AeHom TPada G.

4. Jlokaxkute, uro u3 rpada G MOXKHO yJaIuTh He DoJiee, deMm % JacTh ero pebep Tak, 4TOOLI

HOJTy9eHHBIH Tpad uMeT IpaBUIbHYI0 PACKPACKY BEPIIUH B 1. I[BETOB.

Omnpenenenne. [IpapuibHas packpacka Bepimua rpada G Ha3BIBAETCS JUHAMUYECKOT, €CTTU JIJTST JIFO-
00il BEpIINHBI, U CTEIIEHb KOTOPOil 0OJIbIle 1, He BCe CMEeXKHbIE ¢ U BePIIHHBI MOKPAIIEHbl B OJIMH IBET.

5. [lycts A(G) = d > 4. [Jokaxkure, 4r0 CymECTBYET JMHAMUYECKAs IIPABUIbHAS PACKPACKA
pepmns rpada G a) B d+ 3 nsera; 06) B d+ 1 nser.

Packpacku pebep

Onpenenenne. Packpacka pebep rpada B k mBeTOB — 3TO pa3dMeHne MHOXKeCTBa ero pebep Ha k
nogmuoxkects: C = (Ey,..., Ey). Mbr Gygem ropoputh, uto B packpacke C' 1BeT i npedcmasier B
BEPIIUHE U, eCJIM XOTst Obl OJIHO U3 MHIMUIEHTHBIX ¥ pebep mokpaiieno B mper . (Ecin takux pebep t,
TO MOYKHO CKa3aTh, YTO [[BET ¢ [PeJCTaB/IeH ¢ pa3 B BepIIUHE V. )

Onpenenenne. Packpacka pebep rpacda (G Ha3pIBaeTCs MpaBUIbHOI, ec/ind J00bIe 1Ba pedpa, HMero-
X OOIIUii KOHeIl, MOKPAIIeHbl B Pa3Hble IBeTA.

Oupegenenne. Pebeproe xpomamuneckoe wucao epada X' (G) — 310 HauMeHbIIee KOJIUIeCTBO [[BETOB,
JIJIT KOTOPOTr'O CyINeCTBYeT MpaBUabHAs pacKpacka pebep rpada G.

6. [Iycts G — cBs3HbI rpadd, OTJIMYHBINR OT IMUKJ/Ia HeYeTHO# 1iuHbl. Jokazxkure, aTo pebpa rpada
(G MOXKHO TOKpPAaCHTh B JIBa I[BETA TaK, YTOOBI B Ka:K/0il BepIIHHE CTEIeHH He MeHee JIBYX ObLIN
IpeJICTaBJIeHbl 00a IBeTa.

Onpeanenenne. Ilycts C' — packpacka pedep rpada G. Hus kaxkmpoir Bepmuabl v € V' obo3HaAINM
depe3 ¢(v) KOJTMIECTBO [BETOB, B KOTOPbIEe MOKPAIICHbI pebpa, HHIHICHTHBIE V.

Onpeaenenne. bBynem rosoputh, uro C' — onmumasvhas packpacka pedep B k mBETOB, €Can i
m000it apyroii packpacku C’ pebep sToro rpada B k IBETOB BLIIOIHSICTCS

Z c(v) > Z d(v).

veV veV

7. Ilycts C = (Ey,. .., Ex) — ontumasbHas packpacka pebep rpada G B k nseros. I[lycTsb Bepimna
¥ U IBeTa ¢ U J TAKOBBI, UYTO B BEPIIHHE ¥ ABAXKIBI IPEICTaBIeH IIBET ¢ M He MpeACcTaBJeH IBET j.
Jokaxkmure, 910 KOMIoHeHTa c¢Bs3HocTH rpada G[E; U E;], conepKaimias BepIIHHY U — MPOCTON MUK
HEYETHOW JIJIVHBI.

8. ITycrs G — nBynosbubiil rpad. Tokaxure, uto Y (G) = A(G).

9. ITycre G — aBypoabHbl rpad, 0(G) = d. Tokaxkure, 94To CymiecTByeT packpacka pedep rpada
GG B d 1BeTOB, B KOTOPOil B KaxK/I0il BEPIINHE MPEICTaBIeHbI BCe d IBETOB.

10. (Busunr, 1964.) Tokaxure, uro X' (G) < A(G) + 1.
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22 uonsa
BHI/ICaHHbIﬁ TﬂIeTpreX}fI‘OJ'IIbHI/IK

O6o3uauenus. Yervipexyronbauk ABCD Buucan B OKpy:kHOCTH w ¢ nieaTpom O. JIyan AB u DC
nepecekaiorcd B Touke F, a jgyun AD u BC — B touke F. JInaronamu AC u BD nepecekaiorcs
B Touke P. AC mnepecekaer FF B Ttouke (). EP nepecekaer AD B Touke X. M — mouka Mukenrs
geTpipexyronbanka ABCD. S — cepequna AD.

1. /lokaxkure, 4T0:
a) rouku O, P u M jexar Ha ofHOIl IPSMOIf;

6) roukn B, C, S, X jexar Ha OIHOH OKPYKHOCTH;

B) KacaTe/bHbIe K w B ToUukaX B u D mepecekatorcs Ha npsiMoit F'F' (0603HAYMM TOUKY UX [epecedeH st
T);

r) rouku B, T', D, M jexar Ha OIHOH OKPYZKHOCTH;

BM _ BP
A) 3D = Pp-

22 wnwonsa
JlmHeiliHocThL B reoMmeTpun

OcHoBHOe coobparkenue. Eciin Ha miockocTn 3ajana jnHeiiHast GyHKINs (TO ecTh KayKI0# TOUKe
(x,y) conocraieno uucio {(x,y) = ax+by+ ¢), TO MHOKECTBO HyJteii 3T0ii GYHKIUHN €CTh UK IIyCTOe
MHOXKECTBO, WIH IpAMasd, WIH BCA ILIOCKOCTD.

OpueHTUpPOBAaHHOE PACCTOSAHUE

IIpensioxkenne. OpueHTHPOBAHHOE PACCTOSHUE OT TOUKH (Lo, Yo) /10 npsamoii ax + by + ¢ = 0 pasHo
axg + byg + ¢

1. JlokaxkuTe, 9TO OCHOBAHUsI BHEIIHUX OHCCEKTpUC (HEPABHOOEJIPEHHOTO) TPEYTrOJbHUKA JIeZKAT
HA OJHOUN MPSAMOIA.

plax + by +c =0, (2o, y0)) =

2. 'panu npaBuJIbHOTO OKTA3/Ipa PACKPAIIIEHbI B Y€PHbIH U OeJiblil 1[BET (HpI/I 9TOM JIIOObIE JiBE I'pa-
HU, HMerorue o01ee pebpo, packpaliieHbl B pa3Hble nBeTa). JJokazxkure, 9ro [1/is JH0O0H TOYKN BHYTPH
OKTa’apa CyMMa PaCCTOSIHUIT 0 TJI0CKOCTeil OeIbIX rpaHeil paBHa CyMMe PAacCTOSTHUN 10 MJIOCKOCTei
YEepHBIX I'PaHel.

s caMoCTOATEeIHbHOTO PENIeHUS

3. /lan yerbipexyroJibHukK. B 0/iHO# 11ape ero nmpoTuBONOJIOKHbBIX YIVIOB IIPOBE/IM BHEIIHUE OUCCEeK-
TPUCHI — TOJIYYWJIM TOYKY UX nepecedenus. [lorom B jipyroit nape — nosy4yusiu Bropyio Touky. [Torom
MIPOTHUBOIIOJIOZKHBIE CTOPOHBI MPOJIJININ JI0 Tlepecevdenusi, MOJIyInIn JIBa yIjia — 110 HUM aHAJOTUYHO
MOCTPOUJIN TPeThIO TOUKY. JloKarkuTe, 9TO 3TH TPU TOUKHU JI€KAT HA OHOI IMPSIMOIi.

OpueHTHPOBAaHHOE PACCTOAHUE

ITpennoxxkenune. OpuenTupoBaHHAsK ILUIONIAJb MAPAJIEJOrPAMMA, HATSHYTOrO Ha BekTOpa (a,b) n
(¢,d), paBua ad — be.

4. Ha ntockocTr JIaHbl HECKOJIBKO YEePHBIX M O€JIbIX OTPe3KOB. bepeMm TOUYKY M CTpOUM TpeyroJib-
HUKH C BePIIHHAMH B 3TOil TOYKE M OCHOBAHUAMHU — JaHHBIMEH oTpe3kaMmu. Paccmorpum I'MT Takmx
TOYEK, YTO CyMMa YepPHBIX (OOBIYHBIX) MIOIMaIel paBHa cymme Gebix. JlokaxkuTe, uro 370 ['MT nourn
BCera HOKPbIBACTCA HECKOJIbKUMU ITPAMbBIMH. CKOJ'H)KI/IX IIPAMBIX I'aPaHTUPOBAHO XBaTI/IT? HO‘{QMy I10-
KPBIBAETCS MOYTH BCEraa, HO He Bcerma’

5. JluaroHa/in OTpe3atT OT NATHYTOJTbHAKA 5 TPEYrOJbHUKOB (HEKOTOPBIE YaCTH OTPE3al0TCs JIBa-
KJibl). JToKazKuTe, 9TO CyMMa IUIONIa el ITUX TPEyroJbHUKOB He MEeHbIIe ILIONMAIU IATHY TOJTbHUKA.
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Jlemma. Touka X gemut orpesok C'D B orHOmenuu p : q. /Jlokakure, 910 Op. IJIOMIA/Ib TPEYTOJIbHUKA
ABX paBua

S(ABX) = -1 s(ABC) + L S(ABD).
p+q p+q

6. Cepeaunbl orpe3koB Ay Ay, By By, C1Cy sexkar Ha o0l npsimoii. /lokazkure, 9410 8 Tpeyroyib-
HukoB A; B;C); MOKHO Tak pa3duTh HA 2 IPYIIBI, YTO CYMMBI ILIIOIIA 1€l B IPyNIaX PAaBHBI.

7. B oniucanHOM 4eThIpexyroJbHUKe IIpsMasi, IIPOX0/IdIias Yepe3 cepe/iMHbl JuaronaJjieit, npoxojaur
U Yepe3 IEeHTD BIUCAHHOW OKPYKHOCTH (npamas Hvtomona).

8. [Ipamas, coequugonasa cepeIMHbl TUaroHaeil BHITYKJIOTO 9eThIpeXyTroabHUKA, JETUT OO TaM
OTPE30K, COEIMHSIIONIUIT TOYKN [epecedeHus MPOTHBOIOIOKHbBIX CTOPOH (npamas laycca).

g caMoCTOdATeIbHOTO pPeENIeHUS
9. V rpeyrosbaukoB AjAyAs, B1BsB3, C1CyC3 eHTpbHI TSKeCTH JiesKaT Ha OJHON mpsimoit. Jlo-

KazKuTe, 94TO 27 TpeyronbHUKOB A; B;C}) MOXKHO Tak pa3OHTb Ha 2 IPYNIBI, YTO CYMMBI IUIONAaell B
rpymnax paBHBI.

23 uondg
3aKJIIOYUTeJIbHAA OJMMIINAIA

doBbIBOS

1. Moxer Jiu ipou3BejieHre TpexX HATYpaIbHbIX dnces ObITh B 2008 pa3 Gosibiie ux cyMMmbI?

2. JTan Boinykibtii 2008-yroibHUK CO CTOPOHAME A7, . - . , Ago0s- LLycTh f () — KBagpaTHBI TpexU/IeH,
Juist Koroporo f(ai) = f(ag + ag + - -+ + asees). dokaxkure, uro f(ases) = f(ar + az + -+ + az07)-

3. Nmerorcsa 30 rupek Becom 1 1, 2 1,..., 30 1. I3 Hux BoiOpagu 10 rupek oOmuM BecoMm 155 T.

Hoxaxkure, 9yro ocrasimecs 20 rupek MOKHO pa30ouTh Ha 2 rpyiibl 110 10 rupek B KaxK/10il ¢ paBHBIMU
CyMMaMHU BECOB.

4. Jlokazure, 4ro /2 > 23: 1pu HaTypaabHOM 1 > 1.

5. Ilycrs H — opronenTp ocrpoyrosbHoro tpeyrojibanka ABC. Ilycrb OKpyXKHOCTH C HEHTPOM
B cepenune croponbl BC mpoxomuT depe3 Touky H u mepecekaer orpe3ok BC B toukax A; m As.
Anasiornano oupejesorcs rouku By, B u C1, Cs. JJokaxkure, 4ro mecrb To4ek Ay, Ag, By, By, C1, Cy
JIezKaT Ha OJIHOW OKPYZKHOCTH.

BriBos

6. Jleormn Muxail10BUY BBIMUCHIBAET HA JOCKY 1 HATYPATbHBIX uncea. Koncrantun Anekcanmapo-
BUY CTUPAET HECKOJIBKO M3 9THX YHCeJI (HO He BCe), Hepe/] OCTABITUMUCS IIHIIeT 3HAKH [JII0C I MUHYC.
Ecau cymma momyuusimuxcst aucen genntcs wa 2008, To BeinrpeiBaer Koncrantua AjekcanapoBud,
nHavde — Jleonmn MuxaitmoBud. KTo BRIUTpBIBaeT IpU MPABUJIBHON UI'De B 3aBUCUMOCTH OT N7

7. Jlokaxkure, 9TO BBIMYKJIBIE MHOTOYTOJBHUK MOYKHO TPHAHTYJINPOBATH JUATOHAJISIMEA HA, OCTPO-
yTOJIbHBIE TPEYTOIBHUKY HE 00JIee YeM OJHUM CITIOCODOM.

8. B rpade crenenn kazxkioit Bepminabl He npeBocxogaut 2k + 1. Jlokazxkure, 910 MOKHO PAaCKPACUTh
ero BepIIMHBI B 2 IIBETA Tak, 9TO0b pedpa ¢ Pa3HOIBETHBIME KOHIAMH COCTAB/ISIIA HE MeHee ~iL or

2k+1
obrero 4ucjia pebep.

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

25



Bonpocsl k 3a4dery (ajrebpa)
1. Oyuxnus Ditaepa, ee MyJbTUIINKATHBHOCTD, siBHAs (opmysia. Teopema Ditsiepa. Tox1ecTBO
laycca.
2. Jlemma l'enzend.

3. [lokazaresn, meppoobpazubie KopHu. CylecTBOBaHUE TePBOOOPA3HBIX KOPHEH 110 IIPOCTOMY MO-
JIYJTI0, UX KOJIMIECTBO.

4. ppanmoHaJibHOCTh YHCJIA, T.
5. Muorousnensr Han Z,. Kpurepnii Jitzenmreiina. Teopema Ilesasie-Bapuunra.

6. Jluneitnbie cucremMbl: MeTo 1 ['aycca, cCTpyKTypa pelleHuii, paliioHAIbHOCTE pemntennii. O THOpOI-

ueie CJIY. CBasp mexay pemenusvu CJIY u OCJIY.

7. Cynepno3unus: WHTEPIOJIAIUOHHBII MHOTOWIeH Jlarpanyka, Kuraiickag Teopema 006 OCTaTKax,
CYMMBI CTeIleHeil.

8. IIpumenenne CJIV: auckperHoe ypaBHenne TemionpoBogrHoct, 101 kopoBa, 3apyOKn Ha OTPeE3Ke.

9. Bekropuble npocrpancrsa. JIuHeitHasi 3aBUCUMOCTb M HE3aBUCHUMOCTH CUCTeM BeKTOpOB. [loj-
npocrpaHcTBa. JIuneitnas obos104ka.

10. PazmepHocTh JuHEHHOr0 mpocTpancTBa. omonnenune 10 6a3uca. PasmMepHOCTh TOAIPOCTpaH-
crBa. CymecrBoBanue 6eckoneunoii cucrembl JIH3 BekTOPOB B GECKOHETHOMEPHOM MTPOCTPAHCTBE.

11. Panr cucremsl BEKTOPOB. PaBeHCTBO CTPOYHOIO U CTOIOIOBOTO PAHIOB MATPHUILI. PazMepHocTh
npoctpancTBa pemtenuit OCJIV.

12. CxkangpHOe IpOu3BeJIeHHe U ero cBoiicTBa. JIuHeiiHasg He3aBUCUMOCTH OPTOTOHAIBHON CHCTEMbI
BEKTOPOB. 3aJa4uu mpo cynpyzxKeckue napsl, EI['O, aaredbpandeckyio 3aBUCEMOCTb MHOTOUJIEHOB.

13. Jluneiinble peKyppeHTHI, Pa3MepHOCTh MPOCTpaHcTBa pentennii. Haxoxkaenne pekyppeHTohl B
cJIydae OTCYTCTBUA KPATHBIX KOPHEH Yy XapaKTEePUCTUICCKOTrO YDABHCHUL.

14. TlpocrpancTo yHKIMiT HA BepIInHAX Kyba, ero 6a3uc, 3aJaHHbIII MOHOMaMU. 33/1a9a O mepe-
CEYEHUSX TTOJMHOKECTB.

15. Teopema @pankiia-yY njicoOHA.
16. Combinatorial Nullstellensatz (mokazaTeabcTBO).

17. Combinatorial Nullstellensatz (dbopmynmposka). Ee npumenenue: Teopembr Koru-/Isgennopra
u Dpjeira-laiiyioporHa, 3aa4a 0 MOKPBITUU BEPIIUH KyOa I'UIEPILIOCKOCTIMI.

18. Combinatorial Nullstellensatz (dopmyauposka). Ee mnpumenenne: o6obiienHast Teopema
[Tlesaste-Bapuusra.

19. O6061iennas reopema Ilesasie-Bapuunra (dbopmysiuposka). Ee upumenenue: reopema O.ico-
Ha, 3a/la4a O P-peryJsipHbixX nojrpadax.

20. Jluneitnoctb B reoMmerpun. OpHeHTHPOBAHHOE PACCTOSHUE, OPUEHTUPOBAHHAA ILIOMAIb, HPsI-
mbie Hpiorona u ['aycca.

Bomnpoch! K 3adery (reomerpusi)

1. Addunrnanie npeobpazoBaHusi: ONpeeaeHme, CBOMCTBRA.

2. Tlpeacrasiienue adduHHOTO IPeodPa30BaHUs B BUJIe KOMIIO3UIIMYU CXKATUs M IOBOPOTHOH rOMO-
TETUH.

3. DLHIICH: ompeIe/ieHne, ypaBHeHne, o0pa3 oKpy:KHOCTH pu adduHHOM Tpeodpa3oBaHUM.
4. Teopema 00 3/HIICEe, BINCAHHOM B TPEYIOJbHUK.

5. [lonsipa: onpeaenenue, jeMva, O TOJIsIPe.
6

. [Tongpuoe nmpeobpazoBanme, JjeMMa O JBOIHOM OTHONIEHUH.
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7. IIpoekTuBHbBIE TPEOOPA30OBAHUSI: OLIPEJIEIeHUE; JIIOObIE YeThIPe TOYKH OOIIEro MOJIOKEHUS MOXKHO
MePeBEeCTU €JIMHCTBEHHBIM MTPOEKTUBHBIM MIPeodpa30BaHueM B JIIOObIE YeThIpe TOYKH OOIIEro MmoJIo¥Ke-
HUS.

8. /IBoitnoe oTHOIIEHNE COXPaHAETCs [PU UHBEPCUU, TPU MPOEKTUBHOM TPEOOPA30OBAHUH.
9. Teopema Ilamma.
10. Teopema /[lezapra.

11. TIpoekTuBHbIe MpeodOpa30BaHUs ¥ OKPYKHOCTH: CYIIECTBOBAHUE IMPOEKTUBHOIO Mpeobpa3oBa-
HUsl, TIEPEBOJSIIETO TOUKY, JIEXKAILYI0 BHYTPU KpyTa, B IEHTP, a OKPYZKHOCTH B cebs.

12. TIpoekTuBHBIE MPEOOPA30BAHUS M OKPY?KHOCTH: CYIIECTBOBAHHE IMPOECKTUBHOIO HPeodpa3oBa-
HUsl, MEPEBOJIAIIEr0 MPSAMYIO, HE HEPeceKalonylo OKPYKHOCTb, Ha OECKOHEYHOCTh, & OKPY’KHOCTH B
cebd.

13. Teopema ITackauis.
14. Teopema Bpuaniona.

15. Teopema o H6abouKe.

Bonpocsl K 3adetry (Teopusi rpadoB)

1. Cetb, MOTOK, pa3pe3. Bennumna moToka u MOTOK depe3 JTI000i paspes.
2. Teopema Popaa-DPasikepcoHa.

3. Lesiouncaennubie cetu. MakcuMaJibHBITT TOTOK B 1E€JI0OYUCACHHONW CETH.
4. Teopema XoJaa Kax caeacrsue TeopeMbl Popaa-Pankepcona.

5. Teopembr Kénura kak cieacrsue Teopembl Popaa-Dasikepcona.

6. Pebepnast reopema Menrepa.

7. Bepmmnnaga Teopema Menrepa

8. KommoneHnThl cHILHON CBSI3HOCTH OPHEHTHPOBaHHOTO rpada, ux cpoiicTBa. ['pad KoMmoHeHT
cubHOM cBa3HocTH. Ciydail TypHEPHOTO rpada.

9. ['aMuJIbTOHOB IKMKJI B CHJIbHO CBSI3HOM TYPHUPHOM Tpade.

10. ViajieHre BepIIMHBI U3 TYPHUPHOTO I'pada ¢ COXpaHeHHeM CHIBHON CBSI3HOCTH.
11. Teopema Bpykca.

12. Xpomaruueckuii MmHOro4/1eH rpada.

13. OnTumabHble pacKpacku pedep rpada, ux cBoiicTsa.

14. PebepHoe XpoMaTudecKoe YnCJIO JABY/I0JBHOTO rpada.

15. Teopema Busunra.
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