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Øåâàëëå-Âàðíèíãà
Òåîðåìà Øåâàëëå-Âàðíèíãà: Ïóñòü f � ìíîãî÷ëåí èç Zp[x1, . . . , xn] ñòåïåíè ìåíüøå n, äëÿ
êîòîðîãî f(0, . . . , 0) = 0. Òîãäà óðàâíåíèå f(x1, . . . , xn) = 0 èìååò íåòðèâèàëüíîå ðåøåíèå.

Îáîáùåííàÿ òåîðåìà Øåâàëëå-Âàðíèíãà: Ïóñòü f1, . . . , fk � ìíîãî÷ëåíû èç Zp[x1, . . . , xn],
äëÿ êîòîðûõ f1(0, . . . , 0) = · · · = fk(0, . . . , 0) = 0. S1, . . . , Sn � ïîäìíîæåñòâà Zp, ïðè÷åì 0 ∈
Sj äëÿ ëþáîãî 1 ≤ j ≤ n è (|S1| − 1) + · · · + (|Sn| − 1) > (p − 1)(degf1 + · · · + degfk). Òîãäà
ñóùåñòâóåò (a1, . . . , an) ∈ S1×· · ·×Sn, äëÿ êîòîðîãî (a1, . . . , an) 6= (0, . . . , 0) è f1(a1, . . . , an) = ... =
fk(a1, . . . , an) = 0

Combinatorial Nullstellensatz (Àëîí, 1994): Ïóñòü F � ïðîèçâîëüíîå ïîëå, à f ∈ F [x1, . . . , xn]
� ìíîãî÷ëåí ñòåïåíè d, ó êîòîðîãî êîýôôèöèåíò ïðè xd1

1 xd2
2 ...xdn

n íå ðàâåí íóëþ (óæå ïîñëå ïðè-
âåäåíèÿ ïîäîáíûõ ÷ëåíîâ), ãäå d1 + · · ·+ dn = d. Ïóñòü A1, . . . , An � òàêèå ïîäìíîæåñòâà F , ÷òî
|Ai| > di äëÿ ëþáîãî 1 ≤ i ≤ n. Òîãäà ñóùåñòâóåò (a1, . . . , an) ∈ A1 × · · · × An, äëÿ êîòîðîãî
f(a1, . . . , an) 6= 0.
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Øåâàëëå-Âàðíèíãà: çàäà÷è
Êîììåíòàðèé: Âî âñåõ ïðåäëîæåííûõ çàäà÷àõ p � ïðîñòîå ÷èñëî.
1. ( Òåîðåìà Êîøè-Äýâåíïîðòà) |A + B| ≥ min(|A|+ |B| − 1, p). Çäåñü ñëîæåíèå ïðîèçâîäèòñÿ ïî
ìîäóëþ p, |A + B| îáîçíà÷àåò ñóììó ìíîæåñòâ.
2. (Ãèïîòåçà Ýðäåøà-Ãàéëáðîííà) |A+̂A| ≥ min(2|A| − 3, p). Â äàííîì ñëó÷àå
A+̂B = {a + b|a ∈ A, b ∈ B, a 6= b}.
3. Â Rn âûáðàíî m ãèïåðïëîñêîñòåé, ïîêðûâàþùèõ âñå âåðøèíû åäèíè÷íîãî êóáà {0, 1}n, êðîìå
îäíîé. Äîêàæèòå, ÷òî m ≥ n. (Ãèïåðïëîñêîñòü â Rn � ýòî ìíîæåñòâî òî÷åê (x1, . . . , xn) ∈ Rn,
óäîâëåòâîðÿþùèõ óðàâíåíèþ a1x1 + · · ·+ anxn = b.)
4. Â R3 âûáðàíî m ïëîñêîñòåé, îáúåäèíåíèå êîòîðûõ ïîêðûâàåò âñå òî÷êè ìíîæåñòâà S =
{(x, y, z) ∈ Z3|0 ≤ x ≤ n, 0 ≤ y ≤ n, 0 ≤ z ≤ n}, êðîìå (0, 0, 0). Íàéäèòå íàèìåíüøåå âîçìîæíîå
çíà÷åíèå m.
5. Ïóñòü â ãðàôå G íå ìåíüøå 2p− 1 âåðøèí. Äîêàæèòå, ÷òî ñóùåñòâóåò íåïóñòîå ìíîæåñòâî U
âåðøèí G, òàêîå ÷òî êîëè÷åñòâî ðåáåð G, èìåþùèõ õîòÿ áû îäíó âåðøèíó â U , êðàòíî p.
6. Ïóñòü â ãðàôå G ñòåïåíü êàæäîé âåðøèíû íå ïðåâîñõîäèò 2p−1, íî ïðè ýòîì ñðåäíÿÿ ñòåïåíü
âñåõ âåðøèí áîëüøå ÷åì 2p−2. Äîêàæèòå, ÷òî â íåì ìîæíî âûáðàòü ïîäãðàô, â êîòîðîì ñòåïåíü
êàæäîé âåðøèíû ðàâíà p.
7. (Òåîðåìà Îëñîíà) Â êëåòêàõ òàáëèöû 1+k(p−1)×k ðàññòàâëåíû öåëûå ÷èñëà. Äîêàæèòå, ÷òî
ìîæíî âû÷åðêíóòü íåêîòîðûå (íå âñå) ñòðîêè, òàê ÷òîáû â êàæäîì ñòîëáöå îñòàâøåéñÿ òàáëèöû
ñóììà ÷èñåë äåëèëàñü íà p.


