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Cawmpblit 60ABIIION I'PeX IO OTHOIIEHUIO K OAMKHEMY —
TOBOPUTH EMY TO, YTO OH IIOMMET C IIEpPBOTO pasa.
Beneapuxt Epodees. /3 3anucHbz KHUMHCEK

BcrynutensHas onumnuapa. 4 nions

1) HasoBeM HaTypanbHOE YUCAO «3aMEYATEABHBEIMY, ECAU OHO — HAWMEHBIIEE CPEAY BCEX HATYPaAb-
HBIX YUCEA C TaKOH ’Ke, KaK y Hero, cyMMoi mudp. CroabKo cymrecTByeT 2011-3HaYHBEIX «3aMeYaTEAD-
HBIX» YUCEA?

2) Ha AByX KAeTKaxX IIaxXxMaTHOM AOCKH CTOSAT dYepHas u beaast MUIIKK. 3a XOA OAHY U3 HEHX MOXKHO
ABUTaTh Ha COCEAHIOIO II0 CTOPOHE KAETKY (ABe PUINKY Ha OAHOM KAETKE CTOSITH He MOTYT). MoXXHO AU
IIOAYYUTDH BCE PACIOAOKEHUS (DUIIEK, IPUIEM Ka’kKA0e — POBHO IIo 1 pasy?

3) Amaronaau mapaaneaorpamma ABCD c TymeiM yraom A mepecekatorcs B Touke O. AOKaXkuTe,
uTo Touka O, a Tak’>Xe OCHOBAHUS IIEPIEHAUKYASIPOB, ONVIIEHHBIX U3 Touku A Ha orpesku BC, BD u
CD, aexar Ha OAHOM OKPY>XKHOCTH.

4) Ilycte A u B — ABe BepIIUHEI (CTPOro) BRIIYKAOI'O MHOTOI'PaHHUKA. J\(06asi 'paHb MHOTOIPAaHHIKA
COpEPRUT UAU A, uau B. AokarkuTe, 9TO BepmuHEL A 1 B MOXHO coepAuMHUTL nyTeMm 13 He boaee, YeM
Tpex pebep.

5) p > 5 — npocroe uucao. I3BeCTHO, YTO AAVHA HAUMEHBIIETO IIEPUOAA AECSITUIHOM 3amucy Apobu
1/p paBHa 2n. AOKa>kuTe, 9YTO €CAU ITOT IIEPUOA Pa3buUTh Ha ABa NM-3HAYHLIX KYCKa, TO CyMMa YHUCEA B
9TUX KycKax paBHa 99...9 (n aeBsTok). Hanpuwmep, 1/7 =0, (142857) u 142 + 857 = 999.

n

Npes nuneitHoro otobpaxkeHus. 4 nions

J30Tepuyeckoe 3naHue. [Tocsimennble 3HAIOT, 9T0 CfW 1P, P — mpocroe (0 < k < p").

1. TTo kpyry cTosT 128 meAbIX YuceA. 3a OAMH XOA BCE YMCAA OAHOBPEMEHHO 3aMEHSIIOTCS Ha CYMMY
ABYX CBOUX cocepeill. AOKa>kUTe, YTO Yepe3 HECKOABKO XOAOB BCe UHMCAA CTAHYT AEAUTHCS Ha 128.

a) CHa9ana pacCMOTPUTE CAydail eAMHUIE ¥ 127 HyAei. UTo moayduTcs depe3 7 X0A0B? M\OKaXKUTE,
9TO Yepe3 HECKOABKO XOAOB BCE YMCAA CTaHYT YETHBIMMU.

6) OnpeaeAuM TOHSTHE CYMMbL(CYNEPNO3ULUU) ABYX PACCTAHOBOK UHCEA IIO KPYTy. MOKa’kKUTe,
4TO Ollepalisi 3aMEHBI OT CYMMBI=CYMMe Ollepaluil 3aMeHEI.

2. (lHTepnOASIINOHHEI MHOTOYAEH MAarpanika.) AoKaXKuTe 4TO AAsT Afoboro Habopa u3 n+ 1 Tourz
C pasHBIME abcuuccaMy HAMAETCS €AWHCTBEHHBIM MHOTOYAEH CTEIEHW HE BEHIIIE M, KOTOPHIA B 3THX
TOYKaxX IIPMHUMAET 3aAaHHbIE 3HAYEHNUS.

Vkazauue. CpaBHEM C IPEABIAYINed 3apadeil. UTO 3AeCh SIBASIETCS aHAAOraM¥ 1) HadaabHOU pac-
CTaHOBKH, 2) olleparuy, 3) CyMMBI PaCcCTaHOBOK, 4) YMHO>KEHUSI PacCTAaHOBKY Ha IUCAO?

3. Ilo OKPY’KHOCTU PACCTAaBACHEL P OEABIX 9UCEA (p - HpOCTOG). 3a XOA, U3 Ka>XAOI'O 9YHCAA BBIYUTA-

eTCsI eT0 A€BEI cocea. N\OKa’kKUTe, UTO Uepe3 HECKOABKO XOAOB BCe UmCAa 6YAYT AeauThbcs Ha p2o'l.

4. (Kuraiickas Teopema 06 ocTaTkax.) a) AaHBEI IONAPHO B3aUMHO IIPOCTHIE YUCAQ Ty, My, ..., M, K
IIPOU3BOABHEIE (1, dy, ..., d,. NOKA)KUTE, YTO CYIIIECTBYET TaKoe YUCAO A, 4To A = a; (mod my).
6) Yucnro A OIPeAEAEHO OAHO3HAYHO IO MOAYAIO M ... TN,.



Anst MHOrOYAEHA P(X) pacCMOTPUM IIOCAEAOBATEABHOCTH CYyMM
S.=S.(P)=P(1)+---+P(mn).

Haxoxxaenue stBHOM bopMyABl Aast P(x) = x* mpeacTaBasieT ocobeHHEI! MHTEPEC.

5. Haiiaute siBHYI0 QOPMYAY AAST S, Tomb 0aa Kaxo020-HUbYO> MHOTOUNEHA CTENEHN K.

a) Onpepenenve. Hxc 6 y6uea7ou46u cmenewu m > 0: x®=x(x—1)(x—2)...(x —m-+1).
6) Aokaxkure, 9TO (X + 1)™ — Xx™ = mx"=1;
B) Haitpmre O™ 4 1™ 4 2™ 4 3m 4 ... (n—])m

6. Aokaxkure, uro ecam deg P(x) = k, To S, (P) ecrs MHOrounen cremenu k + 1 (To ects S, = g(n)
AAST HEKOTOPOTO MHOTO4YA€HA ¢(x) cTemenu k+ 1). Aasi mpuMepa Beramcaute 13+ - +1n° m 14+ .. +n',

[na camocTosiTeNIbHOro peLleHuns

1. ITo OKpPY>XHOCTH PacCTaBAEHBI P" IEABIX 4uceA (P — IpocToe). AOKa*kKUTe, YTO Yepe3 HECKOABKO
XOAOB BCe UMCAA BYAYT AeAuThest Ha p2°'', ecanm 3a X0op U3 KaXKAQTO YMCAA BEIYUTAETCS €T0
a) l-bIit cocep, caeBa, | DUKCHPOBAHO;

6) 1-B1it cocep caeBa, | MO>KET MEHSITBCS OT XOAQ K XOAY!

2. Ectp ymcaa qy, ..., d,, CPEAY HUX POBHO ABAa OAMHAKOBEIX. HamwmuTe BEIpa’kKeHUE OT i, ..., O,
3HAUYEHNME KOTOPOT'O PABHO 3TUM OAMHAKOBEIM UKCAAM.

3. Ha nnaneTe KaXxpasi CTpaHa IpaHuYUT He Oonee, 4eM ¢ ceMbio ApyruMu. CTpaHBI XOTST IIepe-
pPacIpeAeANTb CBOY 30A0TOM 3amlac Tak, YTOOBI V¥ AIOOBIX ABYX I'DAaHMYANINX CTPAH KOAWYECTBO 30A0Ta
pasArdanoch 6w He 6boaee, ueM B 13 pa3. AOKa>kuUTe, UYTO 3TO IEPEPACIPEAEAEHIE MOKHO IIPOBECTH TaK,
YTOOEI KaXkAasl CTPaHA AWIIUAACH He Oboaee, UeM ITOAOBUHEI CBOETO 30A0TA.

JInnenHble npocTpaHcTBa. 5 nions

Onpepenenve. ITycTb pauBl MHOXKECTBO V («BeKTOpEI») 1 moae K («dmcaay, UAU «CKaASIPHLY ), AMe-
IOTCSI OIIEPAIlusi CAOKEHNS BEKTOPOB M AASL Ka*KAOTO YKUCAA MMEETCS OIlepallyisi YMHOXKEHUS BEKTOPA Ha
umcao. [lpu aTom: .

a) CAO>KEHZE acCOLMATUBHO, KOMMYTATHABHO, CYLIECTBYET HEUTPAABHEIN 10 CAOXKEHUIO 3AeMeHT ()
7 Y Ka’XKAOTO BEKTOpa V ecTob o6paTHBII'/'I II0 CAOXKEHUIO ( 7),

6) 1- V= (k1k2)v —k1 (k, V') (3Aec5 k1,kz €K, Vv ev),

B) (k] +k2)\) :k1 A% +k2\) ) k(V] +V2) :k\/1 +kv2.

Toraa V Ha3BIBAETCS 8eXKMOPHBLIM (AUHEUHBIM) npocmparcmeom Hap K.

Mpumepbl.

a) K" — cTpoku(uAu cTOABLBI) AAMHEL M;

6) MHO>XXeCTBO peleHU# oAHOPOAHOE CAY 0T N IepEeMeHHBIX;

B) AMHENHBIE YPAaBHEHUS BUAA A1X] + * - + AnXy = b;

I') MHOTOYAEHBI Hap IoneM K;

2) BEIeCTBEHHO3HAUHbIE (DYHKIWY, ONPEAEAEHHEIE Ha IIPOU3BOABHOM MHOXKECTBE.

e)
)

3) MHO>XECTBO BCEX IIPAMOYI'OABHBIX Ta6AI/ILI, 3alIOAHEHHBIX OCTaTKaMM IIO MOAYAIO 2,
I/I) MHO>XECTBO BEKTOPOB Ha IIAOCKOCTH.

IIOCAEAOBATENDBHOCTU KOMIIACKCHBIX YHCEA,

K ) IIOCAECAOBATEABHOCT KOMIIACKCHBIX YMCEA C KOHEYHBIM YHNCAOM HEHYAEBBIX SACMEHTOB,

ﬁ) MHO>XECTBO BCEX IIOAMHOXXECTB AAHHOI'O (AAE[ OIIPEAECNACHHOCTHU KOHG‘IHOI‘O) MHO>XECTBa.
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Ynp. 1. O6pa3yioT A BEKTOPHBIE IPOCTPAHCTBA CAEAYIOIINE MHOXKECTBA (ONIEPALNY — ECTECTBEHHEIE):
a) MHOTOYAEHBI CTENIEHN N Hap HoAeM K;
6) HeyOBIBatOIME IOCAEAOBATEABHOCTH (Hap R);
B) MHOTOYAEHBI HAA AQHHBIM IIOAEM C (DUKCUPOBAHHBIM KOPHEM K
I') CTPOKY AAWHBL ML C HYAEBOM CyMMOR 3A€MEHTOB;
2) MHOXXecTBO dyukuui f: R — Q Hap Q;
e) MHOXecTBO pyHKImE f: R — Q Hap R;
K) CTPOKY IIEABIX UUCEA AAWHEL N Hap Z.
3) CTPOKM I[EABIX UHCEA AAMHBI N HaA Zp.

Onpepenenne. IToaMHOXECTBO BEKTOPHOI'O IIPOCTPAHCTBA V HA3BIBAETCS NOONPOCMPAHCMEOM V, ec-
AU OHO CaMO SIBASIETCS BEKTOPHBIM IIPOCTPAHCTBOM OTHOCUTEABLHO OLleparuit, uHOyuuposarHsr ¢ V.

Ynp. 2. a) UTo HEOOXOAUMO IIPOBEPUTD, YTOOBI YOEAUTHCSI, YTO HEKOTOPOE TOAMHOXKECTBO SIBASIETCSI
IIOAIIPOCTPAHCTBOM?

6) B mpumepe u yup. 1. mepeducAeHEl IPOCTPAHCTBA. HaliauTe B CAEAYIOUIUX IIPOCTPAHCTBAX IIOA-
IIPOCTPAHCTBA U3 TUX CIUCKOB: IPUMED a), IPUMED T'), IPUMED €).

Onpepenenne. ITopAMHOXXECTBO S BEKTOPHOI'O IIPOCTPAHCTBA V HA3BIBAETCSI CUCMEMOU 06DaA3YIOUUT
STOr0 IPOCTPAHCTBA, ECAY BCSIKUI BEKTOP V € V MOKHO IIPEACTABUTL B BUAE V = 0(1V1 + -+ + + X Vn, TAE
Vi,.-,Vn €S, &, ..., %, € K. Beipaskerue ojvy + - - - + &, v, (@ Tak>Ke, B 3aBUCUMOCTH OT KOHTEKCTA, U
€ro 3HAYEHNe) HA3BIBAETCS AUHEUHOU KOMOUHAUUET BEKTOPOB V1, ..., Vy.

Onpepenenne. Cucrema obpasyomux S IPOCTPAHCTBA HA3LIBAETCS €r0 6A3UCOM, ECAU BCSIKUAM 3Ae-
MEHT IIPOCTPAHCTBA IpeAcTaBAsieTcss B BuAe AK aneMmenTOB U3 S eduHcmeerHwvim 0bpasoM.

Vnp. 3. YKakuTe 6a3uCHl B IPOCTPAHCTBAaX U3 IIpuMepa 6,B,r,K,u,# u yup. 1 B,r. A B mpumepe €?
Vnp. 4. Kak B TepMunax 6asuca popMyAUpyeTcs TeopeMa o6 MHT. MHOTOYAEHE J\arpamixa?

Vnp. 5. f(x) — mEorounen crememm 10. Aokaxure, uro f,f’,f” ..., f'%9 — Gasuc B mpocrpamcTse
MHOT'OYAEHOB CTeIeHU He BhIme 10.

Onpe,u,eneHme. HOAMHO?KGCTBO S BEKTOPHOI'O IIPOCTPAHCTBA V HasbIBaeTCcsa AuHetuHo HEZABUCUMDBIM,
€CAHM HUKaKasi HEMpPUBUANDHAA AVHeWHaS KOM6HH&HI/IH BEKTOPOB U3 S He PaBHa HYAIO.

Vnp. 6. 3T0 onpepeAeHEE PABHOCUABHO CAEAYIOIIVIM:
a) ecau BeKTOp u3 V BeIpakaercs: B Buae AK depe3 BeKTOPEL U3 S, TO EAMHCTBEHHBIM 06pa30M.
6) HEKaKO¥ BEKTOp U3 S HEAB3sI BhIpasuTh B Buae NAK 4depes ocTanbHELE.

VYnp 7. a) Ecam cemeiictBo BekTopoB AH3, To 1 Afobast ero wacts ANH3;
6) Ecau cemeiictBo A3, To 1 Afoboe copeprKaree ero cemeiictso A3.

Teopema (0 paBHOCMAbHBIX onpeaenedusx 6a3nca). Caepyiomze YCAOBUSI PABHOCUABHBL:

a) S — 6asuc mpocTpaHcTBa V;

6) S — AmHe#HO He3aBHCHMAsI CUCTEMa 06PA3YIOMIUX IPOCTPAHCTBA V;

B) S AMHENHO HE3aBUCUMO, HO TEPSIET TO CBOMCTBO IpU A0OaBAEeHMU AOOOro BeKTOpa u3 V;

r) S — cucrema 0b6pa3yrOUX IPOCTPAHCTBA V, HO TEPSIET TO CBONUCTBO IPU YAAAEHUU AHOOOrO
BEKTOPA.

TaxuMm obpasoM, 6a3UC BEKTOPHOI'O IIPOCTPAHCTBA MOXKHO OIIMCATh, C OAHON CTOPOHBI, KaK MUHU-
MANBHYI cucmemy obpasyrou,uL, a C APYyroi — KaK MAKCUMAADHYIO AUHEUHO HE3ABUCUMYNO CU-
cmemy. Bo3HEKast HAa Y3KOM CTHIKE ABYX IIPOTMBOIIOAOXKHBIX KAYeCTB, 6a3UChl HE MOTYT He IpruobpecTu
IIeHHBIE CBOMCTBA.

Teopema (0 NMHENHOW 3aBUCUMOCTM NMHEHBLIX KOMOMHAuuii). Ecaum B mpocTpaHcTBe ecTh 6asuc u3 n
BEKTOPOB, TO AIOOBIE M + | BEKTOPOB AWHENHO 3aBUCUMBI.

Cnepcreue (KoppekTHOCTb onpeaenesns pasmepHoctu). Ecau B mpocTpaHCcTBe ecTh 6A3UC U3 N BEKTOPOB,
TO AIODO# ApPyTo# 6a3uc TOXXKe COAEPKUT L BEKTOPOB.



Onpepenenne. BekTopHOE IIPOCTPAHCTBO, NMEIOIEE KOHEUHEBIH 6a31c, HA3BIBAETCT KOHEUHOMEDHDIM,
a 9MCAO BEKTOPOB B KaXKAOM U3 €ro 6a3MCcoB HAa3BIBAETCS €ro pasmeprocmato (dim). Ecau B BekTopHOM
IIPOCTPAHCTBE HET KOHEYHOro Ha3mca, OHO Ha3bIBAETCS HECKOHEUHOMEDHDIM.

VYnp. 8. a) CaoiictBa A3 u AH3 COXpaHSIOTCSI IPH U30OMOPPHUSME TIPOCTPAHCTB.
6) ABa KOHEYHOMEDHBIX IPOCTPAHCTBA U30MOP(MHEI TOTAA U TOABKO TOTAQ, KOTAA UX PAa3MEPHOCTH
paBHBL. B wacTHOCTHM, Afo60e KOHEUHOMEPHOE IIPOCTPaHCcTBo V m3oMmopdHo KimV,

VYnp. 9. a) K amoboit NH3 cucreme BEKTOPOB (KOHEYHOMEDPHOI'O) IIPOCTPAHCTBA MOXKHO AODABUTH
BEKTOPHI TaK, YTOOLI ITOAYYIUACS Hasuc.

6) V3 aroboit cucTeMbl 06pasyomux (KOHEYHOMEPHOI'O) MIPOCTPAHCTBA MOXKHO JAAAUTH 4aCThb BEK-
TOPOB TakK, YTOOLI OCTABIINECS 0Opa30BBIBaAM Ha3wC.

Ynp. 10. PasmepHOCTL COBCTBEHHOTO (He COBIAARIOIIETO CO BCEM IIPOCTPAHCTBOM) IOAIPOCTPAHCTBA
KOHEYHOMEPHOI'O MEHBIIE Pa3MEPHOCTY IIPOCTPAHCTBA.

Ynp. 11. PaccMOTpUM IIPOCTPAHCTBO X €TO MOAIPOCTPAHCTBO, IOPOXKAEHHOE k BeKTOopamMu (A 4To 3TO0
Takoe?). JAOKa’kKuTe, 9YTO 3TO IOAIPOCTPAHCTBO KOHEYHOMEDHO, U €ro pasMepHOCTb < k. Ilpu kakumx
YCAOBUSIX Pa3MEPHOCTL B TOYHOCTH paBHaA K?

Hayky — B Xu3Hb!

CioxeT 1, B KOTOPOM ITOSIBASIIOTCSI IIPOCTPAHCTBA.

1. NaH rpad. PaccMoTpuM packpacku ero pebep B KpaCHBIN U CHHUY 1IBETA, AAST KOTOPHIX U3 KaXKAOH
BEPIIWHLI BEIXOAUT YEeTHOE YMCAO KPACHBIX pebep. AOKa’kKUTe, YTO YUCAO TaKUX PACKPACOK SIBASETCS
CTEIEHBbIO ABONKU.

2. B KaXXAYI0 KAETKY IMIaXMaTHON AOCKK BIIMCAHO IIO IIEAOMY YHCAY. PaspelraeTcs 3a OAMH XOA
YBEAUYIUTH Ha 1 Bce uucaa B AToboM KBaapaTte 3 X 3 uau 4 X 4. Becerpa Au MO>XHO AOOUTHCS, YTOOBI BCE
YmMCAa CTaAK KpaTHBI 257 A Bce 4umcaa, KpoMe ABYX, 3apaHee (PUKCUPOBAHHBIX?

CioxeT 2, B KOTOPOM IIOSIBASIFOTCSI XapaKTEPUCTUIECKUE BEKTOPEL.
3. B xaacce k peBouek # N > k MaAbYMKOB. HEKOTOPEIM MaABIMKAM HPABSITCA HEKOTOPBIE AEBOYK.

AOK&?KI/ITG, 9To HaﬂAeTCﬂ HeKOTOpBIfI HGHYCTOfI Ha6op MaABYMIKOB TaKOﬁ, 9TO KaXAasl AE€BOYKaA HPABUTCSI
YETHOMY KOAMNYECTBY MAABIUKOB N3 3TOI'O Ha6opa.

4. A1, Ay, ..., An ] — HENYCTHIE IOAMHOKECTBA N-IAEMEHTHOI'O MHOXeCTBA. A\OKa’KUTE, YTO MOXXHO
BEIOPATh TAKWE HENYCThIE HEEPECEKAIOUINECST MHOXKECTBA UHAEKCOB {i1,..., 4} & {j1,..., ]}, ITO

Ay UALU-—-UA, =A;, UA,U---UA,,.

,D,J'Iﬂ CaMOCTOATEJIbHOI0O peeHna

5. a) Aokaxure, uro 1 + xy + x*y’ He mpeacTaBasercs B BuAe f1(x)gi(y) + f2(x)g2(y), rae
f1,12,91,92: R — R — npousBoabHBIE (DYHKIINU.

6) O6obmuTe 3T0 yTBepXRAeHME Ha dyHKMmO f(X,y) = 14+ xy +x*y> + - - +x"y™.

6. a) Aoka>kuTe, IYTO AASI KAXKABIX ABYX MHOrodYAeHOB fi(x), f2(Xx) HaliaeTCs TaKo#l HEHYAEBON MHO-
rouner P(x,y), uro P(f;(x), f2(x)) = 0.

6) Uwmerorcst MEOrOUAEHE! f1(Y1,---,Y100),- -+, 101 (Y1, - -+, Y100) C ACHACTBUTEABHEIMYU KOIPPUIIMEHTA-
Mu. N\OKa>kuTe, YTO CYLIECTBYET TaKOM HEHYAEBOM MHOTOYAEH R(X1,...,X101), 9¥TO0 R(f1,...,f107) = 0.

7. B Ka)XAyI0 KAETKY IIaXMATHOM AOCKHW BIIMCAHO IIO IIEAOMY UHCAY. PaspelnaeTcs 3a OAUH XOA
YBEAUYUTb Ha 1 Bce umcaa B AoboMm kBappate 3 X 3 uau 4 X 4. Bcerpa A MOXXHO AOOUTBHCSI, YTOOLI
HOA, Bcex uumcen ctan 6oabire 17

8. B Tabammy 8 x 8 BnmcaHbI YncAad. 3a OAMH BOIIPOC MOKHO y3HATh CYMMY YHCEA B AIOOOM IIPSIMO-
YrOABHUKE. 3a KaKO€ HAaUMEHBIIIEe YUCAO BOIIPOCOB MOXKHO Y3HATH CYMMY YMCEA Ha AVATOHAAL?

9. AokaXkuTe, 9YTO U3 2N — | MPPAIMOHAABHOTO YKWCAA MOXKHO BBIOpPATh M YKWCEA TaK, YTO CyMMa
AIOOBIX HECKOABKUX BBIOPAHHBIX YKCEA U3 3TUX N OYAET MppalmoHAABHOM.
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[1BOiHbIE OTHOLLEHNS U TAPMOHUYECKNE YETBEPKMN. 6 nions

Onpepenenne. Asgotinbim omHoweHuem YIOPsIAOUeHHON ueTBepKu Todek A, B, C,D, aexamux Ha
AC AD

" BD"
Onpepenenne. Asotinvim omHoweHuem YIOPSIAOUEHHON YeTBEPKM IPSMEIX a, b, c, d, Ipoxoaamux

Z(ac Z(a,d)
yepe3 OAHY TOYKY, Ha3bIBaeTCsl BeAMYMHa (a, b;c,d) = :2 AE% 8 : Ziz AEE 1) The G, b, T, d — mpoun3BOALHEIE

BEKTODBI, HAIIPaBAEHHEIE BAOAB IPSIMBIX @, b,c,d, # /(@,C) — OpUEHTUPOBAHHLIA YTOA MEXAY BEKTO-
pamu (He MeXXAY IpsiMbIMu!).

OAHOM mpsiMOl, HasbIBaeTcsa BeamuuHa (A, B;C,D) =

Vnp. 1. KoppekTHO Au 3TO onpepereHUE?
Vnp. 2. Kak cBsI3aHBI MEXXKAY COOO# ABOMHEIE OTHOIIIEHUS TOYEK U IIPSIMBIX?
Teopema. ABOWHEBEIE OTHOIIEHNS YETHIPEX TOYEK COXPAHSIIOTCS IIPHU IIPK IEHTPAABHBIX IPOEKIIASX.

Onpepenenne. Touku A,B,C,D aexar Ha OKpy>XHOCTH. IIycTb X — IIPOM3BOABHAS TOYKA 3STOH
OKPY>XHOCTH. A 80UHBIM OMHOWeEeHUEM VIIOPsIAOUeHHON deTBepKu ToueK A, B, C,D HasbIBaeTcs Be-
amgmHa (A, B;C,D) = (XA, XB; XC, XD).

3ameuanue. Ecau opHa u3 Touek A, B, C, D coBmapaer ¢ X, To B Ka4eCTBE COOTBETCTBYIOIIEH IIPSIMOiA
PacCMaTPUBAETCA KacaTEAbHAS K OKPY KHOCTH.

Vnp. 3. KoppekTHO Az 3TO oIpepereHUe?

Vr1eepxaeHne. Ha AByX mepeceKaromuxcsi B TOUKe A IPSIMBIX BEIOpaHBI TOYKM: Ha OAHOL — A4, By, Cy,
Ha ApyToit — A, By, C,. AokaskuTe, uTo mpsiMmble AjA;, BBy, C;C, mepecekaioTcss B opHON TOUKe (BO3-
MO>KHO, beCKOHEUHO yaanreHHON) < (A, A1; B, Cq) = (A, Ay By, Ca).

Onpepenenve. EcAar rapMOHUYECKOE OTHOINEHNE YETBEPKHU (TOYEK Ha IIPSIMOM, IPSIMBIX, TOYEK Ha
OKPY’KHOCTH) PaBHO -1, TO YeTBepPKa HA3LIBAETCS 2APMOHUHECKOU.

Mpumepbl TapMOHETYECKUX YETBEPOK.

a) Ilyctb M u N — ocHOBaHUSI BHyTpeHHell u BHeInHel 6mccekTpuc yraa A tpeyroabHumka ABC.
Torpa (B,C;M, N) = —1.

6) [IycTs y oKpy>KHOCTEH pasHOro papuyca ¢ meHTpaMu X u Y obInye BHeITHNE KaCaTEABHEIE IIEpece-
KaIOTCsI B TOYKE A, 0bInue BHYTPEHHNUE KaCcaTeAbHBIE ITepeceKaoTcsi B Touke B. Toraa (A, B; X, Y) = —1.

B) HasBanue 2apmorureckas wemeepra B3siAOCh BOT OTKYAQ. HiCAY Ha BEIIECTBEHHON NPSIMOi OTMe-
vensl gucaa O(0), A(a), B(b), To (A, B;O,H) = —1 Toraa u TOABKO TOTrAQ, KOTAQ TOYKe H COOTBETCTBYET
CpeAHee FapMOHUYECKOE YUCEA A U b.

r) (A,B;C,D) = —1 Toraa u ToAbKO TOrAa, Koraa Touku C u D MHBEPCHBEI OTHOCUTEABHO OKPYIKHO-
CTH, IIOCTPOeHHO! Ha AB Kak Ha amameTpe.

Onpepenenne. [1oaHbIM HEMBPETEEPUIUHHUKOM HASBEIBAETCST KOHPUIYPALIUS, COCTABAEHHAST U3 de-
TBIPEX TOYEK OOINETO NOAOKEHUS (BEPUINH) X IIECTH IIONAPHO COEAMHSIONINX HX IIPSIMBIX (CTODPOH).
[IpOTVBOIIONOKHEBIE CTOPOHEL IIOAHOI'0 YE€THLIPEXBEPIINHHMKA IIOIIAPHO IIEPECEKAIOTCS B TPEX AMATOHAAD-
HBIX TOYKaX. T'pU IpsIMBIE, IIOIAPHO COEAWHSIIOIINE AMATOHAABHBIE TOYKM, HA3BLIBAIOTCS AMATOHAASIMU
IIOAHOT'O YEeThIPEeXBEPIIUHHNKA. HeanaroHaAbHBIE TOYKY, B KOTOPBIX AMATrOHAAU IIEPECEKAIOTCSI CO CTO-
POHaMM, Ha3bIBAIOTCS AOIOAHUTEABHBIMY.

Teopema 0 NoNHOM YeTbipexBepLINHHNKE. a) Karkaast mapa BEPIINH ITOAHOTO YeTHIPEXBEPIINHHNKA I'ap-
MOHUYECKU Pa3AeAsieT AeXKallle Ha TOU JKe CTOPOHE AMATOHAABHYIO M ACIIOAHUTEABHYIO TOYKH, a KaK-
Aasi Iapa AMaroHaAbHBIX TOYEK — AEXKAIIYIO Ha TOR K& AMaroHaAU IIapy AOIOAHUTEABHBIX TOYEK.

6) AOIOAHUTEABHBIE TOYKK SIBASIIOTCSI TOYKAMU IIONIAPHOTO IIEPECEYEHNST IETHIPEX IIPSIMBIX.

3ameuanue. VlHOTAQ TeopeMy (DOPMYAUPYIOT TaK: IycThb Aq, By, C; — OCHOBaHUS YeBMAH B TPEYTOAb-
Hure ABC, K — Touka nepeceuernus npsamerx A;C; u AC. Toraa Touku A, By, C, K obpasyioT rapmonu-
JeCcKyIo 4eTBepKYy. BepHo u obpaTHOe.



[ns camocTosiTENbHOrO peLleHuns

1. TIpopOATKEHUST IIPOTUBOIIOAOKHBIX CTOPOH BBIIYKAOI'O deThIpexyroabHuKa ABCD mepecekaroTcs
B Toukax M u K. Hepes Touky O mepecedueHusI €ET0 AMaTOHAAEH IPOBEAEHA IpsiMasi, HapaareAabHass MK.
A OKa>kuTe, YTO OTPE3OK ITOM IPSIMOM, 3aKAIOUYEHHBIY BHYTPU YETHLIPEXYTOABHUKA, AEAUTCH TOUKOo# O
TIOIIOAAM.

2. Nau gersipexyroabHUK ABCD. Ero nporuBonoaosxusie croporsl AB u CD mepecekaioTcs B TOUKe
K. Ero amaronanu nepecekatoTcs B Touke L. 3BecTHO, uTO npsaMast KL IpoxoauT depes IIEHTP TSIXKECTU
geTbIpexyroabuHrka ABCD. Aokaxkure, uro ABCD — Tpanenus.

3. Ilycte Ay m Cy — cepepunsnl cropor BC u AB Tpeyroabauka ABC coorBeTcTBeHHO, AA| — b1Cccek-
Tpuca yraa A, a A’ u B’ — Touku Kacauus BIucaHHOM OKpy>XkHOCTH co cropoHamu BC u CA. Aokaxxure,
uyto mpsimbie AA 1, AgCo 1 A'B’ mepecekaroTcsi B OAHO#M TOUKe.

4. Ha maockocTy 3apaH oTpe3oK AB, mepep KOTOphIM obpa3oBansach OBaAbHasA Ay»Ka. [IoAb3ysich
TOABKO AMHEUKOM, IIPOAONIKUATE OTPE3OK 3a 3TY AYXKY.

5. Touka mepecedeHUsT ABYyX IPSIMBIX HaXOAUTCS B Ay>Ke. [IpoBepuTe depes 3Ty TOUKY ¥ 33AAHHYIO
TOYKY BHE AY KU IPSIMYIO OAHOM AWHEUKOH.

Bnokn n Toukn couyneHeHuns. 7 niona

Onpepenenus. 1) BepimuHa v cBsisHoro rpada G HasbIBAETCS MO4KOU COMAEHEHUSA, ECAY TIPU YAANe-
HUM BEPIIWHEI V Ipad G CTAHOBUTCS HECBSI3HBIM. ['pad G Ha3BIBaeTCsl 08YCB8A3HLIM, ECAX B HEM > 2
BEPIINWH, X HET TOYEK COUNEHEHUSI.

2) Pebpo e cBsizHoro rpada G Ha3bIBAETCS MOCMOM, ECAZ IPU YAAAEHUY Pebpa e rpad G cTaHOBUTCS
HECBSI3HBIM. ['pad G Ha3BIBaeTCsS pebepHo-08YC8A3HbIM, ECAX B HEM > | BEPIIMHEI, ¥ HET MOCTOB.

VYnp. 1. Bce aBycBsi3uble(pebepHO ABYCBSI3HBIE) rpadbl MOAYYAOTCS U3 IIXKAA [I0 aATOPUTMY AO-
PUCOBBIBAHUS YIIEH: €CAM Ha OYEPEAHOM Ilare HapHCOBAaH KaKOW-TO rpad, TO AOPUCOBLIBAEM IIYTh,
COEAMHSIIOIUY ABe pa3AUYHbIE(ABE AIOOBIE) BEPIINHEL.

Vnp. 2. v — TOYKa COYAEHEHUST <> CYIIECTBYIOT TaKWE€ BEPIIMHEL W, W # V, 94TO Alobast (U, w)-Ienb
IIPOXOAUT Yepes V.

Onpepenenune. Baokom cBs13HOTO Irpada G HA3EIBAETCS MAaKCHMAABHBIA II0 BKAIOYEHUIO IOATPad I'pa-
da G 6e3 TOUEK COUAEHEHUS ITOTO IOATpada.

Vnp. 3. [Iycts G — cBs3HELE I'pad, a By u B, — ABa pasamunbix 6a0Ka 3Toro rpada. Toraa MHOKECTBA
BepmuH 6A0KOB By u B; Aubo me mepecekaroTcsi, Aubo B IepecedeHMY UMEIOT POBHO OAHY BEPIIUHY,
SIBASIIOITYIOCS TOYKOY COYNEHEHUS.

Onpepenenue. Ilycte By, ..., B, — Bce 6a0Ku cBsa3HOrO rpada G, a aj,..., a, — BCE TOYKU COUNE-
HeHus1. [locTpouM Oepeso 6.40k08 U mouekx couneHernusn B(G) c Bepmmuuamu Bq,...,B,,ai,...,am, B
KOTOPOM BEpPIIMHEI a; ¥ Bj coepmHEHEI pebpoM TOraa M TOABKO TOTAQ, KOTAA TOYKa COUAEHEHUS O
IPUHAAAEKUT 6A0KY Bj.

Vnp. 4, AOK&?KI/ITG, 9TO AEPEBO OAOKOB M TOYEK COYAEHEHUSI CBSI3HOTO I‘pacba AeﬁCTBHTeABHO SABAS-
€TCsA AEPEBOM, IIPUYEM BCE€ €TI0 BUCAYUE BEPIINHBI COOTBETCTBYIOT b.AOKaM.



[ns camocTosiTENbHOrO peLleHuns

1. Aoka>kuTe, YTO B CBSI3BHOM I'pade C XOTsI ObI AByMsI BEPIIMHAMYU €CTh XOTsI ObI ABE BEPUIWHEI, HE
SIBASTIOIIVIECS] TOYKAMU COUNEHEHUSI.

2. NokraXkuTe, 4TO Ha pebpax CBSI3HOTO rpada MOXXHO PACCTAaBUTHL CTPEAKM TaK, YTOOBI OH CTaA
CAABHO CBSI3HBIM TOTAA ¥ TOABKO TOTAQ, KOTAA B I'pade HET MOCTOB.

3. a) Ectb aABycBs3HBIf rpad Ha 100 BepmuHax. AOKa>kKUTe, YTO €TO MOXKHO Pa3bUTh Ha 2 CBSI3HBIX
rpadax, mo 50 BEPIIWH B Ka>KAOM.
6) IlpuBeauTe IpUMep CBSI3HOTO rpada, AAST KOTOPOT'O aHAAOTHYHOE YTBEP)KAECHUE HEBEPHO.

4. B pepeBe POBHO 2N BUCSYXX BEPIIUH. AOKaKUTE, YTO MOXKHO IIPOBECTH N pebep Tak, 4Tobb rpad
cTan pebepHO-ABYCBSI3HBIM.

5. B byaymem rpadge n = 2k BepmIMH X M3HAYAABHO HET pebep. ABOe MI'POKOB IIO OUEPEAU IIPO-
BOASIT HOBBIE pebpa rpada (KpaTHble pebpa U METAM He AOIYCKAOTCst). Vrpok, mocae XOaa KOTOPOTO
IIOAYYAETCsI ABYCBSISHBIN I'pady, IPOUTPEIBAET. KTO BBIMIPBIBAET IIPU IIPABUABHOMN Urpe?

Teopema Menrepa ana aBycBSA3HbIX rpadoB. 9 nions

Teopema. Anst rpada He MeHee YeM C TPeMS BEPIIMHAMYU CAEAYIOIINE YCAOBUS SKBUBAAEHTHEL:

1) rpad ABYyCBsi3eH;

2) Arobble ABE BEPUINHEBI IPUHAAAEXKAT IIPOCTOMY IIUKAY;

3) Arobast BepiwHa ¥ pebpo IPUHAAAEIKAT IPOCTOMY IIUKAY;

4) Arobele ABa pebpa MPUHAAAEXKAT IPOCTOMY IIIKAY;

5) AAST AIOOBIX ABYX BepIIZH ¥ pebpa CYINeCTBYET IIPOCTasi IENb C KOHIAMU B 3TUX BEPIIUHAX,
IIPOXOASITAsT Yepe3 3TO pebpo;

6) AAST ATOOBIX TPeX BEPIINH CYIIECTBYET IPOCTAs LIEh, COEANHAIOIASI IEPBLIE ABE U3 HUX U IIPOXO-
ASIIITAsT YEPE3 TPETHIO;

Cneactsue. I'pad ABYCBsI3eH <> AIOOBIE ABE BEPIIUHLI MOYKHO COEAUHUTE ABYMSI IIPOCTHIMY Iy TSIMU,
IIePECEKAIOIIMMUCS TOABKO B 3TUX BepmuHax ( Teopema Menzepa- Yumru oas k = 2).

[na camocTosiTeNIbHOro peLleHns

Teopema. Anst rpacda He MeHee YeM C TPeMsi BEPIIMHAMYU CAEAYIOIINE YCAOBUS SKBUBAAECHTHBI:
1) rpad pebepHO-ABYCBSI3EH;
2) Arobble ABe BEPIUINHBI IPUHAAAEXKAT PeOEPHO-HEIEPECEKAIOMIEMYCS IIUKAY;
3) arobasi BepmuHa U PebPO NPUHAAAEIKAT PeOEPHO-HENEPECEKAIOMIEMYCSI IIUKAY;
4) Arobele ABa pebpa IpPHHAAAEXKAT PeOEPHO-HEIEPECEKAIOMIEMYCS IIUKAY;
5) AAST AIOOBIX ABYX BepIIWH ¥ pebpa cymiecTByeT pebepHO-HelepeceKaromasics: Ielb C KOHI[AMY B
STUX BEPIIKHAX, IPOXOAIIAsT Yepe3 3TO Pedbpo;
6) AASI AIOOBIX TPEX BEPIIWH CYIIECTBYET pebepHO-HEIEPECEKAOIAsICS IIEMb, COEAVHAOIIAST IEPBLIE
ABE€ U3 HUX U IIPOXOASIIASI YEPE3 TPETHIO.

Cnepcteue. 'pad pebepHO-ABYCBSI3EH <> AIOOBIE ABE BEPIIMHBI MOKHO COEAMHUTE ABYMSI IIPOCTBHIMY
pebepHO-HenepeceKatomumucs nytsamu ( Teopema Mernzepa e pebeproti gopme 0an k = 2).



MNMonsipHoe npeobpa3oBanue. 9 uons

Onp. k — oxpyxxuocTh ¢ neaTpoM O. [Toaspot Touku P # O OTHOCUTEABHO OKPY>XHOCTH Kk Ha3BI-
BaeTCs IpsiMasi P, IPOXOASAIIAsl depe3 Touky P’ — obpas Touku P mpu MHBEpCHE OTHOCUTEABHO S, U
nepeneEAUKyAspHas npsmoit OP. Touka P Ha3bIBaeTCst n0AMOCOM IPSIMOR P OTHOCUTEABHO S.

Jlemma o nonsipe. Ilycts p — noasipa P, ¢ — moaspa Q. Toraa P € q & Q € p.

Cneactsue 1. Ecau a = (A), b = 71t(B), To AB =t(aNb) (npy HEKOTOPHIX OrPAaHUIEHUSIX ).

Cneactsue 2. A, B, C — Touku mrockoctu (He paBHble O), a, b, ¢ — ux moasiper. Touku A, B, C
AEJKAT Ha OAHOW IPSIMO <> IpPSIMBIE A, b, C IPOXOASAT Yepe3 OAHY TOUKY MAY IIapPaAAEABHEBI.

CywHocTb noaxoaa. ITpy IOMOIY IIOASIPHOT'O IIPeobpa30BaHUsi AOKA3BIBAIOT, UTO

— TPU TOYKU AE€XKAT Ha OAHOM IIPIMOH;

— TPU IIPSIMBIE IIEPECEKAIOTCSI B OAHON TOYKE MAU IaPAAAEABHEI;

— ABE IIPSIMblE NIEPIEHAUKYASIPHEL.

1. | — meHTp BUMCaHHOU OKPY>XHOCTH TpeyroabHuKa ABC, KoTopast kacaercs cropor AB,BC, CA B
roukax M, N, P. IIycts PN u AB nepecekatorcs B Touke K. Aoxaxxkute, aro CM LIK.

2. B KaKyi TeopeMy IEPEUAET IPH IOAIPHOM IIPEOOpPa30BAHUM TEOPEMA <«OIUPAIOIIUECS Ha OAHY
AYTY YTABI PaBHBIY 7

MonsipHoe cBoiicTBO KacaTenbHbix. Hepes Touky P # O mposepeHa cekymias XY. Toraa xacaTeAbHBIE K
OKPY>KHOCTY B TouKax X Z Y IIePECEKAIOTCS Ha HOASIpe TOYKY P (MAU mapaAnreAbHEL STOR IOASIDE).

MonspHoe cBoiicTBo cekywux. Hepes Touky P # O IpOBEAEHEBI ABE CEKYIIWX, KOTOPHIE IIEPECEKAIOT
OKPY’KHOCTBb B TouKax Xj, Y7 # X, Y;. Torpa mpsameie X1 X; u Y;Y; IepecekaioTcs Ha IOASIPE TOYKU P
(MAZ TapaAAEABHEBL 9TOM IOASIDE).

ﬂ,}'l'il CaMOCTOATEJIbHOI0o peweHns
3. Amaronaau gereipexyroabHuKa ABCD nepecekatorcs B P, AB u CD -8 R, BC u DA - B Q.
lapmonnyeckmii vetbipexyronbhiuk. I[Iycts ABCD Bnucal, m KacateabHble B BepmuHax A u C mepece-

KaroTcs Ha npsMmoit BD mam mapaanreanssl BD. AokakuTe, uTo KacaTeAabHBIE B B u D nepecekaioTcs
Ha npsmMoit AC uam nmapaareapusr AC.

BnucanHbiii yetbipexyronbHuk. Aokasxute, uTo ecar ABCD Bmmcar B OKpYy>XKHOCTB C 1meHTpoM O, TO
O, P, Q, R — opTomuerTpudeckast derBepka Touek (m.BLpoxapa).

Onucanubiin - yetbipexyronbHuk. Ilycte ABCD  ommcam. K,L,M,N - Toukm KacaHusi CTOpPOH
AB,BC, CD, DA coorBerctBenno. [Ipsmble KL m MIN nepecekatorcsa B S, LM u NK — B T. Toraa

a) Q,R,S, T aexxar Ha OAHOM IIPSIMOW;

6) AC,BD, KM, LN mepecekaioTcst B OAHOY TOUKE.

Bnucauubiii unn onucauubiii Yetbipexyronbhuk. IIycts ABCD a) Bnucar B OKPY>XKHOCTb S; 6) omucan
BOKPYT OKPY’KHOCTH S. AOKa’>KWTe, YTO IEPIEHAUKYASP U3 IeHTpa S Ha QR, mpoxoauT depes P.

BnucanHblii n onucanHbiii YeTbipexyronbHuk. ITycts ABCD omucas 0KOAO OKPYXHOCTZ (W C IeHTpoM [
7 BImmcaH B okpy>kHOCTb () ¢ merTpoMm O. Torpa

a) O,1,P aexxaT Ha OAHOMN IIPSIMOI.

6) Ilpu durcupoBaHHBIX W, ) 1 MeHsoomuxcst ABCD Touka P u npsmast QR mOCTOSHHEL

4. B KaKyIiO TeOpeMYy IIPK IOASIPHOM IIPe0OPa30BaHUM OTHOCUTEABHO OIIMCAHHOM OKPY>KHOCTH IIepeii-
AET TeOpeEMa «MEAVAHBLI TPEYTOADBHUKA IIEPECEKAIOTCSI B OAHOM TOUKES 7

5. Touka O He AeKUT Ha CTOPOHAX U UX IIPOAONKEHUSX TpeyroabHKa ABC. A — Touka nepecedeHus
npsmoit BC ¢ nepneraukyaspoM K OA, mpoxoasamuM depe3 TouKy O. AHAAOTMYHO OIIPEAEASIIOTCS TOUKHA
By, C;. Aokaxkute, uTo Touku Aj, By, C; Ae>kaT Ha OAHOI IIPSIMOIA.
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6. [ — menTp Buucanuo#t B TpeyroabHuK ABC oxkpy>xuocTu. [Ipsimasi, mpoxopsiiastuepe3 | mepren-
AuKyAsIpHO Al, mepecekaer BC B Touke A;; aHanroruyuso oupepensiercss Touka Cp. Ilpsmere AA; u CC
nepecekatorcs B Touke K. Aokaxxure, uro KILAC.

7. S — BucaHHas OKPYKHOCTH TpeyroabHUKa ABC, KoTopas xacaercs cropor AB, BC, CA B Toukax
X, Y, Z. ORpy>XHOCTB S5 IpoxoAuT depe3 Touku B, C 1 KacaeTcst OKPY>KHOCTH S B ToUKe A;. AHAAOTUIHO
ompepenstioTcss Touku By m C;. AokaskuTe, 4TO

1) mpswmete A;Y, B1Z, CiX mepeceraioTcst B OAHOM TOUKE;

2) mpsimble AA;, BBy, BC; mepecekaoTcst B OAHOM TOUKe.

8. (Tect Popmaxa) [TocMOTpuTe Ha KapTUHKY ¥ PACCKa>KUTe, ITO BBl BUAUTE Ha HEl.

Teopema MeHrepa. 9 wions

Onpepenenuns. 1) ITycts a, b — HecMe>xHEIE BepmuHEL rpada G. MHO>KecTBO S BepimuH rpada, He co-
AepsKalllee a 1 b, Ha3bIBAETCsI Ab-omoeasrou,um, ECAZ ad 1 b AeXKaT B Pa3HBIX KOMIIOHEHTAX CBSISHOCTH,
IIOAYYEHHOT'O yAaAeHueM u3 G BepmuH S.

2) Ilyctb a,b — Bepmuuel rpada G. MHoxkecTBo T pebep rpada HasbiBaeTcs ab-omdeafrouyum,
€CAY A U b Ae’KaT B Pa3sHBIX KOMIIOHEHTAX CBI3HOCTU I'pada, IOAYUEeHHOTO ypareHueM u3 G pebep T.

3ameyanus. 1) OTu OIpeAeAeHNUST U IIOCAEAYIONINE AOKA3aATEABCTBA OYEBUAHEIM 06Pa30M IIEPEHOCSITCST
Ha OPUEHTVPOBaHHEBIE I'padEl.

2) Tlpm mccaepoBaHUE pebEPHON OTAEAMMOCTH MBI PacCMaTpuBaeM rpadbl ¢ KPATHBIMU pPebpaMu.
AAsT BEPUIMHHOA OTAEAMMOCTH KpaTHBIE (OPMEHTHPOBAHHEIE) pebpa HE Ba’KHEI, IIO3TOMY MOXKHO CUH-
TaTb, YTO UX HET.

Teopema Menrepa B BepluuHHoi dopme, 1927 r. MakcuMaAbHOE YKUCAO IPOCTBIX IEMIEH, COEAMHSIIONINX
HECMe>XKHBIE BEPIINHEI a ¥ b rpadpa G, ¥ He UMEIOIUX OOIIUX BHYTPEHHNX BEPIIUH, PABHO MUHUMAABHOM
MOIITHOCTY ab-OTAEASIIOIIEr0 MHOYKECTBA BEPIIINH.
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[Joka3atenbcTeo Teopembl MeHrepa:

[IycTe pa3sMep MUHUMAABHOTO ab-0TAeAsIONIEro MHOXXeCTBa 3T0 K. O4UeBMAHO, YTO MaKCUMaAbHOE
KOAMYECTBO IIeTell, COEAUHSIIOMUX a ¥ b, 1 He uMelomux obImux BEYTPEHHNX BepIuH, He boabte k. Hapo
AOKa3aThb HEPaBEHCTBO B APYI'YIO CTOPOHY. AOKa3aTeAbLCTBO OYAEM BECTU MHAYKIWER IO KOAMYECTBY
BepmnH rpada G. Basa oueBmaHa.

1. A\oka>kuTe Iepexoa B CAydae, KOTAA CYIIECTBYET BEPIIWHA V, CMEXXHASI U C A U C b OAHOBPEMEHHO.

2. A\OKa>XuTe IIEPEXOA B CAyUaE, KOTAA CYIIECTBYET MUHUMAABHOE Ab-0TAEASIONEE MHOMKECTBO S, He
BC€ BEPIINHEI KOTOPOT'O CMEXXHEL C A, ¥ He BCE BEPIINHEI KOTOPOT'O CMEXKHEL C b.

YKazaHue: AOKa>KUTe, UYTO eCThb Kk myTe# oT a Ao S u k myTeit oT b A0 S, pPaccMOTpEB «MeEHBIIUES
gyeM G rpadsml.

3. NOKa)KUTE IIEepexop B CAydYae, KOTAA CYIIECTBYET BEPIIMHA WL # d, b, HE AeJKaIasi HU B OAHOM
MUHIMAABHOM ab-OTAEASIIOIIEM MHOMXECTBE.

4. Noxra>KuTe IIePEXOA BO BCEX OCTAABHBIX CAYYASIX.

IOna camocTosiTeNnbHOro peleHns

Onpepenenuns. 1) Cessuelil rpad, B KOTOpoM b6oaee K BepINWH, U IPH 3TOM yAAAeHUE AOOBIX k — 1
BEpIIVH He BEAET K IIOTePe CBS3HOCTY, Ha3bIBAETCI K-C8A3HDBIM.

2) Cssi3mblit rpad (c KpaTHBIME pebpaMu), B KOTOpoM Oonee 1 BepUIMHEI, ¥ NIPX 3TOM YAAAEHUE
AI0OBIX k — 1 pebep He BEAET K IIOTEPE CBSISHOCTHU, HA3LIBAETCS pebepHOo K-C8A3HbBIM.

BriBepuTe u3 BepIIuHHONE TeopeMbl MeHrepa

5. Teopemy Yuthu (1932 r.): Anst AOOEIX ABYX BEPILINH X, K-CBSI3HOTO I'pada CYLIIECTBYET HE MEHeE
k myTe#t u3 x B Y, He UMEIOMUX OOIIUX BHYTPEHHUX BEPIIUH.

6. Teopemy Menrepa B pebepHoii copme (Popa, Pankepcor, 1955 r.): MarcuManbHOE YUCAO IPOCTBIX

pebepHO-HeePeCEKAIOMIMXCS IIETIEH, COEAUHSIONINX Pa3ANYHbIe BEPIIVHLL d U b rpada G, paBHO MUHU-
MaABHOM MOIITHOCTH (Ab-OTAEASIIOIIETO MHOKECTBa pebep.

Monsa n pacwmpenns nonen. 11 nions

Onpepenenne. Ecau mone K copep>xuTcst B moae L, To 6yaem roBopuTh, uTo L — pacwuperue K.
Vnp. 0. CymectByeT Au pacmuperue moas C?

Ynp. 1. AorakuTe, 94TO KaXkpoe moae copepxutT Q uam Z, (TouHee rosops, moae, msoMopdroe Q
UAU Zp,) B Ka9ECTBE IIOATIOAS], IIPHYEM POBHO OAHO U3 3TUX IIOAEH.

Onpepenenne. Nioboe pacmuperue L monst K sBAsSIeTCS BEKTOPHBEIM IIPOCTPaHCTBOM Hap K oTHO-
CATEABHO ODBIYHBIX OIlEpaluii CAOXKEHWSI X YMHOXKEHHS B IIOoAe L. Pa3sMepHOCTH 3TOro BEKTOPHOTO
npocTpaucTBa L Hap moaem K HaseiBaeTcsi cmenervto pacmupenusi L C K m obo3HagaeTcs uepes
[L: K] =dimg L. EcAau cTenenp KoHEYHA, PACIIAPEHNE HABLIBAETCS KOHEUHBIM.

Vnp. 2. CyIecTByeT AY IIOA€ U3 IIECTH IAEMEHTOB? AAS KaKUX M MOHCEM CYULECMB068aMb KOHEY-
HOE TIOAE U3 N dAEMEHTOB?

Onpepenenue. Ilycte nmeercss pacmuperue K C L, S — HekoTopoe mopMHOXecTBO B L. Obo3HaunM
gepe3 K(S) HaumMmeHbINee (IO BKAIOUEHUIO) MOATIOAE ITOAS L, copeprkaiee Bce aneMeHTH u3 K u u3 S.
Mger 6yaem roBoputh, uro K(S) moayueno npucoedureruem sneMeHToB S K K.

Vnp. 3. Aokaxxute, uro K(S) cymecTsyer.

Vnp. 4. Nokaxkute, uro K(S)(M) = K(M)(S) — pacuinpenne He 3aBUCUT OT IIOPSIAKA IIPUCOEAVNHEHMST
9AEMEHTOB — BaKHeliIee cBoicTao!!!
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Onpepenenne. ABa noas K u [ HasBIBAIOTCAE U3OMOPPHHBIMU, ECAU CYIIECTBYET TaKas OUEKIUS @
MeXAY WX dIAeMEHTaMU, IIPU KOTOPOH CyMMa IIEPEXOAUT B CYMMY, IPOM3BEACHNE — B IIPOU3BEAECHUE.

Vnp. 5. Aoka>xuTe, 4TO IpK M30MOPPU3ME HYAEBON INEMEHT IIEPEXOAUT B HYAEBOH, EAUHUIHBIR —
B €AUHWYHBIH, Pa3HOCTb — B Pa3HOCTb, a YaCTHOE — B YaCTHOE.

Hac 6yaeT nHTepecoBaTh IpocTeiimuil (1 OAHOBPEMEHHO C STUM Ba’KHENIUit) caydail: KakK yCTPOEHO
pacIIupeHre, IOAYIEHHOE IIPUCOEAHEHNEM OAHOT'O SAEMEHTA?

Onpegenenue. Ilycte K C L — pacmupenue moneit. DaeMeHT « € L HasblBaeTcs anzebpausHbviMm
Hap K, eCAZ OH SIBASIETCST KOPHEM HEKOTOPOT'O HEHYAEBOI'O MHOTOYAEHA C KoaddunuenTamu u3 K (sTor
MHOTOYAEH MOXKHO CYUTAThH HEIPUBOAUMEIM Haa K). B mpoTuBHOM CAydae FOBOPSIT, YTO X MPAHCUEH-
Odexnmen Hap K.

VYnp. 6. a) Kakue KoMIIAEKCHEIE YUCAA aATebpanvHbl Haa R, a KaKue — TPAHCIEHAEHTHEL?
6) AOKa>kuTe, 4TO CYIIECTBYIOT BEIIECTBEHHEIE YNCAQ, TPAHCIIEHAEHTHEIe Hap Q.

Teopema 1. Ecam snemenT o TparcuesaerTeH Hap K, To K( o) m3omopdHO K(t) — mIOAIO panimoHaABHBIX
dyurIuit Hap K oT 0AHOME IEepeMeHHOH.

Vnp. 7. Ilycts K C L, @« € L — anrebpamueckuit Hap K asnemenT. PaccmoTpum HeHyAeBOH HeIpU-
BopuMElE MHOrOuneH f(x) € K[x], KopHeM koToporo siBastercss . Toraa ecam ¢g(x) € K[x], To
g(a) = 0 & g(x):f(x). To ecTb 3TOT MHOI'OYAEH OIPEAEAEH OAHO3HAYHO C TOYHOCTHIO AO MYABTH-
IAMKATABHOTO MHOMKUTEAS.

Vnp. 8. /I36aBbTech OT MPPAIMOHAABHOCTY B 3HAMEHATEAE:
o —a+1=0.

m, TA€ X — KOPEHDb yYPaABHEHUS

Teopema 2. Ecam o — KopeHBb HempuBoAUMOTO Hap K MHOTO4YAEHA CTENMEHW N, TO pacimupenue K C
K(ot) mMeeT cTemeHE M, IPUYEM 3AEMEHTH 1, o, o, ..., a™ ' obpasyior 6asuc moas K(x) map K.

Vnp. 9. IIycts ®, &, — ABa KOpHS HempuBopuMoro MHorodaeHa f. Toraa moast K(og) u K(x,) uso-
Mopdusl. [IprBeaAnTe IpUMED, TOKA3HIBAIOIINI, YTO OHM MOTYT HE COBIIAAATh.

[Ans camocTosATENLHOrO peLleHns
1. Uzomopduer Az Q(v2) u Q(+v/3)?

2. Onumute Bce KoHeuHble pacmuperus a) C; 6) R.

3. a) AoKaXkuTe, 4TO B IIOAE XaPAKTEPUCTUKHU P BBINOAHSIETCS PaBEHCTBO: (X +Y)P = xP + yP.
6) PasnokuTe Ha MHOXKUTEAHN Hap Z, MHOTOYAEH XP — X.
B) AokaXkuTe 9acTb meopemsv, Buavcora: (p —1)! = —1 (mod p) npum mpocTom p.

Teopema 0 pa3mepHOCTU OaLIHK

Teopema 06 anrebpanyHocT koHeyHoro pacwmpenusi. Ecam K C L — xoHeYHOe pacInupeHue CTENEHT N,
TO KaXXABIA d3AeMeHT u3 L anrebpamder Hap K cTemeHy He BBIIIE M.

Teopema o pa3mepHocTu 6awhm (vactb I). Ilycres k C E C L — moasi, mpuyem pacuiupenuss kK C E u
E C L — xomeunsl. Toraa pacmupenue k C L xomeuno u [L: k] = [L: E]- [E: K]

Cnepctsue. CyMMa, pa3sHOCTh, IPOU3BEAEHUE X JACTHOE aATeOpaudecKux Yucen (B AQHHOM IIOAE Hap,
AQHHEIM ITIOATIOAEM) SIBASIETCSI aATebpandeCcKUM YUCAOM. VIHade roBOpsi, MHOXKECTBO aarebpamdecKux
yucen (B AQHHOM IIOA€ HAA AAHHBIM IIOATIOAEM) SIBASIETCSI IIOAEM.

Vnp. 1. HaftauTe pasmeprocTs u 6asuc pacmmperus Q(v/2, v/3).

Vnp. 2. TIycTs o, B — ABa Pa3AMYHBEIX KOPHS MHOTOYAEHA MHOrodAeHa x° — 3. HaltauTe pasMepHOCTb
u 6asuc pacmupennss Q C Q(«, B).
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Vnp. 3. AoKa’kuTe, YTO MHOTOYAEH X° — 7 HEIIPUBOAUM HAA IOAEM Q(\/g).

Vnp. 4. DNokaxxure, 9T0 9ncA0 av3+b{/7/2+cvV/8, a,b,c € Q paumoHaABHO TOTAA X TOABKO TOTAQ,
KOT'AQ OHO PaBHO HYAIO.

VYnp. 5. a) IToae F C C moayueno u3 Q nmpmcoepmHeHMEM KBaApPaTHBIX KOPHeR u3 a) cTa; 6) Bcex
PaIOHAABHEIX YUCEA. N\OKa>KUTe, YTO B F HeT HU OAHOrO KyOUYIeCKOro KOPHS U3 a) LeAoro; 6) parmo-
HAABHOT'O YMCAA, KOTOPHIA HE SIBASIACS OB Ky6OM PaI[MOHAABLHOTO YUCAA.

6) VsnaganbsHO pAaHO moae Q. OuepeAHOe TOAE IOAYYIAETCST U3 IPEABIAYIIETO IPUCOEAMHEHNEM HEKO-
TOPOT'O KOPHSI U3 KAKOTO-TO dAEMEHTA 3TOTO IPEALIAYINErO 3Taka CTEHeH! 2,3 UAM 4. AOKa>kKUTe, YTO
HII B KAKOM STa)ke HET SAEMEHTa v/5. (\5/5 He evipastcaromcea wepe3d padukaav, cmenened 2,3 u 4.)

Vnp. 6. ITycts v = /15, PaccmoTrpuM wmcao ay + ait + a2 + --- + ayr'?, a; € Q. Iycrs wmcao
SIBASIETCSI KOPHEM HEIIPUBOAMMOTO MHOTOYAEHA. UeMy MOXKET PaBHSITHCSI €I'0 CTEIEHb?

VYnp. 7. a) PaccmoTpuM A060€ KOMIIAEKCHOE YHUCAO, KOTOPOE IOAYYAETCS U3 PAIOHAABHBIX UHCEA
[IPX IOMOIIN apudMETUIECKUX ACHCTBUN U OIEpAIUil U3BACYEHUSI KOPHER. N\OKa>kUTe, YTO 3TO YUCAO

anrebpauvHO.
6) OueHuTe CcTeneHb aATeOPAaNIHOCTH YUCAA i/ 2-5V3— \/ 3+45V7.

HETPUBUANbHbIN BONPOC. Mioboe an anrebpanyeckoe 41cio nosy4vaercs Takum obpasom?

Ina camocTosiTeNbHOro peleHns

1. Aoraxxure, ato Q(v/2,v3) = Q(v2,V6) = Q(v2 + V3).

Teopema (o pasmepHocTn Gawhu, yacte Il). IIycte k C E C L — moast, mpuuem pacimmpenue k C L
roHeuyHo. Torpa pacmupenus k C E u E C L xomeunsr, mpuuem [L: k] = [L: E]- [E: k]

Teopema 06 anredpanyeckoii 3aMKHYTOCTM nons anrebpanyecknx uncen. Ecan HEKOTOPOEe KOMIIAECHOE YIC-
MO SIBASIETCSI KOPHEM MHOTOYAeHa ¢ aarebpaudeckumu (Hap Q) xosddurmenTaMu, TO 3TO IUCAO aareb-
pawuso (Hap Q).

Teopema KpoHekepa. 14 mions

Teopema Kponekepa. Ilycts muOorounesn f(x) € Q[x] HeyeTHON NPOCTON CTEMEHW HEIPUBOAUM HAA
Q, u ypaBuenme f(x) = 0 paspemmMo B paAUKaAax. Toraa MHOTOYAEH f(X) MMEET MAM POBHO OAMH
BEIIECTBEHHBIA KOPEHD, UAU BCE ET'0 KOPHU SIBASIFOTCSI BEIIECTBEHHBIMU.

3ameuvanmne. Ha camom pene MBI AOKaXkeM boaee CUABHBIN akT: ecau MHOrodAeH f(x) € Q[x] meuer-
HO# mpocToii cTemeHu HempmBopuM Hap Q, u xoTst 6bI OAMH KopeHb ypaBHeHus f(x) = 0 BeIpakaeTcs
yepe3 paAUKaAbl, TO MHOTOYAEH f(X) MMeeT MAM POBHO OAMH BEIECTBEHHBIN KOPEHb, AU BCE EI'0 KOPHU
SIBASIIOTCS] BEITIECTBEHHBIMU.

Vnp. 1. IlpuaymaiiTe Kakoi-HUOYADL HEIMIPUBOAUMEIA MHOTOYAEH f(X) ISITOM CTEmEHU, ¥ KOTOPOTO
POBHO TPM BEIIECTBEHHLIX KOPHS. TOrAa HM OAWH M3 €ro ISTH KOPHEW He OYAET BBIPA’KaThCS dYepe3
PaAMKAABL

VYnp. 2. 1) He cymecTByeT «papMKaABHONY (POPMYABI AASI PEIIEHUSI «OOIIEro» ypaBHEHWN IISTOM
cremern x° + ax* +bx3 + x> +dx +e =0 (To €CTh TaKo# OpMyABI, KOTOpPas AaBana OBl 3HaUEHUE
XOTs1 6BI OAHOI'O KOPHS MHOT'OYAEHA XOTs OBl IPM OAHOM BbIOOpE 3HAUEHWH BCEX BCTPEUAIOIIUXCSA B HER
PaAMKaAAOB IIPX AIOOBIX 3HAYEHUsX a,b,c,d, e, f € Q).

2) AHanOTWYHOE YTBEP)KAEHUE BEPHO AAS MHOTOYAEHOB CTEIEHU > .
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Jlemma 1. TIycTs q — npocroe uucao u x4 — a € k[x]. Toraa

1) muOrounreH x4 — a mpuBopAuM Hap k < a = b9 ans HexoToporo b € k.

2) ecau mone K COAEP>KUT IPUMUTHUBHBIA KOPEHD CTENEHU ( U3 1, TO MHOrO4YAeH X9 — a4 UAK HEIPU-
BOAVM Hap K, MAM IOAHOCTBIO PACKAAABIBAETCS HaA K HAa AMHEHHBIE MHOXKUTEAU.

JokaszatenbctBo. 1) Ecam a = b9, To mpuBopumocTs f(x) Hap k oueBHAHA (M Ad’Ke eCTb KOPEHB!).
AonycTum Teneps, uTo x4 —a = f(x)g(x), rae f(x) u g(x) — mHOrouAens! Hap k, v = deg f(x), 0 <1 < q.
ITycTe 3 — opuH U3 (KOMIAEKCHBIX ) KOPHe# MHOTO4A€Ha f(X), € — IPUMUTHUBHBIH KOPEHD CTENeHX ( U3 1.
Toraa ocTaabHBIE KOPHE MHOTOUAEHA f(X) uMeloT Bup €™ 3. Tak Kak IpoU3BEAEHNE KOPHEN MHOTOYAEHA
PaBHO +CBOOOAHOMY YAEHY, TO AASI HEKOTOPOI'O T BBIDOAHEHO B'e™ = ¢ € k, rae f(x) = --- & ¢. Toraa
a"=(pY)" = (") =(p"e")d =c4. Tak kak (r,q) =1, T0 1 = 15 + qt AAST HEKOTODPBIX LIEABIX S X t,
oTkypa a = aadt =¢c% . a9 = (c*a")9, u c*a' € k.

2) Ecam MHOTOUAEH X9 — a IpUBOAUM Hap k, TO IO YacTu 1 A€MMEI y Hero ecThb KopeHb b € k. Toraa
BCe OCTaAbHBIE KODHU MMEIOT BUA €'b, I Tak Kak € € k, To €'b € k.

JNlemma 2. ITycts muOrOuAEH f(X) € k[X] mpocToit cTeneny p HeIpUBOAUM Hap, K. AOIyCTHM, ITO MHO-
rouneH f(Xx) CTAaHOBUTCS IPUBOAUMEIM IIOCAE IPUCOEAVHEHUS K IIOAK K KOPHSI HEIIPUBOAMMOI'O MHOTO-
uyneHa cTeneHZ M (To ecTb Hap moaeM K(fB), [k(fB) : k] = m). Toraa m:p.

[JokaszatenbctBo. [IycTs o — (KOMIIAEKCHBIM) KOpeHb MHOrodAeHa f(x). Pasaoxkum AByMst cmocobamu
pacmuperze k C k(«, 3) B bamHo0:

k C k() C k(ex, B), k C k(B) C k(PB, «).
[TpmpaBHUBASI CTENEHN PaCIIXPEHUH, ToAydaeM: p - (< m) = m- (< p). Tak Kak p — IPOCTOe, TO M. : P.
[oka3zatenbcTBo Teopembl KpoHekepa

0) OAMH BeIIECTBEHHBIM KOPEHb ¥ MHOTOYA€EHA f(X) TOYHO eCTb.

1) Ilycrs MuOrouneH f(x) € Q[x] mpocroit cTenenu p HenpusopuM Hap Q. PaccmoTpum papukanbHOe
paciiupenne, B KOTopoM f(x) mMeeT XOTs1 O6bI OAMH KOPEHD:

QCQWa) C...Q(Wa,..., War), ol €Q(ya,..., “ya ).

[ToHsATHO, YTO BCE YUCAA (; MOXKHO CYMTAThH IPOCTHIME [HodeMmy?|. B aanpHeiimmem Mbl 6yAeM MHOrO-
KPAaTHO «YIIAOTHSITBH» 3Ty OallrHIo.

Crenens pacmuperns L C L( 4/a;) paBHa HenorsaTHo yemy. Ho ecan B moae L AeXUT IpUMUTUBHBINR
KOPEHDb CTENEHU (; ¥3 1, TO IO AeMMe 1.2 cHTyanusi ropa3po 6oaee NMPUSATHAS: 3Ta CTEIEHb paBHa 1
(To ects moas L u L( 4/a;) coBmaparor) uam ;. UTOOBI MOKHO OBIAO BOCIOAB30BATHCS AeMMO# 1.2,
YIAOTHMM KaXKABRIM 3Taxk bammm L C L( 4/a;) ao L C L( V1) c L( 1, 4/a;). ITop, /1 moapasyme-
BaeTCs AIODOM KOMIIAEKCHBI# KOPeHb U3 1, OTAMYHBIN OT 1, KOTOPBI# B CUAY IIPOCTOTHI (; SIBASIETCS
IPUMUATUABHEIM KOPHEM.

STy ynaoTHeHHYVIO0 bamHio 6yaeM HaszwbiBaTh B. PaccMoTpumM MUHUMaABHBIE 3Taxk bamram B, Hap
KoTopbIM f(x) mpuBopuM. MeHsiss obo3HaueHus:, moaydaeMm: f(x) HempuBopuM Hap k, HO f(Xx) mpuBoAUM

Hap k(+v/a), q — mpocToe.

2) AomyctuM, 9To a # 1. Torpa mo aemMmam 1.2 2 = p (HaIOMHEM, YTO NPMMUTUBHBIN KOPEHDb
CTelleHW ( 73 1 NPUCOEAMHSIETCS Ha NMPEABIAYIIEM Irare). AokaskeM, 9To f(x) He IIPOCTO NIPHBOAMM
Hap k({/a), HO mMeeT B 3TOM MOAE KOpeHb, U Aake Bce kKopuu!!! B camom aene, mycts 3 — Awoboit

KOMIIAEKCHBIN KOpeHb MHorodaera f(x). Paccmorpum pacmmupenue k C k({/a, ) u AByMs cmocobamu
Pa3AOKHUM €ro B OaIrHio:

k C k(B) C k(¥a,B), k C k(¥a) C k(B, Va).
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[TocMoTpuM Ha cTenenu sTaxkeit: mo aemme 1.2 [k({/a) : k] = 1 uam p, HO IepBLIA CAydYail HEBO3MOXKEH 110
BeIGOPY moAs k; [k(¥/a, B) : k(¥/a)] < p (Tak xax muOrOuUAeH f(Xx) mpuBoauM Hap k({/a)). Aanree, [k(B) :
k] = p (Tax xax MHOrouneH f(x) HempmBopuM Hap k), u cHoBa mo Aemme 1.2 [k(B, ¢/a) : k(B)] =1 uarm
p. [IpupaBHUBasT pa3MepPHOCTH, IOAYYaeM, 9TO p- (< p) =p- (1 or p), YTO BO3MOKHO TOABKO B OAHOM
caygae [k(¥/a,P) : k({/a)] = 1, uro paBHOCHABHO BRArOUeHMIO B € k({/a). B cuAy mpoumsBoAbHOCTH
BbIGOpa 3 Bce KopHU f(x) aAexar B k(/a).

TeM caMbIM MBI ITIOKa3aAM, YTO ECAY OAUH KOPEHB f(X) BEIPa’KaeTCst Yepe3 PaAUKaABL, TO OCTAAbHBIE
KOPHH TOXXE BBIPA’KAIOTCSI Y€Pe3 PaAUKaABL (CM. 3aMedaHue IocAe POPMYAUPOBKY TeOPeMEbI KpoHeke-
pa). Kpowme Toro, mpusoaumocTs f(x) Hap k({/a) okasarach paBHOCHABHA Pa3AOKUMOCTY HA AXHEHHEIE
MHOXUTEAN!

3) CKOABKO BCETO 3aMEYATEABHOI'O MBI YK€ IOAYYUAKM B CAydUae, KOTAA a # 1, a KopeHb u3 1 co-
AEPKUTCS B IPEABIAYIIEM 3TaXke (@ AAABIIE MBI AOKaKEM elrfe boaee 3aMedaTeAbHble (akTH)! Caydail
IIPICOEAVHEHNSI IPUMUTIBHOIO KOPHS CTENEHW ( U3 | SIBASIETCS CaMBIM CAOXKHBIM B AOKa3aTEABCTBE,
TaK KakK AASI HETO IIPAKTUYECKU BCE ITU 3aMeYaTEAbHBIE BEIIW HE BEPHHI.

Ho okaserBaeTcsi, 9TO Ha caMOM A€A€ KOPEHDb U3 1 MOXKHO HE IPUCOEAUHSATE! \OKa3bIBAETCSI 3TO BECH-
Ma HeTpuBHanbHO. Celfgac MBI COOPMYAUPYEM IPEANOKEHUE, KOTOPOE COAEPKUT B cebe BCe MAEUHBIE
¥ TEXHUYECKUE CAOKHOCTU 3TOT'O AOKA3ATEALCTBA.

Mpepnoxenue. IlycTe € — IPpUMUTKUBHLIN KOPEHb IIPOCTOM cTemeHu q u3 1. Toraa cymecTByeT papu-
KaAbHasI balrHs

Lcl{Wa) c (W, Waz) C--- C LWy, Way,..., Vo), mni<q, (%)

Takas, 4to € € L( wWay, way, ..., vas).

D\ OKa3aTEABCTBO MIPEANOIKEHNUSI BDEMEHHO OTAOXKHUM, & IIOKA IIOMMEM, YTO MOYKHO M3BAEYDH U3 ITOTO
mpeAproXkeHusi. B bammHe (*) 3aMeHNM IPHCOEAWHEHNE BCEX PAAMKAAOB COCTABHEIX CTEIIEHEN Ha IIOCAE-
AOBaTeAbHBIE IIPUCOEANHEHNST PAAUKANOB IIPOCTHIX CTeleHed. M cHOBa, KaK MBI A€AAAU 3TO IIPU YILAOT-
HEHUU UCXOAHOM pPaAMKaAbHOM bammuHm A0 barram B, mepea IprCOeAMHEHEM AOOOr0 PaAMKaAa IIPOCTOM
CTEINeHN CHadYaAad IIPUCOEAVHUM IPUMUTHUBHBIA KOPEHDb 3TOM IpocToit cremeHu um3 1. Bce 3Ty mpocTeie
CTENEHN CTPOTO MEHBIIE (.

Bepremcs k 6amsue B. Orax L C L(¢/a) 6yaeM Ha3bIBATH NPABUAbHBIM, ECAZ ( — IIPOCTOE, U IIOAE K
COAEP’KUT IIPUMUTUBHBIM KOpeHb cTenenu  u3 1. TpeboBanue Harm4ust KopHs u3 1 B L MoTuBHpYyeTCS
AOKa3aHHBIM B IyHKTe 2. ITo ocTpoerrero B HempaBUABHBIMI MOTYT 6BITH TOABKO 3Taxku L C L(¥/1), q
— mpocToe. B 3TOM cAyUYae Ka>KABIM HETPABUABHEIN 3Ta’K 3aMEHUM Ha HOBYIO LIENIOYKY PACIIAPEHUN TaK,
KaK HaINCaHO B IpeAbIAyIIeM abzarie. [Toayunm HOBYIO bamraio B’. B B’ KaXKABIN 9Ta)XK UAU SIBASIETCSI
IIpaBUABHBEIM, UAK uMeeT Bup L C L( W/1), p; — mpocroe. IIpu sToMm B 6amse B’ MaKCHMAaABHOE YHCAO
q, AAs KoToporo 3Taxx L C L(V/1) — HempaBUABHEIHA, CTpOro MeHbIe, JeM B Gamme B. C bammeir
B’ mpopenaeM aHAAOTMYHLIIO IIPOIEAYPY, X TaK Aaaee. Ha HekoTopoM Imare moAyduTcs bamras Bi, B
KOTOPO# HET HEMTPAaBUABHEIX 3Taxkelt. OTMernM, uTo B H6amHue B aTaxkeil, BoobIre roBOpsi, MHOTO OOABIIIE,
yeM B bamreH B.

TeM caMbIM MBI IIOKa3aA#, 94To B HamrHe By xaxxabid ataxxk L C L(y/a) yaoBAeTBOpsieT cBoicTBaM:

— ¢ — IpocToe

— L copepXuT IpUMUTUBHBIN KOPEHBb CTENEHN ( u3 1.

Bepremcst K BEIOOPY HOAST K: pacCMOTPUM MUHUMAABHBIA 3TaXk bamsau Bi, Hap KoTopeM f(x) mpu-
BopuM. Mensia obosHaueHwsi, moaydaeM: f(x) HempumBopuM Hap Kk, #Ho f(x) mpuBopuMm Hap k(/a), q —
mpocToe. TeM caMbIM BCE TO, YTO MBI AOKA3aAM B IIYHKTE 2, BEPHO BO BCEX CAyYasiX. A MMEHHO:

— = p u crenenb pacmupenus k C k({/a) pasHa p.

— f(x) moAHOCTBIO packaaabIBaeTcst Hap k({/a) Ha AMHEAHBIE MHOKUTEAM.

— Bce xopau f(X) BEIpakaloTCs Yepe3 PaAUKAALL
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4) Tlyctb xo — Atoboit KopeHb f(x), Xo € k({/a). Obosnauum anst kparkoctu 1 = {/a. Toraa mo
TEOpeMe O CTPOEHUY PACIIUPEHUS, IOAYIEHHOI'O IPUCOEANHEHNM aArebpandecKoro SAEMEHTa,

Xo=Yo+ViT+Var 4+ +vpar? Vi €K,

IpUYeM TaKOoe IIPEACTaBAEHUE eAMHCTBEHHO. Ceiiyac MEI CA€AAEM OYEHDH XUTPYIO BEIlb: HalAeM, KaK
MMEHHO BBITASIASIT OCTaAbHBIE KOPHHU f(x), KOTOpble, HalOMHEUM, Toxxe AexxaT B k({/a). ObosHaumm
4yepe3 € IPUMUTUBHEBIA KOPEHDb CTEIEHU P U3 1 U IOAOKUM

X = Yo+ (1€ + (Y2 + - + (vp_1 (€PN, i=0,1,2,...,p—1.

OKasBIBaeTCs, 9TO Xy, ..., Xp—1 — BCE Pa3AMuHBbIE [ModeMy pasAwdHble?| KOpHHE f(X), 4TO coBepIIEeHHO
HeoueBUAHO! MBI mIpUBEAEM ABa AOKA3aTEABCTBA ITOTO (PAKTA.

MepBoe aoka3aTenbCTBo — aBTOMOPhU3mbl. Vsyumm aBroMopdusmer moast k({/a), KOTOpEIE OCTAaBASIIOT
3AEMEHTHI oA k Ha MecTe. [TycTh ¢ — Takoit aBToMopdusM. Kyaa mpu 3ToM aBTOMOPGPU3ME IEPEXOAUT
KOpPEHb KaKOTO-HUOYABL HEIPUBOAMMOrO Haa k MHOrOUAeHA? TOABKO B KOPEHD TOT'O K€ CAMOT'O MHOT'OYAE-
Ha (B TOT >Ke KOPEHDb UAK B APYIoil KOpeHb) [modemy?]. [ToaToMy sAeMeHT {/a — KOPEHDb HENPUBOOUMO20
MHOTOYA€HA XP — a MIEPEXOAUT B APYIOil KOPEHb 3TOTO >XKe MHOT'OYAEHa, TO ecTb @(V/a) = e€*{/a ans
HeKoTOoporo s. [Ipu aToM 3HaueHmE @ ({/A) IOAHOCTBHIO OIPEAEASIET, KYAQ IIEPEXOASIT 6CE SIAEMEHTHI IIOAST
k({/a) [mouemy?]. C Apyroii CTOPOHBEI, ECAU MBI OIPEAEAUM OTOOparkerue @; : k({¢/a) — k({¥/a) mo dop-
MyA€ (Ps(Zf:_O] virt) = ?:_o] vi(€°T)}, To oHO 6yAET KOPPEKTHO OIpPeAEAeHO U 6YAeT aBTOMOP(U3MOM
(pasyMeercs, 3TO BCe HAAO IPOBEPUTH). UTOOBI (5 OBIAO OLIPEAEAEHO, HY>KHO, YTOOEL B IIOAe K AeXKan
sneMeHT €°. Ho OH TaM AeXKUT, BeAb MBI PacCMaTPUBAaeM IIPABUABHEIE pacliupeHus! [YIpa’kHeHue Ha
[TOHMMAHWEe: ECAX MHOTOYAEH XP — 0 HEIPUBOAUM Hap K, a B moae k HET IPUMUTUBHOIO KOPHS CTEIEHN
p u3 1, To ckoABKO aBToMOPhuU3MOB (Hap k) 6yaer y moas k({/a)?]

OcCTanoCh 3aMETUTD, YTO @;i(Xo) = Xi. TaK KaK MOHOro4dneH f(x) ¢ KOpHEM X HEIPUBOAUM Hap, k, 110
II0 BBIMIEYIIOMSIHYTOMY (PAKTy €r0 KOPEHB X IIEPEXOAUT IIOA AEMCTBMEM (P; B APYIO# KOpeHb. [loaToMmy
X{ — KopeHb f(x).

BTopoe [0ka3aTenbCTBO — CMMMETpUYECKUE MHOTrOYIeHbl. PaccMoTpruM MHOrodAeH g(x) = (x — Xo)(x —
X1) ... (x—Xp_1) 1 moKa>xeM, uTO OH AeXKHT B k[x]. VI3 3TOr0 HypaeT caepoBaTh, 9TO 062 MHOrOUAEHA f(X)
7 g(x) aexat B kx|, uMetoT obIuit KOPeHb X(, OTKYAA M3 HEIPUBOAUMOCTHZ f(X) OYAET BBITEKATDH, UTO
g(x):f(x), a m3 cpaBHeHUS cTeneHe# 6yaeT BEITEKaTh, 4To f(X) = const - g(x).

AANST AOKa3aTEABCTBA TOr'0, YTO BCE KOIPPUIMEHTEI MHOTOUYAEHA ¢(X) AeXKAT B IToAe K, HEOOXOAUMO
OKa3aTh, YTO BCE 3AEMEHTapHbIE CUMMETPUIECKUe PYHKIME OT Xo,...,Xp—1 Ot = ) i . i XML oxh
aAexar B K. A B cuay dopmya HploToHa [HaoMuHAHUE: €CAM Py = X§ + -+ - + Xé_], To Ipx k < p

Pk — Px—101 + Px—202 — - - + (—1 )kqpﬂfkf] + (-1 )kk(fk =0

AOCTATOYHO AOKa3aTb, YTO SAEMEHTEL x(t) + -+ x§_1 AeXXaT B k AAsT Bcex t. DTO AOCTATOYHO PYTUHHOE
yIOpa>kHEHNE «HA PaCKpPBITHE CKoboueky. OpHAKO B HEM TAE-TO HAAO MCIOAB30BATh, YTO T — 3TO HE
IIPOCTO KOPEHBb KAKOT'O-TO MHOTOYAEHA, & UMEHHO KOPEHb ABy4YAeHa XP — a!

He moaenumcs, u mpoaenaeM 3To yupaskHerue. [1o dpopmyae moaruwroma HbioTona

Xt = (vo+ e+ (€I 4o+ (v (P ) =

_ Z to,tr,etp—1  to 0 Yoot ivti 42t (p—1)tp g t1 2t -+ (p—Ttp_1 _
— Ct ’YO’Y]---YP,](E)] 2 P p—Tp4 2 P p—1 —

tot+ti+...tp1=t
= E 0 (eh)\r, 0, € k.
1
IIpocymmupyem mo i =0,1,...,p — 1, ¢ yueToM Toro, uro 0, He 3aBUCAT OT 1i:

X(t) N —f—X;[,_] — Zeﬂl(] -+ el + (61)2 + (61)3 4+ (el)p—1>.
l
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Ecam 1 /p, To BelpakeHue B ckobKax paBHO 0. Ecam l:p, To BEIpaskeHMe B CKOOKax PaBHO P, HO IIPH
srom 11 = a/? € k. B mrore xj+ -+ X ; € k.

5) MBI cCAeAyEM BEIECTBEHHOCTD / HEBEIECTBEHHOCT KOPHEN MHOrOYAEHA. BelrnecTBEHHOCTD KOM-
IIAEKCHOT'O YMCAA O3HAYAET, YTO OHO MHBAPUAHTHO OTHOCUTEABHO KOMIIAEKCHOTO COIPSIKEHUsI. [loaToMy
HEOOXOAMMO IIOCMOTPETH, KaK COOTHOCKTCS OIIepallst KOMIIAEKCHOTO COIIPSIKEHUS C Halel barrHei pa-
AUKAABHBIX pacmupenuii. [Joka HUKaK He COOTHOCUTCSI. [103ToMy yIAOTHEM GalmHio Bi: KaXKABIM 3TaXK
L C L( 4/a;) 3amenum Ha ABa sTaxxa L C L( 4/a; - ﬁ) C L( /a; - W, vai) = L( ¢, W). ITony-
YuM HOBYIO bamrHio B,. 3aMeTuM, 9TO Ka’KABIX 3TaXXK OarmmHu B); 3aMKHYT OTHOCUTEABHO COIPSIKEHUSI,
YTO AOKA3LIBAETCSI MHAYKIUER 10 YUCAY 3TaXkeld bamuau B,. [Ipy 3TOM HCIOAB3YETCSI BEIECTBEHHOCTD
gmcaa 4/a; - /a;.

Pacmmupenwe L( 4/a; - W) C L( w/ay- W, 4/0;), OYEBUAHO, PAAUKAABHO, Tak Kak a;' € L. Heob-
XOAMMO IIPOBEpPHTh, uTo pacmmpenue L C L( 4/a; - 4/a;) papuKarbHO. DTO AETKO BHITEKAET U3 TOTO,
YTO ImoA€e L 3aMKHYTO OTHOCUTEABHO COIPSIKEHMUS.

J\erKO MOHSTH, YTO B OamrHe B, Ka>KABIX TaXK IOAYYUUTCS IPaBUABHBIM [mouemy?|. [losTomy Bce
TO, UTO MBI AEAAAU AAST Gamreu By, MOXKHO mpoaenaTs u AAst B, (Hauunasi oT Bebopa moast k). VToro,
B PE3YABTATE PACCY’XAECHUN 3TOTO IIYHKTA MBI MOXKEM CYKUTATh, YTO IIOAE K 3aMKHYTO OTHOCHTEABHO
KOMIIAEKCHOT'O COIIPSIKEHUSI.

6) Tak xak Bce xopHZ f(x) Aexxar B k({/a), To 6yAeM CIUTATE, 9TO X( — 3TO BEI[ECTBEHHLIA KOPEHB.
PaccmoTpuM pABa cAydasi: YMCAO O BEIECTBEHHOE M HEBEIECTBEHHOE.

Meps.biii cnyyvaii. [IycTts a — BemecTBeHHOE. TOrAa T TOXKE MOXKHO CUWTATH BEIECTBEHHBIM, TaK KakK
BCe KOpHU cTelleHN P u3 1 aexxaT B k. VI3 paBeHCTBa Xy = Xo IOAyYaeM, UTO

Yo+ VT + Y2+ VT =V A VTV A Y, P

orkypa B cuay AH3 1,r,12,...,1°7!

Hap k 3aKArO49aeM, 4TO Yo, Y1,...,Yp—1 — BEIIECTBEHHBI. 3AEChH
MBI BOCIIOAB30BAAKCH IIYHKTOM 5 — 3aMKHYTOCTBIO ITIOAS K OTHOCUTEABHO CONPSKEHUS. BOT 3adeM 3TO
OBIA0 HYKHO. Aasee PYTUHHON IPOBEPKOM yCTaHABAMBAETCSI, YTO BCE OCTAAbHBIE KOPHU IMOAMHOMA f(X)
HEBEIeCTBEHHbBI. AASI AOKA3aTEABCTBA HAAO MPEAIOAOXKUTH, ITO X; = X; upu i > 0 (a mo myHKTy 4
KOpHsIME f(X) SBASIOTCS Xo,...,Xp_1), ¥ U3BA€Yb U3 3TOLO, YTO Y| = Y, = -+ = Yp_1 = 0, TO €CTb
Xo € k, 9TO IPOTMBOPEYUT BBIOOPY IIOAS K.

Bropoii cnyyaii. ITycte a — HeBemecTBeHHOE, ¢ = 1T € R. /I3 paBeHCTB Xy = Xp ¥ TP = a IOAyYaeM,
4TO0

Yo+ ViT+ v 4y T =Y A VTV A+ YT =

=Yo+¥i(c/r) +¥,(c/T) 4+ 7, 4 (c/T)P = %(70 +¥:1(e/r) +¥ale/r) + Y, (C/T)p_]> =

= Yo+ (Vic/)P 7 + (Y2 /a)rP P 4+ (7, P a)

Ho mpocTo Tak MBI He MOYKEM BOCIIOAB30BATLCSI TEM K€ IIPUEMOM, UTO U B IIEPBOM CAyYae — IPUPAB-
HSTH KO3 DUIUEHTEL IIPY COOTBETCTBYIOIIUX CTEIEHSIX T. \€AO B TOM, YTO 3TU KO3 DUILEHTE! (3a CIeT
HaAUYUS MHOXKUTEASI C) MOLYT, BOODOIIE IOBOpsI, He AeXXaTh B k. 3AeCh HAAO BCIOMHUTDH IIPO IOCTPO-
eHne bamum B,: A0 IPUCOEAMHEHNS K OYEPEAHOMY 3TaKy dAEMeHTa 4i/a; MBI IPHUCOEAWHSIAM K HEMY
3AEMEHT 4/a; - W [TosToMy sA€eMEHT ¢ Ha caMoM Aene AeKUT B k. [TosToMy MOKHO IpUpaBHATH
KO3 DUIINEHTEI IIPK COOTBETCTBYIOIIUX CTEIEHSAX T, X IOAYYIUTh P PaBEHCTB. Jaiee IPIMOR IPOBEPKOH
yOEXKAAEMCST, YTO 3TU P PABEHCTB BAEKYT X; = Xi, 1= 1,...,p — 1, TO eCTb Bce KOpHU MHOTOo4YAeHA f(X)
OKa3BbIBAIOTCSI BEIleCTBEHHBIMU.

Teopema Kporekepa pokaszaHa.

3apaya. AOKa)kuTe, YTO €CAM BCE TPU KOPHS HENPUBOAUMOTO Haa mnoaeM (Q MHOrouaeHa
ax® + bx? 4+ cx + d € Q[x] BemecTBEHHBI, TO WX HEAB3S BEIPA3UTb IIOCPEACTBOM BEINECTBEHHBIX PaAl-
KaAOB.
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Jloka3aTenbLCTBO NpeanoXXeHus

Anst yaobcTBa chopMyAupPYeEM AOKA3LIBAEMOE IIPEAAOKEHME €llle Pa3, U3MeHUB obo3HadeHUsI. Ero
AOKa3aTEABCTBO CBSI3aHO C MMeHeM [‘aycca.

Mpepnoxenne. IlycTs & — IPUMUTUBHBIE KOPEHb IIPOCTOM cTemeHu p u3 1. Toraa cylmecTByeT papu-
KanbHas1 barrus

LcL(vVa) Cc L(Vai, Wa) C -+ CL{Vay, Way,..., ¥as), n < p, (%)

Takast, 4To & € L( /a7, w/ay, ..., v/as).

[Hoka3atenbcTBo. AOKa’keM YTBEP KAEHUE IIPU ITOMOIIY MHAYKIIUU IO P AAS AIODBIX, He 00S3aTEABHO
IIPOCTHEIX, p. Bcau p cocTraBHOE, TO p = ab Arst HeKoTopwIX a u b. [losTomy V1= V1. [IycTb Tenepsn
p npocroe. [IycTs g — mepBoobpasHEI KOPEHD IO MOAYAIO p. O603HAYMM & = €y, € := €p_1 H,

ast r=0,1,2,...,p—2, T.(x):=x+¢ex%+ X9 o gPr ATy o Q(e)x].

(To —|—T1 + - +Tp,2)(06)

Torpa o = i . Nmeem Ty(ax) = —1. TloaTOMy AOCTATOYHO AOKA3aTh, YTO UUCAO
‘p p—
T,(ot) BBIpaXkaeTcss Yepe3 papMKaAbl CTEIIEHN MEHbINE P AASL KaXkporo r=1,2,...,p — 2.
Taxk xak

T,(x) = "T(x) mod (x*—1), o TP '(x9)=T""'(x) mod (x"—1).

BosbMeM MHOTOYAEH (g + a1X + ax* + - - -+ a,_1XP ! ¢ xoapdunmerramu B Q(¢), cpaprmMsit ¢ TP (x)
no moayaro xP — 1. Toraa ax = Gkg modp AAST AO6Oro k = 1,2,...,p — 1 [mogemy?|. Smauwr, a; =
a; = --- = ap_1. IllosaTomy TP () = ap — a; € Q(e). Tarum obpasom, aucao T,(x) BbIparkaeTcss Uepes
PAAMKAABL CTENIEHY MEHBIIIE P.

OpHomepHasi kombureomeTpus. 15 wionsg

1. Ha maockocTr 0TMEUEHO HECKOABKO IPSIMOYTOABHUKOB, IIPUYEM AIOOBIE ABa U3 HUX UMEIOT ODIIyIO
TOUKy. AOKa’KUTe, YTO BCE IPIMOYTOABHUKY MMEIOT OOIIYI0 TOUKY.

2. NOKa>XUTe, YTO €CAX B HEKOTOPOM MHOXKECTBE AYT Ha OKPY>XHOCTU AIOOBIE ABE MMEIOT OOIIYIO
TOYKY, TO €CThb IIpsIMasi, IIPOXOASIIIAS Yepe3 LEHTP U IIEPeCceKalolasi BCe AYT'M MHOXKECTBA.

3. Ha mpsimo#t paHa cucTeMa u3 2n + | OTPE3KOB, TaKas UTO Ka’KABIA OTPE30OK B STON CHUCTEME
IIlepeceKaeTCs e C XOTs OB L oTpe3KaMu. J\OKa>kKUTe, YTO eCTb OTPE30K, IIEPECEKAIOIINI BCe OCTaABHBIE.

4. CemeiicTBO pUTYD Ha IIAOCKOCTH, TAKOBO, UTO AIODBLIE ABE U3 HUX UMEIOT OOITYIO TOUKY. AOKa>kuTe,
YTO Yepe3 IPOU3BOABHYIO TOUYKY MOXKHO IIPOBECTU IIPSMYIO, IIEPECEKAIONIYIO BCE 3TU MHOKECTBA.

5. Ha maockocTm paccMaTprBaeTCsl KOHEYHOE MHOMKECTBO PaBHBIX, IaPaAAEABHO PACIOAOKEHHBIX
KBaApPaTOB, IpUYeM CpeAr AIOOBIX k 4+ 1 KBappaToB Ha¥AYTCS ABa IEPECEKAIOMUXCS. NOKAKUTE, UTO
9TO MHO>XECTBO MOJKHO Pa3buTh He bonee weMm Ha 2k — |1 HENYCTHIX ITOAMHOJKECTB TaK, YTO B Ka’KAOM
IIOAMHOYXECTBe BCe KBaAPAThI OYAYT UMETH OOIIYIO TOUKY.

6. BHyTpH BEIIYKAOTO CTOYroAbHUKA BEIOpaHO k Touek, 2 < k < 50. AoKa>kuTe, YTO MOXKHO OTMe-
TUTh 2K BEPIIVH CTOYTOABHMKA TaK, YTOOBI BCe BEIOPAHHBIE TOYKM OKA3AAUCh BHYTPU 2K-YTOABHUKA C
OTMEYEHHLIMY BEPIIXHAMY.
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LlenTpanbHoe npoektupoBanue. MpoekTuBHasi N10CKOCTb. 16 nions

OmpeaeneHre IPOEKIUH IIAOCKOCTH 7T Ha 7’ u3 Touku O & U 7.

Ecau 7t u 70 He IapaAAEABHE, TO Ha HUX €CTh UCKAOWUMENbHble (8bi0eseHHbie) IpsiMble Y X Y'.

[Tpu meHTpaABHON IPOeKIMK obpa3oM HpsiMoi [6e3 TouKM Ha | sIBAsieTCs IpsiMasi [6e3 TOYKH Ha
y']. BepHo u obpaTHOE.

Bompoc: BepHO AH, 94TO 06pa3oM OTpe3Ka SIBASIETCSI OTPE30K? [MOXKeT OBITH OTPE30K, AYY, ABA Ayda
— HapucoBaTh|. CAepA0BaTEABHO, 06PA30M TPEYTOABHUKA MOXKET OLITH HE TPEYTOABHUK.

Kaxk cBsizaHa MapaAAEeABHOCTB C IEHTPAABHBIM IIPOEKTUPOBAHUEM?

a) Ilepecekaromiuecs: He Ha Y IPsIMbIE IIEPEXOASIT B IIEPECEKAOIITUECSI.

6) Ilepecekaromuecs: Ha Y IPsSIMbIe IEPEXOASIT B IapaAAeAbHBIE.

B) IlapannenbHBIEe IpsSIMBIE, TAPAAAEABHBIE |, IEPEXOASAT B aPAAAEABHEIE.

r) [TapaanrenbHbIE IPSIMBIE, HE TAPAAAEABHEIE |, IEPEXOASIT B II€PECEKAOINNECST HA ' MIPSIMEIE.

Aabbl yCTPaHUTEL BCE OCAOXKHEHUSI, CBSI3AHHBLIE C OCOOBIM ITOAOKEHWEM BBIAEAEHHBIX IIPSIMBIX, CAE-
AAEM C IIAOCKOCTBIO CAEAYVIOIIIEe.

[IpucoepwHNM K Ka>XAO# IPSIMOM POBHO OAHY TOUKY, Ha3bIBaeMyIio beckoHewHo yoarenHHol moukod;
IIpY 3TOM ABe OECKOHEYHO yAAAEHHBIE TOYKM COBIAAAIOT TOTAA X TOABKO TOTAQ, KOTAA OHU COOTBETCTBY-
IOT IIapaANEABHBIM IPSIMBIM. MHOMXeCTBO Bcex HeCKOHEYHO YAANEHHEBIX TOYEK Ha30BeM beckoHewHo yoa-
nenHot npamol. Torpaa gepes A0ObIE ABe TOYKM IIPOXOAUT POBHO OAHA IPsSMasi U AIODBLIE ABE IpPSIMEIE
IIepeceKaoTcst (CAeAOBATEABHO, POBHO B OAHOM TouKe). [I0IOAHEHHYIO TaKUM 06pa30oM eBKAUAOBY IIAOC-
KOCTBb OyAEM Ha3BIBATBH NpoekmusHol naockocmsvro 1 obosHadars 1. TepMun «6eCKOHEYHO yAaANEHHAST
TOYKay UMEET IIPO3PAYHLIA T€OMETPUIECKUN CMBICA.

OmnpeaeAuM Tenephb IIEHTPAABHOE IPOEKTUPOBAHNE OAHOM IPOEKTUBHON IIAOCKOCTH Ha APYTYIO. AAs
«OOBIYHBIX» TOYEK OCTABUM BCe KakK eCcThb. Aanee, comocTaBuM Touke M € y C 7T HEKOTOPYIO OECKOHEYHO
VAAAEHHYIO TOYKY IIAOCKOCTH 7U'. A mMeHHO, M OIpeAEASIET NY4OK IPOXOASIIAX depe3 Hee IIPSIMBIX,
OHU IPOEKTUPYIOTCSA B IIapaAAeAbHEIE, OYAEM CIUTATh, YTO M IPOEKTUPYETCS B OECKOHEYHO YAANECHHYIO
TOYKY, COOTBETCTBYIOIIYIO STOMY CEMENCTBY IHAPAAAEABHBIX IPSIMBIX. AHAAOTHYHO COIIOCTABUM Ka>kKA0H
HeCKOHEYHO YAANEHHOM TOYKE IIAOCKOCTZ 7T TOUKY Ha y’. [Ipu TakoM ONIpeAeAeHUN IeHTPAaAbHOE IIPO-
€KTUPOBAHUE IIPOEKTUBHEIX IIAOCKOCTEN SIBASIETCS buekimeil. BriaeneHHas IpsiMasi IIAOCKOCTH 7T — 3TO
Ipoobpa3 6eCKOHEYHO YAAAEHHOM IIPSIMO IIAOCKOCTH 7.

SaMedaHue: AN TAPAAAEABHBIX (€BKAMAOBHIX ) ILAOCKOCTEH, [IEHTPAABHOE IPOEKTUPOBAHNE COOTBET-
CTBYIOUINX UM IIPOEKTUBHBIX IIAOCKOCTEY OIPEAEASIETCS aHAAOTMYHO, X OHO TOXKE SIBASIETCSI ODMEKITUEH.
AHanormYHO OIIpPeAENsIETCS TapaANeAbHOE IPOEKTUPOBAHNE IPOEKTUBHEIX IIAOCKOCTEN, OHO IIEPEBOAUT
H6eCKOHEYHO YAAAECHHYIO IPSIMYI0 B HECKOHEYHO YAAAEHHYIO.

Bompoc: BepHO AM, YTO IPU LIEHTPAABHOM IIPOEKTUPOBAHUK IIPOEKTUBHBIX IIAOCKOCTER NIPSIMEBIE IIe-
pexoasiT B mpsiMble? [a pasBe 3TO He OBIAO pAOKazaHO paHee? Her, ze 651a0!] Aa, BepHO.

OnpeperuM npoexmusHoe npeobpadosarue TPOeKTUBHOM maockocTu I1. Aast 3TOro IeHTPaAbHO
UAM TTapaANEABHO CIIPOEKTUPYEM IIAOCKOCTD 7T Ha IAOCKOCTH [Ty, 3aTem Iy Ha I1, u T.A., B KOHIIE CIIpO-
exkTupyeM [y Ha TT. Tloanyuum GueKIIMO IPOEKTUBHON IAOCKOCTH Ha cebs. SICHO, YTO IPU STOM IIPSIMEIE
(IPOEKTUBHOM IIAOCKOCTH ) IIEPEIIAK B IIPSIMBIE. BUEKIUST IPOEKTUBHOM MAOCKOCTH [T, Ipy KOTOPOi# IIpsi-
MEBI€ TIEPEXOAST B IIPSIMBIE, HA3BIBAETCS NPOEKMUSHBIM NPEobPA308aHUEM IIPOEKTUBHON IAOCKOCTH [1.
MHO>XeCTBO IPOEKTUBHLIX IIpeobpa3oBaHuil IAoCKoCcTH obpasyer zpynny PGL(3,R).

BosHukaeT Bompoc, Ar060e AY IIPOEKTUBHOE IIPeobpa3oBaHUe SIBASIETCSI KOMIIO3UIIMEN IIeHTPAaABHBIX
¥ TapaAAEAbHBIX IPOEKTUPOBAHUY U IIpeobpazoBanuit mopobusi? U emre Bompoc: BEPHO AU, YTO AIOOBIE
YeTBHIPE TOYKY, HUKAKHUE TPU U3 KOTOPHIX He KOAAWHEAPHBI, MOXKHO IIOAXOASIIAM IIPOEKTUBHELIM IIPE0O-
pa30BaHUE IIEPEBECTU B AIOOBIE YETHIPE TOYKM, HUKAKUE TPU U3 KOTOPBHIX He KOAAMHEApHEBI? HcAm Aa,
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TO €AMHCTBEHHO AU TakKoe IpeobpazoBanme? OTBETH Ha 9TH BOIPOCHL AAIOTCSI CAEAYIOIIAMY TeOPeMaMU,
KOTOPBIE UAYT B IIOPSIAKE YOLIBAHUSI Ba*KHOCTH.

Teopema 1. Cywecmeyem mnpoexmueHoe mnpeobpadosarue, mnNepesodAWEe HEMDBPE MOYKU
A1, A2, A3 Ay € T, Huxaxue mpu U3 KOMOPHIL HE KOAAUHEADPHDL, 6 3a0aHHBLE “emblpe MOuKU
By, By, B3, By € T, nukaxue mpu u3 Komopwvlx He KOAAUHEADHDL.

Teopema 2. Taxoe npoexmusroe npeobpasosaHue eOUHCMEBEHHO.

Teopema 3. [Tycmv f — npoexmueroe npeobpazosarue, U NPAMAA Y NEPeTOOUmM 8 becKoHewHO
yoanenwyro. Toz0a ecau mouxku A,B,C,D neorcam na (eskaudosoti wacmu) npamod, napasiens-
not y, mo f(A)f(B)/f(C)f(D) = AB/CD (umetomca 8 6udy opueHmuposarHbie OMHOULEHUSA OAUH ).

Teopema 4. Nroboe npoexmusroe npeobpasosarue ABAAEMCA KOMNOSUUUET, UEHMPANDHBLT U NaA-
PAANENADHBLT NPOEKMUPOS8AHUT U Npeobpa3osaruli nodobuA.

OnpeaearM ABOWHOE OTHOIIEHME TOYEK HAa [IPSIMOM M3 IIPOEKTUBHOM IIAOCKOCTH. [lonoxxum
(A,B,C,Dy) = g;g. AHanOrMYHO, KOTAA OAHA U3 APYTHUX TOYEK SIBASIETCS ODECKOHEYHO yAaneHHOU. Hime
HaAQ OIIPEAEAUTH ABOMHOE OTHOIIEHUE YETHIPEX TOYEK Ha HECKOHEYHO yAAAEHHOM mpsiMoii. Temepsb Hap0
II0Ka3aTh, YTO NIPX LIEHTPAABHOM IPOEKTUPOBAHUY IIPSIMOM Ha NPSIMYIO OHO COXPAaHSETCs (paHbIIe MEI
[IOKA3aAHU, YTO COXPAHSIETCS AAST «OOBIYHBEIX» TOUEK).

SlcHO, 4TO P IIEHTPAABHOM IIPOEKIINY IPSIMAasi IPOEIIUPYETCSI Ha IPSIMYIO, U BCE 9TO IIPOUCXOAUT B
OAHOM IIAOCKOCTHM. BEIIle MBI ITIOKa3aAH, YTO IIPU 3TOM COXPAHSIETCS ABOMHOE OTHOIIEHMWE TOYEK HA IIPSi-
Moit. CAepOBaTEABHO, ECAM BepHA TeopeMa 4, TO ABOMHOE OTHOIIIEHNE COXPAHSIETCS IIPU IIPOU3BOABLHBIX
IIPOEKTUBHBIX IIpeobpasoBanmsix. Ho MBI AOKa’keM 3TO MUHYS TeopeMy 4, BEAb €€ MBI BOOOIIEe AOKa-
3BIBATh He cobumpaeMcsi BBEAY ManoBakHOCTH! OTMETHM, YTO COXPaHEHME FapMOHUYECKUX OTHOIIEHUN
CAEAYET U3 TEOPEMEL O IIOAHOM YETBIPEXBEPIINHHUKE.

Teopema 5. [Ipu npoexmusHbT NPeobpa3zo8aHUAT COTPAHAIOMCA 080UHBIE OMHOULEHUA TMOYEK,
AEHCAULUT HA 00HOT, NPAMOU.

Sameuanve. Korpa MBI TOBOPUM O YETHIPEXYTOABHUKE, TO IIOAPA3yMEBAEM MAM YETHIPEXBEPIIUH-
HUK, UAY YE€THIPEXCTOPOHHUK. AHAAOTUYHO, IIOA TPEYTOABHMKOM IIOAPA3yMEBAEM TPEXBEPIIUHHUK UAKU
TPEXCTOPOHHUK.

A OKa3aTEABCTBO TEOPEM OTAOKUM, IIPY PEIICHUX 33Aa4 UMK MOKHO IIOAB30BATHCH.

Mpumep. Aoka>kuTe 0be YaCTU TEOPEMBI O IIOAHOM YETHIPEXBEPIIUHHUKE.

[Ona camocTosiTeNbHOro pelueHus

1. Touku A, By, C; aexXaT Ha opHOI mpsimMo#t, TouKu A, B,, C, ToXXe Ae>kaT Ha OAHOU IPSIMOIA.
Aoka>kuTe, 94TO TOUKM nepeceverust A1B, u A;Bq, B1C, u B,C,, C;A, mw C,A; AexKaT HAa OAHOM IIPsSIMO#
(m. ITanna). Kak BeIrAsiaAUT T. Ilanma, ecau Touku Aj, By, C; aexaT Ha 6ecK. yaaneHHOHN mIpsiMoit?

2. TpexsepmuaHuKE A1B1Cy 1 A;B,C; TakoBEI, uTO npsiMble A A, B1B;, C;C, nepecekatoTcst B oAHOM
Toukre. [Ipsimeie A1B; u A,B, mepecekatorcs B Touke C, aHAAOTMYHO OIPEAEASIIOTCS Touku A u B.
Aoxkaxkure, uro Touku A, B, C aexxar Ha opHoit npsmoit (m. Aesapea). [Ecau ABa TpexBepUIMHHUKA
MMEIOT LIEHTP IIEPCIEKTUBLI, TO OHU MMEIOT OCh IIEPCIEKTUBEI]

3. A\aHEI ABe IpsIMBIE U He AesKallast Ha HuxX Touka P. Hepes P mpoBoASITCS Taphl pa3sAXYHEBIX IPSIMBIX,
IepeceKamomux paHuble B Toukax A m C, B u D. AokakuTe, 4TO TOUKU IepecedeHUsT IpssMbIx AD
u BC 0b6pasyioT mpsiMyio, IPOXOASIIYIO YEPE3 TOUKY IIEPECEUEHUS] AAHHBIX IPSIMBIX (NOAAPE MOYKU
OMHOCUMENLHO NAPDBL NPAMDLE).

4. AOK&?KI/ITG, 9TO IIPpHU IIPOEKTUBHOM HpeO6pa30BaHI/II/I TaPMOHHNYECKUE YETBECPKHU TOYEK IIEPEXOAAT
B I'apMOHHUYECKHUE.
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5. Aauwl TpeyroabHUK ABC u npsamas 1. Obozrauum uepes Aj, By, C; cepepMHEBI OTPE3KOB, BHICEKA-
eMbIMU Ha npsiMoit | yraamu A, B, C (uau cMe>XHBIME K HUM), a 4epe3 A;, B,, C; — Touku nepecedenust
AA; z BC, BBy z AC, CC; u AB. Aokaxure, uTo Touku A;, By, C; AeKaT Ha OAHON IIPSIMOI.

6. a) Ha marockocTy AaHEI YeTHIPE IPSIMEIE 0bImero noroskeHus. OHE 06pa3yoT YETHIPE TPEYTOABHU-
Ka. A\OKa>XUTe, YTO OPTOLEHTPEL 3TUX TPEYTOABHUKOB AEXKAT Ha OAHOM mpsimoit (npamas Obepa).
6) Aokaxkute, uTo mpsiMasi Obepa IepIeHAUKYASIPHA npamol [aycca.

7. Ha cToponax yraa XOY ormeuensr Touku Aq, By u A,, By, coorBercTBenHo. [Ipsmeie A1A; u B1B;
nepecekatorcst B Touke K. Touku C, D mocrpoens! Tak, uro OC || AjA;, OD || B1B,, a ueTBepru Touek

0,C,B,B, m0,D, Ay, A; rexxaT (KaXkpasi) Ha OAHOM OKPY>XHOCTH. AokaXkuTe, 4T0 K AEXKUT Ha IpsiMoit
CD.

8. Yepes Touky O mepecedyeHUsi AMAroOHAAEN YETHIPEXYTOABHUKA IIPOBEAEHBI YETHIPE IIPSIMBIE, IIE-
peceKaroIye ero NPOTUBONOAOXKHEE CTOPOHEI B Toukax K m K/, Lz L', M u M/, N z N’ (BO3MO>XHEL
pazusle KoEdurypanuu). [Ipsueie KM u LN, KM’ z L’N’ nepecekatorcs B Toukax P u P’. Aokaxxure,
uyro Touku P, O, P’/ Ae>kaT Ha OAHOM IpPsIMOIA.

9. Ha ayre AC onucamHO#! okpy>XHOCTH TpeyroabHuka ABC Bribpana Touka P. [Ipsmwie AP u CP
repecekaoT TpoproAkeHUs CTOpoH AB u BC B Toukax C; u A COOTBETCTBEHHO, a IpsiMasi BP mepecekaet
cropory AC B Toure B;. [Ipsmeie C;B; u A;B; nmepecexator croportl BC u AB B Toukax X u Y cooT-
BETCTBEHHO. AoKa>xuTe, 4To npsaMasi XY IPOXOAUT depe3 TOUKY IIepeCcedUeHUs CUMEAVAH TPEYTOABHUKA
ABC.

K Teopeme [Je3apra.
10. Aoka>kuTe obpaTHyO TeopeMy Aesapra.

11. Nora>xkuTre Teopemy Aesapra AAsL CAydasi, Koraa maockoctu (AjA,A3) u (BiB;B3) pasauyHEL
BriBepuTe U3 3TOr0 IAOCKyIO TeopeMy Jesapra.

12. omosHaiiTe TeopeMmy Ae3apra B CAEAYIOIIUX YTBEPIKAECHUSIX:

a) MeAMaHBI TPEYTOABHUKA IIEPECEKAIOTCS B OAHOM TOUKE;

6) BTOpas 9acTh TEOPEMEI O IOAHOM YETHIPEXBEPIINHHIUKE;

B) €CAU TpAIelsi BIACAHA B YETHIPEXYTOABHWK TaK, UTO €6 OCHOBAHUS [IaPAaAAEAbHBEI OAHOW U3
AMaTOHANEN YeTHIPEXYTOABHUKA, TO IPOAOAKEHUS €€ DOKOBEIX CTOPOH II€PECEeKalOTCsI Ha IIPSIMOH, Co-
AepiKalleil APyI'yio AuaroHaAb.

Jlekcukorpacduyeckmnin nopsiiok. 17 nions

Akcnoma NHAYKLUWUN. B Ka’XxAOM HEIIYCTOM IIOAMHOJKECTBE MHOJXECTBA HATYPAABHBIX YUCEA €CTHb Hal-
MEHBIITNY SAEMEHT.

MpuHunn MuHUManbLHOrO KOHTpNpuMmepa. Ecam yTBEP)KAEHME 3aBUCUT OT HATYPAABHOI'O IIapaMeTpa M,
TO AOO OHO BEPHO AASI BCEX N, ANOO €CTH HAUMEHDULEE T, AASI KOTOPOI'O YTBEP)KAEHUE HEBEPHO.

Mpumep. Aoka>xkuTe, 9YTO ABa COCEAHUX Ymcaa PubOHAYYM B3aMMHO IIPOCTEHI.

Vnp. 1. TIpo>KeKTOp B IPOCTPAHCTBE OCBEIIAET OKTAHT C OCSIMU, IAaPAAAEABHBIME KOOPAWHATHBIM.
Takue Tpo’keKTOpa IIOCAEAOBATEABHO IIOMEIIAIOTCS B HEOCBEIIEHHBIE TOYKY C HATYPAABHBIMUA KOOPAU-
HaTaMu. J\OKa>XUTe, YTO YAACTCS PAa3MECTUTDH AUIIL KOHEYHOE YUCAO IIPOKEKTOPOB.

Onpepenenne. Ob6ozraunm N™ = {(a;, ay, ..., ay)|a; € N} Ilyctes A, B € N™. Byaem roopuTb, 4TO
A < B, ecam unm a; < by, uAam a; =b; ma; < by, uam a; =by, a; =b, 1 a3 < by mw T.A.
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Vnp. 2. a) Ecamw A < B, B < C, To A < C. Takum obpasom, MHOKecTBO N™ mpeBparraercst B HYM.
6) Crporo ybnIBaomast IOCAEAOBATEABHOCTE CTPOK u3 N™ Bcerpa xoHewHa!

Teopema. B Ka>XKAOM HEIIYCTOM IIOAMHO>XECTBE U3 N™ ecTh HaMMEHBIIINHA 3AEMEHT.

1. B KOAOAE HECKOABKO KapT A€XKaT PybaIlkoy BBEpX, OCTaAbHBIE — pybammkamu BHU3. Bpewms oT
BpeMeHU [leTss BEIOMpaeT IayKy U3 HECKOABKO KapT IIOAPSIA, B KOTOPOW IIepBas U IIOCAEAHSIS KapThl
AeXKaT pybalnkoy BHW3, BHIHUMAET €€, IEPEBOPAYMBAET, U BCTaBAsieT B TO >ke MecTo. ([Tauka MoxxeT
COCTOSITH U U3 OAHOM KapThl pybamkoil BHE3). AOKa’kKUTe, YTO PAHO UAK IIO3AHO BCE KAPTHI B KOAOAE
ASTYT pybaIkoil BBEPX.

2. Ectp marypaabHoe umcao x > 1. Kaxayio cekyHay IleTst nummer BMeCTO HEro YHUCAO
y=xx*(p—1)%/p, rae p — Kako#-HU6YAL IPOCTOM AEAUTEAD YHMCAA X, @ YUCAO K ITPOU3BOABHO (1 Me-
HSIETCSI OT XOAA K XOAY). NOKa’kWUTe, YTO PAHO MAM IO3AHO ¥ Iletn moayumres 1.

Bonpoc. AHAAOTHYHO MOKHO OIIPEAEAUTD IIOPSIAOK Ha MHOXKECTBE HECKOHEYHEBIX CTPOK HATYPaAbHBIX
quceA. BepHO AM, 4TO Ipu 3TOM B AI0OOM HEIIYCTOM IIOAMHOMKECTBE OYAET HaUMEHBIIUN SIAEMEHT?

3. AaHa MOCAEAOBATEABHOCTD U3 OECKOHEYHOI'O YUCAA HYAEH X KOHEYHOr'O YMCAa eAnHuIl. Ecan Halt-
AeTcs rpynmna Bupa 01, To ee Mo>xHO 3aMeHUTH Ha rpynny Buaa 10...0 ¢ IPON3BOABHEIM YUCAOM HYAEH.
JAoOKa>kuTe, YTO MOKHO CAEAATH AUIIML KOHEYHOE YUCAO TAaKUX 3aMeH.

4., B maMsTH KOMIIBIOTEPA 3aIIMCAH MACCHUB BEIIECTBEHHBIX ITOAOKUTEABHBIX UHCEA 7, dl,..., dn.
O6napy>xuB AIOOVIO ITapy COCEAHUX IAEMEHTOB B OeCIOpsIAKE, TO €CThb ; > di,], KOMILIOTEDP MEHSIET
X MecTaMu. Ho IIpu 5TOM BUPYC YMHOYKAET HOBBIX 3AE€MEHT a;,1 Ha 1000. AoKa>kuTe, ITO CO BpEMEHEM
BECh MacCuB OYAET MATH B IIOpPsIAKE HEYOBIBaHUSI. BEPHO AU 3TO AAS IPOM3BOABHBIX BEIECTBEHHBIX
quCcen?

5. Aam-Baba peaunt c pazboitrukoM 10 Kyu 30n0Toro mecky. Aaw-Baba moxer B A0OO# MOMEHT
B3SIThb TPM Ky4U U YT, AMOO OH MOXXET BBIOpPATh 4 Ky4H, PAa3AEAUTH Ka’KAYIO HAa AEBYIO U IIPABYIO
gacTh (0be HemycThle). 3aTeM Pa3bOMHUK IIpaBble YaCTU HETOXKAECTBEHHO IIEPECTABASIET U 3aTEM YacCTH
O0OBbEAMHSIIOTCSI — Ka*KAAsl A€Basi C KaKAOM mpaBoil. Aokaxkure, uTo Aau-Baba cMOXXeT yHECTH AOMOIA
6onee 99.99% IPOIEHTOB 30A0TOTO IIECKY.

6. ®ymxumsa F(x,y) 3apama ycaroBmsamu: F(O,y) = y + 2, F(ix,1) = 2 (x > 0),
F(x+1,y) =F(x,F(x+ 1,y —1)).

a) ITokakuTe, 4TO (DYHKIUS OIPEAEAEHA AAST BCeX map (x,y), rae x > 0,y > 1.

6) Haitpure sBHyI0 dopMyAay arst F(1,y).

B) Haiipure sBHy0 dopMyay arst F(2,y).

r) Haitaute siBHyI0 hopmyay ans F(3,y).

) Yro 6oawme: 1000!'%" gaum F(5,5)?

Mat6oii npochn9 — npocpul0. 17 nions

1. Oxpy>xHOCTH W; U W, IIepeceKaloTcsi B Toukax A u B, Touka M — cepepuna AB. Ha npsmoit AB
BeIOpaHBI TOuk: S; 1 S;. KacaTeabHBIE, IPOBEAECHHEIE U3 S K OKPY>KHOCTH (U7 KACAIOTCS €€ B TOYKAX
X; 1 Y, a KacaTeAbHBIE U3 S; K (W) KACAIOTCA €€ B ToUKax Xy # Y. AoOKa>kuTe, 9YTO ecam mpsamas XiX;
IpoxoAUT depe3 M, To npsaMas Y;Y; ToXke IpoxopuT uepes M.

2. Ha xaxxp0it kKaeTKe HeCKOHEYHON MTaxXMaTHON AOCKY HAIIXCAHO HaUMEHbIIEe KOAMIECTBO XOAOB, 32
KOTOPOE KOHb MOJKET AOUTH OT 3TO¥ KAeTKU A0 pAaHHOM KAeTKu O. HasoBeMm KAeTKy 0coboi, ecam Ha
Helt Hanucano yucao 100, a Ha BceX COCEAHUX C Helt (o cTopore) KaeTkaXx — 101. CKOABKO CYIIECTBYET
OCODBIX KAETOK?
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3. Ha oTpe3ske HaTypaAbHOTO psipa UMeeTCss poBHO 10 4deTBepThIX cTemeHed u poBHO 100 Ky6OB.
Aoka>kuTe, uTo Ha 3TOM OTpe3Ke He MeHee 2000 TOYHBIX KBaApPaTOB.
4. Bce umcna, 6oabmme 1, moKparmeHE! B ABa IBera (06a I[BETa MCIOAB30BAHEI). N\OKa>KUTE, UTO

CYIIECTBYIOT TaKue BeIleCTBEHHBIE A U b, YTO YMcAa a + b u ab mOKpallleHbl B pa3Hble 1IBETA.

5. OKRpPY>XHOCTB, TPOXOASAIAS Yepe3 BepInuHbl A u B Bnucanmoro dernipexyroabruka ABCD mepe-
cexaer ero amaroHaru AC z BD B Toukax E u F coorBercrBerno. Ilpsmeie AF u BC mepecexaroTcs B
Touke P, a mpsimele BE u AD — B Touke Q. Aokaxkute, uro PQ mapaanreapso CD.

6. AaHo caoBo bonee uem m3 10 OYKB, B KOTOPOM AIOOBIE ABE COCeAHME OYKBBI pPa3sAMYHBL. AOKa-
JKITE, YTO MOJXKHO ITOMEHSITH MECTAMU ABE COCEAHME OYKBBI TaK, YTOOBI IOAYUYEHHOE CAOBO HE OBIAO
IIeproArYecKuM (He pa3buBanoCh Ha OAMHAKOBBIE IIOACAOBA).

7. B rpade k pebep u T TpeyroabHMKoB. AokaxkuTe, uTo 9T% < 2K3.

8. Haitaure Bce dymkmuu f: R — R co ceoiicteom: f(x* +y?) = xf(x?) + yf(y?) arst Bcex x, y € R.

9. B memke m3roMa copepxxurcs 2001 m3tomuuKa obmuM BecoMm 1001 r, mpuyeM HEM OAHA M3IOMUHKA

He BecuT boabie 1+ x I HpI/I KaKOM HanOOAbIIIEM 3HAYEHUU X 3aBEAOMO MOJKHO PAa3AOKUTH BECH U3IOM
Ha AB€ 4Yallll BECOB Tak, 9yTOOBI OHU ITOKA3aAU Pa3HOCTDb, HE IIPEBOCXOASAIILYIO 1r?

10. Mo>kHO AV TaK HOKPACUTH TOYKHU TPEXMEPHOTO IpocTpaHcTBa B 2011 11BETOB, YTOOLI HAa Ka>KAOM
OTPE3KE B IIPOCTPAHCTBE BCTpedaAuch Bce 2011 miBeToB?

MaTt6oin npochnl0) — monopbie npenopasatenu 7-ro knacca. 17 wions

1. B memke u3stoma copeprxkuTcst 2001 uztomumbKa obmuM BecoMm 1001 I, mpryeM HM OAHA M3IOMUHKA
He BecuT boabire 1+ x I. [Ipu KakoMm HaubOABIIIEM 3HAYEHUX X 3aBEAOMO MOXKHO PA3AOKUTH BECH U3IOM
Ha ABE Yallll BECOB TaK, YTOOBI OHU IIOKA3aAM PAa3HOCTD, HE IPEBOCXOAAIIYIO 1 T7

2. Haitaure Bce dyrrmum f : R — R co ceoitctsom: (x> + y3) = xf(x?) + yf(y?) ars Bcex x,y € R.

3. HaiiauTe Bce Takue MHOTOYA€HHI P(x) € Z[x], 9TO BCSIKOTO HATYyPaAbHOIO YUCAA N YPaBHEHUE
P(x) = 2™ uMeeT 1Al KOPEHb.

4. B rpace K pebep u T TpeyroabHuUKOB. AoKaxkure, uro 9T2 < 2K3.

5. AaH BeIIyRABIA mecTuyroAbHUK AC'BA’CB’, y KOTOpPOro Ka>kAble ABE IIPOTUBOIIOAOKHEBIE CTO-
POHBI paBHEI. A; — Touka mepecedyenuss BC u cepepunHOro mepneHpAukyasipa K AA’. Touku By u C;
OIIPEAEASIOTCS aHAAOTHYHO. AokakuTe, 9uTo A, By u C; AexxaT Ha opHOM mpsMoii.

6. AaH BBIIYKABI MHOTOYTOABHUK. AOKa’XUTe, YTO HAMAYTCS IIECTh TAKUX MHOTOYTOABLHUKOB, IIO-
AYYEHHBIX U3 UCXOAHOI'O IIapaAAEAbHBIME IIEPEHOCAMU, YTO OHUM KacalOTCsI UCXOAHOI'O MHOI'OYTOABHUKA,
¥ IIOIIApHO He MMEIOT OOIUX BHYTPEHHUX TOUEK.

7. TIpsiMast IPOXOAUT Hepe3 LEHTP OIMKUCAHHOM OKPY>XHOCTH TpeyroabHuKa ABC m mepecekaeT cTo-
poubsl AB z BC B Toukax P m Q coorBeTCcTBEHHO. AOKa>XUTe, YTO Ha OKPY>KHOCTU AEBSITU TOYEK Tpe-
yroapHuKa ABC HaiiaeTcst Touka, u3 KoTopoit orpe3ku AQ um CP BUAHEI ITOA IPSIMBIMU YTAAMHU.

8. IlycTe N > 3 — HeweTHOE YMCAO. AOKA)KUTE, ITO CYIIECTBYET TaKoe IIPOCTOE P, YTO P HE ACAUT M,
HO AeamT 2°M — 1.

9. Ha xAeT9aTOl AOCKE M X N PACCTAaBAEHBI HECKOABKO (PUINEK TaK, YTO KaXKAAsl KAETKa 0e3 UKy
FPAHUYUT II0 CTOPOHE C KAETKOM, COAEPIKAIlEedl (PUINKY, a Ka*KALIE ABE KAETKU C (PUIIKAMHU MOXKHO
COEAUHUTD LIETIOYKON KAETOK, COAEPIKAIINX (PUIITKY, B KOTOPOX COCEAHKE KAETKY I'PAHUYAT II0 CTOPOHE.

1

2_
AOK&?KI/ITG, 9To (i)I/II_T_IKI/I CTOsAT HE MEHEE, 9EM B nT KAETKaxX.

10. Haitaure Bce Q-runetinble oTobpaskenusi F: Q[x] — Q[x] Takue, 9T0 AAST ATOHOTO HETPUBOAUMOL'O
MHOTOUAEHA P € Q[x] MHOTOUAEH F(p) TOXKE HEIPMBOAKM.
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CkansipHoe npou3BegeHue. 19 nions

Onpegenenne. Ilycts K — moae, u = (wy,...,u,) # v = (vq,...,Vv,) — BekTOpHl u3 K". [Toroxum
(W, v) =wvi + - - - + Uy vy (ckanaproe npoussederue BEKTOPOB U U V).

Vnp. 1. CBoiicTBa CKaASIPHOTO IIPOU3BEAECHUS:

a) (w,v) = (v,u);
6) (cu+ Bv,w) = o{u,w) + (v, w);
B) Ecam oqvy + -+ 4+ ovs = 0, To o1 (v1,Vv) +... + as(vs,v) = 0.

Onpepenenne. BekToper u, v € K" Ha3BEIBAIOTCSI 0PMO20HAAbHBIMUY, eCAT (1L, V) = 0.
Vnp. 2. Mo>XeT AU HEHYAEBO! BEKTOP OBLITH OPTOTOHAABHBIM caMoMy cebe?

Vnp. 3. Aoka>xuTe, 4TO A000# HAOOp ITOIAPHO OPTOTOHAABHBIX HEHYAEBBEIX BEKTOPOB B R™ AMHENHO
He3aBUCUM. Ha Kakume IOoAsI, TOMUMO R, IepeHOCUTCSI 3TO CBOMCTBO?

3an,atla 1.B TopoA€ KUBET Tl YEAOBEK 1 MMEETCsSA HECKOABKO KAY6OB. I/IBBeCTHO, YTO B Ka’XXAOM KAY6€
COCTOHUT HEYETHOE YMUCAO YANAEHOB, a AIODOBIE ABa KAY6a Pa3AnNYalOTCsAa II0 COCTaBy U MMEIOT YETHOE YUCAO
O6I_TJ;I/IX YACHOB. AOKEDKI/ITG, 9TO KOANYIECTBO KAY6OB B I'OPOAE HE IIPEBOCXOAUT .

Onpepenenne. Ilycte M — moamuORecTBo K™. TToaoskum Mt = {v|(v, M) = 0} — opmozorasvroe
donoareHue K MHOXXeCTBY M.

Vnp. 4. a) Mokaxwure, uro M’ sBasierca moapmpocrpamcTsoM. 6) Kax cessamer (M1)t m M?
B) [Iycte M — moampocTparcTBO. Aokaxkure, uro dimM + dimM*+ = n. r) IIycte M — moampo-
crpancTBO. AokaxkuTe, uro (M)t = M.

3apava 2. KakoBo HamboAbIIIee BO3MOKHOE KOAMYIECTBO IIOAMHOXKECTB 100-3A€MEHTHOI'O MHOXKECTBA,
TaKWUX, 9TO IIEPeCeYeHNE AIOOEIX ABYX (BO3MOJKHO, COBIIAAAIOINX ) U3 HUX COAEPKUT YETHOE KOAUIECTBO
3AEMEHTOB?

na camocToaTenbLHOro pelieHns

1. B ropoae k cynpy>keckux map u n KAy6oB. VI3BECTHO, YTO AASI MY KYMHEL ¥ JKEHIIMHBI KOAXIECTBO
KAy0OB, B KOTOpPEIX OHUM oba OBIBaAM, HEYETHO TOIAA M TOABKO TOTAQ, KOTAA OHM — MY>XK U JKEHa.
AokarxkuTe, uTo k < n.

2. B KIMax Eaunoit T'ocyaapcreernoit Oaumnuaas: (EI'O) n BompocoB ¢ OTBETaMU «Ad» U «HET,
3a KaKABIA IIPaBUABHBIE OTBET HAUUCASETCS 1 mepBUYHEBIE baan. EI'O cpaBaam k y9acTHUKOB, X IPU
9TOM OHM AAAM TaKO¥ HabOp OTBETOB HA BOIIPOCHI, YTO SKCIIEPTHAS KOMUCCHS MOXKET TaK IPUIIKUCATH
IIOAOKUTEABHBIE BECA BOIIPOCAM, YTODOBI YYACTHUKK PACIOAOKUAUCH IO UTOTOBBIM bOansraM B AOOOM
HY>KHOM IIOpsAKe. AokakuTe, 9To Kk < n.

3. (Hepasenctso ®uuwepa). IIycts Ay, ..., A, — Pa3AUIHBIE HETYCTHIE IOAMHOXKECTBA N-3AEMEHTHOT'O
MHO>XeCTBa. EiCAU IIepecedeHre AIOOBIX ABYX PA3AMYHBIX U3 HUX COCTOUT 13 | SAEMEHTOB, TO M < M.
Vkazaume: A3 Hap Q.

Teopema Xennu. 19 nionsg

Onpe,u,eneHwe. MHO>XXeCTBO TOYEK HA3LIBAETCSI 8bINYKABIM, ECAL BMECTE C AIOOBIMU ABYMs CBOUMH
TOYKaMHM OHO COAEPXUT BECH OTPE3OK MEXXAY HUMU.

Onpepenenne. Buinykaotl 060404K0U MHOXKECTBA A, HA3BIBAETCSI MUHUMAABHOE 110 BKAIOUEHUIO BBI-
IIYKAOE MHOMXECTBO, Copeprkaiiee A. BEIIYKAYIO 000A0YKY MHOXKecTBa A 6yaeM oboszuavaTh Conv(A).
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Vreepxaenue. Ilycts A = {a;, a,, ..., a,} — KOHEYHOE MHOXXeCTBO ToueK. Toraa Conv(A) 3To MHO-
>K€CTBO TOYEK BHAA X1Q7 + ...+ X,Qn, TA€ &; — HEOTPUIATEABHEIE YUCAA C CYMMOH 1.

Teopema Xennu gnsa nnockoctn. Ecanm afobwie 3 w3 N BBIIYKABIX MHOXXECTB Ha IIAOCKOCTH HMEIOT
0bIIyIO TOYKY, TO BCE OHU UMEIOT ODOIIYIO TOUKY.

Teopema Xennu gns npoctpavcta. Ecau atobble 4 w3 N BBEIIYKABIX MHOXXECTB B IIPOCTPAHCTBE UMEIOT
0bIIIyI0 TOYKY, TO BCE OHU MMEIOT ODIIYIO TOYKY.

IOna camocTosiTeNnbHOro pelueHns
].. AOK&?KI/ITG, 4YTo B AIOOOM BBIIIYKAOM CEMUYT'OADHUKE HaﬁAGTCﬂ TO4YKa, HE€ IIPMHaAAEXKAIIlasi HHU
OAHOMY M3 YETHBIPEXYI'OABHUKOB, O6paBOBaHHI:IX YETBEPKAMU €I'0 IIOCAEAOBATEADBHBIX BEPIINH.

2. Ha mAOCKOCTY AQHO KOHEYHOE YMCAO BEPTUKAABHBIX OTPE3KOB.

a) JAobble TPU U3 HUX MOXKHO Il€pecedb OAHOM mIpsiMoii. AOKa>kKUTe, UTO BCe UX MOYKHO IIEPECEUb
OAHOM IIPSIMOIA.

b) Aiobble YeThIpe U3 HUX MOXKHO Il€pecedb IIapabonoil. AOKa>KuTe, YTO BCE MX MOXKHO IIEpecedb

mmapabonoii.

1
3. AOKa>kuTe, YTO BBEIIYKABIH MHOTOYTOABHUK AMAaMeETpa | MOXXHO IIOMECTUTBL B KPYT Papnyca —=

V3

(amo ymeeporcoerue Hadvieaemca meopemol FOHza).
4. Ha mAOCKOCTZ AQHO M TOUeK. AOKa>XUTe, YTO CYIIeCTBYeT Takast Touka O, 4To 1o A0OYI0 CTOPOHY
. . . n .
oT Alobo#t mpsimoit, mpoxopsieit vepe3 O aexxuT He bonree 3 9TUX TO4YeK (TOYKH, A€Kall[Ue Ha IPSIMOiA,

HE yT-II/ITBIBaIOTCSI) .

JlnneiiHble pekyppeHTbl — 1. 19 nions

3apaumn, npuBoasLmMe K peKyppeHTam.

1) CroABPKUME CIOCOGaMU HAaTypaAbHOE YHCAO N MOXKHO IIPEACTABUATH B BUAE CYMMBI HECKOABKUX
HedeTHBIX cAraraeMbix? ([IpeacTaBAEHUST, OTAMYAOIIMECS TOPSIAKOM CAATAEMBIX, CIMTAEM DPA3HBIMIU )

2) CroabKEME crocobamu B psiay 1,2,...,M MOXXHO BEIOpaTh HECKOABKO SAEMEHTOB, HUKAaKUe TPU
73 KOTOPBIX HE MAYT IIOADPSIA?

durcupyeM AMHENHOe PEKYPPEHTHOE ypaBHeHUe (Iopsiaka k)
Xntk = Ok—1Xnyk—1 + Kx_2Xnyk—2 + -+ XoXn.

VYnp. 1. a) Pemrerust sToro ypaBHEHUs (TO €CTh IIOCAEAOBATEABHOCTH ) 06Pa3yIOT AUHEHHOE IIPOCTPAH-
CTBO OTHOCUTEABHO €CTECTBEHHLIX OIIEPAIINii.

6) IIpepnssute k AH3 mocaepoBaTeabHOCTER (=BEKTOPOB), Yepe3 KOTOPHIE BCE OCTAABHEIE ITOCAE-
AOBAaTEABHOCTH BEIPA’KAIOTCSI B BUAE AMHEMHON KOMOWHAIIAU.

Teopema 1. Pemernus APV obpasyior k-meproe npocrparcTso (Hap Q,R,C,Z,,...).

Bonpoc. PexkyppeHTsI X1 2 = Xn11 X X1 = X;, COBIAAAIOT. A 1m0 TeopeMe 1 y HUX pa3HbIE pa3sMeEPHO-
CTH IIPOCTPAHCTBA pelneHuit. B wem aeno?

KnioueBas npes. Ilompobyem HaliT PEIIEHUST, KOTOPBIE IBASIOTCS 2E0MEMPUHECKUMU NPO2PECCUS-
mu(!!!) (pasyMHO MCKAThb TOABKO 3HAMEHATEAU IIPOIPECCUY A;, HE IpaBaa Au?). VI3 KaKOro ypaBHEHUSI
HaXOASTCSI 9TU 3HaMEHATEAU A7

Onpepenenne. [TonyueHHOe ypaBHEHWE HA3LIBAETCT TAPAKMEPUCTNUMECKUM YPASBHEHUEM PEKYP-
PEHTHOH! IIOCAEAOBATEABHOCTH.

Teopema 2. ['eoMeTpUYeCKIEe TPOIPECCUY C TIOMAPHO Pa3HBIMU 3HaMeHaTeAsMmu AH3.
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Ecnn y xapakTepucTnyeckoro ypaBHeHUs! HET KPATHbIX KOPHEN...

OcHoBHas Teopema. Ecau Ay, ..., Ay — PA3JINYHDbIE ropHU XapaKTEePUCTUIECKOTO YPAaBHEHUS, TO AIO-
6oe pelleHre PEKYPPEHTHOIO YPABHEHUS UMEET BUA X, = C1A]+- - -+ C A}, TA€ KOHCTAHTEI Ci OIIPEAEAEHEL
OAHO3HAYHO.

3ameuatue 1. B caydae, Koraa XapakKTEPUCTUUECKOE YPaBHEHNE UMEET KPATHBIE KOPHHY, IIOMUMO T'€0-
METPUYECKUX IIPOrpeccuii B 6a3uc 0oaotcHbl BXOAUTE U APYTHE IOCAeAOBaTeAbHOCTH. [Togemy?

3amevanme 2. Kak mpaBUAO A; U C; A€XKAT HE B TOM IIOAE, TAE KOI(PMUIMEHTEL, a B H0AbULEM TIOAE.

Vnp. 2. HafiauTe TOYHBIE ¥ aCUMIITOTAYECKAE (DOPMYABI B 3aAadaxX U3 HadaAd AMCTOYKA.

[nsa camocTosiTeNIbHOro peLleHuns

1. a) Ha#tiaute Bce dyuruuu f : Z — Z c ycroBueM 3f(n) — 2f(f(n)) = n.
6) aecam f: R — Z7?
B) AOKa’XUT€, YTO OTBET U3MEHUTCs, ecan f: R — R.

2. Pemmute dpyHrumonaabHOe ypaBuenue: f: R, — R, f(f(x)) + f(x) = 6x.

3. a) PaccMoTpuM peKyppEHTHOE YPaBHEHUE X ik = Xk 1Xnik—1 + Xk—2Xnik—2 + * -+ + XoXn + b.
DA OKa>kuTe, YTO €r0 PElIeHus] IBASIIOTCS AMHERHBLIMU PEKYyPPEHTaMu mopsiaka k + 1.
6) Pelenust ypaBHEHUS Xk = Xk 1Xnik—1+ Xk 2Xnik_2+ " -+ XoXn +b(N) YCTPOEHEI TaK: KaXkA0€
PEITeHNe eCTh CyMMa PeNIeHnsT ypaBHeHHUsI ¢ b(n) = 0 ¥ 0AHOTO AI060r0 PUKCUPOBAHHOT'O PEIIEHUS.

4. x1 =0, Xn 1 = 5xn + /24x% 4+ 1. Nora>kuTe, ITO BCE YAEHBI IOCAEAOBATEABHOCTH — IEABIE.

AHanntunyeckas moaenb NPOEKTUBHOW NIOCKOCTH. 20 vions

EcTb Tpu MOAEAY IPOEKTUBHOM IIAOCKOCTH
Mononxennas esknuposa nnockocts (TT).

Cssi3ka npsimbix 1 nnockocteit. [Iycte O — Hekas Touka B R3. Obo3HaumM gepes S MHOMKECTBO IIPSIMEIX,
npoxopsimux depe3 O. Touka B S — 370 npsiMasi (mpoxopsmiast depe3 O), a npAmas — MHOKECTBO BCEX
IPSIMBIX, TPOXoAAImuX depe3 O 1 Ae’Kalmux B HEKOTOPOM IIAOCKOCTH. DTa MOAEADb HA3BIBAETCSI C8A3KOU
NPAMBIT U NAOCKOCMeU. SICHO, YTO Yepe3 Ka*KABIE ABE TOYKY IIPOXOAUT EAMHCTBEHHAS IIPsSIMasi X AI0ObIe
ABE IIPSIMEIE IIEPECEKAIOTCSI. DTy MOAEAD MOKHO MBICAUTE KaK IIOAYCPEPY, B KOTOPO# OTOXKAECTBAEHEI
IIPOTUBOIIOAOKHBIE TOUYKY T'PAHUIIEI.

AHanutuyeckass mopenb. BepHeMCsT K MOAEAU-CBSI3KE. ByaeM IpeacTaBAsSTH TOoUKy P € S (To ecThb
IIPOXOASIIIYIO Yepe3 O IpsiMyi0) HEKOTOPOR TOYKOM (X1, X7, X3) 9TOM [IPsIMOY, He COBIIAAAIOLIEH C TOYKOM
0(0,0,0). (I3 rayborux coobpa>keHuit hopMarmsMa IIOA (X1, X2, X3) IOHIMAETCST CTOADET], a He CTPOKA).
Yucaa X1, X2, X3 HA3BIBAIOTCSA 00HOPOOHBIMU KoopOouHamamyu Todku P. [Ipu sToM TOYKZ (Xq,X;,X3) &
(x],%5,x}) m3 R® cooTBETCTBYIOT OAHOM U TOH >Ke TOUKe U3 S TOTAA U TOABKO TOTAQ, KOTAA CYIIECTBYET
A # 0: x{ = Ax;. BBepem Ha MHOKeCTBe {(X1,X2,%3) © (X1,%X2,%3) 7 (0,0,0)} cooTBeTCTBy!OIIEE OTHOIIEHNE
9KBUBAAEHTHOCTH [a 4TO 3TO Takoe?]|. MHOXXeCTBO KAACCOB SKBUBAAEHTHOCTH L 6yaeT o6pasoBLIBATH
IIPOEKTUBHYIO IAOCKOCTE. T04K0U SIBASIETCS KAACC SKBUBAAEHTHOCTH [X1, X2, X3] € L. [Tpsmot ssBAsieTCs
MHO>KECTBO BCEX KAACCOB [X1, X2, X3], AAS KOTOPEIX YHCAA X7, X2, X3 JAOBAETBOPSIIOT YPABHEHUIO 11X +
ayx;+azx3 = O mpu pUKCHPOBAHHEIX a1, Az, A3 € R®, 0oAHOBpeMeHHO He PaBHEIX HYAIO. DTO OIIPEAEAEHNE
KoppekTHO. CHOBA SICHO, YTO Yepe3 Ka’KAbIE ABE TOYKM IIPOXOAUT EAMHCTBEHHAS IIpsIMasi X AIOOBIE ABeE
IIPSIMEIE II€PECEKAIOTCSI.

VYnp. 1. a) HaliauTe TOUKy mepecedeHUst IPsIMBIX a1X1 + b1xa + ci1x3 = 0 @ axx; + byxy + cox3 = 0.
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6) HaiiauTe ypaBHEHUE NPSIMOi, IIPOXOASIIEH Yepe3 TOUKY [ay, by, ¢] u [ay, by, ¢yl
Vnp. 2. CTpoKu KBaAPATHOW MATPHUIEI AMHERHO HE3ABACUMEBI TOTAQ ¥ TOABKO TOTAQ, KOTAA CTOADOIIEI
AVHENHO HE3aBUCUMEI.

Vnp. 3. Touku [a4, az, a3, [by, ba, b3] u [c1, €2, €3] KOAAEHEAPHBI TOTAA ¥ TOABKO TOIAQ, KOTAQ BEKTOPEL
(ay, az,a3) u T.o. A3.

Utak, y HaC eCTb TPU MOAEAU IIPOEKTUBHOM IIAOCKOCTH. IlokarkeM, 4TO MEXAY HUMU CYIIECTBYIOT
OUEeKIINY, COXPAHSIONINE KOAANHEAPHOCTb TOYEK, TO ECTb STU TPU MOAEAU U3OMOPPHbBL. AN MOAeAei
S u L sto oueBmaHO. [locTpoum buekimio u3 L B TT.

[TycTs [x1,%2,%3] € L. Ecam x3 # 0, To moaoxxuMm f([xq,X2,X3]) = (Xx1/X3,X2/X3) — TOUKA Ha MIOIIOAHEH-
HOM €BKAUAOBOM IIAOCKOCTH. DTO OIPEAEAEHNE KOPPEKTHO. TaK IOAyJIaeTCsI Afobasi «ODBIYHASY TOdYKaA.
Ecaum x3 = 0, To f([x1,Xx2,%3]) 0o ompeaeneHnIo eCTh BECKOHEYHO YAAAEHHASI TOYKA, COOTBETCTBYIOIIAS
YKy NapaAAEABHBEIX IPSIMBEIX C YTAOBBIM KO3(uimeHToM X;/X; (Ipu X7 = 0 HOAyYaeTCs IydoK
«BEPTUKAABHBIX» NPSIMBIX). OTO ONpPEAEAEHWE CHOBAa KOPPEKTHO. SicHO, uTo f — bumekmms. OcTaroch
IIPOBEPUTH, ITO KOAAMHEAPHLIE TOUKY IIEPEXOASIT B KOAAWHeapHBIe. HecTporo rosopsi, f comocraBasieT
KaXKAOH mpsiMoit, mpoxopsiieit gepes O(0,0,0), ee TOUKY IepecedeHus C IIAOCKOCTBIO z = 1.

Vnp. 4. PaccMOTpUM Ha €BKAMAOBOM IAOCKOCTE KpuBhle 2x + 3y =5, x2 +y2 =1,y =x%, xy =1,
y = m, Yy = x + 1/x. Hanumure ypaBHEHUS 3TUX KPUBBIX B OAHOPOAHBIX KOOpDAMHATaX Ha

HpOGKTHBHOfI IINOCKOCTHX 1 BBISICHUTE, CKOABKO OECKOHEYHO YAAAECHHBIX TOYEK Ha HUX NAEXKUT.

Onpepenenune. BreKIUSI IPOEKTUBHON IIAOCKOCTH, IIPX KOTOPO# COXPAHSIETCSI KOAAXHEAPHOCTh TOYEK,
Ha3BIBAETCSI NPOEKMUBHIM NPEOOPA30BAHUEM.

VYnp. 5. a) KoMo3uiust IpoeKTUBHLIX TPe0bpa30BaHUl SIBASIETCS IPOEKTUBHLIM IIPe0Opa30BaHUEM.

6) AOKa>kuTe, 9YTO HEKOAAUHEAPHEIE TOUKY NIEPEXOASIT B HEKOAAMHEAPHEIE.

B) ObpaTHOe Ipeobpa3oBaHue K IPOEKTUBHOMY IIPEOOPA30BAHMUIO IIPOEKTUBHO.

['A06anbHO MBI XOTMM BBISICHUTB, KaK BBICASIAUT IIPOEKTHUBHOE IIpeobpa3oBaHUEe B OAHOPOAHBIX KO-
OpAMHATAX.

[Tycte A — 3 x3 maTpuna ¢ AH3 crpokamu. Ompeaeaum oTobpa>kerne X, U3 MHOMKECTBA CTOABIOB (He
crpok!!!) AAMEEL 3 B HETO XKe CAeAyOmuEM 06paszoM: cToAber (X1, X2, X3)' mepexoaut B cTober, (x|, x5, %37,
TAE X{ = Q1% + Qi X, + a;3%X3. O4eBHAHO, YTO 3TO OTOOPasKeHNe AUHETHO.

Ynp. 6. OTobparkerue X, OGUEKTUBHO <—> CTPOKH(CTOAOIIEI) MAaTPUILI A AMHEHHO HE3aBUCHUMBL.

Onpepenenue. Ilycte A — 3 x 3 marpuna ¢ AH3 crpokamu. Onpepernrm orobpaskenme Tp : L — L
CAEAYIOIIIM 06pa3oM: TodKa [X1, Xz, X3] IEPEXOAUT B TOUKY [X],X),X5], TA€ X{ = ai1X1 + Qi X2 + Qi 3X3.

Vreepxgaenune 1. To — npoexmusroe npeobpasosarue naockocmu L.
A-Bo. Hapo mpoBepUTh KOPPEKTHOCTD, OMEKTUBHOCTD M UTO | IIEPEBOAUT IIPSIMBIE B IIPSIMBIE.

Vnp. 7. HanumuTe ypaBHEHVE ITapaANEeABHOI'O IIEPEHOCA B OAHOPOAHBIX KOOPAMHATAX.

Vnp. 8. Kak BRITASIAUT B KOOPAMHATAX IIPOEKTUBHOE Ipeobpa3oBaHme BUAA |4 HA eBKAMAOBOM YacCTH
IIPOEKTUBHON IIAOCKOCTH?

Vnp. 9. ¥V oTobpakenust Ty ecTb obpam+oe oTobpaskeHue, paBHOE Ig AAST HEKOTOPOM MaTpHUIEL B
AH3 crpokamu. Komnosunus Ty, o Ty, paBHa Tc ans Hekoropoit maTpunel C ¢ AH3 crpokamu. To ecTs
MHOKeCTBO G = {T)} siBAsieTCsT 2pynnoti OTHOCUTEABHO KOMIIO3UIIAN.

Vieepxaenue 2. Ty, = To mozda u moavko moada, xkoz0a A’ = AA Oas Hexomopozo A # 0.
A-Bo. CMoTpuM 3HaveHUS Ha Toukax Py = [1,0,0],P, =10,1,0],P; =10,0,1],Q =[1,1,1].

Visepxaenune 3. [Tycms mouwku By, By, B3, By € L maxoss, wmo Hukaxue mpu u3 HUT He KOA-
auneapHs.. Towxu Cq, Cy, Cs, Cy € L maxoswl, wmo Hukakue mpu u3 HUT He KoaarureapHs. Toz0a
natidemca edurcmeernroe npeobpasosarue To € G, maxoe wmo Ta(B;) = C;.
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A-Bo. AocTaTouHo nepeBecTy To4Ku Py, Py, P3, Q B geTwIpe 3apaHHbIE, UYTO CUUTAETCS B KOOPAUHATAX.
EAVHCTBEHHOCTD AOKA3bIBAETCS KaK B YTBEPKAEHUU 2.

Tenepb 6yAeM AOKa3bIBaTH CaMOE CAOKHOE — 4TO G COBIIapaeT C MHOKECTBOM BCEX IIPOEKTUBHBIX
Ipeobpa3oBaHuil (BBITEKAET U3 YTBEPKAEHUH 3,4,5).

Vieepxaenue 4. ITycmov f — npoussoavroe npoexmusroe npeobpadosarue naockocmu L ¢ weno-
dsuotcHuimu mowkamu Py = [1,0,0], P, =10,1,0], P53 =10,0,1], Q = (1,1,1). Tozda Hatidemca makxot
asmomoppusm o noasa R, wmo f([xy,xa,x3]) = [x7, x93, x3].

Vreepxaenue 5. ITone R umeem moavko mootcoecmeerHuvill a8momopphusm.
A-Bo. a > 0 & a° > 0, orkypa lima, = a & lima = a®. Ocrarock Ka>kxp0€ YUCAO IPUOAUIUTE
PalMOHAABHBEIMY YUCAAME ¥ BOCIOAB30BATBHCS EAUHCTBEHHOCTBIO IIPEAEAA.

W3 yrBepxaeHU#M 1-5 BBITEKAIOT TEOPEMEI 1 M 2 IPEABIAYIIETO AMCTKA.

KakoB anrebpandecKuii CMBICA ABOMHBIX OTHOIIeHU#H? Hac sIBHO HE yCTpawBaeT KAACCUUECKOE OIIpe-
AEAEHUE, BEAb OHO COBCEM HE IIEPEHOCHATCS Ha IPOM3BOABHEBIE IOASI. A BCE OCTaABHOE — IIEPEHOCUTCS (C
YyYETOM TOTO, YTO y IOAEH OBIBAIOT HETOXKAECTBEHHBIE aBTOMOP(MU3MEI).

[TycTs pasamynsle Touku A, B, C, D AexaT Ha opHO#M mpsimoit, mpu 3ToM A = [a] u T.a. Toraa c z d
OAHO3HAUHO IpeacTaBuMbl B Bupe AK a u b (mouemy m mouemy opmHosHauuo?). IlycTs ¢ = yia + y;2b,
d = 67a + 5,b. Hazsosem umcnro (A,B;C,D) = 1’/—? : g—f 080TUHBIM OMHOULEHUEM HEMBLPET MOUEK
Ha MpAmoU. BUAUM, 9TO 3TO OIpeAeAeHUe HY>KAAETCS B IPOBEPKYU KOPPEKTHOCTX (TO €CTH YTO OHO
OIIpeAEAEHO He Ha TPOMKax UMCeA, a Ha KAACCAX SKBUBAAEHTHOCTH TPOEK, M ITO HET AeAEHWS Ha 0).

Temepb AETKO IOHSATDH, YTO ABOMHOE OTHOLIEHUWE COXPAHSETCS IIPY IPOEKTUBHBIX IIPEOOPA30BAHUSIX.
[mogemy?]

ANST pacIImpeHHON €BKAMAOBON IIAOCKOCTH 3TO OIPEAEAEHUME ABOWHOI'O OTHOIIEHUSI COBIIQAAET CO
cTapbIM. [mouemy?]

To ecTb MBI AOKa3aAM TEOPEMY 5 U3 IPEABIAYIIETO AMCTKA.

OnpepenuMm 08oUHOE OMHOULEHUE HEMBIPEL NPAMDBLT, IPOXOASIIINX Uepe3 OAHY TOUKY, Tak. [le-
pecedueM mxX AIOOOM NIpPsSMOR, ¥ ABOWHOE OTHOINEHUWE IIOAYUYEHHBIX UeTHIPEX TOYEeK HA30BEM ABONHBIM
OTHOIIIEHVE YETBIPEX NIPSIMBIX. SICHO, YTO HAAO AOKA3BIBATH KOPPEKTHOCTD, CINTAsI BCE B KOOPAWHATAX.

[na camocTosiTeNIbHOro peLleHuns

1. Aokaxxure, uto (A, B;C,D) = (C, D; A, B).

2. \oKa>kKuTe TEOPEMY 3 U3 IPEABIAYIIETO AUCTKA.

JlnHeiiHble pekyppeHTbl — 2. 20 vions

I[To mpe>xHEMy paccMaTpuBaeM AUHERHOE PEKYPPEHTHOe ypaBHeHUE (mopsiaka k)
Xntk = O 1Xntk—1 + Xk—2Xntk—2 + - - + XoXn. ()

Vnp. 1. AoKa>kuTe, YTO €CAM A — KOPEHb KPATHOCTH > 2 XapPaKTEPUCTUYECKOI'O YPABHEHUS, TO IIO-
CAEAOBATEABHOCTE X, — NA™ YAOBAETBOPSIET YPABHEHMUIO (*).

Vnp. 2. [TycTb HEKOTOPASI IIOCAEAOBATEABLHOCTE YAOBAETBOPsiET APV ¢ XapaKTepucTUIeCKUM MHOTO-
uyneHOM X (x). AOKa>kuTe, YTO TOTAQ 3TA IIOCAEAOBATEABHOCTE YAOBAETBOPsieT APV ¢ xapakTepucTuye-
CKUM MHOTOdYA€HOM X(X) - g(x), g(x) — At0bOI MHOTOYUAEH.
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3amevaHme. YrKe 9TO CAUIIKOM TEXHUYHO. AE€AO B TOM, YTO OCHOBHOM OOBLEKT HAIETrO U3YUEHUS —
ITIOCAEAOBATEABHOCTE, YAOBAETBOpsiomast APY — «HeAOCTaTOYHO anTebpan3upoBaHy, IOSTOMY C HUM Tsi-
JKeAo paboTaTh (BepeTcs paboTa He C mocaed08amesbHOCMAMY IEATKOM, a C SAEMEHMAMU NOcAed08a-
meavHocmed). AAsT yCTpaHEeHUsT HEAOCTATKA 3aBEAEM Ha IPOCTPAHCTBE BCEX IIOCAEAOBATEABHOCTER Vo,
AuretHvle onepamopst (TO eCTb AMHENHEIE 0TOOPasKeHUS V,, — Vo). ITo cyTu Aena HaMm 6yaeT BaykeH
TOABKO OAMH TaKO# OIIEpPATOp — OIEPATOpP CABUTA: J(X1,X2,X3...) = (X2,X3,X4...). HECAOKHO IIOHATE,
YTO AWHEWHEBIE OIIEPATOPEl MOXKHO CKAAABIBATH, YMHOXKATh HAa KOHCTAHTHI, YMHOXKATh APYT Ha APyTra —
cHOBa BYAYT IOAYYaThCsI AUHERHbIE OepaTophl. PaccMoTpuM, HanpuMep, onepaTop |2 —J —1 (1 = 1d).
YTo 3a IMOCAEAOBATEABHOCTH 6YAyT pemenusmu ypabrenus (]2 — ] — 1)(xy,%2,%3,...,) = (0,0,0,...)?

Urak, kaxxpaomy APV ¢ XapakKTepUCTAYECKAM MHOTOYAEHOM X (X) MBI COIIOCTABASIEM AMHEWHBIN OIle-
patop X(]). Pemenuem ypaBuerus (x(J)){xi} = 0 B TOYHOCTU SBASIOTCSI IIOCAEAOBATEABHOCTH, YAOBAE-
rBopsifoire APY ¢ XxapakTepucTuIecKuM MHOro4AeHoM X (X ). [Tocae aToro peurenne yup. 2. CTAHOBUTCS
oueBAHEBIM. Ho Yyaec He OBIBAET: CAOKHOCTL HUKYAA HE MCUE3Ad, IPOCTO OHA 3ampsiTaAach B (PYTUH-
Hy0!) IPOBEPKY «ECTECTBEHHBIX CBOMCTBY AMHEHHBIX OIIEPATOPOB.

KoHTponbHbiii Bonpoc. Kakue TOCAeAOBATEABHOCTH SIBASIIOTCS PENIEHUSIMY ypaBHeHuU# (] —A){x;} = 07
(J* = AD{xi} = 07 (> = AJ*){xi} = 07

Vnp. 3. Iycts x(x) = X1(x)x2(X), rae MHOrOUAEHE X1(X),X2(X) B3aUMHO IIPOCTHI, ¥ IIOCAEAOBATEND-
HOCTE {Xi} yaoBaeTBopsieT APV ¢ xapakTepuctudeckuM MuorouneHoM X(x). Toraa {xi} = {yi} + {zi},
TA€ IIOCAEAOBATEABHOCTH {yi} ¥ {zi} ypoBAeTBOpsiioT APY ¢ XapaKTepUCTHYECKUMM MHOTOYAEHA-
Mz X1(x) 7 X2(x).

Vnp. 4. Paccmorpum APV ¢ xapakTepucTudeckKuM MHOro4AeHOM | [(x — Ay)™. AomycTuM, 94TO AAS
Ka’XA0T0 1 MBI HAIAK 6a3KCHl IPOCTPAHCTBA PEKYPPEHTHEIX IIOCAEAOBATEABHOCTEN, YAOBAETBOPSIIOIINIX
APV ¢ XapakTepmCTHYeCKUM MHOTOYAEHOM (X — A;)™. AoOKa)kuTe, 4TO MX OOBbeAWHEHWE eCTh Hasuc
IIPOCTPAHCTBA IIOCAEAOBATEABHOCTEHN, yAOBAETBOpPstomux APY ¢ XapaKTepumCTUYEeCKUM MHOT'OYAEHOM
[T —Agm.

Ynp. 5. a) YKa)kuTe TaKy PeKypPPEHTY, KOTopas yaoBAeTBopsieT APY ¢ XxapaKTepuCTUIeCKUM MHO-
rounesoM (x — A)¥, Ho He yaoBAeTBOpsier APV ¢ XapaKTepuCTHYecKMM MHOTOYAeHOM (x — A)* .

6) HaiiauTe 6a3uc mpoCTpaHCTBA PEKYPPEHTHEIX ITOCAEAOBATEABHOCTEH, yaOBAeTBOpsifomux APY ¢
XapaKTEPUCTUIECKAM MHOTOUAEHOM (X — Ay)™.

Teopema. NA1o60oe pemrerne APV ¢ XapaKTepUCTUIECKUM MHOTOYAEHOM | [(Xx—A;)™ OAHO3HAYHO IIPEA-
crBuMO B BuAE ) Pi(n)AD, rae Pi(x) — MHOrO4YAEH CcTeneHM He BbImre N — 1.

[na camocTosiTeNIbHOro peLleHns

1. Pemmure ®VYP f: R, — R, f(f(f(x))) + f(f(x)) = 2x + 5.

2. PaccMOTpUM MHOXECTBO BCEX IIOCAEAOBATEABHOCTEH, YAOBAETBOPSIONMINX cpa3y AByM APVY. Aoka-
JKITE, YTO 3TO €CTh MHOXKECTBO IIOCAEAOBATEABHOCTEM, YAOBAETBOPSIOIIAX HEKOTOPOMY opaHOMY NAPY.

JNeMeHTapHbIA aHaNn3. 21 vions

Onpepenenne. MHOXecTBO A Ha3BIBAETCI OMKPBLIMBIM, ECAU BMECTE C AIOOOH TOUKOM a € A OHO
COAEPKUT HEKOTOPHIN OTKPBITEIY map B, (a), rae v > 0, (= OKpecTHOCTH 9TOX TOUKH).

OI'IDED,EJ'IEHME. Muo>xecTBO V Ha3bBIBAETCS 3AMKHYMDBIM, ECAL €TO0 AOIIONAHECHNE OTKPLITO.

Onpepenenne. Touka X HA3BIBAETCS 2PAHUYHOU AAST MHOXKECTBA A, €CAM Ka’KAAsl €€ OKPECTHOCTH
COAEP’KUT SAEMEHTEHI U3 A U He U3 A.
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V1BepxaeHne. MHOeCTBO V 3aMKHYTO <> COAEP’KUT BCE CBOM I'PaHMYHLIE TOYKM. MHOXecTBO A
OTKPEITO <> COAEP’KUT HU OAHOU CBOEY I'DAaHUYIHOU TOUKU.

Bonpoc. Haiiaute Bce MHO>)kecTBa B R", 3aMKHYTHIE U OTKPBITHIE OAHOBPEMEHHO.
)

Onpepenenne. Ilycte A C R". @yurmusa f: A — R HasbBaeTcss HenpepwvieHol, eCAU AAS AIODOMH
TOYKZ X € A u Aroboro ¢ > 0 cymectByer 0 > 0 Takoe, YTO AAS AIOOOR TOUKE Y € A C YCAOBUEM
Ix —y|| < & Bumoarero |f(x) — f(y)| < .

Teopema o 3Hake. ITycts f: A — R — HenpepsiBHast pyukius u f(x) > 0. Toraa CyImecTByeT OKpPeCT-
HOCTb TOYKH X TaKas, 9TO B AI0DOO# Toukm Yy € A u3 aToit okpectHOoCcTZ f(y) > 0.

Onpep,eneHme. Muoxxecto K C R™ HaswIBaeTcs KomMnaxmom, €ECAN OHO 3aMKHYTO 1 OI'DAaHHNYIECHO.

Teopema. CaepyroIue YCAOBUSI PAaBHOCUABHEI:
1) K — KoMmaxT;
2) u3 A1060 IOCAEAOBATEABHOCTH TOYeK B K MOXKHO BEIOPATh IIOATIOCAEAOBATEABHOCTD, CXOASIILYIOCS K
HEKOTOPO# Touke u3 K;
3) #3 A06Or0 OTKPHITOrO MOKPBITHUSI K MOXKHO BBIOPAaTh KOHEYHOE IIOAIOKPBITHE.

Teopema Beiiepwtpacca o makcumanbHom 3Hadyewun. Ilycte K — xommakT u f: K — R — HenmpeprniBHAS
dyukusa. Toraa oHa pAocTuraeT Ha K CBOero MakCcuMyMa.

Teopema 0 npomexyTouHoM 3HadeHun. [Tycts dpyuknwus f: [a, b] — R HenpephbIBHA, €6 MaKCUMyM PaBeH
M, a muauMyM — m. Toraa f npuHEMaeT Bce 3HAUYEHUsI Ha OTpe3ke [m, M].

3apava. a) Purcupyem Touky y € R™. Aoka>kuTe, 4To pyHKIW f(X) paBHASI PACCTOSIHUIO OT X AO Y
HEeIPepLIBHA.

b) Ilyctb V — BBIIYKAOE 3aMKHYTOE MHOXKECTBO Ha IIAOCKOCTH ¥ TO4YKa X ¢ V. AOKaXkKuTe, ITO CyIIle-
CTBYET IpsiMasi | TaKas, ITO V U X A€XKaT CTPOTO IO Pa3Hble CTOPOHEL OT Hee (snemma 06 omodeasrou,et
NPAMOT).

[na camocTosiTenbHOro peweHns

1. TTycts K;, K; — ABa BBIIYKABIX KOMIIaKTa Ha IIAOCKOCTH, HEe MMEIOMUX OOIIUX ToUeK. J\OKaKUTE,
4TO CyIIecTBYeT mpsiMasi | Takasi, uro K; m K, AeXaT cTporo mo pasHbIE CTOPOHEI OT HEE.

2. f — HempepbIBHAS Ha R QYHKIWSI, AASI KOTOPOH ypaBHeHUe f(X) = X He uMeeT pelreHui. A\OKa)KUTeE,
yTO TOrpa ypaBHeHue f(f(Xx)) = X TOXXe He MMeeT BEINECTBEHHLIX pelneHui. [IpuBeAUTe KOHTPIPUMED
AAST Pa3PBIBHBIX (PYHKITUHN.

3. Ha orpeske [0, 1] 3apana HenpeprbiBHas yukius f(x) Takas, gro f(0) = f(1) = 0. Aokakure, 4TO
HAMAETCST TOPU30HAABHBIM OTPE30K AAMHEL 1/3 ¢ KoHIaMu Ha rpaduke QyHKIuUY. [IpuBeAUTe IPUMEPEL
TOro, 4TO OTPe3KoB AAMHEI 0.333 1 0.334 MOXXeT He HaUTUCh.

4. CymiecTByeT AM HempepblBHas buexmus f: R? — R?

lNpoekTnBHbLIE NPpeobpa30BaHMs, COXpaHAIOLWUE OKPYXXHOCTb. 21 mions

Nemma. ITpu cmepeoepagpureckoll Npoekyul oOKPYHCHOCMU NEPETO0AM 8 NPAMDLE UAU OKDYIHC-
HOCMU.

Teopema. Aara oxpyosrcHocms u He nepecexarowan ee npamas l. Tozda cywecmeyem uernmpans-
HAA NPOEKUUA, Nepesolau,as 0aGHHYO OKPYHCHOCTMD 8 OKPYHCHOCMD, a | — 8 beckoHeuHo yoaner-
HYM0 NPAMY?O.

Cnepacteue. Aara oxpyorchocms u mouxa C enympu Hee. Tozda cywecmsyem UeHMPALbHAA
NPoEKUUA, NPU KOMOopol 0aHHAA OKPYHCHOCMDB neperodum 68 oxpyxrcHocms, a moyxa C — 8 ee
Uermp.
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1. Aoxa>kuTe, YTO IPSIMbBIE, COEAUHSIIONIE BEPIINHELI TPEYTOABHUKA C TOYKAMY KaCaHUS IIPOTUBOIIO-
JAOYKHBIX CTOPOH C BIIMCAHHOM OKPYXHOCTBHIO, IIEPECEKAIOTCSI B OAHOM Touke (Touke >Keproxa).

2. Yepes cepepuny C xopawl AB mposeaersr ABe xopAbl KM u LN. ITpsmeie KL u MN mepecekatoT
npsimyto AB B Toukax D u E. Aokaxkute, uro CD = CE (Bo3MOXHEI ABe KOHUTryparuu) (m. o babowxke).

3. A\aH BIOMCAaHHEBIA ITECTUYTOABHUK AjA;A3A4A5A4. NOKAKUTE, YTO TOUYKM IIEPECEUYEHUSI ETO IIPO-
TUBOIIOAOKHEIX CTOPOH A€KaT Ha OAHOM mpsiMmoit (m.[lackans). [Teopema [lackans BepHa U AASI CaMoO-
[IePECKAIONIUXCSI [IIECTUYIOABHIKOB]

4. Orpy>xHoCcTb ' Kacaercs: cropor AB u BC Tpeyroaraumka ABC B Toukax D u E u ero onucauHo#
OKpPY>XHOCTH. AOKa>kuTe, 4To mpsiMasi DE mpoxopauT dyepe3 TOYKy | — IIEHTP BIKMCAHHON OKPY>XKHOCTU
Tpeyroabauka ABC.

5. Ilycte AA’,BB’,CC’ — rnaBHBIE AMArOHAAM BIWCAHHOTO INECTUYTOABHUKA IIEPECEKAIOIINECST B
Touke O. X — IpoM3BOABHASI TOYKA 3TOH OKpPY’>KHOCTU. AokaxuTe, 4dro Touku P, Q,R mepecedenus
npsaMbix XA', XB’, XC’ ¢ npsmeimu BC, CA, AB aexxaT Ha opHOM IpsiMoii, mpoxoasimieir gepes O.

6. Cepepunnble mepneHAUKYASIPHL K cTopoHaM AB u BC Tpeyroarruka ABC nmepecekatot mpsimbre BC
7z AB B Tourkax A; u C; coorBeTcTBerHO. BuccexkTpuctl yraoB AjAC u C;CA mepeceraroTcs: B Touke B’.
Ananorumuno onpepeasitorcss Touku A’ u C'. Aoraskure, uro Touku A’, B/, C’ Aexkar Ha OAHOM mIpsiMOiA,
IIPOXOASINEN Yepe3 IEHTP BIKUCAHHON OKPY>XHOCTY TPEYTOABHUKA.

7. Touka | — nenTp BrrcanHO# OKpy>)kHOCTY TpeyroabHuKa ABC. HekoTopas oKpy>XHOCTE C IIEHTPOM
B | mepecekaet cropory BC B Toukax A; u A, cropory CA B Toukax B; u B,, cropory AB B Toukax
Cy u C,. IlonyueHHEIEe TOUKY PACIOAOMKEHBI Ha OKPY>XHOCTH B Iopsiake Aj, Ay, By, By, Ci, C,. Touru
As, B3, C3 — cepepunsr aAyr A1A;, B1B,, C1C, coorBercTBenno. [Ipsameie A;A3 u B1B; mepecekatorcs B
Toure C4, mpsimpie B,B3; m C;C; — B Toure A4, a mpsamele C,C; uw AjA3 — B Touke By. AokakuTe, 9TO
otpe3ku A3Ay4, B3B4, C3C, mepecekaroTcst B OAHOR TOYKE.

lNpoekTnBHAA OBONCTBEHHOCTb. 21 nionsa

OnpepenuM IOASIPHOE IPeobpa3oBaHre IPOEKTUBHOR IIAOCKOCTH. ByAeM cUUTaTh, YTO IEHTP OKPY K-
HOCTH IIOASIPHO COOTBETCTBYET OECKOHEYHO yAaNeHOH IpssMoit. Touka Ha HECKOHEYHO YAAAEHHON IPSAMOiL
IIOASIDHO COOTBETCTBYET IIPSIMOM, IIPOXOASAIIEH depe3 IIEHTP OKPY KHOCTH, IIEPIEHAUKYASIPHO HallpaBAe-
HUIO, 33AaBaeMOMY 3TOU IIPSIMOI.

[Ipm TakOM OIIpEAENEHUN COXPAHSIETCS NHITUACHTHOCTD TOUYEK U IPSIMBIX Ha IIPOEKTUBHON IIAOCKOCTH
(y>xe 6€3 BCIKUX OrpaHudeHuit!).

NPUHLUNN OBOWCTBEHHOCTW. Ecau eepro wexomopoe ymeepoclenue 06 UHUUOEHMHOCTAU
MOYEK U NPAMDBIT NPOEKMUEHOU NAOCKOCTNU, O 6EPHO U YMBEPHCOEHUE, NOAYHUAOULEECS U3 HE20
3aMEHOU CAO8 «MOYKAP U «NPAMAAS.

[Tone3eH CAOBApUK: TOUKA ¢ IPSIMasi, TPEXBEPIINHHUK ¢ TPEXCTOPOHHUK, YETHIPEXBEPIINHHUK
YETBIPEXCTOPOHHUK, AEJKUAT HA ¢ IPOXOAUT YEPE3, TOUKA IEPECEUYEHUSI ABYX IIPSIMBIX ¢ MIPsiMasi, IPo-
XOASIIAs Yepe3 ABE TOYKHU, KOAAMHEAPHBIE TOUKY ¢ IIEPECEKAIOIINECS B OAHOM TOYKe IIpsIMBIE U T.II.

VYnp. 1. CopmyrupyiiTe ABORCTBEHHBIE TEOPEMEL K: a) TeopeMe Ae3apra; 6) Teopeme ITanma.
Vnp. 2. [Ipu TOASIPHBEIX IPeobpasoBaHUSIX COXPAHSIIOTCSI ABOWHBIE OTHOIIEHMS.

«AKcnomaTuyeckne» OCHOBbI [ABONCTBEHHOCTU. HCAM OIpPEAEASITH IPOEKTUBHYIO IIAOCKOCTH CHCTEMOM
aKCHOM, TO AAST Ka)KAOM aKCHOMEI OYAET BEPHA ABOWCTBEHHAS €il. SICHO, YTO Ha €BKAMAOBOM IIAOCKOCTH
3TO HEBEPHO: AIODOBIE ABE TOUYKY MHITXACHTHLI HEKOTOPOM IIPSIMO#, HO HE AIOOBIE ABE IIPSIMbBIE WHITAAEHTHEI
HEKOTOPO# TOYKE.
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Anrebpanyeckue ocHoBbl aBoncTBeHHOCTU. ToxkaectBo 2-3 + 1 -4 4 (—5) - 2 = 0 o3HaAUaeT, YTO TOYKA
(3,4,2) re>xxut Ha mpsimo#t (2,1, —5), u OAHOBpeEMEHHO, 4TO Touka (2,1, —5) aexxur Ha mpsimoit (3,4, 2).
To eCTb BCAKOE COOTHOIIEHNE MEXAY TOYKAMHU X IIPSIMBIMU CTAHOBUTCS COOTHOIIIEHUEM MEXKAY IPSIMBIMU
¥ TOYKaMU, ECAM KOOPAMHATEI TOYEK CUUTATH KOOPAMHATAMIY IIPSIMBIX, & KOOPAWHATEI IIPSIMBIX — KOOD-
AMHATaMM TOYeK. BUAVM, YTO «KOOPAMHATHASIY ABOMCTBEHHOCTH UMEET MECTO TOABKO AASI IIPOEKTUBHOM
IIAOCKOCTH, HO HE AASI EBKAUAOBOH: B YPaBHEHUU ax + by + ¢ = 0 HUKaKo# cuMMeTpuu MexxAy (a, b, c)
7 (X,y) HeT.

OTMeTHM, YTO NOAAPHAA 080UCMBEHHOCMY — DOAEE MOIMHBIA MHCTPYMEHT, UEM NPOEKMUBHAR
dsoticmeenHocmsb. Bepb IIpu 3TOM IOSIBASITCS BO3MOKHOCTBH PaboTaTh C OAHOM OKPY>KHOCTBIO: Kaca-
TeAbHasl IIEPEXOAUT B TOYKY KACaHUs, XOPAA — B TOYKY IIEPECEYEHUS] KACATEABHBIX B KOHIAX 3TOM
XOPABL.

Vnp. 3. ChopmyarupyiiTe TeopeMy, ABOUCTBEeHHYIO TeopeMe [lackaasi. OHa Ha3bIBaeTCI meopemots
Bpuarwonra.

Vnp. 4. UTo yTBEP’KAAIOT TEOPEMEI, ABOACTBEHHEIE K:

a) TeopeMe O IIOAHOM YETHIPEXBEPIINHHUKE;

6) TeopeMe O MOASIpe TOYKYU OTHOCUTEABHO IIaphl IPSIMBIX.
B) TEOpEME O MOASIPHOM CBONCTBE CEKYIIEH.

OKpY>XHOCTb IIPOEKTUBHLIM IIpeobpasoBaHMEM MOKET OBITH IIepeBEA€HA B IAAUIC, Iapabory AT
runepbory. CAepOBAaTEABHO, TEOPEMEL, CIIPABEAAUBEIE AASI OMHON OKPYXHOCTZ (TO €CThb CPOPMYAUPO-
BaHHBIE B TEPMUHAX UHIUAECHTHOCTH U KACAHUS), OYAYT CIPABEAAUBEL U AASI IPOU3BOABHBIX KOHUK. DTO
TeopeMtbl [lackaas u Bpuanmona, Topema o 6abouke B IpaBUABHON (DOPMYAUPOBKE.

Vnp. 5. B At060# AV BEIIYKABIE MIECTHYTOABHUK MOXKHO BIIMCATH SANUIC?

Vnp. 6. B 4eTEIpexXyroAbHUK BIMCAHEI ABa AAUICA. OHE IEPECEKAIOTCS B YETEIPEX TOUYKaX. A\ OKaKU-
Te, YTO CAEAYIOUINe 4 IpsiIMbIE IIEPECEKAIOTCST B OAHOM TOYKe: AMATOHAAU YEeTHIPEXYTOABHUKA U IIPSIMEIE,
COEAVHSIIONINE IIPOTUBOIOAOKHBIE TOYKY IIEPECEUECHUSI.

KombuHaTtopHas reometTpusi Ha NIOCKOCTH. 22 wions

Beckoneunas teopema Xennu. IlycTb ecTb, BO3MOKHO OECKOHEYHBIN, HAOOP 3aMKHYTHIX BBIIYKABIX
MHO>KECTB Ha IIAOCKOCTZ (B IPOCTPAHCTBE), II0 KpaifHe#l Mepe OAHO W3 KOTOPBIX OI'PaHWYEHHO. Toraa
€CAZ AIOOBIE TPH (YeTBIpe) U3 HUX UMEIOT OBIMYI0 TOYKY, TO BCE OHU MMEIOT OOIIYI0 TOUKY.

1. Ha okpy>xHOCTE paHa cucTeMa (BO3MOYKHO HeCKOHedYHast) AYT, IPUYEM AAWHA KaXKAOU He HGoabIe
ITOAOBUHBI OKPY>KHOCTH. OKa3aA0Ch, YTO AIOOBIE TPU MMEIOT ODIIyIo TOUKY. \OKa’KUTe, YTO BCE MMEIOT
ObIIyIO TOUKY.

2. Ilyctb F orpaHunyeHHasl BRIIYKAAsl QUrypa Ha IMAOCKOCTU. NOKa>kUTe, YTO B F HaWAETCs Takas
TOYKa, YTO AIODasi XOpAQ, IPOXOASINAS YEpPe3 3TY TOYUKY, AEAUTCS el B oTHomeHmu A : 1/2 < A < 2
(m.e. sma MouKa ABAAEMCA NOYMU UEHMPOM CUMMEMPUL).

3. AoKa)kuTE, 9TO B AKOOYIO BBINYKAYIO (PUIYPY HAa MAOCKOCTH IIMPUHEI 1 MOYKHO BIIMCATH KPYT
paauyca 1/3 (meopema Baswxe).

4. Noxaxxure, 4TO AO6Oe MHOXeCTBO B R’ Amamerpa 1 MOXKHO HMOKDHITH ITapoM paamyca +/3/8
(meopema FOHea).
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JlnHeiiHOCTL B reomeTpun. 22 nions

OcHoBHoe coobpaxenne. Ecayr Ha IIAOCKOCTH 3apaHa AuHeWHas (DYHKIUS (TO eCTh Ka’KAOM TOUKe
(x,y) comocTaBaeHo ducao £(x,y) = ax+ by +c), To MHO>KECTBO HyA€H 3TOM PYHKIIUU €CTh UAU IIYCTOE
MHO>XECTBO, UAY TIPsSIMasi, UAX BCS IIAOCKOCTb.

Mpumep. Aara Touka X Ha OCHOBAaHUY PaBHOOEADPEHHOI'O TPEYTOABHUKA. depe3 X IepPIeHAUKYAIPHO
OCHOBAHWUIO IIPOBEAEHA IIPsSIMasi, IEPECEKAOINAst OOKOBBIE CTOPOHBI UAK UX IIPOAOATKEHNS B TOUKax A u B.
Aoxaxxute, aro XA + XB me 3aBucur ot X.

OpueHTUpoBaHHOE pPacCTosiHUE

Mpepnoxenne. OprEHTHPOBAHHOE PACCTOSIHUE OT TOYKH (Xo,Yo) AO IpsiMoit ax + by + ¢ = 0 paBHO

axo +byo + ¢

1. Aora>kuTe, ITO OCHOBAHUS BHEIIHUX OMCCEKTPUC (HEepaBHOOEAPEHHOTO) TPEYTOABHIKA AEXKAT Ha

P(ax—f—by +C= O) (XO’HO)) -

OAHOU IIPSIMOA.

2. 'paHu IPaBUABHOI'O OKTA3APA PACKPAIIEHE] B YePHBIHA U GeAbIH 1[BET (IpX 3TOM AOObIE ABE IPAHY,
uMetornue obrmee pebpo, pacKpalleHBl B pa3Hble IIBeTa). AOKa>KUTe, UTO AAS AIOOO# TOYKM BHYTPH
OKTa’Apa CyMMa PACCTOSHUM AO IIAOCKOCTeH OeABIX I'paHeill paBHA CyMME PaCCTOSTHUE AO IIAOCKOCTEMR
JepPHEBIX I'paHel.

Y10 Takoe yacoBas ctpenka?

Paccmorpum TpeyroabEuK ABC. MBI 9acTO FOBOPUM: €r0 BEPIIUHBEI OOXOASITCS IO MAHX K€ IIPOTUB
JacoBoO# cTpeAKu. Ho B aKCOMaxX IIAOCKOCTH «9acOBasi CTPeAKay UAM YTO-TO IIOAOOHOE He purypupyer!

Onpepenenne 1. Opuenmuposarrsim mpeyzosvruxom ABC (0.T.) Ha3BIBaeTCs yHOPSAOYEHHAS
TPOHKa TOYEK, HE IPUHAANEIKAIIUX OAHOM IpsiMoii. [Ipy 0bo3HaUEHUM O.T. IOPSIAOK €TI0 BEPIINH OIIpe-
AEASIETCSI TIOPSIAKOM UX 3aluCH TPEeyrOABHUK MOYKHO IIPEBPATHUTD B O.T. IIIECTHIO CIIOCODAMU.

Onpepenenne 2. I]envto, coepumstiomeit o.1. ABC u o.. A’B’/C’, Ha3sEIBaeTCs KOHEYHAS ITOCAEAOBa-
TEABHOCTE 0.TPEYyTOALHUKOB, IIEPBEIM IAEHOM KOTOpoit sBasercs o0.T. ABC, mocaeanmm — o.r. A/B/C/,
TaKasl, YTO Ka>XAble ABa COCEAHUX O.T. 3TOM IIOCAEAOBATEABHOCTYA OTAMYAIOTCSA TOABKO OAHOM BEPIINHOM,
3aHUMAIOIER B 060UX 0.T. OAHO ¥ TO K€ MECTO.

Mpeanoxenune 1. Arobrie pABa 0.T. ABC 1 A’B/C’ MOXHO COEAMHUTD IIEIBIO.

Onpepenenve 3. ABa o.T. ABC u ABD umeror odunaxoswiti 06xod, ecar Touku C u D AexxaT 1o
opHY cTopoHy OT mpsiMoi#t AB. Ecam »xe Toukm C m D aeskaT mo pasHbIE CTOPOHBI OT IpsiMoit AB,
10 0.T. ABC 1 ABD mMeroT npomueononoscHsiti 06T00. AHAAOTHIHO OIPEAEASETCS OAMHAKOBBIN 1
IIPOTUBOIIOAOKHEIN 06X02, 0.T., OTAWYAIOIMINKCS TOABKO BTOPBIMU UAY TOABKO IIEPBLIMYU BEPIITUHAMIY.

Onpepenenne 4. Ecau B e, coepuusttomnieit o.T. ABC u A’B’C/, 4ucA0 Iap COCEAHUX TPEYTOABHUKOB,

MMEIOIUX IIPOTUBOIOAOXKHEBIN 06X0p, YeTHOE, TO roBopAT, 4To 0.1. ABC u A’B’C umeror oduraxosyro
opUEHMAYUI0, ECAZ JKE ITO YUCAO HEYETHOE, TO PA3HYN OPUEHMAUUL.

Mpeanoxenue 2. STo onpereseHEE KOPPEKTHO.
[IpeanroskeHme 2 AOKA)KEM CUETOM B KOOPAMHATAX, YTO AEAAETCS B IPEANOKEHUN 3.

Mpeanoxenue 3. IIycts Touku A, B, C, A’, B/, C’ uMeroT B HEKOTOPO# AEKAPTOBO# CUCTEME KOOPAUHAT

KOOPAMHATEL (X1, Y1), (X2,Y2), (X3,Y3), (X1,Y7), (X3,Y3), (x3,y}) coorBercTBernO. Toraa o.. ABC u A’B’C’
Xo—X1 Yy X Yy

MEIOT OAMHAKOBYIO(Pa3HYIO) OPUEHTAINIO = OIIPEAEAUTENN ; . ,
X3 —X1 Y3 —Ys X3 =% Y3 — Yy

OA-

HOro(pa3HbIX) 3HAKa.
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3ameuvanue. [Toaydaercsi, 4To 93T coBIaAeHUEe(pPa3AUYNe) 3HAKOB 3TUX OLPEAEAUTEAEN He 3a8ucCum
OT BBIDOpa AEKapPTOBOM CHUCTEMEI KOOpPAUHAT!

Cneactsus. a) OpueHTanysi TPEYTOABHUKA He MEHSIETCS IIPY IUKANYIECKON I€PECTAHOBKE BEPIIUH.
6) OpueHTanVsI TPEYTOABHUKA MEHSIETCS IIPY IIEHTPAABHOM CUMMETPUN.

B) OpueHTanust TPEYIrOABHIKA He MEHSIETCS IIPY TapaAAeABHOM IIEPEHOCE.

r) OpueHTAIWsI TPEYTOABHUKA HE MEHSIETCSI IIPU OCEBOM CAMMETDPUY.

Onpepenenne 5. OpueHmuposarHHaa NAOCKOCMS — ITO IIAOCKOCTD, TA€ (PUKCUPOBAH O.TPEYTOABLHUK.
Ecam HeKu#l TPeyrOABHUK UMEIOT OAMHAKOBYIO OPUEHTAIIWIO C (PUKCUPOBAHHBLIM, TO TOBOPST, YTO OH
OPUEHMUDPOBAH NONOHCUMENDHO, AHATE — OMPUUATNEABHO.

EcAm Ha IINOCKOCTH €CTh A€KapTOBa CHCTeMa KOOPAMHAT, TO OHA MHAYIIUPYET OPUEHTAITNI0 (PUKCU-
poBauueM basucuoro Tpeyroabauka OE;E,, rae O — Hawano xoopauHar, Eq, E; — eAvHUYHEBIE TOUKY OCceil
Ox, Oy coorBeTcBeHHO. TeM caMBIM BCe CUCTEMBI KOOPAVHAT AEASTCS Ha ABa Kaacca.

Mpeanoxenune 4. Ecam Touku A, B, C uMeloT B HEKOTOPO# A€KapTOBO! CUCTeME KOOPAWHAT KOOPAU-

HaTe! (X1,Y1), (X2,Y2), (X3,Y3) coorBercTBeHHO, TO 0.T. ABC OpUEHTHPOBAH IOAOKUTEABHO (OpPHETAINST
X2—=X1 Ya2—4Y
X3 —X1 Y3 —Yyi

IIAOCKOCTY MHAYLIZXPOBAHA CACTEMOY KOOPAWHAT) &> > 0.

Y10 Takoe OPUEHTUPOBAHHAA NOWAaAb TpeyroanMKa?

Onpepenenne 1. OpuernmupogarHas NAOUa0L 0.M. HA OPUEHTUPOBAHHON IIAOCKOCTH — 3TO: IIAO-
IAAb AASI TIOAOKATEABHO OPUEHTUPOBAHHBIX TPEYTOABHUKOB, X MUHYC IIAOIIAAL AASI OTPUIATEABHO
OPHETUPOBAHHLIX TPEYTOABHUKOB.

Teopema 1. Ecau Touru A, B, C uMeloT B HEKOTOPO! AEKapTOBOM CUCTEME KOOPAVHAT KOOPAVHATEI

(x1, Y1), (x2,Y2), (x3,Y3) coorBercTBenHo, TO S, (ABC) = 2T Y
X3 —X1 Y3 —Y

3amevanue. O.IAOIIAAL O.TPEYTOABHUKA, HATSIHYTOrO Ha BeKTopa (a,b) u (c,d), pasra 1/2(ad — bc).

JInHeMHOCTb OPMEHTUPOBAHHOWN NoWAaN
Ecam 3adurcupoBaTh Toukz A, B, To dyuruusa f(X) = S, (ABX) siBAsteTcs amHelHON QyHKIUMEH.
B xa)xp0#t m3 ABYX IIOAYIIAOCKOCTEH OTHOCUTEABHO AB OOBIYHAS NAOMIAABL TOXKE SIBASIETCS AMHEHHOMN
dyuKImelt (HO He Ha BCell mAocKocTH!).

3. AmaroHanu OTpE3aIOT OT BBIIYKAOLO ISITUYTOABHUKA 5 TPEYTOABHUKOB (HEKOTOPBIE YACTU OTpe-
3aI0TCST ABaYKABI). AOKa)KUTeE, YTO CyMMa IIAOMIAAEN 3TUX TPEYTOABHUKOB HE MEHBIIE IIAOIIAAY IISITH-
YTOABHUKA.

VY1Bepxaenue. Toura X aeaut orpe3ok CD B orTHomeHuu p : q (He obsizaTeAbHO P, q > 0). Toraa

S,.(ABX) = —1 5 (ABC) + —P—S,.(ABD).
p+q p+q

4. Cepeaunnl oTpe3koB AjA;, BBy, C;C, ae>xaT Ha opHOM IpsiMoii. A\OKa>XUTeE, YTO 8 TPEYTOABHIKOB
AiB;Cy MOXXHO Tak pa3buTh Ha 2 IPYIIEL, 9TO CYMMBI IIAOIIaAEH B IPyIIIax PaBHEL.

5. B BBIIYKAOM YETBIPEXYTOABHUKE CEPEAVHEBI AATOHAAEN! ¥ CepeArHA OTPe3Ka C KOHIIAMY B TOYKaX
[IepECEYEHNs IPOTUBOIOAOKHEIX CTOPOH, AEXKAT Ha OAHOM mpsimoit (npamas I'aycca). A B HEBBITyKAOM?

[na caMocTosiTeNbHOro pelueHns

6. B onmcaHHOM YeTHIPEXYTOABHUKE CEPEAMHbI AMATOHAAEH U IEHTD BIMCAHHOM OKPY>KHOCTH A€KAT
Ha OAHOH mpsiMoil (npamas Hvromona).

7. NaH 4eTHIPEXYTOABHUK. B OAHOM IIape ero IPOTUBOIIOAOKHEBIX YIAOB IIPOBEAU BHeNIHUE Ouccek-
TPUCHL — IIOAYYUAY TOUKY UX IepecedeHysi. [IoToM B ApPyro# mmape — MOAYYUAM BTOPYIO Touky. [loTom
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IIPOTUBOIIOAOYXHEIE CTOPOHBI IIPOAAUAU AO IIEPECEYUEHUSI, IOAYUUAU ABa yIAad — IO HUM aHAAOTHYIHO
IIOCTPOUAY TPETHIO TOUKY. J\OKA’KUTE, YTO ITU TPU TOUKU AeKAT Ha OAHOM IPSIMO.

8. Ha mrockocTu paHBI HECKOABKO YEPHBIX U HEABIX OTPE3KOB. BepeM TOYKY U CTPOMM TPEYTOABHUKYA
C BEPIIVHAMY B 3TOM TOYKE X OCHOBAHUSIMU — AQHHBIMU oTpe3Kamu. Paccmorpum I'MT Takux TodYek, 4To
cyMMa 4depHBIX (OOBIYHBIX) MAOIIAAEN paBHa cyMMe 6eablx. AokaxkuTe, uTo 370 ['MT mouty Bceraa mo-
KPBIBAETCS HECKOABKUMY IPAMBIMEU. CKOABKHUX IPSIMBIX FAPAHTUPOBAHO XBATUT? [I09eMY ITOKPBIBAETCS
IIOYTH BCETAQ, HO He BCerpa’

9. Ha BrIcoTax (HO He Ha IPOAOAIKEHUSX BBICOT) OCTPOYI'OABHOIO TpeyroAbHuUKA ABC B3STH TOUKZ
A1, By, C;, OTAUYHEIE OT TOYKM IIE€pPECEYeHUsI BEICOT H, Takwe, YTO CyMMa IAOIIAAEH TPEYyTOABHUKOB
ABC,, BCA,, CAB; paBua naomaau TpeyroabHuKa ABC. AOKa>kuTe, YTO 3TO BHEIIOAHSETCS TOTAQ X
TOABKO TOTAQ, KOTAQ OKPY KHOCTB, OIIMCAHHAsT OKOAO TpeyroabHuKa A;B;C;, mpoxoauT gepe3 H.
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