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10 xmacc (upodu) e 16 wmions

LlenTpanbHoe npoekTupoBaHue. [poekTuBHas Na0OCKOCTb.

OnpeaeneHre IIPOEKIUY IIAOCKOCTH 7T Ha 70" u3 Touku O & U 7.

Ecau 7t u 7T He mapaaAeABHBI, TO HAa HUX €CTh UCKAOHUMENLHbLE (8bi0eseHHble) IPsIMBE Y U Y.

[Tpu neHTpaabHON IpoeKIuu obpa3oM IpsMoil [6e3 TouKu Ha Y| sIBAsieTCsS IpsiMast [6e3 TOUKH Ha
y’]. BepHo u obpaTHOE.

Bompoc: BepHO AU, YTO 06pa3oM OTpe3Ka SIBASIETCS OTPE3OK? [MOKET OBITH OTPE3OK, AYY, ABA Ayda
— HapucoBaTh|. CAepA0BaTEABHO, 06PA30M TPEYTOABHUKA MOXKET OBITH HE TPEYIOABHUK.

Kaxk cBsizaHa IapaAAEABHOCTDE C IIEHTPAABHBIM IIPOEKTUPOBAHUEM?

a) Ilepecekaromuecs: He Ha Y IPsIMbIE IIEPEXOASIT B IIEPECEKAOIITUECS.

6) Ilepecekaromuecs: Ha | IPSIMBIE [IEPEXOAST B IaPAaAAEABHEIE.

B) IlapaanenbHbIe IPSIMELE, IaPAAAEABHBIE |, IIEPEXOASAT B TapaAAEABHEIE.

r) [lapaanenbHEBIE IPSIMBIE, HE IIapaAAEAbHEIE |, IEPEXOAST B II€PECEKAOIINECST Ha Y’ IpsiIMBIE.

Aabbl yCTPaHUTb BCE OCAOKHEHUSI, CBSI3aHHLIE C OCOOBIM IIONAOKEHWEM BEIAEAEHHBIX IIPSIMBIX, CAE-
NAEM C IIAOCKOCTBIO CAEAYVIOIIIEE.

[IprcoepMHIM K KasKAOY IPSIMOM POBHO OAHY TOYKY, Ha3bIBAEMYIO beckoHewHo yoanenHol mowxodl;
IIpY 3TOM ABE HECKOHEYHO yAANEHHBIE TOUKY COBIIAAAIOT TOTAA M TOABKO TOTAQ, KOTAA OHU COOTBETCTBY-
IOT TapaAAEABHBIM IPSIMBIM. MHOXXeCTBO Bcex OECKOHEYHO YAAAEHHBIX TOUEK Ha30BeM beckoHewHo yoa-
aerHol npamot. Torpa gepes A0OBIE ABe TOYKK IIPOXOAUT POBHO OAHA IIPsIMasi U AIOOBIE ABE IIPSIMEIE
IIepeCEKaOTCsI (CAeAOBaTEABHO, POBHO B OAHOM TouKe). [I0IOAHEHHYIO TaKUM 06pa30oM eBKAMAOBY IIAOC-
KOCTb OyAEM HA3BIBATBH NPoeKkmMusHol naockocmsro 1 obosHadars [1. Tepmun «becKoOHEUHO yaaNeHHAS
TOYKa» MMEET IIPO3PAYHBIN IeOMETPUIECKUN CMBICA.

OmnpeaenauM Temepd IEHTPAABHOE IPOEKTUPOBAHNE OAHOM IIPOEKTUBHOMN IIAOCKOCTH Ha APYTYIO. AAs
«OBOBIYHBIXY» TOYEK OCTAaBMM BCE Kak ecTh. Aanee, conocTaBuUM Touke M € Yy C 71 HEKOTOPYIO OECKOHETHO
VAQAEHHYIO TOYKY IIAOCKOCTH 71'. A MMeHHO, M OIIPEAEASIET NY4ok MPOXOASIINX YEPE3 Hee IPSIMBIX,
OHU IIPOEKTUPYIOTCS B IaPAAAEABHEIE, OYAEM CUUTATD, YTO M IPOEKTUPYETCS B HECKOHEYHO YAANEHHYIO
TOYKY, COOTBETCTBYIOIIYIO 9TOMY CEMEMCTBY IapaAAEAbHBIX IPSIMBIX. AHAAOTMYHO COIIOCTABUM KasKAOM
HeCKOHEYHO YAANEHHOM TOUYKE IIAOCKOCTZ 7T TOUKy Ha Y’'. [Ipu TakoM ONpeAeAeHUN IIeHTPAaABHOE IIPO-
€KTUPOBAHUE IIPOEKTUBHBIX IIAOCKOCTEN SIBASIETCSI OueKIueil. BrIaeAaeHHAS IPsiMasi IIAOCKOCTH 7T — 3TO
mpoobpas BECKOHEUHO YAAAEHHOM MPSIMOM IIAOCKOCTH 7T'.

SaMeganue: AN TaPAAAEABHBIX (€BKAMAOBHIX ) IIAOCKOCTEM, IIEHTPAABHOE IPOEKTUPOBAHNE COOTBET-
CTBYIOIIAX UM IIPOEKTUBHBIX IIAOCKOCTEN OIPEAEASIETCS AaHAAOTUYHO, M OHO TOXKE SIBASIETCSI ODUEKIHEl.
AHaNOTMYHO OIIPEAENSIETCS ITAaPAAAEABHOE IPOEKTUPOBAHKE IIPOEKTUBHEIX IIAOCKOCTEMN, OHO IIEPEBOAUT
OEeCKOHEYHO YAAAEHHYIO IPSIMYIO0 B OECKOHEYHO YAAAEHHYIO.

Bompoc: BepHO AM, YTO IPH IEHTPAABHOM IIPOEKTUPOBAHUY IIPOEKTUBHBIX IIAOCKOCTEH IIPSIMEIE IIe-
pexopsiT B mpsiMble? [a pasBe 3To He OBIAO AOKazaHO paHee? Her, He 651a0!] Aa, BepHO.

OmnpeperuM npoexmusHoe npeobpadosarue IPOEKTUBHOM maockocTH [1. AAst 3TOro IEHTPaAbHO
UAM TTapaANEABHO CIPOEKTUPYEM IIAOCKOCTD 7T Ha MAOCKOCTH [Ty, 3arem [Ty ma I1, u T.A., B KOHIIE CIIpO-
exkTupyeM [Ty Ha TT. Tloanyuyum GueKIINIO IPOEKTUBHON IIAOCKOCTH Ha Cebsi. SICHO, YTO IIpU STOM IIPSIMBIE
(IPOEKTUBHOM IIAOCKOCTH ) IIEPEIIAK B IIPSIMBIE. BUEKITUST IPOEKTUBHOM AOCKOCTH [T, Ipu KOTOPO# IIpsi-
MEI€ TIEPEXOASIT B IIPSIMbIE, HA3LIBAETCS NPOEKMUBHBIM NPE0OPA3068aHUEM IPOEKTUBHON IIAOCKOCTH [1.
MHO>XeCTBO IPOEKTUBHLIX IIpeobpa3oBaHuil IIAOCKOCTH obpasyet zpynny PGL(3,R).

BosHuKaeT BoIpoc, A060€ AU IPOEKTUBHOE IPe0bPAa30BaHUE SIBASIETCS KOMIIO3UIINEN ITEHTPAABHBIX
U TapaAAEAbHBIX IPOEKTUPOBAHUYE U ITpeobpazoBaHmuit mopobusi? U ermre Bompoc: BEPHO A, YTO AIOOBIE



YeThIpe TOYKY, HUKAKME TPU U3 KOTOPBIX He KOAAMHEAPHBI, MOMKHO IIOAXOASIIIAM IIPOEKTUBHLIM IIPeob-
pa30BaHUE IIEPEBECTU B AIOOBIE YETBHIPE TOYKM, HUKAKME TPU U3 KOTOPBIX HE KOAAMHEAPHEBI? HCAm AQ,
TO €AMHCTBEHHO AU Takoe IpeobpazoBanme? OTBETHL Ha 9TY BOIPOCHI AQIOTCS CAEAYIOIIAMY TEOPeMaMH,
KOTOPEBIE UAYT B IOPSAKE YOBIBAaHUS Ba>KHOCTH.

Teopema 1. Cywecmsyem npoexmusHoe npeobpadosarue, nepesodauee Hembvlpe MOUKU
A1, Az Az Ay € T, Hukaxue mpu U3 KOMOPHIL HE KOAAUHEADHDL, 8 3a0aAHHBIE Hemblpe MOuKU
By, By, B3, B4 € TI, nukaxue mpu u3 Komopwvr He KOAAUHEADHDL.

Teopema 2. Taxoe npoexmusHoe npeobpadogarue eOUHCMBEHHO.

Teopema 3. ITycmov f — npoexmusroe npeobpasosarue, u NPAMaA Y neperooum 6 beckoHeuwHo
yoanennyro. Tozda ecau mouxku A,B,C,D neorcam na (eskaudosoli wacmu) npamod, napasiens-
noti y, mo f(A)f(B)/f(C)f(D) = AB/CD (umeromca 6 8udy opueHmuposarHovie OMHOUEHUA OAUH,).

Teopema 4. N1060e npoexmusroe npeobpa3osaHUue ABAAEMCA KOMNOZUUUET UEHMPANDHBIT U NaA-
DPAANEALHBLT Npoexmuposarull u npeobpasosaruli nodobUA.

OnpeapearM ABOMHOE OTHOIIEHWE TOYEK HA MIPSIMOM M3 IPOEKTUBHOM IIAOCKOCTH. [loaoxkum
(A,B,C,Dy) = %. AHanoruyHO, KOrAa OAHA M3 APYTHUX TOYEK SIBASETCsSI OeCKOHEYHO yAaneHHOH. Hire
HaAQ OIIPEAEAUTH ABOMHOE OTHOIIEHNE YETHIPEX TOYEK HAa OECKOHEYHO YAAAEHHOM mpsiMoii. Temepsb HaAO
[I0Ka3aTh, YTO IIPY IIEHTPAABHOM IIPOEKTUPOBAHUY IIPSIMOM Ha IPSIMYIO OHO COXPAHSIETCS (PaHbIIEe MBI
IIOKA3aAHU, YTO COXPAHSIETCS AAST «OOBIYHBIX» TOUEK).

SlcHo, 9TO IpY IEHTPAABHON IIPOEKINY IPSIMasi IIPOEIUPYETCS Ha IPSIMYIO, M BCE 3TO IIPOUCXOAUT B
OAHOM IIAOCKOCTHU. BEIlle MBI ITIOKa3aAM, YTO IIPU STOM COXPAHSIETCS ABOMHOE OTHOIIEHUE TOYEK Ha IIPsi-
Mo#t. CrepOBaTeABHO, ECAM BEPHA TeopeMa 4, TO ABOMHOE OTHOIIEHUE COXPAHSIETCS IIPU IIPOU3BOABHBIX
IIPOEKTUBHLIX IIpeobpasoBanusix. Ho MBI pOKa>keM 3TO MUHYsST TeopeMy 4, BeAb ee MBI BOOOIe AOKa-
3BIBaTh He cobmpaeMcsi BBUAY ManoBakHOCTH! OTMETHM, YTO COXPaHEHNE FapMOHUYECKUX OTHOIIEHUH
CAEAYET U3 TEOPEMEL O IIOAHOM YEeTHIPEXBEPIINHHUKE.

Teopema 5. ITpu npoekmusHbT NPeobpa3o8aHUAL COTPAHAIOMCA 080UHDBLE OTVHOWEHUS MOUEK,
AEHCAULUT HA 00HOT, NPAMOU.

Sameuanve. Koraa MBI TOBOPUM O YETHIPEXYTOABHUKE, TO IIOAPA3YMEBAEM MAYM YETHIPEXBEPIIWH-
HUK, UAY YE€TBIPEXCTOPOHHUK. AHAAOTUYHO, IIOA TPEYTOABHUKOM IIOAPA3YMEBAEM TPEXBEPIIUHHUK WA
TPEXCTOPOHHUK.

A OKa3aTEABCTBO TEOPEM OTAOKUM, IIPY PELICHUX 33Aa4 UMK MOXXKHO IIOAB30BATHCH.

I'Ipvlmep. AOK&?KI/ITC obe gacTu TEOPEMEI O IIOAHOM YETHIPEXBEPIIUHHWKE.

[ns camocTosiTeNbHOro pelleHuns

1. Touru A;,B;, C; AexxaT Ha opHOM mpsiMoi, Toukm A,, B, C; ToXke Ae>XaT Ha OAHON IIPSIMOIA.
AoxkaxkuTe, 4To TouKu nepecevenus A1B, u A,Bq, B1C, u B,Cy, C;A; u C,A; AeXXaT Ha OAHOU IpsSMOit
(m. ITanna). Kak BoIrAsiauT T. Ilanma, ecan Touku Aj, By, C; aexaT Ha GecK. yAAAEHHON IpsiMoi?

2. TpexsepmuaHEKE A1B1Cy 1 A;B,C; TakoBEI, uTO IpsiMble A A, B1B,, C;C, nepecekatoTcst B oAHOM
Toukre. [Ipsimeie A1B; um A,B, mepecekatorcs B Touke C, aHAaAOTHMYHO OIPEAEASIIOTCSI TOYKuL A u B.
Aokaxxure, uro Tourz A, B, C aAexxar Ha opHoOU mpsimoit (m. Aesapea). [EcAu ABa TpeXBepIIMHHUKA
MIMEIOT IIEHTP IIEPCIEKTUBLI, TO OHU MMEIOT OCh IIEPCIEKTUBEI]

3. AaHbI ABe IpsIMBIE U He Ae>Kallast Ha HuxX Touka P. Uepes P mpoBoasiTCs maphl pa3AXYHBIX IPSIMBIX,
mepecekaromux Aauuble B Toukax A # C, B u D. Aoka)kuTe, 4TO TOYKU IIepecedeHust IpsaMbix AD
u BC obpasyioT mpsiMyio, IPOXOASIIYIO YEPE3 TOUYKY II€PECEUeHUsI AQHHBIX IPSIMBIX (NOAAPE MOYKU
OMHOCUMENLHO NAPDL NPAMDLE).

4. AOKa}KHTe, Y9TO IIPHU IIPOEKTUBHOM npeo6pa303aHnn TaPMOHHNYECKUE YETBEPKU TOYEK IIEPEXOAST
B I'apMOHUYECKHUE.



5. Aauswl TpeyroabEuK ABC u npsimas 1. Ob6o3rmauum gyepes Aq, By, C; cepepMHEI OTPE3KOB, BHICEKA-
eMBIMU Ha npsiMmoit | yraamu A, B, C (uAm cMe>XXHBIME K HUM), a 4epe3 A;, B,, C; — Touku nepeceuenus
AA; uz BC, BB; u AC, CC; u AB. AokaxxuTe, 4TO TOUYKE A,, By, C; AexkaT Ha OAHOM IIPSIMOIA.

6. a) Ha maockocTy AQHEI YeTHIPE IpsIMEBIE 0bImero noroskeHust. OHE 06pa3yIOT YETHIPE TPEYTOABHU-
Ka. N\OKa)XUTe, YTO OPTOLEHTPEL 3TUX TPEYTOABHUKOB AEXKAT HA OAHOM mpsimoit (npamasn Obepa).
6) Aokaxkute, uro npsiMast Obepa meprneHAUKYAsIpHaA npamot Iaycca.

7. Ha croponax yraa XOY ormeuens! Touku A, By u A;, B,, coorBercTBerHo. [Ipsameie A1A; u BB,
nepecekaiorcst B Touke K. Touku C, D mocTpoens! Tak, uro OC || AjAz, OD || BiB,, a geTBepku Touek

0,C,By,B, 2 0,D, Ay, A; rexxaT (KaXkpasi) Ha OAHOM OKpy >XHOCTH. AokaXkuTe, 9T0 K AEKUT HA IPSIMOR
CD.

8. Uepes Touky O mepecedyeHuUsi AMaroHAAEN YETHIPEXYTOABHUKA IIPOBEAEHBI YETHIPE IIPSIMBIE, IIE-
peceKaroIye ero NpoTUBONOAOXKHEIE CTOPOHBI B Toukax K K/, Lu L', M u M/, N u N’ (BO3MO>XHEL
pasuble koHGuryparuun). [Ipsveie KM u LN, K’'M’ u L'N’ nepecekatorcst B Toukax P u P’. Aoka>kure,
yto Toukru P, O, P’ AexxaT Ha OAHOM MPsAMOIA.

9. Ha ayre AC onucamHO! oKpy>XkHOCTH TpeyroabHuka ABC Beibpana Touka P. [Ipsmeie AP u CP
nepecekaioT npopoAkeHUs: CTOPoH AB u BC B Toukax C; 1 A COOTBETCTBEHHO, a IpsiMasi BP mepecekaeT
cropory AC B Touke B;. Ilpsmeie CiB; u A;B; nepecekator cropors: BC u AB B Toukax X u Y coot-

BETCTBEHHO. AoKarkuTe, 4To IpsMasi XY IPOXOAUT Uepe3 TOUKY IIepeCcedYeHNsI CUMEANAH TPEYTOABHUKA
ABC.

K Teopeme [Jesapra.
10. Aoka>xuTe obpaTHyI0 TeopeMy Ae3apra.

11. AokaxkuTe TeopeMmy Ae3apra AAS CAydYasi, Koraa maockoctu (AjA;A3) u (B1B,B3) pasamgHEL
BriBepuTe m3 3TOr0 IAOCKYIO TeopeMmy Aesapra.

12. onosHaiiTe Teopemy Ae3apra B CAEAYIOIIUX YTBEP>KAEHUSIX:

a) MEAUMAHbI TPEYTOABHUKA IIEPECEKAIOTCS B OAHOM TOUKE;

6) BTOpast 9acTb TEOPEMBI O IIOAHOM YeTHIPEXBEPIINHHUKE;

B) €CAM TpAIeNs BIUCAHA B YETHIPEXYTOABHUK TAK, YTO €€ OCHOBAHUS [IapaAAEAbHBEI OAHOW U3
AMArOHANEN YeTHIPEXYTOABHUKA, TO IPOAOAXKEHUSI €6 DOKOBBIX CTOPOH IIEPECEKAIOTCsI Ha IIPSIMOM, CO-
AEpIKAIIEN APYTYIO AMArOHAAD.



