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Teopema Kponekepa.

Teopema Kponekepa. IIycte MHorouaern f(x) € Q[x] HeueTHON IPOCTOM CTENEHW HEIIPUBOAUM HaA
Q, u ypasBuenme f(x) = 0 paspemuMo B papuKaAax. Toraa MHOro4YAeH f(x) MMeeT MAM POBHO OAMH
BemeCTBeHHBIﬁI KOPE€HDb, UAM BCE€ €I'0 KOPHU SABAAIOTCS BECIIECTBCHHBIMU.

3ameyvanne. Ha camom pene MBI AOKaXkeM boaee CHUABHBIN akT: ecan MHOrodAeH f(x) € Q[x] meuer-
HO# IIpoCTOl cTemeHu HempmBoAuM Hap Q, u xoTs 6bI OAMH KopeHb ypaBHeHus f(x) = 0 BeIpa’kaeTcs
yepes paAUKaAbl, TO MHOTOYAEH f(X) MMeeT MAM POBHO OAUH BEINECTBEHHBIN KOPEHD, MAY BCE ET0 KOPHU
SIBASTFOTCSI BEIECTBEHHEIMI.

Vnp. 1. IIpuaymaiiTe Kako#-HUOYAb HEIPHUBOAMMEIR MHOTOYAEH f(X) ISATOM CTemeHH, ¥ KOTOPOIO
POBHO TPM BEIECTBEHHBIX KOPHS. 10orAa HM OAMH W3 €ro ISTH KOPHEH He OYAET BBIpakaTbCA deEPe3
PaAMKAABL

Vnp. 2. 1) He cymecTByeT «papUKaAbHONS (POPMYABI AASI PELIEHUSI «OOLIEro» ypPaBHEHUN MISITON
cremmeru x° + ax? + bx? + cx? + dx + e = 0 (To ecTh Takoit OPMYALI, KOTOpas AaBaAa 6bl 3HAUEHUE
XOTsI OBI OAHOT'O KOPHS MHOTOYAEHA XOTsI OBl IIpU OAHOM BEIOOpE 3HAUEHUH BCEX BCTPEYAIOIIUXCS B HEN
PaAMKaAAOB IIPX AIOOBIX 3HAYeHUsX a,b,c,d, e, f € Q).

2) AHanOTWYHOE YTBEP)KAEHUE BEPHO AAS MHOTOYAEHOB CTEIEHU > 5.

Jlemma 1. Ilycts q — mpocToe uucno u x4 — a € k[x]. Toraa

1) mHOrOuUAEH X9 — a mpuBoAUM Hap k <= a = b9 anst HEKoTOporo b € k.

2) ecam mone K COAEP)KUT IPUMUTHUBHLIN KOPEHD CTENEHU ( U3 1, TO MHOrOdYAeH X9 — A UAU HEIPU-
BOAUM Hap K, MAM IOAHOCTBIO PACKAAABIBAETCS HaA K Ha AMHEHHBIE MHOXKUTEAHU.

DokaszatensctBo. 1) Ecam a = b9, To mpuBopumocTs f(x) Hap k oueBUAHA (M Aa’Ke eCTh KOPeHB!).
Aomyctum Teneps, uro xI —a = f(x)g(x), rae f(x) u g(x) — MEHOrOuUAeHE! Hap k, T =deg f(x),0 <1< q.
[TycTe B — opmH U3 (KOMIAEKCHBIX ) KOPHeH MHOro4A€eHa f(X), € — IPUMUTUBHBLE KOPEHb CTENeHN q u3 1.
Toraa ocTaabHBIE KOPHE MHOrO4YAeHA f(Xx) umeroT Bup, €™ 3. Tak Kak Ipon3BeAcHNE KOPHEN MHOTOYAEHA
PaBHO +CBOOOAHOMY YAEHY, TO AASI HEKOTOPOI'O N BBIMOAHEHO B'e™ = ¢ € k, rae f(x) = --- £ ¢. Toraa
a" = (9" = (B")9 = (B'e™)9 = c4. Tak kaK (r,q) =1, T0 1T = s + qt AAT HEKOTOPHIX IIEABIX S ¥ t,
oTkyAa a = a™a9' = c% . a9 = (c*a")9, u c*a* € k.

2) Ecam mHOrOUYAEH X9 — a IpUBOAUM Hap k, TO IO 4acTu 1 AeMMEI y Hero ecTh KopeHb b € k. Toraa
BCe OCTaAbHBIE KOPHU MMEIOT BUA €'b, 1 Tak Kak € € k, To €'b € k.

JNlemma 2. ITycts muOrounex f(x) € k[x] mpocToit crenenu p HempuBoauM Hap, K. AomycTuM, 9TO MHO-
rouaeH f(Xx) CTaHOBUTCS IIPUBOAMMEIM IIOCAE IIPUCOEAMHEHUS K IOAI K KOPHS HEIPUBOAMMOI'O MHOI'O-
uneHa cTeneHZ M (To ecTh Hap moaeM k(fB), [k(fB) : k]l = m). Toraa m:p.

Doka3zatenbcTBo. ITycTh o« — (KOMIIAEKCHBIH!) KOpeHb MHOrodAeHa f(x). Pasaoxkum AByMst ciocobamu
pacmupenre k C k(«, ) B bammuH:o:

k C k(o) Ck(e, B),  k Ck(B) Ck(B,x).
[TpupaBHUBasI CTENEHN PACIINPEHUH, ToAydaeM: p - (< m) = m- (< p). Tak Kak p — IPoOCcTOe, TO M : P.
[oka3aTtenbcTBo Teopembl KpoHekepa

0) OAMH BeIleCTBEHHBI! KOPEHb ¥ MHOrO4AeHa f(X) TOYHO ecTb.

1) IIycrs muOrouneH f(x) € Q[x] mpocroit crenenu p mHempusopuM Hap Q. PaccmoTpuM papukanbHOE
paciiupeHue, B KOTOpoM f(x) mMeeT XOTsI ObI OAMH KOPEHD:

QcQ(Wa) C...Q Vai,..., Ya), af € QVay,..., “yai).



[ToHsiTHO, YTO BCE YMCAA (; MOXKHO CYMTAThH IPOCTHIMU [HoueMy?|. B aanpHelimmem Mbl 6yaeM MHOrO-
KPAaTHO «YIAOTHSITHY 3Ty OarrHro.

Crenens pacumperus L C L( 4/a;) paBHa HenonsTHO YeMy. Ho ecau B moae L A€KUT IPUMUTHBHBLA
KODPEeHb CTeNleHM (; U3 1, To mmo aeMmMe 1.2 cuTyanus ropaspo bonee NpUSATHAS: 3Ta CTENEHb paBHaA 1
(ro ects moas L m L( 4/a;) coBmaparor) uam ;. UTOOBI MOKHO OBIAO BOCIOAB30BATHCS AeMMOH 1.2,
YIAOTHMM KaXKABRIA 3Taxk bammm L C L 4/a;) ao L C L( V1) c L Y1, 4/a;). ITop, /1 moapasyme-
BaeTCs AIODOOM KOMIIAEKCHBI KOPeHb U3 1, OTAMYHBIN OT 1, KOTOPBI# B CUAY IIPOCTOTHI (; SIBASIETCS
IPUMUTUBHBIM KODHEM.

OTy yIAOTHEHHYIO bamuio 6yaeM HasbiBaTk B. PaccMoTpmM MuHEMAABHBIA 3TaX bamuwm B, Hap
KoTopeIM f(x) mpuBopuM. MeHss obo3HavyeHus, moaydaeM: f(x) HempuBopuM Hap, K, HO f(Xx) mpuBoAuM
Hap k(+y/a), q — mpocroe.

2) Momyctum, 9To a # 1. Torpa mo aeMMam 1.2 1 2 ¢ = p (HaIOMHEM, YTO NPUMUTHUBHEBIN KOPEHDb
CTelleH ( ¥3 1 IIPUCOEAMHSIETCS Ha IPeABIAyIieM Irare). Aoka>keM, 4To f(x) HE IPOCTO IIPUBOAKUM
Hap k({/a), HO mMeeT B 3TOM IOAE KOpeHb, u Aake Bce kopHu!!! B camom aene, mycts B — Aroboi
KOMIIAEKCHBIN KOpeHb MHoOrodaeHa f(x). Paccmorpum pacmupenue k C k({/a, ) u AByMst cnocobamu
Pa3AOKUM €r0 B OaIIHIO:

k C k(B) C k(¥a,B), k C k(¥a) C k(B, ¥a).

[TocMoTpuM Ha cTemenu 3TaXkelt: mo Aemme 1.2 [k({/a) : k] = 1 uau p, HO IEPBLIA CAyYail HEBO3SMOYKEH 110
BeIGOPY moas k; [k({/a, B) : k({/a)] < p (Tax xak muOroueH f(x) mpuBopum Hap k({/a)). Aanree, [k(B) :
k] = p (Tak Kax mHOrouneH f(x) HempmBopuM Hap k), u cHoBa mo Aemme 1.2 [k(B, ¥/a) : k(B)] = 1 uam
p. [IpupaBHUBast pa3MepPHOCTH, IOAYIaeM, 9TO P+ (< p) =p- (1 or p), ITO BO3SMOKHO TOABKO B OAHOM
cayuae [k(¥/a,B) : k({/a)] = 1, uro paBHOCUABHO BRAIOUeHUIO 3 € k({/a). B cuAy IpoMsBOABHOCTH
BhI6opa 3 Bce Kopuu f(x) Aexar B k(¢/a).

TeM caMbIM MBI ITOKa3aAM, YTO ECAM OAUH KOPEHB f(X) BEIpa’KaeTCs 4epe3 PaAUKaABL, TO OCTAAbHBIE
KOPHI TOXXKE BHEIPA’KAIOTCSI UEPE3 PAAUKAAEBL (CM. 3aMedaHue mocAe (POPMYAUPOBKY TeOPeMEI KpoHeke-
pa). Kpowme Toro, mpusoaumocTs f(x) Hap k({/a) okasanrach paBHOCHABHA Pa3AOKUMOCTY Ha AXHEHHEIE
MHOXUTEeAU!

3) CKOABKO BCETO 3aMEYAaTEABHOTO MEI YK€ IOAYYUAM B CAydYae, KOTAA a # 1, a KopeHb u3 1 co-
AEPKUTCS B IIPEABIAYIEM 3Ta)ke (@ AAAbIE MBI AOKa’KeM elre bonee 3aMedaTeabHble MakThl)! Caydail
IIPUCOEAVHEHNST IPUMUTIBHOIO KOPHS CTENEHU ( U3 | SIBASIETCS CaMBIM CAOKHBIM B AOKa3aTEABCTBE,
TaK KakK AAS HETO IPAaKTUYECKU BCE 3TU 3aMeYaTEAbHBIE BEIIW HE BEPHEL.

Ho oka3swIBaeTcst, 9TO Ha caMOM A€A€ KOPEHD U3 1 MOXKHO He IIPUCOEAUHSTE! AOKa3bIBAETCS 3TO BECH-
Ma HeTpumBHaAbHO. Ceiiyac MBI COPMYAUPYEM IIPEANOKEHME, KOTOPOE COAEP>KUT B cebe Bce mAeHHEIE
U TEXHUYECKUE CAOKHOCTU 3TOT'O AOKA3aTEALCTBA.

Mpepnoxenue. IlycTe € — IpUMUTKUBHLINE KOPEeHb IPOCTOM cTenmeHu q u3 1. Toraa cymecTByeT papu-
KaAbHasI balrHs

LcL(Wa) C LV, Wa,) C--- CL{Vay, Way,..., Vas), n; < q, (%)

Takasi, 4To € € L( wWai, Way, ..., vas).

A OKa3aTeABCTBO NIPEANOSKEHNST BDEMEHHO OTAOXKUM, & ITOKA IIOMMEM, YTO MOXKHO M3BAEYDH U3 STOTO
IpeArOKeHUsI. B bamrHe (%) 3aMeHUM IPHCOEAWHEHWE BCEX PAAMKAAOB COCTABHEIX CTEIIEHEN Ha IIOCAE-
AOBaTeALHbBIE IIPUCOEAVHEHUS PAAUKANOB IIPOCTHIX CTeneHel. IVl cHOBa, KaK MBI A€AAAY 3TO IPK YILAOT-
HEHUY UCXOAHOM papvKaAbHOR bamHu A0 bamrau B, mepep, IPUCOEAMHEHEM AIODOTO pPaAMKaAd IIPOCTOM
CTENleHW CHadaAa IIPUCOEAVHUM IPUMUTUBHBLIE KOPEHb 3TOU IpOCTOi cTemeHy u3 1. Bce aTm mpocThie
CTEIEeHN CTPOrO MEHBIIE (.

Bepremcs k 6amse B. Orax L C L(/a) 6yaeM Ha3BIBATL NPAGUAbHBIM, ECAT ( — IIPOCTOE, U OAE K
COAEPYKUT IPUMUTUBHEBIA KOpeHb cTeneru d u3 1. TpeboBanme Harwyuust KOpHS u3 1 B L MoTUBHpYyeTCS



AOKa3aHHEIM B IyHKTe 2. [To mocTpoenmero B HempaBUABHEIME MOTYT BHITE TOABKO 3Taxku L C L(V/1), q
— IIpocToe. B 3ToM cAydYae KaXKABIM HEIPaBUABHBIN 3Ta’K 3aMEeHUM Ha HOBYIO IIEIIOYKY PACIIWPEHUN TaK,
KaK HANCAaHO B IPEABIAyIIeM abzarte. [Toayumm HOBYyIO bamrHio B’. B B’ KaXkKABIA 9Ta>X UAU SIBASIETCS
IpaBUABHEIM, uAT uMeeT Bua L C L( ¥/1), p; — mpoctoe. ITpu sTom B 6amse B’ MakCHMaAbHOE YHCAO
d, AASI KoToporo 3TaXx L C L(¥/1) — HempaBuABHEI!, CTporo MeHbIre, 4eM B Gamue B. C Gamrmeit
B’ mpopenaeM aHAAOTHMYHEIIO IIPOILEAYPY, X TaK Aaree. Ha HeKoToOpoM Imare moAydurcs barras B, B
KOTOPO¥ HET HEIPABUABHEIX 3Taxkel. OTMmeTuM, 9To B bamHe B 3Taskei, BOOOIIE FOBOPsI, MHOTO OOABIIIE,
yeM B barmren B.

TeM caMbIM MBI IIOKa3aA#, 94To B Hamrae By Kaxxawid ataxx L C L(y/a) yaoBAeTBOpsieT cBOACTBAM:

— @ — IIpOCTOE

— L copep’XuT IpUMUTUBHBIN KOPEHBb CTENEHN ( u3 1.

BepueMcst K BeIOOPY HOAST K: pacCMOTPMM MUHMMAABHBIN 3Taxk bamuum B, Hap KoTopwIM f(x) mpu-
BopuM. Memsis obo3HaueHwsi, moaydaeM: f(x) HempmBopuM Hap K, Ho f(x) mpuBopuMm Hap k(/a), q —
npocToe. TeM caMBbIM BCE TO, YTO MBI AOKa3aAM B IIYHKTE 2, BEPHO BO BCEX CAyYasiX. A MMEHHO:

- q=Pp.

— Crenens pacmupenus k C k({/a) pasaa p.

— f(x) mOAHOCTBIO pacKAaAbIBaeTCs Hap k({/a) Ha AMHERHBEIE MHOKUTEAN.

— Bce xoprE f(X) BBIpakaloTcst 4epe3 PaAUKaALL

4) Ilycts xo — Aboi KopeHb f(x), xo € k({/a). Obosnauum AAst KpaTkocTu T = {/a. Toraa mo
TEOpPEME O CTPOEHUM PACIIXPEHUSI, ITOAYIEHHOI'0 IIPUCOEAVMHEHNM aATeOPANIECKOr0 IAEMEHTA,

Xo=Yo+ViT+Yart -y v €K,

IpUYeEM TaKoe IPeACTaBAEHUE eAVHCTBeHHO. Ceffyac MBI CAeAaeM O4YeHb XUTPYIO Belllb: HaliaeM, Kak
UMEHHO BBHITASIASIT OCTAaAbHBIE KOPHZ f(X), KOTOpbIE, HAlOMHUM, TOXXe AexkaT B k({/a). ObosHauum
Jepe3 € IPUMUTUBHBIN KOPEHb CTENEHN P U3 1 U IIOAOKUM

xi = Yo+ (yie)T + (a2 + -+ (yp1 (P P, i=0,1,2,...,p—1.

OKasBIBaeTCs, ITO Xo,...,Xp—] — BCE PasAMYHBIE [I0YeMy pasaMuHble?| KOpHE f(X), YTO CoBepIIeHHO
HeoueBUAHO! MBI IpUBEAEM ABa AOKA3aTEABLCTBA 3TOr0 (paKkTa.

MepBoe aoka3aTenbCTBO — aBTOMOPdU3MbI. V3yuum aBroMopduaMe! moAst k({/a), KOTOPEIE OCTaBASIIOT
3AEMEHTEI ToAsT k Ha MecTe. [IycTh (p — Takoit aBToMopdu3M. Kyaa npu 3ToM aBTOMOPPU3ME IIEPEXOAUT
KOPEHBb KaKOTO-HUOYADL HETPUBOAMMOTro Hap k MHOrouAeHa? TOABLKO B KOPEHB TOI'O YK€ CAMOI'0 MHOT'OYAE-
Ha (B TOT K€ KOPEHb UAY B APYroit KopeHb) [mouemy?]. [ToaTomy aaeMeHT {/a — KOPEHDb HENPUBOIUMOZ0
MHOrO4A€Ha XP —  MEPEXOAUT B APYI'OMl KOPEHB ITOTO >Ke MHOT'OYAEHA, TO eCTb @(V¥/a) = e€*{/a ans
HekoToporo S. [Tpu aToM 3HavyeHue @({/a) MTOAHOCTBIO OIPEAEASIET, KYAA IIEPEXOASIT 6CE SIAEMEHTEI TIOAST
k({/a) [mouemy?]. C Apyroit CTOPOHEL, ECAY MBI OIIPEAEAUM OTObparkeHue s : k({¢/a) — k(¢/a) o dop-
MyA€E (pS(Zf;O] virt) = Zf;()] vi(e*T)}, To OHO 6YAET KOPPEKTHO OIPEAEAEHO M BYAET aBTOMOP(U3IMOM
(pasyMeeTcst, 3TO BCe HaAO IIPOBEPUTD). UTOOHI (5 OBIAO OIIPEAEAEHO, HY>KHO, YTOOEL B IIoAe k AeXKan
sneMeHT €°. Ho OH TaM AEXXUT, BeAb MBI PACCMATPUBAEM IIPABUABHEIE paciiupenus! [YIpaskHeHue Ha
[IOHMMAaHWEe: ECA MHOTOYAEH XP — 0 HEIPUBOAMM Hap K, a B mmoAe k HET IPUMUTUBHOIO KOPHSI CTEIEHN
p u3 1, To cKoABKO aBTOMOPhU3MOB (Hap k) 6yaeT y moas k({/a)?]

OcTanoch 3aMETUTD, YTO @;i(Xo) = Xi. Tak Kak MoHOro4AeH f(x) C KOpHEM X, HEIPUBOAUM Hap, kK, 110
II0 BLIIIEYIIOMSIHYTOMY (PaKTy €ro KOPEHb Xy IIEPEXOAUT IIOA AEMCTBUEM (; B APYTOi KopeHb. [ToaTomy
X{ — KopeHub f(x).

BTopoe noka3aTenbCTBO — CMMMETPUYECKME MHOFOUNEHbl. PaccMoTpuM MHOrO4YAeH ¢(Xx) = (X — Xo)(x —
X1) ... (x—Xp—1) 1 moKa>keM, uTO OH AeXKHT B k[x]. VI3 aTOrO OypeT caepoBaTh, YTO 062 MHOrOUAEHA f(X)
Z g(x) aexat B k[x], uMeroT 0bmIUi KOPEHD X(, OTKYAA U3 HEIPUBOAUMOCTH f(x) 6YAET BEITEKATH, UTO
g(x):f(x), a u3 cpaBHeHUs cTeneHel 6yAeT BBITEKATh, 94TO f(X) = const - g(x).



ANt AOKa3aTEABCTBA TOT'O, YTO BCE KOIPDUIIMEHTHI MHOTOUAEHA ¢(X) AeXKAT B IoAe K, HEOOXOAMMO
IIOKa3aTh, ITO BCE dAEMEHTapHbIE CHMMETPUYIECKHE DYHKIUU OT Xo,...,Xp—] Of = Zi] iy X, oxh
aAexxar B K. A B cuay dopmya HploToHa [HalloMUHAHUE: €CAYM Py = X§ + -+« + x;_l, To ip k < p

Pk — Px—101 + Px—202 —-- -+ (_])k_]P1Uk—1 + (=1)*koy = 0]

AOCTaTOYHO AOKa3aTh, YTO INAEMEHTEI x(t) + -+ x;_1 AekaT B k AAsT Bcex t. DTO AOCTATOYHO PYTUHHOE
yIOpa>kHEHNE «HA PaCKpPBITHE CKobodeky. OAHAKO B HEM TAE-TO HAAO MCIOAB30BaTh, YTO T — 3TO HE
IIPOCTO KOPEHBb KAaKOT'O-TO MHOTOYAEHA, & UMEHHO KOPEHb ABy4YAeHa XP — a!
He moaenumcsi, u mpoaenaeM 3To ynpakHeHue. [1o dpopmyae moarmroma HeroTona
. . . t
xt = (vo+ (1) + (ra(€9)2 4+ + (v (€)1 1) =
_ Z Cto,th-.-,tpq,yéoy? N .,Y:)rr]] (ei)t1+2t2+~--+(p—1)tp,1rt1+2t2+~~-+(p—1)tp,1 _

tot+ti+...tp1=t
= § B (eh)\r, 0, € k.
l
IIpocymmupyem no i =0,1,...,p — 1, ¢ yueToM Toro, uro 0, He 3aBUCST OT i:

XE[) 4+ —I-ng] — Z 61r1<1 T+t (el)Z + (61)3 4o+ (el)Pf1>.
1l

Ecau 1 /- p, To BbIpakeHue B ckobkax paBHO 0. Ecam l:p, To BeIpa>keHre B CKOOKax paBHO P, HO IpH
stom 1 = a'/P € k. B mrore x{ + - +x},_; € k.

5) MBI HCCAEAYEM BEILECTBEHHOCTH/HEBEIECTBEHHOCTh KOPHEN MHOrOYAEHA. BelecTBEHHOCTD KOM-
IIAEKCHOI'O YMCAA O3HAYAET, YTO OHO MHBAPUAHTHO OTHOCUTEABHO KOMIIAEKCHOI'O CONpsiKeHusi. [ToaTomy
HEOOXOAUMO IIOCMOTPETH, KAK COOTHOCKTCSI OIIEPAISI KOMIIAEKCHOT'O COIIPSIKEHUSI C HAIlel OaiHel pa-
AMKAABHBIX paciuupeHuit. [loka HUKaK He COOTHOCUTCS. [loaToMy ymAoTHEM 6amiHio Bi: KaXKABIA 3TaXX
L C L( 4/a;) 3amenum Ha ABa 3Taxka L C L( 4/a; - ﬁ) C L( 4/a; - W, va;) = L( ¢/aj, ﬁ). [Toay-
YuM HOBYIO GamHi0 B,. 3aMeTuM, 9TO Ka>KALIA 3TaXX Gaimau B); 3aMKHYT OTHOCUTEABHO COIPSIKEHUSI,
YTO AOKA3BIBAETCSI MHAYKIMEHR [I0 YUCAY 3Tarkei bamuu B,. IIpu 3TOM MCIOAB3YeTCsT BEIECTBEHHOCTD
gmcaa 4/a; - /.

Pacmupenwe L( 4/a; - W) C L( /ay- W, 4/0;), OY€BUAHO, PAAUKAABHO, Tak Kak a;' € L. Heob-
XOAMMO IIPOBEpPHUTH, uTo pacmmpernue L C L( 4/a; - 4/a;) papsuKarbHO. DTO AETKO BBITEKAET U3 TOTO,
9YTO mOAE | 3aMKHYTO OTHOCATEABHO COIPSIYKEHMUS.

J\erKo MOHSITB, 4TO B OamrHe B; Ka>KABI 3TaXK IOAYYIUTCS IPaBUABHEIM [modemy?]. [TosTomy Bce
TO, YTO MBI AEAAAM AAST GamiHu B, MOXKHO IpoaenaTs U AAsST B, (HaumHas oT BeIbOpa moas k). MToro,
B PE3yABTATE pacch(AeHnﬁ 9TOI'0O IIYHKTAa MBI MOXEM CYUTATH, 9YTO IIOAE k 3aMKHYTO OTHOCHUTEABHO
KOMIIAEKCHOT'O COIIPSIKEHUS.

6) Tax Kak Bce KopHZ f(x) AexxaT B k({/a), To 6yA€M CIATATH, UTO X( — ITO BEM[ECTBEHHBIA KOPEHD.
PaccMoTpuM ABa CAydYasi: YMCAO ( BEIIECTBEHHOE U HEBEIIECTBEHHOE.

Mepsbiii cnyyain. [IycTts a — BemecTBeHHOE. Torpa T TOKE MOYKHO CUWTATH BEIECTBEHHBIM, TaK KaK
BCe KOPHU cTerneHu p u3 1 aexxar B k. VI3 paBeHCTBa Xy = X [IOAYYaEM, ITO

Yo+ VT + Yo+ A Y =Y+ VT Y A Y, T

oTtkyaa B cuay AH3 1,r,72,..., 7P

Hap k 3aKArO49aeM, 4TO Yo, VY1,...,Yp—1 — BEIIECTBEHHBI. 3AEChH
MBI BOCIIOAB30BAAKUCH IIYHKTOM 5 — 3aMKHYTOCTBIO IIOAST kK OTHOCHTEABHO COIPSIKEHUS. BoT 3aueM 3To
6BINAO0 HY>KHO. Aanee PYTUHHON IIPOBEPKOM YCTAaHABAUBAETCS, YTO BCE OCTAAbHBEIE KOPHU ITOAXHOMA f(X)
HEBEIIeCTBEHHBI. AASI AOKAa3aTEABCTBA HAAO NMPEANIOAOKUTE, UTO X; = X; Ipu i > 0 (a mo myHKTy 4
KOpHsME f(X) SBASIOTCS Xo,...,Xp_1), ¥ U3BA€Yb U3 3TOLO, YTO Y| = Y = -+ = Yp_1 = 0, TO €CTb

Xo € k, 9TO IpOoTMBOPEYUT BBHIOOPY HIOAST K.



Bropoii cnyyaii. ITycts a — HeBemecTBeHHOE, ¢ = 1T € R. /I3 paBeHCTB Xy = Xp ¥ TP = a IOAyYaeM,
4To

Yo+ ViT+Yar Yy T =V VTV A YT =

P (70 +¥:(c/T) +72(C/T)2 + Yy (c/r)p_1> _

=Yo +Y1(c/7) +72(C/1')2 4. +7p,](C/T‘)p_] _ -

=Yo+ (¥1¢/a)r? ™! + (Vo /a)rP ™+ 4 (Y " a)r

Ho mpocTo Tak MBI He MO>KeM BOCIIOAB30BATHCS TEM K€ IIPUEMOM, UTO ¥ B IIEPBOM CAyUa€ — IIPHAPAB-
HSITH KO3(P(DUIMEHTEL IIPY COOTBETCTBYIOINX CTEIEHSIX T. A\€AO B TOM, YTO 3TU KO3(DDUIUEHTE! (3a CIeT
HaAMYWUST MHOKUATEAS C) MOTYT, BOOOIIlE TOBOPsI, He A€KaTh B k. 3AeCh HapO BCIOMHHUTDH IIPO IIOCTPO-
enne bamuu B,: A0 IPUCOEAMHEHNS K OYePEeAHOMY 3TaKy 3AEeMeHTa 94i/a; MBI IPUCOEAVHSIAM K HEMY
aneMeHT 4/a; - 4/a;. [losTomMy aneMeHT ¢ Ha camMoM AeAe AeXUT B K. IloaToMy MOXXHO IpPMpPaBHATD

K03 DUIIMEHTHI IPK COOTBETCTBYIOIIUX CTEIEeHSAX T, X MOAYYIUTh P PaBEHCTB. J\aiee IPSIMOiL IIPOBEPKOM
yOEXXAAEMCST, YTO ITU P PABEHCTB BAEKYT X; = X, 1= 1,...,p — 1, TO eCTb Bce KOPHU MHOrOo4YAeHA f(X)
OKa3BbIBAIOTCS BEIIECTBEHHLIMU.

Teopema Kporekepa pokasaHa.

3apaya. AOKa)kuTe, YTO €CAM BCE TPU KOPHS HENPUBOAUMOTO Hap mnoaeM (Q wMHOrouneHa
ax® + bx? 4+ cx 4+ d € Q[x] BemlecTBEHHBI, TO WX HEAB3S BEIPA3UTh IIOCPEACTBOM BEIECTBEHHBIX PaA-
Ka.OB.

[ oka3aTenbCcTBO NpeanoxXeHns

Anst ypobcTBa chopMyAUpYeM AOKa3bIBAEMOE IIPEANOSKEHUE €Ille pas, M3MeHUB obo3HadeHus. Ero
AOKa3aTEABCTBO CBSI3aHO ¢ uMeHeM ['aycca.

Mpepnoxenue. IlycTe & — IPUMUTUBHLIN KOpPEHDb IIpocToil cTenenu p u3 1. Toraa cymecTByeT papu-
KaAbHas bamrss

LCL(“VQ_])CL(“\]/Q_], n%/a_Z)C"'CL(n\/]a])n%/a_Z)"')n\s/a_s); ni<p) (*)
Takas, 4To « € L( w/ay, W/a,,..., ¥/as).

HokasatenbcTBo. AoKa’keM YTBEPKAEHUE IIPU ITOMOIIYA MHAYKIIIN IO P AAS AIODBIX, He 00I3aTEABHO
IpOCTHEIX, p. Bcau p cocTtaBHOE, TO p = ab Ars HekoTopwIX a u b. IlosTomy Y1 = v/ V1. llycrs Temeps
p mpocroe. [IycTs g — mepBoobpasHBIl KOPEHb IO MOAYAIO p. O603HAYMM & = €, € := €p_1 H,

as 1=0,1,2,...,p—2, T(x)i=x—+exI+e"x% + - +eP D% c Qe)x].

(To —|—T1 + - —|—Tp72)(06)

Torpa o = - . Nmeem Ty(x) = —1. TloaToMy AOCTATOYHO AOKa3aTh, YTO YUCAO
T, (o) BBIpaXkaeTcst 4epe3 paAUKaAbl CTENIEHN MeHbIe P AASL KaXkporo r=1,2,...,p — 2.
Tak Kak
T.(x9) =¢ "T(x) mod (x*—1), mo TP '(x9)=TP'(x) mod (x’—1).

! ¢ xosddunuenTamu B Q(¢&), cpaBrEMELH ¢ TP~ (x)

o moayaro xP — 1. Toraa ax = Gig moap AAST Af0boro k = 1,2,...,p — 1 [modemy?|. SHauur, a; =

BosbMeM MHOTOYAEH Ay + ;X + ayx> + - - -+ ap_1xP™

a; =+ = qap_. Hosromy TP () = ap — a1 € Q(e). Takum obpasom, gucao T,(o) BEIpaKaeTcs: gepe3
PaAMKAABL CTEIIEHN MEHBIIE P.



