MareMaTuK — 3TO TOT, KTO YMEET HAXOAUTH
AHAAOTUY MEXAY YTBEPXKACHUAMU. N ydirmit
MaTEMATUK — KTO YCTAHABAUBAET aHAAOTUU
AOKa3aTeAbCTB. BoAee CUADHBIN MOXKET
3aMeTuThL aHanoruu teopuit. Ho ects m
Takue, KTO MEXAY aHAAOTUSIMYU BUAUT
agaaoruu. — Credan Banax

Aoporoi ynTaTeAb!

Kaxxpass /\eTHsIsT MHOTOIIPEAMETHASI IIIKOAA VHUKaAbHA. MEHSIOTCS AETH, MEHS-
IOTCSI IIPENIOAABATEAM, MEHSIETCS IpPOrpaMMa ¥ COAEP’KaHUWE 3aHATHHR. HeusMeHHBIM
OCTA€TCs Pa3Be YTO CaM AATePb ¥ KOMaphbl B HEM.

AanHast 6pomropa Tak>Xe YHUKaAbHA. OHa COAEPIKUT 3ajauu ¥ yueOHBIE MaTepu-
anbl 10 Kaacca Tpuanarh Tperhbet AMIIT Kuposckoit obractu 2017 ropa. Mel cTa-
PaAUCH CAEAATDH 3AHSITUS SIPKUMU, MATEMATUYUECKU COAEP’KATEADHBIMU, YTOOBLI OHU
IIOKAa3bIBaAX KPACOTY MATEMATUKU M TECHBIE B3aMMOCBSI3U MEXKAY Pa3sHbIMU €€ obaa-
CTIMU. A HAaCKOABKO 3TO HaM YAANAOCH — CYAUTE CaMMU.

ABTOPBI BOCXUIIIEHLI CTOMKOCTBIO M MY>KECTBOM AETEN, IIOTPATUBIINX 3TOT XOAOA-
HBIZ ¥ AOKAAUBBIA MIOAB Ha TO, 4Tobbl mpuexath B AMII u 6e3 ycTaau I'PBHI3TH
TPaHUT MaTeMaTUUECKON HayKu. Be30 BCSIKOToO coOMHeHUsI, 63 HuX MBI ObI HE CMOTAK
IIPOBECTY HU OAHOI'O 3aHSITUS. MBI 3aKOHYUM IPEAUCAOBHE CAOBAMU OAATOAAPHOCTH,
obpameHsbIMu K 3TuM reposiMm: A63anroBy Baaumy, Boraanosoit Aaume, BopoHuUHY
Anppero, Kaeénosy Amutpuio, KomeeBy Uave, HukonaeBy Aprémy, Ilaky Au Vuy,
[Iaykum Anexkcanapy, CadomoBy Hukronaro, CusioBy Aamuay, CuykaeBy AaBUAY,
CMmupnoBo#t Aune, CynnoBy Caseauto, Cymenko Anaexcauppy, LllamoBy Cremany u
[Mununsiny ApTeémy.

Cmacubo!

P.S. Yaauu Ha 3a4€Te; BBl BCe yKe ITobepmTenn!
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BCTyI'I NTENbHAA OJIUMINNAAA

1. Nan kBappaTHEIA TpexuneH f(x). Bceraa Aum MOXXHO HaWTW TaKOo#l MHOTOYAEH
geTBepTO# cTeneHu g(x), 4To ypaBHeHue f(g(x)) = 0 He uMeeT perreHUR?

2. Harypaabuoe uucao n > 100 paspeaumau ¢ octatkoM Ha 10, 35 m 42. Oxkasa-
AOCBb, YTO CYMMa OCTaTKOB OT AeAeHUs Ha 35 u 42 paBHA OCTaTKy OT AeaeHUs Ha 10.
A OKa>kuTe, 9TO YMCAO . — COCTaBHOE.

3. Ha croporax AB u AC Tpeyroapauka ABC Bribpansl Touku K u L cooTBeTCTBEH-
HO Tak, 4To KB = LC. Touka X cummeTpuyuHa K OTHOCHTEABHO CEPEAUHBI CTOPOHBI
AC, a Touka Y cuMMeTpryHa [ OTHOCUTEABHO CEPEeAMHBI CTOPOHBI AB. Aoka>kuTe,
YTO IpsIMasi, COAEpKallasi OUCCEKTPUCY yraa A, A€AUT OTPe30K XY IIOIIOAAM.

4. B xBappare 100 x 100 oTMmedeHBI K KAETOK TakKuM obpa3oM, YTO IIpKU AOOOM
pa3pe3aHuy KBaApaTa II0 AWHUSIM CETKM Ha ABA IPSIMOYTOABHWKA OAWH U3 IIPSIMO-
YTOABHUKOB COAEPKUT XOTsI 661 100 OTMEUEHHBIX KAETOK. [Ipy KakoM HamMeHBIIEM K
3TO BO3MOYKHO?

5. Ilpo nmomapHO pa3AMYHBEIE YHUCAA A, b, C U3BECTHO, 4yTO a = ab + ¢, b =bc + q,
c = ca + b. Kakue 3HaYeHNUsT MOXKET IPUHUMATh BhIPpaKeHUE d + b + ¢?

Jlemma LLnepHepa

1. OTpGBOK pa36I/IT KOHEYHBIM MHO>XECTBOM TOYECK Ha MaABbBI€ OTPE3KHU. J\eBBIl €ro
KOHEIl, OTME€YE€H YNCAOM O, Hp&BBIfI KOHEI], — 9YNCAOM 1 , I Ka’KAadsl TO9Ka ACNACHUS IMEET
OTMETKY 0 mam 1. AOK&?KI/ITG, 9TO CyLIIECTBYET HEYETHOE YMCAO MaABIX OTPE3KOB,
KOHIIBI KOTOPBIX OTME€YEHBI PA3HBIMU 9YUCAAMU.

2. NlmeeTcst pOM, B KOTOPOM HECKOABKO KOMHAT U ABepeil. VI3BeCTHO, YTO UHUCAO
ABepeil B KaXxpo¥ koMHaTe paBHO 0, 1 mam 2. KoMHaTy C¢ OAHOM ABEPBIO Ha30BEM
mynuxom. ABeEPb MOXXeT OBITL HAPYIHCHOU, BEAYIIEN M3 AOMa Ha YAUIY, U 8HYM-
peHHel, COEAUHSIONIEX ABE COCEAHVE KOMHATHI. FiCTECTBEHHO CUMTATh, YTO KOMHATA
MO’KET UMETHL TOABKO OAHY HApPY KHYIO ABEPb, a ABE COCEAHVE KOMHATHI — He 6o-
Ae€e OAHOI 0b1mell ABepu. JAOKa>KUTE, UTO YUCAO TYIUKOB X YMCAO HAPY>KHBIX ABEpEi
MMEIOT OAMHAKOBYIO YE€THOCTD.

3. BeiBepuTe 3apauy 1. u3 3apaum 2.

Onpedenerue. Tpuareyasayuel PUIypbl F HasbpIBaeTcsi €€ pasbueHue Ha Tpe-
VTOABHUKHY, IIPUYEM AIOOBIE ABa TPEYTOABHUKA AUDOO COBCEM HE MMEIOT ODOIIUX TOYEK,
A60 MMEIOT TOABKO OOIIYIO BEPIIUHY UAK OOIIYIO CTOPOHY.

TpeyronbHUKY HA30BEM 2PAHAMU TPUAHTYASIINNA, CTOPOHBI MAAEHBKUAX TPEYTOAD-
HUKOB — €€ PEOPAMU, & UX BEPIIUHBLI — €€ 8EPUIUHAMU.



4. (ANemma Illneprepa). AaH TPEYrOABHUK, BEPIIXHLI KOTOPOT'O IIOMEYEHH! ITudpa-
Mu 1,2 ¥ 3, ¥ €70 TPUAHTYASINSA. BepIIUHEl TPUAHTYASIIUY IIOMETUAY TEMU JKe 3HaYe-
HUSIMU TaKUM 06pazoM, 4ToObI Afobasi BepIliMHA Ha CTOPOHE UCXOAHOTO TPEYTOABHUKA
IIOMeYeHa OAHOM U3 IIOMETOK BEPIIUH 3TOM CTOPOHBI. J\OKa>kKuUTe, YTO I'PaHel, BepIIu-
HBI KOTOPHEIX HECYT TPU PAa3AUYHBIE OTMETKH, T.€. 1, 2 1 3, HEYETHOE YUCAO.

5. ObobmuTre remmy [llmepHepa Ha TPEXMEPHOE IIPOCTPAHCTBO.

6. AaH IEHTPAaABHO CUMMETPUYHBIA 2N-YTOABHUK, BHYTPU KOTOPOTO OTMEYEHO
HECKOABKO TO4YeK. PacCMOTPUM TPHAHTYASIINIO, BEPIINHAMY KOTOPOH OYAYT BEPIITUHBI
MHOT'OYTOABHUKA ¥ OTMEYEHHEIE TOYKM. [[yCTh BCce BEPIIMHLI TPUAHTYASIINY IIOMeYe-
HBI yucAaamu 1, —1, 2, —2, IpUTOM B CHUMMETPHUYHBIX BEPIIMHAX MCXOAHOT'O MHOTO-
VTOABHUKA CTOST IIPOTHBOIIOAOKHEIE YUCAA. NOKA>XUTE,9TO HAUAETCA OTPE3OK, HA
KOHIIaX KOTOPOI'O CTOSAT IIPOTUBOIIOAOKHEIE UMCAQ.

7. NOKa>kuTe, YTO I'PAHU TPUAHTYASIIINYA TPEYTOABHUKA MOKHO IIPABUABHO IIOKPa-
CHATH B ABa IIBETA TOT'AA ¥ TOABKO TOTAQ, KOTAA €€ BEPIIMHELI MOKHO IIOMETUATD YMCAAMU
1, 2, 3 TakuM 06pPa3oM, YTO AAS Ka’KAOH I'PaHU €€ BEPIIMHLI HECYT OTMETKHU 1, 2, 3.

Cuctembl NNHENHBbIX YPABHEHWIA

1. PemuTe cucTteMbl ypaBHEHUH:

(2x+y+3z=11
(@ {x—2y+4z=3 ;
(3x+y+z=38

(x —2y+z=1

(b) ¢ 2x +y—3z=-3 ;
(4x -3y —z=—1
(x —2y+z=1
(c)<2x+y—3z=-3 ;
4x —3y—z=-4
(x +2y +4z=1
(d){2x+ay+8z=2

Lax +8y — 16z =3
Onpedenerue. Cucremoit auseHEX ypaBaeHui (CAY) 6yaeM Ha3HIBATH CUCTEMY BH-
Ad

)
anxy + apxz + -+ aipXxy = by

ax)+anxy +---+ apx, = by

L ax1X1 + aXa + -+ AmnXn = by
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KoacdbduimenTs! a;ij MOI'yT OBITH PAIMOHAABHBIMU, BEIIECTBEHHBIMU UAM KOMIIAEKC-
HBIMU. Ecau by = by = --- = b, = 0, TO Takasi cuCcTeMa HA3BIBAETCSI OAHOPOAHOM
(OCAY).

2. Bonpocvl Ha NoHUMAHUE:

(a) MosxeT Am 661TE ¥ CAY 0 permennit? Oamo pemtenue? ABa pemenusi? Becko-
HEYHO MHOTO PEIIeHUH?

(b) IIycte n > m. ObsizaTeabHo Ay CAY 6yaeT 6ECKOHEUHO MHOTO PELIEHUN?
(c) ITycts m > n. Bepro Am, uro y CAY HeT perneHuit?
(d) Moxxer an y OCAY He OBITH pelneHui?

(e) Bcerna A MOXXKHO BEIPA3UTBh OAHY IIEPEMEHHYIO Yepe3 OCTAaAbHBIE U IIOACTA-
BUTDH IIOAYYEHHOE B OCTAAbHBLIE YPAaBHEHUSI?

3. Anvmepramusa DPpedzoavma. AAsT ATODOH CHCTEMEI N AMHEWHBIX YPaBHEHUH
C N HEW3BECTHLIMU MMEET MECTO aAbTeEpPHATUBA: AMOO IIpu AIOOOH ITpaBO# dYacTuU pe-
IIIeHVEe CUCTEMEL CYIIEeCTBYeT U EAMHCTBEHHO (CHCTEMa HEBLIPOXKAEHHASI), AMOO CyIe-
cTByeT HeHyAeBoe pelernue OCAY.

ITpumenarue. Pemenne CyImecTByeT ¥ eAUHCTBEHHO TOTAA M TOABKO TOTAQ, KOTAA
y coorBeTcTByomer OCAY (T.e. CHCTEMEBLI C TEMU >K€ AEBEIMU JaCTSIMU U HYAEBBIMU
IIPAaBBIMU) €CTH POBHO OAHO PEIIEHUE — HYAEBOE.

4. (Caedcmeus.)

(a) Ecam 8 OCAY Hem3BeCTHBIX OOABIIE, YeM YPaBHEHUHN, TO V Hee eCTh OeCKo-
HEYHO MHOTO HEHYAEBLIX PELICHUI.

(b) Ecau pemerue OCAY eAMHCTBEHHO, TO U IIPU AIOOOH IIPaBOM YacTU PEIIEHNE
eAMHCTBEHHO (CHCTEMa HEBBIPOXKAEHA).

(c) Bce BoImensaoxeHHBIE (DAKTHEI BEPHBLI HAA AOBIM moaeM. Hampumep, Hap,
noaeM u3 p aaeMeHTOB. (Ha camoMm aAene HE COBCeM — YTBEPIKAEHUS IIPO OECKOHETHOE
YNCAO PEIIeHuN NPUAETCS epepenaTs. Kak?)

(d) Ecam CAY ¢ palnoHAABHBEIMEA KO3(PPUIMEHTAMA ¥ PAIIMOHAABHOMN IPaBOil
YaCTbI0O UMEET HEHYAEBOE PEIIeHMNE B AEHCTBUTEADBHBIX YHUCAAX, TO OHA MMEET HEHY-
AEBOE peIIeHNE U B PALIMOHAABHBIX YUCAAX.

5. Nunetinocms peweruld CAYV.
(a) IIycte (c1,¢2y...,Cn) u (dy,da,...,dn) — ABa pemenuss CAY. AOKaXxuTe,

YTO MX pas3HocTh (¢ —dj,cy; —dy,...,cn —dn) — pemenue coorBeTcTByOIIEH OCAY.
(b) Ilycts (c1,c2y...,Cn) — pemenue CAY, a (dj,dy,...,d,) — pelenue cooT-
BeTcTByIoIEelr OCAY. AokaxxuTe, 4To ux cymma (c;+dj,c+dy, ..., cn+d,) — Toxe

pemenure CAY.
6. AoxkaxxuTe, 4To ecAn ¥ CAY eCTb TOABKO PallMOHAABHBIE PEIIEHNS, TO PEIIEHNE
€AMHCTBEHHO.

7. Ectp 10 6aHaHOB OAMHAKOBOTO BeCa U ABYXYallleYHbIE BECHL Oe3 ruph. A\ OKa>kUTe,
YTO MeHee 4eM 3a 9 B3BEIIWBAHUYM HEAB3S AOKA3aTh, YTO BCe ODaHAaHBLI AEUCTBUTEABHO
BECST OAVHAKOBO.

8. Ha xBaapare [0,1] x [0, 1] oTMe4YeHO HECKOABKO PA3AUYHBIX TOYeK. [Ipy 3TOM
Ka>kKAasi OTMEUEHHAsT TOYKA PACIOAOXKEHA AMOO POBHO ITOCEPEAUHE MEXKAY ABYMS APY-
FIMY OTMEYEHHBIMN TOYKAMM, AMOO POBHO IIOCEPEAMHE MEXKAY OTMEUYEHHON TOYKON 1
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BepIIXHOY KBappaTa. Mo)XeT AM KaKas-TO OTMEYEHHAsT TOYKAa MMETh KPpPalOHANAb-
HbIE KOOPAUHATHI?

[nsa camocTosATENbHOrO pelleHuns
9. Ectp 101 xopoBa. Ecam ybpaThb AfoOyio OYpPEHKY, TO OCTAaBIIMXCS MOXKHO pPas-
AEAUTH Ha ABa PABHBIX II0 BECY M YUCAEHHOCTH CTapad. AOKA>XUTE, YTO BCE KOPOBEI
BECSIT OAMHAKOBO, ECAU UX BECA: a) IleABle; b) palloHAABHEIE; C) AeHCTBUTEALHEIE.

N3oroHanbHoe conpsixxeHne

1. ITycte P — TouKa BHyTpH TpeyroabHuUKa. [IpoBepéM ueBmansl AP, BP u CP (onu
AOMSKHEL IIePEeCEKAThCS B OAHOM Touke). OTpasuM Ka’*KAYIO U3 HUX OT COOTBETCTBY-
IOIER 6MCCeKTPUCHI. \OKa*KUTe, YTO IOAYUUBIINECST IPSIMbBIE IIEPECEKAIOTCS B OAHOM
Touke (Ha30BEM €€ Q).

Onpedenerue. Takue Touku P 1 Q Ha3BIBAIOTCS U3020HANDHO CONPAHCEHHBIMU.

SameTuM, 4To TouKU P u () MOTyT OBITH ¥ BHE TPEYTOABHUKA, IIPEABIAYITAST 3aAa4a
BEPHA ¥ AASL TAKOTO CAydasi (C OTOBOPKOM, YTO OTPa’KEHHEIE IIPSIMBIE MOTYT BOBCE HE
IIepeceKaThCsl, a OBITH TapaANEeAbHBIMH).

2. Tlycte Touka P aexxuT Ha mpsimoit AB um He coBmapaer ¢ BepmmHamu A u B.
HaiiauTe M30roHaABHO COIPSIPKEHHYIO €/l TOUKY.

Onpedenerue. Nar Tpeyroabauk ABC, u nycth P — Touka Ha maockocTu. IIycTh
Ap, Bp m Cp — OCHOBaHUS NEPIEHAUKYASIPOB, OIYIIEHHBEIX U3 TOYKU P Ha CTOPOHBI
BC, AC z AB coorsercrBerno. TpeyroasHuk ApBpCp (ecam sTu TourmM 06pasyroT
TPEYTOABHUK ) HA3EIBAETCS NE0AALHBIM MPEY2OALHUKOM TOUKE P, a eCAM OHZ AeKaT
Ha OAHOI IIpsIMOit, TO 3Ta IpsiMasi HasblBaeTcs npamot Cumcoxa’.

3. Ilycte Toukm P m Q m3oromannHO compsikeHBI B TpeyroabrHuke ABC. Ilyctn
ApBpCp — mepanbHBIl TPEYTOABHUK TOYKM P, 1 mycTtb AgBoCq — mepanbHbIR Tpe-
YTOABHUK TOUYKZ Q.

(a) Aoxaxkure, uTo TpeyroabHUKE PApBp 1 QBoAg mopobHEL
(b) Aora>kuTe, 9YTO YETHIPEXYTOABHUK ApBpBoA BIMCAHHEIM.
(c) Tre HaXOAMTCS IEHTP OKPY’KHOCTHM, OIMCAHHOM 0koA0 ApBpBgAg?

(d) Aoxaskure, ¥TO BCe ImecTb ToueK Ap, Aq, Bp, Bg, Cp u Co AexaT Ha opHON
OKPY>KHOCTH.

(e) Aoka>kuTe, YTO BEPHO U OOPATHOE: ECAY EAAADBHEIE TPEYTOABHUKY ABYX TO-
YEK MMEIOT OOIIYIO0 OMMCAHHYI0 OKPY>XKHOCTD, TO 3TU TOYKM M30TOHAABHO COMPSIYKEHEL.

(f) Aoxasxure, uTo PAp - QAg = PBp - QBg = PCp - QCq. Bepro u obparHoe:
€CAU BBIOAHsIETCsT paBeHCTBO PAp - QAg = PBp - QBg = PCp - QCq, To TOuRM P 1 Q
M30TOHAABHO COMPSI’KEHBI.

4. (Oxpyorchocmsv desamu mouex) (a) AOKa>XuTe, YTO OPTOLEHTD X IEHTP OIU-

CAHHOM OKPY>KHOCTU M30TOHAABHO COIIPSI’KEHEL.

(b) Aoka>kuTe, YTO OCHOBAHUSI BBICOT U CEPEAUHEI CTOPOH TPEYTOABHUKA AEXKAT
Ha OAHOU OKPY>KHOCTH.

13Aeck MBI CTAAKZBAEMCSI C OYEPEAHBIM IIPOSBACHIEM BCEAEHCKOM HecIrpaBeAAMBOCTH — PobepT CuMCOH BEIA BEIAAIO-
IIMCSI T€OMETPOM CBOET'O BPEMEHM, HO B €ro paboTax HWKAKOI'O YIOMWHAHUS 00 3Toi mpsMoi HeT. OHa 6BIAA OTKPBITA
no3>xe BuabsiMoM YOAAECOM.



[Ana caMocTosATENbHOrO pelleHns

5. (a) Paccmorpum TpeyroabHuk ABC m Touky P Ha IAOCKOCTH, HE COBIIAAAIO-
IIIyIO C BEPIIMHAMU TPEYTOAbHUKA. AOKa>KUTe, YTO OTpakeHus npsaMbix AP, BP u
CP OT COOTBETCTBYOUIX OUCCEKTPUC IapaANEABHEI (T.€. N30TOHAABHOE COIPSIKEHUE
He OIIPEAEAEHO B TOYKe P) TOraa M TOABKO TOUAQ, KOTAA P AEKWUT Ha OIUCAHHOM
OKpY>XHOCTH TpeyroabHuKa ABC.

(b) Aoka>kuTe, YTO NMEAAABHBI TPEYTOABHUK TOYKZ P BBIPOXKAAETCSI TOTAA U
TOABKO TOT'AQ, KOTAA P NeXXUT Ha ONMCAHHOY OKPY KHOCTH.

ITpumevarue. MBI YBUAEAH, YTO COBCEM HE OIPEAEAEHO M30TOHAABHOE COIIPSIKE-
HUE AAS BEPIIUH TPEYTOABHUKA, a AAS TOUEK Ha OIIMCAHHOM OKPY>XHOCTY OHO BHIPOXK-
AaeTcs. ByaeMm roBopUTh, YTO TOYKY, M30I'OHAABHO COIPSI’KEHHBIE TOYKAM ONUCAHHON
OKPY>XHOCTH, SIBASIIOTCI OeCKOHeYHO YOANEHHBIMU MOoHKAMU. LyTh IIO3’KEe y Hac
byaeT boaee cTporoe onpepeseHre DECKOHEYHO YAAAEHHBIX TOUEK.

6. (a) Aau Tpeyroabuuk ABC. Touka | ssBAsIETCSI IIEHTPOM BIXCAHHON OKPY>KHOCTH,
TOuKa [4 — IIEHTPOM BHEBIUCAHHOW OKPY>XHOCTU (A€’Kalledl Ha BHYTpPeHHel buccek-
tpuce yraa A). Touka K — cepeauna I15. AokakuTe, 9To y Touku K X30rOHaABHO
COIIPSIKEHHAST TOYKA SIBASIETCSTI OECKOHEYHO YAANEHHOM.

(b) (Aemma o mpesybue) Noka>kure, uro Touka K paBHOypaneHA OT ToUek B,
C, [ u IA.
7. (Bwé 00Ha KOHCMPYKUUA U3020HAADHO20 conpadtcerus) IlycTs Pa, Pg u Pc —
oTpa>keHust TOUKU P oT cTopor TpeyroabHuKa ABC. Aoka>XuTe, YTO IIEHTP OIMCAHHON
OoKpy>XHOCTU PAPpPc u30roHanbHO cOmpsikeH P.

Jlnkbe3 no nHeBepcun

ﬂ,ﬂﬂ TEX, KTO eu_l'é HE 3HAET, KdK BbiBOPa4nBATb MJIOCKOCTb HAU3HAHKY
Onpedenerue. Nara OKpPY>XHOCTL w C meHTpoM O m papmycom R. Paccmorpum
Ipeobpa3oBaHKe, KOTOPOE CONOCTAaBASIET To4YKe P Touky P/, aexxamyro Ha Ayge OP
1 ypoBAeTBOpsitomyto csoiictBy OP - OP’ = R?. Takoe mpeobpa3oBaHune Ha3BIBAETCS
uHeepcuel omHocumenvHo oxkpyacrHocmu w. Touka O Ha3bIBAETCS IIEHTPOM UHBED-
CUM, AASI HEE PE3YABTAT UHBEPCUM HEONPEAEAEH (a TOUHEE, ONPEAEAEH, HO HAXOAUTCS
B OECKOHEYHO YAANEHHON TOUKE).

1. (Kax eé cmpoumws?) IlycTh Touka P A€KUT BHEe OKPY>XKHOCTH W. N\OKa’KUTE,
YTO CAEAYIOIINE IIOCTPOEHUS BBIAAIOT TOUKY, UHBEPCHYIO P:

(a) ITpoBepém kacareabnsle PT u PS k w. Touka P’ — mepeceuenne TS u OP.

(b) IIpoBepém pmamerp AB, mepueraukyasipabiii OP. Touka M — mepeceuenue
orpeska AP ¢ w. Touka P’ — mepeceuyerume BM u OP.

2. N\OKa>kKuUTe, YTO
(a) mpsiMasi, IPOXOASIIAs Yepe3 LIEHTP MHBEPCUM, IIPU WHBEPCUU IEPEUAET B
cebs;

(b) mpsiMasi, He IPOXOASIIIAST YEPE3 IIEHTP WHBEPCUM, IIPY MHBEPCUU IIEPEUAET B
OKPY>KHOCTD, IIPOXOASIIIYIO YePE3 IIEHTP MHBEPCUM;



(c) OKpPY>KHOCTDB, IPOXOAAIIAST YePe3 IIEHTP WHBEPCUM, IIPY MHBEPCUU IIEPERAET
B IPSIMYIO, HE IIPOXOASIIIIYIO YEPE3 IIEHTP MHBEPCUU,
(d) oxpy>KHOCTB, He IIPOXOASIIASI Yepe3 IEHTP MHBEPCUM, IIPY MHBEPCUU IIEPEN-
AET B OKPY>XHOCTD, HE IIPOXOASIIYIO Yepe3 IIEHTP MHBEPCUU.
Onpedenerue. Ob60OIIEHHON OKPYKHOCTBIO OYAEM HA3BIBATH IIPSIMBIE UAY OKPY K-
HocTH. TakuMm obpa3oM, MHBEPCUSI IIEPEBOAUT OOOOIIEHHBIE OKPYKHOCTHU B 0DO0OIIEH-
HbIE OKPY KHOCTH.

3. (a) AokarkuTe, YTO OKPY>KHOCTD, IEPIEHANKYASIPHAS (U, IPU UHBEPCUAX IEPERAET
B cebs.

(b) IlycTh OKpPY>XKHOCTH COAEPKUT ABE MHBEPCHLIE OTHOCUTEABHO (V TOYKU. AO-
Ka’KUTE, UYTO OHA IIEPIEHAUKYASPHA (.

4. NOKa>kKUTe, YTO MHBEPCUS COXPAHSIET YIABI MEKAY 0DOOIIEHHBIMY OKPY KHOCTSI-
MU.

5. VluBepcop Ilocenre, oH >xe npssMur0o AUIKUHA — IIaPHUPHBIA MeXaHWU3M, IIOKa-
3aHHBIN Ha KapTuHKE. Touka O HENOABMIXHO 3aKPENAEHA, OCTAAbHBIE MOI'YT ABUATATh-
csa. Aoxaxxute, 9To Touku A m C MHBEPCHBEI OTOCATEABHO HEKOTOPOH OKPY KHOCTHU C

neaTpoMm O.
o)

D

[na Tex, KTO 4OCTUT NPOCBETAEHUSA, HO XXENAeT CaMOCOBEPLLEHCTBOBATLCS

6. AaHBI reoMeTpHYECKUEe KOHCTPYKIMM. B Ka’KAOW M3 HUX AEAAETCS WHBEPCUS
oTHOCHUTEeABHO Touku O. Hapucyi#iTe, 4TO IOAYYUTCA B PE3YALTATE IPUMEHEHUS STOR
WHBEPCUN.

a) Tpeyroaprur ABC z onmcanHas OKOAO HETO OKPY’KHOCTB, Touka O = A.

b) Tpeyroavrrurk ABC u ommcaHHAasi OKOAO HETO OKPYIKHOCTD, Touka O AEKUT Ha
OIIMCAHHOM OKPY>KHOCTH, HO HE COBIIAAAET C BEPIIUHAMYU TPEYTOABHUKA.

c) Tpeyroabrux ABC u BbICOTa K HEMY, LIEHTP MHBEPCUN — TOYKA Ha IIAOCKOCTH,
He Ae’Kallasi HY Ha OAHOM M3 YKa3aHHBIX IPSIMBIX.

d) Tpeyroaprur ABC z BnmcanHas oKpy>XHOCTB, Touka O = A.

e) Tpeyroabauk ABC u BHeBHUCaHHAsT OKPY>XHOCTh, Touka O = A.

f) Tpeyroabauxk ABC u ero Beicota AH, Touka O = A.

7. CpenaB MHBEPCUIO OTHOCUTEABHO TOUKM (), HAIMIIUTE, BO UTO IIPEBPAIIAIOTCS
POPMYAUPOBKE U3BECTHLIX TEOPEM.

(a) BHyTpeHHME HAKPECT AeXKallye YIALL paBHEL. B kagecTBe O BHIOEPUTE TOUKY
Ha CEKYIIEeH, OTANYHYIO OT TOYEK IIEPECEUECHNUS.



(b) BrucceKkTpuUCE! TPEYTOABHUKA IIEPECEKAIOTCSI B OAHOM Touke. LIeHTp MHBepCcUn
— BEPIINWHA TPEYTOABHUKA.

(c) B paBHOOEAPEHHOM TPEYTOABHUKE BBICOTA, IPOBEAEHHASI K OCHOBAHHUIO, SIB-
ASIETCSI TaK>Ke bruccekTpucoi. lleHTp uHBepCcHU — BepIIVHA HAIPOTUB OCHOBAHUSI.

(d) IIpOoTMBOMOAOYKHBEIE YTABI BIWCAHHOI'O YETHIPEXYTOABHEKA paBHBEL 180°.
[leHTp MHBEPCUY AEKUT Ha OIKCAHHON OKPY>XKHOCTH.

(e) OcHoBaHUST EPIEHAUKYASIPOB, IIPOBEAEHHBIX U3 TOYKU P K CTOpOHAM Tpe-
YTOABHUKA, A€KaT Ha OAHOU IIpIMOU TOTAA X TOABKO TOTAQ, Koraa P AeXUT Ha onu-
CaHHOM OKPY’KHOCTY TPEYIOAbHUKA. LIeHTp nHBEpCHU BLIOEPUTE II0 CBOEMY KENAAHUIO.

[Onsa 1ex, KTo yXxe He BUAUT pa3HULbl MeXAY NPSIMbIMU N OKPY>XHOCTSIMU

Tellepb MBI IIEPEXOAUM K KOMIIAEKCHBIM YHCAAM.

Onpedenerue. ApobHo-AuHENHON QyHKIIMEN Ha30BEM QyHKIINIO Buaa f(z) = g;fg

ITpumenarue. (a) MbI mpeamonaraeM, 9To f(z) onpeaeAeHa U IPUHUMAET 3HAYECHUST
B pacmupeHHo# roMmmaercHo# maockocty C = C U oo. B wacTHOCTH, f(—%) = oo
f(oo) = ¢. KoscbdunmenTr! TOXKe IPEATIONATaIOTCS KOMIIAEKCHBIMU YUCAAME.

(b) YacTHBEIM CAydYaeM APOOHO-AMHENHON PYHKIUU SIBASETCS AUHERHAS QYHKIUS
(mpz ¢ = 0). Takum obpazoM, A060# TapaAreAbHEIN TEPEHOC, AI0OO IIOBOPOT X AO-
6ast TOBOPOTHASI I'OMOTETHS MOJKET OBLITH 3alKCaHa KaK APOOHO-AVMHEWHAsS PYHKIIUS.

8. (a) AokaXkuTe, YTO KOMIIO3ULINST APOOHO-AMHERHBIX (DYHKIUHN SIBASIETCS APOOHO-
AVHEWHON QYHKIUEH.

(b) AokaxkuTe, uTOo ApoOHO-AMHeHHass pyHKRuuMA f(z) = % obparuma (T.e.
cymecTByeT pyHKIus ¢(z), Takas uto f(g(z)) = z) TOorpra ¥ TOABKO TOTAQ, KOTAA
ad —bc #0.

B panbHedmeM 6yaeM pacCMaTpUBATBL TOABKO OOpaTWMbIE APOOHO-AMHEWHEIE TIPe-
obpazoBaHUsI.

9. (a) HeT-HeT, nHBEPCUSI HE SIBASIETCS YACTHBIM CAYYaEM APOOHO-AMHEAHON PYHK-
muu (moueMy?)! A BOT MHBEPCUS + OCEBAsI CUMMETDPUS — SIBASIETCSI. AOKa>XUTe 3TO.
(b) AokarkuTe, 9TO AfObasi APOOHO-AMHENHAS PYHKIMS PACKAAALIBAETCS B KOM-
MIO3UIINIO AMHENHBIX QYHKIUNA 1 PYHKIUN %
(c) Aoka>kuTe, YTO APOOHO-AMHERHOE TPeobpa3OBaHue IEPEBOAUT MIPSIMBIE AT
OKPY>XHOCTY B IIPSIMbIE UAYM OKPY>XHOCTU. [Ipy KakKuX yCAOBUSIX IIOAYYAETCS OKPY K-
HOCTD, a IIPY KaKUX — IIPSIMasi?

(d) Aoka>kuTe, 9TO APOOHO-AMHENRHEIE IPEOOPABOBAHUS COXPAHSIIOT YIABL MEXKAY
KPUBBLIMIU.
10. AoxarkuTe, 4TO AAST AIODBIX TPOEK TOYEK Z1,Z2,Z3 B Wi, W2, W3 CYILIECTBYET
eAMHCTBEHHOE APOOHO-AMHEHHOE oTobparkeHue f, Takoe uTo f(zi) = wj.
= z=1 7 ? -
11. Kyaa mepeBoput dyukmus f(z) = - epmHwm4HbI Kpyr? BepxHIow mOAyIAOC
KOCTbB?
12. HaiiauTe Bce ApOOHO-AMHENHBIE IPeOOPA30BaHUSI, OCTABASIIOIINE Ha MECTE TOY-
Ky a) 0; b) co.
13. HaiipauTe Bce ApobHO-AMHEWHBIE TPeobpa3oBaHUs, KOTOPLIE IIEPEBOAST BEPX-
HIOIO TIOAYIIAOCKOCTE B Cebsi.



Onpedenerue. TOYKM CUMMETPUYHLI OHOCUTEABHO OKPY>XHOCTH, ECAV OHU Ilepe-
XOASAT APYT B Apyra IIPX MHBEPCAUW OTHOCUTEABHO 3TOM OKPY>XHOCTH.

14. Aoka>xkuTe, YTO APOOHO-AMHENHBIE IPE0OPA30BAHKS COXPAHAIOT CUMMETPHIO OT-
HOCHUTEABHO IIPSIMOM MAY OKPY KHOCTH.

[MonspHoe cooTBeTCTBUE

Onpedenerue. PaccMaTpuBaeM OKPY>KHOCTh (W C IIEHTPoM B Touke O u papuycoM
R. Bozbpmem nmpowmsBoabHyio Touky A # O. Ilycts A; — TouKa, MHBEpPCHas A OTHO-
CHTEABHO OKPYKHOCTH . [locTpouM gepes A IpsAMYyIo d, IepIeHAUKYASIpHYI0 OA.
OTa mpsiMasi Ha3blBaeTcsi noaapold Touku A. Touka A, B CBOIO OUepeAb, Ha3bIBAETCS
TLOAMOCOM IIPSIMOU A.

ITpumenarue. B aTo% TeMe, eCAM He OTOBOPEHO 0C0bOe, TOUKY OYAYT 0603HaUATHCS
OOABITMMY NATUHCKAMY OYKBaMU, a UX IOASIPEI — TEMU K€ CTPOYHBIMU AATUHCKUMU
byKBaMu.

Bonpocbl Ha noHumanue.

1. Ecam B — npousBoAbHast TOYKa Ha IOASIPE, TO KaKWe 3HAYEHUS MOXKET IIPUHU-
MaTb ZAOB?

2. Mo>xHO A¥ IO UMEIOIENRCT TOASIPE OAHO3HAYHO BOCCTAHOBUTDL IIOAIOC?

3. MoxxeT Am moastpa IpoxoAuTh depe3d moatoc? ([lo-HayuHOMY 3TO 3BYYHT Tak:
MOT'YT AU IIOASIPA ¥ ITOAIOC OBITH MHITMAEHTHEI)?

4. Kak pacroaaraeTcsi MoAsipa, €CAX IIOAIOC PACIOAOKEH BHE OKPY KHOCTH?

1. (a) I[Iycte B — Toura ma moasipe A, u mycTb AB; — HmepHeHAUKYASIp Ha IPSIMYIO
OB. Aokaxkute, uro B u B; umsepcrel, T.e. OB - OB; = R%.

(b) AoxaxkuTe obparHoe: mycTh B # O — Touka, u mycTb AB; — IepueHAUKYASD
Ha npsaMmyo OB. Okasanocw, uro B u By urBepcubl. AokaxkuTe, 4To B € a.

(c) AokaxkuTe el opHO ObpallleHNe IIEPBOro IYHKTA: IIYCTh B — TOYKa Ha mO-
Asipe A, ¥ IycThb By — mHBepcHas et Touka. Aokaxure, utro AB; 1L OB.

2. (BaaumHocms. ) NOKa>kKuTe, ITO €CAU TOUKa A AEKUT Ha IPpsMoil (moasipe) b,
TO TOYKa B AeXXuT Ha mpsiMoi (IIOAsipe) a.
Caedcmeue. TToasIpEL BcEX TOYEK NMPSIMON IPOXOASAT UEPE3 IIOAOC TOH IPSIMOIL.
MHorue 3apa4y ¥ TEOPEMEI U3 T€OMETPUY MMEIOT ABOMCTBEHHBIE B CMEBICAE IIOASID-
HOT'O COOTBETCTBUS. AASI 3TOTO HY’KHO CAEAATH CAEAYIOIIYIO KOHTEKCTHYIO 3aMeHY.
Tabnuua ABONCTBEHHOCTM

Touka [Ipsmas
[Toaroc [Tonszpa
AexuT Ha [IpoxopuT gepes
KouKypeHTHEI KoanmHeapHBI
TpexBepUINHEUK (TPEYTOABHUK) | TPEXCTOPOHHUK (TPEYTOABHIK)
YeTbIpeXBepIIMHHEIK YeThIpeXCTOPOHHUK
KacarenbHas Touyka KacaHus
MHo>xecTBO TOYEK O6onouka
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YemuipexgepuwuHHHUKOM OYAEM HA3BIBATD IOAHBIN Y€THIPEXYTOABHUK, T.€. 4 TOY-
K U 6 OpsIMBEIX. demwupercmopoHHUuKoM — (UIypy U3 4 OPSIMBIX U 6 TOUEK UX
IIOIIaPHBIX IIEPECEUECHUN.

Eule koHTposibHbIE BONPOCHI NO Tabnunue ABONCTBEHHOCTW

1. Bo 4TO mepefiAyT TPX TOYKHU, A€XKAIIWE HA OAHOM IpsiMOit?

2. Bo uTo mepeiipeT MHOXKECTBO TOUEK, OOPA3YIOMIUX OTPE3OK?

3. Bo uTo mepeiiaeT MHOKECTBO TOUEK, OOPA3YIOMIUX OKPY KHOCTE C meHTpoM OF

3. IIycts A AexxuT BHE oKpy >)XHOCTH. [IpoBeaem pmamerp CD L OA. OrmeruMm P Ha
nepeceuennu AC u oxkpy>xHoctu. OrmeTruM B Ha nepecevernum PD um OA. Aoka>xure,
YTO IIpsiMasi, IPOBeAEHHAS depe3 B mepmenaukyasspHo K OA, OyaeT moasipoit A.

4. (a) Aoxraxxute, uTO mOAIOC ceKyueil AB (He pmameTrpa) sIBASIETCS TOUKOM Iepe-
CeYeHNUs KacaTeAbHBIX B TOYKax A u B.

(b) Aoka>kuTe, 9TO MOASIPA BHEIIHEN TOYKM — ITO IPSIMasi, COEANHSIIOINAS TOUKY
KacaHUs ABYX KaCaTEAbHEIX, IIPOXOASIINX YEPE3 ITY TOUKY.

5. Tpeyroarauk ABC Bmucan B OKPYXKHOCTB. KacaTeabHBIE K Ka*XKAO! €r0 BeEp-
ITUHE IIEPECEKAIOT IIPOAOAYKEHUSI IIPOTUBOIIOAOKHBIX CTOPOH B Toukax A, By, Ci.
A OKa>kyTe, YTO 3TU TOYKM AEKAT Ha OAHON IIPSIMOIH.

6. Kak cBs3aHbl yTBEPKAEHUE "MEAVAHBI TPEYTOABHUKA IIEPECEKAIOTCS B OAHOM
TOuYKe”’ ¥ "TOYKU IepecedeHus OUCCEKTPUC BHEITHUX YIAOB TPEYTOABHUKA C IIPOTUBO-
TIOAOKHBIMY CTOPOHAMM AEXKAT Ha OAHOM IIpsiMOit’?

7. NaHa OKpPy>XHOCTb W ¢ 1neHTpoM O m Touka A # O. AoKa>kuTe, YTO IOAsIpa A
SIBASIETCSI PAAUKAABHOM OChIO OKPYKHOCTH (W U OKPY’KHOCTH, ITOoCTpoeHHO# Ha OA
KaK Ha AXaMeTpe.

8. PaccmoTpuM ABe KacaTeAbHBIE A U b K OKpPYy>XHOCTH S. AB — oTpe3ok, BhICeKa-
eMBIf MU Ha KacaTeAbHO# ¢, KOTopas KacaeTcsi boabieit aAyru AB. AokaXxuTe, 4TO
/AQOB He 3aBUCUT OT IIOAOKEHUSI KaCaTEABHON C.

9. Teopema CunbBectpa. Ha mmAoOCKOCTE AQHO KOHEYHOE YKMCAO TOYEK, IIPUUYEM TaKOE,
YTO Afobast IIpsiMasi, IPOXOASIIAsT Yepe3 ABE U3 AAHHBIX TOYEK, COAEPIKUT €ITEe OAHY
AQHHYIO TOYKY. TOrAa BCE AAQHHLIE TOUKU AEKAT Ha OAHOM IIPSIMOM.

10. ITycTe | — mpou3BOABHASI KacaTeAbHAsT K BIUCAHHON OKPY>XHOCTH S TPEYTOAD-
Huka ABC. M, N u P — Touku nepeceuerus | ¢ CTOpoHaMu TPEyroAbHUKA. BoccTaBuM
73 IeHTpa | BOMCAaHHONE OKPY>XHOCTU S IEPHIEHAMKYASPHI K npsMmbiM IM, IN u IP.
[Iycts My, N1 1 P; — TOUKHE IIepecedyeHmsI ITUX IIEPIEHAUKYASIPOB C COOTBETCTBY IOIIIH-
MM CTOPOHAMU TPEYIOABHUKA. AOKa>XUTe, UTO 3TU TOYKMU AEKAT Ha OAHOM IIPSIMOH,
KacaloIeicss BIUCAHHON OKPY KHOCTU TPEYTOABHUKA.

JInnennbie npocTpaHcTBa

Onpedeaerue. [Tycts K — moae (ero sneMeHTEI MBI 6YAE€M HA3BIBATH YUCAAMY UAK
CKaasipaMu), a V — MHOXXeCTBO (€ro SAeMEeHTHI Ha30BEM BekTopamu). [IycTb ompe-
AENEHO CAOXKEHNE BEKTOPOB M YMHOXKEHWE BEKTOpPA Ha 4YUCAO (B 0bGeMX OIEepaIiusix
oAy YaeTcst BeKTop). HazoBéM V AuHeHHBEIM (MAM BEKTOPHBIM) IIPOCTPAHCTBOM Hap,
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K, eCAM BEIIIOAHSIIOTCSI CAEAYIOIITUE CBOMCTBA: CAOYKEHUE acCOIIMaTUBHO, KOMMYTaTUB-
HO, CYIIECTBYET HOAB-BEKTOP U AASI AIODOT'O BEKTOPA CYIIECTBYET IIPOTUBOIOAOKHEIHN
BEKTOD, a TaK’Ke CBOMCTBAa YMHOXXEHMS Ha UUCAO:

L x(Bv) = (aB)v;

2. (x+B)v=oav+ Pv,
3. ax(v+w) = av+ aw;

4. 1-v=wv.
[IPVMEPHI.
1. MHO>XeCTBO BEKTOPOB Ha IIAOCKOCTY UAU B IIPOCTPAHCTBE.
2. MHO>XeCcTBO CTPOK AAUHEL N, 3alIOAHEHHBIX dAeMeHTaMu IoAst K.
3. MHuOXecTBO MHOTOYAEHOB CTENIEHN HEe BEIIIE M.
4. MHO>XeCTBO AMHEVHBIX YPaBHEHUY OT N IIEPEMEHHBIX.
5. MuoxxecTBo pemenur OCAY.
6. Uucaa Bupa a+b+/2, rae a,b € Q — Auneitnoe mpocTpancTso Hap Q. (IIpumepos
IIOAODHOI'O POAA MOKHO IIPUAYMATh EINNE MHOXXECTBO. )
Onpedenerue. \unetHON KOoMOUHAIVIER BEKTOPOB V1, V), . . ., Vkx Ha3bIBAETCA Al0DAS
CyMMa X1Vi + XpV2 + * -+ + 0 Vk, TAE ¢ — YUCAA.
Onpedenerue. CucreMa BEKTOPOB Vi,Vy,...,Vk Ha3bIBAETCSI AUHEUHO HE3A8UCU-

MOTU, eCAY UX AWHEHHasT KOMOMHAIINS paBHA HYAIO TOABKO B TOM CAydae, KOTAa BCe
KO3 PUITUEHTEI X PABHBI HYAIO.

1. CucTema BEKTOPOB AMHENHO HE3aBMCHUMA TOTAA M TOABKO TOTAQ, KOTAA HU OAVH
73 BEKTOPOB HEAB3SI BEIPA3UTDh YePE3 OCTAABHEIE BEKTOPEI CUCTEMEI (T.€. OH HE SIBASI-
eTcst AuHeHHOM KOMOUMHANVER 0CTaABHBIX BEKTOPOB).

Onpedenerue. CucreMa BEKTOPOB Vi, V), ..., Vx HA3LIBAETCI Nnopotcoarouseti, ECAI
AI0D0# BEKTOP SIBASIETCSI HEKOTOPOM AMHENHON KOMOMHAIIMER 3TOM CUCTEMEI.
[IPUMEYAHUE. Aiobas OACUCTEMA AMHENHO HE3aBUCUMOM CUCTEMBI AMHEWHO He3a-
BucuMa. J\1oboe pacCIImpeHNe IIOPOKAAIOIIENR CUCTEMEI SIBASIETCST TIOPO’KAAOIIEH.

Onpedenerue. CucTeMa BEKTOPOB HA3LIBAETCS 6HA3UCOM, ECAY OHA AMHEWHO HE3a-
BHCUMA U IIOPOKAAIOIIAS.

2. (Kpumepud 6asuca) CucreMa vi,Vy, ..., Vx SIBASIETCI 6A3MCOM TOTAA U TOABKO
TOTAQ, KOTAA AASI AIODOTO BEKTOpa V CYIIECTBYET €AMHCTBEHHBIA TaKol Habop ducea
K1y KDy eeey K, ITO V = X1V] + XV + -+ -+ + V.

3. EcAu ¥3 IOpPOKAQIOINENR CHCTEMBI MCKAIOYUTL BEKTOP, KOTOPBIM BEIPAKAETCS
Yyepe3 OCTaAbHbBIE, TO CUCTEMA OCTAHETCSI IIOPOXKAAIOIIEH.

4. VI3 Aroboit KOHEYHOM IIOPOXKAAIOIIEH CHUCTEMBEI MOXKHO HCKAOYUTH HECKOABKO
(BO3MO>XHO, HOAB) BEKTOPOB TaK, 4TOOLI OHa cTaAa Hasucom.

5. EcAu B AMHEWHO HE3aBUCUMYIO CHCTEMY BKAIOYUTDL €INE OAWH BEKTOP, HE BHIPA-
SKAIOIIUMCS Yepe3 BEKTOPEI 3TOM CUCTEMEI, TO CUCTEMA OCTAHETCS AUHEWHO HE3aBUCH-
MOI.

6. EcAu B IpoCTpaHCTBE CYIIECTBYET KOHEUHAS ITIOPOKAAOIAS CUCTEMA, TO AIOOYIO
AVHENHO HE3ABUCUMYIO CUCTEMY MOXXHO AOIOAHUTL AO Oa3mca.
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Hpu./vte%anue. Ha camom AENE CYIIIECTBOBAHUE KOHEYHOU HOpO?KAaIOI.TJ;efI CUCTEMEL
HGO6§I3&T€ABHO, HO OHO HECKOABKO YIIPOLIAE€T >XU3HD.

7. B Amobo#t AMHEHHO HE3aBUCUMOU cucTeMe He OOABIINEe BEKTOPOB, YEM B AI0DOM
IIOPO’KAQIOIIEN CHCTEME.

Onpedenerue. Pa3sMepHOCTHIO IPOCTPAHCTBA HA3LIBAETCS YMCAO SAEMEHTOB B ba-
3uce (ecam 37O ducA0 KoHeuHO). Obo3zHagaercs: dimV.

VTak, MBI AOKa3aAl Ba’KHEHUIIYIO TEOPEMY.

Teopema.

[

. B Am0b6BIX ABYX 6a3mcax OAMHAKOBOE KOAUYECTBO BEKTOPOB.

2. Bcar dimV = n, To Arobassi AMHERHO HE3aBUCHMAasi CUCTEMA, COAEp Kalasi M
BEKTOPOB, SIBASIETCST Oa3mcoM.

3. Ecam dimV = n, To Arobas moporkparoInas CUCTeMa, COAEPIKAIas . BEKTOPOB,
sIBAsIETCsT ba3ucoM.

4. Ecam dimV = n, To Arobast AMHEHHO He3aBUCHMASI CUCTEMA HE MOXKET COAEPKATH
Hboaee N BEKTOPOB.

5. BEcam dimV = n, To Arobas IOpPoKAAOIIAS CUCTEMA HE MOYKET COAEP KATHL MEHEE

. BEKTOPOB.

[na camocTosiTeNbHOro peLeHns

8. YV Amppes AnexcanappoBuda 17 apereir. B MeANIyHKTe AeTeil B3BECHAM, HO Pe-
3YABTATHl HE CKasaAU. AHApel ANEKCAHAPOBUY XOUET y3HATH, KTO CKOABKO BECHUT.
AT 9TOrO OH MOXKET Ha3BaTb YUCAA K], K2, ..., X]7 (BCE YUCAA AOAYKHEL OBITH IIOAO-
JKUTEABHEBL), @ B MEAIYHKTE €My Ha30BYT PE3YABTAT X Vi + X2V) + -+ + 7Vi7, TAE
Vi,...,V17 — Beca AeTe.

(a) B MeaAIyHKTE OTBEYAIOT TOABKO Ha IIECTHAAIATH TAKUX BOIIPOCOB. J\OKa KU-
Te, 94TO0 AHApPe ANEKCAaHAPOBUY HE CMOJKET OIPEAEAUTDH, KTO CKOABKO BECHUT.

(b) Oryassiucey, AHApelr AAEKCAaHADPOBUY y>K€ HE XOUYET 3HATH BECA BCEX AE-
Telf, OH TOABKO XOYET y3HATh, CKOABKO BecUT J\EHs. 3a KaKoe HauMEHbIee KOAUYE-
CTBO BOIIPOCOB (BONIPOCHI KaK B MIPEABIAYIIEM IIYHKTE) OH CMOXKET CIPABUTHCS C STUM
3apaHUEM?

(c) Ha caepyromuii AeHbL aHAAOTMYHBIE BOIIPOCHI IIPHUIIEA 3aAaBaTh YMHOBHUK
Pocmupnorpebraazopa. O mpuayMan 18 TakKux BOIPOCOB. AOKA>XUTE, YTO PE3YAb-
TaThl KAaKOTO-TO M3 HUX MOYKHO IIPEACKA3ATh, €CAM 3HATL OTBETHI HAa OCTAAbHEBIE BO-
IIPOCHL.

Bbinyknblie MHOXeCTBA Ha S13blke anrebpbi

Onpedenerue. MHOMXECTBO HA3BIBAETCS 8bINYKAbIM, ECAY BMECTE C AIOOBIMU CBO-
MU ABYMSI TOYKAMU COAEPYKUT IIEAUKOM M OTPE30K, COEAUHSIIOIINNA ST TOYIKHU.

Onpedenerue. Bunyxaold xomburayueld n mouex Xi,X2,...,X, Ha3BIBAETCH
Touka X = o X7 +o0Xo+ -+ o Xy, tAeBce & > 0mog+00+ -+ o = 1.

1. AokasaTb, YTO MHO’KECTBO BBIIYKABLIX KOMOMHAIIAHA N TOYEK — BBIIIYKAOE.

Onpedenerue. Buinykaot 060404K0T KOHEYHOTO MHOXXeCTBA M SIBASIETCSI MHO-
JKECTBO BCEX BBINYKABLIX KOMOuHarui Touyek u3 M. ObosuHauernue conv(M).
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2. UeM MOKET SIBASITBCS BEIIITYRAAS obonrouKa TpéX TOYEK Ha IIAOCKOCTH?

3. AokaykuTe, UTO AIODOE BEIIYKAOE MHOXKECTBO, COAeprKamee M, COAEPKUT
conv(M).

4. NoKa>kuTe, YTO BBIIYKAYIO ODOAOYKY MOYKHO SKBUBAAEHTHO OIPEAEAUTH CAE-
AYIOIIIM obpazoM: 8vinykaol 0boaowkol MHOXKeCTBa M SIBASIETCSI HAMMEHBIIIEE BhI-
IIYKAOE MHOXXECTBO, CoApepikalee M.

5. (a) IIycty Xi,X2,X3,X4 — TOYKE B IIPOCTPAHCTBE. AOKA)KUTE, YTO MOYKHO IIO-
A00paTh TaKue BEIIECTBEHHBIE YUCAA (X1, X, X3, X4, HE BCE M3 KOTOPHLIX PABHBI HYAIO,
Takme 9To 1 X7 + 00Xo + a3 X3 + oy X4 = 0.

(b) ITyctb X7, X2, X3, X4 - TOUKH Ha IIAOCKOCTHU. J\OKa>XUTE, YTO MOXKHO ITOA0OPATH
TaKVe BEIECTBEHHBIE YUCAA K], X2, X3, X4, HE BCE U3 KOTOPBLIX PABHBLI HYAIO TaK, UTO
o t+o+az+os=0m o X+ 0oXy + a3X3 + oy Xg = 0.

6. (a) Kak MHOXXHO aArebpamyecKy 3alucaTh YTO BBIIYKABIE 0OOAOYKYM MHOXKECTB
{Xq, ooy Xin} m {Y1, ..., Y0} mepecekatoTcsi?

(b) Teopema Padowna Oasn naockocmu. Ilycts Xq, X3, X3, X4 - TOYKHE HA IIAOCKO-
cTy. N\OKa’>KUTE YTO MX MOXKHO pa3buTh Ha ABe rpymnnsl | # | Tak, uTobwr conv(l) u
conv(]) uMeam x0T 6BI OAHY OBIIYIO TOUKY.

(c) CchopmyarupyiiTe u poKa)kuTe TeopeMy Papona B mpocTpancTBe RY.
7. Teopema Xeanu. Ilycts Ki,Kjy,...,K,, — BBEIIYKABIE MHOXXECTBa B IIPOCTPAH-
cTBe. AOKa’KUTe, YTO €CAU AIOOBIe 4 M3 3TMX MHOXKECTB UMEIOT OOIIYIO TOYKY, TO U

BCE . MHOXXECTB UMEIOT ODITYI0 TOUKY.
VYxazarue: Ucnoavaylime meopemy PadoHa.

8. (a) Teopema Kapameodopu O0as naockocmu. NOKaXKUTE, YTO BBIIYKAAST KOM-
OUHAIIXS N TOYEK Ha IIAOCKOCTU TAKIKE SIBASIETCS BBIIYKAOM KoMmMbOmHalimel He Oonaee,
YeM TPEX U3 ITUX TOUEK.

(b) CchopmyarupyiiTe u poka>kuTe TeopeMy KapaTeopropu AASI TPEXMEPHOI'O IIPO-
CTPaHCTBA.

[lone u3 gByx anemMeHTOB

Hanomurarue. BcrmoMHEUM, 9TO MHOXECTBO Z, = {0, 1} C ecTecTBEeHHEIMU Ollepa-
UMY CAOPKEHUS II0 MOAYAIO 2 ¥ YMHOMKEHUS SIBASIETCS IIOAEM. A 3HAUUT, Hap 3TUM
IIONAEM MOXXHO PacCMaTpUBaTh BEKTOPHBIE IPOCTPAHCTBA, pemaTh CAY u T.a.

Onpedenerue. ['uneprkyboM pa3sMeEpPHOCTV N HA3LIBAETCS MHOMXECTBO IIOCAEAOBA-
TeabHOCTER AAMHBEI N 3 0 u 1. TakuM obpasoMm, runepkyb obpasyer n-MepHOe IIPO-
CTPaHCTBO Hap, Z; (C KakuM 6a3umcoM?).

A emre runepky6 MOKHO pacCMaTpPUBATh Kak I'pad: BEPIIUHEI T'UIEPKYDa COeANHIM
pebpoM, ecAu COOTBETCTBYIOIIVE IIOCAEAOBATEABHOCTH OTAMYAIOTCS POBHO B OAHOH
no3unuy. Tak>xe rullepkyb ssBasieTcs runeprpadoM. DTo 03HadaeT, YTO MOXKHO pac-
CMaTpUBaTh ero k-MepHBIe rpanu. Kakpas k-MepHas I'paHb SIBASIETCSI MHOMKECTBOM
IIOCAEAOBATEABHOCTEY, B KOTOPBIX N — K 3AeMeHTOB (pUKCHPOBAHELI, a OCTaAbHBIE K
MOTYT MEHSATBHCSI. TakuM obpasoM, Kakpaoe pebpo rumepkyba sSIBASIETCS OAHOMEPHOM
I'PaHbIo.
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1. Bribepem Kaxkyio-HEOYADL BEPIIVHY TUIEPKyba M 3amUIIEM B CTPOUKY KOAWUE-
CTBO BEPIIUH, VAAAEHHEIX OT Hee Ha 0, 1,2,... peébep. AOKa>kuTe, YTO IOAYUUTCT M-
CTPOYKA TPEyroAbHUKA [lackans.

2. VlMeeTcst N AaMIIOYEK, M3HAYAABHO OHM BBEIKAIOUEHEI. 3a XOA MOXXHO U3MEHUTD
COCTOSIHUE AI0O0 AaMIIOUKK. NOKa>KUTE, ITO 32 2™ XOAO0B MOKHO IIOAYYUTH BCE BO3-
MO>KHBIE Y30PBI (Ka’KABIA 1I0 Pa3y), ¥ IOCAEAHUM XOAOM CHOBA BHIKAIOYUUTEH BCE AaM-
TIOYKH.

3. EcTb Tabaua 5 X 5 AaMImodek. 3a XOA MOXXHO M3MEHUTL COCTOSIHUME BCEX AAMIIO-
YeK B AoboM KBaapaTe 2 X 2 uam 3 X 3. M3Ha9aAbHO AAaMIIOYKY BEIKAIOYEHBI. BepHO
AH, 9YTO MOYXHO IIOAYYUTH AIOOOH y30p?

4. K raxpoi#l BepmuHe rpada IpUKpPyUeHa AaAMIIOYKa. VI3Ha9aAbHO BCEe AAMIIOY-
KU BBIKAIOYEHBI. 3a OAMH pa3 MOXXHO BHEIOpATH AIOOYIO BEPIIMHY I'pada U IOMEHSTH
BCE COCTOSIHMSI AaMIIOYEK B HEW CaMOI M BO BCEX €€ COCEASIX HA IIPOTUBOIIOAOKHBIE.
BriparkeHue «BKAIOYUTH I'pady 03HAUAET BKAIOYUTH BCE NAMIIOYKHU.

(a) Ams ymeeT BKAIOUATH rpad 3a X omeparuii, a AanHa — 3a Y. AOKaXkuTe, ITO
X —y| géTHo.

(b) AokaxkuTe, uTO rpad BOOOIIE MOXXHO BKAIOYUTS.

5. Y Auppes AnexcanappoBuda B rpynme 9 aeteir, a B cepuu 10 3apad. B mpoTokoae
PacCTaBAEHEI IIAIOCHL 3 PEIIEHHBIE 3aAAYM.

(a) AoxkaxxkuTe, uTo AHApeH ANEKCAHAPOBUY CMOXKET OOBLSIBUTH HEKOTOPHIE 3a-
AQUY KAIOYEBBIMY TaK, YTOOBI Ka)KABIN YIEHUK PEIIUA YETHOE KOAXIECTBO KAIOUEBBIX
3aAad4.

(b) AorasxkuTe, uTo AHApEN ANEKCAHAPOBAY CMOYKET IIPUIIACATE KAaXXKAOM 3apade

CBO¥ Bec (IleA0Oe YHCAO) TaK, YTO y Ka>KAOT'O YUEHWKa CyMMa BECOB BCEX PEIIEHHBIX
M 33739 PaBHSAACH HYAIO.

[lpoekTuBHbIE NPOCTPAHCTBA

Bac 3apoabano, 94To B MHOTOUYMCAEHHBIX 33Aa9aX-TeOpeMaxX 0 KOHKYPEHTHOCTH TPEX
IPSMBIX IPUXOAUTCS AE€AATH OrOBOPOUYKY 10 Ppeiipy "uaum mapasreabHbl'? Bac be-
CUT, YTO KNAACCHOE C BUAY IIOASIPHOE COTBETCTBUE OIIPEAENAEHO HE AAS BCEX IIPSIMBIX?!
Bac 6ecriokouT, 9TO IEHTP UHBEPCUM IIEPEXOAUT B OECKOHEYHOCTDH, & TAKOK TOYKU Ha
IIAOCKOCTHX HeT? Brl XxoTuTEe 06 3TOM IIOrOBOPUTH?

Ecam pa, To 3TOT AuCTO4YEeK AAsT Bac!

Anrebpa

Onpedenerue. [Tycts K — HekoTopoe moae. PaccmorpuM (n+1)-MepHOE BEKTOPHOE
npocTparcTBo K™, BEIKMHEM I3 Hero Hauaao KOOPAUHAT U BBEAEM OTHOIIEHUE SKBIU-
BaNAEHTHOCTY: BEKTOPEL 9KBUBAAEHTHEL TOTAA U TOABKO TOTAd, KOTAA OHU KOAAMHEAP-
HEI, T.e. (Qg, A7y...,0n) ~ (AQp,AQy,...,Ad,). MHOXXECTBO KAACCOB 3KBUBAAEHTHOCTH
Ha3bIBAETCSI N-MEPHBIM IIPOEKTUBHBIM IIPOCTPAHCTBOM Haa moaeM K m obosHavaeTcs
KP™. Kaacc sKBUBaAEHTHOCTH (T.e. TOYKY B IIPOEKTUBHOM IIPOCTPAHCTBE) OyaeM 060-
3HAYATh [y : A : -+ : An] — TEM CAMBIM MBI IOAYEPKUABAEM, YTO HAM Ba’KHO TOABKO
COOTHOITIEHVE MEXKAY KOOpAMHATaMu. Takme KOOPAWHATHL MBI Ha3bIBa€EM OAHOPOAHBI-
MU.
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Hac 6oAbIme Bcero mHTepecyioT mpocrpancTsa RP? (6yaeM HasBIBATL €8 ITPOEKTHUE-
"ot mAockocThio) 1 CP! (KoMIAeKcHast TPOeKTUBHAS IPsMast).

1. Emé oamo ompeaeaeHue RP? (MO>XHO Tak >X€ ONPEAEAUTH X B ODIIEM CAydUae).
RP? — 3T0 MHOMECTBO IIPSIMBEIX B TPEXMEPHOM IIPOCTPAHCTBE, IPOXOASIIMX Yepe3
Ha4YaAO0 KOOPAMHAT. A\ OKa’KUTe 9KBABAAEHTHOCTD 3TUX OIPEAENEHUN.

eomeTpus

Onpedeserue. (IIpoekTuBHOM) NpsiMOf Ha IIPOEKTUBHOM IIAOCKOCTH OyAEM Ha3HI-
BaThb MHOJKECTBO TO4Y€EK, YAOBAETBOPsomux ypaBHeHUI0 AX + By + Cz = 0. Ecam npo-
€KTUBHASI IIAOCKOCTDH — 9TO MHOMXECTBO IIPSIMBIX B TPEXMEPHOM IIPOCTPAHCTBE, IIPOXO-
ASIIUX Yepe3 Hadaao KOOPAXHAT, TO IIPOEKTUBHAS IIpsIMasi Ha HEW — 3TO MHOXXECTBO
IPSMBIX, A€KAIINX B OAHON IIAOCKOCTU M IIPOXOASAIIUX depe3 HauaA0 KOOPAUHAT.

2. (a) AoxarkuTe, 9YTO Yepe3 AIODBIE ABE TOYKY IIPOEKTUBHOM IIAOCKOCTH IIPOXOAUT
POBHO OAHA IIPSIMasi.

(b) AoxarkuTe, 4TO AIOOBIE ABE IIPSIMBIE HA IIPOEKTUBHOM IIAOCKOCTH IIEPECEKAIOTCSI
POBHO B OAHOI TOYKE.

Yaobuo. Hukakoil mapasneAbHOCTH, HUKAKUX IIPOOAEM C IISTHIM IIOCTYAATOM EB-
KAZAQ.

3. PaccMOTpUM IIOAMHOXXECTBO IIPOEKTUBHOM IIAOCKOCTH {[ap : a7 : al|ay # 0}.

(a) NOKa>XuTe, YTO 3TO IIOAMHOXKECTBO 0b6pa3yeT OOBIKHOBEHHYIO IIAOCKOCTD,
IPUYEM IIPSIMBIE 3TOM IIAOCKOCTH COOTBETCTBYIOT (npoeKTHBHHM) IpPsIMBIM Ha IIPO-
EKTUBHOMN IINOCKOCTH.

(b) Aoxa>kuTe, YTO OCTABIIZECS TOUKKA 0OPAa3yIOT (IPOEKTUBHYIO) IPSIMYI —
KaK B CMBICAE IIPSIMOY Ha IIPOEKTUBHON IIAOCKOCTH, TaK U B CMBICAE OIPEAEAEHUS
RP'. DTy mpsMyto Ha3oBéM OGECKOHEYHO YAAAEHHOMN, a TOYKM Ha Heil — HEeCKOHEWHO
VAQAEHHBIMU.

(c) Aoka>kuTe, 4TO KaXkKAasi IpsiMasi Ha IPOEKTUBHON IIAOCKOCTH, KpoMe bec-
KOHEYHO YAAAEHHON NPSIMOM, COAEP’KUT POBHO OAHY OECKOHEUHO VAAAEHHYIO TOUKY.
[Ipsimble, TapannrenbHBIE B OOBIKHOBEHHOM IIAOCKOCTHU, IIEPECEKAIOTCSI B ODECKOHEYUHO
VAAAEHHON TOYKE, a HEMApPaAAEABHBIE IIPSIMBIE IIPOXOAST YEPE3 pa3HbIE HECKOHEYHO
VAAAEHHBIE TOYKH.

TeM caMbIM y Hac eCTb €I€ OAHA KOHCTPYKIIMS IPOEKTUBHOM IIAOCKOCTH — 3TO
IIAOCKOCTB, K KOTOPOI A0DaBAEHBI OECKOHEYHO YAAAEHHBIE TOUKY, ITO OAHON AAST KaXK-
AOTO HaIpaBAEeHUS (T.e. IydYKa IaPAANEABHBIX IPSIMBIX).

4. NoxaxxuTe, aTo CP! — 3T0 MHO>XECTBO KOMIIAEKCHEIX YUCEA C E€INE OAHOM A0baB-
AEHHO! TOYKOM, KOTOPYIO MEI M HAa30BEM TOYKOM 0O.

lraK, nHBepCus Ha caMoM Aeae AeticTByeT Ha CP'. EcAu OKPY>XKHOCTb €AMHUYHAS
C LIEHTPOM B HYAE€, TO MHBepPCUsi AeficTByeT mo dopmyAae f(z) = % Torxke HEIAOXO.

5. (a) Aoxa)kuTe, ITO IOASIPHOE COOTBETCTBUE KOPPEKTHO ONPEAEASETCS Ha IIPO-
eKTUBHOM IIAOCKOCTH (T.e. KaXXKAO! IIPSIMOM COOTBETCTBYET TOUKA, a KaXKAOH TOUKE —
npsiMasi, 6€3 UCKAIOUEHUH ).

(b) ITycTs OKPY>XHOCTB, OTHOCUTEABHO KOTOPO# AeAAETCST IOASIPHOE COOTBETCTBYE,
eAMHUYHAS C IIEHTPOM B HadvaAe KOOPAMHAT. B Kakyio IpsMyio Iepefip€T TodKa [a :

b:c]?
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(c) Aana npsiMasi Ha IPOEKTUBHOM IIAOCKOCTH. AOKa>KUTE, YTO CYIIECTBYIOT ABA IIO-
ASIPHEIX IIpe0bpa3oBaHusi, TAKKUE YTO IPK UX KOMIIO3UIUY AAHHAS IPSIMasi IIEPEXOAUT
B OECKOHEYHO YAAAEHHYIO IPSIMYIO.

Tononorus
3AeCh MBI HE IPUAAEM CTPOT'OTO CMBICAA HEKOTOPHIM IIOHATUSM

6. (a) Aokaxxure, aro CP! sBastercst cdhepoit.

(b) IIycTh ceBepHBIM MOAIOC ChEPEI COOTBETCTBYET OECKOHEYHOCTH, IOXKHBIA — HY-
A0, 9KBATOP — EAMHUYIHON OKPY>KHOCTU. J\OKa>kKUTe, YTO NHBEPUSI OTHOCUTEABLHO EAN-
HUYHOM OKPY’KHOCTH €CTh OTPa’keHue Cephl OT IKBATOPA.

7. (a) V3 mpoeKkTUBHON IAOCKOCTH BBIPE3AAU KPYT. JOKKUTE, YTO IOAYYIUAACDH
AeHTa Mébuyca. VHade: AOKa*KUTe, YTO IPOEKTUBHAST IIAOCKOCTDH MOKET OBITH CKAEEHA
73 AeHTEl Mébuyca u Kpyra, ECAM KAEUTH IO Kpalo (¥ KaXXAOTo Kpail MpeACTaBASIET
coboil OKPY>KHOCTS ).

(b) AokaXkuTe, YTO IPOEKTUBHYIO IIAOCKOCTD MOXKHO IIOAYYUTH, ECAU B3SITh CPEPY
U CKAEUTDH €€ IIPOTUBOIIOAOKHEIE TOYKH.

(c) A emré NpPOEKTUBHYIO IAOCKOCTh MOXKHO IIOAYYUTH, ECAK B3SITh KPYT U CKAEUTD
IIPOTUBOIIOAOKHEIE TOYKY OIPAHUYUBAIONIEN €I'0 OKPY>XKHOCTH. A\OKa’KUTE 3TO.

Kombunatopuka

8. CKOABKO TOYEK B M-MEpPHOM IIPOEKTUBHOM IIPOCTPAHCTBE HAA IIOAEM Zy, (IIOAE
BEIYETOB II0 MOAYAIO P)?

9. B orpsiae 81 uenoBek. KaskKABI# AEHB TPOE YXOAST Ha AEKYPCTBO. N\OKa>kKUTeE,
YTO MOYXHO COCTABUTH TaKO¥ I'padUK AEKYPCTB, YTOOBI AIOOBIE ABOE y9acTBOBaAU
POBHO B OAHOM OOITIEM AEKYPCTBE.

10. (a) MoneTHBI# ABOP BBIIYCTUA 31 cepuio IOOMAEHHBIX MOHET. Y HECKOABKUX
KOANEKITMOHEPOB II0 I1eCTh MOHET. MoskeT Au OBITH Tak, ¥ToO Alobas mapa MOHET BCTpe-
THAACh POBHO y OAHOT'O KOAAEKIIMOHEPA, M AAS AIOOBIX ABYX KOAAEKIIMOHEPOB €CTh
POBHO OAHA MOHETa, KOTOPAasi €CTh B KOAAEKINY y oboux?

(b) B mroae 121 pecsiturAaccHEK. [1o yCcTaBy IIKOABL B KaXKAOM KPY KKE 3aHIMAET-
cst 40 AeCATUKAACCHUKOB. J\OKa>kUTe, UYTO BO3MOXXHA CUTYAIlUsI, UYTO COCTaBLl NFOOBIX
ABYX Pa3HBIX KPY’KKOB IIEPECEKAIOTCSI POBHO IO 13 AECSITUKAACCHUKAM.
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JInkbe3 no guckpetTHoi Teopumn BEepOoSITHOCTEN

Ha ame rayboxroro cocyaa
J\e>XaT CIIOKOMHO M IIapoB.
IToouepé€apHO UX OTTyAQ
TackaioT ABOE AYPaKOB.

Cue 3aHATbE UM IPUSATHO
OHm TackaioT M MUHYT.

W B3sBmu map, ero obparHo
B cocya, HEMEANEHHO KAAAYT.
BBuAy ycAoBUSI Takoro,
CKOAB BEPOSITHOCTEL BEAUKA,
UTo mepBEIil OBIA TAyIIE# BTOPOTrO,
Koraa mapos o BEIEYA k7

Onpedenerue. Ilycte X — He boaee YeEM CUETHOE MHOKECTBO, Ha3LIBAEMOE MHOMKE-
CTBOM 9AEMEHTapHBIX MCXOAOB. 3apaAUM Takyio dyHKImio P : X — R, (HassBaeMyio
BEPOSITHOCTBIO 3AEMEHTapHOTO MCXO0AA), UTo ) . . P(x) = 1. Takas mapa (X, P) masmI-
BaeTCs OUCKpPeMHbIM 8EPOATMHOCTIIHBIM TLPOCTPAHCIMEOM.

CobnITrEM Ha3LIBAETCS IIPOU3BOABHOE IIOAMHOKECTBO X. BEpOosiTHOCTE COOBITHST —
3TO CyMMa BEPOSITHOCTEHN IAEMEHTAPHBIX MCXOAOB, BXOASAIIAX B 3TO COOBITHE.

B Teopum BEPOSITHOCTEN IPUMEHSIETCS CIEIUPUIECKasT TEPMUHONOTHUS: CyMMa CO-
OBITHI — 3TO OObEAVHEHUE, IPOU3BEAEHNE CODBITHY — IlepecedeHue COOTBETCTBYIO-
IIIUX IIOAMHOMXECTB.

Onpedenerue. CobuiTusi A u B HaswbIBatoTcs He3aBUCUMEIMEU, ecaum P(AB) =
P(A)P(B).

1. OnumuTe BEepOATHOCTHBIE IIPOCTPAHCTBA U HAXAUTE BEPOSITHOCTU CAEAYIOIIUX
COOBITHIA.

(a) ToabpacriBarme KybuKa (ecAr HE OTOBOPEHO 0COO0OE, CUUTAEM, ITO BCE TPAHU
KybuKa, a TaK>Xe CTOPOHEI MOHET U T.A. PABHOBEPOSITHEL). COBBITHE - BEIITAAO YETHOE
YUCAO.

(b) TToabpaceiBanme MmoHeTwl 10 pa3. ITopsiaok srcrnepuMeHTOB BaskeH. CobbITHE
— BBINIAAO He MEHee CEMU OPAOB.

(c) BerTackuBanue u3 KOAOAEL (36 KapT) mecTu KapT. CobBITHE — eCTh BCe de-
THIPE MACTH.

(d) ITopbpacriBarue Kybuka A0 mepBoil mecTépKu. CobbITHE — KYOUK IPUIIAOCD
rmopbpackIiBaTh POBHO IIIECTDH Pas.

OnpeaeneHre BEPOSITHOCTHOI'O IIPOCTPAHCTBA HEe PaboTaeT B HEIPEPLIBHOM CAYyUae
(HanmpuMep, eCAK AECSITUKAACCHUK IIPUXOAUT Ha AUKOE3 B CAYIaWHBIN MOMEHT BpEMe-
uu oT 14.30 po 14.45). B sToM caydae HeobXOAMMO APYToe, Topaspo Honee CAOMKHOE
OIIpEAENEHITIE.

2. Kuparor nare Kybukos. HaifiauTe BEpOSTHOCTH CAEAYIOUIUX COOBITUIM U BBIUUC-
AUTE UX IPUOAVIKEHHOE 3HAUEeHUE (B IPOIEHTAX):
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(a) «ITorepy — Bce IATb KYOUKOB OAMHAKOBEIE.
(b) «Kapey — geTrIipe KybuKa OAMHAKOBBIE (@ IISITHIA HET).

(c) «Full house» — Tpu KybuKa OAMHAKOBEIE X OCTAABHEIE ABA TOXKE OAMHAKOBHIE
(HO HE «IIOKED>)

(d) «Large Streety — KybuKu MOXKHO YIOPSIAOYUATE, YTOOBI AOCTOMHCTBA HA HUX
00pa30BLIBAAY IIOAPSIA KAYIINE YUCAQ.

(e) «Small Streety — KyO6UKM MOXXKHO YIOPSIAOYUTE, YTOOBI AOCTOMHCTBA HA HUX
06pas3s0BBIBAAY YETHIPE IOAPSA MAYIIUX YUCAA, HO HEAD3SI — YTOOBI OBIAO ISITH ITOAPSIA,
YUCEA.

(f) «Tpoiikay — Tpu OAMHAKOBBIX, ABa APYTUX (HE BBIIIENIEPEIUCACHHBIE KOM-
OuHaIM ).

(9) «ABe mapel» — ABe Iaphbl OAMHAKOBBIX 3HAUEHU! (HE BEIIIENIEPEYUCAEHHEIE).

Cay4aiiuble COOBITHSI, KOHEYHO, XOPOIIIasi BEIlb, HO C HUMU He Bceraa yaobHo. HacTo
yAODOHEE MCIIOAB30BATh CAYYalHblE BEAMYMHEL.

Onpedenerue. Ilyctb X — (AUCKPETHOE) BEPOSITHOCTHOE NMPOCTPaHCTBO. Caydaii-
HO# BeAMYMHON OyaeM HasbIBaTh oTobparkenue & : X — R. Ilpu 3ToM roBopuM, 4TO
& = k c BeposiTHOCTBIO P, ecau P(&7'(k)) = p. ITumercsa Tak: P(& = k) = p. Yame
BCET'0 MBI OyAEM pacCMaTPUBATDH IEAOUYUCAEHHBIE CAYYaAWHBIE BEANUUHEL.

Tak Kak CAyYaiHbIE BEAUYUHBI IBASIOTCS II0 CYTH (PYHKIIUSIMY, TO C HIUMU MOYKHO
AEAATDH BCE OIEPAIXN, KOTOPLIE IPOU3BOAATCHA C PYHKIIUSIMHA: CKAAABIBATD, YMHOKATh
Ha YMCAO, YMHOXATh APYT Ha APYyra, BO3BOAUTH B KBaApPaT U T.A.

ITpumeprwt. 1) (Pasromeproe duckpemnoe pacnpedenerue) Hanpumep, 6pocaem
KybuK; cAydaliHass BEAUYWHA — 3TO BBINIABIIEE Ha Kybuke yucao. 'T.e. oHa IpUHUMAET
3Ha4eHus 1, 2, 3, 4, 5 u 6, Ka>KAO€ C BEPOSITHOCTbHIO 1/6. DTU AAHHEIE MOXKHO 3alIUCATh
B TabAMILY, KOTOPAasi Ha3bIBAETCS PSIAOM PaCIpPEAEAECHU.

1 2 3 4 5 6
1/6/1/61/6|1/6|1/6|1/6
TaxkuM 0b6pa3oM, A0OYI0 (AUCKPETHYIO) CAYYalHYIO0 BEAUUUHY MOXKHO 33AaTh Psi-
AOM PACIIPEAEAEHUSI. DTOT PsIA MOXKET OBLITH 1 OECKOHEYHBIM, HO OCHOBHOE TpeboBaHUe
— CyMMa YWCEA B HUXKHEN CTPOKE AOAKHA PABHSITHCS €AUWHUIIE.

Boobi1ie »ke AMCKPETHOE PAaBHOMEPHOE PACIPEAEAEHNE — 3TO CAyYalHAsT BEAUYUNHA,
IIPUHUMAIOIIAST Ka’KAOe 3HAYEHNE C PABHOM BEPOSITHOCTBIO.

2) (Pacnpedenerue Bepryanau) ITa caydaiiHas BeAUYWHA PaBHA EAMHUIIE C BEPO-
SITHOCTBIO P U HYAIO C BEPOSITHOCTBIO q = 1 — P.

PaccmoTpum cyMMy caydaltuHbIX BeawunH. Bcé He Tak nmpocto. Hampumep, Kaxxaas
U3 CAYYalHBIX BEAUYUH — 3TO PE3YAbTAT Opocanust Kybuka. Kak pacupeaenreHa cyMma
STUX CAYYAHHBIX BeAndmH? Ha camoM aene 3Ta 3apada CTOUT HEYETKO: €CAM 9T ABA
Kybuka pasHble ¥ OPOCKM He3aBUCHMEI, TO PacIpereAcHUe O6yaeT opHO (Kakoe?), a
€CAU 9TO OAMH ¥ TOT >X€ OHPOCOK OAHOT'O M TOT'O >Ke Kybmka, To Apyroe (Kakoe?).

Onpedenerue. CaryualitHble BEAUYUHBI &1 1 &) HA3LIBAIOTCS HE3aBUCHUMBIMUY, €CAU
AAST AIOOBIX MHOXXeCTB 3HauveHui# A um B Bermoaneno P(&; € A& € B) = P(& €
A)P(&; € B).

Vam, 9To TO >Ke caMoe, AAST AIOOBIX 3HaueHU# K; u ky BeImoAHeHO P(& = ki, &) =
k2) = P(& =k1)P(& = ka).
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3. (Buromuaavroe pacnpedeserue) PaccMoTpuM CyMMy N HE3aBHCUMEIX PacIpe-
AeneHU BepHYAAN ¢ OAMHAKOBBIME P ¥ ( (T.e. BEAUYUHBI OAMHAKOBO PAaCIPEAEAEH-
Hble, HO He3aBUCKMEIe). Peanrmsanysi: IPOBOAUM N UCHBEITAHUY BepHYyAAU; cAydaiiHas
BEAWYMHA — ITO KOAMYECTBO yclexoB. HaliauTe psip paclpeAeAeHUs 9TOM CAydalHON
BEAUYUHEI.

4. (l'eomempuueckoe pacnpedeserue) A Temepb MBI IPOBOAUM UCIBITAHUS Bep-
HYAAZ AO IepBoro ycuexa. CayuaiiHass BEAWYMHA — ITO KOAWYECTBO TAKUX KUCILITA-
Huit. Haiaute e€ psaa pacupepeserHus. [louemy 3Ty BeAWYWHY HA3BIBAIOT I'eOMETPU-
YeCKUM pacIpepereHreM?

5. (I'unepzeomempureckoe pacnpedenerue) Ha pre raybororo cocyaa M 6enrx,
uépubIX N mapos. [JoodepéaHO X OTTyAa TaCKaloT ABoe AypakoB. Cre 3aHSIThbe UM
IPHUSITHO, ¥ M IMapoB bepyT oHu. M B3sgBImIZ Iap, ero obpaTHO B COCYA... HET, HE
KAAAYT, HU-HI. BBUAY YCAOBUSI TaKOI'0, CKOAb BEPOSITHOCTbL BEAUKA, UTO IIEPBBINA OBIA
TAYIIER BTOPOrO, a BEeABIX BBITAIEHO K7

Pacnpepenenue llyaccona

[Tama, a mpaBpa AM, YTO IIO TEOPUU
BeposiTHOCTEH Poccust xorpa-EubyAb
BBIATPAET YEMIIMOHAT MUPA II0 PyTOoAy?
— Her, cpIHOK, 3TO y>XKe Teopus
MaAOBEPOSITHOCTEM.

HanomuraHue npo pacnpedeaerue Bepryasu. HempaBUABHYIO MOHETY ITOAKUABI-
BaloT N pa3. Bce MOAKWABRIBaHUS HE3aBUCHMBI (& YTO 3TO 3HAYUUT?). BeposiTHOCTEH
BEITAAEHUSI OpAa PaBHA P, BEPOSITHOCTH pemku — = 1 — p. HaliauTe BEPOSITHOCTE
TOTO, UTO IPU N IOAKUABIBAHUSIX BBIIIAAO POBHO K OPAOB.

ITpumenarue. OBBIYHO B CBA3U C PacIpereAeHreM BepHYAAN TOBOPST HE IIPO «OP-
ABI» U «PEIIKFY, & IIPO «YCIEXUy» U «HEyAAumy». Ho MBI ceituac He OyAeM IPUAEPIKU-
BaTbCS TaKOW TEPMUHOAOTHUHA.

Hawau? Monoduv.. A menepv npedcmasvme cebe, wmo N = 1.000.000, p =
1/500.000, k = 3. Ckoavbko NpUMEPHO NOAYHUNOCDS ?

A s8edv umeHHO maxue 3a0a4uU “ACMO 6CMAOM 68 PEANbHOU HCU3HU. [Iped-
cmasvme cebe, ¥mo N — KOAUYECTNBO 8LINYULEHHBIT asmomobunet, p — 8epo-
AMHOCMB 0MKA3A MOPMO3HOU cucmemsl. Yy asmomobuns. Tozda k — amo xoau-
wecmeo asapul, NPou3owWedWUT No 8UHe 3a800a-U320MOBUMEN.

Hanomurarue npo wucao e. lim,_,oo(1+ )" =e.

n
1. Hadtamre lim,, oo (1 + 7)™
Paccmorpum 3apaqy. [IycTs BEpOATHOCTE p OYEHB Maad, a KOAWYIECTBO OUBITOB N,
HaobOPOT, OYeHDb BEAMKO. V] IycTh OHU CcBsI3aHBI OTHOIIeHEEM A = Np (A — mocTosiH-
Has BeamuwmHa). [Iycts P(k) — BeposTHOCTH TOro, 4To Ipu N HCIBITAHUSIX POBHO k
OKOHYUAUCEH ITOAOKUTEABHO. (I[IoHATHO, mOoYeMy MBI m36eraeM 3AeCh TEPMUHOAOTUH

«yCHEX» U «Heypadas?)
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2. Haitpmre lim, o P(k).

IToaryuenHnast popMyAa HasbIBaeTcs pacnpedeseruem IIyaccora ¢ mapaMeTpoM A.

3. AoKa>kuTe, UTO ILiEAble HEOTPHUIATEABHBEIE YHUCAA C pacupepeseHueM [lyaccoma
06pasyIoT BepOSITHOCTHOE IIPOCTPAHCTBO (T.e. CyMMa BCeX BEPOSITHOCTeR paBHaA 1).

[na camocTosiTenLHOro pelleHus

4, CHOpr, HECYIITHECS IIO BO3AYXY, IIPOU3BOASAT MAACHBKUE KONAOHUN IIANECEHU Ha
IINaCTHHKAaX >XE€NaTHWHaA B Aa6opaTop1m. B CPpEAHEM Ha IINAACTHHE MMEETCA TPU KOAO-
Huu. A KakoBa BEPOATHOCTDL, 9YTO Ha A&HHOfI IIANaCTHHE 6yA€T POBHO Tpu KONOHUM !

5. OcTopoXHEI (PAABIIIBOMOHETIYNK KAAAET B KAXKABIA SIIIUK 99 HACTOSIIUX U
OAHY PaABIIUBYIO MOHETY. KOPOADL IPOBEPSIET CTO SIIMKOB TaK: OH Hayraa b6epéT mo
OAHOII MOHETE U3 Ka’>KAOT'0 SAIUKA M OTIPABASIET Ha SKCIEPTU3Y. KaKoBa BEPOATHOCTD
TOT'O, YTO (PAABIIXBOMOHETUYNK He OyAeT pa3obraueH?

6. Neonup AHApeeBMY B CpepHEM pa3 B ATk MuHYT kpuuuT "llaaama!" Arapeit

AnercamppoBuY OBIA B cTOAOBOM 20 MuryT. KakoBa BEPOSTHOCTH TOTO, YTO 3a 3TO
BpeMsi A.A. ero OTBAEUET OT €ABI YETHOE KOAUYIECTBO pa3?

YacTtuunbin nopsaaok

1. B opHO X0n0AHOE YTPO Ha (PyTOOA IPHUIIAO BCETO 5 IIKOABHUKOB PA3AUIHOIO
POCTa, KOTOpPbIE BLICTPOUAUCH B IIIEPEHTY. Bceraa A MOXHO BHIOpAThH TPeX U3 HUX
TaK, 9TOOBI OHY OBIAUM BBEICTPOEHEI II0 POCTY? A €CAM MIKOABHUKOB OBINAO 9, a BEIOpATh
HaAO YETBEPHIX?

2. Bemummure yncaa oT 1 A0 24 B CTPOKY TaKuM o0bpa3oM, YTOOBI caMasi AAMH-
Hasl BO3PaCTaIOIasi IIOAIIOCAEAOBATEABHOCTD COCTOSIAA U3 4 4umcen, a caMasi AAUHHAS
yOBIBaromas — u3 6.

T'osopsam, wmo Ha mHoocecmee M 3a0ar nopAdor, ecau Oafs HEKOMOPHLT (He
0bA3aMeNvHO 0As 8CET) NAP dAemeHRmo8 a U b us mrootcecmsa M ckasaHo, 4mo
a He npesoczodum b (3anucwvieaemcs a < b), npuuem svnosrArOMCA caedyrowue
YCAOBUA!

- PedaexkcuBroCcTh: a < a.

- AHTHCEIMMETPUYHOCTE: ecAm a < bu b < @, To a =b.

- T'pausuTuBHOCTE: ecAam a < bu b < ¢, To a <c.

Ecau npu asmom a #b u a < b, mo nuwym a < b u zosopam, 4¥mo a meHvwie
b uau b boavwe a.

IToOMHOHCECMBO BAEMEHMOB HACTNUYHO YNOPAJOHEeHH020 MHOXHCecmaea M Ha-
3bl8AEMCA UENDIO, eCau Atobvie 08a 3AEMEHMA €20 CPABHUMDL, U AHMUUENDIO,
ecau arobvie 08a snemerHma HECPABHUMDL.

3. BrisicunTe, 6yAeT AN IPaBHAO 33AABATh OTHOIIEHNE IOPSIAKA Ha MHOMKECTBE.
EcAu AQ, TO SIBASIETCS AM IIOPSIAOK YAaCTUYHBIM: (a) M — MHOXXECTBO TOYEK KOOPAU-
HaTHOM mAaockocTH, (a,b) < (c,d), ecam a < ¢ uam b < d;(b) M — aTo cemeiicTBO
IIOAMHOYXECTB HEKOTOPOro MHOXKecTBa X, rae A < B, ecam A C B.(c) M — Bce BekTopa
ISTIMEPHOTO AMHEHHOrO IPOCTPaHCTBa HaA IOAEM Zp, AAS BEKTOPOB a 1 b a > b,
ecCAml a3 > bj.
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4. (a) AoxarkuTe, 4TO U3 AIOOBIX AECATU PA3AUYHBIX YKUCEA, BEIIUCAHHBLIX B PSIA,
MO>KHO BBIOPAThH YEThIPE, CTOSIIIINE B 3TOM PSIAY B IIOPSIAKE YOBIBAaHUSI UAU B IIOPSIAKE
BO3PaCTaHUS.

(b) Teopema Jppéwa-Cekepewa. AoKa>kuTe, YTO B IOCAEAOBATEABHOCTH Mn + 1
Pa3SAMYHBIX AEHCTBUTEABHBIX YKMCEA HARAETCS MAKM BO3PACTAlOIasi IOAIOCAEAOBA-
TEABHOCTDB U3 M+ | YrcAa UAK YOBIBAIOMIAS IIOAIOCAEAOBATEABHOCTD U3 N+ | YmUCAA.

5. Teopema Mupckoro. AAvHA MaKCUMAaAbHOR IENM B KOHEYHOM YAaCTUYHO YIIOPSI-
AOYEHHOM MHOXXeCTBE M paBHA MUHUMAABHOMY KOAWYECTBY AHTUIIEIIEH, Ha KOTOPBIE
pasbuBaeTcss MHOKECTBO M.

6. Mo>kHO AM pa3sMecTuTh Ha mpsiMoit (a) 6; (b) 7 oTpe3koB Tak, YTOOLI U3 AIOOBIX
TPeX OTPE3KOB HAIIIANCHL ABA IIEPECEKAIONINXCS ¥ HUKaKas TOYKa IPSIMOY HE IPUHAA-
AeXKana YETHIPEM AU Boaee oTpesram?

7. Ha mpsiMmoii AeKaT HECKOABKO OTPE3KOB, IIPUYEM CPeAr AOOBIX K + 1 HamAyTCs
ABa IIEPECEKAIOIUXCS. AOKA)KUATE, YTO MOKHO OTMETUTD K TOYUEK, TaK YTOOBI KaKAbIHA
OTPE30K IIPOXOAUA YEPE3 XOTSA OBI OAHY U3 HUX.

8. Bapum mapucoBaa 1001 IpAMOYTOABHUK C HATYPAABHBEIMY CTOPOHAMHU He HOABIIIE
1000. AoxarkuTe, 4TO OH MOKeT BbIOpaTh Tpu u3 Hux A, B u C, Takue, 9To A MOXHO
IIOMeCcTUTh B B, a B moxxzHO momectuts B C.

[Ona camocTosiTenLHOro pelueHus

9. AaHO HECKOABKO PA3AMYHBIX HATYPAABHBIX YUCEA. VI3BECTHO, UTO CPEA AIOOBIX
t + 1 #3 HMX MOXXHO BBIOpPAThH ABa YKWCAQ, OAHO M3 KOTOPBIX AEAWTCS Ha APYTOE.
AOKa>kK1Te, YTO YMCAA MOXKHO IIOKPACUTh B t IIBETOB TaK, YTOOBI AASI AIOOBIX ABYX
YyCceN OAHOTO IIBETA OAHO AEAUAOCH Ha APYTOE.

10. Teopema Ounyopca. MuHUMaAbHOE YMCAO IIeNel, Ha KOTOPbIE MOXHO Pa3buThb
YYM, paBHO MUPUHE HAUOOABIIIEN AHTUIICIIHN.

MaTtemaTnyeckoe oxungaHme

A€eCATb MUHYT Ha OCTAHOBKE IIOA,
TIIPOAUBHEIM AOKAEM — U OJKUAAHUE
aBTobyCa IIPEBPAIIAETCS B MAT.O’KUAAHUE.

Onpedenerue. Ilyctb & — cayuaiiHasi BeAWYWHA, IPUHUMAIOIIAS 3HaYeHUE K; C
BEPOSITHOCTBIO ;. E€ MaTeMaTU4eCKIM O’KUAAHIEM Ha3bIBaeTCsT 9ucAao ME = 3 . kipi.
M Hage roBopsi, 3TO IIEHTP MacC CUCTEMBI TOYEK Ha IPSIMOM, ECAY B TOUKE K HAXOAUTCSI
Macca pj.

1. ITycts & < &;. (Kcraty, a uTo aro 3HauuT?) Aokaxkute, aro ME; < ME,;.

2. Noraxkute, uTo M (&7 + &) = ME&; + ME,.

3. Ilycte &; u &, HesaBucuMbl. (a) Aokaxkure, uro M(&:&;) = M(E)M(&,). (b)

HpI/IBeAI/ITe IIpuMEP, KOoraa CquaﬁHBIG BEANYNHBI 3aBUCHUMEI, 1 3TO CBOMCTBO HE BEI-
IIONHSAETCHA.
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4. HaipnmTe MaT.O’KMAAHUE CAYYANHON BEAUYUUHEI C
(a) buHOMMAABHBIM PaCIPEAEAECHUEM,
(b) reoMeTprUeCcKUM pacIpeAEAEHUEM,
(c) pacmpeaenernuem I[Iyaccona.

ﬂ,ﬂﬂ CAMOCTOATENIbHOIO peeHnA

5. CrarpapTHas pyseTKa uMeeT 38 ceKTOPOB. MOXXHO IIOCTaBUTH HEKOTOPYIO CYMMY
Ha KaKOM-TO CeKTOp. EiCAM BBIIAAET 3TOT CEKTOP, TO IIOCTABAEHHASI CyMMa COXPaHs-
€TCsI, @ UTPOKY BBINIAQUUBAETC S IIPEMUSI B pa3Mepe 35-KpaTHOU cTaBKu. Hcam ceKTop
He BBIIIAAAET, TO CTaBKa IIEPEXOAUT K Ka3MHO.

(a) IlycTe cTaBKa BCeraa paBHA OAHOMY AOAAAPY, A UI'Pa OpAHOKpaTHast. CAydai-
Hasl BEAWYWHA SIBASIETCS BEIUTPHIIIIEM UI'POKA B 3TOH MIpe (T.€. €CAM CTaBKa CrOPaeT,
TO BHIUT'DEHIII UI'POKA COCTABASIET MUHYC OAMH AOAAAD). HaliauTe e€ MaT.ooKuAaHUE.

(b) Buaa pemua oryuuth Akeka oT pyaerku. OH mpeanaraeT eMy mapu Ha 20
AOANAPOB. YCAOBUS IIapu caepyiomue: Askek 35 pa3 Ur'paeT B PYAETKY CO CTaBKO# 1
AOAAAp. Buan yTBepkaaeT, 4To npu 3ToM AJKEK HU pa3y He BLIUI'PAET. BEITOAHO Al
ASKeKy Takoe mapu’?

6. CKOABKO B CpepHEM pa3 HY’KHO OpOCUTH KyOWK, YTOOBLI BHITAAM BCE 3HAUEHUS
or 1 po 67

7. NaHBI ABe paBHbIE OKPYKHOCTH, Ka>XAasi pa3bura Ha 200 paBHBIX AyT. Kaxkaas
U3 AYT OKpallleHa B OEABIY MAM YEPHBIN IIBET, IPUUEM Ha Ka’KAOY OKPY>XHOCTU HEABIX
¥ YEPHBIX AYT IIOPOBHY. AOKa>kKHTEe, YTO MOXXHO TaK COBMECTHUTDL 3TU OKPYKHOCTH,
4TOOBI AYTM HAaAOKUAUCH APYT Ha ApPyra ¥ IIBeTa Kak MuHUMYM 100 AyT COBIAAN.

8. B rpade ¢ n BepmuHaMu cAyda#HBEIM 0Opa3oM IPOBOASIT pébpa (Kaxkpoe pebpo
IIPOBEAEHO C BEPOSITHOCTBIO 1/2, p€bpa IpoBOAST He3aBUCUMO). CKOABKO B CPEAHEM
TPEYTOABHUKOB IIOAYYUTCS B 9TOM I'pace?

n

9. (a) Aoxaxkure, uTo lim;, ;%;//; = 0.

(b) TToamert rpacd Ha 2™? BepmmMHAX CAyYaiffHEIM 06pa3oM KpacsaT B ABa I[BETa
(T.e. p€bpa KpacsT HE3aBUCUMO, Ka>KA0€ PeOPO — C PaBHON BEPOSTHOCTHIO B IIEPBHIX
7 BO BTOpo# mBeT). CaydadiHasi BeAWYIUHA & — KOAMYECTBO OAHOIIBETHBIX IIOAHBIX
moaArpadoB Ha N BeprmHax. Aokaxkure, 9To ME < 1.

(c) (Teopema Jppéwa, 1947) Pébpa moamoro rpacda Ha 2™? BepmmMHAX MOYKHO IIO-
KPaCUThb B ABa IIBETA TaK, YTOOLI B HEM He OBIAO OAHOIIBETHBIX IIOAHBIX T-BEPIIMHHBIX

noarpacdos. VHEIME caoBaMu, drcao Pamces R(n,n) > 22,

Teopema 0 LEHTpaNbHOW TOYKE

Onpedesnerue. IlycThb AaHO MHOXXeCTBO M Ha IIAOCKOCTH M3 N TOdUeK. Touka X
Ha3BIBAETCSI UEHMPAALHOU MOwKoU AAS ITOIO MHOXKECTBA, €CAM AKODAs IpsiMasd,
IIPOXOASINAs depe3 X, AEAUT IIAOCKOCTDH Ha ABE YaCTH, KaXKAAsl U3 KOTOPBIX (BMECTE

. o (Y] n
C IIPOBEAEHHOM IIPSIMOM) COAEPIKUT He MeHee deM 3 ToueKk u3 M.
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1. Halipure X0Ts1 6BI OAHY LIEHTPAABHYIO TOYKY AASI YETHIPEX TOUEK HA IIAOCKOCTH,
obpasytomuii (a) BeIIyKABIA; (b) HEBBIIYKABIA YETHIPEXYTOABHUK.

Teopema 0 yeHmMpasvHol mowke. NAsT AI0OBOrO MHOXXECTBA Ha IIAOCKOCTH Haii-
AETCsT IIEHTPaAbHAST TOYKA.

Hayummca ee crpouts. IlycTe M — MHOXXeCTBO K3 N TOYEK Ha IIAOCKOCTH. Pac-

n
CMOTPHUM MHOXXeCTBO C BCEX BBINYKABIX (PUTYP, TAKUX YTO OHU COAEPKAT bonee ——

3

Touek u3 M.

2. M\OKa>kuTe, 9YTO €CAM BCe purypsl u3 C MMEIOT ODIIYI0 TOYKY, TO OHA SIBASIETCSI
IIEHTPaAbHOI.

3. (a) AokarkuTe, 4TO AIOOBIE ABe pUryphl U3 C IEPECEKAIOTCS IO HEMYCTON BBI-
IIYKAON purype.
(b) AokarkuTe, YTO CYIIECTBYeT TaKasi TOYKAa X B IIEPECEYEHUN ABYX PUIYD U3
C, uaTo Arobas ppyras urypa u3 C, He copeprkamas X, COAEP’KUT TOYKH, AEKAIIUE
BRIIIIE X.

(c) Aokaxkure, uTo BCe puUrypsl u3 C UMEIOT OOUIYIO TOUYKY.
3amevwarue. TakuM 06pa3oM, MBI AOKA3aAM TEOPEMY O IIEHTPAABHON TOYUKE AAS
IIAOCKOCTH.

4. TIpuBepuTE TIPUMED, ITOKA3LIBAIOIINAYN HEYAYUIIAEMOCTE OIEHKH |/3 B TEOpeMe O
IIEHTPaABHON TOYKE.

5. ANokaskuTe, 9TO AN AIOOOTO MHO>KeCTBA M M3 N TOYEK Ha IIAOCKOCTH CYILIECTBY-

IOT TaKUE€ TOYKY IIAOCKOCTH P 1 (, 9TO BCe BHIIYKABIE (PUIYPEL, COAepiKalue bonee
4dn

Ea ToueKk 3 M, Takxe copepxat P uam Q.
. 4n . }
6. [IpupyMaiiTe MEHBIIYIO OIIEHKY, YEM Ea B IPEABIAYIIEN 3apade, HO AAS TpPexX
TOYEK.

7. Ha marockocTm pacrionosxeHo 36 Todek. AOKa>KUTe, YTO CYIECTBYET He MeHee 660
TPEYTOABHUKOB (CPEAU KOTOPLIX MOTYT OBITH BEIPOYKAEHHEIE) C BEPIIMHAMY B AAHHBIX
TOYKaX, COAEP’KaIIAX HEKOTOPYIO IIEHTPAABHYIO TOUKY X.

[ns camocTosiTeNbHOro pelleHus

8. A\ora>xuTe, YTO BHYTPHU BBIIYKAOTO CEMUYTOABHUMKA €CTH TOYKA, HE IIPHHAANE-
>Kalllasi HI OAHOMY U3 YE€TBEIPEXYTOABHUKOB, 0OPa30BaHHBIX YETBEPKAMM €I'0 COCEAHUX
BEPIIXH.

9. Ha mrockocTu ecTh MHOXXeCTBO M m3 3n Touek. [Iycts X — IleHTpaAbHAST TOYKA
3TOr'0 MHOXXECTBA. AOKa>XUTe, YTO TOYKU M MO’XHO pa3buThb Ha TPOUKU TaK, ITOOBI
X momana B Ka’KABIM TPeYyTOABHUK, OOpa30BaHHLIY TPOMKON TOYEK.

10. Teopema o yernmpasvroti mouxe dasa RY. Ilycts B R¢ ecTs MHOXXecTBO M 13 n

ToueK. Toraa CyIiecTByeT TaKasi To4Ka X, 4TO AI0O0€ IIOAYIIPOCTPAHCTBO, COAEPIKAIIIEE

X, COAEPKUT HE MeHee 15 TOueK u3 M.

11. Aoxka>xmTe, 4TO CYIIECTBYET IPHMEP M3 T TOUEK Ha IIAOCKOCTH, TAKUX UTO
HET TPEX TOYEK, KOTOPLIE B COBOKYIIHOCTU 'TIPOKAABIBAIOT BCE BBINYKABLIE (DUTYPHL,

copEpPKalIre HE MEHEE % 3 AaHHBIX TOYEK.
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Jlnneitnoe nporpammupoBaHune

HaneBo mo#ip€ms — KOHS IIOTEPSIEINTD.
3Ha4uT, eCAM IOKAEIL HallpaBo — OyAeT ¥
TebsT IeABIX ABa KOHSI.

1. (a) XobbuT obHApPy>XKUA B AOTOBE APaKOHA Cepebpo, M3YMPYALI U CYHAYK, B KO-
TOPOM UX MOXKHO yHecTHu. B cyHAyK momemntaercs 100 dyuToB cepebpa uau 50 dyHTOB
I3yMPYAOB (2 MOXXKHO 3allOAHSITH CYHAYK QaCTUYHO CEPeOPOM, YaCTUIHO — U3YMPY-
ramu). Cepebpo MOXKHO 6yAeT IpopaTh 1o 20 TaAepoB 3a MYHT, a ©3yMPYALL — 110 30
TanepoB 32 GYyHT. OAHAKO €ro IIOHM MOXKET YBE3TU TOABLKO 80 yHTOB rpysa. Kakoe
HaubOAbITIee KOANYECTBO TAAEPOB OH CMOXKET IIOAYYUTDL 38 COKPOBUIIA, YBE3EHHEIE 3a
OAMH pasz?

(b) Koraa xob6UT BEPHYACS U3 IOXOAQ, OKAa3aAOCh, YTO M3YMPYABI IOAOPOXKAAU
7 Tenephb cTosaT 50 TanrepoB 3a GYHT (cepebpo cromT mo-mpeskHeMy 20 TaaepoB 3a
dyHT). A KaKoBa AOAKHA OBITH CTpaTerust XobbuTa B 3TOM CAydae?

2. (3apaya o anere) ToacTymra KaT permmaa nuTaThCs NPaBUABHO. [IoApys>RKa el
IIOCOBETOBAAA YIOTPEOASITH TOABKO MPOAYKTEL A 1 B (Ha3BaHUS 3amndpoBaHbl, YTO-
OBl He CO37aBaTh pekAaMy). AHEBHOe NMUTAHWE AOAKHO AaBaTh He MeHee 20 €AMHUIIL
benka u He MeHee 30 KMAOKaAOpuii. B opHOM KuaorpaMMe IPOAYKTa A COAEPIKUTCH
OAHa epvHUIA beAKa U OAHA KUAOKAAOPHUS, a B KUAOrpaMMe B — oapHa epuHUIIa beaKa
u 2 KuaoKanopuu. llema kuaorpamma A — 80 y.e., meHa xkuaorpamma B — 100 y.e.
T'pebyeTcst TOTPATUTh MUHUMAABHYIO CYMMY U BBIKUTD, IINTASICh 3TUMU IIPOAYKTAMU.
Kaxk?

Bonpoc wa (He)nonHumarue. B aTux AByX 3apavax PUIYPUPYIOT OAHU U TE JKe
YMCAQ U IIOAYYUAETCS OAMH ¥ TOT K€ OTBET. DTO MUCTUYECKOE COBIAAEHWE HUAU IIPO-
SIBAEHUE HEKOTOPOM €CTECTBEHHON ABOMCTBEHHOCTH?

Onpedenerue. Tlpsimoii 3apadeidl AMHERHOTO IPOTPAaMMUPOBAHUSI HA3LIBAETCS 3a-
Aada

f(X1,X2y - ey Xn) = C1X1 + C2X2 + ... CnXn — Max,

p
ax) + apx, + ... Xn S b]

azixy +apxy + -+ amxn < by

AKX + QX2 + - -+ axnxn < by
(X1 >20,x2>0,...%, >0

Touka X = (X1,X2,...Xn), YAOBAETBOPSIIOIIASI BCEM HEPABEHCTBAM, Ha3bIBAETCS AO-
IYCTAMBIM IIAQHOM, a AOINYCTHMBIA IIAQH, PEAAU3YIOIIUN MakKCUMyM pyHKIuZ f(X),
Ha3bIBAETCSI ONITUMAABHBIM IIAQHOM.

3. AOK&?KI/ITG, 9TO MHOXECTBO AOIIYCTHMBIX IIAAQHOB BEBEIIIYKAO.
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4. TTpuBepUTE IPUMEDP 33AAYX, B KOTOPOIL:
(a) pAomycTHMELR IIAQH He CYIIECTBYET,
(b) AomycTMMBIM IIAQH CYIIECTBYET, & ONTUMAABHOIO IIAAHA HET;
(c) omTUMaABHEIN IIAQH HE EAMHCTBEHEH.
Onpedenerue. Touka Ha3bIBAETCSI KPaliHEN AAS BBIIYKAOI'O MHOXKECTBA, €CAY OHA

HE ABASETCA CepeAHHOﬁ HUKaKOI'O OTPE3KA, ACKAIIIET'O B 3STOM BEIIIYKAOM MHOXXECTBE.
B CAYyYa€ MHOI'OT'PaHHMKOB 3TO IIPOCTO BEPIIINHEI.

5. (a) IIycte X 1 Y — AOIIyCTUMBIE IIAQHEL, X ONTUMAABHBINA IAAH AEKUT Ha OTPE3KE
XY. Nora>kuTe, 9YTO OAUH U3 IIAQHOB X UAU Y TaK>Xe SIBASIETCS OITUMAaAbHBIM.

(b) Aoka>kuTe, 9YTO OAVH W3 OITUMAABHBIX IINAHOB (€CAU TaKOBHIE €CTH) AOCTHIa-
eTcsi B KpaliHeil Touke (eCAU TaKOBBIE €CTH) MHOXKECTBA AONYCTUMEIX IIAAHOB.

6. Ilyctb X — onTuMaAbHBIE ITAaH. HeKOTOpEIE M3 HEPABEHCTB Ai1X] + ... AinXn <
b; mpu sTOM 06paTMAUMCH B PABEHCTBO. N\OKa>XKMTE, UTO OCTAAbHBIE MOXXKHO BOOOIIE
UCKAIOYUTE, ¥ X OYAET ONITUMaABHBEIM IIAAHOM HOBOW 3aAaydu.

Onpedenerue. ABONCTBEHHAS 3ajada AMHENHOTO IIPOrPAMMUPOBAHUSI CTPOUTCS
TaK:

9(Y1,Y2y-.-Yx) = biys + boyz + - - - + by — min

(anyr + anys + ... gy > ¢
anyr +axpyz + -+ ayx > €2

Ainy1 + azyz + -+ -+ AQnYk > Cn
(Y1 2 0»92 2 O)°'°yn Z 0

7. (a) IIycte X — AOmyCTHMEBIZ IAQH IPsSIMOM 3apauy, a Y — AOIYCTHMBIX IIAQH
ABoicTBeHHOM 3apaum. Aokaxxute, uro f(X) < g(Y).

(b) IIycTb 0OAHO M3 HEPABEHCTB MCXOAHOM 33AAYM MOYKHO MCKAIOYUNTDL TaK, YTOOLI
ONTMMAABHEIA IIAQH OCTAACST IPEXKHUM. J\OKa)KUTE, YTO B ABOMCTBEHHOM 3aaade MOXK-
HO IIPUPABHSTH K HYAIO OAHY U3 IIEPEMEHHBIX TaK, YTOOBI OIITUMAABHBIA IIAAH B 9TOMR
3aAa9e OCTAACS IIPEXKHUIM.

(c) Ecam f(x) HeorpaHWYEHO, TO MHOKECTBO AOMIYCTUMBIX IIAAHOB ABOMCTBEHHOM
3aAQ4H IIYCTO.

(d) (Teopema pBoiicTBeHHocT) IlycTe X* — ONTMMAABHBIN IIAQH IPSIMOM 3apAadi, a
Y* — OonTUMaABLHEIA IIAQH ABOMCTBEHHOH 3apauu. Aokaxkure, uro f(X*) = g(Y*).

ITpumewarue. Ha camoMm pene BepHO 6oabinee. Ecam onTuManbHBIN IAaH X* Cy-
IIIECTBYET, TO CYIIECTBYET M ONTUMAABHBIN IIAQH Y*.
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[Ona camocTosiTenLHOro pelleHus

8. (TpancnopTHas 3apava) IlocTaBIuKY TOBapa - ONITOBBIE KOMMEPYECKUE IIPEATIPHSI-
Tus By, By, ..., By mMelOT 3amackl TOBAPOB COOTBETCTBEHHO B KOAXYECTBE b1, by, ..., by
epuEnI. Posamunble Toproswle npepupustuss Ci, Cy,...,C,, Imoparm 3asBKU Ha 3a-
KYIIKYy TOBapoOB B 0O'beMaxX COOTBETCTBEHHO: Ci,C2,...,Cn EAMHUI] TOBapa. CTOMMOCTD
IIEPEBO3KM EAVHMUIIEI TOBapa C i-TO CKAaAAd j-My IPEANPUSTAIO COCTAaBASIET aij. Hapo
HAWTHW TaKO# IAAH IIEPEBO3KM I'Py3a OT IOCTABIIUKOB K IIOTPEOUTEASIM, YTOOBI COBO-
KYIIHBEIE 3aTPATHl HA IIEPEBO3KY OBIAM MUHUMAABHBIMIU.

[TycTb TaKo# ONTMMAABHEI IIAQH BBIPAXKAETCS B BUAE TaOAMIBL (Xij)i—1..kj=1..n-
AOKa>kuTe, 9TO BCE Xij, KPOME, MOXKeT ObITh, k + N — | umcAa, paBHEI HyA.

9. [TeTs 3a>kmMaeT B OAHOM KyAaKe PyOAEBYIO MOHETY, & B APYI'OM — ABYXPYOAE-
ByI0. BeposTrocTh P, ¢ KoTopo# lleTs 3a’kuMaeT B A€BOM KyAakKe PYyOABb, OH MOXKET
YCTaHOBUTL II0 CBOEMY YCMOTpPeHMIO. Bacs yKasbIBaeT Ha AEBYIO UAU IIPABYIO PYKY
[leTu u moaydaeT MOHETY B COOTBETCTBYIOIIeH pyKe. Bacs BbibupaeT AeByIO PYKY C
BEPOSITHOCTBIO T (T OH MO>KeT BBIOpaTh KaK 3aXO4eT). 3a OAHY Urpy ¢ Bacu bepércs
naaTa. Kako#t AoAXKHA OBITH 3Ta IIAATa, YTOOBLI UT'pa OKa3aaach YE€CTHOH?

BHyTpeHHunin matbon

1. B cTpaHe Me>XAY HEKOTOPBIMY I'OPOAAMY OCYIIECTBASIIOTCS Hecriocap0dHEIE IIepe-
AeThl (pefichbl OAHOCTOPOHHYE). PYKOBOACTBO aBHAKOMIIAHUY XOYET YCTAHOBUTDH IIE€HBI
Ha IIOAETHI TaK, YTOOBI €CAM OT OAHOI'O FOPOAA AO APYTOr'O MOKHO OBIAO IIPDOAETETH
(c mepecapKaMu) HECKOABKEME CIOCODaMu, TO BCE CIOCODBI OGXOAMAUCH OBI IIyTe-
IIIECTBEHHUKY B OAMHAKOBYIO CyMMy. Bceraa AM MOAYYHTCS TaK CAEAATh, €CAU IIeHA
IIEPENETOB MOXKET OBITH AI0O0 HEHYAEBOH (B TOM UHCAE OTPHUIATEABHOI)?

2. Tpeyroavauk AABC, y xotoporo AB = AC, Buca" B OKPY>XHOCTb W. IIycTb
P — nmepemenHas Touka Ha Ayre w BC, He copeprxameit Touky A, Touku Ig m Ic —
IIEHTPBI BIMCAHHBIX OKPY>kHOCTeR TpeyroabHUKOB NABP u AACP. AokaxxuTe, 4TO
OIIMCAHHBIE OKPY>KHOCTU TPEYTOAbHUKOB APlglc mpoxoasT depes puKCHUPOBAHHYIO
TOYKY.

3. HaiiauTe HauMeHbIIee AEHCTBUTEABHOE T TaKOE, YTO HEPABEHCTBO

VIZ4T+V2 414+ yn2+1< ;n(n—i—r)
BBIIIOAHSIETCSI AASI BCEX HATYPaAbHEIX M.

4. AnyHa m AHS IIO OYepeAr KPACST CTOPOHBI N-YTOABHUKA. AAWHA MOXET CBOMM
XOAOM IIOKPACUTBh CTOPOHY, ¥ KOTOpoi# 0 MAM 2 OKpAIEHHBIX COCEAHUX CTOPOHEI. AHS
MO>KET CBOMM XOAOM KPACHUTBL CTOPOHY, ¥ KOTOPO# | OKpaIleHHasi COCEAHSISI CTOPOHA.
[ITKHMCX. KTo BEIUT'PBIBAET IIPU IIPABUALHOMN urpe?

5. 3a xpyraviM cToroM cuAST 40 genoBeK. MoOKeT AM CAYYUTBHCS, YTO § AIOOBIX
ABYX U3 HUX, MEXAY KOTOPBIMU CUAUT YETHOE UUCAO UYEAOBEK, €CTh 3a CTOAOM Ob-
I 3HAKOMBIHN, a ¥ AIOOBEIX ABYX, MEXXAY KOTOPHIMY CUAUT HEUETHOE YUCAO JEAOBEK,
obIIIero 3HaKOMOI'O HeT?
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6. BHyTpU BBIIYKAOTO IATUYTOABHUKA BEIOPAHLLI ABE TOYKU. J\OKAKUTE, YTO MOXK-
HO BEIOpATH YETHIPEXYT'OABHUK C BEPIUIMHAMU B BEPIIMHAX ISITUYTOABHUKA TaK, UTO
BHYTPb €r0 IOIaAyT 0be BEIOpaHHBIE TOYUKMU.

7. NoKa>xuTe, 9TO AASI KA’KAOT'O HATYPAABHOTO a > | CYIIECTBYET IIPOCTOE P TaKOe,
aro umcao 1+ a+ a?+ ...+ aP~! — cocrasHoe.

8. Ha croporne AB Tpeyroarauka ABC, B xoropom BC = AC + AB/2, B3sTa TouKa
P Tak, uro AP = 3PB. Aokaxure, uro /PAC = 2ZCPA.

9. KaeTuaThllfi MHOTOYTOABHUK, KAETKH KOTOPOT'O PacKpalleHbl B ABa IIBETA, Ha-
30BEM XOPOIIKM, ECAM B HEM POBHO YETBEPTH KAETOK depHasd. BepHo Am, ¥TO At0bOHK
Xopormui KkBaapaT 12 X 12 MO>XHO pa3pe3aTh Ha 9 XOPOIIUX MHOTOYTOABHUKOB?

10. HaitauTe Bce Takue pyukuuu f: N — N, AnsT KoTophIx
(n—1)2<f(n)-f(f(n)) <n’+n

ANAST BCEX HATYPAABHBIX T.

Cumepnabl

OTpa’xeHus: HET TOABKO Yy BaMIUpa, a V
MeAVAHEI OHO €CTb.

Onpepepevne. CuMmepmaHOd HA3BIBAETCS UE€BMAHA, CUMMETPHYHAS MEAVAHE OTHOCH-
TeABHO buccekTpuchl. Touko#l JeMyaHa Ha3BIBAETCS TOYKA IIEPECEUEHUS CHUMEAVAH
(T.e. TOUKa, U3OTOHANBHO COIIPSIKEHHASI TOYKE IIEPECEUEHUST MEAVAH ).

1. (a) IIycte ABC — Tpeyroabuuk, M u N — Touku Ha cropore BC Takme, uto AM

BM-BN __ AB?
u AN CUMMETPUYHEI OTHOCATEABHO OUCCEKTPUCEL AL. AOKaXXWUTE, YTO ~ron = Ac?:

(b) IIycTb Touka N AexxuT Ha cropore BC. AokaxxuTe, 4To AN SIBASIETCS CUMEAU-

aHOM TOTAQ M TOABKO TOTAQ, KOTAQ E—E = Q—Ei.

Onpepenenne. Aar TpeyroabauK ABC. Ha aygax AB u AC mocTtpoens! Touku C
u B, coorBercTBenHo. OTpesku BC u B;C; Ha3wIBatoTCs aHTUOAPAAAEABHBIMA, ECAU
/ABC = ZABC;.

2. NokaxkuTe, 94TO YeBraHa AN SIBASIETCS CUMEAMAHON TOTAA ¥ TOABKO TOTAQ, KOTAA
OHA AEAUT IOoIoAaM A060# oTpe3ok BiC;, anTunapasnrenbHB# oTpe3ky BC.

3. ITycte M — cepeauna cropousl AC Tpeyroabauka ABC. Aoka)kuTe, YTO TOUKA,
nHBepcHass M oTHOCHTEeABHO omucarHHO# oKoAO ABC oKpy>XHOCTH, AEKUT HA CUMeE-
AVaHe yraa B.

4. B octpoyroabHoM TpeyroabHuKe ABC mpoBepeHa BrIicoTa BK, a Tak>ke mepieH-
AuKyAspel KE u KF #Ha croporsr AB u BC cooTBeTcTBeHHO. K OKPY>XKHOCTH, OIUCAHHOR
OKOAO TpeyroabHuUKa BEF, mpoBeaeHBI KacaTeAbHBIE B TouKax E u F. Aoka>kuTe, 9TO

3TU KacaTeAbHBIE IIEPECEKAIOTCS Ha IIPSIMOM, COAEPIKAlllell MeAUWaHy TPEYTOAbHUKA
ABC.
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5. B tpeyroavrure ABC npoBeau uyeBuany AS. Touka D Ha 3Tol YeBMaHE TaKOBa,
yro ZACD = /ZBAD u ZABD = ZCAD.

a) Aokaxxure, uro DS — buccekrpuca yraa BDC.

b) Touka D BryTpu Tpeyroabaura ABC Taxosa, uro ZACD = ZBAD u ZABD =
ZCAD. MNokaxkute, 9To D AeXUT Ha cuMeAMaHe yraa A.

6. B Tpeyroanrauke ABC nmpoBepera Mepumana CM. CepepUHHBIE IEPIEHAUKYASIPEL
K AC u BC mepeceraror 3Ty Mepmany B Toukax A’ u B'. AokakuTe, uTo mpsimbie AA’
u BB’ mepecekarorcs Ha cumeamane yraa C.

7. OKpYy>XHOCTHZ W] ¥ W) IepecekatoTcs: B TouKax A u D. KacaTeabHast K W B TOUKe
A BTOPOI pa3 IlepeceKaeT W, B TOUKe B, a KacaTeabHas K (W B TOUKe A BTOPOH pa3
nepecekaeT wi B Touke C. AoKa>XuTe, 4TO parUKaAbHAS OCh OKPY KHOCTER Wi U W)
COAEPPKUT CuMeAMaHy TpeyroabHuka ABC.

HenpepbiBHOCTB

— A ecaAu 4JepBsiKa PasopBaTh Ha ABE
TIOAOBHHKM, OHU OYAYT APYKUATH?
— C 10601 — TOYHO HET.

Axcuoma noaHomMbL MHOHCECTMBA BEWLECMBEHHDIT HUCEN. Aioboe HEIIyCTOE OI'pa-
HMYIECHHOE CBEPXY MHOXXECTBO BEIIIECTBEHHBIX YMCEA MMEET TOYHYIO BEPXHIOIO I'PAaHBb.

ITpedenom dynxuyuu f(x) 6 mowke a Ha3BIBAETCS TAKOEe YUCAO b, AASI KOTOPOTO
BBIITOAHEHO ycaoBme: Ve > 0310 >0Vx:0<|x—al<d = [f(x)—Db|<e.
O6osHaverue: lim f (x).

DOyHKIINS HAa3bIBAETCA HENPEPDBLBHOU B TOUKE (, ECAY €€ IIPEAEA B TOUKE 0 PaBEH
f(a). @yHKIUsS Ha3BLIBAETCsS HEIPEPBIBHONW HAa MHTEPBAAE, €CAU OHA HEIPEPHLIBHA B
Ka’KAOU TOYKE 3TOI'0 MHTEpPBAaAA.

Teopema Boavuyaro-Kowu. Ecam f(x) — HempepblBHast QyHKIZS Ha [a,b],
f(a) > 0,f(b) <0, To f(x) uMeeT KOpeHHL Ha OTpe3Ke [a, b].

YnpaxHeHus

1. Yemy paBHseTCH (lleIEL) (acos o + bsin &) AT PUKCUPOBAHHBIX d,b? NOKa>kuUTe,
HCIOAB3YSI OIIPEAEAEHUE TIPEAEAA.

2. Ilycre f(x) — HempepbIBHAsT QYHKIUS HA [a, b]. AOKa>XuTe, YTO OHA OrpPaHUYeHa
Ha [a, b].

3. IIycrs f(x,y) : R? — R. 3anmmuTe ompepereHUe TpeAeAa MYHKIUKM B TOUKE
(a,b).
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3anaun

1. ITonoca - 9TO MHO>XECTBO TOUEK, HAXOASAIIUECSI CTPOr'0 MEKAY ABYMSI ITaPaANEAD-
HBIMY IPSIMBIMU. J\OKa’KUTE, YTO AASI AF0DOH TOYKM IIOAOCHI MOXKHO HAapPKCOBATDH KPYT
C IIEHTPOM B 3TOY TOYKE TaKOM, YTO BCE TOYKM Kpyra IIOIAAYT BHYTPb IIOAOCEHL.

2. AOK&)KI/ITG, 9To BBIHYKABIﬁ OI‘paHI/I‘-IeHHBIﬂ MHOI'OYT'OABHHNK MOJXHO PAa3AEAUTDH
HpHMOfI AAHHOI'O HAIIPaBAC€HHUA Ha ABE 9aCTHU paBHOfI IINAOIIIaAM W 9TO TaKas IIpsAMast
€EANHCTBEHHA.

3. (a) Teopema o HenopswxHoii Touke. Ecau HempepriBHas pyHKIU f(x) oTobpa>kaeT
OTPE30K B Cebsi, TO CYINECTBYET HEMOABUIKHASI TOYKA, TO €CTh TaKasl TOYKA X, YTO
f(xo) = Xo.

(b) HenpepeiBHast pyuKust f TakoBa, 4TO ypaBHeHUe f(X) = X He MMeeT AeH-
CTBUTEABHBIX peleHunii. AokaxuTe, uTo ypaBHeHue f(f(x)) = x ToXxe He mMmeeT AEH-
CTBUTEABHBIX PEIIEHUIA.

4. N\ora>kmuTe, 9TO Ha DKBATOpPe HAUAYTCS ABE IIPOTUBOIIOAOXKHLBIE TOUKY C OAUHA-
KOBOU TeMIIepaTypou.

5. Vpasrerue x> + ax + 1 = 0 uMeeT TpH AeHCTBUTEABHBIX KOPHS. )\OKa’KUTE, ITO
HaitAgTCs Takoe € > 0, UTO AASI BCIKOTO b € (a — €;a + ¢) ypaBHerue x> +bx +1 =0
MMEET TPU AEHCTBUTEABHBIX KOPHSI.

6. (a) AokaXkuTe, YTO BOKPYT AI0OO#M BEIIYKAOM OrpaHWYEHHON (PUIYPHI MOXKHO
OIIXCAaTh KBaApaT.

(b) AokaXkuTe, 4TO B AIOOYIO IIEHTPAABHO-CAMMETPUYHYIO OTPAHUYEHHYIO BEI-
OIYKAYIO (PUTYyPYy MOXXHO BIIMCATh KBaAparT.

7. IIycte f : R — R — HempepreiBHast GpyHKIWMS, (a,b) — ToYKa Ha KOOPAWHATHON
IIAOCKOCTHY. J\OKa>kUTe, YTO CPeAV BCEX TOUEK rpaduka PyHKIUM f HaWAETCS TaKad,
PacCTOsIHUE OT KOTOPO# A0 Touku (a,b) MuHEMaABHO (TO ecTh He HOABIIE, YeM pac-
CTOsTHUE OT AI0DOO Apyro#t Touku rpaduxa f ao (a,b)).

[ns caMmocTosiTeNbHOro pelleHuns

8. AoxaxuTe, 4TO AIOOOH BBIIYKABI MHOTOYTOABHUK MOJKHO pa3pe3aThb ABYMS
B3aUMHO IIEPIEHAUKYASIPHBIME IPSIMBIMY Ha YeTHIPe (PUTYPHl PAaBHOR IIAOIIAAN.

9. Bepro A, YTO Ka’kpas BHYTPEHHSS TOYKA AIODOOTO BHEIIYKAOTO MHOTOI'PDAHHU-
Ka IPUHAANAEKUT KAaKOMY-TO OTPE3KY, KOHIILI KOTOPOT'O HAaXOASITCS Ha pebpax 3Toro
MHOTOT'PaHHUKA?

10. IlycTte S — eAMHWYHEBIZ KBappaT Ha IAOCKOCTH, a f : S — S — HempephIBHAA
dyHKIZSI. NOKa>KUTE, YTO CYIIECTBYET Xo € S Takoe, 4TO f(Xo) = Xo.

Knaccuyeckne HepaBeHCTBA

Huotce 8 aucmke “ucaa p U  MOAOHCUMENLHBL U CE8A3AHBL COOMHOWEHUEM
1T 1
—+—=1.
P q
1. Noka>xure HepaBeHCTBO (1 +x)* < T+ oax, raex < —1,0< ax < 1.
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a?P bd
2. Hepasencto HOura. ITycte a, b > 0. Toraa ab < ? + —.

q
1 a
Yxaszanue. CpenaliTe 3aMeHy p = — I b= 1 + X B IpeABIAYIIEM HEPABEHCTBE.
X
3. Hepasenctso lenbpepa. Ilycts ay, ..., an, by, ..., by >0, p > 1. Torpa

4. (a) Iycrs ay, ..., an, by, ..., by >0, p > 1. Toraa

n n p—1 n P
a3 u] >3t
i=1 i=1 i=1

(b) HepaBenctso Munkosckoro. ITycts aj, ..., an, by, ..., by >0, p > 1. Toraa

(i(ai T w) < (i a?) 4 (Z b{’) p
i=1 i=1 i=1

&8 &8 o0 o0
5. Ilycte psaasr )_al, Y bP m > b cxopsrcsa. Yro MmosxHO ckasaTh 0 psaax y_ aib;

i=1 i=1 i=1 i=1
00
u ) (a;+ by)P?
i=1

6. O6obmuTe HEpaBEHCTBO ['eAbaepa Ha CAydYall Tpex HAOOPOB YUCEA i, bi, Ci.

7. Yro nmpousoiipeT ¢ HEPABEeHCTBOM ['eabAepa, eCAM BMECTO IIOAOKUTEABHOCTH P
u ¢ norpeboBarh ycaoBue pq < 07

AAﬂ Aroboro rA.eI'}’ICTBI/ITeA]bHO]f‘O (0.8 75 0 CPpEAHUM CTEIIEHHBIM IIONOJKUTEABHBIX YUCEA

X1 ,X2, ..., Xy IOPSIAKA (X HA3LIBAETCSI YUCAO
1
X X\«
Salx) = (™ n)”
n
YacTHEIMU CAyYasIMU CPEAHUX CTEMEHHBIX SIBASIIOTCS: CPEAHEE TapPMOHUYECKOE
(0 = —1), cpeatee apudpMmeTudeckoe (x = 1), cpepHee KBapApaTudHOE (X = 2).

CpepHUM CTEEHHBIM IIOpsiaAka (0 OyAeM CYMTATh CPeAHEee reOMeTPHUecKoe So(x) =

X1 e e Xn-

8. Ecam o < B, To Su(X1, X2, eeey Xn) < Sp(X1, X2y evey Xn ).

@®yHKUNOHANbHbIE YPABHEHUS

1. Haitaure Bce f: R — R Taxkme, 9TO
(a) f(x)f(y) = flxy) +x+y
(b) f(x +y) =x+f(y)
(c) fx+y) —flx—y) =4xy
AASI BCeX Iap 4ucea X,y € R.
2. ITycts T : R™ — R yAOBAETBOPSIET CAEAYIOMIAM YCAOBHUSIM AASI BCeX X € RT:
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e f(X) — MOHOTOHHO BO3pacTaroIast MYHKINS
o f(x) > —%

o F(x)f(f(x)+1)=1

X
Haiipure f(1).

f
3. Haiipure Bce f : Q7 — Q' Takme, uro <x—|— y) = f(x) + fly) + 2y AAsT BCex

X f(x)
X,y €Q".

Samevarue. AT HETPEPHIBHBIX QYHKIMYA f uMeeT MecTO paBeHCTBO f (11113%10 Xn) =
lim f (Xn), TAE {Xn} — CXOASIIASICST TIOCAEAOBATEABHOCTE BEIECTBEHHBIX YUCEA.
Taxum obpasom, beiBaeT pocTaTouro peumuts PYP (A0Ka3aThb eAUHCTBEHHOCTD pPe-

IlIeHI/IH) CHa4Yana AAA PAIlMOHAABHBIX 3HaT-IeHI/II71, d 3aTEM BOCIIOAB30BATLBCA HEIIPEPHIB-
HOCTEBIO CbYHKI.II/II/I, YTOOBI IIOAYYHUTDE PEIIICHUE BO BCEX TOYIKaAX.

4. HaiipuTe Bce HelpephIBHBIE MYHKINK f(X) OmpeAeAeHHEIE AAS X > 0 TaKue, 9TO
f(x)f(y)
fix+y)=——7—"—
V750 + 1)
5. HaitauTe Bce HenpepriBHELBIE GyHKINA f : R — R KOTOpPHIE JAOBAETBOPSIIOT YCAO-
Buto f(x +y) = f(x) + f(y) ans Bcex x,y € R.

AAST BCEX X,y € RT.

[Ana caMocTosATENLHOrO pelleHns

6. Haitamre Bce HempepeIBHBIE (QYHKIUA, YAOBAETBOPSIOIINE  YCAOBUIO
f(x +y) = f(x)f(y) ars Bcex x,y € RT.

7. ©yuxmnus F 3apaHa Ha BCell BEIIECTBEHHON OCH, IPUYUEM AAS AIOOOTO X MMEET
MecTo paBeHCTBO: F(x + 1)F(x) + F(x + 1) + 1 = 0. Aokaxkure, 4To PYyHKIUSA F He
MOXKET OLITH HEIIPEPHIBHOIA.

8. Ilyctp t - Kakoe-TO puKcupoBaHHOE umcAo, mpumueM 0 < t < 1. Ha#iaure Bce

f: R — R, HempepsIBHBIE B Touke X = 0, Takue uTo f(x) — 2f(tx) + f(t?x) = x?.

Menenan n ero apy3bs

U Bozaér OH ¢ ABEHAAIATHIO TOYKAMU; U
CKasaA MM: UCTUHHO TOBOPIO BaM, YTO TPOE
13 Bac 6YAYT A€KaTh Ha OAHOM IIPSIMOIA.
OHu BeCbMa OIE€YAAUAUCH, X TOTAA Ka>XABLIN
Hagaa TOBOPUTH EMy: He I AW, YUUTEADL?

1. (Teopema Menenas) Aau Tpeyroabuuk ABC. Ha mpsimoit AB oTmeuena Touka K,
Ha npsaMo#t BC — Touka [, Ha npsmo#t AC — Touka M. Aokaxute, uto Touku K, L u
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M Ae>KaT Ha OAHOW IIPSIMOMl TOTAQ X TOABKO TOTAQ, KOTAA BBIIOAHEHO COOTHOIIEHUE
(B HampaBAEHHLIX OTPE3KaX)

AK BL CM _

KB'LC'MA__]

2. (Teopema Manna) IlycTe Ha opmoit mpsimoit Aexkar Touku A, C u E, a Ha apyroi
npsamoit — Touku B, D u F. Ecam npsameie AB, CD u EF nepecekator npsmeie DE, FA

u BC coorBercTBerHO B Toukax [, M u N, To Touku [, M u N KOAAMHEAPHEI.
Monckaska. Aoka>xeM 3Ty TeopeMy B caydae, Koraa npssmele AB, CD u EF obpasyioT Tpeyroaprrux UVW.

PaccMoTpuTe BCeBO3MOKHBIE TPONKY TOUEK, YAOBAETBOPSIIOIINE YCAOBUIO TeopeMbl Mereaast anst UVW (Tarux

TPOEK AOAYKHO OBITH IISITh). SAIUINATE COOTBETCTBYIOIINE OTHOIIEHYsI. BoiBepuTe 13 HuxX TeopeMmy [lamma.

Ho BaM HY>XHO AOKa3aTh 3Ty TEOPEMY B OOIEM CAyUaE.

3. (Teopema [Oe3apra) Ilycts aBa Tpeyroabuuka ABC u A'B’C’ TakoBBI, 94TO mpsiMble
AA’, BB’ u CC’ xoukypenTssl. [Iycte npsimeie AB, BC u AC mepecekaroT IpsiMbIe
A'B’, B'C' u A’C’ coorBercTBerHO B Toukax L, M u N. Aokaxkute, uTo Touku [, M
N KoAAMHeapHEL.

4. (Teopema Mackang) ITycts A, B, C, D, E F — Touku Ha orpy>xHOoCcTH. Ob03HAUUM
Touky nepeceuenuss AB u DE, BC u EF, CD u AF 3a [, M u N cooTBETCTBEHHO.
AokaxxuTe, 9To ToukY [, M m N KOAAMHEAPHEL.

Mopackaska. ObozmauumM Touku mepecedenus npsamerx CD u EF, AB u EF, AB z CD 3a U, V u W coorsert-
crBeHHO. CHOBa HAIIUININTE BCEBO3MOYXHBIE TEOPEMBL MeHeAasT OTHOCUTEABHO TPEYT'OABHUKA uvw.

Aan noceauwerrviz. Ilodmume, wmo meopema Ilackans sepHa U 8 cayuae,
ECAU UBHAYANALHDBLE ULECTMD MOUEK NEHCAAU HA IAAUNCE.

Aasa coscem nocsaweHHviz. Ilotimume, wmo meopema Ilackans eepHa U 8
CAYMAE, ECAU IMU UECMD MOMEK NEHCANU HA napabose uau Ha 2unepbose.

5. (Teopema Bpunanwona) ITycTs mects npsiMeix AB, BC, CD, DE, EF u FA acarorcst
OAHOII OKpPYy>kHOCTH. AokaxkuTe, uTo upsimblie AD, BE u CF KOHEKypeHTHEI.

Onamuvb-maxu, NPAMBLE MO2YM KACAMBCA HE OKPYHCHOCMU, G SAAUNCA, NAPA-
60oavL uAU 2unepbosv, — MaKosa NPoexmMuUsHaA npupoda s3motd 3adadu.

[Nns camoCTosATENBHOrO peLLleHus

6. Aau auct 6ymMaru, ABe IPSIMEIE, IIEPECEKAIOIIVECS BHE 9TOTO AMCTA, X TOYKA HA
aucre. [locTpoiiTe Yyepes 9Ty TOYKY IPSMYIO, IPOXOASIIIYIO YePE3 TOUKY IIEPECEUEHUST
HAPUCOBAHHBIX IPSIMEIX. [locTpoenrss HE AOAXKHEI BEIBOAUTD 3a AUCT OyMaru.

7. Ilyctb ABCD — BnucauHBI# YEeTBIPEXYTOABHUK. AOKa’KUTE, UTO TOYKA IIEpe-
CeYeHmsl AMaroHaAell, Touka mepecedenusi cTopoH AB u CD um Touka mepecedeHUS
KacaTeAbHBIX K BepmuHaM B u C KoAAWHEAPHEI.

8. Nama HepaBHObOKas Tpanenuss ABCD (AB || CD). [Ipon3BoabHas OKPY>XHOCT®,
IIPOXOASIIAsi Yepes Touku A u B, mepecekaeT O0OKOBBIE CTOPOHEI TPAIEUUK B TOYKAX
P u Q, a pmaroraau — B Toukax M m N. Aokaxxute, uro npsaMele PQ, MN uz CD
IIEPECEKAIOTCS B OAHOM TOYKE.

9. Ilyctes P u Q — ABe M30TOHAABHO COIPSIKEHHBIE TOUKY B TpeyroabHuke ABC.
Ilyctes PAPgPc 1 QaQpQc — mepanbuble TpeyroabHukuy Todek P u Q. U nmycThb emé
K, L # M — Touku niepecedernust IpsaMblX PAQp u PQa, PAQc 1 PcQa, PsQc u PcQp
COOTBETCTBEHHO.
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(a) Aokaxkure, yro Touku K, L m M AeKaT Ha OAHON IPSIMOI.
(b) AoxarkuTe, uro Touky P m Q AeXKaT Ha TOM JKe IIPsSIMOM

HOwnarpammbl HOura

— U mawan s MX cYMTATh — CA€Ba HAIIPABO
u cBepxy BHU3. Ho cbmacs co cuéra. Toraa s
PELINA TIEPECYNTATh UX CHU3Y BBEPX U
CIIpaBa HaMEBO.

— U Toxxe cbuncsa?

— Aa. A xaK TBI AOTAAANCS?

Onpedenerue. Auarpamma FOHra — 3TO HEKOTOPEHI# HabOp KAETOK, BHIPOBHEH-
HBIX II0 HU)KHEW I'DaHUIlE, B KOTOPOM AAWHEI CTOADIIOB 06Pa3yioT HEBO3PACTAIOIIYIO
IIOCAEAOBATEABHOCTD.

UapiMu cnaoBaMu pmarpaMma FOHra — 3TO HECKOABKO CTOADOIIOB, MAYIIAX CAEBA
HAIIpaBoO, IIPUYEM Ka>XABIM CAEAYIOMUY CTOADEI He BEHIIIE, YeM IIPEABIAYIIUIH.

Bot npumep anarpammel FOura dopwmer {5, 3, 3, 1}

Anrarpamma FOHra 3apa€r HEKOTOPOE pa3breHre HATYPaAbHOI'O YKUCAA N, TAE L —
3TO KOAMYECTBO KAETOK B AMArpaMMe, Ha caaraeMmule. [Ipu sToM pazbumeHmsi, OTAKTYA-
IOIIIAECST TOABKO IIOPSIAKOM CAATaeMbIX, CYATAIOTCSI OAUHAKOBBIMIU.

1. (a) AokaXkuTe, YTO KOAMYECTBO pasdueHUl Yrcaa N B CyMMy He 6onee dyem k
CAaraeMBIX, Ka’kKAO€ U3 KOTOPBIX HE IIPEBOCXOAUT {, PaBHO KOAMYECTBY pa3bueHuUi
YmucAa N B cyMMy He 6oaee ueM { cararaeMbIxX, Ka’KAOE€ U3 KOTOPHIX HE IIPEBOCXOAUT K.

(b) Aoxra>kuTe, YTO KOAMYECTBO pa3bueHuU YucAa N B CyMMy He 6boaee ueM K caa-
raeMbIX, KaJKAO€ U3 KOTOPHIX HE IIPEBOCXOAUT {, PAaBHO KOAMYIECTBY pa3bmeHuUit Yucaa
kf —n B cymmy He bonee deM k cararaeMbIX, Ka>XAO€ M3 KOTOPBIX HE ITPEBOCXOAUT .

2. [leTss Hammcan KOAMYECTBO pas3bueHumi ducaa N B cyMMy He bonee gueMm k caara-
EMBIX, Ka’KAO€ U3 KOTOPBIX He IIpeBocxopuT {, Bacs Hanmucana KOAMYECTBO pa3bueHumit
YUCAa N B CyMMYy He Oonee WeM K cAaraeMbIX, Ka>XKAO€ M3 KOTOPEHIX HE IIPEBOCXO-
autT £ — 1, a Mamra Hanucanra KOAWYECTBO pazbuenuit yucaa n — { B cymmy He Hoaee
vyeM k — 1 caaraeMbIx, KaXkKA0€ U3 KOTOPBIX HE IIPEBOCXOAUT (. AOKa>kuTe, ITO CyMMa
Mammaoro n Bacuroro wucea paBHO uucay [letn.

3. Ha pocke HammMCaHO HECKOABKO HATYPAaABHBIX YHCEA: (g, A7, A2, ..., On. [IHIIIEM
Ha BTOPOM AOCKE CAEAYIOIINE YUCAA: Dy — CKOABKO BCETO YUCEN Ha IIEPBOM AOCKE; by —
CKOABKO TaM YUCEA, OOABININX €AMHUIIBI;, ) — CKOABKO YHUCEA, ODOABINIUX ABONKH, U
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T.A., IIOKA IIOAYYAIOTCSI IIOAOKUTEABHBIE YMcAd. Ha 3ToM 3aKaHYMBaeM — HYAU He
numeM. Ha TpeTbeir AOCKe muIleM dYHUCAA Co, Ci, C2, ..., IIOCTPOEHHBIE IIO0 YKUCAAM
BTOPO# AOCKU IIO0 TOMY K€ IIPaBUAY, IO KOTOPOMY 4YmCAa by, by, by, ... CTPOUAKCEH TIO
YMCAAM IIEPBO#M AOCKHK. AOKa’KUTe, YTO HAOOPHI YKMCEA Ha IEPBOM U TpPeTbelr AOCKaxX
COBIIQAQIOT.

ﬂ,ﬂﬂ CAMOCTOATENIbHOIO peeHnA

4. CKOABKO CyIIleCcTBYeT CIOCOO0B BHIOpATh HaTypaAbHOE YUCAO ¥ Pa3buTh ero He
bonree weMm Ha k cararaeMblx, Ka’kKAOe U3 KOTOPBIX HE IIPEBOCXOAUT {7

5. Amarpammy FOHra mokpacuau B maxmaTHOM Iopsiake. OKazanoch, YTO OEABIX U
YEPHBIX KAETOK B Hell IOPOBHY. AOKa’KUTE, ITO €€ MOKHO pa3pe3aThb Ha AOMUHO.

6. KproxoM HaseIBaeTcs 9acThb AuarpaMMsel FOHra, cocTosAIas u3 Kakon-Aubo KAeT-
KU U BCEX KAETOK, PAaCIOAOKEHHBIX AUMDOO IIpaBee, AMOO BhIIIe ee. AaHa AMarpaMma
FOnra m3 n xaetok. [IycTh S — KOAWYECTBO KPIOKOB, COCTOSIIIVIX POBHO U3 K KAETOK.
Doxaxxute, aTo (a) s> < 2n, (b) s(k +s) < 2n.

7. (a) AorarkuTe, YTO KOAMYECTBO PEIIEHU ypaBHeHus 1a; +2a; +...na, =N, B
KOTOPHIX ITEPBLIE HECKOABKO YUCEA (MOXKeT OBITH, OAHO) (i HATYPAAbHEL, 8 OCTAABHEIE
PaBHEL HYAIO, COBIIAAAET C KOAMYECTBOM CIIOCOOOB Pa3bUTh YMCAO NI B CYMMY IIOIIapHO
Pa3AMYHBIX CAATAEMBIX.

(b) Aoka>kuTe, 4YTO 3TO KOAUYECTBO COBIAAAET C KOAMYECTBOM PEINEHNH YPaBHEHNUS
la; +2a; +...na, =N, B KOTOPBIX BCe YMCAA Qi PaBHEI 0 uAum 1.

Teopema Poppa-PankepcoHa

Paccmompum 3amMrHYMYM0 cucmemy 8000nposooHb.T mpyb ¢ eOUHCMBEHHBIM UC-
MOYHUKOM U eOUHCMBEHHBIM CMOKOM 800b.. TaKyro cucmemy MOHCHO u3o0bpa-
3umo 8 sude zpada, KaHcOOMY PebPY KOMOPO20 CONOCMABAEHO HUCAO — NPONYCK-
HAA cnocobrHocms amozo pebpa. MootcHo nonpobosams nponycmumbs “epe3 3my
cucmemy om UCmMoxKa K CmMOKY HEKOmopoe Koauxwecmeo 600v.. EcmecmeerHo,
noOMoK wepes pebpo He MOHCEM NPesdvLULAMDb €20 NPOoNYckHol cnocobrocmu.

1. Ha pebpax Kyba paccraBuAm umcaa oT 1 a0 12, obosHaYaromme IPOIYCKHYIO
CIIOCOOHOCTD. 3aIyCTUM MaKCUIMAABHBIA IIOTOK MEKAY IIaPO# IIPOTUBOIOAOKHEIX BEP-
muH. Kakoe (a) muruManbHoe; (b) MakcuManrbHOE 3HAYEHUE OH MOXKET IPUHUMATD?

Tenepv kaotcOyro mpyby OCHACTUM KAANAHOM, KOMOPBIU MpPonyckaem 6o-
0y MoAbKO 8 00HOM HanpasaeHuu. IIponyckHyro cnocobrocms 8 HANPABAEHUU,
NPOMUBONONOHCHOM HANPaABAEHU pebpa, cuumarom pasHoU HYyaro. ObosHav UM
(x,y) pebpo, sedywee u3 8ePUWUHBL X 8 BEPULUHY .

Onpepenenne. OpueHTUPOBAHHLI! I'pad C ABYMsSI BHIAEAEHHBIMU BepIInHaMu (UC-
TOYHUKOM S ¥ CTOKOM t), a TaK)Xe C Ha3HAYEHHON Ka>kKAOMY pebpy MPOIYCKHOM CIIo-
cobrocThio C(X,Yy) Ha3BIBAETCS TPAHCIOPTHON CEThbI0. Y MCTOYHWKA HET BXOASIIUX
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pEbeEp, a y CTOKa — UCXOAAIMUX. [ToToKOM HaswIBaoT QYHKINO F(X,Yy), YAOBAETBODSI-
IOIIYIO CAEAYIOITUM YCAOBESIM. AAst Atoboro pebpa F(x,y) < C(x,Yy); Arst A0OOI BEp-
IIIAHBI, KPOME UCTOYHMKA ¥ CTOKA, CYMMAapPHBI# BXOASINUA IOTOK PAaBEH CYMMapHOMY
ucxopsameMy. ByaeM Takke cumTarh, 4To F(X%,y) = —F(y,X), TO €CTH OAHOBPEMEHHO
C OAOXKUTEABHBIM IIOTOKOM F, MAYIIMM OT MCTOYHKWKA K CTOKY, B IIPOTUBOIIOAOKHOM
HAIIPaBAEHUU UAET PABHBIA 110 aOCOAIOTHON BEAMYUHE OTPULIATEABHEIN IIOTOK.

Onpepenenne. OCTaTOYHOR CETHIO AAS 33AAHHOI'O IIOTOKA HA3LIBAETCS I'pad, Ha KO-
TOPOM Ka’KAOMY pebpy ¥ HampaBAEHUWIO Ha HEM COIIOCTaBAEHA OCTATOYHAS IIPOIIYCK-
Hasl CIIOCODHOCTB, TO €CTb PA3HOCTDH IIPOIIYCKHOM CIIOCOOHOCTH M IIOTOKA YEPE3 3TO
pebpo.

Onpepenenve. Paspesom rpada HasbIBaeTcs: pa3bueHre MHO>XECTBA BEPIIXH rpada
Ha ABe dacTu (S, T), oAHA U3 KOTOPBIX COAEPIKUT UCTOK S, a Apyras — cTok t. Cymma
IIPOIIYCKHBIX CIIOCOOHOCTEM 110 BceM pebpaM C KOHIIaMU U3 Pa3HBIX YacTell Ha3bIBae€TCS
IIPOIIYCKHOY CIIOCOOHOCTBHIO pa3pesa.

2. (a) IIycTyr Ha HerkOTOpOM rpade 3apaH IIOTOK M HET paspe3a C HYAEBOH CyM-
MapHOH! OCTATOYHOM NPOIYCKHOM CIIOCOOHOCTHIO. AOKa’KUTe, YTO TOTAA IIOTOK UEpeE3
rpad MOXXHO KaK-HUOYAL yBeAXYNUTH. (D) A MOXXHO AM €ro IIpX 3TOM OCTAaBUTD I[EAO-
uncaeHHBIM? (3A€Ch MBI pacCMaTpPUBAEM IIEAOUUCAEHHEIE IPOIYCKHbIE CIIOCOOHOCTH. )
(c) Teopema ®oppa-®PankepcoHa. Beamumra MaKCHMaAbHOTO IIOTOKA B rpade paBHA
IIPOIIYCKHOY CIIOCOOHOCTY pa3pe3a ¢ MUHUMAABHONA IIPOIIYCKHOM CIIOCOOHOCTHIO.

Caedyrouue meopemsv. 8bL800aMCA U3 npedvdyweld. HyoscHo auws nocmpo-
umsv cems.

3. lemma Xonna. EcTe N 1oHOIER U HECKOABKO AEBYIIEK. VI3BECTHO, YTO AAST AIO-
6oit rpynmnbl u3 k IOHOIIER eCTh He MeHee K AEBYIIEK, KaXKAas U3 KOTOPHIX 3HAKOMa
XOTsI OBl C OAHMM M3 3THX K IoHomeill anst Aroboro k or 1 ao n. Toraa Mo>xHO Bcex
IOHOIIIE >KEHUTH HA 3HAKOMBIX AE€ByINKax. (a) AobaBuM K ABYAOABHOMY rpady MCTOK,
COEAVHEHHBI CO BCEMHU IOHOINAMM, a TaK>Xe CTOK, COEAVMHEHHBIN CO BCEMU AEBYIIKa-
Mu. [IpucBomM KaxpoMy pebpy mpomyckHyio criocobuocTs 1. IlycTh mpom3BOAbHBIN
pas3pe3 AEAUT I'pad Ha ABE KOMIIOHEHTHI: B S HAXOAUTCS MCTOK, a B | — cTok. IIycThb
B S IIOIIaAV POBHO b IoHOMmIER M W AeByIIeK. AoKa>XuTe, 4TO MeXXAY S u | He MeHee
n pébep. (b) Aoxrarkure reMmy Xoana.

Onpepenenve. BepImuHHEBIM IOKPHITAEM B I'pade HA3EIBAETCS TAKOE MHOKECTBO BEP-
ITWH, YTO Ka>XA0e pebpo UMeeT KOHEI B 3TOM MHOYXECTBE.

4. Teopema Kénura. B pAByproAbHOM Ipade pa3zMep MUHUMAABLHOTO BEPIIMHHOTO IIO-
KPBITUSI PaBE€H pPa3Mepy MaKCHUMAaABHOI'O IIapPOCOYETAHUS. [lyCTh MMEeTCsT ABYAOAD-
HBIM r'pad C eAUHWYHOMN IIPOIIYCKHOM CIIOCOOHOCTBHIO Ka>*XAOr'o pebpa, AOIONHEHHBIH
MCTOKOM M CTOKOM, KaK B AOKa3aTeALCTBE IIPEABIAYILIEN TeopeMsl. () AOKaXXuTe, ITO
pasMep MaKCUMAABHOI'O IIapOCOYETaHUsI paBeH MakCuMaAbHOMY oToKYy. (b) PaccmoT-
PUM MUHUMAaABHBIA paspe3. [locTpoiiTe 110 HEMY BEPIIMHHOE IIOKPBITHE, B KOTOPOM
BEpUIVH He OOABIIE, YeM IIPOIYCKHAsI CIIOCOOHOCTHL paspesa. () AOKa>kuTe TeopeMy
Kenura.

5. Teopema Menrepa. (a) Mexxay BepmmHaMu W ¥ V CYIIECTBYET K pebepHO Hemepe-
CEKAIOIIMXCS IIyTER TOTAA X TOABKO TOT'AQ, KOTAA IIOCAE YAAAEHUST AIOOBIX k — 1 pebep
cymecTByeT myTh u3 U B V. (b) Mexxay BepImmHaMu W ¥ V CYIIECTBYET Kk BEPIIUHHO
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HEIIEPECEKAIOITNXCS IIyTeH TOrAa U TOABKO TOTAQ, KOTAQ IIOCAE YAAAEHUS AIOOBIX k— 1
BEPIIVH CYIIIEeCTBYET IIyTh U3 U B V.

MaTt6on 9-10

1. B psip cTouT N ouenb boabIux 604eK. B mepBoit 6ouke 1 AUTP MOAOKA, BO BTOPOit
3 AmTpa u Tak panee. B mocaepmeir 60uke 2n — 1 auTpoB Moaoka. Bunnu [Tyx MmoxeT
IIEPEAUTDh B AIOOYI0O BOUKY CTOABKO MOAOKA, CKOABKO TaM y>Xe€ eCTb. BBEIAMBATH U3
6OYKY MOAOKO HEAB3SI, TAKIKE HEAB3SI IIEPEAUBATD U3 OAHOM OOYKU B APYTYIO MOAOKO,
€eCAM B IIepBO#f 60UKe He XBaTaeT MOAOKA AASI YABOeHUs BO BTopoil. [Ipm rkakux n
AQHHBIMY OIIEPAIIMSIMY MOXKHO CcOOpaTh BCE MOAOKO B OAHOI bouke?

2. A\Be OKPY>XHOCTZ S7 M S) KacaioTcs APYT APYyra BHYTPEHHUM 0OpasoM B TOYKE
A Tak, 94To S; AEKUT BHYTPU S;. Hepes Touky A IpoBepeHA IIpsiMasi, KOTOpPas Iepe-
cexkaeT S B Touke B, a S; — B Touke C. Hepes Touky B mpoBeapeHa KacaTeabHasd K Sy,
KoTopas mepecekaeT S; B Toukax D u E. VI3 Touku C mpoBeAeHBI ABE KaCaTEAbHBIE K
OKPY>XHOCTH S7, KOTOPbIE KacaloTcs e€ B Toukax F u G. Aokaxkute, uro Touku D, F,
G, E aexxaT Ha 0AHOM OKPY>XHOCTH.

3. Ha moake crosT 20 TOMOB 3HIIMKAOIIEAUWM, 3aHyMepoBaHHEIE OT |1 A0 20 caeBa
HaIIpaBoO. Pa3pelraeTcsi AeAaThb ABe onepanuu: (1) B3AThH CAeBa OT HaYaaa YeTHOE YKC-
AO TOMOB U IIEPECTABUTH UX, HE MEHSIS IIOPSIAKA, B KOHEII, (2) B3sITh CA€Ba OT HadYaAa
HEYETHOE YMCAO TOMOB, IIEPEAOKUTEL UX B OOPATHOM IIOPSIAKE M IIOCTAaBUTH B HAYaAO.
CKOABKO Pa3AMYHBIX IIEPECTAHOBOK TOMOB MOYXKHO IIOAYYUTH TAaKWMU OIIEPAIIVISIMU !

4. Noxa>xurTe, 94TO U3 AOOOY OGECKOHEUHON IIOCAEAOBATEABHOCTH OYKB PYCCKOTO
andaBUTa MOXXHO BBIYEPKHYTH OECKOHEYHO MHOTO OYKB TaKUM 06pa3oM, 4TOOEBI II0-
AYYUAACH UCXOAHAS ITIOCAEAOBATEABHOCTD.

5. Ilyctbs TpeyroapHMK ABC — OCTPOYroABbHBEIA, a ToukKa D — OCHOBaHME BBLICO-
TBI, IPOBeAeHHOM 13 Bepmuubl C. BuccekTpuca yraa B nmepecekaer CD B Touke E, a
OIIXCAaHHYIO OKPY KHOCTDL W TpeyroabHuKa ADE BTOpuuHO nepecekaeT B Touke F. U3-
BeCTHO, 4TO yroa ADF pasen 45°. Aokakute, uyTo CF — KacaTeAbHasT K OKPY>KHOCTH
w.

6. Aara ¢dyukmus f: R — R, uTo ars Bcex x,y,z € R BepHO, uTo f(xy) + f(xz) >
f(x)f(yz) + 1. HaiipuTe Bce Takue pyHKIUH.

7. Aora>kuTe, 9YTO AAS AIODOTO HATYpPaAbHOTO K > 2 CYIIeCTBYET TaKOoe HaTypaib-

Hoe gucAo N > 1, uro CX, He peawmTcs man+ 1.

8. Ha ocTpose xuByT 200 wenroBek: 100 4eCTHBIX, KOTOPHBIE BCETAA TOBOPSIT IPABAY,
u 100 A>KeIIoB, KOTOPBIE BCETAA ATYT. ¥ Ka*KAOT'O JKUTEAS OCTPOBA €CTb XOTsI ObI OAUH
ApPyT. B opmH nmpekpacHbit aAeHb 100 4enoBeK cKazaam: «Bce Mou APY3bsi YECTHEIEY, A
octanrbHBIE 100 YenoBeK ckazaau: «Bce Moum ApPy3bsi — AXKeIbly. Kakoe HauMeHbBIIIee
KOAMYECTBO IIaP, B KOTOPHIX UECTHHIN YEAOBEK APV KUT C AJKEIIOM, MOKET OBITH Ha
octpoBe? (OAMH YEAOBEK MOXKET BXOAUTH B HECKOABKO IIap)

Mat6oii 9 (nonynpocum) - 10
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1. B psaa crouT n ouens boabmux 6ouek. B nepBoit 6ouke 1 AUTP MOAOKA, BO BTOPO#
3 AuTpa u Tak panee. B mocaepneit 6oure 2n — 1 AuTpoB Moaoka. Buruau I[lyx MoxxeT
IIEPEAUTDL B AIOOYI0 OOYKY CTOABKO MOAOKA, CKOABKO TaM y’K€ €CTh. BEIAUBATL U3
H6OYKY MOAOKO HEAB3SI, TAKIKE HEAB3S IIEPEAUBATD U3 OAHON O0YKM B APYTYIO MOAOKO,
€eCAM B IIepBO#l 60OUKe HE XBaTaeT MOAOKA AASI YABOEHUS BO BTopoil. [Ipm kakmx n
AQHHBIMU OIIEPAIIXSIMU MOKHO cOOpaTh BCe MOAOKO B OAHOM 6oure?

2. A\Be OKPYXHOCTE S U S; KacaioTcs APYT ApPyra BHYTPEHHUM 0O6pa3soM B TOUKE
A Tak, 9TO S; NEXKUT BHYTPH S;. Hepe3 ToOuKy A IPOBEAEHA IPsSIMasi, KOTOPas IEpe-
cekaetT S; B Touke B, a S, — B Touke C. Yepes Touky B mpoBeaeHa KacaTeabHaAsS K S,
KOTOpas mepecekaeT Sy B Toukax D u E. U3 Touku C mpoBeAeHBI ABE KacaTEAbHEIE K
OKPY>KHOCTH S;, KOTOPbIE KacaloTcs e€ B Toukax F u G. AokakuTe, uTro Touku D, F,
G, E aexxar Ha 0AHOI OKPY>XHOCTH.

3. Ha moake crosit 2000 TOMOB 3HITMKAOIEANH, 3aHyMepoBauHEIe OT 1 A0 2000 caeBa
HaIpaBo. Pa3pelraeTcsi AeAaTh ABe omepamuu: (1) B3ATh CAeBa OT HaYaAa YETHOE YKC-
AO TOMOB U IIEPECTABUTH MX, HE MEHSIS IIOPSIAKA, B KOHEIT, (2) B3sITh CA€Ba OT HadYaAa
HEYETHOE YMCAO TOMOB, IIEPEAOKUTDL UX B OOPATHOM IIOPSIAKE M IIOCTABUTH B HAYaAAO.
CKOABKO Pa3AMYHBIX IIEPECTAHOBOK TOMOB MOXXHO IIOAYYUTH TAaKWMU OIIEPAITUISIMIE !

4. TTycte P(Xx) — npuBeAEHHBI MHOTOYAEH CTEIIEHX N, UMEIOMIUA N BEIECTBEHHBIX

KOpHel (KOPHU CUMTAIOTCS C y4eToM KparHocTz), P(2017) = 2017. Ilycts Q(x) =
2017
[] P(x+1). Aoxkaxure, uro Q(x) nmeer Kak MuHEMYM 1000 pa3sAMIHBIX KOPHEH, IO
i=1

MoAyAIo Merbinux 2017.

5. IlycTb k, N — HaTypaAbHBIE YMCAQ, IPUYUEM 1L > Cﬁ. AaHbL 3N IIOIapHO pa3sAUY-
HBIX HaTYpPaAbHBIX YHCEA: @i, bi, Ci, Tae 1 = 1,...,n. AoKa>XuTe, YTO CPEAU CYMM
BUAA Qi + b, ai + ¢i, by + ¢; XoTs 681 k + 1 pasAWYIHEBIX.

6. BEIDYKABIZ MHOTOYTOABHWK Ha IIAOCKOCTM TaKOB, YTO €ro obpas mpu AoboM
ITapasAEABHOM IIEPEHOCE COAEPKUT IIEAYIO TOUKY. AOKA*KUTE, YTO PACCTOSHUE MEKAY
KaKIMU-TO ABYMSI BEPIIXHAMY MHOTOYTOABHUKA He MEHBIIE /2.

7. NOKa>kuTe, 9TO AAST AFOOOT0 HATYPaAbHOI'O K > 2 CYIIECTBYET TaKOe HATypPaAb-

Hoe gucAo N > 1, uro CX, He peawmtcs man + 1.

8. Ha ocTpose >xuByT 200 genroBek: 100 4eCTHBIX, KOTOPBIE BCETAA F'OBOPSIT IIPABAY,
7 100 A>KeIIoB, KOTOPBIE BCETAA ATYT. ¥ Ka>KAOT'O JKUTEAS OCTPOBA €CTh XOTsI ObI OAMH
ApPYT. B opmH npekpacHbii AeHb 100 4enoBek cKazaAl: «Bce MOM APY3bsi YECTHEIEY, a
octanbHbIe 100 YenoBeK cKazaau: «Bce Mom APYy3bsS — AXKeIBl». Kakoe HauMeHbIIIee
KOAMYECTBO IIap, B KOTOPBLIX YECTHEBIN YEAOBEK APY KUT C AXKEIIOM, MOXKET OBITHL Ha
octpoBe? (OAMH YEAOBEK MOXKET BXOAUTH B HECKOABKO IIap)

9. Nama dymrnus f: R — R, uto ars Bcex X,y € R BepHo, uTo f(x + 2xy) =
f(x) + 2f(xy). Hataure 3Hagyenue f(2018), ecan f(2017) = 2017,

10. B BrimyraoM ueTwIpexyroabHuKe ABCD ¢ mepumerpoMm 1 BBIIOAHEHBI PaBEH-
crBa AB+CD = AC+v/2, BC+AD = BD+/2. HaitauTe paccTosiHIE MEKAY CEPEATHAMI
AVaroHaael yeTwIpexyroabHuka ABCD.
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apmoHuyeckue YeTbIpEXYroNbHUKN

Onpedenerue. Brucanubih 9eThHIPEXYTOABHUK ABCD Ha3bIBaeTCs 2apmoHuMe-
cxum, ecam AB - CD = AD - BC.

1. ITycts Touku B m D aexaT Ha okpy>kHOCTH. KacaTeAbHBIE K 9TOM OKPYXHOCTH
B Toukax B m D mepecekatorcs B Touke K. M3 Touku K mmpoBepeHa CeKyIlasi, IIepece-
Karolasi OKPY>XKHOCTb B Toukax A u C. AOKa’kuTe, YTO YETHIPEXYTOABHUK ABCD —
TapMOHUYECKU.

2. ITycte Touku A, B, C, D cOOTBETCTBYIOT KOMIIAEKCHBIM YKUCAAM a, b, ¢, d.

(a) Aokaxxkute, ayro ABCD aerxaT Ha OAHOM OKPY>KHOCTX TOT'AQ ¥ TOABKO TOTAQ,

KOTAQ % SIBASIETCSI BEIIIECTBEHHBIM YKUCAOM.

(b) Aoxarxkure, auro ABCD siBAsIeTCS rapMOHMYECKAM YETHLIPEXYTOABHUKOM TO-
d—

TAQ ¥ TOABKO TOTAQ, KOTAR 1 :qp = — -

(c) Aau tpeyroabauk ABC. AokaxkuTe, uro Ha Ayre AC omucauHo# okonro ABC
OKPY>KHOCTH CYIIECTBYET POBHO OAHA Takasi Touka D, uTo weThipéxyroabHUK ABCD
SIBASIETCSI TAPMOHUYECKUM.

Onpedeserue. Hucro — : d-0 pazpIBaeTCT 080UHBIM OMHOUEHUEM TIETBEPKA

b * d—b
Touexk A, B, C u D.

3. (a) Boucauneiit gersipéxyroabHuK ABCD obaapaeT CBOMCTBOM, YTO IIPOAOA-
>weuue AuaroHaaum AC ¥ KacaTeAbHBIE K OIKWCAHHOM OKPY>XHOCTM B Toukax B m D
nepecekaiorcsa B Touke K. VI3 Toukm A IpoBeAU IPSMYIO, HapaAAEAbHYIO KacaTeAb-
Ho#t BK. OTa npsmas nepecekaet orpe3ku BD u BC B Toukax E u F cooTBeTcTBEHHO.
Aoxkaxure, uto AE = EF.

(b) Aau Tpeyroabruk ABC. B Touke B mpoBeAu KacaTeABHYIO K ONMCAHHON OKPY K-
HOCTH, KoTopas nepecekaa npsamyio AC B Touke K. Eimi€ opHa KacareabHast u3 Toukz K
KacaeTcs OKPY>XHOCTU B Touke D. AokaxxuTe, uro BD — cuMeapuana B TPEYrOABHUKE

ABC.

4. IIycte ABCD — BnmcaHHBIA Y€TBIPEXYTOABHUK. \OKA*KUTE, YTO CAEAYIOIIUE ET'O
CBOIICTBa PaBHOCUABHEL:

(a) ABCD rapmoHuyeckui,

(b) KacareabHBle K OIMCAHHOE OKPY>XHOCTH B Toukax B m D m mpsmas AC
IIEPECEKAIOTCSI B OAHOM TOYKE,

(c) Auaronaaru AC u BD siBAsTIOTCSI cuMeAMaHaMy COOTBETCTBYIOMIUX (KaKUX?)
TPEYTOALHUKOB.

2 - .
(d) 4t = 2%, rae rouka L — mepecederme AMaroHane#l 9eTEIDEXYTOABHUKA
ABCD.

[ns camocTosiTeNbHOro pelleHuns

5. K okpy>xHOCTM IpoBeAu KacaTeAbHbIe B Toukax A, B, C u D. Okazanock, 4uTo
KacaTeabHble B A u C mmepecekAuch Ha mpsimoir BD. AokakuTe, 9TO KacaTeAbHBIE B
B u D nepecekatorcsa Ha npsamoit AC.
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6. Aan BrnucaHHBIA 4eTHIPEXYTOABHUK ABCD. Ilpsimble, cuMMeTPUYHEIE AMATOHA-
Au AC orHOCHTEABHO bucceKTpuUC yraoB A u C, IIepeceKkaioTcss B CEPeAVHE AXATOHAAN
BD. AokakuTe, 9TO IpsAMble, CUMMETPUYHBIE AaroHaAu BD oTHocuTeAbHO buCCEK-
Tpuc yraoB B u D, nepecekarorcst B cepepune pmaroHaauz AC.

7. Ilycte ABCD — rapMmonuyeckuil 4eTBIPEXYTOABHUK, X IyCcThb P, P, u P3; — oc-
HOBAHUSI IEPIEHAUKYASPOB, onyllneHHbIX n3 D Ha npsMele AB, AC u BC. Aokaxure,
qyTo P, — cepepuna oTpeska P;Ps.

Ouenkn B TH

1. Jlemma 3urens. Ilycts ecte OCAY c neasimu Kosddunuentamu aiy (i =1,...,p,
j = T1,..,q). IIyctp Takxe p < q u |aj| < A anst Bcex i m j. Toraa cymecTByer
HETPUBUAABHOE IIEAOYMCAEHHOE PEINEeHNe CHCTEMBI (X1, ...,Xq) Takoe, uTo [xj| < 1+
(qA)ﬁ AAST BCEX j.

YT0o6BI Hal'TV ICKOMOE pPelIeHre MBI OyAEM ITOACTAaBASTL B CUCTEMY pa3Hble HaOOPHI
IIEABIX YKUCEA ¥ CMOTPETH Ha IOAYYEHHYIO IPABYIO YaCThb.

(a) IlycTb Kaxxpa0e uucAo Habopa, KOTOPBIE MBI IIOACTABASIEM B CUCTEMY OTDAHU-
YEHO II0 MOAYAO HATYPaABHBIM YuCAOM |. Cpear KaKoro KOAUYECTBA HAOOPOB CTOUT
HICKATh PEIIEeHNE CUCTEMBI?

(b) A ckOABKO HAOOPOB 3HAYEHUHN IIOCAE IIOACTAHOBKY MBI CMOYKEM IIOAYYUUTH?
(c) Kak mocTpouTs Habop, Ha KOTOPOM CHCTEMA AAET HYAEBYIO IPABYIO YacTh?
(d) AokarkuTe AeMMy 3UTEAS.

2. Teopema Oupuxne (1842). Ilycte @ u C > 1 — peficTBuTEeABHBIE YncAa. Toraa
CYIIECTBYIOT TaKUe IeABIE YUCAA P, ([, 9T0 1 < q< Cuz

L
q] = Cq
3. (a) IIyctp « — wppanuwoHaAbHOE YUCAO. TOrAa CYILIECTBYET OECKOHEYHO MHOT'O
TaKUX B3aUMHO IIPOCTBIX IIEABIX UHCEA P, (, UTO |t — Pl q12
(b) Anst panmoHAABHEIX YUCEA AHAAOTUIHOE YTBEPKAEHNE HEBEPHO: CYLIIECTBYET
Takoe C > 0, 4TO IpU AIOOBIX P, (, P 7 O BBIIIOAHSETCS |X — zl > C1q

4. Teopema Jluysunns (1844). Ilycts o« — aarebpamdecKoe YUCAO CTEHMEHH N > |
(T.e. KOpEeHb MHOTOYAEHA CTENIEHY N C IeABIME KoadduimerTamu ). Toraa cyimecTByeT
rakasi KoHcTaHTa C(a) > 0, 94TO AAS AIOOBIX IIEABIX P, ( BBIIOAHSIETCS

]
‘“_Z‘ ~ Clo)q™

5. AaHO AeficTBUTEABHOE YMCAO T > 1. VI3BeCTHO, YTO IpU AIOOBIX HATYPaAbHBIX
M ¥ N BBIIOAHEHO Min => [mrli[nr]. AoKa>xuTe, 4TO T — IIEAOE.
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Teopema LUTeiHunua

Onpedenerue. BEIIYKABIM MHOTOIPAHHUKOM HA3BIBAIOT (PUTYPY, KOTOPAsl IIPEA-
CTaBASIET CODOI TepeceveHre KOHEYHOI'O YMCAA IIOAYIIPOCTPAHCTB, IPUYEM QUrypa
OTPaHUYEHA U MMEET BHYTPEHHUE TOUKU.

['paHuIla BBIIYKAOTO MHOT'OI'PAHHMKA COCTOUT M3 HECKOABKUX MHOTOYTOABHUKOB,
Ha3bIBa€MEIX €r'0 2PaAHAMU, CTOPOHBI 3TUX MHOI'OYTOABHUKOB HA3BLIBAIOT pPEOpPAMU
MHOT'OT'PAHHUKA.

1. CymecTByeT AM BBEIIYKALI MHOTOT'PAHHUK U3 ceMu pebep?

HanmoMmuraeM dopMyay Ditaepa AASI BEIIYKAOIO MHOTOI'PaHHUKA: V—e+f = 2, rae
V — KOAMYeCTBO BepmuH (vertices), e — KoaugecTBo pebep (edges), f — KoamdIecTBO
rpaneit (facets).

Tpoiiky uucen (v, e, f) Ha3eBIBaiOT f-8eXMOPOM MHOTOTPAHHUKA.

2. AOK&?KI/ITG PaBEHCTBa AAS BEIIIYKAOI'O MHOI'OI'DAHHNMKA.!

2e =3v3+4vs+ ... = 3f3 +4f4 + ...

A€ Vi — KOAMYECTBO BEPIIUH, B KOTOPBIX CXOAUTCA 1 pebep, fi — KoAMUecTBO i-
VTOABHBIX I'PDaHEN.

3. AOKa’XuTe, YTO Ka’KABLIA BBITYKABIA MHOTOIDAHHUK KMEET AMOO TpeXTpaHHBIR
yroa, Au60 TPEYTOABHYIO I'DaHb.

4. Teopema LUtelinnya. T'poiika HaTypaAbHBIX 4uceA (V, e, ), AAsST KoTopo#t v — e +
f=2 v <2f—4,f < 2v—4, asasierca f — BEKTOPOM HEKOTOPOT'O BBIIIYKAOI'O
MHOT'OI'PaHHUKA.

(a) HaiiamTe BBIIYKABIZ MHOrOrpaHHUK, f — BeKTOp KoToporo ecTdb (i) (4,6,4);
(i0)(5,8, 5); (iii) (6,10,6).

(b) Aoka)kuTe, YTO ECAU CYIIECTBYET BBIIYKABIA MHOTOIPAHHUK C f — BEKTOPOM
(v, e, f), UMerOITN KaK TPeXTPaHHEBIA yIOA, TaK U TPEYTOABHYIO 'PaHb, TO CYIIECTBYIOT
BBIITYKABIE MHOTOT'PaHHUKY C f — BekTopamu (v+ 1,e+3,f+2), (v+2,e+3,f+ 1)
z(v+2i+j,e+31+ 3§, f+1+2j),i e NU{0},j € NU{0}.

(c) Aokaxkure Teopemy IllTeitHnia.

5. [IycTs Ha p€bpax BEIIYKAOI'O MHOTOI'PAHHMKA PACCTaBAEHBI 3HAKU IIAIOC U MUHYC.

(a) AokaxkuTe, YTO YUCAO IIEPEMEH 3HAKA IPU 06XOAe AF0OOH IpaHU YETHO.

HazoBeM MHAEKCOM BEPIIMHBI YMCAO IIEPEMEH 3HAKa IPKU 06XOAE 3TOM BEPIIMHEL.

(b) ITycte N — cyMMa MHAEKCOB BCEX BEPIIMH MHOTOIDAHHUKA. N\OKa>KUTE, UTO
N < 2f3 + 4f, + 4f5 + 6f5 + 67 + ...

(c) Aokaxkure, aro N < 4v — 8.

(d) Aoraskure remmy Komu: HafiaeTCs BepIIMHA BEIIYKAOTO MHOTOI'PAHHUKA, WH-
AEKC KOTOPO# MeHbIe 4.
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Boinyknbie pyHkunn n HepaBeHctBo MeHceHa

Onpedenerue. Pyurnus f(x) Ha3bIBAETCT 8bNYKAOU (UAK 8BINYKAOU BHUS ), ECAT
AAST AIODBIX TPEX umcen a < b < ¢ BBEIIOAHSIETCS HEPABEHCTBO ﬂbg:z(a) < f(cgj)(b).
AN QYHKIUHR, 85NYKABT 88€PT, UMEET MECTO IIPOTUBOIIONOKHBIY 3HaK HEPaBEH-

CTBa.

1. AorarkuTe, YTO PYHKIIASA BHIIYKAA TOTAA ¥ TOABKO TOTAQ, KOTAA €€ HaATPaduK
SIBASIETCST BBITYKABIM MHOKECTBOM.

2. (a) Ecam dyurmum f(x), g(x) BEIIYKABI, TO Afobas UX AUHEHHAsT KOMOMHAIIWS
a-f(x)+b-g(x) c HOAOKUTEABHBIMEU KO3(P(PUIMEHTAMHI (A, b TaK>Xe BEIIYKAA. \O-
Ka>kKUTE 3TO.

(b) Bceraa Au KOMITOSUIUSI ABYX BBEIMYKABIX (OYHKIUA TaK>Ke BBIIYKAA?

3. NaHa BeINyKAass QyHKIUS f(x).

(a) AokarkuTe, AAST AIOOBIX X, MMEET MECTO HEPABEHCTBO f (X}Ly) < f(x)?c(y).

(b) Aokaxure, Hepasercmeo Mencena AAST 2 GUCEA:
flax+ (1 —a)y) < of(x) + (1 — a)f(y)

A o € [0, 1] m ATOBBIX X, Y.
(c) AokarkuTe HepaBeHCTBO VleHceHa B 0OINEM BHAE, T.€. YTO AASI IIOAOKUTEAD-

HBIX YUCEA Ajy...,An C CyMMO# 1 # AIOBBIX X1,...,X, UMEET MECTO HEPABEHCTBO:
n
f E Aixi | < E Aif(xi)
Caedcmeue. Ecau f — BbIIyKAAS QYHKIIUS, TO AAS AIOOBIX X1,X2y...,Xn HMe-

eT MECTO HEPABEHCTBO f(% > xi) < %Z f(xi). BEcAm pyHKIIUS BBIIYKAA BBEPX, 3HAK
i i

HepaBeHCTBA HallpaBAEH B 0OpaTHYIO CTOPOHY.

Samevarue. Bcar YHKIUS ABaXXABI AuddepeHIInpyeMa, TO OHA BBEIIYKAA TOTAA
U TOABKO TOTAQ, KOTAA €€ BTOpPAsi IPOM3BOAHASI IOAOKUTEABHA, T.€. KOTAA II€pBas
IIPOM3BOAHAS MOHOTOHHO BO3PAaCTaET.

4. Noxaxure, aro 3(1 + a?+ a*) > (1 + a + a?)%

5. AOKa>kuTe HEPABEHCTBO: N (X1 4« + Xn) > (/X1 + -+ + /%Xn)?

6. [Iycts m m N — HaTypaAbHBIE YUCAQ, M > N. AOKa)XUTE, YTO B AIOOOM I'pade
Ha T BEPIIXHAX C M PEObpaMu CYIIeCTBYET IIO KpaiiHeil Mepe %2 "ranodek’. 'arouroi
HA3bIBAETCsI TPOMKA BEPIIUH U IIapa Pebep, COEAMHSIIONINX OAHY M3 ITUX BEPIIUH C
ABYMSI APYTUMH.

7. IlycTb X1,X2,...,X, — IIOAOKUTEABHBIE YHUCAA C cyMMo# 1. Aoka>xuTe, 4TO

g 2
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[Ona camocTosiTenLHOro pelleHus

8. BriBepuTEe HEpPaBEHCTBO O CPEeAHEM APHUPMETHMUECKOM U CPEAHEM I'€OMETPUUE-
CKOM U3 HepaBeHCTBa leHceHa.

9. Aoka>kuTe, HaKOHEI], HEPABEHCTBO ['€apaepa (gepes VewnceHa):

S ave< (L af) " (L vt)’
(Bce ai, b; — IOAOKUTEABHBIE I % + % =1).

10. IIycts a,b,c — monroKuTEeABHBIE YUCAQ, A + b + ¢ = 1. HaliauTe HauMmeHbIEE

1\ 10 10 17\ 10
BO3MOJKHOE 3HQUEHVE BBEIPAKEHUST <a + ) + <b + b) + (C + c) .
a

[1BoMHOE OTHOWEHNE

Onpedenerue. Ilycts A, B, C, D — ynopsipoueHHass YeTBEPKA TOUEK, HAXOASAIIAS-
Cs Ha OAHOU mpsiMoii. IX ABOMHBIM OTHOIIEHMEM HasbIBaeTcss BeamunHa {AB,CD} =
AC . AD ..
5¢ 30 (UBCG OTpE3KU OEPYTCS yIOPSIAOUEHHEIE). HeTBEPKA TOUEK HA3BIBAETCSI IPaMO-
HU4eckoit, ecau {AB,CD} = —1.

Ecan IIpsiMasi COBIIaAA€T C OCBIO KOOpAMHAT, TO ABOfIHOG OTHOIIIEHNE 6YA€T 3alll-

cuIBaThCsI Kak {AB,CD} = % : 78:/]2-

1. AoKaXxuTe, ITO AAST AIOOBIX TPEX ToueK A, B, C Ha mpsiMmoit (KpoMe caydasi, KOraa
C — cepepuna AB) cyImecTByeT pOBHO OAHA Takasl ToYKa D Ha 3TOH >Ke IPsIMOi, ITO
yeTBépKa (A, B, C, D) — rapMoHMYecKasi.

Samevarue. Bcam C ssBasiercs cepepmuoit orpeska AB, To D = co. Takum obpa-
30M, ABOMHOE OTHOIIEHNE UMEET CMEICA 33AaBaTh HA IPOEKTUBHON IIPSIMOM.

2. (a) IIycts (A, B,C,D) — Touk; Ha IpsiMOH, a ToYKa X AEXKUT BHE ITOM MIPSIMOM.
SamuimnTe B CHHyCaX yIAOB yCAOBUe, 4TO 4eTBEPKaA (A, B, C, D) rapmonndeckas.

(b) ITycTs m3 Touku X BBIXOAUT YETHIPE IPSIMbIE, M KAKasi-TO IIPsIMasi, IIEPeCeKast
3TU IpPsIMble, 0Opa3yeT rapMOHUYECKYIO UETBEPKY. NOKa>KUTe, YTO Alobas mpsMasd,
IlepeceKalollasi 3TU IpsIMble, 0Opa3yeT rapMOHNYECKYIO YETBEPKY.

Onpedenerue. IIy4oK IPAMBIX C TAKMMU CBOMCTBaMU MBI OyAeM Ha3BIBATH 2APMO-
HUYeCKoU 4emeepKol NPAMDBLL.

3. NOKa>kuTe, YTO MOASIPHOE COOTBETCTBUE IIEPEBOAUT IapMOHUYECKUE UETBEPKU
TOYEK B FAPMOHUYECKUE YETBEPKYU IPSIMBIX (X HaobopoT).

ITpumenarue. V1 BoobIIE IOASIPHOE COOTBETCTBUE COXPAHSIET ABOMHEIE OTHOIIEHMUST
— €CAZ TOABKO NIPAaBUABHO (Kak?) IPUAYMATb, YTO TaKOE ABOMHOE OTHOIIEHWE YET-
BEPKU IIPSIMBIX, IEPECEKAIOIINXCSI B OAHOM TOYKE.

4. NOKaXkuTe, YTO MHBEPCHUSI IIEPEBOAUT TFAPMOHUYECKUN UETHIPEXYTOABHUK UAL
FAapPMOHMYECKYIO YETBEPKY B TFAPMOHUYECKUN UETHIPEXYTOABHUK HUAU B TapMOHUYE-
CKYIO 9E€TBEPKY.

5. (a) Ilycte w — oKRpy>XHOCTB, a D — TOYKa BHE 3TOM OKpy>kHOCTH. [Ipsimast {,
IIpoxoAsIas depes D, mepecekaeT w B Toukax A u B, a moastpy D(oTHocuTEABHO W)
— B Touke C. Aokaxkure, uTo ueTBEPKA (A, B, C, D) — rapmoHuyeckasi.
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(b) (ITocmpoerue noaapw.) IlycTs w — OKPY>XHOCTB, a X — TOYKa BHE 3TOMH
okpy>kHocTH. OAHA IIpsIMasi, IPOXOASINas depe3 X, IlepeceKaeT w B Toukax A u B, a
Apyras npsaMasts — B Toukax C m D. Ilycts Y — Touka mepecedenus npaMmbix AC u
BD. AokaxxuTe, 94TO Y AEKUT Ha IOASIpe X.

6. (OBoiHble oTHOweHnsi ¢ Yesoit 1 Menenaem) Aau TpeyroaprEuk ABC. IlycTs Ha
croporax BC, AC u AB cooTBeTCTBEHHO OTMeUEHEI TOUKY X, Y U Z, a Ha IIPOAONKEHUN
croporsl BC — Touka F. AokaXkuTe, 9TO U3 AIODOBIX ABYX YCAOBUM CAEAYET TPETHE:

(1) gerBépka (B, X, C,F) rapMmorudeckas;

(2) geBmanbr AX, BY u CZ nepecekaioTcsi B OAHON TOUKE;

(3) Touku Y, Z u F Ae>kaT Ha OAHON NIPSIMOI.

7. Ilycte Touku A, C, B u D Aexxar Ha mpsiMoit (MMEHHO B TaKOM IIOPSIAKE ), @ TOUKaA
X — BHe 9To# nIpsaAMO#. NOKa>XUTe, UTO U3 AIOOBIX ABYX YCAOBUR CAEAYET TPETHE:

(1) Yersépka (A, B, C, D) rapmorngeckasi;

(2) LCXD = 90°,

(3) XC siBastercst 6buccekrpucoir L AXB.

[Ana caMocTosATENLHOIO peLleHns

8. IIycts ABCD — BBIDYKABIZ YeTHIPEXYTOABHUK. [IycTh E — TouKa ImepecedueHus
AB u CD, F — Touka nepeceuerusi AD u BC, G u H — Touku nepeceyeHmsI IPsIMbBIX
AC u BD coorBercTBenHO ¢ mpsimoit EF. Aokaxxure, uto (E, H, F, G) — rapmMoHunyeckas
JeTBEPKA.

9. IIycts ABCD — BBIDYKABIZ 9ETHIPEXYTOABHUK. [IycTh P — ero Touka mepece-
YyeHUsI AuaroHaaeit, E — touka nepeceuernust AB u CD, F — Touka nepeceuernuss AD
u BC, G — rouka nepeceuernus npamerx BD u EF. I3 Touku G BBIIyCTHAM AYY, IIa-
parneabHbll AB. Touku X 1 Y — TOYKM IIepecedeHusi 3Toro Ayda ¢ npsmbiMu CD u
EP. AokaxwuTe, uTo EX — MepvaHa B Tpeyroabuuke EGY.

10. TIycts D,E,F — Touku KacaHus BOUCAHHOU OKpy>xHOCTH 1 cTopoH BC, AC
u AB coorBeTcTBeHHO. [IycTh X — Takast Touka BHYTpH TpeyroabHmKa ABC, uTo
BIIXCaHHAST OKPY>XHOCTH TpeyroabHuKa XBC kacaercs cTopoH B Toukax D, Y u Z.

(a) Aokaxkure, uro mpsimbie BC, EF 1 YZ KOHKYpPEHTHEI.

(b) Aoka>kuTe, 4YTO YETHIPEXYTOABHUK EFYZ BIMCAaHHBIH.

11. "Iz Touku O BeImymeHb! Ayuz li, 1, m 3. Ha aAyge | oTMmegueHBI TOukuz A 1
B,ual, —CuD,rsal; —E uF (Touku Ha Ka>KAOM AyUe B IOPSIAKE JAAAEHUS OT
O). Oxkasanocs, uro ZAEO = ZACO, ZADO = ZAFO u /BDO = /BEO. Touka N
— TOYKa IIePECEUEHNST OKPY KHOCTeH, onucarHbx oKoao BFO u ACEO (oTamunas ot
O). Aoxaxure, ato AC - EN = CE - AN.
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HepaBenctBo Miopxena

Onpepenenue. ITycts & = (1, &2, ..., Xy ) — HAOOP IEABIX HEOTPULIATEABHBIX YUCEA,

B KOTOPOM &] > & > ... > &,. HasoBeM cuMMeTpu3anueil opAHOIAEHA X] ' ...X3" cae-

AVIOIIA# MHOTOYAEH: Ty = 11' (X792 X8 4+ L+ x% %2 ...x7 ™). Hanpuwmep,
T210(a,b,c) = (a?b + a’c + b%a + b%c + c*a + ¢?b) /6;
T300(a,b,¢) = (a® +b° 4 ¢%)/3;
Tain(a,b,c) = abc.
Onpepenenne. Habop o = («q, &z, ..., &) MaxopupyeT Habop 3 = (B1, B2, ...y Pn)
€CAM BBLIITOAHEHEI YCAOBHSI

‘X]ZBH
o+ o > B+ B,

o+ o+ > PP+ B,
x1+o+--+an=p1+P2+--+ Pn-

Ecau A ma>xopupyetr B MbI 6yaem nucats A > B uaum B < A.

1. HapucyiiTe Bce pmarpaMmMmel FOura u3 N Kupnwdeil B IOpPsSIAKe YOBIBAHUS U pac-
IIOAOXKUTE KX B IOPsiAKe Markopu3aruy, rae (a) n =4; (b) n =5.

2. BepHO Am, 9YTO AAST AIODBIX ABYX HEBO3PACTAIOIINX HaOOPOB OAMHAKOBOM AAMHEI
C OAMHAKOBOM CYMMOM OAMH M3 HUX Ma’KOPUPYET APYTOR?

3. AoKaXkKuTe, 9YTO X > [3 TOrAA ¥ TOABKO TOTAQ, KOTAA [3 IOAYYAETCT U3 X IIYTEM
«CBaAUBaHUSA KuUpnuueity B pamarpamme FOwHra.

4. Hepasenctso Miopxepa. Ecam Habop o« = («q, &y, ..., ) Ma>xopupyeT Habop 3 =
(B1y B2y eeey Br)y TO To(X1y X2y eeey Xn) > Tp(X1,X2y oeey Xn) AASI BCEX HEOTPUIIATEABHBIX X1,
X2, vy Xn-

5. BreiBepuTe u3 HepaBerncTBa Mropxeaa HepaBeHCTBO Kormu.

6. a,b,c > 0. Toraa a’ +b3+c +abc/ 7(a+b+ c)3.

7. CpaBHUTE BEAWYUHBl — —|— 3 b3 1/ IIPY IIOAOKUTEABHBIX 4 U b.

Cl

+ + > a+b+ec.
b? — bc + ¢? cz—ca—l—a2 —(1b—|—b2

8. a,b,c > 0. Torpa

[Ona camocTosiTenLHOro pelleHnus

9. BBIBGAI/ITG HEPABEHCTBO Mropxe,a,a AAST PallIOHAABHBIX HEOTPUIIATEABHBIX CTEIIC-
Hel u3 HEPABECHCTBaA AASA HOEABIX HEOTPUIIATEABHBIX CTETIEHEN.

10. a,b,c >0, abc =1. Torpa a? +b?>+c2 > a+b+c.
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Col/llp

Onpepenenune. IlycThb ecTh AmHeRHOe mpocTpaHcTBO X. Pymrmus || - || : X — R,
obaaparoIasi CBOMCTBAMMU:

1) [Ix]| > 0, |Ix|| = 0, TorbkO ecam x =0

2) |[kx|| = [kl||x||, Arst aroboro k € R

3) Iix + yll < Il + Ihyll, anst azobmrx X,y € X

Ha3BLIBAETCSI HOPMOM, a camMo X — HOPMUPOBAHHBIM IIPOCTPAHCTBOM.

EcmecmeerHbim 0606’1146’)-1/11,6./\/1, xaxozo norHAaAmMUA ABAAENCA ’H,OpMCL?

Onpepenenve. Bribepem umcnro p € [1,00). Obosrauum P MHOXECTBO IIOCAEAOBA-
TEABHOCTEH {Qy,} JAOBAETBOPSIIOIIUX YCAOBHIO Y .-, |ailP < oo.

1. (a) AoraxkuTe, uro 1P — AmHeltHOe mpocTpaHcTBO Hap R. (b) Aokaxkure, uTo 1P

1
— HOPMUPOBAHHOE IIPOCTPAHCTBO ¢ HopMoit ||x|| = (3~ 2 [aiP)>.

Onpepenenne. Obo3HaurM 1° MHOKECTBO BCEX OTPAHMYEHHEIX ITOCAEAOBATEABHO-
CTeM.

Onpepenenne. O603HAYUM Cy MHOXXECTBO BCEX IIOCAEAOBATEABHOCTER C HYAEBBIM
ITPEAENOM.

2. (a) IIpoBepbTe, uTO 1™ U ¢y TaKIKe SIBASIIOTCS AMHEAHBIMY IIPOCTPAHCTBAM.

(b) ITpoBeprTe, uTO 1° U ) TAK>KE SIBASIIOTCS HOPMUPOBAHHBEIMY IIPOCTPAHCTBA-
MU ¢ HOpMO# |[X|| = supnen|an|.
3. Ilycte 1 < p < q < o0. Aoraxkure, aro P C 19 C ¢y C 1.
4. TIpupymaiiTe 6a31C B 3TUX IPOCTPAHCTBAX.

Bonpocw. 0aa pa3ddymuii:

1) A cymecTByeT AV KOHEYHBIH 6a31C B 3TUX IPOCTPAHCTBAX?

2) Aanee MBI byaeM 3aAaBaTh AUHEHHBEIE (DYHKIIUY Ha BEKTOPHBIX IPOCTPAHCTBAX
(co smagyenusiMu B R). HTo HEOOXOAMMO ONPEAEAUTDH AASI 33AAHUS TaKO# DyHKIUM?
Onpepenenne. f: X — R — Auneiinnril pysrnuoraa Ha X, ecam f(ax + By) = of(x) +
Bf(y) arst AROBEIX &, B € R, x,y € X.

5. IlycTb ecTh AuHeNHBIE (pyHKIIMOHAA f, OIpeAEAEHHBIM Ha IIpocTpaHcTBe X. Ao-
Ka)KUATe, YTO CAEAYIOIINE YCAOBUS PABHOCUABHEL

(i) f — HempepHIBeH;

(ii) f — HeIpEPBIBEH B HYAE;

(iii) f — orparmuex (|f(x)| < C||x||).

6. (a) ITlycTs X* — BCce HenpepHLIBHEIE AMHEHHBIE (DYHKIMOHAALL, OIIPEAEAEHHEIE Ha
3AEMEHTaxX IpocTpaHcTBa X. AokaxkuTe, 4To P* — AmHeliHOe mpocTpancTBo. (b) A guro
3TO 3a AMHelHOe mpocTpancTso? (c) Haitaure 1P**.

1. HatipuTe cj*.
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Teopema TBepbepra nnm "4yTb-4yTb NOABUHEM"

1. AaHbl N TOYEK Ha MIAOCKOCTH. AOKA)KUTE, YTO HA IPAHUIE KPYyra HAaXMEHBIIIETO
paamyca, COAEPKAIIETO 3TU TOYKH,
(a) ecTp o KpaiiHell Mepe ABe TOYKK U3 MHOXKECTBA,

(b) ecTb AmMb0 mO KpaliHEN Mepe TPU TOUYKM U3 MHOXKECTBA, AMOO ABE TOYKU U3
MHOKECTBA, AEKAIe AMaMETPAaABLHO IIPOTHUBOIOAOKHO.

Teopema Tsepbepra. IIycts B RY pamsl (r — 1)(d + 1) + 1 Touex. Toraa MX MOXKHO
pasbuTh Ha HelepeceKalolrecs IoAMHOXecTBa P, Py, ..., P; Tak, 4TOOH! ¥ BEIIYKABIX
000AOYEK ITUX IOAMHOKECTB MMEAACH XOTsI OBI OAHA OOIast ToYKa.

2. BeiBepAUTE U3 YTBEPKAEHUS TeopeMul T'Bepbepra
(a) Teopemy Papona anst RY; (b) Teopemy o meHTpaAbHON TOUKe Ans R
(c) TeopeMy o IeHTpaAbHOM TouKe ans R
3. NokaxxuTe Teopemy TBepbepra ars R?: MEOKecTBO P m3 31— 2 TOYeK Ha IAOCKO-

CTU BCETAA MOXXHO pa3buTh Ha mopMHOXecTBa Pq, Py, ..., Py, AAS KOTODBIX BBIIYKABIE
060A0YKM MMEIOT ODOIIYyI0 TOYKY. AOKa’KUTE CAEAYIOIIVE YTBEPIKAEHUS:

(a) CymecTByeT Kakoe-TO paspeaeHue P u Kakoil-To Kpyr B, mepeceraromuii Bce
conv(Py).

(b) Ecam ecTh pasbuenue P u B u3 mpeABIAyIIEro MyHKTA, TO MOXXKHO IIEpepac-
IIPEAEAUTD TOUYKY MEXAY MHOXXecTBaMu P; Tak, 94TobOBI KaXkp0e copep>kano He bonee
TpEX TO4YeK U B BcE emé mpopoaxan mepecekarhb Bce conv(P;). (C sToro momenTa
OyAEeM CUMTaTh, YTO BCE MHOXKECTBA U3 P; copeprkaT He Hoaee TPEX TOUEK.)

(c) Ecau B copepxut BHyTpeHHHE TOUKHM Bcex conv(P;), To paauyc B MoxxHO
YyMEHBIIUTE (HE TEPSisi CBOMCTBA IEPECEUEHUSI C BEIIYKABIMU OB0AOIKAMN ).

(d) IlycTs c HexoTOpEIME P;,, ..., P;, KpyTr B mepecexaeTcst TOABKO 11O I'PaHUYIHEIM
TouykKaM. Ecau 1eHTp B He A€KUT BHYTPH BBIIYKAOK ODOAOYUKYM TOUYEK IIEPECEUEHUS
(KacaHmsI) C 9TUMU MHOXKECTBaAMU, TO B MOXXHO UyTb-UyTh IOABHHYTDH ¥ YMEHBIIUTH
PaAUyC, He Tepsis I'AaBHOT'O CBOMCTBA.

(e) IIycTb c mekoTopeMU Pi,,...,P; Kpyr B mepecekaeTcs TOABKO IO IpaHIY-
HBIM TodKaM. Hcaum meHTp B AeXuT BHYTPH BBIIYKAOM ODOAOYUKEM TOUEK KaCAHUS C
3TUMU MHOMKECTBAMU, TO CPEAV ITUX MHOXXECTB HAMAETCH XOTS OBI OAHO, COCTOSIIEE
u3 Tpéx (mam 6oaee) Touek. (EcTh mapa oCOBEIX CAydaeB, KOTAQ 3TO HE TaK, TOTAA
IIEPEPACIPEAEANTE TOYKY P TakK, YTOOBI KPYT MOXKHO OBIAO YMEHBIIUTS. )

(f) Ecau meHTp B A€KUT BHYTpPM BBIIYKAON ODOAOYKK TOUEK KACAHUS, KAK B
IIPEABIAYIIEM IIYHKTE, TO OH AE€XUT BHYTPH BBIIYKAOK 0DONOUKU KaKUX-TO TPEX U3
TOYEK KacCaHMs. 10rpa MOXKHO II€PEPacIpeAeAUTb TOYKM MHOXKECTB Pi,...,P; Tax,
4TODOBI XOTsI OBI OAHA U3 BEIIIYKABIX 0O0AOUEK MHOKECTB Ilepecekana B 1o BHyTpeHHIM
TOYKaM.

(9) Ecaux papuyc B moAoKUTEAEH, TO €TO MOXKHO YMEHBIIUTE X IIPU 3TOM COXpPa-
HUTDb IIEPECEYEHME CO BCEMM BBIIYKABIME obonoukamu P;. Toraa cyliecTByeT Takoe
pasbuenue P, uTro B — 3T0 opHaA TOUYKa.
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[Ona camocTosiTenLHOro pelleHus

4. Teopema Kupwb6eprepa gns R2. IIycts Py, ..., P, — MHOeCTBa TOYeK Ha IIAOCKO-
CTH, AMSI KOTOPHIX IIEPECEYEHNE UX BBIITYKABIX 000A04UeK HemycTo. Toraa CyIiecTBYIOT
noaMuEOXecTBa Py C Py,..., P/ C P, c cyMMapHEIM KOAXIECTBOM TOUEK PABHBLIM 3T—2,

Takue 4TO BCe conv(P/) uMmeroT xoTs 661 OAHY OOIIMYIO TOUKY.

1
5. O6obuuTe AOKa3aTEALCTBO TeopeMbl TBepbepra ars RY.

6. LiBeTHas Teopema Kapateogopu. ITycTs A — MHOXXECTBO CHHUX, A) — MHOXECTBO
KpPacHBIX, & A3 — MHOXXECTBO 3€AEHBIX TOYEK Ha IIAOCKOCTH, ¥ KOTOPBIX BBIIYKABIE
060N0YKY MMEIOT XOTsI OBI 0AHY 061IyIo TouKy X. AOKa>kuTe, 4TO Toraa X IpUHAAAE-
JKUT KaKOMY-TO TPEYTOABHUKY C PA3HOIBETHBLIMYU BEPIIXHAMU.
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3akntounTtenbHas onmMmnunaaa

1. Oyuxmuu f 1 g onpepeNeHBl Ha MHOXKECTBE BCEX IIEABIX YUCEA U3 IIPOMEKYTKA
[—100; 100] u IpUHUMAOT IeAble 3HAYEHUS. N\OKaKUTE, UYTO AAST HEKOTOPOT'O IIEAOTO
k wmcao pemenuit ypaBrenus f(x) — g(y) = k HeuéTHO.

2. PaBHOCTOPOHHUY TPEYTOABHUK CO CTOPOHOM 20 pa3buT TpeMsi ceMelcTBaMU TIa-
PaANEABHBIX IPsMBIX Ha 400 paBHOCTOPOHHUX TPEYIOABHMYKOB CO cTopoHoi 1. Ka-
KOe HanbOABIIIee KOAXIECTBO ITUX TPEYTOABHUYIKOB MOXKHO IIepeceyb (BO BHYTPEHHUX
TOYKaX) OAHOM IIpsIMOit?

3. AaHO HaTypaAbHOE YMCAO. /I3 HETO BEIYUTAETCSI CaMoOe DOABIIIOE IIPOCTOE YUCAO,
He IpeBocxopsiee ero. C pe3yAbTaTOM CHOBA IIPOM3BOAUTCS TaKasl K€ OIlEPAIlNs 1 T.A.
AOKa>kuTe, 9TO CYIIIECTBYET YUCAO, U3 KOTOPOro PoBHO 4depe3 1000 mraroB BIEPBEBIE
IIOAYYUTCS HOAD.

4. Amaronaaru AC um BD Bmnucamzoro derwipexyroabHrka ABCD nepecekaroTcst B

Touke P mop mpsimbIM yraoMm. Touka (Q mHa orpeske PC Breibpana Tak, uro AP = QC.
AoKa>xkuTe, 9TO IepuMeTp TpeyroabHuKa BQD He Mmenbire yem 2AC.

5. BemecTBerHBIE YUCAQ X, ..., Xy TAKOBEI, UTO
2.2 2
X] +X2+...+Xn< ] .

M\OKa’kuTe, UTO HafAYTCS HaOOPHI BEIMIECTBEHHEIX TUCEA U1, .« .., Yn X Z1, .. . , Zn, TAKHE
9TO0
il + yal + oo+ fynl <1, max(|zi,|za, ..., zal) <1

u x; = Y55 mpu Beex i.

6. VlmeeTcs 25 MacoK, Ka>kpasi CBOETO IIBeTa. K MYAPEIOB UT'PAIOT B UT'PY: UM IIOKa-
3BIBAIOT BCE MACKH, IIOTOM OHU AOT'OBAPUBAIOTCSI MEXKAY CODOI, ITOCAE Uero UM HaAeBa-
IOT MAaCK{ TaKUM 00pa3oM, YTO Ka’KABIM X3 HUX BUAUT MACKU Ha BCEX OCTAABHBIX (HO
He 3HAET, Ha KOM OHU HaA€THI) ¥ He BUAUT CBoo. Hukakue popMEl B3auMOAEHCTBIS
IIPY 9TOM He pa3pelraioTcs. Bce oHM OAHOBPEMEHHO HA3LIBAIOT II0 OAHOMY IIBETY, IILI-
TasiCh yraAaTh IIBET CBOell MacKu. [Ipy KakoM HawMeHbITEM k OHM MOTYT TaK 3apaHee
AOTOBOPUTHCSI, YTOOBI XOTsI OBI OAVMH M3 HUX HEIIPEMEHHO yTrapan?

7. B BemmykaoM deTbIpexyroabHEKe ABCD Touka M — cepeapuna amaronaaum AC,
npuuem /MCB = ZCMD = ZMBA = ZMBC — ZMDC. Aoxkaxkure, uTo AD =
DC 4 AB.
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