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Oob1eorpsaanbie paiiibl

4 monga. BerynurenabHas oamMmnunaia.

1. B aByx Bepmmaax Kyba cumsar Bosek u JI€nek. 3a Xom OAWH M3 HUX MEPENOI3aeT B CO-
ceZHIOIO cBOOoAHYyIO Bepuinny. Moryt s Bostek u JIémek mpu KaKOM-TO HAYMAJILHOM [TOJIOKEHIHT
[IePEIOJI3aTh TaK, YTOOBI TOJYYMINCh BCE BO3MOXKHbBIE MX PACCTAHOBKM Ha KyOe POBHO 110 pa3y’

2. B ocrpoyrosbaom Tpeyrombauke ABC mposenennt Boicoret AD, BE u CF. Jlya EF
[epeceKaeT OMUCAHHYI0 OKPYKHOCTHL Tpeyroibuuka ABC B Ttouke P. Orpesku CP u DFE 1e-
pecekatorcst B Touke Q. lokaxkure, aro Tpeyronbauk AP(Q) — paBHOGEIPEHHBIN.

3. Harypaububie uncaa a u b takossl, uro a® — b* = ab®. Jlokaxkure, uro b siBisiercs
MIPOM3BE/IEHUEM TPEX TOCIIEIOBATEIbHBIX HATYPAJIbHBIX YUCEJI.

4. B cBsazaoM rpade 2018 Beprua u n pebép. [Ipn kakom HanMeHbIeM 1 U3 rpada MO3KHO
3aBEIOMO YJIAJIUTH 2 CMEXKHBIX pedpa, ITOOBI OH OCTAJICS CBII3ZHBIM !

5. Ha miockoctu BeIGpano 2018 mpsambix obriero mosoxkenus. OTMETHIN BCe UX TOYKU
mepeceveHusi. 3aTeM CTEPJIN BCe MPsIMble W k OTMEYEHHBIX TOdYeK. [Ipu Kakom Hambosbiem k
3aBEJIOMO MOYKHO BOCCTAHOBUTH M3HAYAJILHBIE TPsMbIe?

6. IIpousBemenne MOJIOKUTENTBHBIX YUCET A2, A3, - - . , G239 PaBHO 1. Jlokaxkure, ¥TO

(14 a2)’(1 +a3)®... (1 + ass9)**® > 239>,

7 utojisi. MaTtemaTuvdeckne KpecTuKn-aHoJimKu. OTBeThI

A1(10) Haiiaure Bce o Takue, 9to tga = tga’.
1807 - k

Otsert: 80— = (B rpamycax)

A2(20) B uemnmonare ['amGypra mo 6okcy ydactsyior 100 GOKCepoB pasHOro peifiTHHTrA.
Kaxkipie 1Ba bokcepa mpoBOAAT MexK 1y coboit omun 60it. HeckoibKo OOKCEpOB COCTABUIIN 3aro-
BOD: KaK/Iblif U3 HIUX POBHO B OJTHOM U3 0O€B IIO/JIOKUT cebe B IIepYaTKy CBHHIIOBYIO IIO/IKOBY.
Ecsin Bo Bpemst 6ost 110/1KOBa, 11O/1/I02K€HA POBHO y OJTHOT'O U3 JIBYX €r0 YYaCTHUKOB, TO II00EXK1aeT
MMEHHO OH; B IIPOTHBHOM CJIydae mobexkaaeT 6okcep ¢ 6osiee BbIcOKNM pefituHrom. Ilo mroram
YEeMITMOHATA HAIIJIOCh TPU OOKCepa, BBINTPABIIUX OOJIbIIE O0EB, YeM 000 N3 TPEX YIaCTHUKOB
¢ HauBbICIIUM peiiTuHroM. Kakum MOrio 6bITh HAMMEHbIIIee KOJIMYEeCTBO 3arOBOPIIUKOB?

Orser: 12

A3(30) Hekoropoe HaTypasbHOE YUCIO0 MOYKHO 3aIIMCATh KAk 1122962 — 798962. IIpu sToM
ncrosibdyercs 14 cuMBOJIOB. 3amuinnTe TO K€ CaMOe UHCJIO C IIOMOIIBIO BCErO TPEX CHMBOJIOB

Orser: 13!

A4(20) C nenrpaMu B BEPIIMHAX N-MEPHOrO Kyba o cTopoHo# 1 mocrpomin cdepsl pa-

auyca % C meHTpoM B TOYKE (%, %, ceey %) nocrpousiu cdepy, KacarolLyocs BHEITHUM 00pa30oM
IOCTPOEHHBIX paHee. IIpu KaKoM HauMEHbILIEM 7 IOCaeAHss cepa BbLIE3aeT 3a IpaHully Kyoa?
Orser: 5

A5(10) Haiigure Bce Muorounens f(z) Taxkue, uro f(f(x)) = «* + 43 + 822 4 8z + 4.



Orser: 22 + 2z + 1
B1(20) Haiigure Bce Takue a, 94ro uucia a + /15 u 1/a — /15 — nessle.
Oter: +4 — /15

B2(30) Haiture nanvenbinee snadtenne oipazenns: /(z — 5)2 + 9+1/22 + y2++/4 + (y — 4)2

Otset: TV2

B3(40) Haiinure Bce HaTypasbHble 9nciaa, KoTopble B 100 pa3 Gosblne KOJUIECTBa CBOUX
HaTyPAaJIbHBIX JEJIUTEJIeH.

Orser: 2000

B4(30) Jaun pasroGeapennsiit rpeyroasauk ABC ¢ ocaoBanunem AC. Yron BAC pasusier-
cs1 37 rpajycaM. X — TOYKa [epecedeHnsi BBICOTHI M3 BEPINUHBI A ¢ IPSIMOi, IPOXOAIIEH Yepe3
B napaJsuiesbao ocHoBanuio, M — touka ma mpsmoit AC takasa, uro BM = MX. Haiinure
rpaaycuyio mepy yria M X B.

Orser: 74

B5(20) B kpy»xke 3annmaercst 21 uesioBek. VI3BeCTHO, 9TO [Ba KPY?KKOBLA [IPY2KAT, €CJIH
X HaMUIINK COLEpPKAT PA3JIMIHOE KOJIMIECTBO OYKB, nHade He aApyzkar. [Ipm sTom y Kaxkioro
KPYZKKOBIIA Apy3eil B KPYKKe CTOJIBKO YKe, CKOJIbKO OykB B dhamuinu. Becero B kpyxke 175 map
apyseit. OupenennTte AIuHBL HaMUIAi KPYKKOBIIEB.

Orser: 6 yesoBek ¢ ggmuaoi davmminu 15, 5 - 16,4 - 17, 3 - 18,2 - 19, 1 - 20 6yks

C1(30) 13 maxmaTHOil JOCKU BbIpe3asn 8 KiaeTok. Jljist KaKoro HaubOJIBILErO 1, U3 OCTaB-
mIeficst 9acTu rapaHTUPOBAHHO MOYKHO BBIPE3aTh IPSIMOYTOJIBHUK ILJIOIMIAABIO 17

Orsert: 8

C2(40) Ha cTroponax TpeyroJIbHAKa BO BHENTHIOK CTOPOHY MOCTPOEHBI KB IPATEI, 6 BepITHH
KBaJIPATOB, HE SIBJISIONINECS BEPIIMHAME UCXOJHOTO TPEYTOJIbHUKA JIEZKAT HA OJTHON OKPYKHO-
cru. Haiigure yribl TpeyrobHUKA.

Orser: 3ajada Obia yopana

C3(50) Ha GeckoHe4uHOI KJIeTYaTON JTOCKE NPOBEIEHa MOPU30HTAIbHAS PAMAas [0 JINHUN
ceTKU. B KaxK0# KJEeTKe IO 3TOM MpsIMOil CTOUT INaIlKa, a KJIETKH HaJ[ MPsIMO IyCThIE.
Karknas mamka MOXKeT mepenpbirnBaTh 10 TOPU30HTAJIN U BEPTUKAJINA Y€Pe3 APYIYIO MIAIIKY
Ha cBObomHYIO KiaeTKy. [llamka, depe3 KOTOPyIO HmepenphIrHy/n, youpaercs ¢ mojs. Ha kakoe
MaKCHMaJIbHOE KOJIUYECTBO KJIETOK HAJI MIPSIMON MOXKET IPOABUHYTHCS MIAIIKA TAKUMU XOJAaMu !

Otsert: 4

C4(40) Kaxxmast cropoHa IPaBHJILHOIO TPEyToJbHIUKa pa3bura Ha 2007 paBHBIX OTPE3KOB,
gepe3 TOYKHM pa30MeHMsI IPOBEJEHBI MPsIMbIe Iapaj-JIeJIbHO CTOPOHAM TPEYIOJbHUKA, Pasdu-
Baromue ero Ha 2007 x 2007 MajeHbKUX TPEYTrOJIbHHYKOB. B 9THUX TpeyrolbHUKaX 3aIlCaHbI
qucia +1 Tak, 9TO YUCIIO B JIIOOOM TPEYTOJIbHUKE PABHSAETCS MPOU3BEICHUIO YUCET B TPEYTOJIb-
HUYKaX, UMEIONUX C HUM 00mryio cropony. Kakme ymciaa MOryT OBITH 3alMCAaHBI B YIVIOBBIX
TPEyroJibHuYKax ?

OTBer: 0JMHAKOBBIE

C5(30) Ha OKpy»>KHOCTH OTMETHJIM JECATh TOYEK M LPOBEJIM 7. OTPE3KOB C BEPIIMHAMU
B 9THUX TOYKAX, IIPU ITOM JIIOOBIE JIBA OTPE3Ka MEpeCcKaroTcs. demy, camoe OOJIbITIEe, MOKET
paBHATHCS N7

Orser: 10

D1(20) Tons sbutokuia B psax 101 monery mocroumrcTBoM 1, 2 u 3 komeiiku. OKaszasioch,
9TO MEXKJy KaKIbIMH JIBYMsI KOIIEEYHBIMHM MOHETaMH JIEXKUT XOTsl Obl OJHA MOHETa, MEXKIy
KaXXIBIMU JIBYMsI JBYXKOIIEEUYHBIMA MOHETAMU JIEZKAT XOTsI ObI JIBE MOHETHI, & MEXKJTY KarXKIbIMU



ABYMSI TPEXKOIEEYHBIMU MOHETAMU JIEXKAT XOTsl Obl Tpu MOHETHI. CKOJIBKO TPEXKOIEECTHBIX
MOHET MorJyio 6biTh y Tomu?

Orser: 25 ninmn 26

D2(30) Ilycrs Q — exunngnblii Ky6. Hazosem TeTpasap XOPOIINM, €CIM BCE €r0 BEPIIUHEBL
Jiexkar Ha rpanuie Q. Haiiqure Bce BO3MOXKHBIE 06'bEMbBI XOPOIIIMX TETPAPOB.

Otrser: r060it ot 0 10 1/3

D3(40) ITocnenoBaTebHOCTD Gy 3aJaHa CIIELYIOMUM 00pasoM: a1 = 1, Ant1 = Gn + [/@n).
CKOJIBKO IMOJIHBIX KBAJIPATOB BCTPEYAETCS CPEIU YJIEHOB TOM I10CIIeI0BATEILHOCTH, HE TIPEBOC-
XOZSAIUX MUJLINOHA.

Orser: 10

D4(30) st kakux n € N cyiiecTByeT Takast IEPECTAHOBKA L1, L2, ..., Ly TUCET 1, ..., 1, ITO

k
Vk =1,...,n BepHO, 4TO Y Z; - k
=1

Otrser: n € {1, 3}

D5(20) Ha rerpaHoM JIMCTe PA3PEIIeHO IPOBOIUTE IPAMbIE, IIPOXOAIINE XOTs Obl depes
JIBa y3Jia CETKH, HO HE COBIIAJIAIONINE C JUHUSMU CeTKH. Kak IIpoBecTy TpU IpsiMble TaK, 4TOObLI
OHM OrPaHMYMBAJIN TPEYTOJBHUK ILIOma b0 1/3 Kierku?

OTBeT: 3a4eT MO0 CMBICITY

E1(10) Haiiaure kaxoii-Hubyap mpocToii gemmrens wuciaa 2° + (25 +2%).73 4 (28 422). 70 +-7°

Otget: 349

E2(20) Haiiqure nanbosbiee ciaraemMoe B padsoxkenun (1 + \/g)loo o dopmyse Gunoma
HrroTona.

Ortser: CL° . 332

E3(30) Haiijure BCe BelecTBeHHDLIC &, yJIOBJIeTBOpsiomme ypasnenmo: z° — 9% + 8 -
(2z + 3)% + 272% 4 135 = (42 + 6)(182> — 54)

Orser: —3,2 + /7 |Omubka B ycaosuu. 3azada Gblia yopamal

E4(20) Ilo xpyry cuzgar 2019 gesnoBek — pbinapu u Jekensl. Kaxkaplil n3 Hux cuesas 3a-
sIBJIEHUE, YTO €r0 COCEI — PBIapb U JIXKeIl, BOT TOJBKO JIBOE PhIlapeil ommubuch... CKOJIBKO
JIZKEIIOB OBLIO CPEJIM STUX JIFOIei 7

Otset: 673

E5(10) IlpuseauTe mpuMep JBYX CTPOrO MOHOTOHHHBIX (DYHKIWI, CyMMa KOTOPBIX SIBJIsI-
ercsa nepuoanveckoit byHknueii (HO He KOHCTAHTOIA!)

OrBer: 3a4er 10 CMBICILY

12 mronst. BayTpernanit maTb6oit

1. 100 wenoBek ycrpanBatorcst paboraTh Ha 100 pa3M<HBIX BAKAHTHBIX MecT. Karkapril n3
JIBYX areHTOB 10 TPYI0YCTPOUCTBY MPEJJIOKMII KaxK,1oMy n3 3Tux 100 "eI0BeK OJIHO OIpe;IesIEH-
HOE MECTO, IPUIEM Pa3HBIM JIIOsIM — pa3Hble MecTa. Kaxapiit m3 100 mpeTeHIeHTOB MTPUHSLT
OMHO U3 JIBYX HPEIJIOKEHU, 1 0KA3aJI0Ch, YTO BCe MeCTa 3aIoJHeHbl. JJoKaXknuTe, ITO ecyin Obl
KaXKJbIil IPUHSAJ APYToe IIPeIjIoyKeHIe, BCe MECTa TOXKEe OKA3aJIUCh Obl 3AII0JIHEHHBIMH.

2. Jokaxkure, 9ro st jiroboro Muorowiena P(x) € Z[x] naiinéres muorowier Q(z) € Z[x]
takoit, auro Q(z%°1®) . P(x).



3. meercs MHOTO KapTOYeK, HA KayKIOM M3 KOTOPBIX 3alIMCAHO HATYPAJIHHOE YUCTIO OT 1
no n. V3BecTHO, 94TO CyMMa 4YmWces Ha BCeX KapTodykax pasHa k - n!, rme kK — mesoe gumcio.
JlokazaThb, 9TO KAPTOUYKMA MOXKHO Pa3JIOKHUTh Ha k rpym Tak, 9To0bl B KarXKI0 rpyIie cCyMMa
4qrcesi, HAIIMCAHHBIX Ha KapTOYKaX, paBHsIACh nl.

m

4. Ilycrs p = 1601 (mpocroe wmcio), a ' — HeCOKpaTHMas ApOOb, PaBHAS CyMMe TexX

npobeit,
1 1 1

02+1"1241"7" " (p—1)2+1’

3HaMEeHATEIN KOTOPBIX He JesiTcst Ha p. Jlokaxkure, 910 2m + n menuTcs Ha P.

5. ITo kpyry croar 2010 mudp, Kaxkaas u3 KOTOPbIX paBHa 1,2 mau 3. V3BectHO, UTO 1IpNM
sgroboMm k B srobom 6J1oke u3 3k wuces kaxaas u3 mudp 1, 2, 3 Bcrpedaercs He bosbire k + 10
pa3. lokaxkure, 9TO CyIIEeCTBYET OJIOK U3 HECKOJIBKUX MOAPSII UYIIUX [U(PP, B KOTOPOM IHdp
KaXKJI0r0 BUJIA TOPOBHY.

6. Bue nmapasuieniorpamma ABC'D ormeuena touka K, sexkanaa suyTpu yria CBD, Tak,
uro ZCBD = ZABK. Orpesku AK u BD nepecekatorcs B Touke O. lokaxkure, uro ZOCK <
ZODA.

7. [ManuaapoMutdeckuM pas3bueHneM HaTypajbHOro uncia A HaspiBaercs 3anuch A B Buje
CYMMBI HATYPAJIBHBIX caaraeMbix A = a1 + a2+ ...+ an, 01€ a; = an4+1—i;. Hampumep, 16 = 16,
16=24124+2u16 =7+ 1+ 1+ 7 — naauaapomudeckne pasdouenus auncaa 16.

Haiiinre KOIM4IecTBO BCEX MAJIMHAPOMUYECKNX paszOmennit unciaa 2018.

8. Ha myrockocTu IpoBeIeHO HECKOJIBKO IIPSIMBIX, HUKAKHeE TPU U3 KOTOPBIX He IIePeCeKaI0TCs
B OJIHOI TOUKe M HUKAKHE JiBe He IapaJsulesbHbl. B KaKk[0if M3 OrpaHMYEHHBIX objacTeil, Ha
KOTOpBbIE OHHU [eJIAT IUIOCKOCTB, IocTaBieHa 1 miaum —1. 3a OAMH XOJ MOXKHO B3ATDh JIHOObIE
3 mpsIMble W YMHOXKHUTH Ha —1 Yucjaa BO Bcex OOJIACTSX, MOMABIINX BHYTPH TPEYTOJLHUKA,
00pPa30BAHHOIO STUMHU MPAMBIMU. BEPHO Jin, YTO JIJIst JTIOO0r0 Habopa MPSIMBIX BCE YUCJIa MOYKHO
crenaTh paBHbIME 17

9. Ha croponax AB u AD Beinykiioro derbipexyronsunka ABC D ormedens! Touku E u F
coorBercTBeHHO Takue, 4t0 S(AED) = S(ABF) = S(ABCD)/2. Jokaxure, uro upsivast EF
nesint puaronanb AC Ha JABe paBHbIE YACTH.

10. IIpo mosiokuTeIbHBIE YHUCTA A, b, ¢ ©3BECTHO, YTO

1 1 1
> 1.
a2+b2+1+a2+62+1+b2+62+1 -

Hokaxkure, ayro ab + bc + ac < 3.

17 mronsi. Mat6oii mosynpodu M9 — oObI9HBIE I'PYIIITHI
M10

1. B rpade ectb pébpa Beca 1 u pébpa Beca 2. VI3BecTHO, YTO /1151 KaXK/10¥ BEPIIUHBI CyMMa
BECOB pEGEP ¢ KOHIIOM B 9TOM BepinuHe HedéTHa. /JoKaXKuTe, 9T0 MOXKHO OPUEHTUPOBATEL PEOpa
rpada Tak, 9TOObI JJIs KaXKJ0l BEPIIMHBI CyMMa BECOB BXOJMAIMUX B He€ pebep OTIMdasiach OT
CYMMBI BECOB UCXO/SININX U3 Heé pebep He Oosiee, yeMm Ha 1.



2. OKpPYyXKHOCTH w1 U w2 KACAIOTCS OKPYKHOCTA w B ToYkax C m D COOTBETCTBEHHO, U
nepecekaiorcst B Toukax A u B. AM u AN — kacaresbhbie u3 A K w. OKa3ajioch, 9T0 TOYKHU
A, C, D nexar na omuoit npsmoit. Jokaxkure, uro npsmbie AB, CM u N D nepecekatorcsi B
OJHOI TOYKeE.

3. Ilycte X — koneynoe mHOkecTBO. Jlokaxkure, 910
S IAIUA U UAL =25 = 1)) A nAsn... 0 A,

rje obe CyMMbI GepyTcst IO BeceM Habopam k muoxkecTB A1, A, ..., Ay C X (momvuOXKecTBa
MOTYT OBITH OIMHAKOBBIMH).

4. MoxKHO Jin Tak IOKPACUTh TOYKHU TPEXMepHOro npocrpancrsa B 2018 1BeToB, 4ToOBI HA
JIIOOOM OTpe3Ke BCTpedauch npeacraBurenu scex 2018 mseTos?

5. Haiiaure Bce Takume HaTypasbHbIE N, 9TO N! 4+ 8 menurcs Ha 2n + 1.

6. B Boinykiiom uyersipéxyronbuanke ABCD touku K, L, M u N sexar Ha croponax BC),
CD, DA, AB, coorBercTBeHHO. MOryT Jin BCe 4acTH, Ha KoTophie orpesku AK, BL, CM u
DN nenar yersipéxyronsauk ABC D, nMerb paBHBIE IIIOMAIN T

7. 11 OJIOXKUTENBHBIX @, b 1 ¢ BbIoJHEHO a + b + ¢ = 1. [lokakure, 9TO

1 1 1 1 1 1
=) (-+=)(-+=)> .
(a + bc) <b + ca) (c + ab) > 1728

8. Ilere 1 Bace manu xonony n3 2018 KapT, Ha KaXXJ0M U3 KOTOPBIX HAIIMCAHO IEJI0€ YHCJIO.
IIycTs unco n TakoBo, uro n < 22907, JlokaskuTe, 9TO0 OHE MOIYT B3SITh TIOPOBHY KapT I3 STOMH
Koy0abl (He 06sA3aTeNIbHO 6paTh BCE KAPTHI), 9TO CyMMBI UUCEJI HA KAPTaX KAXKIOTO M3 HUX
OyIyT laBaTh OJMH U TOT K€ OCTATOK IIPH JIEJICHUHU HA M.

9. /lan MHOTOWIEH C MEJbIMEI KOMDDUIUEHTAMI U MOJOKUTETHHBIM CTAPIITUM KO3 DUIim-
enToM. JIokaxkuTe, 9TO 3TOT MHOTOUJIEH IPUHUMAET GECKOHEYHO MHOT'O HATYPAIbHBIX 3HAYCHUHI
C OJIMHAKOBO# CyMMO# 1up.

10. ITpomosnkenune 6uccekrpucol BL tpeyronbuuka ABC nepecekaeT ONUCAHHYIO OKDPY¥K-
HocTh B Touke K. Touku C1 u A1 Ha croponax BA u BC cooTBeTCTBEHHO TaKoBbI, uTo ZC1 LA =
LA LC = ZABC'. Touku P u @ takosbl, uro derbipexyrosubanku AKLP n CKLQ) — napaJ-
stesiorpammbl. Jlokazkure, uro PC1 = QA;.

23 uroJisi. 3akJaIOYNTEeJIbHAA OJUMIINAIA

HdoBbIBOS,

1. Jlanb! geiicTBuTenbHbIe wncia a, b u c. Ussectro, uro {ab} = {bc} = {ac} = %. Jloka-
JKUTE, ITO @, b U ¢ MppanMOHAIBHDIL.
2. B BepmmHax BeImyKIoro 2018-yrojgbHuKa CTOAT HYIX U eUHANBL. JlOKaXXuTe, 9TO 3TOT

MHOT'OYT'OJIBHUK MOXKHO pa36I/ITb HEIIEePEeCEeKAIONNMUCA AuaroHaJisiMu Ha TPEYTrOJIbHUKHN Tak,
9TOOBI CYMMBI 9H1C€JI B BepIIUHaX JIIOOBIX ABYX TPEYTOJILHUKOB OTJINYAJIUCH HE 6onee, geMm Ha 1.



3. Ha mocke 100 x 100 croar 2550 mazeit u k durek. Jlaapu He 6bf0T CKBO3b durnku. [1pu
KAKOM HaWMeHbIeM k JIaJIbh MOTYT He OUTh Apyr apyra’?

4. Touku M u N — ocuoBanusi BbicoT u3 Bepumd A u C' 0CTPOYroJIbHOIO TPEYrOJbHUKA
ABC.Ilycrs AB # BC, atouka O — cepenuna AC'. I[lycts R — To4Ka nepecedenust GUCCEKTPUC
yrioB ABC u MON. Jlokaxkurte, 94TO BTOpasi TOYKA IePEeCeYeHUs] OIMUCAHHBIX OKPYKHOCTEH
TpeyronbaukoB AN R u CM R nexut Ha npsmoit AC.

5. CymecTByer 1 Takoe k > 2, 9TO II0CJIE€I0BATETbHOCTD
an =HOK(n+1,n+2,...,n+k)
BO3pAacTaeT Ha4YMHAs ¢ HEKOTOPOro HoMepa n?

BriBog

6. Jlokaxkure, YTO BEPIIMHBI CBA3HOIO rpada Ha 1 BEpIINHAX MOXKHO IIPOHYMEpOBaTb Ha-
TYpPaJIbHBIMH YHCJIAMHU OT 1 J0 M TakK, YTOOBI JIst JIIOOBIX k ¥ | MeXKJly BepIIMHAMY C TaKUMH
HOMEepaMH CyIIeCTBOBAJI IIyTh JJUHBL He Gosee, ueMm 3|k — [|.

7. B ocrpoyrossHoMm TpeyrosbHuke ABC' ormeuena Touka QDeitiepbaxa F (T.e. Touka Ka-
CaHWs BIMCAHHOW OKPY2KHOCTH TpeyrojbHuka ABC ¢ OKPY’KHOCTBIO IEBATH TOYEK), A; —
ocHOBaHMe BbICOTHI Ha cTopore BC. Jlokaxkure, 4To npsiMasi, cuMMeTpudHas F'A, oTHOCHTE b~
wo BC, nepnienmukynspua IO, rae O — UeHTP ONUCAHHON OKpY2KHOCTU Tpeyroibauka ABC|
I — TEHTP ero BIUCAHHOW OKPYKHOCTH.

8. Jlaubl HaTypasbHbIe dnciaa k < m U HOJIOKUTEJIbHbIE YUCIa T1, T2, ..., Tn. JlOKaxxnTre
HEPABEHCTBO

1 + T2 + + Tn
T2+ 23+ ...+ Trt1 T3+ Ta+ ... FTpro T+ T2 xR

vV
ok

3amnac

9. OxpyxkHOCTH W1 U w2 ¢ nearpamu O1 u Oz nepecekaiorcsa B Toukax A u B. Ha okpyx-
HocTH w1 B3ATa Touka C. (HJamee «XY — Z» oznauaer «IIpamas XY mepecekaer OKpy?KHOCTb
w2 HOBTOPHO B Touke Z»). CB — D; DOy — E; EO1 — F; CF — G. Jlokaxure, 9T0 TOYKA
E — cepemquna ayru AG.



HepBaﬂ AT /THEBKA

5 miojisi. neiitnast crepeomMeTpust

1. NzBecTHO, 9TO CyMMa TpeX IJIOCKHUX YTJIOB MPHU Kayk 0l BepImnHe TeTpasapa pasaa 180°
. JlokaxxuTe, 9TO BCe €ro rpaHu — PaBHbIE TPEYTOJIbHUKU.

2. KaknuM HaMMEHBITNM KOJIMIECTBOM (pOHAPEH MOXKHO OCBETUTH MTOBEPXHOCTH MIapa’

3. Jan BbIIyKJIBI MHOrOrpanHuK. Jlokaykure, 9T0 JIs1 JIIOOBIX TPEX €ro BEPIIWH HaNIeTCs
TOYKa BHE HEro, U3 KOTOPOH BUJHBI 9TU TPHU BEPIIUHBL.

4. HeusBecrnas mianera nMeer ¢opmy aubo kyba, mubo mapa. lus yrounenuss ¢popmbl
MMOBEPXHOCTH OBLI IOCJIAH 30HJ, KOTOPBIN IOC/IE IPU3EMJIEHUSI IIPOEXaJ B JUAMETPAJILHO IIPO-
THBOIIOJIO’KHYIO TOUKY IIJIAHETHI M OTIPABUJ JaHHBIE O cBoeil TpaekTopnn. O0s3aTesIbHO JIH
Terepb MBI MOXKEM BOCCTAHOBUTDH (POPMY ILJIAHETHI?

5. [lo 1ByM CKpemumBaronmuMcs MpsiMbIM CKOJIB3SIT JBa OTpe3ka. J{oka3aTh, YTO 06bEM TeT-
pas’apa ¢ BepIIMHAMH B KOHIIAX 3TUX OTPE3KOB HE 3aBUCUT OT MOJIOXKEHUSI TOCJIETHUX.

6. (Teopema Jesapea) VI3 Toukn O BbimyuieHsl 3 jyda. Ha mepsom BeIOpanbl Touku A u
A’, ma sropom B u B’, ma tpersem C u C'. Ilycts C”' — Touxa mepecedenus npambrx AB n
A’'B’. Amanormano onpegensiorca Touku B u A”. lokaxknre, ato Touku A", B” u C" nexar
Ha OJTHOI IPAMOMA.

7. B rpeyronbuuke A BC Boibpana Touka M. Ha orpeskax AM, BM u C'M BbIGpanbl TOYKU
A’, B u C’ coorsercraenno. Ilyctn O — Touka nepeceuenus npaMmuix AB' n BA'. Amamormamno
ompegensaiorca B” u A”. Hokaxkure, aro npsamele AA”, BB” u CC" nepecexarorcss B OIHOIM
TOUKe.

8. Tpu rpanu TeTpasapa OMyCTU/IM IOBOPOTAMH BO BHYTPBH 4eTBEpPTOI rpanu. Jlokaxure,
9TO BCS YETBEPTAA I'DAHb HOKPBITA.

5 urond. JImaeitnocrn

1. (UaTepriossinuoHHbIi MHOro4ieH Jlarpan»ka) (a) IlocTpoiiTe MHOTOUIEH CTElIEHH

7, IPUHUMAIONIUI B TOYKAX X1,Z2, ..., Ly, 3HadeHue 0, a B Touke ro — 3Ha4UYeHUE 1.
(b) ITocTpoiiTe MHOTOWIEH CTEIIEHU 1, IPUHUMAOIIN B TOUKAX L0, L1, . - . , Tn SHAUYEHUS
Yo, Yi,- -+ Yn-

2. (a) Umeerca 17 smukoB. B onHOM 13 HUX JIEXKUT OHA MOHETA, BO BCEX OCTAJILHBIX HIYETO
Het. Pasperaercst BbIOpaTh Jit06ble 11 SUKOB U J00ABUTH TyJa IO OHON MoHeTte. JlokaxKure,
9TO TAKUMHU OIEPAIMSIMUA MOXKHO yPABHSATH UMCJIO MOHET BO BCEX SIIUKAX.

(b) Nmeerca 17 siuukoB. B KaxKI0M JIE2KUT HEKOTOPOE YHCIO MOHeT. Pa3peraercs BbI-
6paTh J1r00BIe 11 SIMUKOB U 106aBUTH B KaKIbIil 13 BEIOPAHHBIX AIIUKOB 110 MOHeTe. JlokaxKkuTe,
YTO TAKUMH OIIE€PAIUAMU MOXKHO YPABHATDH YHC/IO MOHET B SIUKAX.

3. (a) o oxpyxkHOCTH cTOAT 1 euHUNA U p— 1 HyJIb. 3a X0 U3 KasKI0T0 YHUC/Ia BEIYUTACTCS
ero JeBblit coces. Jlokarkure, 9TO Yepe3 HECKOJIBKO XOJIOB BCE YUCsa OyJyT JEJINTHCA Ha P.



(b) ITo OKPY?KHOCTH PACCTABJECHBI P MEJbIX IHCeJ (P — MPOCTOE). 3a X0 U3 KaXKIOTO
YHUC/Ia BHIYUTAETCS €ro JIeBbIit cocesl. JlokaxKuTe, 94To Yepe3 HeCKOJbKO XO0B Bce dncia GyayT
JIEIUTHCS Ha P.

(¢) Ilo oxpy»KHOCTH paccTaBIeHBI P MEbIX duces (p — mpocroe). [lepes KaxKIbIM x0m0M
BBIOMpAETCsl HEKOe YHCJI0 k M M3 KarKJIOro 4Kcja BelunTaercs ero k-it coces cieBa. Jlokaxkure,
YTO Yepe3 HECKOJIBKO XOJOB BCe YHCJIa OYAyT JIeIUThCS Ha P.

4. (Kuraiickasi Teopema 06 ocrarkax) /s nomapHo B3aMMHONDPOCTBIX MOIYJIEH 1m; U
[IPOM3BOJILHBIX OCTATKOB T; CyIIeCTBYeT 4uciao X Takoe, 4to X = r; (mod m;).

5. ITo xkpyry paccrasienst 128 umces. 3a 0uH X0/ BCe IUCIa (OIHOBPEMEHHO) 3aMEHSIIOTCS
HA CyMMy CBOMX coceneii (cnpasa u cieBa). JJoKaKuTe 9T0 Yepe3 HECKOJIBKO XOJ0B BCE UUCIIA
CTaHyT YETHBIMHU.

6. B kaxmoit kierke tabsunps 100 X 100 crour jqubo +, aubo —. 3a XOH MOXKHO ITOMe-
HATH 3HAKWA B OIHOM CTOJIOLE M B OJHON CTPOKE OJHOBPEMEHHO. MOXKHO JIU IMOJIy9UTh JII000€e
PAacIoJIoXKEeHNe 3HAKOB, €CJIU TEPBOHAYAIBLHO CTOST TOJBKO ILTIOCHI?

7. B kneruaroit tabmune 4 X 4 maer wurpa “2Kuszap’ mo ciemyoomuM mpaBmiiaM: KJIETKA
JKHUBET, €CJIM Ha [PEIBIIYINEM XOLy y Hee ObLIO HEeUueTHOe YMCJIO KUBBIX cocenei (1o cTopoHe)
W yMUpAET B MPOTUBHOM ciiydae. Haliiure MakKCuMyM MEpUoOJIa O BCEM PACCTAHOBKAM.

st mHOrOWIeHa P () paccMOTpuM I0CiIe[0BaTebHOCTE cyMM Sy = Sp(P) = P(1)+...+
P(n). NarepecHo Haiitu siBHyIO hopmyity auist Sy, (ocobenno qst P(z) = ).

Omnpepnenenue. Jluckpemnoti npoudeodnoti Muorowiena f(r) HaszpBaerca muorowier A f(z) =
fle+1) = f(z).
8. (a) Hokaxure, uro deg Af(z) = deg f(x) — 1.
(b) Ilycts P(x) — muorowseH crenenu k. Jlokaxkure, 94TO CylecTByeT MHOro4IeH S ()

crenenu k + 1, auist koroporo AS(z) = P(z).

(c) Pemus ypasmenne AS(x) = x*, maiiaure cymmy 1% + 2% + ... +n®.

5 urossi. Teopust rpyn

Omnpepnesnenne. Muoxecrso G ¢ GunapHoii onepanueit (- ,+) Ha3pIBAETCA 2pYnnod, ecau
BBIIIOJIHEHBI CJIEAYIONINE yCIOBHSI:

o (accoyuamusrocmo) (a, (b, c)) = ((a,b),c);

o (cywecmeosarue netimpaavrozo) 3 e € G takoit, uro (a,e) = (e,a) = a ausa moboro
a € G,

o (cywecmeosanue obpamnozo) ¥ a € G cymecrsyer snement b € G Takoii, uro (a,b) =
(b,a) =e.

O6bruno BMecTo (a,b) numyTt a + b win ab. B mepsBoM citydae 94acTo moApasyMeBaeTCH,
4uro a + b = b+ a (OnpenesieHune: B TakoM CiIydae TDYIILYy Ha3bIBAIOT abenesoli), OIEPAIIIO
Ha3bIBAIOT CJIOXKEHUEM, HETPAJIbHBIH 371eMeHT 0003Ha4atoT 0, & 0OpaTHBINA K @ 0003HAYAI0T —a.
Bo BTOpOM cityuae omepanuio Ha3bIBAIOT yMHOXKEHHEM, HEHTPAJIBHBIN 371eMEHT 0003HAYAIOT 1,
a obpaTnbiit K @ obosnauaor a” . Tlo BozMokHOCTH MBI Gy/em 3amuceBaTh (a,b) Kax ab.

1. ITpocreiimue cBoiicTBa rpymim.
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(a) HEATpaNbHBIA SJIEMEHT B TPYIINE €MHCTBEHEH;

(b) mis KaxKJOro SJIEMEHTA IPYNIBI OOPATHBINA K HEMY €IMHCTBEHEH;

(c) cupaBequBa j1eBasi COKPATUMOCTb ga = gb = a = b; aHAJIOTNYIHO, IpaBasd;

(d) (ab)"' =b"ta™Y

(e) (aH ' =a.

Onpegenenune. [loaMHOXKECTBO TPYIIIBI, CAMO SIBJISIIOIIEECsT TPYIINON C TOH K€ TPyIIOBOi
omeparyei, Ha3bIBACTCA N0d2pynnod.

Onpepnesenne. Yucso 3/1eMEHTOB IPYIIILI WA HOAIPYIIILI HA3BIBAETCS €TI0 NOPAJKOM.

2. ITose3ustii kpurepwuit noarpymbl. Hemycroe mogmoxkecrso H rpynmer G siBiisiercst
HOZPYIIIOH, TOTA U TOJBKO TOra, Korga ab~ b € H mas mobex a,b € H.

Onpepenenne. Muoxecrso aH = {ah : a € H} Ha3bIBAETCS AEELIM CMENCHBIM KAACCOM
no nodepynne H. AHajiorndHo omnpeiessiercst NpaBblil CMEXKHBIM KJIacc.

3. (a) JleBble cMEXKHBIE KJIACCHI MO0 HE MEPECEKAIOTCS, JIUOO COBIAJAIOT;

(b) aH =bH <= b 'ac H;

(¢) H sBistercsi CMEXKHBIM KJIACCOM 1O moArpynne H; eciau rpynna KOHEUHasl, YUCIO dJIe-
MEHTOB B JIIOGOM CMeKHOM KJacce 1o nogarpyune H pasuo |H]|.

(d) Teopema Jlarpanzka. [Tops/j0K KOHEIHON TPYIIBI JEJIATCA HA TOPSIOK JIOOOH ee
[IO/ITPY TIITBL.

(e) CaencrBue. Iopsok 1060r0 371€MEHTa KOHEYHON IPYTIIB JACIUT €€ MOPSJIOK.

(HamMembItee HaTypasIbHOE IHCIO k Takoe, 9To a” = 1 Ha3pIBacTCs NopA0KoM SJIEMEHTA a.)

(f) Ecau k — nopsiiok asementa a € G, To st 706010 11eJ10r0 m BbiosHseTcs a™ = 1
TOTJIa U TOJIBKO TOTJIA, KOTJA 1M JeJUTCs Ha k.

4. (a) MuoxecTBO Bcex IesbIX cTeneHeit snementa a € G obpasyer noarpynny rpynust G.

Omnpenenenune. Koneunas rpynna G NOPOXKIEHHAS OJHAM 3JIEMEHTOM @ HA3bIBAETCS ITUK-
JIMvecKoit u obosnadaercs (a).

(b) ecrm mopsiok smemenTa a pasen k, To (a) = {a,a?,...,a" = 1}.

(¢) mogrpynua (a) siBistercst HaMMeHbIIIEH HOATPYIIION, cojepKaleit seMent a € S.

Omnpepesnenne. [loarpynna H nasbiBaeTcsa Hopmaabrotl nodzpynnot epynnu G, ecaun aH =
Ha nnsa moboro a € G.

5. Hoarpynma H mopmasnena B G, ecin mist mobbix h € H, g € G snemenr g~ *hg € H.
DieMent ¢~ hg HASLIBACTCSA CONPAIICEHHBIM K B € NOMOUDIO IAEMENMA, §.
OnpeziesuM ONEpanuio yMHOKEHHUsT CMEXKHBIX KJIACCOB [0 HOPpMaJbHO# moarpymme H cite-
JYIOMM 0Gpa3oM:
aHbH = abH.

6. OnpegeneHHaﬂ BBIIIIE Ollepalud KOPpeKTHa, T.€. HEe 3aBUCUT OT BbI60pa HpeLLCTaBI/ITeHeﬁ
CMEXKHBIX KJIaCCOB.

7. MHO>KeCTBO BCeX CMEKHBIX KJIACCOB [0 HOPMAaJILHOI IIOIPyIIIIe sIBJISETCH IPYNIIoi. (9Ta
rpymna HasbiBaercs gakmopepynnot G no H u oboznavaercs G/H.)

Omnpepnenenmne. llycre G u H — rpynnsl. Orobpaxkenne f : G — H Ha3bBaeTcs 20M0-
moppusmom, ecnu st mobeix a,b € G semonusiercst f(ab) = f(a)f(b). Muoxecrsa Im f =
{he H:3ge€G)(f(9)=h)}uKer f={ge G: f(9) =1} naspBalorcst 06pazom u A0poMm

romomopdusma f. Bsaumuo ogHO3HAUHBIN rOMOMOPGMU3M HA3BIBAETCS U30MOPHUIMOM.
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(UzomopdHbIe TPYNIIBI HE PA3JIUIAIOTCS, XOTS U MOTYT UMETh PA3IUYHYIO IPUPOJLY CBOMX
astemenToB. Hampumep, n3oMopdHbIME Oy/IyT IPYIIIa BEIYETOB IO MOJLYJIIO 1, TPYIIIa IOBOPOTOB
IPABUJILHOIO N—YTOJILHUKA U IPYIIa KOMIUIEKCHBIX KOPHE n—O0ii CTeleH:N U3 €MHUIIbL. )

8. O6pasz romomopdusma f : G — H sBisiercst moAarpynmnoi rpynnsl H, a siapo — HOp-
MaJIbHOM noApynmoi rpynnst G.

9. Teopema o romomopdusme.

T'omomopdubIit 06pa3 rpymmst,
Oy/b, BO UMsl KOMMYHU3MA,
n3oMopden pakToprpyIiie

1o siApy romMomopdusma:

G/Ker f=1Im f.

6 urosis. Ilongaper

Omnpegenenne. Ilycts w — okpyxkHOCTD ¢ IienTpoM O panuyca r, P — touka, oraungnas ot O.
IHoaspot Toukn P Ha3biBaercs npsiMast p, nepresaukysisipaas O P u npoxopsinast 4epe3 TOUKy
P’ (obpa3 P npu WHBEPCHU OTHOCHUTETHHO w). Touka P Ha3BIBAETCS N0.AI0COM TIPSMOIL P.

1. (a) Ilycte B — Touka Ha nonspe Toukn A, n mycrb AB1 — NEPHEHIUKYJIAD HA MPAMYIO
OB. okaxure, 4ro B u B MHBEPCHBI OTHOCUTEJIHHO W.

(b) Hokazkure, 9T0 ecau mOIIOC A IPsAMOI a J1exKuT Ha nojsape b rouku B, To Touka B
JIEXKUT Ha IPsIMOii a.

Caencrseue. [loaapv, ecex mouex npamoti NPOToOAM “Heped noAoc Imot NPAMOTU.

(¢) Ilycrs A, B,C — TO4YKH IIOCKOCTH, a,b,¢ — mx nosiapel. JloKaxKuTe, 9TO TOYKH
A, B, C jiexkar Ha OJIHOU IPsIMOIl TOr/Ia U TOJBLKO TOTJA, KOIJa MpSMbIE a, b, ¢ IepeceKkalTcs B
OJIHOM TOYKE WJIM [1apaJljlesIbHbL.

(d) "3 rouku P BHe OKPY?KHOCTH w IIPOBeZeHbl Kacarenbubie PM u PN. Hokaxure,
uyro M N — nosspa Touku P.

2. Tpeyronsauk ABC BmmcaH B OKpY>KHOCTb. KacaTebHbIE K KarK0l €ro BepIlnHe mepe-
CEKAIOT TPOJIOJI?KEHNST TTPOTUBOIIOJIOXKHBIX CTOPOH B Toukax Ai, Bi, C1. [lokaxkwure, 9ro aTn
TOYKH JIE2KAT Ha OJHON INPAMOM.

3. Ha okpy:xuocru ormedennt Touku A, B, C, D, E, F. llpambie AB u DE nepecekatorcst
B Touke U, npsmpie BC' u EF — B Touke V, a npsmbie CD u FA — B rouke W. (Hekoropsie
u3 touek A, B, C, D, E, F MOryT cOBIaJaTh, B 9TOM CJiydyae B KadeCTBE COEIVHSAIOMIEH MX
IPSIMOI PACCMATPHUBAETCsI KacaTebHas B 9TOH TOUKe.)

(a) Ilycte X u Y — BTOpBIE TOUKY II€peCEeUeHUs] OIIUCAHHONW OKPY?KHOCTH TPeyTroJIbHU-
ka BEV c upsmbimu AB u DFE coorsercTBenno. JlokaxkKuTe, 9TO COOTBETCTBYIOIIME CTOPOHBI
TpeyrosbuukoB XYV u ADW napaJuienbHbl.

(b) (Teopema ITackansi.) IIpu nomomu myHKTa a) Jokaxkure, uro Touku U, V u W
JIe’KaT Ha OJIHOM HNPAMOM.
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(¢) Chopmymupyiite n mOKaXKuTe TEOpEMy, ABOMCTBEHHYIO K Teopeme [lackasst.

4. lan Bunucanubiii dersipexyroabHuk ABCD. Ilycts £ — Touka mepecedeHust ero ua-
rouajieit, F' — Touka mepecedenusi npogoszkennii cropod AD u BC, G — Touka nepecedeHust
npooskenuii cropod AB u C'D, H — Touka nepece4eHuns KacaTeJbHbIX K OMUCAHHON OKPY K-
vocru B Toukax C u D.

(a) Hokaxkure, uro Touku F, F; H nexat Ha OJHONH TPAMOI.
(b) Hokaxkure, uro EF — nonsipa rouku G, a FG — nossipa Touku F.

5. Jlan Buucan#blii gerbipexyroabHuk ABCD. Touka O — 1eHTp ero onnucaHHO| OKPYKHO-
cru, T — TouKa NepecedeHus quaroHasieii, P u () — TOYKHU IepecedeHns IPOIOJIXKEHNN CTOPOH.
Hoxaxxure, uro rouku P, Q, T u O obpasyior opmouyenmpuueckyro wemsepky (T.e. jrobast u3
HUX SBJISETCS OPTOIEHTPOM TPEYTOJbHUKA, OGPA30BAHHOTO TPEMSI IPYTHMH ).

6. Ha rmiockocTu jaHa OKPYKHOCTh w M Todka A BHe OkpykHOCTHU. OJIHON JTMHENHKON
ocTpoiiTe KacaTeabHyIO u3 A K w.

7. Ilpsimast | KacaeTcst BIMcaHHO#M OKpy»KHOCTH Tpeyroabauka ABC. M, N u P — Touyku
nepecevenusi | CO CTOpPOHAMU TPEYroJibHUKA. BoccraBum u3 meHTpa I BOMCAHHON OKPYZKHOCTH
S nepnenaukysapsbt K npsiMbiM IM, IN u [ P. Ilycte My, N1 u Py — TOYKU TlepecedeHnst ITUX
MEPIIEHINKYJIISIPOB C COOTBETCTBYIOIIMMHI CTOPOHAMHU TpeyroabauKa. Jlokaxkure, aro Touku My,
N1 u P, nexxatr Ha OIHON MPAMOii, Kacaoneicss BINCAHHON OKPY?KHOCTUA TPEYTOJIbHUKA.

8. Yepes 1eHTp BIUCAHHON OKPY2KHOCTU TPEYTOJbHUKA ITPOBEJIEHBI IPAMbIE, TEPIEeHTUKY-
JIspHBIE ero OuccekTpucaM. JIoKaXKuTe, YTO TOYKHU MMEPECEIEHUs] ITUX MPSIMBIX CO CTOPOHAMMU,
Ha KOTOPBIE OIYIIEHbI OMCCEKTPHUCHI, JIE2KAT HA OHON IPSIMOIA.

6 mona. Teopema Typana

O6GozHauenmne. Ha nporsizkeHun Bceit cepuu n, € — KOJUIECTBO COOTBETCTBEHHO BEPINUH U
pébep Hekoroporo rpada G.
2
n
1. (a) Hokaxkure, aro eciu rpad He COAEPIKHUT TPEYTOIBHUKOB, TO e < 4.
(b) Ha kakumx rpadax 6e3 TpeyroabHUKOB HEPABEHCTBO M3 MYHKTa &) OOpAIaeTcs B
paBeHCTBO?

2
_|n P n
2. Jlokaxkure, 9TO €Cjii € = [ T ] +1, To B rpade ecTh 110 KpaiiHeit mepe [5} TPEYroJIbHUKOB.

Teopema (Typan). Makcumasvhoe koauuecmso pébep 6 epade na n sepwurar 6e3 nodzpada
Kpt1 docmuzaemcs Ha noAHDE M-00AbHUET 2padax ¢ noYmu pasHuMU 0OAAMU, U MOALKO HA
HUZ.

3. Jokakute TeopeMy TypaHna, HanpuMep, 110 WHIYKIIHIH.

4. B rpade 30 BepmuH, Kaxkjaoe pedpo rpada MOKpAIIeHO B KPACHBI WM CHHUN I[BET
Tak, YTO HET TPEX BEPIIUH, [IONIAPHO COeIMHEHHBIX pebpamu oHOro 1BeTa. Kakoe HanboJibiee
KOJIMYECTBO pebep MoxKeT ObITh B 3TOM rpade?

5. (a) dokaxkuTe, 9TO €C/IM PEryJIsPHBIA rpad He COMEPKUT IUKJIA JJIUHBL 4, TO e < n?/2,

(b) IIponenaiiTe NpeABIIY U MyHKT B CJIyYae, €CaHU rpad He 00I3aTETHLHO PEryIIsIPHDIH.
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(¢) Hoxaxure, uro eciu rpad He comepxut noxrpada Kz o , 10 e < 2n3/2,

(d) Hokasxure, aro eciu rpad He comepxxut noarpada Kz z , 1o e < 2n°/3.

6. /lanbl HaTypaJsibable yucia s u t, npuiém 2 < s < t. Jlokaxure, 4ro ecim rpad He

1

comepsxut noarpada K, To e < tn?" s,
7. Ha mrockoctn nano n touek. [Ipumén Bacs u npoBén orpe3kn Mexxy mapamMu TOUEK,
paccTrosiare MeX Iy KoTopbiMu paBHO 1. /lokaxkure, aro Bacst mposén He 6osee 2n%/2 orpeskos.

6 uronga. Koablia u 1moJis

MaremaTuku He urparoT B 6ackeTbou,

IIOTOMY YTO HE MOTU'yT IIOHATH,

KaK MO2KHO IIOIIaCTb B IIOJI€

¥ HE IIOIIaCTh B KOJIBIIO.

DosnbKIIOp

Omnpeneseane. MuoxkecrBo K ¢ 3aaHHBIMI HA HEM OMHApHBIME omepamusmu “+ u .7
3BIBAETCS KOADUOM, €CJIH:

Ha-

1. K sBistercst abesIeBO# IPYIIIOH MO CI0KEHHIO;

2. Bemonuserca auctpubyTuBHOCTD: Va,b,c € K (a+b)-c=a-b+a-c.

e Ecim K acconmarusHO 1o ymHoxkenuto: Va, b,c € K (a-b)-c = a-(b-c), To K HaspBaercs
aACCOUUAMUEHDBIM.

e Ecmdle K:Vae K1-a=a-1=a, To K Ha3bIBAIOT K0AbUOM C euHuyed.

e Ecimm K — acconmaTuBHOE KOJIBIO C €IUHUIICH, a Takxke Va,b € K ab = ba, To K Ha3bI-
BawOT KOMMymam’U,GH’bLM.

o KoMMyTaTHBHOE KOJIBIIO, COXKEpXKAlllee He MeHee NBYX SJIEMEHTOB, HA3BIBACTCI NOAEM,
ecmVa#03ba-b=1

1. dBnstiorcst U ciremyronme 06 bEKTHI KOJbIIAMU, aCCOIUATHBHBIMUA KOJIBIIAMU, KOJIbIIAMKA
C eJIMHUIENH, KOMMYTATUBHBIMHU KOJIbIIAMU, TIOJISIMU’

(a) N; (b) B; () Z: () Zun: (e) Cs (£) Zlil: (g) Z[v3]; (h) Qlal; (i) mmomcecrso smeen
Buga ¢ + yv2, rue x,y € Q7
2. JlokaxkuTe, 9TO JJIsi JTIOOBIX @, b, ¢ € K BBITOJTHEHBI PABEHCTBA:
(a) a0 = 0a = 0;
(b) a(—=b) = (—a)b = —ab;
(¢) a(b—c) = ab—acu (a —b)ec = ac — be.
3. (a) [okaxkuTe, 9TO B KOJIBIIE HE MOXKET OBITH MBYX PA3IMIHBIX €IUHUAI.

(b) HyCTI) KOJIBITIO C e‘HHHHHeﬁ COAEP2KUT HE MEHbIIEe JIBYX 3JIEMEHTOB. ﬂOKa)KPITe, qaTo

14 0.
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(¢) Moxker Jin 3I€EMEHT aCCONMMATHBHOTO KOJIBIA UMETh 60Jee OFHOTO OOPATHOrO 3JIe-
MeHTa?

4. ITycte K — KOHeYHOE KOMMyTaTHBHOE KOJIbLO, a € K Takoso, uro Vb € K \ {0} ab # 0.
Jokaxkure, 4T0 a 06paTUMO.
Takum 06pasoM, KOHEYHOE KOMMYMAMUBHOE KOAbYO 0e3 deaumenets HYAA ABAALTCA TLOAEM.

5. [Ipugymaiire mmosie us 4 3J1eMEHTOB.

Omnpepenenue. Xapakrepuctukoit noss F (mumyT char F') HA3BIBAIOT MUHUMAJILHOE HATY-
pajbHOe Yucao n, Ajsi kKoroporo 1 + 1+ ... 41 = 0. Eciu Takux n He CyIIECTBYET, IOJIATAIOT
—_——

n pas

char F' = 0.

6. JlokarknTe, 9TO XapaKTEPUCTHUKA TOJIsT — MIPOCTOE UHCIIO.

7. JokaxxuTe, 9TO B KOHEYHOM II0JI€ C XaPAKTEPUCTUKONW P POBHO P JIEMEHTOB JIJIsl HEKO-
TOPOr'0 HaTYpPaJbHOI'O N.

7 uiojisi. JImHEeitHOCTHL B TeoMeTpun

Onpegenenune 1. Oyuknus f: R? — R nasbiBaercs aunetinod, ecan mis M0G0l TOYKH

b

C, nensimieii orpe3ok AB B orHomeHuu a : b, BbIOJgHEHO papeHcTBO: f(C) = (A) +
a

a+b
a+ bf(B)'

Omnpenenenne 2. Oynxmms f: R? — R HasbiBaercs Aunelinotl, €Can CyIECTBYIOT a,b, ¢
TaKue, 9TO JyIst 10600 Toukn (z,y) miockocrn f((z,y)) = ax + by + c.

IIpumep. OpuenTHpPOBaHHOE PACCTOSTHUE IO TIPSIMOIT JTMHEINHO.

ITpumep. OpuenTupoBanHas MIOMAAL TPEYTOJBHUKA ¢ (DUKCHPOBAHHBIM OCHOBAHMEM JIVI-
HeltHA.

1. JlokaxxkuTe, YTO JBa ITUX OMPEIeIeHUS PABHOCUIbLHBI.

2. a) U3 jmmeiHOCTH Op. PACCTOAHUA OT TOYKM 1O TPAMOW HANAMTE OPHEHTHPOBAHHOE
paccrostaue ot Touku (0,0) mo npsmoit ax + by + ¢ = 0.
b) Haiigure paccrosinue or Touku (To,yo) A0 Upamoii ax + by + ¢ = 0.

YTo ecTh MHOXKECTBO HyJel JuHeHHO# byHKimn?

3. lokaxxuTe, ITO OCHOBAHUS BHEITHUX OMCCEKTPUC TPEYTOIbHIKA JIE2KAT HA OJTHOM IIPAMOIi.

4. B Tpeyrosmbuuke ABC pymmnbl BbicoT u3 Touek A u C' paBHbl 2a ¥ 2¢ COOTBETCTBEHHO.
C nenrpamu B A u C TIOCTPOEHBI OKPYKHOCTH PaJMyCOB @ M ¢ COOTBETCTBEHHO. IlycTh | —
ob1iasi BHEIIHsIsI KacaTesJbHast K 9TUM OKDYKHOCTSIM, He Iepecekaromas tpeyroabuuk ABC.
JIokaxKuTe, 9TO EHTP BIMCAHHON OKPYKHOCTU TPEYroJIbHUKA, 0OPA30BAHHOTO NpaMbiMu AB,
BC u I, nexur na AC.

5. Cepemunnt orpe3koB A1 Az, B1Bs, C1Cs snexar na omuo#t npsamoii. JJokaxure, aro 8
tpeyrosibHUKOB A; BjC) MOXKHO Tak pa3buTh Ha 2 IPYIILI, 9TO CYMMBI ILIOMIAEH B IPYIIax
paBHBI.
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6. [TycTs y yernipexyroibuauka A BC' D IpOTUBOIIOIOXKHBIE CTOPOHBI IEPECEKAIOTCS B TOYKAX
P u Q. Hdoxaxure, uro cepeaunnt orpeskos AC, BD u PQ nexar Ha 0HOM npsaMoit (npaman

TI'aycca). A ecmu ABC'D onncan, TO TaM 2Ke JIEKUT WU IEHTD BIMCAHHON B HErO OKPYKHOCTH
(meopema Hovromona).

7. st IByX MaHHBIX OKPYXKHOCTEH wi,ws HadiauTe 'MT cepenun orpeskoB Ai Az Takmx,
aro A1 € w1, A2 € w2 U KacaTeabHble U3 A1 K wa U U3 Az K w1 PaBHBI.
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BTOpaH AT /THEBKA

9 mionss. BekTopHBIE MPOCTPaHCTBA.

Onpenenenune. Bexkmopnvm npocmpancmeom Hal mojgeM F Ha3bIBaeTCA MHOXKeCTBO V., Ha
KOTOPOM OIIPEIEJIEHBI OIIEPAIN cA0dcenus — orobpaxkenust + : V XV — V u ymnoorcenusn na
ckanap — orobpazkenus - : F' X V — V| yI0OBIETBOPSIONUX CJIEIYIONIAM CBOHCTBAM:

e IV — abesieBa TpyIia 1o onepanuu +;

e YoeV 1 v=u;

Va,f € FYv eV a- (B -v) = (aB)-v;

Va,Be FYveV (a+B8) v=a-v+ 8-
eVae FYwweVa v+w)=a-v+a-w.
DyieMeHTHI TTONI F' B JAHHOM KOHTEKCTE HA3BIBAIOTCS CKAAADAMU.

Omnpenesenune. Habop vi,v2, ..., VU, HEHYJIEBBIX BEKTOPOB, MPUHAJIEKANNX V , HA3BIBAETCS

AUHETHO 3A6UCUMDIM, €CTA J1, A2, . .., 0, € F, He BCe OJHOBPEMEHHO DaBHBIE HYJIIO, TAKhe,
n

gyro ». «; - v; = 0. Ecam rakux o, @2,...,an € F He cymecrsyer, To HaOOp HA3bIBAETCH
i=1

AUHETUHO HE3ABUCUMDBLM.

1. PaccmoTpuM rpynny MHOTOYJIEHOB C BENIECTBEHHBIMU KO DUIIMeHTaMU KaK BEKTOPHOE
MIPOCTPAHCTBO HAJ mojieM R ¢ ecTeCTBEHHBIM YMHOXKeHUEM Ha cKaJjsdp. Jlokakure, 9T0 MHOTO-
wiensl 2 4 3z 4+ 2, 22 + 4z + 3 u = + 2 JBIAIOTCS B HEM JTHHEHHO HE3ABHCHMBIME BEKTOPAMIL.

2. JlokaxkuTe, 9TO YeThIpe U OOJiee HEHYJIEBBIX MHOTOYIEHA He 60jIee, 9eM BTOPOU CTEleHU
006pa30BBIBLIBAIOT B 9TOM MPOCTPAHCTBE JIMHEIHO 3aBUCHMBIN HAOOD.

3. Paccmorpum rpymnmy mo ciaoxkenuio dyukimit f 1 R — R kak BeKTOpHOE MPOCTPAHCTBO
HaJl 1ojieM R ¢ ecTecTBEHHBIM YMHOXKEHHEM Ha cKajsap. [Iposepbre, siBistorcs u hyHKIUU:

(a) e”, sinz, «®
(b) sinz, cosz, sin2x
JINHEHHO HEe3aBUCUMbIM HaOOPOM BEKTOPOB B 9TOM HPOCTPAHCTBE.
Omnpenesenne. Habop vi,v2,...,v, BEKTOPOB, MpUHAJJIEKAIUX V, HA3BIBAETCS CHUCTEMOM
n
obpasyromux, ecm Yw € V Jag,qz,...,an € F 1 Y aj-v; =w
i=1
Onpenenenne. BekTopHoe POCTPAHCTBO, Yy KOTOPOIO CyIIECTBYET KOHEYHAsl CHCTEMa obpa-

3YIOIUX, Ha3bIBACTCA KOHEYHOMEDPHBDIM GEKTMOPHDIM NPOCMPAHCIMEOM Ha/L I10JIEM F.

Onpenenenne. JIuHeitHO He3aBUCHMAs CUCTeMa 0OPa3yIONUX Ha3blBaeTCst basucom. Komde-
CTBO 9JIEMEHTOB 0a3¥ca HA3bIBACTCS PA3MEPHOCTNLI0 KOHEYHOMEPHOIO IPOCTPAHCTBA U 0003HA~
qgaercs dim (V).
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4. JlokaxkuTe, 9TO JIJIsi KOHEYHOMEPHOTO TTPOCTPAHCTBA, CJIEIOININE TPU UIC/IA PABHBIL:
® MAKCHMAaJbHOE KOJUIECTBO IJEMEHTOB B JIMHEHO HE3aBUCHUMOM HabODE;
® MUHUMAJBHOE KOJUIECTBO IJIEMEHTOB B CHCTEME 0Opa3yIOIIX;
® KOJMYIECTBO 3JIEMEHTOB B Oasuce.
Onpenenenne. [lycts K C V u BbIIOJIHEHBI [1Ba YCIOBHUS:
e Ya € F,Vk € K BepHo, uto o - k € K;
e Vk,l € K, BepHo, uto k+ 1 € K.

TOrJa BeKTOpHOE NpocTpascTBo (K, F, -) HA3BIBACTCH 6eKMOPHbIM NOONPOCTPAHCINEOM BEKTOD-
Horo npocrpascrsa (V) F, ).

5. ,HOKa.)KI/ITe, qTO IIepecevdeHue a1000ro cemencTBa BEKTOPHBIX IIOAIIPOCTPAHCTB — TOXKe
BEKTOPHOE IIOAIIPOCTPAaHCTBO.

Onpenenenne. Cymmot sexkmopnvxr noonpocmpancms Ki, Ko, ..., K, Ha3bIBaeTcs MHOXKe-
n

crBo K14+ Ko+ ...+ K, Beex > kj, re k1 € K1, ke € Ks,...,kn € Kp.

j=1

6. /lokaxkuTe, IYTO CyMMa HECKOJBKHUX MOJIPOCTPAHCTB BEKTOPHOIO IIPOCTPAHCTBA TOXKE
ABJIAETCA €r0 BEKTOPHBIM IIOJAIIPOCTPaHCTBOM.

7. Hokaxure, uro dim(Vi + V2) = dim(V1) + dim(V2) — dim(V1 N V5).

9 urosisa. /IBoiiHoe oTHOIIEHHE

Omnpepenenue. /[6otinvim omuoweruem yIopsaodennoit qetsépku rouek (A, B, C, D), nexa-

AC . AD

IUX Ha OJHOM NIpsMOH, HasbiBaeTcsd Beqmuuna (A, B,C, D) = S5 =5
Omnpenenenue. JIBOHHBIM OTHOIIEHUEM YIIOPSAIOYEHHON Y€TBEPKHU NpAMBIX (a,b, ¢, d), Ha3bI-
sin Z(@,e) . sin A(E,d)
sin L(E,E) © sin 4(3,3)
HaIpaBJIEHHBIE BJIOJb MPSAMBIX a, b, ¢, d.

Baerca Benauuusa (a, b, c,d) = rae a, b, ¢, d — NpOU3BOJIbHBIE BEKTOPBI,

1. Touku A, B, C' u D nexxat Ha Ha OPsSIMBIX a4, b, ¢ 1 d COOTBETCTBEHHO, & TaKKe MPsIMOI
l, mpuaém a, b, c u d nepecekaiorca B omHoi Touke. lokaxnre, uro (A, B,C, D) = (a,b,c,d).

2. (a) Hokaxure, uro ecimu (A, B,C,D) =1, To 6o A = B, qu6o C = D.
(b) Hoxkaxure, aro (A, B,C, D)+ (A,C,B,D) =1.
3. JlokazkuTe, 9TO ABOHHOE OTHOIIEHHE COXPAHSETCS HMPH TIOJSPHOM ITPeoOpa30OBaHuM.

Bompoc. Ilycrs (A, B,C, D) = k. Kakue 3Ha4eHHs] MOXKET IPUHUMATH JBONHOE OTHOIIEHMSI
TOI K€ YeTBEPKH TOYEK, B3SITHIX B JIDYTOM MOPSIIKE?!
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Omnpenenenue. YNOpPsJIOUeHHAs Y€TBEPKA TOUEK (MJIM NMPSMBIX) HAZBIBACTCA 2APMOHUNECKOU,
€cJIM UX JIBOHHOE OTHOIIEHne paBHO —1.

4. ITycrs (A, B, C, D) — rapmonndeckasi yeTsépka, npudém C' — cepenuna AB. Jlokaxkure,
ar0 D — GeCKOHEYHO yJaJiéHHAasT TOUKA.

5. (a) Ilycre M u N — ocHOBaHUsI BHy TPeHHell 1 BHemHel Guccekrpuc Tpeyrosasanka ABC
¢ ocroBanueMm BC. lokaxure, uro (B,C,M,N) = —1.

(b) IIponoskenust cropon AB u C'D verbipexyrousuuka ABC D nepeceKaloTcst B TOUKe
E, nponomxenus BC nu AD — B touke F, npsimble AC' u BD mnepecekator EF B Toukax M u
N. Jloxkaxwure, uro (E,F, M, N) = —1.

(¢) Ilycrs y okpyzKHOCTEl pasHOro pagmyca ¢ neHrpamu X, Y ofblipe BHEIIHHE Kaca-
TeJIbHBIE TIePeCceKalOTCsi B TOUKe A, a ofiime BHYTpEHHUE KacareiabHble B Touke B. Jlokaxkure,
aro (A, B, X,Y) = —1.

(d) Ha semecrsennoit upsimoit ormerum rouku O(0), A(a), B(b). Hokaxure, uro (A, B,0, X)
—1 Torma u TOJILKO TOTA, KOryia KoopAuHaTa X paBHA CPeJHEeMY rapMOHHYECKOMY YHCEN G W

b.

(e) Hoxaxwure, uro (A, B,C, D) = —1 Torga u tosabko Torja, korga C' u D uHBEpCHBI
OTHOCHUTEJIFHO OKPY2KHOCTH, IIOCTPOEHHOM Ha AB Kak Ha amamMerpe.

6. B rpeyrosbanke ABC touku P u () — OCHOBaHUS COOTBETCTBEHHO BHYTDEHHEI U BHeII-
Hell GuccekTpuc, omyuieHHbIX u3 Bepmnubl B. Touka M — cepennna cropousr BC. Ilpsmbie
PM un AB nepecekaiorcs B Touke R. Jlokaxkure, uro RQ = RB.

7. Huaronamun AC u BD dgerwipéxyronbanka A BC D niepecekatorcs B Touke O MO, IPSIMBIM
yruiom. Ipssmbie AB u C'D nepecekarorcst B Touke P, npsimbie AD n BC' nepecekaroTcst B TOUKe
Q. Hokaxwre, ato AC — 6uccexrpuca (kakaa-to) yriaa QOP.

8. B rpeyrompanke ABC Touku [ u I’ — 1eHTpbI BOMCAHHOM OKPYKHOCTH U BHEBIHCAHHOM
OKpy»KHOCTH, Kacaromeiica ctopousl AC. Touku L n L' — TOYKM KacaHUs 9TUX OKPY KHOCTEH
co croponoit AC. Jokaxkure, uro IL’', I'L u BRICOTAa Tpeyrompnuka ABC n3 Bepmmubl B
epeceKaloTcd B OJHOU TOYKe.

9. Yernipexyronbuuk ABCD — srnucanusbiii. [Ipsimass AB nepecekaercst ¢ CD B Touke F,
F — rouka nepecedenus: quaronasieii. Onucannbie OKpy>KHOCTH Tpeyrojbuukos AFD u BEFC
nepecekatorcs B Touke H. Jlokaxnre, uro ZEHF = 90°.

10 urosist. 3a/jaum Ha BEKTOPHBIE IIPOCTPAHCTBA

Omnpenesnenune. JluneitHoit_ 060I0YKONt BEKTOPOB V1, V2, ..., Uy, € V HaA3BIBAETCH MUHUMAJIBLHOE
110 BKJIIOYEHUIO IOIIPOCTPAHCTBO V/, BKJIIOYAIOIIEee B ceOsi BEKTOPA V1, V2, ..., Un.

1. Jokazxkute, 9T0 y Jito60ro HabOpa BEKTOPOB MPOU3BOJBLHOIO BEKTOPHOTO MPOCTPAHCTBA
VcymecrByer nuHeitHas 060/109Ka, U IPA TOM POBHO OJTHA.
2. a) Bacst bimncas muorouwnen f(z) ¢ BemecrBeHHbIMU Kodddunmentamu crenenn 10, a

Tak xe f'(x), f” (), ..., f(m)(x). Haitnure munelinyo 060JI0YKY HOJIyYEHHOI'O MHOXKECTBA U

€€ Pa3MEpPHOCTDb.
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6) Amannue Beimmcan Bce derHble dynkmuu R — R, n Bce Hewernble dynkmmun R — R.
Haitnure nuneitnyo 060/I09KY MTOJIyYEeHHOTO MHOXKECTBA.

3. JlokaxkmuTe, ITO MHOXKECTBO BCEX TOJIMHOXKECTB KOHEYHOI'O MHOYXKECTBA HEBO3MOXKHO TIpe-
BPATUTh B JIMHEHHOE MTPOCTPAHCTBO HaJL Fs.

4. Jlokaxwure, uro eciim y CJIY ecTh TOJBKO palmoHAJbHBIE PEIIEHNsI, TO PEIeHNe €IuH-
CTBEHHO.

5. (AabrepuaruBa Ppexnrosbma) st 060l cucTeMBl N JIMHEHHBIX ypaBHeHUil ¢ n
HEU3BECTHBIMH MMEET MECTO aJbTePHATHBA: JUOO0 IPH JIIOOOH IMPAaBOMl YACTH PEIIeHUEe CUCTEMBI
CYIIECTBYET ¥ eIUHCTBEHHO (CHCTEMa HEBBIPOXKJEHHAs), JIUOO CYIIECTBYET HEHYJIEBOE DEIeHUE

OCJIV.

6. (JIuckpeTHoe ypaBHEHHME TEILIONPOBOAHOCTH) B KaxKm0H KJIETKE KAEMKH TIPSIMO-
YTOJILHOH TabJIUIBI 3aMUCAHO 9ucyI0. JJoKasKuTe, 9TO MOKHO PACCTABUTH (MIPUYEM €IMHCTBEH-
HBIM 06Pa30M) YUC/Ia BO BHYTPEHHHE KJIETKU TabJIHUIbI TaK, 9TOOBI KaXK/10€ IUCIO0 BO BHYTPEH-
Hell KJIETKE PABHSJIOCh CPETHEMY apU(PMETHIECKOMY COCEIHUX IO CTOPOHE YUNCEJI.

7. B Kaxay1o KJIeTKy IIaxMaTHOM JTOCKHM BIMCAHO IO BEIIECTBEHHOMY YHCIy. Pasperraercs
3a OfMH XOJ NPUOABUTDH IO (v KO BCEM KJIETKaM JI060ro kBagpara 3 X 3 man 4 X 4 (o MoKHO
MEHSITh KaXKJblii X01). Bee i pacCTaHOBKM YUCET MOXKHO [OJIYIUTH?

8. /lan rpad. PaccmorpuMm packpacku ero pebep B KPacHBIN M CHUHHI I[BETa, JJIsi KOTOPBIX
U3 KaXXJIOf BEPIIUHBI BBIXOJUT YETHOE YUCJIO KpacHbIX pebep. Jlokakure, 4TO YUCIO TAKUX
PaCKpACOK sIBJISI€TCSI CTEIEHBIO JBOWKU.

9. A1, As,...,Apy1 — HemycTble IOAMHOXKECTBA N-3JEMEHTHOI0 MHOXKecTBa. Jlokarkure,
YTO MOXKHO BBIODATD TaKMe HEILYCTble HEIePEeCEeKAIONINecs: MHOYKECTBA UHIEKCOB {i1,...,ik} U

{j17"'7j2}7 qaTo
A UAiy U UA;, = A UAj, U...UA,,.

10 mrosist. Pa3Hob6o0ii mo Teopum 4mcest

Omnpepaenenune. Ilycrs f(z) — muorowren ¢ uensimu kKoddgdunmentamu. Codeporcaruem MHO-
rouseHa f Ha3bIBAETCs HAMOOJBINUI OOIMMIT TenTeb Beex ero Koaddurnmentos. Comeprkanne
MHorowrena f obosnauaercs c(f).

1. ITycrs f(z) n g(x) — MHOrOUIEHHI ¢ 1eIbIMU Ko dunpenTamu.
(a) Hokaxwure, uro ecnu c(f) = ¢(g) =1, To ¢(fg) = 1.
(b) (JIemma T'aycca) Hokaxwure, uro c(fg) = c(f)c(g).

(¢) Hokaxwure, uro MHOrowreH f(z) ¢ nesbiMu Ko3ddurpenTaMyu HEIPUBOUM HAJ( Z,
TO OH HenmpuBoAUM U Ha Q.

2. (Kpurepuii Jiizenmreiina) Ilycts Bce koabdunnentsr muorowrena f(z) € Zlz],
KPOME CTapIIero, KPATHBI POCTOMY 9YHCITY P, a CBOGOHBII wien e Kpaten p°. JIoKaxuTre, 4To
MHOrowreH f(x) HempusoauM HaJ Z.

3. Ilpy Kakux HaATypaJIBHBIX 1M, M BBIINOJIHIETCS PABEHCTBO (5 + 3\/5) ™= (3 + 5\/§)n?
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4. Haitoure Bce mpoctsie p = a” + b2 + ¢*(a, b, ¢ € N) raxue, aro a* +b* +¢* I p

5. Jlius mocsiejoBaTeIbHOCTH HATYPAJbHBIX {G;} M3BECTHO, YTO JJIsl JIOOBIX DPA3JIMIHBIX
HATYPAJIbHBIX ¥ j CIIPABEIJINBO PABEHCTBO (ai,a;) = (4, j). JokaxKure, 4To a; = i 1J1s 1106010
1.

6. Harypasbubie uncia a, b, ¢, d, e u f TakoBbI, 4TO:

o f <
eabd+1:c¢
eace+1:b;
ebcf+1:a.
Jlokaxkure, 9T0 ecnn%<1—%7To§<1—£.

7. CyiecTByeT Jin TaKOe HATypaJIbHOE M, 9To 2" HadnHaeTcs Ha 5, a 5" HadnHaeTcs Ha 27

8. ano HarypasbHoe yucyo a > 1. Jjas KaxKi0ro HaTypasbHOrO 1 MOJIOKUAM T, = a' +
a" ! — 1. JlokaxKuTe, 94TO U3 MOCIIEOBATETBHOCTH {zn} MOXKHO BBIGpPATH IIOJIIOCIIEOBATEIb-

HOCTDb, YJICHBI KOTOpOfI B3aMMHO IIPOCTHI B COBOKYITHOCTH.

11 urosss. HempuBoauMbie MHOTOYJIEHBI

Omnpepenenue. Ilycrs K — kommyTaTusaOE KOIb10. Muorowren f € K|[z] naspiBaercsa nenpu-
600umbim HaT K, ecin HE CymEeCTBYeT MHOrOWIEHOB ¢, h € K[| crenenu Bblie HyJI€BOH, IJls
KOTOpPBIX f = gh.

1. JTokasKnTe, 9TO MHOTOUJICHBI
(a) 22 —2; (b) 22 +5; (¢) * — 102> +1; (d) 2P '+ 2P 2 +...+x+1upupc P
(e) (ary moka moxere me permnars) ((22 — 6)? — 822 — 60)? — 192022

HEIPUBOAUMBI HAJT Z.

Omnpepnenenune. Yucio o € C HA3BIBAETCS 442€0PAUHECKUM, €CJTA CYITIECTBYET MHOTOYJIEH C Pa-
[IMOHAJILHBIMU KO3(MDUIeHTaMu, KOPHEM KOTOPOIr'o sABJIeTCs . MHOXKeCTBO ajaredbpandecKux
qrces 06o3HagaeTcst 6ykBoi A.

2. JJokaxkuTe, 9TO CYMIECTBYIOT IHCJIA, HE SABJSIONHAECT aNre0pandecKuMu (MX HA3LIBAIOT
MPAHCUEHIEHMHBIMU) .

Onpegnenenne. Ilycrs o — anrebpandeckoe 4ucio. YHuUTapHbI MHOrOwIeH f(z) € Q[z] mu-
HUMAJIbHOM crenenu, jyisi Koroporo f(a) = 0, Ha3BIBAETCS MUHUMAALHOM TS (.

3. (a) JdokaxuTe, 9TO MUHUMAJIHHBIH MHOTOUJIEH HEPUBOIUM.
(b) dokaxkure, 9T0 MUHUMAJILHBIA MHOIOWIEH ONPEZEIEH €UHCTBEHHBIM 00pa3oM.
Vrasanue. Paccmorpure HOJL n1Byx pa3ivuHBIX MUHUMAJIbLHBIX MHOTOYJIEHOB.
(¢) Hycts ma — MUHEMABHBIH MHOTOYIEH st <. Jlokaxkure, uro ecam g € Q[z] u
g(a) =0, T0 g : Ma.

Bameuvanue. Takum 06pa3zoM, €CIU MbI HAIILIM HEIIPUBOAUMBIN MHOTOYIEH, OOHYJISIONTUI IUCTO
Q, TO MBI HAIILJIM MUHUMAJbHBIA MHOIOYJICH.
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4. Haiinpre MUHUMAIbHBIE MHOTOYJIEHBI JIJIsI CJIEAYIONIAX UUCEJT:
(a) v2; (b) iv5; (¢) V2 ++/3; (d) & — xopusa p-oit crenenu u3 1, rae p — mpocroe
YHUCIIO;
(e) V2+ V3 + 5.
5. (a) JloxkaxkuTe, 9TO CyMMa JIByX aarebpandecKux 9Uces — TaKKe aarebpandeckoe 9uco.

(b) HokazkuTe, 9TO MPOM3BEJCHNUE IBYX AIreOpAMIECKUX UUCET — TaKKe ajarebpande-
CKO€ 9HCJIO.

(¢) HdokaxkuTe, 9TO MHOXKECTBO aJIre0paMYeCKUX YUCEJT SIBJISETCS MOJIEM.

6. JlokakuTe, 94TO CJIe/IyIoNie MHOTOYIeHbI HeTPUBOIUMbI HaJl Z:
(a) (x—a1)(z—a2)...(x —an) — 1, rme a1, a2, . .., an — PA3INIHBIE LeJblE YNCIIA;
®) (z —a1)?(xz —a2)?...(x — an)®> + 1, rae a1, as, . .., a4, — PABIHYHBIC IEJIBIC THCIA.

7. damo mpocroe ancyio p u HaTypaabaoe a > p+ 1. Jlokaxkure, 94T0 pu JTIOOBIX HATYPAJIb-
HBIX M, n MHOrouwieH " (z — a)™ + p HenpuBoguM Haj Z

11 mross. JImk6Ge3 mo MmareMaT4eCKOMY aHAJIN3Y

Onpenenenne. Tounol eepxhels epanvio muoxkecrBa A C R naspiBaercs umcsio sup A =
{minr € R : Va € A |r > a}. Ecau Takux r He cymecrsyer, npuMeM sup A = +oo. Ecinm
A — mycToe MHOXKeCTBO, MPUMEM sup A = —oo.

1. (a) Cdopmynupyiite onpezenenne TOYHON HUXKHEH TDAHMU.

(b) dokaxkure CymecTBOBAHUE TOYHOW BepXHEH IpaHM Jid JI000ro MOJMHOKECTBA R.
JleMMa O BJIOKEHHBIX OTpe3Kax. [l BCAKOW CHCTEMBbI BJIOXKEHHBIX OTPE3KOB [a1,bi] D
laz,b2] D [as,b3] D ... D [an,bn] D ..., cymecTByeT X0OTs1 ObI OJ{HA TOYKA C, IPUHAJIEIKAIIASI
BCEM OTPe3KaM 3TOIl CUCTEMBI.

Onpepenenne. Ecmu aias mocrenosareasHocTs {an b € R,cymectsyer uncio A € R, yno-
BJIETBOpsIIONIEe caemytomemy cBoiictBy: Ve > 0 3N € N:Vn € Nyn > N = |a, — A| < €, TO
[IOCJIEIOBATEILHOCTD HA3BIBACTC CTodAawelicsa, a Iucyio A — npedesom nocaedosamesbhocmu
an. O603HaYAETCA 3TO JEJI0 TaK: nli—>nol<> an, = A

2. Jlokaxkure, 9t0o eciu lim a, = A, lim b, = B, To (a) lim (an, £b,) = A £ B; (b)
n— oo n—oo

n—oo
lim (an-bn) = A- B; (c) ecmu B # 0 u Vn, b, #0 1o lim %= = 4.
n—oo n—oo on
3. Jokaxkure, 9TO IOCIIEA0BATEIBHOCTD an = —1 + (—1)" He siBiIsteTCst CXOmsIIEeNCst.
4. JlokaykuTe, 94TO MOCIeI0BATeIbHOCTD O, = SIN N He SBJSeTCs CXOAsImeiics.

5. Jlemma o aByx MuaumnuoHepax /lokazkuTe, YTO €C/IM TaHbBI IOCJIEI0BATETHHOCTH Uy,

, bn , cn ® u3BectHO, yTO lim a, = X, lim b, = X u Vn € Na,, < ¢, < b, To lim ¢, TOXKE
n—oo n—oo n—oo

paBusierca X.

Omnpenesnenue. [locmenoBaTebHOCTD @y, Ha3BIBACTCHA crodauletica 6 cebe, eciu V e >0 IN €
N:Vm,neNm,n> N = |an — am| < €
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6. Jlokaxkure, YTO MOCJIEIOBATEILHOCTD (., UMEET IPEIEJ TOrIA U TOJBKO TOTIa, KOTIa OHa
cxonuTcs B cebe.

7. Jokaxkure, UTO €Cau B OINpEJEJIEHUN TIpelesa 3aMeHUTh Bce BXOxkaeHus R wHa Q, TO
YTBEPKIECHNE MPEAbIAYIIel 3aa9u OyAeT BBIMOJTHATHCA B OJHY M3 CTOPOH, & B JAPYTLYIO — HE
OyJeT.

Onpenenenne. Eciu VeI n € N: a, > ¢, 6yzem ropopurb, uro lim a, = +00. Anajorudno
n—oo

omnpejiensiercsa lim a, = —oo
n— o0

8. JlokaxkuTe, 9TO0 MOHOTOHHASI IOCJIEJOBATEILHOCTD JTUOO CXOJMUTCs, JTUOO MMEET Ipees
+oo.

9. Jokasxkure, uro ecsin lim a, = 0, ¢;, — OrpaHUYeHHAs I0CIIEA0BATEIBHOCTD, TO lim (an - ¢y) -
n— o0

n— o0
0
10. Haitaure npemnen HOCJIe,&OBaTeJIbHOCTI/I an =
M4+ nd—n+2 Inn sinn
()Wa(b) 07(0) »()

(e) VT 1-/m; (f) ¥/ (g) b +:§b
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TpeTbH AT/ THEBKAQ

14 wnions. /JIluckperHast BepOSITHOCTD

1. Kosiony n3 52 KapT 04eHb XOPOIIO [T€PETACOBAJIN.
(a) KakoBa BEpOATHOCTD TOrO, 9TO BCe TPedBbI JIEXKAT M0 BO3PACTAHUIO JOCTOMHCTBA?

(b) KakoBa BeposiTHOCTB TOro, 4TO BCe Tpedbl U BCE YEPBU JIEXKAT 10 BO3PACTAHUIO
JIOCTOUHCTBA?

Omnpepaenenue. Ilycts @ — koneunoe (Hy mim Ha XyJI0i KOHEI CI6THOE) MHOXKECTBO. U mycTh

nana dynkmua P : Q@ — R, qys xoropoit cnpasemmmso pasencrso y . P(w) = 1. Torma P
weN
Ha3BIBACTCH HYHKUUET 6EPOAMHOCTNU WU OUCKPEMHOT 6EPOAMHOCMHOT MePOT, Ha MHOYXKECTBE

Q. MuozkecTBO {2 HA3BIBAETCSI NPOCTMPAHCNEOM IACMEHMAPHLLE UcT0dos. VI BCE 910 BMecTe, TO
ectb napa (2, P), Ha3bIBaETCA 6€POAMHOCTIHBIM NPOCTPAHCTEOM.

Bameuanue. Xodercs yMeTh BBIYUCIATH BEPOATHOCTb npousBosibHOro A C Q. Bor Mbl 1 mosio-
xum P(A) = Y P(w).

wEA
VYupaxkuenue. Onummre B TEPMUHAX BEPOSTHOCTHBIX TPOCTPAHCTE N3BECTHBIE PAHIOMANR3ephI
(MoHeTKa, KyOHK, IepeMelInBaHue KapT).

2. B orpsage M-10 34 pebéuka. Cunras, yro lenb poxjeHusi peGEHKa C PABHON BEpOST-
HOCTBIO IIPUXOJIUTCS Ha JIIOOOH JeHb B rojly, HafUTe BEPOATHOCTb TOrO, YTO y KAKHUX-TO JBYX
nereit /leHb POXKJIEHUST COBIIAIAET.

DTa BEPOSTHOCTH OOJIbIITE %, [IO9TOMY M y HAC CKOPee BCEro TaKHe eCTb.

B caedyroweti 3adaue sepoammuocmmoe npocmparcmeo 6ydem necuémmwmm (IHHOK!), nosmo-
MY ONUCAMDB €20 He bilioem.

3. Hayraz HesaBucuMO JpyT OT JpyTa BeIOMparoTcs Tpu uucia u3 orpeska [0, 1]. Kakosa
BEPOSITHOCTH TOTO, YTO U3 OTPE3KOB, PABHBIX II0 JIJIMHE STUM YUCJIAM, MOYXKHO CJIO0XKUTH TpPe-
YTOJIbHUK !

Omnpenenenne. CobGoitust A u B HaspiBaiorcs: nesasucumovimy, ecim P(AN B) = P(A)P(B).
Cobbirust A1, Ag, ..., A, Ha3BIBAIOTCA HE3ABUCUMBMU 6 COBOKYNHOCTU, €CIU JJIs JIOObIX
Pa3JIUYHBIX %1, ..., ik OT 1 70 N CIIpaBeJINBO PaBEHCTBO

k k
P mAij :HP(AiJ')'
=1 =1

4. (a) Ipusemure npumep Tpex cobbrruit A1, Az, A3, KOTOpbIE TIOIAPHO HE3ABUCUMBI, HO
HE HE3aBUCHUMBI B COBOKYITHOCTH.
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Onpenenenune. Yca061ol 6epoamuocmsio cobbiTus A npu ycaoBun B Ha3bIBAETCS BEJIUINHA

P(ANB)
P(A| B) = ———=,
(A1B) = 55
npu P(B) # 0. D1y BesuuuHy CilefyeT MHTEPIPETUPOBATH KaK BEPOATHOCTL cOObITHs A B
BEPOSITHOCTHOM “TIOJIIPOCTPAHCTBE”, B KOTOPOM COOBITHE B HEN30EeXKHO.

5. («Bauérka paGoraer Ha Bac») ['pynmna CTyJeHTOB COCTOMT U3 5 OTJIMYHHUKOB, 15 Xo-
pomucToB u 5 TpoedHUKOB. OTJIMYHUKK HA IK3aMEHE ITOJIyYaloT ISITEPKY C BEPOSITHOCTHIO 1,
XOPOIIUCTBI — IISATEPKY WM Y€TBEPKY PABHOBEDPOSITHO, a TPOEYHUKH — JIIOOYIO CIIydailHyIo
OlleHKY (IIsITEPKY, YeTBEPKY WM TPOIKY).

(a) Hayraz Boibupaercs crygent. Yemy paBHa BEPOATHOCTb, TO OH IIOJIYYUT UE€TBEPKY
W UATEPKY !

(b) Cayuaitno BeiGupatorcs apa crynenTa. Haiiure BepogTHOCTD TOTO, 9TO OHH IIOJLY 9aT
[ATEPKY U TPOHKY (B JII060M HOPSKE).

6. (ITapamokc Moutu Xosaa) Ilosapasisem! Bol gomumm 10 cynep-urpbl, B KOTOPOii
Bor moxkere Boiurpars ABTOMOBUWJIB! s aroro BaM Hy»KHO TOJIBKO YyraJlaTh, 3a KaKOii U3
Tpex naBepeil OH ckpbiBaercs. [IpaBmiia mpocrsl. Bl BeiOupaere onHy M3 Tpex ABepeii, mocie
9€ero s CJIy9JallHO HA3bIBAIO OHY M3 OCTABIINXCS JBEPEi, 32 KOTOPOI aBTOMOOWJISI HET. 3aTeM y
Bac nosiBisiercst BO3MOXKHOCTH U3MEHUTDL CBOI BBIOOD, 1 ecsn Bol yrajgpiBaere, T0 aBTOMOOMIIDL
Bam! Kakyo MakcuMasIbHYIO0 BEPOSITHOCTH BBIMIDHINIA Bbl MoxkeTe cebe 06ecnednTh U Kakoit
CTpaTeruu Jjisi 3TOr0 HAJO IPUIEPKUBATHC !

7. (a) (Popmysa Baiiteca) [Jokaxkure dopmyry

P(B|A)-P(4)
P(A|B)= .
P(B)

(b) («BaitecoBa noBymika») Ogaum yrpom Hesnalika Hagas 10403peBars y cebst CHH-
mpom Mrionxraysena', koTopsrit Berpedaercs B Mupe b B 0.1% ciaygaes. Joxrop Hmmonskun
poBeJ1 HaJl He3HalKoi OJIMH TeCT, KOTOPbI OKa3aJICA MOJIOKUTE/IbHBIM. VI3BeCTHO, 9TO BHE 3a-
BHCHUMOCTH OT TOT'O, BOJIEH JIM TECTUPYEMBIif, TOYHOCTH 3TOT0 TecTa cocTasisier 99%. Ecrecren-
HO, Teriepb He3Haiika TPE3BOHUT Ha KaXKJIOM YIJIy, YTO OH CTPaJIaeT CUHAPOMOM MIoHXray3eHa.
BersicHuTe, HACKOIBKO Ha CaMOM JeJjie BEpPOosITHO To, uro Hesnaiika jeiicTBuTesibHO MM GOJIeH.

8. «Bemrenas 6aGynbka» Ha ceanc KuHO cKynuiau Bce n 6umeToB. 3a CEKYHIY 10 OTKPbI-
THs 3aJla B HEro BopBaJjach berenast 6abka u cesa Ha ciaydaiiHoe mecro. Kaxkaplit mociemayro-
Uil YIeJIOBEK, IIPUXOs, CAAUIICS Ha CBOE MECTO, €CJIM OHO CBOOOIHOE, MHAaYe — Ha CJIydaiiHoe
He 3ansATOe. KaKkoBa BEPOATHOCTD, UTO MOCJIEIHUN JEJIOBEK CSANET HA CBOE MeCTO?

1CI/IMyJ'ISITI/IBHOe paCCTpOI‘/JICTBO7 IIPU KOTOPOM Y€JIOBEK CUMYJINPYET, IIpEeyBe/ININBaCT Ha rJ106aIbHOM

YPOBHE MJIX HCKYCCTBEHHO BBI3BIBAET y CeOsl CHMIITOMBI OOJIE3HH, ITOOBI IIOABEPIHY THCSI MEAUIIMHCKOMY
06CIIeJOBAHUIO, JIEIEHNUIO, TOCIUTAIU3AIII, XUPYPIUIECKOMY BMEIIATEIbCTBY H T. II.
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15 mronga. IlocaenoBaTenbHOCTHI

1. Haiinure mipemes mocje10BaTeIbHOCTH:

(a) a1 =25 any1 = V1+ an.

2'a7z+i

(b) a; = 2; an+1 = 3
2. HyCTB apn — BO3pacTaloliasd OrpaHUYeHHas1 II0CJIeJOBATC/IbHOCTD. ﬂOKa)KHTe, 9TO B 3TOM
citydae Jirobast moC/Ie0BaTeIbHOCTD by, Takast, 910 by+1 — 1 = by, — a“i’ T MMeeT HpeJelL.
n

3. Ilyctb a1 = a; b1 = b; ant+1 = Van - bn; bpt1 = % JokazkuTe, 9TO MOC/IEI0BATE b~
HOCTH Gp, ¥ b, CXOIATCS W TPUA TOM HUMEIOT OOIIMHA mpeiet.

4. ﬂOKa)KI/ITe npusHax ﬂaﬂam&ipa: €CJIN YJICHBI ITOCJIEJ0OBATCJIBHOCTU Ay - ITOJIOZKUTEJIbHBbIE

. a o
qucjia, U lim Z+1 = ¢, TO IIOC/Ie10BATE/ILHOCTDH bn, YJIEHbI KOTOPOU YJIOBJIETBOPAOT COOTHO-
n—00 n

MeHUIO bpy1 = by + Ant1:

(a) cxomures, ecan ¢ < 1
(b) crpemuTes K +00, ecau g > 1
(¢) mpuBemuTE TPUMED CXOASAIUXCA U CTPEMSIIUXCA K 400 MOCIEIOBATEIBHOCTEN by,
mpu q = 1
5. BeisicauTe, CXOUTCS JM TIOCTIEIOBATEIBHOCTD by, , 3a/IlaHHasT CIeayomuM obpasom: by = 0
bn+1 = bn + an+1, TAE An—

(a) Z3;

n! .
(®) Grrznraans

(@ (z12)"

6. Xozaun obemaer pabOTHUKY IJIATUTH B CpefHeM pybJieit B meHb. i 9TOro KaKIblit
JieHb OH IIaTUT 1 mm 2 py6Jist ¢ TaKuM pacdéroM, 9To0bI s JI000ro HaTyPAJIBHOIO N BBIILIA-
JeHHas! 3a [epBbIE N JHeil cyMMa Gblia HATYPaJbHBIM UHCIOM, Hauboee 61u3kuM K n- /2 Bor
BEJIMYUHBI TEePBbIX maTu BeILIaT: 1, 2, 1, 2, 1. /lokaxkuTe, 9TO MOC/I€I0BATEIBHOCTD BBIILIAT
HEMepUOIUIECKASI.

. . (2n!h)?

7. Haiiiure nh_)nolo S

8. BamamuM an,bn, cn,dn € N ¢ moMompio cieayromero coornomenus: (1 + V2 + \/g)n =

an + bavV2 + cn /3 + dn V6. Haiiure lim %
n—r o0

=T
9. Jlokaxkure, YTO B ITOCIEIOBATEIHHOCTH (r, , 33IAHHOI CITeIyIormuM obpasom: a1 = 1000000
An+1 =1 [“7"} + n, HalimeTca OeCKOHEYHAs IIOAIIOCIEOBATEIBHOCTH, SABJISIONIAACT apudMeTn-
9eCKOIi Iporpeccuei.

15 urosss. Pacumpenus 1moJieit

Onpegenenne 1. [Iycrs K u L — mosst, mpuuém K moamose L, Torma moste L HasbiBaeTcst
pacwuperuem most K.
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3ameuanmne. llycte L sasasercs pacmmpenunem mons K, torma L sBisiercss BEKTOPHBIM
npocTtpancTBoM Has K.

Omnpegenenue 2. PasmepHocTh BEeKTOpHOro npocrpancrBa L Haa nosem K HasbiBaeTcst
cmenenwro pacwupernus K C L n obosznagaercs [L: K .

Omnpenesienne 3. Eciu crenepb paciimpeHus 1Mojieil KOHEYHa, TO U CaMO paclIupepeHne
OoJIell Ha3bIBAE€TCA KOHEUHBIM.

O6Goszuauenue. Yepes Q(aa, .. ., an) nanmenniee noanose C, cogeprkamee mose Q u sste-
MEHTBI ({1, ..., Qn.

1. Haiizure crenenu pacimmpenuit (a) [Q(V/2,v2), Q(v/2)]; (b) [Q(v/2,v?2),Q]

2. Hokaxkure, aTo ecyia eciu « € L, u pacmupenne K C L koHedHO, TO v ajiredOpanten HaJl
K, npudém creneHb MHHIMAJILHOTO MHOTOWIEHa Mo He Gosbie [L: K |.

3. Teopema o bamrue pacuinpenmnii. [lycrs K C L C M — nociietoBaresibable KOHEIHBIE
pacmmpennst. Jlokaxkure, aro pacmmperne K C M Toxxe koneuno, npuuém M : K | = [M :
L]-[L:K].

4. Haiinure pasmepnoctu noseit Q(v/2,v/17), Q(v/2), Q(V/7,v/10) nax Q.

5. Eciin anrebpamdyeckoe 9ucyo CTerneHu d JIEXKUT B paciiupeHuu crernenn n mous Q, To n
KpaTHO d.

6. Haityure Bee mogmons B Q(v/2,v/3).

7. Haiinure Bce Kopau muorowiena x¥ —z = 0 B Z/(p)
JInpu4eckoe oTcTyIIeHne

Omnpepnenenns. [lycrs f(x) — MHOrowIien. PaccMoTpum MHOTOY/IEH OT JBYX HEPEMEHHBIX
f(x +t) u pasuocrs f(z +1t) — f(x).

8. Jlokaxkure, 9TO 9TA4 PA3HOCTH JEJIUTCA Ha t.

Craso 6LITh, OCTATOK OT JeTeHHst pa3HOCTH Ha ¢ mmeer sus p(z)t. Muorounen p(r) nasosem
dopmanbHOit TponsBoHOH MHOTOWIeHa f(x) U B AanbHeinem 6ynem nucats p(z) = f(z)'.

Vuopaxkuenne. [Jokaxure cieyionme cBoiictBa dhopMaiabHoil npoussomuoit: (a) ¢ = 0;

-1 ! ’

(b) (z™) =nz""" (c) (u+v) =u 4+ (d) (w) =v'v+uw'.

9. JloKaKuTe, 9YTO KOPEHb MHOIOWIEHA SIBJISETCA KPATHBIM TOLJ@A U TOJBKO TOTJa, KOIJA
OH SIBJIAETCS KOPHEM (POPMAJILHOMN MPOU3BOIHON ITOTO MHOTOHUIEHA.

n
10. okaxkure, 9ro MHOrowieH x’ — x He MMeeT KPATHBIX KOPHEH HaJl JIIOOBIM II0JIEM
XapaKTEePUCTUKU P.

16 mrosisi. IlocTpouMocTh MUPKYJIEM U JIUHENKOM

Heﬂb 9TOTI'0 JIMCTOYKa — HAay4IUTbCHA JOKa3bIBaTb, 9YTO KaKHe-TO 00'bEKTHI HEJIb3SI IIOCTPOUTDH
UCIIOJIB3Yyd TUPKYJIb 1 JIHHeﬁKy. Ho JJI 9TOT'0 HY2KHO (bOpMa.JIbHO OIIpeZIe/INTh, KaKne NMEeHHO
orepaluu Mbl padpeniaeM IIPOU3BOJIUTD. I/ITa.K, BCTpe‘{aﬁTe: CIIMCOK TOI'O, 9YTO MOXKHO J1eJIaThb.

e OTMeyaTh Ha IIOCKOCTH (U B JIIOGOI €€ YacTH, OrpaHNIeHHO TOCTPOEHHBIMI KPUBBIMU )
TOYKY, 00€ KOODJIMHATHI KOTOPO#l paIiOHAJIbHBI;
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e OTmMedaTh HA MOCTPOEHHON KPUBOU MPOM3BOIBHYIO TOUKY C PAIMOHAIBHON abOCITUCCOIL;
e OTmMedaTh TOYKY MEPECeUeHUs JIBYX MOCTPOEHHBIX KPUBBIX;
e [IpoBomuTh mpsAMyIO Yepe3 Be OTMeYeHHbIE TOUKH;

e YCTaHAB/JIMBATHL PACTBOD IUPKYJIS HA PACCTOSHUE MEXKJIy JBYMS OTMEUYEHHBIMH TOYKA-
MU U IPOBOJUTH OKPYZKHOCTB C IIEHTPE IIPOU3BOJIbHOI OTMEYEHHOU TOYKEe U PaJUuyCcoM,
PaBHBIM JJINHE PAacTBOPA;

e YCTaHABJIMBATH PACTBODP IUPKYJIA HA paccTosnue 1.

Kapmunxoti 6yaeM Ha3bIBaTh KOHEUHYIO MOCIEJ0BATEILHOCTD IIOCTPOEHUIA.

Sadukcupyem KapTuHKYy. /leiicTBuTeIBHOE YUCTO (v OyIEeM HA3BIBATH NOCMPOEHHbIM, €CITHA
OHO PaBHO OJIHOM U3 KOOPJAUHAT KAKON-TO IIOCTPOEHHON TOYKU UJIA OJTHOMY U3 KO MUIINEHTOB
IPUBEIEHHOTO YPABHEHUSI KAKOW-TO ITOCTPOEHHON KPHUBOIi.

HeiicTBUTEIBHOE YUCTIO (¢ OYAEM HA3BIBATH NOCMPOUMDBIM, ECITH CYIIECTBYET KAPTUHKA, JJIs
KOTOPOH (v ABJISIETCA IIOCTPOEHHBIM.

1. JlokaxxuTe, ITO HOCTPOUMBIE YUCIa 0OPA3YIOT IIOJIE.

2. (a) Ilycrs xaprunka Ko nomygaerca n3 kKapruaku K ognum peficrsuem. Ilycrs Aq, As
— MHOXKECTBa BCEX ITOCTPOEHHBIX YMCEJT Ha TEPBOM M BTOPO# KapTwHKax. [lomoxkum Fi, Fo —
MUHUMAJIbHBIE YUCJIOBBIE TI0JIsI, cofepxKamme A1 u As coorBercrBenHo. Jlokaxkure, uTo aubo
F2 = Fl, .HI/I6O [F2 : Fl] =2.

(b) Iycrs o mocrponmo. Jokaxure, uro [Q(a) : Q] = 2 mna mexoroporo k.

Tpu Hepa3zpenmMbie 3a1a41 APEBHOCTHI

[Tpobaemoit mocTpoeHUst MUPKYJIEM U JIMHEWKOM BILIOTHYIO 3aHUMAJIUCE napeBHue rpekn. Ca-
MBIX M3BECTHBIX TAKUX 3324 OBLIO TPU: KBAPATypa KPyra, TPUCEKITHs YIJIa U YIBOECHUE KyOa.
Haiitu perenne sTux 3a/1a4 718 TPEKOB 03HAYAJIO 3AIOJHUTD IPOPEXH B UX ITOYTH PEIUTUOZHON
dunocodun, craBuBIIEil BO IVIaBy yIJla MAaTEMATHKY U PAIMOHAJIBHOCTE. [IpeacraBpre, CKOIBKO
JpeBHUE T'PEeKHU OHINCh HaJl STUMH IpobsiemMaMu. MBI 2Ke, IOJIB3YACh ILIOJAMHU IMBUIN3AIINAH,
JIOKAXKeM, UTO UX JIeSITETbHOCTD ObLjIa HAIIPACHOIA.

3. Ilosb3ysch TeM, YTO YHCJIO T TPAHCIEHIEHTHO, TOKaKUTe, UTO IIepBas 3a7a4a JPEBHOCTH
Hepas3pelmMa.

4. Paccmorpes uuciio sin 10°, mokaskure, 9T0 BTOpas 3a/a49a JPEBHOCTH Hepa3pelmnMa.

5. Hy u Tperbio mpubeiiTe mos KOHeII.

BriBoa: [lourn Hudero nmocrpouTh Hesb3sl. Pacxoaumcs.
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16 mrosist. JImk6e3 1Mo HeMpPepbIBHOCTH

Omnpepnesenune. Ilycte D C R. f : D — R HasbBaeTcsi HEIPEPBHIBHON B TOYKE T, €CIU
Ve>030 >0: |z —xo| <0 — |f(x) — flzo)| <€

Omnpepenenue. PyHKIMs HA3BIBACTCA HENIPEPBIBHON Ha CBOE 06J1aCTH 3a1aHus (MM IIPOCTO
HENPEPBIBHOM ), €CJIN OHA HENPEPBIBHA BO BCEX €€ TOUKAX.

1. Jokazkure, uro dbyHkuus f(z) siBjsiercsi HEIPEPHIBHON Ha CBOeil 06/1aCTH 33/ JaHNUsI:
(a) z7,q€Q
(b) a”,a>0,a € R
(¢) Inz
2. IlycTb a, OrpaHMYeHHAas! IOCJIEI0BATEILHOCTD BEIIECTBEHHBIX 4uces. JokaxKkure, 910 B

Hell MOYXKHO BBIOPATH CXOJSIINYIOCS IOJINOCIEI0BATIELHOCTD . DTO YTBEPKIEHNE HA3BIBAETCS
meopemoti Boavyaro-Betiepwmpacca.

3. Ilycrs f : [a,b] = R — HenpepbiBHast dyHKiws. Jokaxkure, 910 3Ta DYHKIWS JTOCTHrA-
eT MakCHMyMa Ha CBoeil objacTu 3aJaHus. DTO YTBEPXKJIEHME Ha3bIBaeTCsa meopemots Betep-
wmpacca.

4. ITpusenure upumep f : (a,b) — R — HenpepbiBHON DYHKIMHU, He JOCTUTAIOMIEH MaKCH-
MyMa Ha CBOell 00/IacTH 3a/aHUsI.
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YeTBEpTas ATHIHEBKA

19 urona. YpasHaenue llessisi. Teopus

1. Ilycrs (1 + ﬂ)” = an + b V2.
(a) Hoxaxwure, uto a2 — 2b2 = (—1)".
(b) Hanumure peKyppeHTHBIE U siBHBIE (POPMYIIBL IS Gry , Oy
(c) Broipazure an, b, 9epes3 an+1, bnt1-
(d) Mycrs (a, b) — nookuTeLHOE permenue ypasuenus ¢ —2y* = +1. Jlokaxkure, 4To

(a,b) = (an,bn) Jist HEKOTOPOIO M.

Omnpegenenne. Ypasnernuem Ilesns HaspiBaeTCs TUOMDAHTOBO ypaBHEHNUE BHIA

z? — my2 =1,
TJie M — HaTypPaJbHOE YHCJIO, He SIBJISIOIIEECs TOUHBIM KBaJIPATOM.

B 3anmade 1 Mpl Hayunaucek pemars ypasHeHue llemna npu m = 2. K coxasenuro, BroJiHe
0600IUTH TaKOW TMOAXOJ Ha CIydail MPOU3BOJBHOIO M He ymaércs: mpobsiema B 060061eHnn
IIYHKTa a).

Ompepenenune. Tpusuasvhvim peweruem ypasuenus Ileans naspiBaercs pemtenne (1;0). Hau-
MEHDWUM PeweHuem YpasHenus Ilearn HA3BIBAETCST TAKOE MIOJI0KUTENIbHOE pelnenue (a,b), 91o
a — MUHHMAJIbHOE.

O6mumii By penieHus ypapuenus [lesurst mpu npou3BOILHOM M.

2. Ilycrs (a, b) u (¢, d) — nBa pemenns ypasuenus [emns. Tokaxkure, aro (ac+mbd, ad+bc)
— TakKe pellleHne ypasHeHust [lesuis.

3ameuanue. OToXKIeCTBUM Hapy LeJbIX 4uced (z,y) ¢ duciaom z + yy/m. Torna upensi-
JIyIIast 3aJa9a MOXKET OBITh ¢hOpMyIMPOBaHa TaK: MPOU3BEIEHNUE JIBYX PElleHnil ypaBHEHUs
Ilenna asnasierca pemennem ypasuenust [lesrs.

3. Ilycrb (a1,b1) — HanMmeHblee pernenue ypasaenus Ilesuis. ITomoxum
An+4+1 = A10Gn + mblbn; bn+1 = albn + blan~

(a) Haitnure siBHBLH BUS )i Gr, br.

(b) Hoxaxkmure, uro npu Bcex n € N mapa (an,b,) ABIAETCA pEIIEHUEM YDPABHEHUS
Ilenns.

(c) Boipasure an, by 4epes ant1, bnt1, a1 u bi.

(d) TIycrs (a,b) — nonoxuresHOe pemtenue ypasuenus > —my? = 1. Jlokaskure, 4T0
(a,b) = (an, bn) maa HEKOTOPOTO 7.
3ameuanune. Takum obpa3om, 060 TOJIOKUTENHHOE pellenne ypapHenus [lests mmeer

Bug a + by/m = an + bpy/m = (a1 + biy/m)™.
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CyrecTBoBaHUe pernrennst ypaBueHus 1lesms.

OnpeenaM PeKypPPEHTHO MOCIeIOBATEILHOCT, KBAIPATHIHLIX BOpM gn (Z,y) = ana® +
bnxy + cay? cremyromuM o6pasoM:

2 2
< —my”, n = 0;

gnt1(z,y) = gn(x +y,2), an+bn+cn <0;
gn(z, 2 +y), wunage.

4. Jlokaxkure, 9TO:
(a) IIpu Bcex n crpaBeIEBO cooTHOMmEHHE Dy = b2 — 4ancy = 4m;;
(b) TlocsenoBaTeLHOCTH A, by, C OTPAHUYEHDI;
(¢) TocnemoBaTeTBHOCTH Gry by, Cp 3AIUKIUBAIOTCA G€3 TIPEANIEPUOMA.

5. IIycrs gn (z,y) = g1(z,y). s Becex n < N moCTpo#iTe HETPUBUAILHBIE DENEHUS YPaB-
HeHuda gn(z,y) = 1.
VYkaszanme. Ionoxure (zn,yn) = (1,0) u Boipasure (Tn, Yn) 4epe3d (Tniy1, Ynit1)-

3amevyanune. Takum 06pa3oM, JOKA3aHO CYIIECTBOBaHNE HETPUBUAILHOTO DEIIEHUS yPaB-
"euns Ilesis.

19 uronsa. YpaBaenue Ilennga. IIpakTuka.

1. Jlokaxkurte, 9TO ypaBHEHUE 22— 3y2 = 13 umeeT GECKOHEYHO MHOIO PEIIEHUIl B HATY-
PaJIbHBIX YHCJIaX.
VYkazanue. Bocronb3yiiTech mpeacTaBIeHUEM DEIEHNs B BUIE d + b\/g.

2. Jlokaxkure, 9TO ypaBHeHme (T + 1)3 — 2% = 9? uMeeT GeCKOHETHOE KOJIMTECTBO PeITeHHil
B HATYPAaJIbHBIX UUCIIAX.

3. Haiinure Bce mapbl HATYpaAJIBHBIX 9UCEN (7M1, 1), YJOBIETBOPAIONINE yPABHEHHIO 5" =
6m? + 1.

4. JlokaxkuTe, ITO CYIIECTBYeT OECKOHETHO MHOTO TPOEK IOC/IEIOBATEIBHBIX HATYPATBHBIX
qucesi, IPeJCTAaBUMBIX B BHJE CyMMBI JBYX KBaJpPaTOB IEJIbIX YUCE.

20 urosig. MaTteMaTudeckoe OXKHUJIaHUE 1
BEPOSITHOCTHBIII METO/]

Onpenenenue. [IycTh B KOHEYHOM BEPOATHOCTHOM ITPOCTPAHCTBE KayKIOMY 3J€MEHTPAHO-
MY HCXOJLy, IMEIOIIEMY BEPOSITHOCTD P; COOTBETCTBYET YucJIo &;, Tre i. Torma mamemamuueckum
ootcudaernuem (expected value) HazbiBaercst aucio E(§) = > p;&;. Kakos ecrecTBeHHBII CMBICI
Y MATeMATHIECKOTO OXKHTAHHUS?

1. J/Iea gesnoBeka 6pocaror Kybuk. Ecnm Bemmamator 1 wim 5, TO IEpBBIN IIJIATHT BTOPOMY Kk
pyOaeii, mHawe — BTOPOU aTtuT nepBomy 1 py6sb. [lpu kakom k B cpefHeM OT JaHHOM UTPHI
HUKTO He OyJIeT B BBIUTDBLIIIE.
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2. ITosb3ysiCh eCTECTBEHHBIM CMBICJIOM MATOXUIAHUS, pemuTe 3amady. Ha mrockocru mpo-
BeJIeHbl BepPTHKAJIbHBIE LIPsIMble, IIPOXOJsiinue depe3 Bce uesble Touku ocu OX. B ciaydaiinoe
MECTO Ha IJIOCKOCTH Kujaercst Kpyr auamerpa (a) k € Z; (b) k € R. Haiigure Maroxnnanue
KOJI-BA, TOYEK [IEPECEUEHNUs] KPYTa U HPSMbIX.

3. HepaBencTtBo MapkoBa; 4acTHbIl ciay4aii. [Iycts £ — cayvaiinass BeuduHa, Mpu-
HHUMAIOIas KOHEYHOe YnCyIo 3HadeHnit. Torma mys r060oro a > () BBIIIOJIHEHO HEPABEHCTBO

B¢

P(E) > a) < =,

(1)
4. ITapamokc AByX KOHBEPTOB. Bam u BameMy 3HaKOMOMY BBIJIAJIHM 10 KOHBEPTY C JICHb-
ramu. B omHOM KoHBepre x pybuieit, a B apyrom 10x. Bel OTKpbLIM Balll KOHBEPT W YBUIEIN
cymmy B 100 py6ueit. Ilocse aToro BbI MOXKeTe IIOMEHATHC C ApyroM. Moxkere jin BbI ITOMe-
HATHCs?
Hanomunanwe. Ecin BeposSTHOCTE KAKOro-TO COOBITHS MeHbINE 1, TO B HEKOTOPBIX CJIy-
qasgx JIAHHOE COOBITHE HE YIOBJIETBOPSIETCS.

5. bapon Mionxray3seH, BepHyBIuCh 13 KbITas, paccka3aJ, 9TO TaM IIPOBOIUTCS KPYyTroBOi
YEMIIHOHAT II0 IUHI-TIOHTY (KarK/Ible 1Ba YIACTHUKA BCTPEYAIOTCSI POBHO OJMH Pa3) C OUY€Hb POB-
HBIM cocTaBoM: Kakux Obl 1000 y4acTHUKOB HU B35ITh, HANJIETCS yIACTHUK, KOTOPBIN OOBIIpaJT
ux Bcex! He npeysenuuusaer s Gapou?

6. Ilycre G — BeprmuHbIi rpad ¢ e pebpamu. Jlokaxxkure, uro G COIEPHKUT ABY/IOJILHBIHA
noxarpad ¢ He MeHee, YeM e/2 pebGpamu.

7. Hokazkute, yTo uyncna 1,2,...,2018 MOXKHO IIOKPACUTDH B UETHIPE IIBETA TaK, YTOOBI HE
OBIJIO OJTHOIIBETHBIX apudMeTndecKux nporpeccuit u3 10 4yieHOB.

20 urons. HempepbiBHBIE PYyHKIINNT

Omnpenenenne. Ilycrb D C R. f : D — R nHasbiBaercs HENPEpLIBHON B TOYKE Xg, €CJIH
Ve>030 >0: |z —xo| <0 — |f(x) — flxo)| <€

Omnpepenenue. PyHKIMs HA3LIBACTCS HEIPEPBIBHOI Ha CBOE 00JIACTY 3a1aHusl (UM IIPOCTO
HEIPEPBIBHO! ), €CJIN OHA HEIPEPBhIBHA BO BCEX €€ TOYKAX.

1. JTokazkuTe, UTO BBIMYKJIbIH MHOTOYTOJBHUK MOYKHO DAa3JIeJINTh NMPSAMOH Ha JBE YacTh
PaBHOM ILJIOIA/IH.

2. f : R — R - menpepoiBaas dyukmnus. Jlokaxure, aro Vxo, yo € R na rpaduke f malinercs
TOYKa, PACCTOSHUE OT KOTOPOH 10 (Zo,Yo) MUHUMAILHO CPEIM BCEX TOYEK HA ITOM rpaduke

3. Ilycrs f : [a,b] — [a, b] - menpepbiBHag dyukuusa. lokaxkure, aro Iz € [a, b] Takoii, aTo
z = f(z)

4. Jlokaxkure, ato ecmu f : R — R - menpepoiras dbyHknus, u ypasaenue f(r) = = He
MMeeT BEMIECTBEHHBIX pernieHuii, To ypasuenue f(f(x)) = x Tak)Ke He MMEET BEIECTBEHHBIX
penleHunin

5. Vpasuerne 22 + ax + 1 = 0 uMeer Tpu BemecTBeHHBIX KopHs. Jlokaxure, uto Je > 0
Takoit, aro Vb € (a —€,a+ e) ypaBHEeHIE x® +bx+1 = 0 Toxke umeer TPHU BEIIECTBEHHBIX KOPHSI.
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6. /lokarkure, 9TO:
(a) Bokpyr m:060ro BBILYKJIOIO MHOIOYTOJBHAKA MOXKHO OIIMCATh KBaJpar.

(b) B 110601t 1IeHTPAJILHO-CUMMETPHYUHBIN BBILYKJIBIA MHOIOYIOJIBHUK MOXKHO BIHCATD
KBaJpar.

n
—n
7. Ilycrs 1, ..., xn € [0,1]. Jokaxkure, yro Jx € [0, 1] Takoe, aro 21 |z —zn| =%
=
8. Ha mocke mammcazo A S N RN N JlBa ITKOJIbHUKA II0 OYEPEIU BBIIUCHIBAIOT

BMECTO MHOTOTOUMII BEIEeCTBEHHBIE umcia. 1lesb mepBoro - mogyunTh ypaBHEHUE, WMEOIIee
POBHO OJIUH BENIECTBEHHBIH KopeHb. CMOXKeT Jin BTOPOil eMy IIOMeIIaTh?

21 wurosisa. OyHKIMOHAJJbHbIE ypPaBHEHUS

1. Haiigure Bce f: R — R, y0BIeTBOPSIONUE CJIEAYIONEMY COOTHOIIEHUIO VT, Y:
() fAzy) = () + 2 (y);
(b) f(z+y) = f(z)+y
_ f@+f)
(c) flzy) = =" v +y #0.

2. Ilycrs f : R — R ynosnersopsier ypasaenuto Kommu: Vz,t € Rf(z) + f(y) = f(z + y).
JloKazKuTe CJIeIyIoNue yTBePHK IeHUsI:

(a) Yz € Rq € Qf (qz) = qf ().
(b) Ecimn f - menpepoisras dbynkums, To f - muneiinas dbyukmus, T.e f(x) = f(1)z, Vo €

(¢) Ecau f - monoToHHast GyHKIMsE, TO f - auHeitHAs QyHKIWS.
(d) Ecau f - orpanuveHa cBepxy Ha HEKOTOPOM HEILyCTOM UHTEPBaJIe, TO f - JIMHEeHHAas
bYyHKIHST.
3. Haiinure BCe f : R — R, yaoBieTBopsiomue CaeayOMeMy COOTHOIIEHUIO Va:
(a) 2f(2) + f(3) ==
() 2f(x) + f(1 - z) = 2.
4. Haitnure Bce f : R — R, yaoBiieTBOpsIOIIKe CIEIYIONEMY COOTHOIIEHUIO VI:
(a) fer—1)=T72> + 14z +7;
(b) f(2* — 42 +7) = a3
(©) S +a) = (@+1)"
5. Haiinmure Bce f : R — R, yjoBierBopsifolye cienyolieMy coorHomenuo Vo: xf(z) +
f(—%) =2,z #0.
6. Haitzure Bce f : Q — R, ynosiersopsiomue ciexyomeMy cooTHomenuio Va,y: f(1) =
2, flzy) = f(2)f(y) = fl@+y)+ 1.
7. Haiinure Bce f : R — R, ynosieTBopsomue cieayioneMy cooromenuio Ve, y f(x+y) =
f(x)cosy + f(y)cosz.
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21 urosga. IloTrokn

Omnpenenenune. Cemwio HazbiBaeTcs opueaTrpoBanubiii rpad G = (V) E), B KOTOPOM BbLIeIE-
HBIL JiBe BepuMHbL s (ucmox) u t (cmox) u 3anana dysknus ¢ : V X V — R, ynosiersopsitonias
CJIELYIOMUM YCIOBHUSAM

1° Yu,v (c(u,v) > 0);

2°  c(u,v) >0% (u,v) € E.

OyHKIUS ¢ HA3BIBACTCA NPONYckHol cnocobrocmuvio cetu G.

Omnpepnenenue. I[lomoxom B cetn G HaswiBaercs dyuknus f : V XV — R, ynosiersopsirorast
CTIETIOIIUM TPEM YCJIOBHUSIM:
1% Vu,o(f(u,v) < c(u,v));
2° Vu,v(f(u,v) = *f(l),u));
3% YweV\{st} (Z flu,z) :0>.
zeV
Yucio |f] = Y. f(s,x) HaspiBaercsa seaununol nomoka. IIorox cern G ¢ MaKCHUMAIbHOM

zeV
BeJIMYUHOI HA3bIBAETCS MAKCUMAADHBIM.

Onpenenenne. Ilycrs G — cerb, a MHOXKeCTBO ee BepiinH V' pa3buTo Ha JBa HElEPEeCceKao-
muxcs MHOokectBa S O s u T S t. Torma (S,T) — pa3spes cetu G.

Besmmuuna ¢(S,T) = >  c¢(z,y) HasbIBAETCH NPOonyckHoti cnocobhocmbio paspesa,
z€eS,yeT
a f(S,T)= > f(z,y) — nomoxom wepes paspes (S,T). Jlroboii paspes cern G ¢ MuHU-
zeS,yeT

MAaJILHOW MPOMYCKHOHN CIIOCOOHOCTBHIO HA3BIBAETCA MUHUMAADHOIM.
1. MunumaabHBI pa3pe3 CYIIECTBYeT.

2. Hust smo6oro noroka f u paspesa (S,T) cern G mokaxkure, uro |f| = f(S,T).

Omnpepenenne. 1) Ilycrs f — notok B cetu G. Paccmorpum cetb Gy ¢ emu ke V, s, ¢, IpoIyck-
Ho#t cniocoGHOCTBIO Cf (T, Yy) := c(z,y) — f(x,y) nu mHO)KecTBOM pebep Ef = {(u,v) | ¢f(u,v) >
0}. Hazosem Gy ocmamounoti cemwio moToka f.

2) JIro6oit myTb u3 s B t B cetn Gy HA3BIBAETCS JONOAHAIOULUM NYMEM TIOTOKA f.

Teopema @opua-Pankepcona (L. Ford, D. Fulkerson, 1956.) B cetu G ¢ npomyckHoii
c1r1ocoGHOCTBIO ¢ 3anan noTokK f. Jlokarkure, 94TO CaeAyIonue TPU YTBEPXKIEHNUsS PABHOCUIbHBIL:

1° morok f mMakcumasieH;

2° cymecrsyer paspes (S,T) rakoit, aro |f| = ¢(S,T);

3° B ocraTouHOl cetn Gy HET JOIOJIHSIONIETO IIyTH.

CanencrBue. Bemmunna MakCHMajJbHOTO MOTOKA PABHA MPOITYCKHON CIIOCOOHOCTH MUHU-
MaJIbHOTO pa3pesa.

3. Jlokaxure, 9TO B HEJOYUCICHHOH ceTu (T.€. B CETH, NPOIyCKHBIE CIOCOOHOCTH BCEX
pebep KOTOPOii ABJISIOTCS IEIBIMHA YUCIAME) CYIIECTBYET MAKCUMAJIBHBINA TIOTOK, IPAYEM CPEJIN
MaKCUMAaJIbHBIX ITOTOKOB JJAHHOU CeTH HaNJIEeTCs IeJIOYUCTEHHBINA.

4. Iycre (S1,T1) u (S2,T2) — mMurnMaIbHBIE pa3pe3nl B cetn G. JlokaxkuTe, 9TO pa3pe3nbl
(S1NS2, T1UT2) u (S1US2, T1NT3) Tak:Ke ABJIAIOTCA MUHUMAJILHBIMA (@) 1151 EeJIOIUCIICHHOM
ceru G; (b) st npoussosbHOi cetn G.
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5. Teopema Xouuia B asynosnbaom rpade ¢ ponsvu A u B jist 106010 MOMHOKECTBA
V C A cymecryer He Mmenee |V| Bepmun g0 B, cMeKHBIX XOTs Obl ¢ OJHOH U3 BEPIIMH
muoxkectBa V. Torja cymecrByer napocodyeranue, cojeprKaliee Bce BEPIIMHbL 13 A.

6. Teopema Kenwnra Ilycts G — asynosbusiit rpad. Torma o (G) = B(G), rue o' (G) —
KOJIM4IeCTBO pébep B MakCHUMasbHOM napocoderanuu u ((G) — KOJIMIECTBO BEPIIMH B MHUHU-
MaJIbHOM JIOMUHMPYIOIEM MHOXKecTBe rpada G.
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Bonpocskl Kk 3aueTy

1. 'pynner. Basossie cBoiicTBa. AbGeieBbl rpymnnsl. [IpuMeps! abesieBbIX U HeabeIeBbIX IPYIIIL.
2. Iloarpymnmnel: onpeneseHne u KpUTepHii.

3. Cmexuble Kiaccel: onpeaenenne. [lopsamnok rpynmer u smementa. Teopema Jlarpamxka.
4. Hopmanbabie moarpymnmnbsl. PakTop-rpymma. Teopema o romoMopdusme.

5. Konbua. Oupejienenne, 6a30Bble CBOMCTBA, IPUMEDDL.

6. Ilosns. IIpumepsr moseit. Koneunoe kobo 6e3 menuresneit HyJIst = IOJIE.

7. XapakTepuctuka 1mojsi. KosmaecTrBo 371eMEeHTOB B KOHEYHOM IIOJIE.

8. Teopema Typana.

9. /IBa omnpezesenus JuHeiHo# (yHKIMM Ha 110cKOCTH. VX sxBUBasienTHOCTL. Onmcanue
MHOKECTBa HyJIell JTuHeHON (DyHKIUN.

10. ITonsspHoe mpeobpazoBaHme: ONpe/IeIeHNe U OCHOBHBIE CBOMCTBA.
11. Teopema Ilackamns m aBoOMCTBEHHAsS K HEW.

12. JIBoiiHOe OTHOIIIEHNE TOYEK U IpsAMBIX. IIpocreiinine cBoiicTBa, IOBEJEHUE IIPU IOJIAD-
HOM TIpeo0pa30BaHMU.

13. lN'apmonnyeckas yerBépka. [Ipumepsnr.
14. Jlemma TMaycca. Kpurepuii Ditzenmireitna.

15. HenpuBogumbie MmHOTOUIeHbI. MUHUMAa/IbHBIE MHOTOY/IeHBI. HempuBoaumMocTs 1 e~
CTBEHHOCTH MTPUBEAEHHOTO MUHUMAJIBHOTO MHOTOYJIEHA.

16. Anrebpanyeckue uncia. [Tose anrebpandeckux gucen. Crenenb aarebpandeckoro 9uc-
JIa.

17. BexTopHble mpocTpaHCTBa: Onpe/eenne, npuMepsl. Jlnneitnas 3aBucumocts. Cucrema
06pazyOIIIX.

18. Oupenesienne 6a3nca. PaBHOCHIBHOCTL TpEX OIpeJiesieHnii pa3MEPHOCTH KOHEYHOMED-
HOI'0 BEKTOPHOI'O IIPOCTPAHCTBA.

19. Cymma u nepeceueHne BEKTOPHBIX HOIIPOCTPAHCTB.

20. Bepxuue u amxkune rpanu. CymecrsoBanue inf u sup.

21. JlemMma O BJIO’KEHHBIX IIPOMEXKYTKAX.

22. IIpenest mocsen0BaTeIbHOCTH, CBOWCTBA IIPEIEI0OB. BeCKOHeYHBI ITpeset.

23. PaBHOCHIIBHOCTD CXOIMMOCTHU U CXOAMMOCTHU B cebe myisi R 1 HepaBHOCHIBHOCTD 11st Q.

24. /IuckperHas BepoaTHOCTb. OOBIYHBIE PAHIOMAN3EPH B TEPMUHAX JUCKPETHON BEPOSIT-
HOCTH.

25. 3aBucCHMbIE BEJIUYUHBI. YCIOBHAs BeposTHOCTH. @opmysa Baiteca.
26. [Tapagokc Moutu Xosuia, BaitecoBa joBymika, 3aga4da o 6abyIKe.
27. Pacmupenus nosieit. Crenensb pacinupenusi. Teopema o Garrme.

28. [ToctponmocTs nupkyaem u auHeikoit. [lose mocTponmbrx gmncest.
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29. [Q(a) : Q] = 2% n1s mocrponmoro a.

30. CBsa3pb crenenn agrebpamvecKoro YUCIa ¥ CTEIEeHN pacumpenus. Tpu 3ajadu 1peBHO-
CTH.

31. HemnpepbiBHOCTH (DYHKIMEU B TOYKe. PABHOCUIBHOCTD JIBYX OIIPEE/IeHHIA.

32. Teopema Bosbiiano-Beiteprirpacca.

33. Teopema Beiiepmrpacca.

34. Jlemma o cpenHeM.

35. Ypasuenue llests. BeipaxkeHne peltenust depe3 HauMeHbIIIEE.

36. CymecrBoBanue pelienus ypaBHenus llesis.

37. Maroxkunanue. Bpocanue OKpy»KHOCTH U OTPE3KA HA PEIIETKY.

38. Hepasencrso Mapkosa.

39. Ypasuenune Komu Jj1s1 HENpepbIBHBIX / MOHOTOHHBIX /OID. HA OTPe3Ke (PyHKIMIA.

40. Teopema Popaa Pankepcona. CyIecTBOBaAHIE METOUNCTEHHOTO MAKCHMAIBHOTO TTIOTOKA
B II€JIOYMCJIEHHON CeTH.

41. Teopema Xosa depe3 MOTOKH.

42. JTroboe addunHOEe mpeobpazoBaHue 3aJa6TCsi He OoJiee, YeM TpeMsl MapaJijiebHBIMI
MIPOEUPOBAHUSIMU.

43. llenrpasbHoe npoekruposanue. [IpoekrusHoe npeobpazosanne. O6pa3 mpsiMoil.

44. Teopema ITama.
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Penaxkrop Koukxun Bana
TEXuuvecknit pegakrop [lacmop Jléwa
TEXuuuecknit pegakrop Google.
Koppekrop /Jlemudosun Peds
KoppekTtop Sposuxros Opa
KoppekTop Xoamozopos Edum
ITogneprxusana mopanbao Cumaposa Kams

Crnano B Habop B mocsemauuit momeHT. [loanucano k mevaru 3a 30 MUHYT JI0 IE9IaTH.
®Popmar A5
Bymara kazénnas. [leqaTs HOpMaIbHASL.
Tupax > 20.
WsnarenscrBo «IIpunTep Ha TymbGes



El Psy. Congroo.



