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Yo 3HaeMb, TO U CINTA, UTO 3HAEIIL; YTO HE 3HALIIb,
TO W CYNTA, 9TO HE 3HALIIH. JTO-TO U €CTh 3HAHUE.
JIymbiott, T, Bairxon.

oporoii yntaresinb!

B sroii 6porriope Bol naiijiere MmaTepuasibl Haleit paboThl B IPOMU-TPYIIIE BOCh-
Moro KJiacca JleTHeit MmHOTONpeAMeTHOIT 1IKO1bI KupoBckoii obtactu 2008 roja.
OcHOBHOE cojiepKaHle ee COCTABIAIOT 3a/1a4d, KOTOphIe PeIlaTich U pa3dupa-
JINCh HA 3aHATUAX. KOHG“IHO, Cud KHU2KEYKa HE€ MO2KET aJCKBAaTHO OTPA3UTDL
obcyX)eHusi n Oecejibl ¢ yYeHUKAMU; YKUBOH JTUAJIOT, TTPOMCXO/UBIINHIT Ha 3aHsI-
THSAX, HEBO3MOZKHO IE€pe/IOKUTH Ha 6ymary. Mbl HajeeMcs, YTO HEKOTOPBIE U3
BKJIIOUEHHBIX CIOJA 337a4 HpuHecyT BaM HeMaJso yI0BOJILCTBUS U IOCJI€ OKOH-
JaHUs ITKOJIbI.

['naBHas 1mesb, KOTOPYIO IpecjefoBaJi HAIll 3aHATHS — He HATPEHHPOBATH
NTKOJTBHUKOB HA PeIeHre OJTUMITHATHBIX 331249, He PACCKAa3aTh KaK MOYKHO DOJThb-
e CI0YKHBIX TeopeM 3a KaK MOXKHO MeHbIee BpeMd, a JaTh MOYyBCTBOBATH
KpacoTy MaTeMaTUuKHu, ee eJIMHCTBO U YHUBEPCcaJbHOe 3Hadyenune. Mbl Hajeemcst,
4TO OTOJIECK ITOU KPACOThl HAM YJIAJI0Ch JOHECTH U IepejiaTh yUeHUKaM.

OTnenbHOrO YIIOMUHAHUSA 3acayKuBaeT paboTta Jleonmmaa CamoitmoBa, KOTOPbIi
B Ka4eCTBE HPUIJVIAIICHHOT'O IIpeIlodaBaTelid IIPOoBeJI HECKOJIbKO 3aHHTI/II71; nx Ma-
TepuaJibl TaKyKe BKJIOYEHBI B OPOIIIOPY.

OrpoMHoe cracub0 BceM ydueHHKaM NpodU-TPYIIBI 3a HHTEpEeCHOe O0INeHne u
HEU3MEHHYIO PaI0CTh, KOTOPOIl CONPOBOXKIAJNCH HAIIN BCTPEUMN.

Wckpenne Bamm,
[TIaBemn,
Anekcanp,

Anexceii.



MHuoxkecTBa 4 yons

3amaua 1. [lycts jgana okpykHOCTH. PaccmMoTpum KacaTe/bHYIO K Heil U Ty U3 JIBYX 3aJaHHBIX
9TOI KacaTebHOI MOTYILIOCKOCTEH, B KOTOPOIi JIE?KUT OKPYKHOCTE. HaliguTe mepecevdenne BcexX TaKUX
MOJIYILJIOCKOCTEN.

Bamaua 2. [To mIocKOCTH €O CKOPOCTBIO U KM/d HPSIMOJHHEHHO JBHUKETCs 3aparkeHHas TOUYKA.
Kaxasg Touka, depe3 KOTOPYIO MPOIILIa 3apaKeHHast, TOKe 3apazKaeTcs, U 0T KayKJI0# 3apazKeHHOil
TOYKHU 3apa3a PacHpOCTPAHSIETCS] BO BCE CTOPOHBI CO CKOPOCThIO v < u KM/4. Kak Oyaer BHIIJIsIETH
MHOKECTBO BCEX 3apaKeHHBIX TOUEK Uepe3 dac Mocje Havasa mporecca’

g caMoCTOATEIHbHOTO pPenieHus

Sapaua 3. /lanbl YeThIpe TOYKH, HIKAKUE TPU U3 KOTOPBIX He JieKaT Ha OfHOl npamoit. Haitaure
BCe OKPYZKHOCTH, PaBHOYJAJEHHBbIEe OT ITUX TOUeK. PaccTognme OT TOYKU J0 OKPYZKHOCTH — 3TO
paccrosinue OT Hee Jio OJinzKaifieit TOYKu OKPY2KHOCTH.

Bamaua 4. /lana okpyzxkHOCTh. Haiiure: a) obbeuHeHne BCeX ee XOpJ JAHHOI JInHbL, 6) mepe-
ceveHne BCeX BIMCAHHBIX B Hee MPABUILHBIX MHOTOYTOJTBLHHUKOB.

BCTYHI/ITGJIbHaH OoJIMMIINa/1a 4 wuwonsa

1. Haitmure 127 nesplx duces, UAyIMUX MO, cCyMMa KOTOPBIX Aenntcd Ha 2008.

2. Nmeercst 19 rupek Becom 1,2, ...,19 1, cpeau vHux 9 keje3ubix, 9 6pon30oBbiX u 1 30/10Tasd. 13-
BECTHO, 9TO CyMMapPHBIil BeC Bcex yKeJsie3HbIX Tupek Ha 90 1 60/1bIIe CyMMapHOTO Beca BCeX OPOH30BHIX.
Haiiiure Bec 30J0TOi rupbKu (yKa)KuTe BCe BADHAHTHI M JIOKAZKATE, YTO JPYTUX HET).

3. MokeT /iu IsITU3HAYHOE YHUC/IO PABHSIITHCS MTPOU3BEIEHUIO CBOUX Mupp?

4. Beinykasiit naruyronsauk ABC'DE rtakos, uro /DAC = /DBFE, ZACE = ZBEC. [oxka-
xure, uro ecau AC' < BE, 1o AD < BD.

5. B orpane 8 knacca 47 genopek. lI3BecTHo, 9TO cpeau JIFOOBIX YeTBEPBIX HaiiaeTcs XoTsa Obl OJUH
JeJI0BEK, 3HAKOMBIHT ¢ TpeMsa ocTaabHbIME. CKOJMBKO YeT0BEK MOTYT 3HATH BCEX B OTpsae? YKayKuUTe
BC€ BapUaHTbl U JOKaAXKHUTE, YTO APYI'UX HET.

6. /Lna mpoctoro yuciaa p > 3 paccMOTpUM MHOKecTBO M, cocTosdiiee U3 HATYPAJbHBIX THCET
Buga p — n? (n — menoe). JlokaxkKuTe, 4TO MOXKHO BHIOpATH JBa YHCIa W3 MHOXKecTBa M TakuX, 4To
O/IHO U3 HUX JIEJIUTCA Ha APpYyIroe.

OTobpazkeHud 5 uons

HauBuoe onpenenenune. OrobpakeHueM u3 MHOXKeCTBa, X B MHOXKECTBO Y Ha3bIBACTCS Npa-
6UA0 WK 34KOH, IO KOTOPOMY KaxKJIOMY 3JIEMEHTY MHOXKeCTBa X CTABUTCH B COOTBETCTBHE €INHCTBEH-
HBII 9JIEMEHT MHOZKeCTBa Y, Ha3biBaeMblil ero oopazom. Obosnauenns: f: X — Y — orobpazkenue,
f(x) — obpas ssemenTa x npu 3rom orodpazkenuu, X — objgacTs ompejesienus, Y — ob6JacThb
3HAYEHUII.

Croco6bl 3amanns orobparkenuii: rabiuna, rpaduk, bopmysia (upuvep: = — (x+1)/(z—1)).

Ha camowm jesie, HeI0CTaTOIHO yKa3aTh «IPABUJIO»: BaYKHO 3HATH, YMO U KYyda O0TOOpPAZKAETCS.
Takum obpasom, Ha caMOM Jiejie 0TOOpazKeHne — 3TO mpotika: MHOKECTBO X, MHOXKECTBO Y U 3aKOH.
C TOYKM 3peHus] TEOPUH MHOXKECTB 3aKOH yJI00HO TPAaKTOBATh KaK rpaduk orodpazKeHusd

I'(f)={(z, f(z)) |z e X} C X xY.

ITpumepsnl oTobparkenwuii. Kakue u3 cieyonux mpasui 3a1a10T oroopazxkenusi? Kakossr obsra-
CTH OTpeJIeJIeHNUsT W 3HAYeHUIT STHX 0TODpakeHuii? a) MaTh, OTEIl, ChIH, CTAPIIHIA CBhIH; 6) IO POXK/Ie-
HUsI, B) abcIucca, OpIuHaTa, TOYKA C 3aJaHHBIMU KOOPIHHATAMME; T') CyMMa Iudp, OCTATOK OT JIeTeHHs]



Ha k; JI) TOXKJIECTBEHHOE OTOOparKeHHne, MOCTOSTHHOE 0TOOPAYKeHNe, BIOXKEHNUe; €) 1ejasi 4acTh, Jpoo-
HAasl 9aCTh; K ) OECKOHEYHAsI [IOCJIeI0BATEIbHOCTD duces1 (Hampumep, ducia Pubonaq4n); 3) JBUKEHHE
IJIOCKOCTH; M) CHHYC M KOCHHYC; K) XapaKTepucTHdeckas byHKIMs TTOMHOKECTBA.

Vupaxkuenue 1. Haiinyrcsa sgim takne muokectBa X u Y u Takoe oToGpazkeHHe , 9TO a) BO MHO-
KecTBe X HAlJIETCs 9JIEMEHT, He UMeroTuii 06pa3a; 6) BO MHOXKECTBe X HAliIeTCs S71eMeHT, IMEerOMInii
HECKOJIBKO 00Pa30B; B) BO MHOYKeCTBe Y HaleTCsl 9JIEMEHT, He HMEOIHii poodpas3a; I') BO MHOKECTBe
Y maiijiercst sJieMeHT, UMEIOIIHii HECKOJIbKO POo0Opa3oB?

Yupaxkaenue 2. [lepeuncyiire Bce 0TOOparKeHUsT U3 JIBYXJIEMEHTHOI'O MHOXKECTBA B ceOsl.

Bamaua 3. a) CKOIBKO CymiecTByeT 0ToOparKeHuii n3 k-3J1eMEHTHOIO MHOZKECTBA B N-3JIEMEHTHOe?
(k,n € N); 6) a eciu k = 0 win n = 07 B) KoaH: CKOJBKO CYIIECTBYeT OTOOPAYKEHUIT U3 MyCTOrO
MHOKECTBA B MyCTOE MHOYKECTBO?

Onpenenenne. Oroopazkenne f: X — Y Ha3biBaeTCsd CIOPbEKTUBHBIM, €CIU s KAZKJIOIO
y € Y cymecryer xors Obl oaun sgement € X Takoii, uto y = f(Z), UHbEKTUBHBIM, €C/IU [/
Kaxk10r0 iy € Y cymecrsyer ue 6osiee oaHOro j1ementa r € X takoro, uro y = f(x), OUEKTUBHBIM,
€CJIN OHO CIOP'BEKTUBHO U MHBEKTUBHO.

Vupaxkuenue 4. [IpaBusio «Bo3Bejenue B KBajpary (r — .CE2) 3a/1a€T YeThIpe CJIeIYIOMHuX 0T00-

paxkennsd: R — R, R — RT, R — R, R™ — R*. Kakue u3 3tux orobpazkeHuil ABIAI0TCA HHHEKTUB-
HBIMHU?! CIOPBHEKTUBHLIME ! OMEKTHBHBIMHU !

Omnpegaenenne. [Tycrs 3aaaubl orobpaxenus f: A — Bug: B — C. Oupejeinm KOMIIO3UIAIO
h = go f dopmynoii h(a) = g(f(a)).

Ynopaxxkueaue 5. Ouuinure KOMIIO3UIUN 0TOOPAYKEHU, PACCMOTPEHHBIX BHITIIE.

Bamaua 6. [Tokaxure, uro a) foid =idof = f;6) (hog)o f=ho(go f).

Onpenenenne. Ilycts f: X — Y — moboe orobpazkenne. Torna f HasbiBaeTcs 0OpaTMMbIM
cJieBa, ecu cymecTByer Takoe g: Y — X, uro go f = idx (m06oe Takoe g Ha3BIBAETCS JI€BBIM 00-
paTHBIM K f). Anajsorndno, f Ha3biBaeTcsi 0GPATHMBIM CIIPaBa, eC/Ii CylecTByer Takoe g: Y — X
gro fog = idy (1060e Takoe g Ha3bIBaeTCst HPaBbIM 00paTHBIM K f). OTobpazkenue f HasbIBaeTCst
obparumMbIM (I JBYCTOPOHHE OGPATUMBIM), €CJIH OHO OOpATHMO KaK CIpaBa, TakK U CJIeBA.

Yopaxkueaune 7. Jlokaxkure, 9T0 y 00paTUMOro orobpazkenus [ JieBoe 0oOpaTHOE COBIIAIAET C
IPaBBIM O06GPATHBIM. ITO 06paTHOE OTOOparKeHHe 0603HAUaeTCa depes f L.

Omnpenenenne. Orobpaxenue f: X — Y HasbiBaercs MOHOMOPp@PU3MOM, eC/ii Ha [ MOXKHO
COKpAINATh CJIEBA, TO €CTh, /sl JIOOBIX JIBYX OTOOparkeHwuii g1, go: 4 — X u3 paBeHctBa f 0 g1 =
f o g2 BBRITEKAET, 9TO g1 = go.

Bagauga 8. /lokakure, uTo ayiga soboro orobpaxkenus f: X — Y ciemymoomue yTBepiKIeHHs
SKBHUBAJIEHTHBHI:

® [ UHBLEKTUBHO;

e f MoHOMOP(3UM;

e [ obparumo cjieBa.

Bamaua 9. [laiite onpe/esienne oTobparkeHus, Ha KOTOPOe MOYKHO COKPAIaTh CIPaBa (Takoe

orobparkenne HasbiBaercsi snumMopduamom). Chopmyanpyiite n JOKaKUTe AHATIOT MPeIblIyTieil
3aJa4H.

Bamaua 10. /lokaxkure, 9T0 0TOOpazKeHne OUEKTUBHO TOTJIA W TOJHKO TOIVIA, KOTJA OHO JBYCTO-
poHHEe 0OpaTuMoO.

Bamaua 11. JokaxkuTe, 9To ecim f oOpaTuMo, TO u f 1 06paTuMo, 1 0OPATHBIM K HEMY SB/ISETCS
orobpazkenue f.

Bamaua 12. /lokazkure, uro ecau oroopazkenus f: A — B u g: B — C obparuMsl, TO 0bpaTuMa,
1 ux Kommnosunus, npudem (go f)' = f~log

Bamaua 13. JIokaxkure, 9To a) ecau g © f MHHEKTUBHO, TO f UHBHEKTHBHO; 6) e g o f Clopbek-
TUBHO, TO § CIOP'bEKTUBHO.



Bamaua 14. [lokaxkure, 9T0 HHHEKTUBHOCTL OTOOpaykenus f: A — B 9KBUBAJEHTHA TOMY, UTO
quist 106bix A, B € X umeer mecro pasenctso f(A\ B) = f(A)\ f(B). Yoeaurech, 410 10CTATOUHO
JlazKe HAKJIAJIbIBATH 9TO TPeGOBAaHME TOJIBKO Ha Takue 1mapbl, uro B C A.

Bamaua 15. Ilycts |X| = n, |Y| = m. a) CKOJBKO CyIIECTBYeT MHBEKTUBHBIX OTOOpazKeHHi
3 X B Y? 6) CrolbKO cymecTByer 6neKTUBHBIX oToOpazkeruit u3 X B Y7 B) CKOJBKO CyIIeCTByeT
CIOPbEKTUBHBIX O0TOOpazkenuit uz X B Y7

3amaua 16. [IpuaymaiiTe 3aga4dy 0 mojcyere Yncjia 0TOOparKeHuil, riae 0TBeTOM ObLIO OBl YHCJIO
coderanuii u3 n 1o k.

Bagaua 17. Jlokaxkure, 4To s J060ro MHOXKecTBa X orobpaxkenue X — 2% x +— {z}, unb-
ekTuBHO. MOXKeT Jit OHO OBITH CIOPHEKTUBHBIM !

3amaua 18. [Iycth s — oTobpazkeHue, CONMOCTABJISAIONIEE HATYPAJILHOMY YHUCJIY €ero CyMMy mudp, a
res, — 0TOOparKeHue, COMOCTABIISIONIeE HATYPATBLHOMY YUCJIY OCTATOK OT JjiesieHus ero Ha k. a) JIoka-
JKHUTE, 4TO soresg = resg o s. Kak Bl hopmynuposasiu sror dakt panee? 6) [lis Kakux k BBIIIOJTHEHO
PaBEHCTBO S O IeSy = I'esy O S.

Bamaga 19. YceranoBure GHEKTHBHOE COOTBETCTBHE MEXKy KJeTKaMu OeCKOHedHOi (BO Bce CTO-
POHBI) TMAXMATHOI JOCKH W HATYDPAILHBIM PSIIOM.

Bamaua 20. /lokaxkure, uro pa3bumeHuii dmcaa n Ha He Oojee deM Kk cjaaraeMbIX CTOJBKO Ke,
k(k+1)
2

Bamaua 21. Jlokaxkute, 9T0 KOJUYECTBO CIIOCOOOB MPEACTABUTH HATYPAJIhHOE YHCIO 1 B BUIE
CYMMBI HECKOJIbKHX HJIYIIUX MOIPS/ HATYPAJbHBIX THCE] PABHO KOJHIECTBY HEUETHBIX JeTUTe el n.

CKOJIbKO pa3bueHuii amucia n + Ha k£ MONapHO Pa3/IMYHBIX CJIaraeMbIX.

BekTopsl 5 uons

1. a) Jlokaxure, uto a) ecan M — cepeauna orpeska AB, To ajs a1060i Toukn O MIOCKOCTH
poinonusercss pasencrso OM = 1 - (OA + OB); 6) ecin M pemur orpe3sok AB B OTHOWIEHHH M : 7,

_ n I m __
TO it J11000it Touku O MIOCKOCTH BBHIIOJIHSIETCs paBeHcTBO OM = e OA+ e OB.
m+n m+n

2. Ilycte M, N, P, Q — cepeaunnl ctopon AB, BC, CD un DFE BBIIYKJOrO HOITHYTOJbHUKA,
ABCDE; F — cepenquna M P, G — cepenuna N(). JJokazkute, 9T0 orpe3ok F'G mapaiieneH orpes-
Ky AE u uMmeer B4eTBEPO MEHbIILYIO JJIUHY

3. Jlokaxkure, 9T0  a) Touka X NPHHAIEKAT NpsiMoit AB Torja u TOJIBKO TOrIa, KOTAA Cy-
mecTByeT Takoe t, yto s Jgoboi toukun O miaockoctu OX =t-OA+ (1 —t)-OB; 6) touka X

IpHHAJIEKAT OTpe3Ky AB Torma m Tobko Torga, Korja cymecrsyer Takoe ¢, 0 < ¢ < 1, aro maa
mo6oit Toukn O mwiockoctn OX =t¢-0A+ (1 —1t)- OB.

4. ,Z_LOKaH(HTe, 4TO CyMMa BEKTOPOB, HAYIIUX U3 LEHTPA IPABUJIBHOIO N-YTIOJbHAKA B €I'0 BePIIUHDI,
paBHa 0.

5. JIokazKuTe, 9TO eCJIM BEKTOPbI @ + b u @ — b mepuenuKyIspusl, 10 |a| = |b].

6. B uerbipexyrosbauke ABC'D touka M — cepepuna BC, N — cepenuna AD. JlokaxKure, 9410
—— BA+CD
MN = ——.

7. llycte @ u b — nBa HeKoJIMHEAPHBIX BeKTOpa. /lokaxKuTe, 9TO J1I000H BEKTOpP € MOYKHO €J/IMH-
CTBEHHBIM 00Pa30M MPEJICTABUTDL B BUJE C = U@ + vb, T/ie « m v — BellleCTBeHHbIE YUCTIA.

8. Ha npsimoit Jjiexkut opumanaanars Touek My, ..., M. Bue npsawmoit qana rouka F'. MoxkHO Jjin Ha,
orpeskax F'My, ..., FMj; pacctaBuTh CTPeJIKH TaK, 9TOObI CyMMa BCEX TOJIYUYEHHBIX BEKTOPOB Oblia
pasua 07

9. Ilycte touka M pemur memmany AA; tpeyrombuunka ABC B orHomennn 2 : 1, cumrasg OT

—— OA+0B+0C

Beprmuabl A. Jlokaykure, 9to st 1000l Touku O BeITIOTHEHO paBeHCTBO OM = 3

BbIBe,H,I/ITe OTCIOla TEeopeMy O lepecedeHuu MeJuaH TpeyroJibHuKa.



10. V BBIIYKJIOTO MATHYTOJBHUKA OTMETUIN CEPEIMHBI CTOPOH, a TIOTOM CTepPJIU BCe, KpOMe OTMe-
YeHHBIX TOYeK. BoccTaHoBUTE MATHYTOJIbHUK.

11. /Tano n momapHO HEKOJLTHHEAPHBIX BEKTOPOB a1, ..., G4, (n > 3) Takue, 410 aj + -+ + G, =
0. a) JlokaxkuTe, 4TO CYIIECTBYET BBIMYKJbIH N-yroabHuK Ajp ... A, Takoii, 4To HAGOp BEKTOPOB
A1 Ay, AsAs, ..., AL Ay coBiasiaer ¢ HAOOPOM g, ..., Gn.  0) CKOJIBKO CYIIECTBYET PA3JIMIHBIX MHO-

rOYTOJILHUKOB, YIOBJIETBOPSIIOIINX YCIOBHIO )7

12. a) /TokaxkuTe, 9T0 U3 MeJIUAH TPEYTOJbHUKA MOYKHO COCTABUTH TPEYTOJIbHUK.  0) /lokazkure,
YTO 9TO MOYKHO CJIeJIATh IPU [OMOIIY MapaJlIeJIbHbIX [epeHocoB Meauan.  B) Haidigure orHOmeHue
TJIOTIA/AN TTOJLy YUBIITETOCS TPEYTOJbHUKA K TJIONA U UCXOITHOTO.

13. Ha oxpyzxuocru pamuyca 1 ¢ mearpom O mano 2n + 1 Touek Py, ..., Ps,.1, JeXKaIuX MO OTHY
CTOPOHY OT HEKOTOpPOro amamerpa. Jlokazxkure, 410 ‘OPl +...+ OPQHH‘ > 1.

14. Ha miockoctu mano 2000 BeKTOPOB, IpUieM Cpeu HUX eCTh He KoJTuHeapHble. V3BecTHO, ITO
cymMa, JIIOObIX 1999 BeKTOpPOB KOJIMHEApPHA C BEKTOPOM, He BKJIIOUEHHBIM B cyMMmy. /lokazkuTe, 4ToO
cymma Beex 2000 BeKTOpOB paBHA HYJIEBOMY BEKTODY.

JIBu>KeHust 6 uons

1. Qurypa WHB 1OJIYYAETCs, €CJIM U3 MOJYKPYra BbIpe3aTh MOJYKPYT BJIBO€ MEHBIIEro pajmyca
U TPUCTABUTH €ro K mojydusineiics cdurype, nmosepuys wa 180° BOKpyr meHTpa
kpyra (cM. puc.). Jlokazxure, 9T0 JBa WHs, MOJYIEHHBIX U3 HOJTYKPYIOB PABHBIX
paJnycoB, paBHBI.

2. Kakwue BbI 3HaeTe MpeoOpa30BaHUS MJIOCKOCTH ! SIBIISIIOTCS JIM OHU JBUYKEHU-
?
MU

3. Qurypa obpasoBaHa nepecevdeHneM Tpex KBaIPaToB ¢ OOIIUM HEeHTPOM. Hepes3 3ToT MeHTP 1MpoBe-
JAE€HBI IBE B3aUMHO IMePHEeHANKYJ/JIAPDHbIC IIPpAMbBIE. ZLOK&)KI/ITQ, 9TO OHU OEJIAT (bl/Ipry Ha PaBHOBEJIMKHE
JACTH.

4. a) [lokazkure, 9T0 BCSIKOE JBUKEHUE MEPEBOIUT NPSAMYIO B IPSIMYIO, HapaJIIebHbIe MPsiMble —
B lapaJiieibHble, MOJIYIIJIOCKOCTh — B MOJIYIIJIOCKOCTh, JIYyY — B JIy4, OTPE30K — B OTPE30K, yIoJl — B
YTOJI, OKPY?KHOCTb — B OKPYZKHOCTB TOTO 2Ke pajuyca. 6) JlokaxKuTe, 9T0 MpPU JBUZKEHUH DABHBIE
BEKTOPHBI MePeX0/IAT B PaBHbIE, CYMMa BEKTOPOB — B CYMMY HX 00OPa30B, a NMPOU3BE/IEHIE BEKTOPa Ha
YHUCJI0 — B MPOU3BEJIEHNE ero obpa3a Ha TO ¥Ke UUCTIO.

5. Onumure, 9T0 MPOUCXOJIUT C BEKTOPAMU IPU HMapaJljieIbHOM IepeHoce? MoBOpoTe? MeHTPaJIbHOI
cuMMeTpun’?

6. JlokakuTe, 9TO €CAU NPH JBUYKEHHH BCAKas HpsMasi HePexoauT B cebs W MapasieabHYo
IPSMYTO, TO 9TO JBHKEHNE — HapaJieIbHbII IepeHoC WIN MeHTPAJIbHAA CHMMETPHS.

7. Janbl Touka A u npsmas [. PaccMorpuMm BceBo3MOxKHbBIE LpaBu/ibible Tpeyrojibauku ABC, y

koTtopeix B € [. Haiijiure MHOXKeCTBO BCEX BO3MOZXKHBIX T0/10KeHuiT Toukn (.

8. B oKpyKHOCTH BIHUCAHBI JBa HECOBIAIAIONIX PABHOCTOPOHHUX TpeyroabHUKA. JloKaxKuTe, 9TO
a) UX IepecevdeHre siBIseTCs PABHOCTOPOHHUM IIECTHYTOJBHUKOM; 0) JUArOHAJIN ITOIO IECTUYIO0Jlb-
HUKa TepecekaroTcst B OJJHON TOYKe.

g caMoCTOATETHbHOTO pPeNnieHns

9. Touka B jiexxkur na orpeske AC'. IIpaBuibubie Tpeyroabauku ABM u BC'N HaxoasiTes 10 OJHY
cropony ot npsimoit AB. Touku P, () — cepemaunnl orpeskoB AN, MC'. JlokaxKure, 970 TPEyroJbHUK
BPQ — npaBuIbHbIA.

10. Ha croponax TpeyrojibHuKa BHE €ro IOCTPOEHbI lpaBU/IbHbIE TPeyrojbHuku. /lokazkure, 4o
AX IEHTPBl — BEPIINHBI MPABAJIBHOTO TPEYTOJbHUKA.

11. /Inaronasin napasiensorpamva ABC D nepecekatorcs B Touke O. JIoKaxkKnuTe, 9TO OKPYKHOCTH,
onucatubie 0ko0J10 TpeyrosibuukoB AOB u COD, kacatorcs apyr japyra.



12. O — Touka kBajgpara ABCD. Uepe3 Touky A mpoBesn MpsaMyio a, mepueHaukyaapuyo BO,
qepe3 B — npsawmyio b, nepuenauky/sipayio CO, gepes C' — upsimyio ¢, nepresaukyaspuyo DO, gepes
D — npswmyto d, neprnenaukynspuyio AO. Jokaxkure, 4ro npsimbie a, b, ¢, d mepecekalTcss B OJIHOI
TOYKeE.

13. Ha croponax AB, BC, C'A tpeyrosbauka ABC' nocrpoenbt kBajparsl ¢ nearpamu Op, Os,
O3 coorBercTBenno. Jlokaxkure, aro orpe3ku 0102 u O3B paBHBI U MEPIEHINKYJISPHBI.

Hepasenctna 6 wons

1. JToxazxutre, uro a) a* + b* > 2ab s mobbix unces a u by 6) a + b* + ¢ > ab+ be + ac.

1
2. a) [Ing 106010 MOJOKATETLHOTO YHCIA X JIOKAXKATEe HepaBeHCTBO T + — > 2. 6) Kakoe nan-
x

b
MeHbIllee 3HaYeHHe MOXKeT IPUHAMATH Bbipakenue ax + — upu x > 0 (a,b > 0)7
T

3. a) [lokazxure, 4TO JJIsl JIIOOBIX MOJOKUTEIBHBIX YUCEI ¢, b, ¢ BBIIOJTHSIETCS HEPABEHCTBO
1 1 1
(a+b+c)|—+-+—-]>9;
a b ¢

6) npuaymaiiTe u JOKasKUTe AHAJIOTHYHOE HEPABEHCTBO JII 7 MOJOKUTENbHBIX TUCET X1, . . ., Tp.
4. okaxwure, 910 (a + b)(b+ ¢)(c + a) > 8abe (a,b, c > 0).
5. Jlokaxkure, uto a + b+ c + d > 4v'abed (a,b,c,d > 0).

6. JlokaxkuTe, 9TO €CJU T, Y U 2 — JJIMHBI CTOPOH TPEYTOJbHUKA, TO
wyz > (x+y—2)y+z—z)(z+z—-y).
Yrasanue: ceedume smy sadauy x 3adave 4.

5. Hucna x u y OoJible HyJIs, HO MEHbIIe eJuHuIbl. /JokaxKure, 9T0O

x N Y
1+y 1+2

< 1.

6. a) [Ipu n > 2 mokaxwure HepasencrBo 2" > 2n + 1;  6) (HepaBencrBo Bepnysiu) ITpu
n > 1, a > —1 nokaxwure HepaBeHcTBO (1 + )" > 1+ na.

7. Hokaxure, aro 7Ta + bb > ab + 35, ecu a,b € [5,7].

8. Jlokazxkure HepaserHcmeo mexncdy cpedrum Keadpamuseckum U CPEOHUM GPUPMEMUYECKUM I
TMOJIOYKHATEJIHHBIX 9UCET A1, A2, . . . , Ap!

\/a%+a§+---+ai ar+ay+---+ap
n n '

9. (HepaBeuncrBo Komu-Bynsakosckoro-IIIBapra) a) Jlokaxkure, 9ro jist JTOOBIX BEIIECTBEH-
HBIX YUCET A1, A2, . . . , Gy, b1, ba, ..., b, cIDaBeINBO HEPABEHCTBO

(af 4+ ap) (0 + -+ ) = (aaby + -+ apbn)’.

6) IIpu Kakux 3HAYEHHSIX [EPEMEHHBIX JOCTUTAETCS] DABEHCTBO?!

MHuoro4JjeHsnl 7 wmong
Yro Takoe mHOrodjen? Haupmoe omnpegenenne: MHOrO4YJ€HOM HA3bIBAETCsS BhIpaKeHUe BUIA,
@™ + Ay TV 4 a T+ ag, TAE Gp, Qp_1, - . -, @1, Qg — BEIECTBEHHbIE YUCJIA.

Ounpepesienne. Muorousenom (uan R) HaspiBaercs GecKOHEYHAs! MOCIE0BATEIBHOCTD BeIIle-
CTBEHHBIX YHCET dg, A1, . . ., 0y, ..., B KOTOPOI HAYNHAS ¢ HEKOTOPOTO MecTa Bee unciaa paBHbl 0. Cre-
MEHBIO TOI0 MHOI'OYJIEHA HA3bIBAETC HAuOOJIbIIee 1 TaKoe, 4T0 d, 7 0.
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,ZLGI'?'ICTBI/ITGIIBHO, B TaKY1O ITIOCJI€ 10BATE/JIbHOCTD MOXKHO «IIOJACTaBUTDL YHUCJI0» U IMIOJYYUTDH SHAYCHUE,
X MO2KHO CKJIaJblBaTb, YMHO2KaTb Ha YUCJIO U II€EPEMHO2KATD:

Bamaua 1. ChopmysupyiiTe TOUHBIE ONPEIETeHUs CyMMbI, HIPOU3BEICHUA MHOI'OYJIEHOB U BBIYUC-
JeHnd 3Ha4YeHnd B Touke ¥ € R.

Bamaua 2. Jlan muorowien (z® + 2 4+ 1)?°. Haitiure ero xosddurment npu a) z'7; 6) z'8.

OGoszunaueHusi. MHOKECTBO BCeX MHOTOWIEHOB HaJ R Mbr Oygem obo3nadars vepes R[x]. Hucio,
MOJIy9aIoNIeecst B Pe3y/IbTaTe BRIYUCICHUS 3HadeHuss Muorownena [ B Touke a € R —uepes f(a). C
KazkapiM MEOrowienoM f € Rlz| ceazana dynknusa R — R, a — f(a), koropyto Mbl Gyiem 0603HaYaTH
TOoii ke OykBoit f. Kpome Toro, ans puKCHpoBaHHON TOUKH a € R MOXKHO paccMOTpeTh OTOOparKeHne
spagoamuu ev,(f): R — R, f — f(a). Herpyauo Bugers, uro ev,(f + g) = eva(f) + eva(g),
eva(fg) =eva(f)eva(g), eve(kf) = kevy(f) nna k € R.

Onpepenenne. Kopuem muorounena f € Rlx| naspisaerca uucio a raxkoe, uro f(a) = 0.

KaK " neJibie 9ncJjia, MHOTOYJIEeHbI MOKHO JI€JIUTH C OCTAaTKOM, «B CTOJI6I/IK>>, TTOKa CTEIIeHb OCTAaTKa
He CTaHeT MEHLIIE CTeIIeHH JeIUTe/1sd. ECam 0CTaToK OT JIeeHns MHOTOUIeHa [ Ha MHOIOYJICH § PABEH
HYJIO (a 9TO TAKOe HYJIEBOIi MHOrOWIeH? ), TOBOPAT, 4TO f HEJIMTCS HA (.

VYnpaxnuenne 3. Paznenure ¢ ocrarkom a) 22 — 2+ 1 wa x —2/3;6) 2%+ 1 na 2 + z; B) 2" — 1
Har—1;1) 2" +1Ha x+ 1.

Teopema (Be3sy). 3uauenue MuOTOUIeHA B TOUKe ¢ € R COBIHAJAET ¢ OCTATKOM OT JICJCHHS €0
HA MHOTOYJIEH T — C.

3amaga 4. MHuoro4jieH JejuTcs Ha T — ¢ TOT/Ia U TOJIBKO TOT/IA, KOTJIA C SIBJISETCS er0 KOPHEM.

Bagaua 5. [lycts c1,...,c, — pa3iaudHbie BemecTBeHHble dncia. Jlokaxkure, 970 MHOrO4WIEH f
JIeJINTCs Ha TipousBejienne (r—cy) ... (T —cg) TOrga u TOJIBKO TOI/IA, KO BCE ¢; IBIAIOTCH KOPHIMHE f.

Onpenenenne. KpaTtHocThio kopust ¢ muorodnena f maspiBaercss Hanbosibinee mesoe k Taxoe,
uro f nemurcs na (x — c)F. O6osnadenue: mult s (c).

Yopaxkuenune 6. [Jokaxkure, uro a) multyi,(c) > min(mults(c), mult,(c)); 6) mults,(c) =
mults(c) + mult,(c).

Bamaua 7. JlokaxKuTe, 9T0 YUCJIO KOPHE[I MHOrOUIeHA (¢ yIeTOM KPATHOCTH) He HPEBOCXOJUT ero
CTeleHn.

Bagauya 8. /lokaxkure, 9TO €CJM MHOIOWIEHB f W ¢ 3amaloT oauHakoBble ¢dpyHkmun R — R, To

=g

g caMoCTOATEeIbHOTO pPenieHns

Bamaga 9. Haiimure Bce HaTypasibHBIE N, IPH KOTOPBIX 4mcao 2n3 + 3n? + 4n + 3 geanTed Ha
quciao n? + 1.

Bagaua 10. [loKazKnTe, 4TO MpH JTOOLIX TEJBIX HEOTPHIATEIBHBIX [,m,n MHOrowmten r>+2 4
2 4 23" penmres ma 2% 4+ x + 1.

Bagauya 11. Muorouren f maer ocTaTok 2 MpH JeJeHHH HA & — 2 U OCTATOK D IPH JeJeHHH Ha,
x — 4. Kaxoii ocrarok muorowien f jpaer npu jenenun na (v — 2)(x — 3)?

Bamaua 12. Muorounen f raxkos, uro f(7) = 11, a f(11) = 13. Tokaxkure, 4r0 X0TsA Obl OJUH U3
ero K03 UIneHToB — He IeJI0e YUCJIO.

Bagaua 13. Muorousenn f u g ¢ nesbivmu K03 dunuenramu rakosbl, uro f(k) nenurcs na g(k)
JUTst Kak1oro neaoro k. Jlokaxkure, aro f jenutcst Ha g.

IlepecTanoBkn 9 wions

3amaua 1. [Tarna/mars BOCbMUK/IACCHUKOB CHST HA 3aHATUU HA IMATHAIATH TPOHYMEPOBAHHBIX
cTyabax. Kak/1yo MUHYTY OHH IepecazKUBAIOTCs MO CJIeIYIONIell cxeMe:

<123456789101112131415)

3 510 8 11 14 15 6 13 1 4 9 7 2 12



qepe3 KaKoOe BpeMdA BCE€ BOCbMHUKJIACCHUKHN BIIEPBbLIE OKazKYTCAd Ha CBOUX II€PBOHaAYaJILHBIX MecTax”?

Omnpenenenne. IlepecTaHOBKOM KOHEYHOIO MHOYKECTBA Ha3bIBAETCsl OMEKTHBHOE OTOOparKeHWe
9TOr0 MHOXKECTBA Ha CeOd.

Bamaua 2. Jlokaxkure, 410 JitoOas 1epecTaHOBKa pa3dbuBaeTCs Ha HEIEePEeCEKAIOINeCs IUKJIbI.

Bamaua 3. [Jokazxkure, 9T0 JIOOYIO MEPECTAHOBKY MOYKHO MPEJCTABATH B BUJE TPON3BEICHHUS a)
TpaHCno3unuii; 6) OyHIAMEHTATBHBIX TPAHCIIO3UIINIL.

Onpepenenne. Ilycrs | X| = n, f: X — X — nepecranoska, B KoTOpoii m nuk/aos. Paznocrsb
decr(f) = n — m Ha3biBaeTcs HEKpeMeHTOM nepecraHoBku f. YerHocrs 310il pasuoctu sgn(f) =
(—1)d°rf) mazpiBaercs 3HAKOM 1epecTanoBkn f. [lepecTanoBka f Ha3biBaeTcst YeTHOM, ecym sgn(f) =
1, u HeuerHoi, ecau sgn(f) = —1.

Bapaua 4. /lokaxkure, 9T0 €Cju MePeCTAaHOBKA, f sBJISIETCS NPOW3BEIeHNEeM K TPAHCIO3UIUI, TO
(—1)F = sgn(f)

Teopema 5. 3HAK NPOM3BEJIEHHUsS MEPECTAHOBOK DAaBEH MPOM3BEJIEHUIO 3HAKOB: sgn(g o f) =
sgn(g) sgn(f).

Ynpaxxkueaue 6. YUemy paBHa 9eTHOCTH MUK JJTUHBL N7

Bamaua 7. Kakux mepectaHoBOK OOJIBINE: YeTHBIX UM HEYETHBIX?

Onpepenenne. [Tycrs X = {1,2,...,n}, f — nepecranoska na muoxkecrse X. LoBopar, uro
napa (i,7), tae 1 < i,j < n, obpasyer 6ecnopsaaoK s nepecranosku f, ecaun i < j, o f(i) > f(4).
O6o3uaunM vepe3 inv(f) obiiee 4uci0 GECIOPSAIKOB IIePECTAHOBKH f.

Bamaua 8. [dokaxure, uro (—1)™) = sgn(f) s moboii nepecranosku f.

g caMoCTOATEIHbHOTO pPenieHus

Bagauga 9. HazoBure dee nepecraHOBKH, KOMIIO3UITUSMEU KOTOPBIX MOYKHO IOJIYy9IUTH JIOOYIO 11e-
PECTAHOBKY 7N-3JIEMEHTHOT'O MHOYKECTBA.

Samaua 10. /lokaxKkuTe, 9TO JIOOYIO Y€THYIO MEPECTAHOBKY MOYKHO IIPEJICTABUTH B BUJIE KOMIIO-
AT HECKOJBKHUX MUKIOB JITAHBI 3.

Bamaua 11 (urpa B 15). B kBagparHoii kKopoGouke pasmepa 4 x 4 pasmenienbl 15 KBajpaTHbIX

dumex pasmepa 1 X 1 ¢ momepamu 1,2,...,15, a 01HO MecTO ocTaa0Ch cBOOOIHBIM. llepBoHavaILHO
bUIIKN paccTaB/IeHbl CIEIYIONUAM 00pa30M:

1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 =«

MozKHO Jin, TIOC/Ie/IOBATEIbHO CABHUTasl (PHUIMKH HA CBOOOTHOE MECTO, MOJYUYUTH CJIEAYIONYIO PaccTa-
HOBKY:

1 2 3 4
5 6 7 8
9 10 11 12
13 15 14 =

YKazanue: pacCMOTPUTE CHada a UTPy B 3 B KBajpate 2 X 2.

CreneHb TOYKHN U PaNKaJIbHaAd OCb 9 wuwonsa

Onpenenenne. CreneHpro 104ku X OTHOCUTEJIBHO OKPYZKHOCTH W ¢ HeHTpoM O U Pajuycom r
nasbiBaercs uucio deg, (X) = | XO* —r2.

Yunpaxkuenune 1. [Ipsavas [ mepecekaer oKpyKHOCTh w B Toukax A u B; touka X € [. /lokazkure,
aro deg, (X) = |XA| - |XB|, eciu X mexur Bue w u deg,(X) = —|XA| - |XB|, ectu X sexur

BHYTPH W.



Yupaxkaerune-onpeaeaerne 2. Ha miockocTn maHbl 1Be HEKOHIEHTPUIECKNE OKPYKHOCTH W
u wy. JJokazkure, ar0 MHOZKeCTBO Todek X, s Koropeix deg, (X) = deg,, (X), aBisercs nupsmoii.
OTa mpsiMasi HA3bIBAETCS PAAUKAIBHON OCBIO OKPYKHOCTEH wy 1 Wo.

Bamaua 3. Ha miockocTu JaHbl TpH MOMAPHO IepeceKaroIiuecd OKpyzKHocTH. JlokaxKkure, 9TO
HpsiMble, COJIepKalliue TPU OOIIMe XOP/bl ITUX OKPYKHOCTEM, IepecekaloTcss B OJHON TO4YKe Jinbho
apaJiieIbHbI.

Bapgaua 4. /lana oKpy:KHOCTb W U TOYKa A BHe Hee. PaccMaTpuBaiOTCs BCEBO3ZMOKHBIE OKPYKHO-
ctu 1, npoxojgiue yepe3 A u kacaronecs jgaHHoil. [Tycrs B — Touka KacaHusi OKPYKHOCTEH w u 1),
U KacaTeJbHble K OKPYKHOCTH 1 B Toukax A n B nepecekatorcst B touke X . Haiijiure reomerpuyeckoe
MECTO TAKUX TOYeK X.

3amaua 5. Jlokaxkure, 94TO Cepe/IMHbI YeThIPEX OOIIMX KAacATeJIbHbIX K JIBYM HElepPeCeKaromMCs
KpyraM JiexkaT Ha OJHOI mpaAMOil.

Bamaua 6. Ha upsambix AB u AC B3stbl Touku M u N coorBercrBenno. Jlokaxkure, 4ro obriast
xopJa okpyzkHuocTeit ¢ quamerpamu C'M u BN npoxoauT depe3 TOUKY MepecevdeHns: BHICOT TPEYTO/Ib-

muka ABC.

g caMoCTOATEeJIbHOTO pelneHus

Bamaua 7. a) Yepes rouky P, sexainyio Ha obmieil xopge AB JBYX HepeceKamnuxcst OKPY zKHO-
creit, mposeennl xXopaa Aj By nepBoit okpyzuHOCTH U X0paa A Bs BTOpoil okpy)kHOCTH. [loKaxkure,
910 YeThipexyroabHuk A; Ay By By Buucanusiii. 6) (Jlemma o 6a6ouke). Yepes cepeauny P xoppl
AB okpyxkHocTu npoBefensl cekymue A1 By u Ay By, Xopasr Ay As u By By nepecekator xopay AB B
toukax M u N. Jokaxkure, uro PM = PN.

Samaua 8. /lanbl jiBe HEKOHIEHTPUYIECKHE OKPY:KHOCTH. J[OKaKuTe, 9TO MHOXKECTBOM I€HTPOB
OKPY2KHOCTEIl, TepeceKaronux 06e 3TUX OKPYKHOCTH O/ IPSIMBIM YIJIOM, SIBJIAeTCA UX paIuKaJIbHasI
OCh.

Bagaua 9. [Ipogomkenus cropon AB u C'D dernipexyrosnbauka ABCD mnepecekatoTcs B TOUKe
F'; npooszkeHusi OCTABIIAXCsE CTOPOH — B Touke F. JlokaxkuTe, UTO a) OKPYKHOCTH C JUAMETPAMHE
AC, BD u EF umeror o611y 0 PaJIUKaJIbHYIO 0Cb; 0) oprouentpbl Tpeyrojabiukos ABE, CDE, ADF,
BCF nexar na 31oit ocu; B) cepeantbl orpe3ko AC, BD n EF jexar ua onHoii npsmoii (mpsamMast
Taycca).

OyukIua Jditaepa 9 wmons

1. Cienyromue ycao0Bus SKBABATEHTHDL:

(i) (a,m) = 1;

(i) {0,1,...,m —1} = {0qa, la,...,(m — 1)a};

(iii) a — obpamum o momyao m, 1o ectb ab = 1 (mod m) mus mekoroporo b (orcoma ciemyer,
910 b OmpeiesieH OTHO3HAYHO).

2. Eciin mpocToe 4nciio p sBidercs JejuresieM ducjaa Buga a’ + b (a,b He nensitest HA P), TO P
SABJISIETCS JeJIUTe/IeM Yucja Buga ¢ + 1.

Onp. Oyuknus Ditnepa p(Mm) paBHa KOJIMIECTBY HATYPAJbHBIX YHCE/I, HE MPEBOCXOJAANIUX 1, U
B3aMMHO IPOCTHIX ¢ M (<=> 06paTHMBIX [0 MOJYJIIO M).

Teopema Diinepa. Ecn (a,m) = 1, 10 a?™ =1 (mod m).
3. Tano uncio 2209, Jlokaxkure, 9T0 MOYKHO MPUNHCATH K HEMY CJIeBa HECKOIBKO QP TaK, 9TOOHI
MOJIYYMJIACh CTelleHb TBOUKH.

4. PaccmoTpum psit %, %, = .
a) dokazkure, 4To mpu m > 2 ¢(m) — derHo.
6) Hokaxure, aro ¢(dy)+¢(da)+- - -+¢(ds) = m, rie cyMMEpOBaHIE BEJETCSI IO BCEM JIETUTEISIM

YUCJIa M.
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5. a) Jokawxwure, uro npu (a,b) =1 ¢(ab) = p(a)p(b) (Mysvmuniuramuerocms);

6) Haiigure ©(p"™) (p — npocroe) u BoiBeguTe 001Ly10 hopmyiry s @(m).

Bameuanume. [lonoxum L(pit...ph*) = HOK(e(p?),...,0meF) < @@ ...pe*). Hdokaxu-
TE,9TO B TeopeMe Diiiepa MOKHO BMecTO ¢(m) 6parsh L(m).

g caMoCTOATEeIHbHOTO pPenieHus

6. JlokaxkuTe, 9TO HEKOTOpas CTeleHb dncaa 7 okamumBaeTcda ma 0000000000000000001.

7. OKpyKHOCTH pa3jiesieHa N TOYKamMu Ha paBHbie Jayru. CKOJbBKO CYHMIECTBYET 3aMKHYTBIX 71-
3BEHHBIX JIOMAHBIX C BEPITUHAME B OTMEUEHHBIX TOYKAX CO 3BEHBSIMU PABHON JITMHBI !

8. JlokazKuTe MyJIbTUIIMKATHBHOCTH bYHKIUI 0k(m) = >, d* u BeIBeUTE ABHYIO BOPMYITY
IUTA Hee.

9. Jlokaxkure, 4TO JJIsi KazKJIOTO N CYHMIECTBYET YHUCJIO ¢ CyMMOil mudp n, jessineecs Ha N.

10. Mexxay AByMs eIUHUNAMHU ITHIIETCS JIBOMKA, 3aTeM MeXKIy JIIOOBIMU JIBYMs COCETHUMU YHC-
JIAMM IMIIETCSE UX CyMMa u T.J1. JoKazKuTe, 4r0 4uc/i0 n B uTore Oyjer BhIIMCAHO POBHO ¢(n) pas.

OTHOIIeHNS 3KBUBAJEHTHOCTU 10 umons
11 TPYIIbI IIpeodpa30oBaHMIii

OmHOKO OpOXKY Cpesib TOJIBI o
W He BUXKY MHE PaBHOTO B Hell.
Jlo dero ke BCe JIIONM TYTIBIE,

o dero »Ke UX BCEX S YMHEH.

Bcee npyrue ropaszno Tymee,

Her takoro, arob pasen ObL1 MHE.
Jlumib onun cebe paBeH B TOJIIE H.
Jlutms onwn. la u TO He BIOJHE.

Wrops Uprennven

Hausnoe omnpenenenne. [oBopaT, 4ro Ha MHOKecTBe X 3a/laHO OTHOIIEHNE 3KBUBAJEHTHOCTHU
~, eCJIM JIJIsl HEKOTOPbIX nap a,b € X ykazano, 410 @ ~ b (roBopsit: @ Haxodumcs 6 OMHOWEHUY ~ ¢
b), HpUYeM BBITIOJIHSIIOTCS CJIEYIONHe CBOHCTRA:

¢ (pedyiekcuBHOCTB) Jjist BeeX a € X BBINOJIHEHO @ ~ a;

e (CUMMeTPUIHOCTH) eciu a ~ b, 10 b ~ a;

e (TpaH3uTUBHOCTB) eciu ¢ ~ b, u b ~ ¢, T0 b ~ a;

[To anasioruu ¢ rpagukom orodpazkeHus oupejessiercd rpapuk OTHOIIEHU:
I'(~)={(a,b) € X x X | a ~ b}.

Kak u B cityuae oToOpazkeHusl, IpaBIIbHOE OIIpe/Ie/IeHIe OTHOIIEeHNS SKBUBAJIEHTHOCTH JA€TCs UMEHHO
C IIOMOIIIBIO Fpa(i)I/IKal 3a/laTh OTHOIIEHUE IKBUBAJIEHTHOCTU — 3HAYHUT, 3a/daTb HOAMHO2KECTBO R g
X x Y rakoe, 4roO. ..

Ecim orkazarbest 0T ycioBuilt pedieKCUBHOCTH, CUMMETPUIHOCTH U TPAH3UTUBHOCTH, MOJIYIUTCS
0oJiee MUPOKOE TMOHATHE OTHOIIEHUHA — JTO IIPOCTO JIPYTroe Ha3BaHUE I Npou3eonvH020 TOIMHO-
xkectBa R C X x X. Muorma yno0HO MpeICTaBIsTh OTHOIIEHNE B BuIe (OPHEHTUPOBAHHOIO) rpada,
BEPIIMHbBI KOTOPOI'0 COOTBETCTBYIOT JdJIEMEHTaAM MHO2KECTBa X CI/IMMeTpI/I‘{HOG OTHOIIIEHUE B TAaKOM
cJIydae MpUBOJIMT K HEOPUEHTUPOBAHHOMY rpady.

Vupaxkuenue 1. a) Jlokaxkure, uro s go6oro X a) muoxectso A(X) = {(a,a) € X x X |a €
X'} 3ajiaeT oTHOIIEHE SKBUBAJIEHTHOCTH (OHO HA3BIBAETCS TOXKIAECTBEHHBIM ); 6) MHOKeCTBO X X X
3a/1aeT OTHOIIEHUE SKBUBAJEHTHOCTH (OHO HA3bIBAETCs TOTAJIBHBIM UJIU TIOJIHBIM );
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Yopaxkueaune 2. BIgOTCI U OTHOIIEHHSMH SKBUBAJEHTHOCTH CJIEIYIOIINE OTHOIICHHUS:
a) CPABHUMOCTH 1O MOJYJIIO m; 0) oTHOIeHHe «a jesnutcsi Ha by Ha MHOXKecTBe N; B) mapajuiesib-
HOCTB TIPSIMBIX Ha [JIOCKOCTH; T) TePIEHUKYISIPHOCTh IPSIMBIX HA MJIOCKOCTH; /) OTHOIIEHHe «ObITh
GpaToM» Ha MHOYKECTBE BCEX JIIOJIEl; ) OTHOIeHue «0oJiblie» Ha MHOKecTBe N; 2K) OTHOIIIeHe paBeH-
cTBa MI0CKUX (BUTYD; 3) OTHOIICHHE TOI0OUS HA MHOXKECTBe IJIOCKUX (DUTYD; U) PACCMOTPUM KaKoe-
TO MHOXKecTBO X MHOXKecCTB, HampuMep, X = 27 11g HeKOTOporo (pMKCHPOBAHHOIO MHOXKECTBA Z, U
onpejenum A ~ B < cymiecrByer Oueknusi mexy A u BY?

Onpenenenne. /Ins kaxoro seventa ¢ € X oupegeaum MHokectBo T = {t € X | © ~ t} —
KJIACC 9KBUBAJIEHTHOCTH 3JIEMEHTA L. DJIEMEHT T IPU ITOM HA3BIBAETCS MPEICTABUTEIEM K/IACCa
SKBUBAJIEHTHOCTH .

Samaua 3. /lokaxkuTe, 9TO s JIIOOBIX JIEMEHTOB Z,y € X HX KJIaCcChl 9KBUBAJEHTHOCTHU JIHOO
He TepeceKalTcsd, 00 COBIAIAI0T; TO eCTh, 00 T = ¥, mubo T Ny = J.

Teopema 4. JI1000e oTHOIIEHNE SKBUBAJEHTHOCTH ~ OLPeJIe/isieT pa3dueHne Ha KJIacChl: MHOXKe-
ctBO X MOXKHO pa30uTh HA HEMEePeCeKaIoIInecs MOAMHOXKeCTBa X; Takue, UYTO JIBA SJIEMEHTA JIeXKAT B
OJHOM HOAMHOXKeCTBE TOI'/la U TOJIBKO TOT'/la, KOT'JJa OHHU 9KBHUBaJICHTHBI.

3ameuanue. O4UeBHHO, CYIIECTBYET U OOPATHBIN My Th: €CJIN 33/IaH0 pa30dueHne MHOKeCTBa X , TO
MOZKHO OIIpPeIe/IUTh OTHOIIEHNe SKBUBAJEHTHOCTH Ha X CAeAYIOIMHUM 00pa3oM: T ~ Y TOTJAA U TOJBKO
TOr/Ia, KOTJA T U Y JeXKaT B OJHOM MHOYKECTBE pa3sOmeHms.

IlepedopmynupoBKa Teopembl. [lycrh ~ — orHOIlIEHHE SKBUBAJEHTHOCTU. TOr/ia cyiiecTrByer
MHO)KeCTBO X/ ~ u ciopbekTuBHOEe oTobpaxkenue w: X — X/ ~ rtakoe, aro 7(x) = m(y) Torga m
TOJILKO TOTJIa, Korja & ~ y. Takoe MHOKecTBO X/ ~ Ha3biBaeTCsi (DAKTOP-MHOYKECTBOM MHOYKECTBA
X 10 OTHOIIEHHIO ~, a 0TOOpazkeHHe T — KaHOHU4YecKoil npoeknueii X wa X/ ~.

Bameuanue. Punocodekuii cMbica X/ ~ COCTOUT B TOM, YTO B TOM MHOXKECTBE 0MOHCOECTNENAA-
H0MCA FTEMEHTHI, KOTOPBIe PAHbBIINE OBLIN BCErO JIUIIb IKGUBANEHMHLMAL.

Yopaxkueaue 5. Kak Boirisiiur rpad, COOTBETCTBYIONMI OTHONIEHUIO SKBUBAJIEHTHOCTH !

Yopaxkueaue 6. Onumnmure (HhaxkTOp-MHOXKECTBA O OTHOIIEHUSM dKBUBAJEHTHOCTH, IIPUBEICH-
HBIM B yIpayKHEHUN 2.

Onpepenenune. bynem HazpiBaTh MPEOOpPa30BaAHUEM MHOXKECTBA OMEKTHBHOE OTOOPaZKeHUe 3TO-
ro MHOXKECTBa Ha cebs. HamomuuM, 9T0 nepecmarnosra — 310 Ipeodpa3oBaHne KOHETHOTO MHOXKECTBA.
[Iycts G — HekoTOpHI HAGOP mpeobpaszoBanuii MHOKecTBa M. Bymem roBoputhb, 9To 31eMent x € M
cpaBHEUM ¢ 3jemernToM y € M mo momymio GG, eciu cyiiecrByer npeobpasosanue [ € G, mepeBois-
mee B Y. DJIeMEeHThI, CPABHUMBIE ¢ T 110 MOAY/I10 (G, 00pa3yioT OpOUTY d1eMeHnTa T OTHOCHTEIbHO G.

Bamaua 7. HasoBem cdeuzom Ha wucao a mpeobpasoBanne MHOKecTBa R wianm MHOMKecTBa Z, me-
peBoJIAIee KazK0e 9ucjo T B 4ucao x + a. Ilyctb G; — COBOKYIHOCTH CIBHIOB MHOXkKecTBa R Ha
BCEBO3MOKHBIE MOJIOKUTENbHBIE Tncaa, (G — COBOKYIIHOCTH CIBHIOB MHOXKECTBa R Ha BCEBO3MOK-
Hble HEeOTpUIIATebHbIe UnCaa, (G3 — COBOKYIHOCTDL CABHIOB MHOXKECTBa R Ha BCEBO3MOXKHBIE IEJIbIE
qncsa, (G4 — COBOKYIIHOCTH CJABHIOB MHOXKECTBA 7, HA BCEBO3MOXKHbBIE UHCJIA, KPATHBIE JTaHHOMY IIe-
JIoMy 4ncay m. UTo o3HaYaeT CpaBHUMOCTH JIBYX BEIECTBEHHBIX dnces mo moayao (17 Momymo
G5? Monynto (37 CpaBHEMOCTD JABYX HeabIX dnces mo moayaio (4?7 Kak BBINIAAAT OpOUTHI THCeT
OTHOCHTEJIbHO 3THX HAOOPOB?

Onpenenenne. Hemnycroit Habop G npeobpa3oBanmii MHOKecTBa M Ha3bIBaeTCs IPYyMIION mpe-
obpazoBaHmii, ecjiu OH 00J1a/1aeT CJIeJIYIONUME JIByMsi CBOMCTBAMMU:

ecciu f,ge G,ougo f € G,

eccn f€EG, Tou f1eG;

3amaua 8. /lokakure, 410 JI00asi rpyiia nmpeodpa3oBaHmii COAEPKUT TOXKJIECTBEHHOE TTpeobpa-
3o0Banue id;y.

Teopema 9. CpaBHUMOCTH 3/1€MEHTOB MHOYKECTBa II0 MOJIYJIIO TPYIIIBI €r0 Ipeodpa3OBaHuil sSB-
JIZeTCd OTHOIIEHHEeM SKBUBAJEHTHOCTU. VIHBIME c/ToBaMu, Tpylna mpeobpa3oBaHUil MHOKECTBa pas-
OuBaeT BCe ero JIeMEHTbl Ha HEIyCThle HellepeceKaronuecs: OpouThI.
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Bapgauga 10. Kakumu rpynnavu mpeoOpa3oBaHUil MOPOXKIEHBI CJIEAYIONNE OTHOIICHUS SKBUBA-
JIEHTHOCTH: &) PABEHCTBO OCTATKOB IIEJIBIX YHCEJI OT JIeJIeHHs] HA JAHHOE YUCJI0 M; 0) PABEHCTBO II0C-
KX GUryp; B) napasieqbHOCTh MPSIMBIX HA MJIOCKOCTH; ') PABEHCTBO HAIPABJIEHHBIX OTPE3KOB?!

Bamaua 11. Onumure opOUTHI, BOSHUKAIONIME MPU JICHCTBAN HA TIOCKOCTH: a) IPYIIBI BCEX Te-
PEHOCOB Ha BEKTODBI, KPATHBIE JAHHOMY HEHYJEBOMY BEKTODY @; 0) IDYIIbI BCEX MOBOPOTOB BOKDYT
JAHHON TOYKM Ha YIJibl, KpaTHbie 60°; B) IPYIIBI BCEX CAMOCOBMEIIEHHUIT TPABUIBHOIO TPEYroJbHUKA
(TO ecTh JBUKEHHUIA, IIEPEBOSAIINX TPEYTOJbHUK B ¢e0sl).

Bamaga 12. [Ipuaymaiite rpynmsl npeoGpa3oBaHuii II0CKOCTH, OPOUTAMU KOTOPBIX ObLIH OBI: )
OKPYZKHOCTH C JIAHHBIM II€HTPOM; 6) BepIMUHBI MPABUIBHBIX K-yTOJHHUKOB C JAHHBIM IEHTPOM; B)
JIYYH C JAHHBIM HAYaJaoM (He BKJIIOYAsl CAMO HAYAJO); T) CHHPAJTH, UCXO/AIINE U3 JAHHONH TOUKH (He
BKJIIOYAS CAMY 9Ty TOUKY ).

3amaua 13. /lokakurte, 4TO 3TO OTHOIIEHUS SKBUBAJEHTHOCTH W ONMUIIHATE (PaKTOP-MHOXKECTBA 1O
aum: a) ornomenue Ha Ny X Ny, npu koropom (m,n) ~ (m’,n') & m +n' = m’ + n; 6) orHomenne
wa Ny X N, mpu koropom (m,n) ~ (m/,n’) < mn’ = m/n; B) ornomenne va Bepumaax rpada, npu
KOTOPOM ¥ ~ v', ecJIi CyIecTByeT IyTh MexKay v u v'.

CkajagpHoe Ipom3BeJicHIe 10 mons

Onpenenenne. CKalapHBIM TPOU3BEIEHNEM JIBYX HEHYJIEBHIX BeKTOPOB U W U Ha3biBaeTcs
ancno |ul - |v| - cos(T, ). B cayuae, ecan xoTs 661 OIHH U3 BEKTOPOB T WIH U paBeH 0, IX CKAJSPHOE
Ipou3Be/IeHne Takzke canraercs paabiM 0. CKaagpHOe MpOoM3Be/eHne BEKTOPOB U U U 0003HATACTCS
uepe3 (U,T) wian T - T.

Bagaua 1. /I1a npon3BosibHBIX Touek npocrpanctsa A, B, C' u D noxaxure dopmyny AB-CD +
BC-AD+ CA-BD =0.

Sapaua 2. Touku A, B u C He jiexkat Ha o1HO# npaMoii. Haiiiure reomerpudeckoe mecto touex M

takux, 4t0 MA-MB = MB - MC = MC - M A.

Bamaua 3. [Ipasuiabubiii MEOTOYrOBHUK A1 As . .. A, BIHcaH B OKPYZKHOCTH pajuyca R ¢ eHTpom
B O; X — npousposbHag Touka. /lokaxure, uro |A; X|* + -+ + |A, X|? = n(R* + d?), tie d = |0 X]|.

Bamaua 4. [Iycre O — nenrp onucannoii okpyzxuocru, H — opronenrp rpeyroabauka ABC, M
— TOYKa IMepecedennss MeInaHn 3Toro tpeyrojbanka. Jokaxmure, uro a) OH = OA+ OB + OC; 6)
toukn M, H, O jnexxar Ha oxuoii npamoii (npamas Ditnepa), npuuem MH = 20M; B) OH? =
IR? — (a®* + b* + 2).

3anava 5. [lanbl jiBa BekTOpa a 1 b ¢ koopmunaTamu (11, Y1) i (T2, 1Y) coorsercTBenHo. JJokaxKuTe,
910 G - b = 1129 + Y1Yo.

Bagaua 6. Ilycts «, 0 un ’y — yriasl ocrpoyrosibHOro tpeyrojibauka ABC. Jlokaxkure, qT0

a) 0082a+0052ﬁ+00827 > —5; 6) cosa + cos f 4 cosy < %

g caMoCTOATEeJIbHOTO pelreHus

3agada 7. Bemecrsennsle uncia a, b, ¢ u d takossl, uto a® + 0> =1, 2 +d*> =1 u ac+ bd = 0.
Haitnure ab + cd.

Bamaua 8 (Popmyaa Crioapra). B tpeyronbauke ABC nposejen orpesok AAp, rue Touka

Ay pemur cropony BC' B oTHOIIEHWH g, cuntasg or B. Joxkaxnure, uto AA? = p A02 + piqABz
Pi_BC2.
(p+q)?

3amaua 9. /uarona/iu HEKOTOPOI'O YeThIPEXYT'OJIbHUKA HepHeHuKy/aapHbl. /loka3ars, 4To Jina-
TFOHAJIA JIIOOOTO JIPYTOro YeThIPEXYTOJIbHUKA C COOTBETCTBEHHO PABHBIMH CTOPOHAMH TaKKe IepIeH-
JIUKYJISIPHBI.

Bamaua 10. Touku A, B, C, D rakosbl, uro jjs ja060it roukn M aucna (M A, MB) u (MC,MD)
pasyimanbl. /okakure, 4T0 AC DB.
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Sapaua 11. /lokaxkuTe, 9YTO B BBIIYKJIOM k-yTOJbHUKE CYMMa PACCTOSHUI OT JII000H BHYTpeHHEeit
TOYKH /IO CTOPOH HMOCTOSTHHA TOTJQ M TOJBKO TOT/Ia, KOTJAa CyMMa BEKTOPOB €JIMHUYHBIX BHEITHUX
HOpMaJieil K CTOpPOHAM MHOI'OYT'OJIbHUKA paBHA HYJIIO.

Sagauya 12. B BHIIYKIOM YeTHIPEXYTOJTbHAKE CYyMMa PACCTOSHHI OT BEPIIHHBI 10 CTOPOH OTHA U
Ta JKe JIJId BCeX BepiluH. /JoKarKure, 94T0O 9TOT 4eThbIPEXYrOJIbHUK SB/ISETC HAPAJLICIOIPAMMOM.

Bamaua 13. Jans Touku A, B, C, D. Jokaxure, uto AB? + BC? + CD? + DA? > AC? + BD?,
IpUYeM PABEHCTBO JOCTUTAeTCs, TOMbKO ecin ABC D — mapasieorpaMm.

Bagaga 14. Touku P u () — cepeauHbl auaroHaJieil BBIIYKJIOro deTbipexyrosbHuka ABCD.
Hokaxure, uto AB? + BC? + CD? + DA? = AC? + BD? + 4PQ?.

Bamaua 15. /IaHo BoceMmb BeIIeCTBEHHBIX 4ucen a,b, ¢, d, e, f, g, h. Jlokaxkute, 910 X0TsT OBI OIHO
u3 mectn ducen ac + bd, ae + bf, ag + bh, ce + df,cg + dh, eg + fh meorpumaresbHO.

CubHasi CBI3HOCTh 11 wmons
OPMEHTUPOBAHHLIX I'padoB

Omnpenenenns. [Iycrs G — opuentupoBantbiii rpad. MuoxkecTBo Bepiiut rpada Mbl Oyem 000~
suavarh uepe3 V(G). Bepmmubt a u b opuentupoBannoro rpada G Ha30BeM CBA3AHHBIMH, €CJIU B
rpacde G cymecTByoT nyti u3 ¢ B b u u3 b B a.

praH(HeHI/Ie 1. HOK&)KI/ITG, YTO OTHOHIIEHHNE CBA3AHHOCTHN dBJIAE€TCd OTHOIIEHHUEM JKBUBAJICHT-
nocrn Ha muokectse V(G),

Onpenenenne. Kiacchl 5KBUBATEHTHOCTH OTHOCUTEIHHO 9TOIO OTHONIEHNUS HA3BIBAIOTCS KOMIIO-
HEHTaMH CHJIbHOI cBa3HOCTH. OpuenTupoBanubiii rpad G Ha3LIBAETCA CUJIBHO CBA3HBIM, €CJ/IH
JIIO6BI€ JAB€ €ro BeplIinHbl CBA3aHbl, TO €CTh Yy HEI'O POBHO OJAHAa KOMIIOHEHTAQ CHJIBHOI CBA3HOCTU. HO—
CTPOMM JIJI HAIEro OpueHTUpoBaHHOTO rpada G rpad KommnoHeHT cuibHOI cBa3HocTu C(G),
BEPIINHBI KOTOPOTO COOTBETCTBYIOT KOMIIOHEHTAM CHJIBHON CBS3HOCTH OpHEeHTHpoBaHHOrO rpada G.
IIposenem B rpade C(G) pebpo V; — V; Torma u Toabpko Toraa, korma B rpade G ecTb X0Ts GBI OIHO
pebpo, HallpaB/IeHHOe OT OJHOIl U3 BepIIMH KOMIIOHEHTH! V; K OJHON U3 BEPIIUMH KOMIOHEHTHI V.

VYupaxkuaenue 2. /g mo6oro opuenTupoBannoro rpada G BBIIOJHIIOTCS CJAELYIONHe YTBep-
KJICHHUS.
a) B rpade C(G) HeT mukios.

6) st siro6oit KoMuonenThbl cuibHOM cBsasnoctu V; rpad G(V;) na Bepmmuax MHOxkecTBa V; €
peopamvu rpada G MexKIAy ITUMH BePITHHAMEI CHJIBHO CBSI3€H.

Omnpenenenne. [lycrs V; — koMmmoneHTa CHILHOIN CBSI3HOCTH OopueHTHpoBanHOro rpacda G. Ha-
30BEM 3Ty KOMIIOHEHTY IIPOMEXKYTO4YHOIA, eciu B rpade C(G) cymectByer pebpo, Bxojgdiiee B V;,
U CYIIeCTBYeT peOpo, Beixoadmiee u3 V;. B mpoTuBHOM ciydae Ha30BeM KOMIIOHEHTY V; KpaiiHeii.

3amaua 3. B opuentuposannoMm rpade 200 BepInuH, U3 KarK/0#i BEPIIHHBI BBIXOJIUT XOTSA ObI
0JIHO PebpO M B KaXK/IyI0 BEPIINHY BXOJUT XOTs ObI OHO peOpo. /lokazkure, 4TO MOXKHO J00aBUTH HE
6osee 100 HOBBIX OPHEHTHPOBAHHBIX peGep Tak, YTOObI 3TOT rpad CTan CUIbHO CBs3HBbIM. (Mexkty
JIBYMSI BEPIIHHAME MOZKET ObITh HPOBEJIEHO HECKOJIBKO pedep.)

Bagaua 4. /Ing cuabHO CBA3HONO OpHeHTHpOBaHHOrO rpada G Ha n BepIIMHAX BBIIOJHAOTCI
CJIeIYIOTIe YTBEPKIeHUSI.

a) CymiecTByer CHJIBHO CBsI3HBII ocToBHBII ToArpad rpada G, B Koropom He Gosee 2n — 2 pebep.

6) Ecaun B rpade G mexy s00bIME JIByMsI BEPIIMHAMHI IPOBEJIEHO He Gosiee OJHOro pebpa, To
CYIIECTBYET CUJBHO CBSI3HBIN OCcTOBHBIN ToArpad rpada (G, B koropom He Hostee 2n — 3 pebdep.

Yupaxkuaeaue 5. /[1s Bcex n > 3 noctpoiite mpuMepsl rpadoB, I8 KOTOPHIX OIEHKU W3 MPE/IbI-
JIyTIeii 3a/1a91 ABJIAIOTCA TOYHBIMHA.

Bamaua 6. a) B mosroM opuenTHpOBaHHOM rpade cylecTByeT raMuJIbTOHOB Iy Th (T.€. MyTh,
MPOXOSIIHT O KayK 10l BepIHHe POBHO OAMH pa3). 6) B MoJIHOM CHIBHO CBA3HOM OPHEHTHPOBAHHOM
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rpade CyImecTByeT raMuJIbTOHOB IUKJI (T. €. IHUKJI, TPOXOJIANINHA M0 KaXKJI0H BEPIINHE POBHO OJIMH
pas).

Bamaya 7. B CHIBHO CBSI3HOM MOJHOM OPHEHTHPOBAHHOM Ipade ¢ 4eThIpbMsl 1 60jIee BepITHHAMA
CYIIECTBYET BEPIMUHA, YIATeHHE KOTOPOl He HAPYIIAeT CHIbHOI CBA3HOCTH rpada.

Yupakaenune 8. [lokaxkurte, 9T0 11 N = O YTBEpkK/IeHUE MPEIbIIYINeil 3a/1a41 HeBEPHO.

Bamaua 9. CTpykTypa KOMIIOHEHT CHJIBHOI CBSI3HOCTH IOJHOIO OPHEHTHPOBAHHOTO rpada mpe-
ctapasger coboit nenn ViVs. ..V, B KoTOpOIt md MIOOBIX ABYX PasJndHbIX KommonenT V; u Vj, rie
© < j, Bce pebpa rpada opuentuposansl oT V; K V.

Bagaua 10. /lan mostabiit opuentupoBanubiii rpad G ¢ n > 7 Bepmunavu. Jlokaxkure, 9T0 B 9TOM
rpade MOXKHO BBHIOpaTh BEPIINHY ¥ U IMOMEHSITh HallpaBJIeHWe BceX pedep ¢ KOHIAMU B U TaK, YTOOI
MOy IYUJICS CUJIBHO CBSI3HBIN OpMEHTHUPOBAHHBIN Tpad.

Yupaxkuaeamne 11. /lokaxKkurTe, 94TO BCe MOJHBIE OPUEHTHUPOBaHHBbIE rpad Ha 3 U D BeplIMHAX
YJIOBJIETBOPSIOT YTBEPZKJACHUIO IIPeIblayIei 3amaun. Halijure Bce mo/HbIe OpHEHTHPOBAHHbBIE T'padbl
Ha 2,4 m 6 BepmuHAaX, IJIT KOTOPBIX 3TO YTBepXKIeHNe HeBEPHO.

OcHoBHasg TeopeMa apudmMeTnKn 11 mons
JJI MHOTOYJIEHOB

Onpenenenune. Ilycrs f, g € Rz]. Muorowren d € R[x] Ha3biBaeTcss OGIIMM [IEJIATEIEM MHO-

rouwrenoB f u g, eciim fid u g:d. Muorounen d Ha3pIBaeTCs HAMOOJJBIIINM OOIUM mejinteaeM [
U ¢, €CJIM €0 CTeleHb He MEeHbIIEe CTeleHu JIIo0oro aApyroro obuero gejureias [ u g. Obo3zHadeHue:

d=(f,9)

Samaua 1. BenomuanTe agroputm EBKAmma s MeabIX 9UCET U MONPOOYHTe TPUMEHHTD €ro K
MHOI'OYJIEHAM.

Bamaua 2. Ilycrs f,g,d € R[x]. [lokazxure, 4T0 CJIeAYIONINe TPU YTBEPKICHUS PABHOCHIbHBIL:

ea)d=(f9);

e 0) pe3yabTaTOM PAbOTHI anropuTMma EBKInga Jjisi MHOTOWIEHOB [ W ¢ ABJISETCS MHOTOMUJIEH,
OTIMYAIONUICS 0T d JTOMHOXKEHUEM Ha KOHCTAHTY;

e B) J1060ii OOTIHIL JIeTUTeTb MHOTOWIEHOB f U ¢ JIeJTUT MHOTOUIeH d.
Bagaua 3. [Jokaxure, uto a) (2™ — 1,2" — 1) = ™™ — 1, 6) (2*" +1,2%" +1) = 1 npu m # n.
Banaua 4 (smueiinoe npeacrasiaenne HOJL). /Tokazkure, 9To0 Jjisi JTOOBIX JIBYX MHOIOYJIEHOB

f u g cymecTBYIOT MHOTOWIEHb U U v Takue, 4to fu + gv = (f, g).
1

603 4+ 7a?2 —2a — 1

3amaua 5. 136aBbTech 0T HPPAIMOHAIBHOCTH B 3HAMEHATE e IpOo0u , TIIe (v —
KOpeHb MHOrouteHa 2x2 4+ x — 2.

Omnpenenenne. Muorouwien f # 0 Ha3bIBaeTCss HEMPUBOAMMBIM, €CJIH €0 HEJIb3s1 PEJICTaBUTh
B Bujie f = gh, tne degg > 0, degh > 0.

Bamaua 6. Toxaxure, uro ecau f, g, h € Rlz| rakossr, uro fg:hu (f,h) =1, 10 g:h

Teopema 7 (ocHoBHasi Teopema apucdmeruru). JI1060H HEHYJIEBONH MHOIOWIEH MOXKeT GbITH
eIMHCTBEHHBIM 00pa30M IPEICTaBIeH B BIAE MPOM3BEICHHS HEMPUBOIMMBIX COMHOXKHUTEIEH ¢ TOTHO-
CTbIO J0 IE€PEeCTaHOBKU U JOMHO2KEHHUA 9TUX COMHOXKHUTEJIE Ha KOHCTAHTHI.

3amaua 8. Jlokaxkure, uTo Jit060it 00mmit JgeuTe/b AByX MHOTOWIeHOB jaeaut ux HO/I.
Bamaua 9. Tlycrs f, g € Q[x]. Tokaxure, uro (f, g) € Q[x].
Bamaua 10. [ycrs [ € Zz], a,b € Z. Hokaxure, uro f(b) — f(a) neaurcs na b — a.

Onpenenenne. OTHOIIEHNE IBYX MHOIOWIEHOB HA3bIBAETCs ajiredbpamdecKoii Apobbro. Ared-
pamdeckas JpoOb, Y KOTOPOil CTelmeHb YUCJIUTE I MeHbIe CTeleHn 3HaMeHaTe/ s, Ha3bIBaeTCsI mpa-
BUJIBHOIA.
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Bameuanne. Koneuno, na camom dese OTHOMEHHE TBYX MHOTOUIEHOB — 3TO JIHIIH CIIOCO6 3amucu
anrebpauieckoit gpoou: Tak, (r?+x) /(22 +2x+1) u x/(x+1) — 310 oHa u Ta #xe apodb. Curyanus Ha-
IIOMHUHAET Hallly BO3HIO C HAIIPABJICHHBMA OTPE3KAMU U BEKTOpAMH, HO €lle ApaMaTUYHee: YKa3aHHbIE
OTHOTIEHUsI ONPEJIENAIOT JaKe pasHole PYHKLUL, TOCKOIbKY X 00JACTH ONpeeaeHns (MHOKECTBA,
rJie 3HaMeHaTesb He obpamaercs B () pa3/inyHbL.

Bamaga 11. [Mounsitaiirech Jarh (4yTh 60Jiee) npasuavHoe onpeneserne aaredbpandeckoil 1poou.
VYkazauue: nocmorpute Ha 3371a49y 130 u3 aucrouka Omuowerus 9K6UBGAEHMHOCTU U 2PYNNLL Npe-
0bpasosarul.

Bamaua 12. a) Pacemorpum anrebpandeckyio apodb L, rie (g1,92) = 1. Jokaxmure, 9ro Ty
9192

JIpoOb MOYKHO HPEJICTABUTH B BUJE CYMMBbI JIBYX Jp0o0eii co 3HaMeHATe MU g1 U go. 0) Y HpaBu/Ibh-
HOil anrebpanmdeckoii Jpobu 3HaAMEHATEe b UMEeT CTEleHb 1 W N Pa3JUYHBIX BEIIECTBEHHBIX KOPHEil.
Jlokazkute, 9TO 3Ty ApOOb MOYKHO TPEJICTABATH B BUJE CYMMBI aarebpamdecKux Apodeil, YucauTenn
KOTOPBIX PABHBI KOHCTAHTAM.

Z[eCﬂTI/IquIe ﬂp061/1 (o mkosiIkHOMY y4ueOHUKY 6 Kiacca) 11 wuona

zyvaem JMHBI IEPUOJIOB M MIPEJINEPUOIOB JECATUYHBIX 3anuceil qpobeit §. Zlcro, uTo BCe ¢BO-
mures K caydao 0 < a < b, (a,b) = 1.

1. JIpobw sBisieTcst kKonewrotli <= b umeer Buj 2"5™.
B dasvretiwwem cuumaem, wmo b # 2"5™.

AaroputMm geeHuMs CTOJOMKOM IIpU HMPABUIBLHOM B3IJIsIJie HA BEIH COCTOUT B CJIEIYIOIIEM.
[Tonaraem ry = a u cautaeM pexkyppentro 10 - 1,1 = bg; + r; (nenenue ¢ ocrarkom). Ilpu sTom ¢; —
i-rag nudpa nocie sanaToi B pasencrse 3 = 0,¢1G2q3 - . .

2. a) /lokazkuTe, 4TO MOJIy9IaeTCs MepHornIecKas Ipodb ¢ mepuogoM He Gosee b — 1.

6) u Jaxke cymMMa JIUTHH [epHOJa U mpejmepuoaa ue Goee b — 1.

Eme ogHO moHMMaHme ajropuTMa JeJIeHus CTOJOUMKOM cocTouT B cieayiomem. leaum ¢
ocraTroM: a - 10% = bQy, + ry,. Toraa @y — umci0, 06pasoBanHOe MepBHIMHI k ImdpaMu moc/e 3amsaToi,
Tx — TO 7Ke caMoe, ITO paHee (TeM CaMbIM T OKA3BIBAETCS OCTATKOM Ipu jedennd a - 10F ma b).

...................................... Coayuaii (b,10) = 1| ..o

3. a) Jokawxwure, uto (r;,b) = 1.
6) Jlokaxkure, 9T0 j/IMHA HEpuojia He peBocxoaut ¢ (b).

4. JlokaxKuTe, 9TO 3aIUKINBaHIeE MPOUCXOAUT Oe3 mpesamnepuosna. llpm sTom aamna mepmoga me
3aBHCAT OT @ ¥ paBHA HamMeHbIIeMy ¢, 1as Koroporo 10° — 1:0.

5. Ilycrs HamMeHbIHil 1epuo/T HEKOTOPOIT TOCIeJ0BATEIHHOCTH PaBeH [, a L — HeKOTOPHIi ApyTOoit
nepuoj. Jlokaxkure, aro L: 1.

Teopema 1. Ilycts a < b, (a,b) = 1, (b,10) = 1. Torza apobs § e umeer mpeanepuona. muna
IepuoJia eCTh HamMenbIee ¢, 1y Kotoporo 108 — 1:b. Ao ¢ apngerca penmrenem (b) u He 3aBUCHT
OT a.

Bameuanue. Ha camom gesie t sBasierca geaurenem L(b).

Bameuanue. [Tepuon apodu 1/b ((b,10) = 1) moxker paBHsTHCs b — 1 TOJBKO JJI MPOCTHIX b.
MHOKeCTBO TAKUX TPOCTHIX THCEJT MPEIIIOI0KUTETHHO GECKOHETHO.

.................................... (b,10) — HPOMBBOIIBHO | .+t vove e ee e e e

6. JIpo6n 0, RTTT ... (R — w3 k undp, T — n3 t wncbp) pasma 15x + 1egror;-

7. Ecim (b, 10) # 1, T0 B JecaTudHOil 3amucu 7 0043aTe/IbHO eCTh IPe/epHOI.

Teopema 2. Ilycte a < b, (a,b) = 1, b = 2°5%V, | = max{z,y}. Torma nepuox apobu § pasen
EePUOJLY JIpodH %, a TPeJIIepro B TOYHOCTH PaBeH [, 1 He MOZXKET OBITh MEHbIIIe.

8. KakoBo HanboibIee 3HadeHne JJIMHBI IIPeJIIepruoia Cpeau BCeX HeCOKPATUMBIX JIpobeil co 3Ha-
meHnaresgem < 20087
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.................................... ’HepuogcyMMm;Lpo6e171

9. Haiigiure nuHy mepuoja cyMMBbL (Pa3HOCTH) JABYX JApobeil u3 3a1aun 6 ¢ oJuHAKOBBIMU K u t.
10. [TpuBeaute npumep apodeit ¢ mpearepuogaMu, MPU CJIOKEHUH KOTOPHIX MPeIepHo/I HCIe3aeT,
a [epUoJ, MEeHbIIe, YeM 00a MepHOoa CJIaraeMbIX.

Teopema 3. Ilepuoj cymwmbi(pasnocru) aByx apobeit siBsercs pesmrenem HOKa nepuosos, a
npeanepuo/] He NpeBOCXOAUT MaKCUMYMa ITEePUOoJ0B.

g caMoCTOATEeJIbHOTO peleHns

11. p > 5 — upocroe uucjo. 3BecTHO, 4TO JIJIMHA HAUMEHBIIErO MMePHOJIA JIECATUIHON 3alucu
japobu 1/p pasua 2n. Jokaxkure, 94T0 €CJU 3TOT NEPUO PA3OUTh HA JIBA N-3HAYHBIX KYCKA, TO CyMMa
quces B 9TUX Kyckax pasHa 99...9 (n gesstok). Hampumep, 1/7 = 0.(142857), 142 + 857 = 999.

I'eomerpusa macc 12 uons

OIPE/IEJIEHUE IEHTPA MACC 1 EI'O CBONCTBA
[Iycte M — mekoTopas TOYKa MJIOCKOCTH W M — HeHyJeBoe umcyo. VMarepuanbHOil TOUYKOit
(M. T.) HazwsiBaeTcsa napa (M, m), u 3TO YUCIIO HA3BIBACTCS MACCOM MaTepuaabHoi Toukn M (cunras,

9TO OHA MOXKeT OBbITh M OTPUIATENbHOI), a cama Touka M — HocureseM 31oif M.T. Mbl gacTo
6yaem nucare mM Bmecro (M, m). IlenTpom macc marepuaibabix Touek my My, moMs, ... m, M,
Ha3bIBAETCSA TaKad TOUYKA £, JIjiT KOTOPOW HMeeT MECTO PaBEHCTBO

leMl + m2ZM2 + -4 ngMn = 6

Teopema 1 (OcuoBHasa Teopema). a) Eciu Touka Z CIyKUT HEHTPOM MACC CUCTEMBI M. T. my My,
moMos, ..., my,M,, upuaem my + mg + - -- + m,, # 0, To npu JoboM BoibOpe Ha 1I0CKOCTH TOYKU O
CIIpaBe/IJINBO PABEHCTBO

my+me+ -+ my

0Z =

6) ObparHo, ecm Xorst Obl i OAHONR TOYKH O BBIIOJHIETCS 9TO PABEHCTBO, TO TOYKA 4 — LEHTP
MaCC JAHHOW CUCTEMBbI M. T.

CraencrBue. /[y KOHEUHO CHCTEMBI M. T. ¢ HEHYJIEBOI CyMMOII Macc MEHTP MAacc CYIECTBYeT U
Olpe/IesIIeTCs OJITHO3HAYHO.

lajiee Be3jie, TOBOpsi O CUCTEME MaTepUAJbHBIX TOYEK, OyJ/IeM IpeJnojararb, YTo CyMMa Macc ee
TOYEK OTJIUYHA OT HYJIS.

Teopema 2 (IIpaBuso psrgara). lenrp mace Z nByx M. 1. myA u meB ¢ HeoTpHIIATEIbHBIME
MaccaMu PacnoJiozkeH Ha orpeske AB, upuuem my |AZ| = my |BZ|.

Teopema 3 (IIpaBusio rpynnuposkmn). [Iycts B cucreme M. 1. my My, moMs, ..., m, M, orme-
4yeHbl k MarepuasbHbIX TO4YeK mqMq, moMs, ..., mipM; u nycrb C' — HEHTP MacC OTMEYEHHBIX M. T.
Ecim Bcro Maccy OTMEYeHHBIX M. T. COCPEIOTOYNTh B X meHTpe Mace C, TO OT 9TOro MOJI0KEeHNe IeH-
Tpa Macc Bceit cuctembl He m3Mmenutcs. Muade rosopst, cucrema mq My, moMs, ..., m, M, umeer TOT
JKe MEeHTP MacC, 9TO U cucreMa M.T. (my + meo + -+ + mg)Cymp1 M1, . .., my M.

SAIAYN

Bamaua 4. B rpeyronsuuke ABC nposenena meaunana AM, touka P — ee cepeuna. [Ipsvas B P
nepecekaer cropony AC B rouke E. Haiinnre, B Kakom otnomenun Touka F et AC.

Bamaua 5. [Iycre ABC'D — Bbinykiiblit yersipexyroiabuuk, K, L, M, N — cepeaunbl cropon AB,
BC, CD, DA. Joka3arb, 410 TOYKa nepecedenus orpe3koB KM u LN saBiasercs cepejauHoil 3Tux
OTPE3KOB, a TaKzKe U CEePeINHONi 0Tpe3Ka, COeIUHSIONEero cepeaunnl guaronaneii AC u BD.
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3anaua 6 (Teopema Yesnr) /lan rpeyronmsuuk ABC, Trouku A;, By, C; nexxar Ha npamoix BC

9 ) 7 b

CA, AB coorsercreerto. /JJokaszarn, uro upsmbie AA;, BBy, CC} nepecekaioTcst B OJHOI TOUKE TOIIa
U TOJIbKO TOTJA, KOIJa

BA, CB; AC
AlC BlA ClB
Bagaua 7. [lycTh BomcanHas oKpyzKHOCTH Tpeyroabanka ABC kacaercs cropon AB, BC', CA B

roukax Cq, Ay, By coorBercreenno. lokasars, yro upsmbie AA;, BBy, CC} nepecekaiorcs B 0JHON
touke (Touka 2KepronHa).

Bamaua 8. B okpyzkHOoCTh Briucan derbipexyrojibiuk ABC'D; M — touka nepecedeHus: ero Jua-
rouaJieit, () — cepeauna cropoub C'D. Beraucub, B KaKOM OTHOIEHUHN JjiesiuT npsimast M () ctopony
AB, ecin u3Bectno, uro AD = a, BC' = b.

3amaua 9. Touku, pazduBaionue KaxKJayio U3 CTOPOH YEeTHIPEXYTOJbHUKA HA TPHU PaBHBbIE YaCTH,
COeJIMHEHBbl TaK, KaK MOKA3aHO Ha pHCYHKe. J[oKaxKuTe, 9TO a) KayKJbI U3 MOJIY-
YEHHBIX OTPE3KOB TaKzKe pa3bUBaeTCss TOYKAME TepeceveHusl Ha TPU paBHBbIE YaCTH;
6) WIOIIA/b CPEJHETO Y€ThIPEXYTOJbHIYKA B JI€BATH Pa3 MEHbIIE [IOMA/U HCXOHOIO
YeTHIPEXYTObHUKA; B) cHOpPMyMpyiiTe n JOKa:KUTe aHAJIOTHIHOE YTBEPK/ICHHUE IJIs1
«cerkuy (2m + 1) x (2n + 1).

g caMoCTOATEJIbHOTO peIrneHns

Bagaua 10. Ha croponax AB, BC,CD, DA Beinykaoro dersipexyronbauka ABC' D B34TH TOYKI
K, L, M, N coorsercrBenno, npuiem AK : KB = DM : MC = awn BL : LC = AN : ND = b.
[Tycts P — touka nepecedenusi orpe3koB KM u LN. Jlokazars, uto NP : PL=aun KP: PM =b.

Bamauga 11 (Teopema Menenast) [laun rpeyrosabuuk ABC, touku Ay, By, C jiexar Ha npsiMbIx
BC, CA, AB coorBercrenno. /Jokasars, uro touku AA;, BBy, CC| nexar Ha OJHOiT IpsiMoii Toria,
U TOJIBKO TOTJIa, KOTJa

BA, (OB, AC,

: : =1
A,C BA OB

Bamaga 12 (Ban-O6ens). Yepes touky M nposegenst Tpu upsmbie AA;, BBy, CCy (Toukn A,
By, Cy nexar na croponax tpeyronbuuka ABC nim Ha ux npojposikennsx). Jlokazars, 4ro

ACH AB, AM

+
C\B B,C MA,

3amaua 13. Ha okpyxkuoctu jgano n Toyek. Hepes meHTp Macc n — 2 TO4YEK MPOBOJUTCS HpsMasd,
HepIieH/TUKY/IdpHas X0pJe, COeIMHA0INIei 1Be ocTaBlInecs TOYKH. /[oKa3aTh, 4TO Bce Takue IIPsIMbIe
MEePEeCceKaloTCd B OJTHON TOYKE.

Bagauga 14. Bricorsr Tpeyronbauka ABC' mepecekatorcs B Touke H. JlokaxkKuTe, 9TO IIpsMbIe
Qitnepa Tpeyronpankos ABC, HBC, AHC u ABH mnepecekaiorcs B OTHON TOUKE.

Buyrpennnii MmareMaTnviecKnii 00ii 12 mions

1. B cesie Bumkuib xkuset 6osibiie 100 gesoBek. zZKuresib cejia Ha3biBaeTCs OOMUTE/ILHBIM, €CJIN
y Hero He menee 100 3HaKOMBIX cpeju ojHocesbian. /JJokaxkure, yro B Bumikujie naiayrcs jmbo jaBa
3HAKOMBIX MEZKIy CO00i OOIINTEeIbHBIX KUTEsI, IM00 ABa HE3HAKOMBIX MEZK Iy COD0I HEeOOINTeThHBIX

KHUTeJId.

2. BoImyKJIbIil 4eThIPeXyroabHUK pa3OuT JuaroHaasMi Ha YeTbipe TpeyroJbHuka. /lokazxkure, 910
psiMasl, COeUHSIONIas TOUYKHU IepecevdeHns: MeJuaH JIBYX MPOTUBOMOJOXKHBIX TPEYyTOJbHUKOB, Mep-
MeHIUKYASIpHA MTPIMOM, COeTUHSIONENR OPTOIEHTPHI ABYX JAPYTUX TPEYTrOJTHHUKOB.

3. MoxxHo Jiu mpu 1000 packpacke ILIOCKOCTH B JiBa IBETAa BHIOPATb OAUH U3 HUX, TOYKAMH
KOTOPOTO PeAJM3YIOTCsl BCE PACCTOSIHUST?
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4. Ha nocke Hammcano MpoW3BOJIBHOe mpocToe umcyao. Kaxkayio munyty Baca mpunuckiBaer K
HeMY ciipaBa 110 1udpe, orandnoit ot 3. MoxkeT jin OH JiejIaTh ITO TaK, YTOObI BCEe BPEMs 110JIYYa/IUCh
MPOCTBIE TUCIAT

5. IlocaemoBaTe/IbHOCTD T1, To, ... 3ajJaHa MpaBUJIAMU: T1 = 2, Tpy1 — HAUOOJBIINNI TPOCTOI
JIEJTATENTh YUCJIA T1Ts - . . T+ 1 ipu Beex n > 1. JIokaxkute, 94TO T,, # 5 HU TPU KAKOM HATYPAJIHHOM 7.

6. I[Tycts {a;} (k= 1,...,n) — n0CJIe10BATEILHOCTD PA3JIUYHBIX HATYPAIbHBIX dncesl. JlokaxKuTe,

YTO BBIIIOJIHACTCA HEPAaBEHCTBO
n n
Qg S 1
IO ED I
k=1 k=1

7. Ilycrs n — marypasibHoe uncao. Haiiaure Bee BemecTBennbie &, y Takue, aro (x+y)" = 2" +y™.

8. Touka D jexur Ha cropore BC rpeyroswauka ABC. Oxkaszajock, yro AD = BC, ZDAB =
ZADB = 40°. Haitnure LACB.

Conps>keHHble Tpeodpa30BaHUd M BCe TaKOoe 14 mons

«Ma, conpazams nado, conpazams nado!l> — ¢ BHyTpeHHHM
BocToprom moBTopu cebe IIbep, ayBCcTBY, 9TO 3TUMU UMEH-
HO, U TOJIBKO 3TUMH CJIOBAMHU BBIPAXKAETCS TO, ITO OH XOTEN

BbIPa3UTh, M Pa3pellaercs BeChb MydJalluil ero BOIpoc.
— Jla, conpsrarb HaJ0, IIOPa COIPATATh.

Jles Toncroti. Botina u mup, 1. 111, «. ITI, IX.

3amaua 1. /lokakurte, 9T0 JIBUKEHUE TIOJTHOCTHIO OIPEJIe/sieTcss oOpa3aMu TpeX TOYeK.

amaua 2. /lokaxurte, 910 J110060€ JIBUKEHWE MOYKHO MPEJICTABUTH B BH/E KOMIIO3UIIMH OCEBBHIX
CUMMETPHH.

Omnpenenenne. Ilycrs G — HekoTopast rpymnmna npeobpa3oBanuii MaOKecTBa M, 1 npeobpa3oBa-
uusg g, h nexar B G. Ilpeo6pazoBanue "g = hogoh™! Ha3bIBaeTCS CONPAKEHHBIM K ¢ P ITOMOIII
h caesa. /Ia snementa f,g € (G Ha3bIBalOTCA compsxkeHubIMu B (G, ecin Haiigerca Takoe h € G,
uyro f = hogoh™l. Anasornuno, suement ¢" = h™' o g o h naspiBaeTCs CONPSKEHHBIM K § IIPH
momoInu h crpasa.

Yupaxkuenne 3. /lokaxure, 4T0

eccmng=f" 10 f=g""; ecmmg="f 10 f=""g;

o o0 = (z")9; M9y ="(%x);

o (woy)! =y’ U(zoy) =" x0%;

(717 = (29)7Y 9(z7") = (%2)7h
og"=""g.

Bagaua 4. J/lokaxKknuTe, 9TO CONPAKEHHOCTL B (G IBISIE€TCS OTHOIIEHHEM SKBHBAJTEHTHOCTH.

O6Go3unauenusi: T, — mapaJ/IebHBIl TepPEeHOC HA BEKTOD G, RY — MOBOPOT HA yros « (mpoTuB
9acoBOit cTpesiku) BOKpYyr Touku O, S; — oceBas CAMMETPHUsSI OTHOCHTEIBHO TPSAMOii [.

Bamaua 5. [lycrs [ —asmxkenne. JJokaxure, uro a) /(T,) = T5(ay; 6) 1(S)) = Spay; B) 1(RY) =
Rf(%), rjie IPU (¢ CTOUT 3HAK «—+» TOTJIA U TOJBKO TOT/Ia, KOTJa f COXPaHseT OPUEHTAIHIO.

Onpenenenne. Ilycrs f — npeobpazosanme muoxkectBa M. [IpeoOpaszoBanue f HasbiBaeTcs ca-
MocoBMeIreHueM nojamuoxkecrsa ¢ muoxkecrsa M, ecyiu MaO)kKecTBO @ 1epexouT B cebs MpU 3TOM
npeobpaszoBanuu, 10 ectb f(P) = P.

Yupaxxaenue 6. /lokaxkure, aro eciiu ¢ C M, To Bce camocoBMelneHus moaMHuoxkecTBa ¢ obpa-
3YIOT TPYIIY IIPeodpa30BaHUii.

Onpenenenne. Ilycte G — rpynna mpeobpasoBanmii muoxkectsa M. Ilommuoxkecrso H C G
HasbiBaeTcst moarpynmoi G (o6ozuadenue: H < (), ecu OHO caMo SBJISIETCs IPYTIOH mpeobpas3o-
BaHUU.
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YacTo MBI OyIeM paccMaTpUBATh CIAEAYIONIYIO cuTyanuoo: G — rpymmna BceX JBUKeHUH MI0CKOCTH,
® — mekoropas 1wiockas durypa. B arom ciydae rpymna camocosmernienuii purypol @ HazbiBaeTcs
rpynmnoii cumMerpuii ®; ona siastercs nmoarpymnmnoii B G.

Bamaua 7. CKOJBKO 9JIEMEHTOB B IPYIie CAMMETPHIl a) IPABUIBHOIO TPEYTOJbHUKA; 6) MPIMO-
YIOJIbHUKA, He SBJISIIOIIErocs KBaJIPATOM; B) KBAJIpaTa; I') PABUILHOTO MATHYTOTHHUKA; J1) TPABIIb-
HOT'O N-YrOJIbHUKA?

YacTo paccMaTpuBaloTCs IPYIIIbI HE 6CET CAMOCOBMelleHuil (purypbl, a TOJIbKO T€X, KOTOPbIE CO-
XPaHAIT 4YTO-HUbyIb.

Yupaxkaeraune 8. CKOJIbKO 371€MEHTOB B I'PYIIIe CAMMETPHIl MPABUJIBHOTO N-YTOJbHUKA, COXPa-
HATOIUX OPUEHTAINIO?!

g caMoCTOATEeIHbHOTO pPenieHus

Bamaua 9. /lokaxkure, 4ro ecau f gABISETCS caMOCOBMeIeHneM moaMuoxKecTBa @, a h — sroboe
npeoGpasoBanme MHOKecTBa M, To " f apmgerca camocosmemenmem moamuoKecTBa h(P).

Bamaua 10. Paccmorpum rpynny npeobpasoBanuii G KOHEUYHOr0 MHOXKecTBa M, COCTOAINLYIO U3
Beex ero mepectanoBok. a) Ilyers f,h € G. Jloxaxkure, uro f u " f umeror ogun u TOT ¥Ke MUKICHHBII
tui. 6) /Jlokazkure, 910 Jijis JIOOBIX IBYX MepecTaHoBoK f, g € (G, UMEIONHUX OJINHAKOBBI IIUKIeHHBII
THII, HaiifeTca mepectanoBka h € G Takad, uto g = "f. B) BepHo am yTBepKaeHme myHKTa 06, eCom
(G — rpymnmna npeoOpa30BaHmil, COCTOAIIAA He U3 BCEX MEPECTAHOBOK, & TOJBKO U3 YETHBIX !

3amaua 11. Jlokaxkurte, 910 JII00OE JIBUXKEHHE MOYKHO IPEJ/ICTABUTH B BU/Ie KOMIIO3UIIMKU He DoJiee
4eM TPeX OCEeBBbIX CUMMETpPUI.

Mmuoro4JjieHbl HaI Z 14 momns

Bocnomunaausg. OTHBIHE MBI Oy1eM pacCMaTpUBaTh MHOTOUIEHBI ¢ KO MDUIIHEHTAMI HE TOJTHKO
B R, HO U B Apyrux 4uca0BLIX cucremax, HampuMmep, B Q u Z. Ilycte K — Takast 9uca0Basi CUCTEMA;
qepe3 K[z] mbl Gyaem 0603HaMaTH MHOKECTBO BCEX MHOTOUIEHOB ¢ Kodddunmentamu n3 K. Koneuno,
n060it Mmuorousten uz K |[x] ssasercsa n muorounenom nag R, ro ects K[x] C R[z]. Ho apyrue nousitus,

HAIpUMeP, HEeNPUBOAUMOCTb, MOI'YT M3MEHHUTLCS IpHu mepexone or R k K: MHOroWwIeH Ha3bIBACTCS
HEIIPUBOANMBIM HaJ K, eciu ero Hesb3sl HPEeJICTABUTh B BUJE MPOU3BEIEHHUSA ABYX MHOTOWICHOB
CTeIleHN BBIIIE HYIeBOil ¢ Koaddurmentamu u3 K.

Bamaua 1. Ilycrs f € Z[z]. Jokaxkure, 9to s 006X neavix a # b uncno f(b) — f(a) pennrcs
Ha b — a.

Bamaua 2. [Iycrs f(z) = a,a™ + - - - + ag — MHOTOUWIEH ¢ neabiMu Kodddurmentamu. JlokaxKuTe,

910 ecn f UMeeT pannoHAJbHBI KOpeHb p/q (31ech p/q — HecoKpaTnmasi Apobb), TO a) dg P U ay, * q;
6) MHOTOWIEH f MOXKHO MpeJCTaBUTh B Buje [ = (qr — p)g, vae g € Z[x].

Bamaua 3. Ilycrs g, h € Z[x] u f = gh. U3BecTHO, 4TO HE BCe KOID(DUIMEHTHI § Y€THBI U HE BCE
ko durmentsr h gerunl. [lokaxkure, 910 He Bce KOIDDUIMEHTHI [ 9eTHBI.

Ounpepenenne. Conepxkannem Muorowiena f € Z[x] HasbiBaeTcs HAMOOMbIIUI OOIIHIA /e/i-
Tesib ero koadbdunuentos (o6o3uadenue: ¢ f)). MHOrouIeH HA3BIBAETCsSI TIPUMUTUBHBIM, €CJIU €r0
cojiepzkanme paBHo 1.

Vupaxkuenue 4. Jlio6oii muorounen [ € Zlx| moxno npeacrasuts B Buge f = c(f)f1, tae f1 —
IPUMHTUBHbI MHOTOY/ICH.

Bamaua 5 (JIemma laycca). [IpousBeenne npuMHTHBHBIX MHOTOYIEHOB TPUMUATHBHO.
Caencrsue. c(fg) = c(f)c(g).
Teopema 6. Ecimm muorounen f € Z[x] nenpusogaum nazx Z, To on menpusogum Ha Q.

Teopema 7 (kpurepuii Ditzenmreiina). [Iycrs Bee koadhdunmeHTs MHOTOWIEHA HAL Z, KPOME
CTApIIero, JeJdTcs Ha MPOCTOe YHCIO P U CBOOOTHBIN HWaeH He AeauTcd Ha p°. JIOKayKuTe, 9TO 3TOT
MHOI'OYJIEH HEIIPUBOAUM HaJ Z.
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g caMoCTOATeJIbHOTO pelreHns

Bamaua 8. /Tokaxure, uro muorownen 2P~ + -+ + z + 1 nenpusogum nas Z (31ech p — mpocroe
THCII0).

Bamaua 9. [Tycrs f € Z[x| npunumaer nenbie 3nauenns +1 npu AByX Pas/MYHbIX HEJIbIX 3HAYEHU-
ax a, b. Jlokaxkure, 910 a) ecsm |b—a| > 2, 10 f He mMeeT pannoHaIbHBIX KOpHeii; 6) ecsm |b—a| < 2,
TO PaNUOHATBHBIM KOPHEM MOZKeT ObITh Jiuib (b + a)/2.

3amauga 10. [Iyctb aq,as,...,a, — pasjudHble mnejable ducia. /okakure, 9T0O MHOTOYJIEHbI
a) (x —ay)(r —ag)...(r—a,) —1;
6) (x —ay)*(x—a)*...(x —a,)*+1

HENPUBOIAUMBI HAJL Z.

HacaencrBenHoe cBOICTBO 15 mons
n Teopema Typana

Omupenesienne. CpoiictBo P Ha3blBaeTcss HACJIEACTBEHHBIM, €CIU s JI000ro 00J1aaro0Iero
csoiicrBom P rpadra G mob6oii moarpad rpada G rakke obsagaer cBoiictsom P.

Bamaua 1. a) Ilycte P(n) — maubGoubinee konmvecTBo pebep B rpade ¢ n BepmmHaMu, 06J1a/1a0-
UM HaCJeICTBEHHBIM cBoiicTBOM P. JlokaxkuTe, 9TO

n

P(n) < P(n—1).

n—2
Haiiure mpu moMoIu myHKTa a) HaubGosIblee KOJIn4ecTBo pebep B rpade Ha n BeprinHax 6e3

0) TPeyroJabHUKA;

B) nostHoro rpada Ha 4 BepinHax;

r) moJiHoro rpacda Ha 4 BeprmHax 6€3 OIHOTO pebpa.

1) (Teopema Typana) [lokazkure, uro B rpade Ha n BepmuHax 6e3 moaHoro nojarpada na k + 1
BepIuHe He Dojee deM

(s* — 2sm — s + m*k* — m?k + 2smk)

CHm+1)>+ C;_m® + s(k — s)m(m + 1) = % :

pebep, e m u S — COOTBETCTBEHHO HEIOJIHOE YaCTHOE W OCTATOK OT jejeHust n Ha k. Ilpusemure
npumep rpada, st KOTOPOro OIeHKa SBJIAeTCS TOYHOM.

BapbpupoBanue 15 uons

Bamaua 1. /lan tpeyroapauk ABC. [TocTpouTh KBajpart, 0JHA CTOPOHA KOTOPOTO JIEZKUT Ha MPSsi-
Mmoit BC', a ji1Be IPOTUBOIO/IOKHBIE BepiinHbl — Ha cropoHax AB u AC.

3amaua 2. BHyTpu TpeyroibHHKa pacloyiokKeH OTpe30K. /loKaxKuTe, 9TO ero JJIMHA He MPEeBOCXO-
JIAT JIAHBI HAKOOJIbIIEH CTOPOHBI TPEYTOIbHUKA.

Bagaga 3. BayTpu mapasiesorpaMma pacioJioxKeH TPeyroJbHHUK. J[0KaKuTe, ITO ero ILIona b
He IIPEeBOCXOIUT MMOJIOBUHBI ILTOMIAIH [TapaJLIeIOrPaMMA.

Bamaua 4. [TocTpoiiTe TpeyroabHuk, y Koroporo my > 1004 > 100h 4, tae mg,la, hy — cooTBet-
CTBEHHO MeJHaHa, OMCCeKTPHCa U BBICOTA, IIPOBEIEHHbIE W3 BEPIIUHLI A.

Bamaua 5. a) Jlokaxkure, 9T0 €CJIU CyMMa JBYX MOJOKHUTEIHHBIX HCEJT MTOCTOSTHHA, TO UX POU3Be-
Jenue OyeT HanbOJIBITNM, KOT/Ia ITH Yic/Ia paBHbl. 6) JloKakuTe, 9T0 eCau CyMMa 71 MOJOKUTEThHBIX
quces MOCTOSHHA, TO UX HPOU3BeJeHue OyneT HaubOBbIINM, KOIJIa 9TH YHCIa PaBHBL. B) JloKayKkuTe
HEPABEHCTBO MEXKJy CPeJTHUM apu(pMeTHIeCKUM B CPEJIHUM T€OMeTPUICCKUM:

ar+az+---+a,
n

> Majas. .. ay
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Bagaua 6. Tpeyronmouuku ABC] u ABCy umeror obmee ocuHoBanne AB n LACYB = ZACyB.
Hokaxure, aro ecsim |[AC, — C1B| < |ACy — CyB|, To: a) mwiomazap rpeyrosibhuka ABC) Gosbiie
mwiomau rpeyronbauka ABCy; 6) mepumerp Tpeyronbanka ABC) Gosbiie nepuverpa TpeyroJbHuKa,
ABCs.

Bamaua 7. Jlokazkure, 9T0 &) CPeJIM BCEX TPEYTOJIbHIUKOB, BIMCAHHBIX B IJAHHYIO OKPYKHOCTH, HAl-
GOJIBIIY IO TIIOMIA/b UMeeT MPABUIbHBIN; ) Cpei BCeX Nn-yroJbHUKOB, BIMCAHHBIX B JJAHHYIO OKPY K-
HOCTb, HAKOOJIBIIYIO TLJIOMIA/H UMEET TPABUIBHBIN; B) CPEJIU BCEX N-YTOJbHUKOB, BIIMCAHHBIX B JAHHYIO
OKPY?KHOCTb, HAUOOJIBIIKII IIEPUMETP UMEEeT HPABUJIBHBII.

3amauga 8. Ha miockocTu JIaHO 1 KPACHBIX M 1 CHHUX TOYEK, HUKAKKE TPU U3 KOTOPBIX HE JIeXKaT
Ha OJHOI mnpsimoii. JlokaxkuTe, 9TO MOXKHO NPOBECTH N OTPE3KOB C PA3HOIBETHHIMU KOHIIAMU, HE
AMEOINAX OOINUX TOYEK.

s caMOoCTOdATEeJIbHOTO peleHus
Bagaga 9. Ilycre k,n — wnarypanbebie [ucjia. [y mpPOU3BOIBHBIX MOJOKHUTETbHBIX HYHCET
a11, (12, - - - , Qkp JTOKAZKUTE HEPABEHCTBO

(alfl+a’f2+--~+a’fn)...(al,§1+a£2+--~+a§n) > (anagl...akl+~--+a1na2n...akn)k.

Bamaua 10. Ha mnockoctn manbr 2008 Touek u 2008 mpsambix. JlokaxkuTe, 9TO TpsSIMble U TOUYKH
MOKHO 3aHyMepoBaTh yucjaamu ot 1 j10 2008 tak, 4To0bl HepHeHIUKYIIPbl, OIYIIEHHbIE U3 1-0i TOUYKH
Ha 1-YIO PAMYIO, He TIePeCeKaInCh.

Kuraiickass Teopema 00 ocTaTKax 15 mons

Teopema. [lyctrb mq, mo, ..., My — HOHAPHO B3aUMHO 1pocTbie yucia, 0 < r; < m; — HEeKOTOPbIi
HAbOP OCTaTKOB 1O MOAyssiM m,;. CymiecrByer wucyao N, jpafoliee 0CTaTOK 7; UPHU JICJIeHUH Ha 1M JIJIs
Beex ¢ = 1,..., k, npuduem JTI0OBIE JBA TAKUX YUCIA CPABHUMBI 110 MOIYJIIO M = My . .. M.

Ilnnan moka3sarejbcTBa:

e JlokaxkuTe, 94TO JIOOBIE JIBA TAKUX YUCJIA CPABHUMBI 110 MOJLYJIIO 1.

e Paccmorpum orobparkenne 7: Ly, — Ly, X -+ X Ly, , comocTapisionee octrarky A mo mosy-
0 m Habop ocrarkoB (Amodmy, ..., Amodmy) no momyaam m;. IIpeaplymuii myHKT TJIACHT, 9TO
9TO OTOOpazKeHne MHbLEKTHBHO. CpaBHUTE MOIIHOCTH OOJACTU OIpEJIe/JeHHs U O00JACTU 3HAUEHUH T
U cjieslaiiTe BbIBOJ, YTO OHO OMEKTUBHO.

e Bonyc: Jlokaxkute, 4TO MpH OTOOPaXKEHWH 7 OOpPATUMbIe OCTATKUA B Z, COOTBETCTBYIOT Ha-
OopaM OCTATKOB 10 MOJY/ISAM Z;, B KOTOPBIX BCE OCTaTKH OOpaTwMbl. BbuIBeamTe OTCIOHA €Ie OIHO
JIOKA3aTe/IbCTBO MYJIBTHIIMKATHUBHOCTH (DYHKINHN Diljtepa.

DTO J10Ka3aTeIHCTBO XOPOIITO BCEM, KPOME TOTO, YTO OHO HE JAaeT BO3MOKHOCTH JIJIsT TIPSIMOiT KOH-
CTpYKIuu ucaa V.

BTopoe moka3aresibCTBO: HH/YKIWS 110 k CBOIUT BCe K CJIy4aro k = 2, 1 TyT MOMOraeT JIHHeiHoe
npeacrasiaeane HOJI.

JJ1s caMOCTOSATEILHOIO PEeIIeHUs
Vupaxkuenue 0. Haiijure Bce Harypasibhbie o, takue uro £ = 2 (mod 12), z =3 (mod 5), x =5
(mod 7), x =7 (mod 143).
Banmaua 1 (Tperbe gqoKa3aTebCTBO KUTalckoii Teopemsbl 06 ocrarkax). [lycts M; = m/m,;,
a x; — OCTaTOK, oOpaTHbIil K octaTky M; mo momymaio m,. lokaxwure, aro uucio N = Zle M;x;r;
JAeT OCTATOK T'; IO MOJIYJIIO M; I BeexX @ = 1,..., k.
Bamaua 2. [na MOMAPHO B3AMMHO MPOCTBIX THCET 1111, My, - . ., My NOKAZKITE, 1T MO0YI0 TIpa-

BUJILHYIO ﬂp06b BUJa —— MOZKHO 3aIlCaThb B BHU1€ aﬂre6panquKoﬁ CYMMBbI (C y4aeToM 3HaKa)
mime ... Mg

LpaBUJIbHBIX Apobeil Buga n;/m; (i =1,....k).
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Samaua 3. [Ipu KakuxX HATYpaJTbHBIX 71 CYIIECTBYeT UHCJIO0, KOTOPOe NpH IeJeHHH Ha UHCIa
1,2,...,n maer poBHO N — 3 pa3In4YHBIX ocTaTKa?

Samaua 4. Yucio Ha3biBaeTCss CBOOOAHBIM OT KBAaJAPATOB, €CJIU OHO He JIEJTUTCS Ha KBaJIpaT
HaTypaJabHOTO Umcaa, bonbIirero 1. Ilpn Kakux n HaiigeTca n moc/1e10BaTeTbHBIX THCE, He CBOOOTHBIX
OT KBaJIPaTOB.

Bagaua 5. JI1g Kakoro HaumOOJIBIIEro 1 HAMAETCsS N MOCTeI0BaTeMbHBIX HATYPAIbHBIX YHCET Ta-
KIX, 9TO CyMMa Iudp MepBOro JeJIUTCa Ha 1, cymMMa mudp BTOPOro JEJUTCS Ha 2, ..., cyMMa nudp
N-ro JeJIUTCsa Ha N’

Packpacku rpadoB n Teopema Bpykca 16 uons

Bagaua 1. Crenensn Jj11000it Bepmumnbl rpada we npesocxoaut d. /lokaxkure, 9TO €ro BepIIUHBI
MOZKHO TOKPAcuTh B d + 1 BT NpPaBUIBHBIM 00PA30M.

Bapgaua 2. /lan opuentupoBaHHbiil rpad, U3 KaxK/10il BepIIMHBI KOTOPOIO BBHIXOAUT HE Oojiee d
pebep. Jlokazkure, 9TO €ro BePIIMHBI MOYKHO IPABUIBHBIM 00pa3oM pacKpacuTb B 2d + 1 mBer.

Bamaua 3. Cremnenb J000it Bepmuuabl rpada He mpeBocxoauT d. JloKaxKuTe, UTO €ro BepIIHHBI
MOKHO PacKpacuthb B d? + 1 user Takum 06pa3oM, 4TOObI PACCTOSHEE MeK/Ly JIOOBIMHI JIBY M BePIId-
HaM¥ OJMHAKOBOIO I[BeTa OBLIO Dojiee AByX pebep.

Samaua 4. Ctenenn BcexX BEPIINH CBI3HOTO rpada He mpeBocxoadar d. /JlokazKuTe, ITO ero BepIiu-
HbI MOZKHO HPaBHJILHBIM 00pa30M PACKpacuTh B d IBETOB, €CJI1

a) ecTh BepIHHA, UMEIOIasl CTelleHb MeHblle, YeM d;

6) ecTh BepITHHA, IPU yIAJ€HHN KOTOPOil rpad TepsierT CBSI3HOCTB;

B) d > 2 W eCcThb JiBe BEePUIMHBI TAKWe, YTO IPU yIATEHUN UX 000X rpad TepseT CBA3HOCTD;

I) €CTh TPH BEPIIUHBI U, U U W TAKWE, UTO U CMeYKHA C U W W, BEPIIUHBI U U W HE CMEYKHBI U MPH
yJIaJI€HUN BEPIIMH ¥ U W CBA3HOCTb HE HAPYIIAETCS.

1) (Teopema Bpyxkca) Crenenn Bcex BepiinH CBA3HOIO rpada, He sIBISIIONIErocst HeYeTHBIM TIHK-
JIOM U ToJTHBIM Tpacdom u3 d + 1 BeprmmHbl, He mpeBocxoadaT d. /Jlokazkure, 9TO €ro BepITHHBI MOYKHO
PaCKpacuTh B d MBETOB MPABUILHBIM 0OPa30M.

T'omoTerusa 16 mons

Onpeapenenne. l'omorerueii ¢ nearpom B Touke O n kKo3ddumenTom k Ha3bIBaeTCs Mpeodpa-
3oBamme miaockoctn HE, koTopoe xaxmyio Touxy M mepesogut B Touky M’ = HE(M), nas xoropoit
BbImosiHeno pasenctso OM' = k- OM. Bynem roBoputb, 4T0 aBe (GHIYPH TOMOTETHYHBI, €C/IH
CYIIECTBYET I'OMOTeTH, IIePeBOAAILas OJJHY B JIPYTYIO.

Yupaxkaerue 1. /lokaxkute, 9T0 mpeodpaszoBaHue BEKTOPOB IIJIOCKOCTH, HH/LYITUPOBAHHOE IOMO-
TeTueil, COCTOUT B YMHOXKeHUH Ha k.

Yupaxkaeaune 2. /[okayknuTe, 9TO IPpA TOMOTETHH IpsIMble TEPEXOIAT B MapaJiiebHble MpsAMbIe,
OKPYKHOCTH — B OKPYZKHOCTH.

Bamaua 3. a) Kaxoe npeoGpazopanue sijisiercss ooparubiM K HE? 6) Yem spjisiercss KOMIO3UIus
ko k1 9

Hey o Hp

Vupaxkuenue 4 (npsmas Ditmepa Bo3Bpamaercsi). C MOMOIIBIO TOMOTETHH JIOKAZKHUTE, 9TO
OPTOIEHTP, IEHTP ONMUCAHHOW OKPYXKHOCTU W TOYKA TepeceveHns MeJaH TPeyrojJbHUKa JexKaT Ha
OJTHOI TIPAMOIA.

Bamaua 5 (Teopema o Tpex Kosmakax). Obiiue BHellIHIe KacaTeJbHble K ITapaM OKPYZKHOCTelH
S1m Ss, S u S, S3u S; nepecekarorcs B roukax A, B u C' coorBercrenno. Jlokaxkure, 910 Toukn A,
B u C' nexar Ha 0IHOI IPSMOIA.

Bamaua 6 (memma Apxmmezna). B okpyzxkuocru € nposenena xopiaa AB. OKpyKHOCTH W Kaca-
ercst Xopabl AB B Touke P u okpyskHOocTH ) B Touke (). [Tokarkure, uro P() TPOXOIUT Yepe3 CepenHy
nyru AB, He comepzkarieii Toukn ().
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Bamaua 7. [Iycte R — pajauyc onucanHoii okpy:kHocTH Tpeyroyibiuka ABC, a r — pajuyc Brnu-
cannoii. /lokaxkure, uro R > 2r. B Kakux cjydasgx JOCTUTIaeTCs PaBEHCTBO?

Bamaua 8. Orpesok AB nepecekaer jBe paBHbIE OKPYXKHOCTH W MapaJljiejIeH IPIMOii, MPOX0/isi-
el yepes uxX HEHTPHI, TPUYEM BCe TOYKH MEPECeYeHNsT OTPE3Ka C OKPYKHOCTSIMU JiexKaT Mexay A
u B. Uepe3 Touky A mpoBOagTCsS KacaTeslbHble K OKPYKHOCTH, OmzKaiimeiit Kk A, yepes Touky B —
KacaTeJIbHbIe K OKPYZKHOCTH, OymzKaiiimeit Kk B. OKa3aaoch, 9TO 3TH YeThbIpe KacaTeabHble 00pa3yoT
YeTHIPEXYTOJbHUK, COMEPKAIIIi BHYTpH ceOs 00e OKpPYKHOCTH. JIOKaKuTe, 9TO B STOT YETHIPEX-
YIrOoJIbHUK MO2KHO BIIMCAaTb OKPY2KHOCTD.

Bagaua 9. Buucannas okpy:kHOCTH w Tpeyroibuunka ABC kacaercs croponbsl BC' B Touke X.
Touka Y OKpyKHOCTH w JIHaMeTpPaIbHO MPOTHBOMONIOKHA Touke X . Ilpsamas AY mepecekaer cTopo-
ny BC B rouke Z. Jlokaxure, uro BZ = C'X.

Samaua 10. /lokaxkute, 9T0 B JIFOOOi BBIMYKJIBIi MHOTOYTOJTBHAK MOYKHO ITOMECTHTDH JIBA MHOTO-
YTOJIbHUKA, TOI00HBIX HCXOIHOMY ¢ KOIDDUIIIEHTOM % Tak, 9TOOBI OHU HE UMeTU OOIINX BHYTPEHHHUX
TOYEK.

Bamauya 11. Tpu oKpyKHOCTH OJMHAKOBBIX pPAJNycOB BuucaHbl B yriael A, B, C' TpeyroibHuKa
ABC. YerBepras OKPY2KHOCTb KACAETCsl BHELIHUM 00Pa30M BCEX ITUX Tpex OKpyzkHocreii. Jlokaxkure,
4TO €€ LEHTP JIeXKUT Ha LIPAMON, HPOXOJAdIIeil Yepe3 HEeHTPbl BIMCAHHONW U OIMCAHHON OKPY2KHOCTEH
rpeyrosbanka ABC.

Bagaua 12. ITycrs M — unenrp macc n-yrojabauka Aj ... A,; mig kaxaoro k nycrs Touka My —
nenTp mace (n — 1)-yroJbHUKa, MOJIYIeHHOTO M3 3TOTO N-yrOJHHUKA BHIOPACHIBAHUEM BEpUIMHBI Aj.
Jokaxkure, uro Muoroyroabuuku A; ... A, w My ... M, roMmoreTudHbI.

Maremarudeckuii 6oit mpodpu-7 — npodn-8 17 mons

1. B ogHOKpyroBoM BOJICHGOJBLHOM TypHHpE ydacTBoBaau 14 xomann. Humepecroti Ha30BeM KO-
MAaH/Ly, BRIATPABIILYIO0 HEUETHOE YUCIO0 MAaTIei, a 0coberntoti — KOMAHLY, BLIATPABILYI0 HEUETHOE YHCIIO
mar4eil y narepecubix. JJokazkure, 4o uncsio ocobeHHbIX KoMman derHo. (Hamomuum, ato B BOJeii-
6oJ1e HHYbUX He ObIBaeT).

2. Haiigiure Bce perennst B HATYpasibHbIX wyucyiax ypasuenus HOK(z,y) =z +y + 24.

3. Touka D nexut Ha ocnoBaunu AC' paBHoOeapenHoro rpeyroabauka ABC. Touku E u F' tako-
BBI, UTO cepeauHa orpes3ka DE nexxur na orpeske AB, cepenuna orpeska DF nexkut Ha orpeske BC
un/EDA = /ZFDC'. Cepenuna orpe3ka FF touka K nexxut Buyrpu Tpeyroiabunka ABC. JlokaxKure,
uro LZABD = ZCBK.

4. JlopoKKu mapKa uayT BI0JIb KPaeB JIBYX KBaIPATHBIX FA30HOB ¢ OJHOiT 0b611eit cropoHoit. Bokpyr
ra30HOB (KaxK/Iblii BOKPYI' CBOEI'O) LPOTHB YaCOBOH CTPEJIKH IYJISIOT € HOCTOSHHBIMU CKOPOCTSIME
Barcon u na 20% Gbicrpee nero XoJmc. Bpema or BpeMeHu oHE BCTpedaloTcs: Ha obuieil Jopoxkke. Bo
BTOPOIi pa3 OHM BCTpeTWJHCh depe3 10 MUHYT mocje mepBoro, a B Tpetuit — depe3 10 MuHyT mocse
BTOpOro. Yepes Kakoe BpeMs OHU BCTpeTSTCd B 4-if pas?

5. Muoroyroipauk (He 006s13aTeJbHO BBIMYKJIBIH) yaag0ch paspe3arh Ha 20 MEHBIINX DaBHBIX
MHOTOYTOJIbHUKOB, MO00HBIX HCXOMHOMY. OOs3aTe/IbHO JIN MUCXOIHBIE MHOTOYTOJBHUK — MapaJiie-
Jlorpamm?

6. HazoBem Kuprnudom mpsMOYTOJIBHBIN MapaJlIesenumne/l, y KOTOPOro JJINHA, IMUPUHA U BBICOTA
pazndubl. MOXKHO JiM MOBEPXHOCTH KaKOTO-HUOY/Ih KUPIHYa OKJIEUTH 0e3 MepeKphITHil naThio Oy-
MazkHbIME KBajparamu? (KBaaparsl MOKHO meperunbarh depes pebpa, pa3mMepbl UX He 06s3aTebHO
OJINHAKOBHI ).

7. Yucao N paBHO TPOU3BeIEHUIO TTEPBBIX k TPOCTHIX unces. /lokaknure, 910 J1i1000€ HATYPATHHOE
qucao, Menbinee N, MOKeT OBITH MPEICTABACHO KaK CyMMa HECKOJbKHX PA3JHIHBIX HATYPATbHBIX
nenuresaeit N.
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8. Ha kmeruaroit mocke 8 x 8, BHauase mycroit, Oca nu Kuca xomar mo odepemaun. CBOUM XOIOM
Ocsg ormeqaer or 1 710 9 mosteit kpectukamu. Kuca ¢cBonm X0j10M BeIOMpPAeT JII000H COCTABICHHBI U3
OTMEYEHHBIX TI0/Ieil MPSIMOYTOILHUK, W CTHPAET B HeM Bce KpecTuku. Ocsi BBIMTPAET, €CJIU B KAKOH-TO
MOMeHT Oyqer ormeueno kpectukamu N nosteit. Ilpu xkakom mambonbimem N Kuca me cMmoxker emy
MOMeIaTh !

9. daunr 9 aucen ag,as, . . ., ag. VI3BecTHO, 9TO cpeau MOMAPHBIX CyMM @; + a; (I # j) KaK MHHH-
MyMm 29 nenbix. /lokaxkuTe, 9TO Bee unucaa 2ai, 2as, . . ., 2a9 — TeJIBIE.

10. Paznoxure Ha aBa HenocTosHubx Muozkurens: 1 + 10+ (1 + x)10.

Marematudeckuii 60ii npodpu-8 — npodu-9 17 wmons

1. ITycre P — rtouka, Jexamiast BaHyTpu Tpeyroabauka ABC, a D, E, F — ee oproroHajbHbIe
npoeknun Ha npsmeie BC,CA u AB coorBercrBenno. Haiitu Bce Touku P, j1j1s1 KOTOPBIX CyMMa

BC n CA +AB
PD PE PF

MUHHUMaJIbHA.

2. Jlan muorownen f(x) ¢ nenpimu Kodddunuentamu. I3BecTHO, YTO ecm i HATYPAJbHBIX
vucen a u b uucna f(a) u f(b) B3anMHO POCTHI, TO @ U b TaKzKe B3AUMHO TPOCTHI. JloKazKuTe, 9410 160

f£(0) =0, mmbo cymecrByeT Takoe HaTypasabHoe 9ucya0 d > 1, uro f(n):d npm Bcex HATYPAIBHBIX 7.

3. HazoBeMm c10BOM JTH00YI0 KOHEUHYIO MOCTEI0BaTeIbHOCTL OVKB A 1 B. EcTh 1Be omeparun maz
CJIOBAMHU: IEPBasi — BCTABUTD B JIIOOOM MecTe ¢jIoBa OYKBY A, a B KOHIIE CJIOBa — Bj; BTopast — BCTaBUTH
B JioboM Mecte cioBa AB. JlokazkuTe, 970 MHOZKECTBO CJIOB, KOTOPbIE MOYKHO MOJIyIuTh U3 cjioBa AB ¢
MTOMOIIHIO TIEPBOIi OMTEPAINH COBIIAIAET C MHOYKECTBOM CJIOB, KOTOPBIE MOYKHO TOJYINTh n3 cioBa AB
C ITIOMOIIIBIO BTOPOU OIEepaIn.

4. Ilycrs G—rpad, Bce crenenn BepIimH KOTOPOro He MeHbIrne aByX u He Oosibime 100. Jlokarku-
Te, YTO €ro BepPIINHBI MOYKHO PACKPACHTb HPAaBUIbHBIM 0oOpa3oMm B 104 nBera Tak, 9YTOOBI He OBLIO
BEPIIUHBI, BCe COCETN KOTOPOil OHOTO IIBeTA.

5. [lyctb n, p,q — HaTypaabHble YuCga U N > p + ¢q. PaccMorpum neseie gucia 21, . . . , £,, TaKue,
49T0 To = T, = 0 ¥ x; 11 — x; paBHO JIUOO P, MNOO —¢q JJId J1I0OO0TOo 7. /loKazKuTe, 9YTO CymecTByeT mapa
(4,7),1 < j, ormmumas ot (0,n), Takas, 910 T; = ;.

6. B okpy’KHOCTH NMpOBEJIeHbI nepheHukyasipabie quamerpbl AB u C'D. U3 rouku M, nexameit
BHE OKPYZKHOCTH, IIPOBEJIEHBI KacaTeIbHbIe K OKPYKHOCTH, Iepecekaroriue npsamyio AB B Toukax F

u H, a takxke npaveie MC' u M D, nepecekatorue npamyio AB B Toukax F' u K. Jlokaxwure, 94T0O
EF =KH.

7. CyMMa HOJIOXKUTEIbHBIX Yucea x,y u 2 paBHa 1. Jlokaxkure, 910

()

8. lmeercsa kBajpar KjaeTdaToit Gymaru pasMepoM n X 1 KJIETOK U CBs3Hast (pUrypa Hem3BeCTHOI
dopmbl, cocTosmas n3 n— 1 Kiaerku. /lokazKuTe, 9TO U3 3TOr0 KBaJpaTa MOYKHO C TapaHTHell BHIPe3aTh
yeTbipe Takux hurypsl. Purypa, cocTaBieHHAS U3 KJIETOK, HA3BIBAETCS CBA3HOI, €CIU JIIOObIE JIBe eé
KJIETKU MOZKHO COEJIMHUTD IENOYKOI €€ KJIeTOK, B KOTOPOil JIToObIe JIBe COCe/iHIe KJIETKU UMEIOT OOIILY IO
CTOPOHY.

9. Ha mnockoctu BeiOpano 2008 Touek. /lokakuTe, 9TO Cpeau MOMAPHBIX PACCTOAHMUI MKy HUMH
xot1st Obl 40 pa3/IMYHbIX.

10. Kenrypy mpbIraer mo y3JjaM KJIe4aToil CeTKH TaK, UYTO BCe ero MPBIZKKH UMeIOT OJIMHAKOBYIO
quuHy. MoyKeT Jin OH BEPHYTHCSA B UCXOTHYIO TOUKY depe3 239 MPBIZKKOB?
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KBaﬂpaTI/I“IHbIe BblYe€TbIl 19 wmona

Janee Be3nne p — Heuemmoe TPOCTOE TUCIO.

Onpegenenune. Yuciio a, He Jieisdinieecs Ha p, HA3bIBACTC KBAIPATUIHBIM BbIYETOM I10 MO/TYJIIO
p, ecu cymecTByer ¥ € Z Taxoe, 4To a = x> (mod p). B mpoTHBHOM cjlydae YHCIO @ HA3BIBAETC
KBaJIPATUYHBIM HEBBIYETOM TI0 MOIYIIO P.

Vupaxkuenune 0. [lycts 22 = 1 (mod p). [loxaxkure, uro 6o z = 1 (mod p), mbo v = —1
(mod p).

3apaya 1. /lokaknTe, 9TO eCIM p — HEYETHOE MTPOCTOE YNCIIO0, TO MO MO0 P CYIIECTBYeT POBHO

-1
L KBaJpaTUYIHbBIX BbIYE€TOB M CTOJIbKO K€ HEBLIYETOB.

2
Bamaga 2. Jlokaxkure, 9TO JJIsi JAHHOTO MOJYJISl P a) MPOU3BEEHHE /IBYX KBAJAPATHIHBIX BbIUe-
TOB — BBIYET; 6) MPOU3BeJIEHNEe BbIYeTa HA HEBHIUET — HEBBIUET; B) MPOM3BE/IeHNe IBYX HEBBIYETOB —

BbIYeT.

. p—1
Bamaua 3. JlokakuTe, 9TO a) €CIM @ — KBaAPATHIHbIH BBIYET 10 MOY/I0 p, T0 ¢ 2 = 1 (mod p);

. p—1
6) ecau @ — KBaJIpATHYHBIN HEBBIUET IO MOJYJ0 p, T0 @ 2 = —1 (mod p).

N——

Onpepenenne. CumBoJsiom Jlexkanapa Ha3biBaeTcs BbipazkeHue, 0603HadaemMmoe , paBHoe 1,

a
p
€C/IM @ — KBaJIPATUYHBIA BBIUET MO MOAYTIO p; —1, ecamm a — HeBBIYeT mo momyao p u 0, ecanm a

kpatHo p. VI3 3amaunm 3 ciemxyet, 9To
- a
a7 = (—) (mod p).
p

Banaua 4. Jlokaxkute, 910 —1 ABIAETCA KBAIPATHYHBIM BBIYETOM MO MOJYJIIO P TOTJA U TOJBKO
Torga, korja p = 1 (mod 4).

Banaua 5 (teopema 2Kupapa). IIpocroe uncio p = 3 (mod 4), a mesbie 9ucjia © U Yy TAKOBBI,
qro 22 + 3% p. JloKazKuTe, 9TO T, P.
Bamaua 6. Jokaxkure, 4T0 nmpocThix 4ucea a) suga 4k + 3; 6) Buga 4k + 1 6ecKOHEYHO MHOTO.

Bamauga 7. JIoka:KuTe, 9TO ypaBHeHHe 47y — T —1y = 2% He IMeeT pelllenuii B HATYPaTbHBIX UNC/IaX,
HO UMeeT 6eCKOHeLIHO MHOTO pe]_HeHI/Iﬁ B IEJIbIX YHUCJIaX.

s caMoCTOdATeJIbHOTO peleHus

3amaga 8. PemmTe B 1enbIX unciaax ypasHenne o5 + 7 = y2.

Bamaga 9. [Iycte 71 = 1,y; = 100, pi1 = 2237 + 4, Yny1 = 27 + 2,,. JoKaxuTe, 9T0 T3, He

JenuTcd Ha 239 HU Tpu KaKOM HATYPaJbHOM 7.
Bamaua 10. Ilycrs (a,p) = 1. Paccmorpum oroGpaxenne 7: Z, — Z,, 33JaBacMOe MPABUIOM

7(x) = ax mod p. Jokazxkure, 4T0 Sgnm = (%)

Bagauda 11. Ilycrs a,b, ¢ — Buiversl no moayao p, npudem a Z 0 (mod p), a D = b* — 4ac.
JoxazkuTe, uTo ecin D — KBaJpaTHaHbIi BHIUET 110 MOYJIIO P, TO cpasienne ax’+br+c =0 (mod p)
IMeeT 1Ba KOpHd, ecau [ — KBaJpaTHYHLINH HEBLIUET IO MOIYJIO p, TO cpaBHenue ax? + bx + ¢ = 0
(mod p) e umeer kopueit, a ecnin D = 0 (mod p), To 9TO cpaBHEHUE UMEET OJUH KOPEHb.

Bagaua 12. Ilycrs F,, — n-oe aucgo @ubonauun: | = Fo = 1u Fyyy = Fy, + Fpq na k > 2.
[Iycte F), :239. JlokaxkuTe, 9TO n 4e€THO.

Jlemma |ne| Bepncaiina 20 mons

Bagauda 1. CKOJBKO PA3JIMIHBIX CJIOB MOXKHO MOJIYYUTh nepectaHoBKamu OykB u3 ciaosa BBICO-

KOIIPEBOCXOANTEJILCTBO?
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Ba,uaqa 2. CKOJIBKUMH CIIOCOOAME MOXKHO IIOKPAaCUTh BEPHIINHLI IIPAaBUJIBHOI'O 71-YIOJIbHUKA B 1
Pa3JIMIHbIX IJ,BGTOB? CHOCO6bI, oT/indarimuecd moBOpPpOTOM, CHUTAIOTCA OJUHAKOBBIMUA.

Bamaua 3. a) CKOIBKUME CIIOCOGAME MOYKHO PACKPACHTH I'PaHU Kyba a) B IIeCTh PA3HBIX [[BETOB;
6) B jiBa 1BeTA; B) B TpHU I[BETA’

Bamaua 4. a) CKOJIBKAMHI CIOCOBAME MOYXKHO PACKPACHTH PAHE TeTPaspa a) B YeThIPe PA3HBIX
npera; 6) B JiBa 1BeTa; B) B TpU I[BeTa’

Bamaua 5. CKOJBKO pa3jnaHbIX oxkepeanii n3 10 6yCMHOK MOYKHO COCTaBHUTh, €CJIN uMeeTcst 2 Oy-
CUHKH CHHErO IBeTa, 3 — 3eJe€HOI0 U 5 — KPacHOro?

Onpeaenenne. [lycrs G — rpynna npeobpasoBanuii Mmaoxkectsa X, r € X. Crabuinzaropom
TOYKN T HA3BIBAETCS MHOXKECTBO mpeobpasoBanmii g € G takux, uro gr = x (obo3nadenue: Stab(z)).
Hng g € G MHO2KECTBOM HEIOABU>KHBIX 3JIEMEHTOB HA3bIBAETCS MHOMKECTBO TOUEK T € X, Jisd
KOTOpBIX g = z (o6o3nauenue: Fix(g)).

Hanee Besne mpeamosaraercs, ato | X| < oo (a 3maunt, u |G| < 00).

Bamaua 6. /fokaxkuTe, 9TO a) CTAOUIU3ATOPHI JIOOBIX JIBYX TOYEK OJHON OPOUTHI COMPSIZKEHBI (CTa-
JI0 OBITH, B HUX TIOPOBHY 3JIEMEHTOB); 0) ecyin x,y € X JiexKkaT B OJHOI OpOUTe, TO KOJTUIECTBO MPEod-
pa3oBaHmii, IePeBOJAIINX T B Y paBHO | Stab(z)|; B) cymma MormHOCTel ¢TabuIn3aTopoB TOYEK OJIHOI
opbuthl pasua |G|; 1) cymma momHocreii crabuiin3aTopos Beex Touek muoxkecrsa X B |G| pa3 Goublie,
9eM KOJIMYIeCTBO OPOWT; JI) CyMMa MOIIHOCTeH CTabHIM3aTOPOB BCEX TOYEK PaBHA CYyMMe MOIIHOCTENd
MHOZKECTB HeTIO/[BUZKHBIX 37eMEeHTOB Beex npeobpasosannit uz G: ) Stab(z) = ., Fix(g).

JlemMma [He| BepHacaiina (not Burnside lemma). [Iycrs G — rpymma npeobpasoBanuii MHOZKe-
crBa M. Yucso opbut, Ha KOTOpBIe MHOXKecTBO M paszbuBaercs nos geiictBuem rpytibl G, paBHO

é > Fix(g).

geqG

MHuoro4nensl Hax Z, 20 wmoIs
11 IepPBOOOpa3HbIe KOPHN

3amaua 1. /lokazure, 4TO CTelleHb HPOU3BEJIEHUS MHOI'OWIEHOB 110 IPOCTOMY MOJLYJIIO €CTh CyM-
Ma cTerneneit comuoxkuresieit. [Ipuseaure npumep, nNoKa3bIBAIONUM, YTO JIjIs COCTABHOIO MOJLYJIS 3TO
HEBEPHO.

Bamaua 2. ChopmynupyiiTe u J0KAXKUTE sl MHOTOUWICHOB IO MOJYJTIO a) TEOPEMY O JeTeHUH ¢
ocrarkoM; 6) Teopemy Be3sy jist MHOrOYJIEHOB.

Sapaua 3. JlokaxKuTe, 9TO y MHOTOUYJIEHA CTEMEHU 7 IO TPOCTOMY MOJTYJIIO He MOYKeT ObITH OoJtee 1
kopueii. [Tokaxkure, 410 JIjIs1 COCTABHOIO MOJLYJIsl 9TO HE TaK.

Onpenenenune. HazoeMm gBa MHOro4IeHa Mo MOIYJIIO D 9KBHUBAJEHTHBIMU, €CJIU OHU 33/1aI0T
ofHy u Ty ke byHKIUO Z, — Z,, TO eCTh, HX 3HAUEHUS COBHAJAIOT BO BCEX TOUKAX T € Z,.

Bamaua 4. a) Jlokazkure, 970 MHOTOUYJIEH 2P — T SKBUBAJIEHTEH HYJeBOMY 1Mo Moy p; 6) Toka-
JKUTE, 9TO €CJU MHOTOWIEHBI [ U ¢ 10 MOJIY/IIO P SKBUBAJEHTHDI, TO f — g menurcd Ha xP — .

Yuopaxkuenune 5. Ckosbko cymecrsyer a) dbyuknuii u3 Z, B Z,; 6) MHOTOYICHOB [0 MOIYJIIO P
creneHu He Boite p — 17

Samada 6. lokaxxure, uro aobas Gyukuust Z, — Z, 33/1aeTCs1 HEKOTOPbIM MHOI'OYJIEHOM.

Bamaua 7. a) JIokaykuTe, 94TO €CJU MHOTOUYIEH HEIPUBOJUM KaK MHOTOUJIEH 10 MOJYJIO, TO OH
HEIPUBOJAUM U KAK MHOTOWIEH ¢ neJbiMu kKoadbdunnentamu. 6) [Ipusegaure npumMep HEMPUBOIUMOIO

MHOI'O4JI€eHa C LEeJIbIMKN KOS(i)(bHHHeHTaMH, IIPpUBOAUMMOI'O KaK MHOI'O4JI€H II0 MOJ/YJIIO. B) BbIBe,ZLI/ITe
oTCI0/Ia KpuUTepuii Dit3eHmiTeitHa.

Onpenenenne. ['oBopdT, 4TO OCTaTOK T € 7, IPHHAAJIEKAT IMOKA3aTEII0 M 110 MOIYJIIO P,
€C/IM M — HAMMEHbIIEee HATyPaJbHOE YUC/I0, st Koroporo ™ =1 (mod p).
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0

m—1

Bagaua 8. Ecu a mpuHaaTeskuT moKa3aTelro m 110 MOAyTo p, To a) ducia 1 = a’ al,...;a
HE CPABHUMbI 110 MOAYJIO p; 6) @™ = a™* (mod p) < my = me (mod m); B) m — aeqmrens p — 1;
r) st JT060r0 AeauTesist d Gucaa m aucao a® mpuHaAIeKUT noKazaremto m,/d; J1) ecJii b mpuHaIeZKuT

nokazaresiro n u (m,n) = 1, 70 ab NpUHAIEKUT IIOKA3ATETIO M.

Onpenenenne. OcraTok T € Z, Ha3bIBaeTCs NEPBOOOPA3HBIM KOPHEM IO MOIY/IIO P, €CJIH OH
HPUHA/JIEZKUT TTOKa3aTe 10 p — 1.

Teopema 9. TlepBooGpasHbie KOPHE 110 MOJLYJIIO P CYIIECTBYIOT, 1 UX POBHO ¢(p — 1) mTyK.

Jlas caMoCTOATEIbHOTO pPeIeHns

VYaopaxkuaeunue 10. [lokaxkute, 4To ecau p — 1:m, To mHOrouwneH " — 1 uMeeT poBHO M KOpHe
10 MOJLYJIIO P.

Bamaua 11 (=reopema 9 one more time). a) Jlokaxkure, 910 ecam p — 1:m U m — OPOCTOe,
TO CyNIECTBYeT POBHO ¢(m) = m — 1 3/leMeHTOB, mpUHAJJIeKANMX HoKazaTe o m. 6) Jlokaxkure
WH/YKIHEH 1Mo m, 9TO JII BCAKOTO 1M TAKOro, 4To p — 1:m, CyIIecTByeT POBHO (M) 37€MeHTOB,
IpAHA/IEIKAINX 0Ka3aTe o m. YKasaHue: Benomuure, 4to » . ¢(d) = m.

Bagaua 12. /Tokaxure, uro muorounen (z? — 13)(z? — 17)(2? — 221) umeer KopHu TI0 JHOGOMY
HaIepe 3aJaHHOMY IIPOCTOMY MOJLYJIIO ].

3amaua 13. Ilycts p — upocroe. lokaxkure, 4ro HarypaJibHbie ducjia or 1 jo p — 1 MOxkKHO
PACCTaBUTh 1O KPYTY TaK, 9TOOBI [ JIOOBIX TPeX MOAPs WAYIHX a, b, ¢ BBITIOAHAIOCH b — ac: p.

Samaua 14. /lokaxkuTe, 9TO /I BCAKOTO IIPOCTOrO YHCJA P HaMJAeTCs MPOCTOe YHCJIO ¢ TaKoe,
9710 NP — p He NeJUTCS Ha ¢ HU MPU KAaKOM HATypPaJbLHOM 7.

I'pynnol 21 wons

Onpegenenne. [lycts X — muoxkectBo. OTobpaxkenue ¢: X — X Ha3piBaeTcs OMHAPHOIL Olie-
panmeii va X; yacto nuinyT ry BMecto ¢(z,y) mag x,y € X, Haupumep, £ + Y, T -y, T ® Y.

ITpumepst. fBisttores Jin OUHAPHBIME OLIEPAIMSIMU CJIE/IYIONHe ONEePALUH: a) OllePAIU CJIOZKE-
HUSI, YMHOZKEHUsI, BBIYUTAHUS, JIeJIEHUs Ha MHOYKECTBAX HATYPAJIbHbBIX, IEJIbIX, PAIIMOHAJIbHBIX, BEIe-
CTBEHHBIX, HEOTPHIIATEILHBIX BEIIECTBEHHBIX YHCEIT; 0) OTepalliy CJIOKEHHsI, YMHOKEHWsI, BEIIUTAHHS,
JIeJIEHHUST HA MHOYKECTBE OCTATKOB 110 MOJIYJIIO 7} B) ONEPAITMU BO3BE/ICHNUS B CTEIIeHb, H3BJICYEHHsI KOPHS
HA MHOYKECTBE BEIIECTBEHHBIX YHCeN; T) KOMIO3UIs Tpeobpa3oBanuii Ha JaHHON TpyIe mpeobpaso-
BAHUI HEKOTOPOI'O MHOZKECTBA; JI) KOMIO3UIMs I€PECTAHOBOK HA MHOXKECTBE S, BCEX HEPEeCTaHOBOK
N-3JIEMEHTHOTO MHOKECTBA; €) KOMIIO3UIUS JIBUKEHUIT HA MHOXKECTBE BCEX JBHZKEHWH IJIOCKOCTH?
[IpuBeauTe jipyrue npuMepbl OUHAPHBIX OMEPAIAii.

Onpenenenune. bunapuasg omnepaius ® Ha3bIBACTCA aCCOMUATUBHOM, eCJIu J/id JIOOBIX T, Y, 2 €
X BBINOJIHEHO PABEHCTBO (T @ ) @ 2 = x @ (y @ z) (MHBIME CJIOBAMHU, OTEPAIUS  ACCOIUATUBHA, €CJIN
o(p(z,y), 2) = p(z,0(y,2))). Ouepainus ® Ha3bIBaeTCi KOMMYTATUBHOM, €CJIM T ®Y = | ® T JIJIsA BCEX
nap sjemeHToB x,y € X. [oBopsrt, urto e € X — HelTpaJbHBIN 3JI€MEHT OTHOCUTEIHHO Olepaliu
o ccimeoexr =xee =z jjd Bcex ¢ € X. Ecan onepanusa e o6/1a/1aeT HEHTpaIbHBIM JIEMEHTOM €
u aag x € X Haiimerca sjaeMenT y € X Takoii, YTO T @ yy = e, TO TaKOW Y Ha3bIBaeTCs OOpPaTHBIM K

37eMeHTy T U 0603HadaeTcsa depes T 1.

Yopaxxkueaue 1. Kakue u3 nepeduc/ieHHBIX BbIIIE ONePalnii aCCOMUATUBHBI! KOMMYTATUBHBI?
00J1a/1a10T HeHTpaJbHBIM deMeHToM? K KakuM W3 3/IeMEHTOB 3THX MHOXKECTB C OMEPAIUAME CYIIe-
CTBYIOT OOpaTHbBIE?

Samaua 2. /lokaxkurte, YTO U3 aCCOMUATHBHOCTU ONEPAINHU CaeayeT ee 0OOOIeHHAs acCcomma-
TUBHOCTB: B BbIPDAKEHUHU JIIOOOH JIMHBI PE3Y/IbTAT HE 3aBUCHT OT PACCTAHOBKH CKOOOK.

Omnpenenenne. Muoxectso (G, Ha KOTOPOM 3a/jaHa OWHAPHAST OTIePAIlis ®, HA3BIBALTCS TPY IO,
ec/ii ® acCOIMATUBHA, 00J1a1aeT HEeHTPAJbHBIM JIEMEHTOM U y Kaxkaoro g € (G cymecTtByeT obpar-
HBI 971eMEHT OTHOCHTEILHO olepamuu e. Ecau, KpoMme TOTo, omepalis ® KOMMyTaTUBHA, rpymnma G
naspiBaercs abeseBoii. Momuocts |G| muokecrBa G Ha3biBaeTCss MOPAIKOM rpymmbt G.
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3ameuaHnue. ,Z[aﬂee MBI 9aCTO 6y,ZLeM 3allUChIBATh OIl€palliio B I'pylile MYJbTUIIJIMKATUBHO, TO

€CTb IIMCAaTb I * Y UJIN AdazKe TY BMECTO T @ Y, IQ BMECTO T @ X U T. 1.

Ynpaxkuenune 3. Kakue u3 nepedncIeHHLIX BBIIIE MHOKECTB C OMEPAIMAME SBIAIOTCA IPYIIIaMu’

Yuopaxxkxueaue 4. /lokaxkure, 970 B G POBHO OJMH HEHTPAIBHBIN JTEMEHT

Yupaxkuaenue 5. Hapucyiire Tabauup yMHOXeHUS KaKUX-HUOY/b Py HOPsijika a) 2; 6) 3; 4.

Onpenenenne. I'pynner G u (G5 Ha3BIBAOTCI M30MOP(MHBIMHU, €CJIH CYIIECTBYeT OHEKIHs
f: Gy — Gy, corpanarowas onepayuu, TO €CTh, 1Jist BcexX &,y € G Beinoneno f(re y) = f(x)es f(y).
3sech Mbl 0003HaunIM onepanuio B G yepes o1, a ouepauuio B G — depes e, Eciim G uzomopdnua
G, umtyt (G ~ GGy, 1 HA3BIBAIOT TaKylo Oueknuio f m3oMopdu3IMoM.

Bamaua 6. CKOJIBKO CYIIECTBYET IPYII HOpsijika 4 (¢ TOYHOCTBIO 70 n3oMopdusmMa)?

Onpenenenne-ynpaxkaeunue. Ilycrs G, H — nBe rpynnsl. Ha nekaproBom npoussegennn G x H
MHO)KeCTB G 1 H MOXKHO BBECTH OIEPAIUIO CJIEIYIONUM 00pa3oM: moaokuM (g1, hy) @ (g2, ha) = (g1 @

g2, hy @ hy). JTokaxkuTe, 4TO 5Ta OMEpaIls MpeBpaiaeT MHOKecTBO G X H B rpynmy (OHA HA3BIBAETCS
eKapToBbIM npousBenenuem rpyun G u H).

Omnpenenenne. [lycte H C G. I'oBopsar, uro H asiasterca noarpynnoii G u numyt H < G, ecinn
MOIMHOYKECTBO H €aMo sBJISI€TCS TPYIIIOl OTHOCUTETIHLHO ONEPAIlnN @, HHIYIIHPOBAHHON ¢ MHOYKECTBA
G. Uabivu ciosamu, jist obbix g, h € H jpomano seinonathes g e h € H u g7' € H (orciona
crenyer, 9to u e € H).

3amaua 7. Haiijjure neadejieBy rpylily HauMEHbIIErO HOPsI/IKA.

HaﬂpaBﬂeHHbIe YIJIbl 21 wuwonsa

Onpeaenenune. Ilycts [, m — ase npavbie. HampaBiieHHBIM yTJIOM MeXKIy MPAMBIMU [ T m
HaspiBaeTcst yros Z (1, m), Ha KOTOPBIH HY?KHO HOBEPHYTH IPAMYIO | IPOTUB YACOBOI CTPEIKU, 4TO0bI
MOJIyYMJIaCh MIPsIMasi, apaJiieibHast IpsMOit m.

Sameuanne. HampaBieHHBIH yTOJ pacCMAaTPUBACTCS KAK THCJIO IO MOLYJIO 7.

CsoiicrBa. a) Z(I,1) =0; 6) Z(I,m) = —Z(m,1); B) Z(l,m) + L(m,n) = Z(l,n).

Bamauga 1. Jlokaxkure, uro a) touku A, B, C' u D jexar Ha OIHOW NPSIMON WM HA OTHOM
OKPYZKHOCTH TOTJIa W TOJbKO Torga, korga Z(AB,BC) = Z(AD,DC); 6) npsavas AD sBisiercs
KaCcaTeJIbHOl K OKPYXKHOCTH, mpoxossmieii depe3 Toukn A, B u C 1orga m TOIBKO TOTJa, KOTIA
Z(AD, AC) = L(AB, BC); B) AB || CD torna u Tonbko toraa, korga Z(AB,CD) = 0.

3amaua 2. /Ise okpykHocTH nepecekaiorcsa B Toukax M u K. Uepes M n K npoBeneHbl psiMbie

AB u CD cooTBeTCTBEHHO, ITepeCEeKaOIIe MEPBYI0 OKPYKHOCTh B ToUKax A u C, BTOpy0 — B TOYKax
B u D. Jokaxure, aro AC' || BD.

Bamaua 3. Ha cropone AB pasrobenpentoro rpeyroabanka ABC (AB = BC') Beibpana Touka D.
Yepes Touky D nposesn KacaTeabHYI0 K OIMCAHHOI OKpy2KHOCTH Tpeyroabauka ADC'. Ona nepecekia,
ONMCAHHYIO OKPYZKHOCTH Tpeyrosbunka BDC B Touke M. Jlokaxure, uro BM || AC.

Bamaua 4. Touku A, B, C He jnexar Ha ojHoil nipsmoii. Ha npsaveix AB, BC, C'A BuiGpaHb
touknu C4, A1, By coorBercTBento, orandnbie or Touek A, B, C. Touka P He JIe;KUT HU Ha OJHOI U3
npameix AB, BC, C'A. JlokaxKute, 9T0 e€C/Iu JBa U3 Tpex deTbipexyroiabankos AB;PCy, BC1PA;,
C A, PB; 4BisI0TCs BIUCAHHBIMU, TO TPETUH — TOXKE BIUCAHHDIIA.

Bapgaua 5. /Ipe oxkpyzxkuoctu ¢ nearpamu O u Oy nepecekatorcsa B Toukax A m B. Onucannas
OKpY2KHOCTH Tpeyroiabuuka O; B0y mepecekaer BTOPYIO OKPYXKHOCTH B TO4YKe P, oramdHoil or B.
Hokaxkure, uro Touku O, A u P jiexkar Ha OJHOW IPSAMOIi.

Bapgaua 6. B octpoyrosnbaoMm Tpeyronbanke A BC npopenena seicota AH. B Tpeyroabaukax AC H
u ABH nuposenennt Beicorsl HM u HN coorsercrBenno. Jokaxkure, uro AMAN ~ ABAC.

Bamaua 7. B napaanenorpamme ABC' D na muaronanu AC jmexkut Touka M Takas, 9TO 9eTHIPEX-
yronpuuk BC DM — puucamnbiii. Jlokaxkure, aTo npamas BD — obmas KacaTeabHas K ONMACAHHBIM
OKPYKHOCTAM TpeyronbHukoB ABM u ADM.
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Bagaua 8. CTopoHBI ABYX YIJIOB mepecekaorcs B Toukax A, B, C', D, GHCCEeKTPUCHI UX B3aWMHO
neprenukyasapubl. Jlokaxkure, uro A, B, C, D jexar Ha OJHON OKPYZKHOCTH

Samaua 9. Yersipe mpgavbie 00pa3yoT YeThIpe TpeyroabHuKa. /lokazxKuTe, YTO ONMMCaHHbIE OKPY K-
HOCTH 5THX TPEYTOJbHAKOB UMEIOT 00MIyIo Touky (Touyka Mukess)

Samaua 10. VI3 mpousBo/ibHOI TOYKH, JeKalleil Ha OKPYKHOCTH, OIUCAHHOW OKOJIO TPEyIOJib-

7
HUKA, OMYIIEHBI TEePIeHUKYISPbl HA er0 CTOPOHBI (MM Ha MPOJIOJIZKEeHUs CTOPOH). JloKaxKuTe, 4o
OCHOBAHWS THUX MEPIEHINKYIAPOB JeKaT Ha ojHoil npamoii (mpamas Cumcona)

KbBIII nanocur oTBeTHLIN yaap

3amaua 1. Ilycts a, b, c,d > 0. /lokaxKuTe HEPABEHCTBO

21 wuwonga
1+1+4+m 64
b d " a+b+c+d
Bamaua 2. /171 MOMT0KUTETBHBIX YHCET X, ¥, 2 BBIIOTHIETCSI PABEHCTBO x°+y~+2° = 3. JlokaxkuTte
HEPaBEHCTBO
1

—+-+t->r+y+=z
r oy =z
Bagaua 3. a) Ilycrb a,b,c > 0. Jlokaxure, uro a*b + bc + c*a > a?*bc + bPac + c*ab

3
6) [IycTnb a, b, ¢ — qyuHBI CTOPOH TpeyroabHuKa. JlokazxkuTe, uto a’b(a—b)+b*c(b—c)+c*alc—a) > 0
Bagaua 4. /[aHbl NONAPHO PA3MTUYHBIE HATYDAJIBHBIE THCIA (1, A2,

, Gy JJOKaxKuTe, 910

> Z P
k=1
HEPaBEHCTBO

3amaua 5. /lokaxkurte, 9T0 JIJIsI JTIOOBIX MOJOKUTEIbHBIX YUCEIT A1, (2,

.., a, (n > 2) cupaseuBo
n
a; n
E > ;
‘< s—qa; n-—1
i=1
rie s =ay + ...+ ay.
Bamaua 6. /{151 TI0OLIX HOJOXKHUTENBLHBIX THCET 1, A2, @, JOKaXKUTe HepaBeHCTBA
a? a3 a?
a) —+—+...
)

+ -2 >a+as+ ...+ ay;
as ay

6) <1+Z—3) (1+Z—§)...(1+%) >(14+a)(1+as)...(1+ap)

Bagaua 7. Ilycts a,b,c > 0 u abc = 1. /lokaxkure HEPABEHCTBO

1 . 1 . 1 3
ad(b+c¢) b 2

B(c+a) Ala+b) =

Bamaua 8. Ilycrs a, b, c,d > 0. JlokaxKure HEPABEHCTBO

a n b N c N d > 9
b+c c+d d+a a+b
Bamaua 9. Ilycrs a, b, c,d > 0. JlokaxKure HEPABEHCTBO

a

b

bt 2c13d cr2dt3a

C

d 2
> —.
a+2b+3c ™ 3

dt2a+30
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Bamaua 10. [Ipeamosoxkum, 910 Gy, g, ..., G, 1 by, ba, ..., b, — MOJOKUTEJbHbIE YHUCIA, VIO-
BJIETBOPLIONIUE YCJIOBHIO 41 + Ao + ...+ a, = by + by + ... + b,. Jokakure HEpaBEHCTBO

a% ag a?L ar+as+ ...+ ay
CL1+b1 (12+b2+”'+an+bn2 2 )
Teopema Jlarpanxka 22y

Bce I'pynnbl B 3TOM JIMCTOYKE IPEANOIaratoTCd KOHEIYHbIMHU.

Onpenenenne. llycte G — rpymna, © € G. Hanmenbimas nmoarpynmna (G, cojepzkaiias T, Ha3bl-

BAETCs MOArPYMIION, TOPOXKAEHHON 3J1€MEHTOM & U 0003HaYaeTcs depes (T).

1 .2 2

Vupaxkuenue 1. Jlokaxure, uro (z) = {e,z,z7 " 2% x~ n

-
R AL LN

Onpenenenne. I[lopaakom sjieventa v € G Ha3blBaeTcs HauMEHbIee HATYDAJIbHOE UHC/IO N
Takoe, uto " = e. O6o3nauenne: n = ord(z).

Vupaxkuenue 2. Jlokaxkure, uro |(z)| = ord(z).

Omnpenesnenne. ['pynna G Ha3biBaeTCs MUKJINIECKOI, ecyin Haiigercs ¢ € G takoii, uro G = (x).
[ukindeckas rpymmna mopsaka n obosnadaerca depes C,.

3amaua 3. /lokaxkure, 4o Jitobast MOAIPyNNa NUKJINIECKONR IPYIIbI SIBJISETCH MUKJITIECKOI.

VYupaxkuenue 4. Cxosbko B C), 91€MeHTOB © TakuX, 410 (x) = C),7

Bamaua 5. a) [Jokaxure, uto |G| : ord(z); 6) (Teopema Jlarpauxxka). [Tyctes H < G. JTokaxure,
aro |G| |H]|.

Bamaga 6. Boiseaure us teopemst Jlarpanzxa a) maiayio reopemy Pepma; 6) Teopemy itsiepa.

Onpegenenne. Ilycto H < (; nazoBeM jiBa 371eMeHTa (1, gy € (G CPABHUMBIMU IO MOYJIIO
noarpynnsl H, ecnu naiinerca h € H Takoii, 9to g1 = goh.

Onpenenenue-ynpakueaune 7. Jlokakute, 94T0 CpaBHEHUE TIO MOJLYJIIO TOITPYIIIBI SIBISETCS
OTHOIIIEHNEM KBHUBAIECHTHOCTH. K/1acChl SKBUBAJEHTHOCTH B 3TOM CJIyUae HA3BIBAIOTCS CMEXKHBIME

kjaaccamu rpynmsl G no noarpynne H: onu seicasgaar kak gH = {gh | h € H} nna g € G. ®akrop-
MHOZKECTBO 110 9TOMY OTHOLIEHUIO 00o3Haqaercs uepes G/ H.

Vupaxkuenue 8. Jlokaxure, uro |G/H| = |G|/|H|.

IloBoporHas romorerus 22 mions

Bagaua 1. Oxpyxuocru S; u So nepecekatorcs B roukax A u B. Ilpu nosBoporuoit romorerun P
¢ nenTpoM A, nepepogsiueii S7 B So, Touka M; nepexomur B My. Jokaxkure, aro My, My u B jexar
Ha OJAHON mpAMOil.

Bagaua 2. Janb apa orpeska AB u A;By. Ilpavbie AA; u BBy nepecekaiorcst B rouke P. Onu-
caHHbIe OKPYKHOCTH Tpeyroabuukos ABP u A By P BropuuHo nepecekatorcs B Touke O. Jlokaxkure,
q1o O ABJIIETCsI EHTPOM MOBOPOTHOI romorerun, mepesoasineii AB B A B;.

Bagaua 3. OxpyxuocTtu Sy, . . ., S, npoxoaar depe3 Touky O. Ky3neunk u3 Toukn X; OKpPyzKHOCTH
S; npbiraet B TOUYKY X;y1 OKPYKHOCTH S;41 Tak, 910 npsmast X;X; 1 MPOXOJUT depe3 TOUKY Tepece-
JeHus OKpYKHOCTel S; u S;41, ormuanoit ot O. JlokaxKuTe, 9T0 MOCT€e N UPHIZKKOB (€ OKPYKHOCTH S
Ha Sy, ¢ 99 Ha S3, ..., ¢ S, HA S)) KY3HEUNK BEPHETCS B UCXOJHYIO TOUKY.

Bapgaua 4. Jlausl aBe HEKOHIEHTpUUYecKue OkpyzkuHoctu S7 m Sy. Jlokaxwure, 9TO CymecTByer
POBHO JIB€ TIOBOPOTHBIE TOMOTETHH ¢ yIiioM moBopora 90°, mepeBomgamniue S1 B 5.

Bamaua 5. /lana nosyokpyzkHocth ¢ jguamerpoMm AB. Jlnst Kaxkgoit Toukn X 3TOH MOJIyOKPY K-
HocTh Ha Jyde X A orkiaaabiBaercss Touka Y, tak, uro XY = kX B. Haiiagure TMT Y.

Bamaua 6. /e okpyzkHOCTH Hepecekaiorcs B Toukax A u B, a xopapt AM u AN kacatorcs
stux okpyxuocreit. Tpeyroasuuk M AN pocrpoen 10 napasienorpamva M ANC. Ha orpeskax BN
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n MC BweiGpansl Touku P u () coorBercTBeHHO Tak, uro BP : PN = MQ : QC. JJokaxkure, 9T0
LAPQ = ZANC.

Bagaua 7. Ha croponax Tpeyronbanka ABC BHEIIHEM 06pa30M MOCTPOEHBI MOI00HBIE TPEYTOIb-
aukn ANA1BC ~ ABCA ~ AC{AB. Jlokaxure, 9T0 TOUYKH MEpecedeHns] MeIuaH TPeyroJbHUKOB
ABC n A{B;Cy coBnasaior.

Bamagya 8. Ha mpsMoyrobHy0 KapTy MOJOXKIIN KapTy TOH »Ke MEeCTHOCTH, HO MEHBIIEro Mac-
mraba. JlokaykuTe, ITO MOXKHO MPOTKHYTH UTOJKOI cpa3y o6e KapThl Tak, YTOOBI TOYKA MPOKOJA
n3obparkajia Ha 00eux KapraxX OJIHY U Ty K€ TOYKY MEeCTHOCTH.

Bamaua 9. Jlan kBagpar ABCD. Toukn P u () na croponax AB u BC' takossl, uro BP = BQ.
[Tycrs H— ocHoBaHue mepHeHMKYJIspa, onyueHHoro u3 rouku B na PC. Jlokaxure, uro ZDH(Q =
900

3aKJIIouYnuTeJIbHASA OJIMMIINA /1A 23 uwonsa

JIOBBIBO/],

1. B rpeyrosbauke ABC' cropona AB > BC. Buccekrpuca BM nepecekaer ONucaHHYI OKOJIO
rpeyrosbanka ABC' okpyxkuocth B Touke N. Ha cropone AB B3sgra Touka P tak, uro BP = BC.
Joxkazkure, uro Toukn A, P, M, N nexar Ha OIHONi OKPYKHOCTH.

2. Byjem obo3navarh 4yepe3 mn JIBy3HAYHOE YHCJIO ¢ NepBoil nudpoit m u BTOpoil mudpoi n.
CyMmecTBYIOT JIH TAKHe MOMAPHO pasindHele i orndnbie ot 0 mudpst a, b i ¢, 4ro quciao ab genurcs
HA ¢, YUCI0 bC JENUTCS HA @, & YHCJIO0 CA JIeJATCs Ha b?

3. Jlokaxkure, 4TO JJIsi JIIOOOTO HATYPAJIHHOTO N CIIPABEJJINBO HEPABEHCTBO:

1 1+1+ N 1 >1 1_|_1+ +1
n—+1 3 2n—1) " n\2 4 2n

4. Y Hactu 6n110 30 tupek ¢ maccamu 1 1, 2 1, ..., 30 I, KOTOpbIe OHA XOTeja PA3JIOKUTh Ha JIBE
YAIKA BECOB, YTOOBI 00TIasg Macca M KOJTUIECTBO F'IpeK ObLIN Ha YalllKaX OJIMHAKOBBIME, HO y HEe 3TO
HUKaK He TMoayJaaoch. Xysauran Jlemra cramua y Hee 10 rupek c¢ obrmeit maccoii 155 r. Jlokaxkute, 9T0
Terepb HacTg cMoxKeT TOOUTHCS CBOETO ¢ OCTABITUMIUCI THPHKAMH.

5. CymecTByOT Jid TAKHE HATYPAJbHbIE YUCJIA T, Y U 2 (IIPUYeM T — HEIETHOE), ITO BBIIOJHACTCSA
pasencrso x'0 4 yl0 = 211?

BriBOO

6. Ha mynpre maxomgarca 100 cBeTamuxcsd KHOIIOK, PacloJIOXKeHHBIX B Buje KBajapara 10 x 10.
Tabi0 ycTpoeHo Tak, 9TO IpHU HayKaTUM Ha JIOOYIO KHOIKY OHA M BCE KHOIKH OJHOTO C Heil psaaa u
BCe KHOIKHI OJHOTO C Heill CTOJI0IA MEHSIIOT CBO€ COCTOSHUE: CBeTHBINNECS — TACHYT, a He CBETHUBIIHE-
Cd — 3aroparorcd. KaKOQ HauMeHbliee 4YucCJ/i0 KHOIIOK HY2?KHO HazKaTb, I‘ITO6I>I BC€ KHOITKN OKa3aJINChb
noralmeHHbIMUA, €CJIN IIepBOHAYaJIbHO BCE CBeTI/I.HI/ICb?

7. [lycrb By — cepepuna croponbt AC ocrpoyroabuoro rpeyronbuuka ABC. IIposejem us cepejiu-
Hbl oTpeska ABy nepuenaukysp K ero cropone BC, a u3 cepeaunbl orpe3ka ByC' — nepuesuKy/isp
K cropone AB. O603HaYMM TOUKY TI€pecedeHust 3TUX NMePIeHIuKyIapoB depe3 B’'. Amanormuno mno-
crpoum toukn C' u A’. Jlokaxkure, uro tpeyroapauku A'B'C’' u ABC nomno6HsbL.

8. Jlan cBa3mublii rpad ¢ 4eTHBIM KOJU4YecTBOM pedep. /lokaxKkure, 4TO MOXKHO Ha KaxKJI0M pedpe
HAPHUCOBATH CTPEJIOYKY TaK, YTOOBI U3 KaK/ION BEPIIUHBI BHIXO/MIO Y€THOE KOJUYECTBO CTPEIOYEK.
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IIporpamma 3avera

['EOMETPU. BekTop Kak KJIacc HAMPABIECHHBIX OTPE3KOB; OMEPAINY HAJT HUMU U UX TPOCTeHtme
csoiictBa. OTHOIIEHNE, B KOTOPOM TOYKA JEJUT OTPE30K. XaPAKTEPUCTUIECKOE CBOMCTBO TOYKU I~
pecedenus: meauan. /[Burkenusi, oOCHOBHBIE cBOiicTBA. OTOOpakeHwe, HH/Y IUIPOBAHHOE JBUKEHUEM Ha
BekTOpax. CTeneHb TOYKHU, paJUKaIbHbIE Ooch. TeopeMa 0 Tpex paJuKaJIbHBIX OcaX. Jlemma o 6abod-
ke. CkaJagpHOe MpOM3BeJieHNe, ero JUHEeHHOCTD, CBA3b ¢ MpoeKnueil. XapaKTepUCTUuIeCKOoe CBOMCTBO
opronentpa. [Ipavaga Ditnepa. Popmyna Crioapra. Marepuaabuble TOUYKI U MEeHTP Macc. OCHOBHAL
TeopemMa Teopur HEHTPOB Macc. lIpaBujio peryara, npaBu/o IpynnupoBku. Teopema O MOPOKICHUH
rpynimbl aBuzkennit oceBbimu cummerpusivu. Teopema [llans. Tomorerusi: onpenenenne u 0CHOBHBIE
croiictBa. llenTp Kommosumuu romorernii. Teopema o Tpex kosmakax. HampapieHHble yriIbl, OCHOB-
Hble cBoiicTBa. lloBopoTHAs romoTerus, 3amada 0 Ky3HeIUKe.

TEOPUS I'PVIIII. IlepecTaHOBKH, KOMIIO3UIINHN IEePECTAHOBOK. JIeKpeMeHT, 3HaK, YeTHOCTDb, KOJIH-
qecTBO OecriopsiJikoB. Teopema 0 3Hake 1pousBejeHus iepectaHoBok. [Ipeobpazosanus MHOZKeCTBA,
IPYyHIIbI ITPeoOpa3oBaHuii, CPABHUMOCTD 110 €€ MOJLYJII0, opouThl. TeopeMa 0 TOM, 4TO CPABHUMOCTD IO
MO/LYJTIO TPYTITBI TPEO0PA30BAHNUIT SIBISETCS OTHOIIEHNEeM SKBUBaIeHTHOCTH. CONpsizKeHHbIe TTPeodpa-
3oBanud. Compsizkenune JIBUKeHWi. ['pynna caMocOBMeIeHnil, TUKINIeCKe U I3/ IpATbHbIE TDYIIEI.
Crabmwim3aTop, MHOXKECTBO HEMOJBUKHBIX TOYEK, CBA3b MOPIIKa CTAOMIN3ATOPA C MOITHOCTBHIO Op-
outwl. Jlemma BepHcaiina. Bunapublie oneparnuu, acCOMUATUBHOCTH, KOMMYTATHBHOCTD, HEHTPATHHBIi
3JIeMEHT U oOpaTHbIe 3jieMeHThl. TeopeMa 00 0000IIeHHO accOMaTUBHOCTH. [ Py1IIbl, HOATPYIIIIA, 110-
PA0K rpyIbl, u3omopdusm. I'pynimsr Hebosibioro nopsjaka. [loarpynmna, mopoxKjjeHHas 3JJeMeHTOM,
CBA3b C MOPAAKOM 3jeMeHTa. [loarpynmsl mukandeckoit rpynnel. CpaBHUMOCTD O MOJLYJIIO MOATPYT-
IbI, CMeXKHBIe KJIacchl, TeopeMma Jlarpamzxka. BeiBog masoit Teopembr Pepma u TeopeMmbl ditnepa u3
TeopeMbl Jlarpanzxa.

MHOTOYJTEHBL. MHOTOY/IEHBI: OTIPe/ie/IeHne, ONePAIMH HA/l HUMU: CJI0KEHHEe, Y MHOKEHUE, IBAJIIO-
anusi. Kopau, ux KpaTHOCTb, JEJIUMOCTH MHOTOUYIEHOB, TeopeMa besy. @opmasbaoe u HYyHKITNOHAb-
HO€ PABEHCTBO MHOTOWJICHOB. JleTMMOCTD MHOTOWIEHOB, HAMOObIINIT OOl JeauTe b, AJIropuTM™M
EBknuna n smneitnoe npejgcrapiaenne HO/L gia muorodwnenos. HempuBomuMmocTh, OCHOBHAsI Teope-
Ma apudmeruru. Henmpusogumocts wan Z. Comepkanne U TpUMATHBHOCTE, JieMMa ['aycca, Kpurepwuit
Ditzenmreiina. /lenenne ¢ ocrarkom u Teopema besy st MHOrow1eHOB 10 Moy 0. PopmMasibHOE 1
¢yHKIMOHAIBLHOE PABEHCTBO MHOTOUJICHOB HAJ Zj,.

'PA®BI. OpuentupoBanubie rpadbl, KOMIIOHEHTHI CHJIBHON CBSI3HOCTH, Tpad KOMIIOHEHT, OTCYT-
CTBUE B HeM THKJIOB. [IpomeskyTounbie n Kpaitaue KoMmnouneHTwl. CylecTBOBaHNE TaMUIBTOHOBA Iy TH
U TaMIJIBTOHOBA TMHUKIA B MOJTHBIX rpadax. HacmencrBenuble cpoiicTBa rpadoB, OleHKH HA YHCJIO
pebep. Teopema Typana. Packpacku rpados: Teopema Bpykca.

TrEOPUA YUCE/. OOpaTuMOCTh OCTATKOB U B3auMHasi npocrora. Oyuknus Ditiepa, Teopema Jii-
Jepa. My bTuiinkaTuBHOCTH (DYHKIMH Diijiepa, CyMMUPOBaHUe 0 aeanTtensaMm. Jlecstuansie 1pobu n
nenenne cronbukoM. OneHKa JIMH Nepuoja M Mpeanepuoia aecaTuanoit npodu. [lepuon n npenmepu-
o1 cyMMBI jipobeit. Kuraiickasg TeopeMa 00 ocTaTKax, TpHU J0Ka3aTelbcTBa. KBaJIpaTudnbie BBIYETH U
nesbraerbl. CumBoa Jlexkanapa, kpurepuit ditepa, reopema zKupapa. [Tokazarenin u neppoodpasHbie
kopuu. CymecTBoBaHUe M€PBOO0OPA3HBIX KOPHEI 110 MPOCTOMY MOJLYJIIO.

PABHOE. MuozxkecTBa, criocoObl 3aJianust, ornepanuu HaJjJ, Muozkecrsamu. KojimaecTBo o IMHOKECTB
KOHEYHOro MHOzKecTBa. OToOpazkeHus, 001aCTh OIpe/ie/IeHns, 00/IacTh 3Hadennii, rpaduk. Ciopbek-
TUBHBIE, HHbEKTUBHBIE U OMEKTHBHBIE OTOOpaKeHUsI, KOMIIO3HUIUsI 0ToOpazkeHuit. OOpaTuMOCTDb CJeBa
U CIIPaBa, CBA3b ¢ MOHOMOP(hHOCTHIO /SMUMOPGMHOCTHIO U HHbEKTUBHOCTDIO /CIOPHEKTHBHOCTHI0. OTHO-
IIeHe KBUBAJEHTHOCTH, ero rpaduk. Kiacc skBuBajeHTHOCTH, TTPEICTABUTE/ N KJacca. Teopema o
pasbuennn Ha Kiacchl. DaKTOP-MHOKECTBO M KAHOHWYIECKas MPOeKIs. HepaBeHCTBa: OCHOBHBIE TIPU-
eMbl, HepaBeHncTBa bepnymn u Komu—-Bynsakosckoro-IllBapna. BapbupoBanue: 3aa4ua 06 orpeske B
TpeyroJbHUKe U O TPeYTroJdbHHUKEe B mapasnensorpamme. HepasencTBo Mexmy cpeanuMm apudmeTnde-
CKUM ¥ CPEJHUM T'e€OMETPHICCKUM.
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