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1. /Tanbl Tpu monapHo pa3jnyHbIX Yucia. KBajpaT nmepBoro u3 HUX paBeH
CyMMe KBaJIpaTOB BTOPOTO M TPETHETO, a KB IPaT BTOPOI'O PaBeH KBaJIpaTy
CyMMBI TIEPBOTO U TPeThero. YeMy MoxKeT OBITH PaBHA CyMMa YHUCEs, HAITU-
CAHHBIX Ha JOCKe?

2. [IpgaMOyTOIbHUK HA3BIBAETCS JJIMHHBIM, €CJIU €TI0 CTOPOHBI OTHOCATCS
kak 1:3. Jokaxkure, 9TO JIJIA JIFOOOIO HATYpaJbHOIO N > 5 KBaJpaT MOXKHO
paspe3aTrhb Ha N JJIMHHBIX TPAMOYTOJIHHUKOB.

3. B paBro6enpentom tpeyrosbhnke ABC (AB = BC'), yron B — Tymnoii.
Ha npomosmxenun croponbt AB 3a Todky A orMedena Todka [) Takast, 9TO
AB = AD. Ha npojokeann croporbl BC' 3a Touky B ormedena Touka E
takas, uro ED 1 AC' u AE | AB. Haiijure yrubt Tpeyrosbanka ABC.

4. Kakoe HanboJIbIllee IUC/IO PA3IUIHBIX MPSIMBIX MOXKHO IIPOBECTH Ha
IJIOCKOCTH TaK, 9TOOBI cpeau JTI00bix 2016 n3 HUX HAILINCH JABe, 00pa3yIoIIie
yrout 40°7

5. Kaxprit yaennk JIMII 3ammcan na JECTOUKe HECKOJBKO (He MeHee
JIBYX) HATYPAJbHBIX dHcesl. I3BeCTHO, ITO JII0OBIE TPOe NMEIOT 06Iee THCIIO,
KOTOpoe 3amucajin oHu Bce. JlokaxKurTe, 4TO MOYXKHO OOBIBUTH HEKOTOPbIE
HATypaJIbHBIE YACIA TOPOULUMU TAK, ITOOB! Y KazKJI0r0 YIeHIKA Ha JTUCTOUKE
ObLIM KaK XOpOIIHe, TaK U IJIOXHAE YUCIIA.

6. Bacga BbImcbiBaeT Ha JOCKY HaTypaJbHble ducia. llepsoe umcio 1,
a KakJioe CJIEyIoNiee 9Huc/Io OOJIbINe IMpeablayiiero uoo uHa 1, mubo B 2
pa3a. MozkeT Jin B KaKOi-TO MOMEHT BPEMEHU CYMMa BCEX BBIITMCAHHDBIX THCET
okazaTbcst pauoit 20097



KBaaparubie Tpexusiennl. 04.07.2016

Pazmunka.

1. V xBagparHoro ypasHenus x2 + pr + g = 0 KoadpuIUenTs p u ¢
YBEJUYIUIN HA €JINHUILY. DTy OIEPAINio MOBTOPUIN YeThipe pa3a. [Ipusegure
[IPUMEP TAKOIO UCXOHOTO YPABHEHU, ITO Y KayKJIOTO U3 IIATH MOy I€HHBIX
ypaBHEHIT KOPHU ObLINA ObI TIEJIBIMU YHCIaAMHU.

2. Bce koadbdurmentsl KBaJiparHOro TpexdseHa nederHbl. Jlokaxkure,

YTO OH HEe MMeeT IIeJIbIX KOpHeﬁ.

3. Jliobble aBa M3 THICAYN KBaJIPATHBIX TPEXYJIECHOB UMEIOT OOIIUil KO-
penb. BepHOo i1 9T0 BCe OHM MMEROT OOIuii KOPEeHb?

4. Jliobble jBa M3 THICAYN KBAJIPATHBIX TPEXUIEHOB UMEIOT OOIUil KO-
penb. MoxkeT Jim pa3HOCTDb JTIOOBIX JIBYX M3 HUX OKA3aThCA HECTPOTO 3HAKO-
MTOCTOSTHHOM !

Sagaun.
1. JIane! 9ucaa aq, . . ., G1o. VI3BECTHO, UTO Y KazKJOTO U3 JICCATH KBaIpaT-
HBIX TPEXUJICHOB T2 — a1 & + a9, 22 —asx +as, ..., 1% —agx +ai, 22 —aox+a;

He 6oJibiie ojiHOro Kopud. Jlokaxkure, 910 BCe 4mCIa a; HE MPEBOCXOIAT 4.

2. KpaJipaTHbIil TpexdeH TaKOB, UTO €CJIM 3aMEHHUTDb JII0OOI U3 €ro Ko-
s durmerToB Ha 1, TO y HMOJYUIUBINErOCd MHOTIOYJIEHa OYyJIeT XOTd Obl OJIUH

KOpeHb. /lokaxKuTe, YTO MCXOJIHBII MHOIOYJIEH HE BCIOJLY IOJIOXKHUTE/IEH.

3. Janbr 2008 KBaIpaTHBEIX TPEXHICHOB BUIa 2 — apx + by, = 0, T71e aj, u

br — uuciia u3 Habopa or 1 710 4016 (Bce no pasy). Ha BermecrBenHoil mpsimoii
OTMETUJIM KOPHU 3TUX MHOI'OYJICHOB. ZLOK&)KI/ITQ, 9TO JIBa U3 HUX HaXOJATCA
Ha paccrogunu Meree 1/250.

4. Yuuresb HaIKucal Ha JOCKe KBa[PATHDBI TPEXIICH 22 +pr-+q ¢ IeIbIME
koaddurmenTamu. Kaxk/1yro MUHYTY K JIOCKE TIOJIXO/IUT YIEHUK U BBIUUCTISIET
KOPHH OJTHOT'O U3 HAITMCAHHBIX Ha JIOCKE TPEXUJIEHOB. Kcim oHM OKa3bIBalOTCS
IEJBIME, OH BBIIUCHLIBAET Ha JIOCKY OJMH U3 TpéxuiaeHoB z2 + ax + b mwm
22 +br +a, e a u b — TOIBLKO YTO HafiJIeHHBbIC UM KOPHH.

a) Ilpu Kakux p U ¢ TEPBbIl BHIIMCAHHBIN yICHUKOM TPEXWICH MOKET
COBIIACTDH C UCXOJHBIM?

6) Yuurenab 3a0peTH HCIOJb30BATH JIOOONH TPEXUIEH JJisi MOJIYYeHIsT
KOpHeil OoJibIlie 0JIHOrO pa3a. MoxKeT Jin B TaKOM CJIydae HepPBbIil BbIITACAH-
HBII YIEHUKOM TPEXUIEH HE COBIACTH C MCXOIHBIM, 8 BTOPOil — COBIACTD?!

B) Mozker Jin yuure/ib moj00paTh p U ¢ Tak, YTOObI yIEHUK CMOT JOOUTH-
¢ TOTO, YTOOBI B KAKOH-TO MOMEHT Ha J0cKe oKazaymch 2011 pasjmmaHbix
TPEXIIEHOB?



5. Kopan xBajpaTHoro ypasaenns ax? + bx + ¢ = 0 B 2007 pas 6ombire
KopHeil KBajpaTHoro ypashenus cx’ + dr + a = 0. Jokaxkwure, ato b = d>.

6. Ksaaparnsiii Tpexaien f(z) = ax? + bx + ¢ uMeeT POBHO OJIMH KOPEHb.
Kpowme toro, ypasuenne f(2x+1)+ f(3x+2) = 0 umeeT pOBHO OJIMH KOPEHb.
Haiiure b/c.

7. Ksagparubiii Tpexuien f(z) takos, uro ypasuenue (f(x))° — f(z) =0
MMeeT POBHO TPU BeIeCTBEHHBIX pererust. Haiiure opaunary (T.e. KOop-
JIMHATY 110 OCU Y) BepIIHHbI IpaduKa 3TOro TpexdieHa.

8. Jluma 3ajiymast Tpu ducaa a, b u ¢ m 0OHApPYKMUJI, 9TO KBaIPATHBII
Tpexdiien ax? + bx + ¢ nMeeT JBa pasIMYIHLIX HenyneBbx Kopus: 1 u s. Cama
U3MEHHJI 3HadeHue OjHoro mu3 kKoddduinuentos a, b wmm c. B pesynbrare
MIOJTy YUJICS TPEXUIEH, Y KOTOPOT'O TOXKE JIBa PA3/IMIHBIX KOpH: 2 u 3s. Yemy
MOxKeT ObITh paBHO S? [lpuBemurTe Bce BapumaHThI OTBETA U JOKAXKUTE, UTO
JIDYTUX HET.

9. [Tan xBajpaTHblii Tpexuien f(x) = z%+px+q, tae p, ¢ > 0, umeromuii
JIB& PA3JIMIHBIX BENIEeCTBEHHBIX KOpHs. HaTypasbuble uncia a m b TakoBbI,
qro f(a) < f(b) < 1,001 f(a). Hokaxkure, aro f(b) — f(a) > 4001.

10. B kBaJipaTHBII Tpex4seH OJICTAaBU/IN IIOC/Ie/I0BaTe/IbHO 4 duciaa u
MOJIyIWIN 3HadeHus: 2, 3, 5, 8. Ilorom 3T ke 4UmMcIa B TOM 2Ke TOPSJIKE
MOJICTABUJIN B JIpYToil TpexyseH u nojayumimm 16, 15, 13, x. Haitaure x.

11. Komublorep 3arajiaj KBajpaTHblii Tpexdien F(x) = ax?® + bx + c,
rjae a > 0, a Baca Moxker Ha3bIBATD J[Be TOUKH (HEOOSI3ATEIBHO PA3/IIMIHbIE),
[OCJIe 9ero KOMIIBIOTED COOOIIaeT eMy IPOM3BeIeHue 3HadeHuit ' B 3Tux
toukax. Kak Bace Bcero 3a Tpu Bompoca orrajgarh F'7

Ilapocovyeranusa n Teopema Xouia

Jlemma o meBymkax. /[ano n tonowet u Heckoavko desywek. Hasecmmo,
wmo oas awbozo k < n u 40600 epynnv, u3 k toHowel ecmv He MeHee
k desywex, xaotcdan u3 KOMOPLLL 3HAKOMA TOMA Obl ¢ 00HUM u3 2mur k
1onoweti. Tozda 6ce 1010w Mo2ym 6vlOPAMb NO HEBECTNE U3 “UCAL CEOUL
BHAKOMDBIT MAK, Y4MOo HU 00Ha desywKra He bydem 6uopaHa 06YMsA 1OHOULAM.

Tenepnb gaBaiite cpopMysmpyeM 3Ty JEeMMY Ha g3bIKe TEOpHH I'PadOB.
Jl71st 9TOrO BBE/IEM HECKOIBKO OIIPE I IEHNU.

Omnpenenenne 1. ['pad naswiBaercs 06y00abHbILM, €CITT MHOXKECTBO €0 BEP-
IIIIH MOKHO pas3sONTh Ha JIBa MHOXKECTBA, HA3BIBAEMBIX JOAAMU TaK, ITOOBI
J11060e pedbpo rpada CoeaNHSIIO BEPIIMHBI U3 PA3HBIX T0JIel.



Omnpenesienne 2. [lapocovemaruem rpacda HazbIBaeTCst HAOOP ero pedep, He
IMeIoNuX o0muX KOHIOB. [lapocodyeranne HA3BIBAETCS COBEPULEHHDIM, €CTTT
Jobast BepiumHa rpada dBjIsieTcst KOHIIOM OJIHOIO U3 pedbep MapocodeTaHus .

Teopema 1 (Teopema Xosna). Jlsydosvnut epagp G ¢ doaamu A u B ydo-
BAEMBOPAEM, CACOYOULEMY YCA0BUI: OAS M100020 nodmnoocecmsea M C A
6 dosae B matidemcs ne menee |M| sepwun, cmesrcnor xoma 6v. ¢ 000U
u3 sepwur mroocecmsa M. Tozda 6 epage G ecmov napocouemarue, npu
KOMOPOM KaHcoas SepUUHG 00U A ABAAECMCA KOHUOM 00H020 U3 €20 peobep.

Jokaxkem Teopemy XoJuta JIBYMsI CIIOCODAMU.

1. (Memod wepedyrowuxca uenet). PaccMoTpuM IpOU3BOJIBHOE TAPOCO-
yeTanne B rpade, yJI0BJIETBOPSIONIEM yCJIOBUIO TeopeMbl XoJuta. [lycTs Ha-
IJIach BEpIWHA J0U A, He FBJISIONasicsd KOHIIOM HE OJHOTO u3 pebep ma-
pocoderanus. JlokaxkuTe, 9TO TOr/Ia CyIMIECTBYET MAPOCOYUETAHNE C OOJIBITIM
YUCJIOM pedep, U BBIBEJETE U3 ITOIO TeopeMy XOJLIa.

2. (Unodyxuyun). dsynonbueiii rpad G ¢ ponsmu A u B ynoBieTBopsieT
YCJIOBUAIO TeOpeMbl XO0JLIa.

a) Ilycrs mommuokecrBo M C A TakoBo, uro poBHO | M| BepimH moJu
B cmexubl X0Ts1 OB ¢ 0/1HOM BepiuHOil MHOYKecTBa M. Jlokaxkure, ITO eciin
yaagnTh w3 G Bce BepIUHbI MHOXKeCTBa M, a TakyKe BCe CMEXKHBIE C HUMU
BEPIIMHBI, TO TOJIyYHBINEiicss rpad TakKe OyIeT yIOBIECTBOPITH YCIOBUIO
TeopeMbl XOJLIa.

6) Hdokaxure Teopemy XoJsta MHIYKIIHEN O YHCITy BepIUH rpada.

3. Bce Bepimnbl ABYI0IbHOTO Ipada UMEIOT CTeleHb k.

a) Jokaxkure, 910 B 93TOM rpade ecThb COBEpIIeHHOe TapocoveTaHue.

6) dokaxkure, aro pebpa sToro rpada MOXKHO PacKpacuTh B k IIBETOB
IPABUIBHBIM 06Pa30M (TO eCTh Tak, 4TOObI HUKAKUe JiBa OJJHOIBETHBIX pebpa
He UMeJIH OOIIel BEPIIHHbI).

4. Crenenn Bcex BepmmH rpada paBHbl 3. BepHO j, 9TO B HEM €CTb
coBepiiienHoe napocoveranue? (Buumanue, rpad He o6sg3aTENBHO JIBY/I0Ib-
HbIit!)

5. (Teopema Xouna gisi apabeckux crpas.) Cpenn n oHOIIeH u
HECKOJILKUX JIEBYIIIEK HEKOTOPbIE IOHOIIN 3HAKOMBI C HEKOTOPBIMU JICBYIII-
kamu. Kaxk/iplif I0HOIA XO49eT KEHUThCA Ha M 3HAKOMBIX JieBymKax. Jloka-
JKUTE, YTO OHU MOTYT 3TO CJEJIATh TOIJIa U TOJIBKO TOIJa, KOTJa JIjis JJI000TO
Habopa u3 k IOHOIIEH KOJUYEeCTBO 3HAKOMBIX UM B COBOKYITHOCTH JIEBYIIIEK
He MeHbIIe km.

6. Koneunoe MHOXKECTBO pa3dUTO Ha M IOJMHOYKECTB C OJMHAKOBBIM KO-
JIMYIECTBOM 3JIEMEHTOB, 1 3TO K€ MHOYKECTBO PazdbuTo Ha m? MOIMHOMKECTB C



OJIMHAKOBLIM UHCJIOM 3JIeMeHTOB. JIOKasKuTe, 9T0 MOXKHO BHIOpATh m? pas-
JIMIHBIX 9JIEMEHTOB TaK, UTO KaxKJI0e U3 MHOXKECTB MEPBOTO pa30MeHus CO-
JIEPYKUT POBHO M BBLIOPAHHBIX JIEMEHTOB, & KarKJ0€ U3 MHOXKECTB BTOPOT'O
pasbueHust COJEPKUT POBHO OJMH BLIODAHHBIN IJICMEHT.

Onpenenenue 3. I'pad HasbiBaeTcs k-peryiasgpHbIM, €CJIM CTEIIEHT BCEX €0
BEPIIUH PaBHBI k.

Omnpenenenne 4. Ilogrpad H rpada G HaswiBaercs k-pakTopoM, ecyin OH
k-perynsipen u cojiep:kut Bee Bepinunbl rpada G. (CoorBercTBeHHO, COBEP-
IIEHHOE MTapocoveTanue rpada siBisgercs ero 1-dpakrTopom.)

7. Jlokaxxure, 4TO B peryjigpHOM rpade cTernenu 2n ectb 2-paKkTop.

BexkTopsl. 05.07.2016

Onpenesienne 1. Hanpasaennvim ompedkom Ha3bIBAETCA YIOPAIOYeHHAS
napa To4YeK Ha ILIOCKOCTH. HalpaB/ieHHBI 0Tpe30K ¢ Hadaj oM B Touke A u
KOHIIOM B Touke B oboznadaercs AB umm A

Hamnpasennsie orpesku AB u C'D Ha3LIBAIOTCH IKGUGAACHTNHbLMAL, ECIIH
ABDC — napaJienorpamm (BO3MOXKHO, BBIDOZK/ICHHBIIT ).

TeopeMa 1. 9xsusarernmmrocmo HANPABAEHHBIT OMPE3KOEB ABAACTNCA OTNHO-
WEHUEM IKEUBANEHTNIHOCTINU.

Onpenenenue 2. Kiracchl SKBUBAJEHTHOCTH HAIIPABIEHHBIX OTPE3KOB Ha-
3pIBatoTCA sexmopamu. CroBocoueranne “BeKTop AB” 03HaYaeT KJIace SKBHU-
BaJICHTHOCTH, COJIEPIKAIUI HAIIpaBIeHHbIH 0Tpe30K AB.

3ameuvanme. BekTop MOXKHO OTJIOZKHTH OT JIIOOOH TOYKH ILIOCKOCTH, TO
ecTb, eciim Jaubl Touka () W BEKTOP U, TO HAWJIETCS €IUHCTBEHHAsT TOYKA

P, uto OP =T.

Onpenenenne 3. BekTopbl HA3BIBAIOTC KOAAUHEAPHDIMU, €CTTT HAIIPABJICH-
HbIE OTPE3KN, COOTBETCTBYIOIINE STUM BEKTOPaM, OTJIO?KEHHBIE OT OJTHOM TO-
KW, JIeXKaT Ha oJHoi mpsamoii. Eciim onu mnpum sToM JiekarT Ha OJHOM JIyde
UCXOJIATIEM U3 3TON TOYKH, TO OHU HA3bIBAIOTCS COHANpasaeHHviMu. e na
Pa3HBIX — TO NPOMUBONONOHCHO HANPABAEHHDILMUL.

1. MoxKHO JIn PacHOJIOKUTH Ha IJIOCKOCTU TPU BEKTOPa TaK, YTOObI MO-
JIyJIb CyMMBI KaXKJIbIX JIByX M3 HUX ObLT paBeH 1, a cymMma BceX TPEX ObLia
paBHa HYJIEBOMY BEKTODY?



2. Ilycre Ay, By,C7 — coorBercrBeHHO cepemaunabl ctopon BC, AC, AB
tpeyrobanka ABC, a O — mpousBosibHas TOYKa ILIoCKocTH. JloKarkure,

H ? ? > \
9TO OA+O —|—O :OA1+OBl+001

3. B gernipexyronbanke ABCD touka M — cepemuna BC', N — cepeau-
na AD. okaxwure, uro |[MN| < W. Korna nocruraercss papeHcTBo?

4. Jlokaxkute, 94TO CyMMa BEKTODOB, BEJyIIIX 3 MEHTPA TPABHILHOIO
N-yTroJIbHUKa B €ro BepIuHbI, paBHa () .

6. Ha croponax MHOTOyroJIbHUKa, BIIMCAHHOTO B OKPYKHOCTH JUAMETPA
1, paccraBienbl cTpesku. JlokaxkuTe, 9To JUIMHA CYyMMBbBI 10Ty Y€HHBIX BEKTO-
POB HE IIPEBOCXOIUT 2.

7. Ha oxpyxuoctu pammyca 1 c¢ menarpom O mano 2n + 1 Todexk
Py, ..., Py, JIEXKAIMKUX 110 OJHY CTOPOHY OT HEeKOoToporo juamerpa. Jloka-

x®ure, 9ro |OP1 + ... 4+ OPag,yq| > 1.

Mmuorousennt. 06.07.2016

1. Jan muorouten (x7 + z° + 1)?°. Haiigure ero xosddunuent mpu
a) z'8%;  6) z!".

2. Haiiniure  a) cymmy rosddunuentos; 6) cymmy KoahPUIMEHTOB
IIpU 9eTHBIX crenensx Muorounena (1 — 3z + 2x2)™3 . (1 4 3z — 22%)™4.

3. JlokazKuTe, 4TO IPHU JIOOBIX HEJbIX HEOTPUIATEILHBIX [, 111, . BhIpazKe-
uue 342 23 4 23" nenmresa wa 22 + 2 + 1.

4. (Teopema Beay.) a) Jlokazkure, 9T0 OCTATOK OT JIeJIEHUsT MHOTOYIEHA
f(z) va x — a pasen f(a). 6) dokaxure, aro f():x — a TOrIA U TOJBKO
torja, Korya f(a) = 0.

5. okazkure, 910 Jjisi Jiroboro MHorodteHa P(x) ¢ neabivmu Koadbdurm-
eHTaMH U JIOOBIX PA3JIMIHBIX MeJIbIX dncet a u b ancio P(a) — P(b) nemnres
Ha a — b.

6. /lokaxxurTe, 94TO y MHOIOYJIEHA CTEIIEHU N MOXKeT OBIThH He Oojiee n
PA3JIMYHBIX KOPHEIi.
7. B Boipaskenuu (! + 2% — 322 + 2 + 2)?°16 packpbuim ckobku u npuBesn

1o/100HbIe ciiaraeMble. /loKaxKuTe, 9TO IPU HEKOTOPOI CTEIEHH ITepEeMEeHHOM
2 TOJIYYUTCS OTPUIIATETbHBIN KOI(MDUITUEHT.



Crenenp Touku. 06.07.2016

Onpenenenue 1. Crenenbio TOUYKA A OTHOCUTEIBHO OKPY?KHOCTH W C IIEH-
tpom O u pajuycom R HaswpiBaerca sesmuanna AO? — R2.

YrBepxkaenuune. Fcau A aesrcum 6ne okpyscHocmu, Ha NPo0OsHCEHUY TOP-
dv, BC', mo cmenens A omnocumenvro w pasusemes AB-AC, a ecau enym-

pu okpyscrocmu na ropde BC, mo eé cmenensv ommocumesvHo w pasHa
—AB - AC.

1. Ha npsvoii ¢ ormedenst Toukn A u B. Kpome Toro, JaHo HeKOTOpoe
qncyo c. Jlokaxkure, 4TO Ha MPsIMOIl CYIIIECTBYET POBHO OJHA TOYKa X, UTO
AX? - BX?=c¢

2. Ha miockocTu JaHbl JIB€ HEKOHIIEHTPUUECKHE OKPYKHOCTH S U Ss.
JlokaxKuTe, YTO T€OMETPUIECKOE MECTO TOYEK, JIJId KOTOPBIX CTEeleHb OTHO-
CUTEJILHO S| paBHA CTEIIEHH OTHOCUTEIBLHO Sy — IpsMas.

Omnpenenenne 2. [Ipsmas u3 3amaun 2 Ha3bIBAETCH PAdUKAALHAA OCH.

3. a) [okaxKure, 94TO CepeMHBI YeThIPEX ODOIMUX KACATEIbHBIX K JIBYM
HellepeceKaIuMesT KpyraM JIeyKaT Ha OJHOW mpsMmoit.  6) Uepes jse u3
TOYEK KaCaHUA O6L[[I/IX BHEHTHUX KacCaTEJIbHbIX C JIBYMf OKPY2KHOCTAMMU ITPO-
BejieHa TNpsMasd. JlokKaykuTe, 9TO OKPY?KHOCTH BBICEKAIOT HA ITOW MPAMOI
paBHbBIE XOPJIbI.

4. JlaHbl TpU OKPYZKHOCTH, IIEHTPbI KOTOPBHIX HE COBIIQJIAIOT U HE JIEXKAT
Ha oxHoit npamoii. Haitqure I'MT Todek, crerneHn KOTOPBIX OTHOCHUTEIHHO
9TUX OKpYy2KHOCTell ofHakoBbl. (1o ['MT HazbiBaeTcs padukasvHoLm yer-
mpom TPEX OKPYZKHOCTEIH. )

5. JlokaxkuTe, HOHATHO KAKUM CIIOCOOOM, UTO BBICOTHI TPEYTOJbHUKA TIe-
pecekaroTcsd B OJTHOU TOYKE.

6. B tpeyronbauke ABC' Ha cropone AB BwiOpasm Touku X, Y, Ha CcTO-
poue BC' — toukn Z,T, na cropone AC — rmoukmu U, V. Okazayjock, 9T0O
verbipexyroabHukun XY 2T, ZTVU n XY VU Bruucannble. Jlokaxkurte, 94To
mectuyroabHuk XY ZTUV Toxke BIMCAHHBII.

7. Ha croponax BC', AC u AB tpeyronbanka A BC' B34ThI IPOU3BOJIbHBIE
rouku Ay, By, C1. Jdokaxkure, 9T0 Tpu 0O0IIHMe XOPAbl Iap OKPY:KHOCTEH ¢

quamerpamu AA;, BBy, C'C] nepecekaioTcss B OPTOIEHTPE TPEYTOJIbHUKA
ABC.



Yupaxkueaus no teme “Muoroqsiensr’. 06.07.2016

1. Haiiure Hanboabmmii 001l 1einTeIb MHOTOUIEHOB U €10 JIMHEHOe
npejcrapienue.  a) f(z) = 2° —xt+52° - 222+ 15 u g(v) = 23+ 2% +52+5;
6) f(z) =a* — 323 — 2222 + 232 + 34 u g(z) = 23 + 32* — 5z — 6.

Muorousiens-2. 07.07.2016

1. Haiipnre mamnbosbIinuit oOMUil JAeUTEH CJASIYIONUX MHOTOUIEHOB:
"—1 m_1, 6) 22 +1 41 —
a) uzx ; )x* +1wma® +1, rae m un — pa3indHbe
HaTypaJibHbIE YHUCJIA.

2. I36aBbTECh OT UPPAIMOHAJIBLHOCTH B 3HAMEHaTe e JIpodu

rae & — KOpeHb MHOI'OYJIeHa ZL‘5 —x—1.

1
6a3+T7a?2—2a—1"

3. Y wmmorowrenoB p(x) m ¢(r) — OmuH W TOT ke HAOODP IEJBIX KO-
s dunmenros (HO MX MOPAJIOK MOXKET ObITH pasiuded). Jlokaxure, d9TO
p(2015) — ¢(2015) : 1007.

4. Jlokazkure, 9TO €CIM CTENeHb MHOrOWIeHa p(x) GOJIbIIE YeM CTEIEHD
MHOrouJIeHa ¢(x), TO HadMHasg ¢ HeKoToporo Mecta |p(x)| > |q(x)].

5. [Tycrs f(x) m g(x) — B3aUMHO TPOCTHIE MHOIOUWIEHBI, BCe KOI(Dbu-
[MEHTHI KOTOPLIX — MeJble dncia. JlokaxKure, 9To CyIeCTBYET HATYpPaJlb-
Hoe M Takoe, 4TO JId BCeX HATYPaJbHBIX 1 CHPABEJIMBO HEPABEHCTBO

(f(n),g(n)) < M.

6. a) Ilycrs p(z) — MHOrOWIEH HEHYJIEBO CTENEHN C TeIbIMU KO3 bu-
mrentamu. MoryT mm Bee wmcma p(1), p(2), p(3), ... 66ITb TpoCTHIMEU?

6) JokaxKure, 9TO HE CYIIECTBYET MHOTOWICHA CTEIECHH HE HIZKE JIBYX
C TEJIBIME HEOTPHIATEIbHBIME KO bUIMeHTaM, 3HAYeHne KOTOPOro Ipu
JF060M ITPOCTOM P SABJISIETCST TIPOCTHIM THCJIOM.

7. Jlokaxkute, 910 11pu JIFOOOM HATYPATHLHOM N HAMIETCS HEHYJIEBON MHO-
rounen P(z) ¢ koaddunumenravu, papabivu 0, —1, 1, crenenu we Gosbie 2",
KOTOpBIi Jesures Ha (z — 1)™.

8. lar MHOTOWIEH p(T) ¢ BermecTBeHHbIMEU Koddbdurmentamu. Beckoned-

Hasl I0CJIeJI0BATE/ILHOCTD PA3/IMYHBIX HATYPAJIbHBIX YHCEN (1, (g, d3, . .. Ta-
KoBa, 910 p(a;) = 0 u p(a,) = a,_1 aysi n > 1. Kakyto crenesb MOXKeT UMETh

p(x)?



Pa3uob6oii-1. 07.07.2016

1. Jloxkazkure, uro npu Beex n € N uncyio [(2 + v/3)"] — neudrio.

2. Ha croponax BC u AC ocrpoyroabaoro tpeyroybauka ABC' B3sThI
Touku Ay u By; { — npsimasi, IpoXo/isiiasi Yepe3 obIImne TOUYKN OKPYZKHOCTEl
¢ muamerpamu AA; u BB;. Jokaxure, uro  a) npsmasi £ MPOXOJUT depe3
touky H nepecedenus Bbicor Tpeyrojbiuka ABC;  6) npsamast { TpOXOauT
qepe3 Touky C' Torja m ToJbKO Toraa, korma ABy 1 AC' = BA; : BC.

3. Jlanw! 1Be GeCKOHEUHBIE BO3pACTAONINE apudPMETHIECKHIE IPOIPECCU
a1,0Q9,... U by, by, ..., cocTodlnye W3 Pa3IUIHBIX HATypaJbHBbIX uuces. Mx
Pa3HOCTH PA3/JIMYHBI U B3aUMHO-IIPOCTHI. OKa3a10Ch, 9TO B KayKIOW M3 HUX
OecKOoHETHOE YMCJIO TMaJnHIPpOMOB. O0A3aTeIbHO TN HAWIETCST TAKoe 1, ITO
oba uucia a,,, b, — naaIuHIPOMBI?!

4. Ma/JIbuuKOB, ydaluxcd B IMKOJIe, MOXKHO pa3ouTh Ha 10 rpymnm Tak,
YTO B KaXKJO# TI'PYIIE Bce JAPYT C JPYyroM 3HAKOMBI. JleBouek ToxKe MOXKHO
pa36uth Ha 10 rpymnn Takum ke obpaszom. Ho Bcex yueHUKOB HeJb3si pa3douTh
Ha 19 rpyrm, B KazK 10 13 KOTOPBIX BCe JIPYT C JApyroM 3HaKoMbI. Jlokaxkure,
qTo Haiijercs 10 jeBodek, KaxKjaas M3 KOTOPhIX He 3HaKoMa XOoTs Obl ¢ 10
MaJIBIIKAMIU.

5. K narypabHOMY 4HCIY KaXKIyl0 MUHYTY IIPUOABJISIIOT KBAJIPAT €0
npoussejiennd 1udp. BepHo jin, 94TO paHO WM TO3/IHO MOJYIUTCHA TUCTIO C
HyJIEM B 3anucu (1 mporecce crabuinsupyercs)?

6. /lokaxkure, 9TO JIJIsi IMOJIOXKHUTEIBHBIX @, b, ¢ Takux, 910 abc = 1, BbI-
IIOJIHEHO HEPaBEHCTBO

1 1 1
ab+a+2+bc+b+2+ca+c+2

3
< -.
4

7. B oxmoit u3 KIeToK KBaJpara n X n jexkar n’ dumek. Paspemaercs
CHSTDH 2 (DUINKU U3 KAKON-TO KJIETKHU U MIEPEIOKUTH 110 OJIHOM B J[Be KJIETKH,
CHUMMETPHUIHBIE OTHOCUTE/IHHO 3TOH, U UMEIOIINe ¢ Heil XOTsi ObI OJIHY OOIILYIO
TOYIKY. ZLOKa}KI/ITe, Y9TO €CJI 9epe3 HECKOJIbKO TaKNX XO/J0B B Ka)K,ZLOfI KJIETKE
CTAJIO TI0 OJTHOM (PUIITKE, TO JHArOHAJIBHBIX XOJI0B BJI€BO-BHU3/BIPABO-BBEPX
OBLIO CTOJIBKO K€, CKOJILKO JTHArOHAJIBHBIX XOJIOB BJIEBO-BBEPX /BIIPABO-BHUS3.

l'amuapTOoHOBBI ITyTH 1 MUKJbL. 09.07.2011

Onpenenenue 1. MuoxkectBa BepmnH u pebep rpacda G 0b603HATAIOTCH
V(G) u E(G) coorBercrBerro. Crenenb Beprnabl v rpada G 0b6o3HaTaeTCsI
dg(v). Hanmenbinas u3 creneneii Bepuma rpada G obosnavaercs 0(G).



Onpeaenenue 2. [Ipocmovim nymem B rpade HA3BIBACTCH IIYTh, HE UMEIO-
muii camoriepecedennii o BepummHam (To eCTh HUKaKas BepIInHA He BCTpe-
9aeTcs B HEM JIBAKJIbl). AHAJOTMYHO, NPOCYM UYUKAOM HASBIBACTCS UK,
He MMEOIHI caMoliepecedeHnit Mo BepiuaamM. Launot mytu (UKIa) Ha3bl-
BaeTCst KOJIMYECTBO ero pedep.

1. [Tycrs 6(G) > 2. Jdokaxure, uro  a) B rpade G ecTh MPOCTOH MIyTh
bl X0 661 0(G);  6) B rpade G ecTb MPOCTOll MUK JTIMHBL XOTS ObI
(G) + 1.

2. Jlan rpad G raxkoit, uro e(G) > t - v(G), t € N (uepe3 v(G) u e(G)
0603HAYEHBI KOJIMIECTBO BepIiinH 1 pebep rpada GG COOTBETCTBEHHO).

a) Jokazkure, aro cymectByer Takoit noarpad H rpada G, aro §(H) >
t+ 1.

6) Jdokaxwure, aro B rpade G ecTh MPOCTOi My Th JTIMHBL XOTs ObI ¢ + 1 1
IPOCTOI MUKJI JTMHBI XOTs ObI { + 2.

3. Ilyctb n > 2, vy...v, — MaKCUMaJbHBIA NpocTOil MyTh B rpade G,
upudeM dg(v1) + dg(v,) > n. Jokaxkure, 9o B rpade ecTb IpoCTOil MUK
JUTUHBL 7.

Onpenenenne 3. [amMusbmoH08bLM NYMeEM HASBIBACTCS 11y Th, TPOXOIAIINN
10 KaxkJ10il Bepiune rpada poBHO OMH pa3. [ aMusbMOHOEHM YUKAOM Ha-
3bIBAETCSI IIUKJI, IIPOXOJIAIINI 110 KaxK 01 BepiinHe Ipada POBHO OJMH Pas.

4. (Teopema Ope.) B rpade n Bepumn.  a) Cymma creneneii Jo6bIx
JIBYX HECMEKHBIX BepIuH Oosibiie jubo paBHa n — 1. Jlokaxkure, 9T0 B 5TOM
rpade ecTb raMIJIbTOHOB 1yTh.  6) CyMMa crerneneii JIIOObIX JIBYX HECMEXK-
HBIX BepHiuH 06o0Jibllie jub0 paBHa n. Jlokaxkure, uro B 3TOM rpade ecTb
raMUJIBTOHOB TTHKJI.

5. (Teopema Jdupaxka.) B rpade n Bepmun. lokaxkure, uro  a) ecyin
CTElleHH BCEX BEPLIMH HEe MeHbIle -1, T0 B JaHHOM rpade CyIIecTByer ra-
MITLTOHOB ITyTh;  0) €CJ/IM CTEIeHN BCeX BEPIIHH He MEHbBIIE &, TO B JAHHOM
rpade CymecTByeT raMiJILTOHOB IIHKIL.

6. [lycts ab € E(G), dg(a) + de(b) > v(G), a B rpade G + ab (1. e. rpa-

de, ormyaromemes or G mobasienneM pebpa ab) ecTb raMUJIBTOHOB TIHKJI.
Hoxazkure, uyTo B rpade G TaKKe eCTh TaMUJILTOHOB UKL

7. (Teopema XBarana.)

a) Ilycte di < dy < ... < d,, — crenern BepmuH rpada G, npuaém
st gioboro ¢ € {1,...,n — 1} BbInONHSETCS HepaBeHCTBO d; + d,_; > n.
Hoxazkure, uro B rpade G ecThb raMUILTOHOB ITUKJL.
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6) Ilycte dy < dy < -+ < d,, — crenenu BepimH rpada G, Tpuaém st
moboro ¢ € {1,...,n — 1} BbmosHsiercs HepaBeHcTBO d; + d,—; > n — 1.
Hoxazkure, uro B rpade G ecTb raMUILTOHOB IIyTh.

HepasencTBa o cpeaguux n meron Llltypma.

1. (HepaBeHcTBO 0 cpegHeM apudMeTHYECKOM U CPEJHEM Treo-
MeTPUIeCKOM.) [[jis IpOU3BOJIBHBIX MOJIOKUTEIBHBIX TUCEIT A1, . . . , Oy BbI-
IIOJIHAETCA HEePaBEHCTBO

a1+a2~|—---+an
n

> Maias . .. Gy.

a) Jlokazkure, 9TO €CJIM HEPABEHCTBO O CPEJIHUX BBINOJIHSIETC st k qu-
ceJ1, TO OHO BBINOJIHSETCs U it 2k ancen.  6) Jlokazkure, 9T0 ec/iu HepaBeH-
CTBO O CPEJIHUX BBIOJJIHAECTCA I k THCes, TO OHO BBIIOJIHsIeTC 1 st k — 1
quca.

B) JlokarKknuTe HEPaBEHCTBO O CpeJlHeM apuMETHIECKOM U CPEJIHEM Ieo-
MeTpudeckoM Tipu romornu Metoja [Irypma.

2. a) (HepaBeHCTBO 0 Cpe/iHEM reOMETPUYIECKOM U CPEIHEM rap-
MOHH"IGCKOM.) ILOK&)KI/ITQ, 9TO AJId ITPOU3BOJILHBIX ITOJIO2ZKHUTCJ/IbHBIX 9IHCEJI
ai, ..., 0y BBIIIOJHACTCA HEPABEHCTBO

n

Yaijas . .. G, > .
=T 1 1
o —|—a2—|—...+an

6) (HepaBencTBo 0 cpegueM apudMeTHIECKOM U CPEIHEM KBaJl-
parudHoMm.) Jlokaxkure, 9TO JIjisi IPOU3BOJIBHBIX BENIECTBEHHBIX UHCE]T

ai, ..., 0y BBIIOJHACTCA HEPABEHCTBO

a1+a2—|—...—|—an<\/a%—i—a%—i—...—l—ai

n n

al+b34c2

3. Haﬁ,ﬂ;HTe MHHUMAaAJIBHOE 3HAYCHNE BbIPazKCHUA abe

TeJbHBIX a, b, C.

IIpu 1IOJIO2KH-

4. CyMMma MOJIOKUTEIHHBIX Yuces a; paBHa 1. JlokaxknTe HeEpaBEeHCTBO

Z a;a; <n—1
ai—i-aj_ 4 ’

1<i<j<n

5. Haiiure MaKCUMyM BBIDAZKEHUSI T1 + . . .+ Ty, — T 1T — T3 —. . . — TpTy
s z; € [0, 1].
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6. IIpoussejienne MOIOKUTE/IBHBIX Yucea a, b u ¢ paBHo 1. lokaxkure

HEPABEHCTBO @ + b+ ¢ + ——— > 4.

7. Ilycrob x,y, z > 0. JTokaxure, 910 \/ 2 + /Yy + /2 > ¥/TyZ.

8. [IpousBejienne MOJIOKUTEIBHBIX dUCeNT a, b, ¢ paBHO 1. JlokazkuTe Hepa-
BEHCTBO

1 1 1
a—14+ - b—1+— c—14+—-) <1
b c a

Mmuorousaennr-3. 10.07.2016

1. Ilyers xg, 21, ..., T, — pa3jndHbIe BEIIECTBEHHBIEC YUCIIA.

a) JlokazkuTe, 9TO CyIIECTBYeT eJINHCTBEHHBII MHOrOUIeH [ Takoii, 9To
flzo) =1, f(x1)=...= f(z,) =0u deg f < n.

6) Ilycrsb yo, Y1, - - -, Yn € R. JJoKazkure, 9T0 CyIIECTBYET €MHCTBEHHBIN
muOrouwIeH f rakoii, uro f(xg) = yo, f(x1) = y1, ..., f(xn) =y udeg f < n.

Onpenenenue. [locTrpoenne MHOroOYIEHA, TPUHUMAIOIIETO B JAHHBIX TOY-
Kax JIaHHble 3HAYeHUsl, HA3bIBAETCH UHMEPNOAAUUET, & caM MHOTOYJEH —
UHMEPNOAAUUOHHDM MHO20UNEHOM.

2. zBecTHO, YTO HEKOTOPBII MHOTOYWIEH B PAIMOHAJILHBIX TOYKAX ITPU-
HUMaeT palmoHaJIbHbIe 3HadYeHus. Jlokaxkure, 94TO Bce ero KoM UINEHTH

palnoOHaJIbHBI.

3. Muorousen p(z) cremenu n TakoB, uro p(k) = zx— JId Beex nembix k
n+1

rakux, 910 0 < k < n. Haiinure p(n + 1).

4. Muorowren f(x) creneHu n TAKOB, U4TO B JIOOOI 11€JI0H TOYKE MPUHI-
Maet 1esioe 3uadenne. Jlokaxkure, aro n! - f(x) dBisgercs MHOrOWIEHOM, BCe
KO3 PUITUEHTHI KOTOPOT'O IEJIbIE.

5. JlokazknuTe, 9TO cyMMa KyOoB Tpex KopHeil ypasHenns > + pxr +q = 0
¢ TeJabIMU KO3 PUITMEeHTaAMU eCTh [eJIoe IUCI0, JIeJIdineecs Ha 3.

6. I13BecTHO, 9TO HeJIbIe YA a, b, ¢ YIOBIETBOPAIOT PABEHCTBY a+b+c =
0. Jokaxxwure, uro 2a* + 2b* 4+ 2¢* — kBajpar 1mesoro Uncia.

7. MHuoro4jeHn p TakoB, UTO Jijis JiIOOOI'O BEIIECTBEHHOI'O X BBIIIOJIHEHO
pasencTBo p(x) = p(a— ). Jokazxkure, 910 CyIeCTByeT TAKOH MHOIOUWIEH ¢,
1o p(z) = g((z — §)?).

8. [Iycrs f(z) u g(x) — 2 MHOTO™WIEHA € BENECTBEHHBIME KO3 duImenTa-
mu. OKa3a/10Ch, YTO OHM IPUHUMAIOT IIEJIbIe YUC/Ia B OJHUX U TEX K€ TOYKaX
(r.e. B ciayuae eciu f(a) nesnoe, To u g(a) nenoe u Haobopor). Tokaxure,
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4TO JIMOO CyMMa, JTUOO PA3HOCTH STHX MHOTOUIEHOB TOXKJIECTBEHHO paBHA
KOHCTAHTE.

BekTopp1-2. 10.07.2016

Omnpefeenne. VMHONCEHUE Ha “UCAO: BEKTOPOM k @ HASBIBAETCS BEKTOD
b, Takoit 4To |?| — |k||@|, n Bexrop b comanpasien ¢ @, ecan k > 0 u
IIPOTHUBOIIOJIOKHO HarpasiieH npu k < 0.

Omnowenuem IBYX KOJIMHEAPHBIX BEKTOPOB HA3bIBAETCs OTHOIICHHE UX
MO/LyJI€it, B3siTasi CO 3HAKOM ILIIIOC, €CJIM BEKTOPbI COHAIIPABJIEHBI 1 CO 3HAKOM

MUHYC, €CJI1 OHN HallpaBJIEHbI IIPOTUBOIIOJIO?KHO.

1. (Pa3zsioxkenue mo 6a3ucy.) Ha miockocTu 1aHO JiBa HEKOJLTMHEADHBIX
BEKTOPA 7, . Hokazkure, 4TO J1I0OOI BEKTOD W eAMHCTBEHHDIM obpazom
IIpe/icTaBIsgeTcs B BUJE CyMMBbI ol + b?, rje a, b — Kakmue-TO BEIeCTBEHHBIE
qucia.

2. Ha npsawmoii jiexkat 2015 Touek My, ..., Moy 5. Bue npsamoit nana Tod-
ka F'. Moxno s ma orpeskax F'My, ..., F'Myy5 paccTaBuTh CTpPEJIKU TaK,
_>

9TOOBI CyMMa BCEX ITOJIYIeHHBIX BEKTOPOB ObLta paBHa ( 7

3. B naruyrompanke ABCDE touku M, N, K, L — cepeiubl CTOPOH
AB, BC, CD, DFE coorserctBenno, P u () — cepeaunbl otpe3koB MK u
NL coorsercreenno. lokaxkure, aro PQ) || AE u Haiijure oTHOIIEHIE %.

4. Touka H — oprouentp tpeyrosbauka ABC. Touka O — 1eHTp ero
OTIMCaHHOIT OKPYXHOCTH, M — Touka nepecetenus €ro MejuaH. Jlokaxkure,
910 a) 3-OM:OA+O?+O?; 6) O?:OA—FO?—FO?.

B) (IIpsimas Ditsiepa.) BoiBeure U3 mpeblIyuX MyHKTOB, 9TO TOYKI
O, M, H nexar Ha OIHOI IpAMO 1 HailuTe OTHOIIEHUE %

5. Ha cropone AB Tpeyronbanka ABC' ¢ yriiom B paBHbIM 3 pacosioxke-
na touka K, mpuuém AK = BC. Ilycts P — cepenuna BK, M — cepenuna
AC'. Haiinure yron APM.

6. Yernipexyronbauk ABC' D Brnucannsiii. [lycts H, — opToreHTp Tpe-
yroabanka BC' D, M, — cepenuna orpeska AH,; touku M, M. n My otpe-
JensoTes anagorndto. Jloxkaxkure, aro Touku M,, M,, M. n M, coBunaaaior.

7. Yersipexyrosbauk ABC'D Buucan B okpyzkHOCTb pajuyca R. Ilyctsb
S, — OKpYKHOCTB pajuyca R ¢ meHTpoM B opTolieHTpe Tpeyroyibauka BC'D;
OKPYKHOCTH Sy, S., Sy ONPENENIOTCsT aHAJIOTHIHO. JloKaKuTe, IT0 3TN 1e-
ThIpe OKPYKHOCTH IT€PECEKAIOTCS B OJIHOI TOYKE.
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PanukanbHast ochb MeXK/1y OKPY2KHOCTbIO 1 Toukoii. 11.07.2016

1. ITycte AB u AC — kacarebHbBIE K OKPYKHOCTH W, M 1 N — cepeinHbI
orpeskoB AB u AC', P — npousBosibHas Touka npsamoit M N. J[lokaxkure, 910
PA = PD, rne PD — kacarejbHasg K OKPY?KHOCTH W.

2. Jlan mectuyronbauk ABCDEF, B koropom AB = BC, CD = DE,
EF = FA, a yrist A u C — upsimbre. lokazkure, aro upsimbie FD u BE
MePIEH UK Y/ISTPHBI.

3. Jlana OKpyKHOCTh w U (pUKCUPOBaHHAA TOUKa A BHE OKPYKHOCTH.
Yepes TouKy A IPOBOIAATCA OKPYYKHOCTH W', KOTOPBIE KACAIOTCS OKPYKHOCTH
w B Touke B. KacarejabHble, poBeéHHble B ToUKax A u B K OKPY>KHOCTHU
w’ nepecekatorcst B Touke M. Jlokaxkure, 9T0 Bee Takue Touku M jiexkar Ha
OJTHOI LIPAMOIA.

4. B tpeyronpauk ABC' Buucana oKpyKHOCTB ¢ 1ieHTpoM [. OHa KacaeTcs
cropoun AB, BC, AC B toukax Cy, Ay, By coorBercrBenno. Ilpsamas Bl
nepecekaer orpe3ok AgCy B Touke K. /lokakure, 9TO MEHTP OKPYKHOCTH,
OIUCAHHOW OKOJI0 TpeyroybauKa BK By, nexut #a npsmoit AC'.

5. Touka I — 1eHTp BIHMCAHHON OKpYyKHOCTH Tpeyrobuuka ABC. Ilps-
Mag, IPOXOJIdAIasa Yepe3 TOUKY [ mepreHIuKyIapHo npamoit B, nepecekaer
npsamyio AC' B Touke Bi. Amamornano onpegnessitorcst toukn Ay u C. Jloka-
)kure, 9T0 Toukn Ay, By, C| jexkar Ha OJHOM MpsIMOii.

6. Brucannast okpy»kHocTh Tpeyroiabanka ABC kacaercs cropon AB n
AC B toukax Z u Y coorBercrBerno. [Ipsmbie BY u C'Z nepecekaiorcs B
touke GG. Touku R u S BbiOUpaioTcsd Tak, 9To derTbipéxyroibuuku BCY R u
BCSZ — napamtenorpammbr. Jokaxkure, uro GR = GS.

Paznob6oii-2. 11.07.2016

1. IIyctpb By, C| — TOYKHU KacaHUsl BIIMCAHHOM OKPYKHOCTHU TPEYTOJIbHUKA
ABC co croponavu AC' u AB. Ha nponokenusix cropoun AB, AC 3a Toukn
B u C' ormermwiim toukn X, Y coorBercrBenHo, Tak, uto C1 X = BY =
BC'. Jlokaxute, uro cepeauabl orpeskoB C1 X, B1Y, BC nexar Ha 0IHOI
HPAMOIA.

2. Bee Beprmmabl rpada G UMEIOT cTereHb 3, a — ojHa u3 Hux. M3BecTHO,
9TO BephinHbl rpada G MOKHO MOKPACUTH B TPH IIBeTa MPaBUILHBIM 0Opa-
3oM. Jlokarkure, 9TO 3Ty MOKPACKY MOYKHO ITPOU3BECTH TaK, ITOOBI COCEIN
BEPIIUHBI @ He OBLIN OJIHOI[BETHBIM.

3. BemecTBennnle uucaa ar, . . . , a, yAoBiaersopsaior yeaosuio 0 < a; < 1
npu Beex i € {1,...,n}. JlokakuTe HEPABEHCTBO

(I—-aP)(1—=ay)...(1—a)) < (1 —ajay...a,)".
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4. B kax1oit BepmmHe BoITYKJIOTO 100-yroJbHIKA HAIICAHO 110 JIBa Pa3-
JUYHBIX 4ncia. JlokKaKuTe, 9YTO MOXKHO BBIYEPKHYTH IO OJHOMY HYHCIy B
KasKJIOfl BepIIuHe TaK, YTOOBI OCTABIINECS HYUC/IA B JIIOOBIX JIBYX COCETHUX
BepIIMHAX ObLITN PA3JINIHBIMHE.

5. Ha nocke mammcamm 100 momapHO pasWYdHBIX HATYPAJIbHBIX YHUCETT
ai,Qas,...,0100- 3aTE€M II0JI KarKJbIM YUCJIOM @; HAIUCAJIU YUCJIO b;, MOJIy-
YeHHoe NIpubaBIeHHEM K a; HauOOJIBIIEro OOINEro JAeJUTeNd OCTaJIbHBIX 99
NCXOOHBIX YHCEJI. KaKOQ HanMeEHbIIee KOJIMYIECTBO IIOIIapHO Pa3/IMYHbIX YM-
ces1 MOXKeT OBITH cpenu by, b, . .., bigg?

6. Ha jiocke Halmmcanbl Tpu uncjia. Pasperiaercs 3aMeHATh apy duces a,
b Ha napy a+b++va? + b%, a+b—+/a? + b?. Jlokaxure, 9T0 €C/IM M3HAYAIHHO
OBbLIN 3alucaHbl Yncia 2, 3 u 9, To Ha JOCKe HUKOI/A He MOABUTCA YUCTIO,
Menblee 1.

7. B KOpoJieBCTBE, B KOTOPOM YKUBYT KOPOJb U 2" IOJJaHHBIX, IMEIOT
XOKJIeHne OyMarKHble KYIIOpbl 110 2" py0Jieit U 30JI0Tble MOHETHI 110 1, 2,
4, ..., 2" ! pybseit. Y KazKI0ro MOITAHHOTO OECKOHETHO MHOTO KYIIIOp, HO
o0I1ee IUCI0 MOHET B KOPOJIEBCTBE KOHEYIHO.

OHazKIbI KOPOJIb PEIIn cOOMpaTh € IOIJIAHHBIX HAJOL CJIELYOIIAM
obpazoM. Kaxksplit JieHb POBHO B TOJIJIEHb KasK bl IOJJIaHHBIA OTIaéT
KaKylo-TO CyMMy (Kak-TO pacipejienss eé MexKJy JAPYTUMU HOJIaHHBIME 1
KODOJIEM ), TIPUYEM KazKJIblil JIOJIZKEeH OTJaTh POBHO Ha 1 pybiib GoJiblie, Yem
nostygut ot apyrux. (PaszmaBaembie cyMMbI MOTYT OBITH PA3HBIMU Y PAa3HBIX
HOJIJIAHHBIX U Pa3HBIMU B pasHble JqaM). OKa3a/J0Ch, 9TO MOJJIAHHBIE MOTYT
IIPOJIE/IbLIBATL TAKYIO OIIEpPAIUIO KazKIblil JeHb — 10 beckoneunocTu! Kakoe
HanMeHbIIIee KOJTUIECTBO MOHET MOXKET ObITh B KOPOJIEBCTBE?!

Yupaxkuaeaus no teMe “‘Komniekcubie yncia”

N 2011
1. Boruucsure  a) (14 1)201;  6) <\}g_jl> :

Kommiekcubie ynciaa. 12.07.2016

n

1. UssecrtHo, uro z + 2! = 2cos a. Jlokazkure, uro 2" + 2~ " = 2 cos na.

2. a) [lokazkure, 9T0 eCM KOMILJIEKCHOE YUCIIO 2 ABJISETCS KOPHEM MHO-
rounena f () ¢ BerecTBeHHBIMI KO3MMUIMEHTAME, TO YUCIIO Z TAKIKe SBJIsI-
€TCsl ero KOPHEM.

6) Jdokazkure, 910 1100071 MHOTOUIEH C BEIIECTBEHHBIME KODMUIIHEHTA~
MU MOYKHO PA3JIOKUTh B IIPOU3BEJIEHUE HEIPUBOIMMBIX MHOTOYJIEHOB C Be-
IMECTBEHHBIMU KO3 durimentaMu He 60jee, 9eM BTOPOIl CTEIEHN.
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3. Muorousen p(x) ¢ BemecTBeHHBIME KO3(hUIMEHTAMY TIPU BCEX Belre-
CTBEHHBIX & IIPUHIMAET TOJIBKO MOJIOKHUTEIbHbIe 3HadeHus. JJokaxkure, 1T0
HaiiryTcs takue Muorowiensl a(x) u b(x), qia koropuix p(z) = a(z)?+b(z)?%.

4. Ilyctb 21, 29,...,2, — TOYKU KOMILIEKCHOMN TIJIOCKOCTHU, SBJIAIOIIHECS

BePIIMHAME BBIITYKJIOTO N-yToJbHUKA. I3BeCTHO, 4TO TOYKa 2 yIOBIETBOPSIET
1 1 1
YPaBHEHHIO  —— + P +...+ T = 0. lokaxkuTe, YTO TOUKA 2 JIEIKUT
BHYTPU 3TOT'0 N-yIOJIbHUKA.
27 47 6r _ _ 1
5. /lokaxkurte, 9T0O COS 7 T COS = +Cos = = —3.
6. Jlokaxkure, 9TO
n
a) CO —C2+Cp —C8 +... =22 cos(T);
1 3 5 7 _ 92 (TN
6) C, —C,+C, =Cl +...=22sin("}).

B) Borancoure soipazkenne CO + C2 + C8 + ...

7. llycro &1, ..., &, — Kopuu muorowiena x™ — 1 u k € N. Haiijure, gemy
paBHO BbIpazkenue &F + ... + &,

Bryrpennuii marboii. 12.07.2016

1. TMomoxkum f(n) = nl. Makcum BbIHCAT Ha JOCKY 9HCIO T =
0, f(1)f(2)... (B mecaruanoii 3anucn). fIBasgercs jau 9Ucg0 T paIruoHAb-
HBIM?

2. Kocrs mapucoBas jiBa rpada ¢ HEIePeceKaAONMUMICT MHOXKECTBaAMU
BEPIIMH 1 OOHAPYKUJI, YTO UX BEPIIHMHBI MOYKHO ITOKpacuTh B 100 11BeTOB npa-
BUALHBLM OOPA30M (9TO 3HAUUT, YTO JTHOObIE JIBE COCETHUE BEPIIUHBI JTOJIZKHBI
ObITH pasHoro 1BeTa), a B 99 1[BETOB Tak packpacuTh He mosydaercs. [lorom
OH IIPOBEJI HECKOJILKO Pebep MexKIy BepIIMHAME STHX IpadoB (KOHIIBI KarK-
JIoro pebpa mpuHajIeXkar pasHbiM rpadam) 1 00HAPY KU, YTO MOJIY YeHHBII
rpad HeIb3sd IpaBUIbHO packpacuTb MeHee dem B 110 nperos. Jlokaxkure,
aro Kocts niposes He menee 1000 pebep.

3. MoxkHO J1u BBITIACATD B PsiJi BCE HATYpaJbHbIE YnC/a, Oosbinue 1, Tak,
9TOOBI JIFOOBIE JIBA COCEIHUX UMC/Ia OBLIM HE B3AMMHO IIPOCTHI!

4. Bo BrucannoM derwsipéxyrosibanke ABCD 1npoBejieHbl OHCCEKTPUCH
yrioB ACB, ADB, CBD u C AD. Ounu riepecekaroT CTOPOHBI YeThIPEXYTOJIb-
Huka B Toukax X, Y, Z, T. /lokaxKuTe, 9TO 3TU TOYKH JIeXKAT HaA OJHOI
OKPY?KHOCTH.

5. [Iycrb a, b u ¢ — gmcsa wHa orpeske [2,4]. Jlokakure HEpaABEHCTBO

c L b . a < 1 . 1 n 1
a?b? 4+ 2 a?c2 402 b2 4a? T a?+b2 b2+ c2+a?
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6. Jlano muO)kecTBO M. Ero Tpems criocobamu pazomian Ha 12 1moaMHO-
2KeCTB (Ai>1ﬁi§127 (Bi)1§i§127 (Oi)ISiSIQ TaKHNIM o6pa30M, qTO0

|A; N Bj| +|B; NCy| + |C, N A > 12

JUIS BCeX TPOEK HATypaJsbHBIX ducen i, j, k, He npeBocxondnmx 12. Kakoe
HauMeHbIIIee KOJTMIECTBO IJIEMEHTOB MOTJIO COJIepXKaTh MHOKeCTBO M7

7. I3 Toukun O Ha miaockocTu mposeaeno 2016 Jydeil, HUKaKue aBa U3
KOTOPBIX HEe 00pa3yioT ojHy npamyio. JLms jiobbix JIByX Jydeil mpoBejieM
OMCCEKTPUCY MEHBITNEro U3 0Opa30BAHHBIX MMHU yIJIOB. Kakoe HamMeHbIIee
KOJIMYECTBO PA3HBIX JIyUuell MOXKET ObITh Cpeu 3TUX ouccekTpuc?

8. Hucia aq, as, . .. , G1g TAKOBBI, 9TO (fy1 = az—l—% g Beex 1 < k < 17.
Jlokazkute, uTO (13 = a3.

9. Buyrpu tpeyronbanka ABC ormeveHa TouKa [, Takasi 9TO
/DAC =2/DAB =2/DBA.
Hokazxxnre, auro AD + AC' > BC.

10. Ilocite HECKONBKUX WUIP OJHOKPYTOBOTO (hyTOOJIHLHOIO YEMITMOHATA
BBISICHIJIOCH, YTO JII0Oble 5 KOMaH/I MOYKHO PACIIOJIOKHUTh 110 KPYT'y TakK, U4TO
KaxkJasl y»Ke chiI'paJja co cjaeayrorleil mo Kpyry. Jokaxkure, 4To deMInoHaT
MOXKHO 3aBepINUTh B TPH JiHs (KazKjiasi KOMaH/Ia JI0JXKHA ChIIPATh ¢ KazKIOii;
KazKJlas KOMaH/[a UT'PaeT B JIeHb He Oojiee OJ[HOW UIPHI).

OpuentupoBannbie rpadbl. 14.07.2016

1. B opuenTupoBannom rpade 2005 BepIuH, mpudeM g JIOObIX JIBYX
BEPIINH 4 U v HaiijleTcd yTh JuO0 U3 u B v, b0 u3 v B u. Jlokaxkute, 910
B 9TOM rpade  a) HallJercs BepIINHA, U3 KOTOPOil MOYKHO IMONACTH BO BCE
OCTaJIbHBIE BepIMHBI,  0) MOxKHO orMeTuTh 1003 BeprmmHbI 5TOro0 rpada
Tak, 4TOOBI B JTIOOYIO HEOTMEUEHHYIO BEPIIUHY BEJIO OPUEHTUPOBAHHOE peOpO
U3 OJIHOII 13 OTMEYEHHBIX.

Onpenenenne 1. Bepmnbl a u b opuentuposanuoro rpada G HazoBeM
c8A3aHHBMY, ecu B rpade (G CyIIeCTBYIOT OPUEHTUPOBAHHBIC IYTH U3 ¢
B b u u3 b B a. OpueHTHPOBAHHBII rpad HA3BIBAETCS CUADHO CEA3ZHbLM, ECIIH
JIIOObIE JIBE €r0 BEPIIMHDBI CBA3AHDI.

2. Jlan cBsI3HBIN HEOPHEHTUPOBaHHBIN rpad 6e3 MocTOB (T.e. 9TOT Tpad,
He TepsieT CBA3HOCTH IPH yjaJeHnu Jroboro pebpa). IBoe 1o odepen opu-
E€HTUPYIOT 110 OJTHOMY ellle He OpHeHTupoBaHHOMY pebpy. [IpourpuiBaer Tor,
1ocjie Ubero xoja rpad mepecraHeTr ObITh CUIBHO CBA3HBIM. Kcim Bce peb-
pa OpUEHTHUPOBAHbBI, & CUJIbHAS CBA3ZHOCTH COXPAHUIACH — HACTYIAET HUIbS.
MozkeT Jit KTO-TO U3 UT'POKOB OO TUTH !
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Onpenenenne 2. Typruphoili 2pagh WIn TPOCTO MYPHUP — ITO OPUEHTHU-
pOBaHHBII I'pad, B KOTOPOM JIIOOBIE JIBE€ BEPIIUHBI COCTUHEHBI POBHO OJTHUM
OPUEHTHPOBAHHBIM PEOPOM.

3. a) [lokazkure, 9ro jitobas BEPIIMHA CHJIBLHO CBSI3HOIO TYPHUPA BXOJUT
B OPUEHTUPOBAHHBIN TPEYTOJILHUK.

6) (Teopema Mymna.) [lycts G — CHJIbHO CBSI3HBIN TYpPHUPHBINA rpad,
3 < k < wv(G). Horaxkure, aro Jyis jiioboit Bepimunabl v € V(G) cymectByer
MIPOCTOM TUKJI JIJIUHBI K, TIPOXOJIATINN Yepe3 v.

B) Jlokazkure, uro B rpade G cymecrsyer xors 661 v(G) — k + 1 mpocThix
[IUKJIOB JUIMHEL k.

4. [Iycrs G — TypHUpHBIA Tpad Ha n BepIMHAX, TJe  a) N 9eTHO; ©0) n
HedeTHO U 1 > 7.  Jlokaxkure, 9TO B HEM CYIIECTBYET TaKOil raMUIBTOHOB
MyThb 41 — Ay —> ... — @y, 9TO €r0 KOHIIbI COEIMHEHBI PEOPOM a1 — Uy,.

5. B cu/ibHO CBA3HOM OPUEHTUPOBAHHOM I'padpe UCXOIAIIAsd CTeIeHb KarK-
JIOA BepImuHBI He MeHbIne nByX. Jlokaxkure, 9T0  a) OIHO U3 ero pebep;
6) OJIHY W3 BEPIIUH  MOYKHO YJIaJIUTh C COXPAHEHUEM YCJIOBHsI CUJIBHOM CBsI3-
HOCTH.

6. Kaxxaple jgBa ropoja crpaHbl [enbbum coequHeHbI OJHOCTOPOHHUM
apuapeiicom. M3 KaxK10r0 ropojia MOXKHO J100paThbcs B J1I000# Jpyroii, BO3-
MOXKHO, C TepecajkamMu. PermonasibHble OApOHBI XOTAT IPEBPATUTH CTPAHY
B ejiepaliuio JAByX peciybuk ¢ obreil crosmieii (B KaxKoi pecirybinke
JIOJIZKHO OBITH XOTS OBbI JIBa NOPOJIA; KarK/Iblil TOPO/I, KpOMEe CTOJIUIILI, Oy/IeT
NIPUHA/JIEZKATH POBHO OJHOM M3 peciyO/InK, a BhIOpaHHasd COBMECTHO CTOJIH-
na — obenm). Okazanoch, 910 npu J06oM crocobe deepains3anuy XoTs Obl
B OJIHOI U3 peciyO/IMK HaiiyTcs JiBa ropojia, U3 OJHOI0 M3 KOTOPBIX HEJIb-
34 J10O6paThCd JI0 APYToro, He Bhle3xKad 3a mpejiesibl pecityomku. Jlokaxknre,
110 ropoia 'eb0nn MOXKHO 3aHyMepOBaTh HATYPAJIbHBIMIA INCIAMU TaK, ITO
BCe aBUapeiichl, KpOMe OJIHOTO, OY/IYyT BECTH U3 TOPOJIa C MEHBIITUM HOMEPOM
B I'OPO/I ¢ OOJIBIITUM HOMEDPOM.

CkaJsisipHoe npousBeaeHnne BekTopoB. 14.07.2016

Onpenenenne. CkanriapHovim npoudsederuem TBYX HEHYJIEBBIX BEKTOPOB 0
—_—
u U HA3BIBACTCA HHCIIO |ul ‘Lv| -cos(W, V). B caydae, eciu xorst GbI OLMH U3

BeKTOpOB ¢/ win ¥ paseH ( , UX CKAISIPHOE IPOM3BEICHHE TAKIKE CIHTACTCH
pasub 0. CKasIPHOE IPOU3BEIeHHEe BEKTOPOB 1/ 1 ¥ obosuauaercs (U, V)

nJjim 77

1. a) [Iycte A, B, C'u D — npousBo/ibHbIE TOUKH 1I0CKOCTH. [TokaxkuTe,
C

aro (AB,CD) + (BC,AD) + (CA, BD) = 0.

18



6) BeiBemuTe M3 IpeApIIyIero MyHKTa TO, UYTO BBICOTHI TPEYTOJbHIKA
EPECEKAIOTCA B OJITHON TOYKE.

2. Ha croponax mapaJiiesorpaMMa BO BHENIHIOIO CTOPOHY TOCTPOEHDI
KBaJiparhl. JlokaxKuTe, 9TO UX IEHTPhI 00pa3yIOT KBaJIpar.

3. Jlokaxkure, 9TO &) CyMMa KBaJIDATOB JIHATOHAJIEl HapaJLieiorpam-
Ma paBHa CyMMe KBaJIpaTOB BCEX €ro CTOPOH;  0) cyMMa KBaJpaTOB CTOPOH
IPOU3BOJIBLHOTO YETBHIPEXYTOTbHIUKA HE MEHbBINe, 9eM CyMMa KBaJIPATOB €T0
JIMaroHaJeil, npuyeM paBeHCTBO JOCTUTAETCd TOJIBKO B Ciydae IapaJiielio-
rpaMma.

o =
4. Jlaubl 1Ba BeKTOpa @ u b ¢ koopauHatamu (x1,y;) u (T2,y2) COOT-
BercTBeHHO. JoKasKuTe, 9T0 @ - b = X1T2 + Y1Ys.

5. EcTb 9eThIPEXYTOJILHUK C TEJTBIMU KOOP/IMHATAMU BEPIITUH U PABHBIMU
JjmaronajiiMu. Jlokaxkure, 9TO €ro JuaroHaju He MOTYT IEPEceKaThCs O]
yriom 45°.

6. B pasno6enpentrom tpeyroibauke ABC (AB = AC) touka D — ce-
pennna AB, O — nenTp onmcaHHoil oKpyzkHocTH, M — TOYKa HepecedeHus
Meauan Tpeyroabanka AC'D. dokaxkure, auro CD 1 OM.

7. llyctsb v, B,y — yribl TpeyrosbanKa. Jlokaxkure HEPpABEHCTBO COS (v +
cos f + cosy < 2.

IIpeobpazoBanus niaockoctu. 15.07.2016

Onpenenenue 1. [Ipeobpasosaruem niockocmu Ha3bIBA€TCsE OUEKITNAsST MHO-
JKECTBa TOYEK ILJIOCKOCTHU Ha cebd.

Omnpenenenne 2. [Ipeobpazosanne miockoctu F' Ha3biBaeTcsa deusicernuem,
€CJIM OHO COXPAHSIET PACCTOsIHUs (TO €CTh Jisi JIIOObIX JIByX Touek A u B

[E(A)F(B)| = |AB]).

Onpenenenue 3. [IpeobpaszoBanue mIo0ckocTu F Ha3bIBaeTCSI NPeodpasosa-
Huem nodobus, ecm cymecrByeT Takoe k > 0, 9TO s JTFOOBIX JIBYX TOYEK

AuB |F(A)F(B)| = k|AB|.

1. Jlokaxkure, 9YTO JBHUXKEHHE IEPEBOJUT  a) OTPE30K B OTPE3OK;
6) IpAMYIO B HPSIMYIO.

B) Jlokaxure, 4T0 mpeobpasoBaHue MOI00Hs 00JIaIaeT TEMH Ke CBOii-
CTBaMU.

2. JIBe npsAMOJIMHEHHbIE YKeJIe3HbIE JIOPOTH IiepecekaroTes B Touke A. [ap-
tu3an TpoduM ¢ 3ammacomM B3phIBUATKN HAXOJAUTCA B TOUKe L (J1arephb) BHYT-
pU OTHOI U3 YacTell, Ha KOTOPBIE JJOPOrU JIeJISAT IJIOCKOCTh, IPUYEM 3Ta 9aCTh

19



OorpaHUYeHa JiydaMu, 0Opa3yIoNuMi OCTPLIi yroj. Tpodum xoder 3aMUHU-
pOBaTh 1O Ovepenn o0e KeJe3Hble JIOPOTHU, IOCTEe Uero BEPHYThCH B TOUKY
L, v mpoiity pu 3TOM KaK MOXKHO MeHbIlee paccrosguue. Kak Tpodumy
[IOCTPOUTH CBOU IyTh?!

3. Ha miockocTn maHbl OKPYZKHOCTH W JIBe HellapaJijiebHble IPSMBIE.
C nmomombio NMUPKYJIA U JUHEHKHU ITOCTPOITe OKPYKHOCTH, KACAIONLYIOCHd U
JIAHHBIX IPAMBIX, U JIAHHOW OKPY2KHOCTH.

4. AD — ouccekrpuca yria A B tpeyrosbuuke ABC. Yepes Touky A
[POBE/IeHA TIPsiMast, MepHeHnKyasapaas K AD, u u3 BepmuHbl B omyIexn
neprieHuKy/asap BB Ha 3Ty npamyio. /lokaxure, 4TO 1epuMeTp TPEYTroJib-
uuka BB;C 6osbiite niepumerpa tpeyrosibauka ABC.

5. (Jlemma Apxumena.) Ilycte A u B — dukcupoBaHHble TOYKH
oKpyKHOCTH S. BoibepeMm ojHy u3 jyr okpyzkHOCTH S ¢ KoHIaMu A u B u
PACCMOTPUM TIPOU3BOJIBHYIO OKPYZKHOCTD, Kacaroliyiocs: orpeska AB u BbI-
opannoit myru. O603HaUNM TOYKN KacaHus depe3 P u () COOTBETCTBEHHO.
Hokazkure, 910 BCe mpsimble P() mepecekaioTcst B OJHON TOUKe.

6. Bokpyr kBajipaTa onucaH mmapasuresiorpaMM (BepIIUHBI KBAPATa Jie-
JKAT Ha pasHBbIX CTOPOHAX MapaJsuresorpamma). Jlokaxkure, 4To TepreH/ -
KYyJI4pbl, OIYIIeHHble U3 BEPIINH IapaJulesiorpaMMa Ha CTOPOHBI KBaJpaTa,
00pa3yIoT HOBBII KBaJIpaT.

7. JlokaxkuTe, 9TO IPAMbIE, CHMMETPUYHBIE IPOU3BOJILHON TTPAMOIL, TIPO-
XOJISIIEN depe3 OPTOIEHTP TPEeyTOJbHUKA, OTHOCUTETHHO CTOPOH TPEYTOJIb-
HUKa, TIEPECEKAIOTCS B OJIHOM TOYKE

Muoroujennl Haza Z u He ToJbKo. 15.07.2016

1. [Iycrs f(x) = apa™ + ... + ag — MHOTOUJIEH ¢ mesbiMu KoddduneH-

TaMu, a § — HecoKpaTumas JIpoOb Takas, ITo f <§> = 0. okaxwure, 91O

ap pUa:q.

Onpenesienne 1. Ilycrs p € P, a — Bbiuer 1o mopyio p u f(x) — MHO-
rodvjieH ¢ IeJbIMu KodddurmentamMu. Beraer o aBiigerca KxopHem MHo204Ae-
na f(x) no modymo p, ecm f(a) =0 (mod p).

JlBa MHOTOYIEHA CPaGHUMbL MO MOOYA0 P, €CITH CPABHUMBI UX KO3 hu-
[UEHTHI [IPU KaXKJI0W CTEIeHN! .

2. TlycTh p — 1poCTOE YUCIIO.
a) [lokazkure, 9T0 ecau o — KOPeHb MHOTro4IeHa f(x) Mo MOMyIio p, TO

fz) = (x = a)g(z) (mod p)
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JJTsT HEKOTOPOro MHOTOUWIeHa ¢(x) ¢ TebiMu KoadbuimeHTamu.
6) lokaxKure, 94TO ecim 1, g, ..., — DPA3JUIHBIE KODHH MHOIOUJIE-
Ha f(z) 1o MomyJtio p, TO

fl)=(r—a)(x—ag)...(r —ag)g(z) (mod p)

JIJI HEKOTOPOTO MHOTOUJIeHa ¢(Z) € TeabIMU KoM DUITHEHTAMU.

B) Jlokaxkure, 4TO MHOIOYIEH CTEIEHU N, y KOTOPOro He Bee Ko duru-
eHTBI JEJISTC Ha P, MOXKET UMETh He DoJiee n KOPHEH 110 MOJLYJIIO .

r) Jlokaxkure, 9T0

Pl —1=@-1)(z-2)...(x—(p—1)) (mod p).

1) BeiBeure w3 mpepyux myHKTOB TeopeMy Buibcona (To ecthb J10-
kaxkure, 910 (p — 1) = —1 (mod p)).

e) A BepHBI Jiit OyJIyT IYHKTBHI &)-T'), €CJIH P — OyJIeT IPOU3BOJILHBIM Ha-
TYpaJIbHBIM YUCIOM?

Onpepesienne 2. [lycrs f(x) — MHOrOWIeH ¢ neabiMu Ko duimenTaMu.
Codeporcanuem MuHOTOUWIEHA [ Ha3bIBaeTCd HAUOOJBIINN OOIIUI JI€TUTEDb
Becex ero Ko dunuenros. Cojepanne MuorowieHa f obosuauaercs c( f).

3. [lycrs f(x) u g(x) — MHOrOUIEHBI ¢ HEJbIMU KO dHITIEHTAMH.

a) Jokaxkwure, aro eciau c(f) = c¢(g) = 1, 1o ¢(fg) = 1.

6) (JIemma Taycca.) Hokaxwure, uro c(fg) = c(f)c(g).

B) Jlokaxkure, uro muorowien f(z) ¢ mesbiMu Ko3buImenTaMu Herpu-
BOJMM HaJ| Z, To oH HenpuBoguM u HaJ Q (T.e. ecotu f HesIb3s pa3IoKUThH
HA MHOXKHUTEJIU C IEILIMA KoM UIMEHTaMuI, TO €r0 HeJIb3sI Pa3JIOKUTh U Ha
MHOYKHUTEJN C PAIMOHATBHBIMI KOIMDMUITIEHTAMI ).

4. (Kpurepwuii Diizentrreitna.) [lycts Bce kKo dunmenTs MHOMOUYIE-
Ha f(x) € Z|x], KpoMe cTapIero, KpaTHbl IPOCTOMY UHCILY P, 8 CBOOOHBIN
aen He kpateH p2. Jlokaxure, 94ro MHOTOWIeH f(z) HenmpuBouM Ha Z.

5. Ilyctb p € P. loxkaxure, uro muorouaed xP~1 + P2 + . + 2+ 1
HEIIPUBOINM HaJI Z.

6. Ilyctb n > 2 — HaTypaabHOE YHUCIIO, A1, ..., 0, — DA3JIMIHBIE IEJIbIE
qucsa. Jlokaxkure, to MHOTOWIeH  a) (z — a1)(x — az)... (v — a,) — 1;
6) (x—a1)*...(x —ay)*+1 mnenpusomum Has Z.
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JBu>kenust u BekTopbl. 16.07.2016

1. ITycrs F' — npousBosibHOE peobpasoBaHue Mo00us (BOSMOXKHO, siB-
JIATOIIEEeCs] ABMKEHNEM, T.e. KO3 MUIHEeHT 101001s1 MOZKET OBITD paBeH 1).

a) Jlokaxkure, 9T0 ecsn AB = @ To F( )F(B§ = F(C’)F(D; Hcxoon
U3 YMEEPAHCOENUA NYNKMA &) Mbl MOHCEM O@HOSHaHHo onpedeaums 06pa3
npouseoHoz0 6exmopa U u 06osnavums ezo F (7)
6) Jlokaxkure, 9TO JJIs JIIOOBIX BEKTOPOB W u W uuncaa k € R BEPHBI
pasercrsa F(U + U) = F(W)+ F(V) u F(kW) = kF(W).

o — —
Onpegesienne. PaccMoTpuM IPOU3BOJILHBIN BeKTOp @ 1 yroa ¢. depes ag

MBI OyJjieM 0003HAYaTh BEKTOD, MOJIYUEHHBII M3 BEKTOpa @ IOBOPOTOM Ha
yIoJl ¢ IPOTUB HYaCOBOI CTPEJIKHU.

3ameuanwne. Eciu zﬁ C"ﬁ B’ — obpas Touku B 1pu moBopoTe Ha, yIroJ
@ ¢ neaTpoM A u D' — 06pa3 Touku D 1pu MOBOPOTE HA YIOJI ¢ C HEHTPOM

C, o AB’ = CD'. D10 o3Havaer, 4TO IPH IIOBOPOTE BEKTOPA Ha YIOJ (0 C
JIOOBIM IIEHTPOM OYZET MOJIyYaThCsA OQMH U TOT YKE BEKTOP.

a) Jlokaxkure, 9TO JBUKEHUE SIBJISIETCS TAPAJIIETIBHBIM [IEPEHOCOM TO-
IJla U TOJIBKO TOIJIa, KOIJIa KaK/Iblii BEKTOD OHO II€PEBOJIUT B PABHBII eMy
BEKTOD (T.€. KaKJIblil HAIIPABJIEHHBII OTPE30K MEPEBOJIUT B IKBUBAJCHTHBIN
emy).

6) Jdokaxkure, 94TO IBUXKEHHE sIBJISIETCS TIOBOPOTOM Ha, yroJ ¢ # 0 Toria
¥ TOJIBKO TOIJ[A, KOIJIA JUIst OGO BEKTOPa @ JAHHOE J{BHYKEHUE TIePEBOIAT
ero B BEKTOD Q.

B) Jlokaxkure, uro npeobpasoBaHue MOI00UsI SIBJISIETCST TOMOTETHEl ¢ KO-
spdunmenrom k # 1 Torga u TOJIBKO TOTJA, KOTJIA JJIsI JIFOOOIO BEKTOPa a
JAHHOE IPeoOpas0BaHme IePEeBOINT ero B BeKTop k - @ .

3. ,ZLaHbI JBE IIEpEeCEKaroIInecsd IIpsAMbIE. ﬂOKa)KHTe, 9TO KOMIIO3UIIA OCe-
BbIX CI/IMl\leTpI/Iﬁ OTHOCHUTEJIbHO 3TUX IIPAMBIX €CTb IIOBOPOT C IEHTPOM B TOY-
Ke 1epecedeHud IpsAMbIX U HaIU/I,Z[‘I/ITe YT'OJI 9TOTI'O IIOBOPOTa.

4. a) JlokaxkuTe, 9T0 KOMIIO3UIM JIBYX TIOBOPOTOB, CyMMa YIJIOB KOTO-
pbix He KparHa 360°, ects moBopot. Haitjure ero yros u menrp.  6) A gro
OyIer, ecin cyMMa, YIIoB KpaTHa 360°7

5. JlokaxkuTte, 9T0 KOMITO3UIU JIBYX roMOTeTHil ¢ Koaddurnmentamu ki u
ko, rie kiks # 1, aBnsierca romorerneit. Haiigure ee nenTp n K03 pUIIMEHT.
Yo Oyner, ecnu kiky = 17

6. Ha cropornax AC' u BC tpeyrospauka ABC' BHe ero mocTpoeHbl mmpa-
BuibHble Tpeyrojabaukn AC'P nu BC'(Q). Haiijiure yriel TpeyrojbHUKa, ¥ KO-
TOPOr0 BEPIIUHBI COBIIAAAIOT ¢ cepeannoit M cropousr AB, Toukoit P u meH-
tpoMm O Tpeyrosbanka BCQ).
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7. Hamer n1Be oxpyzkuocTu. OOIas BHEITHSAA KacaTebHas KacaeTCs WX
B Toukax A m B. Touku X, Y Ha OKpPy>KHOCTSIX TaKOBBI, UTO CYIIECTBYET
OKPYZKHOCTb, KacaloIasics JAHHBIX B 9TUX TOYKAX, IPUYEM OJIMHAKOBBIM 00-
pasoMm (BHeIIHUM Win BHyTpeHHUM). Haiiure reomeTpruaeckoe MeCTo TO9eK
nepecedennst psambix AX u BY.

IlepecranoBku. 17.07.2016

Ounpenesienne 1. [lepecmanoskoti koneunoro Mmuoxkecrsa {1,2,...,n} Ha-
3bIBAETCS OMEKTUBHOE OTOOpPaXKEHNE 0 3TOTO MHOXKECTBa Ha celd.

YTBepxKaeHue. J06aa nepecmanoska pazousaemcs Ha HENEPeceraouuecs,
YUKADL.

Onpenenenue 2. Husepcueti HA30BEM TaKyIO Mapy WHIEKCOB i, j, UTO 1 < j
uo(i) > o(j).

[TepecranoBka Ha3bIBAETCA 4e€MHOU (COOTBETCTBEHHO HEYeMHOU), eC/n
YICJI0 UHBEPCHI B Hell 9eTHO (COOTBETCTBEHHOTO HEYETHO).

Onpenenenne 3. Tparncnosuyueti Ha3bIBACTCS MMEPECTAHOBKA, MEHSIIOIIAs
JIB& 9JIEMEHTA MECTaMU.

Tpancrozunum, MEHIONIE MECTAMU JIBa COCEIHUX dJIEMEHTA, HA3bIBAIOT-
CT ANEMEHMADPHDLMU.

Onpenenenne 4. [Ipoussedenuem NepecTaHOBOK 0 U T HA3BIBAETCH KOMIIO-
surysi coorBercTByonmx dynkiwii. T.e. orobpaxenue (o o 7)(z) = o(1(x)).

1. /loxkaxkure, 4TO JIIOOYIO TEPECTAHOBKY MOYKHO TOJIYYHTDH ITOC/IE/I0Ba~
TeJIbHBIM BBIIIOJTHEHHEM &) TPAHCHO3UIMI;  6) 3JeMeHTapHbIX TPAHCIIO-
sunuit.  B) [pujymaiiTe jiBe mepecTaHOBKH, TaKhe, 4TO MX KOMIIOZUIUSIMU
MOYKHO ITOJIyIUTh JIIOOYIO TIePEeCTaHOBKY.

2. a) Jlokazkure, 9T0 TIpH JH060N TPAHCIIOZUIIUH YETHOCTH TIEPECTAHOBKH
MEHSIETCS.
6) Haiizure 9mcio YeTHBIX MEpPeCTAHOBOK MHOYKECTBA U3 N-3JIEMEHTOB.

3. a) Jlokaxkure, 9TO IPU KOMITIO3UIMA JIBYX [EPECTAHOBOK UX YE€THOCTH
CKJIJIBIBAIOTCS.
6) Yemy paBHA YETHOCTD IUKJIA JJIUHBI 17

4. B roposie N pasperienbl TOIbKO TpOitHbIe 0OMEHBI KBAPTHD (110 UKJTY ).
O tHaXK bl BBISICHIJIOCH, 9TO ropozxkane Jlumep u Bpokep XoTgaT moMeHATHCS
CBOUMHE KBapTHPaMH, & BCE OCTAJbHBIE KUTEIN IIPU 9TOM HE XOTAT HUKY/IA
Iepee3zKaThb. ,HOKEL}KI/ITG, HTO 9TOT IIJIaH HEBBIITIOJIHUM.
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5. B odepeaun K cromarosiory crodaT 30 pedAT: MAJIbLIMKOB U JIEBOYEK.
Yacer Ha crene nokasbiBaioT 8:00. Kak To/ibKO HaunHaeTcs HOBas MHUHYTA,
KazKJIblil MaJIbdMK, 38 KOTOPBIM CTOUT JI€BOYKA, IPOITyCKaeT ee Buepen. lo-
KaxKUTe, 9TO MEPECTAHOBKHU B odepeu 3aKoH4daTcd /10 8:30, Korjaa oTKpoeTcs
JIBEPb KaOuHera.

6. 3a crosioM cuadT 2n jernyrartoB. [locste nepepbiBa 3TH )Ke 2n jemnyTa-
TOB Pacce/IMCh BOKPYT CTOJIa B JAPYroM mnopsjke. /lokaxkure, 910 HalyTCA
JIBa, JIeIlyTaTa, MeKIy KOTOPhIMU KaK /10, TaK U IOCJIe TIepePhIBA CUJIENIO OTH-
HaKOBOE YHMCJIO YEJIOBEK.

7. J11g MpoXOoxkKJIeHUs TeCTa THICATY MYJIPEIOB BBICTPAUBAIOT B KOJIOHHY.
N3 konmakoB ¢ HoMmepamu oT 1 g0 1001 oguH HpsdyT, a OCTaJIbHBIE B CJIy-
JaiiHOM TIOpsiJIKe HAJIeBAIOT Ha MyAperoB. Kazk iblit BUJIUT TOJIBKO HOMEpPa Ha
KOJITIAKaX BCEX BIIepe i cTodAmuX. Jlajgee Myiperisl 1o MOPSIKy OT 3a/IHEr0 K
IepeIHeMY Ha3bIBAIOT BCJIYX IeJble dncia. Karkoe 9nuc/io JT0IKHO ObITh OT
1 mo 1001, mpuyeMm HeJb3sI Ha3bIBATH TO, UYTO y2Ke OBLIO cKa3aHo. Pe3ynbrar
TecTa — YHUCJIO0 MYJIPEIOB, HA3BABIIMX HOMED CBOETo KoJiaka. Myapers 3a-
paHee 3HaJIN yCJIOBUS T€CTa U MOTJIN JIOTOBOPHUTLCH, KaK JieiicTBoBaTh. Kakoii
MaKCHMaJIbHBIN Pe3yIbTaT OHU MOT'YT TapaHTHPOBATD !

Martb6oii IIpodu-7 — IIpodpu-8. 17.07.2016

1. CymecTByeT Jin Ha IJIOCKOCTA KOHEYHOE MHOYKECTBO TOUYEK TaKOe, UTO
y KazKJI0i TOYKU XOTsI Obl 4 OsmzKaiimnme?

2. B rpanemuu ABCD (AB || CD) yrowt ZABC uw ZBAD ocrpsble.
Hokaxkure, aro TpeyroibHuK ABC MOXHO pa3pe3arh Ha TPEyTrOJbHUKH
Xq,..., Xy, a rpeyrosibauk ABD na TpeyroibHuku Y7, ..., Yy Tak, 9T JJIs
KaxkKaoro ¢ = 1,...,4 Tpeyroysibuuku X; u Y; paBHBI.

3. Yesnanot AD u BE upasuibaoro tpeyroibanka ABC nepecekaroTcs
B Touke F'. Okazamnocs, uro S(ABF) = S(CEFD). Haiinure yron AFB.

4. CymiecTByeT Jin Takoil HaOOp HaTypaJbHBIX 4ucesn a, b, ¢, d, e, 9TO
POBHO JIJIsI JIBYX HATYPAJIbHBIX YUCET N Bee uucaa n+a, n+b, n+c, n+d,
n + e npoctoie?

5. Harypasbable 9ncia a U n TAKOBBI, 9TO BCE IPOCTHIE JIETUTEN TUCIa
a Gosbite n. Jokaxure, uro (a — 1)(a* — 1) ... (a""' — 1) gemurca na nl.

6. B kirerkax Tabiuibl 32 X 32 3alUcaHbl YUC/Ia TaK, 9TO BBIITOJTHEHBI
cJIeIyIoniue ycJIoBus. B KjeTkax BepxXHel CTPOKH U JIEBOI'O CTOJIOIA 3allu-
CaHbI eJINHUIBI. B HEKOTOPBIX HEYIJIOBBIX KJIETKAX [VIABHOMN JMaroHa/u (He
006s13aTeIHHO BO BCEX ), MJIYINEN U3 JIEBONO HUYKHETO YIJIa B IPABBIN BEPXHUI
yIOJI 3allUCaHbl HyJIM. B ocTajbHBIX KJIETKAX, KayKJ/I0€ YHC/I0 PABHO CyMMe
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YUCeI, CTOAIINX B COCEJIHUX KJIETKaX cjieBa U cBepxy. /lokaxkure, 9T0 9uCI0,
CTOsIIIIee B MPABOM HIKHEM YTJIy, He JieTuTcd Ha 31.

7. Nznavanbuo nosocka 1 X 2016 mycra. /IBa MIKOJIBHUKA 3aIMCHIBAIOT
1o ouepeiu B ee KieTku OyKBbl C 1 D (KazKIbIM XOJI0M KaKJIbIil MKOJIBHUK
MOXKeT mucaTh 00y 6ykBy). VIrpok, mocse Xojga KOTOPOrO MHOJIYy9HIOCh
noicioBo CIC, BemurpeiBaet. /lokakure, 9TO IPU MPABUILHON UT'pe BTOPOit
UT'POK BBIUTDHIBAET.

8. I'pad G, comepxxkammit 100 BepiinH, yIOBJIETBOPSET YCJIOBUIO: €CJIN
BbIOpaTh B HeM 4 pasyimunbie Bepmunbl A, B, C, D takue, uto A cMmexxHA
¢ B, B cmexxaa ¢ C' u C cmexna ¢ D, TO cpein 9TUX UETHIPEX BEPIITUH
ere Kakne-To jBe cMexkHbl. Jlokaxkure, aro B rpade G HaliyTcs Takne qBe
BepimmHbI X 1 Y, 9TO KaxKJasd U3 OCTAJIbHBIX 98 BepIIuH JIMOO CMEXKHA U C
X, ucY, mubo vHe cmexkna Hu ¢ X, H ¢ Y.

9. B cynepaure urpaer 20 ¢pyTOOJIBHBIX KOMaHI. YeMIIMOHAT Pa3bIrpPhl-
BAETCsl B OJIMH KPYT (KayKble JiBe KOMaH/Ibl UI'PAIOT MEXK Iy coDoii OJInH pas,
3a 1obe/ Iy JaloT 3 0YKa, 3a HUYbIO — 1, 3a mopazkeHue 09KoB He naior). [1o
UTOraM YEeMIIMOHATA COCTABUJIN TYPHUPHYIO TaOJIMILY, B KOTOPOH KOMAHIbI
YIOPSAIOUEHbI 110 KOJHYECTBY OYKOB. Kakas HamboJsIbIIas pasHUIA MOXKET
OBITH MEKJIy Pe3y/bTaTaMU JIBYX KOMaH/I, 3aHUMAIOIINX COCEIHUE CTPOUKH
TYPHUPHOI Tab/HIbI?

10. IToes BeImIesn co cranmuu A, mpocsegoBajg MUMO CTaHIUU B, 3aTem
C u npubsLT Ha cranmuio D. Yacts mytn ot A 1o C' on mporren 3a 2 daca, a
or B 1o D — 3a 3 gaca. Paccrostnue or A 10 B — 100 kM, ot B 10 C' — 60
kM, or C' 10 D — 180 kM. Kakoe HamMeHnbIliee BpeMsi 110€3]] MOTI' IIOTPATUTh
Ha BeChb MyTh, €CJIU U3BECTHO, UYTO OH HUIJIE He IPEeBBINIal cKopocTh B 100
KM/ 1gac?

Mart60ii IIpocdpn-8 — Ilpodpu-9. 17.07.2016

1. CymiecTBYIOT JI TaKue BeIeCTBeHHbIe Yncia a u b, 1to a + b — uppa-
MmuoHasbHO, a a?" ! 4 2"+ — parmonasbpHO IpH MO6OM HATYPAILHOM N7

2. V HaTypaJbHOrO YHC/Ia @ BCe IPOCThIe JIe/IUTe/ GoJIbIle HATYDab-
noro uucia n. Jokaxure, uro (a — 1)(a® —1)...(a" ! — 1) nenurca na n!.

3. B rpacde G cro Bepmun. Okazaaoch, YTO HOCE yIaJienus JoObx 49
BepiuH u3 (G, B ocTaBiieMmcs rpade MoxKHO HaiiTu 1uk/1. KakoBo HanMeHbIiee
BO3MOXKHOE KOJIMYecTBO pébep B rpade G7

4. B xnerkax Jockm 5 X 5 HammcaHbl Hyan. MbI MoyKeM BBIOpaThH
KaKy[O-HUOY/Ib KJETKY, U yBEJUIUTh Ha | Unc/ia, HAIlMCAHHBIE B Heil n eé
coceigx 1o cropone. MoyKeM Ji MbI TAKUMU OTIEPAIASIMU TTOJIYIUTH JOCKY C
qrcaoMm 2016 B KaxK 10l KjeTke?
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5. [lycts k 1 n — HATYpAJIbHDBIE YUCTA, & L1, .- ., Thy Y1, - - -, Yp — IEJBIE.
Muorounen P(zx) ¢ neabimu KoddduipenramMmu takos, uro P(zy) = ... =
P(zy) = 2016 u P(y1) = ... = P(y,) = 57. Kakoe nanboJbiiee 3nadeHne
MOZKET IIPUHUMATh Ipou3Beenue kn?

6. [lan Brmucanubiii gerbipéxyroabank ABC D. [psmble BC' u AD niepe-
cekatorcst B Touke P, a juaronanu AC u BD — B touke Q). [lycte M u N —
cepenunabl ctopoH AB u C'D coorsercrBenno. lokaxkure, uro npsmas PQ)
KaCaeTcsi OMUCAHHON OKpYy2KHOCTU Tpeyrojibauka MEQN.

7. B tpanentuu ABC' D ocnoanue AB 6osibiie ocHoBarust C'D. Toukun K
u L, nexamue Ha orpeskax AB u C'D cOOTBETCTBEHHO, TaKOBbI, 9T0 AD,
BC u KL nepecekatorcst B oot Touke. Ha orpeske K L HANLINCh TOUKH

P u @ rakue, uro LZAPB = /BCD n /CQD = ZABC. Jlokaxure, 910

toukn P, @), B u C jexat Ha 0JIHON OKPYZKHOCTH.

8. Ha mexoropoit mmanere 2V crpan (N > 4). Kaxmast crpana umeer
daar B Buje Tabjauibl mmupuHOH N KJIETOK W BBICOTON B 1 KJIETKY, KarK-
Jlasi KJIeTKa IOKpallleHa B »KeJIThIf uin cuauil net. Bee dyiarn pasjimdaHb.
Mpb1 HasbiBaeM MHOZKeCTBO 13 N (hJ1aroB HeHOPMAALHBILM, €CJTA €70 SJIEMEHThI
MOXKHO PAaCIIOJIOKUTEL B Buje KBajpara N X N Tak, 9T00bI BCe KJIETKU Ha
€ro IJIaBHOW JinaroHaJim ObLIN ojiHONBeTHbI. Haiiinre HauMenbiiee M Takoe,
qT0 cpean Jo0bix M dyarop HaiAeTCsT HEHOPMAJIbHOE MHOXKECTBO.

9. Komap ces1 B KaKyo-TO KJI€TKYy OECKOHETHOM KJIeTYATOM JIOCKU, U KarK-
JIYIO CEKYHJTy TEePEJIBUTAETC Ha COCETHIOI MO CTOPOHE KJIETKY, KaXKJIbIil pa3
B OJIHOM U TOM K€ HallpaB/ieHn#. Bacs xodeT npubuTh KoMapa, HO HE BU-
quT ero. Kakiayro cekyHIy MexKJIy mepeMelieHusMu KoMapa Bacd mMoxker
BBIOpATh KaKyIO-TO KJIETKY JOCKH M YIAApUTh 10 Heil TankoMm. Ecim B TOT
MOMEHT KOMap HaXOJWJICA B 3TOI KJIETKe, OH YMHUPAET, B TPOTUBHOM CJIydae
po1osKaeT KuTh. CyIecTByeT Jin aJIfrOPUTM, JAefCTBYs 110 KOTOpoMy Bacs
CMOKeT Korjia-unbyib yontsr komapa?

10. Ha kneruaroit jiocke 2012 x 2012 orMedenbl HEKOTOPbIE KJIETKHA Ha
JIMaroHaJIl U3 BEPXHEro MPaBOTO yIJIa B JIEBbI HUXKHUM yToJI, TPUIEM YTJIO-
BbIe KJIETKH OKa3aJINCh He oTMedeHbl. Jlajee Bce KJIETKMU JOCKH 3aITOJTHUJIH
IEeJTBIMI YUCTIAME CJIeIyIonuM obpaszoM. B Kak10il KjaeTke Ha BepxHeil u
JIEBOII CTOpPOHaX KBaJipara Hamucano 1. B KaxKoit orMeveHHOI KJleTKe Ha-
nucano (. B jr06oit a1pyroit KjaeTke HAIMCAHO YUCJIO, PABHOE CyMMe YHC/Ia B
BEpPXHEM coceJie TI0 CTOPOHE U YHCJIa B JIEBOM cocele TIo cTopoHe. JlokaxKuTe,
YTO YHMCJIO B HUZKHEM IIPaBOM yTUIy He jgenutcd Ha 2011.
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I'eomeTpusa macc. 19.07.2016

Omnpepnenenne 1. Ilycte M — HeKoTOpasi TOUKa IIJIOCKOCTH U 1M — HEHYJIe-
Boe unciao. MarepuasibHoii Toukoit (m, M) nassiBaercs Touka M ¢ duciom
m, TPUYEM UHCJIO M HA3BIBACTCS Maccoil MarepuasbHOil Touku (m, M), a
Touka M — HOCHUTesIeM 3TOH MaTepHAIbHOI TOYKU.

Onpe,ueJIeHI/Ie 2. llenrpoMm Macc cucTeMbl MaTepUAIbLHBIX TOYeK (my, M),
(ma, Ma), ..., (my, M) c nemysesoii cymmoii Mace HasblBaeTcs TaKad TOTKa

Z JIJIsI KOTOPO# MMeeT MECTO paBeHCTBO My 4 My +mo/Z Mé +...+ ng M,
O )

Teopema 1 (OcHoBHast Teopema). Fcau mouwka Z ABAACMCA UEHMPOM MACC
cucmemvl Mamepuasvioir movwex (mq, My), (mo, Ms),. .., (M,,m,), npuuem
my + Mo L + My, £ 0, mﬂ?ﬂﬂ 210601 mouku O cnpaeed/meo PABEHCMEO
07 = mlOMlnt:”fgﬁﬁﬂjm"OM" Obpammno, ecau das Hexomopol mouxu O
GHINONHAECMCA IMO PABEHCME0, MO MOYKA Z — UeHmp macc dannotl cucme-

MblL MANEPUANADHBLL TNOUEK.

Teopema 2 (IIpasusio peraara). Ilenmp mace Z 06Yyr mMamepuaibHvix mo-
wek (my, M) u (mg, M) ¢ HEOMPUUAMEADHUMYU MACCAMU DACTLONONACEH HA
ompesxe My My, npuvwem mi|MiZ| = mo|MyZ|.

Teopema 3 (Ilpaswio rpynmuposku). Ifycmv dana cucmema mamepu-
anvror movex (mqy, My), (me, Ma),...(my, My,), u nycmo mouka O —
UEHMP MACC CUCTMEMDL, COCTNOAUWLET U3 NEPEur k Mamepuasvrvlr mo-
wex dannoti cucmemol. Toeda uewmp macc dannotll cucmemvt cosnadaem
C UEHMPOM MACC CUCTNEMDL MAMEPUAALHUE mover (my + me + ... +
myg, O), (mk+1, Mk-Jrl), Ce (mn, Mn)

1. Kakue macchl HaJ0 MOMECTUTH B BEPIIMHBLI TPEYIOJLHUKA CO CTOPO-
HAMU @, b ¥ ¢, 9TOOBI IEHTP IOJIyYeHHOH CHCTEMbI MaTEPUAJbHBIX TOYEK
OKazajcg  a) B TOUKE I[epeceveHnsl MeJMaH TPeyroJbHuKa, ©6) B TOUYKe
nepeceveHnsi OMCCEKTPHC;  B) B IEHTPE BHEBIMCAHHON OKPYKHOCTH, Kaca-
IOIIelicst CTOPOHBI a;  T') B Touke Haress (Touke, TJie TepeCceKalTest OTpes-
KU, COEIMHSAIONIIE BEPIINHY TPEyTOJIbHUKA ¢ TOUYKON KacaHusi BHEBIIMCAHHOMN
OKPYZKHOCTH IPOTHUBOIOJIOKHON CTOPOHBI); 1) B Touke 2Kepronna; e) B
OpTOLIEHTPE.

2. Ha mnockoctn man tpeyronbank ABC n ormedena Touka O. Jloka-
JKHUTe, B BEPIIUHBI TPEYTOJbHUKA MOYKHO MOCTABUTH TaKHe MACChl, 9TOOBI X
HeHTp nonaj B Touky O.

3. Hokaxkure, 9To TouKa Haresis jie:KuT Ha mpaMoil, COeIMHAIONIENR TOUKY
repecevdeHns MeJuaH TPEYTroJIbHUKA U TOUKY IepecevueHns ero OMCCeKTPUC.
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4. [1pu momomum mace pokaxkute Teopemy Menesiasi. Ha croponax AB,
BC n AC tpeyronbanka ABC, nan Ha UX TPOJOIKEHUSIX OTMEYEHBI TOY-
ku Cp, Ay u By coorBercTBeHHO. JloKazkuTe, 9T0 3T TOYKH JIe?KAT Ha OJIHOM
HPSMOIi TOTJIa U TOJIBKO TOTIJIa, KOTJIa

BA, CB, AC
AC BA OB

=1

5. [Ipu momormmu Mace jJokazkute Teopemy Udesbi. Ha croponax AB, BC
u AC tpeyronpauka ABC, nin Ha UX IPOIOIKEHUSAX OTMedeHbl Touku (',
Ay n By coorBerctBenno. Jlokaxkure, aro mpameie AA;, BBy u CCy xonky-
permuoi (T. €. TuOO TAapasIIesIbHBL, JTUOO [ePeceKaloTes B OJHON TOYKE) TOIIA
U TOJIBKO TOTJIa, KOTJIa

7

BA, CB, AC;
A,C BA OB

= 1.

6. Ha okpy2KHOCTH pPacroiozKeHbI 72 TOYEK C €JITHNYHBIMIA Maccamu. Bacs
BBIOMpAET MPOU3BOJILHBIE N — 2 U3 HUX, PUCYET UX IEHTP MACC U OIyCKAeT
U3 HEro NEepHeHJAUKYIdAp Ha IPAMYIO, IMPOXOIAIIYIO Yepe3 JIBEe OCTABIINECd
toukn. Jlokaxkure, 9To Bce Bacuubl npsiMble MpOiIyT Yepe3 OJIHY TOUKY.

7. B tpeyronbanke ABC' BHeBIMcaHas OKPY’KHOCTb KaCaeTCsl CTOPOHBI
BC B touke T'. I — 1eHTp €ro BIUCAHHON OKPYKHOCTU 3TOTO TPEYTOJIbHU-
Ka, a OCHOBaHUE BBICOTHI M3 TOUYKM A — 310 Touka H. Jlokaxkwure, uro 11
nepecekaer AH B e€ cepeanne.

Paznob6oii-3. 19.07.2016

1. B kuracce 30 yuenukon. Ha 14 ypokax oHM caTUTUCH TI0 JIBA Y€TOBEKA 38
apTy, IpUIeM Ha Pa3HbIX YPOKaX OHM MOTJIN CHJICTD 110 pa3Homy. Jlokaxkure,
9TO WX MOXKHO PacCaJuTh 3a MapThl TaK, YTO Yy KaxKJOIo YUeHHKa OyJer
coceJl, ¢ KOTOPBIM OH eIlle HU Pa3y He CHJIE].

2. (Teopema o Tpex koamakax.) OOiue BHENTHUE KacaTebHbIE K Ma-
pam okpyxKkHOCTelt S7 1 Sy, So u S3, S3 u S nepecekaiorcs B Toukax A, B u C'
coorBercTBeHHO. JlokaxkuTre, uro Toukn A, B u C' jexkar Ha OIHON IPSIMOIi.

3. U3 Bepmmabl C' Tpeyronbanka ABC' mposesenbl kacaresbHble CX
CY K OKPY:KHOCTH, TPOXOIAIIEil depe3 cepeauHbl CTOPOH TPEYTOJbHUKA.
Jokazxkure, aro npsmbie XY, AB n kacarenbHas B Todke C' K OKpPYKHO-
CTHU, ONMCAHHON 0K0JIO Tpeyroibuuka ABC, mepecekaioTcss B OJHON TOYKE.

4. Haiigure Bce mapbl HaTypaJbHBIX ducesa (m,n) Takue, dTO

plp(n™)) = n.
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5. B kBajgpaTHOil KOopobouKe pa3mepa 4 X 4 pasmerrneHbl 15 KBaJIpaTHBIX
dumex pasmepa 1 X 1 ¢ Homepamu 1,2,...,15, a 0IHO MECTO OCTAJIOCH CBO-
6oubIM. [lepBoHadaibHO (DUIIKK paccTaBIeHbl TaK, KAK Ha PUCYHKE CIIPaBA.
MozkHO J1u, TOC/IeI0BaTe/IbHO CABHUIas (DUITKKA HA CBOOOIHOE MECTO, ITOJIy-
YUTh PACCTAHOBKY (DHUINEK Ha PUCYHKe CJieBa’

1121314 11234
516 |78 516 | 7|8
9110|1112 9110|1112
1311415 = 1311514 | =

6. JLis 00BbIX HATYpaJIbHBIX @, b U ¢ JIOKaXKUTe HEPABEHCTBO
(a,b—1)(b,c—1)(c,a —1) < ab+ bc + ca.

7. Capesuii 3arajiajg OTJIMYHBIH MHOrOUYIeH MHOrowien P(x) ¢ mesbl-
MU HEOTpUIATETbHBIME KO3 durimenTamMu. ApTéM yTBEPAKIAET, ITO CMOYKET
OJIHO3HAYHO OIPEJIEJUTh ITOT MHOTOYJIEH, eCjid y3HaeT 3HadeHus P(2) u

P(P(2)). Ilpas s ou?

Knaccudukaua asuxxkennii. 20.07.2016

1. [okaxkute, 9To J000€ JIBUXKEHHE OJHO3HATHO 3a/1aeTcd obpas3amu
a) OJHOW TOYKM U JIBYX HEKOJUIMHEADHBIX BEKTOPOB; 0) Tpex TOuek, He
JIe2KaIluX Ha OAHON HPAMOIL.

2. a) Jlokaxkure, 4TO JIBUKEHNE, UMEIOIIEE TPU HEIIOBUKHBIE TOUKH, HE
JIeZKaIlye Ha OJHOU TPAMOI, ABJISIETCS TOXKJIECTBEHHBIM ITPeoOpa3oBaHueM,
a JIBU>KeHue, nMceroliee JBe HEIIOABU2KHbIC TOYKH, — TO2KJICCTBEHHBIM Hpeo6—
pa3oBaHWEM WJIM OCEBON CUMMETPHUEH.

6) dokaxkure, 94TO JBUZKEHNE, UMEIOIEe POBHO OJHY HEIOIBUKHYIO TOY-
Ky, 4dBJIgeTCA ITOBOPOTOM.

3. (Teopema IMlans.) dokaxkunure, 910 J11000€ IBUZKEHIE MOMKHO IIPEJI-
CTAaBUTHb KaK KOMIIO3UIUIO He DoJjiee, YeM TPeX OCEBBIX CUMMETpPHil.

4. JlokaxkuTe, 9TO JIBUXKEHUE, KOTOPOE MOYKHO IPEJICTABUTH B BUJIE KOM-
MIO3UIIMA YETHOTO YHCJIa OCEBBIX CUMMETPUIl, HEJIb3d NPEIACTABUTH B BUJIEC
KOMIIO3UIIUN HEYETHOI'0 YNCJIa OCEBBIX CUMMETPHII.

Omnpenenenne 1. J[Brmkenue, mpejcTaBuMoe B BHJIE KOMIO3HUIIUU YETHOTO
YHUCJIa OCEBBIX CUMMETPHIl, HA3BIBACTCS JBUNCEHUEM NEPE020 Poda, a JIBUKE-
Hue, 1npecTaBuUMOE B BUJAE€ KOMIIO3UIUK HEYETHOI'O YHCJ/Ia OCEBbBIX CHUMMET-
puit, HA3bIBAETCA J6UICEHUEM BMOPO20 POOa.
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Omnpenenenne 2. Croavaauiets cummempuets Ha3bIBAETCST KOMITO3UTINAS CHM-
METPUU OTHOCUTEILHO HEKOTOPOH MpsAMOil £ U mapaJiielbHOrO IepeHoca Ha
BEKTOD, HapaJLIeIbHbIHA { (3TOT BEKTOP MOXKeT OBITh HYJIEBBIM ).

5. a) Jlokaxkure, 9T0 JIIOOOE JIBUKEHUE TIEPBOTO POJIA SIBJISACTCS TIOBOPO-
TOM WJIM TAapaJjuIesIbHbIM mepeHocoM.  0) Jlokazkure, 910 J1I000€ JIBUKEHIE
BTOPOTO POJA ABJIAECTCA CKOJIL3AIIECH CUMMETPUEH.

6. Kakum JBuKeHHEM sBJISIETCS KOMIIO3HMIUS JIBYX PAa3HBIX CKOJIb3si-
IIIUX CUMMETPHIi, KazK1as U3 KOTOPBIX 0ToOpazkaeT oTpe3ok AB Ha oTpe3okK

7. CaBenit HapUCOBAJI Ha CTEHE MSITUYTOJIBHUK, a banp — OKpy>KHOCTb.
Mozker jin MakcuM HapuCOBATh IMATUYTOJBHUK, KOTOPBIN ObLI ObI BIIMCAH B
9Ty OKPYKHOCTD, & €I'0 CTOPOHBI OBLIN COOTBETCTBEHHO MAPAJIICTbHBI CTOPO-
HaM rgTuyrobHuka Casesmsi?

KBaagparuunsbie Bbruerbl. 20.07.2016

Omnpenenenne 1. Ilycrs m > 1 — mHarypajibHOE YUCIO U @ — II€JIOE YUCJTIO,
B3aMMHO IIPOCTOE ¢ M. YNCJI0 a Ha3bIBAETCA K6adPAMUYHIM 6D eMOM IO MO-
ayso m, ecyu cymectsyer * € N takoe, uto a = 22 (mod m). B nporusxom
cJIydae 9Uc/IO G HA3BIBACTCI KEAOPAMUUHLM HEGHIYETNOM TI0 MOJYIIIO M.

1. ,HOK&)KI/ITG, 9TO €CJIn p — HedYeTHOe IIPOoCTOoE YrCJIO, TO IIO0 MOIAYJIIO P
—1
CymieCTByeT pOBHO IJT KBa/JIPpaTUYIHBIX BbIY€TOB U CTOJIbKO 2K€ HEBBIIETOB.

2. [okazkutre, 9ro it JaHHOTO MOjy/isa p € P a) mpoussejenue aByX
KBaJIPATUYHBIX BEIYETOB — BbIYeT; 6) MPOM3BEJIEHNE BblYeTa HA HEBbIUeT —
HEBBIYET; B) MIPOM3BEJICHUE JIBYX HEBBIUETOB — BbHIUET.

3. Ilyctb p — HeveTHOE TpocToe vucso.  a) Jlokaxure, 9T0 €caum a —
.o p=1
KBaJIPATUYHBIA BbIUET 10 MOJy/o p, T0 @ 2 = 1 (mod p). 6) dokaxwure,
. p—1
9TO €CIM @ — KBAPATUYHbII HEBBIYET 110 MOIYJIO p, To a2 = —1 (mod p).

Onpenenenue 2. Ilycrs p € P. Cumsosom Jleocarndpa Ha3bIBa€TCsT BhIPa-
JKeHue, 0003HaIaeMoe (%), paBHoe 1, ecim a — KBaJpPATWYHBIA BBIYET 110

MOJYJ/TIO p; —1, ecn a — HeBBIYET 10 MOy 0 p 1 0, ecim @ KpaTHO P.

p—1
U3 sazaun 3 creyer, uTo ecim p Hewerno, To (¢) = a 2 (mod p).
4. [Ipu Kakux p Ber4eT —1 gBIgeTCd KBaIPATUIHBIM BHIYETOM 110 MOJTYJTIO
p (rje p — HEYeTHOE IPOCTOe YUCIO)?

5. Ilycts p — HeweTHOE TTPOCTOE YUCTO, a,b, ¢ — BBIYETHI 110 MOJIYJIIO P,
npudem a # 0 (mod p), a D = b* — dac. Tokaxure, uto ecjim D — KBajipa-
THYHBI BBIYET 110 MOJIYJIIO P, TO cpasHenue ax? + br +c¢ =0 (mod p) nmeer
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JIB& KOPHs, eciu [) — KBaJIpaTUIHBII HEBBIYET 110 MOJLYJIIO P, TO CPaBHEHUE
az? 4+ bx +c =0 (mod p) ne umeer Kopmeit, a ecu D = 0 (mod p), To 310
CpaBHEHME UMeeT OJIUH KOPEHb.

6. a) Haiisure cymmMmy Bcex KBaJPATHYHBIX BBIUYETOB IO IIPOCTOMY MO-
aymio p. 6) WsBectro, uto x He mesnutcs Ha mpocroe p. Haifinunre cymmy
£ ()
=N P

7. Pemmmre B HesbIx umciax ypasnenue x° + 7 = 2.

8. Jlokaxkure, 9To ypapHenue 4ry —r —y = 22 a) He UMeeT penennuii B
HATYPAJBHBIX YNC/IaX; 6) uMeeT GECKOHETHO MHOTO PEIIeHUil B HEHYJIEBBIX
[EJIBIX YUCTIAX.

Kowmiuiekcubie ynciia u reomerpus. 21.07.2016

ITpenynpexjaenue: tex, KTO B CJejyloleil 3ajade OyJIeT MOJIb30BATHCH
TeM, 9TO IPU YMHOKEHUU KOMILJIEKCHBIX YHCEJI MOJIY/IU ITEPEMHOKAIOTCS, a
apryMeHTBI CKJIaIbIBAIOTCS — MPOCh0a CHUJIETh U HE OTCBEUNBATD.

1. (Hoswe dokazameavcmea cmapox garmos.) a) JlaHO KOMILIEKCHOE
qucno z # 0. Jlokaxkure, 910 0TOOpArKEHNE KOMILIEKCHOM IJIOCKOCTH, CO-
HOCTABJISIONIEE YUCIY @ YUCJIO0 2z OYIeT SBIATHCA MPeodpasoBaHueM IoJI0-
6us ¢ koapdumenrom |z|.  6) Hokaxkwure, uro ecsm |z| = 1 uw 2z # 1 1O
YMHOXKEHUE Ha 2z 3aJ1a6éT MOBOPOT KOMILJIEKCHON ILJIOCKOCTH HA& YroJl argz.
B) BbIBeuTe 13 MpenblIyuX IMyHKTOB €IIE OJHO JIOKA3aTebCTBO TPUTOHO-
MeTPHYECKOro ToxkjaecTBa cos(a + ) = cosacos S — sinasin 5. 1) Bor-
BeJIUTE U3 TPEJbLIYINeli 3a/1a91, 9TO CKaJgpHOe MPOU3BEJIeHNe BEKTOPOB C
koopauHaraMu {1, y;} u {2, Y2} Oyaer paBHO T1T9 + Y1Yo.

2. a) (Obwee ypasnenue npamot.) Jokaxkure, 9to jg0b60e ypaBHEHUE BU-
macz+cz+D =0,tmec € C, D € Ruc # 0, 3agaer Ha KOMILIEKCHO
IJIOCKOCTH TIPSAMYO.

6) (Vpasnenue npsamot, nporodauwets wepes dee dannvie mowku.) Toka-
JKHUTE, UTO MpsiMasi, IPOXo/idias depe3 Touku A u B, 3ajaercs ypaBHeHIEM
(b—a)z—(b—a)z+(ab—ab) = 0 (31€CH U JajIee TOUKH IJIOCKOCTH 0603HAMA-
I0TCA 3arJIABHBIMU JIATUHCKUME OYKBaMM, & NX KOMILJIEKCHBIE KOOPINHATHI —
COOTBETCTBYIONMMU OYKBAMH).

B) [Jokazkure, 9ro eciu To9ku A u B jiezkaT Ha eJUHIIHON OKPYKHOCTH
(r.e. okpyzxuOCTH € TienTpoMm O u pajaumycom 1), To ypasHenue npsmoit AB
umeer BUI z + abz = a +b. 1) Kak BeIVISANT ypaBHEHHE KacaTeTbHON
K eIMHUYHOI OKpyKHOCTH B Touke A? 1) Ha eamumdnoii okpyKHOCTH
ormedernl Touku A u B. Jlokaxkute, 9T0 KacaTebHble B 9TUX TOYKAX K ITOMH

OKPY2KHOCTH IIepeCeKaloTCd B TOYKE J2r

2 |-
SIE

w
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Omnpenesienne. /[6otiHbLM OmHoueHueM KOMILIEKCHBIX dnces a, b, ¢, d Ha-
a—c a—d

b—c b—d

3pIBaerca duciao  (a,b,c,d) =

3. [okaxkute, 9TO TOYKHU, C KOMILUIEKCHBIMKA KOOpAUHaTaMu a, b, ¢, d je-
’KaT Ha OJHON OKPYXKHOCTH WJIM Ha OJHOI MpsIMOil TOrja M TOJLKO TOTIA,
KOIJIa UX JIBOHOE OTHOIIEHNE BelleCTBEeHHO.

4. a) Ha KOMIIJIEKCHOI IIJIOCKOCTH OTMeYeHbl TOUKY ¢ Koopanuaramu 0, 21,
29, 21 + 29. JJoKazKuTe, 94TO IJIONA b 0OPa30BaHHOrO MU IIapaJlIeIorpaMMa
paBHa j:%(zlz_g — Z122).  6) Jlokaxkure, 9T0 1wiomma b Tpeyrojibanka ABC
pagua £ (ab + bc + ca — ab — bc — ca).
IIpu nomowsu KOMNACKCHBE wucen OKaHCUmMe CAeOYIouLue Ymeeprcoenus.

5. (3amaya Hprorona.) Jlokaxkure, 9TO CepeMHBI JIUATOHAJENH OIU-
CAHHOT'O YeThIPEXYTOJbHUKA U IIEHTP €ro BIUCAHHON OKPYXKHOCTH JieXKaT Ha
OJTHOI TIPAMOiA.

6. Ilycrs A, B, C', D — npou3sBoJibHbIE TOYKHN ILTOCKOCTH. [Ipm momo-
U KOMIUJIEKCHBIX uuces jnokaxkure, uto  a) (HepaBenctso IlTosiemest.)
|AB| - |CD|+ |AD| - |BC| > |AC| - |BD|; 6) (Teopema IITonemes.) pa-
BEHCTBO JIOCTHTAEeTCsT TOIAa M TOJIBKO Toraa, Korga Touku A, B, C, D nexar
Ha OJTHOI OKPYZKHOCTH, IPAYEM HUMEHHO B TAKOM IOPSJIKE.

7. (Tpeyronsuuku Hamouseona.) Ha croponax tpeyrospanka ABC
a) BO BHEIHIOI CTOPOHY; ) BO BHYTPEHHIOIO CTOPOHY  ITOCTPOEHBI Ipa-
BUJILHBIE TPEYTOJbHUKH. JIOKaKnTe, 9T0 MX HEHTPHI 00pa3yioT IPaBUILHbBII
TpeyroJbHuK. B) JJoKazkuTe, 4TO pA3HOCTH IJIOMIA I 3TUX TPEYTOJIbHIUKOB
paBHa IJIOMIAJN UCXOJHOTO TPEYTOJbHUKA.

8. IIycts A, B, C, D — dersipe TOYKHU Ha OKpyKHOCTH ¢ TleHTpoM O. Tou-
ku Ac, Ap — npoekrun Toukn A wa BC' u BD coorBeTcTBeHHO; TOUYKN B¢,
Bp — npoekiun touku B vHa AC' u AD coorsercreenno. Touku Hy u Hg —
oprotieHTphl TpeyroabuukoB AC'D u BC'D coorBercrBenno. Jlokaxkure, 1T0
ecJin AcAD 1 OHB, TO BcBD 1 OHA

Packpacku rpadoB u Teopema Bpykca. 21.07.2016

Onpenenenune 1. Packpacka Bepiun rpada G B k 1IBETOB HA3BIBACTCA Npa-
6UAbHOT, eCJIN JIOObIe JIBe CMEeXKHbIE BEPIINHBI TIOKPAIeHbl B Pa3HbIe IIBeTa.

Haumenbiee narypasbaoe qucyo k, Takoe, 9YTO CYIIECTBYET MPABUIbHA
packpacka BepiinH rpada G B k 1IBETOB HA3BIBAETCS TPOMAMUECKUM YUC-
som rpada G n obosnagaerces X (G).
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Onpepesienne 2. Yepes a(G) ob6o3navdaercs pasMep HAMOOJBIIETO He3a6U-
cuM020 MHOXKeCTBa BepImnH rpada G, TO ecTh TaKOro MHOXKECTBa, BEPIINH,
MezK/Iy KOTOPBIME HET HU OJHOr0 pebpa.

Onpegnenenne 3. Yepes 6(G) u A(G) 0603HATAIOTCS COOTBETCTBEHHO HAK-
MeHbINasd U HauboJIbIasg U3 crerneHeil Bepiun rpada G.

Omnpenenenne 4. [Iycts v — BepruHa rpada G. Yepes G — v oboznadaeTcs
rpad, mosyuaemblii u3 G ynajieHneM BepIIuHbI v (M BCeX WHIMJEHTHBIX eil

pebep).

Omnpenenenne 5. Yepes G oboznavaercss donoanenue rpada G, TO ecTb
rpad ¢ TeM Ke MHOXKeCTBOM BepInuH, 9T0 u (G, B KOTOPOM CMEKHBI T€ U
TOJILKO T€ Iapbl BEPIINH, KOTOPhIe He CMeXKHbI B rpade G.

1. Jokaxkure, aTo jijisi 106010 rpada G HA N BEPIIMHAX BBIIOJTHACTCS
uepasencrBo X(G) - a(G) > n.

2. Bepmunsl rpada G Heb3s MPaBUJILHLIM 00Pa30M MOKPACUTD B d IIBe-
toB. [okaxkure, uro cymecrByer Takoit moarpad H rpada G, aro §(H) > d.

3. Hokaxure, aro X (G) + X(G) < n+ 1, rge n — KOJMIECTBO BEPIINH
rpada G.

4. B rpade G v Bepmun 1 e pebep, ero BepuinHbl MOXKHO MTPABUIbHBIM
obpaszoM 1okpacuTh B k 1iBetos. Jlokaxkure, 9ro k > vz”f%.

5. [Tycre G — cBs3ubrit rpad, A(G) = d > 3. JJokaxure, 9T0 BEPIITHHBI
GG MOXKHO TIPaBUIBHBIM 00pPa30M PACKPACUTD B d I[BETOB, €CJIH

a) ecTh BEPIIUHA, CTelleHb KOTOPOH MeHblIie d;

6) ecThb Takas BepimHA v, 9TO rpad G — v HeCBS3eH;

B) €CTb JIBE TaKWe BEPIUHBI ¥ 1 v, 9T0 Tpad G — u — v HECBS3€H;

') eCTh TPU BEPIIUHBI U, ¥ U W TAKWe, YTO U CMEYKHA C U U W, BEPIIAHBI
v 1w HeCMEXKHBI U Tpad G — v — w CBA3EH.

Teopema (R.L.Brooks, 1941). Ilyemv d > 3, a G — ceasnwiii epagd, om-
AuHb om noanozo epaga na d + 1 eepwune, A(G) < d. Tozda x(G) < d.

6. Jlokaxkure Teopemy Bpykca —a) npu momorm 3amaun 5;  6) mpu
HOMOIIIY METOJIa Yepe Ly IONIUXCs [eIIeil.
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HepaBencrTBa-2. 22.07.2016

Teopema (Hepasencrso Komu-Bynskosckoro-IlIsapra). /s arobvir eewe-
CMBEHHDIT YUCEA A1, Ag, . . . , Gy, b1, ba, ..., b, cnpasediusco nepasercmeo

(a3 +...+a2) (b +...+b2) > (arh + ... + anby)’.

Jasatime 6CnomMHuM Kak MOHCHO OoAbULE DOKAZAMENBCNG IMO20 HEPQ-
sencmea!

CraencrBue. /Jlas 110061 8EUWECMBEHHBIT YUCEA A1, A, . . ., Oy U TONOHCU-
meavHux wucen by, by, ..., b, cnpasediuso nepaseHcmeo

2 2

n

af @ (a1 + ...+ ay)?

b, b, by +...+b,

Hanomnum, wmo umenno 6 maxoti hopmysuposre 3mo HepaseHcmaeo Ovi-
A0 Y HAC 8 MPOULAOM 200Y.

Coy4ait paBeHCTBa B MIPEIBIIYIINX HEPABEHCTBAX JIOCTUTAETCS, KOTJIa Ha-
6OpBI a; U b; TPOIOPIMOHAIBHBI (TO €CTh KOIJIa CYIIECTBYET BEIECTBEHHOE €
Takoe, 94To a; = cb; Jyis J06oro 7).

1. (TpaucuepaBenctBo.) a) Ilycts 0 < a1 < as < ... < a,;0 < by <
by <...<b, u(i,1s,...,1,) — mepecraHoBKa [uces 1,2,...,n. Jokaxure,
910 A1by, + a2by—1 + ...+ apby < arby, + agby, + ..o+ anb;, < aiby + axbs +
.. Fapnb,.

6) Myctb 0 < a1 < as < ... <a,;0<by <by < ... <hby;...;0< 4t <
by < .. < Uy u (i1,09,--y0n), -y (J1,J25+ -+ Jn) — IEPECTAHOBKU HUHCE]T
1,2,...,n. Jokaxure, 9ato aib;, ...4; + agbi, ... L;, + ... 4+ apb;, ... ¢, <
aiby ... 0y +agby.. Uy + ... +aub,...0,.

2. (HepaBencrBo YebGbiméa.) [Jokaxure, uro g qucena 0 < a; <
as < ...<a,, 0<b <by <...<b, BbIIOJHEHO HEPABEHCTBO

(a1—|—+an)(b1++bn) §n(a161+a262+...+anbn).

3. Ilyctb a,b,c — cTOpoHBI U (v, 3,7 — TPOTUBOJIEXKAIINE UM YIJIbI TPe-
yroiabanka. Jlokaxknure, 910

1
aa+ Bb+ ye > §(ab+ﬂc+’ya+ac+ﬁa+’yb).

4. g mobwix a, b, ¢ > 0 gokaxkure, 4TO

a n b n c S 1 n 1 N 1
bb+c) clc+a) ala+bd) “a+b b+c c+a
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5. /lokakure, 9T0 JJIs TTOJOKUTEIbHBIX UNUCeI @, b, 1 ¢ BBIIIOJIHEHO Hepa-

31+1+1>4 1+1+1 2
ab  be  ac) T a+b b+c a+c)

6. IlycThb MaHbl MOJIOKNTEIbHbIE YHCIa @, b U ¢ Takue, uTo a’+b%4c? = 3.
Jokazkure, 4TO

BEHCTBO

1 1 1
-+ -+->a+tb+ec
a b ¢

7. HYCTI) JaHbI IIOJIOZKHUTEJIbHBIC BEeIIleCTBEHHBIE YHC/Ia a, buec. ,HOK&)KI/ITG

qT0
a+30° ¥+3 A+3a 2, ,
50t T Bhre T Berae 23l@ HU )

8. Ilyctb a,b,c > 0 u abc = 1. Jlokaxkute HEpaBEeHCTBO

1 1 1
ad(b+c) * b3 (c+a) * Ala+0b)

3
> 2
-2

IlepBoobpa3ubie kopHU. 22.07.2016

Onpepesienne 1. Ilycrs (a,m) = 1. Haumenbinee HarypaibHOoe 9ucio d
takoe, uto a? = 1 (mod m) Ha3BIBACTCA NOKA3ATNEAEM, KOMOPOMY NPUHAO-
AEAHCUM. @ MO MOOYAI0 M. DTO YUCJIO TAKZKE HAZBIBAIOT NOPAIKOM “UCAG 4 MO
MOOY0 m 1 0003HAYIAIOT Ord,, a.

1. [Iycrh a mpuHaIIeXKUT MMOKa3aTe/ o d 1Mo Moyt m. JlokaxKure, 4To
a) uucaa 1 = a® al, ... a?! nonapHo He cpaBHUMBI 10 MOyl M;  6) a®t =
a® (mod m) & dy =dy (mod d); B)d|p(m); 1) g moboro geauTes
h aucia d aucso a® npuHaIIEKUT TOKA3ATETIO % [0 MOJLYJIEO M;  JI) ecJiu b
IpUHAIEKNAT Tokazaresto k u (d, k) = 1, To ab upuHAIIEKAT TOKA3ATETIO

dk 1o mojtyso m.

Onpepesienne 2. Yucia, npuHajieskaiiye nmokasareo ¢(m) (ecan takue
CYIIECTBYIOT), HA3BIBAIOTCS NEPEO0OPA3HOIMY KOPHAMU 110 MOJLYIIIO 1.

Teopewma. Ilepsoobpasnvie KOpHU MO NPOCMOMY MOOYAIO P CYULECTNEYIOM.
DTy TEopeMy MbI JIOKAYKEM JIBYMs CIIOCOOAM.

2. a) Ilycrs dy,...,d,—1 — mOKa3aTes, KOTOPLIM IIPHHAJIEXKAT THCJIA
1,...,p — 1 no upocromy mozyio p. Jokaxure, uro [dy,...,d,—1] =p — 1.
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6) Ilpu nomoru myHKTa &) JOKaXKUTE, ITO ePBOOOPasHble KOPHH 110 MOJLYJTIO
P CYIIECTBYIOT.
3. a) s moboro HaTypasbHOrO n JoKaxkuTe, 910 » | ¢(d) = n.
dln
6) Ilycte p € P. Ilpu momoru myHKTa a) JOKayKuTe, 9To Jisi JIEOOro
d | p — 1 cymecrByer poBHO ¢(d) BBIYETOB, IPUHAIJIEIKAIIIX TOKA3ATEIIO d
110 MOJLYJIIO P.

Muvi doxaszanu, wmo no npocmomy modyso p cyuwecmsyem nepeoodpasHvili
Kopenv, npuvem He 00un, a 6 Koauwecmse o(p — 1) wmyxk. Tenepv doxa-
orcem boaee CusvoHulll Parm, 3aKA0UAOUUTCA 6 MOM, YO NepeoodPa3HbLe
KOPHU CYUW,LCTNEYIOM MOALKO N0 Modysam 2, 4, pF u 2pF, 20e p — newemmoe
npocmoe.

4. Ilycrs p — mevyeTHOE 1IpOCTOE YnCI0. JJOKazkKuTe, 9TO CyIMIeCTBYET Iep-
BOOOPa3HbIil KOpeHb 10 MOJIyJI0 &) 2p;  6) p? u 2p%;  B) p" u 2p", rue n —
IPOU3BOJILHOE HATYPAILHOE YHUCIIO.

r) JlokaxkuTe, 9TO €CJIM MO MOJYJIIO M CYIIECTBYET MepBOOOPA3HBIN KO-
pPeHb, TO M paBHO Jinbo 2, b0 4, ubdo p", mudo audo 2p™, rnen € Nu p —
HEYeTHOE IIPOCTOE IHCIIO.

5. [Iycts p — mpocroe auciao u S = 1" + ... + (p — 1)". Kaxkoit ocraTok
9Ta CyMMa JIAeT 110 MOIYJI0 p?

6. YMHOKeHHUEe BCeX JIeMEHTOB IPUBEIEHHO CUCTEMbI BLIYETOB 10 HEYeT-
HOMY IIPOCTOMY MOJY/IIO p Ha BbrdeT a # 0 (mod p) mpomssogut B Heil 1e-
PECTaHOBKY.

a) Jlokaxkure, 9TO ecid a4 — KBAJPATUYHBIA BBIYET MO MOJIYIIO P, TO
HOJTY YMBIIASICS TIEPECTAHOBKA YeTHA.

6) Hokaxkure, 9T0 €M @ — KBaJPATUIHBIA HEBBIYET 110 MOJYJIIO P, TO
OHa HeJyeTHA.

SakiaounTesbHass oauMnouaga. 23.07.2016

1. 3a omuH X011 hurypa 7 mepeiBUraeTcs Ha COCEIHION 110 CTOPOHE KJIeT-
Ky, DU 9TOM KaXKJbIil XOJ HaIpaBJIeHHe MeHsSeTcd Ha NePHeHIKYISpPHOE.
Hokaxxure, uro dburypa 7 ne Moxket 000l Bce KiaeTku jocku 2016 x 2016,
IoTIaB Ha KaK/IyI0 KJIETKY OJWH pas, JakKe ecju He HaJl0 BO3BPAIIATHCA B
HaYaJIbHYIO KJIETKY.

2. Bansg mapucoBaJl n IpsSMbBIX, KOTOpPble 00pa30BaJjll HECKOJBKO TOYEK
nepecevenus. VI3 Touek nepecedenus oH OTMETUI KpaCHbIM PoBHO 3n. Jloka-
KuTe, 9T0 AHS MOXKeT BeIOpaTh 4 KpacHble TOUYKN TaK, YTOOBI HUKAKNE TPU
13 HUX He JIeXKAJM Ha OJIHOM nposedenHoti TPSMOIL.
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3. Ha Boicore AA; ocrpoyrosbaoro tpeyrosibanka ABC oTmedena ToUka
D rakas, aro ZBDC = 90°, u touka H — oprornentp Tpeyroiabanka ABC.
Ha orpeske AH kKak Ha gumaMerpe IIOCTPOeHa OKPYKHOCTh. Jlokaxkure, 410
JUINHA, KacaTeJIbHOM, IIPOBEIEHHOM K 9T0i OKPYKHOCTH U3 TOYKH 3, paBHa
JymHe otpeska BD.

4. [ana knerdaras Jocka m X n, vae m,n > 1. Ee xieTrku Kpacar B
yepHblii u Gesplit nBera. O6o3Ha4NM Yepe3 F' KOJIMYecTBO TaKUX PACKPACOK,
B KOTOPBIX HailJleTca WM depHas CTPOKA, WM YepHbIi crosben u depes G
KOJIMYECTBO PACKPACOK, B KOTOPBIX Hall1eTCsl UM YepHasd CTPOKA, UK OeJIblil
crosbert. Yro Gosbre, F umn G?

5. O6o3HaunM depes o(n) CyMMy BCEX HATYPAJIbHBIX JeuTeel ducia n.

_ o(k) 4 o(n)
Harypamnbroe 1mciio n Takoso, 4to 0(n) = 2n—1. Joxkaxmute, uto 5= # ==
K BCeX HATYPAJIbHBLIX k # n.

3akJaodnTesibHass oJauMnuaga. BeiBon

6. Touka O — 1meHTp ONMMCaHHOI OKpyKHOCTH Tpeyroybauka ABC, AD —
ero buccekrpuca, Touka F — npoekmusa O wa AD. Ha nyue AD ormedena
touka F' rtakasi, aro CD = C'F. Useecrno, yro AC' = 2AB. Jlokaxkure, 94T0

/EBF = /ECF.

7. Ha kapre nosieros aBunaxomnanun K, , n300pazkKeHbl HECKOJILKO I'OPO-
JIOB, HEKOTOPBIE MAPbI TOPOJIOB CBS3AHBI IIPSIMbIM (JIBYCTOPOHHUIM ) aBHapeii-
COM, IPUYEM BCEro mMeeTcs m asuapeiicoB. Tpebyercs BbIOpaTh JBe Hele-
pecekaronmecd Ipylnbl 110 T TOPOJOB B KaxKJI0il TaKue, 4TO KaxK/IbIi Iropo/
OJIHOY I'DYUIILI CBA3aH aBUAPEHCOM C KazKAbIM U3 I'OPOJAOB BTOPON I'DYIIILL.
JlokaxkuTte, 9TO 3TOT BHIOOP MOXKHO OCYIIECTBUTDH He DoJiee deM 2m” CIIOCO-
OaMm.

8. Heorpunarensnble uncia a, b 1 ¢ yI0BIETBOPAIOT YCa0BHIO a’ + b% 4
c? > 3. JlokayKuTe HepaBeHCTBO

(a+b+c)* > 9(ab+ be + ca).
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