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1. Cepnug 0, yroJku B IPIMOYTOJbHUAKE  / won

Jlan KjeTdaThiil MpsIMOYTOJIBHUK M X 1 (m,n > 2).
Ecrb HeorpanndeHHbIi 3a11ac OyMasKHBIX YTOJKOB U3 TPEX
KJIETOK. YTOJIKH MOXKHO PACIIOJIAraTh BHYTPH IHPSAMO-
YIOJBLHUKA TAaK, YTOOLI UX TPAHUILI LI 10 JIKHHISAM

cerkn. HeobxonnMo BBISICHUTD, IIPU KAKUX M U 1 MOXK-
HO Pa3MECTUTDh YIOJIKK TaK, YTOObI KaxKjasl KJIeTKa ObLIa
IIOKPbITA OJIMHAKOBBIM UMCJIOM CJIoeB OyMaru. B sTom ciry-
yae OyJIeM IOBOPHUTDL, YTO MPAMOYTOJBHUK NTOKPbLEAEMCA
Y20NKAMU.

Yup. 1. /lokaxkure, 4TO €CJIU NPIMOYTOJbHUK TTOKPHI-
BaeTCsd yroJKaMu, TO JIM0O mn, J1OO YHCJIO CJIOEB JeJIUTC Ha, 3.

1. JTokaxkure, 4TO NMPSIMOYTOJILHUK Pa3MepPOM 2 X 1 MOYKET OBITH TOKPBIT yT0JI-
KaM# B 3 CJIOSI.

2. JTokaxkure, 4TO €CJIN MmN Y€THO, TO IPAMOYTOJBHUK ITOKPBIBAETCS YTOJIKAMUI
B TPU CJIOS.

3. [lokarkuTe, 9TO ecam mn JeJIUTCs Ha 6, TO IPSIMOYTOJIbHUK IIOKPbIBAETCH
YTOJIKAMUI B OJUH CJIO.

3ameqanme. Crydaii, KOrja OJIHO U3 YUCEJ M WU N Y€THO, PACCMOTPEH IIeJIH-
KOM, II03TOMY JIaJIbIIle UCCJIe/yeM Caydail HeYeTHBIX YUCel.

4. JlokaxKnTe, 970 MPAMOYTOJNbHIK 3 X (21 + 1) He MOKPBIBAETCS yTOJTKAMI HIT
B KaKO€e YUCJIO CJIOEB.

5. JlokakuTe, 9TO MPAMOYTOJLHUKHA D X 5 1 9 X 7 He TOKPBHIBAIOTCA HUKAKIM
YUCJIOM CJIOEB.

6. [TokpoiiTe yroskamu B 0JIUH CJI0i TPSAMOYTOJIBHUK O X 9.
7. IlokpoiiTe yroakamum IpsAMOYTOTBHUK 7 X 7.

8. YKaKuTe Bce Mmapbl HEYETHBIX YMCE] M U 7, IPU KOTOPBIX MPsIMOYTOJIbHUK
m X M MOYKeT ObITh IOKPHIT B OJINH CJIO.

9. VKaKnTe BCce NMapbl HEUETHBIX YUCET 1M U N, IPU KOTOPBIX MPAMOYTOJIHHUK
m X 1 MOYKET ObITH MOKPBIT YTOJTKAMU.

3amedanme. B urTore Mbl IOKa3a/d, UTO €CJIU IPAMOYTOJBHUK MOYKET ObITh
MOKPBIT YTOJIKAMU B HECKOJILKO CJIOEB, TO OH MOYKET OBITH MOKPBHIT U B TPH CJIOS.

2. BerynurenbHas oJmMIImaga / wona

1. B paj crout 50 gesioBek, Bce pa3Horo pocra. PoBno 15 m3 HUX BBIIIE CBOETO
JeBoro cocejia. CKOJIBKO YeI0BEK BhIIe CBOero mpasoro coceqa? Ilpusennure Bee
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BapuaHTbl 1 JOKazKUTE, 9TO APYI'UX HET.

2. U3 geThIpex naJjiouek MOJIyIII0Ch COCTABUTH BBIMTYKJIbIN YeTHIPEXyTOJILHUK
C TIePHEeHIUKYJIAPHBIMI JuaroHaagmMn. /Jlokaxkure, 9To U3 TeX Ke MajJoIeK MO¥K-
HO COCTABUTH YETHIPEXYTOJLHUK, JIBA MPOTUBOIMOJIOXKHBIX YIJIa KOTOPOTO Oy/IyT
paBHBI 110 90°.

3. [lers noiesini1 ¢ ocTaTKOM HaTypaJbHOE YUCI0 Ha CyMMY ero nudp. U nemos-
HOE JacTHOe, M OCTAaTOK okaszaJjuch y Ilern papabl 2017, YuuTeapHUIa TTOCTABUIIA
[Tere nBoiiky. /lokakuTe, 4TO yUNTEIHLHUIIA TTPABA.

4. B tpeyronsuuke ABC' nposenena ouccexktpuca AL. Ha croporne AB Ha-
ntach Touka K takas, aro LACK = ZABC, /CLK = /ZBKC'. Jlokaxkure,
qro AC = KB.

5. 40 wieHOB KIOpU TOJOUPAIOT MATYIO 3aJiady Jisd 8 Kjacca. Y HUX eCTh
cuncok n3 30 3aga4. OHU JOTOBOPUJINCH IIOCTABUTHL B BapUaHT 3ajady, KOTOPYIO
YMEIOT periaTh He MeHee MMOJIOBIHBI YICHOB YKIOPH, HO He Bee. KaxkapIit n3 1ieHon
JKIOPH pelni poBHO 26 3ajad, mpudeM JTI00bIe JBa YJIeHa *KIOPU PEIIIN pa3Hble
Habopbl 3aa4. JJoKaxKuTe, 9TO OHU CMOT'YT HAfTH IOJIXOIAIIYIO 3a1ady.

6. CymMMa dHces aq, ag, ..., Gool9 PABHA HYIO. 3BeCTHO, 9TO
a1 — 2as] = |az — 2a3| = ... = |azis — 2a2019| = |a2019 — 2a1].
ILOK&)KI/ITG, 4TOo a1 — A9 — ... = A92019 — 0.
3. Cepug 1, BeKTOPDI 5 woan

Onpenenenwme 1. Hanpasaernvim ompeskom Ha3bIBACTCA YIIOPsI0UeHHAs M1apa
TOYeK Ha IiockocTn. HampaBieHHBIT 0Tpe30K ¢ HadaaoM B Touke A m KOHIIOM B
Touke B obosnauaercst AB min AB. Hauasuo u KoHell HAIIPABJIEHHOI'O OTPE3Ka
MOT'YT COBIIQIATD.

Omnpenenernne 2. Hamnpasienusie orpeski AB u C'D HA3bIBAIOTCS IK6UEAACHN-
nomu, ecin ABDC — mapasiieiorpaMM (BO3MOXKHO, BBIPOKJICHHBII ).

OKBUBAJEHTHOCTh HAIIPABIEHHBIX OTPE3KOB SIBJISIETCS] OTHOIIEHIEM SKBHBA-
JIEHTHOCTH.

Onpenenenne 3. Kiiacchl 9KBUBaJEHTHOCTH HallpaBJIEHHBIX OTPE3KOB Ha3bIBa-
torcst sekmopamu. CiaoBocoderanne «BeKTop AB» o3Ha9aeT Kjacc 9KBUBAJEHT-
HOCTH, COJIepzKall[iil HallPpaBJIEHHBIN OTPE30K AB.

Onpenenenne 4. BeKTOpbl HA3BIBAIOTCS KOAAUHEGDHLMU, CCJI HAITPABJIEHHbIE
OTPE3KM, COOTBETCTBYIONINE STUM BEKTOpaM, OTJIOYKEHHDLIE OT OJIHONI TOYKH, Jie-
JKaT Ha OJHOI NpsMoil. Ecim oHM mipu 3TOM JiexKaT Ha OJIHOM JIyde MCXO/SIIeM
U3 9TOI TOYKU, TO OHU HA3BIBAIOTCH COHANPABAEHHbILMYU. FC/In HAa pa3sHbIX — TO
NPOMUBONOAOHCHO HANPABAEHHBLMU.
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Ymp. 1. (a) Yupocrure soipaxenne AC + DE + CB + EA.
(b) Yupocrure Boipazkenne CE — CA+ EB — DB.
(c) Ilycrs AA; memnana Tpeyronbnuka ABC. Jloxkaxure, uto AA;, =
= 1(AB+ AC).
(d) Ha cropone BC' tpeyrosbauka ABC' Bbibpana Touka A; Takas, 9To

%él = t. Jloxazutre, uto AA; = (1 —t)AB + tAC.

(e) Ilycte ABC'D u AB,C1 Dy — jBa napaJuiejiorpaMma ¢ o0Ieil Bepii-

noit. Jokaxkure, uro ogud us3 ekropo BBy, C'C'y u DD Ko/uinHeapeH CyMMe
JIBYX JIPYTHX.
1. B gernipexyronbauke ABCD touka M — cepeauna BC, N — cepennna

BA D
AD. Hokaxute, uro M N < +C

2. Ilycte M, N, P u () — cepenunnl ctopon AB, BC, CD u DFE BbIIyKJIOro
usgruyroypinka ABCDE. F — cepequna M P, G — cepequna N(Q. lokakure,
ato FG = VAE.

3. Uz memman Tpeyronbanka ABC cocrasien Tpeyroiabauk A1 BiCY, a u3 me-

. Korzma jgocturaercst paBeHCTBO?

nnan Tpeyroibanka Ay B1C) cocraBien TpeyroibHUK AoByChy. Jokazkure, 910
tpeyronbankn ABC n Ay ByCy 11onobHbl, 1 HaiiuTe KO3MOUIMEHT M0100M1s.

4. Ha mpsimoit sexxar 2017 Touex My, ..., Msy7. Bre npsmoit gjana Touka A.
MokeT Jit TaK CJIyIUThCs, YTO MOYKHO PacCcTaBuTh Ha orpe3kax AM, ..., AMygi7
CTPEJIKI TaK, YTOObI CyMMa, ITOJIyYeHHBIX BEKTOPOB Oblia papHa (0 7

5. Jlokaxkure, 9T0 CymMMa BEKTOPOB, BEIYIUX U3 NEHTPA MPABUILHOTO 7-
yroJIbHUKA B €ro BepliuHbl, paBHa 0 .

6. Ha croponax MHOroyroJibHIKa, BIMCAHHOT'O B OKPY2KHOCTDb JuaMeTpa 1, pac-
CTaBJICHBI CTPEJOUKH. JloKaxKuTe, 9TO AJIMHA CYMMBI ITOJIYUCHHBIX BEKTOPOB HE
IIPEBOCXOIUT 2.

7. Ha mockoctu napucosanbl jBa kBajpara ABCD nu KLMN (ux Bepiiu-
HBI [IEPEYNC/IEHbI TIPOTUB 9acoBOil CTpeIKN). /JokazkuTe, 9TO cepeInHbl OTPE3KOB
AK, BL, CM u DN gBisiorcs BeplimHaAMU KBaJjpaTa.

8. CepeuHbl ITPOTUBOJIEXKAIINX CTOPOH IMIECTUYTOJbHUKA COEJIMHEHBI OTPEe3-
kaMn. OKazaJioch, YTO TOUYKH IOMAPHOIO IepeceueHust STUX OTPE3KOB 00Pa3yioT
PaBHOCTOPOHHUIT TpeyroJabHuK. JloKakuTe, 9TO pOoBeJeHHbIC OTPE3KU PABHBI.

9. B BepmmHax mpaBUILHOIO N-yrOJbHUKA PacCTaBJICHBI 1 9UCET: 1 — 1 HOJb
u OJHa ejuHuIa. Pasperiaercs yBendnTh Ha 1 Bce 4nciia B BepIIMHAX JHOOOrO
PaBUJILHOIO Kk-YTOJIbHUKA, BIMCAHHOI'O B JIAHHBII MHOTOYTOJILHUK. MOXKHO Jin
TaKUMU OIlePalllsIMU CJe/1aTh BCe UKIC/Ia PABHBIMIU!

10. IJenmpoudom wverbIpexyroibHUKa OyIeM Ha3bIBATh TOUYKY IE€pecedeHinst
JIBYX IPSAMbBIX, COINHAIONINX CePEJIIHbI €0 IIPOTUBOIIOJIOKHBIX CTOPOH. JaH mie-
ctuyroapink ABC DEF', Buucanublil B OKpY2KHOCTD §) ¢ nmentpoM O. M3BecTHO,
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qyr0 AB = DE u BC = EF . Illycty X, Y u Z — 1eHTpOon/ibl 4eThIPexXyroJbHIKOB
ABDE, BCEF u CDF A coorBerctBenHo. JloKaykKuTe, 9TO BBICOTBI TPEYTOJIb-
Huka XY Z nepecekatorcss B Touke O.

4. Cepnug 2, nHIYKIHS 5 woan

1. (a) Ha mocke manmcano 1000 nBoek. 3a ojinH X0J MOXKHO CTEPETH C JIOCKU
JIBa YMCJIa U 3all1CaTh BMECTO HUX JINOO cyMMYy, JIOO IpousBeeHue. MoyKHO Jiu

nosTyunTh mociae 999 onepanmii uncio, 6osbiree 219007

(b) Ha nocke mamucano 1000 exuant. 3a ofuH X0/ MOYKHO CTEPETH C JTOCKH
JIBa YMCJIa W 3all1CcaTh BMECTO HUX JINOO CyMMY, JITOO 1pousBeaeHue. MoyKHO i
noJsiyanTh rocsae 999 oneparuit qncsio, dosibinee 10007

2. BepimHbl BBIIYKJIOIO MHOIOYTI'OJIbHIKA pacKpallleHbl B TPU IIBeTa Tak, UTO
KazKJIblil 1IBET HNPUCYTCTBYEeT M HUKAKWUE JIBE COCEJ/IHUE BEPIIMHbI He OKpallleHbl
B oJiuH 1BeT. JloKayKuTe, 9TO MHOI'OYIOJIbHUK MOXKHO Pa30UTH JiMaroHassiMi Ha
TPEYTOJIbHUKH TaK, YTOOBI Y KaXKJ0I0 TPEYTOJIbHUKA BEPITNHBI ObLIN TPEX Pa3HBIX
IIBETOB.

3. [Iyctb n > 3 — narypasbHoe duciio. JJokaxkure, 910 n! MOXKHO 1Ipe/ICTaBUTh
B BIJIE CyMMBI 1 IIOTIAPHO Pa3JIMIHbIX HATYPAJIbHBIX AesnTesieii n!.

4. B nosmoM oJiHOKpPYTroBOM TypHupe 1o dyrbosy yuactsyer N > 2 KoMaH]I.
OHn JIOroBOPMINCH, YTO KaxKjash KOMaH a B cBoeil k-oif urpe 3abuBaeT k TroJioB.
KakoBo HamMmeHbIlIee KOJIMYEeCTBO HUUbUX B TAKOM TYpHUpe?

5. Ilyctb p < n, ¢ < m — HaTypaJbHbIe duca. B KjaeTkax TaOJulbl 1 X m
paccTaB/IeHbI MOAPHO pa3JIndHble YHucjia. B KaxkJ0fl cTpovuKe MOMIEPKHYTHI P
HanOOJIBIINX YUCE]I, B KaXKJOM CTOJIOIEe — ¢ HaubOJIbIINX duces. Jokaxkure, 9To
XOTd OBl Pg InCeJI MOTIEPKHYTHI JIBAXKIDI.

6. O6o3HaunM depe3 S MHOKECTBO BCEX TOUEK (T, %) € HEJIBIMUA HEOTPUIIATE b
HBIME KOOPJIMHATAMU, I KOTOPBIX &+ ¥y < n. Toukn MHOXKecTBa S pacKpalieHbl
B KPaCHBIIl 1 CUHUI I[BeTa Tak, 910 ecian (x,y) KpacHas, To (z',1y) Takzke Kpac-
nag st Beex ' < xuy < y. Ilyers A — KosmdecTBO ClOCOOOB BLIOpATH N
CHHIX TOYEK TaK, YTOObI BCe UX X-KOOPAMHATHI ObLIN Pa3IudHbl, a B — Kojmnde-
CTBO CIIOCOOOB BBIOPATh M CHHUX TOYEK TaK, YTOOBI BCE UX Y-KOOPAMHATHI ObLIN
paznnunbl. Jokaxkure, ato A = B.

7. B kJtacce KaxKaplil yaeHUK — 60 OOJITYH, JTUOO MOJIIYH, IPUIEM KarKIbIil
OOJITYH JIPYXKHUT XOTd ObI C OJHUM MOJIIYHOM. BOJITYH MOJTYNT, eciu B KaOUHeTe
HAXOJIUTCA HEYETHOE UNCI0 €ro JIpy3ei-MoTIyHoB. JloKakuTe, 9T0 yIUTEH MO-
JKeT TPUIIacUTh Ha (PaKyJIbTATUB He MeHee TOJOBUHBI Kjacca TakK, 9TOOBI BCe
MIPUCYTCTBYIONINE Ha (PaKyIbTATUBE OOITYHBI MOTIAJIN.
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8. Jlano neuérnoe uncyio n > 10. Haitjiure Ko/imdecTBO c1iocob0B paccTaBUTH
10 KPYyTry B HEKOTOPOM IOPsJIKe HATypaJibHble ducia 1, 2, 3, ..., n Tak, 4TOObI
KasKJI0€ IHCJI0 SIBIAIOCH JIINTEIeM CYMMbI JBYX coceqrnx ¢ Hum gnces. (Cro-
COOBI, OTTIYAIONIHECsT TOBOPOTOM WJTH OTPAXKEHUEM, CIUTAIOTCS OIMHAKOBBIMIL. )

5. BerynmreibHad ojmMmmaga 2.0 5 woas

1. Touka K — cepejuHa HepIeHINKYJ/ISIpa, OMYIIEHHOTNO U3 BEPIIMHBI A Ipsi-
moyrosibanka ABC' D na guaronans BD, a Touka M — cepennna croporbr AD.
Jlokazkure, 9T0 TOYKa Iepecederust npaMmbix BK u C'M jexxuT Ha ONMCaHHOI
okpyxuoctu ABCD.

2. ITo kpyry paccrajiensl a + b nebix ducest (a 1 b — JaHHbIe HATYPAJIbHbBIE
gucsia). [lers cauraer KOIM9IeCTBO COCOOGOB BHIOPATDH @ IUCEJT, CTOAIINX MOIPSI]I,
TaK, 9TOOBI UX CyMMa JlaBaJia PN JIeJIEHNN Ha 3 OCTaTOK 1, a cyMMa BCEX OCTaJIb-
HBIX b Ymces JaBaja NpHU JeJeHUN Ha 3 ocTaToK 2. Bacg cunmTaeT KOJUYIECTBO
CIIOCODOOB BBIOPATH @ YNCE], CTOSIINUX TOJPsJL, TaK, YTOObl UX CyMMa JlaBaJia, Mpu
JIeJICHUN Ha, 3 OCTATOK 2, & CyMMa BCEX OCTAJILHBIX b dncest gaBaJjia Mpu JeJTeHnn
Ha 3 ocraTok 1. /lokaxkure, uro pasznocth [letnnoro m Bacunoro umncesn jennrcs
Ha 3.

3. B cTrpane Mexk /1y HEKOTOPBIMU ITapaMy FOPOJIOB YCTAHOBJIEHO 00HOCMOPOHHEE
npsiMoe aBuacoodienune. /IBa BpeauTesst XOTAT JOOUTHCSA TOrO, YTOOBI, BbLICTEB
u3 J1000ro ropoja, HeJb3sd ObLIO BEpPHYTbCS B Hero. llepBblil BpeauTenb yMmen
3aKpbIBaTh peiickl. OH BBIACHMII, 9TO MOXKHO 3aKpbITh 1000 peiicoB, 100UBIINCH
TpedyeMoro, HO MEHBINIEro YUC/Ia PeificoB HeJ0CTaTOUHO; OJIHaKO JI0 Hadasa Jefi-
CTBUIT ero obHapy:Kmi u obe3Bpeanan. Bropoit BpeanTe/ib ymeeT pa3BopadnBaTh
HaIpaBJjeHus peiicoB. Kakoro MUHNMAJIBLHOTO KOJNYECTBA PA3BOpAYNBAHUN eMy
rapaHTUPOBAHHO XBATUT?!

4. PaccMoTpuM BceBO3MOXKHbIE BbhIpaxkenus Buja +1 + 2 + 3 + ... £ 200.
Haiinure cpennee apudmMeTnieckoe KBaIpaToB BCEX TAKUX BbIPayKEHMIA.

6. Cepug 3, Teopema Jiinepa 6 wroan

Yup. 1. Pacemorpum cpashenne ak = bk (mod m). Ilpu kakom ycioBun Ha k
1 m u3 3Toro cieiyer, 4ro a = b (mod m)?

Onpenenenne 1. 3uauenne gyrnkyuu Jiarepa p(m) paBHO KOJIUIECTBY HATY-
PaJIbHBIX YHCEJI, HE IPEBOCXOMISIIIX 1M U B3AaUMHO IIPOCTBIX C 1.

Vup. 2. Yemy pasno ¢(p*) mpu mpocrom p?
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Bameuanme. Dyuximst Diiepa MYALMUNAUKGMUGHA, TO €CTh TIPH B3ANMHO
npocTeix @ u b Bemosaeno w(a)p(b) = p(ab). DTo MO3BOJISET BLIBECTH IS HEe
SBHYTO (QOPMYJLY, 3Has Pa3/IOXKeHNe TUC/Ia Ha TTPOCThIE MHOXKITEIH.

Teopema. Ilycts m = p{'py*...pL", rae p; — pasiUdHbE 1IPOCTBIE HYHCIIA.

Tora X ' .
otm = (1=2) (1=5) (1)

Teopema Diinepa. Ecim HO/I(a,m) = 1, 1o a®™ =1 (mod m).
JokasbiBaercs 9Ta, TeopeMa, HAIPUMED, YePe3 NPUBEICHHYIO CUCTNEMY Gblue-
moe.

1. lokaxkure, 9To npu m > 2 9ucjio ¢(m) 9eTHo.

2. Jlokazkute, uto K unciay 2201 noxkno mpummcaTh ceBa HECKOIBLKO QP

TakK, 4TOOBI CHOBA I[IoJIy4dmjiaCb CTEIICHb ,ZLBOIZKH.

1

2
3. Haitmure Tpu nocieanne mmdpsl dncaa 20082007

4. JIng ckonrbknx 3navdenuii uncia ¢, rae 1 < ¢ < 1000, cymecTByeT 9ucsio 7,
1 < j < 1000, Takoe, uro 2/ — 1 genurca Ha 47

5. Hokazkute, 4T0 Jj1s1 JIFOOOTO HATYPaJbHOIO YNC/Ia 1 HAHJIETCS YKICIIO C CYyM-
Mol 1udp, paBHOIL n, Je/isineecs: Ha 1.

6. /lanmo narypasibnoe n > 3. JlokaxkuTte, 9T0 IUCIIO

nenuTes Ha 1989.

7. Jlano mpocroe uncio p = 3k + 2. Jlokazkute, uto cpaBHeHne y> — 2% = 1

(mod p) umeer e GoJiee p peIeHHit 10 MOJLYIIIO P.

2 2
8. Jlokazkute, yro 227 — 22 (B mepBOM cJIaraeMoM 7. JIBOEK, BO BTOPOM —

n — 1) gemurces Ha Bee unciaa or 1 j1o n.

2120!

9. HaitiinTe HanMeHnbliee mpocToe p Takoe, 9To — 1 nenurea Ha p, HO He

JeIATCA Ha PP,

10. Jlanwr HaTypaJjbabie a u b. 3BecTHO, UTO JI/Isi JIIOOOIO HATYpPaJbHOIO 70
qnciio a” + n jgenurcs "Ha b" 4+ n. dokaxkute, uro a = b.

7. Cepug 4, nogdoupaem Ko3(MPUIUEHTHL 6 wons

Yup. 1. Jlyis MOoI0KUTETbHBIX BEIECTBEHHBIX YNCET T, Y U Z BBIIOJHEHO pa-
BeHCTBO Ty + yz + zx = 1. JlokaxkuTe HepaBeHCTBO

102% 4+ 10y* + 2% > 4.
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IIpenacrasum 10 = 8 + 2 u crpynmnmpyeM cjaaraeMble CJIeIyIOIIM 00pa3oM:
1 1
22° + 2% > day;  8a? + §z2 > dxz 8y? + 5,22 > 4yz.

CkutajibIBas HepaBeHCTBa BhIIIE, TOJIydaeM TpedyeMoe.

Kaxk jorajiatbest pasioxkuth 10 kak cymmy 8 u 27 MoryT Jin ipyrue pas/iozke-
HUS TTOMOYb, cKaykeM, 7 1 37 YToObl OTBETHTDH Ha 3TH BOIMPOCHI, JaBaiiTe permnM
6oJ1ee 00IILYIO 3aj1ady.

1. Jlano nosoxkurenbuoe dncio k. [Ipo mojokurenbubie qucia x, y U 2 W3-
BECTHO, UTO Y + Yz + zx = 1. Haiiiure MUHUMYM BBIpayKeHUsI

k(z® +y?) + 2°.

Ilodckaska. Paznoxure k HeonpejeseHHBLIM 00pa3oM Ha JiBa cjaraeMbiX: [ n
k—1.

2. /laHBI 1IOJIOKUTE/IbHBIE YKCHa X, Y, 2 U t ¢ ycioBueM xy + yz + 2zt +tx = 1.
Haitiure HanMeHnbiliee 3Ha4eHne BbIPasKeHUST

5a% + 4y* 4 522 + 12
3. CyMmMa 1oJIOKUTE/IbHBIX dnces a, b u ¢ paBHa 6. Jlokaxkute HEpaBEHCTBO

a’ n 602 n 542 <3
al+1 B+16 A+243 7

4. CymMa HeoTpulaTe/bHbIX YUCeI T1, To, ..., 19 paBHa 9. Haiinure Munm-
MaJIbHOE BO3MOZKHOE 3HAYEHUE CYyMMBbI

2 3 10
1+ 23+ 23+ ...+ Xy

5. CymMa Tpex IMOJIOKUTE/IbHBIX Ynces &, y U 2 paBHa 3. Haiijgure MuHUMYM
BbIPasKCHUA

x2—|—y2—|—z3.

6. [IponsBeienne MOJOKUTENBHBIX YUCE X, 1, z paBHO 1. JloKaxKuTe HepaBeH-

CTBO
xy yz 2T

+ + <
rry+ys YPHyz+2® Dd4zrtad
7. CyMmMa IOJIOYKUTEIbHBIX ducesa a, b, ¢ u d paBHa 4. /lokaxkuTe HEpaBeHCTBO

a b c d 4

<
a3+8+b3+8+c3—|—8+d3—|—8 9
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8. Cepus 5, BImcanHas 6 wons

1. I[Ipamass PA kacaercs onucannoit okpyzknoctu tpeyrosibiuka ABC. Ilycrs
C1 n By — ocHOBaHUSI TIEPIEHIMKYJISIPOB, ONyIeHHbIX n3 P Ha npsavbie AB, AC.
Hokaxkure, uro BC' nepuenaukyssapao BiCh.

2. B Tpeyrosnbanke ABC yron B pasen 60°. Buccekrpucot AK n C'L nepece-
Karorcd B Touke [. Joxkarkure, aro IK = IL.

3. HeTbIpEXyTroMbHUK, AMArOHAN KOTOPOTI'O B3AUMHO MEePIIeH TUKY/ISIPHbI, BITH-
CaH B OKPYXKHOCTB. JloKayKuTe, 49TO MpOJOJKEHNEe TePHeHINKYIdpa U3 TOUYKN
repecevyeHus JuaroHaJjieil K oJlHO U3 CTOPOH JEJUT IPOTUBOIIOJIOKHYIO CTOPOHY
[IOIIOJIaM.

4. Ilycrs D — orpazkenne sepmmiabl A ocrpoyrobaoro rpeyrosbinka ABC
ornocureibHo BC. Otrpesku BD, C'D 1epecekatoT OIUCAHHYIO OKPY2KHOCTb Tpe-
yroapanka ABC B Ttoukax P u (). Jlokaxxute, uro AD — buccekrpuca yriaa PAQ).

5. Ha okpyxkuoctn w 3acdukcuposanbl Toukn B u C, a Touka A CKOJIB3UT 110 W.
Haitnre reomerpudeckoe Mecto Todek X, ciyzKammx i Tpeyrosbanka ABC

(a) oproreHTpOM;

(b) 1EeHTpPOM BIUCAHHON OKPY?KHOCTH;

(€) ToOuKOIl MepeceveHNsT Me/TIAaH;

(d) 1meHTpOM OJIHOM U3 BHEBIUCAHHBIX OKPYKHOCTEIL.

6. OxpyxkuaocTu rnepecekatorcst B Toukax M n K. Yepes M u K nposeje-
Hel 1psaMble AB u C'D coOTBETCTBEHHO, IIepeceKaoline MepByio OKPYKHOCTH B
toukax A u C, Bropywo B Toukax B u D. [okaxure, aro AC' || BD.

7. Bemykibiit gereipéxyronbank ABC D Brnucan B oKpyzKHOCTDb. Jlokazkure,
YTO TpsiMas, coelnHsitomast cepejuabl ayr AB u C'D, He copepalinx OTMe-
YEHHBIX TOYEK, MePHeHINKYIIpHA OJIHON M3 OMCCEKTPUC yIIa MEXKIY MPIMbI-

vu ABu CD.

8. Ha cropone BC tpeyrosbauka ABC BbiOpana touka [). OKpyKHOCTB,
onucanHasi okojio Tpeyrosbiunka ADB, nepecekaer cropony AC B Touke M,
a OKPY>KHOCTb, OIcaHHasi okoyio Tpeyroiabanka ADC'| nepecekaer cropony AB

B Touke N (M, N # A). [lycts O — 1neHTp ONMUCAHHO OKPYKHOCTH TPEYTOJIbHI-
ka AMN. JHokaxure, uro OD 1 BC.

9. Touka O — HEHTP ONUCAHHOI OKPYKHOCTH OCTPOYTOJBHOIO TPEYTOJIbHI-
ka ABC (AB > AC). O6o3naunm X OCHOBaHUE IMepIeHINKY/IApa, OMYIIEHHOTO
u3 B na AO. Jlanee: M — cepennna BC', AA; — Boicota Tpeyrosibauka ABC.
Hoxkazkure, uro X M = M A;.

10. B ocrpoyroasnom tpeyrosnbauke ABC ormeuen oprouentp H u cepenn-
Ha M cropounl BC'. Ilpsimasi, npoxongamas depe3 H u neprennuxynsapuas H M,
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nepecekaer cropoubl AC, AB B Toukax Bi, (4. Jlokaxure, uro H — cepejiuna
orpeska B1Ch.

11. B tpeyrompuuke ABC' nposenena Ouccekrpuca BBp. Ilepnenaukysisip
u3 By na BC uepecekaer jyry BC' onuncannoit okpyzkHoctu Tpeyrojibinka ABC
B Touke K. [lepnenjukyssip uz B na AK nepecekaer AC' B Touke L. Jlokaxkure,
aro Toukn K, L u cepepuna qyru AC (He copepzaiieii ToUky B) jexKar Ha OIHO
PSMOI.

9. Cepusg 6, muarpammvbl FOnra 7 wions

Onpenenenne 1. /[uazpammoti FOnea Ha3bIBAETCS YIIOPSIOUCH-
HBIIl 110 HEeBO3pacTaHuo HAOOP KJeTdaTbix cTosi01oB. OHa 3a/aeTcs

YKa3aHUeM BLICOTHI 3TUX CToj1010B. Hanpumep, Ha pucynke crpasa
m3obpazkena quarpamma FOnra (5,3, 3, 1). |

Sameuanme. Kazxnast quarpamma FOura coorBeTcTByeT pa3dMeHNIO HATYPA/Ib-
HOT'O YHUCJIa 7, PABHOI'O KOJIMYECTBY KJIETOK B JiIarpaMMe, Ha HaTypaJibHble He
00s13aTeILHO Pa3/IndHbIe CaraeMblie. Uucao n Takyke HA3bIBAIOT 6€COM JTUATDAM-
Mbl FOnra.

1. /lokaxkuTe, 9TO KOJUIECTBO pasOMeHnii ducia n B CyMMy He OoJiee, deM k
cJaraeMbIX, KarKJ10e 13 KOTOPhIX He IIPEBOCXOUT £, paBHO KOJIMYECTBY pa3OueHunii
qucsa n B cyMMy He 6oJtee, 4em £ ciaraeMbIX, KazK10e N3 KOTOPBIX He IPEeBOCXOIUT
k.

Onpenenenne 2. [Inarpamma FOnra, mnojydeHHass cuMMeTpueil OTHOCUTEIbHO
JIMaroHaJin, Ha3bIBaeTCsl conpactcennoti duazpammoti FOneaa.

2. Jlokaxkure, 4TO KOJIMYECTBO pas3OMeHUii Yucja n B CyMMy He OoJiee, deMm k
CJIAraeMbIX, KarKJ0€e 13 KOTOPBIX He IIPeBOCXOUT £, paBHO KOJIMIECTBY pa3OueHnii
qnciaa kf — n B cymMmy He OoJiee, deM Kk cjlaraeMbIX, KayKJI0€ 13 KOTOPBIX He
IIPEBOCXOINT /.

3. Ha 1ocke HaAImcaHo HECKOJBKO HATYPAJbHBIX UHUCET: Ay, A1, A2, ..., Op.
[Tummem Ha BTOPOIt JlocKe cjejyloniue ducyia: by — CKOJbKO BCEro 4uces Ha Iep-
BOIT JIoCKe; by — CKOJIBKO TaM dYHCes, OOJILIIMNX eIUHUIBI; by — CKOJILKO UKCeI,
OOJIBINNX JBOMKMU, U T. JI., IOKa IOJIyJalOTCs OJIOXKUTE/IbHbIE dncia. Ha sTom 3a-
KaHInBaeM — HyJu He mmireMm. Ha Tperbeil jgocke muinem duciia co, ¢1, Co, ...,
IIOCTPOEHHBIE 110 YKCJIaM BTOPO JOCKM 110 TOMY »Ke IIPABIIY, 110 KOTOPOMY YHCJIA
by, b1, ba, ... CTPOMJIMCH 110 YMCIAM HIEepPBOii ocku. JlokaxkuTe, 9T0 HAOOPHI YKCeI
Ha IepBOI U TPETheil JIOCKaX COBIIA/IAIOT.

4. Ileta HamnmcaJ KOJUYIECTBO pas3OMeHUii dncjia n B cyMMy He OoJee, uyeMm k
caaraeMbIX, KaxKJ0e U3 KOTOPbIX He mpeBocxoautT £, Bacs Hammcaa KOJIUIECTBO
pasbueHnii 4ucjaa n B cyMMy He OoJiee, deM k cjaraeMbIX, Karkjoe U3 KOTOPBIX
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He npepocxoguT £ — 1, a Maia HamnmcaJa KoJm4ecTBo pasouenunii qucyia n — ¢
B cyMMy He 6oJsiee, yeM k — 1 ciraraeMbIX, KazkJ10e 13 KOTOPbIX He MPEeBOCXOIUT L.
Hoxkazkute, uro cymma Mammmnoro n Bacunoro uncen pana duciy Iletn.

5. Paccmorpum BceBo3MOzKHBIE HAOOphl 13 100 HeoTpuIaTE/IbHBIX 1EJIbIX UH-
ceJl, pPacIOJIOXKEHHBIX B HEyOBIBAIOIIEM IOpsiake u He mpeBocxojsiime 100, B
KOTOPBIX cyMMa Bcex umces kparHa 10. JokaxkurTe, 94TO POBHO IIOJIOBHHA TUX
HabopoB 3akaHunBaerca Ha 100.

6. /lokaxkure, 4TO YTO KOJIMIECTBO paszdouenus vuciaa N Ha HeUETHBIE carae-
Mbl€ PaBHO KOJINYEeCTBY pasdueHunit uucja N Ha IOIapHO Pa3/MdHbIe CaraeMble.

7. Ha crone y ynnoBnuka Mwunucrepcrsa oxomanocteit jexar 2016 TomoB
Bpuranckoil sHIWKJIONEINN, CJIOXKEHHON B HECKOJIBKO CTOINOK. KaXKIblil JeHb,
1puJisd Ha paboTy, YNHOBHUK OEpET U3 KayKJIOM CTOIKHU I10 OJIHOMY TOMY U CKJIa-
JbIBaET B34Tble TOMa B HOBYIO CTOIIKY, 3aTeM pacliojiaracT CTOIKHU 110 KOJIMYECTBY
TOMOB (B HEBO3pacTAIOIIeM HOpH,ZLKe) U 3al0JIHAeT BEJOMOCTb, B KOTOPOl yKa-
3bIBACT KOJMYECTBO TOMOB B KaxKJoil cTomke. Kpome 3Toro, YmMHOBHUK HHUKOT/IA
Hu4Yero He jenaet. Jlokaykure, 4TO HaunMHAasl ¢ HEKOTOPOI'O JHsI, BEJOMOCTb OyIeT
3aII0JHATHCA OJMHAKOBBIMU 3aIIMCAMU.

10. Cepug 7, cKaJasgapHOe MPOU3BEICHHE 7 o

Omnpenenenne 1. Veaom meorcdy eexmopamu U U U Ha3bIBAETCsT YIOJI, HA KO-
TOPBIIl HY?KHO IIOBEPHYTb BEKTOP U, YTOOBI OH CTaJI COHallpaBjeH BeKTopy v. Ilo
YMOJTIYQHNIO YIOJI CINTACTCS IIPOTUB YaCOBOM CTPEJIKH.

Onpenenenne 2. Caraprovim npoussederuem IBYX BEKTOPOB U 1 U HA3BIBAETCS
qucsio v - |u| - cos v, Tae o — yrosr MexK Iy BEKTOpaMu U 1 T.

CkaJisipHOe TIpou3BeieHne 00/1a/1aeT CJIeIYIONIMEI CBOMCTBAMMT:

(a) cummerpuanocTh: (U7, 02) = (g, U7);

(b) 6usmmueitnocts: (avy + bvs, T3) = a(v1, v3) + b(Vs, T3);

(€) ckajsipHOE MPOU3BEJIEHNE PABHO T1Ty + Y1y, ecim U1 = (x1,y1), Us =
= (2, 2)-

1. Jokaxkure, uto |7 = |v3| Torma u TojbKo TOrIA, KOTIA U — Uz U U7 + U
HePIIEeH UK Y/ ISTPHBI.

2. Touka K — cepeauna cropoubl AB xBajpata ABCD, a Touka M jgexuT
Ha jguaronagn AC, npuuém AM : MC = 3 : 1. Hokaxure, aro yroa KM D
IIPSAMOIL.

3. B upsimoyrosibiuke ABC' D onyiien neprieniukysiap B K na nuaronais AC.
Touku M nu N — cepenunbl orpeskoB AK u C'D coorBercrBenno. Jlokaxkure, 910
yrost BM N npsmoii.
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4. (a) Ilycrs A, B, C' u D — npousBoJibHbIe TOYKU Ha T10cKoCTH. JloKaxKuTe,
aro (AB,CD) + (BC,AD) + (CA,BD) = 0.

(b) BeiBegure U3 NpebIIYIIErO MyHKTa TO, YTO BBICOTHI TPEYTOJbHUKA

[epeceKaroTcd B OJHOIl TOYKe.

5. (a) okaxkuTe, 910 cCyMMa KBaJIpATOB JHArOHAIEl apaJlieorpaMMa paBHa
CyMMe KBaJIpaTOB BCEX €TI0 CTOPOH.

(b) okaxkure, 9T0 CymMMa KBaJpPATOB CTOPOH IPOU3BOJBHOTO HYEThHIPEX-
YIOJIbHUKA HEe MEHBIIIEe, YeM CyMMa KBa/JIPaTOB €0 JuaroHaJieil, mpuieM paBeHCTBO
JIOCTUTAETCs TOJILKO B C/Iydae IapaJuiesorpamMmMa.

6. YeTnipe neprienuKyasgpa, OmyIeHHble 13 BEePIIUH BLITYKJIOTO MTATHYTOJIb-
HUKa Ha ITPOTUBOIIOJIOYXKHDBIE CTOPOHBI, ITepeceKatoTcs B ojiHoil Touke. Jlokaxkure,
4TO HATHIN TaKOI NePIEHIUKYAAp TOXKE MPOXOJAUT Yepe3 3Ty TOUKY.

7. Jlan 9eThIPEXYTOJbHUK C HEJIbIMI KOOPJAMHATAMU BEPIINH U PABHBIMH 1A~
roayigmMu. JlokazkuTe, 9T0 €ro JuaroHaJjn He MOT'YT IepeceKaThcs Mol yraom 45°.

8. B paBuoGepentom tpeyroibauke ABC (AB = AC) touka D — cepenu-
Ha AB, O — ueHTp onucanHoil okpyzkHOCcTH, M — TOUYKa IepecedeHust MeIuaH
tpeyrosbanka AC'D. Hdokaxkure, uro CD L OM.

11. Cepug 9, reopema besy 9 woan

Onpenenenne 1. Mrozounrerom oT OgHOI IIEPEMEHHON & Ha3bIBAETCS BhIParKe-
nue suga P(r) = a,a" + ap 12"t + ... + aixy + ag, vae a, # 0. Yucio n
Ha3BIBACTCS CMENEHbIO STOTO0 MHOro4YIeHa, obo3Hauaercs Kak deg P(z). Hucso
@, HA3BIBAETCS CMAPULUM K0IPPuyuenmom, ag — CBOOOTHBIM UJIEHOM.

Bameuanne. CrereHb HYJIEBOIO MHOTOUJIEHA IPUHSITO CYUTATH PABHONH —00.

Yuop. 1. Yemy pasno (a) deg(P x Q); (b) deg(P + Q); (c) deg(P(Q(x))?

Onpegnenenue 2. [Iycts P(z) = a,2"+. . .4a1x+ag, Q(x) = bpx™+. . .4+biz+by.
Muorouwnenst P u () pasuvt popmanrvro, ecom m = n u a; = b; s Ja1000ro
0<?2<n.

Onpenenenne 3. Muorowienb P u () pasHvt GyHKyuoHaAbHO, €CI UX 3HAYTE-
HUSI PaBHBI BO BCEX TOYKAX.

Oupenenenne 4. Ckazkem, uto MHOro4ieH R(x) — ocmamox om deaenus P(x)
na Q(x), ecim cymectByer Muorowien H(x) Taxoii, uro Boimosineno P(z) =

— Q(x)H(z) + R(x), e deg(R) < deg(Q).

3ameuanme. [lesieHne MHOMOY/IEHOB HAIIOMUHAET JI€JIEHUE IEJIBIX YHUCe]T JAPYT
Ha JIpyTa, TOJbKO BMECTO Pa3psJ/IOB BBICTYHAIOT OIHOUYJIEHDI.

Yup. 2. /lokazkure, 9T0 OCTATOK U YaCTHOE MPH JleJieHnn MEorowieHa P(x) va
Q(x) ompenessiroTcst OJIHO3HATHO.
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Oupenenenne 5. Hucio a — xopens muorouiena P, ecim P(a) = 0.
Teopema Besy. [lycrs P(z) npu nenenun va x — a jgaer octatok R(z). oka-
JKHTE, 9TO

(a) R — xoncTamnTa;
(b) R = P(a);
(¢) Eciin a — xopenn muorounena P, 1o R = 0, a snatur P(x) = (z—a)H(x)
71T HeKOToporo muorowiena H (z).
Yup. 3. Jokaxure, aro ecu P(z) = 0 st o6oro x, to P = 0 (o «=»
moHMMaeTcst (POpMasIbHOE PABEHCTBO MHOTOUJIEHOB).
Yup. 4. JlokaxkuTe paBHOCUIBHOCTH (POPMAJILHOTO W (PYHKIINOHAJIHLHOTO pa-
BEHCTBA MHOIOUJIEHOB.

1. Kakoii ocrarok jaet x + 23+ 29 4 227 4 2B 4 23 pu JejaeHnn Ha x — 17
2. JlokaxkuTe, 9TO y MHOTOUJIEHA N-if CTElleHN He DoJiee N KOpHeil.
3. Muorouwnen P(z) Takos, uro P(x°): z — 1. Jlokaxure, uTo
(a) P(z):z—1; (b) P(a®):2° — L.
4. CymecTByer Ji MHOTOWIEH, DYHKIMOHAJIBHO PABHDI BHIPAKEHHIO
(@) [z]; (b) V3T 2 (0) (2t + 1)/(% + 1); (d) (22 — 32 +2) (& — 1)?
5. Muorowren P jiaeT ocTaToK 2 1IpH JiejieHnn Ha £ — 1 1 ocTaTok 1 1pu Jiejieninn
wa x — 2. Kakoit ocrarok gaer P npu jenenun Ha Muorowien (z — 1)(z — 2)7

6. Muorounen P(z) taxkos, uto P(x) = P(x + 1). Hoxaxure, uro P(x) —
KOHCTAHTA.

7. Haiiure ocratok npu jesternu Muorowitena 1% —8z9" — 5217+ 10210 4+ 22 —
—2¢+1mna2?— 32+ 2.

8. Haiitu Bce Muorowenst P, st kotopbix BepHo zP(z — 1) = (v — 26) P(x).

12. Cepug 10, maccuBHasg 9 woan

Onpenenenue 1. [Iycre M — HekoTOpasi TOYKa ILJIOCKOCTH W 1M — HEHYJIEBOE
ancyio. Mamepuarvroti moukot (m, M) HasbiBaercss Touka M ¢ 9ucjaom m.

Oupenenenune 2. [[ernmpom Mmacc CHCTeMbl MaTepUasbHBIX TOUeK (mq, M),
(mg, Ms), ..., (my,, M,,) ¢ HeHyJIeBOII CyMMO{i Macc HA3bIBAETCS TAKasi TOUKA 7,
JIJIsT KOTOPOII NMeeT MeCTO PaBeHCTBO

mi LMy +moZMy+ ...+ m, LM, = 0.

OcHoBHag Teopema. Eciiu Touka Z siBJsieTcsl IEHTPOM MacC CHUCTEMbI MaTep-
asibHbIX TOYeK (my, My), (ma, Ms),. .., (M,, m,), npuaem mi+mso—+. ..+m, # 0,
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TO JIJ1st J11000i Toukn O ClpaBejIMBO PABEHCTBO

mi1OM; + msOMs + ... +m,OM,
my+me+...+m, '

0Z =

ObpatHo, ecyi Jiisi HEKOTOPOit Touku O BBINOJHAETCS 9TO PABEHCTBO, TO TOUYKA
7 — IIEHTD MACC JaHHOI CHCTeMbI MaTepHaIbHBIX TOYEK.

IIpaBuio rpynmupoBku. [lycts jgana cucrema MaTepuaibHbIX TOYeK (my, M),
(mg, M), ..., (my, M,), n mycts Touka O — MEHTP MacC CHUCTEMbI, COCTOSI-
el U3 MepBLIX k MaTepuajbHBIX TOYEK JAHHOI cHCTeMbl. Torja MEeHTp Macc
JIAHHOII CHCTEMBI COBIAJAET C IEHTPOM MAacC CHCTEMbl MaTepHabHBIX TOUYEK
(m1 +mo + ...+ myg, O), (karla Mk+1), c. (mn, Mn)

1. Ay, Ay, ..., Ag — cepenHbI 10CJIeI0BATEIBLHBIX CTOPOH IEeCTHYTOJbHUKA.
Jokazkure, 9T0 TOYKH IepecedeHnst MeJual TpeyroabHukos A AzAs u As A4 Ag
COBIIQJIATOT.

2. B napaJsienorpamme ABC' D na croponax BC' u C'D B3stbl Toukun M n N
tak, uto BM : MC = CN : ND. Jlokaxkurte, 4TO LEHTP MacC TPEyIroJbHUKA
AMN nexur na auaronayuu BD.

3. Uepes KaxkJIy10 BEpIINHY TPEYTOJbHIKA MTPOBEJIEHDI JIBE MPsMbIE, JIeJIAIIne
IIPOTUBOIIOJIOKHYIO CTOPOHY TpPEyroJbHUKa Ha TpU paBHble dYacTu. Jlokakure,
4TO JUArOHAJM, COEJMHAIONINE IIPOTUBOIIOJIOXKHBIC BEPIINHLI MIECTUYIOJIbHUKA,
00pa30BaHHOTO STUMHU ITPSAMBIMU, TIEPECEKAIOTCS B OJIHON TOYKE.

4. Ha mnockoctu jgan tpeyronbauk ABC u ormeuena touka O. Jlokakure,
YTO B BEPIINHBI TPEYTOJbHIKA MOYKHO IIOCTABUTh TaKNE MACChI, YTOOBI UX IEHTP
nonasi B Touky O.

Omnpenenenne 3. Omruowenuem JBYX KOJUIMHEAPHBIX BEKTOPOB @ W b HA3bI-
lal

BaeTCs 4uciao k = [p» B3ATOE CO BHAKOM «4+», ecqu BEKTOpa COHAIlpaBJIEHbI, U

B34TO€ CO 3HAKOM «—» B IIPOTHBHOM CJIy4ae.

5. IIpu momormmu mace Jokazkute Teopemy Uesnl. Ha croponax AB, BC' u AC
tpeyrosibauKa ABC, mim Ha UX Npono/KeHusax orMederbl Toukn Cp, Ay n By
coorBercTBerto. Jlokaxkure, uro npsimbie AAy, BBy u CCy konxypermmws (T.e.
SO0 TapaJIIe/IbHBL, JIHOO MEPECEeKAIOTCST B OJIHOM TOUYKE) PABHOCHIBHO

BA, CB AC,
A.C BiA CiB

6. Crapnlit nupat 3apbli Kiaj Ha ocTpoe cpean 20 gepesbes. [locie aToro on
HallcaJl 3aBellaHne, B KOTOPOM yKa3aJl, KaK UCKATh KJIa/l: HaJI0 BCTATh K IIEPBOMY
JlepeBy, TPONTH TMOJIOBUHY PACCTOSAHUS JIO BTOPOT'O JlepeBa, 3aTeM IOBEPHYTHh K
TpPeTbeMy U IPONTHU TPeTh PACCTOSIHUS JIO HET'O, 3aTeM ITOBEPHYTh K YeTBEPTOMY U
[PONUTH YeTBEPTh PACCTOSAHUS JIO HETO, U T.JI., HAKOHEIL, IOBEPHYTh K JBaJIIIATOMY
U IPOUTH JABaJIATYIO0 9aCTh PACCTOsSHUS 70 Hero. K corkasieHuio, mupaT 3a0bLI
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yKazaTh, KaK 3aHyMepoBaHbl JiepeBbsi! CKOJIbKO pPa3HbIX siM IPUJIETCsS] BHIKOIIATD
MOTOMKAM IMHUPaTa, YTOObI BCE-TaKN HANTH KJIaJT!

7. B Bepmune A; Bbinyk/oro n-yrojabanka A As . .. A, cTOUT TOUEUHBIH POOOT.
Ha ¢-M 1mare poboT MozKeT IepeMecTUTbCsl B JIIOOYIO TOUKY OTPE3Ka, COeIMHSIO-
mero ero u Bepumuy A;, rjue j = ¢ (mod n). Joxaxure, 4ro He Oosiee ueM 3a
n — 1 mar poboT cMoXKeT J00paThcd JI0 JII000i TOUYKKM MHOT'OYTOJIbHHIKA.

8. Ha mtockom cToje JiexkaT HEeCKOJIbKO KOMapoB U MyX. V3BecTHO, 4TO JIJI4
JIIOOBIX YeThIpeX MPeIMETOB MOYKHO HAKPBLITh Te€ U3 HUX, YTO ABJISIOTCA MYyXaMH,
JUTMHHON CKATEPTHIO € IPAMBIM KpaeM, He 3aj1eB KoMapoB. JlokaxkuTe, 9T0 MOYKHO
HAaKPBITH 9TOI CKATEPTHIO BCEX MYX, He 3aJIeB KOMapOB.

9. Ha okpyzKHOCTH PACIOJIOKEHBI N TOUEK C eIMHUIHBIMU MaccaMu. Bacs BbI-
OupaeT MMPOU3BOJIBHBIE N — 2 W3 HUX, PUCYET UX IEHTP MacC M OIyCKaeT U3 HEro
HEePHEHINKYJIAP Ha MPAMYIO, TTPOXOIAIIYIO Yepe3 JiBe ocTaBiinecs Touku. Jloka-
JKHUTe, 4TO Bce BacuHbl nmpsMble POy T depe3 OJHy TOUKY.

10. Tpu Myxu paBHOII MaccChl IOJ3aJIU 110 CTOPOHAM TPEYTOJbLHUKA TaK, YTO
OJIHa U3 MYyX IIPOIIOJI3JIa 110 BCell rpaHulle TpeyroJbHUKa, a IEeHTP UX MacC Bce
BpeMs ocTaBaJicsd Ha MecTe. JlokaxkuTe, YTO OH BCe BpeMs COBHAJAT C IEHTPOM
TSKECTU TPEYTroJIbHUKA.

13. Cepug 11, TpuanryJIgmumn 9 woan

1. B Bemykaom 2018-yrosibHUKe TPOBEJN HECKOJIBKO JUaronaJeil, He mepece-
katormuxcd BHyTpu 2018-yroabanka. B pesyinbrare 2018-yrojibHUK pa3jienics Ha
2016 TpeyroabHUKOB. MoOTJIO T C/IyYUTHC, 9TO POBHO Y TOJIOBUHBI TPEYTOJTHLHI-
KOB BCE CTOPOHBI SBJIAIOTCA JUAroHAIsIMU 3TOro 2018-yrorsHnka?

2. Ha nmocke HapucoBaJid BBITYKJ/IbINT MHOTOYTOJTBHUK. B HEM IMPOBEN HECKOJIb-
KO HelepeceKalonmxces Juaronasieil Tak, 9To OH OKa3aJjcs pa3OUT Ha TPeyroJib-
HUKHI. 3aTeM BO3JIe KayK/10#l BEPIIMHBI 3aIUCATIN INCI0 TPEYTrOJbHUKOB, ITPIMbI-
KAIOINX K 3TOI BepIIMHE, MMOce 9ero Bce JauaroHan crepyu. MoxkHO i 110
OCTaBIIUMCS BO3JI€ BEPIINH YUCIaM BOCCTAHOBUTL CTEPThIE JTUATOHAJIN !

3. CKOJIbKO OCTPOYTOJIbHBIX TPEYTOJbHIKOB MOYKET ObITH B TPUAHTYJIAIIN TP~
BusibHOTO 2018-yrosbauka?

4. JlokaxknuTe, 9TO BBINTYKJIbII MHOTOYTOJILHUK MOYKHO TPHUAHTYJIUPOBATHL HA
OCTPOYTOJIbHBIE TPEYTOJILHUKN He 0oJiee 9eM OJTHIM CIIOCOOOM.

5. Bemykiibrit 100-yrolbHUK TPHAHTYINPOBAH, U TPEYTOJBHUKN pacKpalleHbl
B IIaXMaTHOM TOopsijiKe. KakoBa HanOoJIbIas pa3HOCTh MEXKIY KOJNIECTBOM Yep-
HBIX U O€eJIbIX TPEeyroJIbHUKOB?
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6. Boiykiiblii n-yroJibHUK TpUaHIyJIMpoBaH. Pasperaercst mpojiesibiBaTh CJie-
Jytornee rnpeobpasoBanne flip: B3sB napy tpeyrojbaukos ABD n BC'D ¢ obieii
CTOPOHOIT, 3aMeHNnTh X Ha TpeyrogbHuku ABC u AC'D.

(a) [Hokaxkure, aro mpu momornu flip-oB u3 060N TPUAHTYIAIMNT MOXKHO
MOJIYYHUTD JIFOOYIO JIPYTYIO.

(b) Ilycts f(n) — HanMmenbinee anciio flip-oB, 3a KOTOPOE MOYKHO TT€PEBECTH
Kaskjl0e pasbuenue B joboe japyroe. lokaxknre, aro f(n) > n — 3.

(c) Hoxazmure, uto f(n) < 2n — 7.
7. Haitznre Bce Takume n, npu KOTOPBIX JUI TPABUILHOTO N-YTOJBHIKA CYIIIe-

CTBYET TPUAHTYJISIINs, B KOTOPOIl BCE TPEYTOJbHUKHU SIBJIAIOTCS PaBHOOEIPECHHBI-
MH.

14. Cepug 12, nokazarejabHas 10 woss

Onpegenenne 1. [lycrs HO/l(a,m) = 1. [okazamenem ducia a mo MOJYITIO
M HasbIBaeTCA HaMMeHbIee HaTypasibhoe d Takoe, uto a? = 1 (mod m).

Obosnauenue ord,, a TPOUCXOINT OT AHIVIMIICKOro cjioBa order.

Yup. 1. Jlokaxkure, 4TO 110Ka3aTe/b CyIIECTBYET.

Yup. 2. Ilycts ord,, a = d. Jlokaxkure, 4To TOrIa
d

(a) uncna a,d?, ..., a? nonapHo He CpaBHUMBI 110 MOJLYJIO 1M;
(b) a® = a® (mod m) Torga u ToLKO TOrA, Koraa di = dy (mod d);
(¢) d aBagerca nenuTeseM duciaa @(m).
Yup. 3. Haitnure ordgn_1(a).
Vup. 4. JlokazKuTe, 94TO ec/IH AJI HATYpasibHoro k einosneno af = 1 (mod m),
to k: ord,, a.
1. JTokazkure, 4TO MOKA3ATE/N B3AUMHO OOPATHBIX YKHCE/T COBIAJIAIOT.

2. Ilycrs ord,, a = d. Jokaxkute, 9T0 TOT18
(a) ecym d: h, To moKazaTeNb UNCAa @’ 110 MOIYIIO M PaBeH %;
(b) ecu k siBsieTcst mokasateem qucia b mo mozyitio m u HO(k,d) = 1,
TO dk sIBIsieTCs TIOKa3aTeJ eM Yuciia ab o MOIYJIIo m.
3. PaccmorpumMm Bce unciia Buza 100 — 107 mpu 0 < 7 < j < 99. Ckostbko u3
Hux jesgarcs za 10017
4. JIaHo HedeTHOEe IIPOCTOE YUCJIO P, & TaKyKe IIPOCThbie Yncia q u r. lI3sectHo,
gro ¢" + 1: p. Joxazknute, 9To 60 p — 1: 21, mmbo ¢> — 1: p.
5. Ckostbko nesuresteit or 1 10 200 umeer wucso 2239 — 17
6. Ilycrs N — mpoussejieHue nepBbIxX cTa HpocThiX uncest. Cpasuumo jm 2V ¢
eJIMHNIIEN 110 MOjIyJt0 177
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'y
7. lano npocroe uncio p. Jokaxkure, uro 2% — 4 nemures na 2P — 1.

8. /lanbl natypasabuble uncia a,n > 1. JlokaxknTe, 9T0 1 KayKJI0TO HedeT-

HOT'O IIPOCTOrO JeJIUTeNd p dncia a’ + 1 uncio p — 1 gemmres ma 2771

9. Jloxazkure, 4TO 1P HATypaabHOM n > 1 umcio 2" — 1 He jeuTcs Ha n.

10. Haiiiure Bce mapbl MPOCTHIX 9uCET P U ¢ TakuX, 910 (5 — 2P) (57 —29) : pq.

15. Cepug 13, npuHIIIMAIbHAS 10 wos

1. Ha nmpazanuk mpumiim n MaJbanKoB 1 N JIeBOYeK. KaxK oMy MaIbanKy Hpa-
BUTCS @ JIEBOUEK M KaxKJI0#l jeBoUYKe HpaBUTCs b MasibaukoB. Haitjure Bce napbr
(a,b), Ipum KOTOPBIX 0OS3ATENBHO HAMYTCS MaJbdUK U JIeBOYKA, HPABSIIHECS
ApYyr JIpyry.

2. Jlano narypajbioe n > 2. Ha BcTpede 3a KPyIVIBIM CTOJIOM CHJIAT ITPEJI-
cTaBuTe M N cTpan. M3BecTHo, 9TO J/Isd JIIOOBIX JIBYX U€/JTOBEK U3 OJTHON CTPAHDI
UX COCeJIM CIpaBa IpUHAJJIeXKAT pa3HbIM cTpaHaM. Haiigure HanboJibiee KOJIu-
YEeCTBO YeJI0BEK, KOTOPbIE MOT'YT CUJIETH 34 CTOJIOM.

3. Pebpa nosiHoro rpadpa Ha 17 BepiinHax packpallleHbl B 3 mpeTa. Jlokaxkure,
4TO B HEM Hail/IeTCd OJHOIBETHBII TPEYrOJLHUK.

4. Boibpano n + 1 gncio u3 muoxkecrsa {1,2,...,2n}. Jokaxkure, 9ro cpe/in
BBIOPAHHBIX YMCeT HAMIyTCs JIBa, OJHO U3 KOTOPBIX JICJIUTC Ha JPYToe.

5. B ps Beiucano ab + 1 pasnuanabix dnces. Jlokakure, 9T0 HaiijgeTcst Win
BO3pACTAIONIAs IT0CIe0BATE/IbHOCTD U3 @ + 1 4ducja, njin yobIBaloIas 110C/Ie/10-
BaTeJIbHOCTb 13 b + 1 uncia.

6. [IIko/sIbHUKHN yYacTBOBAJIM B OJIMMIIHAJIE, IPOXOdiieil B jiBa Typa. B Kaxk-
JIBIIE M3 JIBYX JHEHl OHM PacCaKuBaJIICh 110 HECKOJbKMM KaOHMHEeTaM, IIPU ITOM
HUKTO He cujiesl B KabuHeTe B ojimHO4YecTBe. KoyimdecTBO KaOMHETOB B pa3HbIE
JIHU OJTUMITHAJIBI MOXKET OTJInYaThbest. JloKarkuTe, UTO HayTCsl JiBa IIKOJbHUKA
A u B makue, 910 B 1epBbIil 1eHb A n B nmncaan oJnMnmnagy B KaOMHETax C Oi-
HAKOBBIM KOJIMYECTBOM YUIACTHUKOB, I BO BTOPOIi jieHb A n B nmcan oauMmnmary
B KaOMHeTaX C OJMHAKOBBIM KOJIHMIECTBOM yUaCTHUKOB.

7. B Tpex mkomax Default-city yamrca mo 100 genosek. JIioObie aBoe OO
3HAKOMbBI, JIIOO HEe 3HAKOMBI. /loKaxKuTe, 9T0 MOXKHO BBIOpaTh JBYX IIKOJILHIKOB
A u B 13 pasHbIx MIKOJI TaK, YTOOBI CPEIN YUIAIINXCS OCTABIIENCsI KO/ HAILIOChH
b0 17 gemoBex, KayKablit 13 KOTOPhIX 3HaeT n A, u B, mnubo 17 demoBex, KarK bt
13 KOTOpBHIX He 3HaeT Hu A, au B.

8. Hana kmergartaa gocka 100 x 100. KieTrkn jgockm moxparieHbl B 4 1BeTa
Tak, 4TO B KaKJIOil CTPOKe 1 B KarKJIOM CTOJIOIE POBHO 25 KJIETOK KaxKJIOT'O IIBETa.
Jokarkure, 4TO HAIyTCsd 2 CTPOKH 1 2 ¢T0J011a, KJIETKU Ha IIepecedeHn KOTOPBIX
OKpallleHbl B 4 pa3/IMYHbIX IIBETA.
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16. Cepug 14, romoreTns 10 woss

Tomomemueti ¢ ientpom O u KoaddunmenToM k =% () HA3BIBAETCSI TaKOe IIpe-
obpasoBanue IJIOCKOCTH, 4T0 0bpa3 A’ npoussosbnoit Toukn A yaosieTsopsieT
coornomennio OA" = kOA.

1. Ha xaxxgom u3 ocnoBanuit AD u BC' tpanenun ABCD mnocrpoeHbl BHE
Tpalenn PaBHOCTOPOHHIE TPEyrobHUKH. JloKaxKuTe, 9TO OTPE30K, COEIIMHSIIO-
U TPETbU BEPIIMHBI THX TPEYTOJbHUKOB, IIPOXOIUT Yepe3 TOUKY IepeceveHms
JuaroHaJieil Tparerun.

2. BuyTpu yria ormedena touka. [TocTpoiiTe 0OKpy>KHOCTD, TPOXOIATILYIO Yepes
3a/IaHHYIO TOYKY M KaCalollylocsd CTOPOH JAHHOIO YIJIA.

3. C moMOIIbIO UPKYJISI U JIMHEHKH BIIMIIIATE KBaJIPAT B JIAHHBIN TPEYTrOJIbLHUK
TakK, 9TOObl OJIHA U3 CTOPOH KBaJipaTa JerKaja Ha OCHOBaAaHHUU TPEyroJbHUKA, a
IIPOTHUBOIIOJIOZKHBIE 9TOI CTOPOHE BEPINNHBI — Ha OOKOBBIX CTOPOHAX.

4. BrimmuTe B TPEYTOJbLHUK JIBE paBHBbIE OKPYKHOCTHU, KarKjaasd U3 KOTOPBIX
KacaeTcs JIByX CTOPOH TPEYrOJIbHUKA U APYToil OKPYZKHOCTH.

5. JIBe OKPY»KHOCTH KacaloTcsd BHEITHUM oOpa3oM B Touke P. [Ipsamast kacaercst
OJIHOM 13 HUX B Touke A 1 nepecekaer npyryio B Toukax B u C. Jokaxkure, 910
PA — 6uccekrpuca Baemuero yria P rpeyrosbanka PBC.

6. Ha oxpy»xnoctu nanbl Toukn A u B. Ha okpykHOCTH OepeTcst IpOn3BOJIbHAs
Touka M u u3 cepejunbl orpe3ka BM npoBoguTCd NEPHEHIUKYIAD K ITPAMOIL
AM . lokazknure, 9TO 9TOT MEPIEHINKYJISIP IPOXOIUT dYepe3 HEKOTOPYIO TOUKY, He
3aBUCAIILYI0 OT BbIOOpa Touku M.

7. Ha nyry, mmetormem dopmy KBajpaTta, UMeeTcs Kpyriasd JyHka. [lo jyry
npbiTaeT Ky3HednK. [lepes KayK/IbIM MPBIXKKOM OH BLIOUpAET BEpPIINHY U MPLIraeT
10 HaIpaBJeHnio K Heil. /[ymHa mpbrKKa paBHA MOJOBUHE PACCTOAHUS JO ITOM
BepiuHbl. CMOXKeT JIM KY3HEUUK I0MacTh B JIYHKY !

8. ABC'D — napasnenorpamm. OkpykHOCTH k1 11 k9 KacaloTcst BHEITHIM 00-
pasom, npudeMm ki BumcaHa B yroa BAD, ko — B yron BCD. Jlokaxxkure, 910
1pu JII0O0M cIrtoco0e BBIOOpa TaKUX OKPYKHOCTEH JIMHUA IEHTPOB OKPYZKHOCTEI
napaJiiesibHa OHON IIPAMOIL.

9. Jlan tpeyronbauk ABC. Touka A; cuMMmeTpudHa TOUKE KACAHHUS CTOPOHDI
BC' co BrmcanHoit OKpY»KHOCTBIO OTHOCUTEIbHO OnccekTpuchl yriia A. Aramornd-
HO onpeensitoress Toukn By n Cf.

(a) Tokaxkure, uro npsambie AA;, BBy u C'CY niepecekatoTcst B 0J{HON TOUKe.
(b) lokaxkuTe, 9TO T TOUKA JIEXKUT HA OJHOIN MPsMOfi ¢ IIEHTpAMU BITH-
CaHHOM ¥ oNucaHHoi okpykHocTeit Tpeyrosbunka ABC.

10. Jlana oKpyzKHOCTB U TOUKa P BHYTpH Hee, OTJIMIHAsI OT IeHTpa. Paccmar-

PUBAIOTCSI TApbl OKPYXKHOCTEM, Kacarolmuecs JaHHON M3HYTpH MU JIPYr Jpyra B
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Touke P. Haﬁ,ﬂ;I/ITe reOMeTpnu4eCcKoe MeCTO TOYEK IIepeCedCHUA O6H_[I/IX BHEITHUX
KacaTeJIbHbIX K 9TUM OKPY>KHOCTZM.

17. Cepug 15, MHOTOYJIEHEI HAJ, Z 11 woas

Cerojast Mbl Oy/JIeM paccMaTpPUBaTh MHOIOUIEHBI C IeJIbIMU KOI(MDPUITHEeHTAMU.
MHO2KeCTBO BCeX MHOI'OYJIEHOB C IeJbIMU KO3 DuimeHTaMn 0003HaIaeTCsI KaK
Z[z).

1. [okarkure, 9TO ecyii paloHaIbLHOE YUNC/I0 SBJISIETCs KOPHEM HEHYJIEBOI'O
YVHUTAPHOTO (TO ecTh o cTapiinM KoddduimenToM 1) MHOrOWIEHA C IeJIbIME
KO3 PUIUEHTAMU, TO ITO YUCJIO — IIEJI0E.

2. JTokazkute, uro yncjo V10 uppannonasibHo.

3. Teopema o panpoHaabHOM KOpHE. IIycth P(x) = a,2™ + a, 12" 1 + ... +

+ a1x + ay — MHOrowIeH ¢ neabiMu Kodddumuenrtamu, a L

p € Z,q e N, HO/(p,q) = 1. Torna

(a) ao:p; (b) an:q.
4. [Tycrs P(z) — muOroOwiIeH ¢ reabivn Kodddurmenrtamu. Jlokazxure, 10

— €ro KOpeHb,

npn niesieix @ u b Beimostaeno P(a) — P(b):a — b.

5. [lycts P(x) — MHOTOWIEH ¢ HEabIMI KO(bUIIHEHTAME, IPHYEM J[JTsi HEKO-
Toporo resoro uncia n quciaa P(n), P(n+1) u P(n+2) gemsrcs na 3. JJokazknre,
aro Torga P(k) nemures va 3 s s1ioboro 1esioro k.

6. lan mmorowren P(z) € Z[x]. Ussectno, uto P(2) : 6 u P(3) : 6. Jokaxkure,
aro P(5) : 6.

7. P(x) — mmorowren, P(7) =11, P(11) = 13. Jlokaxkure, 910 XOTsT OBl OJIIH
u3 K03 unnueHToB P He SIBJISIETCS IEJIbIM.

8. Ilpuseure npumep Muorouinena P(z), gensierocs na x? + 1 taxoro, 4ro
P(x) — 1 nenurest na 22 + 1.

9. Muorouien ¢ nesbiMi Ko3puImeHTaMu MIpUHIMAET 3HAUEHIE D [P IIsITH
Pa3JIMYHbIX HEIbIX 3HaUeHusAX x. JJokaykuTe, 4TO y HEro HeT LEJIbIX KOPHEIi.

10. Ilesbie qncia a, b, ¢ monapuo pasaundnbl. Jlokaykure, 9TO HE CyNECTBYeT
mmorowrena P(x) € Z[z] co csoiictsom: P(a) = b, P(b) = ¢, P(c) = a.

11. /Tan HemocTOAHHBINT MHOTOUIEH ¢ NeabiMu Koddgdunnentamu. /lokaxkure,

YTO HE MOXKET OBITh TaK, UTO BCE €r0 3HAUYCHUs B HATYPAJIbHBIX TOUKAX, HAUNHA
C HEKOTOPOI'0 MecTa, IIPOCThIe.
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18. Cepug 16, KoHEUYHOE I OECKOHEUHOE 11 wions

Onpenenenne 1. ['0BOpsIT, YTO BeJIMIMHA MOYKET OBITH CKOAL y200HO 00ABLULOT,
ecJI JiIst JioO0oro HaTypaJsibHoro N CymecTByeT 3HaUYeHUe BeJIMIMHBI, ITPEBOCXO-
nstee V.

IIpumep. CytmecTByeT CKOJIb YTOTHO MHOTO MOPST UYIINX COCTABHBIX TUCET,
HO OECKOHEUTHOIO KOJIMYECTBA MOJIPSI UJIYIIUX COCTABHBIX YHCE/ He CYIIeCTBYeT.

1. (a) IIpoamm maxMaTHYIO JOCKY BIPABO U BJIEBO HA MUJLJIMOH KJIeTOK. Ko-
POJIb CTOUT Ha CpejiHell KjeTke HuxkKHeil ropusonTasn. MoxkeT i o 000HTH BCIO
JIOCKY, TIOOBIBAB Ha, KaxKJIOM KJIeTKe POBHO OJIUH pa3’

(b) Tot ke BoOmpOC, €cjin JOCKY MPOJJTHIE BIIPABO U BJIEBO JI0 OECKOHETHO-
CTH.

2. Jlokaykute, 9T0 M3 JIIOObIX 11 OECKOHEYHBIX ACCATUIHBIX JIPOOEit MOXKHO
BBIOpATH JIBE, COBIAJIAIOIINE B OECKOHETHOM YHC/I€ TTO3UIINIA.

3. Kpyr pazgenen ma 2018 cekTopoB, 1 B KaKJIOM HAINUCAHO IEJ0€ THUCJIO.
B omun u3 cekTopoB craBurcs umnika. KazkabIM X0I0M MPOUUTHIBAETCS IHCIIO
B CeKTope, Tje CTOuT uiika (1mycTh npountano k), duiika cipuraercs Ha |k
CEKTOPOB 110 YaCOBOM CTPEJIKe, U TaM, Ky/a OHA [PUJIET, IMCI0 YBEININBAETCA Ha
1. JlokazkuTe, 9TO CO BpeMEHEM BCe 9HC/Ia CTAHYT OOJIbIe MUJLINOHA.

4. JIpa mara cpazkaroTcst JIpyr ¢ Japyrom. BHadajie oHu oba mHapsiT HaJ MO-
pem Ha BbicoTe 100 MerpoB. Marm mo odepeanm TpUMeHSIOT 3aKJIMHAHUS BUA
«yMEHBIITITH BBICOTY IMapeHusl HaJl MOPEM Ha @ MeTPOB y cebs 1 Ha b MeTpOB Y
COIlepHUKa», Iae a, b — BemecTBeHHble uncia, 0 < a < b. Habop zaknmHanmii
y MaroB OJUH U TOT »Ke, UX MOYKHO HCII0JIb30BaTh B JIIOOOM IOPsiJIKE W HEOJIHO-
KpaTHO. Mar BBIUIPBIBAET JIy3Jib, €CJU TIOCIe Ibero-JIM00 X0Ja €ro BbICOTa Ha/l
MOpeM OyJeT IMOJIOYKUTe/IbHA, a y conepHuka — HeT. CyllecTByeT Ji Takoil Ha-
0Op 3aKJIMHAHUIT, YTO BTOPOH MAr MOYKET TapaHTHPOBAHHO BBIUIPATH (KAK ObI HI
JeifiCTBOBAJI HepBbw“I), €CJIM TIPU TOM YHUCJI0 3aKJIMHAHUI B HAOOpe

(a) koneuno; (b) beckonewaHO?

5. Hana kieruarasg jgocka 100 x 100. B kaxkjo0it KjieTouke HApuCcoBaHa CTPE-
JIOUKa B OJHOM M3 4 HallpaBJIeHMil: BHU3, BBEPX, BJIEBO, BIPaBo. | panuna J0cKn
OropozKeHa CTeHOI, MMEIOIIIell JINIIL ONH BBIXO/[: BEPXHIOIO CTOPOHY IIPAaBOl BEPX-
Heit KjaeTkn. 2KyKa cTaBdaT B OHY U3 KJIeTOK. KarK 1y1o CeKyH/Iy *KYK MePEerno3aeT
10 HAIPaBJICHUIO CTPEJOYKH B €ro TeKyIlell KJIeTKE B OJHY W3 COCEJIHHUX IIO
cropone. Ilpm 3ToM cTpesiouka B TOi KJIeTKe, OTKY/Ja *KYK TOJBKO UTO YIOJI3,
noBopaunpaeTcs Ha 90° 1o gacoBoil crpeske. Ecin aBuratbcss B TOM HalpaBJie-
HUU, B KOTOPOM YKa3bIBaeT CTPEJIKA, HeJIb3s, XKYK OCTaeTCsd B TOI »Ke KJIeTKe, HO
CTpeJKa Bce paBHO MMOBOpadnBaeTcd. Bo3MokHa I cuTyalys, Ipu KOTOPOil XKyK
HUKOT/Ia He MOKIHET IIPEJIe/Ibl JOCKU?
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6. Top u JIoku urpator B urpy. OHI 110 0Yepe/in BITUCHIBAIOT UMDl B TTOCIe-
noBaresbHoCcTH. Top mutrer jrodoe uncyio nudp, Kakoe 3axoder, a JIoKI — TOJbLKO
oamny. Top xodeT, UTOOBI TTOCEAOBATETLHOCTD MOJTYINIACH IEPUOINIECKOIT, a JIo-
KU IIBITAETCS €My IoMeliaTh. KTo BRIMTPBIBAET IIPHU IIPABUILHON UIrpe?

7. HazoBém couemanuem yugp HeCKoJIbKO mudp, 3amncanubix moapsa. Heko-
TOpble coueTaHus 1Mudp oObABIEHBI 3allpenéHubIMu. 3BecTHO, 9TO CyIecTByeT
OecKoHeUHAas JIeCATUIHAs JIPOo0b, He cojieprKalliast 3allpelieHHbIX codeTaHuil. Bep-
HO JIM 4TO TOTrJa HaiijiéTcst OecKOHeUHasl Ieprojinieckas JecATUIHast JIpo0b, He
coJieprKallias 3apeIcHHbIX COUeTaHnil, ec/in

(a) TmCsI0 3aIPEEHHBIX COYeTAHNI KOHETHO;

(b) wncsio 3ampeniéHubIX codeTanuii 6eCcKOHeIHo?

19. Cepng 17, ckaggpHOEe—2 12 wons

1. Toukn M u N — cepenunnl orpeskos AC' u BD coorsercTBenHo. Jlokaxkure,
uto 4MN? = AB* + BC? + CD? + DA? — AC? — BD?.

2. B Boinykiiom gersipexyrombhnke ABC D ussecrro, uto AB+CD = 2AC
1 BC + AD = \/2BD. lokaxure, auto ABC'D — mapajesorpamm.

3. Touku A, B u C ne nexat Ha oguoii npsimoit. Haitgure 'MT M takux, aro
MA-MB=MB-MC=MA-MC.

4. Jlano 8 nmeiicTBUTEIbHBIX Yuces: a, b, c,d, e, f, g, h. Jlokaxkure, 910 X0T ObI
ojHo 3 6 uncen ac+bd, ae+bf,ag+bh, ce+df,cg+dh, eg+ fh neorpunaresbHo.

5. B paBaobenpennom Tpeyroibanke ABC Ha ocHoBannn AC' BeiOpana TOUKA
P. Toukn X u'Y na croponax AB u BC' coorBerctBento Takosbl, a0 PX || BC,
PY || AB. Touka K — cepenuna jgyru AC (He cofepkaiiieit Touky B) onucanuoi
okpyxkHOocTu Tpeyroabanka ABC. Hokaxute, uro K P1 XY

6. Jlan gersipéxyronbauk ABC D, B kotopom AB = ADu ZABC = ZADC =
= 90°. Ha croponax BC' u C'D BbIOpaHbl COOTBETCTBEHHO TOUYKH F' 1 E Tak, 4To

DF1AFE. JHokaxure, uto AF 1 BE.

7. Illycts A4, ..., A, — OpaBWIbHBII N-yroJabHUK, X — MPOU3BOJIbHAS TOUYKA.
Pacemorpum npoekiun Xy, ..., X, Toukn X Ha npsambie A1 As, ..., A, A Iycrs
xr; — minHa orpeska A; X; ¢ yuérom 3Haka (3HaK IH0C GEPETCS B Cilydae, KOrja
ayan A; X; m A;A; 1 conanpasiens). [Jokaxknre, 9To cymMMa 1 + . . . + &, paBHa
IIOJIOBUHE TIepUMeTpa MHOTOyTobHIKA Aj ... A,.

8. /lam BBIIyKJIBIH MHOTOYTOTBHUK. Kakum moxkeT ObiTh ['MT P, jexkarmmx

BHYTPHU MHOTOYTOJbHUKA, TAKUX, YTO CyMMa pacCTOSAHUI OT P JI0 NPSAMBIX, CO-
JIepKaliX CTOPOHbI, paBHa, 17
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20. BryTrpunpodnbiii maTooii 12 woss

1. [Iyctb a, b, ¢, d — noJ102)KUTEIBHBIE BEIECTBEHHBIE YUCIa ¢ CYMMOit a+b+c+
+ d = 2. JlokaxkuTte HepaBeHCcTBO

(a+c)? (b+d)? a+b+1 c+d+1
+4>4 + .
ad +bc  ac—+ bd c+d+1 a+b+1

2. IlycTb r — HarypaJsbHOe ducyio. JJokaxkute, 9To ecu rpad Ha 1 BepIImHaX

HE COJEPKUT IPOCTHIX IUKJIOB JJINHBL 21" I MEHbIIEe, TO OH COJAEPyKUT He OoJiee

n?°'" IpocThIX MMKJIOB AMHLI poBHO 20177

3. Buyrpu tpeyronbunka ABC Boibpana touka D. OKa3ajloch, 9TO OKPYK-
Hoctu S7 u So, Brumcanabsle B Tpeyroiabankn ABD u C'BD cooTBeTcTBEHHO,
KacaroTcs Jpyr jpyra. ObosnaunMm depes K TOUKY IepecedeHust OOITUX BHEI-
HUX KacaTeJbHbIX K S1 n So. Jlokaxkure, uro K jexxkut xa npamoit AC.

4. HaiiiuTe Bce Takue coCTaBHBbIE UHC/IA N, YTO JJIsl JIFOOOIO Pas3/IoXKeHUs Ha
JIBa, HATYPAJIbHBIX COMHOYKUTEJISI . = TY CyMMa, T+ sIBJISIETCSI CTEIIeHbIO JBOKH.

5. Kakoe manboJibiiee KomaecTBo hep3eil MOXKHO PaccTaBUTDh Ha, jjocke 2017 X
X 2017 Takum 0b6pazoM, 4TOOBI KaxK/Iblil (bep3b On1 He DoJiee OJIHOIO U3 OCTAJIbHBIX
depszeii?

6. I[Iycts @ — HaTypasbHoe 4ncio. OKazaoch, UTO JJIsi BCEX N CYIIECTBYET
narypasbtoe d # 1, aro d = 1 (mod n) u n?a — 1 gemures na d. Jokaxure, 4To
@ — TOYHBII KBa/JIpar.

7. dan octpoyrosbhbiii Tpeyroabank ABC. B Hem ormermim Touxky P, n3
KOTOpoii onycruan nepruenaukyiasapsl PAy, PBy, PC, na cropoust BC, AC, AB
coorBercTBenno. Ilpsmast B1C) nepecekaer BC' B Touke X. Touka Ay — BTO-
pasi TOUKa IepecedeHns] OMMCAHHOI OKpyzkHOCTH Tpeyroiabanka A, B1C ¢ BC.

Hoxkazkure, uro X P 1L AA,.
8. IIpocToe p n HATYpaIbHBIE T 1 Y YIOBJIETBOPSIOT YCJIOBUASIM

Haiimure Bce Takue Tpoiiku ducen p, x, y.

p:

9. Yebyparmka cBajnicd B KOJIbIEBYIO KaHaBy JuinHbl 1. OH 3HaeT, 4To B
970l KaHaBe pacrosioxkerbl 2016 OyTHLIOK, U 3HAET, TJie MEHHO OHU (U OH caM)
HaxouaTcd. Ilpn KakoMm HammenbleM £ eMy JIOCTATOYHO IIPOIOJI3TU 10 KaHaBe
paccrosiane £, 9To0bI cOOpaTh BCe 9TU OYTBLIKH, IIPU JIIOOOM pacIoIoyKeHnn de-
Oypaliku 1 OyThLIOK?

10. Ta6smia cocrout u3 n crpok u 10 crosdmoB. B KaxK10it KiieTke TabIHIIbL
Harucana mudpa. M3BectHo, 9T0 /15T KazK 10t cTpokn A 1 KarK 101t Iapbl CTOJIOIOB
B u C cymecrByer crpoka, oTsmdaroriasics oT A B Tounoctu B crosbnax B un C.
Jokaxkute, aro n > 512.
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21.  Mar06oii 3/4 npodnu 12 woss

1. Jlanwl HaTypaJibHble 4ncia a, b, ¢, d. Haiinure HamMeHbIllee BO3MOXKHOE
3HaveHle BbIparKeHus

a+b+c a+b+d a+c+d b+c+d
— ||t

C a

2. IlycTb r — HarypaJsbHoe ducyo. Jokaxkure, 9To ecjm rpad Ha n BepIITHAX
He COJIEPXKUT MPOCTHIX MUKJIOB JIINHBI 21" WU MEHbBIIE, TO OH COJIEPYKUT He OoJiee

1?7 IpocThIX MUK/IOB AMHLL poBHO 20177

3. JIpa npaBuILHBIX JIeCATUYTOJILHIKA 1110111 80 pacio-
T~ JIO’KeHBI Kak Ha pucyHke (M — cepeauna ctopos). Haiimnre

P y i
//__, \\ IO/ 3AKPAIICHHON YaCTH.

[/ .
[ 4. Kakoe HauboJibIlee KOJM4IecTBO pep3eil MOXKHO paccTa-

\ '*.\ ;/ ' BUTB Ha jtocke 2017 x 2017 Takum obpazoM, ITOOBI KazKIblil

\\ / / dbepsb 6us He DoJiee OTHOIO U3 OCTAJILHBIX (ep3eit?
M 5. Ilyctb a — HatypasbHoe uncyio. OKazajioch, 9TO JJist

BCEX N CyIIecTByer HarypajibHoe d # 1, aro d = 1 (mod n)

1 n’a — 1 nemures Ha d. JlokaxKuTe, 9TO @ — TOUYHBIH KBaJparT.

6. Yucsa ot 2 10 2018 pazduBaroTCs Ha HECKOJILKO I'PYIII TaK, YTO HAOOJIbIINIT
O0IIUil JleJIMTeb JIBYX YHCEJT U3 OJHON TPYIIILI HUKOTJIA HEe JIEXKUT B TOH Ke
rpyuie. Kakoe HauMeHbIee KOJINIeCTBO IPYIIIL JJIst 9TOT0 HYKHO?

7. Jlan octpoyrosibhblii Tpeyroibunk ABC. B Hem ormermin Touky P, n3
KOTOpOit omyctuan nepuenaukyasipel PA;, PBy, PC; na cropoust BC, AC, AB
coorsercrBenno. Ilpamass B1C nepecekaer BC' B Touke X. Touka Ay — BTO-
pasi TOUKa IepecedeHnsl ONMCaHHOI OKpyzKHOCTH Tpeyroiabunka A, B1C ¢ BC.

Hokazkure, uro X P | AA,.

8. Tabsmia cocrout us n crpok u 10 crosdnos. B Karkoii KjieTke TabJInIIbI
Harucana mudpa. M3BecTHo, 9TO J71sT KaxK 10t cTpokn A 1 KarKJ10ii Iapbl CTOJIOIOB
B u C cymecrByer cTpoka, oTsndaroriasicss or A B Tounoctu B crosidnax B u C.
Hoxkaxkute, aTo n = 512.

22. Cepug 18, MHOXKecTBeHHAS 14 woss

1. B ognom ropoje MHOTO TeOMeTpUUYecKNX KPYKKOB, KaxKible JBa KPYKKa
UMEIOT XOTsI OBbI OJIHOTO 00Iero yesoBeka. JlokaykuTe, 9TO MOXKHO KarXKIOMY KU~
TEJIIO TOPOJIa JATh JUHENHKY JTUO0 NUPKYJ/Ib, U JIMITH OJHOMY YKUTEJIIO JIaTh U TO U
JIpyroe Tak, 9ToObl B KaXKJOM KpPYrKKe ObLIN U IUPKY/Ib, U JUHEHKA.
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Onpenenenue 1. Byiem roBopuTh, 9To ceMeiicTBO MHOXKECTB Npubumo n 2603-
dAMU, ecI BbIOPAHO M 9JIEMEHTOB TaK, YTO B KarKJIOM MHOYKECTBE €CTb XOTs ObI
OJINH BBIOpAHHBIN 9JIEMEHT.

2. (a) [Tycrb mano ceMeiicTBO JABYX3JIeMEHTHBIX MHOXKeCTB. Cpe/in JTo0bIX p = 3
MHOKECTB XOTs ObI 2 MMeEIOT o0IIuil 3jemeHT. Beernma i MoXKHO HIpUOUTH 3TO
ceMeificTBO JIBYMsI TBO3IAMU?

(b) KakuM MUHUMAJTBHBIM KOJHYECTBOM I'BO3JIEil MOYKHO TapaHTUPOBAHHO
IPUOUTH ITO CEMENCTBO?

(c) Ta ke 3ajaua JJIst TPOU3BOJIBLHOIO P.

3. (a) [Iycrb mano ceMeiicTBO ABYX3JIeMEHTHBIX MHOXKeCTB. Cpein To0bIX p = 3
MHOYKECTB XOTsI Obl 2 mMeloT ob0Iuil sjemeHT. Beerja Jjim MOXKHO pas3OUThH 3TO
ceMeiicTBO Ha 3 IojceMeiicTBa TakK, YTOObI B KarKJIOM IojceMelicTBe Jio0Oble Ba
MHOKECTBa IIePEeCeKaICh !

(b) Ha kakoe MUHUMATBHOE KOJMYIECTBO IMOJICEMENHCTB MOXKHO TIapaHTH-
POBaHHO Pa3dUTh 3TO CceMeiicTBO, YTOOBLI B KarKJOM IIojceMeiicTBe JioOble JBa
MHOKECTBa, IIePeCeKaINCh?

(c) Ta ke 3ajiaua Jijist TIPOU3BOJILHOTO P.

4. ]I M3roToBJIEHNS MarndeckKoro »kesJja Hajlo 3uaTh 20 3akgmHanuit. Kaxk-
NI Mar 3HaeT H 3axkjmHaHuii. [Ipn 95ToM MaroB Tak MHOTO, UTO JIFOOOI BO3MOK-
HbIIT HAOOP U3 MATU 3aKJIMHAHUN M3BECTEH KAKOMY-TO Mary. Kakoe HamMeHbIIee
YUCJI0 OTPSIJIOB MAaroB MOXKHO CO3/IaTh TakK, YTOObI HU B OJHOM OTPsiJie He CMOTJIN
¢lieJaTh MarmdecKnii »KesJl CHIaMI MaroB 9TOTO OTPSIIA’!

5. J1j1s1 TOro, 9TOOBI OTKPBITH BOJIIIEOHYIO JIBEPh, HY2KHO ITPOU3HECTH 7 3aKJIH-
nanuit. Kaxkplit n3 9 MaroB 3HaeT HEKOTOpbIe U3 HUX. V3BecTHO, 4TO I'pyIIa
MaroB MOYKET OTKPBITH BOJINIEOHYIO JIBEPH TOTJIAa U TOJILKO TOTJa, KOrjaa B Hell He
MeHee 6 Maros. KakoBo HauMeHbIIIee BO3MOXKHOE 17

6. IIycTb jjaHO ceMeiicTBO JIBYX3JIeMEHTHBIX MHOXKeCcTB. Cpeau JTI0ObIX p MHO-
JKECTB XOTs Obl ¢ MMEIOT OOImii 3eMeHT. KaknuM MUHUMAaIbHBIM KOJIMIEeCTBOM
I'BO3JIell MOYKHO rapaHTHPOBAHHO IIPUOUTH 9TO CEMECcTBO?!

7. Beibpano k > 1 mommHOXKecTB n-3jieMeHTHOro MHOKecTBa A. M3BectHO,
9TO KarKjasi mapa 3JeMeHTOB u3 A NnpuHajjIeKuT POBHO OJIHOMY BbIODaAHHOMY
nojiMHOXKecTBY. Jlokaxkure, uro k > n.

23. Cepns 19, mokazaren—2 14 wons

1. Jlokazkute, 94TO JIJIst BCEX HATYPaJbHBIX a,n > 1 BbinosHeno ¢(a” — 1) n.
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2. Jlanbl narypaJjbHble 4ucjia ¢ U b, B3aUMHO IIPOCTbIe ¢ 4ucjom m. [lpu
9TOM OKazasioch, uro a® = b" (mod m) u o = ¥ (mod m). dokaxkure, aro
aHOM@y) = pHOM@Y) (1mod m).

3. /lanbl B3anMHO mpocThle uncaa a u b. Jlokaxknute, 9To 1111 J11000TO HEIETHOTO
nemurens d ancaa a’ + b2 Bomosaeno d — 1: 27T

4. JlokazknTe, 9TO i HATYpaIbHoro n > 1 uncio 21 4 1 ne nemmres na n.

5. Haitsiure Bce yropsijioueHHbie TPORKN MPOCTBIX duces (p, ¢, T) TAKUX, 9TO
pl+1:r¢ +1:pr’+1:q.

6. Haiiinre Bce mapbl TPOCTHIX dmceN p U ¢ Takux, 9To 5 + 57 : pq.
7. Haitnnre nammensiee n takoe, uto 17" — 1 gesmres na 2299,

8. ano uncio p = 2" + 1, e n > 2. Joxaxure, aro ecim 3P~1D/2 41 p, 1o
YUCJIO P — HPOCTOE.

24. Cepng 20. OKpyKHOCTb ATIOJUIOHAS 1/ won

1. an orpesok AB u ancio k > 0. Haitgure I'MT C takux, aTo é—g = k.
Ilodckaska. [locauraiite B KOOpInHATAX.

Onpenenenne 1. [Tonyaennoe I'MT HazbiBaeTcst oxpyotcHocmvro AnoatoHuA.

2. Ha npsimoit mamer derbipe Touku A, B, C' u D B yKa3zaHHOM IIOpPSIIKE.
[TocTpoiite Takyto Touky X, nz koropoii orpesku AB, BC u CD Bujnbl 1o/
PABHBIMHU YTJIAMI.

O6o3nagenne. [lyctb s — ommcaHHast OKPY»KHOCTH OCTPOYTOJIBHOI'O HepaB-
HoOepennoro tpeyroibanka ABC, O — ee nenrp. Ilycts s, — OKPYKHOCTD
Anosutonust, onpenenerrass Toukamu A n C' u npoxosiiasi depe3 BepiinHy B.
AHAIOrNYIHO ONpeIe/InM OKPYKHOCTH S, U .

3. Ilycrh OKPYZKHOCTDL S) MEPECEKAeT OIMCAHHYIO OKPYKHOCTH TPEYTOJIbLHUIKA
ABC B toukax B u D, M — cepequna AC'. [lokakure, aro ayaun BD n BM
CUMMETPUYHBI OTHOCHTEIHLHO OUCCeKTPUCH yriia B.

Omnpenenenne 2. [lepecekatorumecst OKPY>KHOCTH HA3BIBAIOTCST 0PMO20HANLHDL-
M, €CJII KacaTeJbHble K HIM B TOYKE IIepecedeHusl TepPIeHINKY/IsIPHDL.

4. JTokaxkure, 9TO S U Sy OPTOTOHAJIHHBI.

5. PaccmoTpum okpyKHOCTD ATIOJIJIOHNST, OIIpe/Ie/IEHHYTO JTIOOBIMU JIBYMsI BEp-
mmHaMu Tpeyrosibanka ABC u nponsBosbHbIM oTHOMmEHHeM k > 0. Jlokakure,
q10o Touka (J MMEeT OTHOCUTE/TbHO BCEX TaKUX OKPYKHOCTEH OJIMHAKOBYIO CTE-
nenb. Kakyio?

6. Jlokaxkute, 91O S4, Sp M S, HPOXOJAT Uepes3 JiBe HeKOTopble Toukn X u Y.
Boutee Toro, Touka Y sexknt Ha ayde OX n OX - OY = R?, rne R — paauyc s.
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7. llycrs Touka X (cm. 3agady 6) jexur sayTpu Tpeyrosbhnka ABC. Jlo-
KaykKiTe, 9TO MPOEKINN TOUYKM X Ha CTOpoHbI TpeyroibHnka ABC sapisioTcs
BEPIINHAME PaBHOCTOPOHHEIO TPEYTrOJIbLHUKA.

Onpenenenue 3. Touku P u () HA3LIBAIOTCI U3020HAALHO CONPAHCEHHBIMU
orHOCHTENIHbHO Tpeyrosbinka ABC, ecim ayan AP n AQ) cuMMeTpuIHbl OTHO-
curesbHO OnccexkTpuchl yriaa A, ayan BP n B() cuMMeTpUYHBI OTHOCHTEIHLHO
ouccexkTpucol yriaa B, gyan CP u C'() cuMMeTpUIHBI OTHOCUTEIHLHO OMCCEKTPH-
col yria C.

8. Jlokaxkure, 1T0 Touka X M30MOHATBHO COIpsizKeHa Touke Toppudesm (T.e.
TOYKe, U3 KOTOPOii BCe CTOPOHBI BUJHBI 101 yriom 120°).

25. Cepug 21, pasjioxeHne 15 won

Mpr xopolo 3HaeMm, 4TO KaykJioe HaTypaJbHOE YUCI0 MOXKHO IIPEJICTaBUTH
eduHcmeeHHbLM 00Pa30M B BHJE IPOU3BEIEHNs] MPOCTHIX, ¢ TOYHOCTBIO 0 IIe-
pectaHoBku MHOKuTeseit. [Tompodbyem joka3aTh aHAJIOrUIHBIH (haKT J1JIsT MHOTO-
YJICHOB.

Onpepenenne 1. Muorousen nasbiBaercss npusodumvim najg R (Q, Z,), ecan
OH pAaCKJIaJIbIBAECTCs B BHUJE IMPOU3BEJICHUS JIBYX MHOIOUJIEHOB MEHBINEH CTeleHn
¢ koapdurmentamn u3 R (Q, Z,). B nporusHoM cirydae MHOTOWIEH HA3LIBAETCS
nenpueodumvim Hag R (Q, Z,).

Vup. 1. densiercst iu muorowten 22 — 2 npusoaumbiv (a) nag Q; (b) nan R
(c) mam Z;?

Henpupogumbie MHOTOWIEHBI OY/IyT BBIIOIHSITEH POJIb IPOCTBIX YHCE] B PA3JIO-
JKEHUU MHOI'OYJIEHOB.

Onpenenenne 2. Obuwum desumenem ABYX MHOTOUTEHOB P u () Ha3bIBAETCs
takoit muorowrten D, ecoiim P: D u Q) : D.

Onpenenenue 3. Hauborvwum obwum desumenem IBYX MHOrowieHos P u ()
Ha3bIBAETCs 00Nl jgeureb D, nejdinuiics Ha J000H Jpyroil JenTe/ b MHOTO-
wienoB P u Q).

1. JIokaxkure ¢ nomonibio ajropurma Eskimga, uro HO/ nByx MHOro4ieHOB
BCeTJla CYIIECTBYET, KPOMe CjIydas, Korja oda MHOTOUIeHa paBHbI ().

Yup. 2. Kak cBst3anbr Mexxy coboit Bce HOIpI jiByX MHOTOU/ICHOB?

Yup. 3. Jlan mHOrOowIeH P n HeMPUBOAUMBIH MHOTOWIeH (). HeMy MOXKeT OBITDH

paser HO/I(P, Q)?
2. Jlanbl narypasbhbie unciaa n u k. Haitre HOM (22" + 1, 2+ 1).

3. Teopema o muneitnom mpeacrapiaennu HO/ nias maoroumenon. [1jis jiio0bIx
MHOTOUIeHOB P 1 () cymiecTBytorT Takne MHorowieHnbl A u B, ato PA + QB =
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4. [Tycrs PQ : H, npu arom HOJI(P, H) = 1. Jlokaxkure, uto @ : H.

5. OcHoBHag Teopema apmdpMeTHKH Jjid MHOTOYJIEHOB. JI1000il yHUTAPHDI
muorouien P € R[x| mMoxker ObITh €MHCTBEHHBIM OOPA30M DA3JIOXKEH B BHIE
IPOU3BEJICHNsT HEITPUBOJANMBIX YHUTAPHBIX MHOTOWIEeHOB 13 R[x] ¢ TouHOCTBIO 110
IepecTaHOBKN COMHOXKUTEJICH.

6. anbr muorounensr P, Q) € Q[z]. Pacemorpum HO/Ipr sTux MHOrOWIEHOB
najg Q un nag R. HJokaxkure, uro 3t HO /b oTinuaiorcest JoOMHOXKEHNEM Ha, KOH-
CTaHTY.

7. Paznoxkure 12 — 1 Ha 5 coMHOMKITEIIEl HEHYJIeBOil CTEIEHN ¢ IEeIBIMI KO-
s bunmHTaMM.

3
8. V mmoroutena P € Z[z] ecth Kopenb v/3. JlokaxKuTe, 4TO STOT MHOTOYJIEH
neuTes Ha x5 — 3.

9. /JaHbl B3aUMHO IPOCTbIe MHOrOWIeHbl P 1 () ¢ neabiMu KoadduimenTamu,
to ectb HOJI(P, Q) = 1 max R. Jlokaxkure, 1o cymiecTByer Takast Koncranara C,
aro st jioboro nestoro k seimosaero HOA(P(k), Q(k)) < C.

26. Cepug 22, BbljeigeM 0€CKOHEUHOE 15 wons

1. MoxkHO Jin 1epecTaBuTh MHOYKECTBO YNCE HATYPAJILHOIO Psijia TaK, ITOOLI
CyMMa JIBYX COCEJIHUX JHCeJ Oblj1a COCTABHBIM UNCJIOM !

2. 3a gsipKoit HepHOMOPOM BBICTPOMJIOCH Yepejioii OeCKOHEeUHOe YUC/I0 Oora-
ThIpeil Pa3JINIHOIO POCTa, IPUIEM POCT KarKIOr0 COCTABJIsIET HATYPAJIHHOE UNCIIO
caHTUMEeTPOB. JJoKarkuTe, 9T0 OH MOYKET IIPUKA3aTh YACTU U3 HIUX BBIATH U3 CTPOs
Tak, 9TO0bI B CTPOIO OCTAJIOCh OECKOHETHOE UNC/I0 OOTaThIPeil, CTOSAIINX B IIOPSIIKe
BO3PACTAHIS.

3. JokaxkuTe, 9TO MHOXKECTBO UnCe/T HATYPAJIHHOTO Psijia MOYKHO TIEPECTABUTH
TaK, YTOOBI CyMMa TEPBLIX 1 JHCe/l JeJUIach Ha N [IpH JI0OOM HATYPaIbHOM 1.

4. MHO>KeCcTBO HaTypaJIbHBIX Unce/1 Pa3dUTo Ha OeCKOHEeUHbIe apudMeTnIecKnue
nporpeccun ¢ pastHoctsiMu dy, do, . . ..

(a) Jokazkure, 970 ecjm 9UCI0 TPOrpeccuii KOHEIHO, TO dil + d% +...=1.
(b) Bepho Jiit yTBepK/ieHue MyHKTa (&), €C/Ii 9nc/I0 MpOrpeccii becKoHe -

HO?
5. MoKHO J1 paccTaBUTh B KJIETKU OCCKOHEUHOI KJIeT4aToil ILIOCKOCTH Ha-
TypaJIbHBIC YHC/Ia TAK, YTOOBI KayKJ0e HYHCJIO BCTPEYAJIOChH POBHO OJMH Pas3, U

9TOOBI JIIOOBIE JIBA YUCIA U3 OJHONW CTPOKH WJIM OJHOIO CTOJIOINA OBbLIM B3aUMHO
HPOCTBIMIU !
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6. MuoxkecTBO HaTypa/ibHBIX unces pas3outo Ha JBe dactu A u B. l3Bect-
HO, 9T0 A He COomep:KUT TpexdaeHHol apudMerndeckoii mporpeccun. Moxker
CIYIUThCA TakK, 4TO B He cojiepKuT OeCKOHeIHO aprudMeTUIecKoii ITporpeccun?’

7. CymiectByer jin Takas nocsenoBaresbuocts M = {ay, az, ...} HATYpaIbHBIX
YUCesI, 9TO KaykKJl0e HATypPaJJbHOE YUCTIO TIPEJICTAB/ISAETCS €IMHCTBEHHBIM 00pa30M
B BH/JIe PAa3HOCTH JIBYX uuces n3 M7

8. okaknTe, 9TO MHOXKECTBO UMCe/l HATYPAJHHOTO Psijla MOYKHO TEPECTABUTH
TakK, 9TOObI CyMMa IepBbIX k ducesn jiejmiach Ha k + 1-e mocrapjieHHOE YUCTIO.

27. Cepug 23, romoreTng—2 15 wioas

Ymeeporcdenue. PaceMoTpuM B3aMMHOOIHO3HATHOE MTPEOOpA30BaHIe ILIIOCKO-
cru F takoe, 1o st jii00bIX Touek miockoctu X, Y Boinosasiercsa F(X)F(Y) =
= kXY npu k # 0.

1. JlokaxKure, 4TO BBIIIEYIIOMSAHYTOE IIPEOOpa30BaHe — 9TO JUOO TOMOTETHSI
¢ kospdunuentom k tpu k # 1, mubo napaJsuiesbHbli mepenoc npu k = 1.

2. Teopema o kKommo3mmuu romoreruii. Jlannl Touku Ha miockoctu Op u O
n qncia k; n ko, He paabie 0 u 1. JlokakuTe, 9TO KOMIIO3UIINS TOMOTETHI C
reaTpom O1, kosddurmerarom ki u ¢ nearpom Oy, KodpduimeHTom ko €CTh

e 1apaJLIe/IbHBII IIepeHoc ¢ BeKTopoM, napasieabubiM O10s, ecian kiky = 1;

® TOMOTETHs ¢ IeHTpoM Ha tpsaMoit 0104, ecin kiks # 1.

3. Tpanenun ABCD u ADP(Q wumeror obiee ocHoBaHme. Jlokaxkure, 9TO

Toukn nepecederus mpsMbix AB u CD, AP u DQ, BP u C'Q) (Bce TouKH mepe-
CeYEHHUsI CYIIECTBYIOT) KOJIJIMHEAPHBL.

4. TeopeMa 0 Tpex KoJimakax. ECTh Tpu MOMapHO HElepeceKalomuecs OKPY K-
HOCTHU IIOIIAPHO Pa3JIMYHBbIX paJnycoB. K JIHOOBIM JIBYX M3 HUX IIPOBEIEHBI JIBE
o0lIye BHEIIHKME KacaTeJIbHbIe, KOTOPhIE IlepeceKaloTcd B Touke. Jlokarkure, 9T0
[IOJIyYEHHbIC TPU TOYKM JIezKaT Ha OMHON IIPAMOIL.

5. Teopema Menenasi. Ha croponax AB, BC' u AC tpeyronbuuka ABC, wim
Ha WX IPoJoJKeHns X, ormedennl Toukn C, Ay n By coorBercTBenno. Jloxkaxkure,
gro Touku Ay, By u C} Jexar Ha OJHOIl IIPsIMOI TOrIa U TOJILKO TOLJA, KOTIa

BA, CB AC,
A,C BA CiB

6. Tpeyronbuuk ABC' mHaxonnTcst BHYTPH OKPY:KHOCTH w. OKPY’KHOCTH WA
KacaeTcs 1pojtokennit cropon AB u AC' 3a Touky A m OKPY’KHOCTH W BHYT-
peHHUM 00pa30M B TOUKe Ap; aHAJOITIHO OIPENE/ISIIOTCS OKPYKHOCTH Wg, W 1
touku By, C7. Hokaxkure, aro npsmbie AAy, BBy, CC} nepecekaioTcss B OJIHOI
TOYKE.
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7. BuyTpu TpeyrojbHUKa JJaibl 4 paBHBIX OKPYXKHOCTH. Tpu 3 HUX KacaroTcs
TpeX pas3HbIX IIap CTOPOH TPEyroJIbHUKA, a dYeTBepTad — TPeX OCTaJIbHBbIX BHEIII-
HUM oOpa3oM. J[oKaKuTe, 9TO TEHTP YeTBEPTOi OKPYKHOCTU JIEXKUT Ha, MIPIMOIL,
IIPOXOJIAIICIl Yepe3 IEHTPHI BIMCAHHON M OIMCAHHON OKPYZKHOCTEN MCXO/IHOI'O
TpeyroJbLHUKA.

8. Han BoeinykJibiit geTbipéxyroibauk ABCD. Ilycrs P u () — TOYKH I1epece-
yenns yydeit BAu CD, BC' u AD coorBercrBenno, a H — npoeknust D #a PQ).
Hoxkaxkure, aTo deTbipéxyroibunk ABC' D sBjsiercst OlncanHbIM TOTJIA 1 TOJIBKO
TOTJIa, KOIJIa BIUCAHHBIE OKPY KHOCTH TpeyroibHukoB ADP n C'D() BunHbl u3
TOYKU H 1101 paBHBIMU YIJIAMU.

28. Cepug 24, kBaJpaTuIHas 16 won

[TonpoGyenm pemuthb cpashenne 22 = 2 (mod 7). Ouepaiuy u3Bjiedenus KOpHs
KaK TaKOBOIl 11py paboTe HaJ[ CpaBHEHUSIMU y HAC HET, I09TOMY IIPOCTO HogbepeM
KOpeHb T = 3.

Onpenenenne 1. [0BOPSIT, UTO UNCTIO @ SABJIAECTCST KBAOPAMUMHDIM BDI%ETNOM TIO
MOJLYJTIO 1M, €CJIN @ B3AHMHO IIPOCTO C 1M U CYIIECTBYeT KOPeHb CpaBHenud T2 = a
(mod m).

Vup. 1. Jlerko BUAeTh, 4To y U3HauajbHOro cpaphenus 2 = 2 (mod 7) ecTb
HPUHIUITNAIBHO J[BA PA3JIMIHBIX KOPHST: 3 1 —3. Il 9T0 BIOJIHE OIIpaB/IbIBACT HAIIIN
OYKIJIAHMS, YTO KBaJIpATHBI TpexuieH nMmeeT He Oojiee IBYX KopHeil. A Bceria
JIL 9TO TaK?!

Hagee Besne p — Hewemmoe IpPoOCToe UNCI0, ¢ OOBIYHO HE JEJUTCA Ha P.

Yup. 2. Kpajgparuunble BbIUeThl — KBaIPAThl OOLIYHBIX BLIUETOB, IIO9TOMY BCE
OHI TIOJIyYalOTCsl IIPH BO3BEIEHUH IIPUBEIEHHOI CHCTEMBI BBIYETOB B KBaJIpar.
CKOJIBKO TPUHIUIHAIBHO Pa3IMIHBIX THCEJ] MbI HMOJIYINM, APYTUMH CJIOBaMH,
CKOJIBKO CYIIEeCTBYET KBAJIPATHIHBIX BBIUETOB I10 MOJYJIIO P

Onpenenenne 2. Boruer, me sBIMONUiicS KBAAPATHIHLIM 10 MOIYJIIO P U He
JEJISIIIICS Ha P, HA3bIBACTCA KB8AIPAMUYHLM HEGHIYETOM TI0 MO0 P.

Yup. 3. CKOJIbKO CyIIEeCTBYeT KBaIPATUIHBIX HEBBIYETOB 110 MOJLYJIIO p?

1. IIycThb p — HedeTHOE MPOCTOE YUCTIO, &, b, ¢ — BBIYETHI 110 MOJLYJIIO P, IIPHIEM
a He nesurces Ha p, a D = b® — 4ac. Jlokaxkure, 4To eciau D — KBajpaTHUHBII
BBIYET 110 MOJYJIIO p, To cpasHenue ax’ + bz + ¢ = 0 (mod p) umeer 1Ba KopHs,
ecn DD — KBaJpaTUYHBIN HEBBIYET IO MOJYJIIO P, TO yKazaHHOE CpaBHEHHE HE
uMeeT KOpHeii, a ecan [ jieiuTcsd Ha p, TO 3TO CpPaBHEHUE MMeeT POBHO OJIMH
KOpEHb.

Yup. 4. [Touemy BazkHO ycjioBue, 910 p — He 27

2. Pemnre cpasuenne 32 — 4x + 1 =0 (mod 131). Bes nepeGopal
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Onpenenenwme 3. Cumsorom Jleocandpa Ha3bIBAETCs BhIpayKeHue, 00O3HATAEe-
a
Moe | — |, paBHOe 1, ecjin @ — KBa/JIpaTUYIHbBII BbIYET 110 MOJLYJIIO p; —1, ec/in a —

HeBBIYUET 110 Mojyio p u 0, ecii a KpaTHO p.
CsoiicTBa cumBoJIa Jlexxanapa.
a

3.(a) [ - ) =a® Y2 (mod p) (xkpurepuit Diinepa);
p
b b
(b) Y= (%) (2 (MyJIBTUILINKATUBHOCT ).
p P/ \p

Jpyrumu cjioBaMu, MbI TOJBKO YTO JIOKa3aJid, 9TO 6bluem Ha 6biuem daem
BHIUEN, HEBLIYEM, HA GHIMEM DGEM HEBLIYEM, HEBVINEM HA HEBVIYEM JAEm BblYEeM.

4. JTokaxkute, ur0 —1 ABJIAETCS KBAJPATHIHBIM BBIYETOM IO MOJYIIO P <>
p =4k + 1.
5. Jokazxure, uro y cpastenus (x2 — 2)(z? — 3)(z? — 6) = 0 (mod p) Beeraa

€CThb pellleHUe.

2 — 4+ 3 Torna

1 TOJIBKO TOTJIa, KOIJla OHO SIBJIFETCS JIeJINTEe/IEM YUC/ia BUJIA y2 —y + 25.

6. ,ZLOK&)KI/ITG, qTO YHCJIO P dBJideTcd Ae/JInTeJIEM YUCJla BUJa T

7. JlokarkuTe, 9TO HPOCTHIX umces Bujga 4k 4+ 1 6eCKOHEUHO MHOIO.

8. Ilycth @ — KBaJipaTUYHBII BbIYET 110 TIPOCTOMY MOJIyJII0 p > 2. J[lokaxKuTe,
YTO @ — KBaJIPATUYHBIN BBIYET IO MOJY/IIO p" TPHU JI0OOM HATYpPaTHLHOM 7.

9. [Iycts p = 4k + 3 npoctoe. [lokaxkure, 94TO ecyim

1 1 1 m
n J

I B R R P LI R

riae (m,n) =1, To 2m — n: p.

29. Cepug 25, 3KkcTpeMaibHAs 16 woa

Onpenenenne 1. Habop pebep B rpade HA3BIBAETCA NAPOCOYEMAHUEM, €CIIN
OHI HEe MMEIOT OOINNX BEPIIIH.

Onpeneneane 2. Habop pebep B rpade HA3LIBALTCS NOKPbIMUEM, €CTIN KarK 1ast
BepiHa rpada MPpUHAJIEIKUT XOTs Obl 0JHOMY pedpy Habopa.

1. B crpane ecTb HECKOJILKO TOPOJIOB U HECKOJILKO JOPOT C OJITHOCTOPOHHUM JTBHU-
KenneM. Kaxkias gopora coeImHseT JBa TOpoJia 1 He ITPOXOIUT dYepes3 OCTaIbHbIE.
[Ipu sTOM, Kakue ObI JIBa rOpojia HU B3ATH, XOTs ObI U3 OJTHOTNO W3 HUX MOYKHO ITPO-
exaTb B JPyToil, He HApYIIas MpaBuI JIBuKenud. /lokaxkure, 4To HaiijleTcs ropos,
13 KOTOPOTO MOYKHO TPOoexXaTh B JII0OOH Npyroil, He HapyIias MPaBUJl JIBUKEHUS.

2. 20 wWIEHOB MECTHOIO IIaxXMaTHOIO KJyDa pemui IIPOBeCTH TYpHUpP u3 14
Urp, HpUYeM KayKJIblii yIacTHUK JIOJIXKEH ChII'pDaTh XOTs Obl B ojHOil urpe. [lo-
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KayKITe, YTO B 3TOM TYpPHUPE JIOJIZKEH OBITh HAaOOp M3 6 UIp, KOTOpble MOXKHO
[IPOBECTU TTapaJIJIEJbHO.

3. B kunok/ybe n y49acTHUKOB, IPUYEM CPeIn JIIOObIX YeThbIpeX 4eI0OBeK Haii-
JIyTCsl TPOE MOMAPHO 3HAKOMBIX JTMO0 Tpoe MoIapHO He3HAKOMBIX. JIoKakKuTe, 9To
BCEX YUYACTHUKOB K/IyOa MOXKHO PaccaJiuTh B JBe KOMHATHI TaK, YTOObI B OTHOI
KOMHAaTe BCe ObLIU IIOIapHO 3HAKOMBI, & B JAPYIOil IOIIApHO HE3HAKOMBI.

4. Ha konrpecce cobpajuch yueHble, cpei KOTOPBIX eCTh Apy3bs. OKa3aaoch,
YTO HUKAKWE JIBOE YUEHBIX, UMEIONINX paBHOE YNCIO0 JIpy3eil, He MMEIOT OOIIIX
npyazeit. JJokaxknre, 9T0 HalijleTcsd yUeHBIH, IMEIONINiT POBHO OJHOTO JAPYTa.

5. Jlan rpad Ha n BepmmHax, cpejii KOTOPLIX HET N30/JIMpOoBaHHbIX. JJokaxKuTe,
YTO CyMMa Pa3sMepPOB MaKCHMAJIbLHOI'O IIapOCOoUeTaHnsl 1 MIHUMAJIbHOI'O PeOepHO-
ro MOKPBITUA PaBHA M.

6. Osim m Makcum omraruin myTeriecTBue 1o apxuienary u3 2017 octpo-
BOB, I'JIe HEKOTOPbIE OCTPOBa CBI3aHbI JIBYCTOPOHHUMHU MapIiipyTaMu katepa. OHu
nyTertecTByIoT, urpas. Cuadasa OJisg BbIOUpaeT OCTPOB, Ha KOTOPI OHU TIPHUJIEe-
TAIOT. 3aTeM OHU Iy TENIEeCTBYIOT BMECTe Ha KaTepax, o OUepe i BLIONpast OCTPOB,
Ha KOTOPOM elrie He 6bLin (1epBbiii pa3 Beibnpaer Makcum). Kro #He cmoxker Bbi-
O6paTb ocTpoB, npourpals. Jokaxkure, aro OJiss MOXKET BBIUTPATD.

7. B kabunere npesujenta crostT 2004 Tenedona, Jirobble aBa U3 KOTOPHIX
COeJINHEHBI ITPOBOJIOM OJIHOTO M3 YeThIpeX IBeTOB. VI3BecTHO, 9TO IPOBOIA BCEX
geThIpexX 1BETOB IPUCYTCTBYIOT. Beerja jim MOXKHO BbIOpATh HECKOJILKO Tesedo-
HOB TaK, 4TOOBI CPEJIN COEJIMHSAIONINX UX ITPOBOJIOB BCTPEUYAJNCH ITPOBOJA POBHO
Tpex IBETOB?

8. Jlan nostabiil rpad Ha n > 4 Bepmunax. Ero pedbpa packpaliieHbl B KpacHbIit
u cunuit 1Bera. M3BecTHO, 9TO Tpad ocTaeTcst CBI3HBIM IIPU CTUPAHIE BCeX pedep
J000ro m3 1nBeToB. JlokaxkuTe, 4To n3 rpada MOXKHO yIaJUTh 12 — 4 BEPITUHbI 1
BCE BBIXOJMINNE U3 HUX pedpa Tak, 4TOObI OCTaBIIMiics rpad 10 IpexKHeMY Ipu
yJlaJieHnn Beex pebep J1o0dOoro 1mBeTa OCTaBaJICs CBABHBIM.

30. Cepus 26, moBopoTHas 16 won

Onpenenenne 1. [Tosopomnoti 2omomemueti ¢ KodpduImenToM k 1 yrjaoMm @
HA3bIBAETCs KOMITO3UINS TOMOTETHHN ¢ KO3I(PDUIMEHTOM k 1 ITOBOPOTa Ha YTOJI (0,
UMEIONUX OOIINIT IEeHTP (Hg o RY). Ilpu sTom MmoxHO cuurtarb, 4ro k > 0
n 0° < ¢ < 360°.

Yup. 1. Bepro Jn pasencrso HY o RY = RY o HY?

1. (a) U3 Toukn P nposenensl 1Ba otpeska PA u PA;. Ha orpeske P A BoiOpa-
Ha Touka B, a Ha orpeske PA; Bbibpana Touka By. JlokaxkuTe, 9TO CyHIIECTBYET
eJIMHCTBEHHASI [TOBOPOTHAS TOMOTETHs, epeBojsias Touky A B Ay, a B B By,
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HpI/IIIéM ee LHEHTPOM ABJISZICTCA TOYKa IIepecedeH A OIIMCaHHbIX Opr}KHOCTeﬁ Tpe-

yroabankoB AA1P u BB P.

(b) Teopema o JBOiicTBEHHOIT ITOBOPOTHOI roMoTeTHH. /[0KaKITE, 4TO IIEHTP
IIOBOPOTHOI TOMOTETHH, IepeBojsmieii orpe3ok AB B orpe3ok AjBj, coBmnajgaer
¢ IIEHTPOM IIOBOPOTHOI rOMOTETHH, IepeBojdmieil orpe3ok AA; B orpesok BB;.

(c) Jaubl qernipe mpsiMble 00IIEro MoJIOKeHns. BoiBeure n3 myHKTOB (a)
i (b) To, 4TO OIMCAHHbIE OKPYKHOCTH YETHIPEX TPEYrOJbHUKOB, 0OPa30BaHHBIX
STUMHI TPSMBIMHU, [EPECEKAIOTCST B OJIHOI TOUKE.

2. [TokazkuTe, 9T0 IEHTPOM IIOBOPOTHOIT rOMOTETHH, ITepeBo/isieil orpe3ok AB
B oTpe30oK BC, gaBjsiercss TOUKa IepecedeHnsl OKPY2KHOCTH, IPOXOsieil depes
Touky A m kacarormeiics npsmoit BC' B Touke B, m OKPY»KHOCTH, ITPOXO/ISIIEit
yepes Touky C' u Kacaroreiics npsimoit AB B Touke B.

3. ITocTpoiiTe MOBOPOTHYIO TOMOTETHIO C yIJI0M TOBOpoTa 90°, coBMEIAIONTy IO
JIB€ HEKOHIIEHTPUYECKNEe OKPY2KHOCTU Pa3HOTO pajuyca.

4. Ha cropore AB tpeyronbpuuka ABC Boibpana Touka D). OmnmncaHas OKpy»K-
HOCTB TpeyrosbHuka BC D BTOPUYHO 1epeceKaeT OKPYKHOCTh, MPOXOJISIIYIO de-
pe3 Toukn A u D u kacarornytocs npsimoit C'D, B Touke K. Touka M — cepennna
BC, N — cepequna AD. Jlokaxxkure, ato Touku B, M, N u K nexkat Ha OZHOI
OKPY?KHOCTH.

Omnpenenenne 2. Jlano emectsennoe k # (. PaceMoTpuM B3amMHOOIHO3HAU-
HOe Ipeobpa3oBaHme IJIOCKOCTH F' Takoe, 9TO /I JIIOOBIX TOYEK IJIOCKOCTH X,
Y semomnsierca F(X)F(Y) = k@, rie BekTop @ nosydaercs n3 XY HOBOPOTOM
Ha ukcupoBaHHbIil yroyu «. HazoBem Takoe npeobpasoBaHue npeobpasosaHuem
nodobu.

5. Hokaxkure, uTo npeobpazoBanue 1oj00ust ¢ k # 1 siBjisiercst ITOBOPOTHOI
FOMOTETHEIA.

6. Ha mrockocTn janbl aBe HepaBHBIX OKpYy:KHOCTHU. [lo HUM ¢ paBHBIMU YT-
JIOBBIMHU CKOPOCTSIMH TIO0 YACOBOII CTPeJIKe ABUXKYTCA 2 Touku. /lokakure, 910 Ha
IIJIOCKOCTU HalIJIeTCd TOYKa, OTHOIICHUE PACCTOSAHUII OT KOTOPOU 1O 3TUX JABYX
TOUYEK OyJIeT IOCTOsIHHO.

7. JIBa komapa P u () 10J13yT paBHOMEPHO I10 JIBYM IIPSIMBIM, [I€PECEKATOIIITMCST
B Touke O,

(a) Haityure 'MT cepenunbl orpeska PQ).

(b) [dokaxkute, 9T0 €cjiM CKOPOCTH KOMApOB PABHbBI, TO cepeinHa yTru (0J1-
Hoit u3 jiyr) PQ okpyxuoctu (OPQ) HenoBuKHA.

(c) Jokaxkure, 9T0 ecjim KOMaphl IPOXoaaT ToYKy O He OJIHOBPEMEHHO, TO
okpyzkuocT (OPQ) uMeoT Bropyio obIiyto TouKy, oTandnyo or O.
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31. Cepug 27, MaccuBHas JiobaBKa 17 woss

1. Kakue maccbl HaJ0 IIOMECTUTD B BEPIINHLI TPEYTOJILHUKA CO CTOPOHAMHU d,
b 1 ¢, 4TOOLI IEHTD IHOJIYUEHHO CHCTEMbl MAaTepUAILHBIX TOUEK OKA3AJICH

(a) B TOUKe IlepecevdeHnsi MeJIMaH TPeyroJbHUKA;

(b) B TOUKe mepecedeHns GUCCEKTPIIC;

(€) B 1IeHTpe BHEBITMCAHHON OKPYZKHOCTH, KACAIOIIEHCsT CTOPOHBI @;

(d) B Touke Haress (Touke, rjie nmepecekaroTcs OTPE3KH, COSMHAIONIE BEPIITH-
HY TPEYTOJLHUKA ¢ TOYKO KacaH!sl BHEBIMCAHHON OKPYKHOCTH IIPOTUBOIIOJIONK-
HOM CTOPOHBI);

(e) B Touke 2ZKeprouna (Touke, rjie mepecekaroTcsi OTPE3KI, COeJIMHSIIOIINE Bep-
IIIHY TPEYTOJIbHUKA C TOYKOIl KacaHus BIUCAHHON OKPY?KHOCTH);

(f) B opronenTpe?

2. an tpeyrosibauk ABC. Ha nponosmkennsx cropon AB n AC 3a Touku B
u C' coorBercTBeHHO BhlOpaan Toukn Ag nu A¢ tak, uro BAg = CAc = BC.
IIpsimpre BAc n C' A nepeceknuch B Touke Ag. Toukun By u C| omnpeensiiorcs
anajornano. Jokazkure, uro npsimeie AAy, BBy u C'Cy nepecekaioTcs B OHOI
TOUKE.

3. I[lyctp B npaBumibHOoM TpeyrosbHuke ABC touka O — nentp. Ha cro-
pore AC' B3gra Touka K. Jlokaxkure, 9TO OTPE30K, 00PA30BAHHBIN OCHOBAHUSIMI
HEePIeHIKY/ISIPOB, ONyIIeHHbIX n3 Toukn K Ha croponbl AB n BC, nemurcs
orpeskom O K morosiam.

4. JlokaxknuTe, 9TO BCE OCU CUMMETPUM MPOU3BOJILHOIO MHOTOYTOJLHUKA TTPO-
XOJISAT Hepe3 OJIHY TOYKY.

5. Toukn, pazduBaroIe Kayk/ylo 13 CTOPOH YeThIPEXYroJbHIKa Ha TPU PaB-
Hble YaCTU, COEJUHUIN TaK, 9YTO YETHIPEXyTOJIbHUK pa3dmicd Ha 9 MeHbIIMX
4eTbIPEXYTOJIbHUKOB.

(a) HoxkaxkuTe, 9T0 KazK/blil U3 MOJIYUEHHBIX OTPE3KOB JICJINTCS TOUKAMHE IIe-
pecedeHusl Ha TPU paBHbIE YACTU.

(b) Jokazkure, 4T0 II0MIAJ1b CPEJIHETO YeTHIPEXYTOJbHIKA B JIEBATH Pa3 MEHb-
1€ MCXOJIHOTO.

6. /lokarkure, uyTo Touka Harems jie2kut Ha IpsMOil, COeTMHSIONICH TOUKY I1e-
pecedeHnst MeJIuaH TPEYTroJIbHUKA U TOUYKY IIepecedeHnsl ero OMCCeKTPIC.

7. B tpeyrosbanke ABC BHeBIUCcaHas OKPYKHOCTb KacaeTcs ctoporbl BC' B
Touke 1. [ — TEHTpP ero BIUCAHHON OKPYKHOCTH STOTO TPEyTroJIbHIKA, 8 OCHOBa~
HUe BBICOTBI U3 ToUkn A — 310 Touka H. Jlokaxkute, uro T'I nepecexkaer AH B
e€ cepejinHe.

8. OkpyzkHOCTD ¢ 1IeaTpoM O, BrincanHasi B Tpeyrojibiuk ABC', kacaercs ¢To-
poubl AC' B Touke K. Bropasi oKpyKHOCTb, Takzke ¢ mieHTpoM O, IepecekaeT Bce
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croponbl Tpeyrosibunka ABC. Ilycts F u F' — €€ ToUKU 1epecevenusi co CTOPO-
Hamu coorBercrBeHHO AB n BC, 6mmkaiimue K Bepuinne B; By u By — Toukn
eé nepeceuennsi co croponoit AC, By — ommxke Kk A. JHokaxkure, aro Toukn B, K
1 Touka P rnepecedenus: orpe3koB Boly m By F' nexkaT Ha OHOI IPsMOil.

32. IIpodpu—8 vs IIpopun—9 17 wions

1. B crpane lezopuentarnus 2018 ropogoB, KakIble 1Ba N3 KOTOPLIX HYKHO CO-
eJIMHUTD TPSAMBIM aBHapeiicoM, JIETAIOINM, YBBI, TOJILKO B OHY cTopory. O HAKO
3aKOHBI J[e30pueHTaImy 3alpeniaoT aBuaKOMIIAHIAM OCYIIECTBISITH TPaH3UTHBIE
EePEBO3KHU (TO €CTh eC/in MMEIOTCst pefickl u3 ropoja A B ropoj B u u3z ropoja
B B ropog C'; To ux He MOYKET BBINOJHATH OJHA W Ta Ke aBmakommanusi). Ka-
KOe HalMeHbIllee KOJNYIEeCTBO aBUAKOMITAaHUN MOXKET CIPaBUTbHCS C OpraHu3aliueii
BO3JIYIIHOTO JIBUKEHUs] B TAKUX HEIIPOCTHIX YCJIOBHUSIX !

2. Croponst AD n BC' Beinykioro derbipéxyroibanka ABC D He mapaJiieib-
ael. Ero guaronanaun AC' u BD nepecekatorcst B Touke F. Touku ' u G nexar Ha
?—g = g—g = g—g. Hokaxkure, 9TO
ecsim Toukn F, F' u G nexxar Ha 0iHOI TPsiMOii, TO 4eThIpéxyroibHuk ABCD —

cropoHax AB u C'D cooTBeTCTBEHHO TakK, YTO

BIINCAHHBII.
3. /st mobbIxX HATYPAJIBHBIX a, b 1 ¢ JJOKayKnuTe HepaBeHCTBO
(a,b—1)(b,c—1)(c,a— 1) < ab+ bc+ ca.
(Kax obbruano, (z,y) obosnavaeT HAMOOIBINN{ OOIINIT JIeIUTEb TUCeS T 1 Y. )

4. B octpoyrosibHoM Tpeyroabanke ABC nposejiernl Boicotbl BP 1 C'Q). Tod-
ka M — cepepuna BC'. Onucannast okKpy»KHOCTH Tpeyroibunka C'M P kacaercs
cropoubl AB. Jlokaxkure, 9T0 OnUcaHHasi OKPYKHOCTh Tpeyrojbanka BM(Q) ka-
caercst npsimoit AC.

5. Moxkno s B 18-3j1eMeHTHOM MHOKecTBe BbIOpaTh 2700 moamuoxKecTB My,
My, ..., Mayo Tak, 4Tobbl J1d Jio0bix M; 1 M; BBIIOIHAIOCH HEPaBEHCTBO

6. CkoJibKUMHI criocobamMu MOXKHO PACCTaBUTHL ILIIOCHI U MUHYChI B KJIETKaX
Tabsinibl 2016 X 2016 Tak, 4TOOBI B KaxKJ0M KBaJipaTe, COCTaBJIEHHOM U3 KJIETOK
TaOJIUIbI, KOJIMIECTBa IJIIOCOB I MIHYCOB OTJIMYAINCh He DoJiee, dem Ha 17

7. Ilyctb a4, as, ..., a, — nepecranoBka umcena 1, 2, ..., n. Haiigure Mmaxcn-
MaJIbHOE 3HAYCHHE CYMMDI

S =|ay —as| +|ag —as| + ...+ |a, — ay].

8. Ha mtockocTn janbl n > 3 Todek odIero mojoxKkenus. st KaxK1oil mocumn-
Tl CyMMY DPACCTOSHHI JI0 OCTAJbHBIX, U BCE 3TU CYMMbI OKa3a/liCh PABHBIMII.
JloKaxKuTe, 9TO TOYKHU SIBJIAIOTCSI BEPIIMHAMUI BBIIIYKJIOIO MHOI'OYTOJIbHUKA.
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9. /lanbl JiBe OeCKOHEYHBIE BO3pacTalolie apudMeTniecKe IPOrpeccuu a1, as,
...mby, by, ..., cocrosiiyue U3 HATYPAJIbHbBIX YUCE; X PA3HOCTH B3aUMHO IIPOCTHI.
OkazaJjioch, 9TO B KaxKJI0i 13 HIX OECKOHEYHO MHOI'0 HaJImHAPOoMOB. O0g3aTe/ IbHO
JIN HaAETCsT Takoe n, 9T0 00a 9ucyaa a, 1 b, — HaJIHIPOMBI?

10. Haitjure Bce muorowiensl f(z) ¢ neabiMu KO3 UIHEHTAMI TaKHe, ITO
JJTs1 JTIOOOTO TIPOCTOrO P HAMYTCsl HATYpaJbHble m 1 n, 1to f(p") = p™.

33. Cepug 28, HeIIPIBOIUMOCTD 19 wons

1. Jlarbr muorouensl P u () ¢ neabiMu Koddduimentamu. VM3BecTHO, 9TO He
Bce KoadduimeHTsl P ueTHbI 1 He Bce KoadduimeHTol () yeTHbl. Jlokaxkure, 910
He Bce KoadduimenTsl P() 4eTHBDI.

2. [He] Kpurepuii Jiizenmreiina. [Iycrs Bece KoadduimenTbl MHOrOUIEHA HaL
Z., KpoMe CTaplero, AejdTcsd Ha ITPOCTOe YNUCI0 P U CBOOOIHBIN UIE€H HE JeTUTCS
Ha p°. JloKazKuTe, 4TO 9TOT MHOIOYJIEH HEIPUBOJINM HaJl Z.

Onpenenenne 1. Codeporcanuem MHOTOUICHA C TIEJIBIMEI KOI(MDUITEHTAMEI Ha-
30BeM HamOOJIBIIHII 00Nt Jenressb ero koddduimenTos. O003HAYNM COIepKa-
Hie MHorowieHna P 4epes cont(P).

Onpeznenenne 2. Muorowten P ¢ comepxkanuem cont(P) = 1 HazoBeM npumu-
MUBHBIM.

3. Jlemma Taycca. Jlist j10661x MHOTOUIEHOB P, () € 7Z|x| BBITOIHSIETCST PaBEeH-
crBo cont(P) cont(Q) = cont(PQ).

4. BruiBeiuTe n3 jleMMbI ['aycca, 9TO ecjii MHOTOYJIEH € TEJIbIMUA KO3 pUImeH-
tamu puBojuM Hayt (Q, To oH npUBOUM U HAJL Z.

5. Haiigure HOJI nan Q muorounenos (x — 1)1% + 1 u (z + 1)1 — 1.

6. JlokaKkuTe, 4TO UUCIO v/7 He SIBJISIETCS KOPHEM HIKAKOTO MHOLOYJICHA C
HEeJBIMI KO3 PUITMEHTAMI CTENEHN MeHbITIe 7.

7. Snadenne muorowieHa 20 creneHu ¢ HEJabIMU KO3 MUIIMEHTAMI TIPH BCEX
1eJIbIX T geanTed Ha 37. Jlokazkure, 4To Bee ero KoddPUImenThl JeaaTcd Ha 37.

Bepno Jin aHajiorndyHoe yTBep:KIeHIe JIJId MHOIOYJIeHa IIPOU3BOJIbHOI cTereHn?

8. Paznoxknre na nernpusoumbie Haj Q muoxkurenn muorodsen ol — 1,

34. Cepusg 29, HeMHOTO 0 JBOIiKe 19 wioasn

CeroiHst Mbl y3HAEM, 110 KAKUM IIPOCTHIM MOJLYJISIM 2 gBJIsI€TCsSI KBaJIpaTHIHbIM
BBIYETOM. JLJ151 9TOr0 HAM JJOCTATOYHO y3HATH, C 9eM CPABHIMO 2(r=1)/2 11 MO/LYJTIO

P.
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1. Pacemorpum uncia 2, 4, 6, ..., p — 1. Jlokaxkure, 4To ux mpomusBejieHUE
cpaBuuMo ¢ £1-2- .. .- p%l 110 MOJLYJIIO P.

2. Hayuurech onpeienisiTh 3HAK B MPEIBLIYINEN 3a/1a4e B 3aBUCUMOCTHU OT P.

3. Jlokaxkure, 9T0 2 — KBaJIPATHYHBLI BBIYET MO MOJIYIIO p < p = =1
(mod 8).

4. ITo xaxum IPOCTBIM MOIYJISAM —2 sBJIsIETCS KBaJpaTUIHbIM BBIYETOM !

5. Jlokaxkure, uTo y uncia 2" 4+ 1 He MOXKeT OBITH IMPOCTHIX JIeJNTe el Buja

8k +17.

6. Yemy paBna cymma

1 D) 22 22001
_ ?
[2003} * [2003} * [2003} et [2003]'

7. okazkure, aro mpocthix uucen Buja (a) 8k + 3; (b) 8k + 5; (¢) 8k + 7
6eckoneuHo MHOTO. Tak Kak JI0KA3aTeIbCTBa OJMHAKOBbI, TO CAETCsI OJUH JIF0OOT

IIYHKT.
8. JlokasKnuTe, 4TO PaBEeHCTBO o° — 3 = 2% He IMeeT PeIIeHNH B IeJIbIX YNC/Iax.

9. IMocenoBarenbHOCTh {X,} OlpejiesieHa PEKYPCUBHO: X1 = @ IPU HEKOTO-
poM HATypaJbHOM a, a TakKke Tni1 = 2T, + 1. Ilycrs y, = 2% — 1. Kaxkoe
MaKCHMaJbHOE KOJUYECTBO MO/ WIYIINX MTPOCTBIX YNCET MOXKET ObITh B I10-
CJIEJIOBATEILHOCTH { Yy }7

35. Cepng 30, oT TOUKHI JI0 TPpAMOii 19 wons

BadukcupyeM mpaMyio b n ojHy U3 IHOJIYILIOCKOCTeH, Ha KOTOpPble OHA JIEJIUT
m10cKocTh. Hazsosem opuenmuposarnvim paccrosiiueM fi(A) paccrosinne ot A
110 b, B3siTOE CO 3HAKOM «—+», ecin A JeKnuT B 3adUKCHPOBAHHOI Oy ILIIOCKOCTH,
U CO 3HAKOM «—» B IPOTHBHOM cJydae. OOO3HAUNM 32 €, eIUHUIHBII BEKTOD,
HePHeHNKY/ISIPHBIT b 1 Beaynuil B 3adUKCHIPOBAHHYIO TOJIYILIOCKOCTD.

CuBuneM TOUKy A Ha BEKTOD @.

Ymp. 1. Kak usmenurcs senmunna f(A)? A Benmunna p - f(A), tae p —
KOHCTaHTa?

Yup. 2. Kak mamenurcs p- fy(A)+q- fo(A), e ¢ — KoHCTaHTA, & ¢ — IpsMast?
JlokazkuTe, 9TO CyIecTByer mpsiMas d W KOHCTaHTa 7, Takue, 910 p - fp(A) +
+q- fo(A) =7 fa(A).

Yup. 3. Ilycts nan Habop npssMbIX by, by, . .., b, U HADOP YuUCET P1, P2, . . ., Pn.
Hokazkure, ato cymma py - fy, (A)+p2- fo, (A)+. . .4+pn- fr, (A) mubo dbukcuposana,
OO0 MPUHUMAET BCe 3HAYEHNUsI, IIPH 9TOM KarKJI0e 3HaUYeHne MIPUHIMAETCSI TOJIBKO
JIJISE BCEX TOYEK HEKOTOPOIl MPAMOIL.
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B HekoTopoM cMbICjie, MOXKHO CUUTATh, YTO IPU CABUIE TOYKU A Ha BEKTOD @
BBIIIEIPUBE/ICHHAST CyMMa, MEHSIeTCST Ha 1 - |al|, rjie 7 — KOHCTaHTa, He 3aBUCSIIIas
oT |al.

1. Bayrpu tpeyronbanka ABC' nan tpeyroiabunk A B1Ch. UsBecTHo, 9TO 11151
J00oit BepiuHbl Tpeyroibanka A, B1Ch paccrosinune 1o ctopon ABC' oxHO u TO
ke, Jlokaxkute, uro Tpeyroibiuk ABC — npaBuibHbIIL.

2. /lokaxKurte, 4TO OCHOBAHUSI BHEITHUX OMCCEKTPUC HEPABHOOEIPEHHOI'O TPE-
YTOJIbHUKA JIezKaT Ha OJIHOI IIPAMOIl.

3. Jlan yeThIpexyro/ibHUK. B 0j1HO#T 11ape ero MpoTUBOIOJIOXKHBIX YTJIOB ITPOBE-
JIN BHEIITHNE OMCCEKTPUCHI — IMOJIyININ TOUKY UX Iepecedennsd. [lorom B npyroit
nape — IMOJyInIn BTOPYIO TOUKY. [ToToM mpOoTHBONOMOXKHbBIE CTOPOHBI TPOTNAIN
JIO IIepeceveHnsd, MOoJyYn/In ABa yIjla — 110 HIM aHAJOIHnYHO ITOCTPOUJINA TPETHIO
TOUKy. /lokaxkuTe, 9TO 9T TPU TOUKHU JIeXKAT Ha OJIHON TPSIMOIL.

4. Teopema HpioToHa. B onmcanHoM 9eThIpeXyToJbHUKE TPSIMasd, TTPOXOIAIIAsd
yepe3 cepe/INHbI uaronaJeil, TpoxXoJuT u depe3 MeHTP BIUCAHHON OKPYXKHOCTH.

5. Ilpsmasg T'aycca. [Ipsmas, coennnstionias cepeiuHbI inaronaJsieil BbITyK/I0TO
YeThIPEXYTOJbHUKA, JACJUT IIOI0JIaM OTPE30K, COeIUHAIONINI TOUYKN epecedyeHns
[IPOTUBOIOJIOZKHBIX CTOPOH.

6. Brimcannast okpy»kHocTh Tpeyroibunka ABC kacaercs croponbl AB B TOU-
ke D. Jlokaxxkure, aTto cepeaunbl oTpe3koB AB n C'D, a Tak»Ke IeHTP BIHCAHHOI

OKPYZKHOCTHU JIEZKAT Ha OJIHON IIPAMOIL.
7. Illycts AA; n BB, 6uccekrpucer Tpeyronbiauka ABC. X — Touka nepece-
genus upsimoit Ay By ¢ jayroit AC onmcannoit okpyzkHoctu Tpeyrojbinka ABC
1

He cojiepxkalieit Touky B. JTokaxure, 4T0 5% = ﬁ + CLX

36. Cepus 31, moacyeTbl B MHOXKECTBAX 20 wionn

1. O6osuauum uvepes T' muoxkecrso T = {1,2,...,4k} upu HEKOTOPOM HATY-
paibHoM k > 1. HazoBem nommuozKecTBO S MHOXKecTBa 17 cOGAGHCUPOBAHHDIM,
ecJIn J1j1s1 JIF0OOT0 ero 3JeMeHTa a HaliJeTcsd TaKoi 9JIeMEHT 9TOr0 IOJIMHOYKECTBA

b # a, aro ath

bosiee, veM 3k 3/1eMEeHTOB cOAIaHCUPOBAHHDI.

Takxke jexxuT B S. Jlokaxkure, 9T0 BCe MOJAMHOXKecTBa, 1 13

2. MopmuoxkecTBo S MHOKecTBa {1,2, ..., 1} HA30BEM HEU0AUPOSAHHDIM, €C-
JIN JIs1 JII00Or0 3jieMeHTa B S HafljleTcs dJIeMeHT, OT/IMJalouiics oT Hero Ha 1.
Haiinnre Kom4aecTBO H-371eMEHTHBIX HEM30JIMPOBAHHDBIX MTOIMHOXKECTB.

3. Oboznaumm dyepes A, Ao, ..., Ag, pasindnble MOIMHOXKECTBA MHOXKECTBA
{1,2,...,n}. Kpome Toro, ycioBumecs cantarb Ag,1 = A;. Haitaure makcu-
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MaJIbHOE 3Ha4YCHUE CYyMMbI

Z ‘A m141—1—1|
[Ail - [Aiga |

4. O6oznaunm uepes S muozxkecTso uncesn {1,2,...,10%}, a yepes A — ero
101-3;temenTHOE TTOAMHOXKECTBO. Jokakure, uro B S HallyTcs Takue 4ncia ti,
ta, ..., tioo, 4TO Bce MuozkecTBa A; = {z+t;|lv € A}, j=1,2,...,100, nomapuo
HEIIePeCeKAIOIIeCs].

5. B mkosie yaurcs n mkoJbHUKOB. OHU XOJAT B KPYKKU. KaxKJIblil MIKOJIb-
HUK MOXKET II0CeNIaTh JIF000e KOJINIeCTBO KPYKKOB. I1pn 9ToM KaxKJIblil KPY>KOK
moceraeT He MeHee 2 MKOJLHUKOB. V3BecTHO, UTO ec/in B JiIBa KPY2KKa XOIAT XO-
Tsi OBI 2 OOIINX MIKOJILHUKA, TO KOJUYECTBO MTKOJLHUKOB B 9TUX JBYX KPYKKaX
paznuHo. JToKazKuTe, 4TO 0bIIee KOJIMUeCTBO KPYZKKOB He npesocxoquT (n— 1),

6. B mkose yunrea 10001 mkoabauK. OHU BXOJAST B OAH/BI, IIPU 9TOM OJIUH
IIIKOJIBHUK MOKeT BXOJUTH B HECKOJIBLKO OaH . BaH/Ibl BXOJSIT B COOOIECTBA, IIPH
9TOM OJTHa OaH/a MOYKET BXOJHUTH B HECKOJbKO coobiecTB. IIycrh Bcero k cood-
IIECTB, IIPU 9TOM BBIIIOJIHEHBI CJIEAYIONINE YCIOBUS.

o Kaxkas mapa MIKOJLHIKOB BXOJUT POBHO B OJIHY OaH/y.

o JIyist KaxKJI0ro MIKOJbHUKA P 1 KaKkJ10ro coodiiectsa S CyIIeCTBYeT POBHO
oJiHa DaH/a 9TOro coodIIecTBa S, B KOTOPYIO BXOJUT IMKOJbHUK P.

e B kaxk10it OaHie HeYeTHOE KOJIMUECTBO yIaCTHUKOB. boJtee Toro, ecyim B OaH-
Je 2n + 1 dejioBeK, TO 9Ta OaHJa BXOJIUT POBHO B 71 COOOIIECTB.

Haiiure Bce BO3MOXKHBIE 3HAYEHNS K.

37. Cepug 32, npuMuTUBHAL 20 wions

Onpegenenne 1. Yncio Ha3bIBACTCS nep60odpastvim Koprem (primitive root)
10 MOJLYJIIO 1M, €CJTH €r0 MOKA3aTe/Ib PABEH B TOUHOCTH ¢(m).

Teopema. [lo JjiroboMy IIPOCTOMY MOJIYJIFO P CYIIECTBYET II€PBOOOPA3HBIN KO-
penb.

KmoueBag memma. [lycTh p — npousBosibHOE TpocToe YucI0. Torga cpaBHenne
2" =1 (mod p) umeer e GoJiee N pelIeHnit O MOJLYJIIO P.

Hokazarenscrso 1. Ilycrs dy, ..., d,—1 — nokazaresn uucen 1,...,p—1 coor-
BETCTBEHHO.

(a) [Jdokakure, 9TO €C/IH MOKA3ATE KAKIX-TO JIBYX YHCET PABHBI @ 1 b, TO
CYIIECTBYET YUC/I0, MoKasaresb Koroporo paser HOK(a, b).
Ilodckaska. BenomuauTe 3a1ady 2 u3 1nokasareseii—1.
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HOK(dy,....dp-1) = 1 (mod p). Jokaxkure, 1moxa-

(b) Paccmorpum cpasrenue x
ayiicra, auro HOK(dy,...,dyp-1) =p — 1.
(c) dokaxure, 4To 1mepBo0OpPaA3HBIE KOPHU 110 MOJLYJIIO P CYIIECTBYIOT,
Baxknpas MbIciab. [lepBooGpasnblii KOpeHb ¢ mpekpacen Tem, uTto gl ¢2, ...,
gP~! aloT Bce HemyseBbIe OCTATKH 110 MOLYJIIO P.
Yup. 1. Ilycts g — nepBoobpa3Hblil KopeHb 1Mo Mojyao m > 2. Jlokaxkure,
aro g?M/2 = —1 (mod m). Bepro jin 910 B 00paTHyI0 CTOPOHY?
1. TokazKuTe, 4TO I 1IpocToM p cpasHenue ! = —1 (mod p) umeer perenue
TOIJIa U TOJIBKO TOorja, Korjga p = 8k + 1.

2. Haiture cymmy Bcex KBaJIPATHIHBIX BBIYETOB TI0 TTPOCTOMY MOJYJIIO P > 3.

3. /lokaxkure, 9T0 HaTypajbHble yuciaa 1, 2, ..., 238 MOXKHO pacCTaBUTh I10
KPYTY Tak, 9TO0bI JIjIst JIIOOBIX TPeX MOAPs)l UIYIIIX 110 YaCOBON CTPEJIKE YUCeT
a, b, ¢ ancio b?> — ac genmiock Ha 239.

4. JTokaykuTe, 94TO 2 SIBJIA€TCs MTEPBOOOPA3HBIM KOPHEM JTIOO0OTO MTPOCTOTO YNCTIA
Buja p = 4q + 1, riie ¢ — npocroe.

5. Haiinnre ocraTok cymMMbl Beex BbIpazkeHuit Buga 17, rme 1 <1< j < p—1
110 ITPOCTOMY MOJLYJIIO P.

6. /Tano nmpocroe gucso p n Harypaabaoe aucyo 0 < ¢ < p— 2. Jokaxkure, 9T0

'+24+...+(p-1":p

38. Cepusg 33, skcTpeMayIbHbIE TPAPBL 21 wionn

1. Haitiiure MmakcuMabHOE KOJIMUECTBO pedep B rpadye, ec/ii B HEM 1 BEPIINH
1 HET IUKJIOB HeYeTHON JI/INHBDI.

2. Haitiqure MakcuMabHOE 1KCJIO pedep B rpade, ecjim B HeM 71 BePIINH U HeT
TPEyTroJbHIKOB.

[lodckasxa. TonpoOyiiTe ynaanTh u3 rpada JiBe BepIINHbI, COeJUHEHHbIE Peb-
POM.

3. Haiijiure makcumasibHOE 4uco pedep B rpade, eciam B HEM 3n BEpUIUH U
HEeT [OJIHOTO rpada Ha 4 BepIInHaX.

4. JlokaxKure, 4TO MaKCUMAaJILHOE Y1CJIO pedep B rpade Ha kn BeplInHax, B KO-
TOPOM HeT 10JIHOTO I'pada Ha k + 1 BepInHax, JOCTUTIaeTCsd B IOJHOM k-JI0JIbHOM
rpade, Tiie B KaxKJI0i J10J1e 110 N BePIIH.

5. B rpacde 30 Bepmun, kaxkjioe pedpo rpada MOKpalleHo B KpacHbIl WJIn
CHHUI I[BET TaK, YTO HET TPEX BEPIINH, MOMapHO COEIMHEHHBIX PeOpaMu OJHOIO
nBeTa. Kakoe HanbobIee KOJINIeCTBO pebep MOKET OBITh B 9TOM rpade?
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6. B rpade Jobble jiBa MPOCTHIX IUKJA HEYETHON JIJIMHBI HE UMEIOT OOIIIX
pebep. [dokazkure, 9TO BEPIIMHBI 9TOr0 I'pada MOXKHO PACKPacuTh B JBa LIBETA
Tak, 9TOObI KarKkjasl BepIINHa ObLla coeduHeHa peOpoM He Oojiee deM ¢ OJHOI
BEPHINHOI TaKOIr'o Ke IiBeTa.

7. Haitiiure MakcuMaJsibHOE KOJIMUECTBO pedbep B rpadye, ec/ii B HEM N BEPIINH
1 HeT IUKJIOB YeTHOMN JIJINHDI.

8. B rpade Ha n BepmmnHax JirobOble JiBa HEYETHBIX I[UKJIA HE MMEIOT OOIINX
pebep. Haiinnre MmakcumaibHOE KOJIMIECTBO pedep B HEM.

9. (a) Ectb 2n + 1 Garapeiika (n > 2). VI3BecTHO, 9TO XOPOIUIUX CPeJ HUX
Ha OJ(HYy GOJIbIle, YeM IIJIOXUX, HO KaKhe UMEHHO DaTapeiiku XOpollne, a KaKne
JI0XUe, Hem3BecTHO. B hoHAPUK BCTABIAIOTCS J1Be OaTapeiiku, Mpi 9TOM OH CBe-
THUT, TOJBKO ecjin 06e — Xoporrme. 3a KaKoe HANMEHBITee 9NCJI0 TAKUX MOIMBITOK
MOYKHO TApPaHTUPOBAHHO JIOOUTHCsI, 9TO0bI (DOHAPUK CBETUI!

(b) Ta ke 3ajaua, HO Gatapeek 2n (n > 2), HpPUYEM XOPOIIUX M ILJIOXHX
IIOPOBHY.

39. Cepus 34, moBopoTHAas—2 21 wions

1. Oxpyzxnoctu S7 n Sy nepecekatorcst B Toukax A n B. Ilpu moBoporHOit
romorerun P ¢ menaTrpom A, mepesousiiein S1 B SS9, Touka Mp okpy:KkHOCTH Sp
nepexonuT B M. okaxkure, aro npsamas M Mo ipoxomuT depes Touky B.

2. Ilo Tpem OKpy2KHOCTSIM, UMM o00IIyio TOUYKy () U IHoIapHble TOYKU
nepeceuennst A, B u C', oJHOBpeMeHHO Havda/ i JABuzKeHrne n3 Toukn O 110 4acoBoii
CTpeJIKe ¢ PaBHBIMHU YIJIOBLIMU CKOpocTaMu Tpu yautku X, Y n Z. /lokaxkure,
YTO BCe TPEYroJbHUKU X Y Z 10g00HbI MEXKIY CODOIL.

3. Oxpyxnoctu St, ..., .S, npoxojasar depes Touky O. Kysneunk u3 troukn X;
OKPY?KHOCTH S; IPBIFaeT B TOUKY X;11 OKPYKHOCTH S; 1 Tak, 910 mpamas X; X, 1
IIPOXOJINT Yepe3 TOUKY IepecedeHnst OKpyzKHocTel S; n S;4 1, OTJINIHYIO OT TOUKH
O. Jokaxknre, 9T0 10cjie n IPbIKKOB (€ OKpyKHOCTH S7 HA Sy, ¢ So HA S3, .. .,
¢ S, Ha S7) Ky3HEUNK BEPHETCS B HCXOJHYIO TOUKY.

4. JIlokaxKuTe, 9TO KOMIIO3UIUS JIBYX IMTOBOPOTHBIX TOMOTETHI SABJISIETCS MTOBO-
poTHOI romoTeTnei. Kpome 0JIHOI0 MaJIeHbKOI'O ciiydasi, Kakoro?

5. [Iycre Hy u Hy — nBe moBopoTHBIE romMoTeTnu. okaxkure, aro Hy o Hy =
= Hy o Hy Torna m TOJILKO TOTJIa, KOIJIa MEHTPhl STUX OBOPOTHBIX TOMOTETHUI
COBIIQJIAIOT.

6. /loxaxkuTe, 9TO NEHTPHI TPABUJILHBIX TPEYTOJHHUKOB, TTOCTPOEHHBIX BHEIII-

HUM (BHYTpeHHHM) o6pa3oM Ha cropoHax Tpeyroibiuka ABC, obpasyror mpa-
BIJIBHBI TPEYroIbHUK.
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7. KakoBa TpaeKkTopusl JIBUKEHUsI [IeHTPpa Macc TpeyrojibHuka X Y Z u3 BTopoit
3aadu’

8. Ha croponax BC' u AB tpeyrosbiauka ABC' crosgt Toukn X n Y tax, 4To
/BAX = /BCY = «a. U3 Bepmunbl B onymens! neprnesanKyiasapbl BK u BL
Ha orpe3kn AX u CY coorBercrBenno. Haiinure yrisl Tpeyronbauka K LM, rue
M — cepenuna croponsr AC.

10. Cepug 35, mepBoodpa3Hblie KOPHA—2 21 wous

JlokazkeMm cyIecTBOBaHIE IIEPBOOOPA3HOIO KOPHSI eIlle ABYMsI CIIOCODaMI.
HoxkazaTenbcTBo 2. [Iycrs d — nenurens guncia p — 1.

(a) Ilycrs nokasaress dncia a paBed d. Jlokazxure, 9T0 BCe PEIICHNsT CPaB-

nemns ¢ = 1 (mod p) cyts BoeTH at, a?, .. . a’.

(b) Hoxaxkwure, uro cymectByer He bosee p(d) BBIUETOB, MOKA3ATEIb KOTO-
PbIX paBeH d.

(¢) Ilyctb dy,dy, . .., dr — Bce mesuTesn HATYPAJILHOTO UYnCIa N (BKIIOTA
n). JHokaxknre ToxkectBo [aycca

p(d1) +(d2) + ... + @(dy) = n.

(d) dokazxkure, 4To cyriecTByeT B TOUHOCTH ¢(d) BBIYETOB, MOKA3aTe/ b KO-
TOPBIX paBeH d.
Hokazatenbcro 3. Paccmorpum pasioxenue dncia p — 1 = ¢17¢y” -+ - ¢,* Ha

. -1)/q}"
npocTble MHOXKITE. Jlanee HailiéM Takue ducia g;, 9To ggp /4 % 1 (mod p).

(a) JlokaykuTe, 4TO TaKue 4ucia ¢; AefCTBUTEIbHO Hall1yTCs.
p—1

Qy

4;

(b) Hokazkure, ato ecin 1depe3 h; 0603HAIUTH CTelleHb YNCIa ¢;, TO

IIOKa3aTesb qnuc/aa h; paBeH ¢ .

(c) dokaxkure, 4T0 MPOU3BEJIEHIE BCEX YUCE h; SIBJISIETCS IEPBOOOPA3HBIM
KOPHEM.

1. Jlokaxkure, 9TO 2 sBJIFETCA TEPBOOOPA3HBIM KOPHEM 110 MOY/II0 3" 1pn
JIIOOOM HATYPAILHOM 7.

2. Jlokazkute, uro ecsit n = 371 10 2" 4 1: 3%

3. Jlokaxkure, 9TO €CJIN Y YUCTIA N €CTh JIBA PA3JIUIHBIX HEYETHDLIX MPOCTHIX
JIeJTUTE]Ist P U ¢, TO TI0 MOJLYJTIO 1 HET MepBOOOPA3HLIX KOPHEIL.

4. Jloxkazkute, 4To 110 Momaymio 2°p, rne k > 2, a p — mpocroe, HET MEPBOOO-
Pa3HBbIX KOPHEIA.

5. [Tyctb g — mepBOOOpPaA3HbBIT KOPEHDb 10 ITPOCTOMY MOJIYJIO p. JJokaxkute, 4T0O
mbo g, mbo g + p ABIIIETCA MePBOOOPA3HBIM KOPHEM 10 MOJLYJIIO p-.
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6. ITycTb g — mepBoOGpa3HBIl KOPEHb 10 MOJyI0 p¥, rie p — npocroe, k > 2.

JloKasKUTe, 4TO TOr/a § — I1epBOOGPa3HbLil KOpeHb 1o Moyio pFil.

7. Jlano mekoTopoe HaTypaJgbHOE Yncjao m. Bce ducia, He MpeBOCXOAAIINE M,
1 B3aUMHO IIPOCTBIC C HUM, HEPEMHOXKWIIN, ToaydnB 4dncio P. Jlokaxkure, 9To
P = 41 (mod m), npudem cpaBuumo ¢ —1 Torja m TOJBKO TOTJA, KOTJA I10
MOJLYJIIO M, €CTh IepBOOOPA3HbBIN KOPEHb.

41. Cepusg 36, aBmxemMcs K KOHILY 22 wions

Onpenenenne 1. O6bEKT ABUKETCS JTUHEIHO, €CJIN CYIIECTBYET BEKTOP U TaKOI,
9TO 3a BpeMsl t 00bEKT CABUIAETCsl Ha BEKTOD t - V.

1. (a) Toukn A u B apukyTcst jmHeitHo. JlokaykuTe, 9T0 cepe/iiHa OTPE3Ka
AB Toxke IBUZKETCS JIMHEHHO.

(b) BeiBemure u3 9Toro crapyio 3ajady: B UeTHIPEXYTOJHHUKE CEPEeIMHBI
JuarotHaJeil 1 To4ka epecedyeHusd OTPe3KOB, COCAUHAIONINX CepeJNHbl IIPOTUBO-
II0JIOZKHBIX CTOPOH, JIezKaT Ha OJHOI IPIMOIL.

2. Jlanbr pukcupoBanabie Toukn A n B. Touka C' TMHEIHO JBUXKETCS 110 JIy Ty
AC'. Jlokazkure, 9TO HEHTP ONMUCAHHON OKPY?KHOCTH, TOUYKA IepecedeHns BbICOT
1 TOUKa IepecedeHunst Meuan Tpeyroyibanka ABC' NBUKYTCS JTHHEHHO.

3. Ha croponax BC' u CD pomba ABCD ormedennl Toukn P u () coot-
BeTCTBeHHO Tak, uTo BP = (C'(@). /lokaxkuTe, 4TO TOYKa IepecevueHns] MeauaH
tpeyronbanka AP nexut na nuaronasu BD pomba. Ha camowm jese sra 3a/1a-
qa SBJISICTCS YACTHBIM CJIyYaeM CTapoil 3aja4un, Kakoii?

4. B tpeyrosbuuke ABC nposejennbl mejaunanbl AM n BN. Ha cropone AB
BbiOpana Touka P, a #Ha croponax AC nu BC Boibpanbl Toukn L u K Taxue, 910
PL napaytensno BN, a PK napamiensno AM. Hokaxkure, ato orpe3ok LK
JIEJIUTCST MeIaHaMy Ha TP paBHbIE YacTH.

5. (a) Touka A mnoxowurcs wa mecte, a Toukn B u C' IBIKYTCS JIHHEHHO 1
napaJiie/ibHo JIpyT Apyry. CKObKO TpeOyeTcsi MOMEHTOB BPEMEHHU, B KOTOPBIE
touku A, B u C jexar Ha OfHOIl psiMOii, YTOOBI yTBEPZAK /AT, 9TO OHU BCErJIA
JIe>KaT Ha OJIHOM IPAMOii?!

(b) A ecyim MBI HE 3HAEM, JBUZKYTCS JIH OHU HAPaJLICJbHO?

(c) Hdokaxure cymiecTBoBanme npsiMoii ['aycca yepes jBuKeHne mpsimMoii.

6. B gernipexyronbunke ABC'D jpmaronasn nepecekaiorcs B Touke M, npn
stom LZAMD = 120°, AM = MD. Ha cropone BC' BbibpaHa IIPOU3BOJIbHAS
Touka F. Yepe3 Hee MpoBeIEHDbI MPsIMbIe, MapaJIe/bHbIE JUATOHAJSIM, KOTOPhIE
[IepeceKaroT YeThIPEXyTroJbHUK BTOPOil pas B Toukax P u (). dokaxkute, 4To
IEHTP OINCAHHON OKPYKHOCTH TpeyroyibHuka PE(Q) nexut Ha mpsimoit AD.
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7. H — oprouentp Tpeyronbunka ABC. Touka P nBukercs 10 OIUCAHHOI
okpyzkHOCTH Tpeyroyubanka ABH . [lycts Ag n By — TOUKHN 1Iepecedenst IpsiMbIX
AP u BP c nporuBonoyioxkabiMu croporamu Tpeyroiabanka ABC. Haitanre 'MT
cepeuH orpe3koB Ay By.

8. Jlan Buumcannbiit 4dernipexyroiibiuk ABC'D u upousBo/ibHast TOuka X.
Iycts Xag, XBe, Xep, Xpa, Xac, Xgp — upoekinun toukn X Ha npsimbie AB,
BC, CD, DA, AC' u BD coorBercrBerHo. JloKayKuTe, 9TO CepeInHbl OTPE3KOB
XapXep, XpoXpa n XacXpp J1exKaT Ha OJHON IPSIMOIL.

42. Bomnpochbl K 3adery 22 woan

Anreopa

1. [Tonbop ko3 duImeHTOB B HECUMMETPUIHBIX HepaBeHcTBax. [Ipumep mpu-
MeHeHUs 1JIe0JIornn B 3ajadax 4.2, 4.9.

2. Muorousnens. Onpejenenns, TeopeMa be3y. PaBHOCHIBHOCTD (DOPpMATLHOTO
1 QYHKITMOHATLHOTO paBEHCTBA.

3. Muorourennsl. HenpejicraBumocTs yHKIMI B BUjie MHOMOYJIEHA U3 3312491
94.

4. Muorouwrens! HaJ Z. TeopeMa o palnoHaJIbHOM KOPHE.

5. Muorowrensr naj Z. pnvenenne P(a) — P(b) : a — b na npumepe 3aa4
15.6, 15.7, 15.9.

6. Anropurm EBkinga Jiist MHOroOWwIeHOB. Teopema o JIMHEIHOM IIpeicTaBIe-
nun HO/I. OcHoBHast Teopema apudMeTUKN JIJIsi MHOI'OUJIEHOB.

7. Muorousenst. [He| Kpurepuit Diizenmireiina. [Ipumenenne B 3amauax 28.5,
28.6, 28.8.

8. Muorouensl. Jlemma ['aycca, TpUBOJUMOCTE MHOTOUJIEHA, C IIEJIBIMU KO-
durmenramu zHasr Q u wHax Z.

Teopust umcen

9. Teopema Ditnepa. Ilpumenenne B 3aa41ax 3.6, 3.8, 3.9.

10. TTokazarenn. Oupejiesienne, CBOWCTBA U3 ylpaKHeHnH u 3a1a4d 12.1, 12.2.
11. ITokazarenu. [Ipumenenue B 3agavax 12.4, 12.5, 12.7.

12. Ilokazarenu. Ilpumenenne B 3agagax 19.3, 19.5.

13. KBajipaTtuunbsie BeraeTsl. OrpejiesieHne, cBoiicTBa, cuMBOJ JIexkaHapa.

14. IIpumenenmne KBaJIpaTUIHBIX BHIYETOB B 3aja4uax 24.7, 24.9.

2 —2
15. BriBog <—> u <—>
p p

16. [Ipumenenune 3nannii 0 KBaIPaTUIHOCTHU JIBOIKN B 3a1a41ax 29.6, 29.7, 29.8.
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17. TlepBooOpasnble Kopuu. /lokazarenbcTBo—1 CyIecTBOBAHUS MO MPOCTOMY
MO/LYJIIO.

18. IlepBoobpasnbie kKopuu. [Ipumenenue B 3ajadax 32.3, 32.5, 32.6.

19. ITepBooOpasznbie KopHu. /lokazarenbcTBO-2 U JJOKA3aTETHCTBO 3 CYIIECTBO-
BaHUs TI0 TPOCTOMY MO/TYJIIO.

20. ITepBoobpazuble KopHU. JloKaszaTejbecTBO CyIIECTBOBAHUS 110 MOJLYJISIM 2,

.

21. IlepBoobpa3znbie KopHu. /loKa3aTebeTBO HE CYIIECTBOBAHUS 11O MOJTYJISIM,
OTJIMYHBIX OT 2p 1 pF.

KombOuaaTopuka
22. Nanyknnsg. MeToanl BejleHus WHIYKITMN Ha IpuMepe 3aj1a4d 2.3, 2.7, 2.8.
23. JInarpammbl FOura. [Ipumep npumenenus B 3aja4dax 6.1, 6.2, 6.5.

24. Tpuanrynsamuu. JlokazaTeTbcTBO CyIecTBOBaHUA ABYX yieit. 3ajgaqan 11.3,
11.4.

25. [Ipunnun Hdupuxie. [Ipumenenne B 3aa1ax 13.5, 13.6, 13.7.
26. Pasnuiia Mexk/1y KOHEUHBIM 1 OECKOHEYHBIM Ha npumepe 3aj1a4d 16.4, 16.6.
27. Muoxectpa. IIpumenenne npuannna Kpaiinero B 3a1a4dax 18.2, 18.3.

28. Muozkectsa. [IpuMmenenne KoMOMHATOPHBIX cooOparkeHnit B 3ajjadax 18.4,
18.5.

29. IlepecranoBKE HaTypaJbHOrO psjia. 3ajgadn 22.3, 22.5.

30. IlepecranoBku HaTypaJbHOrO psja. 3agadu 22.6, 22.7.

31. [Ipunnun xpaitnero B rpacdax Ha npumepe 3ajgad 25.5, 25.6.
32. Ilojcuernsl B MHOXKecTBaxX. 3ajaqan 31.3, 31.4.

33. Teopema Typana.

34. [Ipumenenne Teopemnl Typana u ctarupanus B 3agadax 33.5, 33.7, 33.8.

T'eomerpusg

35. Bekropnl. Onpejiesienne. [Ipoekinn BeKTOpOB Ha 0/1HO HalpaBeHue. Cym-
Ma BEKTOPOB, BEIyIINX U3 IEHTPa MPaBUIBHOTO N-YTOJbHUKA B €TI0 BEPIINHBI.
[Ipumenenue B 3a1agax 1.6 n 1.9.

36. AnTunapaJienbHocthb. IIlpuMenenne B 3aat1e 5.6.

37. Ckassipnoe npoussejenne. Oupenenenne. CpoitcrBa. [IpuMenenue B 3a/a-
yax 7.4 u 7.7.

38. I'eomerpust macc. OupejeseHne MaTepuaabHON TOYKHU, IeHTpa Macc. Oc-
HoBHas Teopema. [IpaBmio rpynnuposku. [Ipumenenne B 3aatde 10.6.

39. T'omorerns. pa onpenenenns. Cpoiicta. Ilpumenenne B 3agadax 14.4 u
14.5.
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40. Teopema o xKommo3uuu JByX romorerunii. [Ipumenenne B 3ajavax 23.4 u
23.5.

41. OkpyxHocth Anostonaus. JlokazareabecTBo. CTelneHb 1eHTpa OIMUCaHHOM
OKPY?KHOCTH TPEyTOJIbHUKA OTHOCHUTEIHLHO BCEBO3MOXKHBIX OKpYyzKHOCTE AT0J1-
JIOHUSI, OIIPEeJIeIeHHBIX JII000 11apoil BEPIINH.

42. TloBopoTHas romorerusd. JIBa omnpenenenusi. CpoiicTBa. Teopema o J1BO-
CTBEHHOIT T0OBOpOTHOI romorerun. [Ipumenenne B 3a1aue 26.7(a).

43. Kommosunnsg noBopoTHBIX romoreTnii. [Ipnmenenne B 3amade 34.8.

44. PaccrosiHue o TOUKHU JI0 NpsiMoil. JInHeitHast KomOuHalus paccrostHuii. [Ipu-
MeHeHHe B 3aj1adax 30.3 u 30.4.

45. Jluneiinoe nikenue. Ilpumenenne B 3agagax 36.4 n 36.5.









