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Maremaruka 9 Hempodn

Marepnaabl yueOHBIX 3aHATHI

4 uroag 2012

BoImykstocTh

Baga4da 1. a) Ha mwrockoctu maner 5 Todek. JIBoe mo odepeau mpoBOJsAT
OTPE3KH COEJIMHSIIONINE 9TU TOUKK, TaK 4TOObI IIPOBEJIEHHBIE OTPE3KHU HE TIe-
pecekasnch. KTo e MOXKeT ¢jie1aTh X0 — Ipourpasi. KTo BLIMIpbIBAET Ipu
paBUILHOM nrpe?

0) Toxe camoe st . TOMEK.

PakT. Crenyromue onpeeaeHnst SKBUBAJICHTHDI:

a) MHOIroyroJibHUK Ha3bIBACTCS GHINYKADLM, CCIIM OH COJIEPXKUT JIFOOYIO CBOIO
JInaroHaJb.

0) MHOroyrosibHUK HA3bIBACTCS 6HINYKADIM, €CJI OH JIEKUT 110 OJ[HY CTOPOHY
oT J1F000it CBOEHl CTOPOHBI.

B) MHOTOYrOJIbHUK HA3BIBACTCS GUINYKAVLM, €CJM BCE €r0 BHYTPEHHHUE yTJIbl
MenbIine 180°.

Onpenenenne 1. [lycrh Ha 1mockoCcTH 3ajjaHbl HECKOJILKO TOYEK. Buinyk-
40T 000404%07 HA3BIBACTCS BBIMYKJIBI MHOTOYTOJILHUK C BEPITUHAMY B HEKO-
TOPBIX U3 HUX, COAEP KAIINN BCE OCTAJIbHBIE TOUKH.

3amada 2. JlokaxKuTe, UYTO BBIIYKJIass 000J0UKA CYIIECTBYeT U €IMHCTBEH-
Ha.

Yxazanue. Ilpu pewenuu mMoHcHO NOABI0BAMBES CALIYIOWUM PAKMOM: OMPEIOK, CO-
COUHANOUUT GHYMPEHHION U GHEWHION TOYKY MHO20Y20AbHUKA, NEPECEKAEM €20 NePU-

MEMYP.

3amadua 3. Ha miockocru jgano n touek. V3BecTHo, uTo JjioOble 4 U3 HUX
SIBJITIOTCSI BEPIIMHAMHK BBIIYKJIOTO YeThIPeXyrojbHuKa. JJokaxkure, 9ro 9Tu
N TOYEK SIBJISIOTCSI BEPUIMHAMHU BBIIIYKJIOIO N-YTOJbHUKA.

Onpenenenne 2. Qurypa HA3bIBACTCA GuNYKA0U, €CJIA BMECTE C JIIOOBIMU
JIBYMSI CBOMMH TOUKAME COJIEPIKUT COETUHSIONINI NX OTPE30K.

3amada 4. Jlokaxkute, 9TO 1epecedeHne BhIyKJIbIX (PUTYD BBITYKJIO.

3amada 5. JlokaxKuTe, YTO €CJIM BCe BEPIINHBI TPEYTOJbHUKA IIPUHAIIeXKAT
BBINTYKJION burype, To J100asi TOUKa BHYTPU TPEYTOJbHUKA, TaK»Ke MPUHAI-
JIEXKUT 3TOi purype.

3amada 6. Kakum MoxkeT ObITh NepecevdeHne BhITYKJI0H (PUIyphl U MTPsiMOI.
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Onpenenenne 3. [Ipamas [ mHazbiBaeTcst onophot K ¢urype P, ecau ona
nepecekaer durypy P, u dpurypa ® Bcd JIEKUT B OJIHOM IOJIYILIOCKOCTH,
OI'PDAHUYCHHON 3TOU IPAMON.

Bama4da 7. [lanbr Beinykiaas durypa ¢ u Touka A BHe Hee. a) lokaxure,
4TO CYIIECTBYET JBE OIIOPHbBIE IPsIMbIe K (purype @, mpoxo/isiiime 4epes TOUKy
A. 6) lokaxkuTe, 9TO CyIIECTBYeT MpsMast Takas, aro tTouka A u dburypa P
JIE?KAT B PA3HBIX IMOJYIJIOCKOCTAX OTHOCUTEJIHLHO 3TOW MPAMON.

3amada 8. JlokaxXuTe, UTO €C/IM Ha, MJIOCKOCTH JaHbl 4 BBITYKJIBIX MHOXKE-
CTBa, MPUYIEM JIIOObIE TPU U3 HUX MMEIOT ODIILYI0 TOUKY, TO BCE YeThIpe MHO-
YKECTBa UMEIOT ODIIYI0 TOUKY

Vxasanue. Budeaume amu uemupe mouku u paccmompume, Kakot mosxcem 0vims UL
GUUNYKAAHA 060/0UKQ.

5 nroad 2012

Muorounens! 1: Teopema besy

Onpegnenenne 1. Pasjgenurs muorownen () na muorowien P(x) # const
C OCTATKOM O3HAYaeT Haiitn Muorowiensl R(z) n F(z) takue, urto Q(z) =

P(z)F(x) + R(z) u deg P(x) > deg R(x).

®akt (Teopema Besy). s j11000r0 yucia a 0craTtok OT JEJCHUs MHO-
rowrena P(x) na x — a pasen P(a) .

CaencrBue. Huc/io a sBisiercs KopaeM MHorowiena P(z) Torja u ToJbKo
Torja, korga P(z) gemures Ha © — a.

Vopakaenne 1. IIpu kakux a muorouwien z'%+ax®+a gennrcs na 2z — 37

Yopazkaenne 2. Jokaxure, uro Muorowien % +5x% — 7z 41 e gesurcs
Ha MHOroujieH x2 + 5x — 6.

Bamaua 1. /lokaxkure, 9T0 €ciu Ty, To, ..., T — PA3TUIHBIE KODHU MHO-
rouwiera P, 1o on jlesiurces Ha muorowien (r — x1)(x — x9) ... - (z — xp).

3amada 2. JlokaxkuTe, 9TO MHOTOUJIEH CTEIIEHH N uMeeT He Oojiee n pas-
JINYHBIX KOPHEH.

3amada 3. JlokaxXuTe, 9TO €CJIU JIBa MHOTOYJIEHA CTEIICHW HE BBIIIE 7, COB-
najgaioT B N + 1 TouKe, TO OHU PaBHBI.

3amaqa 4. lokaxkute, 910

(x—a)(z—=b)(x—c) (z—a)x—0)(r—d) (z—a)lr—c)(zx—d

@—a)d=b)d—0) (c—a)c—b)c—d)  (b-a)b—c)(b—d) (a—b)a—c)a—d)
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Bama4a 5. [lycrs P(x) — muorowien, takoit uro P(z) = P(x + 1). Joka-
xKure, 9T0 P(r) — KOHCTAHTA.

Saga4da 6. Muorouien cejbMOil crernenu ¢ neabiMu KodpuimeHTaMu B ce-
MU TIeJIBIX TOUKax paBeH +1. J/lokaxkuTe, 9TO ero HeJMb3s Pa3JIOKUTh B IIPO-
U3BEJIEHUE MHOI'OYJIEHOB C 1EJIbIMU KOI(DPUITUECHTAMU.

3amada 7. 1o TpeM IpsiMOJIMHEHHBIM JIOPOraM C IOCTOSHHBIMU CKOPOCTSIMU
UJIyT TP Ieniexojia. B HauaabHbIE MOMEHT BPEMEHKM OHM HE HAXOIUJINCh HA
oJtHOI TpAMOit. JlokaxkuTe, 9TO OHM MOTYT OKa3aThCA Ha OJHONI MPIMOil He
boJiee JIByX pa3.

5 urojig 2012

Teopema Xesm

3amada 1. JlokaxXuTe, 9TO €C/IM HA MJIOCKOCTH JaHbl 4 BBITYKJIBIX MHOXKE-
CTBa, MPUYEM JIIOObIE TPU U3 HUX MMEIOT ODIIYI0 TOUKY, TO BCE YeThIpe MHO-
YKECTBa UMEIOT ODIIYI0 TOUKY

Vxasanue. Budeaume amu uemupe mouku u paccmompume, kakot moscem 6vims UL

GHNYKAAA 000404KQ.

Bamaua 2 (Teopema Xesnm). Ha miockoctu JaHbl HECKOJIBKO BBITYKJIbIX
buryp, Jrodbie TP U3 KOTOPbIX UMEIOT 0011yl TouKy. Jokaxkure, 410 cy-
IIIECTBYET TOUKA, [IPUHAJJIeXKAIasd BCeM (PUIyPaM.

Bo scex caedyrowux 3adavax nado npumenumosb meopemy Xeanu.

3amada 3. JlaH BBIIYKJbII MHOIOYTOJIbHUK. MI3BeCTHO, UTO J1J1sI JIIOOBIX TPEX
€ro CTOpOH MOXKHO BbIOpaTh TOUKy () BHYTPU MHOI'OYIOJIBLHUKA TAK, 9TO Iep-
EeHIUKYJISPBI, ONyIeHHbIe n3 TOYKM () Ha 3TU TPHU CTOPOHBI, MONA AT Ha
caM¥ CTOPOHBI, a He Ha, UX MPOJoJIKeHusI. JJoKaxkuTe, 9T0 TOraa TaKyio TOUKY
O MOXKHO BBIOpATH JJIsI BCEX CTOPOH OJHOBPEMEHHO.

3amada 4. Jlokaxkute, 94T0 BHYTPHU JIIOOOI0 BBITYKJIOIO CEMUYTOJbHUKA, €CTh
TOYKa, He MPUHAJJIEKAIIAsI HU OJHOMY U3 YeThIPEXyTOJbHUKOB, 00pa30BaH-
HBbIX Y€TBEPKAMU €0 COCEJIHUX BEPIIHNH.

Samaga 5. Jlana HeKoTOpasi cUCTEeMa JIyT, PUHAIEHKAIINX OJTHON OKPY K-
HOCTH W HUMEIONIUX JIJINHY, MEHbBIIE TPeTH OKPYKHOCTU. KaxKjple JBe JIyTH
9TOW CHCTEeMbI UMEIOT 0DIILYI0 TOUKY. /loKarXKuTe, 4To BCE JIyT'U 9TOH CHCTEMBI
UMEIOT ODIIYIO0 TOUKY.

3amada 6. Ha 1jiockocTu Jlanbl HECKOJILKO TOYEK, JII0Oble TPU U3 KOTOPbIX
MOYKHO HAKpPBITh Kpyrom pajauyca 1. JlokaxkuTe, 9TO BCe TOYKH MOYKHO Ha-
KPbITh KPyroMm pajuyca 1.
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3amada 7. Ha miockocTu 3aaHbl HECKOJIBKO TOJYIIIOCKOCTElH, BHYTPEHHO-
CTU KOTOPBIX TOKPBIBAIOT BCIO IJIOCKOCTDb. JloKaxkuTe, UTO M3 HUX MOXKHO
BbIOpATh TPU, BHYTPEHHOCTH KOTOPbIX TaKKe IOKPbIBAIOT BCIO 11JIOCKOCTD.

6 utosg 2012
Nupepcus 1: O6pa3bl IPAMBIX 1 OKPY>KHOCTEI

[IycTb Ha mJI0CKOCTH JlaHa OKPYKHOCTH S ¢ mienTpoM O u pajuycom R.

Onpegenenue 1. Hnsepcuei, OTHOCUTEILHO OKPYXKHOCTH S HA3LIBACTCSI I1PE-
obpazoBaHne, KOTOPOe COIOCTABJISET IPOU3BOIBLHON TOUKe A, OTJUYIHOE OT
O, rouky Ay, nexanyto na ayde [OA) Takyio, aro |OA| - |OA;| = R?

OKpyKHOCTH S HA3BIBACTCST 0OKPYHCHOCTNDBI0 UHSepcul, ToUKa () Ha3bIBa-
eTCsT UEHMPOM UHBEPCUL, PagryC R Ha3biBaeTCs paduycom UHBEPCUL.

CBoiicTBa MHBEPCUU:

e Touku, pacroJyiokeHHbIe HA OKPYXKHOCTU WHBEPCUHU, OCTAIOTCS Ha Me-
CTe, PaCIoOJOXKEHHbIE BHYTPU HeEe MepexoidaT BOBHE, a PACIOJIOKEHHbIe
BHE KPyTra WHBEPCUU TIEPEXOJIAT BO BHYTPEHHUE TOYKNA KPyTa.

e lluBepcusi ompejiesieHa Ha BCEil MJIOCKOCTH KpoOMe IEeHTpa MHBEPCHUHU.
Y100HO paccMaTpuBaTh MJIOCKOCTD, TIOTIOJHEHHY0 OECKOHEYHO Y/1aJ1eH-
HO# TOYKOI 00pa30M IeHTpa MWHBEPCHUH.

Bamga4da 1. Chopmynupyiite u obocHyiiTe 1Ba crnocoba MocTpoeHus (¢ mo-
MOITBIO ITUPKYJIsE U JINHEHKN) 00pa3a TOUYKH MPH WHBEPCUH.

M; Mj

Bamadga 2. Ilycrs npu unpepcun ¢ nenrpoM B Touke O Touka A mepexour
B Touky Aj, a Touka B — B Touky Bj. Hoxaxwure, auro AOAB mnomoben
AOBA;.

e [Ipu unuBepcun:
a) [Ipsimbie, mpoxossiiue depe3 Touky O, mepexosar B ceds.

6) [psimbie, He npoxopsiiue depe3 O, MepexojsiT B OKPYKHOCTH, T1PO-
xoqgamue aepes O.
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B) OKpyKHOCTH, TPOXOJIsAIIE depe3 TouKy (O, MepexosiT B MpsIMbIe,
He mpoxoinue depe3 Touky O.

1) OKpyKHOCTH, He HPOXO/isiliue qepe3 Touky O, Hepexo/sT B OKPY K-
HOCTH, He mpoxozsimue depe3 Touky (. BepHo s, 9T0 MEHTp OKPYXK-
HOCTH TEPEXOJIAT TP 9TOM B IEHTP OKPYKHOCTH !

agaua 3. LlenTp nHBEPCHUU sIBJISIETCS TOYKON KaCaHUs JIBYX OKPY2KHOCTEA.
Haitiure 0Opa3 9TuxX OKPYKHOCTEil P MHBEPCUH.

3amada 4. llenrp nunBepcuu siBjisieTcst TOUKON KacaHusi OKPYYKHOCTU U TIPsi-
moit. Haiijiure nx obpasel mpu nHBepCcHn. A ecyid MeHTp WHBEPCUU JIEKUT Ha
PSIMOit, HO HE COBITAAeT ¢ TOUKOH Kacanusi? LleHTp JiexkuT Ha OKPYKHOCTH !
[leHTp JIEXKUT BHE OKPYKHOCTH U TIPAMOIt?

3amada 5. Jlan paBHOCTOPOHHUIT TPEYTOJILHUK, OJ[HA BEPIITUHA KOTOPOI'O Jie-
KUT B IIEHTPe HHBEPCHM, a JIBe APYTrHUe - Ha ee OKpykHocTh. Haiianre obpas
TPEyTOJbHWKA, TPV WHBEPCHN.

3ama4da 6. PaBHOCTOpOHHMIT TPEYTOJbHUK BINCAH B OKPYKHOCTH MHBEPCHU.
Haiijinre ero obpas.

3amaga 7. Jlan kBajipar, 0OjiHa BEPIIMHA KOTOPOI'O COBIAJAET C LEHTPOM
MHBEPCHH, a Jpyras JIeXKUT Ha ee OKpykKHOcTU. [locrpoiiTe obpa3 KBajipaTa
1P MHBEPCHH.

3ama4a 8. Jlan paBHOCTOPOHHUI TPEYTOJIbHUK, OJIHA BEPIIKHA KOTOPOI'O Jie-
JKUT B IIEHTPE UHBEPCUU, & IIPOTUBOIIOJIOXKHAs CTOPOHA KACaeTCsl ee OKPY K-
Hoctu. Haitjure ob6pa3 TpeyrojbHUKa IIPpU NHBEPCHUH.

3ama4a 9. [locrpoiiTe 06pa3 TOUKM 1IPU MHBEPCUU TOJHKO MPU TTOMOIIU OJ1-
HOT'O TUPKYJIS.

6 urosia 2012

MHuoro4ieHbl 2

Bamaga 1. a) Oununmre Bce MHOMOYIEHBI, KOTOPbIE PaBHBI 2 B TOUKax 2, 3
u 9.

6) Onuimre Bee MHOPOUWJIEHBI, KOTOPbIE PaBHbI 2 B Touke 1, 3 B Touke 2.

B) Omumure Bce MHOTOWIEHBI, KOTOpbie paBbl () B Touke 0, 2 B Touke 1, 3 B
Touke 2.

VYupaxuenue 1. Muorowren ¢ nenbimu kKoaddurmentamu P(x) pazmenn-
JM C OCTATKOM Ha MHOrO4YIeH X — 5. JIoKaKuTe, 9TO OCTATOK W HYaCTHOE
SIBJISIIOTCS. MHOIOYJICHAMMU C 1esIbIMU KO PUIMeHTaMu.
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Bamga4da 2. Muorounen P(z) ¢ nenbiMu KoadduImeHTaMu TpUHIMAET 3Ha-
qeHre 2 B 4eThIpex mesibix Toukax. Jlokaxkure, uto P(x) He mpuHUMAaeT 3Ha-
yeHuit 1 u 3 B LEJIbIX TOYKAX.

Banma4da 3. Muorowren P(z) ¢ nenbivu koaddurmentamu, |P(3)| = |P(7)| =
1. Tokaxxure, uro P(x) He uMeer HeJibix KOPHEIi.

3ama4a 4. Haiitu Bce MuOrowiensr P(x), yI0BICTBOPSIONHE YCIOBHIO:
zP(x—1) = (z —2)P(z).

Bama4da 5. Haiinure Bce muOrowiensr P(x), KOTOpBIE YIOBIETBOPSIOT pa-
BEHCTRY:

Plx —1)+ Pz +1)

5 :
Bama4a 6. anbl Tpr KBaAPATHBIX MHOIOWIEHA C MOJOKUTEILHBIMU CTAP-
muMu Koddduimentamu. M3BecTHo, 4To cyMMa JIFOOBIX JIBYX UMeeT OOIInii
KOpeHb ¢ TpeThbnM. JloKaxkure, 9T0 BCE TPU MHOTOUJIEHA WMEIOT ODIINii KO-
peHb.

P(r) =

7-9 mromns 2012
CucTeMbl TMHEITHBIX ypaBHEHW

Beodnwie 3adavu

Bamaua 1 (Murepnossiust). Tlocrpoenne muorousena P crenenu He Bbi-
we n, uro P(x;) = y;, rue ¢ = 0,1,...,n Ha3bBaeTCsi UHMEPNOAAUUET.
Bepmo, jim aTo mia g060ro Habopa TOUYEK T; ¥ 3HAUEHUN y; CYIeCTBYeT UH-
TEPIHOJIAIMOHHBIA MHOIOUJICH !

SamMmeuanue. 3 3agaun 3 jmcruka MHOMOYJICHD 1, cJeJiyeT, 4To UHTepIIo-
JANMOHHBIE MHOI'OYJIEH €JIMHCTBEHHBIM.

VYupaxuenue 1. a) [locrpoiite MuHOrOWIEH P BTOPOIi CTENEHN TaKoil, 9To
P(1) =1, P(3) =13, P(5) = 36.
0) [Mocrpoiire MHOrOwIeH P rperbeil crenenn Takoii, 4ro

P(1) =1, P(3) = 4, P(5) = 10, P(7) = 2T.

Bamaqua 2 (3agada npo KaeMKy). B Kaxoif KJIeTKe KaeMKHU [PSMOYT0JIb-
HOM TabJMITBI 3aMUCAHO TUCII0. JJoKaxKuTe, 9T0 MOXKHO PACCTABUTH (IPHYEM
eJIMHCTBEHHBIM 00Pa30M) YnC/ia BO BHYTPEHHUE KJIeTKH TabJIUIbl TaK, IT00b!
KayKJI0€ YUCJI0 BO BHYTPEHHEH KJIeTKe paBHAJIOCH CpeJIHeMY apuMeTHIeCKO-
My CBOMX cocejieil (y KieTkn MakcuMyM 4 coceia).

Yupaxkuenue 2. MojiuaiuBblii CJIOH ujieT U3 ToYKu ¢ Koopunaramu (6, 2)
o npamoit  + 6y = 18 co ckopoctbio 1 MeTp B cekyHy. Becenasa depenaxa



Mamemamuxa 9 nenpogpu

nosizer ¢ Touku (0,1) mo mpsmoit —bx + 18y = 18. Kakyio ckopocth eii
BbIOPaTh, YTOOBI BCTPETUTHCA CO CJIOHOM?!
Teopemuueckue parmo

Bamaua 3 (Merox aycca). Jliobasi cucrema sinneitnbix ypasuenuii (CJIY)
PABHOCUJIbHA CHCTEME CTYMEeHYATOTO BH/A

alexe _|_ ............ + alnxn — dl
a9}, _|_ ......... + aonLy, = d2
aglxl + ...... + a/3nxn — d3
< ;
QpsTs + C ATy = dr
0 = dra
\ 0 = dm

rje KodpUIMEHTHI G1e, Aok, A3] - - - pg 7 0.

Yupaxkuenue 3. Pemmre metonom ['aycca cucrtembl ypaBHEHMII.

20 +y+ 3z =11, r—2y+z=1, r—2y+z=1,
a) r—2y+42=3; 6)  20+y—32=-3; B)K 2xr+y—3z=-3.
3r+y+2=28 e — 3y — 2= —1 dr — 3y — 2z = —4

Bamaua 4 (AnsrepraruBa ®penroasma). st goboii cucreMbr n Jiu-
HEfHbIX yPaBHEHUN C N HEU3BECTHBIMU MUMEET MECTO AALMEPHAMUBE: JIMOO
pu JTI060H MPaBOii TaCTH PEIIeHNE CUCTEMbI CYIIECTBYET U €TMHCTBEHHO ( Cu-
cmema Hevposicdena), JubO TIPU HEKOTOPBIX MPABbIX YACTAX CHCTEMa HE
IMeeT PelleHuil, a TPU OCTAJbHBIX — HMeeT DECKOHEYHO MHOTO PelleHui.

CaencrBue. a) Ecin npu so6oit npasoii yacru perenne CJIY equHcTBeH-
HO, TO CHCTE€Ma HEBBIPOXKJICHA.

6) Ecisiv ipu mysiesoit npasoit qactu perenne CJIY equHcTBeHHO, TO cricTeMa
HEBBIPOXK IEHA.

Fue sadavu

Bama4da 5. a) Pemmre 3aiady mpo KaeMKy, i y KJIETKHA 8 COCeIei .
6) Kak BoirisiuT u pernaercst 3ajada jijist IPOU3BOJIBHOIO CBA3HOIO rpada’?

Baga4da 6 (10 6ananoB). Ecrs 10 6aHaHOB OJMHAKOBOTO Beca W JByXda-
mevHble Bechl 063 rupb. Jlokaxkure, 9To MeHee 4yeM 33 9 B3BeInBaHnil HeJIb3st
JIOKA3aTh, 9TO BCe ODaAaHAHBI JCHCTBATENIBLHO BECAT OLUHAKOBO.

Bamaua 7 (Kopossr). Ects 101 koposa. Ecim y6pars 06yio 6ypenky, To
OCTABIINXCS MOYKHO PA3JICJIUTh Ha JBa PABHBIX 110 BECY U YUCICHHOCTH CTAJIA.
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JlokaxkuTe, 9T0 BCe KOPOBBI BECSIT OJIMHAKOBO, €CJIN UX BECA a) HATYPAJIbHBIE,
0) panuoHaJbHbBIC; B) JEHCTBUTEIbHBIE;

9 mona 2012
upepcusa 2: 3amaun Ha TOCTPOEHNE

ITone3noe cBoiicTBO MHBEpPCUM:
e [Ipu uHBepcun Kacaomecs: OKPYKHOCTU TIEPEXOJIAT WM B KacaroIue-
Cs1 OKPYKHOCTH WJIN B KACAIOIIUECS OKPYKHOCTH U MPSMYIO, NJIA B TTapy
napaJIeTbHbIX MpsAMbIX. Toxke jiist 0Opa3a Kacalolnuxcs OKPYKHOCTH
M IPAMON MJIM 1apbl 11apaJJleJIbHbIX HPAMbIX.

3amada 1. I[locTpoiiTe ¢ IOMOIIBIO MUPKYJIsd U JIMHEHKH OKPY?KHOCTb, Kaca-
IOILYTOCS TPEX JIAHHbIX OKPY2KHOCTEH, nMmeroniux ooy Touky. IIposejure
ncceJloBanue.

Bamaua 2. [locrpoiiTe OKpy»KHOCTb, IIPOXOJILAIILYIO Y€Pe3 JIBE JIaHHbIE TOYKN
1 KaCaloIIyoCsd JIAHHOU OKPY2KHOCTH

3amada 3. IlocTpoiiTe OKPYKHOCTH, KACAIOIIYIOCA JBYX JAHHBIX OKPYKHO-
CTeil, TpuYeM OJIHOM M3 HUX B 3a/[aHHON TOYKE.

3amada 4. [locrpoiiTe OKPY>KHOCTD, TTPOXOJANILYIO Yepe3 JIaHHYI0 TOUKY U
KaCaIOIIyIOCs JaHHON OKPYKHOCTHA U JIAHHON MPSIMOIA.

3amada 5. I[locTpoiiTe OKpYyKHOCTH, IPOXOJISIIYI0 depe3 JaHHYI TOUYKY U
KaCalolLyIocs JIBYX JAHHBIX OKPYKHOCTEI.

Baga4da 6 (3agaya Anosutonusi). [locrpoiiTe OKpyKHOCTD, KaCAIOIILYIO-
Csl TPEX JIAHHBIX HEIEPeCeKaIOIINXCsl OKPYAKHOCTEA .

10 wrons 2012
JIuneiinoe npencrapienne HO/ u Kuraiickas Teopema

Junetinoe npedcmasaenue HOJ[

amada 1. [ljis JanubIX dnces ai, ag, . . . G, 00o3HauuM depe3 [ — - MHOMXKe-
CTBO 4uCeJI 1IPeJICTaBUMbIX B BUJI€ A1 + Q2T9 + * + + + ATy, TJI€ YUCHA T; —
TeJible.

a) Hokaxkure, Bce sementbl MHOKecTBa [ jessirest na HO (ay, as, . . ., ay).
0) dokaxure, 94To ecyi m u n opuHaIERAT [, T0O m 4+ n, m — n, mk Toxe
npunagexkar I (k — nemnoe). JokaxknTe, 9T0 OCTATOK OT JICJCHUs M HA N
JeKuT B [

B) [Tycth d nanvenbinee HaTypajbioe dncio B 1. Jlokaxkure, 9ro jijist Jro6oro
m u3 I, m - d. Jlokaxxure, uro Jjoboe a; jgeanrcs na d.

r) Hokaxwure, aro d = HO(ay, as, ..., ay).
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Onpenenenne 1. Jlunetinoim npedecmasasenuem HOJ[ Ha3bIBA@TCST HAXO0XK-
JIeHHe TeJIbIX X1, Lo, . . . , Ly, Takux, aro HO/(ay, as, . .., a,) = a1x1 + asws +
. e + anxn

Bameuanne. VI3 mpenplayieil 3a1aum caeyeT CyIecTBOBAHNE JTUHEHHOro
mpeacrapienne HOJI.

Ynpaxkaeuue 1. Haiipnre mneitnoe npesacrapienne HOJL auncen 17 n 19,

Kumatickas meopema 06 ocmamxar(KTO)

3amada 2. IlycTs a, b B3auMHO IIPOCTBIE UKCJIA.

a) dokaxwure, aro cymecrByer n Takoe, uro n = 1(mod a), n = 0(mod b).
0) Hokaxwure, aro s jioboro 0 < rp < a cymiecrByer n Takoe, 41o 1 = 71 (
mod a), n = 0(mod b).

B) Hokaxkure, uro jiisi 1106bix 0 < 71 < a,0 < 9 < b, cylecTByer n takoe,
aro n = ri(mod a), n = ro( mod b).

r) Jlokazkure, 9T0 YUCJI0 1 U3 TPEJBIIYINE 3a/1a91 e JUHCTBEHHO 110 MOJLYJIIO

ab.

Bagaya 3 (Kwuraiickas Teopema 06 ocratkax). Ilycrs my,mo, ..., my
[OIIAPHO B3AMMHO HPOCTBIE YUCIa, M = MMy - - - - - My. Torna Jiis JIFOObIX
ocTaTKoB 1, 0 < 7; < m; , CyIecTByeT eJIMHCTBEHHBIN ocTaToK 7, 0 < r < m
Takoii, aro r = r;( mod m;).

Yupaxkuenue 2. Pemure cucremy cpaBHeHuMil.

r =2 (mod 3) =3 (mo
a) z =3 (mod 5) ) x;igmog ?;

Ipumenenus KTO

Bamaua 4. Haiinqure nuneitnoe npegcrasaenne HO uncen 696 n 493.

3ama4da 5. s 100bIX IONapHO B3aUMHO MPOCTBIX TUCET My, Mo, . .., My
W OCTATKOB 711,79, ..., T 110 OTUM MOJLYJIsIM HafIyTCs N MOCJIEI0BATETHHBIX
yucen a,a+ 1,...,a +n — 1 Takux, 410

a =ri(mod my), a+1=ry(mod ms),...,a+n—1=r,(mod m,).

3ama4da 6. HarypasibHoe unciio Ha3biBaeTCsi CBOOOJIHBIM OT KBaJIPATOB, €CJIU
OHO He JIeJIUTCA HU Ha OJIMH KBaJIpaT MPOCTOro ducia. JlokaxKure, 9TO Jd
JII000T0 M HAWJLYTCsT M TOJPSIJT WYX TUCEs, He CBOOOHBIX OT KBaJIPATOB.

3amaua 7. okaxkure, 4T0 cyliecrByeT OECKOHEYHO MHOI'O HATYPaJbHbIX 1,
13 KOTOPBIX 3aMEHOI OJIHON U@ Phl HEJb3sl MOJYIUTH TPOCTOE TUCJIO.

Baga4ga 8. a) CKoJILKO OCTATKOB ABJAIOTCS perienusiMu cpasHenns 12 = 1(
mod pq), e p, g — HederHble mpocteie. 6) [logymaiite ra 0606IIEHEEM.

10 wurosa 2012
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Muorounenst 3: MuTepnonsanmd

Bamaqa 1. a) [Tocrpoiite MHOrOUIEH P KOTOPBIil B TOYKAX T1, . . . , T, PABEH
HYJIIO, & B OCTAJIBHBIX TOYKAX OTJIUYIEH OT HYJIs.
6) Tlocrpoiire MHOrOwIeH P crenenn n, KOTOPHI B TOYKE Ty NPUHUMAET

3Hadenne 1, a B TOUKax T, To, ..., T, PaABEH HYIO.

B) Iloctpoiite MuOrOWIEH P cremeHu m, KOTOPBIi B TOUKE Ty HPUHAMACT
3HAUYEHUE Yp, & B TOUKAX T, T2, ..., Ty PABEH HYJIIO.

r) I[Mocrpoiite MuHOrOWwIeH P cremeHd n, KOTOPbIA B TOYKE T HPUHAMAET
3Ha4YEHUE Y1, & BO BCEX TOUYKAX T(, L2, ..., Ty PABEH HYJIIO.

1) [locrpoiite MHOTOUIEH P cTeneHn ne 6viuie 1, KOTOPbIH B TOUKE X TPUHH-
MaeT 3HaUYeHUe Yy, B TOUKE T TPUHUMAET 3HAUEHUE Y1, & B TOUKAX T3, ..., Ty

paBeH HyJIio.
e) Iloctpoiite Muorousien P crenenu ne eviwe n Takoii, uro P(x;) = y;, rie
1=0,1,...,n

Onpenesenne 1. VHTepHoANUMOHHBIE MHOMOYJIEH B BU/JIE

o n . (x—xo)....-(a:—xi_l)(x—g:iﬂ).___.(x_xn)
P(x) ;yz(xi—xo)-...-(@—xi1)(@-—33”1).“..(%_:6”)

Ha3bIBaACTCA UHMEPTIOAAUUOHHDIM MHO20UAEHOM J]CZZpCLHOfCCL.

Onpenenenne 2. VHTepHosiiMOHHBI MHOINOYJIEH B BU/JIE

P(x) =ag+ai(z —xo) + ag(x —z0)(x — 1)+ ...+ an(x —x0)(x — 1) - .. - (T — Tpq)

(1)

Ha3bIBA€TCA UHMEPTLOAAUUOHHBIM MHOS0UAEHOM Huvromona.

Bagaga 2. Jlokaxkure, 410 jJjisi JIOObIX TOYEK g, L1,...,T, W 3HAYCHUN
Y0, Y1, - - - » Y CYIIECTBYIOT UmCJa @; Takue, uro Muorouiex (|l) B Toukax
o, L1, ..., Ty, IPUHUMACT 3HAYCHUS Yo, Y1, - - - , Yn.

Yupaxkuenuue 1. Haiiiure MHOrOYIeH CcTEleHN He BBIIIE TPEX TaKOM, UTO
P0)=1, P(1)=2, P(2) =4, P(3) =38

a) TpHU MOMOIIY WHTEPTIOJISIMOHHOTO MHOTOUIeHa Jlarpanika;

0) TPy TOMOIIM WHTEPIOJISIIIMOHHOTO MHOrOUIeHa HbioToHa.

3amada 3. Haitjure MHOrO4IeH HauMEeHbIIe#l CTeleHn, KOTOPBIi Ipu ese-
rnn Ha (¢ — 1) maer ocratok 1, nmpn gesennn Ha (x — 2) jaeT oCcTaToK 3, Mpn
Jesennu Ha (T — 4) ocTaTok 5.

3amada 4. Onuimure Bce MHOIOUJIEHBI, KOTOPhIE B TOYKAX T, L1, . . . , Ly TTPHU-
HUMAIOT 3HAYCHUHA Yo, Y1, - - - » Yn-
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3ama4da 5. MHOroujeH Ha3bIBAETCS UEA03HAYHDIM, €CIN OH TIPUHUMAET Tie-
JIble 3HAYEHUS B IEJIbIX TOUYKaX.

a) Bepro sin, 4ro y 51106010 1eJ03HaHOI0 MHOrOUY/IeHa Bee KOIhUIMEHTDI
eJsnle’

6) dokaxure, 410 JHOOOH 1EJI03HAUHBII MHOIOUYJIEH MOXKHO HPUCTABUTH B

—1
Bujie cymMbl MuOrOWIeHOB Py(x) = 1, Pi(z) = x, Py(z) = M, ey

2
zrz—1)-...-(zr—n+1
P,(x) = ( ) ' ( ), ... C TeJBIMI KO3 DUIHEHTAME.
n!
B) Jlokaxkure, 4TO BCAKWMIA MHOTOUIEH CTEIEHH 1, TPUHUMAIOIIHI TIeJIbIe 3HA-

YeHUd B KaKUX-TO 1 + 1 oCJIeIOBATCJIbHBIX TEJIbIX TOYKaX ABJIACTCA I1e-

JIOBHAYHDBIM.

3amada 6. Jlokaxkute, 9TO ecjii MHOrOYJIeH P cTelleHn n IPUHUMAET 11eJible
snauenus upu & = 0,1,4, ..., n%, 10 OH IPUHUMAET LEJIble 3HAUCHU BO BCEX

KBaJdpaTaX HaTypaJIbHbIX YUCEJI.

11 wrona 2012
NuBepcusa 3: YIJIbl 1 paccTOTHNSA

Byjiem uszydars Kak MEHSIOTCS YIVIbl U PACCTOsIHUS 1IPU UHBEPCUU.

Bamada 1. Ilycrs npu unsepcun ¢ nearpom O u pajguycom R touku A u B

2.
nepexoJsir B Touku A u By coorsercrsenno. Jokaxkure, uro A1 By = %.

Onpenenenne 1. [Iycrb OKpyKHOCTH IIepeceKaoTcs B Touke P. Yenom meorc-
dy okpyotcnocmamy, B TOUKe P Ha3bIBaETCS yroJ MeXK Iy KacaTeJbHbIMH K
STUM OKPYKHOCTSIM, IIPOBEJIEHHBIME B 3TO TOUKE.

OKpy»KHOCTH HA3BIBAIOTCS 0PMO20HAALHbLMU, €CIT YTOJT MEXKLy HUMHU Pa-

Ben 90°.
VroJ Mexy TPsIMOil M1 OKPY>KHOCTHIO OIPEJIEJISIeTCsT aHAJIOTUIHO.

Bama4da 2. a) [locTpoiiTe B3aNMHO TIEPIEHTUKYISIPHBIE OKPYKHOCTH U TTpsi-
MYO.

0) Hokaxkure, 4T0 yrosi MexKJiy epeceKatonMMUCs OKPYKHOCTSIME (UM OKDY 2K-
HOCTBIO ¥ TIPSIMOIi) HE 3aBUCUT OT BBHIOOPA TOUKHU MEPECETCHMUSI.

Bamaqaa 3. JJokaxkure, 4T0 yroJa Mex/y JBYMst JUHUAMU (OKPYKHOCTSME
WM TIPSMBIME) DaBeH yIuly MeXJy ux obpasamu mpu uuBepcur. CKOJIBKO
CJIydaeB JI0CTATOYHO PaCCMOTPETh?

3amada 4. [Iposejnre yepes JIaHHYIO TOUKY OKPYXKHOCTh, TEPIEH UK YIS~
HYIO JIBYM JIAHHBIM OKPYKHOCTSIM.
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Bana4da 5 (Teopema Iltonemest). a) Jlokaxkure, 9T0 BO BIUCAHHOM te-
TBIPEXYTOILHAKE CyMMa, [IPOU3BE/ICHAIT IIPOTHBOJIEXKAIIIX CTOPOH PaBHA IIPO-
U3BEJCHUIO JMalroHaJIeil.
6) Bepno s obparnoe?

Bama4a 6. Hanbl jie okpyxkuoctu S u 1. JJokaxkure, 9T0 CJIEJyIONNe YCI10-
BU€ SKBUBAJCHTHBDI:

a) Okpyxuoctit S u T OpTOrOHAJBHBI.

0) [Ipu uHBEpCHE OTHOCHTEIBHO S OKPYKHOCTH 1’ TIepexouT B cebdsl.

B) OkpyskHocTh 1" POXOAUT 1Yepe3 mapy TOUeK, WHBEPCHBIX OTHOCHTEJHLHO

S.

5 nroad 2012

Hepasencro Komu—bynsakosckoro-IlIBapria

®akr (HepaBencrBo Komu—-Bynsikosckoro—IIIBapma). st jiByx Ha-
oopos uucen (1, Ta, ..., Tn), (Y1,Y2, - - -, Yn) BEDHO HEPABEHCTBO

(T4 a5+ 422+ Y5+ ye) = (Tyn + Tays + o+ Tyn)”

PasencrBo jocruraercs, eciu Habopbl (X1, Ta, ..., Tyn) U (Y1, Y2, -, Yn)
IPOTIOPIIMOHAIBHBI.

Bama4ua 1 (HepaBencrBo Tpeyronapuuka). Jlokaxkure HEpaBEeHCTBO:

\/x%+---+x%+\/y%+---+y%>\/(xl—y1)2+---+(;cn—yn)2.

3amaua 2. Hucia a, b, c ynosaersopstor ycaosuio a + 2b + 3¢ > 14. Joka-
xure, 9o a’ + b 4+ ¢ > 14.

3amada 3. st OJI0XKUTEIbHBIX YUCEJI G, . . . , Gy, b1, . .., b, JIOKaXKUTE HEPA-
BEHCTBO: ) ) )

ajy ar (a1 +...+ay)

—4 ..+ =2

b1 b, by +...+b,

Baga4a 4. U3 rouku M BrayTpu Tpeyrosbauka ABC' olycKaTcs nepreH-

qukynsapoel M Ay, M By, MC) na npameie BC, AC, AB cooTBeTCTBEHHO.
BC AC AB 0

M A, * M B,y i MCy

Kakoe MuHHMaJIbHOE 3HAUYEHUE IPUHUMAET CyMMa
['ie ipy 3TOM JIOJIPKHA HaXOAUTHCA TOUKa M7
Bamaua 5. JlokaxxuTe HepaBeHCTBO: sin avsin 8 4 cos o + cos § < 2.

Bagada 6. [TogoxkuTenbuble Yucaa T, %y, 2 Takosbl, urto x> + 3% + 22 < 3.
1,11
Joxkaxkure, 4TO sty ts Zx+y+z.
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Bamada 7. s MOJOXKUTEIBHBIX YUCET JOKAXKUTE, UTO

a+b+c+d>2
b+c¢ c+d d+a a+b~

12 wroasa 2012
Muoroudenn! 4

IIpuMeHeHUsa MHTEPNOJIAITAN
B caedyrowur 3adavar omeem mHo204.0€EN.

3amada 1. IIponomkure nocienoparenbuocts 0, 1,5,12,22, ... Baaiite ee
opmyiioii.

3amada 2. Haitjure (opmysy Jijiss CyMMBI IIEPBBIX 71 UJIEHOB IIOCJIEI0BA-
TEJILbHOCTH U3 MPEJIbIIyIIel 3a/1a4u.

Bamaua 3*. Ha ckoibko gacreil pasbuBaioT IPOCTPAHCTBO N ILIOCKOCTEH
0011Iero 10JIoXKeHust?

Mmuoro4unensl Kak (pyHKIusa, rpadukn MHOTOYJIEHOB

3amada 4. BepHo s, 4To JIOOBIE TPU TOYKHU Ha MJIOCKOCTH C PA3JIUIHBIMU
abcrpccamu JiexkaT Ha, ofHoN napabose? Ecin HeBepHO, TO yKa)KuTe KpuTe-
puit Korja BepHO, a KOrjia Her.

Bama4ga 5 (MockoBckas omuvnuaga 2006). Ojun U3 JByX NpUBEJICH-
HBIX KBa/IPATHBIX TPEXUYJICHOB UMEECT JIBA KOPHSA MEHBIINX THICAYN, IPYTOA —
JIB& KOPHsI OOJIBINNX Thicsiar. MoyKeT Jin CyMMa, 3TUX TPEXUJIEHOB UMETH OJIH
KOPEHb MEHBIINN ThICSUM, & JPYroil — OOJIbIIKA ThiCa I’

Bamada 6. [anb Tpu KBaJIPaTHBIX MHOMOUIEHA ¢ PA3JINIHLIMU CTAPITUMA
Kosddunuentamu. I'paduku J00bIX JBYX UMEIOT POBHO OJIHY ODIIYIO TOUKY.
JlokazkuTe, 4T0 BCe TpU I'paduKa UMEOT ODIIYI0 TOUKY.

Baga4da 7 (4 sran Bcepoccuiickoii osmmmvmnuanbi, 2001). Tlpuseennbiii
KBaJpaTHbIl Tpexdaien f(z) takos, uro f(f(z)) = 0 nmeer 3 passmaHbIX
koptst. Moxer sin ypasuenue f(f(f(x))) = 0 umeer 7 pasjuduHbix KOpHei?

Baga4da 8. [lan muorowien P(z) cremenn 1001 ¢ jeficTBUTEIHLHBIME KO-
sbpdunmrenramu. Vmeercs 6eckoHedHasi MOCJIEJOBATEIbHOCTDL EJIbIX YUCE
ai, as, as, ... takasg, aro P(a;) = 0, P(as) = a1, P(a3) = ag, u 7. 1. Hoka-
JKUTE, 9TO HE BCE YUCJIA B IOCIEJOBATEIbHOCTH A1, (9, A3, . . . PASJIATHEI.

14 wrona 2012

Kowmmtekcuble uncia 1: Anredpandeckue onepaiun
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Onpepenenue 1. Komnaexcruovim wuciom Ha3bIBaeTCA 3alnCh BUAA a + bi,
rje a u b neficTBUTeIbHBIC YUCIA, & ¢ — (DOPMAJbHBIE CUMBOJ. Y MHOXKEHHE
KOMILJIGKCHBIX YMCEJI 33/1aeTCs IpaBujioM i2 = —1.

Yucso a HasbiBaeTCs sewjecmeennot wacmovio u obosnataercs Re(z). Huc-
J10 b Ha3bBIBAETCS MHUMOT “acmbvlo u obosHadaercst Im(z).

Bamada 1. Borunciure a) (34 44)71 6) (a + bi) L

Onpegenenne 2. /IBa KOMILIEKCHBIX YHCJIa HA3BIBAIOTCS COIPSKEHHBIMHU,
€CJIM OHU OTJIUYAIOTCS TOJHKO 3HAKOM MHMMOI JacTu. UHci0, COnpsizKeHHOe
qucily z, obosHadaior z. Takum obpasom, eciu 2 = a + bi, 10 Z = a — bi.

2+ 51
%; 6) /7 + 24i; B) V.

— 21
Baga4ga 3. Pemure ypasuenust a) 22 +4z+5 = 0;6) 2% — (2+1)z +2i = 0;
B) 2% = 1.
ByjieM 010K 1€CTBIISATE KOMILIEKCHOE YUCI0 2 = T + 1y ¢ TOuKoi Z = (x, )
IJIOCKOCTH.

3ana4a 2. Boraucsiure a)

Omnpenenenne 3. Modyasem aucia z (obosHauaercs |z|) HasbiBaeTCS JJIMHA
BekTopa OZ, a apzymernmonm ducia z (0603HaTaeTCs arg 2) — OPUEHTUPOBAH-
HBIH yTOJI MEXK/Ty HOJOKUTEIBHBIM HAIPABJIEHUEM OCH aOCIUCC U BEKTOPOM

0Z.

Bamaua 4. a) [lokaxure, uro |z|*> = 2 - Z.
6) Jlokaxkure, 4T0 MOJLYyJib IPOU3BEJICHISI KOMILJIEKCHBIX YMCEJI PABEH IIPOU3-
BEJICHUIO UX MOJYJIEH.

Bagada 5. Kakoe MHOXKECTBO KOMILIEKCHOH MLJI0CKOCTH 38/1a€TCs1 YCJIOBUEM:
a) |z =2/ <30)[z—2=|z+4i;B) 1 <|z—1+4 <3;r) Im? < —3;
1) Re(2?) < 1.

Bamada 6. Jlokaxkure, 9TO U3 JMOOOrO0 KOMILIEKCHOTO 4Yucaa 2 # (0 MOXKHO
U3BJIEYb POBHO JIBA KBaJIPATHBIX KOPHSI.

Bagaua 7. Tpu ToUKHU 21, 29, 23 JiexKaT HaA OJIHON IPSIMOl TOT/IA W TOJBHKO

TOIJIA, KOIJIA UX NPOCMoe 0MHOUECHUE 2%22 BEILIECTBEHHO.

3ama4da 8. Kakue MHOXKECTBa Ha ILJIOCKOCTH MOI'YT ObITh 3aJlaHbl ypaBHe-
auem Bujia AzzZ + Bz + Cz+ D = 0, tne A, D — Bemecrsennnie, C' = B
apaMeTphl?

3agaga 9. Eciu nesbie uncia a u b npejicraBuMbl B BUJI€ CyMMbI JBYX KBaJI-

paToB, TO U UX IIPOMU3BEACHUE IIPDEJCTABUMO B BHUJE CYMMbI JIBYX KBa/JIpaTOB.

3amada 10. bByjem paccmarpuBarTh BbipaykeHusi Bujia a + bj, rje a u b —
ocTaTKn 1o Moayaio p, j2 = d (d — dukcuposannblit ocraTox). IIpn Kakux
d B TaKMX 4uCJIaX BO3MOXKHO JejieHue?
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14 wrona 2012

Yepenmyrommecs 11enm

Onpenenenne 1. Ilapocouemaruem rpada Ha3bIBAETCA MHOXKECTBO pedbep
rpaca 6e3 obIIMX BEPIIUH.

Onpenenenne 2. /Iy JaHHOIO MapocovdeTaHus uepedyrou,etica uensvto Ha-
3BIBAETCSI Iy Th, B KOTOPOM 4epeayioTcs IPUHAJIeXKAIIe U He IIPUHAJIJIeXKa-
Ie IapocoueTaHuo pedbpa, NpuieM KpaiiHue BepIIUHbI IIYyTH He IpUHajIe-
»KaT pedpam 1mapocodeTaHus.

Bama4da 1. a) Ecrb nBa mapocoueranusi My u My, npudém pédep B My MeHb-
e, yeM B M. Jlokarkure, uto jijis napocoderanus My ecTh depepyrorasics
1ellb.

0) Jokaxkure, 94T0 MApOCOUYCTAHUNE MAKCHMAJIBHO TOTJA U TOJHKO TOT/A, KO-
IJla HET HU OJIHON YepeyIoniencs Ieru.

3amada 2. IMeercss HECKOJILKO FOHOIIEH, KarKJIblii U3 KOTOPBIX 3HAKOM C
HEKOTOPBIMHE JieByIiKaMu. JIBe cBaxm 3naloT, KTO ¢ KeM 3nakoM. OjiHa cBaxa
3asIBJIACT: «¢ MOT'Yy OJIHOBPEMEHHO YKEHHUTDh BCEX OPIOHETOB TaK, YTOOBI KaK-
JIbIl M3 HUX YKEHWJICST Ha 3HAKOMO# emy jeByiike!y. Bropas cBaxa roBopwut:
«A g Mory yeTpouTh Cyap0y Beex OJIOHINHOK: KarK1ast BhIAIET 3aMy»K 3a 3Ha-
KOMOTO FOHOIITY!». DTOT JUAJIOT YCIBITIA JIOOUTEh MaTEMATHKN, KOTOPHI
ckazaJi: «B TakoMm ciiydae MOXKHO CJiesiaTh U TO, U JIPYTO€ OJIHOBPEMEHHO!».
IIpaB jiu ou?

3agada 3. an rpad ¢ mn pédpamu pedbpa KOTOPOIro pacKpalleHbl B 1 1[Be-
TOB, IpUYEM HHU KaKas BEpIIMHA He MMeeT JiBa pedpa OJMHAKOBOI'O IIBETA.
Jlokaxkure, 94To0 MOXKHO IE€pEeKpacuTh 3TU peédpa Tak, 4To pedep Bcex IiBe-
TOB CTaHET IIOPOBHY U MMO—TIPEKHEMY HI OT KAKOil BEPIINHBI HE OTXOJINT JIBa
pebpa. 0JTHOTO I[BETA.

3anma4da 4 (memma Xomsa). Ectb mHeckosbko onormedi n gesymex. JJoka-
JKITE, 9TO BCE IOHOIIN MOT'YT BBIOPATH 110 HEBECTE U3 UNC/IA CBOMX 3HAKOMBIX
TODJIa U TOJBLKO TOTJIA, KOr/a s Jiioboro k Jiobble k 0HOIIEH 3HAIOT He
MeHee k JieByIIIeK.

Vxasanue. Hostcenum MaxcumasvHoe KOAUYECTNEO 1OHOUWET. ﬂonycmum, xaxot-mo 1Ho-
wa He Hcernam. BO373J\/LéM aMoz20 WHoOWY, €20 3HAKOMbBLT deeywe%, uxr Mywceﬁ? Uxr 3HaGKO-
ML desywer u m.d. Jokascume, 4mo aubo 6 NoCmpoeHHOM MHOHCECTBE €CMb HE3A-
MYHCHAA deeyuma U MOHCHO NOHCEHUITD no—@pyeo,/vty MEeT JHce MWHOWET B8MECME C B6bl-
6pCLHHbLM, AU60 d/L.}Z YKA3GHHO20 MHOHCECTBA 1oHoweld He 6biNOAHEHO Yycaoeue AEMMDL

Xoana.

Bamada 5. Bee Bepmmnbl rpada G umeror crenenn 3. M3BecTHo, 910 BEp-
muHbl Tpada G MOXKHO MOKPACUTH B TPU IIBETa MPaBUILHBIM oOpazoM. [lo-
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KaykKuTe, ITO JJIs JI000i Bepmuibl A 9Ty MOKpacKy MOXKHO MPOM3BECTH TaK,
qT00BI cocein A He ObLIM OHOIBETHBIMU.
Vxasanue. Ilonvimatimecsv pacemampusamsd moavko dea usema, a npo mpemudi 3a-

OoLmb.

15 nroga 2012

usepcus 4: Pemenne 3ama4

Bamadga 1. [Ipu unBepcun okpykuOCTH S neperia B nupsmyio [. Jlokaxkure,
qTO TIEHTP OKPYKHOCTH S Iepelies B TOUKY, CAMMETPUIHYIO TICHTPY WHBEp-
CUU OTHOCUTEJILHO ITPSAMOI [.

3amada 2. Yerblpe OKPYKHOCTH PACIOJOXKEHBI TaK, UTO MepBasi KacaeTcs
BTOPOil B Touke A, Bropast TpeTheil — B TouKe B, TpeThsi 4eTBEPTOI — B TOU-
ke (', a gerBépras mepBoit — B Touke D. Jlokaxkure, aro Touku A, B, C' u
D jniexkat Ha 0JIHON OKPY>KHOCTH.

Bamada 3. Hukakue Tpu u3 dernipex Touek A, B, C'u D ne jexat Ha O]
HOW TIPsiMOii. JIoKaxkuTe, 94TO yros MexKJ1y ONMUCAHHBIMU OKPYYKHOCTSMU TPe-
yronbHuKOB ABC 1 ABD paBen yrily MexK Iy ONMMCAHHBIMU OKPY>KHOCTSIMI

tpeyrosbaukoB ACD u BCD.

Baga4da 4. a) B cermMent BIMCHIBAIOTCsT BCEBO3MOXKHbIE LAPHI KACAIOIUXCS
OKpyzkHocTeil. Haiiimre MHOXKeCTBO TOUEK WX KacaHUsI.

0) st Kaxkj10i napbl OKPY>KHOCTEH U3 MPEJbLYIIEro MyHKTa Yepe3 TOUKY
X KaCaHWs MPOBOJUTCS 00mas KacaTeabHas. JlokaxkuTe, 4TO BCe MOy IHB-
[IIUeCs MPAMbBIe ITPOXO/AT Yepes3 OJIHY TOYKY; YKaKUTe, I'/Ie PACIIOJI0KEeHa ITa
TOYKA.

Bamaua 5. Toukn A, B u C jgexxar Ha OJIHO# MPsiMOit, He TPOXO/ISIINei 1epes
touky M. Okoso tpeyroabuukoB ABM, ACM w BC' M onucanbl OKpy»KHO-
cru. Jlokaxure, 9T0 UX HEHTPHI U TouKa M Jjexkar Ha OJHOW OKPY>KHOCTH.

Baga4da 6. a) Okpyxkuaoct S u T TEPHEHUKYISPHBI TIPAMO#L [ U OKPY K-
Hoctu w. Hapucyitre obpa3 9T0it KapTUHKK 110C/I€ UHBEPCUU C LIEHTPOM B
touke N — TOUKe IepeceveHns [ 1 w.

6) Hdokaxure, 9o jijist JIIOOBIX JBYX OKDPYXKHOCTEil CyIIECTBYeT MHBEPCHS,
KOTOpasI IEPEBOJIUT UX JINOO Ha Mapy NPsIMbIX, TNOO Ha JIBe KOHIICHTPUIECKHE
OKPY>KHOCTH.

Bamga4da 7 (mopusm Illrteiinepa). OKpyKHOCTH Wy JIEXKUT BHYTPU OKPY K-
HOCTH Wo. IIpe ook um, 4To CyIecTByer ernouka okpy»kuocreit Si, So, ..., .S,
TAKUX, YTO KaxKJlasl Kacaercs jByx coceinux (S, kacaercs Sp u S, 1), a
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TakXKe wy U wy. Torma s Jgrob0it oKpy:KHOCTH 1, Kacalomeics wy 1 wo,
CYITECTBYeT aHaJOIMUHAas IMENovUKa U3 7 OKPYKHOCTEI.

16 nromaa 2012

Jlemma XoJuia

Pakt (JIemma Xosna). Ecrb n fonomeit 1 #Heckoabko JeByriek. Torma
BCE IOHOIIN MOTYT BBIOPATH 110 HEBECTE W3 YUCJIA CBOMX 3HAKOMBIX TOTJIA, W
TOJILKO TOI'JIA, KOIJIa Jijist Jioboro k jioOble k foHollell 3HaioT He meHee k
JIEBYIIIEK.

Sama4da 1. Kaxk/plil u3 JIByX paBHOBEJUKUX KBajgpaToB pas3out Ha 100 pas-
HOBEJIMKUX dacTeil. JJokaxkure, 9T0 MOXKHO CJI0XKHUTH 9TH KBaIPaThl B CTOIKY
1 npoTKHYTh B 100 Toukax Tak, 4TobObl Kaxkmas n3 100 gacTeit Kaxkjoro us
KBaJIpATOB OblLJIa MPOTKHYTA.

3amada 2. Bce BepluHbl JBY/I0JIbHOIO Ipada UMeIoT crernenb d. Jlokaxkure,
9T0 B 9TOM rpade ecTb napocodeTanne Takoe, 9To Jiodast BepIImHa IPUHa,I-
JIEYKUT peOpy U3 MapoCOYCTAHMSI.

Bagaua 3. B kaxk0ii cTpoke u B KaxkjioM cTosone gocku 20 X 20 crosT
o Tpu JjaJibu. Jokaykure, 910 MOYKHO BhiOpaTh 20 s1ajieil, He ObIOIUX JAPYT

ApyTa.

Bama4a 4 (JIlemma Xosna aas apabekux crpas). Cpeju n oHoed u
HECKOJIBKUX JIEBYIIIEK HEKOTOPbBIE FOHOIIN 3HAKOMbBI C HEKOTOPBIMU JI€BYIITKA-
mu. Kaykiplit 1oHOIa, X04UeT KEeHUThC Ha 1M 3HAKOMBIX JieByIKax. /JJokaku-
T€, 9TO OHK MOTYT 3TO CJeJaTh TOTJA W TOJHKO TOIVA, KOIJa JIJIsi JIFoOOro
Habopa 13 k IOHOIIEH KOJMYECTBO 3HAKOMBIX UM B COBOKYITHOCTH JIEBYITIEK
He MeHbIle km.

3agada 5. KoHeunoe MHOXKECTBO pasOMTO Ha 1M HOJAMHOXKECTB C OJ[MHAKO-
BBIM KOJITIECTBOM 3JIEMEHTOB, W 3TO YK€ MHOYKECTBO pa3buTo Ha m? TOJMHO-
YKECTB C OJINHAKOBBIM 9HCJIOM 3JieMeHTOB. JloKaxkuTe, 9T0 MOXKHO BbIOpATH
m? Pa3NIUIHBIX SJEMEHTOB TaK, 9TO KayKJ0e W3 MHOXKECTB IEpBOrO pasbm-
eHUST COJIEPYKUT POBHO 1M BBHIOPAHHBIX JIEMEHTOB, & KaXkJI0€ W3 MHOXKECTB
BTOPOTO pa30HeHMsT COMEPKUT POBHO OJIUH BBIOPAHHBIH SJIEMEHT.

16 urosga 2012
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Muorounens! 5: JlemnMoCTh MHOTOYIEHOB

Onpegenenune 1. Hauborvwum obuyum desumenrem HaDOPa MHOIOUJIEHOB
Ay, Ao, ... A, Ha3bIBaETCS TAKOW MX OOIIMIA JIeJIUTEb, KOTOPBIH JIeJUTCS Ha
JI000# JIpyTroit mx OOl Je/nTeb.

Bameyanue. a) HaubosbImmii oOmwil JeuTesb OnpeesieH ¢ TOTHOCTHIO JI0
YMHOXK€HUs Ha, KOHCTaHTy. VHOr/Ia KOHCTAHTY TOJ0MPaOT TaK, 9TOObBI MHO-
roujieH ObLI npusedentvim, T.€. ero crapiuuit Koadduiuenr papasics 1.

0) st JaHHOTO OIpEJIEeCHNsT HE OYEBUJIHO CYECTBOBAHUE TAKOTO MHOTO-
qjieHa. Mbl JloKaxKeM ero JByMsi CIIOCODaMH B CJIEYIONIMX JBYX 3a/a49axX.

B) U3 paHHOTO OmpejiesieHns CIeyeT, ITo HAuOOIbINUil OOIHil JeuTenb
SIBJISIETCsI JIeJINTE/IeM HanOOJIbINel CTelneHu.

Bama4ya 1. gg jgannnix mMHorouwneHos Ap, Ao, ... A, obosnaunm depes [
MHOXKE€CTBO MHOTOJIEHOB npeicTaBUMbIX B Bujie A1 X7+ Ao Xo+ -+ -+ A, X,
rie X; — TPOM3BOJBHBIE MHOTOYJeHbI. IlycTh D MHOTOUIEH HauMEHbBIIeH
cTereHu B MHOXKecTBe [.

a) Hokaxure, uro st joboro M w3 I, M - D.

0) Hokaxure, aro D sBisiercsi HauOOJBITHM OOIIUM JICJIUTESIEM B CMBICJIE
onpe/iesienns [I]

Omnpenenenune 2. Arzopummom Fexauda nist muorouienos A m B Ha3bI-
BaeTCsl 110CJIEJI0BATEJILHOCTD JIEJIEHUI ¢ OCTATKOM:

A= BQl + Ry,
B = Ri1Q2 + Ry;

Ran - Rnlen + Rna
Rnfl - RnQnJrl-

[lociemunit HenyseBoii ocraTok R, HA3LIBACTCS PE3YAbMAMOM PAOOMbL G-
eopumma FEexauda.

Bama4da 2. a) Jlokaxwure, uto R, jemurcs Ha o6oit obmuii genurens D
muorodsienos A u B.

Yxasanue. oxascume, wmo moboti R; deaumces na D.

6) Hokaxure, aro MHOTOWIeHBI A 1 B jesisrest Ha R,.

Yrasanue. loxastcume, wmo aoboti R; deaumes na R,.
Vapaxkuernne 1. Haiignre HOJI muorounenos x4 +2x% — 2 —2 n 22+ 52 +6.

Onpenenenne 3. Muorouien P Ha3bIBAeTCsA HENPUBOJIUMBIM, €CJIU OH He
MpeJICTABASIETCS B BUJIE TPON3BEIEHU IBYX MHOTOYJIEHOB MEHBITIEH CTETeHN.
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Pakr (OcHoBHasi Teopema apudmerukn). Kaxplii MHOrOWIEH pac-
KJIa/IbIBACTCSL Ha HEIIPUBOIUMbIE MHOXKUTEIU. TaKoe pa3/iozKenue e uHCTBeH-
HO C TOYHOCTBIO JO YMHO2KEHH Ha KOHCTAQHTBI XU II€PECTAaHOBOK COMHOXKHNTEC-
JIeA.

Bameuanue. HenpubojmMocTh MHOrO4/I€Ha 3aBUCUT OT TOMO MHOIOYJICHBI
¢ KakuME KO3hQUIHEHTAMI Mbl PACCMATPUBAEM (KOMIIJICKCHBIMHU, JIEHCTBU-
TeJILHBIMU, palonajbibiMu). Hanpumep, muorouwnen z2 + 1 nenpusojum
KaK MHOTOUJIEH C JICHCTBUTENbHBIMU KO3(MDMUIMEHTAMI, HO KAK MHOTOUJICH C
KOMILJIEKCHBIMY KO(DDuIneHTaMu pasjaraercest Ha MEOKUTE W (x+1)(x —1).

Bamada 3. Jlokaxure, 9T0 ecan MHOTOUWIEH A JeauTcs Ha MHOroOWIeH B,
TO BCEe KOPHW MHOTOUJIeHa B sBisiioTcst KopHsimu MuorowIiena A. Bepro sm
obpaTHoe yTBepxKjieHue?

3amaga 4. Haiiyure HOJT: a) 22 +1 u 2% +22+1;6) 223+ 1 u 2* —z+ 1.

Omnpeneaenue 4. Jas mo0bix Muorownenos Aj, ... A, aunetinvim npeod-
cmasaenuem HOJ] HasbiBaeTCsad HaXOXKJIEHUE MHOIOYIEHOB X1, ..., X, Ta-
KHUX, 9TO

HOIA(Ay, ..., Ay) = Ai Xy + -+ A X,

Bagaua 5. Muorownenst P(z) u Q(x) ¢ nesbivu kKoabduimenTaMn B3anMHO
npocThl. Jlokaxkure, uTo Haiijercsa uncyao M takoe, 9TO JJIs J1IOOOTO IEJIOr0

n HOI(P(n),Q(n)) < M.

3ama4da 6. MoryT ju JiBa MHOMOUJIEHA C PAIMOHAJBHBIMU KO3 MUITHEHTA-
MU, HE UMeoIre ODIuX Jie/inTeseil ¢ palnoHaJIbHBIMU KO3]DDUIMeHTaMu,
UMeTh OOIIUit UppaIlMOHAIbLHBIN KOPEHb?

3amaua 7. Haiiqure HOA 2" — 1 u 2™ — 1.

Bamaqa 8. a) Hokaxure, 410 MHOrOWIeH " +2 He IPEJCTABUM B BUJIE [IPO-
M3BEJICHUS JIBYX MHOTOWICHOB ¢ TesibiMu Koddbdunuentamu. 6) lokaxure,
9TO ITOT MHOI'OYJIEH HENMPUBOJMM KaK MHOIOUJIEH C PAlMOHAJbHBIMEI KOI(D-
dpurmenTamu.

17 wrong 2012

Komruiekcuble unciia 2: Tpuronomerpudeckast popma

3ama4a 1. Jlokaxkure, 4TO €Cjiv YUCJI0 Z UMEeT MOJYJ/Ib T U apl'yMeHT @, TO
z =r(cos ¢ + isin ¢). Takas Gopma 3aMucH HABIBACTCS MPULOHOMEMPULE-
ckotl PopmoTl 3aNUCU KOMNAECKCHO20 YUCAA.

Yupaxuenue 1. [IpencraBbre B Tpuronomerpuueckoit dopme: a) 1 + i

6) V3 +i.
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Bamaua 2. a) Jfokaxkure, 4TO NP MEPEMHOKEHUN KOMILIEKCHBIX THUCETT ap-
I'yMEHTBI CKJIQJILIBAIOTCS, & MOJLYJIH II€PEMHOKAIOTC.

0) Ilycrb 2z = r(cos ¢ +isin ¢). Haiigure Tpuronomerpuyeckyio dhopmy duc-
ma 2L

B) (dbopmyna Myaspa) Jokaxure, uro 2" = r"(cos ng + isinng).

VYrpaxkaeane 2. Boranciute a) (1 +4)2012: 6) (v/3 4 14)2013,

Vupaxkaernne 3. Haiigure Bce 2 Takue, uto 2% = 1. Hapucyiite ux Ha mioc-
KOCTH.

Onpenenenne 1. Pemenne ypapaenus 2" = a Ha3bIBACTCS KOPHEM CIMENE-
HU T U3 Q.

Baga4da 3. Jlokaxure, 9TO CyIIECTBYeT POBHO N KODHEil: &) U3 €MHUIIBL;
6) 13 [IPOU3BOJIBHOINO KOMILIEKCHOIO 4HCIa a. Kak OHM pacloJioXKeHbl Ha
KOMIIJICKCHOM IIJIOCKOCTH !

Bamaga 4. Pemnre ypasnenne 2% = Z.

amaga 5. okaxkure, 4To yroj 4y TPEYroJbHUKa, 41493 PABEH apryMeH-
Ty MPOCTOTO OTHOTIEHMUsT u, a OTHOITEHNEe DOKOBBIX CTOPOH — MOJLYJIIO
9TOTO MPOCTOTO OTHOmEHIA. °

Yrasanue. Pewume cravaaa daa CAYYaA xoeda Zl ACHCUI 6 HAYAAE KOOPdUHCLm.

3amada 6. lokaxkure, 4T0 Yerbipe TOUYKU L1, Lo, L3, L4 Je€xKaT Ha OJHON
OKPY>KHOCTH MJIM OJTHOW TPSAMON TOTJIa M TOJBKO TOTJa, KOrja X deotinoe

OMHOULEHUE
1 —R3 R2 — 23

R1 — %4 ' 29 — 24
BEIIIECTBEHHO.

3amada 7. Haitjure cymMy Bcex KOpHEi n-ii CTEIeHH U3 €JIMHUIIBI.

Bama4da 8. Haiinure cymmy: a) cos ¢ + cos2¢ + . .. + cos 2012¢;
6) CY—C2+CH—CS+C%+ ...

19 nrosa 2012

PexyppeHThl B KOMOMHATOPUKE

Bamaga 1. Obo3HauuM depes3 a, KOJMUYEeCTBO CIIOCOOOB MOKPACUTH KJIETKH
IPAMOYTOJbHUKA 1 X 1 TaK, YTOOBI He OBLJIO 3aKPAIIeHO JIBYX MOJIPS ULy ITIX
kJjeTok. Haitgure a;.

Bamada 2. O6o3naunM depes a, KOJUIECTBO CIIOCOOOB MOKPACUTH KJIETKN
HPSIMOYTOJIbHUKA, 1 X 1 Tak, 9T00bI HEe ObLIO 3aKPAIIEHO TPEX HOPSL] ULy IITIX
kJyerok. Haiiyjiure as.
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3ama4da 3. KakuMm 9ucIoM CIIOCOOOB MOXKHO MOKPACUTD KJIETKH MPSIMOYTOJIb-
HUKa 2 X 7 TakK, 4T0ObI He OBLIO IOJIHOCTHIO 3aKpallleHHbIX KBaIpaToB 2 X 27

3ama4a 4. B BepiuHe IpaBUjIbHOIO TPEYrOJbHUKA CHIUT JIATYIIKA. KaxK-
JIBIM XOJIOM OHa, TIEPEMEIAETCS B coceHIO Bepinuny. Obo3HaduM uepes a,
KOJINUECTBO CIIOCOOOB KOTOPBIMU OHA MOXKET BEPHYTLCsI B UCXOJHYIO BEPIIHU-
Hy depe3 n xonoB. Haiinnre a1y. Haiigure pexkyppenTrnoe cooTHolenne Ha
.

Bama4da 5. O6o3HauMM Uepes ¢, KOJMIECTBO CIIOCOOOB COCJMHUTH 21 TOUEK
Ha Opr}KHOCTI/I 1 HEMEPECEKAIOTIIMUCS XOpJaMu (U3 JTF0O0H TOUKY BBIXOUT
osna xopya). Hanpumep cs = 5:

SIS

Haitjiure pekyppeHTHOE COOTHOIIECHUE Ha, Cy,.

3amada 6. Ob6o3HaUYNM Uepe3 ¢;, KOTUIECTBO NAOCKUL KOPHEBDIL CMP020 J60-
unHoir depesves (y Kaxoil BepiimHbl Jnb0 JjiBa ChiHa, JUOO HU OJHOIO [
TOrJIA 9TO TO onpejesenuto auct|) ¢ n + 1 gucrbsvu. Hanpumvep ¢z = 5:

AN

Haitjiure pekyppeHTHOE COOTHOIIECHUE Ha, Cy,.

19 nrossa 2012

Addunnas reomerpus 1

Onpegenenne 1. [IpeodbpazoBanue 1mI0CKOCTH f HA3LIBACTCS APOUHHBIM,
eCJI OHO IEPEBOJIUT pPaBHLIE BEKTOpPa B PaBHBIC, W JUHEHHO Ha MHOMXKECTBE
cBODOOJIHBIX BEKTOPOB T.€.

f@+0o)=f@-+ fb), f(ka)==kf(a

Sameuanue. a) B onpesenennn nogpasymeBaercs, 9To mpeobpasoBaHue miIoc-
KOCTH STBJISIETCST OMEKITNei.

0) st onucammust acb(bI/IHHOI‘O 1peodpa3oBaHusl y,ZI;O6HO BBIOPATD ITPOU3BOJIb-
nyto Touxy O u 6asuc @, b n ykazarh nx obpasp O, @, V. Koopuunarst m1060ii
Touku B cucreme O COBIIAJIAIOT € KOODAMHATAMN 06pa3a 9TOI TOUKHU B CHU-

creme O'@VY, T.e. ecan (% = 2@ + yb, r0 O'C" = za@ + yb' .

CnoiicTBa adpPUHHBIX ITPpeodpa30BaHMIA:
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e IIpeoOpazoBanue obpaTHoe K adpUHHOMY, TaKxKe sBseTcs adguH-
HBIM.

e [Ipsamble mepexondaT B MpsMbBIE.

o [lapaJiiesibabie NpsiMble EPEXOAT B MapaJljiebHble MPAMbIe; TIepece-
KaIOIHecd MpsAMbIe MEPEeXO/IAT B TepeceKaloluecsd npsaMble.

e COXpaHsIOTCA OTHOIIEHUS JIJIMH OTPE3KOB, JICXKAIINX Ha, OJIHOM MPAMOii
WJIH TIAPAJIIEJIbHBIX MPSIMBIX (B 9aCTHOCTH, CePeJINHA OTPE3Ka Mepexo-
JIAT B CEPEJIMHY OTpe3Ka).

e Jlna mob6bix Tpeyroabnukos ABC u A'B'C’ | naiijercs enHcTBEHHOE
adppunrHOE TTPEOdpazoBaHue, MIEPEBOJIAIIEE OJUH TPEYTOJBHUK B JIPYTOit
tak, uto A nepexoqur B A', B —8 B', a C' — 8 ' (T.e. TpeyroJbHUK
adbGUHHO IKBUBAJIEHTEH JTIOOOMY JIDYTOMY, HATPUMED, MTPABUILHOMY ).

3amaga 1. okakute, 9T0:

a) J11000ii napasuiesiorpamM abGUHHO IKBUBAJICHTEH KBaJIpaTy;

0) mobas Tpanerus abGUHHO SKBUBAJECHTHA HEKOTOPO#l paBHOOEIPEHHOI
Tparenuu (HO He BceM PaBHOOEJPEHHBIM TPAIleIsiM );

B) JTt0OBIE JIBA YeTHIPEXYTroabHIKA a(OUHHO IKBUBAJEHTHBI TOTJIA U TOJHKO
TOT/Ia, KOTIJIa TOUYKa TepecevdeHust JuaroHaJseil JejauT Jruaronajn B COOTBET-
CTBEHHO PABHLIX OTHOIICHUSX.

3amada 2. lokaxkurte, 4TO B JIIOOOH Tpaleluu cepeIMHbl OCHOBaHUM, TOYKA
mepecevdeHus JUaroHaJeil 1 Touka mepecedeHuss DOKOBBIX CTOPOH JIEXKAT Ha
OJTHOM TPSIMOIVA.

3amada 3. Yepes Kaxkyi0 BEpIINHY TPEYrOJbHUKA IPOBEJEHBI JBE IIPsi-
Mble, JeJsIiie IPOTUBOIOJIOKHYIO CTOPOHY Ha TpH paBHBIE dacTh. Jloka-
JKUTE, 9YTO JIMaroHaJiv, COeJIMHSAIONINE TTPOTUBOIOJIOXKHDBIE BEPITUHBI ECTH-
yIOJIbHUKA, 00Pa30BaHHOI'O STUMU IPIMBIMHU, [IEPECEKAIOTCSA B OJHON TOUKE.

Bamaua 4. Haun napasuiesorpamm ABCD. Tlpoussosibhast npsiMast epece-
kaet ayan AB, AC' u AD coorBercrBenno B Toukax P, () u R. Jlokaxwure,

970
AB N AD AC
AP AR AQ’
Bamaua 5. a) Orpesok AB napasienen npsimoii [ . Ilpu momorny ojHOl
JUHEHKN pa3esnTh oTpe3ok AB momosam.

6) Jlokaxxkure, 4TO OJIHOM TOJILKO JIMHEHKON HesIb3si TTOCTPOUTH MPaBUILHbI
TpeyrojibHuK. MoxKHO Jjin nocTponTth Obuccekrpucy?
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Bamada 6. Ha croponax AB, BC' u C'D napamxnenorpamma ABC'D B3sThI
touku Ay, By u C] COOTBETCTBEHHO, JEJISIIIe 3TH CTOPOHBI B OJIMHAKOBBIX
ornommenusix. Ilycrs b, ¢ u d — npsimbie, npoxojsiue depe3 B, C' u D na-
pasutesnbio npsaMmbiM A1 By, A1Cy n B1CY coorsercrBenno. Hokaxkure, 9T0
npsimbie b, ¢ 1 d NpoOXOoJIAT Yepe3 OJIHY TOUKY.

20 nroaga 2012

JImHefinble peKyppeHThl

Onpenenenne 1. Jlunetinot pexyppenmmotll Ha3bIBaeTCs BCIKas YUCIOBAL
110CJ1€JI0BATEJIbHOCTb X(, L1, - .. Ty, - .., 3aJaBaeMasl JIMHEHHbIM DPEKYypPEHT-
HBIM COOTHOIIIEHUEM:

Ty = Qp-1Tp-1 + Qp_2Tp_9+ -+ ATy _i. (2)

MHuorouJien:

ok — ak_lsvk_l — ak_gxk_Q — ... —a1T — ag.

Ha3bIBaCTCA Tapakmepucmuvecrvum MHO20YAEHOM JIMHENHOM PEKYPPEHTHI.

®daxkrt. [Ipeanomoxum, 9T0 q1, s, - . ., @k PA3TUIHBIC KOPHU XapaKTEPUCTH-
JecKoro MHorowieHa. Torja Bce pelieHus peKyppeHTHOTO YPaBHEHUsT MOXKHO
1IpeJICTaBUTh B BUJIE:
n n
Iy = Clql + ... qukz?

rie C; HeKOTOPhIe KOHCTAHTHI, KOTOPHIE OTMPEJIEISIOTCs 110 HAYaIbHBIM YCJIO-
BHSIM.

ITpumep. Paccmorpum JinHeiinyo pekKyppeHtTy T, = 5,1 — 6z, _s. Kop-
HAMHI XapaKTePUCTHICCKOTO ypaBHeHns v° — bx + 6 = 0 gsagorea 2 u 3.
Jlio60e pereHne peKyppenTHOro ypasHenus umeer sug oy, = C72F 4+ Cy3F.

Yupaxkuenue 1. [locsiejioBare/ibHOCTD ), 38/1a€TCH PEKYPPEHTHBIM ypaB-
HEHUEM Tpi1 = 2%, + 8x,_1, ag = 1,a; = 0. Haiigure dpopmyiy obiiero
qJIeHa.

Bamaua 1. IlocsenoBarenbuocts a,, onpejenena hbopmyiioi a, = (5+v/17)"+
(5 —/17)". a) Haiijiure pekyppeHTHOE COOTHOIIEHUE Ha G. 0) Jokaxure,
qTO @y, JENUTCA Ha 2", HO He jesnuTcs na 271

3amada 2. [locienoBaresibHOCTD T, 3a/1a€TCs PEKYPPEHTHHIM ypaBHEHUEM
Tpe1 = (2co8 @)z, — x,—1 Tye ¢ HekoTOPBIH yrog. a) Haiimure obmuii Buj
pemienust. 6) Haitnnre dopmysy obiero uinena npu xog = 1,x1 = cos ¢ u nipu
xo = 0,27 = sin ¢.
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Bama4da 3. a) Jlokaxkure, 4TO reoMeTprUIECKasi MPOTPECCHst T, = ¢q" sIBJIsI-
ercsi pelreHreM pekyppeHTsl (2) Torga u TOJBKO TOrJa, KOTJIA ¢ sIBJISIeTCsI
KOPHEM XapaKTEePUCTUYECKOI'0 MHOI'OYJIEHA.

0) Hokaxwure, yrBepxaenne Qakra jjis JUHEHHBIX PEKYPPEHT BTOPOTO MO~
PSJIKA.

3amada 4. IlocienoBarenbHocts a, = 1" + 2" + 3" + 4", HaiinyTcsa qu b ee
MOCJIEJIOBATE/ILHBIX TJIEHOB KOTOpbIE mesarcs Ha 4017

20 nroaga 2012

Kowmmiekcubie uncia 3: ['eoMmeTpudeckne nmpeodpasoBaHmst

c+1
3ama4da 1. Hapucyiite Ha IJIOCKOCTH MHOXKECTBO TOYEK BHUJIA -, TJie ¢ —

JEUCTBUTECJILHOE YUCJIO.

Baga4da 2. a) Eciu KOMIUIEKCHOE THCIIO0 @ UMeeT MOJIYIb 1, To oTobpakeHue
YMHOXKEHUS HA @, Z — (%, SIBJISIETCSI IOBOPOTOM.

0) 3ajaiiTe B KOMILIEKCHBIX KOODJIMHATAX TapaJIesIbHbII mepeHoc. 3ajiaiiTe
CUMMETPUIO OTHOCUTEIHHO OCH TIPOXOIAIIEH depe3 HadaJ 0 KOOPIMHAT.

Omnpenesenne 1. KoMmno3unusi mOoBOPOTa U MOMOTETHUU C OJHUM IEHTPOM
Ha3bIBAECTCH NMOBOPOMHOTU 20MOMEMUET.

Bama4da 3. a) [IpeobpasoBanue MIOCKOCTH BUJIA 2 > (.2, JIJIsT TPOU3BOJIBHO-
o @ fABJISIETCST TOBOPOTHOW rOMOTETHEH C IIEHTPOM B HYJIC.

0) [IpeobpazoBanue 1I0CKOCTU BUja 2 — az + b, pu a # 0 siBjsiercs 10Bo-
porHoit romorerueii. Kak naiitu ee mearp?

3agada 4. Jlokaxkure, 9T0 KOMIO3UIKS ITOBOPOTHBIX IOMOTETUI — IIOBO-
POTHAsA TOMOTETUA WJIN NMapaJlICJbHbINA IEPEHOC.

Bagaua 5. [Ipeobpasosanne z — R?/Z apigercs unpepcueil KOMILIEKCHOI
IIJIOCKOCTH OTHOCUTEJILHO OKPYXKHOCTH pajuyca R ¢ IeHTpPOM B HavaJe KO-
OpJIMHAT.

Omnpepesierne 2. [IpeobpazoBanue z — 1/z Gysem Ha3bIBATH NPeobPa3o6a-
Hue 00paULeHUA.

3agaua 6. [okaxkure, uTo IpeobpazoBaHue OOpaIleHusl IepeBOIUT 0000-
IIIEHHbIE OKPYKHOCTU B 000OIIEHHbBIE OKPY>KHOCTH.

Onpenenenne 3. buekrtuBHoe Ipeobpa3oBaHre PACIINPEHHONR KOMILIEKCHO

az+0b 5
IIJIOCKOCTU BUJIA, 2 — ——— Ha3bIBaCTCA dpoOHO-Aunelinvi.mM Ipeodpa3oBa-

cz +
HUEM.
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Bamada 7. Jlokaxkute, 9TO Npeobpa3oBaHKe IJIOCKOCTH BUJA 2 — rd

SIBJISICTCSl MHBEKIMEH Torjia 1 TOJILKO Torja, Korja ad — be # 0 (1. e. MHOrO-
aeHbl az + b 1 ¢z + d HeJb3s COKPATHUTD )

Bamaqa 8. a) pobHo-sinneiinble 11peobpasoBaHnst CyTh KOMIO3UIUK JBU-
JKeHN, TOMOTeTH 1 mpeodpa30BaHuii oOpaleHnns.

6) JpobHo-siHeitHbie mpeobpasoBatist mepeBojisiT 0600IIeHHbIe OKPYKHOCTH
B 0DODIINEHHBIE OKPYKHOCTH (MCIOJIB3YHTE MPEbILYIILYIO 3a/a4y ).

B) Kommosuiius J1:000ro duciia JBUKEHUI, FOMOTETHI 1 UHBEPCHUil ecTh JInho
JIpOOHO-JIMHETHOe 1TpeobpazoBaHue, JIKOO CONPsI>KEHHOE K HEMY.

3ama4da 9. JlokaxkuTe, 9TO JPOOHO-JIMHENHbIE TpeoOpa30BaHus II€PEBOISIT
0000IIIEHHBIE OKPYXKHOCTU B ODODIIEHHBIE OKPYXKHOCTH, UCIIOJIb3Ysl ypaBHe-
HIe 0000IeHHOi OKpy)RkHOoCcTH A2Z + B2z + CZ+ D =0, tie A, D — Berrie-
creennbie, C' = B |

3amada 10. [Jokaxxure, UTO JpOOHO-JTMHEHHbIE TTPEOOPA30OBAHUS COXPAHSI-
0T JBOMHOE OTHOIIIEHUE.

16 nross 2012

Mmuorounennt 6: OcHoBHasg TeopeMa anredpbl

®akt (OcHoBHasi TeopeMa ajre6psbr). Beskuii oTimdaHbIi 0T KOHCTAH-
ThI MHOTOWIEH P(2) ¢ KoMIeKcHbIME KO3 bUImeHTaMy NMeeT, 1Mo KpaitHeit
Mepe, OfINH KOPEeHb CPel KOMIIJIEKCHBIX UHCeJI.

CaencrBue. a) Bce MHOrouW/IeHbI HENPUBOJMMbBIE KAK MHOIOUYJIEHBI ¢ KOM-
MJIEKCHBIMY KOI(DDUIHEHTAME SIBJISTIOTCST JTMHEHHBIMU.

0) Beskuii muorowien P(x) crenenu n e JWHCTBEHHBIM 00PAa30M MPEJICTABIIsA-
ercs B BUJIE:

P(z)=a(x —x)™ ... (x — xp)". (3)

k
[ne > n; =n, a £; — KOMIUIEKCHBIE THUCIIA.
i=1

Yupaxkuaenue 1. Jlokaxkure cjejnyooiie CBORCTBA KOMILJIEKCHOI'O COIIPsi-
KEHUs &) 21 + 22 = 21 + 22; 0) Z121 = 21 * Za.

Bamaqa 1. a) [Iycrs Mmuorowien P(x) umeer jeiictBuresnbHbIMUA KOIDDUIIM-

enrbl. JJokaxure, uro P(Z) = P(z2).
0) Muorounen P(x) umeer jaeiictButesibabiMEu Kodbburmentor. [lokaxkure,

aro ecsm P(z) =0, ro P(Z) = 0.
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Bama4da 2. a) JlokaxxuTe, 970 MHOTOUJIEH HEUETHOM CTEMEHY C JeiiCTBUTE b-
HbIMU KO3 DUIMEeHTaMHI BCEIJia, UMEeT JIeCTBUTEIbHbBI KOPEHbD.

0) Hokaxkure, 4TO BCE HENPUBOJMMbIE MHOIOUJIEHBI C JICHCTBUTEIbHBIMU KO-
s durnrenTaM UMEOT CTelleHb He BhIIIe JIByX. Hamnuimmre cooTBeTCTBYIO-

1yt aHajor GopmyJibl .
3amaua 3. Haiiqure HO/l muorownenos 2 — 1 n 2™ — 1.

Yrazanue: natidume obujue KOPHU IMUT MHO20YAEHOE, U30OPAUME UL HA KOMNAEKCHOU

nAOCKOCTU

Baga4da 4. [{okaxwure, aro MuOorowien P(z) npejcrabiser coboit 9éTHyo
bynknmio or z € C Torma u TOJBKO TOT/a, KOTAa CYIECTBYET MHOTOUICH

Q(z), makoit uto P(z) = Q(—2)Q(z).
Banma4a 5. Haitnnre Bce menymnebie MHOTOWICHB P (), yIOBIETBOPSIONITE
TOXKJICCTBY

P(a?) = (P(x))".

Bamada 6. Cymecrsyer i muorousen P(z), crenenu 1000 takoit, uto P(z2+
x + 1) gemmres na P(x).

3ama4da 7. MHoroujeH ¢ JieiCTBUTEIbHLIMU KOIMDDUIMEHTAMU ITPUHAMAET
HEOTPUIIATE/bHBIE 3HATEHNsT BO BCEX JIEHCTBUTE/IBHBIX TOUKAX TOTJA W TOJh-
KO TOIJIa, KOI'JIa OH IPEJICTABUM B BHJE CYMMBbI KBaJIPATOB JBYX JPYIUX MHO-
IOYJIEHOB C JICHCTBUTE/ILHBIMU KO3(DPUITUCHTAMMU.

Yrasanue: PA3AOHCUIE MHO20UNAEH HA Henpueoﬁu./wme MHOHCUIMEAY

19 urona 2012

Addunnasg reomerpusa 2: I[lnomann

Bamaqa 1. a) Janbr qpa rpeyrosbhuka 1) u Ty, uMmerorye JiBe napbl napaJi-
JIEJIHBIX CTOPOH. JloKaXXuTe, OTHOIIEHHE TLIOMa el TpeyTroJbHuKoB 17 u 1Th
pPaBHO OTHOIICHHIO ILJIOMajeil X 00pa3oB npu adpduHHOM IPeodPa30BaAHUN.
0) Hanbl gBa Tpeyrosbhuka 1) u Th, umeroriue napy napasiejibHbIX CTOPOH.
JlokaxkuTe, 9TO CymecTByeT TpeyroabHuk 13 Ttakoit, aro y 11 u T ectb jiBe
mapbl apaJijieJIbHbIX CTOPOH, U Y TPEyroJabHUKOB 15 u T3 ecTh jBe naphbl ma-
paJlJIeJIbHBIX CTOPOH. JloKayKuTe, YTO OTHOIIEHUE TIIONIA el TPEYTrOJTbHUKOB
11 n T5 paBHO OTHOIIEHUIO TLIOMIA el nx obpa3on pu adduuHOM 1TpPeodpa-
30BaHUMN.

B) Jokaxkure, 910 17151 JIFOOBIX JIBYX TpeyroibHuKoB 11 n Th oTHOTIEHWE nX
ILJIOIa lefl paBHO OTHOIIEHUIO ILJI0MIA el ux 00pa3oB 1pu adpduHHOM 1HPEod-
pa3oBaHUN.
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Baga4da 2 (OrHomenue twiomaaeit). Jlokaxure, 4ro Jjisi TPOU3BOJIH-
HBIX (BBIIYKJIBIX) MHOTOYTOJIbHIKOB OTHOIICHHUE TIOMAJCH COXPAHIETCS TPU
abdUHHOM 11pEOOPA3OBAHNMN.

Bamada 3. Ha croponax AB, BC, AC tpeyroapanka ABC' nanbl TOUKH
M, N, P coorsercrenno. Jokaxxure, uro ecjiu touku My, Ny, P; cummer-
puunabl ToukaM M, N, P OTHOCHTEJHLHO cepeuH COOTBETCTBYIOMMUX CTOPOH,
T0 SpNP = SN, P,
Bamada 4. Ha croponax AB, BC, AC tpeyroabanka ABC' nannl Toukn
M, N, P coorBerctBenno. lokaxkure, uro ecom Touku M, Ny, P, — Takue
rouku cropon AC, AB, BC, uro MM, || BC, NNy || CA, PP, || AB, 1o
Sune = SN, P,

Fue sadavu
Bama4da 5. a) lokaxwure, 410 ¢ MOMOIIBIO adOUHHOTO TPEoOPA3OBAHUST MOXK-
HO BBINYKJIBIA UeTHIPEXYTrOJIbLHUK MEPEBECTH B YEThIPEXYTOJbLHUK, JBa MPO-
TUBOIIOJIOXKHBIX YIJIa KOTOPOI'O MpsSMBbIE.
Vkasanue: ucnoavaytime sadavwy 16 us aucmuka Addunrve npeobpasosanus 1
0) [Iycrs ABC'D — BbliyKJiblii 4eTbipexyroibiuk, £ u F' — 1ouku nepece-
YeHUsl IIPOJIOJIPKEHHI ITPOTUBOIIOJIOXKHBIX CTOPOH. JloKaXkuTe, 94TO cepeJInHbI
gunaronageit AC' u BD n cepejguna E'F' jiexkar Ha OJIHON HPSIMOTA.

3amada 6. JlokaxkuTe, 9TO IEHTP MACC CHCTEMbl MaTepHaJbHBIX TOUYEK IIe-
pexoauT 1pu adpGuHHOM TPpeodPa30BaHNK B IEHTP Macc 00pa30B ITUX TOYEK.

22 utosig 2012

PexyppenTh! 3

Yupaxkuaenue 1. IIpojosnkure 1mociieoBaTe/1bHOCTD
a)0,1,3,6,9,9, ..
6)1,1,-1,-11, -49, -179

Ykasanue: aunetinas pekyppenma 6mopozo nopaoka

Bamaga 1 (MMO 1963). Ilocuemosarenbrocrs {x,,} 3a1ana ycioBusmu

2
T, 4+ 2
rv=1xrn=1z,=——.
Ln—2
JIOKaSaTb,QTOIMIBqﬂeHbISTOﬁﬁHOCﬂeﬂOBaTeﬂbHOCTH eJible 9uciia.

Bamaua 2. [locsenosarenbuocrs {a,,} 3agana yeaoBusMu

Ap—10p—2

=1/2 =1/3,a, = :
Al T i

Haiiiure popmyny n-ro dieHa.
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Bagada 3. JlokaxkuTe, uTo ypasHenue 12 — 3xy + 32 = 1 nMeeT 6eCKOHETHO
MHOTO pEIIeHWH B MeJIbIX YhCIax.

Pa3uoboit

Bagaua 4 (Teopema Buera). a) [Tycrs muorouwien P(x) = x3 + az? +
b + ¢ uMeeT TpU KOpHS T, Ty U T3. JlOKaXKuTe, 4TO CIPABEIUBbL (HopMYAbL
Buema:

a=—(x1+ x4+ 23), b=12109+ 2173 + ToT3, €= —T1T2T3.

Hanummre 1nojgodHbie (pOpMyJibl i HEIIPUBEIEHOI'0 KyOMIeCcKOIo MHOIOUIe-
HA.

0) Hamumure momobubie (HhopMysibl, BeIpaxKaroiue KOIMhOUIMEHTH MHOTO-
4JIeHa N—O# CTEIeHu.

3ama4da 5. Haitjure cymMy Bcex KOpHei n-ii CTEleHd U3 €JIMHUIIBI.

3amada 6. lokakure HepaBeHCTBO

A+ +E>avaz+ 2+ bV + 2
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MarepuaJibl mocaeodeIeHHbIX KPYKKOB

9 mona 2012
Yucaa B KOMIIBIOTEPE

B komibioTepe Bee dnc/ia XpaHsaTCsd B HEKOTOPOI jBondHoi 3amucu. [Tog
YUCJI0 MBI OyJieM OTBOJUTHL 32 OuTa, T.e. 32 siueilKu, B KarKJIOil OUTE CTOUT
6o 0, aubo 1.

Onpenenenne 1. JJonoaHuTeabHBINR KOJ — CIIOCOD MPEACTABICHUS] OTPHUIA-
TEJLHBIX TEJIbIX YUCEJI B KOMIBIOTEpaX.

JlomoTHUTeIbHBII KOJT — 9TO HCIIOJIb3yEeMblil B COBPEMEHHBIX KOMIILIOTEPAX
c10Cc00 KOJMPOBAHKS IEJIbIX UNUCEI, IIPU KOTOPOM HEOTPHUIATEIbHOE YUCIO X
IPEJICTABIIACTCS «KaK €CThy, a OTPUIATEILHOE YUCJIO T MPEJCTABISCTCI KaK
anciio |z| — 1. T.e. nepsbiit 6uT B ducsie O3HAYALT 3HAK ITOrO duca. FKesm
1, To uncao orpunatenbuoe, ecau 0, TO TOJOKHUTETHHOE.

Yupaxkuenne 1. Sanonnure 10 KoHIa Tadbauily 1 B MOJSIX «JIOTHIECKHE
olepalliy ¢ KHBEPCHEl BTOPOIO apryMeHTa».

Bagada 1. 3amumure 9ncao —1 B JOMOJHATEILHOM KOJIE.

3amaua 2. Kak ¢ MoMoIbio poBHO OJHON omepalnnu u3 Tadbaunnl 1 peasin-
30BaTh (DYHKIINIO, KOTOpas Mo 4uciay x Bo3Bparaer -1, ecim x < 0 u 0,
ecan x > 0./[as amozo eam nompebyemcs CNOMHUMD 0 MOM, 4IMO AYEEK 6
KOMOPHLL TPAHUMCA YUCAO KOHEUHOE KOAUYECTNEO.

Bama4da 3. [Ipuaywmaiire, kak mosydars min(z,y) ¢ TOMOMIBIO DYHKIHI U3
Tabaninr 1.

Bagaua 4. [okaxure, uro x&(xr — 1) == 0 Torja u TOJIBKO TOJIA, KOTJIA
k
r=2

3amada 5. [Ipujymaiire, kak 3a jiBe oneparuu u3 Tabsiui 1 u 2 onpejieinTb,
MPUHAJIEXKUT JIU 9UCI0 & oTpesky [10, 13].

3amada 6. l3BecTHo, uTO x cTeneHb JBOKM. Kak 3a ojHy omepaluio u3
Tabsutibl 1 onpeIesuTh, YTO MPUHAJIEKUT JIK & MHOXKecTRY unces {1, 2, 256}7
Yrkazanue: obpamume 6HUMAHUE HG 3aANUCH cmenenwu J60UKu 6 JonoAHU-
MeAbHOM K00e U N02UYECKUE ONEPAUUL.

3amada 7. [IpunymaiiTe, Kak ¢ IOMOIIBIO YeThIPEX omnepanuit u3 Tadsuiy 1
1 2 OLPEJIEJIUTh, IPUHAJJIEKUT JIK YUCI0 T MHOXKecTBY {2, 8, 16,32, 128}.

Ecau y sac ecmv pynkuyua A u dynrxyus B, sosepawjarowjue 0 uau 1,
u 6vt zomume nocmpoums dynrxuuto C, Komopas npunumaem suavenue 1
moezda u moavko mozda, xozda u A u B npunumaem snavenue 1, mo mosrcHo
sanucoieamsd max C' = A&&B.
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11 urona 2012

[TndaropoBbl Tpoiikn 1 ypaBHEHNE OKPYKHOCTH

Omnpenenenue 1. ByjneMm Ha3bIBaTh TOUKY Ha TJOCKOCTH PAUUOHAALHOU, €C-
JIU OHA UMeEeT pallMOHaJIbHbIE KOOPJIUHATHI.

Bama4da 1. a) [Ipsmvast, mpoxojsinas qepes J1Be panuoHaJbHbIe TOUKH, 3a,1a-
eTcs ypaBHEHUEM C pallMOHaJibHbIMU KOd] duimenTamu. Takue 1npsiMbie Mbl
OyJieM Ha3bIBATH PAUUOHANLHBLMU.

6) Jokaxkure, 4TO TOYKA TEpecedeHrst JBYX PAIMOHAJIBHBIX MPIMbIX — Pa-
ITIOHAJILHAS.

Bamaqa 2. a) [Ipusegure npumMep painroHaTIbHO# MPSIMOIf, KOTOpast repece-
KaeT OKpy»KHOCTh 22 + 32 = 1 B JIByX He paluoHaIbHbIX TouKax. [Ipusejure
IpUMeEp MPsIMOil, KOTOpas MepeceKaeT ee B JBYX paIllioHaJbHbIX TOUKaX.

0) Jdokaxkure, 4ro eciu OjlHa TOUYKa MepecevdeHust PalMOHAIBHON MPSIMOil ¢
OKPY?KHOCTBIO o2 + y? = 1 panmoHaJbHas, TO U JAPYTasd TOXKE PAIOHATBHA.
Bama4ua 3 (IImdaropossr Tpoiikm). Haiiyure Tpoiiku nesbix quces a, b, ¢
Takue, 4ro a’ + b = 2.

Ilnan pemtenus 3amayuu npo Iludaropossr Tpoiiku.

1. Eciu y Kakux-To JByX 4ucesa u3 a, b, c ecTb oOIUil JeJIuTeb, TO OH
ecth u y Tperbero. [logennm vHabop a, b, ¢ Ha obmiuit jeuTess u Oyaer
HCKAThL HECOKPATHMbIE PeIleHusI.

2. JleamM ypaBHEHME Ha ¢2, MOJIYYaeTCsd yPABHEHNE B PAIMOHAIBHBIX UHC-

2 2 _ _a _ b
nax = +y° =1, rne x = %,y = 2. 3ajlaua cBeJlach K IOMCKY Pallio-
HaJIBHBIX TOYEK Ha Opr7KHOCTI/I.

3. Ilogbupaem oy TOUKY Ha 3T0il OKpyxRHOCTH — CcKaxkeM (0, 1).

4. TIpoBojium 4Yepe3 3Ty TOUKY [POU3BOJILHYIO PalMOHAJLHYIO HPIMYIO
y = kx + 1. Ee apyras Touka mepecedeHus UMeeT KOOPIMHATHI

2%k k-1
E24+1"k2+1

(@,y) = ( ).
TaxnMm 00pa3oM ONMUCAHDBI BCE PAIMOHAJILHBIC TOYKH HA OKPYKHOCTH.
(ncxomuast Touka (0, 1) dopmaiibHO cooTBeTCTBYET kK = 00).

5. Ilpencrapagem k B Buie Hecokpatumoit npoom L. Torma a. b, c Haxo-
n » Yy

aarcs a = m? —n?, b= 2mn,c = m? +n? qua m, n pazHoii YeTHOCTN

ua=(m?—n?)/2,b=mn,c=(m*+n?)/2 nna m,n — HEIETHLIX.
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3ama4a 4. Haitgure TpoiiKu KBaIpaTOB UHCE] KOTOPbIe 00pa3yioT apudme-
TUIECKYTO IIPOIPECCHIO.

3ameuaHue. AHAJIOIMIHBIM CIIOCOOOM MOXKHO peliarh JIooble JuodanTo-
Bble ypaBHEHUs BTOPOIl CTeleHn OT Tpex nepeMenubixX. [lman permenus cie-
JYIOIIAT:

a) CBecTu ypaBHEHUE K YPABHEHUIO B PAIMOHAJIBHBIX dUCIaX. [ eoMeTpude-
CKM 3TO 3a/ia4a HaXOXKJIEHUsS pallMOHaJbHbIX TOYEK Ha KPUBOW.

0) Haiitu ofHy pannoHaJbHYIO TOUKY HA MOJIYIUBINEHicst KPUBOIL.

B) IIpoBecTn depes MosydeHHYIO PAIMOHAJIBHYIO TOYKY TPSIMYO C IPOU3-
BOJILHBIM PAIMOHAJBHBIM YTJIOBBIM KOaddunuenToM k. HaiiTu BTOpyo ToU-
Ky I[epecedeHns ITOU MPAMOUA U KPUBOIA.

r) [pejcrasurs k B Bujie HECOKPATUMOI 1pobu ™ 1 1EPeiTh K HEJ0YUCICH-
HBIM PeIIeHUAM.

Baga4da 5. CKOJIbKO CylIecTByer nap ocraTkoB (I, y) 1O IPOCTOMY HeuerT-
HOMY MOJIYJTIO p TakuX, uTo 2 + y? = 1(mod p).
OtBer: 11ipu p Buja 4k + 1 perenuit p— 1, npu p Buja 4k + 3 pemennii p+ 1.

Pemenmne: Jlerko npoBepuTh, 4TO MOJy4YeHHbIE Jijist ontucauus [ludaropo-

2k k-1
E+1k2+1
petienust cpaphenust 2 + y? = 1(mod p). Bmecre ¢ Touxoit ((0,1)) (coor-
BeTCTBYIOMIEH k = 00) 310 maer p + 1 pemenuit npu p Buga 4k + 3. g
p Buga 4k 4+ 1 pemrennii MeHbIle, TaK KakK €CTh JBa OCTaTKa k TakKWx, 9TO
k* = —1(mod p).

To, 91O HET JNpyrux pemennii JOKa3bIBaeTCsad TakKKe, KaK W B 3ajade M-
baropoBbl TpOIKM, Yepe3 mpoBejeHne POPMaAJIbLHBIX MPIMbIX 9ePe3 TOUYKY

0,1).

), tjie k — OCTaToOK 110 MOJIYJIIO P JIAI0T

BbIX TPOEK (hOopMyJibi (

16 nrosa 2012

Asrebpanyeckue MeTO/Ibl B I'€OMEeTPHUN

Onpenenenune 1. Kpusoit Broporo 1opsijika Ha3bIBaeTCsi MHOXKECTBO TOYEK
Ha MJIOCKOCTH, 33/jaBaeMbIX ypaBHEHUEM BUJIA!

ajx’ + ATy + a3y2 + bz + by +c=0.

®axkT. Eciau kpuBasi BTOporo nopsijika uMeeT ¢ OKPYKHOCTBIO D OOIIUX TO-
YeK, TO OHa COBIAJAET C TOU OKPYKHOCTHIO.

Bamaga 1. [Ipsmyro, npoxosiyio yepes rouku A, B Oyjem 0003Ha4aTh de-
pes3 lap. llycrs Touku A, B, C, D npunajjexar OKpPY>KHOCTH W, 33,/1aBaeMOii
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ypaBaenneM [ = 0. Torma cymecTByoT uncia o u [ Takue, 9To

f =alaplep — Blaclsp.

Bamada 2. Jlana okpyxuocth w u Touka O BHe Heé. Uepes O mpoBoguTCs
Tpu cekymme [y, 1o, 3. psimast {1 nepecekaer w B Tokax Aj, Ao, npsimas [o
nepecekaeT w B Tokax As, Ay, npsmas [3 B Toukax As, Ag. Jokaxkure, aTo
TOUKHM Tepecedennst nap npsambix A1 Ay n AgAs, A1Ag n AsAs, AsAg u ALAs
JieKaT Ha OJTHON TIPAMOI.

Bana4da 3 (Teopema o 6a6ouke). I[lycrs xopabst KL u MN mpoxojsar
gepes O cepejuny xopjbl AB. Torna upsimbie KN u M L nepecekaior psi-
Myio AB B Toukax paBHOyIaJeHHbIX oT O,

Bamaua 4. lanus gBe npsivbie [y = Ajx + By u ly = Asx + Boy, npudaém
A+ B} = A3+ B3 = 1. Jlokazats, uto npamas | = (I;+1) /2 — 6uccekrpuca
MCXOJHBIX MPSIMBIX.

Bamaga 5. lan derbipexyrojibHuK. B 0JiHOil nape ero mpoTHuBOIIOJIOXKHbBIX
YIJIOB IIPOBEJIM BHEIIHHE OMCCEKTPHUCHI, HMOJYUYUIN TOUKY HMX IIePEeceueHMUs].
[Torom B jipyroit nape mosyunyii Bropyio To4ky. IToroM mnporuBoroioKHbie
CTOPOHBI TPOJJIAIA JIO Tepecevuenns, TOoayInan aBa yriaa. [lo auMm anajo-
I'MYIHO MOCTPOUJIN TPETHIO TOUKY. JJoKaxkuTe, 9TO 9TU TPU TOUYKHU JIeXKaAT HA
OJTHOW TIPAMOIA.

21 uronga 2012
[TocTpoenns ogHIM IINPKYJIEM
B sTom Jincruke Bce nocTpoeHust TpedyeTcst IPOBOAUTH OJIHUM HUPKYJIEM.
[Ipamas cunTaercs 3aJaHHOMN, €CIu 3aJaHbl JIBE ee TOUKH.

IIpocmuie nocmpoenu

Bagaga 1. [an orpesok AB. Ilocrpoiite Touky C' Tak, 4rodbbl Touka B
ObL1a OBl cepemuHOil orpe3ka AC'.

Bamaua 2. lan orpesok AB. Ilocrpoiite orpesok n - AB.

Bagaua 3. Jann Touku A, B u C. Ilocrpoiire Touky C’, cuMMeTpUdHyIO
rouke C' oTHOCHTEHLHO TipsiMoit AB.

O6pasve MOwKY NPU UHBEPCUL U NPUMEHEHUS

Bamaua 4. lana okpyxmocts S ¢ nearpom O u Touka A Bue ee. [locTpoiite
obpa3 Toukn A npu WHBEPCUN OTHOCUTEIHLHO S.

Baga4a 5. [ana okpyxuoctb S ¢ nearpoMm O u Touka A BHYTPH OKpPYXK-
Hoctu S. IlocTpoiite 0bpa3 Toukn A Ipu MHBEPCHH OTHOCHTEILHO S.
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Vrasanue: nocmpotime cravana mouxy A" maxyro, wmo OA" = nOA u mouka A" sesrcum

6HE OKPYHCHOCTNU S
aga4da 6. Pasjesinre 0rpe3ok Ha 1 PABHBIX 4aCTe.

3amada 7. U3 jaHHO# TOYKM ONMyCTUTE TIEPIEHINKYISAP Ha TIPIMYIO, 3a/1aH-
HYIO JIByMd TOYKaMMU.

Obpasvl Aurut NPu UHEEPCUU

Bamga4a 8. lana okpyxHoctb S ¢ nenrpom O u npsimasi, 3aJlaHHAS TOY-
kamu A u B. Ilocrpoiire obpas mpsamoit AB npu MHBEPCHH OTHOCHTEILHO
OKPYKHOCTH S.

Bamaua 9. Jlannr Toukn A, B u C. I[locTpoiiTe OKpy>KHOCTH, ONUCAHHYIO
0K0J10 Tpeyroabanka ABC.

3amada 10. [Iocrpoiite 0O6pa3 OKpYKHOCTH IPU UHBEPCHUHU.
Teopema Mopa—Macxeporu

3amada 11. Haiijiure Touku nepecevenns JaHHON OKPYXKHOCTHU U IPsIMOIi,
3a/IQHHON JIByMsI TOYKAMMU.

3ama4da 12. Haiitu TouKy nepecedeHust JIByX IPAMbBIX, KarKjlas U3 KOTOPHIX
3ajlaHa Mmapou ToOYeK.

Baga4da 13 (Teopema Mopa—Mackeponn). Jlio6oe nocrpoerne Ha mioc-
KOCTH, BBIIIOJJHHUMOEC C IIOMOHIBIO IIMPKYJIA U JH/IHeIU/IKI/I, BBIITOJIHUMO C IIOMO-
IBIO0 OHOTO JIUIIL [UPKYJIS.

22 nwoag 2012

Jlemma ['aycca 1 HempuBOAMMbIE MHOTOUJIEHEI

Onpenesierne 1. Codeporcaruem c(f) muorownena f(x) ¢ nesbiMu KO-
punmenTaMu Ha3BIBACTCA HAMOOJIBIINI OOIINIi JIeIuTe/ b BeeX ero Koahdu-
[[MEHTOB.

Bamaua 1. a) Hokaxkure, aro eciu ¢(f) = c¢(g) = 1, 10 ¢(fg) = 1.

6) Hokaxwure, uro c(fg) = c(f)c(g).

B) Jlemma T'aycca. Jlokaxkute, 4T0 € MHOTOUJIEH C MEJBIME KOhhUTm-
eHTaM¥ PACKJIaJIhIBAETCS Ha HETPUBUAJIBHBIE MHOKUTENN C PAIMOHAJIHHBIME
KO3 puImenTaMu, TO OH PACKJIa/bIBACTCS HA HETPUBUAJbLHBIE MHOXKUTETH U
C HeJIbIME KO3 PUIMeHTaMu.

Bama4da 2. JJokaxure, 4To ecjiu p/q — Hecokparumast Jpobb, sBJISIOIIASICS
KopHeM nosimaoMa f(x) = a,x™+. ..+ a1x+ap ¢ nesasivmu KoadhuImenTam,
0 gm — p jeaut f(m) juist J060ro 1mesgoro m.
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Bana4da 3 (Kpurepunit Ditzenmreitna). Ilycrs f(z) = ap+ a1z +--- +
a,x" € Z[x|, npudaeM s HEKOTOPOTO MPOCTOrO P Ko3hMUIUEHT a, HE Jie-
JIATCS Ha P, KOIPPUIUEHTDI ag, . . . , Ap_1 JEJIATCI HA P, HO KOIPDUITMEHT ay
He jequtcd Ha p. Torma f HempuBomuM HaJ Z.

100

Bamada 4. Jokaxkure, yro muorowier 3z — 62°° + 5 nenpusoium naj Z.

3amada 5. Jlokaxkute, 9ro MEHOrowieH 2P~ + - -+ + x + 1 HenIpUBOIUM HaT
7, TOor/ia, U TOJIBKO TOIJIA, KOI'Ja P — IIPOCTOE THUCJIO.
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MaTepuaabl copeBHOBaHMI

3 nroag 2012

BerynuTenbHbI TECT

Bamaqa 1. IIpeobpasyiire a) sin(z — y); 6) cosx cosy + sinx siny.

Bama4da 2. a) Hamummre o6ujee ypaBHeHwe MpsiMoil Ha, TIOCKOCTH.
6) Hamuimure ypasuenue npsiMoii mpoxo/isiiieit yepes rouku (—2,3) u (4, 5).

Sagauya 3. Kakne u3 CJIEYIOMINX NPsSIMbIX ITapaJljieJIbHbl UM COBIIaaI0T
a)20—3y=1,0)3x—2y=4,8)y=3c+% 1) y=>50—2, 1) 6x—9y =37

Bamada 4. Hamummre dopMysy i CKaJsgpHOTO TIPOM3BE/ICHUS JIBYX BEK-
TOPOB ¢ KoopauHatamu (T1,y1) n (T2, Y2).

Bamada 5. a) Uro rakoe 6a3uc BeKTOpOB Ha mnockoctu? 6) Pazmokure Bek-
Top (4,5) 1o 6azucy €1 = (1,2), é3 = (—3,4).

Bama4da 6. Haiinure miomaap Tpeyrosibauka ¢ koopaunaramu sepiiu (0, 0),
(a,b), (c,d), e a >c>0,d>0b>0.

3amada 7. Kakoe MHOXKECTBO B TPEXMEPHOM IIPOCTPAHCTBE 3a/1a€TCsl ypaB-
HenuneM r + 1y + z = 1.

Bama4da 8. Pazjesure muorowien 4+ 5z 4+ 1 na muorowien 22+ 1 ¢ ocrar-
KOM.

Bamaua 9. Chopmymupyiite Teopemy Besy.

10

3amada 10. [Ipu kaxux a muorowien 0 — az® + 1 jnenurca na © — 27

Bamada 11. Haityure HOJI(923, 1157).
amaua 12. Haiigure nuneitnoe npeacrapiaenne HOJ nis amcesn 7 u 5.
Bamaga 13. Yro oznauaer sanucars a = b (mod m) (Miwm 3auuce a =, b)

Bamada 14. [Jana okpyxuocth w nearpom O u pajmycom 2. Ha nyue OB
ormeueno jpe Touku A u C, paccrosinue or koropbix jio O pasibl 1 u 3.
HaiinnTe paccrosinne MexK 1y STUME TOUYKAME IIOCI€ HHBEPCUU OTHOCUTEIHLHO
OKPY?KHOCTH W.

Bamada 15. Yemy paBuo b + 7i?

Bamaga 16. Haiigure Bce kopun ypasnenns 2% — 1 = 0.

- \/m2
amaua 17. Haiigure mnpejen mocae0BaTeIbHOCTH T, = "nH.

4 nroag 2012
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BCTYHI/ITGJIbHaH OJINMIINQ1a

ama4da 1. JIuckpuMuHaHTbl TPEX HPUBEJIEHHDIX KBaJ[PATHBIX TPEXUJIEHOB
paBHbl 1, 4 1 9. Jlokaxxure, 9T0 MOXKHO BbIOpAThH 10 OJJHOMY KOPHIO KazKJIOI'0
U3 HUX TakK, 9TOObl UX CYMMa paBH:AJIACh CyMMe OCTABIIMXCS KOPHEI.

Bamaua 2. Janor 10 geiicTBUTeNbHBIX Unces. V3BecTHo, UTo J1I0060€ U3 HUX
MeHBIIIe, YeM CyMMa BCeX dnced, jJejénnas va 9. BepHo i, 9o Bce 3TH 9ncia
1HOJIOXKUTEJIbHbIE?

Bamada 3. B pombe ABCD na orpeskax AC u BC' Boibpannl Toukn M
u N coorsercrBento, tak, uro NM = MD. (N # B,C). Ilpamas DN
nepecekaer orpe3ok AC' B rouke P, a mpsamas DM nepecekaer orpe3ok AB
B Touke R. dokaxwure, uro RP = PD.

Bamaga 4. Ectb Tpu nessix uncia a, b, c. Ussecrno, uro a?+4b%+c? nemwures
Ha a + b+ c. Jlokazarh, 4T0 KyObl KAKUX-TO JIBYX U3 HUX JIAIOT OJIMHAKOBBIN
OCTATOK TIPH JleJIeHnu Ha a + b + c.

3ama4da 5. B 17 gueiikax 3anucanbl HaTypaJjbHble ducia or 1 jo 17, HO
HeM3BeCTHO, Kakue Tje. [Ipo oboit Habop svueeK MOXKHO y3HATDH, SIBJISAETCS
JIM cpejiHee apudMeTnieckoe duces B HeM 1esibiM. [1po kakue dnciia MOYXKHO
y3HATh, B KAKMX d9eifiKax OHM HaXOJATCs !

7 ntouia 2012
Mat6oit (Bapuant B)

Bagada 1. CKOJILKIME CIOCOOAME HTHCJIO S8 MOXKHO MpeJICTaBUTH B BUJE

37
[IPOU3BEJICHUSA JIBYX YUCEJT BUJA % , rje k — HaTypaJibHOe YHCJIO?

Bamaua 2. M N — cpennsist muaust tpeyrosbiuka ABC, napajuienbaas cTo-
pore AB. Optonentp tpeyroibunka ABC coBmajaer ¢ TOUKOH mepecedennst
meauan tpeyroabanka AM N. Haiigure yron ABC.

Bamada 3. Paccmorpum muoxectso us 20 nesbix yucen { £aq, *as, . . ., tayg}-
JloKayKuTe, 9TO U3 3TOr0 MHOXKECTBA MOXKHO BBIOPATH HEIYCTOE IIOJIMHOMKE-
cTBO S Takoe, UYTO HUKAKHWe JBa ducjia ta; He MOryT 00a JiexkaTh B S, U
cyMMa Bcex unces u3 S jgenntcs wHa 1001.

Baga4da 4. V3 100bIxX MecTr TOYeK Ha MIOCKOCTH (U3 KOTOPBIX HUKAKUE TPU
HE JIeXKAT HA OJ[HON MpPsIMOif) MOXKHO Tak BbIOpATh TPH, YTO TPEYIOJbHUK C
BepIIMHAMU B 3THUX TOYKAX MMeeT XOTs Obl OJMH yroJi, He OoJbiuit 30°.
Jokazarh.

Bagada 5. s 10J0KUTEILHBIX YUCE T, Y U3BECTHO, uTo 4° + 1y < x — 3.

Jokazkute, uro z2 4 y? < 1
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Bamaua 6. Ilycrs M, N, P — npousBoJbibie Toukn Ha ctoponax BC, CA, AB
COOTBETCTBEHHO OCTpPOYyrojbHOro rpeyrosnbiuka ABC. Jlokaxkure, 9TO BbI-
IOJIHEHO XOTst Obl OjiHO u3 Hepasencrs NP > BC/2, PM > CA/2,
MN > AB/2.

3amada 7. B cucreme KOpuI0poB, IIOKA3aHHOM Ha PUCYHKE, PACCTOSHUE MEXK-
Jly KaXKJIbIMU JIBYMsI COCEJHUMU pa3BUIKaMu OjHO U TO ke. [To kKopujopam
Oeraet MBIIIKA, CIOCOOHAST PA3BUBATEH CKOPOCTD 710 7 M/c. 3a MBIIIKOi COrJia-
COBAHHO OXOTSITCSI JIBE KOIIKU, MOIYIIME Pa3BUBATH CKOPOCTH 10 v M/c. Bee
YKUBOTHBIE B KaXKJIbIii MOMEHT 3HAIOT MECTO PaCIOJIOXKeHHs ApyT Apyra. [Ipu
KAKOM HAMMEHbBIIEM 3HAUYCHUHM V KOIIKHA MOTYT (HE3aBUCHMO OT HAYAJIbHBIX
HOHOH(GHHﬁ) rapaHTUPOBAHHO MOWMAaTh MBIIIKY 7

Baga4da 8. [lycrs muorowiensr P(z), R(x),Q(x) n S(x) ymorerBopsior
TOXKJICCTBY::

P(2°) + 2Q(2°) + 2*R(2°) = (2* + 2° + 2> + z + 1)S(z),

autst siioboro x. JJokaxure, uro P(x) aennrcs na x — 1.

7 ntog 2012
Mart6oit (Bapuant C)

Bagada 1. CKOIBKIME CIOCOOAME HTHCJIO S8 MOXKHO peJICTaBUTHL B BUJE

37
IPOU3BEJICHUA JIBYX YNUCEJ BUJIA % , e k — HarTypasbHOe 9UCJI0?!

Bamaua 2. M N — cpennsist muaust tpeyrosnbinka ABC, napajienbras cTo-
pore AB. Optonentp tpeyroibunka ABC coBmajgaer ¢ TOUKOR mepecedennst
mejran tpeyrosibiuka AM N. Haitnure yron ABC.

Bamada 3. I3 muoxkectsa A, COCTOSINEro U3 M 3JIEMEHTOB BulOpau 1 + 1
TPEXIJIEMEHTHOE OJMHOXKECTBO. JloKaxKure, 4T0o KaKue-To JIBa [10JMHOXKE-
CTBa MMEIOT POBHO OIMH OOl 3JIEMEHT.

Bama4da 4. V3 1006bIxX MecTH TOYeK Ha IIOCKOCTH (U3 KOTOPBIX HUKAKUE TPU
HE JIeXKAT HA OJ[HON MpPsIMOif) MOXKHO Tak BbIODATH TPH, YTO TPEYTOJbHUK C
BepIIMHAMU B 3THUX TOUYKAX MMeeT XOTsI Obl ONMH yroJ, He Oosbiuit 30°.
Jokazarh.

Bagaua 5. anbl jiecsTh MOAPsT HATYPAJbHBIX UKCEI. Y KaXKJ0ro B3sLIN
HarbOJIbIINI COOCTBEHHBIH JiejinTe)ib 1 00pa30BaJ/Iu HOBbIE JlecsiTh dnces. Jo-
KaKHUTe, 9TO HalJIyTCs JBa, OKAHIMBAIOIIUECA Ha OJHY U TY »Ke Iudpy.
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Bamaua 6. Ilycrs M, N, P — npousBoJbibie Toukn Ha ctoponax BC, CA, AB
COOTBETCTBEHHO OCTpPOYyrojbHOro rpeyrosnbiuka ABC. Jlokaxkure, 9TO BbI-
IOJIHEHO XOTst Obl OjiHO u3 Hepasencrs NP > BC/2, PM > CA/2,
MN > AB/2.

3amada 7. B ojHOi1 U3 BepInH MTPOBOJIOYHOTO KyDa CHJIUT MyXa, a B MPO-
TUBOIOJIOXKHON cujisiT jiBa nayka. CMOryT Jiv nmayku 1mofiMarh MyXy, €CJiu
HAaCEKOMbIE MOTYT TIePEJIBUTAThCS TOJHKO 10 pedpaM, 1 MaKCUMAaJIbHbIE CKO-
POCTH MAyKOB U MyXW PABHBI.

3anmad4a 8. Ilycrs mmuorownensr P(x), R(z),Q(z) w S(x) yaoBaeTBopsioT
TOXKJIECTBY:

P(2°) 4+ 2Q(z°) + 2*R(2z°) = (2" + 2> + 2> + . + 1)S(2).

Hoxkaxwure, uro P(z) memurcs wa x — 1.

17 wrong 2012

MaremaTnuecknit 060t 0OBIYHBIX IpyTIT 8—9

3agada 1. B nekoropom o011iecTBe JIF0ObIe JIBa 3HAKOMBIX HE UMEIOT OOIINX
3HAKOMBIX, & JIFOObIE JIBA HE3HAKOMBIX MMEIOT POBHO JIBa OOIIUX 3HAKOMBIX.
JlokazaThb, 9TO BCe UJIEHBLI OOIIECTBA UMEIOT OJIMHAKOBOE KOJIUIECTBO 3HAKO-
MBbIX.

3amada 2. B yriosoii kiaetke maxmaTHoit gocku 100x 100 crout dumnika. 3a
OJIMH XOJI pa3pellaeTcs epeJIBUHYTH €€ Ha, COCEJIHIOI0 KJIETKY 110 FOPH30HTa-
JIM, BEPTUKAJIMA WK JIAAIOHAIU TaK, YTOOBI DU 9TOM PACCTOSIHUE OT HEHTPA
Ha4YaJbHOI KJIETKH JIO IIEHTPa TOi, B KOTOPOil HAXOIUTCA (DUIIIKA, IIOCTOSHHO
yBEJIMUINBaAJIOCH. Kakoe HauboJIbIee 11CjIo X0/I0B MOXKHO CJieJIaTh, CODII0 st
9TO ycJioBue?

Bamada 3. Bricornr ocrpoyronbaoro rpeyroibunka ABC nepecekarorcs B

touke O, a Ha orpeskax OB u OC' Buibpanbl Toukn By n Cy jijisi KOTOPHIX
LABC = LZACB = 90°. Hokaxure, uro AB; = AC,.

3amada 4. Jlokaxkute, 4To U3 JIIOOOrO TPEYroJbHUKA TJIOMAAM 4 MOXKHO
BbIPE3ATH OCECUMMETPUUIHYIO (DUrypy I1oma i oosibiie 3.

3ama4da 5. Ecrb 720 ciimuex, pazioxkennbix B 100 kyuek. [lets u Bacs xojsr
1o ouepeau. KaxkjibIM X0/0M BbIOMpAETCs KydKa, JEJIUTCS Ha JIBe MEHbIINe
YaCTHU, ¥ 9TH YACTU CJMBAIOTCS C JBYMSI U3 OCTABIINXCS KydeK. Vrpok mobe-
JIAT, €CJIN TIOCJIe €0 X0Ja BO BCeX KydKaxX CTaHeT MOPOBHY criuuek. Kcin ke
1I0CJIe XOJla OCTaJIMCh BCEro JIB€ KY4YKH, U OHM HE PaBHbI, UI'POK HPOUIDAI.
KTo 13 HUX MOXKET BBIUI'PbIBATH, KAK Obl HE UI'PaAJI COIEPHUK
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or—1_1

3amada 6. Haitqure Bce mpocTble p Takue, 9TO
KBa/JIPATOM.

ABJIAETCA ITOJHBIM

Bamada 7. C KBajpaTHBIM TPEXWICHOM ax’ + bx + ¢ paspemaercs Ipous3-
BOJIUTH TAKUE OIEPAIINAN:

e 3aMeHUTb B HeM X Ha T — d, 1yie d IPOU3BOJILHOE BEIIECTBEHHOE TUCIIO.
e 3amenuth ero Ha Tpexunen cx’ + (b+ 2¢)xr + (a + b+ c).

MOYKHO JIF ¢ TOMOIIBIO TAKHUX OTICPAIHil N3 TpextieHa x2 — 3x — 4 Ty nuTh
Tpexuen v — 2o — 57

Bamada 8. Yncia a® —a u a* — a neswie. JJokaxknTe, 9T0 @ — I€JI0€ YUCIIO.

17 urona 2012

Maremarnyieckuit 60it 0bbraabIX rpymr 910

Baga4da 1. B TypHupe 1o maxmaraMm HpUHEMAOT ydacTue n urpokoB. Ha
crapTe TypHUPA BCE OHU HAXOJSITCS Ha TepBOM ypoBHe. Ecim B jit0oboit Mo-
MEHT TIOCJIe CTapTa TYPHUPa UMeeTcs JiBa Wjin OoJjiee UTPOKa, OJIHOTO YPOBHS,
He 3aHSIThIX B MapPTHUSIX, OHW HEKOTOPHIM 00Opa30M Pa3dMBAIOTCs Ha Maphl U
HAYUHAIOT UTPATh APYT C JPYTOM TaK, 9TO OCTAeTCs He OoJiee OJHOTO yIacT-
HUKa Kaxk1oro yporasi. [Ipogo/mkurensHocTsh napTum HernocTosiiHa. 1o 3a-
BEPIICHUN TTAPTUK 1100E/INTE/ b YBEJIUIUBACT CBOM YPOBEHb Ha, OJIMH, & IIPO-
MTPABIIUI yMEHbIIACT Ha OAUH (ecjou ObLI HA MEPBOM YPOBHE, TO HUYETO
He MeHster). TypHUD 3aKaHIMBAECTCs, KOTJIa BCE yUACTHUKK OKA3bIBAIOTCS HA
pa3HbIX ypoBHAX. Ha KakoM ypoBHE OyjieT HaXOJAUThCA MOOEIUTENb B KOHIIE
TypHupa’

Bamaua 2. B tpeyronpanke ABC touka [ — HEHTD BINCAHHON OKPYXKHO-
ctu, Touka O — IEHTp OMUCAHHOW OKPYXKHOCTHU. JloKayknuTe, 9TO HEPABEHCTBO

ZAIO < 90° pasaocuinno Tomy, uro 2BC < AC + AB

Bama4da 3. Ha jgocke 8 x 8 paccraiienbl 4épHble u Oesbie jiaapu (06a rBera
IPUCYTCTBYIOT) TaK, 4TO Jiajlbh PA3HBIX 11BETOB He ObioT Jpyr apyra. Kakoe
HaKOOJIbIIIee KOJUIECTBO JIaJeil MOXKeT CTOSITh Ha TPAHUIE JOCKH?

3ama4a 4. Ha crojie JiexKUT TpeyrojabHUK cO cropoHamu 1 merp, 1 merp
u 1 caHTUMeTp, B KOTOPOM HAXOJMUTCS TOUYedHbI mapuk. OcHoBaHme Tpe-
yroJbHIAKA HAMa3bIBAIOT KJeeM U3HYTPH, & IMapuK 3aCTaBIAI0T KAaTUTHCS 110
3akoHaM pusnku. [JJokaxkure, 9TO JI0 MOMEHTa TPUJIMIAHUS K OCHOBAHUIO
HIAPUK [IPEOI0JeeT MeHee JIBYX MeTPOB.

Bazada 5. Jlokaxure, 4ro HauMHAs ¢ HEKOTOPOIO 1, BCE JCJUTENH YUCIIa
(nh)" + 1 6yayT Gosbire, dem n + 2012.
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Bamaua 6. [lan rpeyronsnuk ABC. OKpyKHOCTD {2 IPOXOINT Iepe3 TOUKY
A u xacaercs npsamoit BC' B Touke L — ocnoBanuu buccekrpucel AL, a Takxke
nepecekaer cropony AB B rouke P. Orpesko C'P BropudHo nepecekaer {2 B
touke (). Jlokaxure, uro npamas A(Q) menur orpesok C'L momosam.

3amada 7. lan rpad, cTeneHu Bcex BEpIINH KOTOPOro paBHbI 3. JlokaxkuTe,
9TO ero pédpa MOXKHO PaCKPaCUTh B JIBa IIBETa, TaK, 9TOOBI HE ObLIO HEIETHBIX
OJTHOIIBETHBIX ITUKJIOB.

Bamaua 8. Hexkoropble KIeTKH JOCKU N X n 3apakKeHbl nndeknueii. Kimerka
3aparkaeTcs, eCJIM XOTs Obl JIBe COCEIHNE TTO CTOPOHE KJIETKHU YIKe 3aParkKeHbl.
Kakoe MUHUMaJIbHOE KOJMYECTBO KJIETOK HYXKHO 3apa3uTh, YTOOLI B KOHIIE
KOHIIOB 3apa3uJiach BCsS JIOCKA?!

3ama4da 9. JlokaxkuTte JiJis MOJOXKUTEIbHBIX YUCe] X, Y, U, U HEPABEHCTBO

a:y+:cv+uy+uv> Ty n uv
r+ytut+v T rxt+y utv
3amada 10. [locieoBarenbHOCTH @ 3aJlaHa PEKYPPEHTHHIM COOTHOIICHW-

eM Q1] = 3ai + 4a;. Ussecrno, uro ag = 9. Jlokaxkure, 4T0 B JI€CTHUHOI
3allCH YKCIIa a1y IpucyTcrByeT xoTsd Obl 1000 j1eBaTOK.

12 wroasa 2012
Abaka. YeioBug

Anrebdpa
Anreopa 10 Haiigure Bce HAaTypaJibHbIE N, JJisI KOTOPBIX IepBas nudpa
rnocJie 3ansToi B uncyie v/nd +n pasna 1.
Anrebpa 20 Haiijiure Bce 3HaYCHUS IapaMeTpa, @, JJIsi KaxKJi0ro 13 KOTOPbIX
rpabuk Gynknun y = x2 + aldr? — 8z + 3| — |22% — Tx + 6| umeer xors Ol
OJIMH HPSAMOJIMHEHHBIN YIaCTOK.
Anre6pa 30 Pemure B nesbix unciax ypasuenue 22 + y? = 2(z +y) + xy.
Anrebpa 40 Haiijqure 3nadenne BbIparkeHust
12 22 502
1~3+3-5+ +99-101‘
Anreopa 50 IlpusuguTe npuMep MHOTOUYJIEHA OT JIBYX IIEPEMEHHBIX X H ¥/,
KOTOPBI# MTPUHUMAET BCE TOJOKUTEIhHBIE 3HAUEHWST, HO HUT/IEe He obpalra-
ercsa B 0.
Aure6pa 60 Ilyctb a,b takossl, 4o a’ + b? + ab = a + b. Haiinure nau-
GoJiblliee BO3MOYKHOE 3HadYeHne a> + b2.

I'eomerpus
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I'eomerpusa 10 B okpykHOCTH pajinyca 1 BucaH NpaBUJIbHBIH Y€THIPHAJIIIA-
TUYTOJBHUK. HallTi cymMMy KBaJIpaTOB PACCTOSHUI OT MPOU3BOJIHHON TOUKH
OKPY?KHOCTH JIO BEPIIMH 9TOI0 9eThIPHAIIATHYTOJIbHIKA.

I'eomerpusa 20 BuyTtpu TpeyrosbHIKa BEIOPAHBI BE TOUKHU, PACCTOSHUS OT
OJIHOM W3 HUX JIO CTOPOH TPEYTOJLHUKA PaBHbl 1, 3 u 15, a ot apyroit 4, 5 u 11
coorBeTcTBeHHO. Haiiiure pajnyc BIucaHHONW OKPYKHOCTH TPEYTOJTHHUKA.
Il'eomerpusa 30 Cpejnsist muanst paBHoOOTHON Tpamenun pasHa b. M3BecTHo,
YTO B TPANENUio MOYXKHO BIIHCATH OKPYKHOCThL. CpejiHAa JIMHUS JICTUT Tpa-
Meryuio Ha JBe YacTH, OTHOIIEHNE IO el KoTopbix paBHo 7:13. Haiinute
BBICOTY TPAICIIH.

IF'eomerpust 40 B oxpysxuocru paguyca 1 nama xopaa AB mumnst /3. Pac-
cMaTpUBAOTCs BeeBo3MOXKHbIe xopjibl C'D (Bece Touku A, B, C, D — pasiud-
ubie) Takue, uro C'A||BD. Haiitu reomerpudaeckoe mecto cepeun xop C'D.
Il'eomerpusa 50 B Boimykiom gersipéxyroibunke ABC D OuccekTpuchr yr-
noB A nu B mepecekaiorcst B cepenune croponnsl C'D, a yron C pasen 70°.
Haiigure yrom D.

Il'eomerpus 60 B npasusibHom Tpeyrosnbarke ABC touka O TakoBa, 4TO
ZAOC = 113°, ZBOC = 123°. Haiigure yribl TpeyroabHUKA, CI0KEHHOIO
u3 orpeskoB AQ, BO u CO.

™
Teopusi ancest 10 [Ipu kakom nauboJbiem 1 yucso 2007 + n? — TouHblil
KBa,ipaT?’
Teopusa amcen 20. Haiijure Bce HaTypaJibHble YUCIa, KOTOPbIE B 33 pasa
00JIbIIE CYMMbI CBOUX HHUMD.
Teopusa uuces 30. Hazosem dmcio mHTEpPECHBIM, €CJIH OHO IIPEJICTAaBUMO B
BU/IE IIPOU3BE/ICHUsT JIBYX (HE 00sI3aTeJbHO PA3JIMUHBIX) IPOCTHIX dunces. Ka-
KOBO HaMOOJIbIIIEEe BO3MOXKHOE KOJUUYECTBO IOCJEI0BATEIbHBIX MHTEPECHBIX
qucesi?
Teopus uucen 40. [Iycts k(n) — nanboabumii HedeTHbi qeaurens n. He-
My paBra cymma k(m + 1) 4+ --- 4+ k(2m)?
Teopusa uucesn 50. Haiiqure HanMenbiee HATYpaJbHOE UKUCIO0, Y KOTOPOTO
posHo 1000 HaTypaJibHBIX JeJuTesiei.
Teopusa aucesn 60. [Ipusejure nipumep 6eckoneuHoN apudMeTnyeckoii npo-
rpeccuu, KaxK/JIblil 4JIeH KOTOPOU He ABJIACTCA HU CYMMOI, HA PA3HOCTDLIO JIBYX
IPOCTHIX YHUCEI.

KomMmbuHnaTopuka
KomburaTopuka 10 Kpajipar 3 X 3 110 JINHUSAM CETKU PEXKETCs HA HECKOJIb-
KO (He MeHee JIBYX) Pa3IUIHBIX MPIMOYTOJHHUKOB. CKONBKO PA3JIHIHBIX Ha-
OOPOB TPSIMOYTOJILHUKOB MOYKHO MOJIY IUTh !
Kombunaropuka 20 B nenrpaJjibHoil KjieTke Tabjmibl O X 5 3a1ucaHa JiBoii-
Ka, B BOCbMHU OKDPY2KAIOIMMUX €€ KJeTKax — HYJH, a B KJIeTKaX IO IMepuMeT-
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py Tabsuibl — JAeBATKHA. CKOJLKUMHU CIIOCODAMH MOXKHO IPOUYUTATH B ITOM
tabJinne uuciao 2009, eciu paszpeliaercs 3a XOJl IIePEXOJIUTh U3 KJETKU B
COCEJTHIOIO 110 TOPU30HTAJIHM, BEPTUKAJIN WU JIMArOHAJIH !
KombunraTopuka 30 CkojbKuMu crocobaMu MOXKHO KyIuTh 10 OTKpBITOK
ISITH COPTOB, ITOOBI KaXK0r0 copTa ObLI0 He Dojiee 8 OTKPHITOK?
KomburaTopuka 40 B rpade 80 BepiinH, u Bce NpOCTbIe MUKJIbI — HEUIET-
Hbl. Kakoe MakcuMabHOE TUCTI0 PEDEP v HETO MOXKET ObIThH?
KomburaTopuka 50 B 01HOKPYTOBOM TYPHUPE yUACTBOBAJIU 21 KOMAH]I.
[Tociie okoHYaHMS TYpHHPa OKA3aJ0Ch, YTO Y KaxKJIO# KOMAaH/bl YKMCJIO HH-
9bUX paBHO uucsy nobdes. [Ipn kakux n Takoe BOZMOYXKHO?
KomburaTopuka 60 Kierku tabsuipl 10 X 10 3aHyMepoBaHbI YuCIaMU OT
1 1o 100 Tak, 9TO COCE/[HIE HOMEPA CTOSIT B COCEJIHUX (110 CTOPOHE) KJIETKAX.
KaxoBa HauMeHbIIIas BO3MOXKHAS CyMMa, HOMEPOB Ha TJIABHOM JUATrOHAJIH !

KoncTrpykimun
Koncrpykimuu 10 PaspeszaTh KBagpaT co CTOPOHOH 4 KJIETKH, Ha TPSIMO-
YTOJbHUKY CyMMa TIEPUMETPOB KOTOPHIX paBHA 25.
Konacrpykimuu 20 Haiitu rakue 50 HaTypasibHbIX 4KUCEJ, YTO HU OJIHO U3
HUX He JIGJIUTCS Ha JIpyroe, a IIPOU3BejeHue JIIOObIX JIBYX U3 HUX JICJIUTCS Ha
JII000€E U3 OCTABIINUXCS YUCEJ.
KoncTpykimuu 30 Hapucyiite jBa nsaTuyrojbHIKa TaK, 9TOObI Y HUX ObLIN
OJIHU U T€ YKe BEPIIUHbI, HO HE ObLJIO HU OJIHON 0OIIEil CTOPOHBI.
KoncTpykimuu 40 Pasb6eiite uncna 1,2,...,2008 Ha jBe Ipymnbl Tak, YTOOLI
CyMMa OJIHOI ObljIa paBHA MPOU3BEJICHUIO JPYTOI.
Koncrpykimu 50 Vwmerorcs wiaiiku (BbIpe3aHHbe U3 KAPTOHA PAMO-
yrosibHUKE) padmepa 2 X 1. Ha kaxx 10ii miiamke HapucoBaHa OJTHA JINATOHAJb.
Ecrb maniku JiByX COPTOB, TakK KaK JIMAroHaJ/ b MOXKHO PaCIOJIOXKUTH JIBY-
Msl CIIOCODaMM, IpUYUEM ILJIAIIeK KaKJI0ro COpTa UMEeTCs JOCTaTOYHO MHOIO.
Cnoxure kBasipara 8 X 8 u3 32 IJIallek Tak, YTO KOHIIbI JUaroHajeil Hurie
He CcoBIaJIN?
Koncrpykimmu 60 Hapucyiite Ha niockocTn 6 IpSMbIX, TaKUe YTO JIJIsST JTEO-
OBIX TpexX M3 HUX HAIIACh Obl YeTBepTasl U3 TOrO »Ke Habopa MPsIMbIX, Ta-
Kasl, 9TO BCe YeTbipe OyIyT KacarbCs HEKOTOPOl OKPYKHOCTH, HO BCE IIECThb
HPSIMbBIX OJIHOW OKPY>KHOCTHU HE KaCaJIUCh.

TekcToBble 3aga4n

Tekcrosbie 3aa4uu 10 Cepexe Ha JieHb POXKJIeHU TTOAapuIn 777 KoHeT.
OH xXoueT ¢becTb BCe KOH(ETHI 38 HECKOILKO JTHEi, IpuieM TaK, ITOObI KaxK-
JIbI J1eHb, HAUMHAsT CO BTOPOTO, C'he/laTh Ha OFHY KOH(MeTy OoJibile, 9eM B
mpeabaymit. Kakoe naubosbiiee uncio nueit Cepexxa MOXKeT eCTh oapeH-
Hble KOH(ETHI?

Tekcrosbie 3aaunm 20 OiHOBpeMenHO U3 jiepeBerb A u B napcrpedy jipyr
apyry Boiin A u Bopsi (MX CKOPOCTH MOCTOSIHHBI, HO HE 00s3aTeJHLHO
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onurakoBbl ). Ecin 661 AHs Bbinita Ha 30 MUHYT paHbIe, TO OHE BCTPETUIIUCDH
Obl Ha 2 KuyioMerpa OJinke K jepesie B. Eciu 0b1 Bopst Boiies Ha 30 MuHyT
paHbIilie, TO BCTpeda CocTosijiach Obl OJmke K jepesre A. Ha ckosibko?
TekcToBbie 3agauu 30 HenocenoBaTebHBIN IpenogaBaTe/b B3sJICI pa3-
JlaBaTh yTdoJiKK 1KoJbHUKaM. Ha paszpady npunuim 20 desosek. [Ipero-
JlaBaTe b MOCTPOMUJ UX IO KPYTY, JaJ OJIHOMY IIepBYyi0 pyTOOJIKY, €ero cocery
CJIeBa - BTOPYIO, 3aT€M OJHOTO YeJIOBEKa MPOIYCTUII, CJIELYIOIeMy aaJl pyT-
OOJTKY, TPOTTYCTHIT JIBOUX, CJEIYIOMEMY JaJl (pyTOOJIKY | T.J., TTIOKA, HEe Pa3/1a
Bce 2012 yTdbo0K. CKOJLKUM 2KEJAOMUM He JTOCTAJIOCh (PyTOOTKN?
TekxcrToBrbie 3aa4qm 40 B n komHarax cujisiT n dejioek. Ha jiBepsix 1nepBoii
Hamrcano: "3ech cuuT oMH YeJI0BeK Ha JABepsix BTopoil: "3iech cuauT Ba
JeJI0BeKa, . .., Ha jBepsax n-oit: "3uech cugur n uenoBek". M3BectHO, 9TO
POBHO OJIHA U3 3TUX HaJIKcell HeBepHA. deMy MOXKeT paBHATHCA N’
Tekcrosbie 3aga4um 50 VY Oegroro masbianka Carmu Bcero 159 moner, npu-
yeM OJIHa M3 HUX JierKasl (pajbIInBas MOHeTa. Y »KaJJHoro Majbunka Koctn
ecTh BeChl, HO 3a Kaxkjo0e B3Bermpanue o beper ¢ Camu miary: 1 pyosn ec-
JIM OJIHA U3 JallleK nepeBecusia u 2 pyOJisi €Ciu BeChl OCTAJMCh B PABHOBECHUH.
Kakyro HauMEHBIIYIO CYMMY JIOJI:KEH IpuroroBuTh Calia 4ToObI 3aBEIOMO
onpeJIe/InTh (PaJIbIIMBYIO MOHETY ¢ IOMOIIbI0O KOCTHHBIX BECOB.
TekcToBble 3amaun 60 3a KpyriabiM crojoMm cuauT 210 genoBek. Kaxkiblii
13 HUX JOO0 phiaph, oo joker. Kaxxaprit n3 nux 3agsui: "Cpean mounx 20
coceneit (10 cipaa u 10 cyieBa) - posHO 10 yikernoB". CKOJIBKO BCEro JIKENOB
3a crosiom? Haiinre Bce OTBETHI.

Abaka. OTBeThI

Anreopa 102 u 3
Anrebpa 20 1/4,-1/4,-3/4
AureGpa 30 (0, 0); (0, 2); (2, 0); (2, 4); (4, 2); (4, 4).

25-51 _ 1275
AHFe6pa 40 Tl) = 01

Anre6pa 50 Hanpumep 22 + (1 — zy)?
Anrebpa 60 1

I'eomerpusa 10 28

l'eomerpusa 20 7

I'eomerpus 30 4

Feomerpus 40 okpyKHOCTH pajuyca 1/2 ¢ TeM ke MeHTpoM 6e3 Tpex To-
4eK, KOTOpble Oy/IyT cepejinHaMu CTOPOH PABHOCTOPOHHEI'O TPEyrOJIbHUKA C
ocnoBannem AB

TFeomerpusi 50 70 u 110 (rpajycos)

TFeomerpus 60 63, 53, 64 (rpajycos)

Teopus auces 10 1003
Teopus uuces 20. 594
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Teopusa uucesn 30. 3

Teopusa gmnces 40. m?

Teopus uncest 50. 2% % 3% « 5 % 7% 11 % 13
Teopus uuces 60.

Kombunaropuka 10 3

KombunaTopuka 20 88

Kombunaropuka 30 976

KomburaTopuka 40 138

KomburaTopuka 50 ne cpaBaumo ¢ 1 mod 3
Kombunaropuka 60 140

Koucrpykium 10 Pazpesanue j10/>KHO ObITH HE 110 JIMHUSIM CETKHU
Koncrpykimunu 20

Koucrpykimum 30 B orsere jBe TOUKM BHYTPHU TpPEyroJbHUKa 0Opa30BaH-
HOI'O OCTAJIbHBIMKM TPEMs

Koncrpykiuu 40 1, 1003, 2008 u ocraJybHble.

KoncTrpykimnu 50

Koncrpykmun 60 Ilyct ABB'A’ —— kBagpar, O — Touka nepecedeHust
ero JuaronaJsei, w u w' — BOUCAHHBIE OKPYKHOCTH Tpeyroabnukos OAB u

OA'B’, Iy n ly — obuwe Buemnne Kacareabuole w n w'. Tormna Tpedbyemas
mecTepKa NPAMbIX — 3710 [q, o, 13 = AB, ly = A'B’, I = AB’, |l = BA'.

TekcroBbie 3amaunm 10 37
TexkcrToBbie 3agaum 20 2kM.
TekcroBbie 3agaun 30 §
TexkcrTosbie 3agaum 40 2 nium 3.
TekcToBbie 3amauu 50 6 pyoOeit.
TekcroBbie 3agayum 60 100 uau 210

23 nrosst 2012
SaKJII0UNTeIbHAs OJIMMIINAIA

JLOBBIBOT

3amaga 1. B crpane ¢dpapaoHOB 0IMHAKOBBIMU MOHETaAMU JIIOOOTO JIOCTOMH-
CTBa MOXKHO HaOpaTh CyMMY B OJIUH JIMHAD, IPUIEM JIJIsI STOI'O BCET/1a HY»KHO
meree 40 moner. Bapon Mionxraysen npupes oTTy/1a IIeCTb MOHET Pa3HbIX
JIOCTOMHCTB ¥ YTBEPXKJIAET, YTO OHM KAaK Pa3 COCTABJISIOT CYMMY B OJMH JIU-
Hap. MoryT Jiu cjioBa 6apoHa OKa3aThCs HpaBJIoi?

Samada 2. [lapabosa Ha KOOPJMHATHON TIJIOCKOCTH HA3BIBACTCS Kpacueot,
€CJIM ee BEPINHA W JIBE TOYKHU MepecevueHnsi ¢ OChIo abCIMCC 00pa3yoT pan-
HOCTOPOHHUI TpeyroJibHuK. JlokaxKure, 4To y BceX KBaJpaTHbIX TPEXUJIEHOB
C KPACUBBLIMU Tpa]puKaMyu OJIMHAKOBBINA JTUCKPUMUHAHT.
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Baga4a 3. [lycts [ — menTp BOUCAHHOR OKpYKHOCTH Tpeyroabunka ABC.
Hoxkaxkure, aro eciu Al + AC' = BC, o /ZBAC =2/ABC.

3amada 4. Kakoe nHauboJibliee 4MCJIO KOHEH MOXKHO PacCTaBUTh Ha IIaX-
MaTHOM JIocKe 8 X 8, TaK UTOOBI KaxK Iblil O He OoJiee ceMr U3 OCTAJILHBIX !

Bama4a 5. CymecrByer Jjin OeCKOHEUHAsI TOCIEJ0BATEIbHOCTD IPOCTHIX UK~
CeJl P1,P2, - - - Py - - - TAKAS, UTO Ppiq = 2pp = 17

BreiBog

3ama4a 6. Heporsnud miemenn Mym60-KOM00 coctout m3 361 Touku, pac-
MOJIOXKEHHBIX B BUJIE KBaJIpaTa 18X 18 u coeluHEeHHbIX OTPE3KAMU, SBJISTIONIH-
MUCS CTOPOHAMHU KJIETOK TakK, UTO TMoJiyudaercs jepeBo. Meporind miaemMeHu
FOM60-MyM60 cocrout u3z 400 Touek, pacIo/IOXKEHHBIX B y3JiaX KBaJipaTa
19 X 19 u coejiuHEHHBIX OTPE3KAMU, SIBJSIIONUMUCI CTOPOHAMU KJIETOK TaK,
9TO MOJIYyYaeTCs JIepeBo, MpUIeM Ha CTOPOHAX OOJIBIIOTO KBaJIpaTa IIPOBe/ie-
HbI BCE OTPE3KU KPOMEe OJIHOr0. deMy paBHO OTHOIIEHUE YUC/Ia Ueporaudon
B s13bike FOMO0-MyMm0O0 K unciy meporsmdos B sa3bike Mym60-FOM607

Bamaua 7. Yersipexyrombunk ABC'D — snucannbiit. [Ipsvast AB nepece-
kaercss ¢ C'D B Touke F, F' — TouKa nepecedenus guaroHaJeit. Onucanable
okpy»kuoctu TpeyronbHukoB AF D u BFC' nepecekatorcs B Touke H. Jlo-

kaxxure, uro ZEHF = 90°.

Bagaua 8. [lano uppaimonanbtoe uncyio a Takoe, uro 0 < a < 1/2. Tlo
HEMY OIpeJiesisieTcss HOBOE YMCJI0 (v KaK MeHbIlee u3 JIByX unces 2a u 1 —2a.
[To aTOMy umcTy aHAJIOTHIHO ONpeessieTcs (i, U TaK jaJjee. JlokaxkuTe, 9T0
JIJisl HEKOTOPOI'O 7. BBITIOJHEHO HEPABEHCTBO (v, < 3/16.



