JABAJIITATH BOCbMAS
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Bumkmnias. 3-28 uroJjidg 2012 r.

9 KJIACC, I'PVIIIIA TTPO®U

[IpenonaBatenu:
A.B.ITactop, A. C. Tpery6os, JI. A. IToros, E. A. Ucaak

IloBopoTrHasi romoTretusi. 04.07.2012

Onpenenenne. [losopomnot 2omomemuedi ¢ KodadduirenToM k u yrjiom
HA3bIBAETCS KOMIIO3UIMSA TOMOTETUN € KOI(PDUIMEHTOM Kk U MOBOpOTa HA
yrout ¢, nmeromux obmuit nentp (HE o RY). IIpu 3T0M MOXKHO CHMTATD, YTO
E>0u0<p< 2.

Teopema 1. Ilpsamvie AB u AyBy nepecexaromes 6 mouke P, npuuem éce
mouku A, B, A1, By, P pasauunw.. Tozda cywecmeyem eduncmeennas no-
sopommas 2omomemuasa, nepesodawan mowky A 6 Ay, a B 6 By, npuuem
€€ UEHMPOM ABAAEMCA MOUKA NEPECEUEHUA ONUCAHHIT OKPYHCHOCTET Mpe-
yeonvnuros AALP u BB P.

Teopema 2. Jlokaosicume, wmo uenmp nosopommoti 20MOMEMUL, NEPEGO-
dawets ompesox AB 6 ompesox Ai1Bp cosnadaem ¢ uenmpom mosopommot
2omomemuu, nepesodawieti ompeszox AA1 6 ompesox BB;.

CrnenctBue. Jlanv wemuvipe npamvie obuiezo noaoscenus. Toeda onucarrvie
OKPYIACHOCTNU YEMBLPET MPEY20A5HUKOG, 00PA30EAHHBLT IMUMU NPAMBLMU,
NePecexaomcs 6 00HOT mouke.

1. a) Jlokaxkure, 9T0 mpeobpasoBaHue MOJ00Us SBJISIETCS MOBOPOTHOM
romoteTueii ¢ kosddunmenrom k # 1 1 yriioM ¢ TOrjia u ToJbKO TOT/IA, KOT/Ia
J71s1 J1I000r0 BeKTOpa «a JaHHOE IIpeoOpasoBaHUe IIEPEBOJUT €ro B BEKTOP
k - a_; (rae a_fp — BEKTOD, TOJIyYeHHbIl 13 BEKTOpa ¢ MOBOPOTOM Ha YIOJI ).

6) Yem MoKeT OBITH KOMITO3WIIUS JBYX HMOBOPOTHBIX MOMOTETHH (mepe-
YHUCJIATE BCE BO3MOXKHBIC BADUAHTBI M JIOKAYKHUTE, UTO JIDYTUX HET).

B) [okaxkure, 410 J1I000€ COXPAHSIONIEE OPUEHTAIIUIO Mpeodpa3oBaHue
1101001 ¢ KO3 MUIMEeHTOM, OTJINIHBIM OT 1, SIBJISETCsI IOBOPOTHON TOMOTE-

THEMN.



2. Jlanb! jiBe HEKOHIIEHTPUUIECKNE OKPYKHOCTU Wi U wy. JloKaxkurte, 910

CYIIECTBYET POBHO J[BE MOBOPOTHbIC I'OMOTETHH C YIJIOM HOBOPOTa %, Ilepe-
BOJISAIINE W B Wy.

3. OKpyKHOCTH w1 U wy nepecekatoTcst B Toukax A u B. Ipsambie p u g,
[IPOXO/ISAIITEe Yepe3 TOUKy A, mepecekaior OKpy»KHOCTb wi B TOYKax P u Q1
a OKPYZKHOCTb wo B TOUKax P, m (Jy coorBercTBeHHO. JlOKaxKkuTe, 9T0 yroJ
MeKJTy OKPYKHOCTSIMU PABEH YTy MeXKTy npambiMu Py u Pr()s.

4. OKpy)KHOCTH W, . . ., W, Hepecekaiorcs B Touke (. Kysneunk npoira-
eT U3 TOYKU X; OKPYXKHOCTU W; B TOUKY X;i1 OKPYKHOCTHU W1, IPU ITOM
npsamast X; X, 1 IPOXOIUT Yepe3 TOUKY IepecevueHus OKPYKHOCTe! w; U Wit 1,
ormaayto ot Toukn O. JlokaxKure, 9T0 Uepes3 n MPbIKKOB Ky3HEINK BEPHET-
Cs1 B UCXOJHYIO TOYKY.

5. JIBe oKpyKHOCTH TtepecekaroTcss B Toukax A u B, a xopabst AM u AN
KacaTcs 3TuxX okpyxHocteit. Tpeyrombuuk M AN joctpoen 0 mapaJiie-
gorpamma MANC, P — cepenuna orpeska BN, touka () — cepeguna MC.
Jokaxure, auro ZANC = LZAPQ.

6. Ha croponax AB u BC tpeyrosbinka ABC' B34TbI COOTBETCTBEHHO
roukn Cy n Ay; rouku M u My — cepemunnl orpeskoB AC' u A;C coorBet-
crBenno. [Ipsamas BM 1mepecekaeT ONUCAHHYIO OKPYKHOCTH TPEYTOJIbHUKA
A1 BC, B Touke K1, a ipsimasi BM; — onucanHyio OKpPYzKHOCThb TPEYTOJIbHI-
ka ABC B Touke K. Camu omcaHHbIE OKPYKHOCTH IIEPECEKAIOTCS B TOUKe P,
a npameie A1C7 1 AC' — B Touke T'. Jlokaxkure, aro Ttouku M, My, K, Ky,
P u T nexar Ha OJIHON OKPYKHOCTH.

Berynureapnas oaumnuaga. 04.07.2012

1. /IMcKpUMUHAHTBI TPEX TPUBEJICHHBIX KBAIPATHBIX TPEXUJICHOB PABHBI
1,4 u 9. Jlokaxkure, 9T0 MOKHO BbIOPATH IO OJTHOMY KOPHIO KazKJIOT'O U3 HUX
TaK, 9TOObI UX CyMMa PaBHAJIACH CyMMe OCTABIIUXCS KOPHENL.

2. Hanwr 10 jgeiictBuTenbubix quces. M3sectno, 1ro jirodoe U3 HUX MEHb-
e, 9eM CyMMa BcexX 4mces1, Jiejiénnad Ha 9. BepHo /i, 9TO BCe 3TU YnCIa
TOJIOYKUTETbHBIE?

3. B pombe ABCD na orpeskax AC u BC' BwiOpanbl Touku M u N
cooTBeTCTBEHHO, TaK, ur0 NM = MD. (N # B, C). Ilpamas DN nepecekaer
orpe3ok AC B Touke P, a upsimasi DM nepecekaer orpe3ok AB B Touke R.
Hoxkaxkure, uro RP = PD.

4. Ectb Tpu nesbIx umucna a, b, c. issectHo, uro a? + b? + ¢ nenmmres Ha
a + b+ c. Jlokazarb, 94T0 KyObl KAKMX-TO JIBYyX M3 HUX JAIOT OJIMHAKOBDII



OCTaTOK IIpH JleJieHnn Ha a + b + c.

5. B 7 gdeiikax 3amucanbl HATypaJIibHbIE YKCIa OT 1 J10 7, HO HEU3BECTHO,
kakue rae. [Ipo yoboit Habop sdUeeKk MOKHO y3HaTh, ABJSETCS JIU CPeTHee
apudmeTndeckoe duces B HeM IebiM. [Ipo Kakume 4nciia MOXKHO y3HATH, B
KaKUX si9eifiKax OHU HAXOIATCH !

WNuBepcus. 05.07.2012

Onpenenenune 1. Mnsepcuetli OTHOCUTENIHHO JAHHOW OKPYZKHOCTH C IIEH-

TpoM B Touke O pajuyca R mpeobpazoBaHue IJIOCKOCTH, IIPH KOTOPOM KazK-
nas Touka A mepexomut B Touky A’ Takyio, uto OA' = R? | OO szQ'

1. Ilycrs unBepcust ¢ nenrpom O nepeBojuT oKpyxKHOCTH S B S’ Joka-
»KuTe, 9To Touka () — IEHTp rOMOTeTHH, epeBojgineii S B .S’

Omnpenenenne 2. Yeaom meorcdy npamot u oKpysHcHOCBHIO HA3BIBAETCS
Yoy MexKJy 3TON HPAMOl M KacaTeJbHON K OKPYXKHOCTU B TOYKE liepece-
YeHUsI ITON MPAMON U OKPYKHOCTH. Y240M MeNHCOY 08YMSA OKPYHCHOCTNAMU
Ha3bIBACTCA YTOJI MEXKJY KACATCIbHBIMUA K 3TAM OKPYZKHOCTAM B TOYKE HX
IepecedcHud.

2. JlokaxKuTe, 9TO MHBEPCHUS COXPAHACT YIVIbI MEXKJy OKPYKHOCTAMU U
HPAMBIMUA.

3. Ilpu momoru UpPKyJIst U JIMHEHKN TIOCTPOTe OKPY?KHOCT, &) IIPO-
XOJLIILYIO 4Yepe3 JBe JIaHHbIe TOYKW U KaCaloUlylocd JaHHON OKPY2KHOCTHU;
6) HPOXOJAINYIO Yepe3 JaHHYI0 TOYKY U Kacalollylocd JIBYX JAHHBIX OKPYZK-
HOCTEH; B) KaCalollyocd Tpex JAHHbIX OKPYZKHOCTEH.

4. B cerMeHT BIUCBHIBAIOTCS BCEBO3MOXKHBIC ITAPbI OKPYXKHOCTEH, U JIJIst
KaxKJIOi 1Iapbl CTPOUTCA UX pajuKajabHad och. /loKaxkuTe, YTO BCe MOy INB-
muecsd IpdAMble IIPOXOJIAT Yepe3 OJHY TOYKY.

5. PaccmorpuM 3 monapHo mnepeceKaronuecs OKpPyKHOCTU Wi, We U W3.
[Iycts Tpm mx obOmme XOpJbl MMEIT TOUKOW mepecederus K. ObGosnadnm
qepe3 (J; TEHTP OINMCAHHON OKPYKHOCTH TPEyroJIbHUKA, 00Pa30BAHHOTO
KaKOI-TO TPOMKOI OOIUX TOYEK Wi U Ws, Wo U W3, W3 U Wy, & depe3 Oy —
[IEHTP OIKUCAHHOM OKPYKHOCTU TPEYTrOJbHIKA, 00PAa30BAHHOIO BTOPHIMU TOY-
KaMU Iepecevuennsl Tex ke nap okpyzxuocreit. Hokaxkure, aro R, O u O,
JexkKaT Ha OJHON IIPAMOI.



6. Jlana oKpy2KHOCTBH U TOYKa PP BHyTpHU Hee, OT/IMYHAs OT reHTpa. Pac-
CMATPUBAIOTCA TAPhI OKPYKHOCTEl, Kacalolmuecs JAHHOW W3HYTPU U JIPYT
npyra B Touke P. Haiijure reomerputieckoe MeCTO TOUYEK Iepecedenusi 00-
IIIUX BHEITHUX KACATETbHBIX K 9TUM OKPYZKHOCTSIM.

Ilapocoueranusi, MOKPBITUSA U JApyrue BaKHble noHaTus. 05.07.2012

Bynem ncniosszoBats cieyiontue obozuadenus: V (G) n E(G) — Muoxe-

crBa Bepinn u pebep rpada G; v(G) = [V (G)], e(G) = |E(G)|.

Onpepenienne 1. Muoxkecrso Bepmua U C V(G) HasbiBaercss ne3asucu-
MbiM, €CJIN HUKaKHe J[BE ero BepuimHbl He cMexKHbl. O6o3HaunM depes aG)
KOJIMYECTBO BEPIIMH B MaKCUMAJLHOM HE3aBUCUMOM MHOX)KecTBe rpada G.

Ounpenesnienne 2. Muoxecrso Bepmua W C V(G) nasbiBaercsa domunupy-
HoujuM, €CJI OHO TIOKPBIBaeT Bce pébpa rpada (To ecThb /I KaxKJI0ro pebpa
xoTst 6bI OJIMH W3 ero KOHIOB npuHajyexur W). Obosnaunm [epes [(G)
KOJIMYECTBO BEPIIUH B MUHUMAaJILHOM JIOMUHHUPYIOIIEM MHOXKecTBe rpada G.

Ounpenenenne 3. MuoxkecrBo pébep M C E(G) nasbiBaercss napocouema-
HueM, ecJii HUKaKue JIBa ero pedpa He nmeior obiieit Bepimnbl. O6o3HATNM
gepe3 o/ (G) KosmaecTBo pébep B MaKCHMaJbHOM Hapocoderanun rpada G.

Onpepenienne 4. Muoxkectso pédep F' C E((G) HasbiBaeTcsi nokpvimuem,
ecJIi OHO MOKPBIBAET BCe BepiiuHbl rpada (To ecTh Kaxkias BepiinHa rpada
SIBJISIETCST KOHIIOM OJTHOTO U3 pebep MuOkecTBa F'). O603HaunM uepes f'(G)
KOJINYECTBO PEGEp B MUHMMAJILHOM HOKpLITHN Tpada G.

1. Teopema Kénura (D. Konig, 1931.) [Iycts G — aByosbablii rpad.
Torma o/ (G) = B(G).

a) Beisesere Teopemy Kénnra u3 reopembr XoJuia.

6) BeiBesere Teopemy Xosuta u3 Teopembl Kénura.

2. a) Hokaxure, aro o(G) + B(G) = v(G) psa moboro rpada G.

6) Teopema Tasunam (T.Gallai, 1959.) Jlokaxure, uro o/(G) +
B'(G) = v(G) ns moboro rpada G 6e3 Bepumn crenenu 0.

3. Ilpu ynasnenun us rpada 000 BEPIIMHBL OCTAIbHbIE BEPIITUHBI MOYKHO
pasbuTh Ha napbl CMEXKHbIX. JloKaxkuTe, 9TO Yepes JIoOYIO BEPUIMHY 3TOIO
rpada IPOXOUT HEYETHBII MUK/ (HECAMOIIEPECEKAIOIIUIICS 0 BEPIIITHAM ).

Onpeaenenue 5. Yemnoim Kowmypom creneHn k HA3bIBACTCHA OTHOPOIHBII
rpad crenenu k, He cojep:Kalinii HEYEeTHBIX ITUKJIOB.
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4. (Teopema Kénura o uerHom koHType.) [lokazkure, 9T0 YeTHBIH
KOHTYp cTerenn k MOXKHO pa30uTh Ha k rpadoB crernenu 1, He MUMEIOIUX
obmux pedep.

Onpenenenne 6. [Tapocoueranue, MokpbIBaoIee Bce Bepinnbl rpada, Ha-
3bIBAETCS COBEPULEHHDIM NAPOCOYETNAHUEM.

5. Crenenu Bcex BepiuH rpada paBubt 3. O0s3aTeILHO JIU B TAKOM I'pade
€CThb COBEPIIEHHOE MapOCoOIeTaHme”!

6. Hazosem pebpo rpada 6astcHvim, €Cliu TIPU €ro YIAJeHUN YBeTnInBa-
eTcs pasMep MaKCHUMaJIbHOro mycroro nojarpada. Jlokaxkure, uro ecu JBa
BaKHBIX pedpa MMEIOT ODIIYIO BEPIINHY, TO B rpade ecTh HeUeTHBIH UK.

Pa3uob6oit Nel. 05.07.2012

1. B tpeyrosbauke ABC' BHEBIIUCAHHBIE OKPYKHOCTH KacarTCsAd CTOPOH
BC,AC, AB B toukax Ai, By, (4. Touka A* — Touka mepecevdeHusi cepe-
JIMHHBIX TIEPIIEHINKY/IApoB K oTpe3skaMm BBy, CC). AHasornaHo omnpeses-
forcst Touku B* u C*. Oxaszajoch, aro Toukn A*, B*, C* jgexart BHyTpH yr-
jnos BAC, ABC, BC'A coorsercrenno. /lokazkure, uro npsambie AA*, BB*
u C'C* nepecekaioTcsi B OJIHOI TOUKe.

2. Haiijture nammenbiiiee HATypaJIbHOE £, TAaKOE, YTO CYIIECTBYIOT IIe/Ibie
YUCTA X1, T2, . - ., Ty, YIOBIETBOPSIOIINE PABEHCTBY

¥4+ ad = 20027002

3. 13 GeckoneuHO# MmTaxMaTHON JOCKU BbIpe3aHa CBsa3Had ¢urypa. Oka-
3aJI0Ch, YTO YEPHBIX KJIETOK B Heil POBHO B TPHU pa3a 0oJibllle, 4eM OeJIbIX.
Jlokaxkute, 9TO ee MOXKHO pa3pe3aTh Ha OJUHAKOBbIE CBA3HbIE (DUT'YPKU CO-
CTOMAINNE U3 YETHIPEX KJIETOK.

4. Jlokaxkurte, 4TO Jjid JIIOOBIX HATYPAJbHBIX YUCET M, N > 2 CIpaBe/i-

JINBO TOKJIECTBO [%} + [2—”] +...+ [M} = [m} + [2—’”} +...+ [M}

m m n n n
5. B n-snementnom mMuoxkectBe X BBIOPAHBI TPEXIJIEMEHTHBIC ITOIMHO-

xectBa Ay, As, ..., A, lepecedenne JTOOBIX JBYX U3 KOTOPBIX COCTOUT HE
boJiee, yeM u3 OJHOTO 3jaeMeHTa. JloKaxkuTe, 910 B MHOXKecTBe X HaWIET-
csl IIOJIMHOXKECTBO A, cocrosiiee He MeHee, YeM U3 [\/%] 9JIEMEHTOB U HE
cojieprKaliiee HU OfHOrO u3 nojMuoxkects A; (i =1,2,...,m).

6. /lokaxkure, 4TO M3 JIIOOONO KOHEYHOI'O MHOYKECTBA, TOYEK Ha ILJIOCKO-
CTU MOYXKHO TaK YJIAJUTbL OJHY TOYKY, UTO OCTABIIEECS MHOXKECTBO MOXKHO



pasbuTh Ha J[Be YacTu MeHbInero auamerpa. (Jluamerp — 310 MakcuMaIbHOE
PacCCTOsTHIE MEZKJLy TOYKAME MHOYKECTBA).
7. Pemure cucremy ypaBHEHWUI:

xy+rz+yz=1,

1 1 1
3lz+—-)=4ly+—-])=5|2+~-
x Yy z

Breinykmaoctb. 06.07.2012

Onpeaenenune 1. Ourypa Ha3bIBaCTCAd 6bNYKAOT, €CJIU BMECTE C JIIOOBIMU
JIByMsI CBOUMU TOYKAMU COJIEPZKUT COCTUHSIONINI UX OTPE3OK.

1. Jlokaxwure, uro nepecederne Jjoboro (B Tom 4ucie u 6eckonedHoro!)
MHOXKECTBA, BBIIYKJIBIX (DUIYD ABJIAETCA BBILYKJIOH PUrypoit.

Onpenenenune 2. Bunykavim MH020Y2045HUKOM HA3BIBAETCA MHOTOYTOJIb-
HUK (T.e. 3aMKHYTasl HeCaMOIIepeCeKaroIasicst JJOMaHasl ), JeKAIIUil B OJJHON
MOJTY TIJIOCKOCTU OTHOCHTE/ILHO JII000M U3 MIPSAMbBIX, COJIEPKAIIIX €10 CTOPOHDI.
Touka M, He jexKalas Ha CTOPOHAX BBIITYKJIOIO MHOIOYTOJIbHUKA, Ha3bIBa-
eTcst HympenHetl, ecJid JIEXKUT 110 OTHOIIEHUIO K JII000# U3 9TUX NPAMBIX B
TOI Ke TMOJIYIJIOCKOCTH, YTO U BECb MHOI'OYTOJIbHUK. B ITPOTMBHOM ciiydae
TOBOPAT, YTO ToUKa M sescum eHe MHO020Y2000HUKG.

2. Jokazkure, 9T0 J1J1s JIFOOOTO BBIIYKJIOTO MHOTOYTOJIBHIKA, &) OTPE30K
COEJIMHATONIUI JTIOOBIE JIBE €ro BHYTPEHHUE TOYKU IEJTUKOM JIC2KUT BHYTPU
Hero;  0) Jirobasi JIoMaHast, COeJUHSAIONIAsT BHYTPEHHIOI TOYKY C BHEITHEI,
nepecekaeT XoTs Obl OJIHY M3 CTOPOH MHOTOYTOJIbHUKA (HE 00S3aTeIbHO BO
BHYTPEHHE! TOYKe, BO3MOXKHO OHA IIPOXOJIUT Yepe3 BEPIINHY MHOI'OYTOJIbHH-
Ka); B) JIEOOBIE JIBE BHEIIHME TOYKU MOYKHO COCJIMHUTDH JIOMAHOIl, He Tepe-
CeKalolIeiicsad ¢ MHOTOYTI'OJIbHUKOM.

Teopema (reopema zZKopnana). /laa 10600 3amKHymot Hecamonepecexaro-
wutica somanott M wa naockocmu, muoorcecmeo ecex He aedxcauuxr na M
Mover MoAHCHO paddbumov na dsa nodmmoorcecmea My v My, maxuzx, wmo
(1) r0bvie dee mouku u3 00H020 NOOMHONHCECTNEA MONHCHO COCOUNUMD A0~
Mmanoli, ne nepecexarowetica ¢ M;
(2) m06a4 AOMAHAA, KOHUDL KOMOPOT AEHCAM, 6 PASHHLT NOOMHONCECMBAL,
nepecexaemcs ¢ M,



(3) mmoorcecmeo My oeparnuueno (mo ecmuv aescum 6 HEKOMOPOM Kpyee),
a muoorcecmeo My — ne oepanuyeno.

3ameuanne. PakTudecku, B 3aja4de 2 Mbl JOKA3AM YACTHBIN CIydail 3Toi
TEOPEMbI JIJIsd JIOMAHOM, 0Opa3yioleil BBITYKJIbIE MHOroyrojbHuk. OOriuit
caydaii moka OyjaeM IpuHUMATh 0e3 JI0Ka3aTeIbCTBRA.

Onpenenenne 3. Bunyk.iot 000404K0T MHOXKECTBa TOUYeK A Ha3bIBaeTCs
HAMMEHbIAas 110 BKJIOYEHUIO BBIMYKJAasg (Urypa, cojepzKaiias BCe TOYKHU
muO)kecTBa A (TO ectb Jitobast Jpyrasi BhIIYK/as GUrypa, cojeprkaiias Bee
Touku A JI0/ZKHA COJIepKaTh TaKyKe U BBIMYKIIYIO 000JI0UKy A).

3. JlokaxkuTe, 9T0  a) y MPOU3BOJILHOIO MHOYKECTBA TOYEK Ha IJIOCKO-
CTU CyIIEeCTBYeT BBINyKJjas 060J0UKa; 0) BbIIyKjas 060J0UKa KOHETHOTO
MHOZKECTBa TOYEK SIBJISETCA MHOIOYTOJILHUKOM C BEPIIMHAMEU B HEKOTOPBIX
U3 9TUX TOYEK; B) BBIILYKJIAsk 000J0YKA MHOIOYTOJIbHUKA COBIAAET C BbI-
IYKJIOH 000JIOUKOIT MHOXKECTBA €r0 BEPIIHH.

4. JIaHO 1 NOIAPHO HECOHAIPABJICHHBIX BEKTOPOB 1, . . . , 4y, (n > 3) Ta-

KHUX, 4YTO a_1> + e+ a_n> = 0. a) lokaxkure, 9T0 CYMICCTBYET BBITYK/IBIH

N-yroJbHUK A; ... A, Takoii, 970 HabOp BEKTOPOB AlAé, AQA;;, cee A, A] coB-
majiaeT ¢ HabopPOM a_1>, e ar. 6) CKOJIBKO CYIIECTBYET Pa3IMnIHbIX MHOTO-
YTOJIBHUKOB, YJOBJIETBOPSIIONINX YCJIOBHIO MyHKTA a)7

5. a) [lokakure, 9T0 MHOTOYTOJIBHUK SIBJISICTCST BBIITYKJIBIM TOTJIA U TOJIb-
KO TOIJIa, KOTJIa Y HEr0 HET CBEPXTYIIBIX YIJIOB.

6) Buyrpennsisi 06J1aCTh HEKOTOPOI'O MHOTOYTOJIbHUKA SIBJISIETCST BBITYK-
Joit urypoii. Jlokaxknre, 9T0 3TOT MHOTOYTOJbHUK BBIITYKJIBII.

6. Ha mtockoctu jtanst 5 Touek obiero nojoxkenus. Jlokaxkure, 910 u3
HUX MOYKHO BBIOPATH 4, SBJISIONINECS BEPIIMHAMU BBIITYKJIOTO Y€THIPEXYT0JIb-

HHKa.

Jlemma 06 yrounenuu nokasareis. 06.07.2012

Onpenenenne. Bynem mucats p* || n, ecma n * p¥, no n / pF+t.

1. (Jlemma o6 yToyHeHuM ToOKazaTess.) [JaHbl NPOCTOE YUCIO P U
HaTypaJbHbIe Yucaa a u n, npudem a — 1 - p. lyers p' || a — 1.  a) Ho-
Kaxkute, 910 ec n [/ p, 1o p' || a® —1.  6) Ilycrs marypanbioe uncio k
TakoBo, ato p* || n. dokaxmute, uTo ecom p > 2 mm t > 1, o p'** || a™ — 1,
aecmp=2mut=1, 10282 |a" — 1.
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3ameuanue. lnorna ee nazbiBator “aemmoii ['ensessa’, HO 9TO He cOBceM
MIPaBUIBHO.

2. CKOJIbKUMY HYJIIMA OKAHIMBAETCS IUCJIO 45° 4 657

3. B kaxoii crenenu 5 BXoguT B paszjozkenue uncia 31000
CTbIE MHOXKHUTEIHU !

4. JlokaxknTe, 9TO MOKA3aTEIb YHCIa 2 110 MOymio 3" pasen ¢(3").

5. Haiigure Bce mapbl HATYpATbHBIX Yncea (,Mn), JJId KOTOPbIX & > 2,
n>1wu 2" —1 — crenenb IpocTOro 4yucJia.

6. Pemure B HaTypa/sbHbIX unciax ypasuenue z¥ + 1 = (z + 1)Y.

— 21000 g3 mpo-

Pa3zuob6oit Ne2. 06.07.2012

1. B crpoky Bbeimmcanbr unciaa 1, 2, ..., 9. 3a oguH X0 paspernaercs
«IIepeBepHYTh» (T.e. 3almcarb 4Yucjia B 0OpaTHOM IOpsijiKe) JIIOOOH 6JIOK
HOJIPSAJT UYIIUX YUCEsI, 3allUCAHHBIX B MOHOTOHHOM MOpsifike (Hampumep,
91 @2748 — 91 @2748). Jlokaxkure, 9T0 He OoJiee, UeM 3a 12 TaKux
XOJIOB YHCJIa, 3aIUCAHHbIE TIEPBOHAYAIBLHO B IIPOU3BOJIBLHOM MOPSJIKE, MOXK-
HO PaCIOJIOXKUTH B MOHOTOHHOM TIOPSIJIKE.

2. B kpyxkke 3anunmaiorcd 20 MaJbYUKOB U HECKOJIBKO JIeBOYeK. Kazkiprit
MaJIBIUK JPYZKUAT He O0JIbIe, YeM ¢ TpeMs JeBoukamu. OIHAKO it JTIOObIX
TPeX MaJIbYMKOB €CTh JIEBOYKA, C KOTOPOM JIpyzKaT XOTsd Obl J[Ba U3 HUX.
JlokakuTte, 9TO ¢ KaKOW-TO U3 JEBOYEK JIPYKUT XOTHA ObI IMATH MAJBINKOB.

3. Ha croponax AB, BC, C'D, DA BBIIyKJIOrO0 YeTHIPEXYTOJIHHUKA
ABCD swibpansr Touku K, L, M, N coorsercrBenno. OKa3ajgoCh, 4TO Is-
tuyroabuuku ABLM D v BCDN K sasisitorcs Biucanubivu, u LM = KN.
Hokaxkure, uro /BAD = Z/BCD.

4. Hajimure Bee HATypasbHBIE M, TPH KOTOPLIX p* = 23™ 4 22™ 1 1 ecrm
P — TIPOCTOE YUCJIO.

25. I[.HHQHOJIO}KI/ITG.HBEIBIX qucesl ai, o, ..., G, JOKAXKUTEe HEPaBEHCTBO
2a 2a; 2a
1 4+ .+ —->ata+ ...+ a,.

a1+tas az+ag ap+ar —
6. Vppanuona/ibHblii B3PBIB C SMUIEHTPOM B TOYKe P yiajsieT u3 I10c-

KOCTHU BCE TOYKHU, HAXOJAIINECS Ha UPPAIMOHAJILHOM PACCTOSHUU OT TOYKHU
P. Kakoe HamMmeHnbIlee KOJUIECTBO UPPAIMOHAJIBHBIX B3PBIBOB JI0CTATOIHO
JIJISE TOTO, 9TOOBI YIAJUTH U3 IJIOCKOCTU BCE TOUKU?!

7. Haitjure kosmdaectBo Ko dunuentos muorowieHa (1 + x)1988, He Jie-
JISTIIXCA Ha 3.



HepasenctBa. 07.07.2012

1. Janbl moJIOKATE/IbHBIE YUCIA A, A1, . .., A, TaK@e, 970 JJIg JI000I0
HarypagbHOro 7 1 < ¢ < n — 1, BBIIIOJIHEHO HEPABEHCTBO: a? = ;1011
Jlokaxkurte, 9TO

g+ a1+ ...+ ay a1+a2+...+an,1>
) =

n+1 n—1
a0+a1+...+an_1_a1+a2+...+an

n n

>

c a b 1 1 1
2. Ilycts a, b, ¢ > 0. [Jokazknre HepaBeHcTBO 5 + 1 + — = 2(; + 5 — 7).
3. Jlsist mOOBIX HOJMOKATEIBHBIX YUCET A1, dg, . . . , A, JOKAKATE HEPABEH-

CTBO

<1+a—%) (1+a—§)...<1+ﬁ) > (14+a)(1+as)...(1+ap).

ag as ai

4. [lponomxenns memuan AA;, BB, CC, tpeyrosbauka ABC nepece-
KAIOT OIMMCAHHYIO BOKPYT HEI'O OKPYKHOCTH B TOUKaxX Ag, By, Cy. lokaxkure,
970

3(AAs + BBy + CCy) > 4(AA, + BB, + CCY).

5. [Tycrob x,y, z > 0. Jlokaxure, 9to \/x + v/ y + /2 = ¥/Tyz.
6. JlokakuTte, 9TO JIjIT HEOTPUIATEbHBIX YUCE X, Y, 2, Y/IOBJIETBOPIIO-
) Y Y Y
X yCJIOBUIO %+ y2 + 22 = 1, BBRITIOJTHEHO HEPABEHCTBO

T z 3V3
TR > 3V3
1—22 1—9y2 1-—22 2

BryTpeunnnii mar6oii. 07.07.2012

1. Kaxmasa cropoHa paBHOCTOPOHHEIO TPEYTroJIbHUKA pa3zjesieHa Ha 6
PaBHBIX YacTeil, yepe3 TOYKHU JICJICHUS MPOBEJICHBI IPAMbIE, ITapaJsiiebHbIe
CTOPOHAM, JIEJIINe UCXOJHBIA TPEYroJbHUK Ha 36 MaJIeHHbKUX TPEYToJib-
HUYKOB. B KaxKJI0iff u3 BEPIIUH 3TUX TPEYTOJbHUYKOB CUIUT 110 KyKy. OHu
OJIHOBPEMEHHO HAYMHAIOT JIBUTATHCS 110 JIMHUAM JIEJIEHUS C PABHBIMU CKOPO-
cramu. Koria »KyK 1oma/ilaeT B BEPIINHY TPEYroJbHUYKA, OH ITOBOPAYUBAET
na 60 wiu 120 rpajycos. /lokaxkure, 9TO dYepe3 HEKOTOPOE BPeMsi KaKUE-TO
JIBa JKYKa OKayKyTCsl B OJIHON BEpINMHE MAJIEHHKOI'O TPEYTOJILHUYIKA.



2. M — cepemuna AC' tpeyrospauka ABC. Obo3naunMm depe3 A; meHTp
BIIMCAHHOW OKPYXKHOCTU TpeyroyibHuka ABM, Ay — 1eHTp ero BHEBIUCAH-
HOW OKPY?KHOCTH, Kacaloleiicss cropoubl AB. AHAJIOTUYIHO J1J1si TPEYTOJIbHE-
ka BCM oupeneinsiiorcss Touku Ch, Cy. Hoxkaxkure, aro A; AyCoCy — Bn-
CaHHBIN.

3. Xpomaruueckoe qnciio rpada G pasuo k. 3BectHo, 910 cymecTByeT
IpaBUIbHAs pacKpacka BepirnH rpada G Takast, 9T0 BEPIIUH KaxKI0T0 I[BeTa
xoTs Obl jiBe. JlokaxkuTe, 4TO CyIIECTBYeT Takas PacKpacka B k I[BETOB.

4. B Boiykjiom dersipexyroibauke ABCD touku P, ), R, S — cepeau-
ubl cropon AB, BC', CD, DA coorBercTBenHo, a Touku K, L. — cepeauHbl
munaronasieit AC' u BD coorBercTBeHHO. /lmaronam mepecekarTcs B TOUKe
O. BuyTpu derblpexyrojibHUKa HaIIach Takag Todka X, ato OK XL —
napaJuiesiorpaMm. Jlokaxkure, 9TO IIOMAIM IETHIPEXyroJbHukoB X SAP,
XPBQ, XQCR u XRDS pasHbL.

5. Jlokaxkure, 9TO JIJIsl JIIOOBIX HATYPAJIBHBIX @ U b JIMIIb KOHETHOE KO-
JIMYECTBO HATYPaJbHBIX N TaKuX, 4To 0ba umciaa an? + b u a(n + 1)% + b
SIBJIAIOTCST TOTHBIME KBaIPATAMIU.

6. BemectBennbie uucia ap, ds, . . ., 4, TAKOBbI, YTO JJIs JIIOOBIX %, ] BbI-
HOJIHAETCA HEPABEHCTBO a;y; < a; + a;. JJokaxkure, 4ro  a; + “2—2 + %3 +...+
> .

7. Paccmorpum muOKecTBO M3 20 1esbix umcen { tag, tas,...,+a}.
JlokaxkuTte, 9TO U3 3TOTO MHOXKECTBA MOXKHO BBIOPATH HEIYCTOE ITOIMHOXKE-
CTBO S TakKoe, UTO HUKAKHE JBa YUCIa +a; He MOTYyT oba Jexarb B S, u
cymma Beex unces u3 S genurcs na 1001.

8. [lycrb A — KOHEYHOE MHOYKECTBO TOYEK ILJIOCKOCTH, KaxKJias U3 KOTO-
PBIX MMOKpaIllieHa Jinbo B YepHbIil, b0 B Oebiii niBer. MHOXKeCTBO A Ha3bIBa-
eTcsI HepaseIMMbIM, eCJIh JjIst JTI000i psaMoit [, He cojepzkarreit Touex A,
HaillyTcsd JiBe pa3HOIBETHBIC TOYKH, JICXKAIIUE IO OJHY CTOPOHY OTHOCUTE b
o [. Ilycte M — Hepasjie/inMoe MHOXKECTBO, HUKAKHUE TPU TOUYKU KOTOPOI'O
He JieykaT Ha OHON npsamoii. JlokaxKure, 9TO HEPa3/IeTUMbIX [I0JIMHOXKECTB
M ¢ deTHBIM YMCIOM TOYEK HA OJHO OOJIbINE, YeM C HEUETHBIM.

ITepBoobGpaszubie kopHU U nokazaresiu. 09.07.2012
CrauaJia HATIOMHUM OIIPE/IeICHIE.

Ounpenesnienne 1. Ilycrs (a,m) = 1. Hanmenbriiee HaTypaibHoe 9ucio d
takoe, ato a? = 1 (mod m) HasBIBaeTCA NOKA3AMEAEM, KOMOPOMY NPUHAO-
AEHCUM. A MO MOOYAIO M.
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Hucora, puHAJIEKAIHe MoKa3aTes o ¢(m) (ecan Takue CyIecTBYIOT),
Ha3BIBAIOTCS NEPEO0OPAHHLMY KOPHAMU TI0 MOJLYIIIO M.

B mporiom rojty Mbl J1oKa3aJm, 9To IepBooOpa3Hble KOPHU CYIIECTBYIOT
110 JII0OOOMY TIPOCTOMY MOJTY/IIO. A 110 KAKUM €I1le MOJLYJIsIM OHU CYIIECTBYIOT?

1. Ilyctb p — HEedeTHoe npocroe 4ucyo. /JlokaxKure, 9T0 CyIIeCTBYET Iep-
BOOOPa3HbIil KOpeHb 110 MOJLyJlio  a) 2p;  6) p*> u 2p%;  B) p" u 2p™, raen —
[IPOU3BOJILHOE HATYPAJIHLHOE YHCJIO.

r) Jlokazkure, 9TO €CJiM MO MOJYJIIO 1M CYIIECTBYET IIePBOOOPA3HbIH KO-
peHb, TO M paBHO Jinbo 2, audo 4, mbo p", mudo audo 2p™, rmen € Nu p —
HeYEeTHOE MTPOCTOE UUCJIO.

2. Jlokazkutre, 4TO 11 KazKJI0ro n Haiigercs Takoe m, aro 2™+ 2008 - 3".

3. a) llyctb p € P, d | p— 1. CKOJIBKO pa3MIHBIX OCTATKOB OT JIeJIe-
Hug Ha p garor uucaa 14,24 .. (p —1)%?  6) CkosbKo GyjieT pasamaHbIX
ocrarkoB, eciu (d,p — 1) = k?

Onpenenenune 2. HarypajbHoe 9mHCIO N HA3bIBACTCA wuciom Kapmatixaa
WA NCEGIONPOCTIBLM YUCAOM, ecn a” — a - n jas aoboro a € N.

4. a) (A. Korselt, 1899.) Yucso n ssisierca anciom Kapmaiikia Tora
U TOJIBKO TOIJIA, KOIJa Jyis JII000T0 MPOCTOTO JIEJUTENs P UCaa 1 UMeeT
mecron/ pPun—1:p—1.

6) Haitaure Bce uncina Kapwmaiikna sujga 3pg, rue p, q € P.

IlonsipHoe mmpeo6pazoBanme. 09.07.2012

Onpenenenne. Ilyctb w — okpyxkHOCTh ¢ mnenrpom O paiamyca r, P —
touka, oraudHasg or O. [loaapotd Touku P Ha3blBaeTcs IpsiMas P, IepIIeH-
mukyssipaast OP u npoxogsinas depe3 touky P’ (06pa3 P npu unHBepCHH
oTHOCUTENLHO W). Touka P Ha3bIBAETCS NOANCOM TIPIMOIL P.

1. a) Jlokaxkure, 4To ecjiu moytoc A mpsiMoii @ JIeKUT Ha 1oJisipe b TouKn
B, To Touka B Jiez2KUT Ha NPIMOIl a.

6) Ilycts A, B,C' — T0o4YKH IIOCKOCTH, a,b, ¢ — ux noysipbl. JJokaxkure,
gro Toukn A, B, C' jiexkar Ha OJIHOW TPSIMOil TOTJA U TOJIBKO TOTJA, KOT/a
psSMbIe @, b, ¢ TIepeceKaroTcs B OJIHON TOYKE WJIH MapaslIeIbHbL.

B) 13 Touku P BHE OKPYKHOCTH W IPOBejieHbl Kacareababie PM u PN.
Hoxkaxkure, aro M N — nonasipa Touku P.
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2. Ha okpyxnoctu ormeuensl Touku A, B, C, D, E, F. llpavbie AB
u DFE nepecekatorcss B Touke U, mpsamble BC' u EF — B Touke V', a mps-
mbie CD u FA — B rouke W. (Hekoropsie u3 Touek A, B, C, D, E, F moryt
COBIIAJIATH, B 9TOM CJIydae B KAUeCTBE COEJIMHSAIONIEN UX MIPAMOil PACCMATPHU-
BaeTCsl KacareabHas B 9TON TOUKe.)

a) [Tycrb X u Y — BTOpbIe TOUKH TI€peceveHnst OMUCAHHON OKPYZKHOCTH
tpeyrosibauKa BEV ¢ npambimu AB u D E coorBeTcTBeHHO. JloKaxKuTe, ITO
COOTBETCTBYIOIIHE CTOPOHBI TpeyroabHuKoB XYV u ADW napaJuiesbHbI.

6) (Teopema Ilackassi.) [Ipu momoru myHKTa ) JOKAXKUTE, 9TO TOY-
ku U, V u W jnexar na oiHOIl IPSIMOI.

B) Chopmysupyiite u JoKazKuTe TEOpEMY, TBORCTBEHHYIO K Teopeme [Tac-
KaJIs.

3. Jlan Buucanubiii yerbipexyroibauk ABCD. Ilycts E — Touka 1iepece-
YeHUsI ero JinaronaJeil, F' — Todka mepecedeHus mpojosKenuii cropon AD
u BC', G — Touka niepecedenus npojoskeruit cropon AB u C'D; H — Touka
IepeceveHnsi KacaTeIbHbIX K ONMUCAHHON OKpyzKHOCTH B TOUkax C' u D.

a) Jdokaxkure, aro Trouku F, F, H jexar Ha OJHOI IPAMOIi.

6) Hokaxwure, uro FF — nonspa toukn G, a FG — noaspa touku F.

4. Jlan Bumcannbiii yersipexyroibuuk ABCD. Touka O — 1eHTp ero
OIMCAaHHOW OKPYzKHOCTH, T — TOYKa mepecedeHus jguaronaseit, P u ) —
TOYKHU IT€pecedeHns MpooKernit cropor. Jlokaxwure, uro touku P, (), T
u O obpasyor opmoyenmpuueckyto wemeepky (T. e. 06asi U3 HUX SIBJISIETCST
OPTOIEHTPOM TPEYTOJIbHUKA, 00PA30BAHHOIO TPEMSI JIPDYTHUMH).

5. Yepes 1enTp BIUCAHHON OKPYZKHOCTU TPEYTOJIHLHUKA ITPOBEICHBI MPsi-
Mble, TepIIeHINKYJIsApHble ero buccekTpucam. Jlokakure, 9410 TOYKH Iepe-
cevenusi ITUX IPAMBIX CO CTOPOHAMU, HA KOTODBIE OIYIIEHbl OUCCEKTPUCHI,
JezKaT Ha OJHON IIPAMOI.

CoBepriennbie ntapocodyeranusi. 10.07.2012

Bynem ucnionbzosars caenytomue obosnadenus:: ecan U C V(G), To de-
pe3 G — U oboznauaercs rpad, moydeHHblil yaasenneM u3 G Bcex BEPITUH
muO)KecTBa U (M BCex MHIMIEHTHBIX uM pebep); ecan ab € E(G), To yepes
G + ab oboznauum rpad, nosyuenusiii 3 G jrobassenuem pebpa ab.

Onpenenenne 1. Ilycre M — mapocoderanne rpacda G. HasoBem myTh
M -wepedyrowumcsa, ecin B neM depejiyiorcs pedbpa uz M u pebpa, He BXo/s-
e B M. HazoseMm uepeyromutiics mythb M -donoanaroujum, €ciim ero Hauao
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1 KoHel He TOKPBITEl M (To ecTh HEU OJHO u3 pebep mapocoderanus M wHe
MHITUJIEHTHO HU OJTHOMY U3 KOHIIOB ITyTH).

1. Teopema Bepxka (C.Berge, 1957.) Jlokaxure, 4r0 mapocode-
tarue M gBISeTCsT MaKCHMaJbHBIM TOTJA W TOJBKO TOTJA, KOTJAA HeT
M -jtonoTHAIONUX Ty TEl.

2. Bepmunsr z,y, z,w € V(G) Takossl, uro xy,yz € F(G), HO 2, yw &
E(G). Ilycrs B kaxgom u3 rpadoB G + xz u G + yw ecTb COBEPIIECHHOE
napocoderanne. Jlokaxkure, aro Torma u B rpade G ecTb COBEpPIEHHOE TIa-
pocodeTaHue.

Onpepesenne 2. O6o3ua 1M depes o(G) KOTMIeCTBO HEUETHBIX KOMIIOHEHT
cest3uocTH rpada G (TO eCTh KOJIMYECTBO KOMIIOHEHT CBSIBHOCTH, COJIEprKa-
[IIX HEYETHOE UKCJIO BEPIINH).

Teopema Tarra o coBepiiennom mapocoderanun (W.T. Tutte,
1947.) B rpade G cyriecTByeT coBepIlieHHOE [TapOCOYeTaHne TOTIA U TOJBKO
Torja, Korna i jioboro S C V(G) semonusiercs o(G — S) < |S].

3. a) Jlokaxure, uro eciau B rpade G ecTb COBEPIIEHHOE MapoCcovdeTa-
HEEe, TO OH yJOBJIeTBOpsier ycjiouio Tarra (To ecthb jyist Jjioboro S C V(G)
Boinosasiercs o(G — S) < |S|.)

[Iycrs rpad G yaosiersopsier yesiosuio Tarra u nipu jobassienun K G J1io-
Horo pebpa B mMosIyamBIeMcsi rpade ecTb coBepiienHoe mapocoderanue. O6o-
sHavqnM depe3 U MHOKecTBO BepIinuH rpada (G, CMeXKHBIX CO BCEMU OCTaJIb-
ubivu Bepruaamu (to ects U = {v € V(G) | d(v) = v(G) — 1}).

Jokaxkure, aro Toryia u B rpade G ecTb COBEPIIEHHOE MapOCOYETAHUE
6) ecsm cpejiu KOMIIOHEHT cBsisHOCTH rpada G —U xorst Obl OJiHA HE SIBJISIETCS
HOJTHBIM I'padoM;  B) B IPOU3BOJLHOM CJIydae.

r) BeiBesieTe u3 mpepLiynux MyHKTOB Teopemy TarTa.

Onpepesienne 3. Jeduyumom epadia HA30BeM KOJTMIECTBO BEPIIUH, HE MO
KPBITBIX MaKCHMaJIbHbIM napocoderanueM. 1o ectsb def (G) = v(G) — 24/ (G).

4. ®opmyna Bepxka (C.Berge, 1958.) [dokaxure, uro def(G) =
max (o(G —95) —|9]).

SCV (@)

5. a) (J. Petersen, 1891.) Crenenu Bcex Bepiut rpada paBHbL 3, U IPH
9TOM B HeM He GoJiee JByX MOCTOB. JJ0KaxKuTe, 9TO B HEM €CTh COBEPIICHHOE
napocoJeTaHue.
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6) Crenenn Bcex BepIvH CBsi3HOTO rpada G ¢ YeTHBIM YHCJIOM BEPIITHH
pPaBHBI d, U IPU 3TOM U3 JIIOOOT0 COOCTBEHHOTO TTOAMHOYKECTBA S MHOYKECTBaA
ero BepiuInH BbIxoguT He Menee d — 1 pebep (To ectb He menee d — 1 pebep
coeuuAI0T Bepimubl MHOXKecTB S n V(G) \ 5). Hokaxure, aro B rpade G
€CTh COBEPIIEHHOE ITapocoYeTaHue.

T'apmonnueckue yerbipexyrosbHuku. 10.07.2012

Onpenenenne 1. Cumeduaroti TpeyrojibHUKA HA3LIBAETCS IPIMasi, CHM-
MEeTpUYHAS €ro MeJIaHe OTHOCUTEIbHO OUCCEKTPUCHI YIJIa, U3 KOTOPOrO IIPO-
BeJleHa Me/InaHa.

1. a) Ilycte BM — cumemnana tpeyrosubhunka ABC. Jlokaxkure, 910
|[AM| __ |ABJ?
|MC] " [BCJ*
YTIOJIbHUKA IIEPECEKAIOTCH B OJIHON TOYKE.

6) (Touka Jlemyana.) Jlokaxkure, 9TO CUMeIMAHBI Tpe-

Onpenenenue 2. Brucanublii 4eTbIPEXYTOJLHUK HA3BIBACTCA 24PMOHUYE-
CKUM, €CJTI TIPOU3BEJIEHNS JIJTUH €r0 MPOTUBOTIOJOKHBIX CTOPOH PABHBI.

2. a) Ilycre ABC'D — rapMOHHYECKUIA YeThIPEeXYrobHUK, M — Touka

. |AM| _ |AB> _ |ADJ?
repecevueHus ero juaronasieii. Jlokaxkure, 1To 37C] = |BOE — |DCE- 6) lo-
KayKNTe, YTO KaK/Ias JUaroHa/ b TaPMOHUYECKOTIO YeThIPEXyTOIbHUKA sBJIs-
eTCsl CUMEIMAHOM TPeyTroJbHIKOB, Ha KOTOPbIE PA30MBAET YeThIPEXYTOJIHLHIK

Apyrad quaroHalib.

Onpenenenune 3. /[6otlinvim omrouwenuem YIOPAJTOUYEHHON YETBEPKU TO-
yek A, B,C,D, nexamux Ha OJHONW NPAMOI, Ha3bIBACTCA BEIMINHA
(A,B,C,D) = g:g : g:g. B cayuae, ecomm (A, B,C, D) = —1, 4eTBepKa TOYEK
A, B,C, D HasbIBaeTcst 2apMOoHUYECKOT.

3. a) [lycte ABCD — rapMOHMYECKHI 4YeTBIPEXYroibHUK, M — Tod-
Ka IlepecevueHnsl ero jguaroHasieit, P — To4Ka IepecedeHusl KacaTe/IbHON K
€ro OIMMCAHHON OKpy»KHOCTH B Touke B m npamoit AC. Jlokaxkure, 910 TOU-
kuu A, C, M, P obpasyror rapMOHUYIECKYI0 4eTBepKy Todek. 0) lokaxkure,
YTO BHUCAHHBIA YeTbipexyroabiuk ABC D sBjisiercss rapMOHUYECKIM TOTIA
U TOJBKO TOIJA, KOIJIa KacaTe/JbHble K €r0 OIMMCAHHON OKPY?KHOCTH B TOY-
kax B u D nepecekatorcst Ha npsamoit AC, mbo napaJiie/ibHbl 9TOi TPIMOIA.
B) Jlokaxkure, 9TO rapMOHUYECKHUiI YETBIPEXYTOJBHUK OJJHOZHATHO 33/1aeT-
Csl TpeMsi CBOMMHE BepIIHHAMHU (HODPSIOK 00X0jia BEPIINH TaKyKe M3BECTEH )
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U yKaKuTe Crocod ero MOCTPOEHHs 110 TPeM JIaHHbIM BepiuHam. T) Jlua-
ronasib BD Buucannoro gernipexyrosibiauka ABC D gpisiercd cuMeuanon
rpeyrosibauka ABC'. Jlokaxkure, 4To derbipexyroibauk ABC' D rapmonnde-
CKUIA.

4. ITyctb N — cepeauna quaronam AC TapMOHUIECKOTO YEThIPEXYTOJIb-
nuka ABCD. Jlokaxure, uro ZBNC = ZDNC.

5. Ilycre PT u PB — nBe KacartesibHbIe K OKpyx)HOCTH, AB — ee nna-
metp, u T H — nepreHuKyisp, omyiiennbiii u3 touku 1T vHa AB. Jlokaxure,
gro npsaMas AP jenut norosam orpe3ok 1T H.

6. ABC'D — mapaJjuiesiorpamm, mpsiMasi £ poxoauT depe3 B repreH -
kysnsipao BC'. JIBe okpyzkuocTHu ¢ 001meit xopoit C'D kacatorcs npsmoii £ B
toukax P u (). Jlokaxwure, aro orpesku DP u D() Bugabl u3 cepeguabl AB
110/l PABHBIMU YTJIAMU.

ITocnenoBarenpHocTu n npegesbl. 11.07.2012

Onpepesierne 1. Orpe3ok [a,b] Mbl OyjeM HA3BIBATH A08YwWKkOT JJIA 110
cetoBaTesibHOCTH {X, }, ecim B 9TOM OTpe3Ke cojepzKarcs nodru Bee (T. e.
BCe, KPOME, MOKET ObITh, KOHETHOI'O UHCJIA) YJIEHBI JIAHHON MTOCJIeI0BATE b
Hoctu. OTpe3ok [a,b] Mbl GyjieM HA3BIBATL KOPMYWKOT JJIsi IOCJIEI0BATE b
HocTu {Z,}, €C/IM B 9TOM OTPE3KE COJIEPIKUTCS OECKOHEYHO MHOTO YJICHOB
JIAHHOM 1TOC/IeI0BATEIHbHOCTH.

0. (YuparkHeHue, KOTOpOe He HY>KHO C/aBaTh, HO OYEHb 2KeJla-
TeJbHO pemnTh.) CylecrByer Jii [HOCIeI0BATEILHOCTD, JIjisi KOTOPOii OT-
pesku [0, 1] u [2, 3] oHOBpEMEHHO SIBJISAIOTCA &) JIOBYIIKAMU;  6) KOPMYII-
KamMn’?

1. Ilycrs orpeskn [0,1] u [9, 10] ABIAIOTCH KOPMYIIKAME JJIsT HOCTIEIO-
BaTeJLHOCTH {X,, }. MoKer Jin jijist 9TOM 110C/IeI0BATEILHOCTH CyIIeCTBOBATD
a) JoByIIKa Jymubl 1;  6) joymika jymael 97 B) CyrecTByer jin mocsie-
JoBaTebHOCTh O6e3 Kopmytek?! 1) CylnecTByer Jin 110C/e/[0BaTeIbHOCTD,
JUTsT KOTOPOH JTIOOOI OTPE30K SIBJIIETCS KOPMYIITKOM !

2. JlokazKuTe IO OIPEJIIeHHIO TIPeJiesia, YTO HpeJIes 0CIe10BaTebHO-
CTH Gy, = ZEZ% # 5, rie s(n) — cymma gmcea unucaa n, k(n) — KOJHIECTBO
pas3psJIOB B JIECATUIHON 3allUCH TUCIA T

3. Haityture mpejies OCIeI0BATELHOCTH a1 = V2, Gpy1 = /2 + Gy
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Omnpenenenne 2. [locenoBarembHOCTD a, Ha3bIBAETCS HyHIAMEHMAALHOU
W CXo0AWetica 6 cebe, €CIM BBITIOJHEHO CJIeIYIONIee YCIOBHE:

Ve > 03N e NVm,n > N (Ja, — a,| < ¢).

4. Jlokaxkure, 4TO BCsKad pyHIaMeHTalbHas 0C/Ie/I0BATEIbHOCTD CXO-
IUTCS.
1\n 1\n+1
5. PaccmorpuMm mocsieioBaTe IbHOCTH T, = (1 + E) ay, = (1 + ;) .
Hokaxkure, 970 &) MOCIEIOBATEIHLHOCTD T, BO3pacTaer; 0) mocjegioBa-
TeJIbHOCTD Y, YObiBaer; B) lim z, = lim y,.
n—oo n—oo

Omnpenenenne 3. Oomuit mpeies MOCae0BaATETbHOCTE Ty, U Y, HA3BIBACTCS
YHUCJIOM €.

6. (Merox T'epowna.) Ilpubiumrkennoe u3BjIeUeHHE KBAJIPATHOIO KOP-
He M3 YUCIA & OCYIIECTBJIACTCA TaK: BbIOMpaEM HAYATBHOE NpuOJINKEHNE
a1 A \/T ¥ CTPOUM TIOCTIEJIOBATEHLHOCTD Uyt ] = 2%. Jlokarkure, 4TO IIpH
IPABUJILHOM BbIOODE HAYAIBHOIO IPUOIMKeHUs (KakoM?) a, — /.

Paszno6oit Ne3. 11.07.2012

1. YV dust 6611 rpad G Ha n > 2 Beprmmaax. OHa BceMu BO3MOKHBIMU
criocobaMu yJiauia U3 Toro rpada 1Mo OJIHON BepIuHe W KaXKJIbIi U3 I10-
JIYY9EeHHBIX TpadOB HapucoBaJja Ha OTACTLHOM JIUCTOYKE OYMAaru, mocje 4ero
Bce d1u Jimcrouku otiasia duane. Jlokaxkure, uro /Inana ¢ momombio 3Tux
JINCTOYKOB MOZKET

a) OIpeJIeJINTh, BEPIINHBI KAKUX CTeleHeil ectb B rpade G

6) ecau rpad G HECBsI3eH, TO BOCCTAHOBUTH caM rpad G.

2. Benriom mocjie1oBaTe/IbHOCTH HA30BEM YHUCJI0, TIOJIYYeHHOE TaK: CHAYa-
JIa, BBIYUC/IIEM MO/JIYJIb PA3HOCTH IIEPBOI'O U BTOPOT'O YJICHOB, 3aTEM MOJLYJ/Ib
PA3HOCTHU TOrO YHCJIa U TPEThEro 4jeHa u T.JI. J0 rnocjiennero wiena. [lycrs
y HAC BCe 28 KOCTHIIEK JOMUHO CJIOXKEHBI B IEIOYKY 10 [IPABUJIAM JIOMUHO,
TO €CThb KOCTSIIKN TTPUKJIAIBIBAIOTCS TOJJOBUHKAME C OJMHAKOBBIME TUCTIA~
Mu. Hwucsra Ha MOJIOBUHKAX OOPA3yIOT IMOC/IEI0BATEILHOCTL U3 HO UJIECHOB.
N3BecTHo, 4TO OHA HAYMHAETCS C MATEPKUA. deMy paBeH BEHeI 9TOM Iocie-
JIOBATEILHOCTU !

3. Ha croponax yria ormedenst Touku A u B. Ilycrs Sp, S — mpo-
U3BOJIBHAA MTapa OKPYKHOCTEH, PACIIONIOKEHHBIX BHYTPH YIJI&, KACAIONIUXCS
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ero CTOpoH B TOYkKax A m B COOTBETCTBEHHO M KaCAIOINXCS JIPYT JIpyra B
touke X . Haiiure reomerpudeckoe mecto Touexk X.
4. Ilyctb a >0, b > 0, ¢ > 0 u abc = 1. Jlokaxkure, 94T0

1 1 1
et D) ot et D)

3
> —.
-2

5. CyH_LeCTByeT Ji1 OGecKOHeuHas 1IOCJIEI0BATC/JIbHOCTL HATypPaJIbHbIX YH-
ceJi, TaKad 9TO JIJid JII000OT0 N BBITIOJIHEHO ycioBue:
1 1 1
_l’_

Ay, Ap+1 Ap+2 .

6. B mkosie uzydarorca 2n HIpeJIMETOB, a YUEHUKU ITOJIyYIalOT TOJIBKO
nBOWKN u Tpoiiku. Hukakme jBa ydeHWKa He y4aTcsl OJMHAKOBO, M HU IIPO
KaKMX JIBYX YIEHUKOB HeJIb3s CKa3aTh, UTO OJNH YUUTCS JIydIle JIPYroro
(TO ecTb MMeEeT 10 BCeM IpeJIMeTaM OINEHKH He XYK€ M XOTs Obl 110 OJTHOMY
npe/very Jsydiie). Kakoe Hanbosibiee 9ucaIo yIeHHKOB MOXKET ObITh B 9TOM
KJjacce?

MuoxkecTBa u morgaoctu. 12.07.2012

Onpenenenne 1. /[Ba MHOXKECTBA HA3BIBAIOTCS PAGHOMOULHBLMU, €CJIA MEYK-
Jly HUMU CYIIECTBYeT OUEKITHS.

Onpe,ue.neHI/Ie 2. MHO»XKeCTBO Ha3bLIBAETCH CHYemHvim, €CJIN OHO PaBHOMOII-
HO MHOXKECTBY HATypaJIbHbIX YUCEJI.

Teopema 1. Mrnooicecmso payuonasvHbs wuces cHemmno.
Teopema 2. Mnooicecmeo mowex ompesxa [0, 1] necuemmo.

Onpenenenne 3. MHOXKeCTBO HA3BIBAETCS KOHMUHYAAOHLM, WA TMEIO-
[MIAM MOUHOCTD KOWMUHYYMA, ecii OHO paBHOMOIIHO [0, 1].

0. (YopakHeHmne, KOTOpoe HY>KHO CIAaTh B MHUCbMEHHOM BH/IE.)
[TocTpoiite sBuyio 6ueknuio Mexkay N X N u N.

1. a) Jlokaxkure, 9T0 cueTHOE OOBEIMHEHUE CUCTHBIX MHOYKECTB CUETHO.

6) Jlokaxkure, 9YTO MHOXKECTBO A42€0PAUMECKUT YUCEA, TO €CThb YUCEI,
SIBJIATONINXCST KOPHSIMA MHOTOYJIEHOB C paIlMOHAIbHBIMI KO3 burimenramu,
CYETHO.
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B) JloKazKkuTe, 9TO CYIIECTBYIOT MPAHCUEHOEHMHIE YUCAT, TO €CTh Belle-
CTBEHHBIE YHCJIA, HE SIBJISIONINECS aJreOpamIecKuMA.

2. a) Jlokazkure, 9TO Ha IJIOCKOCTH HEJIb3sl U300pa3uTh OoJiee UeM cuer-
HOE KOJIMYECTBO IOMAPHO HE MEPECEKAIONINXCS KPYTOB.

Bepro Jsin anajorundsoe yTBepKieHue s 0) “BocbMepok’ (TO ecTb
rmap Kacalomnxcsi BHEITHIM 00pa30M OKPYKHOCTEl, OKPY?KHOCTH U3 PA3HBIX
BOCBMEPOK He MOTYT TIepeceKaThCsl, HO OJIHA BOChMEPKA MOYKET COJIEPIKATHCS
BHYTpHU JIpyroii);  B) “Oyks T”, To ecThb map OTPE3KOB, TaKUX, YTO KOHEI]
OJIHOTO M3 HUX $BJISETCS BHYTPEHHEN TOYKO# Jipyroro?

3. JlokaxkuTe, YTO MHOYXKECTBO BCEBO3MOXKHBIX OECKOHEUHBIX ITOCJIEI0Ba~
TEJbHOCTE! HyJIed U eUHUL] — KOHTUHYAJIbHO.

4. BepHo 1, 9T0 MHOXKeCTBO  a) BceX (DyHKIWHA;  6) HENPePbIBHBIX
dbyuxynuit  f : [0,1] — R kourunyaabuo?

5. a) CyiecTByer Jii KOHTUHYaJIbHA IIEII0YKA TONAPHO BJIOYKEHHBIX JIPYT
B JIpyTa IOJMHOYKECTB CUETHOIO MHOXKeCTBa

6) MoxeT Jin UMETh KOHTHHYAJIBHYIO MOIIHOCTH CHCTEMa MOJMHOXKECTB
CIETHOTO MHOYKECTBA, JTFOOBIE /IBA 3 KOTOPBIX UMEIOT KOHETHOE TIepecedeHue’

6. [Tocse Toro, Kak 6Gecbl, KOux OECKOHETHO MHOTO, IIpourpaJm baJsiie, nm
CTaJIO TaK CTBIJIHO, YTO OHY PEIIUJIN 3aHATHCH (DUBKYIIBTYPOIl U 3aIIUCAJIUCD B
CHOPTHUBHBIE ceKInu. 3BecTHO, 4TO B KAXKIYIO CEKITUIO 3aIlIUCAIOCH KOHEUHOEe
YUCJIO OECOB, W Cpeiu JII0O0ro ODECKOHEeYHOro Habopa OecoB HaiiyTcs JIBoe,
3aHUMAIOIINECsT B OJIHOM 1 Toi ke cekiuu. Jlokaxkure, 910 OECOB-JIEHTSIEB,
KOTOPBIE XOJSAT B KOHETHOE YUCJIO CEKIINH, JIUITh KOHETHOE THCIIO.

O6o6mienne KBIII Ha ciay4ait HecKoibkux Habopos. 15.07.2012
1. a) [lycrb a, b, c,d e, f, k, 0, m,z,y, z € R. Jlokazkure, 910
(a* 40 + ) (d* + et 4 fH (K +m?) (a4 y* + 24 > (adkz+bely+cfmz)t.

6) Ilycrs a,b,c,d,e, f,k,f,;m > 0. Ilpu momomu myHKTa a) JOKAXKUTE
HEPABEHCTBO
(@® +0° + E)(d® + € + f2)(K® + 2 + m®) > (adk + bel + cfm)?®.
B) JloKayKnTe aHAJOTIIHOE HEPABEHCTBO T 2% CKOGOUeK I 1 cllaraeMbIx
B Kax 0l ckobouke. To ectn, mycts 2;; > 0,16 1 <¢<m,1<j<nmn
m = 2%, JlokazknTe, 9TO

m n m

n m
m
I1{ 2t ) = (2 | I
1 i=1

i=1 \j= j=1
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r) JlokazkuTe, 94TO €C/IM HEPABEHCTBO U3 IYHKTA B) BEPHO JIJIS M CKOOOK,
TO OHO BEpHO U Jjisi m — 1 ckoOku. BreiBesere u3 3Toro janHoe HEpaBEHCTBO
JIJIST TIPOU3BOJILHBIX 111 U M.

2. (HepaBenctBo T'ésnbaepa.) Ilycrs ay,as,...,a,,01,be,...,b, > 0;
p,q€Q,p,q>0mn %+% = 1. Ilpu nomoriu 3a1a4u 1, JIOKazKUTE HEPABEHCTBO

=

1
arby + agby + ...+ anb, < (af +ab+ ...+ ab)v - (O] + 03+ ... +bl)a.

3. z,y,z > 0. okaxkure, ato  a) (;1;3 + 1)(y3 + 1)(23 +1) > (m+3i1+z)3;
6) (2% 4+ 1) (43 + 1) (23 + 1) > lyrwetza)’,
4. Ilycre a,b, ¢ > 0. Jokaxkure, 9T0

N S S
Va2 +8bc Vb2 +8ca V2 + 8ab

1.

5. Jlokaxkure i MOJIOKUTEIBHBIX @, b, ¢, d HEPaBEHCTBO

a b c d
>
(8b+9¢ + 10d)° (100 + 10c + 7d)? ' (9a+ 86+ 10d)> | (8a + 11b+80) —
6
~729a+b+c+d

I'eomerpuyeckuii paznoboii. 15.07.2012

1. Ilpu nomomu UPKYJIsi U JTUHEHKH TOCTPONUTE UYETHIPEXYTOJbHUK IO
YeThIPEM CTOPOHAM U CYMMeE IIPOTUBOIIOJIOXKHBIX YIJIOB.

2. Okpyxnuocth Kacaercs croporn AB n AC tpeyronbanka ABC' B ToUkax
P u @, a Takxke onmcanHoit OKpyzkHOCTH Tpeyroibanka ABC. Jlokaxwure,
YTO MEHTP BIMCAHHON OKPYKHOCTH Tpeyrojibuuka ABC' JIeXKuT Ha OTpe3Ke
PQ.

3. Yepes Touky A, jexaliyto BHe OKPYKHOCTH, TPOBEJIEHBI KacaTeIbHbIE
AB u AC K 370l OKpYKHOCTH, & TaKKe TIPsiMast, TEPECeKAoIast OKPYZKHOCTD
B Toukax X m Y. Jlokaxkwure, aro Touku A, B,C u cepenuna orpe3ka XY
JIEXKAT Ha OJIHON OKPYKHOCTH.

4. Jlana noiyoKpyKHOCTH ¢ 1ieaTpoM O u gumamerpom AB. Ha meit pac-
nosozkenbl Toukun P u Q) (AP < AQ). Jlyau AP u B(Q) nepecekaiorcsi B
touke R. Okazayock, aro opronentp H TpeyrosbauKa PO R jtexkut Ha 10-
snyokpyxkHOocTH. Yemy moxker 6b1Th paBen ZAOH?
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5. Ha okpyxuoctn mansr 5 Touek U, V|, A, B, C. llpameie UA u VB
nepecekatorcss B Touke M, mpsvble UB u VA — B Touke M, npaveie UB
u VC — B rouke N, npssmbie UC' u V B — B Touke Ny, npsmbie UC u VA — B
touke P u npsmbie UA u VC' — B Touke P;. Jlokaxkure, uro npsmbie M M,
NN; nu PP, nepecekaioTcs B OJIHOI TOYKE WJIN Hapasle/bHbI.

6. a) (Teopema o aBoiiHoit 6a6ouke.) Ha okpyzkHOCTH S OTMEUEHDI
touku Ay, As, As, Ay, By, B, B3, By. llpamas ¢ niepecekaer npsambie A;As,
AgAs, AsAy, A4Aq B Tourkax X1, Xo, X3, X4 cOOTBETCTBEHHO U NpsiMble B By,
By B3, B3Bs B Toukax X, Xs, X3 coorBercTBeHHO. J[OKaxKuTte, 4TO IpsiMasd
B, B npoxouT 4epe3 TOUKy Xjy.

6) (Teopema o 6abouke.) Hepes Touky M, SIBISIOILYIOCS CEpeMHON
xopael P(Q) HEeKoTOpOil OKpyzKHOCTH, TpoBesieHbl xopabsl AB u C'D. Xop-
abl AD u BC mnepecekaior orpe3ok PQ B toukax X u Y. Ilpu momoru
IyHKTa a) JIOKaXKuTe, 9T0 Touka M sBisieTcs cepeunoil orpeska XY .

7. Jlan Tpeyroabauk ABC, B kKotopom LA = 2/B. Ilycrs D — ocHo-
Banue 6uccekTpuchl yria A. OKPyKHOCTH W € MEHTPOM B TOUKE S KacCaeTCsd
BHEITHUM 00Pa30M ONMCAHHBIX OKpyKHOCTel TpeyroabankoB ABD n ACD,
a TakxKe Kacaercs mpsimoit AB (w 1 Touka C' jiexkar 1o oJiHy cTopony ot AB).
Hokaxkure, aro npsambie AS u BC' nepreHnKyIspHbl.

HenpepsiBHOCTB. 16.07.2012

1. a) (Pyskuua Hdupuxie.) lokaxure, aro dbyHKIHs

ro={ 3 1ee'

paspbIBHA BO BCEX BEIICCTBEHHBIX TOYKAX.
6) (Pynkuusi Pumana.) /lokaxure, uro dbyHKIUA

0, zeR\Q,
9(x) = E r€e€Q = P
q g
UMeeT pa3pbiB BO BCEX PAIMOHAJILHBIX TOYKAX W HEIIPEPLIBHA BO BCEX HUppa-
[MUOHAJIBHBIX TOYKaX.
2. Ilosiox)kuTenbHble YUCTA (1, (g, . . . , Oy TAKOBBI, UTO (q + Qg + ... +
a, = 1. Jokaxkure, 9T0 JjIsI JIFOOBIX MOJOKUTEIBHBIX UUCET X1, L9, ..., Ty
BBIIIOJIHCHO HEPaBEHCTBO

Qn

1Ty + oy + ...+ o, = Ty
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3. a) Ha muockoctu jranbl MHOTOYTOJIBHUK U npsivas. Jlokaxkure, 94T0
HaliJIeTcd npsAMast, napaJjuiejibHas JJAHHOM, KOTopas JEJINT ILIONAJb MHOTO-
YTOJIbHUKA ITOTIOJIAM.

6) Jlokakure, 94T0 HenpepbiBHAs (DYHKIMA HA OKPY’KHOCTU MPUHAMAET
OJ/IMHAKOBbIE 3HAYUEHUS B HEKOTOPOIl Hape JIMaMeTpaIbHO TPOTUBOIIOIOKHBIX
TOYEK.

B) Ha mtockocTu 1aH BBIMYKJIbIA MHOTOYTOTBHUK. JloKaxKuTe, 9TO CyIIle-
CTBYET NpsIMas, JIeJIAINAas OM0JaM U ero ILIONIA/ b, U ero ePpuMeTp.

r) Jokazkure, 9T0 JjIsi IIPOU3BOJIBHOTNO MHOTOYTOJIbHIKA, CYIIECTBYIOT JIBE
B3aUMHO MEPHEHIUKY/ISPHbIE MPSMbIe, JeJIe ero IJIONa/lb HA YeTbIPe
paBHbBIE YaCTH

4. B 99 amukax jiexkar g6JI0ku 1 anejbcunbl. JlokaxkuTe, 4T0 MOXKHO Tak
BBIOpaTh H0) ANUKOB, YTO B HUX OKAXKETCS HE MeHee IOJIOBUHbBI BCeX s0JI0K U
He MeHee MOJIOBUHBI BCEX AlleJIbCHHOB.

5. Monoronnasi byuknust f(x) ajist J0ObIX BEIIECTBEHHBIX T U Y YIOBJIE-
TBOpsieT ypasuenuo f(x +y) = f(z) + f(y). Jokaxure, aro f(z) = kx.

6. ITycrp f — HempepbiBHast GyHKIHUS, onpe/eneHnas Ha orpeske [0, 1]
takas, 9ro f(0) = f(1) = 0. a) Bepmo s, uro na rpaduxe f maiigercs
XOp/ia JITHHBI é, napaJutesibiasi ocu (OX)?  6) Ilpu kakux ¢ na rpacduke f
3aBeJIOMO Haiijiercs xopaa jamabl £, napajuiesbaas ocu (OX)?

IBoitHble oTHONMIEeHU:A. 16.07.2012

Onpenenenne 1. /[6otiHbiM 0mHOWEHUEM YIIOPSITIOIEHHON Y€TBEPKH TO-
yek A, B,C,D, nexamux Ha OJHOW NPAMOIl, Ha3bIBACTCA BEIMINHA

(A,B,C,D) =4S . 4D

BC ' BD’
Onpenenenune 2. /[6otlnvim omroweruem YIOPSIOUYCHHON Y€TBEPKU TIPs-
sin/(a,c) . sin/(a,d)
sinZ(b,ec) ~ sinZ(b,d)’
a,b, ¢, d — nmpon3BoOJIbHbIE BEKTOPHI, HAIIPABIEHHDBIE BIIOJIb IIPAMBIX @, b, ¢, d.

MBIX a,b,c,d, HaspiBaeTcs Beauwanna (a,b, ¢, d) rie

SaMedaHnue. ITa BeJMYNHA HE 3aBUCUT OT Bb160pa HaHpaBJIeHI/Iﬁ BEKTOPOB

a,b,ed.

Omnpegenenne 3. Touku A, B, C, D nexar Ha okpyxkuoctu S. [lycte X —
[IPOU3BOJIbHAST TOYKA ITOH OKPYKHOCTH. J[60UHbIM OMHOWEHUEM YIIOPSIO-
gyennoit yersepku touek A, B, C, D HasbiBaercs sequunna (A, B,C,D) =

(XA, XB,XC,XD).
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3ameyaHue. DTa BeJMUMHA HE 3aBUCAT OT BbiOOpa Toukm X. B ciyuae,
ecm oiaa n3 Touek A, B, C, D coBmajiaer ¢ X, B KauecTBe COOTBETCTBYIOMIE
IIPSIMOIi pacCMaTpUBAETCA KacaTeabHasg K OKPYKHOCTH S.

1. JTokazkuTte, 9TO JABONHOE OTHOIIEHUE COXPAHAETCS [IPH TIOJIAPHOM IIpe-
obpa3oBaHNH.

2. a) okaxwure, uaro eciiu (A, B,C, D) = 1, ro mubo A = B, ymbo C = D.

6) Hokaxure, aro (A, B,C, D)+ (A,C,B,D) = 1.

B) Ilycts (A, B,C, D) = k. Kakue 3nadeHusi MOXKeT MPUHIUMATD JIBOHHOE
OTHOIIIEHMsI TOI 7K€ YeTBEPKHU TOYEK, B3SATHIX B JPYIOM IOPsIKE?

3. a) Ilyctrb M u N — ocHOBaHusl BHyTpeHHel U BHemHeill GuccekTpuc
tpeyrosibanka ABC' ¢ ocnoBannem BC'. Jlokaxure, uro (B,C, M, N) = —1.

6) Ilycrb y okpyzkHOCTEl pasHoro pajmyca ¢ menrpamu X, Y oburue
BHEIIIHUE KacaTeIbHbIE IIepeceKaroTes B Touke A, a obuue BHyTpeHHne Kaca-
TesibHBIE B Touke B. Jlokaxmure, uro (A, B, X,Y) = —1.

B) Ha Bemecrsennoit npsamoit ormernm Touku O(0), A(a), B(b). Hoka-
xkure, aro (A, B,0, X) = —1 torja u TOJBKO TOrJa, Korja KoopauHara X
paBHa cpejiHeMy rapMoHndeckomy [ducest a u b. (OTciona 1 B3s10Ch Ha3BaHIe
rapMOHIYECKAs Y€TBEPKA).

r) Hdokaxure, aro (A, B,C,D) = —1 morga u tosbko Torjia, Korja C
u D — UHBEPCHBI OTHOCHTE/ILHO OKPY?KHOCTH IIOCTPOEHHON Ha AB, Kak Ha
JImaMeTpe.

4. Ilpambie ¢ u ly nepecekatorcs B Touke A. Ha mpsamoit ¢; ormede-
bl Toukn By, C1, D1, a #Ha npsamoit {5 — Ttouku By, Cy, Dy. Jlokaxkure, 9TO
upsivbie By By, C1Co, D1 Dy konkypermuv, (TO €CTh IEPECEKAIOTCS B OJTHOMN
TOYKE WU MapaJiIeJbHbI) TOrJIa W TOJBKO Torya, Korma (A, By, Cp, Dy) =
(A, BQ, CQ, DQ)

5. Ilpomosmkenusi cropon AB u C'D dersipexyronbuuka ABC D niepece-
Kaforcs B Touke F npomomkenus BC u AD — B Ttouke F', npsmbie AC' u
BD nepecekator EF B roukax M u N. lokaxwure, uro (E, F, M, N) = —1.

6. IIpu oMoty npoeknuy JIBOWHBIX OTHOIIeHUIT JIoKaxKuTe TeopeMy o
6abouke. B mynkrax a) u 6) OpUBEJEHBI JIBE BO3MOMKHBIE (DOPMYJIUPOBKU
3TOM TEOPEMBI.

a) Ipsimas ¢ nepecekaer oKpyKHOCTH S ¢ reHTpoM O, ToUKa P — 0CHO-
BaHUe MEePIeHNKyIapa, omymennoro u3 toukun O Ha . Ha okpyxuoctn S
ormeuensl Toukn A, B, C, D takue, aro npsmbie BC' 1 AD mepecekarorcs B
touke P. I[Ipsimbie AB u C'D nepecekator ¢ B toukax X u Z. Jlokaxkure, 9410
XP=PZ.
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6) Ilpsimas ¢ mepecekaer okpy»KHOCTH S ¢ mentpom O, Touka P — oc-
HOBAHWeE TEPIIEeHINKY/IsIpa, omyinerHoro u3 Toukn O wa (. Ha oxpy:kHOCTH
S ormeuennsl Toukn A, B,C, D takue, uro npsmoie AB, BC, CD, DA ne-
pecekatot ¢ B Toukax X, Y, Z, T coorBercrBenHo. M3BecTHO, 9TO TOUKH Y
u T cumMeTpudHbl OTHOCUTENbHO P. Jlokaxkure, 910 TOUkn X U 4 TaK¥kKe
CUMMETPUYIHBI OTHOCUTEIHHO P.

3ameuanue. Ha camom jiene, Bepua ere 60siee obias (hopMyInpoBKa, TEO-
PEMBI: YCJIOBHE O TOM, 9TO MpsSMasi lepecekaeT OKPYKHOCTDb, He 00s3aTeIbHO.

7. Bo BmmcannoMm dersipexyronbanke ABC D Ttouka M — cepenuna C'D,

F=(AD)Nn(BC)u E = (AC) N (BD). Otnmuanas or M touka N Ha omu-
cannoit okpyzkuoctu AABM Taxosa, uro 4N = 4M

NE = i AoKaxKuTe, 4TO TOUKa
N nexut na npsamoit BF.

Teopema Popaa-Pankepcona. 16-17.07.2012

Onpepenenne 1. Cemuio HasbiBaercst opuenTupoBanublii rpad G = (V, E),
B KOTOPOM BBIJICJICHBI /1B BepIuibl s (ucmok) u t (cmox) u 3aana QyHKIms
c:V xV — R, yrosierBopdionas caeylonuM yCIOBUIM

1° Vu,v (c(u,v) > 0);

2°  c(u,v) >0< (u,v) € E.
OyHKIWS ¢ HA3BIBACTCS NPonyckrol cnocobrocmuio cetu G.

3ameuanne. MuoxkectBo pebep cetu (G 0JIHO3HAYHO 3a/1aeTCs (DYHKIHEI C.

Onpenenenne 2. [lomoxom B ceru GG nazpiBaerca dpyuknus f: VxV — R,
YJIOBJIETBOPSIOIIAs CJIEIYIOIIIM TPEM YCJIOBUSIM:

1° Y u,0(f(u,0) < cu,0);

2° v u,v(f(u,v) = _f(va U)),

3° YweV\{st} (E fv,z) = O).

zeV
Yucio |f| = ) f(s,x) massBaerca seauvunot nomoka. [lorok cetn G ¢
z€eV
MaKCHMAJILHOI BEJIMUNHOM HAZBIBACTCH MAKCUMAADHDIM.

Sameuanue. Boo6me—T0 COBCEM HE€ OYE€BUIHO, IIOYEMY MaKCUMAaJIbHBIA I10-
TOK CYIIECTBY€ET.
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Omnpenenenne 3. Ilycts G — ceTh, a MHOXKECTBO ee BepiuH V' pasdUTo HaA
JIBa Herepecekaronuxcs MHOKectBa S S s u T 3 t. Torma (S,T) — paspes
cetn G.

Bemuuuna ¢(S,T) = >, c¢(x,y) Ha3bIBAETCA NPOnyckHol cnocobho-
€S, yeT
cmwvio paspesa, a f(S,T) = Y. f(z,y) — nomoxom uepes paspes (S, T).
x€S,yeT

JI1060it paspes cetn G ¢ MUHUMAJILHOM IIPOITYCKHOI CIIOCOOHOCTHIO HA3bIBA-
eTcsad MUHUMAALHBLM.

3ameuanue. Herpy/iHo MoHATH, 9TO MUHUMAJILHBIN Pa3pe3 CeTH CyIIeCTBY-
eT. Bo3aM0OKHO, TaKMX pa3pe30B HECKOJIBKO.

1. Jna mroboro noroka f u paspesa (S,T) ceru G mokaxkure, uto |f| =

f(S, 7).

Omnpenenenne 4. 1) Ilycts f — morok B cern G. Paccmorpum cers Gy
¢ Temu ke Vs, t, IPOIyCKHOM crocobHocTbio cf(z,y) := c(z,y) — f(x,y) n
muoxkectBoM pebep Ef = {(u,v) | ¢f(u,v) > 0}. Hazosem G ocmamounod
cemwvio OoTokKa f.

2) JIroGoit myte u3 s B t B ceru Gy HA3BIBAETCA JONOAHAIOUUM TYMEM
nmotoka f.

2. Teopema Popaa-Pankepcona (L.Ford, D.Fulkerson, 1956.)
B cetn G ¢ mpormyckHO# criocoOHOCTBIO ¢ 3ajaH moToK f. Jlokakure, 91O
CJIEJIYIONINE TPU YTBEPKICHUSA PABHOCUJILHBL:

1° morok f mMakcumasien;

2° cymectByer paspes (S, T') takoit, uaro |f| = (S5, T);

3° B ocrarounoit cetn GGy HET JOMOHAIONIETO ITyTH.

CJIe,I[CTBI/Ie. Beauwuna maxcumanrvroz2o nomoxa pasHa nponycmwﬁ cnocoo-
HoCMMU MUHUMAADHOZ0 PA3PE3Q.

3. Jlokakure, 9TO B IEJOUUCTIEHHON CeTH (T. €. B CETH, IPOIIYCKHBIE CIIO-
cOOHOCTH BCeX pebep KOTOPOI sIBJISTIOTCS MEJIBIMU TUCJIAMHI ) CYIIECTBYET MaK-
CUMAJIbHBIN ITIOTOK, IIPUYEM CPEIT MAKCUMAJIbHBIX ITOTOKOB JaHHOW CETH Hal-
JIeTCdA NEJIOYNCJIEHHBINA.

4. Ilycrs (S1,T1) u (S2,Ty) — MuHMMasbHBIE paspesbl B cetn (. [loka-
)Kure, 90 paspesbl (S1 N Sy, 71 UTy) u (S1 U Sy, T1 NTy) Takke sIBISIOTCS
MUHUMAJIBHBIMEA &) IS [eJIOUnCIeHHoit cetn (G5 6) JJis IPOM3BOJILHOI
ceru G.
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Bruisesiere u3 reopembr Popia-Pasikepcona CJieIyIonue yTBepKICHUs.

5. (Teopema Xoswta.) B asymosnsiom rpade ¢ ponamu A u B st jmo-
6oro nmommuoxkecrsa V. C A cymecrByer He Mmenee |V| Bepmun josnu B,
CMEKHBIX XOTsi Obl € OjiHO# M3 BepiuH MHOKectBa V. Torma cymecrByer
apocoJeTaHue, CoJepkaliee Bee BepuuHbl u3 A.

6. (Teopema Kenura.) Ilycrs G — nsynosbusiii rpad. Torma o (G) =
B(G), tne o (G) — KommvecTBo pébep B MaKCHMAJIbHOM MapOCOYETAHUN U
B(G) — KoIMYIeCTBO BEPIIMH B MUHUMAJIBHOM JOMUHUPYIOIIEM MHOXKECTBE

rpada G.

Onpepenienne 5. Ilycts a,b — Bepmunbl rpada G. 1) Obosnaunm vepes
A(a, b) MUHUMATIBHOE KOJIMIECTBO PEGEp, KOTOPBIE HY?KHO yIAIUTh 13 rpada
JIUIsL TOTO, 9TOOBI @ ¥ b OKa3aJIuCh B PA3HBIX KOMIIOHEHTAX CBIA3HOCTH.

2) Ilycre a u b Heemexxkubl. O603HAUNM 1Yepes k(a, b) MUHIMATIBHOE KOJIH-
YeCTBO BEPIINH, KOTOPbIE HYKHO YJIAJUTh U3 rpada Jijiss Toro, 4Todbl a u b
OKAa3aJIMCh B PA3HBIX KOMIIOHEHTAX CBA3HOCTH.

7. Ilyctb a u b — Bepmmab! rpada G.

a) Pé6epuas reopema Menrepa (L. Ford, D. Fulkerson, 1956.) /lo-
kaxkure, 910 B rpade G cymecryer A(a,b) myreii u3 a B b, He MMEIOIINX
obmux pedep.

6) Teopema Menrepa (K.Menger, 1927.) Ilycrs Bepmusbl a u b
HecmexkHbl. Jlokaxkure, uto B rpade G cymecrByer £(a,b) myTeit u3 a B b,
HE NMEIOIIUX O6H_H/IX BHYTPEHHUX BEPIINH.

Martb6oit npodu9—npodpnll. 17.07.2012

1. B ps/1 BBICTPOEHO 1 OIOPOKPATOB Pa3IMIHOIO Beca, B TOPsiJIKE BO3pac-
TaHus BecoB. Herycroe MHOKECTBO GIOPOKDATOB HA3BIBAETCS NPAGUALHVLM,
€CIM BMECTE C KaKJIBIMHU JIBYMsI OIODOKDATAMHU OHO COJIEPXKUT M BCeX OIo-
POKPATOB IIPOMEKYTOUYHOIO Beca MexK/ly HuMmu. Kakoe HamboJibIee 9nc/Io
PA3IIMIHBIX KOMUCCHIT MOKHO 00pa30BaTh M3 9TUX N OIOPOKPATOB, €CJIU Iie-
pecedeHre JIFOObIX JIBYX Pa3IMIHBIX KOMUCCHIA JIOJXKHO ObITh TPABUIBHBIM
MHOYKECTBOM?

2. PacemorpunM MHOXKeCTBO A BCeX IOCTIE0BATENBHOCTEH JITHHBL 1 C
SJIEMEHTAMU U3 Zg, ¢ 00BIMHOI Olepanueil CI0KEHUs TTO0CIe0BATETLHOCTE.
Oynknus f @ A — A obmagaer aByms csoiictBamu: 1) f(0) = 0; 2) ecun
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[IOCJICIOBATEILHOCTH @ U b OT/IMYaioTCss POBHO B k TIO3UIMAX, TO TOC/IEI0Ba~
resbHocTu f(a) u f(b) Toxke ormuarorcsa posuo B k nosunumsx. Jokaxkure,
qro ecimm a + b+ ¢ =0, 1o f(a)+ f(b) + f(c) =0.

3. Jlokaxkute, 4T0 HEBO3MOXKHO pa3douTh 190 moc/ieoBaTe/IbHBIX HATY-
PAJIbHBIX YHUCEJI Ha JBA HEIePEeCEKAIONUXCd MHOXKECTBA TaK, ITOOBI ITPOU3-
BEJICHUS YHUCE/T B 3TUX JBYX MHOXKECTBaX ObLIN Obl PABHDI.

4. Ha mrockoctu 1aHo n > 4 TO4eK, IMONAPHO COCIUHEHHDBIX OTPE3KAMHU.
Hokazkure, 9TO €C/in BCe 9TU OTPE3KU UMEIOT IeJIYI0 JINHY, TO XOTs Obl 1/6
9TUX OTPE3KOB UMeEeT JIJINHY, KPATHYIO 3.

5. Ha mockoctu ects 2009 Touek obiiero mosoxkenus. /lokaxkure, 910
YUCJIO TPEYTOJIbHUKOB, B KAXK/IOM U3 KOTOPBIX JIEYKUT JTI00as (PUKCHPOBaHHA
U3 9TUX TOYEK (CTPOro BHYTPH), YETHO.

6. [Iycte G — 1rockuii rpad, Bce BEPIIMHLI KOTOPOIO UMEIOT CTeleHb 4.
Baca u Ilers xonsar o ero péopam. [lepsbiit pa3 Kaxk/blil n3 HUX UJET KaK
YIOJHO, & MOTOM KazKJblil M3 HHUX WJET NPAMO (U3 TpeX J0pOr BbIOMpAaeT
cpeqHO0). B mrore Ha Kaykjoil BepiivHe MOOBIBAJT POBHO OJUH U3 HUX U
poBHO oiuH pa3. [lokaxkute, uTo B rpade JeTHOe TUCI0 BEPIINH.

7. Buyrpu Tpeyroisuuka ABC' BeiOpana Touka P Takum 0b6pa3oM, UTO
/PAB = /PCB = i(ZA + ZC). BL — GucceKkTpuca 9TOro TpeyroJibHU-
ka. [Ipsimast PL 1miepecekaer onmmucanHyo OKpyKHOCTH Tpeyrojibauka APC B
touke (). Jlokaxxure, aro mpsamas QB — ouccekrpuca yria AQC.

8. MMan muorounen P(z) = x* + az® + bx? + cx + d ¢ panuoHa bHBIMU
ko3 durmentamu, npudeM d < 0. IIpoussesienne Kakux-To JIByX KOpHEI
P(x) parmonasbho. Jlokaxkure, 4T0 UX CyMMa TOXKE PAIMOHAJIBHA.

9. Cyny npebssienns 100 onunakoBbix ¢ Buiy moner. CyJi y2Ke yCTaHO-
BWJI, 9TO CPEJIN HUX €CTh 2 Win 3 PaJIbIIUBbIE, BCE HACTOSIINE MOHETHI BECAT
OJIMHAKOBO, (PaJIbIIMNUBBIE — TOXKE OJUHAKOBO, HO JIerde HACTOAIINX. ATBOKAT
3HAET, KAKMe MOHETHI Ha caMoM Jejie asbimuBbie. MoxeT ju on yoe uTh
cyl, 9TO (pajIbIIUBBIX MOHET TPHU, & HE JiBe, He Pa3IJIaCUB HU PO KaKYIO
MoHeTy asbInuBasi OHa Wi HacTodiiasa’! (AJBOKAT JOJKEH JeJIaTh B3Be-
IIIUBAaHUS HA YAIIeYHbIX Becax 0e3 rupb. Ync/io B3BennBanuii He OrpaHudeHo.
3arperenbl B3BeIUBaHNsT U TPYIIIBI B3BEITMBAHNI, 13 KOTOPBIX JIOTHIECKH
BBIBOJIUTCS, YTO KOHKPETHasi MOHeTa (hbaJbIInBast I HACTOAIIASL. )

10. Yersipexyronbouuk ABCD sBjisieTcss OJJHOBPEMEHHO BIIUCAHHBIM U
onucanHbIM. Brimcannasi OKpy»KHOCTH KacaeTcsi ero ¢ctopod AB u C'D B To4-
kax X u Y coorBercrBenno. [leprieniukysisipbl, BOCCTaBJIEHHbIE K CTOPOHAM
AB u CD B Toukax A u D cOOTBETCTBEHHO, IIEpeceKaroTcss B Touke U, mep-
IIEeHIMKYJIIPbl K HUM Ke B Toukax X u Y mepecekarorcd B Touke V| u, Ha-
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koHerl, B Toukax B u C — B Touke W. Hokaxkure, aro U, V, W nexar Ha
OJTHOM IIPAMOY.

Mat60it npocdpu8—npodn9. 17.07.2012

1. Umeercst MHOTO KapToOYeK, Ha KayK/0W M3 KOTOPBIX 3allMCAHO HATY-
pasibaoe uncio ot 1 10 n. V3BecTHo, 9T0 cymMMa dmces Ha BCEX KAPTOIKAX
pasHa k - n!, e k — nesnoe dncio. /lokazaTh, 9T0 KAPTOUKU MOYKHO Pas3Jio-
JKUTH Ha Kk TPYII TAK, 9TOOBI B KaXKJION I'PYIIIE CyMMa YUCE], HATUCAHHBIX
HA KapTOUYKaxX, paBHSIACH N!.

2. Oxpy:KHOCTB, BmcaHHas B Tpeyroabank ABC, kacaerca cropon AB
n AC B Toukax C] u Bj, a OKpy»KHOCTB, Kacatolascs ctoporabl BC' u mpo-
noskennit cropod AB n AC kacaercs npsambix AB u AC' B toukax Co u Bs.
[lycrs D — cepenuna BC. Ipamas AD nepecekaer orpesku C1 By u CoBy B
roukax F u F. Jlokaxure, uro BECF napaJiejiorpamm.

3. Cy1iecTByOT i TaKne HpparnoHaaIbable duciaa a u b, aroa > 1,b > 1,
u [a™] ormmano or [b"] npu JIIOOLIX HATYPAIBHBIX M 1 N7

4. B kiybe BCTpeTH/IOCh HECKOJIBKO JIZKEHTJIBMEHOB, KOTOPBIE IIPU BCTPe-
Ye OOMEHUBAJIUCH PyKONOKATHAME. KarK/blil JzKeHTeJIbMeH KA PYKH He
boJsiee UeM HATH JPYTUM J2KEHTE/JIbMEHAM U IIPU STOM He YKaJl HUKOMY PYKY
nBazk bl JlokaxkuTe, 9T0 JZKEHTETBMEHOB MOXKHO PACIPEIE/IATD 10 JIBYM 3a-
JIaM, TaK 9TOOBI KOJTMIECTBO PYKOIIOXKATHUI, COBEPIIIEHHBIX JIKEHTETbMEHAMUI
U3 pa3HbIX 3aJI0B COCTaB/IsI0 He MeHee 60% oT 00IIero Yuc/ia pyKOmoKaTHii.

5. Jlokaxkure, 4TO JIUIsi JIIOOOrO HATYPAJBLHOIO @ HAIeTCs OECKOHETHO
MHOTO HATYPAJbHBLIX 7, TAKUX YTO 9UCiIo a? + 2" — cocTaBHoOe.

6. Ha mockocTt oTMedeHbl 4eThbIpe TOUYKHU, BCE IONAPHBIE PACCTOSHUS
MeZKTy KOTOPBIME He MeHbIe 1. Kakoe HanMeHbliee 3HAYEHIE MOYKET IPHU-
HUMAaTh CyMMa MOTIAPHBIX PACCTOSHUI MEXKIy STUMU TOIKAMUT

7. Y Kapicona ects 1000 6anok ¢ Bapenbem. bBanku e 06s3aTe/IbHO
OJ/IMHAKOBbIE, HO B KaXKJIO He 0OJIbIlle, YeM cOTas 4acThb Bcero Bapenbs. Ha
3aBTpaK KapJ/icoH MOXKeT C¢becTh MOPOBHY BapeHbs u3 JioObix 100 OaHoK.
Jokaxkurte, uto Kapjcon MoxKer JieiicTBOBaTh TaK, YTOOBI 38 HEKOTOPOE KO-
JITYECTBO 3aBTPAKOB CHECTh BCE BAPEHDE.

8. B mpeyronbauke ABC na croponax AB, BC' u AC Beibpajm TOYKN
K, L u M coorsercrBenno, tak uro AM = AK u KB = BL. Ilpu sTom
okazaysiocb /BAC = /BLM. llycts I — 1eHTp BIHCAHHOW OKPY>KHOCTH
tpeyrosibauKa M LC'. Jlokaxkure, ato K1 = M L.

9. JTokaxxure, 910 /2 > 23: JIs JIIOO0TO HATYpaJbHOro n > 1.
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10. /Jana Tabauna u3 n CTPoK u 2n ctojbios. B i-it cTpoke 3akparieHo
21— 1 1nepBbIX KJIETOK. /IBa UTPOKa 10 0Yepe i CTABAT JIQJIbH B 3aKPAIIICHHBIE
KJIETKH, TaK, 9TOOBI JIaJIbu He Oun Jipyr Jipyra. ToT, KTO He MOYXKeT CJe/iaTh
XOJI, IPOUIPBIBAET. KTO BBIMIPHIBACT IIPU IIPABUILHOM Urpe (OTBET MOYKET
3aBUCETH OT N)7

A ddunnsie npeodpazoBanus. 19.07.2012

Onpenenenne 1. Addurnvm npeobpasosaruem naoCKOCMU HA3BIBAETCS
OMeKINs IIJIOCKOCTH, [IEPEBOJIAIIALA IPSIMbIE B IIPIMBIE.

1. Toukn A u B jiexar Ha npsamoii [, a ux obpasbl npu adbOUHHOM TIpe-
obpazosanuu F', roukun A’ u B’ — na nupswmoit . Beegem na npambix [ u [/
CHCTEMBI KOOPJAMHAT Tak, 9To Toukam A m A’ coorsercrByer Koopaunata 0,
a ToukamM B u B’ — koopaunara 1. Paccmorpum orobpazkenue f : R — R
cTaBsIlee B COOTBETCTBUE YHUCJY G KOOPJAUHATY 0Opasa TOUYKU C KOOPJMHA-
roit a. lokaxkure, aro  a) f(a+b) = f(a)+ f(b); 6) f(ab) = f(a)f(b);
B) dyHKIUSA f MOHOTOHHA.

r) (Teopema dap6y.) Ilycrs Touku A, B, C' jnexkar Ha OJHOI MPSIMOIA.

AB _ F(A)F(B)

Hoxkazkure, 4TO 8¢ = FOFO)

,ZL) ,ZLOK&)KI/ITG, 9TO OTHOILICHMHE HJIOH.{&,ZLGI;'I TPpEYroJIbHUKOB COXPaHACTCH.

Onpenenenne 2. Adddurnvim npeobpasosaruem nA0CKOCU HA3BIBAETCS
OMeKIUs TIJIOCKOCTH, [IEPEBOJIAIIEe EHTPBI MACC B IIEHTPHI MACC.

2. JlokakuTe paBHOCUJILHOCTD OIIPE/IeICHHII.

3. a) Jlokaxkure, 9TO CyIIecTByeT eanHCTBeHHOe addunHOe mpeobpaso-
BaHKe, KOTOpoe IepeBoauT jgaHuyto Touky O B Touky O, a JaHHBIA Oasuc
BEKTODPOB €7, €3 — B JIaHHBINA 6a3nc 6_/1> e_’2.

6) lausr 1Ba rpeyrosbauka ABC u A B1C. Jlokaxkure, 9T0 CyIIecTByer
e mHCTBeHHOE addUHHOE ITpeodpa3oBaHue, MePEBOJISINee TOYKY A B TOUKY
Al,B*BBl,C*BCL

B) [okazxure, 910 060 BBIMTYKJIBIi Ye€TBIPEXYTOJBHUK, KPOME Tparie-
11U, MOYKHO TiepeBecTu adOUHHBIM TPe00OPA30BAHUEM B YETHIPEXYTOJIHLHIK
y KOTOPOT'O ITPOTUBOIIOJIOZKHBIE YTJIBI IIPSIMBIE.

4. Kaxas quaroHa/ib BBITYKJIOTO IMATHYTOJBHUKA MapaJiiebHa OJIHON
u3 ero cropon. Jlokaxkure, uro adduHHBIM TpPeoOpPazoBaHUEM STOT IATH-
YIOJIbHUK MOKHO IT€PEBECTU B IPABUIbHBIN.
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5. Touknu A, By, C} mensar coorsercrBento croporbl BC, CA u AB tpe-
yronbanka ABC B 0lHOM 1 TOM 2Ke oTHOIIeHnn. JIoKaKuTe, 9TO COBIAIAI0T
TOYKHM TiepecedeHnu Meauan Tpeyroibunkos ABC, Ay B1C] u TpeyrojibHUKA
¢ BepIIMHAMHU B TOYKax nepecedenus npsmbeix AAy, BBy, CCh.

6. B tpeyronbauke ABC nposejiean ueBnanbl AM u BN, KOTOpbIE Tie-
pecekarorcsa B Touke O. [lokazkure, ato cepeauubl orpe3koB CO, MN u AB
JexkKaT Ha OJHON IIPAMOI.

7. IloueMy O/HOI TOJTBLKO JIMHENKOI HEJIb3s TTOCTPOUTH TPABUJIBHBIN Tpe-
YTOJIbHUK !

Teopema Typana u 3kcTpeMasibHasi Teopusi rpadoB. 19.07.2012

1. B rpade 2n sepmum u n? + 1 pebpo. Jlokaxkure, 9TO B HEM €CTb
a) TPeyroJabHUK; ©6) He MeHee N TPEeyroJbHUKOB.

Omnpenenenne. CpoiictBo rpadoB P HA3BIBACTCA HACACICTNGEHHDILM, €CIIN
Juts Jiioboro rpada G, obstasaorero croitcrsom P, 1i060it ojgrpad rpada G
TakKe 00/1a/1a€T STUM CBOHCTBOM.

2. (JIemma o nHacaencTBeHHoMm cBoiictse.) Ilycts P(n) — Hanbosib-
1ee KOJIMIeCcTBO pebep B rpade ¢ n BepiinHaMu, 06/1a1al0MIM HACIe ICTBEH-
HeIM cBoiicTBoM P. Jlokazkute, uto P(n) < 5 P(n —1).

3. Haitjure 1ipu moMom# JIEMMbI O HACJIEJICTBEHHOM CBOHCTBE HAMOO/Ib-
Iee KOJM4IecTBO pebep B rpade Ha n BepimuHax 6e3  a) TPEeyroJbHUKOB;
6) moJsiHBIX 1OArpadOB HA 4 BEpIINHAX.

4. Teopema Typana (P. Turan, 1941.) Haiigure nHanbosibiiiee BO3MOXK-
HOEe KOJIMYecTBO pebep B rpade Ha v BepIIMHAX, HE CojepzKalleM mnoarpada
K,, (nonmoro moarpada Ha n BepIiiuHaX) &) IPU ITOMOIIU JIEMMbI O HACTIE]I-

CTBEHHOM CBOiicTBe;  6) 6e3 MOMOIIHU JIEMMbI O HACJIEJICTBEHHOM CBOWCTBE.

Bagaua o 3anperiienHoM noarpade. Jan gurcuposannoiti epagh H. Tpe-
byemca Hatmu HaubOAbUWEE BOZMONCHOE YUCAO Pebep 6 epade 1a v sepuLu-
Hax, ne codeporcauezo nodepaga, uzomopprozo H. Taxoe wucaro mvr 6ydem
o6osnavwamv ex(v, H).

Teopema Typana maer mam Tounoe 3uadenue udnciaa ex(v, K,). Eciam 3a-
HPEIIeHHbIN TTorpad He SABJIeTCs MOJHBIM, 3a/lada CTAHOBUTCI ropasio 0o-
Jlee CJIOYKHOUM U TO4YHYIO (DOPMYJIy KakK IPaBWJIO yKa3aTh HeJb3d. Tem He
MeHee, JJId CIydasd HOJHOTO JABYJ0abHOro rpada K, ,, N3BECTHBI HEKOTOPLIC
nciia ex(v, Kip).
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5. a) B rpade Ha v BepuMHAX, CTeNeHb KayKJIOW BEPINIUHBI paBHA d W
HeT NUKJIOB JUInHbI YeThipe. Jlokaxkure, aro d < @. 6) B rpade na
v BEpINUHAX HET IUKJOB JINHBI deTbipe. /lokaxkure, 910 B 9TOM rpade He
boJtee U(l%‘/m pebep.

B) (T.Ko6vari, V.T.Sés, P. Turdan, 1954.) Ilyctrb m,n > 2 u v >

m + n. Hokaxkure, 910

1
ex(v, Kpp) < 3 ((m — 1)%02_% + m)) .

6. B rpade 30 Bepmmn, Kaxjgoe pedpo rpada MOKpaIleHO B KPACHbIH
I CUHUI [BET TaK, YTO HET TPEX BEPIIIHMH, IOIAPHO COE/IMHEHHBIX pedpamu
onHoro TBeTa. Kakoe Hambosiblllee KOJIMYIECTBO pPedep MOKeT ObITh B 9TOM

rpade?

KBanparuunsiii 3akoH B3auMHocTu I'aycca. 20.07.2012

1. ITycrb p — HeYeTHOE MPOCTOe YHCIo, T = p—gl, 0<z<tu(ap)=1.

Hokaxwure, aro  a) axr = (—1)[2a7x] -1, (mod p), e 0 <1, <t; 0) <% =
(_1)23:1[2“71}.
2. Ilycrs p — meuernoe mpocroe wucio, ¢ = 251 0 < z < ¢
HEYeTHOE YHUCJI0, B3AHMHO 1IpocToe ¢ p. Jlokaxkure, 4ro  a %)
NIy P a e[S
(CE=B 6 (2) = ()T e (1) = (pEel

3. (KBagparuunbiii 3akoH B3amMHocTu laycca.) [lokaxwure, 4To

q p (p—1)(g—1)
o) \g) = (=1) 1 JIJTs1 JTIOOBIX PA3JIMIHBIX HEUETHBIX ITPOCTBIX THCET P
U q.

4. a) Ilycrs (m,n) = 1. Jokaxkure, 9T0 YUCIO @ ABISETCS KBAJIPATUY-
HBIM BBIYETOM IO MOJIYJIIO M7 TOTJA W TOJBKO TOIVIA, KOIJIA OHO SIBJISIETCS
KBa/IPATHIHBIM BBIYETOM 110 MOy 1M m 1 n.  6) Ilycts p — HederHOe 1Ipo-
croe uncyo, n € N. JlokaxKure, 9TO @ ABISETCS KBAIPATHIHBIM BHIYETOM IO
MOJLYJIIO p™ TOTJa U TOJIBKO TOIJIA, KOTJA @ SIBJISIETCS KBAIPATHIHBIM BbIUe-
TOM TI0 MOJLYJIIO p.  B) JlOKazKuTe, 94T0 @ ABJISETCS KBAAPATUIHBIM BBIYETOM
1o Moystio 2" (e n > 3) TOrja U TOJBKO TOIJIA, KOIJIA ¢ SIBJISETCS KB Ipa-
TUYHBIM BBIYETOM IO MOJLYJIIO 8.

5. Jlokaxkure, 9T0 HPOCTHIX dnces Buia 8k — 1 GeCKOHETHO MHOTO.

6. Jannt a,b € N u p € P takue, uro a | 2 u a® +b? = p. Jlokaxure, 9T0
@ — KBaJIPATUYHBIN BBIYET TI0 MOJLYIIIO P.
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Yuciaa Karamana. 20.07.2012

Onpenenenune. O603HaYNM U€pe3 ¢, KOJHUIECTBO CIIOCOOOB PACCTaBUTL B
PSIT M OTKPBIBAIOIINXCS W 7 3aKPBIBAIOIINXCA CKOOOK TaK, 4TOOBI 3aIliCh
Obl1a KOPPEKTHA (TO €CTh, Cpei JIOOTO KOJMYECTBA MEPBBIX SJIEMEHTOB
psijia OTKPBIBAIOIINXCST CKOOOK HE MEHbIIE, 9eM 3aKPbIBAIOINXCsT ). Huciio ¢
nojiaraeTcd paBHbIM 1. Hucso ¢, HasbiBaeTcs n-viMm ducsom Kamanana.

(O OO O  O0) 000

1. okaxwure, uro uncia Karasana npum Bcex n > (0 yJI0BJIETBOPSIOT
CIIeYIONEMY PEKYPPEHTHOMY COOTHOIIEHNIO

Cpt1 = CoCp + C1Cp—1 + ... + CpCop.

B caedyrowux 3adavax npuseden psad mmooicecms u mpebyemcs doka-
3aMb, YMO KOAUMECTNEO IAEMEHMOE 8 HUX PABHO C,. s amozo ecmb déa
OCHOBHBLL CNOCODA — NOCTPOUMD ABHYI0 OUEKUUIO U NPOBEPUMD PEKYPPEHM -
Hoe coommuowenue. B nexomopwixr 3adanar noasesmno coesamsv u mo u mo.

2. a) [okaxwure, aTo KomdecTBo 1yTeit u3 Toukn (0,0) B TouKy (n,n) 1o
JIMHUAM KJIeT9aToil 6yMaru, uIynuxX BBePX U BIPABO, U HE HOHUMAIOIIIXCS
BBIIIE IIPAMOA Yy = T, PABHO Cy,.

6) dokaxkure, 9T0 KOJMIECTBO TAOJUIL 2 X N, 3aI0JHEHHBIX HATYDAaJb-
HBIMU 9HUCIaMi OT 1 10 2n, NpUIéM Yncaa B KaxKJIOW CTPOKE W B KaXKJIOM
CTOJIOTIE BO3PACTAIOT, PABHO C,.

1 2 3 1 2 4 1 3 4 1 2 65 1 3 5

4 5 6 3 5 6 2 5 6 3 4 6 2 4 6

B) /lokazkure, 9T0 KOJIMIECTBO CIIOCOOOB COEJIMHATE 2N TOYEK Ha OKPY K-
HOCTHU 1 HE[IePEeCEeKAIOMNMUCST XOpAaMu (13 JIF0OOH TOUKHI BBIXOIUT OJIHA XOP-

JIa) PABHO C.
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r) Jlokaxkure, 9T0 KOJTMIECTBO YNOPAJOUEHHUT KOPHESHT depesves (To
€CThb JIE€PEBLEB, Yy KOTOprX 3aJlaH KOpeHb U JIJid Ka)K,ZLOI;'I BEPIINHBI 3aJaH
HOPSIZIOK €€ MMOTOMKOB) ¢ 1 + 1 BepIiuHaMy PaBHO Cp,.

AWARV NS,

Caedyrowas Haua yeasb — natmu A6HY10 Gopmysy oaqa wuces Kamanara.
B caedyprowux 3adavax npedaazaemes 6veecmu ee 06YMsa cnocobami.

3. (IIpunanun orpakenmii.) a) /lokaxkure, 9T0 KOJUIECTBO IyTeil Ha
kserdaroii Oymare u3 toukn (0,0) B Touky (2n,0), cocrosumx u3 2n or-
PE3KOB, IPOXOAAIINX 110 JIUATOHAJIAM KJIETOK U MMEIOIINX TOYKHM B HUKHE
HOJIYIJIOCKOCTH, paBHO KosmmuecTBy myreil u3 Touku (0,0) B Touky (2n, —2).

6) TIpu moMOIIM IPEBLLYIIEro MYHKTA JIOKAXKUTE, UTO

n
2n
Cp = ———. 1
n+1 (1)
4. a) (JIemma Penn.) Jlokaxkure, 9to Jyisi T1060i HOCIEI0BATEILHOCTI
(1,9, ..., Ty) HEJBIX THCEJ, CYMMa KOTOPBIX paBHA 1, POBHO y OJIHOTO W3
ee MUKIMICCKUX CJIBUIOB

(‘/E17x27 R 7‘/'17771)7 (‘/E27 A '7xm7x1)7 MR (xm7x17 A 7:L‘m—1)

BCE YaCTUYIHBIC CYMMBI HOJIOKUTE/bHBIE.  0) Jlokaxkure, 4To ¢, paBHO KO-
JIMTYECTBY TOCTE0BATEILHOCTEN M3 TPEJIBIIYINETO IMyHKTa JAJIUHBL 21 + 1,
cocroammx U3 +1, JJIg KOTOPBIX BCE YACTUIHDLIE CYMMBI IIOJIOKUTE/ILHBIC.
B) BriBesiere u3 npepaymux myHKToB dhopmyty (1).

5. JlokaxKuTe, 9TO0 KOJMIECTBO ‘“napasnesomuno” (mapa myreil Ha KJeT-
garoii 6ymare ¢ HadasoM (0,0) 1 KOHIIOM B OJHOW U TOM YK€ TOYKe, MJLYIIIX
TOJILKO BBEPX U BIIPABO U He MMEOIINX OOIIIX TOYeK, KPOMe HadasIa U KOHIIA)
rnepuMeTpa 2n + 2 paBHO Cj,.
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6. JlokaxkuTe, 4TO KOJUIECTBO HADOPOB M3 n IejbiX uuces ot 0 10 n,
CyMMa KOTOPBIX JieinTcst Ha n+1 (ducaa MoryT HOBTOPSIThHCSI, TIOPSAIOK THCET
B HAbOpe HEBayKEeH) PABHO Cp,.

000 013 022 112 233

ITpoekTuBHBIEe Mpeobpa3oBanus. 21.07.2012

Omnpenenenne 1. [Ipoexmusnvim npeobpa3osaruem HA3BIBAETCS OUEKITUsT
IIPOEKTUBHOM TIJIOCKOCTU Ha cebsi, IEPEBOIAIIAs IPAMbIE B IIPAMBIE.

Omnpenenenne 2. Ocoboti npamotl HA3BIBAETCS IPsiMast, TEPEX0/IsIas B 6ec-
KOHEYHO YJIaJICHHYIO.

1. /Tokarkure, 94TO IIPU IPOEKTUBHOM ITPEOOPA30OBAHUE COXPAHAETCST OTHO-
[IeHVEe HallPaBJICHHBIX OTPE3KOB, JICXKaIllUX Ha IIPAMOH, HapaJlle/IbHO! 0COo-
6oii.

2. Jlaner Touku A, B, C, D, Hukakue Tpu U3 KOTOPBI He JIeXKaT Ha OTHOMN
npsimoii, u rouku Ay, By, C1, D1, obianaomue Tem ke coiictBoM.  a) [o-
KasKnTe, 9YTO CYIIECTBYET IPOEKTUBHOE IIPeodpa3oBaHue, KOTOPOE IIEPEBOIUT
OJIHY YeTBEPKY TOYeK B JApyryio; 0) Jokazxkure, aro Takoe mpeobpasoBatie
€JINHCTBEHHO.

3. lokaxkure, 9TO CyIIecTByeT MPOEKTUBHOE IMpeoOpa3soBaHUe, OCTABJISI-
I01Iee JIAHHYIO0 OKPY?KHOCTH HA MECTE, & JAHHYIO TOUKY BHYTPH OKPY?KHOCTHU
B ee 1eHTp. Kakas npsimas npu 3ToM OyaeT ocoboii?

4. (Teopema o ABaXK/IbI MEPCHEKTUBHBIX TPEYTroJbHUKAX.) laHbl
nea tpeyronbanka ABC u Ay B1C,. U3BectHo, aro npsambie AA,, BBy u CC}
nepecekatoTcst B ojHoi Touke O, u npsamble ABy, BC| n C' A nepecekarorcs
B ool Touke (. [lokaxkure, uro npsmeie AC), BA; u C'B; Toxke nepece-
KaloTcs B ojiHol Touke Os.

5. (Teopema Ilanma.) Ha npsmbix €1 u {5 ormedenst Touku A, B, C' u
D, E, F coorsercrBenno. [Ipavbie AE u BD nepecekatorces B Touke X; C'E
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u BF — B touke Y; AF u CD — B touke Z. Jlokaxwure, aro Toukn X, Y,
Z JexkaT Ha OJHOMN IPAMOIL.

6. B mpoektuBHOl 1miockocTu jan TpeyroibHuk ABC u Touka S, He
Jieykaras He Ha ojHoit u3 ero cropou. Ilycrs P, () u R — To4Ku niepecevdeHust
npsmbix AS, BS u C'S coorsercreenno ¢ npsmbimu BC,CA u AB, a L, M
n N — Toukwm, derBepThle rapMoHudeckne kK Tpoitkam BC'P,CAQ n ABR
cooTBeTcTBenHO. JlokazaTrh, uto Touku L, M u N jexar Ha OJIHON TPAMOii.

7. Moxno smm Ha wiockocTu ormeTuth 21 Geyio u 21 4epHyIO TOUKY,
TaK 9TOOBI I KaxKI0i TOUKM XOTs Obl 20 n3 21 “pasHOIBETHBIX  ITPAMBIX
(coziepzKalux JaHHYIO TOYKY U IPOTUBOIIOJIOKHYIO €if 110 I[BETY) COIepKaIn
eIre POBHO OJIHY OTMEYEHHYIO TOUKY.

CumMBoJibl 2lKobH 1 elre o4HO JOKa3aTeJbCTBO
KBaJpaTUIHOTO 3akKoHa B3ammHocTu. 21.07.2012

Onpenenenne 1. ITycts n > 1 — HedeTnoe 4UCIO U N = P1Ps ... Py — Pas-
JIO’KEHUE 7 Ha HIPOCTble MHOXKHUTENIN (CPei KOTOPBIX MOI'YT ObITH PABHBIE).
Ilycrs nanee (a,n) = 1. Toraa cumeon Axobu (L) onpenensercs paBeHCTBOM

=G G- ()

3ameuanue. B ormmaun or cumBosia Jlexkanpa, (E) = 1 He o3HAYAET, 9TO
a KBaJPATUYIHBIA BbIYET 110 MOy 10 n. [Ipuaymaiite KonTpripumep camu!

1. Jlokaxkure, ciemyoliue CBOMCTBa cuMBoJa SIkoOm.  a) (%b) =
2
a\ (b). 1) )55 2) _ (1)

(3) (R): 0 (F) =075 8) (3) = ()7

2. YMHOXKEHHUE BCEX JIEMEHTOB IIPUBEIEHHOM CUCTEMBI BBIYETOB 110 HEYET-
HOMY MPOCTOMY MOJYy/Ii0 p Ha BbideT a #Z 0 (mod p) mpoussoaut B Heil 1e-
PECTaHOBKY.

a) JlokaxKkure, 9TO ecqim @ — KBaJPATUIHBIA BBIYET 110 MOJYJIO P, TO
[TOJTy YUBIIIAsICA [TOJACTAHOBKA, YeTHA.

6) [okaxkure, 9T0 €C/aM @ — KBaJPATUIHBIH HEBBIYET [0 MOJIYIIO P, TO
OHa HeJYeTHA.

3. Ilyctb p u ¢ — pasyimaHble HedeTHbIE IPOCThIE Yncia. PaccMoTpum aBa
muoxxecrsa M = {0,1,...,p¢ — 1} u M =F, x F,, tne F, — nose Berueron
o mozyio p. Kaxmpomy asementy © € M mocraBUM B COOTBETCTBHE HAPY
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T = (1,,7,) € M,rnex, =2 (mod p)uxz, = (mod q). 3amernm (moivuTe
510!), 9TO NaHHOE oTOOpakeHue Oyuer Gueknumen Mex iy M u M.

PaccmorpuMm napy orobpaskennii f, g : M — M, 3a1aHHYIO CJIe Ly IOIHMA
pasenctBamu: f(a,b) = a+pb u g(a,b) = ga + b. CoorBercrByiomue um
orobpazkerus u3 M B M Mbl TakzKe Oyaem obo3HadaTh OyKBaMu f U g.

a) JlokazkuTe, 9TO f U g — TIepeCTAHOBKH Ha MHOxKecTse M.

6) Jlokaxkure, 4TO TEPECTAHOBKA f YeTHa TOrJa W TOJBKO TOTJa, KOT/a

2) = 1.
q

B) Pacemorpum nepecranosky fog~! na muoxkecrse M. Boraucsmre aucyio
UHBEPCUN 9TON IIePECTaHOBKU.

r) (JokasareabcTBo 3osorapéa.) [lpu nomormu mpeapiymux myHK-
TOB JIOKAXKUTE KBAIPATUYHDBIN 3aKOH B3AUMHOCTH:

(2) (7)==

4. (KBagpaTu4Hblii 3aKOH B3aMMHOCTHU [Jisi CUMBOJIOB fKo0u.)
[Iycte m,n — B3amMHO HPOCTHIE HeYeTHbIE ducja, dosbimue 1. Jlokaxkure,

() () -0

5. Hokaxkure, aro 3" — 1 He nenurcd Ha 2" — 1 mpu JiroboM HATYpaIbLHOM
n > 1.
2 2
6. [lycrts 21 = 1,91 = 100, Zpy1 = 225" +yp, Yni1 = y2>"+x,. Jokaxkure,
YTO T,Y, He jaesuTcd Ha 239 HU Ipu KAKOM HATYPAJIBLHOM 7.

I'eomerpus. IIpoekTuBHOCTL 1 He TOJIBKO. 22.07.2012

1. Yernipexyroimpauk ABC'D Brmcan B OKPYKHOCTD ¢ 1ieHTpoMm O, F —
TOYKA [l€pecevenus uaronasieir. BHyTpu 4eTbIpexyrojbHIKa OTMeYeHa TOY-
Ka P, taxkas, uro ZBAP + /PCB = ZPBC + ZCDP = 3. [lokaxure, 4T0
toukn P, E, O nexar Ha OJHOI IPSIMOii.

2. Buesnmcannasi OKpyKHOCTH TpeyroyibHuKa ABC KacaeTcs CTOPOHBI
BC B Ttouke D, a nponomxkennii cropor AB u AC — B toukax E u F. [lycts
T — rouka nepecevenus npambix FC u BF. Jlokaxkure, aro Touku A, D u
T nexkar Ha OJIHON MPAMOIA.

3. llycts M, N u K — TO4YKM KacaHus BIMCAHHON OKPYZKHOCTH TPEYTOJIb-
uuka ABC' ero cTopoH. () — IMEHTp OKPYZKHOCTHU, ITPOXOIAIIEN depe3 cepe/in-
ubl otpe3koB M N, NK u KM. Jlokaxknurte, 9T0 TOUKa (), MEHTP ONMUCAHHON
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OKPY?KHOCTHU U TIEHTD BIMCAHHON OKPY’KHOCTU TPEYTOJbHUKA JIEXKAT Ha O/I-
HOI LIPAMOIL.

4. (Teopema 0 TPpUXK/AbI NEPCIEKTUBHBIX TPEYrOJbHUKAX.) laHbl
nBa Tpeyronbanka ABC u A B, C,. U3sectho, uro upsambie AA,, BB, u CC;
nepecekatorcss B ojHoii Touke O, npambie AA;, BC, u C'B; nepecekaiorcs
B oxuoit Touke O1 u npsmble ACY, BBy u C'A; nepecekaiorcst B OJHOI TOY-
ke Oy. Hokazkure, uro upsmble ABy, BA; u CC] ToXe IepecekaroTcs B
oxuoit Touke Os.

5. (Teopema Xesutn.) Ha miockocru jano  a) 4;  6) n BBILYKJIBIX
duryp, npudem Jobble TPU U3 HUX MMEIOT OOILyI0 TOYKYy. Jlokarkure, 4TO
Bce (pUTypeI NMET OOITYI0 TOUKY.

6. Ha mtockocTu JIaHbl HECKOJIBKO (DUTYD, JIFOObIE TPU U3 KOTOPBIX MOXK-
HO IOKPBITH Kpyrom pajuyca 1. Jlokakure, 94T0 BCe 3TU (PUIYPHI MOXKHO
[IOKPBITH KPYroM pajuyca 1.

7. Jan BBIIYKJIBIA mrecTryrojbHuK. IlycTh § — cymMMa JUIMH Tpex OTpes-
KOB, COEIUHSIIONINX CEPEINHBI €r0 MPOTUBOIOJIOKHBIX CTOPOH. JlokaxkuTe,
9TO B IMIECTUYTOJBHUKE CYIIECTBYeT TOYKA, CyMMa PACCTOSHHI OT KOTOPOit
JIO TIPSIMBIX, COJIEPKAIIIX €r0 CTOPOHBI, HE TIPEBOCXOJINT S.

Pasznob6oii. 22.07.2012

1. (JIemma Kymmepa.) Jlokaxkure, 910 1IOKa3aTeNb, ¢ KOTOPBIM MIPO-
CTOe WHC/I0 p BXOAUT B pazjoxkenne Cf PaBHO YHCIY HEPEHOCOB HPH CJIO-
JKEHWH YHUCeT M U N B CUCTEMEe CUUCJICHUs ¢ OCHOBAHUEM P.

2. Bce Beprmnbl miockoro rpadga mmenor crenedb 3. a) Ero pebpa
MOKHO IPaBUJILHBIM 00pa30M pacKpacuTh B 3 1sera. JlokaxKkute, 9To crpa-
HBI MOXKHO MTPaBHJIBHBIM 00pa3oM packpacuTh B 4 1Bera. 0) Ero crpanst
MO2KHO TIPaBUJILHBIM 00pa3oM packpacuThb B 4 mBera. Jlokaxkure, 9To pedpa
MOZKHO IPaBUJILHBIM 00Pa30M PaCKpacuTh B 3 IBETA.

3. Xoszgiika ymeer 1edb TOPThI k pa3indubix copros. OHa ycrpousia mnup
Ha 66 JesIoBeK, HA KOTOPOM KazK/las KOMIIaHUsS U3 36 4eI0BEK Chella 110 OJIHO-
My Topty. [lpudem s 00X 1Byx KoMnanuit A u B eBIux TOPTHI OJHOTO
copra |AN B| > 18. [Jokaxutre, 9T0 X035HKa MOKET YCTPOUTH IUPYIIKY Ha
12 4ejioBek Tak, UTOObI KaxKJias KOMIIAHUS U3 6 Ue/IOBEK Chesia M0 OJHOMY
TOPTY U JjIst JIIOOBIX JIBYX KOMIaHuii A u B, eBIIMX TOPTHI OJHOTO COPTA
|AN B| # 3.

4. B ropojie 57 aBTOOYCHBIX MapIIPyTOB, PACIIOJIOKEHHBIX TAaK, 9TO BbI-
HOJTHSTIOTCST CJIEIYTOIre yCaoBust: 1) ¢ JirobOoi OCTAHOBKM MOYKHO MOIIACTh
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Ha JIIOOYIO IPYTyIo 0e3 mepecajku; — 2) Jobble 1Ba MapIpyTa HMET POBHO
OJIHY OOIIYI0 OCTAHOBKY;  3) B JIOOOM MapIIpyTe KaK MUHIMYM 3 OCTAHOB-
k. CKOJIbKO OCTAHOBOK MOYKET OBITh B MapIipyTe?!
5. a) g nonoxurenbubix umcea A, M, S nokaxKuTe HEPaBEHCTBO
1

1 1 3
A T WS T S0rA) 2 TTAMS 6) Ilyctb n > 3,  ay,a9,...,a, > 1.
1

JlokaxkuTe HEPaBEHCTBO m +...+ an_l(lanﬂ) + @D 2 o

6. Haiijure Bce HaTypasibHble N, I KOTOPbIX 0ba umcia n” + 1 u
(2n)*" + 1 — npocrsle.

7. B ouepesin B Kaccy KuHOTEATPa CTOAT N 3pUTENIEH ¢ MOJITUHHUKAMEA U
m — c pybuiamu. B nadasie B Kacce p MOJITUHHUKOB, IIeHa OUJIETA TOJTUHHUK.
Haiiure KosmmaecTBo ouepesieil, KOTOPbIE METUKOM CMOTYT IIPOATH Yepe3 3Ty

KacCCy Tak, 4TOOBI HHUKOMY HE IIPUHIJIOCH 2KJTaThb CAa4u.

SakiounreabHada oanMouaga. 23.07.2012
JloBBIBOT,

1. B crpane dhapaoHoB 0JIMHAKOBBLIMU MOHETAMH JIIOOOIO JOCTOMHCTBA
MOKHO HAOPATh CYMMY B OJIMH JIUHAD, IPUYEM JIJIsI STOIO BCEIJIa HYKHO Me-
nee 40 moner. Bapon Mrouxraysen nmpuBe3 OTTy/Ia IIECTh MOHET Pa3HBIX J0-
CTOWHCTB U YTBEPXKJIAET, IYTO OHU KaK pa3 COCTABJISIOT CyMMY B OJUH JIUHAD.
MoryT i cjioBa 6GapoHa OKa3aThCs MPABJIO?!

2. [Tapabosia Ha KOOPJMHATHON IIJIOCKOCTH HA3BIBAETCS KPacusoll, eciiu
ee BepIINHA W JIBe TOYKU IepecedeHusi C OChbIo abcruce oOpasyioT paBHO-
CTOPOHHUI TPeyrobHUK. JloKaxKuTe, 9T0 y BCeX KBaIPATHBIX TPEXTIIEHOB C
KPACUBBIMU rpaduKaMi OJIMHAKOBBIN TUCKPUMUHAHT.

3. Ilyctp I — mnenTp BrucanHoi OKpyzkHOCTH Tpeyrosbauka ABC. Jlo-
kazkure, uro eciu Al + AC' = BC, ro /BAC =2/ABC.

4. Kakoe nHanboJibiiiee 9ucjao KOHEl MOYXKHO PACCTABUTL Ha IMMAXMAaTHOM
nocke 8 X 8, Tak ITOOBI KazKIblii OMI He Oojiee ceMU U3 OCTAJTIbHBIX !

5. CymecrByer Ju OeCKOHETHAsT ITOCJIEI0OBATETHHOCTD MPOCTBIX HHCET

D1, P2« - - Pk, - - - TAKAS, 9TO Pgy1 = 2pp £ 17

BriBog,

6. Ueporyiud miremenu Mymbo-FOMmb60 cocrout uz 361 Touku, pacrosio-
JKEHHBIX B BUJe KBajipaTa 18 X 18 m coeJIMHEHHBIX OTPE3KAMU, SBJSIONIN-
MHUCS CTOPOHAMH KJIETOK TaK, 4TO Mojydaercsd jepeBo. VMepormd miaemenn
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FOM60-Mymb0o coctont m3 400 TodUek, pacloOIOKEHHBIX B y3/1aX KBaJpara
19 X 19 m coeqMHEHHBIX OTPE3KAMHU, ABITIONIIMUCI CTOPOHAMH KJIETOK TakK,
YTO MOJIyYaeTCs JepeBo, MPUYeM Ha CTOPOHAX OOJIBIIIOIO KBaJIpaTa IIPOBe/Ie-
HbI BCE OTPE3KU KPOMe OJIHOr0. Yemy paBHO OTHOIIEHUE YUC/Ia UEPOrIH(OB
B a3bike FOMO0-Mym0O0 k uncity ueporyindos B sa3bike Mym60-FOM607

7. Yersipexyrompank ABC'D — suucannsiit. [Ipsvas AB mepecekaercst
¢ CD B touke E, ' — Touka nepecedennust guaronajeit. Onmcanabie OKpPy K-
Hoctu TpeyroibHukoB AF'D u BFC nepecekatorcst B Touke H. Jlokaxkwure,
aro LZEHF = 90°.

8. Jlano mpparmonajibHoe 4ruciao « takoe, 9ro 0 < a < 1/2. Ilo memy
ompeJieIgeTcd HOBOE YUC/I0 (v KaK MeHbIee u3 JiByx unces 2a u 1 — 2a. 1o
9TOMY YHCJIy AHAJOTUYHO OIPEJIE/IAeTCA (o, U Tak jaJjee. Jlokaxkure, 91O
JIUIS HEKOTOPOTO 7 BBITIOJIHEHO HEPABEHCTBO v, < 3/16.

ITocaeBbiBO,

9. CyMmMa YeThIpex IMOJIOKUTEIbHBIX duces a, b, c, d pasua 4. /lokaxkure
HEPaBEHCTBO

a b c d

> 9.
b2+1+62+1+d2+1+a2+1_
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