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A ne 6orocy moeo, Kmo eviyuus moicavy ydapos. H borocv mozo, xmo 1000 pas

BHLYUUA 00UH YIap.
bproc Jlu

B sToT pa3 Ham ObI XOTeJI0Ch HAMUcaTh KPaTKOe, HO cephe3Hoe npeanciorne. Jlapaii-
T€ 3318 IMMCsT BOITPOCOM: & UTO UMEHHO JICJIAeT JIETHUE TITKOJIbI, KPYXKKW, MaTeMaThIe-
CKHE KJIACCHI U MPOUNE OKOJIOOJUMIINAIHBIE BEIl CTOJIb OCOOCHHBIMU U 3HAUUMBIMU !
Ham Kazkercsi, 4TO KJIFOUEBOE CJIOBO 3JIeCh Hebespasauyue. TeoBeK Beerja gBJsieTcs
9JIEMEHTOM KaKWX-TO CHCTEM, W 3a9aCTyIO0 OHM JaBAT Ha HEr0 CBOMM (DOPMAJIN3MOM
¥ PaBHO/LYIIINEM, 3aCTaBJisdsl IPUHUMAThH Oe3/IMdHbIe TpaBusa urpbl. [Liosern, okasas-
IUiics B cepejiiHe 03epa, MOYKET BBIILJIBITh UM YTOHYTh B 3aBUCUMOCTH OT CHJI (DU3H-
YeCKWX M CHJIBI BOJIM, HO BOJIE B O3epe JI0 3TOT0 HeT HUKAKOro jesa. Bam sra MbICTh
MOYKET 1MOKa3aThCsl TPUBUAJIBLHOM, HO MbI HE Pa3 W HE JiBa BUJIEJU TAJAHTINBBIX PEOsIT,
KOTOpbIE, M0IaJiasi B YHUBEPCUTET, TEPSLIN HAIIPABJIEHUE JIBUXKEHHUS U HE PeaUu30BbI-
BaJIl CBOM BO3MOXKHOCTH TOJILKO IIOTOMY, UTO CHCTEMa PE3KO IIepecTaBaJjia IbITaThCs
mo[00paTh K HUM KJIIOIUK. OHM OBLJIN WHTEPECHBI CBOUM YIUTEISIM W PYKOBOJIUTEISTM
KPY2KKOB, HO JIpyrasi peajibHOCTh TpeboBaJjia MHBIX YCHJIMI M HE BCE yCIeBaJM K HeEil
IIPUCIIOCOOUTHCS.

[Tosromy TO, 9TO Ha HAI B3TJISI] SIBJISETCST OJHUM M3 CAMBIX BaXXHBIX 3JIEMEHTOB
JIMIII, 570 BO3MO>KHOCTH HE TyBCTBOBATH C€0sT OJTHUM IJIOBIIOM, ITYCTh CUJIbHBIM, IIYCTh
JlaXke YeMIIMOHOM. DTO BBICOKas CTeleHb HeOe3pasndusi, HHTepeca K TOMY, UTOOLI
cJiesiaTh JIydlle U IpaBuibHee JJisi MHOI'MX, IIOCTapaThCs OThICKATh HYKHbIE KJIFOUUKH,
MOTPATHR Ha TO JYIEBHBIE N (PU3NIECKUE YCUIIUSI, U JAJEKO HE TOJTHKO JIJIsT COOCTBEH-
HOT'O yJIOBJIETBOPEHHUsI. DTa Ta CTEIeHb, KOTOpast OTandaJia Hammx yauresei B JIMIII
(1 3a ee mpejesaMu), KOTOpast CJIeJAIa 9TO MECTO IeM-TO OOJIBIIUM YeM TPOCTO Hec-
HOPsAJI0UHAS POCCHIIIL BeTXMX KOpIycoB. OUeHb XOUeTCs HaJesaThCdA, UTO B KaKOM-TO
Mepe 3Ta crerneHb Hebe3paszindnsi Oblia CBOMCTBeHa W HaM. Bo BCSKOM ciydae, Mbl
CTAPAJINCD.



Anrebpa 1 Teopus dnce.

YucaoBbie ojid. 6 mroJd

Omnpeagierane. IloaMHOXKECTBO MHOXKECTBA KOMILJIEKCHBIX UYHCEN, 3aMKHYTOE OT-
HOCHUTEJILHO UeTBHIPEX apudMETHICKUX OMepalldii U cojaepKaliee XOTh OJHO UHUCIIO,
OTJIMIHOE OT HYJIsI, HA3LIBACTCI YUCAOEbLM TOAEM.

1. fBasiorest Jin AUCTOBBIMU MOJISIMU CJIEJIYIOIINE MHOXKECTBA: 1) MHOXKECTBO BCEX
PAIMOHAJILHBIX YMCEJ;  2) MHOXKECTBO BCEX HEJIbIX YUCEN;  3) MHOXKECTBO BCEX MOJIO-
KUTEJLHBIX duces;  4) MHOXKECTBO BCEX KOPHEH KBaJPATHBIX TPEXWICHOB C IEJTBIMU
kosbdunuentamu;  5) MHOXKECTBO 4uCes @ + bv/2, rie a u b parmonanbube?

TTocie/iHee MHOXKECTBO SIBJISAETCs TUCIOBBIM T0jeM 1 obo3nauaercs Q[v/2].

2. Jokazkure, 4T0 J1I0O0E IUCIOBOE TOJIE COMEPKUT BCE PAIMOHAILHBIE THCJIA.

3. Jlokaxure, 4T0 J060€ GHCJIOBOE MOJIE, COepIKAIIee \/2, COMepKUT JIH0bOil 3JTe-
vent u3 Q[v/2]. Tem cambim Gyser sokaszano, uro Q[v/2] sBisercs nanMenbImm 110
BKJIIOUMEHUIO TI0JIEM, COJEPAKAILAM v/ 2.

4. a) O6pasyloT JIm THCIOBOE TOJIEe YHCIa Buja a + byv/2 4 cv/3, rae a, b, ¢ € Q7

0) [Ipencrasbre Tncso a+bﬂ+i\/§+d\/6 B Brjie U + v2 + yv/3 + 2V/6. (Bce aucia,
0bO3HAYEHHBIE OYBKAMU, TIPEJIOJIATAI0TCs PAlMOHaIbHbIME. ) OOs3aTesIbHO JIH TAKoe

LPEJICTaBICHAE €JIMHCTBEHHO?

B) JlokaxxuTe, 9TO CYIECTBYET HAUMEHbIIEE TI0 BKIIOUCHIIO TUCIOBOE MOJIe, COJIep-
xaree V2 i /3. Kakne anciia B Hero Bxomsr?

5. Kakue unciia BXoJiT B MUHUMAJIbHOE 110 BKJIIOUEHUIO YKUCJIOBOE T10JIE, COJIepyKa-
mee /27

6. KBajipaT paspesaH Ha IIPAMOYIOJIbHbIE TPEYrOJbHUKHU ¢ KaTeramu 1 u 2. Jloka-
YKUTE, 9TO YKUCJIO TPEYTroJIbHUKOB YETHO.

7. Hokaxkure, 4TOo KBaJpaT HeJb3s pas3pe3arb Ha paBHbIE PSIMOYIOJIbHbIE Tpe-
yrojbuuke ¢ yriaom 30°.

8. KBajipaT co cropoHoii 1 pa3pesaJjiu Ha paBHbIE IPIMOYTOJbHUKHY. /oKaxKuTe, 4T
CTOPOHBI MPSIMOYT'OJIbHUKOB PallMOHAJBHBI.

MHuoro4jeHbl OT HECKOJIBKUX TTEPEMEHHBIX. 6 MIOJIS

O6cyxmaem: OjHoUIeH OT JaHHOTO HAbOpa TEPEeMEHHBIX, CTENeHb OHOYJIEeHA,
MHOTOYJICH, KaK CYyMMa OJIHOYJIEHOB, OJJHOPO/IHBI MHOT'OUJIEH, OJIHOPO/IHAS KOMIIOHEH-
Ta MHOIOYJIEHA, CTEeIIeHb MHOTOUJIeHa, KOI(D(DUIIUEHTHI.

B sTOM JIMCTOYKE BCe MHOI'OUJICHBI IIPEJIIIOJIATral0TCs ¢ AeHCTBUTEIbHBIMU KO3 ] u-
[UEHTAMU.



1 a) [Iycrs f u g - ;ABa MHOrOWJIeHa OT MEPEMEHHBIX T1,Tg,...,T, U fg = 0.
Hokaxkure, aro Torja jqubo f = 0, ymbo g = 0.

6) JlokaxkuTe, 9TO CTeleHb IMPOM3BEICHUS JBYX MHOTOUJIEHOB PaBHA CyMMe HX
CTeleHen.

200

2 JlokakuTe, 970 MHOT'OUJIEH X y200—|—1 HeJIb34 MMPEJICTABUTH B BUJIE TPOU3BEICHUSA

MHOI'OYJIEHa OT II€PEMEHHOU T U MHOI'OYIECHA OT IIEPEMEHHOU Y.

3 a) Muorousnen f(xq,xs) obpammaercs B HyJib IPU JHOOBIX JI/iCTBUTEIbHBIX 3HAUE-
HUSIX T1 U Xo. Jlokaxure, uro f = 0.

6) dokaxxure TOT yKe pe3y/abraT JJisi MHOTOYJIEHA OT MEPEMEHHbIX I, . . ., Ty.
4 Cy1ecrByor I MHOTOUJIEHBI or TPEX epeMeHHbIX
P(z,y,2),Q(z,y,2), R(x,y,z), i  KOTOPbIX  BBIIOJHEHO  TOXKJIECTBO

(z—y+1PP+(y—2-13Q+ (2 —22+1)*R=17
5 Haiijure 4nciio ojiHO4/IEHOB CyMMApHOi cTeneny d OT HePeMEeHHbIX X1, T2, - - . , Ty,

6 CymiecTByer Jiu MHOTOUJIEH OT T U ¥, MHOXKECTBO 3HAYEHWH KOTOPOTO €CTh B TOU-
HOCTH MHOXKECTBO TOJIOXKUTETHHBIX NCEsT?

7 Jokaxkure, 9TO NI JIEOOOTO HATYPAJBLHOTO YHCIA 1 MOXKHO MOJ006paTh MHO-
rouied P OT HmepeMeHHbIX 1, ...,IT,, JJig KOTOPOro MHOrOwieH (zp + --- +
) P(x1, ..., 2,) €cTh MHOTOWIEH OT KBAPATOB 9THX MEPEMEHHBIX,

8 [okaxkure, 4T0 MHOIOUYJIEH OT JIBYX liepeMeHHbix P(z,y) obpaiaercst B HyJb BO
BCEX TOUKAX MpsIMOiA, 3aauHol ypasaerueM ax +by+c = 0, (a,b) # (0,0), Torma
¥ TOJBHKO TOTJA, KOTJa CyIiecTByeT MHOrouwieH (Q(z,y), takoit uro P(x,y) =

(ax + by + c)Q(x,y).

9 Joxaskure, aro Muorousen x2y*(z2+y*—3)+1 npunumMaer ToJIbKO HEOTPUIATE -
Hble 3HAUCHMS, HO IIPU 9TOM €r0 HeJb3sl MPEJCTABUT B BUJE CYMMbBI HECKOJbLKUX
KBaJpaToOB MHOIOYJIEHOB.

10 Hamer muorowiensr P(x), Q(x). W3BecTHO, 9TO 11 HEKOTOPOrO MHOTOUJICHA
R(z,y) Boinosusiercst pasencrso P(x) — P(y) = R(x,y)(Q(z) — Q(y)). Jokaxu-
Te, UTO CyMIEeCTByeT MHOTOUWIeH S(x) Takoi, uto P(x) = S(Q(z)).

ITonga. 09 urouida.

Onpenenenne. Muoxectso [ ¢ omepanusgMu + U X Ha3BIBAETCS N0AEM, €CJIN
BBITIOJIHEHBI CJIEJIYIONIIEe aKCUOMBI:



1) (accoumaruBHOCTD ciaoxenusi) Va,b,c € F (a+b)+c=a+ (b+¢);

2) (kommyTaTuBHOCTD cjiokenust) Va,b € F a+b=0b+q;

3) (cymecrBoBanme Hydada) 0 € F: VaecF a+0=04+a=q;

4) (cymecTBOBaHIE 0GPATHOrO MO CJIOXKEHUIO 3j1eMeHTa) Va € F 3b: a+b =

b+ a=0;
) (acconmaTuBHOCTH yMHOXKeHUs) Va,b,c € F (a xb) X c=a x (b X ¢);

) (KoMMyTaTUBHOCTH yMHOXKeHus) Va,b € F a x b=b X a;
) (cymecrBoBanue equuauipl) 31 : Vb bx 1=1xb=1b;
8) (cymiecTBOBaHME 0OPATHOrO MO yMHOXKEHMIO 3jeMenTta) Vb # 0 da :
b=0bxa=1,;
9) (mucTpudbyTuBHOCTh) Va,b,c € F  ax (b+c¢)=axb+a X ¢

0

1. Hokaxxure, uro B 1nojie 0 X a = a X 0 = 0.
2. JlokaxxuTe, 4TO HYJIEBOI 3JIEMEHT, €JIMHUATIA, OOPATHBII 110 CJI0XKEHUIO U 00PaTHBII
110 YMHOXKEHUIO € JMHCTBEHHDI.

AKCHOMBI TTOJIS1 O3BOJISIIOT PACCMaTPUBATHL MHOTOUJICHBI, KO3(MDMUIIMEHTHI KOTOPBIX
— 310 3jeMeHThl 1051, C TaKuMU MHOIOYJICHAMU MOKHO BBIIOJIHATH BCE IIPUBbIY-
HbIEe OIEPAIUU U TIOJYUIaTh MPUBBIYHBIC UTOTU (JeJIeHHe ¢ OCTATKOM, TeopeMa Besy,
HanOOJILINNI OOl JIeIUTelIh, TJIABHOWICAILHOCTD, PA3JI0KEeHNe Ha HelPUBOJINMbIC
MHOXKHUTEJIN ).

3. Hokazkure, uro jobas pynkuus na nodse F), co snauenusamu s IF), upejcrasigercs
B BHJIe MHOI'OUJICHA.

4. a) Jokaxnre, 90 y MHOrOUIEHA (T + 1)2k Ha i [Fy Bcero jiBa HenyseBbix Ko hu-
nuenta. 6) Haiiyiure kosmuectso Henysesbix koadduiuentos muorowiena (r + 1)2013
a1 [Fo.

Omnpenenenne. [Jannt q8a nmoss [y u Fo. OTobpazkenue ¢ : Fy — [y naspiBaeTcs
UBOMOPPU3MOM, €CJIN OHO SABJSIETCsl Omekimeit, u juisi Jobbix x,y € [y BoImOTHEHO
p(r+y) = p(@) + o(y) n p(zy) = p(x)p(y).

Omnpenenenne. [loyisg HABBIBAIOTCA U30OMOPPHHOLMU, €CTIA MEXKTY HUMU CYIIECTBYET
n30MOpHU3M.

Onpenesenne. VM3omopdusm u3 1mosist B camo cedsi Ha3bIBAETCsE aBTOMOP(U3MOM.

5. HokakuTe, UTO Nnpu JIOOOM H30MOpP(MHU3IME HOJb IIEPEXOIUT B HOJb, €INHUIIA B
eJINHUILY.

6. [lokaxxure, 9T0 1npu JitOOOM M30MOPGU3ME Pa3HOCTH MEPEXOJUT B PA3HOCTD, a
JaCTHOE — B 9aCTHOE.

7. Jdokaxkure, 4T0 B30MOPGHOCTH 110JIell eCTh OTHOIIEHNE SKBUBAJECHTHOCTH.

8. Ilpuymaiite neroxecrsennpli asromopdusm moss Q[v/2].

9. Jlokasxure, uro Q[v/2] u Q[v/3] ne uzomopdini.



10. [okaskute, 4TO y 1MOJIsA JICHCTBUTEBHBIX YUCE HET HETOXKJECTBEHHOI'O aBTO-
Mopdusma.

11. Ecrb st HeTOXK IeCTBEHHBIH aBTOMOP(U3M Yy 110JI5T KOMIIJIEKCHBIX YnCeT?

I'pynnei. 10 uround.

Onpenenenne. Muoxecrso G ¢ OMHAPHON omepanyeil * Ha3bIBAETCS 2pYynnot
(G, %), eciiu BBIIIOJHEHDI CJIE/LYIOIINE AKCHOMDbI:
1) (accommaTUBHOCTS) Jist JTI00BIX a, b, ¢ € G umeer mMecto a * (b* ¢) = (a *b) * ¢
2) (cyirecTBOBaHUE HENTPAIHHOTO JIEMEHTA) CYIIECTBYET jieMeHT € € (G TaKoi,
970 JIJIsT J1I060r0 @ € (G BBINOJIHEHO € % a4 = a * € = «;
3) (cymiecTBoBaHME OGPATHOTO 3JIEMEHTA) /st JIIOOOTO neMenTa a € G cytie-
CTBYET 3JIeMeHT b Takoii, uto a x b = b *x a = e.

Omnpenesienne. ['pynna G ¢ onepanueil *« Ha3bIBACTCA KOMMYMamuerot (1 abe-
ae6ot), ecim Ya,b € G axb="0bxa.

1. a) Jlokaxkure e MHCTBEHHOCTH HEATPAJILHOIO SJIEMEHTA.
6) dokaxxure eJIMHCTBEHHOCTH 0OPATHOIO SJIEMEHTA.

2. dnsiioress sm creyione MHOXKECTBa ¢ OMHADHBIME OTEpaNUsMU Ha HUX
rpynnaMu (€ciu sBJISAIOTCs, TO abeJeBBIMU UK HET):
a) 1esible Yuciia ¢ onepaiyeii ciaoxenus (Z,+);
0) HarypaJbHble Yncia ¢ onepanueit cioxenust (N, +);
B) JIelCTBUTENIbHBIE YHCTa ¢ oneparmeil ymaokenus (R, X);
r) JAeficTBUTEIbHBIE TOJOKUTEILHBIE YUCIa ¢ onepanueil ymaoxkenns (R, X);
/1) MHOXKECTBO BEKTOPOB Ha IJIOCKOCTH € OlEPAIlMell CJIOKEHUs;
€) MHOXKeCTBO MHOTOUJIEHOB OT TPEX MepeMeHHbIX HaJl mosieM Fr ¢ omeparueii cioxe-
HUS;

XK) narepBas (—c, c) ¢ onepaiyeii u o v = %;
C

3) MHOXKECTBO JIBUXKEHHUIT ILJIOCKOCTH ¢ Olepalueil KOMIIOBUIIMH;
1) MHOYKECTBO [IOBOPOTOB C Ollepaliueil KOMIIO3UIHH;

K) MHOXKECTBO MEPECTAHOBOK 7. 9JIEMEHTOR ¢ oreparnueil kommosutnu (Sy,);

JT) MHOYKECTBO YETHBIX [IEPECTAHOBOK 7 9JIEMEHTOB ¢ Olepalieii KOMIIO3UIIUHT;

M) MHOYKECTBO HEYETHDBIX [EPECTAHOBOK 7 9JIEMEHTOB ¢ Olepalieli KOMIO3UIINHT;

H) MHOXKECTBO [EepecTaHOBOK 10 3JIeMEHTOB, KOTOPBIE SIBJISIIOTCSI TPETHUMHU CTEHeHsIM
KAKHUX-TO JIDYTUX MEPECTAHOBOK;

0) MHOXKECTBO OCTATKOB 110 MOJLYJIIO 1 ¢ onepainueit ciaoxenust (Zy, +);

H) MHO2KECTBO HEHYJIEBLIX OCTAaTKOB II0 MOJIYJTIO 71 C onepauuef/’l YMHO2KE€HU A

(Zn \ {0}, x).



Omnpenenenune. KomnaecTso s1eMeHTOB TPyIinbl (G HA3BIBAECTCS NOPAJKOM TPYIIITHI
G u oboznavaercs |G.

[Topsijlok TpyIIbl MOXKET ObITH U OECKOHEUHbBIM.

Onpenenenue. [opadkom 37eMeHTa ¢ HA3BIBAETCS MUHUMAJIBHOE TAKOE HATY PaJTh-
Hoe n, uTo ¢" = e. Ecjim Takoro n He CyImecTBYeT, rOBOPST, 9TO ¢ — JIEMEHT DECKO-
HedIHOTO TopsiaKa. [lopsanok smemenTa g obo3navTaeTcs |g|.

3. Jlokaxkure, 4TO B KOHEUHO I'PYIIIIE KaXK Iblil 3JIEMEHT UMEET KOHEUHbIH 110PsiJIOK.

4. MoryT jiv B GECKOHEYHOM TPYTITE BCE JIEMEHThl MMETh KOHEUHBIH MOPsJIOK?

Omnpenenenue. [logvmuoxkecTBo Tpymibl G, KOTOPOE CaMO SIBJISIETCST TPYIIIOH OT-
HOCUTEJIbHO TOH »Ke orepaliun, HasbiBaeTcs nodzpynnot rpynnbl G. ObozHaueHue:
H<G.

5. Jlokaxxure, 4ro nepecederue JirodbOro HabOpa MOJAIPYIIIL SABJISIETCS HOJIPYIIION.

6. Mosker jtu coOCTBEHHAsT TOATPYIINA IPYIITLI OBITH U30OMOPQHOI Beeit rpyrte?

Omnpepesienne. llycre H < G u g € G. Muoxectso gH = {g* h|h € H}
HA3BIBAETCST AEBHILM CMENCHBIM KAaccom Tpyiibl G 1o noarpyiie H.

7. Jlokaxkure, 9T0 JIBaA JIEBBIX CMEYXKHBIX KJIACCA TI0 OJIHOW U TOM e moArpyIie Judo
HE [epecekaroTcst, Jubo COBIAIAIOT.

8. Onuinre MHOXKECTBO CMEXKHbBIX KJIACCOB JIJIsi CJEYIOIIUX TPYIII U MOJArPYIII: a)
R < C;6) Z <R; ) R <C* r) noarpymia napajjieibHbiX EPEHOCOB B I'PYIIIIE
JIBYKEHUIT; J1) TOATPYIIa MOBOPOTOB BOKPYT JAHHON TOYKU B IPYIIIE JBUKEHUIA.

Omnpenenenne. KoanaecTBo cMEXKHBIX KJIACCOB HA3BIBACTCS UHIEKCOM TTOATPYIITIHI
H B rpynne G u oboznauaercs |G : H].

9. (Teopema Jlarpanxka) /s koneunoit rpynnst G Hlokaxwure, aro a) |G| = [G :
H] - |H| nna Besxoii moprpymnst H; 0) |G| nenmres Ha |g| i1 BCAKOTO 97eMeHTa g.

MHuoro4djeHbl OT HECKOJBKNX nepeMeHHbIX. OBepraiim. 10 utons

1 Onumure KaK ycTpoeHbl rpaduKy B TpeXMEPHOM IIPOCTpaHCTBe (DYHKIINI, 3a,1aH-
HBIX MHOTOYJIEHAMA

a) 12 + 9% 6) y* + at — 2yx? + 1.

2 JlokaxkuTe, 9TO HEHYJEBOW MHOTOWIEH CTENEHN He BbIle p — 1 OT mepeMeHHbIX
T1, T2, ..., T, ¢ KoddduipuentaMn n3 nojs F, He MoXKeT NPUHAMATL 3HAUCHNE
HYJIb JJ1sl JIIOOBIX 3HAUCHUN 1IePeMEHHbIX U3 ).

3 st KaxXK 010 n3 HUKeIepednCIeHHbIX TOJIMHOXKECTB A TOUeK Ha KOODPIMHATHOM
JIOCKOCTH YCTAHOBHUTE, Haiijercs jium MHOrodien P(x,y), mis koroporo A ectsb B
TOYHOCTH MHOXKECTBO TOYEK, B KOTOPBIX OH 0DPAIIaeTcst B HYJIb?!



a) A - KOHEYHOE MHOXKECTBO.

0) A - obbesmHEHNEe KOHETHOTO THUCIIA TPSIMBIX.
B) A={(&1- /Dl nen}

) A=A{(zy)| v,y > 0,2y = 1},

n) A= {(z,y)ly =2"}.

Yuciaa. 11 urosd.

1. Jokaxute, uto a’*! = a (mod 561).

2. Dano p — npocroe uucio Gombine 3. [lyers n = (2% — 1)/3. Jokaxkure, 9T0
2" — 2 nenuTes Ha N.

3. Iocnenosarenbhuocrs {x,} 3amana pekkypentHoit GopmMymoii: a; = 29, ay =
2013, ap40 = a? 1t a?. JTokaxkure, 4TO HU OJMH U3 YJIEHOB MOCJICJ0BATEIHLHOCTH He
neauTcs Ha 239.

4. a) HaiiTi KOJIMUeCcTBO KBAJIPATUIHBIX BBIUETOB MO MOy o 601 cpegn ocTaTkoB
or 1 mo 300.
6) K ckosIbKuM KBaJ[pATHUHBIM BblUETAM [PU J00aBIEHUN 1 MOy IUTCs KBaJIPATHIHbBII
BbIYeT?

a) Ilycrs p = 4k+3 — mpocroe anciio. V3BecTHO, 9TO @ — KBaJIpATHIHbIN BbIYET

o mosysito p. Haiianre dpopmyiy mjast KBaapaThiX KOpeil U3 a 110 MO0 P.
6) Ecsin ipocroe p umeer Bug 3k + 2, 1o s11000ii 37eMEHT SBJISETCH KyOUUECKUM Bbl-
yeroMm. Haiiiure dpopmyny s Kybudeckoro KOpHs U3 a.

6. [Tycts npocroe aucio p umeer suj 3k + 1. a) Jokaxwure, 1ro naj [, Muorowien

3 — 1 umeer 3 KopH4.

6) CKoJIbKO Beero KyOrdecKux Bbiueros Oyjier B 110 MojiyJiio p? B) Boider b kybuueckum
TOIJIa U TOJBKO TOIJIa, KOTJIA ViE =1 (mod p).

7. Harypajibhble uncia &, y, m 1 n Takosbl, 4To n° = 152+ 16y n m? = 16x — 15y.
Haiiiure HauMenbliee BO3MOXKHOE 3HAUEHKE, KOTOPOE MOYKET NPUHUMATL MUHUMYM U3
m un.



Teopema Buera m cummeTrpudeckme MHOTOUYJIEHBI. 12 WO
IlepBoe oTnesienue

1.1 Jokaxkure, 4T0 CyMMa M-X CTEleHel KOPHEH HPUBEJEHHOIO KBaJIPATHOI'O TPEX-
YJIeHA C HEJBIMU KoM MUIIMEHTAMI ABJISIETCS HMEJbIM YKCJIOM JIJIs JIF0OOro HATY-
paJIbHOI'O M.

1.2 a) Haityute cymmy KBajpaToB KopHeii Muorousena x° + 22 + 7x + 1.

0) Haityure cymmy Ky6oB ero KopHeii.

1.3 CymiecrBytor JIH TaKHe HEeHYJIeBbIE JIefiCTBUTEIbHBIE JHCIIA
ai,as, ... ,an,bl,bz, ceey bn, qTo
(m2—a1x—|—b1)(:ﬂ2—a2x—|—b2) . (m2—anx—|—bn) =(z—ai)(x—ag) - (xr—ap)(x—b1)(x—0b2) - (x—by).

1.4 B knerkax Tab/uibl 3 X 3 paccTapiieHo 9 dncest, IpudeM CyMMbl YUCEJT B CTPOKaX
1 B CTOJIOIAX TAOJIUIIBI PaBHBI MeX 1y coOoii. JlokaxKuTe, 9T0 cyMMa IIPOU3BE/Ie-
HUIl ducesl B CTPOKaX TabJIMILI paBHA CyMMe IPOU3BEJICHUI YUCeJ B CTOJIOIMAX
TabJINIIGL.

1.5 Bynem nazbiBaTh pasMepoM MpsSMOYTOJHHOTO MapaJJesenuieia CyMMy TPex ero
U3MEPEHU — JIJIMHBI, NIUPUHBI U BbICOTHI. MoXKeT i B HEKOTOPOM IPSAMOYTOJIb-
HOM lapaJijiesIeluIIe/[e [IOMECTUTHCH OOJIbIINI 110 pa3sMepy HPsiMOYIOJIbHbIN 11a-
paJuiesenumne;?

Bropoe ornesnenue

Onpedenenue: Muorouanen P(xq,Zs,...,%,) HA3BIBACTCI CUMMETPUYIECKUAM, €C-
m P(xy,29,...,2,) = P(T50),Te(2), s To(n)) AT 1000 NEPECTAHOBKH O
{1,2,...,n} = {1,2,...,n}. Haupumep, mnorounen zty+ytz + iz + 240+ 92+ 21y
ABJISIETCSI CHMMETPUIECKIM, 8 MHOI'OUJICHBI x2y+y2z+22x u a:2+y3 +22 - ner. Daemen-
MAPHBIM  CUMMEMPUUECKUM MHO20MAECHOM CTEIICHN k OT TePpEeMEeHHBIX T, X9, ..., T,
Ha3bIBAETCSI MHOIOYJICH

er(r1, Tay ..o, Ty) = g Ti Tjy -+ T, -
1<i1<19<... <1, <N
B wacrhocru, e1(xy, o, ..., Ty) = X1+ Xo+ -+ Xy W e (T1,Xo, ..., Ty) = T1To -+ - Ty
Mu1 Takke cunraem, 4To ey = 1.
2.1 Teopema Bueta

Ecnu muorounen 2" + a,_ 12" ' + ... + a1= + ap UMeeT KOPHH Qq, g, . . ., Oy (c
yHueTom KparHocreit), To a, = (—1)*er(ar, as, ..., ay).
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2.2 V muorousena " + a,_ 12" 1 4+ asx? + a1z + 1 Bce KOPHU - T10JI0KUTEJILHbIE

peficrsurensupie yncua. Jokaxure, ato |ap| + |a,_i| > 2C% nns moboro 0 <
k <n.

2.3 a) Ilycrs py (1, 29, . .., Tp) = 2 + 2§ 4 -+ - + 2. Jlokaxkure, 4To Jijist J100010
m

HATYPAJIBHOTO 1M BBIIOJIHEHO Me,, = Z(—l)r_lpremfr (popmyaa Hvromona).
r=1

0) Hokaxkure, 9TO CymMMa M-X CTeleHeil KOpHeil YHUTapHOTO MHOTOWIEHA C Iie-

JbIMI KOI(DDUIMEHTAME SIBJISIETCST [EJIBIM TUCJIOM JIJTsT JTII000T0 HATYPAJIbHOTO 7.

Tperbe oTnereHUE

OcHoBHasg TeopeMa 0 CUMMETPUYECKUX MHOTOUJIEHAX

Muorounen P(z1,xs,...,%,) ¢ HeTbIMA KOIDOUITHEHTAMHA SIBJISIETCST CHMMETPHUe-
CKMM TOTJa W TOJBKO TOTJA, KOIyla Haiijgercs Takoii muorowieH Q(yi,ys,...,Yn) C
HeJabIMiu KO3 pUItmeHTamMmu, 9To

P(xy,29,...,2,) = Qer(x1,Tay ..., Tp), €2(T1, T2,y oo, Tn), ooy €0 (T1, T2,y oo, X))

Onpedeaenue: s crpouek a = (ay, ao,...,a,) u = (b, ba,...,by,), T1e a; u b;
- HEOTPUIATE/ILHDIE [IeJIble YhCJia, OyJIeM TOBOPUTH, 4TO v OoJiblie [ B JIEKCUKOTDa-
dudyecKoM TOpgKe u nucath o = (3, ecin « # B u a; > b; 1719 HAUMEHbBIIEro i,
TAKOTo 9TO a; # b; .

3.1 a) [Mokaxxure, 40 Jyist (v # [ BBIIOJIHEHO POBHO OJIHO U3 yCJIOBUH o > S 1 f > .
6) [Mokaxwure, uro a = fu f =7 = a > 7.

6) Iokaxure, uto a = fu o = f = a+ o = [+ 3 (cnoxenve o u f
IPOM3BOJIATCS TOKOMIOHEHTHO ).

3.2 Jlokaxkure, 4TO He CYIIECTBYeT TakOil GECKOHeYHOH mocjeoBaresbHocTn {ov,
UTO O = Qg > -+ Qi > - .

Onpedenenue: yst muorownena P(xy,29,...,7,) crapuieii CTEIEHbIO Ha-
3BIBACTCA HAMOOJBIIAS B JICKCUKOTPA(DUICCKOM TOPAJKEe TaKas CTPOUKA (o =
(ay,as,...,a,), 9ro ogHoUseH x]'xy? « -+ x% BxoaUT B P ¢ HenysneBbiM Kodbdu-

[IUEHTOM.
3.3 a) Jlokaxute, 4To cTapInas cTerneHb MEOrOUIeHa P(Q) paBHa cyMMe cTapiieii cre-
nerr MHOTOUJIeHa P w crapiieit crenern MHOrOUIeHa ().

0) Ilycts oo = (aq, ag, ..., a,) - crapiias CTeneHb CAMMETPUICCKOTO MHOTOUJICHA
P. Jlokaxxure, 910 a1 > a9 > -+ > Qp.
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B) [lycrs a = (aq, az,...,a,) v ay > as > -+ > a,. [Hokaxkure, 410 3Ta CTPOUKa
SIBJIAETCS cTapllieil cTeleHbio MHOTOYJICHA,
e1(z1, T, ..., )" eg(x1, e, .o, Tn) 2T e (T, Ty - X)) T e (21, X2y L )Y

r) JJokaknre OCHOBHYIO TEOPEMY O CUMMETPUYECKUX MHOIOUJICHAX.

3.4 JlokaykuTte, 4TO 3HAUEHKE JTIOOOI0 CUMMETPUIECKOT'O MHOT'OUJIEHA OT KOPHEH YHU-
TAPHOI'O MHOT'OYJIEHA C IEJbIMU KOI(PPUITUEHTAMU SIBJIAETCS 1EJbIM YUC/IOM.

Iloka3arenn u nmepBooOpa3Hble KOpHU. 14 mioyid

Onpedenerue: s B3aMMHO IPOCTLIX HATYPAJLHBIX YHCEJ] @ ¥ 1 HAUMEHbIIee
Takoe HarypaJsibhoe t, uro a' = 1 (mod n), naspiBaeTcs MOKa3aTeJeM 4ucia @
110 Mojtyito 1. Eciu nokasaresib pasen ¢(n), TO 0CTATOK G HA3bIBAETCs TTEPBO-
00pa3HBbIM KOPHEM 110 MOJLYJIIO N.

d

1 a) Hokaxure, uro a* =1 (mod n) < d nenurcs Ha t.

0) Hokaxkure, aro ¢(a" — 1) menurcs wa n.
B) Haiigure Bce mpocteie p u g, Takue aro 2P — 1 nenures va q u 29 — 1 jenurcs
Ha P

n
r) JTokaxure, uro J11060i poctoit jgeaurenns unciaa 22 + 1 umeer sug 2y + 1
U BBIBEJIUTE OECKOHEUHOCTh MHOYKECTBA MPOCTHIX UHCes TAKOTro Buga (st huK-
CHPOBAHHOTO N).
1) st bUKCHpOBAHHOIO MPOCTOTO P JOKAKUTE HECKOHETHOCTH MHOXKECTBA MPO-

aP—1
1>

creix ances sujga 2px + 1 ([lodckaska: Tlocmorpure Ha pocThie JgenTe 1
He jiessime a — 1),

2 a) Hokaxwure, 4r0o n = Z o(d) ([Todckaska: paccmorpure jpobu %, %, o m).
dln

,H.HH cJIelyromux IyHKTOB BCIIOMHHaEM IIDO MHOI'OYJIEHBI Ha/l Fp.

0) Hokaxwure, aro jisi joboro d cymiecTByer He Oojee d 0CTATKOB (10 MOJLYITIO
p) TOKazaTessi, JAeNIIero d.

B) Hokaxwure, aro mis d|p — 1 cymecrByer poBHO d ocTaTkoB (110 MOJLYJIIO P)
moKas3aTeJist, JIessIero d.

r) Hokaxwure, ato jytst d|p — 1 cymiectByeT poBHO ¢(d) 0CTATKOB MOKazaTess d
o momynio p (B wactHocTH ¢(p — 1) > 0, Tak 4T0 nMepBooOpasHbie KOPHU IO
IPOCTOMY MOJLYJIO CYIIECTBYIOT).
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3

1.1

1.2

1.3

a) Hokaxkure, uro unciaa 1,2,...,p— 1 MOXKHO PACCTABUTH [0 OKPYKHOCTH TaK,
4TO KBaJpaT J000ro 4ucia OyuerT CPaBHUM 110 MOJYJIIO P ¢ LUPOU3BEICHUEM €I'0
cocejieit.

p—1
0) Hdnst Kax 1010 HATYpaJIBHOTO d HafiuTe Z n? (mod p).

n=0
B) [Ipu momoru mepBooOpas3HBIX KOPHEH JIOKAXKHUTE, ITO (1‘—;) =q'7 (mod p).
a) okaxxute, 9T0 JIJIsi HEIETHOTO MTPOCTOTO P U HATYPAJIBHBIX U, T (U HE JIEJTUTCS

na p) uncio (1 + pu)? — 1 geanrest na p™*1, o ne na p" 2,

a) Ilycrb g - mepBooOpasHbIil KOPEHb M0 MOJLYJII0 HEYeTHOro npocroro p. Jloka-
YKUTE, 9TO XOTsi ObI OJIHO U3 YUCE]T § U § + P sABJSIeTCs IePBOOOPA3HLIM KOPHEM
10 MOJYJII0 p® JiJIsi JII0OOTo (.

0) Ilycts ¢ - mepBooOpasHblii KOpeHb MO Mojayao p®. JlokaxkuTe, ITO OJHO W3
quces g u g + p® Oyjer 1mepBoodOPa3HbIM KOPHEM 110 MOJYJII0 2p%.

Anekcannp JIbBOBMY 3aJlyMasl § HATYPAJIBHBIX YMCEJ M BBLIMNACAJ HA JOCKY BCE
MX II0IIaPHbIE CyMMbI, B TOM YHUCJI€ CyMMbl 4MCJIa C caMuM coboit. st kakoro
HarOOJILIIEr0 § MOIJIO TaK OKA3aThCsl, YTO BCE BBIMUCAHHDLIC YUCJIA JAIOT PA3HbIE
ocratku 10 MojyJtio p(p — 1) (p - mpocroe wucio)?

Anrebpaunveckue u 1ieJibie ajiredpandeckKue 4uciia. 15 uroJad

IlepBoe apeiicTBue

Onpedenerue: KoMILIeKCHOE UNCIO (v HA3BIBACTCA aJIT€OpamdecKnM, eCii OHO
SIBJISICTCS KOPHEM MHOT'OUJIEHA C IeJbIMU Koad puimenTaMu; 1MeJibiM aJjredbpa-
WYEeCKNM, €CJIU OHO SIBJISETCS KOPHEM YHUTAPHOIO MHOTOUJIEHa C IEJIbIMU KO-
s duiimenramMu; TPAHCHEHAEHTHBIM, €CJIM OHO HE siBJISICTCs aJilreOpaniecKuM.
Yucsia € u ™ TpaHCIEHeHTHBI, HO J0Ka3aTh 3TO OYeHb HEIIPOCTO.

Onummre HauMeHbIllee YNCI0BOE [moJie, cojepzkaliee 7.

JlokaxkuTe, 9TO UHUCI0, IBITIONIECECS OJHOBPEMEHHO PAIMOHAJILHBIM U IIEJIBIM aJl-
reOpamdecKuM, siBJISCTCS 1EJIbIM.

,ZLOK&)KI/ITG CHECTHOCTDb MHO2KECTBa aﬂre6pa1/1quKI/1X YHUCEJI 1 BbIBEJUTE OTCIOJa Oec-
KOHEYHOCTb MHO>KECTBa TPaHCHEHACHTHBIX YUCEJI.
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1.4 a) Teopema JInmyBusis Byjem HasbiBaTh KOMILUIEKCHOE YUCIO (¢ XOPOIIO TPH-

1.5

2.1

2.2

2.3

OJIMXKAEMbIM, €CJIA OHO HE ABJISICTCsl PALMOHAJIBLHBIM U JIJIsl JIIOObIX HATYPaJ/IbHbIX
N,n mHaiiercss Takoe palioHaJIbHOE g, aro o — ’é! < ﬁ Hoxaxkure, 410 BCe

XOpomIo HpI/I6JII/I}KaeMbIe YUCJIa ABJIAOTCA TPaHCHEHICHTHBIMA.

6) [Mocrpoiite mpuMep XOpPOIo MPUOINKAEMOrO YUCIIA.

a) [ycrs p(z) = (r —aq)(x — ag) - -+ (x — ) - MHOTOUIIEH € TEJBIME KO3 DU-
iuenTamu. Jlokaxkure, 9T0 y MHOI'OYJICHA H (z — a;a;) Bee koaddunuenTor

1<i<i<n
TaK2>Ke IIeJIbIC.

0) Hokaxkure, 4T0 CyMMa, PA3HOCTH M IPOU3BEJICHUE TIEJIbIX aJreOPanuecKuX Yu-
CeJl TaK»Ke SIBJISIeTCs TeJIbIM aJIredpanIecKM.

B) Jlokaxure, uro ajrebpamdeckue ducja obpasyror moJe.

r) okaxure, 9TO BCe KOPHU MHOrOUJIEHa ¢ ajrebpandeckuMu Koabuinenramu
SIBJISIIOTCsT @JITeOPaMIecCKUMK 91UCJIaMi, 8 KOPHU BCEX YHUTAPHBIX MHOTOYJIEHOB
C HEeJBIMI aJiredpaniIecKuMu KOIMDMHUITUEHTAMU ABJISIIOTCS TeJIbIMU ajredbpantie-
CKUMHU YHCJIAMHU.

BTopoe neiictBue

Onpedenenue: Bynem roBOPUTH, UTO HeJible ajaredpandeckue 9ncia o, 3 CpaBHUMBbI
O MOJIYJTI0 HATYPAJbHOTO uuciaa n u nucath o =  (mod n), eciau 9ucio O‘T_B

ABJIAETCA IEeJIbIM aJIFe6paI/I‘{eCKI/IM.

JlokaxkuTe CJeyIonue CBOfCTBA TAKUX CPDABHEHUIT IO MOJLYIIIO.

l)a=p (mod n)u =7 (mod n) = a =+ (mod n).

2) a = f (mod n) = p(a) = p(f) (mod n) mis gwoboro muorousena p(z) ¢
HeJibiMy ajiredpandeckuMu Ko puiineHTamu.

3) Eciu o m 5 - 1esible duciia, 7O CPAaBHUMOCTD MO MOJIYIIIO T B OMPEJIeJI€HHOM
BBIIIIE CMBICJIC SKBUBAJIEHTHA OOBIUYHON CPABHUMOCTHU 110 MOJLYJIIO M.

[lycrs ¢ = cos(%) + isin(3F).

a) [Tokaxxure, uro ( SBJISETCS MEJIBIM aJrebpanIecKiuM TUCIOM.

6) Hokaxkure, 410 Jijist JEOOOIO HEYETHOTO POCTOIO P BBINOJHEHA [EMOUKA CPaB-
nenuit (mo mogymo p) u pasencts (P + (P = (C+ )P = 2%(@“ + ¢ =
)¢+,

B) Jokaxkure, 410 (1—2)) =1, ecrm p = £1 (mod 8), u (12—)) = —1, ec;iu p = 3
(mod 8).

PaccMorpum moc/ieoBaTeibHOCTD {ay, |, 3a/1aHHY 10 HAYaJ bHBIMU YCJIOBHSIME () =
3,a1 = 0,as = 2 1 COOTHOIICHUSIMU Ay, = Qy_9 + Qpy_3.
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2.4

3

a) [Tycrs «, B, 7y - kopau muoOrousena x° —x— 1. okaxwure, 9ro a, = "+ "+,

0) Hokaxkure, 9TO @) JACJUTCA HA P JUIst JIFOOOTO MPOCTOTO P, UCHONB3Yst CDABHH-

MOCTD IIE€JIBbIX aﬂFe6paI/IquKI/IX quces1 1o MOAYJIIO p.

B) JlokaxkuTe TOT K€ PE3yJIbTAT ¢ MOMOIIBI0 KOMOMHATOPHON MHTEPIIPETAIMNH:
@y, €CTb KOJINUECTBO CIIOCODOB paspe3arhb KJeT4aToe KOJIbIO U3 71 KJIETOK Ha JIOo-
MWHOIITKNA 1 TPUMUHOTIKHA.

KBagparnarablit 3aKOH B3aUMHOCTHU J[jis pa3/iMuHbIX HEYETHBIX ITPOCTHIX P U
p—1lg—1
q Beimoaaero (2)(4) = (—1)z =z

q/\p

pfl k'
[Tycrs ( = cos(%”) —|—z'sin(27”). Husi 1 < a <p—1oboznainm g, = E — ) ¢,

k=1 p
Yuciia g, HazbiBarOTCs KBaapaTundabiMu cymmamm L'aycca.
a) Jokaxkure, 4To YUCIA g, ABJIAIOTCSA HEJIbIMUA AJreOPanIeCKUMU.
6) Hokaxwure, 4ro g, = (%)gl.

p—1

B) Tokaxure, uro g7 = (—1)7 p. (odckaska: paccMoTpuTe BbIpaXkKeHUe

p—1
Z GaJ—a M JOKAXKNUTE, 9TO OHO OJIHOBPEMEHHO PABHO U (%)(p —1)g?, uplp—1))
a=1

r) Jokaxkure 1enouky cpaBHeHuii (110 MOJLYJII0 ) U PaBEHCTB

q pol gt p=1g-1 [P
D n=9=g9i=(-1)7Zp7q=(-1)7" q g1

IL) BoiBeinTe KBaJIpaTUIHBIH 3aKOH B3aUMHOCTH.

IIpaBuiabHbIE MHOTOYTOJIbHUKN, KOPHU U3 €IMHUIBI 1 MHOTOYJIEHBI
JeJieHus Kpyra.
19 uroua

Bcnomunaaem: YV muorowsena 2" — 1 ectb n pa3iuaHbIX KOMILJIEKCHBIX KOPHEId,
a nmenno uncia suja cos(ZE) 4+ isin(ZE) qsm 0 < k < n — 1, koropsle Ha-
3bIBAIOTCS KOPHAMU M3 eAuHULBI . COOTBETCTBYIONIME TOYKU PACIOJIAralOTCs
Ha eJMHUIHON OKPYKHOCTH W 00Pa3yioT MpaBUIbHBIN N-yroibHuK. Kopenb u3
eMHUIBI ( CTEIeHW 71 HA3bIBAETCs IIPUMUTHUBHBIM, eciu (™ # 1 jjis 1106010

HaTypajgbHoro 0 < m < n.
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1 a) Iycrs ¢ - kopenb u3 epunnis crenenn n, ¢ # 1. Haiiaure 1+¢ 4+ 4 - -+ L
6) Haiiure Koam9yecTBO MPUMUTHBHBIX KOPHEil M3 eJIMHUIBI CTENeH! N.

B) Pajinyc oKpy»KHOCTHU, ONMUCAHHOW OKOJIO MPaBUJILHOIO N-yTOJIbHUKA, paBeH 1.
Hajigure npoussejenne paccrosiiuii or (ukcupoBaHHoi Beprmuabl A 110 Beex
OCTaJILHBIX BEPIIUH 3TOT'O0 MHOI'OYIOJIBHUKA.

2 a) Jlokaxure, uTo Jjst JIIOOOIO 1IPOCTOrO p MHOTOUIeH 2P~ + 2P 72 4 -+ 4 1 + 1
HEIIPUBOJIUM HaJT Z (Ho@c%:as%a: BCIIOMHUHAaEM KPUTEPUA SﬁSeHmTeﬁHa).

6) B paBHOyIroJibHOM p-yrosibHUKe (P - HPOCTOE) JJIMHBL BCEX CTOPOH PALUOHAJ b-
Hbl. JIoKayKuTe, 4TO OH SIBJISIETCS TPABHIJIBLHDIM.

3 Bepuiutbl IpaBuiibHOIO MHOIOYTOJIbHUKA PACKDAIIEHBI B HECKOJILKO (60JIbIIe 0J1-
HOT'O) I[BETOB, TaK UTO BCE BEPIINHBI KAaXKJIOTO MBETA TaK¥Ke 00pPA3yIOT MPABIIIb-
HBIi MHOTOYrOJbHHUK. JloKaxkuTe, 9TO cpeidm 3THUX OJHOIBETHLIX MPaBUJILHDLIX
MHOT'OYT'OJIbHUKOB HaiJlyTCsl JIBa PABHbIX.

Onpedesenue: MuOTrOUIEHBbI Oesienusi Kpyra - sto ®,(z) = (z — () (z —
Ga) -+ (T — Com))s tte Ci, Cas - -5 Cony - BCE IPUMUTHBHBIC KOPHU M- CTELCHU U3
1.

4 a) Hokaxure, uro " — 1 = H Dy(x).
dln
0) Hokaxkure, aro Bce KO3 burmentsr muorouiena $,(z) - messe qucia.
B) Haiigure @, (z) s Bcex n < 12.
5 Hactusbiit ciay4ait teopembl JIupuxiae: s sroboro HaTypaabHOrO 1 Haii-

JeTcst OECKOHEYHO MHOTO MPOCTBIX duces Buga nk + 1.

a) [Iycrs muorowienst C(z) u D(z) ¢ uesnbiMu ko3bUIMEHTAME B3AUMHO PO~
crel. JlokakuTe, ITO TOT/IA IS IOCTATOTHO OOJBINNX MPOCTHIX P 3HAUEHUS MHO-
FOYJIEHOB B OJ[HOM I1€JION TOYKE HE MOI'YT OJITHOBPEMEHHO JICJIUTHCA Ha P.

0) [dokaxkure, 9TO MHOTOUJICHBI JICJICHUST KPYTa MOMAPHO B3aAWNMHO TTPOCTHI.

B) Jlokaxkure, 94TO JIJIs1 TOCTATOUHO OOJIBINIUX TPOCTHIX P BhimoJHeHo p|®,(a) = n
SIBJIACTCS IOKA3aTeJeM ( 10 MOLYJII0 p = p = nk + 1.

I‘) Jlokaxxure npuBejieHHbII YacTHBIN ciydail Teopembl upuxiie.

6 Henpusomumocts P, ()

a) Jokaxkure, 910 JijIsi TOrO, 4TOOBI JIOKa3aTh HempuBogumocts P, (x) wan Z,
JOCTATOTHO MOKa3aTh, 9T0 ecan f(x) - HenmpuBouMblit Ha Z maoknTesns O, (x),
¢ - kopenb f(x), p - npocroe 4ucyo0, He jessiiee n, 1o (P - roxke Kopenb f(x).

[Ipepmnonoxum nporushoe. [lycrs ay = (, ao, . .., oy - Bce kopau f(x).
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6) Hokaxure, uro y muorounena g(x) = (r —of)(z —af) - - - (x — of) Bee Ko3d-
dbulenTh HeJble U OH B3auMHO npoct ¢ f(x).

Iycrs B; = of (1 < i < k). O6osHaunM Bce OCTABIINECS KOPHU CTENEHU 1 U3
eMHUIIBL (Kpome ; U ;) 1epes i, . .., Y. LlycThb

A= H (o — aj)?, B = H (8; = B;)% C = H (v — )%,

1<i<j<k 1<i<j<k 1<i<j<m
D= (ai=P))", E = (Bi—)", F = (ai=7;)*
Qi —Pj) i—5) Xi—=75) -
I<i<k, 1<j<k I<i<k, 1<j<m 1<i<k, 1<j<m

B) Hokaxure, uro A, B,C, D, E, F' - neasie uncia u |[ABCDEF| = n".

r) Jlokaxkure MEnouKy paBeHCTB U CpaBHEHWI (10 MO0 p) HeJbix ajrebpan-
aeckux uucen D = (f(aq) f(ad) -~ f(e))? = (f(ar)’ f(a)? - - fap)?)® = 0.

1) Hostyaure npoTrBopedre u TeM caMbiM 3aBEPIIUTE JIOKA3aTEIbCTBO HEIPUBO-
mamocta D, ().

Iloste, koHeuHOe ToJIe. 21 UIOJIsA

KBa3wmonpenesenne: byjieM Ha3bIBaTh HATYPAJLHOE UUCJIO 1 NOAECNPUZOOHBIM,
€CJIM CYIIECTBYET 10Jie U3 1 3JIeMeHTOB. Bo3HUKaeT BOIPOC: a KaKue Yucjia sBJisi-
IOTCsI TIOJIETIPUTOHBIMI ! MbI 3HaeM, UTO B YACTHOCTH BCE IIPOCTHIE SIBJISTFOTCSI.

a) ZlBiseTcs i OJePUTOIHBIM InCao 47

0) A uncrno 67

[Tycts F' - nojie u3 n 3JieMEHTOB.

a) Jokazkure, uro ¢" ! = 1 nns moboro g € F, g # 0. (Ilodckaska: Beniommunaem
JIMCTOK PO I'PYIIITbI)

6) Jokaxure, uro B F' ecth posHo ¢(n—1) nepsoobpasnovir xophet, To €CTh TaKux
geEF, g#0,aro ¢g"#1 a0 <m<n-—1.

ITycts n - mosenpurojHoe ducyo. /JJokaxkuTe, 4TO MOXKHO ITOKPACUTh Bce pedpa
nosaoro rpada K Ha n’? BepumHuax B n4 1 1BeT, TaK 9TOOBI B JIOOOM OHOIBETHOM
cBs3HOM Mojrpade rpada K cojeprkasoch Obl He DoJiee . BEPIIKH.
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4 JlaTwHCKUE KBaJapaThl

Jlamunckum Keadpamom NOPsijiKa 1 HA3BIBACTCsT KBaJIPAT N X N, B KJIETKAX KO-
tToporo paccrasienbl uucia {0,1,...,n — 1}, Tak 9T0 B KaxKj0M CTOJONE U
B KaKJIOWl CTpPOKe BCe YHCJIa Pas3judnbl. /JIBa JaTUHCKUX KBaJipaTa Ha3bIBAIOT-
CT 0PMO20HANDHBLMU, €CTIA TIPU HAJIOXKEHWHW OJIHOIO Ha APYroil Karkjasl U3 rmap
(1,7), 0<i<n—1, 0<j<n-—1Bcrpeuaercs B KjeTKax 00pa30BaBIIETrOCs]
KBaJIpaTa POBHO OJINH Pa3s.

a) Hokaxure, 9T0 HeJb3s BRIOpaTh GoJiee deM 1 — 1 MOmapHO OPTOTOHAJBHBIX
JIATUHCKWX KBaJIPATOB TOPSIIKA 1.

6) Ilycrs n - nosenpurognoe yucio. Jokaxure, 410 MOXKHO BbIOpaTh 1 — 1 110-
apHO OPTOTOHAJIBHBIX JATHHCKUX KBaJIPATOB MOPAJIKA N.

5 KoHeuyHBbIEe 1IJIOCKOCTHU

Koneunoti aggunroti naockocmbio opsiKa 1 Ha3bIBACTC MHOKECTBO U3 12

9JIEMEHTOB, B KOTOPOM BBIJICJIEH HEKOTOPbI HAOOP N-3JIEMEHTHBIX MOJIMHOYKECTR
(IpsIMBIX), TaK 9TO JIFOObIE JIBE PA3JMIHBIC TOUYKH JIEXKAT Ha OJHON MPSMOI, JIo-
Oble JBe pas3JInuHble IIPAMbBIE IIepeceKalTcs He 6ojiee ueM B OJHON TOUKe, U Uepel
JIIOOYIO TOUKY IPOXOJUT POBHO OJIHA IIpsSMasi, apaJiiebHas JaHHOI.

a) okaxkure cyiecrBoBaHue KOHeUHOH adUHHON MI0CKOCTH TOpsijika 1 Jiist
JIIOOOI0 TIOJIETTPUTOJTHOTO YUCJIA, 1.

2 rouek. Kaskbie qBe

6) [Tycrs n - nomenpurositoe unciio. B mpoctpancTse TaHbl n
U3 HUX COEJIMHEHbI OTPE3KOM, IIPUYEM OTPE3KU HE IMePeceKatoTcs JApYT ¢ APYTOM.
Kaxkipiit oTpe3ok mokpaiied B oauH u3 n — 1 nuperos. IleTss xouer moKpacuTh
KaXK/IyI0 TOYKY B OJIMH M3 9TUX I[BETOB TakK, 4TOObI HE HAILJIOCH JIBYX TOYEK U

OTpe3Ka MeXKJIy HUMM, OKpaIlleHHBIX B ofuH 1BeT. Beerma ju Ilere sTo ynacresa?

Koneurnoli npoekmueHol n.aocKocmbio NOPSIKa 1 Ha3bIBAETCA MHOKECTBO
3 n’4+n+1 9JIEMEHTOB, B KOTOPOM BbIJICJIEH HEKOTOPBI HAOOP 1+ 1-3/IeMeHTHBIX
IIO/IMHOXKECTB (Hp;{MbIX), TaK 4TO JIIOObIE JIBE Pa3/inuHble TOYKHU JieXKaT Ha OJ[HOM
IPSAMOI U JIIOOBIE JIBe Pa3JInYHbIE TPsAMbIE TIePECeKaloTCsl POBHO B OJTHON TOYKE.

B) JlokaxxuTe CyIiecTBOBaHIE KOHETHON MTPOCKTUBHOMN MIIIOCKOCTH MOPSIJIKA 1 JIJIsT
JIIODOTO TIOJICTIPUTOHOTO YUCTIA, M.

r) ITycrs 1 - nosenpurouoe ynciio. Kakoe vHanbosibiiee KOJIMIECTBO KIETOK MOXK-
HO OTMETHTH B KBajpaTe n +n + 1 x n? +n + 1, 9ToOb HIKaKHe 9eThIpe OTMe-
YeHHbIe KJETKN He 00pa30BbIBAIHN MIPSIMOYTOJTHHUK !

6 JlokasKuTe, UTO YHCJIO P° ABJIACTCA HOJCIPUIOIHBIM IS JIOOOTO IPOCTOrO p.
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Pa3srosop npo koneunsbie moss (cxema). 21 uross

IlepBasg 4acTb: JlokasbiBaeM, 9TO €C/INA CYIIECTBYeET MMoJie ' 13 n 3J1eMeHTOB, TO
n = p¥ Ju1s HEKOTOPOTO IPOCTOTO P.

Illa2z 1.1: Xapaxmepucmurot moas F Ha3bIBaeTCs HAMMEHbBIIIEE TaKOe 1M, UTO
cymma m enuaun B F' pasna 0. Torma m = p - npoctoe, n F' conepKuT MOI0NE,
nzomopdHoe [,

Illaz 1.2: JokasbiBaeM HEOOXOMMOE YTBEPXKJICHUE TIPH TOMOIIH " BbIUEPIIbIBa~
nus'": Ha k-M 1mare y Hac ecrth MHOXKeCTBO n3 pr snementos nojs. Ecan B F eme
OCTAJINCh 9JIEMEHTBI, TO Mbl PACIIHPSIEM BbIOpaHHOE MHOXKecTBO j10 PP+l sjemen-
TOB.

Bropas gacts: Cymecrsyer noje uz p* aaeMeHToB ji/is 1106010 HATYPAJILHOTO

k.

IITaz 2.1: JlokasbiBaeM CyIIECTBOBAHKE IOJIs U3 P> SJIEMEHTOB, MPUCOCIUHAS K
F, kBaJpaTHBI!l KOPEHb U3 KAKOT0-TO KBaJPaTUIHOIO HEBbIYETA.

ITae 2.2: Tlycrb g(x) - nenpusoumbiit Muorowien wagl F'. Torja Bee ocrarku 110
MOJIYJIIO ¢ 00Pa3yIoT IoJie, KOTOpoe sIBJisgeTcs pacuimpenneM nojs F. Hanpumep,
mpu F =R, g(z) = 2% + 1 mbl nosyuaem pacumpenue, uzomopduoe C.

IlTaz 2.3: IIpuMensisi ONMMCAHHYIO BBIIIE HMPOIEYPY, CTPOUM IEIOUKY pacIIrpe-
unit F!' ¢ F? C -+~ C F*, tak uro F' = F,, nna moboro 1 < k < s Haj
nostem FF* mporousien aP” — x packiiaipiBaeTcs Ha GOJIbIIee YUCIO0 HEIPUBO/LH-

Fk:—l—l

MBIX MHOXKUTEJIEH, HeXKeJIn HaJl TT0JIeM , a HaJ TojeM F'° OH pacKJIaIbIBACTCs

Ha JINHEHHbIE MHOXKUTEJIN.

7
ITae 2.4: llycts G = {a € F*la? = a}. Torna G 3aMKHYTO OTHOCHTETHHO
apudMeTniecKix omepaiuil (JUIst CJI0KEeHHs Ml HCIOIb3yeM ToT dakt, aro Ch,
JenuTest Ha p st Jiroboro 0 < k < p'), To ecth 0bpasyer mnoue.

ITTaz 2.5: Yrobbl nokasaTh, 4To B G COJAEPIKUTCA POBHO P’ 3JIEMEHTOB, TEIephb
JIOCTATOYHO 10KA3aTh, 4TO y o — x HeT KpaTHbIX KOpHeil. J[jist 9Toro BBOANUM
HOHATHE NPOU3E00HOT MHOrOUIeHa Hajl HoaeM: eci p(T) = a,a" + ap 12"t +
o+ agx® + a1 + ag, 1o pl(x) == na,z" 4+ (n — a, 12" 2+ -+ 2007 + ay
¥ BOCTIOJIb3yeMcst ipasuiiom Jleiibuuta (p1ps) = pipe + p1ph.
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KBagparwanbiii 3akoH B3amMHOCTH ['aycca. 22 uross

(KBagparuunsiii 3akon B3auMmuoctu Laycca.) st jiio6bix pasindaHbiX HevYeT-
HBIX HPOCTBIX YUCEJI P U ¢ UMEET MECTO PABEHCTBO (%) : (g) = (—I)W :

Joka3zaTeabcTBO 1 ObLIO JIMCTOUYKAX IIPO aJredparndecKue ducia.

Bynem obosnauars napoii (a,b) Takoit 0cTaToOK S MpH JICJEHUHN Ha PG, 9TO BbITOJI-
Henbl s = a (mod p) u s = b (mod q).

JlokazaTejabCTBO 2.

1. PaccmTopum J1Ba TIOIMHOXKECTBA, OCTATKOB 10 MOJLYJIIO P(

1
S:{(a,b):a:1,2,...,p—1;b:1,...qT}

pq—1
2 b

Jokaxkure, 4TO MPOU3BEJICHUsI OCTATKOB B JIBYX MHOXKECTBaX JinOO COBIAJIAIOT, JIN0O

T ={(c modp,c modq): (c,pq) =1,c=1,2,...,

OTJINIAIOTCS 3HAKOM.
2. Jlokaxkure, 9TO

a) ] (@b) = (-1, ((¢g—1)/2)"") (mod pg):

(a,b)eS
p S (12..p=1D-(p+1-.2p—1) (... Sy —1)(... - Sp 2ty
NE Dl .
ces q-2q-...5¢

(p—1)'T % (mod p)

o1 = -0 (2) g - 017 (2)) God po)

ceS
r) BoiBepure u3 91ux cpaBHeHUi KBajpaTHIHbIH 3aKOH B3aMMHOCTH.

JlokazaTejabCcTBO 3.

3. YMHOXKEHIE BCEX JIEMEHTOB IIPUBEJICHHON CUCTEMbI BEIYETOB 110 HEYETHOMY ITPO-
croMy MOy o p Ha Bhider a Z 0 (mod p) npousBOAUT B HEil EpECTAHOBKY.

a) JJokaxxure, 4T0 €/ @ — KBaJPATUIHBIH BBIYET 110 MOJIYJIIO P, TO I1OJLY YU BILIASCS
IOJICTAHOBKA IeTHA.

0) Jdokaxkure, 9T0 €ciiv @ — KBaJ[PATHIHBIA HEBBIYET 10 MOJIYJIIO P, TO OHA HEYETHA.

4.Ilycth p u ¢ — pasjndHble HEYETHbIE MPOCThIe Yhca. PaccMoTpuM JiBa MHOXKe-
crea M = {0,1,...,pg — 1} u M = F, x F,, rne F, — 1o/1e BLIYETOB 1O MOJIYJTIO P.
Kax oMy asementy x € M mocraBuM B COOTBETCTBHE Hapy T = (%, 2,) € M, rae
r, =2 (mod p) mu z, =2 (mod q)_.BaMeTMM (moitmure 310!), YTO HAHHOE OTOOPAXKE-
Hue Oyjer oueknueit mexxjuy M u M.

Paccmorpum mapy orobpaskenuii f,g : M — M, 3aJaHHYIO CJICIYIONAMI pPaBCH-
crBamu: f(a,b) = a+ pbu g(a,b) = ga + b. CoorBercrByMOIIe UM OTOOPAKEHUST U3
M B M wmbl Takxke Oyiaem obosnadarh OyKBamu f u g.
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a) Hokaxkure, uro f u g — nepecraHoBKHM Ha MHOXKecTBe M.
6) [okaxkure, 9To mepecTaHOBKA [ WeTHA TOTA U TOJBKO TOTJA, KOTJIA <§> = 1.

B) Paccvorpum nepecranosky f o g~! na muoxecrse M. Boruucinre uncio unsep-
CUII 9TOH 1IepecTaHOBKU.

r) (JdokazarenbcTBo 3osioTapéna.) llpu momoru npepynux MyHKTOB JOKa-
YKUTE KBAAPATHIHBI 3aKOH B3aUMHOCTH:

q p (e=1)(a=1)
8- (2) =1
p q
5. lycrs 21 = 1,y; = 100, 21 = 227 + 4, Yno1 = y27 + 1,,. JloKaskure, uro
TpYp HE JleJuTCsd Ha 239 HU IPU KAKOM HATYPaJbHOM 7.

13 neBomemrmero. ['ayccoBbl dmca.

Onpenenenne. [ayccosvimu wucaaMu HA3LIBAIOTCS KOMILIEKCHBIE UNCIa BUIA @ +
bi, tie a u b mesbie. [ayccoBbl uncsia 0Opa3yoT KOJIbIIO, KOTOpoe 0bo3Hataercst Z|i).

Onpenenenune. Hopmot rayccoBa uncia o = a + bi naswiBaercst ancio N(a) =
ad = a* + b?

Omnpenenenne. ['ayccoBo 9mncyio a deaumcs Ha TaycCoBO NGO (3, €CJIN CyIIeCTBYeT
TAaKOe rayCcCoBO IUCJIO Y, 9TO o = [37.

Onpenesienne. ['ayccoBo 4UCI0 HA3BIBACTCS 00DAMUMbBLM, €CJAA HA HEI'O JICJUTCs
eJIMHUTIA, U HeoOPaMmUMbLM B TIPOTUBHOM CJIydae.

1. Haitjiure Bce obparumbie rayccoOBbI YKCIIA.

Onpenenenne. HeobpaTumoe rayccoBO UMCIO HA3LIBACTCS NPOCMbIM 201CCOBBIM
€CJIM ero HeJib3s IPEJICTABUThL B BUJIE NPOU3BEJICHUS JIBYyX HEOOPATHMBIX I'ayCCOBBIX
qUCET.

2. (denenme ¢ ocratkoMm) Janbl jiBa rayccobix uncia « u . Jokaxure, 410
CYIIECTBYIOT TaKUe rayCCoBbl Tucyia ¥ u , 9to aw = Y5 + § u N(0) < N().

Boobiie roBopst, B KOJIbIIE TayCCOBBIX UHCEJT JIEJEHUEe C OCTATKOM HE OJHO3HATHOE.
Tem He MeHee, OHO MMO3BOJISIET MPUMEHSTH aJITOPUTM EBK/INIa Jiisi HAXOXKIeHUsT HaU-
OOJIBIIIEr0 ODINEro JIeJIUTENsI B KOJIbIE ['ayccoBBIX THCeI.

3. Haitqure nanbosbiuit gejinresib rayccoBbix uncest 3 + 41 u 11 4+ 13q.

4. a) (ImaBHOMmeasbHOCTD) [lycrh av — 1pocToe rayccoBo 4ucsio u Sy Jleaures
Ha «. Jlokaxkure, uTo Tornma [ NEJUTCS Ha (v WU Y JEJUTCS Ha (.

6) (®PakropmasbHOCTh) Jlokaxkure, 4To JHOOOE IayCcCOBO YUCJIO MOXKHO MpPEJCTa-
BUTH B BUJIE TTPOUBBEJIEHNUsT TIPOCTHIX TayCCOBBIX UNCES, TIPUIEM TaKOe MPEICTABICHUE
eJIMHCTBEHHO C TOYHOCTBLIO J0 MOPs/IKA COMHOXKHUTEIeH U YMHOXKEHUsT Ha 0OpaTUMbIe,

5. a) Ilycts p — nesioe mpocroe ancio. JlokaxuTe, 910 1160 OHO MIPOCTOE TAYCCOBO
ancsio, Jubo npejcrasisiercs B suje (a + bi)(a — bi).
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6) ITycth p — npocroe unciio suga 4k + 3. Jlokaxkure, 4T0 OHO SBJISIETCST TIPOCTHIM
1'ayCCOBBIM YUCJIOM.

B) [Tycrs p — npoctoe ancio Buma 4k+ 1. Jlokaxkure, 910 OHO HE SIBJISIETCS TPOCTHIM
rayCCOBBIM YHCJIOM. (YEKasanue: 6cnommume, wmo cyuyecmeyem 2aycccogo wucao a +
bi, Hopma KomMopozo na p deaumcs, a JetUcmEUMeNbHaA U MHUMAA YACTND — HEM)

6. Pemure B mesnix unciax ypasaenne 2 + 1 = g7,

7. JloKaxKuTe, 4TO MIPOCTOE YUCIO0 MOYKHO IIPEACTAaBUTh B BUje 2 + 2y? Torja u
TOJILKO TOTJIa, KOTJIa OHO JIaéT ocTaTku 1 nan 3 npu jJejennn Ha 8.
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KombrHaTOpuKA.

Cetu @®opaa n PajgkepcoHa. 6 MrOJId

Onpenenenne. Ilycrb 3aj1aH0 MHOXKECTBO BepinH V', B KOTOPOM BbIJICJIEHBI JIBE
BeprHbL: § (6x0d) u t (6wrod). [lycrs onpenenena dyuknus ¢ : V x V — R, ynosie-
TBOPSIONTAs COOTHOIICHUSAM

c(x,y) >0, c(x,s)=0, c(t,y)=0

Jutst io0bix Bepriue x,y € V. Torna G = (V) s,t,¢) — cerb, GyHKIWS ¢ HA3BIBACTCS
nponycknoti cnocobnocmuio cern G.

Muoxecrso A(G) = {(x,y) : c(x,y) > 0} HasbiBaeTCSI MHOXKECTBOM CIMPENOK
cetu G.

Omnpenenenne. [lycts G — cers. Oyakums f: V X V — R mazwiBaercst nomoxom
B ceru G, eciiu [ yJI0BJIETBOPSIET TPEM YCJIOBUSAM Jijist Jit0bbix £,y € V uv € V\{s, t}:

flz.y) <clzy), flr.y)=—fly,2), DY f(v,2)=0.

Yucao |f| = > ,cv f(s,2) naszpiBaerca eeauwunot nomoxa. Ilotok B cetn G ¢
MAKCUMAJILHOI BEJIMUUHON HABBIBACTCS MAKCUMAADHIM.

Omnpenenenne. [lyctb G — cerb, a MHOXKECTBO ee Bepiiud V pas3OUTO Ha /1Ba
Herepcekaroiuxcss Maoxkecrsa S u T takux, uro s € S u t € T. Torga (S,T) —
paspes cetu G.

Bemuuna c(S,T) = 3, o5 o7 c(@, y) HA3BIBACTCS nponycknotl cnocobhocmvio pas-
pesa. JIro6oit paspes cern G ¢ MUHEMAJIBLHON IPOIIYCKHON CIIOCOOHOCTHIO HA3BIBAETCH
MUHUMANDHDLM.

Hoist moboro noroka f B cern G sesmunna f(S,T) = > o or [(2,y) naspisaercs
nomoxom wepes paspes (S,T).

1. Lz mroboro moroka f u paspesa (S,T) cetn G mokaxure, aro |f| = f(S,T).

2. (Teopema Popaa-Pankepcona.) B ceru G ¢ IpoIycKHON CIIOCOOHOCTHIO ¢
3ajial motok f. JlokaxkuTe, 4TO CJIEYIONNe TP YTBEPKICHNsT PABHOCUJIbHBL:

1° morok f mMakcumaJieH;

2° cymecryer paszpes (S, 7T) takoit, aro |f| = ¢(S,T);

3° B OCTATOYHOIN CeTH HET JOMOJNHSIONIEro My TH.

CaencrBue. Bemnunna MakciMaJbHOTO MOTOKA paBHA MPOMYCKHON CIIOCOOHOCTH
MUHUMAJILHOIO pa3pesa.
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3. Ilycrs (S1,T1) u (S9,Ts) — munumasbhbie paspesbl B cetn G. Jlokaxure, 9ro
paszpesbl (S1 N Sy, T1 UTs) u (S1U S, T1 NTh) TakkKe siBJAAIOTCS MUHUMAJIbHBIMMU.

4. JlokaxxuTe, ITO B MEJOTUCICHHON ceTn (T.€. B CETH, MPOIYyCKHBIE CIIOCOOHOCTH
BCeX pebep KOTOPOl SBJISIFOTCS TEJIBIMU YUCTaMK) CYIIECTBYET MaKCHMAJIbHBIH MTOTOK,
IpUIeM CPeJid MaKCHMAJIbHBIX MOTOKOB JAHHOW CeTH HalIeTCs HMeJ0IMCIeHHbI.

Brmsenere n3 TeopeMmbr Qopa-Pagkepcona CaeIyomnue YTBEPXKIeHNI

5. (“Pebepuast Teopema Menrepa.”) [lausl rpad G u ero Bepumutbl u 1 v. [lycts
npu yjaajgennn Jo0bix k — 1 pebep B ocrapiiemcst rpade CymecTByer myTh MEXIy U
u v. Torya B rpacde G cymectByer k nyreit Mex/ly © U v, HEe UMeIne odmux pedep.

6. (Teopema Xosua.) Eciu B aBymossaom rpade ¢ gomasavu A u B st 06010
muoxkecrsa u3 k Beprmmn V. C A cyiiecTByer He MeHee k BepIUH JJOJIU B, cMeXKHBIX
XOTs1 ObI C OJIHON W3 BEPINH MHOYXKECTBa V|, TO CYIIECTBYET MapOCOUETAHNE, COAEPIKa-
Imee Bce BepIuHbl n3 A.

7. (Teopema Kénura.) Ha kieqaToii mIocKoCTH paccTaBieHo HECKOIbLKO JTaJIeil.
Torja HanboJIibIliee YUCIO HEOBIOIKUX JIPYT JIpyra JiaJieil, KOTOphie MOYXKHO BbIOpaTh
U3 HUX, PABHO HAMMEHbBIIEMY YHUCIY JUHUA (CTONOIOB U CTPOK), HOKPHIBAIOIIMX BCE
JIAHHDIE JIAJIbH.

8. (“Bepmiunnas” Teopema Menrepa.) llycTs BepiinHbt « U v HECMEXKHBI U [IPU
yJjlajeHun jirodbix k — 1 BepiinH B ocTaBiieMcst rpade CyecTByeT MmyTh MeXJy U U U.
Torma B rpade G cymiecTByeT k myTeit MeXXIy © U v, He UMeIONTne 00X BHYTPEHHUX
BEPIIINH.

Nnesa mokanpuOro mopaaka 1: teopus Pamces. 11 uroms

1 JTokarkure, 9T0 U3 JIIOOBIX D TOUYEK HA MJIOCKOCTH MOYXKHO BhIOpATH 4, siBJISTIOIIUECS
BEPIIMHAMU BbIITYKJIOIO YeThIPEXyroJbHUKA.

2 a) Jokaxure, 9T0 U3 JOObIX 6 U€JOBEK MOXKHO BBIODATH WJIM TPEX TOMAPHO 3HA-
KOMBIX, WJIM TPeX MOTapHO HE3HAKOMBIX.

0) dokaxure, 9T0 U3 JOOBIX 9 UeJOBEK MOXKHO BBIODATH WJIHM TPEX TOMAPHO 3HA-
KOMBIX, UJIA YeTHhIPEX MOMAPHO HE3HAKOMBIX.

B) Crenman HOprheBnd, He3HaKOMBINT ¢ BHYTpPEHHEH CTPYKTYpPOil HaImeid TPyIbl
podu, TeM HEe MEeHee UMEET CMEeJIOCTh YTBEPXKIATh, YTO B Hell 3aBEJIOMO HAM/ Iy TCs
OO UeThIpe YesoBeKa, JObIe IBa 13 KOTOPBIX KOIla-HUOYIb CUJIEJN 38 OJHOI
napToil, JIMOO YeThIpe YeJ0BeKa, HUKaKhe JIBa U3 KOTOPBIX HUKOT/1a HE CHJIETU 33
ojHoit maptroii. [Ipas jm on?

2m+n

r) Hokaxkute, 910 U3 JIIOOBIX YeJI0BEK MOXKHO BBIOpaTh WJIM 1M [OHAPHO

3HAKOMBIX, WJIN 7l ITOIIaPHO HESHAKOMBIX.
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Onpenenenne: Haumvenbiiiee Takoe HaTypajbHoe R, 910 u3 R 1ejloBeK MOXKHO
BbIOpPATH WJIM M HOHAPHO 3HAKOMbBIX, WUJIM 7 [ONAPHO HE3HAKOMbIX, HA3BIBACTCS
yucaom Pamces n obosnataercs qepes R(m,n).

Haitnnre R(3,3) n R(3,4).

BoJsiee obrie, nycth (pukcMpoBaHbl HATypaJbHbIE YHUCIA A1, ..., 0. LOTJa HaW-
MeHbIIIee TaKoe HarypaJibHoe R, 9To 1pu packpacke 1ojHoro rpada Ha R Bep-
muHax B k IBeTOB Haiijercs JnbOO MOJHBIR OJHONBETHBINH moarpad nsera 1 Ha
@1 BepIIMHAX, JIMOO IOJIHBIA OJHOIBETHBIN HoArpad IBeTa 2 Ha a9 BEpIINHAX,
..., DO TIOJIHBIN OJIHOIBETHBIH 1ojrpad 1BeTa k Ha aj BEpIIMHAX, 0003HATACTCS

uepes R(aq, ..., a)) n rakxke Ha3bIBAETCH 4UCJIOM Pamcesi.
Teopema Pamces aasa rpados [okaxure cymecrsoBatue R(aq,...,ax) u
R(ay, ... a) < kMt

a) Jokaxkure, 4To Jiist 10000 HATYPAJIBHOIO 1 CYIIECTBYET TAKOe HATypPaJIbHOE
N, aTo npu J11000M HCXOJe KPYroBOTO TypHUpPa cpeiu [N KOMaH]I [0 BOJLIEH00JIY
MOXKHO BbIOpaTh 1. KOMaH/I, CPeJi KOTOPbIX IIepBasd BLINI'PAJIa Y BCEX OCTAJbHBIX,
BTOpasi — BbIUI'paJia y BCEX OCTAJIbHBIX, KPOME 1IE€PBOil, TpeTbsl — BbIUI'PaJIA Y
BCEX KOMaHJI, KpOMe MepBOil U BTOPOI, . .., -9 — BCEM IPOUTpaJIa.

6) Teopema IIlypa [Hokaxure, 9ro jjisi JH0O0NO HATYPAJILHOIO T CYIIECTBY-
erT Takoe HarypaJbHoe N, 4TO ecjiv 1nokpacuTh uuciaa 1,2,..., N B n 1Beros,
TO HallIyTCs TpU uncaa (He 06S3aTeHbHO PA3IUIHbBIX) T, Y, 2 OJHOTO TBETA, JJis
KOTOPBIX & + Y = Z.

a) Kaxoe u3 3-sieMeHTHBIX TOJAMHOXKECTB MHOXKecTBa, A 13 4 (m + n uer-

BEPOK) 3JIEMEHTOB MOKDPAIIECHO B KPACHBIl uiu B cunmii nper. JJokaxure, 9ro B
A MOXHO BpIOpaTh JUO0 M 3JIEMEHTOB, CPeJI KOTOPLIX BCE TPOMKM - KpacHbIe,
b0 N HJIEMEHTOB, CPEJIU KOTOPLIX BCe TPOHKH - curme (m,n > 3).

6) Teopema Pamces mus runeprpadoB s ji00bix HaTypaJdbHBIX dHUCE
ni, ..., Nk, S CYIMECTBYeT TaKoe HaTypaJbHoe [V, eciu B MHOXKecTBe 13 [N 3j1leMeH-
TOB PACKPaCUTH BCE S-dJIEMEHTHDBIE TTOAMHOYXKECTBa B Kk T[BETOB, TO JIJisI KAKOT'O-TO
1 <1 < k MoxkHO BbIOpaTh M; 3JEMEHTOB, CPEJU KOTOPHIX BCE S-3JIEMEHTHbIE
TIOJIMHOXKECTBA, TIOKPAIIEHBI B TIBET 7.
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PazbopunBasi HeBecTa. 14 urojis

ITocranoBka 3amaunm: Ilpuniiecca BbiOupaer cebe kenuxa. [liisi 91010 K Hei
npuexaan n IapeBudeil, KOTOPble BLICTPOWJINCL Tepes JTBOPIOM B OYepeb 1
BXOJISIT 3HAKOMUTHCS C MPUHIIECCON MO OJHOMY. ¥Y3HAB OUEpEeIHOTO MpeTeH/IeH-
Ta, TPUHIIECCA MOXKET JIMOO MPUHATH €ro npejyioxkenre (1 Toraa Ha cJiejyommii
JIeHb UIPAIOT ¢BaJIb0Y ), Jinb0O OTBEprHyTh (KM TOrjA rOP/blil KOPOJEBUY ye3:KaeT
raBcerya). [losHaKOMUBIIMCH ¢ JAByMsI [APEBHYAMHE, [TPUHIIECCA MOXKET CKA3aTh
KTO W3 HUX Jiydie (MpU 9TOM BBITIOJHSIETCS €CTECTBEHHOE MPABHUJIO, YTO €CJIH
UBan-jiypax Jsiyuiie yem Jxon-jiypax, a Ixxon-jypak Jiydiie yem Morans-jiypak,
to Usan-nypak syurie uem Woranu-gaypak). [puniecca xoder BHIOpATh camMoro
JIYUIIEero KeHnXa, HO B KAaKOM MOPSJIKe OHN N3HAYAJLHO PACCTABJIEHBI TIEPE/T IBOP-
1OM, He 3HaeT. Byjem cuurarh 3TOT NMopsiJIoK ciaydaiinbiM. Kak eit jieiicrBoBaTh,
4T0ObI UMETh MAKCUMAJILHO BO3MOXKHYIO BEPOATHOCTD 11006€/IUTh (TO eCcTh BhIOPAThH
JTydITero yKennxa)?

1 Pemure a1y 3ajiauy upu n = 2,3, 4.

2 ObozHauMM Yepe3 ¢y BEPOSITHOCTH TOTO, UTO €CJU t-i 10 CUeTy >KEeHUX OKa3aJl-
Csi JIydIle BCEX HPEJIbIIYINNX, TO OH BOOOIIE JIydille BCeX. DTO TaK Ha3blBaeMasi
YCAOBHAA BEPOAMHOCTG. BeraucinTe g;.

3 a) O6o3na1uM uepes hy BEPOSTHOCTD TOIO, 4TO €CJIM HPUHIECCA HPOILYCTUT 11ep-
BBIX ¢ MPETEHJICHTOB (IPOCTO Y3HAB O HUX KaKyIO-TO WH(MDOPMAIHUIO), a JIAJbIIe
Oysier JIeHCTBOBATHL HEKUM ONTHMAJIbHBIM 00pa30oM (KOTOPOro MbI MOKa He 3HAeM,
HO KOTODBIiT cyriecTByer) 10 ona nobeaut. Jokaxure, uro hg > hy > hg > ... >
hnfl > hn

6) Boraucaiure hy,, b1, hy—o

4 ITokakuTe, 9TO CTpaTerusl ONTUMAJbHBLIX JEeHCTBUI JJIsi IPUHIIECCHI COCTOUT B
caenytomiem. IlycTh s - HauMeHbIliee Takoe Yuciio, 9To gs > hg. Torja mpuHiecce
HY2KHO IIPOIYCTUTD [IEPBBIE § — 1 YeJIOBEK, & 3aTeM BbIOPATH IEPBOI0 BCTPEIHOIO,
KOTOPBIil CTAJT YCJIOBHO JIyYITUM (TO €CTh JIydIlle BCeX TPEJIbITYINNX ).

Hro0Ob! pemuTh 3a/a1y, OCTaJI0Ch HAYIUThCS CINTATh S. A JIJIsT 9TOTO HY>KHO Ha-
YIUTbCs CauTaTh hy.

5 a) Hokaxwure, uro hg = hy = hg = .... = hy_1.

6) dokaxwure, uro ecau t > s, 10 hy = = + Hilhtﬂ.

1 1 1
(?+t+_1 nfl)'
1

6 IlokazkuTe, 9TO S — 3TO HaUMEHbIIIEe TaKOe HATYPAJbHOE YNCJIO, ITO §—|—3+—1+' e
1

— < 1. Eme pas yOejurech B IPaBU/ILHOCTH HAIIETO OTBETa K NEPBOit 3aja4e u

1
n
t
n

B) Hokaxkure, uro ecau t > s, 10 hy =
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olpeJieJInTe ONTUMAJIBLHOE TIOBEJIEHNE MPUHIIECCHl U BEPOSITHOCTH €€ BBIMI'DhIIIA,
ecsiun = 5,0,7,8.

Bompoc pag pasmbinuieHns: Kak xors Obl TpuOIN3UTENILHO BRIYUCIATDL S U
hs—1 (HaubOJIBIITYIO BEPOSATHOCTD BBIUTPBIMIA) JJIs JTAHHOTO 7.7

OrBer ausa pasmbiaeHud: /st OOJbITNX N UMEeT MEeCTO TMPUOJIU3UTE/IHHOE

DABEHCTBO § & %, cOOTBETCTBEHHO Ry 1 A2 1.
(& e

Teopema Bpykca nm Teopema Tarra. 14-15 urosis

1. Ilycts w m v — 3710 JBe HecMmerknble Bepinuibl rpada G. Hokaxkure, uro G —
U — U CBSI3€H TOIJA U TOJHKO TOIJA, KOTJA % U U SBJISAIOTCS BUCAUMNMHU BEPITHHAMU
HEKOTOPOI'0 OCTOBHOIO JiepeBa rpada G.

2. Crenenn Bcex BepInWH CBsI3HOTO rpada He npebocxojsdar d. Jlokaxkure, 910 €ro
BEPIINHBI MOXKHO NPaBUJILHBIM 00pa30M pacKpacuTh B d IBETOB, €CJIH

a) ecTb BepIuHa, UMEIOIasi CTeleHb MeHblIie, yeM d;

0) ecTb BepluHA, TIPU YIAJEHUH KOTOPOH Ipad TepsieT CBSI3HOCTb;

B) d > 2 ¥ ecTh JiBe BEPIIMHbI Takye, 4TO NPHU yJajeHnn ux obenx rpad repser
CBSI3HOCTD;

) ecTh TPU BEPIIUHBI U, U U W TaKWe, 4TO U CMEXKHA C U U W, BEPIIMHBI U U W
HECMEXKHbBI U TIPH YJIaJCHUU BEPIIUH U U W CBI3HOCTH HE HAPYIIAETCS.

1) (Teopema Bpykca.) Crenenun Bcex BepIinH CBA3HOTO rpada, He sBIISOIe-
IoCsi HEUYETHBIM IUKJIOM M TOJHBIM rpadom u3 d + 1 BepiinHbl, HE HPEBOCXOIAT d.
JlokaxKuTe, 4TO ero BEepIIUHbI MOXKHO PACKPACUTH B d IIBETOB NMPABUILHBIM 00pPa30M.

Byjiem ucnosbzoBars ciuejytomue obosnadenus: ecau U C V(G), 1o yepes G — U
obosHavaeTcst rpady, mosydeHubli yragennem u3 G Bcex BepiiwH MHOXKecTBa U (1
BCEX MHITMJCHTHBIX UM pebep); ecoim ab ¢ F(G), o wepes G + ab obosnaanm rpad,
noJsiyueHnbrit n3 G mobasiaeruem pebpa ab.

Omnpenenenune. Ilyctn M — mapocoueranme rpacda G. Hasosem myTh
M -wepedyrousumes, ecin B HeM depenyiorcs peopa u3 M u pebpa, He BXOJsIUe
B M. HazoBem uepenyiwomuiica nytb M -donoanaroujum, eCii ero HAYaJI0 W KOHEI]
He MOKpeIThl M (TO ectb HEU OHO u3 pebep mapocoderanusi M He WHIUICHTHO HU
OJIHOMY W3 KOHIIOB ITyTH).

3. (Teopema Bepxka.) [lokaxure, uro napocoderanue M sBiseTcss MAKCUMAJb-
HBIM TOIJIA U TOJBLKO TOIJIA, KOra HeT M-10N0aHSOmyUX Iy Teil.



27

4. Bepuunbt z,y, z,w € V(G) rakosbl, uro xy,yz € E(G), o xz,yw € E(G).
IIycrs B kaxiom u3 rpacdos G + xz u G 4 yw ectb COBEPIIEHHOE APOCOUYETAHME.
Hokazkure, aro Torga u B rpade G ecTh COBEpIIeHHOE apoCoUeTaHe.

Onpenenenune. O6o3naunm depe3 o(G) KOJMIECTBO HEYETHBIX KOMIOHEHT CBSI3-
nocru rpada G (T0 ecTh KOJMYECTBO KOMIIOHEHT CBA3HOCTH, COJIEPXKAIIMX HEYETHOE
TUCIIO BEPIITHH ).

Teopema Tarta 0 coBepiieHHOM mapocoderanuu. B rpade G cymecrsyer co-
BEpIIEHHOE TTApOCOUeTaHle TOT/Ia W TOJBKO Toryia, Kormaa st joboro S C V(G) BbI-
nosasiercs o(G — S) < |S].

5. a) Hokaxwure, uro ecim B rpade G ecThb COBEpIIEHHOE MAapocoYeTaHrne, TO OH
yjoBaeTBopsier yejaosuio Tarra (To ects st soboro S C V(G) seimonnsiercst o(G —
S) < Il

ITycrs rpad G ynosiersopsier yciaosuio Tarra. Oboznaunm depe3 U MHOXKECTBO
BepiuH rpada (G, CMEXKHBIX €O BCeME ocTaJbHbiMU Beprmuaamu (to ectb U = {v €
V(G) | d(v) = v(G) = 1}).

6) Hokaxkure, 4To ecjiu Bee KOMIOHEHTHI cBsznocTu rpada G — U sBisiorest moJi-
HbIMbI rpadamu, To B rpade G ecTh COBEPIIEHHOE 11apoCcoveTaHue.

B) Ilycts cpenn kommnonenT cszuocTr rpada G — U xoTst Obl OJfHA HE SIBJISETCS
nojiHeIM TpadoM u B rpade G HeT coBepiieHHOro napocoderanus. Jlokaxkure, 91O
MOYKHO J100aBnuThH K (G HEKOTOpOE pebpo Tak, 9ToObl B HOBOM I'pade Mo-npeskHeMy He
OBLJIO COBEPIIEHHOT'O TAPOCOYCTAHUSI.

r) Beiseure u3 npepiymux nynkros Teopemy Tarra.

Nnesa nokaabHOro nopgaaka 2: reopema Ban-nep-Bapaena. 20 nronsa

Teopema Ban-pep-Bapmena: [ljisi jroObix HaTypaJbHBIX kK U T CyIIECTBYET
rakoe Harypajabnoe W (k, ), aro upu jiroboit packpacke uucesa {1,2,... W(k,r)}
B 7' IIBETOB HaiiJIeTCs OHONIBETHAA apudMeTrIecKas IpOrpeccus JIJINHBI k.

1 Jlokaxwutre, uro MoxkHO B3aTh W (3,2) =9, no ne W(3,2) = 8.

2 BanosianTe npobesibl B IoKa3aTebecTBe TeopeMbl Ban-aep-Bapiena.

Joka3areabCcTBO: Dyjiem Bectu mujaykuuio 1o k: 6a3a jjiss k = 1 odeBujiHa,
OyneM J0Ka3bIBaTh nepexoj k — 1 — k.

Onpedenenue: Ilyakom nporpeccnii (patra d, pajguyca k, ¢ KOpHEM B @) Ha30BeM
HA0OD 13 d pas3auvIHbIX apuPMETHICCKUM IPOTPECChii JUIMHBL K, BCe U3 KOTOPBIX
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HAYMHAIOTCS ¢ OJIHOTO M TOTO 2Ke drciia a. Torga KaxK1yio 13 srux nporpeccuii (6e3
KOpHst) Oy/leM Ha3bIBATh BETKOM Iyuka. ByjieM roBOpUTH, 4TO IMyUYOK siBJISIETCS
NOAUTPOMAMULECKUM, €CJTU BHYTPHU KaXKJIO# BETKU BCE YKCJIa MOKPAIIEeHbl B OJUH
[[BET, 9TH I[BETA, PA3JIUUHDBI JIJIS PA3HBIX BETOK W OTJMWYHBI OT I[BETA, B KOTOPDI
ok paiieH Kopeub. Ham monaiodurcst

Jlemma: [Ipennonoxum, aro Teopema Ban-jep-Bapena sepna juis k — 1. Torna
JUist TIOOBIX HATypaJibHbIX d < 7 cymiecTByer Takoe Hatypasbuoe M (k,d,r), 1o
npu Jir060it packpacke uncest {1,2,... M(k,d,r)} B r useros naiijercst au6o
OJIHOIBETHAs! apudMeTniecKas porpeccust JUinHbl k£, JIMOO 1MOJMXPOMaTUIECK Uit
IIy4oK pajuyca k u panra d.

a) BriBenre n3 j1eMMbI TI€PEX0O]T WHYKINHN.
0) Bapepiure J0KA3aTEIbCTBO JEMMbI, TPUBEJCHHOE HUXKE.
Jloka3aTejabCTBO JIEMMBI:

Bynem nokasbiBath siemmy wunayknueir mo d. Baza miag d = 1 oueBumgna (mo-
aemy?) Pacemorpum nepexon d — 1 — d. Ilyers Ny = M(k,d — 1,7), Ny =
W (k—1,7"N{), N = 2N, Ny. Iokaxewm, uro moxuo s3ars M (k, d,r) = N. Ipej-
IIOJIOZKUM, YTO 3TO HE TaK, U BO3bMEM PACKPACKY, JJisi KOTOPO YCJIOBKE HE BBIIIOJI-
asiercst. Torma jst moboro No < b < 2Ny—1 cpeyn aucen {bN1+1,...,bN1+ N}
HalijieTcst oJiIMmXxpoMaTuieckuit mydok pajuyca k u panra d — 1. [Tokpacum uunciia
{Ny, Ny +1,...,2Ny — 1} B < r?N? nperos creyiomum o6pasoM . . .

a) [lycrs {a1 < as < ... < a, < ...} - BO3pacramIas MoCIeJI0BATETLHOCTD
HATYPaJbHBIX YUCEN, Takasg 9To a;+1 — a; < 2013 amsa mioboro i. lokaxwure,
YTO 9TA MOCTIETOBATETHLHOCTD COJEPXKUAT CKOJIb YTOIHO IJINHHBIE apudMEeTHIeCKHe
ITPOI'PECCHUH.

6) JlokaXkuTe, 9TO0 MOXKHO MOKPACUTh BCE HATypaJibHbIE YUC/IA B JIBa I[BETa, TaK
4T0ObI HE HAILIOCh OECKOHEUYHOW OJIHOIBETHON apudMeTUIECKOi 1POrpeccuu.

B) Ha Geckoreunoii mosocke KierdaToii GyMarn 3ammcanbl mesbie ancia. JJoka-
JKUTE, ITO JId JIHOOBIX HATYPAJIbHBIX 1M U N HalJyTcsa TaKHe M OJUHAKOBBIX
OTPE3KOB MOJIOCKM, UAYIINAX HOJAPsAJ, YTO CyMMa YUCEe] BHYTPU KazKJOr0 U3 HUX
JICJIUTCS Ha 1.

r) Jokaxkure, 9r0 jijist JIIOOOTO JEHCTBUTEIBLHOTO § CYIIECTBYET TAKOE HATYDPAJIb-
0—100.

Hoe n, uTo On? oriMuaeTcs oT 1eJoro MeHee YeM Ha, 1
Teopema @osakmana: s ji00bIX HATYPaAJILHBIX kK U T CYyIIECTBYET TAKOE HATY-
pasbroe F'(k,r), aro mpu moboit packpacke aucen {1,2,..., F(k,r)} B r nuseros
HaNIeTCA TaKoe TOAMHOXKECTBO S 13 k OJJHOIBETHBIX YHCEJI, UTO CYMMa, HECKOJTh-
KUX PasauIHbIX duces u3 S Becerga OyJer UMeTh TOT ¥Ke I[BET.
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a) Jokaxkure, 910 JiJIsi JHOOBIX HATYPAJIBHBIX T U Kk CYIIECTBYET TAKOE HATY-
pasbroe n(k,r), uro upu Js0boit packpacke ducesa {1,2,... n(k,r))} B r use-
TOB MOXHO BbiOparh unmcia 1 < a; < ay < ... < ap < n(k,r), Takue 910
a; + as + - -+ 4+ ax < n(k,r) u gst JOOBIX JBYX MOJAMHOXKECTB {a1,as, ..., a} ¢
OJIMHAKOBBIM MaKCUMAJIbHBIM YHUCJIOM, CYMMBbI 3JIEMEHTOB B 3THX IIOJIMHOXKECTBAX
MMEOT OJiuH 1 TOT ke 1BeT. ([lodekaska: okaxure aro unpykimeii mo k. [Toka-
JKUTE, ITO JIJIS Mepexosia foctaroqno B3ath n(k + 1,7) = 2W (r,n(r, k) + 1)).

0) Boiseure Teopemy QosikMana U3 MPEBLIYIIEH 3a1aT1; MTOKAYKUTE, ITO MOXKHO

B3sath W(k,r) =n(r,(r — 1)k +1).

Hokaxure, uro uz {0,1,...3" — 1} moxkuo BbIOpaTh 2" Ynces, HUKAKUE TPU U3
KOTOPBIX He 00pa3yioT apudMeTUIecKy0 IPOrpeccuio.

Jleaex aparMeTaJijioB. 22 UIOJId

a) Hokaxwure, aro 100 30/10TbIX CJOUTKOB (BO3MOXKHO Pa3HbIX 10 BECY) MOXKHO
Pa3JIOKUTh Ha J(BE KYyUd 10 IATLIECST CAUTKOB, TaK YTOOLI BECA 3TUX Kyd pas-
JMYAJUCH He 6ojiee 4eM Ha BEC CAMOI0O TSAXKEJIOro CJIUTKA.

0) Vmeercst 25 camTKOB pasHoro Beca. Beerja i MOXKHO OJIMH U3 ITUX CJIUTKOB
PACIIMJINTHL Ha JIBe YaCTH W PAa3JIOKUTh WX B JBa ceiida Tak, 9TO JacTh pas-
PE3aHHOI'0 CJIMTKA OKaXXKyTCst B pa3Hbix celidax, Beca 30ji0Ta B ceiidpax OyjryT
OJINHAKOBBI 1 B KaxKJ0M ceiicbe Oynmer 1mo 12 1esbiX CJIUTKOB?

Nmeerca 301 gmuK, B KOTOPBIX Pa3J/IoXKeHbl 30JI0TO B cepedpo.

a) Amu Baba umeer npaso BeibpaTh cebe 151 amuk. [lokaxkure, 9T0 OH MOXKET
IOJIYUIUTh HE MEHee IIOJIOBHHBI BCEI'O 30J10Ta 1 He MEHee IIOJIOBHHBI BCEro cepedpa.
[Tokaxkure, aro 150 AMMKOB JJjIsi STOIO MOXKET U HE XBATUTh.

0) Kakoe HamMeHbITIee KOJMIECTBO SITIMKOB JIOJIKEH WMeTh TTpaBo 3abparh A
Baba, 4Tobbl OH rapaHTUPOBAHHO MOI' MOJIYUYUTH HE MEHee TPETH BCEro 30J10Ta U
He Menee TpPeTu Bcero cepedbpa’?

B) Tor ke BOIpOC JiJIst JIBYX ISATHIX.

Teopema o Gumuax: Ha ruockoctu pacrosioxkenbl jise Gburypbl (BO3MOXKHO
HecBsA3HbIX ). Torja cymecTByer mpsiMast, KOTopast JICJIUT KaxK /Iyl U3 9TuX Hu-
I'yp Ha JiBe YaCTU paBHON miormma u. VHade roBopsi, €Cau Ha CKOBOPOJIKE YKapATCs
JiBa, OJiMHA, TO MOYXKHO OJIHUM TIPSAMBIM Pa3pe3oM pas3/IeNuTh KaxKJIblil 13 OJUHOB
Ha AB€ PaBHbLIX 11O IIJIOIIAJW YaCTH.



3 BriBejure myHKT a) HpeJIblIyIneil 3a/1a9u U3 TeopeMbl 0 OJIMHAX.

4 a) Umeercst geTHOE THCJIO SIMUKOB, B KOTOPBIX PA3JIOKEHBI 30J0TO U cepedpo,
HpUYeM KaykJIblil sInK CoJepKuT He boJiee a Kr 30Ji0Ta 1 He Dojiee b Kr cepedpa.
JokaxkuTe, UTO SIUKA MOXKHO pa3dUTh Ha JBE paBHbBIE 110 KOJUUECTBY I'DYIIIIHI,
TaK 9TO CyMMapHas Macca 30JI0Ta OTJMYAeTCs B JIBYX IpyIIax He OoJiee ueM Ha
a KT, a cyMMapHas Macca cepebpa OTINYaeTcs B JBYX I'pyIax He DoJiee ueM Ha,
b xr.

0) Nmeercs 100 gmukoB, B KOTOPBIX Pa3JIOZKEHbI 30100, cepedpo u mraruaa. An
Baba umeer npaBo BbiOpaTh cebe 51 siuk. Jlokaxkure, 4TO OH MOXKET TOJIYUUTh
HEe MeHee 110JIOBUHbI BCer'o 30/10Ta, He MeHee 110JIOBUHbBI Bcero cepedpa 1 He MeHee
MOJIOBUHBI Beeil mmaTwHbl. [lokaxkmre, uTo 50 AMMUKOB JIJIA 3TOIO MOXKET W He
XBATUTD.

Teopema o cauzBudYe: B mpocTpaHcTBe PacmooKeHbl TpU Teja (BO3MOXKHO
HECBSI3HBIX). TOrja CyIecTByeT MIOCKOCTh, KOTOpasi JEJUT KaxKjoe W3 Tejl Ha
JIBe 9aCTU paBHOIO oObema. MHade roBopsi, COHJBUY, COCTOAIIMI 13 XJjeba, Chipa
U BETYMHBI, MOXKHO OJHUM yJIapOM HOXKa, pas3pe3aThb Ha JIBe YacTH, COJepKalliue
IOPOBHY XJ1€0a, ChIpa U BETUUHBI.

5 BeiBejure myHKT 6) peAbLIyIIel 3a/la4u U3 TeOPEMbl O CIHJIBUYE.

6 Nmeercs N dAMKOB, B KOTOPHIX PA3JIOXKEHBI 1. JParMeTaJijioB.

a) Ha smuku Hy»KHO HAKJIEWTb SIPJIBIK C TEHOM, W BCE JPATMETAJIBI U3 9TOrO
AIUKa OYJyT MpojiaBaThest 1Mo 3Toi 1eHe. Kaxkgas neHa Jio/kHa ObITh JieiicTBI-
TesbHBIM ducaoM 0T 0 10 1 (yCJIOBHBIX €JMHUI] 33 KUJIOTPAMM) U CyMMapHast
CTOUMOCTD KazKJIOTO MeTasiia (B YCJIOBHBIX €JIMHUIAX) JOJYKHA COCTABJISATDH MO
JIOBUHY CyMMAapHO# MaCChl KayKJIoro Merasuia (B Kujorpammax). Jlokaxkure, 910
9TO MOXKHO CJIeJIaTh Tak, 4To0bl x0Tst Obl N — n 1eH paBHsijinch O uinnm 1.

0) Anm Baba mmMeer mpaBo BeiOpath cebe n + [(N — n)/2] amuk. Hoxkaxwure,
9TO OH MOXKET MHOJIYIHTDH He MEeHee MOJIOBHHBI OT OOINEro KOJMIecTBa KayKJIOro
u3 MeTaJuioB. [TokaxkuTe, 4TO MEHBIIEro Yucia SAIUKOB JIJIs 9TO0 MOXKET U He
XBATUTh.
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['eomeTpns.

IToBopoTHas romorernsa. 05.07.2013

Onpenenenue. [losopommnot 2omomemuet; ¢ KoapdUIUEeHTOM k U YIJIOM (0 Ha3bIBa-
eTCcs KOMIIO3UIIAS TOMOTeTHH ¢ KO3 ]uimenToM k£ u MoBOpoTa Ha YTOJ (0, UMEIONNX
o6t nentp (Hj o RY). Tpu atom MokHO cantarh, uro k > 0 n 0° < ¢ < 360°.

1. Jlokaxkure, 4ro 1peobpazoBanue 110,100Us sIBJIETCH [IOBOPOTHON romoreTueii ¢
koaddurmerTom k # 1 1 yrjiom @ TOTJa U TOJBKO TOT/IA, KOIJa JJisi JIF0OOr0 BEK-
Topa @ JaHHOe MpeobpasoBaHMe MEPEBOJAUT €ro B BEKTOp k - a_fp (rme CT; — BEKTOD,
HOJIYYeHHbIH U3 BEKTOpa @ 1OBOPOTOM Ha YrOJl ©).

2. a) [Ipsimbie AB u Ay By nepecekatorcst B Touke P, mpudem Bee Toukn A, B, Ay,
B4, P paznuunbl. [JJokaxkuTe, 9TO CyIIECTBYET eMHCTBEHHA IIOBOPOTHAs TOMOTETHSI,
nepepojisitasi Touky A B Ay, a B B By, npudeMm €€ HEHTPOM SIBJISIETCS TOYKA Tepe-
CedeHusi ONMUCAHHBIX OKpYXKHOCTel Tpeyrojbinkos AA; P u BB1P.  6) dokaxure,
YTO TIEHTP MOBOPOTHOH TOMOTETHH, IIepeBosieil oTpe3ok AB B orpe3ok A B; coBma-
JlaeT ¢ IEeHTPOM IIOBOPOTHON rOMOTETHH, epeBosmnieil orpe3ok AA; B orpesok BB;.
B) danbl uerhipe npsiMbie 00IIEro moJiokeHust. Boigeere u3 myHkToB a) u 6) TO, 9TO
ONMCAHHBIE OKPYKHOCTU UeThIPEX TPEYTOJbHUKOB, 0OPA30BAHHLIX STUMH HPSIMbBIMH,
[epeceKaroTCd B OJJHON TOYKE.

3. Cepemunnr cropon BC' u B1C npaBunbibix Tpeyronbiankos ABC n A1 B1C}
COBIAJIAIOT (BEPIIMHbI 0OOMX TPEYTOJLHUKOB TIEPEUUCIICHBI 110 4acoBOi crpesike). Haii-
JIATE BEJUUNHY yria MexKay npambiMu AA; u BBj, a Tak:Ke OTHOIIEHHE JIJINH OTPe3-
ko AA; u BB;.

4. Okpyxxnoctu S7 u Sy epecekaiorcst B toukax A u B. Ilpsimbie p u ¢, npoxojsiiiine
yepes TouKy A, nepecekaior OKpyxKHOCTL S7 B Toukax P u (1, a OKpy»KHOCTL Sy —
B TouKaxX P n Q9. Jlokaxkure, 9To yroa Mexjay npambiMu Py u Po()o paBen yriy
MEXK Iy OKPYXKHOCTSIMU S1 1 5.

5. Ha croponax AB u BC rpeyroabuuka ABC B3sttbl coorBercrBenno Touku C
u Ay, roukn M un My, — cepemunnl orpeskos AC' u A;C) coorsercrenno. Ilps-
Masg BM mnepecekaer ommcaHHYIO OKPY:KHOCTL Tpeyrojpanka Ay BCT B Touke K1, a
npsimasi BM, — onmcannyio okpy»)HocTh Tpeyrosibianka ABC B Touke K. Camun onu-
CaHHbBIE OKPYKHOCTHU 1iepecekaiorcss B Touke P, a upsimpie A;C1 u AC' — B Touke T.
Hoxkaxxute, uro Toukn M, M, K, K{, P u T' nexxat Ha 0THOI OKPYKHOCTH.
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NuBepcus. 9 uroms

Onpenenenne. [Iycrs S — okpyKHOCTD ¢ ieHTpoM O pajguyca r. Husepcuet oTHOCH-
TEJILHO OKPY2KHOCTHU S Ha3bIBaeTCs MPpeodpa30oBaHKe ILJIOCKOCTH, KOTOpPOe JIFOYI0 TOU-
ky A # O nepesoant B Takyio Touxky A, nexkamtyio na ayde OA, aro |OA|-|OA'| = r2.
st rouku O 910 mpeodbpazoBanue He onpeiesieHo. Touka O HA3bIBACTCS UEHIMPOM UH-
secuu, S — OKPYICHOCTIL UNGECUL, T2 — CIMENEHD UNGECUL.

1. a) Ilycrb npeobpasosanne mwiockoeru f : R?\ {O} — R?\ {O} — sro unsep-
cusi ¢ nenrpom O. lokaxkure, uro f spisierca unpostonueir (1o ecrb f o f = id —
TOXKJIECTBEHHOE TTPEOOPa3OBaHNUe).

PaccmoTpum nHBEpCHIO Ha KOMILIEKCHOM 110cKocTH.  0) [lycers menTpom naBepcun
seaisiercst 0, a ee crenenh papHa 1. [lokakure, 910 2 TIEpPexXouT B % B) Haitsnre
obpa3 2z 1pu MHBEPCUU OTHOCUTEJHLHO OKPYXKHOCTH PaJinyca I ¢ IEHTPOM B d.

2. UuBepcusi OTHOCHTENBHO OKPYKHOCTH ¢ meHTpoM B Touke O u paamycom R

nepesogut Touku A u B B touku A’ u B’ coorsercrsenno. Jokaxure, uro |A'B'| =
|AB|-R?
|OA|-|OB|"
3. Jlokaxkure, 4To uHpepcus ¢ nearpom O

a) TEePEBOJIUT MPSIMYT0, TPOXOsAILyio depe3 O, B cebs;

0) TMEPEeBOJUT OKPYKHOCTH, MPOXOJAILy0 depe3 O, B MPAMYIO, HE MPOXOJIAIILYIO
gepes3 O. Kyna npu nepexour meHTp 3Toil OKPy>KHOCTH !

B) TEPEBOJIUT TPSMYIO, HE MPOXOJAItyo depe3 O, B OKPYKHOCTH, MPOXOJISIILYIO
yepe3 O. Kakas Touka 1epexoJiuT B IEHTP STOM OKPY>KHOCTH!

I') MEepeBOJIUT OKPYYKHOCTD, He MPOXOAsIyto depe3 O, B OKPYKHOCTh, HE MPOXOJisi-
myto depes O. IlepexoanT Jjin pu 3TOM HEHTP OJIHOW OKPY2KHOCTHU B IHEHTP JPYToi?

4. Touku A, B u C nexar Ha oJHOI IpsiMoOiif, a Touka P — BHe 5TO# IPAMOIi.
Jokarkure, 9TO MEHTPBI OMUCAHHLIX OKpY2KHOCTEel Tpeyroapankos ABP, BCP,C AP
u TOouKa P JjiexkaT Ha OJHON OKPYKHOCTH.

5. JIe OKpy»KHOCTH, LIepeceKaloluecs B TouKe A, KacaioTcs TPerbeil OKpyKHO-
ctu B Toukax By, Ch u yerBepToit B By, Cs. /loKaxkuTe, UTO OIMUCAHHBIE OKPYXKHOCTU
rpeyroabankoB AB1C1 n ABy(Cy kacaiorcsi.

6. Touku L u M BoIOpaHbI Ha OIMKCAHHON OKpYKHOCTH Tpeyrobhinka ABC Takum
obpazom, uro AL u AM — OHCCEKTPUCHI COOTBETCTBEHHO BHYTPEHHETO W BHEITHET'O
yIJI0B Tpeyroabuuka. Ha mpogomkennsx orpeskoB AM u AL BoiOpansl Touku P u ()
COOTBETCTBEHHO TaKuM obpazom, uto AM = M P, AL = L(). Onucanubie OKPY>KHOCTH
rpeyroibHukoB AMEQ n ALP Bropuuno nepecekaiorcst B rouke S. Jlokaxkure, 410
npsambie AS 1 BC' nmapaJjiienbHbl.



33

TI'eomerpuaeckuii pa3zaoboii. 12 mrojis

1. Jan Biucanubiii yerbipexyroibink ABC D. Jlokaxurte, 9TO HEHTPHI BIUCAHHBIX
okpy:xnocreit Tpeyroasunkos BCD, CDA, DAB nu ABC' 0bpa3yioT NpsMOyTOJbHHUK.

2. Ha mockocT JaHbl YeThipe OKPYKHOCTH. Kaxkgasd U3 HUX KacaeTcsd BHEITHUM
00pa30M POBHO JIBYX W3 OCTABIMXCs OKpYy»KHOCTEH. JlokaxknTe, 9T0 Bee UeThipe MmoJLy-
YUBIIUECS TOYKU KACAHUST JIEXKAT Ha OJTHON OKPYKHOCTH.

3. Jlan kBajpar ABCD. Touku P u Q) nexar na cropoHax AB u BC coorser-
crBerHo, npuieM BP = B(). Ilycrs H — ocHoBaHuUe INepIeHIUKYJ/Isipa, OIIYIIEeHHOI'O
n3 Toukn B wa orpesok PC. Haiignre ZDHQ).

4. Jlaubl TTOJIyOKPYKHOCTH ¢ guamerpoMm AB n neatpom O n npsiMasi, Tlepecekaio-
mast HoJayoKpy»kHocTh B Toukax C'u D, a npsimyio AB — B Touke M. Ilycrs K —
ormaHasg oT () TOUKa IepeceveHrsl OKPYKHOCTEH, OMUCAHHBIX OKOJIO TPEyTOJbHU-
koB AOC' u DOB. Jlokaxxure, uro yroa M KO — npsiMoii.

5. BHyTpu TpeyrosbHUKa PACIOJIOXKEHbI 4 PaBHBIX OKPYYKHOCTH CJIEAYIOIMNUM 00pa-
30M — 3 U3 HUX KACAIOTCs JIBYX CTOPOH TPEYTOJbHUKA, & YeTBEPTasi KACACTCsS BHEITHIUM
0bpa3oM nepBbIX Tpex. JokaxkuTre, 9TO NMEHTP YeTBEPTONl OKPYKHOCTHU, MEHTP BIINCAH-
HOIl OKPY?KHOCTH U IEHTP ONNUCAHHON OKPY?KHOCTHU JICXKAT Ha OJIHON MPAMOIA.

6. Jlaubl J1Ba MPaBUJILHBIX MSATHYTOJBHUKA ¢ 00IIEH BepiinHoit. BepiuHbl Ka 10r0
IATUYTOJbHUKA HYMepyloTcs mudpamu oT 1 710 5 O 9acoBoOii cTpesike, TpuieM B 00-
1meii Bepiinne cTaBUTCsA 1. BepIuHb ¢ 0/ITMHAKOBBIMUA HOMEPAMHU COEIMHEHBI TTPSAMBIMH.
Hokarkure, 9TO MOJyIEHHBIE YeThIPe MPSMbIe TePeCceKarTCss B OJHON TOUKe.

A ddunnnie mpeobpa3zoBanus. 14 mioJis.

Omnpenenenne. Bueknus MIOCKOCTH, TEPEBOAIIAS TPAMbBIE B IPSIMbIe, HA3bIBACT-
cst agppunmnvim npeodPadosanUeMm NAOCKOCMU.

1. ITycrs f — adpdpurnOe mpeobpasoBanme.
a) Hokaxure, uro f nepeBojur napaJijiesbHbie 1PAMbIE B 11aDAJLICJIbHBIE.

0) Hokaxure, uro ecin AB = C"ﬁ, 10 f(A)f(B) = f(C)f(D). Tem cambM MOXKHO

UH/Iy[IIPOBaTh Hallle 0TOOPakeHWe Ha BEKTOPa, MOJYIUM OTOOparKeHue (.

Obosnauenust f u ¢ COXpaHUM W Ha CJIEAYIONINe 3aau.

2. IIycrs npsimast [ ot neficreuem f nepexomut B l; u A, B € (. Brejém Ha Kax 10
W3 MPSIMBIX KOOPAMHATHI Tak, 9To0bl y A u f(A) kooppunarst 66utn 0, a y B u f(B)
— 1. Torpma f 3amaér HEKOTOPYIO OMEKITHIO BEIECTBEHHON IpsMOil — oToOpazkenue F'.
Hoxkaxkure, 4T0 JJIst JIFOOBIX a u b:
a) F(a+b) = F(a) + F(b);
0) F(ab) = F(a)F(b).
Tem cambiM OyjieT joKazano, 4o F' — m3omopdusm moseii, a 3ro 3uadut, 9ro F(xr) =
z. (emorpu 3asady 10 U3 JiMcTOUKA T1PO TOJIS. )
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3. a)Jokaxure, uro p(u+v) = p(u) + @(v) nu p(Au) = Ap(u) s godoro A € R.
6) Hokaxure, uro addurHoe MpeodpasoBaHue COXPaHsIeT OTHOLICHUS JIJIMH OTPE3KOB
Ha MPAMOIL.

4. Jlokaxknute, aT0 f — HENMpepbIBHOE OTOOPaYKEHUE TJIIOCKOCTH.

5. Jlokaxxkure, uro adpdunHble 1peodpaszoBaHus MJIOCKOCTH 00pa3yIoT IPYIIILy ¢ Olie-
paleil KOMIIO3UIUN.

6. a) Jaust Toukr O u O’ a Takke mapbl HEKOJJIMHEAPHBIX BEKTOPOB €1, €9 U €], €5.
JokarkuTe, 9T0 CyIIecTByeT eanHcTBeHHOE adhduHHoe Tpeodpa3oBaHue, epeBoIsiiee
OB O e Bé), e né,.

0)lokaxkuTe, 9TO It JIFOOBIX JBYX HEBBIPOXKJEHHBIX Tpeyroibuukos ABC u
A'B'C" cymecrsyer equncrsennoe adpdunnoe npeobpaszosanue, nepesojsiiee A B A’
BsB,aCsC(C.

7. Jlokaxkure, 4T0 BCAKUI 4eThIPEXYTOJIbHUK apPUHHBIM 11peoOpa30BaHueM MOYXKHO
IEPEBECTH B YETLIPEXYTOJLHUK C ABYMsI IPSIMBIME yTJIAMH.

8. JlokaxkuTe, 9TO MATHYTOJBLHAK MOXKHO IIEPEBECTU B IPABUJILHBIA TOTA U TOJBLKO
TOTIa, KOTJIa y HEro Kajk/iast JInaroHaJib rnapaJiie/ibHa OJHONW U3 CTOPOH.

9. /lano OuekTHBHOE 11pEOOPa30OBaHKe IJIOCKOCTH, JIJIsi KOTOPOIo 11poobpas Jo0oii
OKPY?KHOCTH €CTh OKPYKHOCTE. JloKaxkuTe, 910 3TO
a) adbdurHoe mpeobpasoBatue;

6) npeobpazoBaHue 110100usl.

IlnaanmmeTrpus aaredbpamdecKkux KpuBbIxX. 20 MioJIs

Onpedesernue: AnredbpamdecKoili KPpUBOM Ha KOOPJMHATHON IIJIOCKOCTU Ha3bl-
BaETCsT MHOXKECTBO HyJiell (HeHysieBoro) Muorouiena f(x,y) ¢ jedcTBUTEIbHBIMI
koappunurenramu. Harpumep, npsimasi - 970 MHOYXKETCBO HYyJieil HEKOTOPOI'O Jiu-
Hefinoro muorowiena axr + by + ¢, (a,b) # (0,0), a OKpPYyKHOCTb pajuyca 1 C

HEHTPOM B TOUKe (T, Yo) - MHOZKECTBO HyJieit MHorousiena (x—zo)?+(y—1yo)? —1r2.

1 a) ITycrs A u B - jiBe jeKapTOBbl CUCTEMbI KOOPAUHAT Ha 110cKOCTH, C' - ajred-
pandecKasi KpuBasi, 3ajJaHHas B cucreMe 2l MHOrouieHOM crenenu n. Jlokaxkure,
910 n B cucteme B kpuBas C' 3a71aeTCsT MHOTOYJIEHOM CTETIEHW 7.

6) Hokaxnte, 910 U B JH0OOH KOCOYTOJIBHON cucteme Koopauuar C' 3a1aercs
MHOT'OYJIEHOM CTEIeHU N.

B) Jlokaxkure, 4T0 ecim KpuBasi, 3ajiaBaeMasi MHOIOUYJIEHOM CTEIIeHHU 7 [IepeceKaeT
HEKOTOPYIO MPSIMYIO OOJIbIIIE UeM B 1 TOYKAX, TO OHA CONEPXKUT ATy IPAMYIO.

Onpedenenue: Ilycrs Fy, Fy - Touku Ha miockocTu (He 0083aTEIBHO pa3JInIHbIe),
¢ - psimast. DuuturicoM ¢ dpokycamu Fy u Fh Ha3bIBaeTCS TEOMETPUIECKOE MECTO
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TOYEK ILJIOCKOCTH, CyMMa, PACCTOSTHUI OT KOTOPBIX 10 (DOKYCOB MOCTOSIHHA 1 PaBHA,
Hekoropomy a > [y Fy. I'mmep6odioit ¢ dpokycamu Fy u Fy HasbiBaeTcst reomer-
PUUIECKOE MECTO TOUEK IIJIOCKOCTH, MOJIYJIb PAa3HOCTU PACCTOSHUI OT KOTOPBIX JI0
¢okycoB mnocrosinen u paBeH Hekoropomy a > [ F;. ITapabomoii ¢ ¢gpokycom
F w pupekrpucoit { Ha3bIBACTCS IEOMETPUICCKOE MECTO TOUYEK, PACCTOSHHE OT
KOTOPBIX JI0 POKYCA U JUPEKTPUCHI COBIIATALT.

Hokaxkure, 910 3j11uIic, ruiiepboJia u napaboJia siBsiioTCs ajiredpaniecKuMm Kpu-
BBIMH, 33/[aBAEMBIMU MHOT'OUJIEHAMU BTOPO CTEIEeHM.

Benomunaem n pazbupaem 3ajgady 3 u3 JucTouka "'MHOrOWIeHb 0T HECKOJIbKIX
nepemennbix. Oepraiim'.

a) Hus soboit npsimoit ¢ Ha rutockoctn depes Py 0603HaUMM JIMHEHHBIH MHOTO-
YJIeH, MHOXKECTBOM HyJieil KoToporo siBjsiercst upsamast £. [lycrs rouku A, B, C, D
JIeXKaT Ha KpHUBOI, 3aJaHHOi MHOrouseHom F' cremenu 2. JlokaxkurTe, 9TO TO-
rJIa, MOXKHO T10/100paTh JEHCTBUTE/IbHBIC YUCa (4 U A TaK, YTO OYJEeT BBINOJHEHO
pasencrBo F' = uPapPop + APacPpp (Ilodckaska: Paccmorpure cucreMy Koop-
muuar ¢ ocaivu AB u AC).

6) Teopema o 6abouke: [Jana okpyxkuoctb w. [lycrs xopasl K L u M N npoxo-
Jsit yepes cepeguny O xopabt AB. Torpa npsimbie K N, M L nepecekaior npsiMyio
AB B TOUKax, paBHOYJIAJEHHBIX OT Toukn O.

B) Teopema o aByx 6aboukax: [IycrTb CTOPOHBI CAMOIEPECEKAIONINXCST YEThI-
pexyroibaukos K LM N u K'L'M’'N’, snucanuble B OfiHy U Ty »Ke OKPYKHOCTD,
nepecekaloT xopiy AB sToit okpyxkuocru B Toukax P, Q, R, Su P',Q', R, S co-
orBercTBerHHo. Torma ecan Tpu u3 Touek P, (), R, S coBmajaoT ¢ TpeMst U3 TOYeK
P',Q RS’ T0o u ocraBmmecst TOUKU TOXKE COBIAJIAIOT.
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4 Teopema 0 meBATH TOYKaX Ha KyOmdeckoit kpuBoii: Ha rjiockoctu rnpose-
JIEHbI TPU KPACHBIE U TPU CUHUE TIPSIMblE U OTMEYEHO 9 TOUeK repeceveHuns: pa3Ho-
IIBETHBIX TPSAMBIX (OyIeM CIUTATH, YTO BCE ITU TOUKH CYIIECTBYIOT U PA3IUTHI).
Torja, ecim BoceMb M3 3TUX TOYEK JieXKAT Ha KPUBOI, 3aJlaHHOI MHOIOYJICHOM
TPeThbell CTEIeHN, TO U JIeBATasl TOYKa TAKXKE JICXKUT Ha 9TON KPUBOU.

a) BbiBejure u3 TeopeMbl 0 JIEBATH TOYKAX Ha KyOMUeCcKoil KpuBOii ciieyomme
YTBEPZKJICHU .

Teopema Ilackanga: Toukn 1,2,3,4,5,6 pacrnoyioXKeHbl Ha OKPYKHOCTH, TakK
gT0 nipsimbie 12 n 45 nepeckarorcss B Touke A, npsimbie 23 n 56 nepeckaioTcs B
rouke B, a npsmbie 34 u 61 - B Touke C. Torga Toukn A, B, C' jiexkar Ha OJHOI
MIPSAMOIA.

Teopema Ilamma: Toukwu 1,2,3,4,5,6 pacnosoxkens #Ha j1ByX mpsMbix (1,3,5 -
Ha nepBoit, 2,4, 6 - Ha BTOPOIi) Tak uTo Tipsivbie 12 u 45 nepeckaiorcs B Touke A,
npsimbie 23 u 56 nepeckaiorcst B Touke B, a npsimbie 34 u 61 - B Touke C. Tora
touku A, B, C' nexxar Ha OfHON IPsIMOii.

ObozHaunM KpacHble IpsaMblie uepe3 Ry, Ry, R3, cunne uepe3 By, By, B3, a TOuKy
nepecevenns [t n Bj qepes A;;. Byaem cunrarh, uTo nannad KyOndeckas KpuBas
IIPOXOJIUT Yepes3 Bce TOUKHU, Kpome Aoy u 3aj1aercsi Muorouienom F'(z,y) rperbeit
CTEMeHN B KOCOYTOIBbHOM crcTeMe KoopauHat ¢ ocsimu Ry (och z) u By (ochb y).

0) Jlokaxute, 9T0 MOXKHO MOJOOPATH JEHCTBUTENbHBIE THCTA [ U A, TAK UTO

F(CC,O) - :uPB1(x7 O)PBz('I7 O)PBg(xa 0) u F(O’ y) - )‘PR1(O7y)PR2(07 y)PRs(():y)

B) Hoxkaxkure, aTo F(.T}, y) - MPB1 (.I‘, y)PBz ($7 y)PBs ('Ta y) +
APr, (x,y)Pr,(z,y)Pr,(z,y) u BbiBesutTe TEOpEeMy O JEBATH TOYKAX Ha Ky-
OMIECKO KPUBOIA.

Ocrtanku reomerpun. 21 moJis.

1. Jokaxkure, 4ro OMEKIMUs [LJIOCKOCTH Ha cebsi sipJjisiercs ap@UHHBIM 11Peodpaso-
BaHUEM TOIJIA U TOJLKO TOIJIA, KOTJIa OHA IEePEBOJIUT IEHTPhI MACC B IIEHTPHI MACC.

2. Jlokaxkure, uro adduHHOE Ipeodpa3oBaHue COXpaHseT OTHOIICHHUE ILIOMaeit
TPEYrOJbHIKOB.

3. Hanbl jiBe napaJuiesibHble npsiMbie. Ha oHON M3 HUX OTMEYeH OTPEe30K JIJIMHbI
1. JlokaxXuTe, ITO MOYKHO C IOMOIIBIO OJHON JUHEHKN MOCTPOUTH OTPE30K JH00Oi
palMoOHaJIbHON JIIMHBI.

4. JlokaxxuTe, 9TO C IIOMOIIbLIO OJIHOI JIMHEHKH HEeJIb3sI HMOCTPOUTH OUCCEKTPUCY
yrJIa.
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5. Touku Ay, By, C} nensar coorBercreerno cropoubl BC, C'A, AB TpeyrojbHuKa,
ABC B ojgHoM u TOM ke orHomeHuu. Jlokazarh, 9TO COBIAJIAIOT TOYKU IHEpecede-
uust Meguan rpeyroabHukoB ABC, A1 B u TpeyroibHuKa ¢ BEPHINHAME B TOUKAX
nepeceuenust npsimoix AAy, BBy, CCY.

6. Jlana Tpeyronbuast npusma. [IpoBojsiTest jiBa cedeHusi, HE TePeceKalonue oc-
HOBaHMS MPU3MBI ¥ HE 3aJieBatoliye JIpyr japyra. Moranm Ju 3TH cedeHusl OKa3aThCsd
IPaBUJIbHBIMU TPEYTOJbHIUKAMU CO CTOpOHOI 1 1 co croponoit 1,017

Omnpenenenune lana okKpy»XHOCTH w ¢ neHTpoM B Touke O pagnycom R. Ioaapot
109K X # O OTHOCHTEJIbHO QKPY?KHOCTH W HA3BIBAETCSI FEOMETPUIECKOE MHOXKECTBO
Touek Y rtaknx, uto OX - OY = R?

7. Jlokaxure, 9TO MOJISPA TOUKW SIBJISIETCST TIPSIMOTA.

Ecin x — nosisipa Touku X, 1o TouKy X Ha3bIBAIOT NOAN0OCOM TIPAMOI T.

8. a) Mlauwbr mBe Touku A m B, npsmbie a u b — wux nosisapsl. Jlokaxkure, 9TO
Aeb<= Bea.

6) [ycrs A, B,C' — To4KH TJI0CKOCTH, a,b, ¢ — ux nosspbl. Jlokaxkure, 4T0 TOYKH
A, B, C' jiexkar Ha 0JIHO# HPsSIMOii TOIIa U TOJILKO TOLJIA, KOrja IpsiMble a, b, ¢ nepece-
KAIOTCS B OJTHON TOUKE WU IapaJsiiebHbI.

B) Orpeskn KA u K B xacatorcst OKpyKHOCTH w. lokaxuTe, aro npsmas AB — mo-
Jisipa Touku K.

r) (FapmoHuveckuii YeTHIPEXYTOJBHUK.) [laH BIUCAHHBIN YETHIPEXYTONBHUK
ABCD. KacarenbHble K ONICAHHONR OKPY?KHOCTH, IPOBEJEHHLIE B TouKax B u D me-
pecekatorcs Ha, nipsimoit AC'. Jlokaxkute, 9T0 KacaTeJbHbIE K OMUCAHHOW OKPYKHOCTH,
nposejiérnbie B Toukax A u C' nepecekarorcst Ha npsimoit BD.

9. (Teopema Bpuantiona.) Kaxas cropona mecruyroiabauka ABCDEF ka-
caeTcs OKpyKHocTH w. Jlokaxkute, aro npsameie AD, BE u C'F nepecekatoTcst B OIHOI
rouke. (Yraszanue: socnoavaytiimecy meopemoti Iackans.)
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MartemaTnueckuii aHaImns.

IIpenen. 7 nionasa

Onpenenenne. IlocieoBare/bHOCTL — 3TO (QYHKIMS OT HATYPaAJbHOTO apry-
MeHTa. Ecim a — takoe (yHKIHMsI, TO 3JEMEHTHI MOCIE0BATEIHHOCTH 3aIlIUChIBAIOT
KaK a1 = a(l), ay = a(2), ..., a camy mocae0BaTebHOCTL 0003HATAIOT {ay, }.

Onpenenenune. Vurepsai (a,b) Mbl OyiemM Ha3bIBATH A06YWKOT JIJIs OCET0BA-
TeJBHOCTH {Ty, }, €Clli B 9TOM OTPE3KE COJEPKATCS MOUTH BCe (T. €. Bee, KPOMe, MOXKeT
OBITH, KOHETHOTO UHCJIA) WIeHbl JaHHOW mnocienoBateabroctu. Vurepsan (a,b) bl
Oy/ieM Ha3bIBATh KOPMYwKoU JJisi MOCIEJOBATEILHOCTH {X,}, €CJu B 9TOM OTPE3Ke
COJIEPKUTCsE OECKOHEUHO MHOTO “JICHOB JIAHHOMW TTOCJIC/I0BATEILHOCTH.

1. CymecrByer Jin 1OCIEI0BATENBHOCTD, Jijisi KOTOpoil uurepsaJbl (0,1) u (2,3)
OJIHOBPEMEHHO SIBJISIOTCS — a) JIOBYIIKAMEU;  0) KOPMYIIKAMH !

[Tycrs orpesku (0,1) u (9,10) siBAsIFOTCS KOPMYIIKAME JIJIsT OCJIE0BATETHHO-
cru {x,}. Moxer jm Jyist 9T0# [OCIEIOBATEILHOCTH CYIECTBOBATH  B) JIOBYIIKA
nanuabl 1; 1) goBymika gkl 97 1) CyImecTByer Jin mocseIoBaTeIbHOCTh 6e3 KOp-
mytiek?  e) CymecTByer Jid moC/IeI0BATeIbHOCT, JJist KOTOPOil JIFOOH OTPE30K siB-
JISIETCST KOPMYTITKOM 7

Omnpenesierne. Hucyio a sBISETCS TOYKON CTYIIEHUsT MOCJIEI0BATEbHOCTH { Xy, },
ecJi JII000i OTKPBITBIM MHTEPBAJI, COJEPKAIIUN @ ABJIsA€TCS KOPMYIIKOH JIJIs {xn}
Hucio a sBJeTCs MPEeJIesIOM TOCIEI0BATEILHOCTH, €CJTH JIF0OO0U OTKPBITHI HHTEPBAI,
cojiepKalluil a sBJsieTcs JOBY KO st {x,}. B a1om ciydae rosopsit, 4o nocsieo-

BATEJIBCHOCTD Ty, CXOAUTCS (K @) U MUIIYT ¢ = lim .
n—-+00

2. a) Jlokaxkure, 4T0 €CIIU @ SBJSACTCS PEJEJIOM HOCIeJ0TalbHOCTH { Ty }, TO @ siB-
JISIETCs ee TOUKOl crymmenus.  6) JlokaxkuTe, 9T0 y BCAKOM TOCTIEOBATETLHOCTH €CTh
re GoJiee ojiHOTO Tipejiesa.  B) IlpuBemure mpuMep MOCIEIO0BATEILHOCTH, Y KOTOPOIi
HECKOJILKO TOYEK Crylenus. Ectb jm y nee npegen?

3. Caoxenune npenesion. [lycrs mocnenosarensuocru {x,} u {y,} cxomsarcs, a
OCJIE/IOBATEIBHOCTD {2, } onpejiensercs Kak cymma {x,} u {y,}, T.e. 2, = x, + yy.

Torpa {z,} cxopurcs, upuuem lim z, = lim z, + lim y,.
n—-+0o n—-+0o n—-+0o

Onpenenenne. [locenosarenbrocts {1, } Ha3bIBAETCS OrpAHUYEHHO, €CJin Haii-
jercsi rakoe uucsio M, aro |z,| < M s Besikoro n € N,
4. a) Jokaxwure, 9UTO BCsKas CXOJAIMASICS TOCIEIOBATEIBHOCTL OTpaHUYIE-

ma. 0) Ilycrs nl_l)I_il_loo r, = 0, a mocaenoBaTesbHOCTDL Y, Oorpanmdena. Jlokaxkure,

aro lim z,y, = 0. B) YMHOXKeHUe nipeseoB. [lycrs nocnenosarenbuocru {x, }
n——+00

u {y,} cxopsrest. JJokaxkure, 4T0 IPOU3BEJIEHUE ITUX JIBYX 110CJIEI0BATEIBHOCTE TaK-

Ke cXomuTces, npudeM lim z,y, = lim x, lim y,.
n—-+00 n—-+00 n—-+00
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5. Boraucaure  a) lim (n:—r})Q; 0)

lim (vn+1—+/n).
n——+00 n——+00

6. Teopema o aByx Mummnumonepax. llycrs nociemosarensuoctu {z,}, {yn}
u {z,} makosbl, uro T, < Yy, < z, aus Besikoro n € N. Ussecrno, uro {z,} u {z,}
CXOJISITCSL, IPUYEM HpeJies1 y HUX ojud 1 10T xke. Jokaxure, 1ro {y,} Toxe cxopurcs,
IpUUIEM K 3TOMY 2Ke IIpPeJIey.

Omnpenesienne. [locnenoarenbnocts {x,} Ha3bBaeTCs MOHOTOHHO BO3PACTATO-
meit, ecam x, < x,.1 JJs Besikoro n € N. Monoronno yObiBaroIas 1moc/ie/10BaTe b
HOCTb OIIPEJEJISIeTCs] aHAJOIMYHO.

[ToceoBaTe IbHOCTL HA3LIBAETCSI MOHOTOHHOM, €C/IM OHa SIBJISIETCS MOHOTOHHO BO3-
pacTraloiieil uJiM MOHOTOHHO YObIBAIOIIEH.

Axkcuoma moJHOTHI. Besikasi MOHOTOHHASI OMPAHMYEHHAS ITOCIEI0BATEIHHOCTE
UMeeT MPEJIEL.

7. JIemMa 0 BJIOXKEHHBIX IIPOMEXKYTKaX. [IycTh nMeercs becKoHeUHAS TOCIE]I0-
BaTEJIbHOCTb 3aMKHYTBIX IIPOMEXKYTKOB, TaK UTO IIOCJIEIYIOIIMI COIEPXKUTCS B IIPEIbI-
ayieM. Jlokaxkure, 9To ecyi JUINHA, IPOMEXKYTKA CTPEMUTCS K HYJIIO, TO TepecedeHune
BCEX OTPE3KOB ABJIACTCA TOYKOM.

8. Jlana 1oc/e0oBaTe/IbHOCTL X1 = \/§, Ty = 2+\/§, r3 =

\/2 +V2+V2, ... (Tps1 = V2 +2,).  a) Jokaxkure, 4TO 3Ta MOC/ICIOBATENb-

HoCTh MMeeT nipejet.  6) Haiiaure sror npesed.

HemnpepoiBHOCTD. 11 mions

Omnpexnenenne. Ilodnociedosamenvrocmyio nociejoBaresbHoctu {x,} Ha3biBa-
eTcs BCAKAsA MOCTE0BATENbHOCTD {Xy,, }, T/Ie M — 9TO HEKOTOpAs BO3PACTAIOIIAT
IIOCJICIOBATECJILHOCTD HATYPAJIbHBIX THCE.

1. a) Jdokaxure, 4T0 @ siBJISIETCS TOUYKOM CryIIEHUs HOCAe0BaTesbHOCTH {7, }
TOrJIa ¥ TOJBKO TOIJIA, KOIJA HEKOTOpas ee IIOJINOCICI0BATCIbHOCTD CXOMUTCH K a.
6) Jlokaxkure, 4TO M3 BCSAKOH OrpAHUYEHHON MOCJIEJOBATETHBHOCTH MOXKHO BbIOpDAThH
CXOJIAIILYIOCsT TIOJITOCIEI0BATEILHOCTD.  B) JloKaxKuTe, 4To y BCKO# OrpaHudeHHOf
IOCJICIOBATEILHOCTH €CTh TOYKA, CIYIICHUS.

Omnpenenenne. Oyukius f HA3BIBACTCS HENPEPLIGHOT B @, €CJH OHA OIPEJICICHA
B @ ¥ JIJIsI BCSIKOM MTOCJIEIOBATEJILHOCTH Ty, CXOJISIIIECHCS K @, TTOCTIEI0BATEIbHOCTD f(),)
cxomutes K f(a).

['oBopsT, uTO f HenmpepbIBHA HA HEKOTOPOM MHOXKECTBE, €CJU OHA HENpepbhIBHA B
KazK /IOl ero To4ke.
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2. HenpepbiBHOCTb MOHOTOHHOU (byHKIMUU. OyHknns f MOHOTOHHA Ha TTPO-
MexXyTKe X U IpUHUMAET Ha HeM BCE 3HAa4YeHUs U3 1POMEXKYTKa ) u TojibKo ux. o-
kaxkure, uto f Hernpepbiaa Ha X. (IIpoMeyTku MOTyT OBITH KaK OTKPBITHIMHU, TAK U
3aMKHYTBIMH, KAK OPPAHUYEHHBIME, TaK W HEOIPAHUIEHHBIMH. )

3. a) Hokaxure, uro dyukuus f(x) = x™ HenpepbiBHA HA BCeil BEIIECTBEHHOI OCH
niist Besikoro n € N, 6) Jlokaxkure, uro Besikuit maorowien P € R[x| nenpepbisen
Ha R.

4. Teopemsbr Boabano-Kormm o cpeauem 3uadenun. Oyukius f(x) onpee-
JIeHa ¥ HenpepbiBHa Ha orpeske [a,b].  a) Ussecrno, uro f(a)f(b) < 0. Hokaxwure,
aTo Hafijercs Takoe ¢ € [a,b], aro f(c) =0. ©0) llycts f(a) = Awu f(b) = B. Joka-
x)ure, 90 Jist Besikoro C' mexry A w B waiijgercs Takoe ¢ € [a, b], aro f(c) = C.

5. [lycrs f — nenpepbihas dyHKius, onpejienentast Ha orpeske [0, 1] rakas, 1o
f(0) = f(1) = 0. a) Bepro Ju, uro na rpaduke [ Haiijercs xopjaa JJIHHBI %,
mapaJsutesnbias ocu (OX)?  6) [lpu kakux ¢ Ha rpaduke f 3aBegoMo Haiijiercs xop/a
maumabl £, napasienabras ocn (OX)?

6. Teopemsbr Beiiepmrpacca. @yukius f(x) onpejesena u HelpepbiBHa Ha OT-
peske [a,b]. a) okaxwure, uro f(x) orpanudena Ha |a,b] cBepxy u cuuzy. 6) o-
KayKuTe, ITO Hall/lyTCsa Takue oo, X1 € [a, b, aro f(xo) u f(x1) OymyT, coorBeTCTBEHHO,

HaubOJIbIIMM U HAMMEHBIIUM U3 Beex 3Hauenuii f(x) na [a, b|.
n2013

7. Haiiqure mpejienbl CIeIyoNmX TOCIe0BATEILHOCTEIH: a) {/ﬁ; 6) Tor

IInans moka3aresibCTBAa OCHOBHOI TeOpeMbl aJireOpnl. 19 miosid.

OcHoBHasi TeopeMa aJredpbl. Beskuit HENOCTOSHHBIR MHOTOUIEH ¢ KOMILJIEKC-
HbIMU KOI(DDUIMEHTAME UMEeT KOMILJIEKCHbIH KOPEHb.

II1an moka3aresgbCcTBA.

Bynem nokaspiBarh, 1T0 y Muorounena f(z) € C[z] ectb KOMIUIEKCHBIT KOPEHD.

ITar 1. @yuxiust |f(z)| HenpepbiBHa Ha BCeil KOMILIEKCHOI T1I0CKOCTH.

IMTar 2. (JIemma o noBenenun MHOTO4YIeHA “Brann”). s moboit KonTcran-
ol ¢ € R cymecrByer takoe R, uro nipu |z| > R BemosHeno | f(2)| > c.

IMTar 3. Ilogbumpaem ¢ m coorBercTByiomee R Tak, arodsl MunuMyM |f(2)| Ha
Kpyre pajmyca R cran u riaobagbabiM MuanMyMoM dyukiuu. (st storo gocrarotdso
B3s1Th ¢ > |f(0)].)

IITar 4. Ha kpyre pajamyca R HempepbiBHas (PYHKIHS JOCTHTAET MUHHMYM.
(Kotoporit B utore siBssiercst u T100aIbHBIM. )
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ITar 5. Eciu munumvasibroe suadenue |f(z)] = 0, 1o joKa3aTebcTBO 3aBEPIIEHO.
eCJIM 2Ke MUHUMYM Jlocturaercs B Touke 2o u f(zg) = ¢ # 0, 10 paccMOTpUM pasHoO-
creiit muorouner g(0) = f(zo + ) — f(z9). Y 9roro muorowiena cBOOOMHDBIH dIeH
pagern 0.

IMTar 6. (JIemma o moBeseHuu MHOroOWIeHa “Bosm3n”). [lycrs
G(6) = bypd™ + by 0™ 4+ L b, 6",

IPUUIEM CTEIIeHU 3/1eCh PACIIOJIOXKEHBI B TIOPsIJIKEe BO3PACTAHUSI, TO €CTh b, — K03 u-
[UEHT IIPU CaMOil MJiaJiieil crenenyu u3 Tex, KoadUuIuenT Ipu KoTopbix He pasen 0.
Breném obosnauenne h(§) = g(d) —b,0™. Torma cymecrByer Takoe r, 910 jijist JOOOTO
d € C rakoro, 4ro 0| < 7 BbIIOJHEHDI HEPABEHCTBA!

% > [bmd™] > 2|1 (5)).

ITar 7. Cymecrsyer takoe § € C, uro 0| < r u q + b, 0™ JeKUT Ha OTPE3KE
mexkjiy 0 u q.

IMTar 8. [ns BeiGpannoro § BHITOJHEHO HepaBeHcTBO |¢ + ¢(d)] < |q|, wTo
[IPOTHBOPEYUT TOMY, YTO ¢ — MUHUMYM (DYHKIUH.

Cnexncrue 1. Henpusogumbie muorowienst #a; C umeror cremnenb 1.

CaencrBue 2. Besikuit Mmuorowien f(z) € C[z] crenenu n packiajpiBaercst Ha n
comuoxkureseit neppoit crenenu f(2) = a(z—a)(z—az) ... (z—ay), tae ag, ag, ... ay,
— KOpHM MHOTOWJIEHa f.

CaencrBue 3. HenpuBogumbie MHOTOUWIEHB! Hal R — 9T0 MHOTrOWIEHbI cTernedun 1
WJIM KBAJIPATHbBIE TPEXUJIEHBI ¢ OTPUIATEBHBIM JUCKPUMUHAHTOM.
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Pasnoe.

Berynurenbnaa onumnuana. 04.07.2013

1. BermiectBennble uncia a, b u ¢ TakoBbl, UTO rpaduknu GyHKIn y = axr + b,
y = bx 4+ cu y = cx + a nepecekaiorcs B ojiHoil Touke. Jlokaxkure, uro a = b = c.

2. Ha cBoii jienb poxjiennst Kosist Byjun yrorasn JirobuMbiX rnperojiaBaresieii Tpe-
YIOJIbHBIM TOPTOM, KOTOPBIH OH paszpesas Ha 6 KyCKOB 110 TpeM OuccekTpucam. 3a-
nepxKapiiemycss Anmekcamapy JIbBoBuUy mocTasics HOCIETHUI KyCOK B (bOpMe MIPIMO-
YTOJBHOTO TPEYTOJIHLHNKA, HA OCHOBAHWW U€T0 OH 3asTBUJI, 9TO TOPT WMea (hOPMYy PaB-
HOOe IpeHHOro Tpeyrosbauka. Ilpas an Anekcanap JIbpoBuu?

3. ¥V crapuka XoTTabblua €CTh TPU HaJOUKU. BeIpBaB 13 O0POIBLI BOJOCOK, OH MOXKET
VJUIMHATD JIIOOYI0 BBIOpAHHYIO MM IAJOYKy POBHO B TpHu pasa. OH MOXKeET CJeaThb
TaKyI0 OIePalnio CKOJIHKO yrogHo pas. Obst3aTebHo i XOTTaObId CMOXKET J0OUTHCS,
qT0Obl U3 €ro MaJ0YeK MOXKHO ObLIO COCTABUTH HEBLIPOXKJICHHbIH TPEYIOJbHUK (BHE
3aBUCUMOTH OT MEPBOHAYAIBHBIX JJIMH MAJOUEK )7

4. Ha mrockom posaoMm mojie pactyt 6 gepesnes: A, B, B, I, /Il u E. Ilo moso
IPOXO/IUT TPsIMasi JI0Pora. 3eMJIEyCTPOUTEIb YCTaHOBUJI Ha jopore 17 ¢roaboB, u Ha,
KasKJIOM MPUKPENua TabJIMIKy, Ha KOTOPO# MepeduceHbl UMeHa JePeBhEeB, IIPUUIEM
IIEPBBIM YKa3aHO OJiMrKaiiliee, BTOPHIM — BTOpPOE IIO yjaJeHHOCTH U T.j. Jlokaxkure,
YTO HailIyTCs J1Ba ¢T0JI0a C OAMHAKOBBIMHU TAOJIMIKAMMU.

5. Pemure B HaTypasbHbIX Ynciaax ypasHenne abe + ab + ¢ = a’.

6. Ha mexxyHnapojinoit KondepeHIun Uernoab3yoTes 4 odpunuaibHbIX sS3biKa. V3-
BECTHO, YTO JIIOObIE J[Ba yYaCTHUKA MOIYT OOIATHCS HA OJJHOM U3 9THUX S3bIKOB. J[0-
KaXKUTE, 9TO €CTh A3BIK, HA KOTOPOM TOBOPAT He Menee 60% y4acTHUKOB.

exommo3mus. 05.07.2013

Bcnmommaaem: Paszioxkenne HaTypasbHBIX UKces B IPOU3BEJIEHNUE TTPOCTHIX, MHO-
I'OYJICHOB C IeJbIMU KO3 DumeHTaM B IPOU3BEJICHUE HEIIPUBOIUMbIX HaJl Z MHOI'O-
WICHOB, MEPECTAHOBOK B TPOM3BEJICHUE HEMEPECEKAIONIXCS UKJIOB (MM TPAHCIO3H-
it ), rpadoB B 00bEMHEHE KOMITOHEHT CBSI3HOCTH, JIBVKEHUI B KOMITOBHIMIO OCEBBIX
CUMMETPUil, HATYPAJIbHBIX YMUCEJI B CYMMY Pa3JIMUHBIX CTEleHel JIBOMKM U TII.

1. B rpade crenens kaxkjoit BepmuHbl YeTna. J{okaxkure, 4To ero pedpa MOKHO
PacKpacuTh B HECKOJIBKO IIBETOB TaK, UTO pedpa KaxKJoro IpeTa o0pasyloT IIPOCTOi
[IAKJL.

2. Jlokaxkure, 910 J11000€ HATYyPAJIbHOE YKUCJIO MOXKHO IIPEJICTABUTh B BUJE CYMMbI
HECKOJIbKUX pasandHbix ancess Oubonauan (uuciamu OuOOHATIN HABBIBAIOTCS HJie-
MEHTBI PEKYPPEHTHOH mocsenoBarenbaocts {Fy, }, 3amannoii yeaosusmu Fy = Fo = 1
wF,=F, 1+ F, o npun>2).
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3. Jlokaxxure, 410 JI0O0E TOJOKUTEITHHOE PAIMOHAIBHOE YUCJIO0 MOYKHO TPeJCcTa-
1
BUTH B BUJIE CyMMbl DAa3/IMYHbIX YUCEJ BUJIA = (n — narypaJibHOE)

a) HpI/I ITIOMOIIN AHCA0H020 anzopumma: B HadaJi€ CBECTU K CJIYYIal0 9YUCJla MEHbIIEr'O

1, a 3arem Ha KarkJIOM I1are BLIYUTATH HAMOOJIbITIEe %, He TIPEBOCXOJISIIee NMEIOIIeecs

Ha rZLaHHbH'Z MOMEHT 4YUCJIO.

6) Ilpu momomu memoda naprux 3amen: i + i — 2 ecam y UeTHO:

Yy’ ty 7

2 =
Sl

2 2
m -+ m, €CJin Yy — He4dYETHO.

4. Muorowien p(z) (¢ geiicrBuresbibiMu KoM dUIMEHTAMEI) Ha3bIBACTCSH  Ue-

AO3HAYHBIM, €CJIN OH IIPUHUMAECT IeJIbIe SHaYCHUsA IIPpU BCEX IEJIbIX T

x(z—1)--(x—k+1)
a,) Z[OKa,}KHTe, YTO MHOI'OYJICH %l ABJIACTCA HNEJTO3HAYHBIM.

0) Jokaxxure, 4T0 MHOIOUJIEH $IBJISACTCs [EJO3HATHBIM TOIJIA U TOJBKO TOIJIA, KOTJIa,
OH TIPEJICTABUM B BH]IC

—$($2!_1)+a3$($_13)!($_2)+...+an$($_1)”'($_n+1)

rjie 4ucaa ag, aj, . . . , Ay — IHeJble.
B) Kakyto HAMMEHBINYIO CTEMEHb MOXKET UMETh YHumaphvil (TO eCTh ¢ eIMHUTHBIM

ag + a1xr + as

Y

n!

crapumm koaddunuentom) muorowien f(x), takoit uro f(a) memurca wa 100 mpu
JIIOOOM IIEJIOM .

5. Cpejiu MHOIOYJICHOB CTEIEHM HEe BbIIIE 70 C HeJbiMU KO3(MDMUIMEHTAMU HEKO-
TOpbIe 0COOEHHO pasjpaxkaioT Biagumupa Asekceesnda, IpudeM CyMMa U Pa3HOCTD
JIBYX pasparkaionuX MHOIOYJICHOB caMa sIBJIAeTCd pasjpaxkaiomei. Jokaxkure, 4To
W3 pas3/parkaiolnuX MHOIOYJICHOB MOXKHO BBIOpaTh 1 + 1 Tak, 4To J11000il pasjipaska-
FOLMIT MHOIOYJICH 1IPEJICTAB/ISCTCS KaK JIMHeiiHas KOMOMHAIUA BbIOPAHHBIX C HEJIbIMU

K03 puImenTamn
a) ot n = 0.
0) dust n = 1.

B) [lj1s1 IpOU3BOJILHOTO N.

6. ¥V KapJicona ectp 1000 6anok ¢ BapebeM. banku He o0sg3aTe/IbHO OJIMHAKOBBIE,
HO B KaXKJI0# He OO0JIbIlle, YeM cOTasi YaCTh BCEro BapeHbs. KapJicoH cunTaeT 3aBTpak
HPaBUJbHBIM, €CJIM BO BPEMS HErO OH CbeJlaeT MOPOBHY BapeHbs u3 Kakux-To 100
O0aHOK 1 He Tporaer octajbHble. /JJokaxkuTe, 4To KapjcoH MOXKeT CheCcTh BCe BapeHbe
38 HECKOJILKO MPaBUJILHBIX 3aBTPAKOB.

7. Bynem maswisarh muorounen p(z) mourn nenmosnaunbiM, ecin p(2F) — memoe
YUCJIO JJIsT JII0OOT0 11eJION0 HEOTPHUIIATEILHOrO k.

a) doxaxure, uto Muorouwen py(x) = 27 Fk-1)/2 (f;_ 11))(E”2;E)1)(I(;,€2i;) SABJIACTCS TIOUTH
I1EJIO3HAYHBIM.

6) Chopmysupyiite n JoKaxKuTe aHAJIOr yTBEpKIeHus 6) u3 3ajgaun 4.
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Pa3uoboii-1. 05.07.2013

1. Jlokaxxure, 4To HaiijleTcst TakKoe HaTypaJibHOE YUCI0 N, 4To y uucjia 2" + 3 He
Menee 2013 pa3IMIHBIX TPOCTHIX JIeJTUTENEN.

2. Paccrostnust oT OpTOIEHTPa JI0 BEPIUH TPEYTOJAbHWKA PaBHBI T, Yy n 2. Paanyc
ONMCAHHON OKpY»KHOCTH pasen R. Jlokaxkure, uro a2 + y* + 22 > 3R2.

3. danpr Ba MHOTOWIEHA MONOXKHUTETbHOM crenenn P(x) u Q(x), mpuaeM BbITOJ-
nenpl ToxaectBa P(P(x)) = Q(Q(x)) u P(P(P(x))) = Q(Q(Q(z))). Obsazarensio
JIM TOTJIA BbITOJIHEHO TOXKAecTBO P(1) = Q(x)?

4. [ana OeckOHEYHAsi [OCJIEJIOBATEIbHOCTDh BEIIECTBEHHbIX YHUCET T, To,
... JloKaxXuTe, 9TO €C/IM CPeJI BCEBO3MOXKHBIX YIIOPAJOYCHHBIX {-3JI€MEHTHBIX Ha0O-
POB BUJA Tj i1, LThi2, - - - , Ty IMEETCST He DOJIEE T PABIWIHBIX, TO TTOCIEI0BATEIHHOCTH
nepeoiaHa (BO3MOXKHO, ¢ IIPEJIIEPUOJIOM ).

5. Haiiiure KoTuIecTBO MapiipyToB XpOMOi JIaJIbu Ha JIOCKe 3 X N, KOTOpbIe Ha-
YUHAIOTCA B JIEBOM HYKHEM YTJIy, MPOXOJAT MO BCEM KJIETKAM POBHO OJIMH pa3 W 3a-
KaHIMBAIOTCS B TPABOM BepxHeM yrity. (XpoMoil Jiajibeil HasbiBaeTcst hurypa, Koropast
MOKET XOJUTh TOJBKO B COCEJIHIOIO 110 CTOPOHE KJIETKY. )

6. Yucna a,b, c € R TtakoBbl, uT0 a + b + ¢ = le + % + % = 1. Jlokaxkure, 9TO OJHO
u3 auces a, b u ¢ papuo 1.

7. Yucna k,n € N rakoBbl, uro k < n. Jlana tabauna k X n, B KaxJI0il KjeTke
KOTOPO# 3ammcano 1eaoe 9ucjio ot 1 o n. [Ipu 3ToM B KaXKJ0ii CTPOKe W B KaKJIOM
CTOJIONE BCe YUCTa pas3JudHbl. JIOKaxKuTe, 9TO 3Ty TAOJIUILY MOYXKHO JIOMOJHUTH JI0
KBajpara n X n, 3alucaB B KaykIyl0 HOBYIO KJIETKY KaKoe-HUOyIb Iejoe Iucjao oT 1
JIO M TaK, 9TOOBI MO-TIPEKHEMY B B KaXKJOW CTPOKE W B KaXKJIOM CTOJIONE BCEe IUCTIa
ObLIM Pa3JIUUIHBI.

8. Ha croponax AB, BC u AC tpeyronbuuka ABC Boiopannl Toukn M, N n K,
coorBeTcTBeHHO. OKPYXKHOCTH, ONncanubie 0K0J10 TpeyroibankoB AM K nw CN K, ka-
catorcst upsimoit M N. Pajiuycnot arux okpyuocreit — Ry u Ro. Haitru pajinyc okpyxK-
HOCTH, OIKCAaHHOI OKOJio Tpyroabauka M N B.

Pa3uo60ii-2. 05 urosa

1. Jan suucanusiit mecruyroiabiuk ABCDEF. Ussecrno, uro AB || DE u BC ||
EF. lokaxwure, uto CD || AF.

2. BemecrBennbie uncia x, y, z npunajgexar orpesky [0, 1]. Jokaxwure, aro

2 2 2 2 2 2
4y +2<L<ryty 2+ 4+ 1.
3. Y Kax10ro xurtead ropojaa N 3HaKoMbIe cocTaBiadioT e menee 30% macesenus

ropojia. 2Kurtesib UJIET Ha BLIOOPBI MIpa, €cyid OAJIOTUPYETCS XOTd Obl OJUH W3 €ro
3HAKOMBbIX. BbIOOPHI CUUTAIOTCH COCTOSBIIMMUCH, €CJIN siBKa, n3dupareseil He MeHbIle
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50%. JlokaskuTe, 4TO MOXKHO IIPOBECTH BBIOODPHI C JIByMsI KAHJIMJATAMU, Ha KOTOPLIX
Oyjier HeoOXxoMMast sIBKa.

4. JlokaxxwuTe, 9TO HANIETCS TIUCIO0, MPEJACTABUMOE B BUJIE CYMMbBI TPEX TOUHBIX
KBa/PaToOB HE MEHee YeM MUJLTMOHOM Pa3TUIHBIX CIIOCODOB.

5. B tpeyronpnnke ABC Toukn O u [ — 1neHTpbl OMUCAHHON U BIMCAHHON OKPY K-
HocTeli. BHeBnmcanHasi OKPY»KHOCTH KacaeTcst npojosikennii cropon AB u AC' B Tou-
kax K u M coorBercrBerno, a cropoubl BC' — B Touke N. OKa3aJoCh, 4TO CepejinHa,
orpeska K M jexxuT Ha ONUCAHHOI OKpyzKHOCTH Tpeyroibunka ABC . Jlokaxkure, 1T0
toukn O, I n N jexar Ha OJHOW MPSTMOI.

6. IlosoxkuTenbHble UppAIMOHAJbHBIE YUCIA P U ¢ TAKOBBI, UTO % + é = 1. Jloka-
YKHTE, UTO KarKJI0e HATYypaJJbHOE UHUCJIO sIBJISETCS 1JIEHOM POBHO OJIHOM M3 IIOC/IE/10Ba~
TesbHOCTE [Np| U [ng].

7. CymecrByer ju MHOrowieH crenenu 2013 ¢ 1enbiMu KoddpuimeHTaMu TaKoii,
9TO ero 3HavdeHust B Toukax 1,2,...2014 — 310 pasnudHbie CTENeHn TBOWKN !

8. B kjerkax TabJyuibl m X n 3allMCaHbl pa3jduHbIe YHUCIa. B KaxKJI0il cTpoke
HOTIEPKHY/IN k HAUOOJBIINX THCE]I, a KaxKJI0M cToJidmne — ¢ Hanbosbmux ducest. Jo-
KakKuTe, 9TO 10 MeHbIei Mepe kf auces mogaépKHYTHI JIBaXK b,

Buyrpennuii maTboii. 13 nross

1. Ilers u Baca nokasbiBaior Kosie kaprounblii ¢gokyc. Kojisg BbiOMpaeT IIATb
KapT W3 KOJIOMBI, cojepxKaineit 52 kapThl, n nepepaer ux [lere. On cmorpur B HUX,
HpstyeT OJIHY U3 KapT B KapMaH, a YeThbIPe OCTABIINECs BbIKJI/bIBACT CJIEBA, HAIIPABO
B KaKOM-JTHOO Topsijike KapTuHKaMu BBepx. [locse sroro onum 30ByT Bacio, KoTopbrit
OTra/IbIBaeT cpATaHHyio KapTy. [lokaxkure, uro [leta u Baca moryT Tak croBoputhes,
410 (hoKyC Beerjia OyJIeT yjiaBaThCs.

2. JTaubl TOJYOKPYXKHOCTH ¢ auamerpoMm AB n neatpom O u mpsiMasi, Tlepecekaio-
mast HoJayokpy»kHocTh B Toukax C' u D, a npsimyio AB — B touke M. Ilycrs K —

ormmmaHass oT () TOUKa MepecedeHnnsl OKPYKHOCTEH, OMUCAHHBIX OKOJIO TPEyTOJIbLHI-
koB AOC' u DOB. Jlokaxute, uro yron M KO — npsmoii.

3. Bacsa manucas Ha J0cKe N MOJOXKUTEIbHBIX duces. ITocie sroro Ilers:, BoiOupast
BCEMU BO3MOXKHBIMU CIIOCOOAMU HECKOJIbKO M3 HUX, MOJCUATAJ CYMMY BbIOPAHHBIX
quces1 U 3aliicall OTBEeThl Ha KapToukax — noJydusiach 2" — 1 kaprouka. Jlokaxure,
yro Bacsg MoxkeT pasjioKHUTh BCe KAPTOUKKM HA CTOINKK TaKUM 0OPa30M, UTOOBI UHCJIA
Ha KapTOYKaxX B OJ[HOI CTOIKE OTJIMYAJIMCh He OOJIbIe, YeM B JiBa Pa3a.
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4. an tpeyronpank ABC. Kaxkpast Todka IMJIOCKOCTH OKpallleHa B CWHWI WJIH
Kpacubiit nper. Jokaxure, 4ro Jinbo Kakue-To 3 KpacHble TOUYKU 00Pa3yloT TPeyroJib-
HUK, paBabiii ABC, mubo HaiijyTcs JiBe CUHAE TOYKU Ha paccTosHuu 1.

5. Ilycrb n > a1 > ay > -+ > a; — HarypajbHble 4YUCTA TaKHe,
aro HOK(a;, a;) < n npu moboix ¢ n j. Jokaxknte, 9ro ia; < n IpH BCeX .

6. Jlano narypajbHoe n > 4. B npaBuiibHOM nN-yroJibHUKE MPOBEJEHbI N — 3
HelepecekaloImecs: Juaronam, pa3oupaloiime ero Ha Tpeyrojbunkn. Haiigure mak-
CUMAaJIbHOE BOZMOXKHOE KOJIMYECTBO PA3IMIHBIX TPEYTOJHHUKOB CPEJIN TPEYTOJTbHUKOB
pas3OueHwusl.

7. OKpyKHOCTH Wy M Wy HepecekaioTcs B Toukax A m B. Ilpsimasi, orsmunas
or AB, mepecekaer OKpy:KHOCTL wi B ToukKax C' u D, OKpy»KHOCTH Wwo B TOUKaX F
n F, a npamyio AB — B Touke P, nexarneit Ha orpeske AB. Jlokaxxure, 910 mpsimMast,
POXOJISIIast Yepe3 MEeHTPbl OKPYKHOCTEH, OMUcaHHBIX 0K0JIO Tpeyrosbinkos ACE
nu BDF', npoxomuT depe3 TOUKYy P.

8. CyrtecTByer Jin Tako# KBaJAPATHBINH TPEXUJIEH ¢ JeHCTBUTETLHBIMI KOIDDUIN-
eHTaMu, 4To Jiis Jiioboro Harypadabhoro n ypasenenue f(f(...(f(x))...)) = 0 (n
OykB f) uMeeT poBHO 2" PA3IMIHBIX JIEHCTBUTENBHBIX KOPHEH?

ITpodu-9 — IIpodpn-10. 17 uroas

1. B mekoTopoitl crpane M3 KarKJ0TO IOPojia MOXKHO IpoexaTh B JIF0OOH Jpyroii,
MUHYsI OCTaJibHbIE TOpojia. VI3BecTHa CTOMMOCTH KaxKkJIoro Takoro ipoesja. CocTas-
JIEHO JIB& MapIIpyTa TMOe3JI0K 110 TOpojaM CTPaHbl. B KaXKblii U3 9THX MapIIpyTOB
Ka K /JIblii NOPOJ] BXOJUT POBHO 110 OjHOMY pasy. IIpu cocraBiiennu mepBoro Mapipyra
PYKOBOJICTBOBAJIKCH CJIEJIYIONIUM HPUHIMIIOM — HAYaJbHBIA IMyHKT MapIIpyTa BbIOH-
paJin TTPOM3BOJIHLHO, a Ha KayKJIOM CJEJYIOIIEeM Iare Cpejd ropojoB, Uepe3 KOTOphIe
MapIIPYT eIlle He MPOIIeI, BLIOUPAJIN TOT, I0e3/1Ka B KOTOPbI U3 IPEJIbIIYIIEro ropojia,
MMeeT HAUMEHbBIYI0 CTONMOCTD (eCJIH TaKUX TOPOJIOB HECKOJIBKO, TO BHIOHpAJH JIFOOOI
W3 HUX), U TaK JIO T€X MOp, MOKa He TMpoiijiensl Bee ropoja. [Ipu cocrasienun BToporo
MapIIpyTa HAUaJIbHBIA TOPOJ TOXKE BLIOPAJIN MIPOU3BOJIHHO, & Ha KaXKJIOM CJIEIYIONEM
are Cpejiv ropojioB, Yepe3 KOTOPhIe MaPIIPYT €Ile He MPOIIe/I, BLIOUPAJ TOT, M0E3/I-
Ka B KOTOPBIil M3 HPEJbIIYIIEro ropoja UMeeT HaubOJbIIYI0 CTOMMOCTD. JloKkaxkure,
41O 00Ias CTOMMOCTD IIPOE3Jia 110 IIePBOMY MapIIypTy He OoJibiie o0Ieil CTOMMOCTH
poe3Jia 110 BTOPOMY MapIIPyTYy.
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2. Ha nyiockocTn JlaHO KOHEUHOE MHOXKECTBO KPYI'oB ¢ cyMMoit pajunycoB R. U3-
BECTHO, 4TO BCE KPYI'M JIEXKAT 110 OJIHY CTOPOHY OT JIFODOOH 1PsIMOii, He IepeceKarolei
HU OJIHOTO U3 KPYTroB. JIoKaxXuTe, ITO BCe KPYI'M MOXKHO HAKPBITh OJIHUM KPYT'OM pa-
nnyca R.

3. Jlokaxkure, 410 CylmecTByeT GECKOHEUHO MHOIO TPoeK (a, b, ¢) HaTypaJbHbIX K-
ceJl, YIOBIETBOPSIONINX ypaBHeHuio 2a’ + 3b% — 5c? = 2013.

4. Ha OeckoHeYHOI KJeTYaTOil IIJIOCKOCTU PaCCTaBJIEHbl JEHCTBUTE/IbLHBIE YHCIIA
TaK, 9TO YMUCJIO B KaXKJI0f KJIeTKe paBHO cpejHeMy apudMeTHIecKOMYy YUCE B COCE/I-
HUX KJeTKax. V3BecTHbl 3HAYEHMS BO BCEX KJIETKAX, Y KOTOPbIX 00€ KOOPIMHATHI 4eT-
npie, Kpome Kiaetku (0,0). Beerma sm moxkno BoccranoButh 3uadenue B kiaerke (0,0)7

5. B mpeyronbanke ABC' Bnmcannasi OKpy>KHOCTH C IIeHTpOM I KacaeTcss CTOPOH
AC' u AB B roukax E u F coorsercrsenno. Touka M — cepejuna cropount BC', a N —
touka nepecedenus AM u E'F. [Ipsvoie BI u C'I BToprudHO TIepecekaioT OKPYKHOCTD,

nocrpoennyio Ha BC, Kak Ha juameTrpe, B Toukax X u Y coorBeTcTBeHHO. JloKaxkuTre,

NX _ AC
aro Ny = 45
6. CymecrBytor Jjin jBa 2013-3HAaUHBIX YHC/A, OTJMYAIONIKMECS TOJIBKO MOPSsIKOM

1udp, TaKue 9TO OJHO U3 HUX SIBJIAETCS TOUHBIM KBaJAPATOM, APYToe — TOUHLIM KyOOM
U KarKJloe U3 HuX Jieanrcd Ha 12345678987654321.

7. Ilers m Mama urpator B urpy. Ha jiocke namucanbl Bce 1esbie dncia ot 0 J10
1024. Ha mepBom xomny Mara 3auepkuBaer 27 umces, Ha BTopoM Ilers 3auepkubaer 28
qHcesT U3 OCTABIINXCH, ToToM Mara croBa 27 4nces 1 Tak MOKa Ha JOCKE He OCTAHETCs
2 guciaa. Paznocts stux gucen Ilerst mnatur Marre B konderax. Kakoe nanbosibiiee
KOJInIecTBO KoHder Mala Moxer cebe obecrneanTs?

8. Jlano uerHoe HaTypasbHoe uucio n. Muorounen P(z) = 2" + a, 12" 1 + -+ +
a1z +1 ¢ BemmecTBeHHBIME KO3 DUIMEHTaMI UMEeT 110 KpaiiHeil Mepe OJIMH BeIeCTBeH-

Hblit Kopenb. Haiiinre HanMenbiee BO3MOYXKHOE 3HAUCHNE BbIPAYKCHUS CL% + a% i
2
n—1-

9. Brincannast OKpy?>KHOCTBb w OCTpoyrosibHOrO Tpeyrosnbanka ABC kacaeTcs cTo-

a

poubl BC' B Touke K; J — 1eHTp BHEBMUCAHHOW OKPY>KHOCTH, KACAIOMIIEHCST CTOPOHDI
BC. OxpyxHocTb Wy mpoxoanT depe3 Touku B u C' n kacaercsi okpy»kHocTu w. [o-
Ka)kKUTe, 9TO Wi IPOXOJHUT Uepe3 cepeuHy orpeska K .J.

10. Ilycrts a,b,c € 7Z wu p — HederHoe InpocToe dUucjo. Jlokaxkure, 4TO ec-
m f(z) = ax® + bxr + ¢ npuHMMaeT 3HAYEHUs, PaBHbIC TOUHLIM KBajpaTaMm B 2p — 1
[IOCJIEJIOBATEJILHON 1eJI0M TOYKE, TO b> — 4dac JeJIUTCA Ha P.

Maremaru4deckuii 6oii "IIpocdu-8 — IIpocdpu-9". Bapuanr M. 17 urons

1 JIByMm pa3yMHBIM MypaBbsaM 3apaHee 0O0bABUJIN, YTO UX HOUbIO BBICAJST OJTHOBPE-
MEHHO B KaKHMe-TO JIBE BEPITUHBI HAXOMSAIIETroCss B HEBECOMOCTH TIPSIMOYTOJILHOTO
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napaJsuiesienuresa 1 X 1 X 2 m. MypaBbu 1oJ13a0T TOJLKO 110 pedpam, UX Mak-
cuMaJibHas CKOpocTb 1 M/Mun. MoryT Jin OHU JIOPOBOPUTBCsE JIEHCTBOBATL TaK,
YTOOBI TAPAHTHPOBAHHO BCTPETUTHCA paHee ueM depe3 9 MUHYT MocJie BbICAJIKN !
(MypaBb1 OTJIMYAIOT BEPITMHBI OT HE BEPIIWH, HO BCE BEPITUHBI U3HATAILHO JIJIs]
HUX PaBHOIPABHbI U HalpaBjeHus Toxe. Mypaeit 3HaeT, CKOJIbKO OH IIPOII0JI3, U
CMOYKET OTJINYUTH JITMHHOE peOPO OT KOPOTKOTO, JTOOPABIIUCH JIO €r0 CEPETUHbI.
MypaBeit 3amomunaeT HalpaBJIeHWs TTOBOPOTOB B MPOCTPAHCTBE U HAIPaBJIECHU
pebep, BBIXOJSAIIUX U3 BEPIIWH, rjie oH ObiBaj. pyr apyra MypaBbu 3amMeTsT
TOJIbKO OKA3aBIIUCh B OJIHOI TOUKE).

210 Touek pacriosioKeHbl Ha TJIOCKOCTU TaKUM 0bpaz3om, 4To Jitodbie 209 u3 Hux
jgexar Ha 14 npsmbix. JJokaxkure, 4ro Bce TOUKM JiexkaT Ha 14 npsMbIX.

HarypaJsibubie unciia a 1 b TakoBbl, uTo uucia 2a — 1, 2b — 1 u a + b — npocrhie.
Tokaxure, 1to nu a’ + b, mu a® + b’ ne nensres na a + b.

B Boinykiiom gerwipéxyronbianke ABC D duccekrpuck yrioB B u D napaJiiesib-
ubl. BuccekTpuca yria B nepecekaer nuaronanh AC B Touke K, a GuccekTpuca
yria D nepecekaer eé B rouke M tak, uto AK = CM (touku K u M pasiudub).
Hokaxxure, uro orpesku KD v BM paBHbl.

Ha jiocke MOXHO JinOO HAIUMCATDH JIBE €JIMHUILI, JUOO CTepeTh JIFoOble JiBa y2Ke
HAIMCAHHBIX OJMHAKOBBIX UMCJIA N U HAKUCATH BMECTO HUX dncaa n+ 1 nn — 1.
Kakoe MuHUMaJIbHOE KOJMYECTBO TaKUX ollepalinii Tpedyercs, 4ToObl 1H0JIyUYUTh
anciao 20137 (Cragasa mocka OblTa 9nCTOR. )

1

an

Cy1iecrByer Jin takas HOCJAE0BATEIbHOCTD HATYPAJIbHbBIX Yuces {a,}, 4ro
1 1

[IPU BCEX HATYPaJIbHBIX N7
Ap+41 a71+2 p yp

Ilycrs AA,, BBy, CCY — BoicoThl ocTpoyroibaoro Tpeyroiabanka ABC; O 4, Op,
O¢ — HEeHTPBI BIUCAHHBIX OKpy2KHOCTeH Tpeyroabankos AB1C, BC1 A1, CA1 B,
cooTBeTCTBEHHO; 14, T3, T — TOUKM KacaHUs BIUCAHHON OKPYKHOCTH TPEYTOThb-
ranka ABC' co croponamu BC, C'A, AB coorBercrBenno. Jlokaxkure, 910 BCe
croponbl mectnyroiabinka 1 4OcTpO ATcOp paBHbL.

Bepmmnsl rpada 3aHyMepoBanbl HATYpPaJbHBIMI urcaaMu oT 1 7o 10°, mpudaem
KayKJ[0e HaTypaJbHOE YHMCJIO BCTPEYaeTCss POBHO OMH pa3. 3BecTHno, 94T0 B 3TOM
rpade Her UKJIOB U3 YeTbipex Bepiiud. /JJokaxkure, 4To cyliecrByer apudmveru-
qecKas MPOTPecCHs M3 MATH He TpeBocxoaamux 10° HaTypadbHBIX dHces Takasd,
YTO HUKAKWe JIBe BEPIINHLI ¢ HOMEPAMU U3 3TOW MPOTPECCUH He COeIMHEHBI ped-
POM.
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9 Ha upsimoit orMeueHo KOHEYHOe Yuc/o Touek. V3BecTHO, 4TO Jijis JIFOOBIX JIBYX
U3 HUX MOXHO BbIOpaTh TPETbIO TaK, YTO CPEJU ITUX TPEX OJ[HA JIEKUT POB-
HO TIOCpEeJIMHE MEXKJIy JBYyMsl ApyruMu. KakoBo HambOJbINee BOZMOXKHOE YUCTIO
OTMEYEHHBIX TOYEK !

10 [HeiicTBuTeabHBIE YUCIA @, b, ¢ TaKOBbI, 4TO abc = 1. [JokaxkuTe, UTO BCE UUCIIA

20 — 1,20 — 1 2¢ — 1 He moryT 6b1TH Oj1HOBpEMeHHO Gosibie 1.
b’ ¢’ a

Maremaru4deckuii 60ii "IIpocdpnu-8 — IIpodpu-9". Bapunanr N. 17 uroug

1 JIByM pazyMHBIM MypPaBbsiM 3apaHee 00bsIBIIN, UTO WX HOYBIO BBICAISAT OJIHOBPE-
MEHHO B KaKMe-TO JIB€ BEPIIMHbI HAXOJISAIIEr0Csd B HEBECOMOCTH MPSAMOYTOJILHOIO
napaJjuiesenunesa 1 X 1 X 2 M. MypaBbu 1oJ3ai0T TOJIBKO MO pedpaM, UX Mak-
cuMaJibHas CKOpocTh 1 M/mMuH. MOryT Jii OHE JIOTOBOPUTBCS JIEHCTBOBATD TaK,
9TOOBI FAPAHTUPOBAHHO BCTPETUTHCS paHee deM depe3 9 MUHYT MOCJe BBICAJIKN !
(MypaBbi OTJIMYAIOT BEPIIMHBI OT HE BEPIIKMH, HO BCE BEPIIMHbI U3HAYAJILHO JIJIs]
HUX paBHOIPABHBI U HaIIpaBJeHud Toxke. MypaBeil 3HaeT, CKOJILKO OH IIPOIIOJ3, I
CMOXKET OTJNYHUTH JJIMHHOE PeOPO OT KOPOTKOTO, JIOOPABIINCH JIO €r0 CEPeINHbI.
Mypageii 3arioMuHaeT HaIPpABJIEHUsI IIOBOPOTOB B IIPOCTPAHCTBE W HAIIPABJICHUS
pebep, BLIXOJSIIUX U3 BEPINUH, rje oH ObiBaj. pyr apyra MypaBbd 3aMeTsIT
TOJIBKO OKA3ABIINUCH B OJIHO TOUKE).

2 210 ToYeK pacloIOXKEHbI HA ILJIOCKOCTH TaKuM 00pasoM, 4To Jitobbie 209 u3 Hux
nexaT Ha 14 npaMbix. JlokaxkuTe, 9TO Bce TOUKHU JiexKaT Ha, 14 IpsMBIX.

3 Jljusi KaKuxX IPOCTHIX p Bee umcia Buja 4n’ 4+ p — npocreie Jyisg J1060ro n =
1,2,...,p—17

4 B Beinykiaom derbipéxyronbauke ABC' D ouccexkTpuchl yryioB B u D napaJiessb-
ubl. BuccekTpuca yria B nepecekaer nuaronanh AC B Touke K, a GuccekTpuca
yria D nepecekaer eé B rouke M tak, uto AK = CM (touku K u M pasjiudmb).
Hokaxxure, uro orpesku KD v BM paBHbl.

5 Ha mocke Bemmcanbl N pasjmdaHbIX UppaldoOHaJbHBIX duces. V3BecTHO, UTO J/1s

4 b psanmonasnsio. Kakoso

JIIOOBIX BBIMUCAHHBIX @ 1 b XOTs1 Obl OJIHO M3 IHCeN 357,

HanbOoJIbIlIee BO3MOXKHOE 3Hadenue N7

6 B TpeyrosbHuke ecTh cropona Oosibiie 1. Beerja Jjin ero MoKHO paspe3aTb Ha
HECKOJIbKO TPEYTOJbHUKOB, B KaXKJOM M3 KOTOPHIX €CTh CTOPOHA, paBHasi 17



20

7 TIpaBuibHBIH TPEYyroJbLHIK ¢ CTOPOHON jimHbl 99 pasdur wa 992 kieTok — npa-

10

BUJILHBIX TPEYI'OJILHUKOB cO cTOPOoHOit 1. Y kJjierok Beero 5050 BepIuH, B KaxKJ1yTO
BEPITUHY TOJIOXKWIM 10 MOoHeTe. MoHeThl MOTyT ObITH pas3Horo Beca. M3BecTHo,
0JIHAKO, UTO Y BCEX KJIETOK, KPOME OJ[HO, CyMMapHbIE Beca TpeX MOHET B BepIIu-
HaX OJMHAKOBBI, & y ITON OJIHOW KJETKM 3Ta CyMMa MeHbIe. 3a KaKoe HalMEHb-
IIee YUCJI0 B3BEITUBAHUI Ha YaIlleUHBIX Becax 0€3 'Mpb MOXKHO HAUTH «JIETKYIO»
KJIETKY?

Tpeyronmpank ABC Brmcan B OKpPY»XHOCTH. Hepe3 Touky A MpoBeeHbl XOPIbI,
nepecekatomue cropony BC' B Toukax K u L u nyry BC' B toukax M u N. [o-
Ka)KUTe, 9TO €CJIM BOKPYT deTbipexyroiabHuka K LN M MOXKHO onucaTh OKPYK-
HOCTH, TO Tpeyroabank ABC — paBHOOEIpEHHDII.

Ha npsiMmoii ormMedeHO KOHEUHOE YHCJIO TOo4eK. V3BecTHO, 4TO Jijist JIIOOBIX JIBYX
13 HUX MOYKHO BBIOPATH TPETHIO TaK, UTO CPEIM ITUX TPEX OJHA JIEKUT POB-
HO HOCPEJIMHE MEXKJly JABYyMs JpyruMu. KakoBo HambOJIbIIEe BO3MOXKHOE UHCJIO
OTMEUYEHHBIX TOUYECK?

HeiicTBUTE/IbHBIE YUCTIA @, b, ¢ TaKoBbI, 4T0 abc = 1. /lokakuTe, 4TO BCE UUCIIA

20 — 1 20 — 1 2¢ — X ne moryr 6eTh OfHOBpEMeHHO GoJtbIe 1.
b’ c’ a

3akJrounTeJIbHAas OJUMIINAIA.
JloBBIBO

Y Tpex OparbeB JIeHb POXKJICHMS B OJUH JieHb. Korja crapiinemy U3 HHUX HCIOJ-
HUJIOCH JIBEHAJIIATh, OKA3aJ0Ch UTO CYMMa BO3PACTOB BCEX OPAThEB JIEJIUTCs Ha,
JiBeHa 1aTh. T0 2Ke caMoe CJ1ydn/IoCh, KOrJla CPeJIHEMY MCIIOJHUJIOCH JIBEHAIIATD.
JloKaxkuTe, ITO TO 2Ke caMoe CIYIUTCA, KOTJIa TPEeTheMY UCIOJTHUTCA JTBEHAIIIATh.

Haiiure Bee perenust B J€fiCTBUTEIbHBIX YHUCIAX YPABHEHNUS
max{z? + % 2} = min{—2z, 2y}.

Bacunnit Isanosuy u ero Bepubiii opauHaper [lerwbka rternnau 999 6esiorsapeii-
[eB U HAa4YaJIM UX JonpaliuBarh. V3BecTHo, 1To J11000i Oesorsapieer "packoser-
cst''mocsie Tpex 3aJlaHHbIX eMy BOTpocoB (HO He pawbine!), a "packososiero”(To
€CTh 3a/IaBIIIero TPeTuit Bonpoc) €ro reposd rpaxkJIaHCKOW BOWHBI HArpaxkKJaatoT
opzenoM. Jlonpoc npoucxoaut caegayionmum obpazom. Crauasna Bacuiuit Usano-
BUY BbIOMpaeT Jioboro eme "HepackosioBierocst” Oesorsapjeiina u 3aJaeT eMmy
BOIIPOC, 3aTeM TO Ke camoe JenaeT [leTbka, 3aTeM - cnoBa Bacunmit iBanoBuv u
T.71. Kakoe HanboJibiiee KOJUIECTBO OPJIEHOB MOXKET 00ecIednTh cebe JiereHjap-
HBII KOMJIUB?
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4 D - ocHOBaHWe BBICOTHI, NpoBejeHHON n3 Touku A B Tpeyroanrunke ABC. Ha
HEKOTOPOH 1PsAMOI, 1pOoXoJisiieil yepe3 TouKy D, Haiiuch Takue Touku B u F
nexkariue BHe tpeyrospauka ABC, utro BE 1| AE uw AF L CF. M u N -
cepennnabl BC' n EF' coorBerctBenno. okaxwnre, aro yroa AN M - npsmvoii.

5 TloceoBaTesbHOCTD HATYPATBHBIX dUCes {ay } TaKOBa, UTO i3 = ApQi10k12+
1 npu yiobom k > 1. Jlokaxkure, uro ducjio ar — 43 — cocraBHOe Jijist JiIFOOOTO

k > 100.
BriBoa

6 Ha mockocTu mpoBejieHO OECKOHEYHO MHOI'O IPSIMBIX, HUKAKKE JIBE U3 KOTOPBIX
He napaJiiebHbl. VI3BecTHO, 9TOo JijIst JiIoOOTO KBaJpaTa co CTOPOHOI 1 Haiijgercs
IPOBEJICHHAsT IPsiMasi, KOTopas ero rnepecekaer. Jlokaxkure, 4To MOYXKHO HApHUCO-
BaTh KBaJpaT co cToponoit 0, 8, KOTOphIil TepeceKaloT He MeHee YeM TpH TpoBe-
JICHHbBIE TIPSIMBbIE.

7 B n-snementnom muoxkecrse M BHIOpAHO 1 pa3IMIHBIX TOIMHOXKECTB A1, ..., A,.
Hokaxure, 9ro jyist Hekotoporo x € M muoxectsa A;U{z}, ..., A,U{x} Takxe
Pa3JINUIHbI.

8 Anekcamap JIbBoBHY 3ajiyMas TPHU HEAbIX HEOTPHUIATEJILHBIX UNC/A, TAKHE UTO
CyMMa, WX TIOTIaPHBIX TTPOM3BEJIEHNN COCTABJIAET TMOJOBUHY TOYHOTO KBaJpaTa, a
CyMMa, MX KBaJIPATOB SBJISIETCS CTEIIEHbIO 1IPOCTOr0 dncjia. Kakue 3HaueHus: Mor-
JIO IPUHUMATDH 3TO IPOCTOE UNUCJIO?

ITocaeBpiBO

9 Mmeercss MHOTO KapToUek, Ha KaXK 0¥ U3 KOTOPHIX 3allMCAHO HATYPAJIbHOE UNCIIO
or 1 jo n. U3Becrno, 4ro cymma 4uces Ha Bcex Kaprodkax pasua n! -k, rie k
— 1esoe uncyo. JlokasaTb, UTO KapTOUKM MOXKHO Pa3jIOKUTh Ha k TPYyII Tax,
qTOObI B KarKJIOi I'pyIllle CyMMa 4hCesI, HallMCAHHBIX Ha KapTOYKax, paBHSIACDH
nl.

Bunersr Ha TeopeTuydeckmuii 3a9eT.

Buaem 1

1. Anrebpandeckue Kpusble. Ilepexos n3 onHO# cucTeMbl KOOPAUHAT B IPYIYI0. DJI-
Jiric, runepboJia u napadosia, SBJIAIOTCS KPUBBIMU BTOPOI'O MOPSIJIKA.

2. Jlokazare/ibcTBO 30J10TapeBa KBaJIpATHIHOIO 3aKOHA B3aUMHOCTH Yepe3 IepecTa-
HOBKH.
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. Teopema DosikmaHa.

Buanem 2

. Anrebpanueckoe T0Ka3aTeILCTBO TEOPEMbBI 0 DabOUKe; TEOPEMBI O JIBYX 0a00UKaX.

. Iocrpoenue noss u3 p? snemenros. CyliecTBoBaHue 11€pBOOOPA3HOIO KOPHH B

IoJie.

. Teopema Boabnano-Komu n Teopema BeiiepmTpacca.

Buaem 3

. Teopema o jieBsiTH TOUYKaX Ha KyOMUECKOil KpuBOil. BhIBOJI HEBLIPOXK JICHHOIN TEO-

pembl [TackaJjisi u Teopembl [laria.

. ,HOKaSaTe.HbCTBO KBa/JIPpaTUYIHOI'O 3aKOHa B3aMMHOCTHU Y€PE3 MMOACHET ITPOU3BEEC-

HUsI JIBYMS CIIOCODAMU.

. JIoBymIKM, KOPMYIIIKH, TIPEJIEJIbl U TOUKW CIYIIEeHUs TocaeoBaresbHocTeir. Ote-

paluu ¢ 1pejeiamu. Boluncienue npejeia lim vn + 1 —/n.
n—oo

Buaem 4

. OHpe,D;e.HeHI/Ie IOJIsT U IuCa0BOro mojs. Onucanme HaMMEHDBIIEro YUCJIOBOTO IIO-

JIt, COJIepKallero \/5; COJIepPZKAIIEro V2 u \/§; COJIePKAIIero V2. zomopduszm
nosieit. Ilose F),. Orcyrersue nerox/jiecrsennoro apromopdusma R.

. Kopuu muoroajienosn ¢ ajaredpandeckuMu Ko UIMeHTaMu siBJASIIOTCS aJredpan-

YECKUMU YUCIAMU, KOPDHU YHATAPHBIX MHOIOYJICHOB C IIEJIBIMU aareOpandecKuMu
KO3 DUIMeHTaMH ABJISIOTCS HEJbIMEA aJreOpaniecKuMy YNCJIaMu.

. Teopema Bpykca.

Buaem 5

. Cummerpuueckue muorouwienol. Teopema Buera. @opmysia Hprorona. Jlekcuko-

rpaguaecknii mopsijiok. OCHOBHAsT TeopemMa 0 CUMMETPUIECKUX MHOTOYJIEHAX.

2
p

2
p°—1
. CpaBHeHust 1EJIbIX aJredpPanIecKuxX 4rCesl 10 MOIYJIIO. <—> = (—1)"s . Bagaua

PO PEKYPPEHTY.

. nBepcus, onpesenenne, odOpassbl IPSIMbIX U OKPY>KHOCTEI TP MHBEPCUHU, (HOp-

MyJIa, JIJIsi PACCTOSTHUS MEXK/JIy obpa3aMu.
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Buaem 6

. Anrebpanueckue u 1esple aJredpandecKue Iucia. ucio, saBISIONeecs OJHOBPe-
MEHHO IeJIbIM aJIredpaniecKuM U paruoHaIbHbIM, sBjsgeTcs ejabiM. CyMMa, pas-
HOCTb, ITPOU3BEJICHIE [EJIbIX aareOpandecKux Iuces sSIBJISeTCs 1eJbIM aaredpan-
yeckuM. AJirebpandecKue dncia 00pasyior mnoJie.

. ITokazareu. BeckoHEUHOCTH MHOXKECTBA IIPOCTBIX duces Buja 2"x + 1 i puk-
cMpoBaHHOTO HaTypajbHoro n. CylnecTrBoBaHne MEPBOOOPA3HOTO KOPHS 10 MPO-
cToMy MoLyJio; 110 Motysio pF, 2pF (p — neuernoe npocroe).

. IloBopornas romorerusi, ompejiesieHRe, CBOMCTBO MOBOPOTHON T'OMOTETHH, Iepe-
BOJIAIIEH OJIHY OKPY?KHOCTH B JIPYTYIO.

Buaem 7

. Kopun muorouienos ¢ ajaredpandeckuMu Ko3pPUIMEeHTaMu sIBJSIIOTCS aJredpan-
YECKUMU YUCIAMHU, KOPHU YHATAPHBIX MHOMOYJICHOB C IIEJIBIMU aareOpandecKuMu
KO3 DUIMeHTaMH ABJISIOTCS HEJbIMI aJreOpaniecKuMy UnCJIaMu.

. Onpenenenne rpymnmnbl. [Ipumepsnt. [Togrpymsr, jieBbie Kacchl CMEXKHOCTH, TTOPSI-
JIOK 3JIEMEHTa, WHJIEKC MOJIIPYIIibl, TeopeMa Jlarpanxa.

. Ilosnapnoe coorseTcTBUE, CBOINCTBA, TADMOHUYCCKUI YeTHIPEXYTOJbHUK.
Buaem 8
. MHorounensl jiesienus Kpyra. | | ®4(x) = 2" —1. JokazarenbeTBO 6ECKOHETHOCTH

dn
MHOXKECTBa MPOCTBIX UUCe] Bujia Nx + 1 g GUKCUPOBAHHOIO HATYPAJILHOIO N.

. JloKa3aTeibeTBO TOrO, YTO CYIIECTBYET T10JI€ U3 1 SJIeMEHTOB = n = p.
. LleHTp MOBOPOTHOI TOMOTETHH, TIEPEBO/ISAIIECH OTPE30K B 0Tpe30K. Touka Mukes.
Bbusaem 9

. HerI/IBO,[LI/IMOCTb MHOI'OYJICHOB J€JICeHNA KPYyTa

. HempepsiBHoCTh byHKIME B TOUKe. HermpepbIBHOCTH MOHOTOHHBIX CIOPHEKTHBHBIX
¢yuknuit. HenpepbIBHOCTH MHOT'OUJIEHOB.

. Abdunnoe npeodbpazosanme. Coxpamenne orHomenuii miomaseii. Coxpanenne
1eHTpoB Macc. [locTpoenus auHenKoi.

Bunem 10
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. Onpenenenne rpynnbl. [Ipumepst. [logrpymisr, jieBbie Kracchl CMEXKHOCTH, TTOPSi-

JIOK 3JIEMEHTa, UHJIEKC HOJIPYIIiibl, TeopeMa, Jlarpanxa.

. JlokazareabcTBO OCHOBHOW TeOpeMbl ajreOpbl (B MPEMONIOKEHUH, ITO MOJYJTb

MHOT'OYJIEH JOCTUTAa€T MUHHUMYMa Ha KOMIIJIEKCHOM HJIOCKOCTI/I).

. Teopema TarTa

Buaem 11

2
p~—1
. CpaBuennsa mespIx ajreOpamdecKuxX Iuces M0 MOAYJIIO. <%> = (—1) = . Banaua

PO PEKYPPEHTY.

. TpaHCHeH,ZLeHTHbIe yucsa. Onucanne HauMeHbIIero YuCJI0BOIO IIOJIA, COJAEP2Kallle-

ro . HecaeTHOCTh MHOXKECTBA TpaHCIEHACHTHBLIX duces. Teopema JInmyBuiis.

. TeopeMa O MUJIMIITMOHEPaAX. AKkcroma IOJIHOTHI U JIEMMAa O BJIO?KEHHBIX IIPOMEKYT-

KaxX.

Bunem 12

. Muoroajennl OT HECKOJLKUX NnepeMEeHHbIX. Crenenn MHOT'OYJI€Ha,; CTEIIEHb IIPO-

U3BEJICHUsI JIBYX MHOI'OYJIEHOB paBHA CyMMe ux creneneit. HenysieBoit Mmuorowien
C IeCTBUTEIbHBIMU KO3 DUIMeHTaM IpUHUMaeT HeHysaeBoe 3Hadenne. Muoro-
YJjieH, oOpalllalolinuiicss B HYJIb BO BCEX TOUKAX IPsAMOM, JIEJUTCA Ha JIMHEHHDIM
MHOI'OYJIEH, 3a/IaI0IUI ITY TIPAMYIO.

. Hpeﬂeﬂ [ocJ1e10BaTeJIbHOCTU KOMIIJIEKCHBIX YUCEJI. Pasnocunbrnoecru olpeJjeJsie-

nuit. HenpepbiBHOCTH DYHKIMN KOMILIEKCHOI'O IIepeMenHoro. HernpepbsiBHOCTD MO-
JLyJIsi MHOTOYJIEHA OT OJIHOi nepeMeHHoil. /locTrykenne MakCuMyMa ¥ MUHUMYMa,
Ha Kpyre.

. Cern, noroku, Teopema Popna-PasikepcoHa.

Buaem 13

. ,HOK@B&TGJIBCTBO KBa/JpaTUIHOI'O 3aKOHA B3aMMHOCTH 4Y€PE3 KBa/JApPaTUYIHbIE CyM-

MBI ['aycca.

. Muoroujienbl 0T HECKOJIbKUX NnNepeEMEeHHbIX. Crernenb MHOT'OYJI€Ha,; CTECIIEHb IIPO-

U3BEJICHUs JIBYX MHOI'OYJIEHOB paBHA CyMMe ux creneneit. HenysieBoit MmHorowien
C JIeiCTBUTEIbHBIMU KO3 PUIMeHTaMy IPpUHUMaEeT HeHysIeBoe 3Hadenne. MHoro-
4JieH, oOpallaloniuiicss B HYJIb BO BCEX TOUYKAX IPsAMOM, JICJUTCA Ha JIMHEHHbIH
MHOI'OYJIEH, 3aJIaI0IUI Ty IIPAMYIO.
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. I3 Besikoii orpaHMYeHHO| MOCJIE0BATEILHOCTH MOXKHO BbIOPATh CXOJSIILYOCS
IIOJIITOCJICJIOBATEJIbHOCTb.

Buaem 14

. JlokazaTeabCcTBO 30JI0TapeBa KBaAPaTUIHOIO 3aKOHA B3AMMHOCTHU Uepe3 IepecTar-
HOBKH.

. JlokazareabeTBO OCHOBHOW TeOpeMbl ajreOpbl (B MPEIONOKEHUH, ITO MOJYJTh
MHOTOYJIEH JIOCTUTAeT MUHUMYMa Ha KOMILJIEKCHOI TJIOCKOCTH ).

. Pebepnasi reopema Menrepa
Bbuaem 15

. JlokazarejbeTBO KBaJIPATUIHOIO 3aKOHA B3aAUMHOCTH Y€pe3 MOJICUET [TPOU3BE/Ie-
HUSI JBYMS CIIOCODAMI.

. Tlocrpoerue mosst u3 pF snemenTos.
. Teopema Pamcest ijist runeprpados.
Buaem 16
k

. JokazareabcTBO TOro, 9TO CYIIECTBYET IOJIE U3 1. 9JIEMEHTOB = 1. = p".

. Teopema o JieBsiTu TOYKaAX Ha KyOUuecKoit KpuBoi. BbiBOJI HEBLIPOXK JIEHHON TEO-
peMmbl [lackansa n Teopemsl Ilamma.

. Teopema Xousia
Buaem 17
. Tocrpoenue noss u3 p* snemenros.

. I3 Becsikoii orpaHMYeHHOI IIOCe0BATEILHOCTH MOXKHO BBIOPATH CXOJISIIYIOCS
MTOJITIOCJIEJIOBATEIHHOCTb.

. Bepmmmanas teopema Menrepa.
Buanem 18
. Koneunsbie mjiockocTu.

. Cummerpuueckue mHorowienol. Teopema Buera. @opmysia Hprorona. Jlekcuko-
rpadudecknii mopsiiok. OCHOBHAsT TeOPEMa 0 CUMMETPUIECKUX MHOIOUJICHAX.
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. Abdunnoe npeobpazoBanne, opee/ieHne, COXpaHeHNe OTHOIEHUI JIJINH TTapaJi-

JeJbHbIX oTpe3koB. Coxpanenue orHoineHuil momajeii. CoxpaHenue HEHTPOB
Mmacc. [TocTpoenns mTuHENRKOIA.

Bunem 19

. Tlocrpoenue nonst us p? snementos. CylecrsoBanue 1epBoOOGPA3HOrO KOPHS B

moJie.

. MHorounensl jiesienust Kpyra. | | ®4(x) = 2" —1. JokazarenbcrBo 6ECKOHEUHOCTH

dln
MHOXKECTBa MIPOCTHIX YUCe] Buja NT + 1 st GUKCUPOBAHHOIO HATYPAJILHOIO N.

. Teopema Ban-ep-Bapuena.

Buanem 20

. ITokazarenau. BeckoHeUHOCTH MHOXKECTBa IPOCTBIX unces Buja 2"x + 1 s puk-

CHPOBAHHOrO HATypasbHoro n. CylecrBoBanue IepBooOpa3sHOro KOpHHA IO IIPO-
cromy MojtyITio; 110 Moayo p¥, 2pF (p — mewernoe mpocroe).

. Anrebpanueckne kpusbie. [lepexos n3 oHOM crCTEMBI KOOPJINHAT B JIPYTYIO. DJI-

Jiaric, runepboJia u napadosia, SBJIAIOTCS KPUBBIMU BTOPOI'O MOPSIJIKA.

. Teopema Kenura

Buanem 21

. TpaHCHeH,ZLeHTHbIe yucaa. Onucanre HauMeHbIIero YuCJI0BOIO [10JIA, COJaEP2Kallle-

ro . HecaeTHOCTh MHOXKECTBA TpaHCIEHACHTHBIX duces. Teopema JInmyBuiis.

. Anrebpanueckoe JJOKa3aTebCTBO TEOPEMbI 0 06aD0UKe; TEOPEMbI O JIBYX DaDOUKaX.

. Teopema Bep:xka.



