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6 OI'VIABJIEHUE

Ot aBTOpOB

Ilobporo Bpemenu cyTok!

3paBCcTByil, HeM3BECTHBIA (& MOXKeT GbITh, OUYeHDb JlarXKe U3BECTHBIH) uuTaresab. Mbl He 3HAEM,
CKOJIBKO JHel, MeCsIeB, a MOXKET OBITH U JIET IIPOIIO C MOMEHTa OKOHYaHUs CMeHbl. Ho MbI
BCE PABHO CMeEM HaJIesIThCsl, ITO 9Ta KHUKKA OKaxKeTcs It Tebs1 mose3noit. la, B 9Toi KHIXK-
K€ HEeT MaTepHajiOB CIENKYPCOB, TAPMOHUYIHO JOTOJIHSBIIINX TPOTPAMMBI OOBIYHON T'PYIIBLI U
rpymmnst moxynpodu. Ho u 6e3 sToro, cmeeM HaAeATHCsI, 37€Ch HAWIETCS MHOTO 3aHIMATEIBHOTO
¥ 3aMevaTeIbHOTO.

Mgl canTaeM, 94TO y HAC HMOJIYyYMIACh KJIacCHast cMeHa. U jiesio He ToJIbKO B TOM, uTo M9 3ara-
i Dance-show, a erié u B TOM, 9TO 4acTh MaTEPHUAJIOB ObLIa IPUAYMaHa HAMU CIIEIIUAIBHO
JUIsL HAIIMX YYEeHUKOB (& HEKOTOpasi 4acTh — IPsAMO TyT, B Bumkunie). Mbl Geckoneuno Giia-
TOJIAPHBI BCEM 3PUTEJISIM HAIIUX JIUCTKOB 33 9TO U HAJEEMCS U JAJIbIIE PEryJIsIPHO BUAETHCH C
HAMJ KaK B Buinkmse, Tak ¥ BO MHOTHX JPYTHUX YrOJIKax Halleil HeOObSATHOH CTPaHbI, 1a H,
9€ro MeJIOYUTHCH, BCEI'O MHUPA.

Hy, 1 3aKOHYMTH HAIIe BCTYIJIEHHE XOTEJIOCh Obl XOKKY HEM3BECTHOIO (& MOXKET OBbITb, OUEHb
Jlaxke U3BECTHOIO) aBTOPA:

Hetn dM-neBaTh
Brr cambre myurme
Mpbl Bac Bcex JIIOOUM

C 11060BBIO,
npenonasareaa M9
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OO01ue MmaTepuaJbl

BCTyrII/ITe.TIbHaﬂ OoJIMMIINaJda

Ipo kosdpdunuenTs! a, b, ¢, d ABYX KBaIPATHBIX TPEXUIeHOB z2 + bz + ¢ u z° + ax + d
u3BecTHO, 9T0 0 < a < b < ¢ < d. MoryT it 9T¥ TPpEXUIEHBI UMETh ODIINIA BEIECTBEHHBIH
KOpEeHb?

Ha nepese Bucstt 2018 mmmmiek. /[Boe urpaior B CIIEIYIONIYIO UTPY: OHU IO OYepen cOnBa-
0T C JiepeBa OT OJHOMN 70 TPEX Imwuiek. Tak»Ke B IPOIECce UTPbl POBHO OJIMH Pa3 KTO-TO
13 UIPOKOB MOXKET IPOIYCTUTH X0 (KTO ycres). IIpourpeIBaeT TOT UIPOK, KTO COOBET 110-
CJIEHIOIO IIUINKY C jepeBa. KTo u3 urpokoB Moxer obecrieduTsb cebe 1mobe1y He3aBUCUMO
OT XOJIOB collepHuKa,?

Ilycrs P — TOuKa nepecedenus: auaroHaseil pasHobepennoit tpaneun ABCD (AB ||
CD, BC = AD, AB < CD). Onucannasi OKpy?>KHOCTb Tpeyrosbuuka ABP mnepecekaer
orpe3ok BC B Ttouke X. Ha mpsmoit AX Boibpana touka Y Tak, yro DY || BC. oka-
xure, yro LY DA =2/YCA.

[Ipm Kakux HATYpaJIbHBIX N MOYKHO BBIIUCATH IO KPYT'y BCE JIEJIUTEN UUCJa N TaK, 9TO
OTHOIIEHNE JIIOOBIX JBYX COCEHHUX UHCeJ OyeT IpocThiM uuciaoM (1 1 n — Toxe gesnre-
m)?

Haiimure BCe mpocThie p Takme, 90 u p+ 1, 1 p° 4 1 SIBIISFOTCS yIBOEHHBIME KBAJIPATAMI
HaTypaJbHBIX YHCEJI.

HeticTBuTeIbHOE YUCTO 0 TAaKOBO, 9T0 0 < a < 1. Jlokaxkwure, aTo 151 11000# BO3pacTaro-
e MOCJIeJOBATE/IbHOCTH HEOTPULIATEIbHBIX HEJIbIX uncest k1 < ka2 < ... < Kk, BBIIIOJHEHO
HEPaBEHCTBO

Abaka

Anre6pa

10. Haitnure cyMMy BCEX TAKIX IEbIX &, 9TO y UnCTa &° + 2018 HeuéTHOE UmMC/I0 MeTuTeeil.
20. Haiiaure Bce HaTypasbubie pemtenus ypasuerus (n 4+ 2)! — (n + 1)! — nl = n? 4 n*.

30. Haiigure xommaectBo Harypaabbix k (1 < k < 2018), 1y1st KOTOPBIX CyIIECTBYIOT HATY-

paJbHBIE N U M, YAOBJIETBOpsomue paseHcrsy m(m + k) = n(n + 1).
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40. Ilycrs P(x) — muorouwneH, taxkoit, uro P(1) = 1 u % = 8 — 7 A Beex

JefCTBUTENILHBIX X, JIJIsSl KOTOPBIX 00a BbIpaykeHus onpenesensl. Haiinure P(—1).

50. Ilycrb Bemecrsennsie a,b Takosbl, uto a’ + b2 4+ ab = a + b. Haiinure nanbosbinee Bo3-
MOXKHOE 3HadeHue a’ + be.

KomMm6GunaTopuka

10. B kopobke aexat 900 xkapr, mporymepoBansabix or 100 7o 999. Kaprs! yaasnsaor o ogHol
3a pas. KaKOQ MUHUMAJIbHOE KOJIMIECTBO KapT HY?>KHO YIaJIUTh, ‘{TO6I)I TrapaHTHUPOBaHHO
HAIIUIACh TPU YIAJEHHBIE KAPTHI C OJUHAKOBOHN cymMmoii 1udp?

20. Hamwumure cymMmMy BCeX pa3IHYHBIX YETHBIX MSITU3HAYHBIX UUCEJI, COCTOSIMMNX u3 mudp 1,
3,4,5u9. lludps! B 4nciie He TOBTOPSIOTCS.

30. Oyukuusa f: Z — Z ynosnersopsier coornomenuio f(f(n)) = 2 —n. CkonbKo 3HaUeHU
n3 mHOXkecTBa {1,3,5,7,...,139} moxer npuaumars f(2)?

40. HWmeercs 2010 kopoboK, MpoMapKupoBaHHbIX Bi, Ba, ..., B2oio, n 2010n MsyukoB, pac-
Mpe/IeJIEHHBIX MO HUM. PaspeleHo ciemymoiee JIeficTBUE: B3sTh U3 KOPOOKH HOMED 14
POBHO i MSIYMKOB W TOJIOXKUTH UX B JPYIyI0 KOPOOKy. [lyisi CKOMBKMX HATypAaJIbHBIX N
(1 < n < 2018) MOXKHO PA3JIOKUThL BCE MSYUKH II0 N IITYK B KAXK/IBIA SIIUK HE3ABUCUMO
OT HaYaJIbHOW mo3uIun?

50. Ha oxpyxnoctu ormedeno 2018 paszimunbix Touek A1, Az, ..., A201s. Kakoe Munm-
MaJIbHOE KOJIMYECTBO TYIIOYI'OJIbHBIX TPEYTOJIbHUKOB MOXKET OBITh CPEIU TPEYTOJIbLHUKOB
C BEPIIMHAMU B 9TUX TOYKAX?

Teopus gucen

10. Haiigure Hambosbilee HATYPAIbHOE YHC/IO, COCTOSAIIEE M3 PA3JTUIHBIX HEUYETHBIX UMD,
KOTOPOE JEeJIUTCS Ha BCE CBOU TUMPHI.

20. Ha gocky BhIMCa M OCTATKM OT Jlejienus dnuciaa A Ha Bce dncia, Menbiue A. Okazasiocn,
YTO CyMMa BCEX PA3JIMYHBIX UHCEN, BCTPEUAIoNMXcs Ha Mocke, pasHa A. Halimure Bee
Takue A.

30. /IBa ywnciia, He JEJIANUXCA APYT HA JPyra, CJIOXKHUIN BMECTe C MX HAHOOIBIIAM OOIUM
JeIUTeJIEM U HANMEHBIINM OOIIUM KpaTHBIM. B pe3ysbrare nosydusiocs guciao 646. Haii-
JIUTE UCXOMHBIE YUC/IA.

40. Haiitn HauMeHbIee 3HaYeHNe BblpaxkeHust [36Y — 57|, rje © u y — HaTypasbHbIE YUCIIA.

50. Ilycrs k(n) — HamGoubIIMii HedeTHBIH Aesmresns n. Yemy paBHa cymma k(m +1) + -+ +
k(2m)?

T'eomeTpusi

10. IIpo rpamenmio ABCD (AD||BC) ussectno, uro AC L BD, BC =1, AD = 3. Ha AD
Halach Takas Touka I, uro BE = ED. Haiinure AE.
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20. Ha memmany BM tpeyrosbauka ABC onycruiau nepuneHaukynsap AL v nepneHauKysisip
DK w3 nmekoropoii Touku D na cropone AB (L m K — pa3judHble TOYKH, JIEXKAIIAE
BuyTpu BM). Oxazanocs, uro BK = LM. Haiigure CD, eciu BD =3, BA=171.

30. BuyTpu pasHOCTOpOHHETrO Tpeyronbanka ABC B3simm Touky M Ttak, uro ZAMC = 150°,
AM =1, MC = 4. Haiinure BM.

40. Ha croponax BC u AB tpeyromsauka ABC seibpansl Toukn A’ 1 C' cOOTBETCTBEHHO.
Ipampie AA” u CC' nepecexarorcsa B Touke K. Oxazamnocs, uro AC' = CA' u ZABC =
/A’KC. Ha orpeske KC' Buibpana Touka P takas, urto 2PK = A'K + KC'. Haitmure
LAPC.

50. Memuanbr Tpeyronbuuka ABC nepecekaiorcs B Touke M. Ha npsimoit, mpoxojsiieii de-
pe3 Touky A mapasiensno BC, BeiOpana touka D Ttak, uyro ZCMD = 90°. Haiigure

AB-CD
MHUHUMAaJIbHOE 3HAYEHNE BBIPAYKEHUST ————.
AMCD

KoHcTpyKTUBBI

10. Paspexbpre KBaApaT CO CTOPOHON 4 KJIETKHA HA MPIMOYTOJIBHUKH, CyMMa IIEPUMETPOB KO-
TOPBIX paBHA 25.

20. B kBampare 5 X 5 paccrasbre unmcaa or 1 1o 25 Tak, 9T00bI HEUKaKme 2 B cocemHux (IO
yIJIy B TOM 9HUCJIE) KJIETKAX B CyMM€ HE JEeJUINCh Ha 4.

30. PaccraBpTe HambOJIBINIEE KOJIUYECTBO KOpOJeit Ha mocke 12 X 12 Tak, 9TOOBI KazKIbIi
KOPOJIb OMJT POBHO OJIHOTO U3 OCTAIHHBIX.

40. IIpuBenure mpuMep HATYPaAJbHOIO YHCJA, KOTOPOE 00JIagaeT CJIEAYIOMUMI CBONCTBAMM:
€CJIM €ro YMHOXKUTH Ha 2, TO CyMMa ero Iudp YMEHBIIUTCS B 2 pas3a, a eCcjid yMHOXKUTH
ero Ha 3, TO cymMMa Iudp YMEHBIIUTCS B 3 pa3a.

50. TIpusemure npumep Taxoit dbynkimu f us R B R, uro f(f(x)) =z + 6x + 6.

BuayTpenHnuii oObI9HBIN MaTOOI

Ilycrs agaiaz - --an — (n + 1)-3Haunoe npocroe aucio (n > 10). Jokaxkure, 9T0 y MHO-
rounena aox™ + a1x™ 1 + -+ + apn He MOXKET ObITb 7 PABJIMIHBIX LIEJBIX KOPHEIL.

Han cBsasubiii rpad G, B BepHIMHAX KOTOPOIO PACCTABJIEHBI HEOTPUIATEJIHHBIE UHCIIA C
CyMMOM 1, mTocJie 9ero Jijist KaxkK0ro pebpa MoCUYuTai MPOU3BeIeHIe JUCe/ B €r0 KOHIAX,
¥ CJIOXKUJIN TOJIyUYeHHbIE 4YWC/Ia JJisi BceX pebep. Bripazure MakcuMyM pacCMOTPEHHOM
CYMMBI 4epe3 pa3Mep MaKCUMAJJIbHON KJIMKHU B Tpade.

Ha cropone AB tpeyrosbuuka ABC' BbiOpana Touka X Tak, uro 2BX = BA + BC.
Tlycts Y — Touka cuMMeTpUYHAs TOUYKE NepecedeHus buccekTpuc tpeyroiabauka ABC
oruocuresibuo Touku X. okaxkwure, uro YIp 1 AB, rne Ip — UeHTp BHEBIHUCAHHOM
oKpy2kHOCTH Tpeyroibuuka ABC nanporus Bepimusbl B.
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Yucna a1, asz,...,a100 — mepectanoBka uuces ot 1 mo 100. S1 = a1, S2 = a1 + az, ...,
S100 = a1 + a2 + ... + a100. Kakoe HanboJibliee KOJIMYECTBO TOYHBIX KBaJIpaTOB MOXKET
ObITH cpeau uncen S1,S2, ..., S100-

Panunyc onucanuoit okpy:xHocTH Tpeyrosbanka A BC paBeH painyCcy BHEBIIUCAHHOI OKPY K-
HOCTH TOI'O XK€ TPEyTrOJbHUKA HAIPOTUB BepumuHbl A. BHeBnucannas OKpy»KHOCTb Ka-
caerca upambix BC, AC, AB B toukax M, N, L. Hokaxwure, a0 O (IEHTDP ONHUCAHHON
OKPY?KHOCTH) sIBJISIETCsI OPTOLEHTPOM Tpeyrosnbauka M N L.

Ha maxmarHoit mocke 2018 x 2018 croar uepHble n Gesble IEKH (B KaxK0i KJIETKe 9To-
HuOyab cTout). VI3BeCTHO, YTO B KaKIOM «KpecTe» (0ObeIuHEHUH CTOJIOLA U CTPOKH)
OOoJIBIIIE TENIEeK TOTO I[BeTa, KOTOPBI HE CTOUT B «IeHTpe» Kpecra. JlokakuTe, 4TO Ha
KaXKJ0i BEPTUKAJIM U KaXKJIO! TOPU3OHTAJIM IENeK 000UX I[BETOB IMMOPOBHY.

Ha nocke nanucanbl HaTypaJsibable ynciaa 1, 2, ..., 2018. /IBa urpoka moodepeHo JIe1aT
XOJIBI TIO CJIEIYIONIMM MpaBuiaM. Pa3pernraercst crepeTs Ji00ObIe 1Ba YUCIa @ U b 1 HATUCATH
BMecto Hux a’. Uepes HEKOTOpPOE BpeMsl Ha JJOCKE OCTAHETCS OJHO YHCI0. 11epBblil HIrpok
BBINTPBIBAET, €CJIM OHO OKAHYMBAETCHA Ha 2, 7 Wad 8, a BTOPOHl — B IIPOTHUBHOM CJIydac.
Kro BbMrpaer npu npaBuibHON urpe?

CKOJIBKO CYIIECTBYET TPUAHIYJIANNAN BBITYKJIOIO N-YIOJbHUKA TaKUX, ITO POBHO OJUH
MIOJLY IUBIINACS TPEYTOJIBHUK COCTOUT TOJIBKO U3 JUATOHAJIEH N-yTOJIbHUKA !

BuyTpeunuii monynpodu Mmardoii

1.

IlocyiemoBaTETBHOCTE HATYPAJIBHBIX YUCEIT X1, X2, ... CTPOUTCS CAEIYIONUM 00pa3oM:
Tpt1 = 2xp, + 1 jmus Beex marypasbHbix n > 1. O6osmaunm y, = 2°* — 1. Ka-
KOe HambOJIbIIee KOJIMIECTBO HAYAIBHBIX WICHOB MOCJIEA0BATEIBHOCTH (Yn) MOXKET OBITH
MIPOCTBIMU?

IIycts I — nienTp BumMcanHOR OKpY2KHOCTH HepaBHOOGeapeHHoro Tpeyroiabuuka ABC. Ye-
pe3 A obosnauum cepenuny ayru BC' onucammoii okpyzkHocTH Tpeyroibuuka ABC, e
conepxkaeit Touku A, a uepes Ay — cepenuny ayru BAC. Tleprienukyssp, OmyeHHbIi
3 Touku A; Ha npamyio Asl, nepecekaer npamyio BC B Touke A’. Amajorndmo ormpe-
nenatores Touku B’ u C. Jlokaxkure, uro Touku A', B’ u O nexar Ha 0IHOM HMpPAMOii,
NpuYIéM 9Ta NpsMasi nepreHaukyasipaa npsmoi OI, roe O — LEHTP ONUCAHHON OKPY3K-
HocTH Tpeyrosbarka ABC.

Ha nocke manucanbl HaTypaJsibable unciaa 1, 2, ..., 2018. /IBa urpoka moodepéHo ae1aT
XOZBI IO CJIELyIOIMM IpaBuiaM. Pa3pernaercst crepers jrobble gBa uncia a u b u Hanucarb
BMecTo Hux a’. Uepes HEKOTOPOE BpeMsl Ha JJOCKE OCTAHETCS OJHO YMCI0. 11epBbIi HIrpok
BBIUTPBIBAET, €CJIM OHO OKAHYMBAETCH Ha 2, 7 Wad 8, a BTOPOH — B IIPOTUBHOM CJIydYae.
Kro Bbmurpaer npu npaBuiibHO urpe?

Hana 6eckoHedHasT BO3PACTAIONIAS [TOCIEI0BATEILHOCTD JTeHCTBUTEIbHBIX YHUCEJI, 3a/IaH-
Has CAeAyIONMNMHU TPABUJIAMU:
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10.

40 =5 Gnil =ant oy

Haitnure Muaumasibaoe k takoe, 94to ak > 1.

,ZLJ'IS{ IIOJIO?KUTEJIbHBIX YHCeJI a, b, C 1 P JOKaKUTE€ HEPABEHCTBO:

a®b n b n ca a’be n bca i c2ab
(Ba+b)P  (Bb+c)P  (Bc+a) T (Qa+b+c)P  (2b+c+a)  (2c+a+b)P’

Hasoeém wersépky uncen (a,b,c,(a)  zopowed, ecim uucna ab + 1, ac + 1, ad + 1,
bc+1, bd+1, cd+ 1 apastorcst TO9HBIME KBagpaTamu. JlokaxkuTe, 9T0 XOPOIUX YeTBEPOK
OECKOHEYHOE KOJIMYECTBO.

Ha cropone AB Tpeyrosibauka ABC' BbIOpana Toyka X Tak, uyro 2BX = BA + BC.
IIycts Y — Touka, cumMMeTpudHasi TOYKE IepecedeHust buccekrpuc rpeyrojbauka ABC
otHocuTesibHO Touku X. [lokaxkure, uro YIp | AB, tnme Ip — IeHTp BHEBIUCAHHOMN
okpyzkHOCTH Tpeyroibuuka ABC nanporus Bepmunbl B.

JlokaxkuTte, 9T0 KOJIUYIECTBO IMEPECTAHOBOK N 3JIEMEHTOB, pa30UBAIOMINXCS Ha Kk IUKJIOB,
PaBHO KOJIMYECTBY CIIOCODOB BBIIIUCATH YHUCJA OT 1 JI0 n B Psiji B TAKOM HOPSIIKE, YTOOBI
HAIIJIOCh POBHO k dmces1, KaxkKJi0e U3 KOTOPBIX HOJIbINE BCEX HAIMCAHHBIX MEPEl HUM.

O6o3raanM "epes S(n) KOJIUIECTBO NPAMOYTOJIBHUKOB a X b, T1e a < n u b < n, KOTopbIe
. . 8
MOYKHO pa30uTh Ha KBazapaThl 3 X 3 u 2 X 2. Haitaure lim @
n— oo
Cpenu n mIapoB TPU PaJIMOaKTUBHBL. FKCTh npuboOp, KOTOPBIA 3a OIHY IPOBEPKY MOXKET
OIIPEIENIUTD /Uil He GoJiee, 9eM JIBYX IIAPOB, CKOJIBKO U3 HUX PaJIMOaKTUBHBIX. Jlokaxkure,
9To 3a [’%5] MMPOBEPOK C IMOMOIIBIO 3TOr0 MpubOpa MOXKHO HAaWTH BCE PaJIMOAKTUBHBIE

mapsl.

BuyTpeunuii npodu mardoii

1.

2.

3.

Hazosém werBépky umcen (a,b,c,(a)  zopowed, ecm wmcna ab + 1, ac + 1, ad + 1,
bc+1, bd+1, cd+ 1 gaBastioTcss TOYHBIMU KBaJpaTaMu. JJoKaXKuTe, 9To XOPOIIUX YeTBEPOK
6GECKOHEYHOE KOJIMIECTBO.

Hoxaxkure, aro u3 uuces ot 1 70 100000 moxxuO BBIOpaTh 1000 Wricesn Tak, YTOObI HUKAKTE
TPHU U3 HUX HE 00PA30BBIBAIN apUMOMETHIECKYIO TPOTPECCHIO.

O6o3HaunM uepe3 S(n) KOJIUIECTBO NPIMOYTOJILHUKOB a X b, T1e a < n u b < n, KOTopble

MOXKHO pa3buTh Ha KBajparhl 3 X 3 u 2 X 2. Haitgure lim %
n— o0
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Touxka F' na ocuoBanuu AB tpaneruu ABC D, nuaroHajiu KOTOPOIi TIepeceKaroTcs B TOY-
ke E, takoBa, yro CF = DF. Touku O1 u Oz — UEHTPHI OIUCAHHBIX OKPYKHOCTEH

rpeyrosibaukoB ADF u CBF. Hokaxure, uro EF 1 O10;.

Ilerss u Bacst urpator B cieayronryo urpy. VzHadaabHO mepes HUMH JIEXKUT Kydka ¢ N
kaMHsIMHU. [lepBbiM xomom IleTss MoxkeT B3aTh Jiroboe uncao KaMHel, Mmenbinee IN. Jlajee
B CBOW XOJT KayKJIbIf MTPOK MOYKET B3sTh UMCJIO0 KaMHEH, He MPEeBOCXOISINee yIBOCHHO-
ro 9mCsIa KaMHEH, B3ATOrO €ro CONEPHUKOM Ha NPEIbLIyIeM XOay (HO He MeHee OHOrO
KaMHsl). Bomurpsisaer ToT, KTO BO3bMET mocseaunii kamenb. [Ipu kakux N Bacsa cmoxer
obecrieunTs cebe mobery?

B ugernipexyromsauke ABCD okazajioch, uro ZCAD = 59°, /CAB = 62° u ZABD =
ZCBD = 22°. Haitmute LACD.

CyMMa TIOJIOKUTEIbHBIX Yncen a, b, ¢ u d paBHa 4. Jlokaxkure HepaBEHCTBO

a>*4+3a  b*4+3b 43¢ d*+3d _ 16
a®+8 B +8  3B+8  dB+8 9

KaknuM HaMMeHBIIMM KOJUYIECTBOM TIOJHBIX IPpadOB HA 1 BEPIIXHAX MOXKHO HOKPBITH BCE
pebpa mostHOrO rpada Ha 2n BepIIuHax !

IlocnenosarensocTh A1, Ag,...TOUYEK Ha IJIOCKOCTH TAKOBA, UTO IPH BCEX HATYPAJIbHBIX
n TOUKa Apy3 ABJISETCH [EHTPOM OIHMCAHHOM OKPY?KHOCTH TPEYroJabHUKA ApAp 1 Ania.
Jist Kakux k MOXKeT oKa3aTbCst, 9YTO A4 = A, IpPU BCEX HATYDPAJIBHBIX N7

Iycrs @paiaz ---an — (n + 1)-3naunoe npocroe uucio (n > 10). Jokaxkure, 9T0 y MHO-
rowrtena aox” + a1z” ' + -+ + a, He MOYKET ObITD paloHaJbHBIX KOPHEHA.

OObBIuHbIT MaTboOiT 89

1.

Ha nponomxenun cropoust AD npsmoyronbanka ABCD 3a touky D Bbibpana Touka E.
Jlya EC BTOpHYHO IiepecekaeT OKPY>KHOCTb w, ONMCAHHYIO OKOJIO TpeyrosibHuka ABFE, B
touke F. Jlyau DC u AF nepecekaiorca B Touke P. Ha npsimyto ¢, npoxoasmyo depes
Touky F napajutesnbao upsimoii AF, onymen nepnennukyinap C H. Jlokaxkure, 94To IpsiMast
PH xacaercst OKpY>KHOCTH W.

B crpane sro6ble gBa roposa coefuHEHbI TUO0 IMPSIMBIM aBTOOYCHBIM, JTHOO IIPSIMBIM aBHa~
coobmenneM. Kauka — 970 HaDOP rOPOJIOB, HOMAPHO COEAUHEHHBIX aBuapeiicamu. Karo-
K@ — 9T0 HabOp TOPOJIOB, MONAPHO COEIMHEHHBIX HPSIMBIMK aBHapeificamMu, U MPU ITOM
TaKWX, YTO U3 HUX BBIXOJUT TOPOBHY aBTOOYCHBIX peiicoB. Kaaka — 3TO HAOOP TOpPOMIOB,
[IOITAPHO COEIMHEHHBIX IPSIMBIMI aBUAPEHCaM, ¥ IPH 9TOM TaKHX, 9TO U3 JIIOOBIX JABYX U3
HUX BBIXOJIUT Pa3HOE YHCJIO aBTOOYCHBIX peiicoB. JlokakuTe, 4TO padmep 000 KJINKHU He
IIPEBOCXOAUT IIPOU3BEIEHUS PA3MEPOB MAKCUMAJIBHOM (110 KOJIMYECTBY FOPOOB) KIIIOKU U
MAaKCAMAaJIbHON KJISKH.

Ha mocke n X n B KaxK10#1 KJIeTKe JIEZKAT HEKOTOPOE YUCJIO 3¢(PUPOK U IIPHU STOM BBIIOJ-
HSIETCs CJIeIYIOIIee CBOMCTBO: B JIIOOBIX JIBYX CTPOKAX YMCJIO 3€(PUPOK HE COBIAIAET XOTS
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ObI B OJTHOM M3 CTOJIOIOB. JloKaXXuTe, 9T0 HANIETCSA TaKOW CTOJIOEI], YTO €CJIU ChEeCTh BCE
3edpUPKHU, KOTOPHIE B HEM HAXOIATCS, TO 3TO CBONCTBO COXPAHUTCH.

Ha memunany BM tpeyronbuuka ABC onmycTunu neprneHauKyasp AL u neprneHIuKyisp
DK wu3 mekoropoit Touku D Ha cropore AB (L m K — pasjudHble TOYKH, JI€XKAllUe
BayTpu BM). Oxazanocs, uro BK = LM. Jlokaxwure, uro CD = BD + BA.

IlepBbie k 9nenoB a1, az, ..., Gk MOCIEIOBATEILHOCTH (Gr) — PA3IMYHBIE HATYDPAJbLHBIE
4qucia, a npu n > k YUCIO G, — HauUMeHbIllee HATYPAJbHOE UHCJIO, He IPEICTABUMOE B
BHJIE CYMMBI HECKOJIBKUX (BO3MOXKHO, OJJHOT'O) U3 UUCET 41, G2, - . ., An—1. JJOKAXKHUTE, ITO

Qn = 2Gp—1 TIPU BCEX JIOCTATOYHO OOJIBIIUX N.

Kaxkmast Touka MI0CKOCTH C TEABIMA KOODJIUHATAMHE MTOKPAIEHA B OEJIBIN WJIN YEepHBIH
nBet. Jlokaxkure, 9TO MOXKHO BBIOpATH I[BET TaK, 9TOOBI IPU KAXKJIOM HATYPAJIBHOM 7
HAIIEJICSA TPEYTOJIbHUK IIOMIAIN N C TPEMsI BEPIINHAMU BHIOPAHHOTO I[BETA.

IIycte n — wnesnoe uwmcio, 6osbinee 10, Bce nudpbl KOTOPOTO MPUHAJJIEKAT MHOXKECTBY
{1,3,7,9}. Jokaxkure, 910 y n eCTh LIPOCTOH JeIUTENb, He MeHbIIMHA 11.

Jan muorounen P(z) = 22 — 322 + 1. okaxure, aro cpeau uucen P(3), P(4),...,
P(2004) cToJibKO *Ke TOYHBIX KBaJpaTOB, CKOJILKO U cpeau auces P(3) — 1, P(4) — 1
P(2004) — 1.

ge ey

IHosxynpodu marboit 8—9

1.

Ha nponoskennn cropoubt AD npsimoyrosnbauka ABCD 3a touky D Beibpana Touka E.
Jlya EC BTOPUYHO MEPECEKAET OKPYXKHOCTh W, OMUCAHHYIO OKOJIO Tpeyroyibauka ABFE, B
touke F. Jlyau DC' u AF nepecekatorcsa B Touke P. Ha npsimyto ¢, npoxozsinyio depes
touky F napasutesnbao npsimoii AF, onymen nepnenpukyinsap C H. Jlokaxkure, 94To npsiMast
PH xacaercsi OKpY>KHOCTH W.

B cTpane r06b1e 1Ba TOPOIA COEIMHEHBI JTMOO TPSIMBIM ABTOOYCHBIM, JIMOO TPSMBIM aBHA-
coobmenneM. Kauka — 9T0 HaOOp TOPOIOB, MOMAPHO COENMHEHHBIX aBuapeiicamu. Karo-
®a — 3TO HAOOP TOPOJIOB, MONAPHO COEIMHEHHBIX MPSIMBIMHU aBUAapeficaMu, U IPU ITOM
TAKUX, YTO U3 HUX BBIXOJUT IMOPOBHY aBTOOYCHBIX peiicoB. Kasaxa — 5TO HaOOP ropoJios,
IIOIIAPHO COEIMHEHHBIX IPSMBIMU aBUAPeiCaMU, U IIPX STOM TAKHX, YTO U3 JIIOOBIX JBYX U3
HUX BBIXOJIUT PA3HOE YUCJIO aBTOOYCHBIX peiicoB. JlokarkuTe, 4T0 pasMep 000 KIMKH He
MIPEBOCXOJIAT MPOM3BEICHAs PA3MEPOB MAKCUMAJIBHOMN (10 KOJMHYECTBY TOPOJIOB) KJIIOKH U
MAKCUMAaJIbHON KJIAKH.

Ha mocke n X n B KaxK70i1 KJIETKE JIEKUT HEKOTOPOE YKCJIO 3¢(DUPOK U IIPU ITOM BBIIIOJI-
HSIETCs CJIeIYIOINee CBOMCTBO: B JIIOOBIX JIBYX CTPOKAX YUCJIO 3€(PUPOK HE COBIQIAET XOTS
OBl B OZHOM 13 CTOJIONOB. JloKaxKuTe, YTO HANIETCS TAKOM CTOJIOEI, YTO €CJI ChECTh BCE
3edUPKU, KOTOPBIE B HEM HAXOISITCsI, TO 9TO CBOMCTBO COXPAHUTCSI.

TIpo Brnucanubiit yersipexyroiabauk ABCD ussectrno, yro AB = AD. Ha croponax BC
u C'D Boibpanbt Touku M u N tak, uro MN = BM + DN. Jlyau AM u AN nepecekaior
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oncanHyio okpyxkuoctb ABC D B Toukax P u @) coorBercTBenHO. JIOKaXKuTe, 9TO TOYKA
IepeceveHnsi BEICOT TpeyroybHuka APQ nexxut Ha orpeske MN.

Han xBaapaTHblil TpexwieH p(x) ¢ paruoHadbHbIMU Koddduimentamu. JokaxKure, 9T0
CyIIeCTBYeT HaTypaJsbHOe N, JJlsi KOTOPOro ypasHeHue p(x) = % He uMeeT PAIlMOHAJIbHBIX
KODHEH.

151 IOJIOXKUATENIBHBIX YHCeNT a1 < 02 < -+ < Gp JOKAYKUTE HEPABEHCTBO
n 2k a1 +az+...+an
L1 + 1 Z k2 + 1 ’ n )
al a2 e an
an
roe k = —.
ai

IIpaBubHBIM IIECTUYTOJBHUK CO CTOPOHOM N pa3buT Ha MpaBUJIbHBIE TPEYTOJBHUKU CO
CTOPOHOI 1. DTOT IMIECTUYTOIBLHUK 3aMOCTUIN POMOMKAME, COCTOSIIMMH W3 JIBYX Tpe-
yTOJBLHUKOB. JIOKaxKuTe, 4T0 pOMOUKOB KaxKJO0r0 U3 TPEX BUJOB (CM. PHCYHOK) IIOPOBHY.

S5~

IlepBbie k @nenoB a1, az, ..., G MOCIEAOBATEIBHOCTH (G ) — PA3IMYHBIE HATYDPAJILHBIC
qucia, a npu n > k YUCIO @, — HaUMEHbIee HATYPAJbHOE HUHCJIO, HE TPEICTABUMOE B
BHJIE CYMMBI HECKOJIBKUX (BO3MOXKHO, OJTHOTO) U3 UUCET 41, G2, - - . , An—1. JLOKAZKATE, ITO

Qn = 2Gp—1 TIPU BCEX JIOCTATOYHO OOJIBIITUX N.

Kaxkast Touka MJIOCKOCTH C IEJBIMA KOOPJIWHATAMU MMOKPAIIEHA B OEJIBIN WJIN YepHBIH
nger. Jlokaxkure, 9TO MOXKHO BBIOpATH I[BET TaK, 9TOOBI TMPHU KAaXKJIOM HATYPAJTBLHOM 7
HAIIE/ICSA TPEYTOJIbHUK IIOMIAIN 1. C TPEMSI BEPITNHAMU BHIOPAHHOTO I[BETA.

IIycts n — menoe 4gucio, 6ompuree 10, Bce nudpbl KOTOPOrO MPUHA/JIEKAT MHOXKECTBY
{1,3,7,9}. Jokaxkure, 4TO y N €CTb NPOCTOI JeIUTeNb, He MeHbImit 11.

IHonynpodu matdoii 9—-10

1.

B rpade ectp pébpa Beca 1 u pébpa Beca 2. I3BecTHO, 9TO 7718 KaXKJ0M BEPITUHBI CYMMa
BECOB pEGEp ¢ KOHIIOM B 9TOil BepuinHe HevéTHA. /{oKarXKuTe, 9T0 MOXKHO OPUEHTUPOBATH
pébpa rpada Tak, 9TOOBI IS KarXKJOH BEPIIMHBI CyMMa BECOB BXOIMAIIMX B HeE pebep
OTJIMYaJIach OT CyMMBbI BECOB MCXOIAIMX U3 He€ pebep He Oostee, ueM Ha 1.

OKpY?KHOCTH W1 U W2 KACAIOTCSA OKPYXKHOCTH w B ToYKax C' u D COOTBETCTBEHHO, U IE€pe-
cekatorcsa B Toukax A u B. AM u AN — kacaresbubie u3 A K w. OKa3aaoch, 970 TOYKHU
A, C, D nexar Ha omgHoit nupsamoii. JJokaxkure, uro npsameie AB, CM u N D nepecekarorcst
B OJIHOI TOYKe.

Ilycte X — Koneunoe mMHOXKecTBO. /lokarkute, ITO

Z|A1UA2U...UA}C‘=(2k71)Z|A1ﬁA2ﬂ...0Ak|,
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10.

rzae 06e cymmbl GepyTes o Bcem Habopam k mHOXKECTB A1, A2, ..., Ap C X (momMuOXKE-
CTB& MOTYT OBbITH OJMHAKOBBIMH).

MozkHO Jin TaK IMOKPAaCUThb TOYKH TpExMepHOro npocrpancrsa B 2018 nseros, 4robbl HA
JIIOOOM OTpPe3Ke BCTpedasuch npeacraBurenn scex 2018 mseTos?

Haiiure Bce Takue HaTypasbubie n, aro n! + 8 memurcs Ha 2n + 1.

B Boimykitom dersipéxyronsuuke ABCD rouku K, L, M u N sexar na croponax BC),
CD, DA, AB, coorsercTBenno. Moryr jiu Bce 9acTu, Ha Koropble orpesku AK, BL, CM
u DN penar dervipéxyronbauk ABC D, umerb paBHbIE TIOMIAIA 7

st ostoKuTENIBbHBIX @, b U ¢ BeInoHEHO a + b+ ¢ = 1. Jlokaxkure, 910

1 1 1 1 1 1
=) (-+=)(-+=)> .
(a + bc) <b + ca) (c + ab) > 1728

Ilere u Bace mamm kosomy u3 2018 kapT, Ha KaxKA0W U3 KOTOPBIX HAIMMCAHO IEJI0€ IUCTIO.
I[Iycrs uncso n Takoso, 4ro n < 22997 JTokaskuTe, YTO OHE MOIYT B3ATb IOPOBHY KADT U3
9TOI Kos1o/p! (HE 00s3aTeNbHO 6paTh BCe KapThl), YTO CYMMBI YHCEJ HA KapTaX KazKJIoro
u3 HUX Oy/IyT JaBaTh OJUH W TOT K€ OCTATOK IIPH JIeJEHUU Ha N.

JlaH MHOTOYIEH C TeIBIMU KOI(MDMUITMEHTAME U TTOJI0KUATEIbHBIM CTAPIINM KO3DDUITHEH-
ToM. JIoKakKuTe, 9TO TOT MHOTOUIEH IPUHUMAET OECKOHEYHO MHOTO HATYDPAJLHBIX 3HA-
YeHU# C OJIMHAKOBOM CYyMMOI 1udp.

IIpomonxkenune Guccekrpucklt BL tpeyronbanka ABC mepecekaeT OMUCAHHYIO OKPYIK-
vOCTh B Touke K. Toukum C1 m A Ha croponax BA m BC COOTBETCTBEHHO TaKOBBI, 9TO
/ChLA = LA LC = LZABC. Touku P u ) TtakoBbl, uro 4derbipexyroyubiuku AKLP u
CK L@ — napautesiorpammbl. Jokaxure, uro PC1 = QA;.

IIpodu matdoii 89

1.

B crpane /lezopuentarus 2018 roponos, KaxKable IBa U3 KOTOPBIX HY?KHO COEIUHUTH IPsi-
MBIM aBHAPECOM, JIETAIONIUM, YBBI, TOJILKO B OfHy cropoHy. OmHako 3akous! le3opuen-
TaIU 3aIIPEIAI0T ABUAKOMIAHUSIM OCYIECTBIISITH TPAH3UTHBIE IEPEBO3KH (TO €CTh €CJIH
UMeIOTCs pefickl u3 ropofa A B ropox B u us ropoga B B ropos C, TO UX He MOXKET BBI-
TIOJTHATDH OJHA U Ta K€ aBUAKOMIAHWs ). Kakoe HanMeHbIee KOJNIECTBO aBUAKOMITAHWN
MOYKET CIIPABUTHCHA C OPTaHM3aIeil BO3AYIIIHOTO JBUKEHNS B TAKUX HEIMPOCTBHIX YCIOBU-
ax?

Croponst AD u BC Boiykioro dersipéxyroiabanka ABC D ve napasutenbsst. Ero nma-

ronayu AC u BD nepecekatorcs B Touke F. Touku F' u G nexar na croponax AB u CD
AF _ DG _ AD

COOTBETCTBEHHO TaK, 10 Lp = G¢ = Be- Hoxaxure, uro ecoiu Touku F, F' u G mexar

Ha OJIHOI HPSAMOIi, TO 4eThIpéxyroinbHuK ABC D — BuuCaHHBIN.
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JIs JIIOOBIX HATYpPAaJIbHBIX @, b U ¢ JOKaXKUTe HEPABEHCTBO
pit yP ; p
(a,b—1)(b,c —1)(c,a — 1) < ab+ bc + ca.

Kak 06bran0, (z,y) 0603Ha9aeT HAnOOIBIINI OOIIMI e TUTENIb YuCel T U Y.

B ocTpoyronsaoM Tpeyronbuuke A BC nposenenst BbicoTbl BP u CQ. Touka M — cepenu-
wa BC. Onuncannas okpy»KHOCTb Tpeyronbunka C' M P kacaercst croponst AB. Jlokaxure,
YTO ONUCAHHAsl OKPYKHOCTDL Tpeyroibauka BM Q) xacaercs npsmoit AC.

MoxkHo iz B 18-351eMeHTHOM MHOXKecTBe BhIOpaTh 2700 nmommuoxkectB M1, Mas, ..., Mazoo
TaK, 4Tobbl Juist Jobbix M; u M; BeinonHsanoch HepaseHcTsBo |M; \ M| > 17

CKO.HBKI/IMI/I CHOCO68,MI/I MO2KHO PpaCCTaBUTH IIJIIOCBI 1 MUHYCBI B KJIeTKaX Ta.6J'II/ILU)I 2016 x
2016 Tak, 9TOOBI B KaXXJOM KBaJIpaTe, COCTABJIEHHOM U3 KJIETOK TAOJIUIILI, KOJUIECTBA
ILUTFOCOB ¥ MUHYCOB OT/IMYAJINCh HE Gosiee, uem Ha 17

Ilycts a1, a2, ..., an — mepecramnoBka gucen 1, 2, ..., n. Haitniure MmakcumasbHoe 3HATE-
HUE€ CyMMBI

S =lai —az|+ |az —as| + ...+ |an — a1].

Ha mrockoct mamer n > 3 Todek o6iero moJioxkeHust. s KayKI0i HOCYUTAIN CyMMy
PAaCCTOSIHAN 10 OCTAJIbHBIX, U BCE ITH CyMMBI OKa3aJINCh PABHBIMU. JoKaXKuTe, 9TO TOUKHI
SIBJISIFOTCS BEPIIIMHAMH BBIITYKJIOTO MHOTOYTOJIbHUKA.

Jaub! 1Be OeCKOHEYHBIE BO3pacTalolye apudmMeTndecKue Iporpeccuu al, az, - .. 1 by, ba,

., COCTOSIIIIE M3 HATYPAJbHBIX YHCEJ; MX PA3HOCTH B3aUMHO IpocThbl. OKa3aj0ch, ITO
B KaKJI0 M3 HUX OECKOHEYHO MHOrO majuHApoMoB. Obs3aTeIbHO JTH HAWIETCST Takoe N,
970 00a YUCIA Ap U by — MAJTUHIPOMBIT?

Haiinure Bce mMuorowrensl f(z) ¢ menbivMu KodbUIMEHTAMI TaKHWEe, 9TO Jisl JHOOG0r0
IIPOCTOrO P HadiyTcst HATYpaJbHble m u 1, 9ro f(p") = p™.

ITpodu marbdoit 9-10

1.

Ha mocke namucanst 10 HaTypaabHBIX YuCces. 3a OIUH XOJI Pa3peliaeTcs rnapy 4ucesa a, b
3aMEHUTb Ha UX CyMMY U MOAYJ/Ib Pa3HOCTH. BepHo JIX, 9TO TaKUMU OllepallusaAMU BCEr'1a
MOXKHO CIeJIaTh BCEe YUCJIa PABHBIMU?

Muorowren P(x) ¢ pannoHaIbHBIMEA KOI(DMOUIUEHTAME TAKOB, YTO JJIs JIIOOOTO UPPAITA-
OHAJLHOrO o umncio P(a) upparmonansao. JJokakure, 94TO creneHb MHOrowieHa P He
6outbirte 1.

CylecTByeT I MHOXKECTBO TOYEK Ha IIOCKOCTH, KOTOPOE IIepeceKaeTcsl ¢ JIFOOBIM Tpe-
YTOJBHUKOM ILIOMAM 1 10 KOHEYHOMY HEILyCTOMY IOIMHOXKECTBY !

B mkose 3 kiacca mo n gejiopek. Y KaxKJ0Tro YICHUKa HE MEHee %n 3HAKOMBIX B KazKJI0M

U3 JIpyrux KjaaccoB. JlokaxkwTe, YTO MOXKHO Pa30OUTh BCEX MIKOJIBHUKOB HA TPYIIIBI IO
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10.

3 momapHO 3HAKOMBIX UEJIOBEKA TaK, UYTOOBI B KaKJOHM TpyIme ObLIN JIIOIA U3 PA3HBIX
KJIaCCOB.

JlaHbI B3aMMHO [IPOCTBIE HATYpPaJIbHbIE Ynciaa m u n. HaTypasjabHble uucia ai, az, ..., Gn
HE IPEBOCXOJAT M, & HaTypajbHble uncia bi, ba, ..., by, He npeBocxomar n. Jokaxkwure,
9TO MOYKHO BBIOPATH IO HECKOJIBKO UHCEJT U3 KaXKI0ro Habopa Tak, 9TOObI CyMMa BhIOpaH-
HBIX YHCEJI MepPBOro HAbOpa ObljIa paBHA CyMMe BBIODAHHBIX YHCE BTOPOTO HAabOpa.

Jlaro HaTypaJabHOE YUCIO N ¥ IPOU3BOJIBHBIE BENECTBEHHBIE YUCIA A1, A2, ..., Gn. JLO-
KaxKuTe, ITO JyUIs joboro mogmuoxkecrsa S € {1,2,...n} BBIIOJHEHO HEPABEHCTBO

2
Zai < Z (ai+...+a]-)2.

= 1<i<i<n

Jlanbl okpy»>KHOCTb w ¢ rieaTpoM O u Touka T BHe ee. Kacaresnbubie u3 Touku T' K OKpy K-
HOCTH w Kacatorcs ee B Toukax B n C'. OKpy»>KHOCTH wi U W2 PACIOJIOXKEHBI B TPEYTOJIb-
auke T BC, KacaroTcst OKPYKHOCTH w BHEITHUM 00Pa30M U KacatoTcs APYT Apyra B TOUKE
J; KpoMe Toro, wi Kacaerca orpeska 1T'B B Touke K, ws Kacaercs orpeska 1'C' B Tou-
ke H. Touka I — meHTp BumcanHoi okpyzkHoctu Tpeyroapuuka OBC. Jlokaxwure, 9TO
qeTbIpexyroiabunk BK JI BOuCaHHBIH.

Ha cropone AB tpeyronbauka ABC BeiOpana Touka P, a #Ha croponax AC u BC touku S
u T takum obpaszom, uto AP = AS u BP = BT. OnucanHasi OKPY>KHOCTb TPEYTOJILHUKA
PST Bropuuno nepecekaer ctopoubl AB u BC B Toukax (Q u R coorBercTBeHHO. [IpsiMbie
PS u QR mnepecekatorca B Touke L. Jlokaxkure, uro mpsamas C'L gemut orpe3ok PQ
TIOTIOJIAM.

n
JlokaskuTe, ITO /ISt JTIOBbIX HATYPATBHEIX d > 1 U M B TIOCTEIOBATEILHOCTH an = 2% +d
HaiityTest iBa qncsa ax U ag (k # £), y KoTopbix HanbosbImil 001uii gesmress GoJiblie m.

CyrmectByer i Takast GpyHKIUSA f, COMOCTABJSAONIAs OECKOHEIHBIM ITOC/IEI0BATETHHO-
CTAM IEJIBbIX YHCeJI IIeJIbIle YHnCJja, 9TO:

e flut+v)=f(u)+ f(v) (mocaerOBATEIBEHOCTH CKIIAIBIBAIOTCS TIOUJIEHHO);
® eCiM y TOCJIEJOBATEILHOCTH ¥ KOHEYHOe YnCIo Henynel, To f(v) = 0;

e JUIsl HEKOTOPOii MOCJIeZ0BATEILHOCTH U BhinoHeHo f(u) # 07

SakJirounTeIbHAS OJMMIINAIA

1.

2.

doBbIBOs,

JToKasKnTe, 94TO CPeIy JIIOOLIX JEBATH Pa3IUIHbIX HATYPAJIBHBIX YUCEJ MOXKHO I'apaHTH-
poBanHO BbIOpaTh 4 uncaa a, b, ¢, d Tak, 9ro a + b — ¢ — d nenurca Ha 20.

B tabmmme 9 X 9 sakpameno 40 kierok. Jluauio (cTosnbern nian cTpoKy) Ha30BeM Topowed,
ec/ii B HEM 3aKPAIlleHHBIX KJIETOK OOJIbINe, YeM He 3aKpalleHHbIX. Kakoe HamboJibiniee
KOJIMYECTBO XOPOIINX JIMHUNA MOYXKET OBbITH?
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TIpsimbie AB u BC' nepecekaior KacaTeabHyto K gyre AC' ONUCAHHONW OKPYXKHOCTU Tpe-
yroabauka ABC| He comepzkaiieii Touku B, B Todykax X u Y COOTBETCTBEHHO, IIPU STOM
XY || AC. Ha snyuax BX u BY Boibpanbl Touku F u D COOTBETCTBEHHO TakK, YTO
AX = XFE, CY = YD. Buccekrpuca yrina ABC nepecekaer AC B Touke K, a FD B
touke L. [lokaxkure, uro AK = MC, rne M — npoeknust L va AC.

Haitnure Takoe HanMeHblllee JeHCTBUTEILHOE YUCIO S, YTO JIIOOBIMU H5-10 NMPABUILHBIMUA
TPEyroJbHUKAMU C CYMMOU TIJIOIIAAe#l § MOXKHO IOKPBITH IIPABUJIBHBIN TPEYTOJIBHUK I1JIO-
maam 1.

Cymecrsyer jin MuOrowieH P(z,y) AByX IEpEeMEHHBIX C BEIECTBEHHLIMU K0dbduimen-
TaMH, TaKoi, 4To MHOrOWIeH P(z, y)2 + 1 meauTcs Ha 2+ y2 + 17

BoiBog

,Z[J'ISI IIOJIO2KUTEJIbHBIX YUCeJI T1, ..., Tn JAOKaA2ZKHNTE HEPABEHCTBO

T (l—xf)—f—:rg (1—(w1+w2)2)+...+xn (1—(m1+...+xn)2) <§.

Ha cropone AB ommcanzoro dersipexyrosibanka ABCD ormernin touky M. Toukm I,
I> u Is — ueHTpBI BIUCAHHBIX OKPY2KHOCTEH TpeyrosbaukoB AM D, CMD u BMC' co-
orBercTBeHHO. JloKarkure, uro Touku I1, I, Is m M Jjiexkar Ha OJTHON OKPY?KHOCTH.

I'pad G obramaer ciemyrommM CBOCTBOM: JJIsl JIIOOOM Y€TBEPKM PA3IMYIHBIX BepiinH A,
B, C u D, ecnu cymectBytor pébpa AB u C'D, ToO MeXKly STUMHU BEPIIMHAMY €CTb eIIé
xoTst 661 O71HO pebpo. Jlokarxkure, YTO BCAKMI MTPOCTOM My Th HANOOJIBINEH JJIUHBI B TAKOM
rpade IPOXOIUT Uepe3 KarK/IyI0 BEPIIUHY MAaKCHUMAJILHOW CTEIEHH.
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IIporpamma oOBIYHOII I'PYIIIIHI

IlepBag naruaHeBKa

KomiiekcHble 4uciia

Onpenenenune. Komnaexchvim IUCIOM Ha3blBaeTcs (popMasbHast 3arch Buaa a—+ bi, rue cum-
BOJI i yIoBJIeTBOpsieT yciouio i° = —1, a,b € R. JlelicTBus Ha/l KOMILIEKCHBIMHE THCIAMHI OCY-
MIECTBJISIIOTCSI TaK »K€, KaK U HaJ| BEIIECTBEHHBIMH, C YI€TOM IIOCIEJHEro yCaoBusi. MHOXKeCTBO
BCeX KOMILJIEKCHBIX yuces oboznadaerca C. Hucmom 0 HazoBeM Boipazkenue 0 + 0.

1. Ilycre z,y € C. dokaxure, 9410
(a) z+y,z—yay€C;
(b) ecim y # 0, 1o § € C.

. (1431)(1—4i)+4+i
2. YmpocTure BBIpasKeHUE: P .

3. Pemmre ypaBuenue
(a) 22— (2i+2)x+ (20 — 1) = 0;
(b) 2 —1=0;

B KOMIIJIEKCHBIX YHCJIaX.

Onpenenenne. Yucna a + bi u a — bi HazpBaoTcs conpasicertvimu. CONPSIKEHHOE K YUCIY Z
0603HavYAETCA Z.

OcosHaiiTe CBOICTBA CONPSIKEHUs: Z +1 = 2 + ; 2t = Zt; 2 = 2.

4. (a) Ilycre © — KOpeHb KBaJPATHOIO TPEXUIEHA C PAIMOHAJBHBIMU KO3 dUIMEHTAMMY.
Jlokaxknure, YTO T TaKKe sIBJISIETCS KOPHEM 3TOIO YPaBHEHUSI.
(b) Ilycrs f(x) — MHOrOwWIeH ¢ JeiicTBuTenbHbIMU Koaddunuentamu. Jokaxkure, 910

ecau f(z) =0, 1o f(T)=0.

Onpenenenune. Moyinb KOMIUIEKCHOTO uucia a + bi paser va? + b2.

5. IIpo Tpu KOMIUIEKCHBIX YHCJIa M3BECTHO, 4TO |21| = |22] = |23] # 0 u |21 + 22 + 23| = 0.
JlokaxkuTe, 9TO TOUKHY 21, 22, 23 OOPA3yOT PABHOCTOPOHHUI TPEyTOJIbHUK HA KOMILIEKCHOM
ILTOCKOCTH.

6. IIpo KOMIUIEKCHBIE YHCTIA X, Y, 2 U3BECTHO, UTO |x| = |y| = |2| = 1. Kakue 3nauenus Mmoxer

aty+z o

IIpUHUMATh BbIpazKeHUe Tytyetaz

CJieacTBUE M3 OCHOBHOI Teopembl ajrebpsbl. J[1000if MHOTOYJIEH CTEIEHU 7 ¢ KOMILJIEKC-
HBIMU KO3 PUIMEHTAM UMeeT B HEM POBHO 7 KOMILIEKCHBIX KOPHE, ¢ yI6TOM UX KPATHOCTH.

7. Hokaxwure, 910 juis Jo6oro muorodnena P(z) ¢ BemecrBeHHbIME KOdDPUIIEHTAMI CY-
mecTByeT HaGOp MHOTOYJIEHOB C BeleCTBeHHbIMU Kodddurmentamu Q;(z), degQ;(z) < 2

Taxoit, uro P(x) = Q1(2)Q2(x) - ... Qun(x).
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IIpomneccol 1 mosrynHBAPpUAHTHI

0.

Ha xBagpaTaoM moste 10 X 10 geBsiTh KaeTok 1 X 1 mopocsiu 6ypbsiaom. [loce sToro 6ypbsia
MOYKET PACIPOCTPAHUTHCHA HA KJIETKY, y KOTOPOW HE MeHee JBYX COCEIHUX KJIETOK yIKe
nopocii 6ypbsaHoM. JloKarKuTe, 970 TeM He MeHee OYPbsIH He CMOXKET PaCIPOCTPAHUTHCS
Ha BCE KJIETKU.

B aByx xopobkax jexkat 1mo 9 mapukoB. 3a OUH X0 MOXKHO yOpaTh u3 000t KOpOOKH
1 mapuk nnm yoparh 1 miapmk u3 JIeBO KOPOOKHU U IOJIOKHUTH 9 ITApUKOB B NPABYIO.
JlokasKuTe, 9TO XObl PAHO MJIXA ITO3JHO 3aKOHYATCH.

B xBagpare 20 x 20 crost 400 HeHyI€BBIX

(a) uesbix;

(b) BewecTBeHHBIX

qnces. MOXKHO M3MEHUTh 3HAK y BCEX UMCEN, CTOSIIUX B OJHOM CTOJIOIE WJIM B OJHOM
crpoke. JlokaxkuTte, ITO 38 KOHETHOE UHUCJIO TAKAX OIEPAIUil MOXKHO JTOOUTHCS TOrO, ITO
CyMMa 9HCeJ, CTOSIIUX B JIIOOOH CTPOKE WJIH B JTIOO0OM CTOJIOIE, Oy/IeT HEOTPUIIATEIHHOM.

Ha mocke mHammcanbl 3 pa3jMYHBIX HATYPAJBHBIX YHCIa. 3a XOJ MOYKHO B3SITb OJHO W3
Kpaitanx auces (HanGosIbIee WM HANMEHBINEE) M 3aMEHUTD Ha CPeHee apuMETHIECKOe,
reOMETPHYIECKOE UJIM TADMOHMYIECKOE €0 ¢ KAKAM-TO JAPYTUM U3 9uces (IIPU yCJAOBUH, YTO
9TO CpeJiHee — HATYPAJIBHO, ¥ BCE UUCJIa OCTAIOTCA PA3IMIHBIME ). JIOKaKuTe, 9TO yAacTCs
CllesIaTh JIMIIb KOHEYHOE HUCJIO XOJ0B (€Cju IpH JII060M BO3MOXKHOM Xofe Habop dmcest
He MeHsieTcsi, TO OyJleM CUUTATh, YTO XOJIUTH GOJIbIIE HEJIb3sl).

Heckoubko pebsar crosit o Kpyry. ¥ KaxKkJI0ro eCTb HEKOTOpoe KosindecTBo KoHuder. CHa-
gajia y KaxKJoro 4érHoe kojamdecrBo KoHdetT. [To KoMaHie KarXKablil 1epeaeT MOJIOBUHY
cBOMX KOH(QET CTOsIIIEMY crpaBa. ey mociie 3Toro y Koro-Hubyap OKa3aJoch HEIETHOE
KOJIMYIECTBO KOH(MET, TO eMy M3BHE J00ABJISIETCsS OMHA KOHMETA. JTO MOBTOPSIETCS MHOTO
pa3. loka3arh, 9TO HACTAHET BPeMsI, KOTJIa ¥ BCEX OyIeT MOPOBHY KOH(DET.

B kaxx 101t n3 2018 crpan npasuT Jau00 HapTHUs IPABBIX, MO0 HapTHs JeBbIX. KaxK1plit rox
B OJHOMN U3 CTPAH MOYKET IIOMEHSITHCS BJIACTH. DTO MOXKET IIPOM3OMTU B TOM CJIytae, €CJIH
B OOJIBIIMHCTBE I'DAHUYAIINX C JAHHON CTPAHON CTPaH IPABUT HE Ta IAPTU, KOTOPAs
NIPaBUT B JIaHHOI cTpane. JlokaskuTe, 9YTO CMEHBI IPABUTEIBCTB HE MOTYT IIPOJIOIKATHCS
6eCKOHETHO.

Jlekcukorpaduieckuii mopsigoK

B: Hado nocuumambv KOAUMECTNEO NPOCTNOLT CMPOK,
AEKCUKOPAPUHECKU MEHLUUL 0aHHOT.
K: Pewemo dpamocgena nanucams.

@Jinotega3000

Omnpepnenenne. PaccMoTpuM 71Be CTPOKHM OJIMHAKOBOW JIJIMHBI, COCTOSIIIHE U3 HATYPAJIbHBIX
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qncem: A = (a1,a2,...,an), B = (b1,b2,...,bn). Bynem rosoputs, ato A > B (nmm A masico-
pupyem B), ecam: wum a1 > bi; wim a1 = by w az > bo; wm a1 = b1, a2 = by maz > bs u

T.JT.

1.

Teopema. /lokaxxure, 94T0O

(a) eelu A<XB,B<XC,10 A<C.

(b) crporo ybpiBaroias I0CAEOBATEILHOCT CTPOK JIIMHBL 71 BCETZia KOHETHA.
(€) B KaxKI0M HEIyCTOM MHOYKECTBE CTPOK JJIMHBI 7 €CTh HAMMEHBIINIl SJIEMEHT.

Takum 06pa3oM MBI MOXKEM YIOPSIOYUTH MHOXKECTBO CTPOK JJIWHBI n. Takoit mopsmok Ha-
3pIBaercs aekcukozpaguieckum. CBOE HazBaHME JIEKCUKOIPAdUUECKUN HOPSJIOK IIOJIYUHII 110
aHAJIOTMH C COPTUPOBKOIL 110 ayihaBUTY B CJIOBape.

2.

B kosmonme wactbp kapr Jsexur pybarikoit Bum3. Bpems or Bpemenu llers BbiHmMaer u3
KOJIOZIBI ITAYKy M3 OJHON MJIM HECKOJBKUX IOJPSJ UIYIIAX KAapT, B KOTOPON BEpXHSSA U
HIDKHsISI KapThl JieKaT pybalnkoil BHU3, [I€PEBOPAYNBAET BCIO MAYKy KaK OHO IIeJI0e U
BCTABJISIET €€ B TO YK€ MECTO KOJIOJBI (€C/IU «IIadKa» COCTOUT JIMIIb U3 OJHOM KapThl, TO
TpebyeTcs TOMBKO, ITOOBI OHa JIexKaua pybamkoii Buu3). JlokaxKuTe, 9T0 B KOHIIE KOHIIOB
BCe KapThI JIATYT PpyOaIkoil BBEpX, KaK Obl HU JjeticTBoBas [leTs.

KommnbioTep coprupyer maccuB u3 100 HATYypaJbHBIX YHUCEN, CTPEMSICh BBICTPOUTH JJI€-
MEHTBI B OPsiZIKe HEYObIBauusi. J[JIst 9TOr0 OH HAXOJWT /BA JIIOOLIX dJIeMeHTa (BO3MOXKHO,
HECOCE/THUX ), TJIE JIEBDIH GOJIBbINE MPABOTO, M MEHSAET X MecTaMu. 11ocsie 9ero BUpyC HOBBIiH
mpaBblit a7eMenT ymMuokaeT Ha 10. JlokaxkuTe, YTO paHO MM MO3IHO MACCUB OTCOPTUDPY-
eTcs.

Ecre marypansnoe umciio x > 1. Kaxknayo cexynmy llerst mummer BmecTo Hero wmcisio
y = z-(p — 1)*/p, nme p — Kaxoif-uubymb OPOCTON HETHTENh UHCIA T, & THCIO k
IIPOM3BOJILHO (M MeHsieTCsl OT XoJa K xoxy). Jlokaxkure, 4To pano miau no3gHo y Ilern
nogyaurcd 1.

IleTss cTaBUT TOUYKY C HATYpPAIbHBIMU KOODAMHATAMM, IPOBOAWUT W3 Hee IBa JIyda BIIpa-
BO M BBEpPX, M 3aKpAIlUBAET BHYTPEHHOCTb YIJIa U e€ro cTOpoHbI. CIIEIyIONIyI0 TOYKY C
HaTypaJbHBIMU KOOD/IMHATAMY OH BBIOMPAET CPeIM HE3aKPAIIEHHBIX, U TaK YK€ CTPOUT U
3aKpalBaeT yroJi. /Jlokakure, 9T0 Uepe3 HECKOJILKO OIlepalii Bce TOYKUA C HATYPaJIb-
HBIMU KOODJIMHATAMU Oy/IyT 3aKPAITeHBbI.

JIBoe urparoT B CJIEJYIONLYIO Urpy. ECTh 10C/Ie/10BATEIbHOCTD U3 1. KPECTUKOB U HOJIMKOB.
3a oxuH X011 paspemaercs B3sTh Jrobble k (k= 1,...,n) noapsn naynmx 3HaKa TAKHX,
9TO 9Ta IOCJIEI0BATEILHOCTh HAMUHAETCS C KPECTHKA, & BCE OCTAJbHBIE 3HAKMA B HEH —
HOJIMKHU (JIOIYCKAETCS MOCJIEA0BATEIBHOCTD U3 OJHOTO KPECTHKA), U WHBEPTUPOBATH €6
(3aMeHNTH KPECTUK Ha HOJIMK U HOJIMKHU Ha KPECTHKH). [IpOMrpbIBAET TOT, KTO HE MOXKET
crenaTh xof. KTO BBIUTpBIBAET NPHM NPABUJIBHONW urpe (B 3aBHCHMOCTU OT HAYAJIBHON
nosunuu)?

Ilets Beipesas u3 6Gymaru 2018 pasnauIHBIX NPSMOYTOJBHUKOB C IEJIBIMIA CTOPDOHAMHU, HE
npessimaomumu 1000. [lokarkurte, 9T0 Cpeiu HUX MOXKHO BBIOPATH IIATH TAKUX, IYTO KarK-
JBIi CJIELYIONINN CTPOro OOJIbIle IPEBIIYIIETO.
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BekTopa u ckassipHOE IIpOU3BEJ/IeHUE

T KYnuaa puloky, naseana Bexmopus
yyy: BHxmopus

xxx: Hem, Bexmopusa

yyy: novemy??

TTT: NOMOMY YN0 CKAAAPUA )

https://bash.im/quote/413898

ITpumeps!

1.

2.

Haiture yros mexny nuaronansavu AD n BF B npasuibaoM mectuyrosibanke ABCDEF.

Haiiure yrou, jiexkammuii IpOTUB OCHOBaHUS PaBHOOEIPEHHOTO TPEYTOJIbHUKA, €CJIA Me-
JIUAHBI, TPOBEIEHHBIE K OOKOBBIM CTOPOHAM, B3aUMHO TEPIEH UK ISIPHBI.

3agaun

1.

(a) IDycre A, B,C n D — npou3BoJibHbIE TOYKH IIJIOCKOCTH. JloKarXKuTe, 910 A§ . 023 +
—

Bié-AB-I—CA-BZB:O.

(b) Hdoxaxkure, 9TO BBICOTHI TPEYTOJIBHUKA [IEPECEKAIOTCS B OJJHON TOUKE.

(¢) WUssectHo, uTO B TeTpasape JaBe HApPbl CKPEIUBAIIIUXCS peep IePIeH UKYIISPHBL.

JlokaxkuTe, 9TO U TPEThs Mapa CKPEIUBaIouUxcsa pebep obJiaiaeT 3TUM CBORCTBOM.

(a) [Jdokaxure, 9T0 CyMMa KBaJIPATOB PACCTOSIHUI OT IPOU3BOJIBHON TOYKHU MJIOCKOCTH
10 JBYX IIPOTHUBOIIOJIOXKHBIX BEPIINH IPSMOYTOJIBHAKA PABHA CyMMe KBaJPATOB PACCTOs-
HUI OT 9TOH TOYKH /0 ABYX APYTHUX BEPIIUH IPSIMOYTOJIbHHUKA.

(b) Han upsimoyronsauk ABCD u Touka P. Jlokaxkute, 910 P‘1>4 . ﬁ = ﬁ . Fﬁ
(c¢) Jdan npamoyromsauk ABCD u touka P. Ilpambie, npoxongamue 4epe3 A u B n nep-
MeHIUKYJIsIpHBbIE, cooTBeTcTBeHHO, PC n PD, mepecekatorcs B Touke (). lokaxkure, 9To

PQ L AB.

Ilycrs O — teHTp onmMcaHHOl OKpy:KHOCTH, H — oprouenTp u M — TOYKa nepecedeHust
Meman tpeyronbuuka ABC.

(a) Hoxaxwure, 9To OAﬁ = O_1>4 + O? + O?

(b) Bemsemute us storo, uro Touku M, H, O nexart Ha onHoil npsamoii (mpamasa Ditepa),
npudem M H =2-OM.

(¢) Moxaxure, uto OH? = 9R? — (a® + b* + ¢?).

Yerobipéxyronbank ABCD snucanusbiit. [Iycrs H, — opronentp Tpeyroiabauka BC D, a
M, — cepemuna orpeska AH,. Auanorununo ompenenum My, M. u My. Jlokaxwure, 9T0
Mg, My, M. n M, coBriamaroT.

IIycts O — 1eHTp OKPY?KHOCTH, OIUCAHHOM OKOJIO paBHOOEApeHHOro Tpeyroyibauka ABC
(AB = AC), D — cepenuna cropousl AB, a E — TouKa mepecevdeHus] MeJUaH TPEYrob-
uuka ACD. Jlokaxure, uro OF 1. CD.
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TpI/IFOHOMeTpI/I‘{eCKaﬂ 3alInChb KOMIIJIEKCHOI'O YMCJIa

All this sounds pretty damn complex.

Snoop Dogg

Onpegnenenne. Kax1oe KOMIUIEKCHOE YUCIO MOYKHO OJHO3HAYHO [IPEJCTaBUTD B BHJE T(COS @+
18in @), IpUYEM T OLIPEJIEIIIeTCsl §MHCTBEHHBIM 00Pa30M, & ¢ — C TOYHOCTBIO JI0 KPATHOIO 277
(ecsm wmesno He paBHO Hyuso). Uucio r HasbiBaercss modyaem (u obosHauaercs |z|), ¢ — ap-
2YMEHMOM KOMIUIEKCHOTO YHCJIa, a caMa (opMa Ha3BbIBAETCH MPUZOHOMEMPUUECKOT 3AIACHIO
KOMILJIEKCHOT'O YUCJIA.

Vup. Ipescrasbre B TpUroHOMeTpHYECKOi hopme uuncaa 2,1 + i, 1 —/3i.

1. (a) Hoxaxwure, aro |2t| = |z| - |t| aust m06BIX 2,t € C.
(b) okazkuTe, 9TO eCJiu ABa HATYPAJILHBIX YUCJIA IPEJCTABIAIOTCSA B BUAE CYMMBI JIBYX
KBaJ[PATOB, TO WX MTPOM3BE/ICHAE TAKXKE TIPEJICTABIAETCA B BHJIE CyMMBI JABYX KBaJPAaTOB.

2. (a) loxakuTe, 9TO IPH YMHOXKEHUM (JI€JIEHUM) KOMIIJIEKCHBIX UHCEJ UX MOJLYJIU yMHO-
JKAIOTCS (JeNIATCs) APYT HA APYra, a apryMeHThI CKIIAABIBAIOTCS (BBIYUTAIOTCS).
(b) (®Popmyna Myaspa) /lokaxure, 9T0

(r(cosp +isinp))™ = r"(cosne + isinnyp).

3. Ilonwpsysace dopmysoit MyaBpa, BeIpasuTe sin 7o uepes sin ¢ u cos ¢.

4. Beruucaure

(2) VIFE (b) (VB () 1 (140)+ (i) + oo+ (1)

5. Komiuiekcubie kKopHu ypaBHeHus x'' — 1 = 0 HA3BIBAIOTC KOPHSMH N-Ofl CTENEHU U3
€JIMHUILIBL.
(a) Ilpencrasbre MX B TPUIOHOMETPHYECKOH hopMe.
(b) Haitaure cymMmMmy 9THX 4uCel.
(¢ ) Haiinure nx npousseenue.
(d) Haitaure nx cymMy KBaJIpaTOB.

6. (a) Haiinure BCe BEmECTBEHHBIE KOPHU yDABHEHHSI
(.’L‘ + i)2018 + (I _ ,L-)QOIS —0.

(b) Haitnure BCe €ro KOMIIJIEKCHBIC KODHU.

7. YupocTute BbIpaXkeHUE:

cosa + cos2a + - - - + cosna.
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CHoBa BeKTOpa

<Rodriguez> Kameavdo: Bom crastcu mHe, ecau 4EPHHLL KOM nepeusén
dopozy myda u obpammo, wmo amo 3navum? On ydeous naxazarue, Uil
ommenun c80é pewenue?

<Kameavgpo> Rodriguez: xKom cKariapmvili uau 6eKmopvili?
<Kameavgo> ecau ckaraproil, mo yosoun

<Kameavgo> ecau 6eKmopHuil, Mo 0OMMmeEHUA

https://bash.im/quote/414140

1. B rpeyroasauke ABC nposenena 6uccekrpuca AP u BHemnuss 6uccekrpuca AQ. Ilycrs
%
AB=1b n AC = 7.
(a) Boipasure uepes b u e BEKTOP Aﬁ;

—
(b) Bripasure uepe3 b u 7 BekTop m;
(¢ ) Ucnonbsys ckanaspHOe IpousBesieHue, Jokaxure, uro AP 1 AQ.

2. B rtpeyronsauke ABC nposenenbl 6uccekrpuckl BP u CT, a Tak»e BHEIIHsIsT OMCCEK-
Tpuca AQ. lcmonb3yst BeKTOpa, JoKaxute, uro P, Q,T mexar Ha OIHOM MpsIMOIA.

3. B rpeyrombuuke ABC ussectHo, uto AA; — memuana, AA; — Guccekrpuca, K — rakas
touka Ha AA1, ma koropoit K As || AC . Hokaxure, uto AAs L KC.

4. [Han gersipéxyronsauk ABCD, B koropom AB = AD u ZABC = ZADC = 90°. Ha cro-
porax BC u C'D BbIOpaHbBI cOOTBETCTBEHHO Touku F' u E Tak, uro DF 1 AE. Jlokaxure,
ugro AF 1 BE.

5. O Bnucannom dyerwipexyrojbuuke ABCD wussectno, yro AB > CD u BC > AD. Ha
croponax AB u BC ormedennl Touku X u Y coorBercrBeHHO Tak, 4ro AX = CD un
AD = CY. llycte M — cepenuna XY . Hokaxure, uro yroa AMC npsamoii.

6. J[lan paBHOGenpenusiit Tpeyronsuuk ABC c ocuoBanuem AC. H — To4ka nepecedeHust
BeicoT. Ha croponax AB u BC' Beibpanbsl Toukn M m K 1 COOTBETCTBEHHO TaK, {UTO
/KMH = 90°. lokaxkure, aTo n3 orpe3koB AK,CM n MK MOXHO CJIOKUTBH TIPSIMO-
YTOJIbHBIN TPEYTOJIbHUK.

7. Ilycre ABC — pasuoGenpenusiii rpeyronsauk (AB = AC). Ha npomoimkeHusx CTOpoH
BC,AB u AC sbibpansl Toukn P, X, Y rakum obpasom, uro PX || AC u PY || AB n
touka P jexwur Ha ayde C'B. Touka T — cepemuna nyru BC' onumcaHHON OKPY>KHOCTH
tpeyronbauka ABC (T # A). Jokaxure, uro PT 1 XY.
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BTOpa.SI IIATN JHEBKA

IIpo memiku

1.

JokakuTe KOMOMHATOPHO CJIEIYIONINE TOXKIECTBA!
(a) k-CF=n.CFL

n—12

(b) Ck=Ck_, +CF 1,

n—11
(c) Ck.cr=ck.cm k.
Yemy pasuo CF + C;Ijﬂ 4.4 CF?

Ceéprka Bangepmonga. /lokakxure KOMOMHATOPHO TOXKIECTBO:

e =Cr-Cl4+Cp - CIh 4 O CYT

Yemy pasuo CO +Cr_ +C2_54--- 7
BBI‘-II/ICJII/ITG CYMMBI:

(a) CL—CL+CE-C2+...

(b) CL+C2+Cr+CE+...
(c)yCcl-cC2y+cCt—-C8+...

(d) CL+Car+CE+CR2+ ...

(e) Cr+2CE+3C3+4C+ ...
(f) CL+2°C2 +3%C3 +4°Ch + ...
(g) CY—3C2+3°Ch—3%C8 ...
(h) CL+C2+CS+CY+....

CreneHp TOYKU

Kpurepuii BONCAaHHOCTU YE€THIPEXYTOJbHUKA.

(a) B sbimykiom versipexyrouasuuke ABC'D auaronasnu nepecekatorcs B Touke O. lo-
KaXXuTe, 94TO JeThipexyroibuuk ABC D BnucaH Torjga u TOJabKO Toraa, korna OA - OC =

OB -OD.

(b) Ha croponax yrua ¢ Beprmuoit P Boibpanst Toukn A, B,C u D (A u B na oguoii
cropone yrua, C' u D ma apyroit). Hokaxkwure, aro touku A, B,C, D jexar Ha OmZHON

OKPY>KHOCTH TOIJIa U TOJIBKO Torja, korna PA - PB = PC - PD.

B pasuo6eapennom tpeyronbauke ABC (AB = BC) nposenena 6uccekrpuca AM. Ha
snyde C'A ornoxen orpe3ok C' N, pasubiit BM . Jlokazxkute, uro Touku A, B, M u N nexar

Ha OJIHOW OKPYZKHOCTH.

JlBe okpyxKHOCTH nepecekaiorcss B Toukax A u B; MN — obmas kacaresibHas K HUM.

Hoxazkure, uro npsmasa AB genut orpesok M N momomam.
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TIpsmas O A kacaercst okpy»kHocTH B Touke A, a xopma BC napannensaa OA. Ipsvbie
OB u OC BTOPUYHO II€PECEKAIOT OKPYKHOCTH B Toukax K u L. Jlokaxkure, 910 mpsimMast
KL nenur orpesok OA nonosiam.

Jan tpeyronbuuk ABC. O6o3nauaum uepes M cepenuny cropoubt AC, a uepes P — ce-
pemuny orpeska C'M. OnucanHasi OKpy»KHOCTb Tpeyrojbauka ABP miepecekaeT CTOPOHY
BC Bo BHyTpenneit touke Q. Joxkaxure, uro LZABM = ZMQP.

Buccexkrpuca AD tpeyronbanka ABC mepecekaer ero OnMMCaHHYIO OKPYKHOCTH B TOUKE
T. Ilycts w — OKpy2KHOCTB ¢ TIeHTpoM B Touke 1’ un paguycom 1T'C. Ilpsmast £, mpoxomsimast
gepe3 Touky D, mepecekaer w B Toukax K u N. Jlokaxkwure, yro LZKAD = /ZNAD.

Yepes nenrp [ Buucannoil B TpeyroibHuk ABC OKpYy»KHOCTU NPOBEJEHA IpsiMasi, [ep-
e uKyaspaaa upamoit Al u nepecekaromas npamyio BC B Ttouke M. 13 Touku I na
npsmyo AM onymen nepriengukynsap ID. Jokaxure, aro Touku A, B,C u D nexar Ha
OJIHOII OKPY2KHOCTHU.

Han ocrpoyromnbubiit Tpeyroabuuk ABC. Touku M u N — cepenunnt cropou AB u BC
COOTBETCTBEHHO, TOYKa H — OCHOBaHHWE BBICOTBI, OIYIIEHHON u3 BepmmHbl B. Onucas-
Hble OKpy:kHOCcTH TpeyroabHukos AHN u CHM mnepecekatorca B Touke P (P # H).
Hokaxkure, uyro npsimas PH npoxomut depe3 cepeauny orpeska M N.

OkpykHOCTh w Kacaerca cropon yria BAC B Toukax B u C. Ilpsmas ¢ nepecekaer
orpesku AB u AC B Toukax K u L coorBercrBenHo. OKpy>KHOCTH w mepecekaeT ¢ B
toukax P u Q). Touku S u T Buibpanbl Ha orpe3ke BC' tak, uro KS || AC u LT || AB.

Hokazknre, yro Touku P, Q, S u T jexxaT Ha OJHON OKPY>KHOCTH.

Kopau u3 eauHUIIBI

1.

2.

3.

Kopru u3 edunuyst cyuecmsyrom 6 A10bom nose u obpasyrom nodepynny
MYyAbMUNAUKGMUESHOT 2pynnv, noas K.

Ilycrs a1, 2, ..., Q, — KOPHH M-Oif CTEIIEHU U3 €IUHUIILL.

(a) Hoxaxkure, 9TO CpeAy HUX MOXKHO BBIOpATh KODEHb (v TAKOH, ITO sl JIFOOOro
HaiieTcs nesoe Yncio k rakoe, 9ro o; = oF.

(b) CkoabKO CymecTByeT TaKUX KOPHEH?

Tokazkure, 910 2% +2°° +2** + 233 + 222 + 2 + 1 nesmmres ma 28 +2° +2* + 2% + 22+ 2+ 1.

Beranciunre cymmy k-X crerneneit KopHeit n-it crenenu u3 1, rae k, n — HaTypaJbHbBIE YNCTIA,
ecu

(a) HOMA(k,n) =1;

(b) HOL(k,n) # 1.
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4.

2r . . 2w
(a) IDycre a = cos — + i - sin —. JlokaxkuTe, 91O
n n

n=01-0a)-1-a®)-1-=a%)-...-(1—a"").

(b) dns xakux Apyrux KOpHEH n-oif CTEIeHN U3 eIUHUIbI 9TO TOXKIECTBO BBIIOIHAETC?
(c¢) Hust HeUeTHBIX N OKAXKUTE, UTO

Va=|1l-a) - 1-a®)-1-a%-...-(1—a"7T)|.

(d) Bpmumure aHATIOIHIHOE PABEHCTBO JJIsl YETHOTO 1.

IIycts A1A> ... A, — OpaBUIbHBINA N-yrOJIbHUK, BIINCAHHLIA B OKPY?KHOCTH €IMHUYHOTO
panuyca. Haiinure nmpoussefieHne IOJINH BCEX €r0 CTOPOH U AHAroHAJEN.

IIycte ABCDE — nupaBWiIbHbBINH HATAYTOJIbLHUK, BIUCAHHBI B OKPYXKHOCTH C IEHTPOM
O (AO = 1). Touka P cummerpuyna Touke O OTHOCHTEIIBHO TOYKH A, JOKarKUTE, ITO
PB-PC = +/3l.

2r . . 2w
Ilycte a@ = cos — + ¢ - sin —. PaccmorpuMm cymmy
n n

Se=l+a+a*+a’+...+a™ D%

Hoxkaxwure, ato |Sp| = /n.
Cmoum paccmompems npouseederue Sy Sp.

Pa,H,I/IKaJIbeIe ocu

Camolli 3aKxaaMvIL 6pa2 HOBVT PAOUKAAOE8 — CIMAPLLE
AUOEPANDL.

Jlenun

OKpYKHOCTH Wi ¥ we mepecekaroTcsd B Toukax M u N. /lokaxkure, 9TO €C/i BEPIIUHBI
A u C uexkoroporo npsamoyroiabanka ABCD jiexkar Ha OKPY»KHOCTU w1, a BepUIUHbl B 1
D — Ha OKPYKHOCTH W2, TO TOYKA NEPECEYEHUs JUATOHAJIEN IPIMOYTOJbHUKA JIEXKUT HA
npssmoit M N.

Jana mepasnobenpennas tpanenua ABCD (AB || CD). OkpyKHOCTb, IIPOXOZSAIIAS €~
pe3 Touku A u B, nepecekaer 60KOBbIE CTOPOHbBI TPAIlENUU B TOYKaxX P u (), a quaronajm —
B Toukax M u N. lokaxkure, uro npsambie PQ, M N u C'D nepecekaiorcs B OJIHOI TOUKeE.

B ocrpoyronsaom Tpeyrosnbuuke ABC' Bwicotet AP u B() mepecekarorcst B Touke H.
TIpsmas PQ nepecekaer npsamyio AB B Touke T. CT' BTOPUYHO TEPECEKAET OMUCAHHYTO
okpy2kHOCTH Tpeyrojbunka ABC B Touke K. Jlokaxkure, uro npambie HK u CT uep-
MIeHIUKY/ISIPHBL.



28 IPOI'PAMMA OBBIYHO! I'PVIIIIHI

Jlan Takoil BeIMyKbI deTbipexyroiabauk ABCD, auto AB = BC u AD = DC'. Touku
K, L u M — cepenunnt orpe3koB AB, CD u AC coorsercrBenno. Ilepnenaukyiisip, mpo-
BesleHHbI u3 Toukn A K npsmoit BC, mepecekaercsi ¢ MepHeHUKYISAPOM, ITPOBEIEHHBIM
u3 Touku C' K npsmoit AD, B Touke H. Jlokaxkure, uro npsmble K L u H M nepnesauky-
JISIDHBI.

Cepenuunbiii neprenaukyngap k cropoue AC ocrpoyrosbaoro Tpeyroibuuka ABC nepe-
cekaer npsaMble AB u BC' B Toukax Bi u By COOTBETCTBEHHO, & CEPEJIMHHBIN TEePIIeH 1~
KyJsisip K cropone AB nepecekaer npsivbie AC' u BC' B Toukax C7 u C2 COOTBETCTBEHHO.
OKpy?KHOCTH, ONKCAHHBIE OKOJIO TpeyroiabHukoB BB By u C'C1Cy nepecekaioTcsi B TOY-
Kax P u Q. Jlokaxkure, 94TO IEHTP OKPYKHOCTH, OIMUCAHHONI OKOJI0 Tpeyronbauka ABC,
JIeyKUT Ha mpsamMoit PQ.

Ha croponax BC, AC, AB octpoyroabuoro Tpeyroyibauka ABC BbIGpaHbl IPOU3BOILHBIE
touku A1, By, C1. Jokaxkure, 94T0 Tpu OOIIHE XOPJbI Iap OKPYKHOCTEH C JruaMeTpaMu
AA,, BB1,CC4 nepecekaioTcsi B TOUKe ItepecedeHust BbicoT Tpeyrojbauka ABC.

Jan Beimykibtit mectuyronbHuk ABC DEF | B KOTOPOM IIPOTHBOIIOJIOXKHBIE CTOPOHBI 10~
napHo napasiensasl (AB || DE, BC | EF, CD || FA). Touku M,N n K — T0ouku
nepeceuenus npsambix BD u AE, AC u DF, CE u BF coorBercrBenno. Jlokaxkure, 910
NEPIEeHIUKYIIAPDI, poBeaennbie u3 Touek M, N u K k npambim AB, CD u EF coorser-
CTBEHHO, [1I€PECEKAIOTCS B OHON TOUKE.

KombunaTopHasi Teopusi 9uce’t

CHavana KoMOUHAMOPHAA 2COMEMPUSR, MENEPs
KOMOUHAMOPHAA MEOPUA YUCEA, MO NOMOM,
KOMOUHATMOPHAA MONO0A02UAT

Anpu Ilyankape

Ha nocke manucano 10 maTypaJsbHbIX unces. JlokaKuTe, YTO U3 ITUX YUCEST MOXKHO BbI-
OpaTh HECKOJBKO 9UMCEN U PACCTABUATH MEXK/Iy HUMU 3HAKUA «+» U «—» TaK, YTOOBI MOJTY-
YeHHasl B pe3ysbTare ajredpandeckas cymma gesmiach xa 1001.

Jana beckoHedHas BIIPABO IIOCJIEI0BATEILHOCTD Incp 1 HaTypasbHOoe uucyo . Jlokarku-
Te, 9TO MOYKHO BBIOPATHh HECKOJBKO UMD MOAPsi, 0Opa3yIouX YuC/I0, Jessieecs Ha [,
ecu

(a) =09

(b) | — meuérnoe unciio, He JeJsiineecs Ha 5.

JokaxkuTte, 9TO OJIHO U3 CPABHEHUMN
z2=1 (mod 101)

z2=2 (mod 101)
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2> =50 (mod 101)
He UMeeT pelIeHUit.

JokarkuTe, 9TO €CIU p — IPOCTOE YHUCJIO, TO PA3PEIINMO CPABHEHUE

1+2°4+3°=0 (modp).

N3 gucen or 1 ;o 2n BeIOpano n + 1 ywucio. /lokaxkure, 9TO Cpe/iyi BHIOPAHHBIX YHCEJT
HaAyTCs 1Ba, OJHO M3 KOTOPBIX JIEJINTCS Ha JIPYTOe.

HazoBem uwmciio xopowum, ecam y Hero HeT MPOCTBHIX JEIUTENEH, OTINIHBIX OT 2, 3 WK
5. Ha mocky Bermucasu 81 xoporrnee gucso. Jlokaxkure, 9T0 M3 HUX MOXKHO BBIOpATH de-
TBIpE YUCJIA, MPOU3BE/IEHNE KOTOPBHIX PABHSETCS TOYHON I€TBEPTO CTEMEHW HEKOTOPOTO
HATYPAJLHOTO YUCIIA.

Hano HatypaJsbHOoe uncio k. Ha GeckoHeuHO# KiIeT4aTol IIJIOCKOCTH KaK/1as KJIETKa SB-
JISIETCSI CYBEPEHHBIM T'OCYJapCTBOM, & Ha KarKJIOM pebpe CTOUT TaMOXKHsI, B3MMAalOIast
HATypPaJbHOE YUCJIO TAJEPOB B KAYECTBE B3ATKH 3a ee nepecedenne (B 060MX HAIpaBJie-
HUSAX — OJMHAKOBOE, HO, BO3MOXKHO, PA3JIMIHOE JIsi PA3HBIX rpanwm). Jlokaxkwmre, 9TO
CYIIECTByeT TaKOU 3aMKHYTBIH MapHIPDyT, He 3aXOAAINil HU B KaKyIO KJIETKY JBaXKIbl,
9TO CyMMapHas B3ATKa Ha HeM KpaTHa k.
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TpeTbﬂ IIATN JHEBKA

CI/IMMeTpI/I‘-IeCKI/Ie MHOT'O1JI€HbI

OﬂpeﬂeﬂeHHe. MuoroujieH oT n IIEpeMEHHBbIX Ha3bIBa€TCA CUMMEMPUECKUM, €CJIU OH HE
MeHAeTCd IIpu JH00BIX IIepeCcTaHOBKaXx €ro IlepeMeHHbIX.

Orlpe,z(e.rleHHe. (OCHOGH’bL@ CUMMEMPUYECKUE MHOZOH./L@H?)L)

Ok = E Tig Tig * " Ty,

1<i1 <. <ip<n

OcuHoBHast TeopeMa O CUMMeTpUuYeCKHNX MHOro4jeHax. Besknit CI/IMMeTpI/IquKI/Iﬁ MHO-
TO4YJIeH €/JNMHCTBEHHBIM o6pa30M IpeCTaB/igdAeTCda B BUJ/JI€ MHOI'OYJIEHa OT 3JIEMEHTAPHbIX CUM-
METPUICCKUX MHOTOYJICHOB.

1.

IIycThb maH CHMMETPHYECKHUIT MHOTOUIEH OT 1 lepeMeHHbIX P(x1, X2, . .., Tn). Paccmorpum
BCe ero oHouwIeHbl. HazoBeMm oHOuIeH ¢ = axy'xy? -+ 25" CTApIINM, €CJH yIOpPsiI0YeH-
HbIH HAGOp cTemenelt (au, a2, - , Qn ) MAKOPUPYET BCE OCTAILHBIE HAOOPHI OTHOCATETHHO
JIEKCUKOTPADUIECKOTO TIOPSIIKA.

(a) Hus moboro ompounena ¢ = xylxg? -+ xH" CymECTBYIOT TaKHe HEOTPUIATEIbHBIE

meJsible gucaa B1, B2, .. ., Bn, 9TO CTAPIIUI YJE€H MHOTOYJIEHA
afla§2 -o-oPn coBnagaer ¢ . Ilpudem wncna B1, B2, .. ., Bn OIpPESENCHbI STUM yCIOBAEM
OJIHO3HAYHO.

(b) [okaxkuTe OCHOBHYIO TEOPEMY O CHMMETPUIECKAX MHOTOYJICHAX.

BoIpasuTe 4epes OCHOBHBIE CHMMETPUYECKHEe MHOTOYJIEHbI
(a) 2% +y* + 2%
(b) 2®+y°+ 2%
(¢) zt + oyt 4+ 2t

UsBecTHO, UTO 1, T2, T3 — KOpHH ypasHenust - — 2z° + x + 1 = 0. CocrasbTe HOBOE
ypaBHEHME, KOPHSAMH KOTOPOTO OBLIN ObI IUCTIa

(a) y1 =22+ w3, y2 = 21 + 3, Y3 = 21 + T3

(b) y1 = z2xs, y2 = 123, Y3 = T1T2.

Ecrb MHOrOYIEH € pamuoHaJ bHbIMUA Kodddunnentamu. JJokaxkure, 9To 1000l cumMMeT-
pUUECKUil MHOTOUJIEH OT ero (KOMILUIEKCHBIX) KOPHEH €CTh PAaIMOHAIBHOE TUCIIO.

Muorounen 22018 + y2018 BBIPA3WJIN Yepe3 OCHOBHBIE CUMMETPUYIECKHe,

xak P(zy,z + y). Hafimure cymmy xoaddunuentos Muorowiena P.

Ilycts o — xopens muOTOWIeHA f () ¢ pamumoHaNbHBIMU KO3 dummenTamu, 5 — KOPEHb
MHorowrena ¢(z) ¢ panuonanbHbME Kodbdunuentamu. JJokaxKuTe, 9TO HANRAETCI MHO-
FOYJIEH C PAIMOHAIBLHBIMU KO3(DMUIEHTAMU, KOPHEM KOTOPOI'O SIBJISIETCS

(a) o+ p;

(b) aB.
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IIpo BeslocuneaucToB

A menepv nosocmu: Beaocuneducm naexan na KAMAS3, om
ydapa 06 KAMAS3 seaocuneducm CKpuLACA 6 HEU3BECTNHOM
HANPAGACHUL.

JIBe OKpy»KHOCTHU Iepecekaiorcst B Toukax A u B. U3 Touku A OJHOBPEMEHHO CTapTy-
0T JBa Bejiocunenucta. Kaxaplii w3 HUX €IeT MO CBOel OKPYKHOCTU MPOTUB YACOBOIM
crpenku. [Ipu 9TOM yTyIOBBIE CKOPOCTH ¥ HUX OAMHAKOBBIE. JlOKaxkuTe, YTO mpsMasi, Co-
€JIMHSIIONIAs UX, BCE BPEMsI IIPOXOJIUT Yepe3 TOUYKYy B.

JlaHbl 1Ba IPaBUIbHBIX IIATUYTOJBHUKA C OOINeil BepIIMHON. BepmuHbl KazKJI0ro msaTu-
YIOJIbHUKA HyMepyloTcs mudpamu oT 1 10 5 10 9acoBoii CTpesike, TpuieM B o0Iei Bep-
muHe cTaBuTcs 1. Bepimabl ¢ 0MHAKOBBIME HOMEPAMU COEIUHEHBI MPAMbIME. Jlokaxkure,
YTO MOJIyYEHHbIE YeThIpEe MPSMBIE TIEPECEKAIOTCA B OJTHON TOYKE.

IBe okpyxkuoctu ¢ nearpamu O1 u Oz nepecekatorcst B Toukax A u B. U3 toukun A
OJIHOBPEMEHHO CTApTYIOT JBa BeJocureaucTa. KaskIplif M3 HUX €/IeT 110 CBOEH OKPYKHO-
CTH OJMH IO YaCOBO CTPEJIKE, IPYTrOil — IPOTHUB. Y IVIOBBIE CKOPOCTH ¥ HUX OJMHAKOBBIE.
Yerwipexyronsauk AO1CO2 — napasurenorpaMm. Jlokaskure, ITO BEJIOCUIEUCTHL ITOCTO-
SAHHO paBHOyJaJsieHbl oT Touku C.

JIBe okpy»KHOCTHU TIepeceKaioTcsa B Toukax A u B. VI3 Touku A 0JIHOBPEMEHHO CTapTyIOT
JBa BeJiocurieaucTa. Kax bl u3 HUX €JIeT 10 CBOEH OKPYKHOCTH ITPOTUB YacOBOI CTpeJI-
Ku. [Ipu 3TOM yIrjI0BBIE CKOPOCTH y HUX OJMHAKOBBIE.

(a) Hdoxaxkure, 9TO CyIIECTBYeT TOUKA, IIOCTOSIHHO PABHOY/IAJIEHHASI OT BEJIOCHIIE UCTOB.
(b) Hoxaxkure, 9T0 cepeauHa OTPe3Ka, UX COEAUHSIIONIEr0, JIBUXKETCS [0 OKPYYKHOCTH.

Jlan Brucanubiii gersipexyroabuuk ABCD. Ha ero mquaronanu BD BoiOpaHa Takas TOY-
ka K, utro ZAKB = ZADC. Ilycts I u I' — HenTphl BOMCAHHBIX OKPY’KHOCTEH Tpe-
yrompaukoB ACD n ABK coorsercrsenno. Otpesku 11’ u BD nepecekaiorcss B Touke X .
Hoxazkure, uro Touku A, X, I, D nexxar Ha OJHON OKPYZKHOCTH.

(a) Ha upsimoit nexxar tpu touku A, B, C. X u Y — TOYKM Ha IUIOCKOCTH TAKHUe, ITO
AX =XBwu BY =YC. BXZY — napajuienorpamm. lokaxkure, uro AZ = CZ.

(b) ABCD — Buncansblii 4eTbIpexyroJabHUK. M — TOYKa [IepecedeHust ero JUaroHaleit.
Hexkoropas npsimast, mpoxofsias depe3 Touky M, mepecekaeTr OKpPYKHOCTb, OIUCAHHYIO
okoiio ABCD, B Toukax Mi u Mz, 1 OKpY>KHOCTHU, OIHMCAHHBIE OKOJIO TPEYTIOJbHUKOB

ABM w CDM, B Ttoukax N1 u Na. lokaxkwure, aro M1 N1 = M3 Na.
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TypHUPBI

— Muv ¢ mob6oti nodpasuco HedasHO.
— A nobedun?

— He, s aeexo mebs 0dosen.

— Boumw mozo ne moorcem.

— Hy 5 o1c epamv nwe cmany.

Pasrosop Bproca Bannepa n Topa

Omnpepnesenne. Typuup — 310 rpad, B KOTOPOM MEXKy JIIOOBIME JIBYyMsi BEPIINHAMU €CTh
POBHO OHO opmeHTHpoBaHHOE Pebpo. OH HA3BIBAETCS TYPHUPOM, MMOCKOJIBKY MOJEIUPYET OJI-
HOKPYTOBOIl TYPHUD, B KOTOPOM HET HHUYbUX.

1.

3.

BoceMb BOJIEG0IBHBIX KOMAHJ IPOBEJIA TYPHUD B OAUH KPYT (KaKaas KOMaHIa Chbirpaja
¢ KaxkJI0i onuH pa3). Jloka3aTh, 9TO MOXKHO BBIJIEIUTH TaKue deTbipe Komauasl A, B, C
u D, uro A Bemurpanay B, C u D; B semurpana y C u D, C Beiurpana y D.

12 KoMaH[1 ChIrpaJi TyPHHUP 110 BOJIEiboy B ouH Kpyr. /IBe KOMaH/Ibl Ofep:Kajii POBHO
o 7 noben. Jlokazarh, 94T0 HalimyTcs Takue KomaHabl A, B, C, yro A seiurpana 'y B, B
Bemrpasay C, a C —y A.

B TypHUpe B KaxKIy10 BEPITNHY BXOAUT XOTs ObI OJHO PeOPO M M3 KaXKAOH XOTsS ObI OTHO
BeIXOAUT. JloKaxkuTe, 9TO HANAETCA UK JJTHHBI 3.

Onpeznenenne. [aMUIBTOHOB Iy Th — 9TO Iy Th (OPUEHTUPOBAHHBIN ), KOTOPBIA HPOXOAUT Yepe3
KaXKIyI0 BEPIINHY poBHO ofuH pa3. Ilo ananoruu ¢ myTém onpenensgercsa ['aMUIBTOHOB ITUKIIL.

Omnpegenenne. ['pad HA3BIBAETCSA CUILHO CBI3HBIM, €CJIA U3 JIIOOOM BEPIIMHBI MOYXKHO ITOIIACTH
B JIIOOYIO IIepPEMEIAsICh TOJIBKO 110 CTPEJIKAM.

4.

(a) Hoxaxxwure, 9410 B JiE060M TypHHpE CyIIecTByeT ['aMUJIBTOHOB Iy Th.
(b) okaxkwure, 9T0 B JIOOOM CHUJIBHO CBSI3HOM TYPHHDE €CTh | AMUJIBTOHOB TIHKJL.

B omuom rocymapcrse 100 TOpOIOB M KaXKIbIH COEMHEH C KaKJIBIM JIOPOrOil € OJTHOCTO-
ponHUM JBHXKeHneM. JloKaykuTe, 9TO MOYKHO IIOMEHSITDH HAIIPABJIEHUE JIBUXKEHUS He Dojiee
YeM Ha OJHOW JIOpOTe Tak, 4TOOBI OT KasyKJIOr0 NOpojia MOYKHO OBLIO J0eXaTh N0 JIF0OOro
JIPyTOToO.

B rypuupe no Boseiibosry n KOMaHJ ChIrPau B OJUH KPYT (KaxK7as Urpaja ¢ KaxKoi 1o
OJHOMY pa3y, HUYbUX B BoJeiibosie He OpiBaer). Ilycts P — cyMMa KBaJpaTOB UUCE, 3a-
JIAIONIUX KOJIMYECTBO MO0 KaxK /10 KOMaHIbI, () — CyMMa KBa/JpaTOB JHCEJ, 3aIA0NIX
KOJINYECTBO X mnopakenwii. JJokaxkure, uro P = Q.

JIoKaxKnTe, 9TO B CHJIBHO CBA3HOM TYDHHUPE C 1 > 4 BEpIIMHAMH CYIIECTBYEeT XOTsSI ObI
(a) 1; (b) 2 BepmmHbI Takue, YTO OPU YJAJEHAM OJHON M3 HUX CHJIbHAS CBA3HOCTD
rpada He TepseTcs.
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KBaﬂpaTI/I“IHbIe BbI1€ThbI

1 (mod 7), 2 (mod 7), 3 (mod 7), 4 (mod 7), 5 (mod 7), 6 (mod 7)
Croavko keadpamos usobpasiceno na amom pucynxe? Losopam, wmo
MOALKO 00UH U3 NAMU MONHCEM, 0aMD NPABUNLHVIT omeem Ha Imy 3adawry!

Omnpenesnenue. [lycts p > 2 — mpocToe 9mMC/IO U a — IEJ0€ YUCT0, B3AUMHO IIPOCTOE C P.
Yucno a Ha3bIBaeTCSd KBAIPATUIHBIM BBIYETOM IO MOJMYJIO P, ecau cymectsyeT © € N Takoe,
uro a = x? (mod p). B npoTuBHOM Cilydae YUCIO G HA3BIBAETCH KBAAPATUIHBIM HEBBIUETOM 110

MOJLYJIIO D.

1.

JokakuTe, YTO €CIM P — HEUETHOE MIPOCTOE YUCJIO, TO IO MOIYJIIO P CYIIECTBYET POBHO

-1
;DT KBa/IpATUYIHBIX BBIYE€TOB U CTOJIBKO K€ HEBBLIYETOB.

Taxum 06pasom MoKHCHO COCAUMD 66600, WMo KEadpamuwHoe cpasHenue euda T° = a
(mod p) npu npocmwux p umeem Aubo noavb pewenul, Aubo 08a pewenus, AUOO0 00HO
pewenue 6 cayuae a =0 (mod p).

Jlokaxkutre, 9TO Jyist ZAHHOTO MOMYJISL P

(a) mpomsBeneHHE ABYyX KBaPATHIHBIX BHIYETOB — BBIUET;
(b) npousseneHne BbIUETA HA HEBBIYET — HEBBLIYUET;

(¢) npousBezneHne NByX HEBBIYETOB — BBIYET.

Byzewm pemmars creayiommee cpasienne 21 = 1 (mod p). 13 matoii Teopembr Pepma Mot
3HaeM, 4TO y STOI'O CPaBHEHHS eCThb KOpHU * = 1,2,...,p — 1.
(a) Hoxaxkure, 9TO ecy ¢ — KBAJPATUIHBIA BbIYET 110 MOZYJIO P,
p—1
Troa 2 =1 (mod p).
(b) Hdoxaxkure, 9T0 ecm a — KBaJApPATHUIHBL HEBBIYET 110 MOJLYJIO P,

T0 " T = —1 (mod p).

Omnpepenenune. Cumsonrom Jlesicarndpa Ha3bIBaeTCs BhIpazkenue, oboznadaemoe (2), pasuoe 1,

a
P

€CJIM ¢ — KBaJIPDATUYHBIN BBIYET II0 MOIYJIIO P; —1, €ciu @ — HeBbIYeT 110 Moxyso p u 0, ecan

—1
a kpaTHo p. VI3 sajaun 3 cienyer, uto (%) =a’z  (mod p).

4.

5.

P
(Teopema 2Kmupapa) Ilycrs z2 + y? nemurcs ma mpocroe uucio p = 4k + 3. Jokaxkure

TOTrga, 9YTO X U Y ACJIATCA Ha P.

Ilycrs F,, — n-oe uncyio OuboHaIMN.
(a) Ilo mamyxkuun nokaxkure dbopmysny Bune

0 (50
V5

(b) Hokaxwure, uro Fp, — (%) IEJINTCA Ha P IIPU BCEX IPOCTLIX P > 5.
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JlokaxkuTe, 9TO €CJid N — HeYeTHOEe HATYPAJbHOE YUC/I0, TO JIE000i neauress yucia 2™ — 1
nmeer Bug 8k £ 1.

IloBopoTHast romoTeTns

Kax 2o06opumca, macmepcmeo npoaAsAAeMCA He Ha,
npamot, a UMEHHO HG NOBOPOMAL.

Omnpepenenue. [Tosopornoit romorerneii ¢ koaddunuentom k u yraom ¢ (k> 0,0 < ¢ < 27)
Ha3bIBAETCs KOMIIO3UIUs roMoTeTnu ¢ KodddunmenTom k U MOBOPOTa HA YroJI (0, UMEIONUX
001Ul TIEHTP.

1.

(a) Bripasure dynkmmo f(z), z € C, 3a1a1011y10 MOBOPOTHYIO TOMOTETHIO KOMIIIEKCHOM
IUIOCKOCTH OTHOCHUTEJBHO TOYKHU ¢ C KOIPDUIMEHTOM Kk U YIJIIOM .

(b) Hdokaxkure, 9TO KOMIIO3UIUIO JBYX IIOBOPOTHBIX TOMOTETUIl — 9TO HOBOPOTHAS I'O-
MOTETHSI.

(a) Ilpamele AB u Ay B1 nepecekaiorca B Touke P, mpuuem Bee Touku A, B, A1, B1, P
passimuanbl. JlokaykuTe, 9TO CyIIECTBYET €IUHCTBEHHAs IIOBOPOTHAS I'OMOTETHS, IEePEBO-
ngamas Touky A B A1, a B B Bj, nupuyem €€ IEHTPOM SIBJISIETCS TOYKA IIEPEeCedeHuUst
OIMCAHHBIX OKPYXKHOCTEl TpeyroabHukoB AA1 P u BB P.

(b) Hoxaxkure, 9TO IEHTD IIOBOPOTHON rOMOTETHH, II€peBojsinieil orpe3ok AB B orpe-
30K A1 B1, COBIaIaeT ¢ IMEeHTPOM ITOBOPOTHOM TOMOTETHH, IepeBoadineil orpesok AA; B
orpe3oKk BBj.

(c) (Touka Mukessi) 113 npeapliymux MyHKTOB BBIBEIUTE, UTO €CJIU JAHBI UETHIPE
npsiMble OBINEro IOJIOYKEHHsI, TOIJIa OINUCAHHBIE OKPYXKHOCTH YeThIPEX TPEyrOJbHUKOB,
06pa30BaHHBIX STUMU IPSIMBIMU, [IEPECEKAIOTCH B OIHON TOUKeE.

Croponbt AB u C'D 4erbipexyronbuuka ABC D nepecekatorcs B Touke FE. Touka M —
cepesuaa AB, N — cepenuna C'D. Jlokaxkure, 9TO IEHTPbI OIKMCAHHBIX OKPYKHOCTEH
Tpeyronbankos BCE, ADE u M N E nexart Ha OTHON IIPSIMOIA.

OKpYy>KHOCTH w1 U we TepecekaioTca B Toukax A u B. Yepes Touky A mpoBeseHbl jiBe
MpsiMble, TePECEKAIOIIe OKPYKHOCTA B TOUKaxX B P1 u Pa, Q1 m (2 COOTBETCTBEHHO.
Jlokaxkure, 9TO yros MexKJy OKPY?KHOCTIMHU paBeH yruiy Mexay PiP> u Q1Q2 (yron
MEXKJy OKPYKHOCTSIMH PaBeH YIVIy MEXKJy KacaTeJbHbIMH, IPOBEJIEHHBIMU B UX OOIIei
TOUKe).

Bokosbie cropoust AD u BC tpanenuu ABCD 1moBepHYTBbI OKOJIO CBOUX CEDEIUH HA
yrost 90° mpOTHB YACOBOI CTPEJIKH, TIOCJIE Yero OHM 3aHUMAIOT moJioxkenne A1 D1 u B1Ch.
Hoxazkure, uto A1 B1 = C1D;.

Ha cropone AB tpeyronbuuka ABC Boibpana Touka D. Onucanasi OKpy»KHOCTU Tpe-
yroabauka BC'D BTOPUYHO TiepeceKaeT OKPYKHOCTHU, MPOXOJAILYI0 depe3 Touku A u D
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u Kacaloryioca npamoit C D, B Trouke K. Touka M — cepenuna BC, N — cepemuna AD.
Hokaxkure, yro Touku B, M, N u K jexkar Ha OJHOW OKPY>KHOCTH.
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YerBépTass naTIHEBKA
KBa,D;paTI/I“IHbII'/JI 3aKOH B3aMMHOCTHA

God does arithmetic.

Carl Friedrich Gauss

(KBagparuunsblii 3akoH B3anuMHocTu Laycca)
IIycTe p m ¢ — 1B IPOCTBIX HEYETHBIX uucia. Jlokaxkure, 4TO

<§> (1%) — (-1

1. Tlycrs p — HeuerHoe mpocToe uuciao Buja 3k + 2. Jokaxure, aro ecian 3a? + b% nemarcst
Ha P, TO a 1 b neurcs Ha p.

2. Jlokaxkure, 4TO MpH JIOGOM HATYDPAJLHOM ¢ BCE IPOCTBIE JeanuTesnd a’ — 5a + 5 Gombime
5 mmeror Buy bk + 1.

3. Ilpo marypasbHbe aucaa a, b, p, The p — IPOCTOe, H3BECTHO, uTo a° + b2 = p. Jlokaxkwure,
9TO @ — KBaJPATUYHBIA BBIUET [0 MOJLYJIIO P, €CJIU
(a) a — megerHOE TPOCTOE;
(b) a — meuerHoe.

15
4. Haitnure HauMeHBIUH TPOCTON JICJTUTENDb TUCIA 12277 4+ 1.

n
5. Ilycts k = 22" 41 1t HEKOTOPOrO HATYPAIBHOTO 7. JIOKasKKTe, UTO k SIBJISIETCS ITPOCTHIM

k—1
TOTJIA U TOJILKO TOTJIa, Korjaa k — jeaurenb duciaa 3 2 + 1.

Pébepnble 006xoab1 TpadoB

Hacuwém mozo, 20e A — 5, NPUSHAMBCA, HG MEZHOGEHUE NOMEPAACA MEHCIY
Yapune-Kpocc u Poborom, 1o mena cnacaa 6ysounas wa Cedppor-Xuaa,
eOUHCMBEHHAA NEKAPHA, 20 UCTOABIYIOM PPAHUYSCKYIO 2403YPb:
pemonckutll waapet. Ilocae IKUNAHC NOBEPHYA HANEE0, HANPAEO, NO
yxabucmoti nepenpase wepes Daum.

IIepsiox Xosmc

1. MoxkHO /1 BBUTOXKHUTH B Psif BCe 28 KOCTOUYEK JTOMHUHO COTVIACHO IPABUJIAM HUIPBHI TaK,
4TOOBI HA OJJHOM KOHIIE Psi/ia 0Ka3aJjoch 5, a Ha JApYyroM 6 04koB?

2. (a) Han xycok npoBosoku mmuaol 120 cm. MoKHO 11, HE JIOMasi TIPOBOJIOKH, U3TOTO-
BUTbH Kapkac Kyba ¢ pebpom 10 cm?



IIPOTPAMMA OBBIYHOI I'PYIIIIHI 37

(b) Kakoe HanMmeHbIIEe 9UCIO Pa3 IMPUAETCS JIOMATDH MPOBOJIOKY, YTOOBI BCE 2KE M3TOTO-
BUThb TpeOyeMBbIil KapKac?

ITocémok mocTpoen B BUmE KBaJpaTa 3 KBapTasia Ha 3 KBapTaaa (KBAPTAIbl — KBAJPATHI
co cropoHoii 1, Bcero 9 kBaprason). Kakoii HanMeHbIIMIA Ty Th HOJIZKEH MpoiiTu acdaib-
TOYKJIAJIUK, ITOObI 3aacdaIbTUPOBATh BCE YJIHUIIbI, €CJIM OH HAYMHAET U KOHYAET CBOI
IyTh B yIJIOBO# TOUKe A (CTOPOHBI KBaJpaTa — TOXKE YJIHUIbI)?

Typucr npuexai Ha BOK3aJl U OTIPABUIICS TYJIATH 110 YIANAM Topoia (KaxKIas YIuIa co-
eIMHsIEeT POBHO JBa IEPEKPECTKa). JJoKarkKuTe, YTO OH B JIIOG0H MOMEHT MOXKET BEPHYTHCS
Ha BOK3aJI, IIPOXO/IsI TOJILKO 10 TeM yYacTKaM YJIUIL, TI0 KOTOPBIM OH y2Ke IIPOXO/IUJI HedeT-
HOE YHCJIO Pa3.

IIycts G — cuinbHO CBA3HBII OPUEHTUPOBAHHLBIM rpad 6e3 YETHBIX IPOCTHIX OPHUEHTHPO-
BaHHBIX IMUKJOB. Jlokaxkure, uTo s J1I060# packpacku BepiiuH rpada G B JBa IBETa
HalIETCsT BEPINIHA, MMEIOIIAsl TOT YK€ IIBET, 9YTO U BCE BEPIIUHBI, B KOTOPhIE U3 HEE BEMIYT
pébpa.

B HekoTopoit cTpaHe /Ba BHUA TPAHCIOPTA: ABTOMOOUJIBHBIN U YKEJIE3HOIOPOXKHBIHN, MpH-
9eM U3 KaXKJOr0 TOPOJa BBIXOIUT OJWHAKOBOE UUCJIO JOPOT TOTO W JAPYTrOro BUJA, W OT
J1I000T0 TOPO/Ia MOXKHO J00paThes B J0boit mpyroii. [xeiimcy Bommy ne paspemraercs
[I0JIb30BaThCsl OJIHAM U TEM K€ BUJIOM TPAHCIIOPTA JiBa pasda Hoips. JJokaxkwure, 4T0 OH
CMOXKeT 106paThCcst U3 JIIoOOro ropojia B J000i, He HapyIlas 3ampera.

HokakuTe, ITO JJIs JIOO0r0 N MOXKHO HAIIMCATD 110 KPYT'y HECKOIBKO udp ot 0 10 9 Tak,
9TOOBI CPeI HUX BCTPETHUJIMCH POBHO 110 Pa3y BCEBO3MOXKHBIE N-3HAYHBbIE KOMOMHAIIUU U3
P, UIYIIHE TOAPSI IO YaCOBOM CTPEJIKE.

NuBepcust

THomewaem 6 3a0aHMy10 MOYKY NYCTNOIHY KACMKY, UMEIOUYI0 Hopmy
oxpyotchocmu, 8rodum 6 Hee u 3anupaem udHympu. IIpouseodum
UHBEPCUIO NPOCTMPAHCTNGEA NO OMHOWEHUIW K Kaemke. Tenepb aes sHympu
KAEMKYU, @& MbL — CHAPYICU.

Kaxk mnoiimars JibBa

Omnpenenenne. Ilycrs S — okpykHocTh ¢ nearpoM O paguyca r. Mneepcueti OTHOCUTEIBHO
OKPY?KHOCTH S Ha3bIBaeTCs Ipeobpa3oBaHue IJIOCKOCTH, KoTopoe jobyio Touky A # O nepe-
BOZUT B Takyto Touky A’, nexkamyto na syde OA, uaro |OA| - |OA’| = r?. Ina touxkn O 310
npeobpa3oBaHue He onpenesieHo. Touka O Ha3BIBAETCA IEHTPOM HMHBEpPCUH, S — OKPYKHOCTH
HWHBEPCUN.

1.

(a) Ilpu meBepcHu oTHOCHTENBHO OKpy>kHOCTH S ¢ HenTpoM O Touku A, B nepemm B
roukn A’, B’ coorsercTsenno. Jdokaxure, uto ABA' B’ — Bumcanmbrii.

(b) Jdana okpyKHOCTb w U TouKa O BHE HEE. UTO MPOUCXOAUT C OKPY?KHOCTHIO W IIPH
unnBepcuu ¢ nearpoM B O U pajycoM PaBHBIM JJIMHE KacareJbHoi u3 O K w.
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2. Joxkaxkwure, aTo maBEpCHUs ¢ 1eHTpoM O
(a) mepeBomuT npsimyIo, npoxomsnryio depes O, B cebs;
(b) mepeBoIUT OKPYKHOCTB, IPOXOAAILYIO depe3 O, B NPsAMYIO, HE IPOXOJSILYIO He-
pes O.
(¢) mepeogur npsiMyro, He mpoxofsityo depe3 O, B OKPY>KHOCTb, HPOXOJSIIYIO de-
pe3 O. Kakast Touka mMepexXoquT B IEHTP ITOH OKPYKHOCTH !
(d) mepeBomUT OKPY?KHOCTB, HE IIPOXOAANILYTO epe3 O, B OKPY?KHOCTb, HE IIPOXOISAILYTO
ugepe3 O. [lepexonuT Jin TEHTP OJIHOIM OKPYKHOCTU B IIEHTP JIPYTOi?
(e) mepeBomuT KacaIIUECs OKPYKHOCTH (OKPY>KHOCTD ¥ IIPSIMYI0) B KACAIOIIUECS OKPY K-~
HOCTHU WJIK B OKPY?KHOCTb U NPSIMYIO, WK B APy IapajIebHbIX MPSIMbBIX.

3. (a) Kaxk nocrponTts 06pa3 TOYKHM OTHOCUTEIHHO 33 IaHHOM OKPY?KHOCTH C IIOMOIIBIO IIUP-
KyJsl U JIMHEHKM?
(b) Hansr okpy:kHOCTh w U TOukH A n B, nexaime cHapy»xu. [locrpoiite 0Kpy>KHOCTB,
pOXoJsILyo Yepe3 A u B, KacaroIlLyocsi OKPY»KHOCTH w.
(c¢) Janbr aBE OKPY?KHOCTH Wi U wo U TOYKa A, exkamas Bae okpyzkHOCTeit. [locTpoiiTe
OKPY?KHOCTb, KACAIONLYIOCS JBYX JAHHBIX OKPY’KHOCTEH W MPOXOAIIYIO depe3 A.

4. (Hepasencrtso IITosemest) [ns Beinyksoro gerbipexyronbanka A BC' D nokazkure Hepa-
Berctso AB-CD + BC - AD > AC - BD. Korga gocruraercst paBeHCTBO?
Cmoum cdesamnvb uHeEPCUIo ¢ YeHMPom 6 mouke A.

5. (a) (JIemma Apxumena) B okpyxnoctu ) nposesena xoppa AB. OKpy:KHOCTb w
Kacaercs §2 B touke P u AB B Touke Q; M — cepemuna nyru AB. Jlokaxwure, uro P, Q
u M jiexkar Ha OJHOM MPSIMOIL.
(b) B o6osHaueHUSX NPEJBLAYLIIEro IIyHKTA JOKAYKUTE, YTO KacaTesbHast u3 Touku M K
w paBHa MA.

KBagparuuHasi job0aBKa

Kax dobasums keadpam sapavika ¢ 46emosoti Koouposxrot
6 duazpammy, komopyro A cdenan ¢ Chart.js?

C caiita https://stackoverrun. com

YrobbI perars mepBbIe JIBe 3a7a9n, Bam HE0OX0IMMO BBIMUCIUTD HECKOJIBKO BeqaumunH. [lycTs
n — xosmaecTBo OykB B Bamem mosnom nmenn (ecan Bac 30Byr Camma, To Bame mossoe nmst
Anekcanap, u n = 9), k — Kosmdectso 6yks B Bameii damuaum, m — HOMep Mecsna Bamiero
DOK/IEHUSI.

Brummure mostyauBIimecs: 3HAUEHUST:

n = k: m =

1. CKOJBKO peIleHnit nMeeT CpaBHEHNE

nz® +mz+k=0 (mod 61)?
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2.

CKOJIBKO DEIeH nMeeT CpaBHEHUE

(n+3)z>+ (m—5)z+ (k+2)=0 (mod 101)?

Jlano mpocroe "mco p. JokaskuTe, 9TO CyMIECTBYeT HATYPAJIBHOE YUCJIO ( TAKOE, UTO
a(a — 1) + 3 menurcsa Ha p, TOTZA U TOJBLKO TOTZA, KOTJa CYIIECTBYeT HATypajabHOe [
takoe, uro S(8 — 1) 4+ 25 gesnurcs Ha p.

JlokazknTe, UTO JjIsl JIIOOOrO IIPOCTOrO P HaliIeTcsl HaTypaJbHOE T TaKOe, UYTO
% — 16 memurcs Ha p.

CxkppoIThIil rpad

— Buduww cycauxa?
- Hem. ..
— U 5 ne suocy. .. A on ecmu!

OuneMm “JIMB”

Ectb m 6071ebIIMKOB: HEKOTOPbIE U3 HUX (BO3MOXKHO, BCe MM HUKTO) Gosteror 3a «Cnap-
Tak», a ocrajbHble — 3a «/luHamo». Pasperaercs cupocuTsb y Ji00bIX ABOUX, OOJIEIOT JIK
OHU 32 pPa3Hble KOMAHJ/bl, I OHU YECTHO OTBETST «Ja» WU «HeT». Tpebyercsi mocaJuTh
OOJIENIBIIIUKOB B JIBa aBTOOyCa TaK, UYTOOBI B KaXKJOM OBLIM OOJIETBIIUKN TOJBKO OIHOMN
KOMaHJIbI. 38 KAKOe MUHAMAJIBHOE KOJIMIECTBO BOIIPOCOB 9TO HABEPHSIKA MOXKHO CIEIATD?!

Mypasgeit moszaer mo nmoBepxuocTu Kybuka 11 X 11 X 11 Bmoss auaronaseil KBaIpaTuKOB
1x 1 (moBopaunBaTh B IEHTPE KJIETKM HEIb3s1). Moriio im Tak oKa3aThbCs, 9TO OH HOOBIBAJI
B KaXXJIOM KBaJ[pATHKE POBHO OJIUH pa3?!

Ha npsimoit cupiar pu Ky3aeunka. Kaxkayio MUHYTY OAUH U3 Ky3HEIUKOB [IEPENPBIrIBAET
POBHO 49€epe3 OJHOI'0 ApyTroro. MOFyT JIX BCE€ KY3HEIUKU OKa3aTbCsd Ha CBOUX MeCTaX POBHO
4qepe3 101 mpbKOK?

10 Kpy:KKOBIIEB 0O6pA30BAIN JIEKYPHYIO KOMAH/LY JIJIsl PEIIeHUs] JOMAITHUX 3a7a49. B Ko-
MaH/ie Bcerja He MeHee 3 desoBek. Kazk/iplit Bedep B KOMAaH/Iy 100aBIISETCS OMH YeJI0BEK
b0 U3 Heé MCKJI0YaeTCs ONWH 4dessoBek. MoxKHO i Oyzer nepedbpaTh BCe JOIMYCTUMBIE
COCTaBbl KOMaHJIbl POBHO II0 OJIHOMY pa3y?

N3 ky6ukos 1 X 1 x 1 ckieer xKy6 3 X 3 X 3. Kakoe HanboJibIllee KOJIMYECTBO KYyOMKOB
MOXKHO M3 HEro BBIKHHYTb, YTOOBI OCTAIach (pUrypa ¢ TAKAMU JBYMSI CBOMCTBAMMU:

® CO CTOPOHBI KaXKJOi I'paHU UCXOTHOTO Kyba (purypa BBIIVISIUT KaK KBaJapaT 3 X 3
(rAss nepneHAMKyYISAPHO 9TON rPaHM, MBI HE YBUMM IIPOCBETa — BUIHBI 9 KyOUKOB

buryper);

e 1epexojid B purype or Kybuka K KyOUKY depe3 X ODIIYIO I'PaHb, MOXKHO OT KarKJI0I0
KyOuKa J00paThCs JI0 JTFOH60ro Apyroro?
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Ha wneruaroit mocke 11 X 11 ormeueno 22 KJIETKH TaK, 9TO Ha KAXKJONH BEPTUKAJIA U
Ha KaXKJIOH TOPU30HTAJIN OTMEYEHO POBHO 2 KJIeTKH. JIBa pacHOJIOXKEeHUsT OTMEYEHHBIX
KJIETOK 9KBUBAJIEHTHBI, €CJIN, MEHsIs JII000e YHCIO pa3 BEPTUKATIU MKy CODOI U ropu-
30HTAJIM MEXJY CODOii, MBI 3 OJHOI'O PACIIOJIOXKEHUsI MOXKEM IOJIyIUTh Apyroe. CKOJIBKO
CYIIECTBYET HESKBUBAJIEHTHBIX PACIIOJIOKEHUI OTMEYEHHBIX KJIETOK

EIJ_Ie HEMHOI'O MHBeEpCHUn

U3 nawuzx nabrrodenuti cmano ACHO, YIMO NPAKMUYECKU 6CE HESPOMUKU
UMENM CKAOHHOCTD K UHEEPCUU. . .

Burmyng Opeiif

Omnpepenenue. O606WEHNAA OKPYHCHOCTIL — ITO OO OKPYKHOCTH, MO0 IpsiMas (cunTaer-
Cs1, 9TO ITO TOXKE OKPYKHOCTB, HO UMeEIOIIasi GECKOHEUHBL Payc).

1.
2.

JokarkuTe, 9TO MHBEPCUSI COXPAHSIET YIJIBI MEXKY OOOIEHHBIMU OKPY>KHOCTSIMU.

Huxakue Tpu u3 dernipéx touek A, B, C, D He nexxat Ha ofgHON npsiMoii. okaxkure, 9T0
MEXK/Iy OIMCAHHBIMU OKpYKHOCTAMU TpeyrosbHukoB ABC u ABD paBeH yrily MexKIy
OIMCAHHBIMU OKPY:KHOCTsIMU Tpeyroybaukos ACD u BCD.

Yepes Toukn A u B npoBeeHbI JBe OKPY?KHOCTH W1 U W2, KACAIOIINECS OKPYKHOCTH 2.
Tak>ke gepe3 Toukn A u B npoBesin OKPY>KHOCTb w3, NEPIeHANKYIsIpHYo (2. Jlokaxkure,
9TO w3 00pa3yeT paBHbBIE YIJIBI C OKPYKHOCTSIMHA Wi U W2.

B tpeyrosnbauke ABC' A1, B1 — cepenunnl cropon BC' u AC coorBercrBenno. Onucan-
Hble OKpYyKHOCTH TpeyrojbHunkoB CBB1 u C'AA; BropudHO nepecekaiorcss B Touke P.
TIpsimast C'P BTOpUYHO IIEpeCeKaeT ONMUCAHHYIO OKPYKHOCTD Tpeyroybauka ABC B TOUKe
Q. Haitnure ornomenune CP x CQ.

Ha okpyxkuoctu pacnonoxenst Touku A, B, C u D. O6o3nauum depe3 K cepenuny yru
AB, ue copepxareii Touek C u D. Ilpsimble CK u D K nepecekator npsimyio AB B Toukax
M u N. Hokaxwure, uro Touku M, N,C u D sexar Ha OZHON OKPY2KHOCTH.

Jana moJIyoOKpy2KHOCTB € 1leHTpoM B Touke O. [Ipsimast £ mepecekaeT 3Ty MOJIyOKpPYKHOCTb
B Toukax C' u D. M — Touka nepecevenust { ¢ mpsiMoii, comepzkateit guametrp AB moy-
okpyx)uocTu. [lycte K — TO4YKa mepecedeHnsi OMUCAHHBIX OKPYKHOCTEN TPEYTOJbHUKOB

AOC u BOD, ornmanaga ot O. Jlokaxkure, auro ZM KO = 90°.

Crumcok BOIPOCOB K 3a4YETy

1.

Kowmmnekcubie yncia. Oneparun ¢ aumu. ComnpsizkeHre U ero cBoiictBa. PoOpMyInpoBKa
OCHOBHOI1 TeopeMbl ayrebpsl. JlokazaresbeTBO TOro, ITO 000 MHOIOYIIEH C BEIECTBEH-
HBIMH KO3 PUIMEHTAME MOXKHO MPEJICTABUTD B BUJIE MPOU3BEICHUS MHOTOUJIEHOB C Be-
IECTBEHHBIMU KoM durimenraMu He 6oJiee, 4eM BTOPOI CTEIeHH.
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2.

3.

11.

12.
13.

Tpuronomerprdeckas: 3anuch KOMILIeKCHOTO uncia. Popmyna Myaspa. Kopan u3 equan-
upl. Ix cymma, mpousBejienre, CyMMa KBaJPaTOB.

BunoMunaJibHbIE CYMMBI

o CF+CF L+ +CF

o C0.Cr4Ct-Cr . yCrCTT

o CO4Cl  4+C2 o+

o CO+C24CE4CE+. .,

o CO+Cr+CE+CP 4.

o Cl4+22C24+32CE4+42C+.. .

o 0Byt
Jlekcukorpaduyecknii nmopsiyiok. Ero cBoiicTpa.

OcHOBHast TEOpEMa O CHMMETPUIECKUX MHOTOWIeHaX. [IycTh o — KOpenb muorowiena f(x)
¢ panmoHanbHbIME Ko3bdurmenTamu, § — KOPeHb MHOTOWIEHA ¢(Z) ¢ PATMOHAIBHBIMA
ko durmenramu. JoKazaTeJbCTBO TOrO, YTO HAWAETCS MHOTOYIEH C PAIMOHAJILHBIMEI
KO3 PUIMEHTAMEI, KOPHEM KOTOPOTO SABJIsIETCS o + 3.

BekTopHbIe JoKa3aTesbcTBa: CyIIeCTBOBAHNE OPTOIEHTPA, IpsiMas Diliepa.

Crenenp Touku. Kpurepuit BIMCAHHOCTH YETHIPEXYTOJHHUKA U€pe3 CTeleHb TOUKH. Pa-
JUKAJbHAS OChb. PaauKajbHbII TIEHTD.

Jlemma o BeJiocuIiie jucrax. HOBOpOTHaH romoreTusi. E€ CBsA3b C KOMILJIEKCHBIMU YUCJIAMHU.
KOMHO3I/ILLPI5[ JABYX IIOBOPOTHBIX TOMOTETHIA.

Nusepcus. CroiicrBa. Hepasencrso Iltonemes. Jlemma Apxnmesa.

CymecrBoBanne ['ammunbpronoBa mytu B Typuupe. CymecrBoBanne ['aMuiibToHOBa IIHKIIA
B CHJIBHO CBSI3HOM TypPHHUDe. YaJjleHue BEPIINH B CHJIBHO CBSI3HOM TypHHUpe 0e3 rmoTepu
CUJIBHOM CBA3HOCTU. DityiepoB rpad: OIpeiesieHIe U KPUTEPHIi.

Ksagparuunbie Bbruersl. VIx KomudecTBo u coiicra. Cumsost Jlexxkanapa. Teopema 2Ku-
papa.

2 a t [20..7:]
Cumsoun Jlexxanapa (E)’ JlokazaresbcTBO OPMYIIBI (5) = (=1)===1""p .

KBa‘HpaTI/I‘{HBIﬁ 3aKOH B3aMMHOCTHU.
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IIporpamma moaynpodpn

IlepBag naruaHeBKa
OpueHntupoBaHHble rpadbl

B Mouroaun mpomén BTopoit TypHUpP 0 (heXTOBAHUIO,
MTOCBAMIEHHBIN TAMSATH KEPTB [IEPBOTO TYPHHUPA.

Anexnor

Onpenenenne. /IBe BepiuHbl ¢ 1 b B OpHEHTHPOBAHHOM rpade HA3bIBAIOTCH CEA3AHHBIMU,
€CJIA CyIIEeCTBYeT IMyTh 10 OPUEHTUPOBAHHBIM pébpam u3 a B b, u u3 b B a.

Omnpenesnenune. Oprpad G HA3BIBAETCS CUABHO CEA3HBIM, €CITTU JTIOOBIE IBE €r0 BEPIIUHBI CBsI-
3aHBbI.

3ameuyanue: TakuMm o6pasom, mMHOKecTBO BepiumH V (G) rpada G okasbiBaeTcs pasbuTo Ha
KJIACCHI TIOIAPHO CBA3AHHBIX BEPIINH, KOTOPbIE MBI OyJeM HA3BIBATH KOMNOHEHMAMU CUADHOTU
CBAZHOCTNU.

Omnpenenenue. zpagom womnonenm (cmmbroit ceasnoctn) C'(G) mna oprpada G Ha3bIBaeTCH
rpad, MOCTPOEHHBIH 110 CJIEYIOMEMY IPUHIAIY: BEPIIUHBI HANIErO Irpada — 3TO KOMIIOHEHTHI
CBAIBHOCTH MCXOJIHOTO I'pada, P 3TOM, BEPIIUHBI, COOTBETCTBYIONUE KOMIIOHEHTAM CBSI3HOCTH
A n B coefyHeHBI OpUEHTHPOBAHHBIM CTPEJIKOI B TOM M TOJIBKO TOM ciIy4ae, ecyiu B rpade G
€CTb CTPEJIKA U3 BEPIIMHBI KOMIOHEHTHI A B BEPIIMHY KOMIIOHEHTHI B.

1. (a) Joxaxwure, yro B C(G) HET OPUEHTUPOBAHHBIX IIUKJIOB.
(b) B opuenruposanuoM rpade st Jir000H BEPIIMHBI €CTh CTPEJIKA, BXOJSIAsi B Heé
7 CTpeJIKa, NCXOAAIasa n3 Heé. BepHo jm, 9To 33/1aHHAs BEPIMHA JIEKUT B KAKOM-JIIO0
nuKJe?

2. B rpade 200 Bepmun, n (&) Kaxkgasg JEKHUT B KAKOM-TMOO OPUEHTUPOBAHHOM IIHMKJIE
(b) wm3 Kaxk 0¥ BEpIINHBI BHIXOAUT XOTs 6bI OXHO PEOPO, U B KAXKIYIO BEPIIMHY BXOIUT
xoTs1 ObI OHO pebpo. JloKaxKuTe, YTO MOXKHO MpoBecTH He GoJiee, yeM 100 HOBBIX pébep,
4TOOB! HOJIyYUBIIMICS rpad CTaJ CHIBHO CBSA3HBIM. (MEXK/y JBYMSI BEDIIMHAMH MOXKET
GBITH TPOBEJIEHO HECKOJIBKO PEGEP)

OrmpenesieHne. TYPHIPOM Ha3bIBAETCS OPUEHTUPOBAHHBIN T'pad, B KOTOPOM JIIOOBIE JBE
BEPIINHBI COEIMHEHbI POBHO O/JHOI CTPEJIKOM.

3.  (nemmozo npo ocmosroe depeso)
(a) [Jdokaxure, YTO B CHJIBHO CBI3HOM OPHEHTHPOBAHHOM rpade Ha 1 BEPIIMHAX MOXKHO
ocraBuTh He Gosiee 2n — 2 pébep, YTOOBI OH OCTAJICS CHUIIBHO CBSI3HBIM.
(b) Hoxaxkure, 4To OLEHKA TOYHAs (TO €CThb, YTO JJIs JIFOOOrO N MOMKHO HANTH OpPHEH-
TUPOBAHHBIA rpad, I7Ie HeMb3s OCTABATH MEHBIIE PEGEpP, COXPAHUB CUIBHYIO CBA3HOCTD).
(¢ ) Hokaxkure, 9T0O €CJIN MEXK Ty JTIOOBIME JBYMSI BEPITMHAMY [IPOBEICHO He 6osiee OHOM
CTPEJIKH, TO MOYKHO OCTABUTh JlaxKe 2n — 3 pébep, 9T00bI CUIbHAS CBI3HOCTH COXPAHMIIACD.
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(a) (Teopema MyHna.) Ilycts G — cunbHO cBA3HBIA TypHUpHBIH rpad, 3 < k < v(G).
Hoxazxkure, uro s yoboit Bepmmubl v € V(G) cymecTByer mpocToil myK JuHbL K,
npoxonsuwmii uepes v. (b) Hokaxkwure, uro B rpade G cymecrsyer xors 661 v(G) — k + 1
MIPOCTBIX IMKJIOB JJIMHBI K.

(a) [Jdokaxure, 9TO €CiaM B CHJILHO CBSI3HOM TypHHpe 0osiee TPEX BEpIINH, TO B HEM
MOKHO YJAJHUTh BepuiuHy 6e3 morepu cuiibHOi cBasHoctu. (b)) lokaxkure, 94TO Takux
BepimH xorst 661 jBe. (¢ ) JlokaxKure, 4TO €ciau B TypHHpe Gojiee IEeCTH BEpIIUH, TO
CYIIECTBYET BEPIIUHA, YTO MOYKHO MU3MEHUTH OPUEHTAINI0 BCEX PEGED, BBIXOISIINX W3
9TOU BEPIINHBI, YTOOBI Tpad CTAJI CHIBHO CBA3HBIM.

B CTpaHe HEKOTOPLbIE IIapbl I'OPOJA0OB COE/IMHEHBI OJJTHOCTOPOHHUMU ITPAMBIMA aBHapeﬁCaMH
(Mexk Ty JTIOOBIME JBYMsl TOPOJIAMHU €CTh He GoJstee omnoro peiica). Ckaxkem, aro ropon A
JOCTyTIeH Jjia ropojia B, eciiu u3 B MoxXHO j1oeTeTh B A, BO3MOXKHO, C IIE€PECaKAMU.
W3zBectHO, 9TO0 A1t MI00BIX ABYX TOpomoB P u () cymecTByet roposa R, miist kotoporo u P,
u @ moctymnHbl. JloKazkuTe, 9TO CYHMIECTBYET TOPOI, MJIsI KOTOPOIrO JOCTYIIHBI BCE TOPOIA
crpasbl. (Cuuraercs, 9TO U3 ropoja MOXKHO JIOJIETETh JI0 HEro CaMoro. )

B ropose HukuroBka jBycTrOopoHHEe ABUXKeHUE. B TedeHUe JIBYX JIeT B IOPOE MPOXOIMIT
PEMOHT Bcex JI0por. BeiieicTBue 3TOro B IEPBBIi 10/ Ha HEKOTOPBIX JIOPOTax ObLIO BBE/IE-
HO OJ[HOCTOpOHHee jBuzkenne. Ha ciieyromuii rojt Ha 91X JIoporax OblLJI0 BOCCTAHOBJIEHO
JBYCTOPOHHEE JBUYKEHUE, a Ha OCTAJbHBIX JOPOrax BBEJIEHO OJHOCTOPOHHEE JBUKEHUE.
W3BecTHO, 9TO B KarKIbIif MOMEHT PEMOHTA MOXKHO OBLIO TpoexaTh W3 JIIOOON TOYKH
roposia B 00y apyryo. Jlokaszars, uro B HukutoBKe MOXKHO BBECTH OJHOCTODOHHEE
JIBUXKEHUE TaK, 9YTO U3 KAXKJIOM TOUKU ropojia yIACTCs [IPOEXaTh B JIOOYIO IPYTYIO TOUKY.

Pasznoboit

1.

B kBagpare 5 X 5 1Ba Urpoka UTPAiOT B KPECTUKU-HOIUKH. [1epBbIit UTPOK CTaBUT KPECTH-
KW, a BTOpoit — Hosuku. llesib mepBOro — mobuTHCst TOro, ITOOBI B KAKOM-TO U3 KBaIPATOB
3 X 3 crosimo xots 661 k KpecTukOB. [Ipu kakoMm HanbosbIIeEM Kk IEPBBI UTPOK MOYKET STOTO
nobuThbea?

B rpade crenens kaxkmoit Bepmmubl He 60sibiie 2018. Jlokaxkure, 9TO €ro pédpa MOKHO
packpacutb B 11 11BeTOB Tak, 4TOOBI pEOpa KarKJIOro IBeTa 00pa30BLIBAJIN JIBYIOIbHBIN

rpad.
Joxasxure, uto (2" — 1)(2" — 2)(2" —4)... (2" — 2" ') ngenurca Ha n!.

B nocnenosarensuocT# arn, a1 = 1, az = 2, a YUCJIO G, PABHO HAMMEHBIIEMY HATYPaJib-
HOI\{y ‘{I/ICJ’Iy, HE B3aMHO HpOCTOMy CQnpn—-1 4 eme HE BomegmeMy B II10CJICJOBATEJIBHOCTD.
Jlokaxkure, 4TO KaxKJI0e HATYpPaJbHOE YUCJIO0 BCTPETUTCS B 9TOU ITOCJIEI0BATEILHOCTH.

B 6ecKOHETHOI TIOCIEIOBATENBLHOCTH (Ty,) IEPBBINA WICH T1 — PAIIOHAIBLHOE TUCIIO, GOTb-

mee 1, U Tpy1 = Tn + ﬁ [IpY BCEX HATYPAJIbHBIX n. JloKaxkuTe, ITO B 9TOH MMOCTIEIOBA-

TEJIbHOCTH €CTh IEJI0€ YMCJIO.
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6. Koneynoe MHOXKECTBO TOUEK HA INIOCKOCTU TAKOBO, UTO JIFOOOI TPEYTOIbHUK C BEPIITUHAMHI
B 9TUX TOYKAX TYMOYTOJbHBIA. /loKazknTe, YTO K STOMY MHOXKECTBY MOXKHO JTOOABUTDH €IIé
OHY TOYKY TaK, 9TOOBI 3TO yCJIOBHE COXPAHUJIIOCH.

Ilopsinok pocrta

Jlemu ar0bam pewamsd 3adauu, KOmMopvle um He no niewy. JIas nux amo
eOUHCMBEHHAA B03MOHCHOCTD DACTU.

Hxanuu Pomapu

Bynem cauraTh, 9TO HMEEM J1€JI0 ¢ GECKOHEUHBIMHU BIIPABO HOCJIEA0BATEILHOCTIMHU, COCTOSIIIUMH
U3 TIOJIO’KUTEJIBHBIX BENIECTBEHHBIX YHCEN. By/IeM TOBOPUTH, ITO MOCJIEJI0BATEIBHOCTh {a;}
HamHo20 menvwe, geM {b; }, u obosHauars 910 {a;} K {b;}, ecan st H06GOrO MOIOKUTEIBHOIO
C cymecrsyer takoit mamekc n(C), aro npu i > n(C) Bemomaeno Ca; < b;. Amamormamno
ONPEJIENIAETCA HAMHO020 BOADULE.

ByﬂeM I'OBOPUTH, 9YTO IIOCJIEAOBATECJIBHOCTU I9KBUBANEHIMHDL, €CJIN CYyLIeCTBYyeT YNUCJIO C TaKoe,

4TO 1151 Beex i BbimosHserc & < ¢t < C. Byzem 310 obosnauaTh kak {a;} ~ {b;}.
i

1. (a) Ilycrs ecrs nBe nocienosarenbHocTH {a;} u {b;}. OGs3aTeNbHO 1M BBIIOJIHSIETCS]
uro-HuOyap u3 {a;} < {bi}, {ai} ~ {b:}, {ai} > {b:}7
(b) MoxkuO Jn BEIGPATH CIETHOE THCJIO MOCIIEA0BATEIBHOCTEH TaK, ITO JI00ast Apyras
10CJIE/IOBATEJILHOCTH HAMHOIO MEHbIIle KaKOH-HUOY/b U3 BEIOPAHHBIX !

2. Jamwb gsa muorownena P(x) m Q(x). Korma mocnemosarensaoctn P(n) u Q(n) sxBuBa-
JIEHTHBI?

3. (a) MHokaxwure, uto n® < 2™
(b) Hoxaxure, aro n'%%° <« 1,001™.

B 3azmavax 4-6 cpaBHUTE CJIeAyOLIHE TOCIeJOBATEILHOCTH ([IPUHUMAIOTCS JIIOObIe 4acTH-
HbIe Pe3YJIbTaThl).

4. 1.a —=nm 5 1l.a,=n" 6. 1.g.=[1.5n]
. n = )
" n— 2n)! |
B.cn=n""t 3‘in:(:') 3.1'”:(2”')-
— n . n!
dody = 1'+22+...4n 4 g = [15n) P
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CumMeTpuyecKne MHOTOYJIEHBI

Kax onu Mo2ym 6bims Mam pPa3A0HCEHDL 6 dpyZOM

nopaodre?
BoaMymiénnslit u”Tpok B Ka3uHO
Omnpepenenune. Muorounen P(z1,%2,...,Tn) HA3BIBAETCH CUMMEMPULECKUM, ECITA
P(z1,x2,...,%n) = P(To(1), o), -+ > Ta(n))
s jmoboit nepecranosku o : {1,2,...,n} — {1,2,... ,n}. Dremenmaproim CUMMEMPUECKUM
MHO2OUAEHOM CTETIEHU k OT IEPEMEHHBIX T'1, X2, . . ., Ly HA3BIBAETCS] MHOTOUJIEH
ex(T1,T2,...,&n) = E Ty Tiy * -+ * T -

1<i1 <ig<...<ip<n

B uacraocTH, €1(T1,%2,...,Tn) = X1 + T2 + -+ + Tn U en(T1,T2,...,Tn) = T1X2 -+ Tn. MbI
Tak>kKe CUMTaeM, u9To eg = 1.

Jst kparkoctu 6yeM o6o3HadaTh J1060it Muorowie P(z1,...zy) npocro P(T).

OcuHoBHas TeopeMa O CUMMETPUYIEeCKUX MHOI'o4JieHax

Msuorowien P(x1,Z2,...,%yn) C HEABIMUA KOIDMOUIMEHTAMY SIBJISIETCS CAMMETPUYECKUM TO/IA U
TOJIBKO TOT/Ia, KOT/Ia HANIETCsl TaKOi MHOTOWIEH Q(Y1, Y2, - - - , Yn) C HEIbIME KO3bDdDUIIMEHTAM™Y,
9TO

P(@) = Qe1(T), e2(T), - . ., en(T)).

Omnpepenenue. s crpouek o = (a1,a2,...,a,) 1 = (b1,b2,...,by), rme a; u b; — HEOT-
pUIIATEIbHBIE TIeJIbIe YUCTA, OYIeM TOBOPUTH, 9TO ¢ OOJIbINE [ B JIEKCUKOTPa(UIeCKOM II0-
psigke u nucath « > [, eciim o # B u a; > b; JJIsi HAUMEHBIIEro ¢, TAKOIrO 4TO a; 7 b;.

(a) Ilokaxkwure, 9TO Jjisi @ # [3 BBIIOJIHEHO POBHO OHO U3 yCaOBUi o >  u > «.
(b) Ilokaxwure, uro o > fu B v = a > 7.

(c¢) Tokaxkure, uto a = Bua’ = 3 = a+a’ = f+ B (cnoxenne o u f npousBoaUTCA
IIOKOMIIOHEHTHO)..

1. JlokaxkuTe, 9TO He CyIIECTBYeT TaKoil GECKOHEUHOII mocsenoBarenbHocTH {Qy, }, 9TO Q1 >
Qa2 > ...Qp > ....

Omnpepenenue. /g maorounena P(x1, Tz, . .., Tn) capwetl cmenensio HA3bIBAETCA HAN-
GoJIbIast B JIEKCUKOTPAdUIECKOM MOPAIKE CTPOIKA & = (a1, a2, .. .,dn), TAKA, ITO OF-
HOwIeH z1'x5? ... 0" BxoquT B P ¢ HeHy/eBbIM KO3 DUIMEHTOM.
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(a) [okaxwure, 9TO CcTapias CTENeHb MHOrowIeHa P(@Q paBHa CyMMe CTapIieil CTeleHn
MHOTOYJIeHa P U crapiieii cTereHn MHOrowieHa ().

(b) Ilycre o = (a1,a2,...,an) — CTapiIas CTENEHb CAMMETPUYECKOIO MHOrOWIeHa P.
Jokaxkure, 4TO a1 = G2 = ... = An.
(c¢) Hycre a = (a1,a2,...,an) W a1 = a2 = ... > an. [lokaxkuTe, 9TO T4 CTPOIKA

ABJIACTCA CTapIHefI CTEIIEHBIO MHOI'OYJICHAQ

T)" T 2ey(T)TM L en—1(T)" T e (T) .

el (T

(d) dokaxkuTe OCHOBHYIO TEOPEMY O CUMMETPUYECKUX MHOTOYJICHAX.

Jlokaxkure, 4TO CUMMETPUYECKUIT MHOIOYJIEH OT IEepPeMEHHBIX h1 = T1x2 + T3x4, ha =
T1T3+T2T4 U hs = T12X4+T2T3, ABISIETCS CAMMETPUIECKUM OT IEPEMEHHBIX X1, T2, T3, T4.

Ecte MmuOrOwIEH ¢ parmonansasivu koaddurnmentamu. Jlokaykure, 9To 1000 CHMMETPH-
YECKHUII MHOTOYJICH C PAIMOHAIBHBIME KO3 unmenTamMmu oT ero (KOMILUIEKCHBIX) KOPHEH
€CTh PallMOHAJIbHOE YHUCJIO.

®opmyaa Herorona. Ilycrs Sy (x1, T2,...,%,) = oF + a5 + ... + k.
k—2 k—1
Sk:015k71—025k72+-~~+(—1) 0')@71514—(—1) koy.
IIpu sTom MBI canTaeM, 4To 1pu i > n, 0; = 0.

(a) Hoxaxwure sty dopmyiy npu n = k.
(b) okaxwure 3Ty HOPMYITy IpU TPOU3BOIBHBIX N U k.

CrerneHb TOYKU, paJUKaJbHbI€ OCU U N>Ke C HUMU

A padukanbho Mwicar0, HO KOHCEPBAMUBHO JeTUcmEYy1o.

X. Parepdopx

Onpe,qe.neHI/Ie. Cmenenvro mouxu A omuocumesvho OKPYIHCHOCTU W HA3BIBACTCHA BEJIMINHA

d? -

R?, rie d — paccTosiHEE OT TOYKHU [0 IIEHTPa OKPYYKHOCTH, a R — Pauyc OKPY?KHOCTH.

Omnpenesnenue. Padukarvhotl 0cvb1o IByX HEKOHIIEHTPUIECKUX OKpYy2KHOCTEl HasbiBaeTcss ' MT,
JIJ7IsT KOTOPBIX CTEIIEHN OTHOCHUTEJBHO JBYX JAHHBIX OKPYZKHOCTEH PaBHBI.

Omnpegnenenune. Paduxaivhoim yenmpom TPEX OKPYKHOCTEH, MEHTPBI KOTOPHIX HE JIEXKAT Ha
onHO# npsiMoit, HasbiBaeTcsa I'MT, 11 KOTOPBIX CTeleHH OTHOCHTEJBHO TPEX JAHHBIX OKDPYZK-
HOCTEH paBHBI.

1.

Hana mepaBHObOKas Tpanermus ABCD. Touka A1 — 3TO TOYKa IepecedeHus OMMCAHHOMN
okpyzkHOCcTH Tpeyrosbauka BC'D ¢ npamoit AC, ormuynast or C. AHAJIOrUYIHO Ompe/ie-
ssriorest roukn By, C1 m D1. Jdokaxkure, uro A1 B1C1D1 — Toxke Tpanenus.
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Ha croponax AB, BC' u AC tpeyrosbuuka ABC Boibpanst napst Touek (X,Y), (Z,T) n
(U, V) coorBercrBenno. Oka3anoch, 4To derpipexyroabauku XY ZT,

ZTVU n XY VU Buuncannsle. lokaxknute, uro mectuyroabauk XY ZTUV toxe BOoucaH-
HBIN.

Teopema ITackaussi. Ha okpyzkuoctn ormedenst 6 Ttouek A, B, C, D, E, F. ABu DE
nepecekatoTcs B Touke Y, BC' u EF mepecekatorcs B Touke Z, C'D u F'A nepecekarorcst
B Touke X. [Ipamaa XY mepecekaercsa ¢ onmmcaHHO# OKPYKHOCTBIO TpeyroapHuKa BEY
B TOUuKe RR.

(a) Hokaxwure, uro Ttouku R, F, E, X nexar HA OIHON OKPY>KHOCTH;
(b) Hdokaxwure, uro Ttouku R, B, C, X jexkar Ha OIHON OKPYKHOCTH;

(c¢) Hokaxwure, 9To TOUKa Z jeXuT Ha npsamoil RX (to ectsb, Toukn X, Y u Z nexar
HA OJHOI IPSIMOIA).

Ha memunane C'D Tpeyrosbauka ABC ormedena touka E. OkpyzKHOCTBH S1, IPOXOsi-
masi gepe3 Touky F u kacaomasicsa npsmoit AB B Touke A, mepecekaer cropony AC B
touke M. OkpyKHOCTb Sz, nMpoxojsimas 4epe3 Touky F u kacawomasica npamoil AB B
Touke B, mepecekaer cropony BC' B Touke N. JlokaxkuTe, 9TO OnMmMcaHHAs OKPY?KHOCTb
rpeyrosbanka C' M N kacaercs okpyzkHoOcTel S1 u Sa.

B ocrpoyrosibaom Tpeyronbuuke nposesu Boicotbl AA;, BBy, CC1. Ilapsl npsambix AB
u A1B1, BC n B1C1, AC u A1C nepecekaioTcss COOTBETCTBEHHO B Toukax M, N, K.
Hokaxkure, uro Touku M, N, K jexxaT Ha OJHON IPIMOM.

IIpu moMoIy MUPKYJIsl U JIMHEAKU TOCTPONTE OKPY?KHOCTH, KacaTe/bHbIe K KOTOPOW 3
TpéxX maHHbIX ToueK A, B, C 6buL1H ObI paBHBI TPEM JAHHBIM OTPE3KaM: a, b M ¢ COOTBET-
CTBEHHO.

Brimcannas okpykuoCTh (¢ mentpoM B Touke [) Tpeyrombauka ABC kacaercst CTOpOH
AB, BC u AC B toukax Co, Ao u By, coorBercrBenno. [Ipsmas BI nepecekaer AoCo
B Touke K. JlokaXuTte, 9TO HEHTP OIMMCAHHON OKPY2KHOCTU Tpeyrojbauka BK By jgexuT
Ha mpsamoii AC.

Pa3Ho060i1 110 Teopun 4mceJt

1.

3anem anuzpadul K pasnoboam, 6ol we

A. 1. TomoBanos

Hoxkaxkure, aro aucio 1997!! + 1998!! nenmres na 1999. Hanomumm, uro (2n)!! = 2n X
Cn—-2)x...x2u(2n+ D =2n+1)x (2n—1) x ... x 1.

JlokaskuTe, 9TO AJIs KAZKIOTO IPOCTOTO P IEI0E UUC/IO &, TAKOE UTO T2 — & + 3 IenTcs Ha
P, CyIECTBYET TOIJA ¥ TOJIBKO TOIJIA, KOIJA CYLIECTBYET TAKOE LEJIoe ¥, uTo y2 — y + 25
JIeJIATCS Ha P.
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3. [Ilycrb p — npocroe aucio. Jlokaxkure, 9To Bee npocTeie geguresn ynciaa pf — 1 u 6osbime
P JAIOT OCTATOK 1 TIPU JIeJICHUH HA P.

4. Haiinure Bce npocrbie p u q Jyist KoTopbix 5P + 57 nenurcs Ha pg.

5. Ilyctb p > 3 u umeer Busg 4k + 3. /lokaxkure, 9TO BBIIOJIHEHO CPaBHEHUE:

<1%1>! =(-1)V (mod p),

rae N — 9HCII0 KBAJPATHIHBIX HEBBIYETOB TI0 MOJIYIIO P, JexKamux Mex Ty 1 u 5.
6. Jlokakure, 4TO J|jIs KayKJIOI0 HATYPAJILHOrO yucia n aucio 3" — 2" He gesnrcsd Ha n.

7. Harypanbnable uncia a u b TakoBbl, o 2a — 1, 2b— 1 1 a — b — npoctbie. Jlokaxxurte, 9T0
uu a’ + b%, Hu a® + b° He messTcs Ha a + b.

8. Brrumciure cymmy

p—2

> () (5

Pa3no000ii 1o KOMIJIEKCHBIM 4YMCJIaM

All this sounds pretty damn complex.

Snoop Dogg

: 55 : 5
1. Jokaxure, uro Muorowrer % + 2°° + z** + %% 4+ 222 + 2 + 1 nenurcs va 2% + 2° +
4+l 41

2. Brramcinre cymmy [-x creneneit KopHeit n-it cremenu u3 1, rie |, n — HaTypaJbHbIE YHCIIA.

3. Ilycrs z, y ¥ z — KOMILIEKCHBIE YHCJIA, JIsl KOTOPBIX BBINOJHEHO |z| = |y| = |z| = 1.
Haiinure
rT+y+z
xy +yz+zx|’

4. Muorounen %1% 4 4?°'® pripazuiu yepes ocrosnbie cuMMerpuueckue, Kax P(xy, x 4 y).
Haitmure cymmy xosddurmentos muorowiena P.

5. Ilyctp n — meuérHOE HaTypaabHOE YUCO. /loKaxkuTe, 9TO

1—1

2
H (5—4cos@>.
n

k=1
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N3zoronanbHoe cormpsizkeHue

Jla, Mo menepv opuyuasvto Hadveaemcsa “Kongarore”,
nomomy wmo max kpacusee, yem “Conpasicerue”.

Koponesa deit

Onpenenenne: /IBe UeBHaHbl HA3BIBAIOTC U3020HAADHbLMU, €CIIN BBIXOJAT U3 OJHOIO yIVIa U
CAUMMETPUIHBI OTHOCUTEIBHO OMCCEKTPHUCHI 3TOTO YIJIA.

Omnpenesnenune: Touka N Ha3BIBACTCS U3020HANDHO CONPAANCEHHOU IJist TOYKU M B TPEyroanb-
uuke ABC, eciu mosiydaeTcs Kak MepecevdeHue MPsSMbIX, U30MOHAJIBHBIX npsaMmbiM AM, BM u

CM.

Onpe,qe.neHI/Ie: HpHMaSL HU30rOHaJIbHasA MeJuaHe TPEeyroJIbHUKa, Ha3bIBa€TCA cumeduaroti 3To-
T'O TpeyroJIbHUKa.

1.

(a) Jokaxkurte, 9T0 cUMeIMAHA AEJIUT TPOTUBOIOJIOKHYIO CTOPOHY TPEYTOJbHUKA B OT-
HOIIIEHUH, PABHOM OTHOIIIEHUIO KBaJIPAaTOB OOKOBBIX CTOPOH 3TOTI'0 TPEYTOJbHUKA.

(b) Touka Jlemyana. /lokakute, 9TO TpU CUMEIMAHBI TPEYTOJHLHUKA IEPECEKAIOTCA B
OIHOM TOYKE.

Touka P nexwur BuyTpu Tpeyronbuuka ABC. Touku P,, P, u P. cuMMeTpUYHBI TOYKE
P OTHOCUTEJIbHO MOHSITHO KaKUX CTOPOH TPeyrojibHUKa. Touka () — IEHTP ONMUCAHHON
OKPYKHOCTHU Tpeyroiabuuka P, P, P.. Jlokaxkute, 970 TOUkn P u () M30TOHAJBHO COMpsI-
2KEHBI B 9TOM TPEYTOJIbHUKE.

(a) Hdokaxkure, 94TO €CIM TOUYKA JIEXKUT HA ONUCAHHON OKPY’KHOCTH, TO /Il HEE He Cy-
IIECTBYeT MU30IOHAJIBHO COIPSI?KEHHOMU.

(b) Hoxaxkure, 9r0 st JIF0GOH JPYToil TOYKU MOMKHO IIOJIyYUTh U30IOHAJIBHO COLPSi-
2KEHHYIO, UCIO/Ib3yd aJITOPUTM 3aJadd 2.

Onpenenenne: Toukoit Toppudesuin Tpeyrosbunka ABC HasbiBaercs Takas Todka 1,
YTO BCE CTOPOHBI BUIHBI U3 Heé 1o yriioM 120°. Touka, H30roHAJIBHO CONPSIXKEHHAS TOYKE
Toppuuesuiu, Ha3BIBAETCA TOIKON AMOJLIOHUS.

B rpeyronbunke A BC Hanuiach Takas To49ka 1', YTO BCe CTOPOHBI BUHBI U3 HEE [10JT YIJIOM
120°. Eé orpasuin cMMMETPUIHO OTHOCUTEIHBHO CTOPOH Tpeyroibauka A BC u nosrydnim
touku Ty, Ty u T,.. Touka T’ — 1eHTp omMCcaHHOH OKpy»HOCTH TpeyroiabHuka 1Ty TyTe,
a Touku Ta, Ts u Tc nomyuaioTces, ecau T’ OTPasUTh CHMMETPHUTHO OTHOCHTEILHO CTOPOH
tpeyrosibanka ABC.

(a) Hoxaxure, uto T u T’ — W30rOHATLHO COMPSI?KEHBI OTHOCUTETBHO TPEYTOJbHUKA
ABC.

(b) Hoxaxwure, aro T' — 1EHTD ONUCAHHON OKpy:KHOCTH TpeyroabHuka TaTpTc.

(¢) Hoxaxwure, aro Tpeyronbuuk 14TpTc — NpaBUIIbHBIIL.

(d) Hokaxwure, aro Toukn T n C' M30TOHAIBHO CONPSZKEHBI OTHOCUTEIHHO TPEYTOJThb-
muka T AB.

(e) Hokaxwure, uro npsamble, cummerpuanbie npaMmbiM AT, BT u CT orHOCHTENIBHO
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npambix BC', CA u AB cOOTBETCTBEHHO, IIEPECEKAIOTCH B OIHON TOUKE.

Jlokaxkure, 9TO PACCTOSIHUSI OT TOYKU AIOJUIOHWS [I0 BEPIIUH TPEYrOJbHUKA OOPATHO
IPONOPIMOHAJIBHBI IIPOTUBOJIEZKAIIIM CTOPOHAM 3TOI'0 TPEyTrOJIbHUKA.

Kacarenbuble Kk onucanHoit okpyzkHOCTH Tpeyroiabanka ABC B Toukax B u C nepeceka-
forcs B Touke P. Touka () cumMmerpudsa Touke A OTHOCUTENBHO cepenuHbl oTpe3ka BC.
Hoxkaxkure, 9To TOUkn P n () W30rOHAJIBHO CONMPSI?KEHBI.

JokakuTe, 9TO IPU HU30TOHAJBLHOM COIPSIKEHUN OKPY2KHOCTH, IIPOXOJSINas depe3 Bep-
muHbl B n C' v omnygHasi OT ONMCAHHON OKPY?KHOCTH, IIEPEXOJUT B OKPY?KHOCTH, IIPOXO-
Hstinyto depe3 Bepmunbl B u C.
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BTOpa.SI IIATN JHEBKA

KBanparunuHsblii 3aKOH B3aMHOCTU

Keadpamuunoi 3axon e3aumnocmuy ecmecmeenio obobwaemcsa 1a
cumgonvt Hxobu, 2mo no3soasem Yckopumsd HATONHCOEHUE CUMBOAG
Jlesrcardpa, nockoavky 6osee ne mpedbyem nposepru Ha MPOCMOMmy.

Bukuneans
1. Ilycrs umciao p — mpocroe.
—1
(a) Hoxaxwure, aro ecim p = 8k & 3, 10 2" =1 (mod p).
Vraszarue. Ilocmorpure, BO 4TO mepeiIyT OCTATKH (1, 2,..., ”7_1) IPY YMHOXKEHWH Ha 2.
Kak n3menurcs ux npoussejieHue?
—1
(b) Hoxaxwure, aro ecimu p = 8k + 1, 10 2" =1 (mod p).
(c) Hokaxwure, 9T0o
2 2-1
(7> - (_1) p o
p
2. KBsagpaTu4HbIil 3aKOH B3AaUMHOCTH. p > 2 — IPOCTOE, G / P.
(a)
p—1
2 2ax
<g> — (_1)121{ P ]
p
Yxasarue. IlocmoTpuTe, BO ITO mepeiiayT OCTaTKU (1, 2,..., prl) IpU YMHOXKEHUH HA G.
Hayuurecs ormmuars ciyqait ax € {1,2,...,(p — 1)/2} or uporusHoro.
(b) Ecnu a neuéruo, To (2—“) = (M)
P P
(c¢) Ecnu a veuérHo, TO
p—1

(d)
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€CJIM P U ¢ — TPOCTBIE HEYETHBIE TUCIIA.

3. Ilpo marypasbHbe aucaa a, b, p, THe p — IPOCTOe, H3BECTHO, uTo a” + b2 = p. JlokaxkwuTe,
9TO @ — KBaJPATUYHBIA BBIUET [0 MOJLYJIIO P, €CJIU
(a) a — megerHoe TpoOCTOE;
(b) a — nmeuerHoe.

15
4. Haiigure HauMeHBIIUN TPOCTON AEJUTESH UUCTIA 12277 + 1.

n
5. Ilycrs k = 2% 41 17151 HEKOTOPOTO HATYPAJIBHOTO N. JIOKasKUTe, 9TO k SBIISETCS TPOCTHIM

k—1
TOIJIA U TOJIBKO TOIJIA, KOorja k — jmesuTesb ducia 3 2 + 1.

6. Harypanbhble uncia a,b, ¢ B3alMHO IPOCTBI B COBOKYITHOCTH, 1 BBIIOJHsAeTCA o’ — ab +
b? = ¢?. JIokaxKuTe, 9TO BCE MEJUTEN HHCIa ¢ UMeoT Bux 6k + 1.

7. Haiigure Bce mpocrbie p Takue, 9To p! + p — TOYHBIN KBaJpar.

8. Jlokakure, 4TO JIFOGON HEUETHBIN JeJUTeIb Yncia Buaa 5k? + 1 umeer uérayio nudpy B
pa3psae IeCITKOB.

Css3HoCcTh TpacdoB

zrz: B Kpemae nocae 66160pos cepveduie
nepecmarnosxu. Tenepv Kaxmyc cmoum cnpasa om
exoda.

https://bash.im/quote/415939

Onpenenenne: Bepruna v cBa3Horo rpada G Ha3BIBAETCS MOUKOU COMAECHEHUA, €CIIA IPH
yaaseHnn BepiuHbl v rpad G TepsieT cBA3HOCTH. ['pad G Ha3bIBaeTCH 068YC68A3HIM, €CI OH
CBsI3€H U COXPAHSET CBIA3HOCTD IIPU YAJEHUM JIIOOOH BEpIINHBI.

Omnpepnenenune: baokom cBazHoro rpada G Ha3BIBAETCST MAKCUMAJIBHBIN IO BK/IIOYEHUIO JIBY-
cBa3HbI noarpad rpada G.

1. B rpade G xors 661 Tpu BepmmHbl. JloKaXkuTe, 9TO BEPIIMHA ¥ — TOYKA COYJIEHEHUSI
TOr/Ia U TOJIBKO TOIJIa, KOIJia CYIIECTBYET Iapa BEPIIVH U U W, JJisi KOTOPBIX JIIOOOH 11y Th
73 U B W IPOXOJUT Yepe3 v.

2. Ilycts G — cBasubliil rpad, a B1 u By — aBa pa3ianyHbIX 0JI0Ka 3TOoro rpada. Torma
b
MHOKECTBa BEPIINH OJIOKOB B1 u B ub0 He TIepeceKaroTcst, JTUO60 B MEPECeYEHUN NMEIOT
POBHO OJIHY BEPIINHY, SIBJISIFOILYIOCS TOYKON COUICHEHNS.

Onpepnenenune: I[lycry By, ..., B, — Bce 60ku cBsizuoro rpacda G, a ai,...,dm — BCE TOU-
ku cowrenenus rpada G. Ilocrponm depeso 6a0k06 u mouek couaenenus B(G) ¢ Bepmmua-
vmu Bi,...,Byn,a1,...,am, B KOTOPOM BEpIIUHBI a; U B, coequHeHbl peOPOM TOIa U TOJILKO
TOTJIa, KOT/Ia TOYKA COYJIEHEHUs @; SBJISETCS OIHOM M3 BepuiuH 6JsioKa Bj.
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3.

Hoxkaxkure, 9TO AepeBO BJIOKOB M TOYEK COUIEHEHHs CBSA3HOTO rpada JEHCTBUTEIBHO SIB-
JISIETCS JIEPEBOM, IIPUYEM BCE €ro BUCSYHME BEPIIMHBI COOTBETCTBYIOT GJIOKAM.

Onpenenenue: rpad Ha3bIBAETCS KAKTYCOM, €CJIM JIIODOOE ero pebpo JIe2KUT POBHO B OJIHOM
IIPOCTOM ITHAKJIE.

4.

(a) Jokaxwure, 910 BCe BJIOKM KAKTYCa — IPOCTHIE IUKJIBL.
(b) Hokaxkwure, 9T0 ecau B CBA3HOM rpade 6e3 MOCTOB BCE TPOCTHIE UKl HEIETHBIE —
9TO KAKTYC.

Teopema Menrepa. I'pad gBycBsi3eH TOrjila M TOJBKO TOTJA, KOTJA JIIOObIE JIBE BEPIIMHBI
Jieykar Ha IpocToM nukie. Mo, kak obviwno, dokasicem Hewmo boavusee.

5.

JIokaxkuTe PaBHOCUIHLHOCTD CJIEAYIONUX YCJIOBUIA:

e rpad AByCBaA3EH;

e n06ble JiBe BEPIIMHBI IPUHAJJICXKAT IIPOCTOMY IHKILY;

e robast BepinHa U pebpo MPUHAJIEIKAT ITPOCTOMY ITUKJTY.
JlokaxkuTe paBHOCUILHOCTD CJIEYIONUX yCJIOBUIA:

e rpad JBYCBsA3EH;

e Jno6ble /1Ba pebpa IPHUHAJIEXKAT IPOCTOMY IHMKJIY;

o JJIsL .HIO6BIX JABYX BEpPHINH 1 pe6pa cyuaiecrByer HpOCTaH IIellb C KOHIIaMHU B 3TUX
BEpIINHAX, [IPOXOJISAIIast Yepe3 3To pedbpo.

JlokaknTe paBHOCHIBHOCTD CJIEAYIONUUX yCJIOBUIA:
e rpad JABYCBsI3€H;

e is JIIOOBIX TPEX BEPIIWH CYIIECTBYET I€Ib, COEMHSIIONAsl EPBbIe B U3 HUX U
TPOXOJIAIIAsT Yepe3 TPETHIO;

® JIs JTIOOBIX TPEX BEPIINH CYIIECTBYET IEb, COeIUHSIONAs IePBbIE IBE U3 HUX U HE
MIPOXOJSIasl Yepe3 TPETHIO.

B crpane 100 roposioB, COeIMHEHHBIX JIPYT € APYIOM JIOPOraMU TaK, YTO JAXKe €CJIU JIIO-
60oit ropos; A 3aKpoeTr BCe JIOPOr'H, BBIXOJAIIME U3 HEro, TO M B 9TOM CJIydae U3 JI0O0ro
rOpoOJIa MOXKHO OyJIET IpoexaThb B JII0G0H Apyroil (He camTas, KOHEIHO, caMoro ropoga A).
HokarkuTe, 9TO CTPAHy MOXKHO pa3bUTh Ha JBa CYBEPEHHBIX TOCYIAPCTBa, Mo 50 ropomos
B KaXKJOM, TaK, YTO B 000MX IOCYJapCTBax U3 JIOOOr0 Tropojia MOXKHO ITPOEXaTh B JIIOOOM
JIPYTOMA.
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IlonsipHoe cooTBeTCTBUE

Kax 6 o0HoMm uesosexe MOHCEM NOMECTNUMDBCSA CMONDKO zpycmu?

A. Tonsipusriii, “Cka3ka o camoyouiicrse”’

Omnpepnenenne: Touku A u B HA3BIBAIOTCS CONPSZKEHHBIMEI OTHOCUTEIBHO OKpy2kHOCTH W(O, R),

ecJm ﬁ-@:RQ.

1.

JIoKarKuTe, 9TO MHOYKECTBOM BCEX TOYEK, CONMPSYKEHHBIX C JIAHHONW TOYKONH A OTHOCHUTEH-
HO OKPY?KHOCTH W, siBJIsieTcd npsiMasi B By, nepnenaukysisipaas npsamoit O A. Dra npsimast
HA3BIBAETCST NOAAPOT, TOYKH A OTHOCUTENIbHO JIAHHON OKPYKHOCTH w. Touka A 1mo oTHO-
[IEHUIO K CBOEH IOJIApe HA3bIBAETCSI ITOJIFOCOM TOH IMOJISPHI.

JTokaxkuTe, 9TO €C/id TOUKa B JIeKUT Ha mojsape a To9ku A, To Touka A JIesKUT Ha MOJIApe
b Trouknu B.

Jokaxkure, YTO €CJIM TPU TOYKH JIEZKAT HA OTHON IPSIMOM, TO UX IOJSIPbI IIEPECEKAIOTCS
B OJIHOI TOYKe.

(a) IIycrs Touka A Je:KUT BHE OKPYKHOCTH w. JIOKaxKuTe, 9TO €€ MOJsApa — TO IpsAMasd,
COEJIMHSIONIAs TOYKU KACaHWUs KacaTeJbHBIX K W, IPOBEAEHHBIX U3 TOUKN A.

(b) Ilycrs CD — nuamerp okpy»kHOCTH W, nepueHukysipubiit OA. Ilycrs ACNw = P,
PANOA = B. Jlokaxkure, 4T0 NpsMasi, NpoxXosdinas depe3 B nepnengaukyiasapuo OA,
siBJisieTcs noJisipoit O A.

(¢) MKLN — BrnucanHbIil 9eTBIPEXYyTOJbHUK. A — TOuka nepecedenus upamoix M N u
K L. B— touka nepecedenus quaronasieit MK n N L. lokaxkure, 4ro A u B conpsizKeHbI
OTHOCHTEJIbHO OKPY2KHOCTH W.

JlaHa OKpY>KHOCTH W TOYKa A, He jexamas BHYTpH OKpyKHOCTH. C IOMOIIBIO OIHO
JINHEHKY ITOCTPONTE KACaTeJIbHYIO K OKPY?KHOCTH B TOUKE A.

CdopmymupyiiTe n goKaxKuTe ABONCTBEHHYIO TeopeMy K Teopeme [lackasis.

Jan onucanubiit yerbipexyroibauk ABCD. Ero Buucannas OKpy>KHOCTh KACA€TCs CTOPOH
AB u CD B Toukax M u N. Jlokaxure, uro upsimpie AC, BD u M N nepecekaiorcsi B
OIHOI TOYKe.

Yerbipexyronbank ABC D Brnucan B OKpy:KHOCTb w ¢ mneHTpoMm O. Ilpsamble AB u CD
nepecekarorcs B Touke E. Onmcannsie okpy2kuoctu TpeyroiasHukoB AOD u BOC' nepe-
cekaroTcst Bropoit pa3 B Touke K. Ilpsmas EFK mepecekaer okpyxuocth BOC' BTOpDOIit
pa3 B Touke P. [lokaxwure, yro PC kacaerca w.

Yeroipexyronbank ABC D — snucauubiii. [Ipamas AB nepecekaercs ¢ CD B Touke E,
F — rouka nepecedenus: guaronaseit. OnucaHHble OKPYKHOCTH TPeyroJbHUKOB AF D u
BFC nepecekaiorcs B Touke H. Tokaxkure, uro ZEHF = 90°.
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Ilomuaora R

Axcuoma HeIIpepbIBHOCTU NJIM aKCHOMa ITOJIHOTBI
VY BCsikOTO OIPaHUYIECHHOTO MHOZKeCTBa €CTb MoYHaA 8EPTHAA 2PAHD.

Onpenenenne. Yucso s Ha3bIBaeTCA 6eprHell 2panbio MHOXKeCTBa A, ecu ist jiioboro a € A
MMeeT MECTO HEPABEHCTBO a < S.

Ecmn, B1o6aBok, HUKaKOe YUCJIO, MEHBIIIEE S, HE SBJIAETCH BEPXHEH I'PaHbIO, TO YNCJIO S HA3bI-
BaeTCA MOYHOU 6EPTHET 2PAHDBIO.

Onpepenenne. IocnenosarensrocTts {ay }he | HasbBaeTcs Pyndamenmasvrot uma cxodauwed-
ca 6 cebe, ecm Ve AN Vni,ng > N : |an, — an,| < €.

1. Jlokakure, 4TO JIIOOAsT CXOISIIASICS TTOCIEI0BATEHLHOCT (PYyHIAMEHTAJbHA.

2. Jlokakure, 4TO CJIeIyIOIIME YTBEPXKIEHUsI PABHOCUJIbHBI AKCHOME ITOJTHOTHI:
(a) JIwobast orpaHnUeHHas BO3pACTAIOMIAs [IOC/IE0BATEIBHOCTD UMEET IIpeJIell.
(b) JIobast moc/ie10BaTEILHOCTD BIIOXKEHHBIX OTPE3KOB MMEET OOILYI0 TOUKY.

(c) Jliobasa dyHmamMeHTAIbHAS [IOCIEA0BATEILHOCTD UMEET IIPEJIEL.
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TpeTbﬂ IIATN JHEBKA

JlemMa 00 yTOYHEHUM ITOKa3aTeJIs

OGosuauenue. /Ijisi HATYPAJLHOTO YHCIA T U TIPOCTOTrO p GyneM ob6o3HadaTh depes3 ord,(n)
CTEIICHb, B KOTOpOfI P BXOOUT B v B Pa3JI0O2KEHUU Ha IIPOCTHIE MHOXKUTEJIN. STO 9HUCJIO HA3BIBAIOT
CTEII€Hb BXOXKJICHUA IIPOCTOrO P B YUCJIO N.

JlemMma 06 yTouyHeHuu nokasaresisa (iemma Iensess). Ijs npocToro p, nensix a u b, He
KPaTHBIX P U HATYPAJILHOIO 1 BBIIOJIHEHO paBeHCTBO ordy(a™ — b") = ordp(a — b) + ordp(n),
€CJIM BBIIOJIHSETCS. OJJHO U3 YCJIOBUIi:

1) p # 2,0rdy(a — b) > 0;

2) p=2,ordy(a—0b) > 1.

1. [Ioka3aTesbCTBO JIEMMBI.
(a) Hoxaxwure, aro ordy(a? — bP) > ord,(a — b);
(b) Hdokaxkure, 9T0 OPH S, HE KPATHOM D, BbInosHsiercs ordy(a® — b%) = ordp(a — b);
(¢) Hoxaxure, aro ordp(a™ — b™) = ordp(a — b) + ordy(n);
(d) Hoxaxwure, aro upu p > 2 ord,(a” — b”) = ord,(a — b) + 1;
(e) Hokaxwure JIOVII mua ciyqas p > 2;
(f) Hoxaxwure JIOVII yyst ciyuas p = 2.

2. okaxxure, 4To npu 4€THBIX N, ecau ordz(a — b) = 1, 1o ordz(a™ — b™) > 1 + ordz(n)

3. B kakoii crenenu 5 BXOJUT B Pa3JIO2KE€HNE Ha IIPOCTbI€ MHO2KUTEJIN YHCJIa
(a) 310000 _ 210000; (b) 310025 + 210025?

4. Jlokaxkwure, 9TO 2 SABJISIETCS MEPBOOOPA3HBIM KOPHEM II0 MOIIYJTIO 3k,

5. Yucaa Hosaka. Jlokaxkure, 9o Takux Harypaibueix N, aro 2V 4+ 1 kparuo N, Gecko-
HEYHO MHOTO.

6. Pemmre B HaTypaJIbHBIX Ynciax ypasHenne 3% = 2%y + 1.

7. Haiigure Bce 4eTBEpKH HATYPAJIbHBIX wmcels (n;k;p;x), Ay KOTOPBIX © > 2, n > 1, p
mpocroe u " = p¥ + 1.

8. (a) Kaxkoe mambosbIee InucyIo Hyseil MOXKeT OBITh CPEJH MIECTH MOCTIETHAX TUdDD TUCITA
2™ mys n > 1007
(b) Hokaxwure, uro jjis aoboro k > 1 maiinérca Takas creneHb ABOHKH, 4TO cpenu k
nocsieiHUX €€ nudp He MeHee ITOJIOBUHBI COCTABJISIOT JEBSITKY.
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IIpenesnbr u npeaeabHbI TIEPEXO/]

=8 T — =51 —5H

Anekgor

IIpoBepbTe 1O OmIpeesIeHNI0 IpeJesia II0CJIEeI0BATENBHOCTH, UTO YHUCJIO D HE SABJISETCS
IIPEJIEJIOM IIOCTIEJOBATEILHOCTU Ay, = %, rae s(n) — cymma nudp uncaa n, a k(n) —
KOJIMYECTBO UMD B JECATUIHON 3AITUCUA YUCTIA 7.

Iocnenosarenbroctu {an baeq U {bn}ne1 UMeIOT Ipesensl a u b, coorBercrBenHo. JJoka-
JKWTe, ITO

(a) ecsm ;s HEKOTOPOTO € IPU BCEX T BBIIOJHEHO Ay 3> C, TO G = C.
(b) €CJIU TIPU BCEX 7 BBIMOJHEHO y = by, TO a > b.
(c) Yro MOXKHO CKa3aTh, €CJIU Gn > bp?

Teopema o aByx munnuruoHepax. [locienosarensuocta {xn}, {yn} u {2zn} Takossr,
9TO Ty < Yn < Zn AL BeeX n. TakiKe CyIeCTByeT Takoe Iucio [, 9ro

lim z, = lim 2z, =1[.
n— o0 n—oo

Hokaxkure, yro lim ¥, Tak>ke CyIIeCTByeT U paBeH [.
n—oo

Joxazkure, 9T0 1106231 OrpAHUIEHHAs YUCIIOBAs [IOCIIEA0BATELHOCTD {dy } UMEET TOANo-
CJIEI0BATEIBHOCTD HOMEPOB Nj;, YTO MOCJIEOBATENBHOCTD {Gr, } — CXOIUTCHL.

Haiiure nipesen mocie1oBaTeIbHOCTH G = ﬂ, Ant1 = V2 + an.

Ha skpane KaJabKy/sTopa Hanucato duciao ¢ > 0. Ilersa naxxumaer KHOIKE X, 4, v/+, v/ B
TAaKOM IOpsiziKe (IOCJIe ITOCJIEIHEro /- OH HaXKUMaeT CHOBa X, M Tak JaJjee). B Kakoi-To
MOMEHT YHCJIO Ha 9KPaHe [1epecTasio MEeHSThCsl IIOCJIe STO 4eTBEpKYU HaxkaTuil (IoroMmy
9TO SKpaH KOHedeH). K dWeMy CTPEMUTCsI 9TO 9YHMCJIO IPU yBEJIWIEHHH UHCIIAa Pa3psilioB
KaJIbKYJIATOpa?

Mertoz I'epona. [IpubinkenHoe n3Biedenrne KBaIPATHOTO KOPHS M3 YUCJIA T OCYIIECTB-

JISETCS TAK: BLIOUPAEM HAYAJIBHOE MIPUOJIMZKEHHE 41 A /T U CTPOMM IIOCJIEIOBATEIHHOCTD
an+ 2
ap+1 = —5**. JlokaskmuTe, 9TO TIPH TPABUILHOM BBIOOpE HAYAIBLHOTO MPUOIIKEHUS

(xakoM?) an, — /.

JlBoe UrparoT B CJIEIYIONIYIO UTPY. XOsT 110 ouepean. OUH HA3BIBAET JIBA UUCIIA, SBJISTIO-
muxcst KOHIaMu otpeska. Ciienyomuii Jo/IKeH Ha3BaTh JBa JIPYTUX UUCJIA, SIBJISIOIIIXCS
KOHIIAMH OTPE3Ka, BJIOXKEHHOTO B peabaymuii. rpa npogosmkaercs 6€CKOHEYHO JI0JITO.
IlepBblit cTpeMuTCst, YTOOBI B IIepeCeYeHNN BCEX HA3BAHHBIX OTPE3KOB OBIJIO XOTs ObI OJIHO
paIOHAJIbHOE YUCJIO0, & BTOPOIl CTPEMUTCs eMy HoMeniarb. KTo BemrpoiBaer?
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ITpo HemnpepbiBHBbIE DyHKINN

Onpenenenne no Teitne. Oyukuus f HA3BIBAETCH HENPEPLIEHOT B G, €CJIM OHA OIIPEJICJIEHA B G
7 JUJIsT BCSIKOM IIOCJIEOBATENILHOCTH Tr, CXOLAIIEHCS K @, IOCIIeI0BATEIBHOCTD f(Iy) CXOomUTCA

K f(a).

Onpenenenne nmo Komm. Oyukius f HasbBaeTcs HenpepwvieHotl B G, €CJIU OHA ONPEIEJIeHa
B @ U B HEKOTOPOI €€ OKPECTHOCTH U

Ve >030 >0Vx: (Jr —a|l <d=|f(zx) — fla)| <e).

T'oBopsT, uTo f HempepbIBHA HA HEKOTOPOM MHOXKECTBE, €CJIM OHA HEIPePBhIBHA B KaKJIOH €ro
TOYKe.

1.

2.

Hokaxkure, uyro onpejeserus 1o Ko u o ['eitHe paBHOCHJIBHBI.
IIycts a > 1.

(a) Hoxaxkwure, 9r0 eciu p < ¢ — panuoHaJbHBIE uncia, To a’ < a?.

(b) Hoxaxwure, uro muoxectso {a’" | r € Q, r < p} nMeer TOYHYIO BEPXHIOK I'DaHb, a
{a" | » €Q, r > p} — TOUHYIO HUXKHIOIO IDAHb.

(c¢) Jokaxwure, 9TO 9TH JBE TPAHU DABHBI.

(d) Hokaxwure, uaro s mo6oii cxonsmeiics nocaenoBaTeabHoctr {dy bne1 PAIMOHAIb-
HBIX 9HCEll MOC/IEI0BATEbHOCTD {a®™ } MMeeT mpeiest, paBHbIil 9TUM IDAHSIM.

Tax onpenensiercs af st p € R. (1/a)? et 1/(a?). ¥a def g1/,

Samevarue. B sroM onpemenenun HeodepmaHO, modemy a’'¢ = a’a®, ogmako MBI 3TO

O6Cy,ZH/IM Ha pa36ope, a IIOKa 3THUM MOZKHO ITOJIb30BAaTHCHA.

(a) Hokaxwure, aro pyHKIMS

0, R ,
f@ =1y T

(byukuua Jdupuxiie) paspbiBHA (He HENpepbIBHA) BO BCEX TOUKAX.

(b) Hokaxwure, aro dyHKIHS

0, zeR\Q,
g(x) = 1o
q q

(dbyukuua Pumana) paspblBHa BO BCEX PAIMOHAILHBIX TOYKAX U HEIPEPHIBHA BO BCEX
UPPAIMOHATHHBIX.
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4. (a) [dna HaTypaabHBIX a,b, ¢ TOKa2KUTE HEPABEHCTBO

a+b+c
a+b+‘c/aa x bt x c¢ > i

3

(b) Hdoxaxkure 3TO HEPABEHCTBO ISl JIIOOBIX PAIMOHAJILHBIX IIOJIOXKUTEJIBHBIX @, b U c.
(c¢) Jokaxkure, 3TO HEPABEHCTBO IS JIOOBIX TIOJOKHATEIBHBIX A, b, C.

5. Jlokaxkute, 9TO JJIsl MOJOXKUTETBHBIX YUCEI G1, - .., Un, Pl, - - -, Pn BEPHO CJIEIYIOIIEE:

piai + ...+ pnan | /ap1~~~afl” > p1+...—|—pn.
pr+...+pn ! BLi 4l

An

6. Teopema Boabnano-Kommu. f(z) — menpepoiBras dyukuus va [a, b, f(a) > 0, f(b) <
0. Hokaxwure, uro f(z) uMeer KOpeHb Ha OTpe3Ke [a, D).

7. CymecrByer Jin HenpepblBHAsi (DYHKIUsI, KOTOPasi B PAIMOHAJIbHBIX TOYKAX HPUHUMAET
MppAIMOHAJbHBIE 3HAYEHNsI, & B UPPAIMOHAIBHBIX — palOHAJbHbIE?

8. JlokasbHoe HepaBeHCTBO. IIpu p > ¢ BepHO crexnyioree:

U,p S pap—q _ qbp—q

v~ p—g

Korna mocruraercst papeHCTBO?

Addunnbie mpeobpazoBaHus

— Ymo amo mebs neperxocu.nro?
— Benommua, kax mol 20mosuwn!

Typenkuit 1151 HATUHAIOIAX

AddunabIM Tpeobpa30oBaHUEM IIJIOCKOCTU HA3BIBAETCsI OMEKINS TIOCKOCTH Ha ce0s, 1me-
peBoisAIast PsIMbIE B MIPSIMbIE.

Toukn A n B nexxar Ha npaMoii [, a ux obpasbl npu adpduHHOM Ipeobpasosanuu F, Toukn A’
n B’ — na npsawmoii I'. Beegem na npaMbix | u I’ cucreMbl KoopAuHAT Tak, 9To ToukaM A n A’
cooTBercTByeT KoopjauHarta 0, a Toukam B u B’ — koopaunara 1. PaccmoTpum orobpazkenue
f: R — R, crassliee B COOTBETCTBUE YHUCJLY G KOOPAMHATY 00pa3a TOYKUA C KOOPIAMHATOH a.
Oxa3bIBaeTCst, 9TO

fla+1b) = f(a) + f(b);
f(ab) = f(a) f(b);

byHKIMs f MOHOTOHHA.
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(Teopema [Tap6y.) Ilycrs Touku A, B,C mexar Ha omHO#l npamoii. Jokaxnre, 9o g:g =

F(A)F(B)

F(B)F(C)"

1. Joxkakure, uro addunHOE IIpeodpa30BaHUE COXPAHIET OTHOIIEHUE ILIOIA/Ieil TPEeyroib-
HUKOB.

2. Jokaxkwure, uro adduHHOE TpEoOpa30BaHUe COXPAHIET BEKTOP, TO ecTh: eciiu AB = CD,
to F(A)F(B) = F(C)F(D).

3. (a) Hoxaxwure, uro addunHOe peobpasoBaHye IIEPEBOJUT LEHTP MACC B LEHTP MAcC.

(b) okaxkwure, 9T0 GHEKIMs IIOCKOCTH, MEPEXOMSINAs EHTP MACC B IIEHTP MACC €CTh
addurHOE TPeobpazoBaHue.
Onpenenenne. Pacmasicenuem IIIOCKOCTH OTHOCUTENBHO ocu £ ¢ Koaddurmentom k Ha-
3BIBAETCsI TPE0OPA30BAHIE IIJIOCKOCTH, TIPU KOTOPOM KaXKast ToUKa M MepexoauT B TAKYO
Touxy M’ ato OM’' = kOM, tne O — npoexrust Touku M ma mipamyio £ (pacTspxenue
¢ k09 DUIMEHTOM MEHBIIE €JMHUIBI HA3BIBACTCS COICATMUEM,).

4. [oxaxwure, uro cyumecrsyer (a) He Gosee omHoro (b) He menee oxHoro adduHHOrO
npeobpazoBanusi, epesogiiero Tpeyronbank ABC B Tpeyronbauk A'B'C’.

5. Jlokaxkure, 9TO C IOMOIIBIO OJHOW JIMHEHKN HEJIb3s IMOCTPOUTH PABHOCTOPOHHWI Tpe-

YroJIbHUK.

Teopema Typana

Onpegenenune. kaukol Ha30BEM MOJHBIN rpad. Kinuky Ha n BepmmHax oboszHadum Ko, .

1.

Hokazknre, 9To B rpacde Ha n BepIIMHAX, He comeprkarieM K3 He MOXKeT ObITH GoJIblIle,

n .
qem T pédep.

Onpenenenune. kionuposaruem BepmnHbl v B rpade G Ha30BéM mobaBieHue B rpad HOBOIL
sepmuabl v’ . Ilpu aToMm BeprmmHa v’ GyeT coeUHeHa ¢ TEMH U TOJBKO C TEMHU BEPITMHAMH, C
KOTOPBIMU COEJIMHEHA BEPIIUHA V.

2.

(a) Hokaxwure, uro B rpade 6e3 K, Npu KIOHUPOBAHKUU JIIOGON BEPIIMHBL HE MOSIBUTCS
noarpada K.

(b) Ilycrs rpad G me comepxut K, u nMeeT HanbOJIbIIEE KOJIMIECTBO PEGEP CPEIU BCEX
rpadoB ¢ m BepmmHAMU, He cojepxkamux K, . Jlokaxkure, 9T0 cTemnenn JIOOBIX IBYX BEP-
IIIWH, HE COEINHEHHBIX PeOpPOM, PABHBI.

(c¢) Hokaxwure, uro B rpade U3 NPembUIyIIEro MyHKTa CTEIEHH JIBYX JIOOBIX COeJINHEH-
HBIX peOpOM BEPIIWH OTJINYAIOTCA He bojiee, yeM Ha 1.

(d) Haitnure npumep rpada Ha m BepIIUHAX, HEe CoAepxkKaiiero K, y KOTOpOro Hau-
GoJibliee IUCII0 PEGEp.

3a KpyIJIBIM CTOJIOM CHISAT 1 9eJoBeK. Pasperntaercs JIOOBIX ABYX JIIOJEH, CHIANINX Psi-
JIOM, TIOMEHSITH MecTaMu. Kakoe HamMeHBIee YHCJI0 TAKUX IEPECTAHOBOK HEOOXOINMO
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cresiaTh, YTOObI B Pe3yJsibTaTe KaXK/Ible JIBa COCEIa OCTAJIUCH Obl COCEISMU, HO CUJIEJU Obl
B 0OpaTHOM mopsaKe?

B rpade 2n Bepumn u cpeu J10ObIX YETHIPEX BEpIIUH He Oojiee deThbIpéx pébep. Kakoe
HaunboJIbIlIee KOJIMIECTBO pébep MOoXKeT ObITh B 3TOM rpade?

B rpade ma 2n Bepmunax n’ 4+ 1 pe6po. Jokaskute, 9r0 B 9TOM Trpade ecTh XOTs GBI 1
TPEYTOJLHUKOB.

B crpame 210 roponos u coBcem HeT gopor. Koposb X04eT moCcTpOUTh HECKOJIBKO JI0POT
C OJIHOCTOPOHHUM JIBUKEHHEM TakK, YTOOBI Jist JI00bIX Tpex ropogos A, B, C, mexiy
KOTOPBIMU €CTh joporu, Beaymme u3 A B B u us B B C, He 6b110 ObI JJOPOTHU, BEIyINEH U3
A B C. Kakoe HamboJibIIree 9ucjo JOPOr OH CMOXKET TTOCTPOUTH !
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YerBépTass naTIHEBKA

Y10 g 3Ha10 0 OJMHAX

I'de 6aunv, mam u Mmol.

ITorosopka

3ameuanue: Boobuie, 6inHOM MOXKHO HAa3BaTh JIIOOYIO CBSI3HYIO, OTPAHUYEHHYIO ¥ 3aMKHYTYIO
durypy, 9To 651 3TH CI0BA HU 3HAYUUIIN, HO IIPU PEIICHUH JJIsI ONPEIEIEHHOCTH MOYKHO CINTATD,
9TO OJIMHOM SIBJISIETCS BBIIYKJIBIA MHOIOYTOJIBHUK.

1.

HokarkuTte, 9TO HENPEPLIBHAs (DYHKIMA HA OKPYKHOCTU IPUHUMAET OJIMHAKOBBIE 3HAYTE-
HHUA B HEKOTOPOIi ITape AuaMeTpPajbHO NPOTUBOIIOJIOXKHBIX TOYEK.

Ha cromne mexxur mepsbiit 6yinH. ['puina xoder pa3pe3aTh ero Ha JiBa KyCKa OIUHAKO-
BOI ILTOIIAIN OJHUM MPSMOJIMHEHHBIM pPa3pe30M, MPOXOISIIAM MaPaAJLIETbHO TPSMOIA,
KOTOPYIO Ha MPEIbIAYIIEeM MAaTOO HAPUCOBAJ KAKOM-TO MEeCTUKIACCHUK. JloKaxkuTe, 9T0O
I'pumma moxker 310 cienars.

Ha crone snexxut Bropoit 6;mm. I'puiia Xo4eT ciesaTh OIUH IPAMOJIMHEHHEIN pa3pes Ta-
KHM 00pa30M, YTOOBI OH IPOXOAMJ 4Yepe3 yKasaHHyI0 Aprémom Touky. Jlokakure, UTO
Ipuina MOXKeT cuesaTh 910, eciu (&) ToUKa HaxomuTcs BHe Oiuna; (b) Touka Haxo-
JIUTCS BHYTpHU OJIMHA.

Ha crose niexxurt Tperuit 6siun. ['puiira xouer oqHUM IPSIMOJIMHEHHBIM pa3pe30M pa3pe3aTh
€ro Ha JiBe YaCTH, PaBHbIE KaK I10 IJIOIIA U, TaK 1 110 epumMerpy. Beerna jin I'puina moxer
3TO CeJIaTh?

YerBEPTHIH U MATHIA OJUH TaKKe PACIIOJIOXKUINCH Ha IJIOCKOCTU. JIOKaXKuTe, 9T0 MOXKHO
MIPOBECTH TIPSIMOJIMHENHBIN pa3pe3 TaKuM 00pa3oM, 9ToOBI pa3pe3aTh Ha (DUTYPHI PABHOM
I0Ima M 06a 3TuX OJIMHA OJHOBPEMEHHO.

]_[e.l'lble rayCCcoOBbI 9HCJIa

Bauem craadvieamsv npocmoie wucaa? ITpocmuie wucaa
€c030aHbL 0NA M020, YMOOBL UL YMHOHCATND, G HE
craadvieamsv!

JI. Jlanmay

OnpeaeneHne. Kowmrutekcroe uncio a + bi Ha3BIBAIOT UENADBIM 2AYCCOBBIM, €CJITN a 1 b— neJibie
qucJjia.

Onpenenenne. llenoe rayccoBo UUCIO U KPAMHO HEJIOMY TayCCOBY UHCIY U, €CJIH CYIIECTBYET
TaKoe I[eJI0€ rayCCOBO YUCJIO W, YTO U = VW.
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Omnpenesnenune. llemoe rayccoBo Incsio p HA3BIBAIOT NPOCMbLM, ECTTH OHO UMEET POBHO 8 fesn-
Teseit: p, —p,ip, —ip, 1, —1,4, —i.

Omnpepenenue. Hopmod 1.r. yucia a+bi HaspiBaoT HeoTpunareabHoe nenoe ancio N(a+bi) =
la + bi|> = (a + bi)(a — bi) = a® + b*.

Onpeznenenne. Tuciio r HA3BIBAETCS 0CTNAMKOM TIPH JIEJIEHAN II.T. 9UCJIA @ HA 9UCI0 b, ecin
cymectByer Takoe k, aro a = kb +r u N(r) < N(b).

Omnpenenenue. MHOXKUTETN aCCOUUUPOBAHDHL, ECTA OTIMIAIOTCA JOMHOKEHUEM Ha JISJTUTENh
equannet (1, —1,4, —1).

1.

2.

,HOK&}KHTG, 9TO YKUCJIa 2 U D HE ABIAIOTCA OPOCTBIMU IIEJIBIMU I'ayCCOBBIMU YIUCJ/IAMHU.

JokazxknTe, 9T0 €csi @ 1 b B3aMMHO IIPOCTHI, TO HANMEHBIIIee HATYPAJIBHOE THUCJI0, KOTOPOE
nematcs ma (a + bi), pasno a? + b,

(OcHoBHas Teopema apudMeTUKM JJIsl LEJIbIX FayCCOBBIX umced) Jlokaxunre, 910
Jo60e TEJIoe TayCCOBO YUCJIO PA3JIAraeTCsl B TMPOU3BEJICHUE MTPOCTHIX II.T., IPUYEM TAKOE
PA3JIOKEHHE €MHCTBEHHO C TOYHOCTBIO JI0 TOPSIKA U aCCOIMUPOBAHHOCTH MHOXKUTEJIEH.
(a) Hdonycrum, z = p1...pr = q1...qs. llyctb P = pa...Dr, Q@ = q2...Gs, |D1] < |@1]-
Jlokakure, 9TO MOKHO BBIOpPATH TAKOW JEIUTENb € €AMHUIIBI, 9TO YUCI0 W = €2 — p1Q
10 MOJLYJIIO MEHbIIE |z|.

(b) Passoxure w nByMst ciocobaMu B IIPOM3BEJIEHUE [IPOCTBIX U JOKAYKUTE YTBEPK/Ie-
Hue.

Hukakoe mpocToe 4mcyio He MOYXKET OBITH MPEICTABIEHO B BUJIE CYMMBI KBaJIDATOB JIBYX
TEJIBIX 9UCEJT CYIMIECTBEHHO PA3HBIMHU (T. €. HE TOJIy9aioNMMUCS OJUH M3 JAPYTOro mepe-
CTAHOBKOH CJIATAEMBIX) CIIOCOBAMMU.

(a) [Jdokaxure, 4TO IPOCTOE THUCIIO P NGO ABJIAETCS IPOCTBHIM TAYCCOBBIM YUCJIOM, JIAGO
IpeJICTaBJIsIeTCs B BUJIE 2Z, e z = a + bi.

(b) Hoxaxkure, 9T0 IPOCTOE YUCIIO YnCI0 Buaa 4k + 3 sSIBJISIETCS IPOCTHIM I'ayCCOBBIM.

(¢) Hokaxwure, uro mjs npocroro p = 4k + 1 cymecrsyer m, 9To m? + 1 gesurcst Ha p.
(d) [Hdokaxure, 9TO p M3 NPEABLAYINETO MYHKTA [IPEJCTABIAETCS B BAJE IPOU3BEICHUS
IBYX COIPSI?KEHHBIX IPOCTHIX IL.T.

Nror. Bece npocteie uncna Buna 4k + 1 um 2 pack/agplBaroTCs B CYMMY ABYX KBaJIpaToOB, &
npocTele yucaa Buga 4k + 3 — HeT.

6.

(PoxxnecrBenckasi teopema ®epma) BoiBequre, Kakue HATYPAJTbHBIE UHCIA TPET-
CTaBJIAIOTCA B BUJIE CYMMBI IBYX KBa/IPaTOB.

Hokazknre, aro Bce mndaropoBbl TPOHKN, B3AMMHONPOCTHIE B COBOKYTTHOCTH, NMEIOT BHJ
(m? —n? 2mn,m* + n?)

Haiiure Bce pemrennst ypasHenust o’ + b? = n! jyist HaTypaibHBIX a,b 1 n npu n < 14.

Haiizure Bce pemenus ypapaenus o’ = n? + 1.



64 I[TPOT'PAMMA IIOJIVIIPO®U

HepasencTBa

Beakasa 3adana, wmo A PEwan, CMAHOSUAACH NPABUNOM, KOMOPOE 3aMeMm
NoOMO02a.N0 pPewams dpyaue 3a0ayu.

P. exapt

Hanmomunanune. OObIYHOE HEPABEHCTBO O CPEIHUX:

ar-lt+as-14...4an-1_ /[
n

B3Berennoe HEpaBEHCTBO O CPEIHUX:

a1-pr1taz-p2t...+an pn > P1+P2+~~+Pn/a1171a1’2)2 cooabr.
P1+p2+...+Pn

1. HepasencrBo FOwura. [Ins nonoxurensabix a, b, p, ¢ u 1/p+ 1/q = 1 Bbmosaeno

r bq
a—+—2ab.
p q

2. HepaBencrBo Bepnyuau.

(a) Ecmz > —-1,p>1, To

(1+2)? 21+ pz.
(b) Ecmz>-1,0<p<1, 0

(1+2)? <1+ pz.
Vrasanue. ITonpoGyiiTe BOCIOIBL30BATLCS IEPBOH 3a1aueit.

Onpegnenenne. Qyuxuust f(r) HazbiBaeTCs 60iNYKA0T (UK 6BINYKAOT 6HUS), €CIIH JJIsT JIFOOBIX
z,y € Ru0<t< 1 BepHO

tf(@) + (=) f(y) = fltz + (1 - t)y).

Ecnn 3nak Bcerna B Apyryio cTOpoHy, TO MYHKITNS HA3BIBAETCI 802HYMOU UIH 8biNYKAOU 66EPI.
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3. (a) Hoxaxure, 4TO €C/IH

V. y f(w);f(y) >f(x42ry)7
TO
V%y3ﬂﬂzﬂw>f<wzy)

(b) Jokaxkure, 9TO B IPEABLILYIIEH 33/[a9€ TAKKE BEPHO

af(z) +bf(y) ax + by
v,y A >f(a+b)

U151 TIOOBIX HEOTPUIATEIbHBIX IIEJIbIX @ U b Takux, 9T0 a + b ecTb cTeneHs ABOUKM.
(c¢) Hoxaxwure, aro ecin dyHKIus [ e U HeUpepbIBHA, TO OHA BBIIYKJIA.

4. HepaBenctBo Uencena. Eciu f Beimykia, TO /1151 JI0OBIX BEIIECTBEHHBIX X1, ..., Tn 1
[IOJIOXKUTEJIbHBIX D1, . .., Pn, BBIIOJIHEHO

pif(z)+ ...+ puf(zn) >f<p1x1+...+pnxn>
pr+ ... +pn - pL+ ...+ pn :

B wacrHOCTH, BepHO

flxz)+ ...+ f(zn) f(xl-l-...—i—xn).

n

5. Jlokakure, 9TO cieyfomye (OyHKIMHA BBIITYKJIbI:

(a) 2% (b) a” upn dbukcuposannom a > 1; (¢) 1/x; (d) 2P npu dbuxcupopamHOoM
p>1lrauayue Ry ={z eR: z > 0}

6. CpemgHee rapMOHUYIECKOE TOJIOKUTETBHBIX IUCET T1, - .., Ln PaBHO 1. Haiianre Hanmennb-
Iree BO3MOXKHOe 3Ha4YeHUe BbIParKeHUs

PO B SR
1 D) 3 "



7.

8.
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(a) CymMa MOJIOKATETBHBIX IUCEIT A1, A2, - - ., Gn, PaBHA P > 1. JloKakuTe HEPABEHCTBO

Jar+1+...+¥an+1<n+1.

(b) Ilpu p < 1 moKazKuTe HEPABEHCTBO C IMPOTUBOIIOJIOKHBIM 3HAKOM.

Ilycto a1, ..., an — HOJIOXKUTEIbHBIE YUCIa ¢ cyMMol s. JlokaxkuTe, 9TO

a1 an 1M

—_ ...+ = .
s —al S— an n—1

HonroxxmanHblit pa3aoboit

1.

B 99 amukax sexkaT s0JI0KM U aneIbCUHBL. J[0KayKnTe, YTO MOXKHO TaK BBIOPATh H0 sImm-
KOB, UTO B HUX OKayKeTCsl He MeHee IMOJIOBUHBI BCEX sIOJIOK U HE MeHee IMMOJIOBUHBI BCEX
aneJbCUHOB.

Bcee yrub tpeyronbauka ABC menwmie 120° u AB # AC. Paccmorpum Touky T’ BHyTpH
TpeyToJbHUKaA, ajis Kotopoit /BTC = /CTA = ZATB = 120°. Ilycts npsmas BT
nepecekaer cropony AC B Touke E, a nupsmas CT nepecekaer cropony AB B Touke F.
Hokaxure, uro EF nu BC nepecekatorcst B Hekoropoii Touke M, npuuém MB : MC =
TB:TC.

Pemmre B HaTypaJbHBIX YHCIaX ypaBHeHue: z° + 1 = (z + 1)Y

Heopuentuposannsriii rpad G numeer HeveTHBIH UK. Ero pebpa opueHTUpOBaIn TaK, 9T0
ocJIe 3TOro U3 JII000H BEPIIUHBI MOXKHO IIONACTD B JIIOOYIO APYTYIO, JBUTAsICH 110 pebpam
B COOTBETCTBUU C MX opueHTarmeil. Jlokaxkure, 9TO B MOJyIEHHOM Ipade eCTh MPOCTOM
OPUEHTUPOBAHHBIA ITMKJI HEYETHON JIJIUHBI.

Han tpeyrompauk ABC ¢ soicotamu BB’ u CC’. Ilpambie BC u B'C’ nepecekatot 6uc-
cekTpucy yria A B Toukax J u J' coorseTcTBenHO. Jl0KarKuTe, UTO IEHTP OKPY?KHOCTH,
koropas Kacaerca BC B Touke J nu B'C’ B Touke J', nexxur Ha menuane ns A.

JaHo MHOXKeCTBO U3 N 3JeMeHTOB. Erop u Mwuma urparor B urpy. Cuauana Erop Beibu-
paer nogMHOXKecTBO A, a 3arem Murna BbIbrpaer HMOAMHOXKeCTBO B, He COBIIAIAOIIEe C
noaMHOXKeCTBOM A. 3aTeM Ha JTIOCKY BBIACHIBAETCST KOJTUIECTBO 3JIEMEHTOB B MHOYKECTBE
AN B, u HauMHaeTCsA HOBLIH X0/1. B KOHIIE UI'PBI BCe BO3MOXKHBIE COYETAHUS TIOAMHOXKECTB
BCTPETUJIUCH POBHO 10 OJHOMY pa3dy. deMy paBHa CyMMa BCEX YMCEJl, BBINUCAHHBIX Ha
JIOCKY B 9TOT MOMEHT?

I'eomeTpuydeckuii pazHoboii

1.

B nepasnobepennom tpeyronbunke A BC' kacaresbHbIE K OMUCAHHONW OKPYKHOCTU B TOY-
Kax A u B nepecekatorcs B Touke C1. AHaJIOrn4HO onpenensores Toukn A, u Bi.
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(a) Hokaxwure, uro AA1, BB1 u CC: mepecekaioTcs B OJHOM TOUKE.

(b) Hdokaxkure, 9TO TOUKA, IIOJYyUECHHAs B IIPEIBIIYIIEM IIyHKTE, sABJISETC TOUYKOH Jle-
MmyaHna tpeyroiabauka ABC.

(c) O6osnaunm yepes A’ TOUKy HepecedeHHs! KaCATEIBHON K ONMUCAHHOM OKDPY?KHOCTH
TpeyroibHuKa B Touke A co croponoit BC. Ananornano onpegensiorcs Touku B u C'.
Jokaskure, uro A, B’ u C’' nexxar Ha OJHOI IIPSIMOI.

(d) Touxa A* — Touka mepecedenus cToponbl BC' 1 KaCATEJIBHON K OMUCAHHON OKPY2K-
HOCTH, MPOBEJEHHONW B TOYKE, JMAMETPAJBHO ITPOTUBOIOJIOXKHON Touke A. AHajormaHo
onpeziessitorest touku B* u C*. Jokaxkure, aro Touku A*, B* u C* jexar Ha OIHOMN
IPAMOM.

2. Ha croponax Tpeyrosbauka A BC mocTpouiu BoBHE paBHOCTOpPOHHUE Tpeyroiabuuku ABCH,
BCA; u ACB;. Hokazxkure, uto AA1, BB1 u CC1 nepecekaioTcss B OJHON TOUKE.

3. UYepes kaxyio Bepmnny Tpeyrojbauka ABC npoBeJieHb! JBe NpsiMble, JeJIsIue IPOTH-
BOTIOJIO’KHYIO CTOPOHY Ha TPHU paBHbIE YacTH. /loKa)KuTe, 9TO TpU IPSIMbIE, COETUHSIONIIE
MIPOTUBOTIOJIOXKHBIE BEPIITUHBI IIIECTUYTOJBHUKA, 00PA30BAHHOTO STUMU IIECTHIO IPSIMbBIMH,
epeceKarloTCd B OOHOU TOYKe.

4. I — uenrp Buucanuoii B Tpeyrosbauk ABC okpyzkuocru. [Ipsmast, npoxoxasmas depes [
nepreHuKyIsipao A, mepecekaer BC' B Touke A;; aHAJOTWIHO onpesessiercs Touka Cf.
IIpsmeie AA; u C'C) mepecekatorcst B Touke K. Jlokaxkure, yro K1 | AC.

5. B rpanemuu ABCD c ocunosanuaymu AD u BC uyepe3 Touky B mnposejena npsimasi, ma-
b
pasntesnbHas cropoune C'D n nepecekaiomas auaronaab AC B Touke P, a 4depes TOYKY
C — npsimasi, nmapaJjuiesbHast cropone AB u nepecekaiomiast quaronaib BD B Touke Q.
Jokaxkure, 9To npsamas P(Q mapajuiejibHa OCHOBAHUSIM TPAIICIUN.

6. B Tpeyronsuauke ABC, Bce yrubl KoToporo Menbine 120°, ormeuena Touka Toppuaesnmm 7.
(a) Hdokaxwure, uro npamas Ditnepa tpeyronbauka AT B napassensaa upsamoit CT.
(b) IIpsawmsie Ditnepa rpeyroasaukos ATC, BTC, ATB u ABC KOHKypEHTHBIL.

7. B mepasuobeapennom Tpeyroibauke A BC 6uccekrpuca BHemHero yria A mepeceksia mnpsi-
myio BC' B Touke Ag, a 6uccexkrpuca BHerHero yria B nepecekia npsamyio AC B Touke
By. Hokaxkute, uro npsamas AgBo NepuneHauKyJIsipHa NPsSMON, COEIUHSIOMENR IEHTPbI
BIIMCAHHOM U OIMCAHHON OKpYy>KHOCTU Tpeyroybauka ABC.

Urpyniku!
Yenosex 6vi6aem 6NOAHE HEAOBEKOM AUWD M020a, K020a
uzpaem.
Opunpux [Hunzep
1. Ilons ma jenrte mponyMmepoBans 1,2,3, . ... B mone ¢ Homepom 2 maxomaurcs durika. /[Boe

urpaior B urpy. 3a xoj (GUIIKY MOYKHO HOJBUHYTHL BIIPABO XOTsl ObI Ha OJHO IIOJIE, HO
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He Oosee, yem Ha 2018 moseit. [IpourpeiBaer TOT, KTO MOCTABUT (DUIIKY HA KIIETKY C
coCcTaBHBIM HOMepOM. KTo BbIUIpaeT Ipu [paBUILHON Urpe?

2. @owma u Epéma menar kyuky u3 25 mouer B 1, 2, 3, ..., 25 anreHoB. Ha kaxmom xomay
OJIH M3 HUX BBIOMPAET MOHETY M3 Ky4KH, a JPYroil roBOpuT, KOMy €€ ornarb. IlepBbrit
pa3 Beibupaer Poma, majee TOT, y KOro ceifdac GOJIbIIe aJITHIHOB, IIPH PaBEHCTBE — TOT
2Ke, KTO B mpornuiblit pa3. Moxker qu @oma JeficTBOBATEH Tak, YTOOBI B UTOTE 00SI3aTETHHO
MOJTyYuTh OOJIBINE aaTHIHOB, YeM Epéma, mim Epéma Bcerma cmoxker @Pome momentaTs?

3. Ha crone nexar 2002 kaprouku ¢ uncaamu 1, 2, 3,..., 2002. /IBoe urparomux 6epyT mo
OJIHO# KapTouKe 110 ovepeu. [locie Toro, Kak 6y/1yT B3ATHI BCe KAPTOYKHU, BHLIMTPABIIINM
CYUTAETCS TOT, Yy KOIo OOJIbINE MOCJIEHsIsE IUdpPa CYMMbI YHCEI Ha B3ATBIX KApTOYKaX.
BrisicHuTe, KTO U3 UIPAIOIIMX MOYKET BCErJa BHIUI'PHIBATH HE3aBUCUMO OT UTPBHI IPOTUB-
HUKa, 1 OObICHUTE, KAK OH JIOJI?KEH MPHU 9TOM UTPATh.

4. Ha crone nexur 200 kaprouek ¢ mudpamu ot 1 10 9. /[Boe HGepyT mo odepean mo OTHON
KapTOYKe. BBIMTIPBIBAET TOT, y KOTO MEPBBIM JIMOO CyMMa 6CET B3SITHIX KapTOUEK, JIHOO
MIPOU3BENIEHNE 6CET PA3HHIX B3ATHIX KapTodeK Oyaer 6osbmre 99. JlokaxkuTe, 9TO mMEPBBI
BCerza MOXKeT BBbIUI'DATD.

5. Ha crone sexxur Kyua u3 Gosee, gem n’ xamueii. Iletst u Bacst o ouepeau 6epyT KaMHE
n3 Kyuu, nepsbiM 6epér [lers. 3a oqun xox MoxkHO GpaTh J1I060€ IIPOCTOE YNCIO KaMHeid,
MeHbITee n, b0 J00e KpaTHOE N YUC/IO KaMHei, Tub0 OMH KaMeHb. BeIUrpeiBaeT TOT,
KTO BO3bMET IOC/IeHNN KaMeHb. KTO BBIMTrpaeT IIpu MPaBUJIbHOM Urpe 000X COMEPHUKOB T

6. B wurpe “ecant” nBe apmun 3axBaTbiBaioT cTpaHy. OHE XOIST TO OYEpe/H, KayKIbIM XO-
JIOM 3aHMMasi OJIMH U3 CBOOOIHBIX ropojioB. llepBbIil cBOil ropos apMusi 3aXBaTbIBaeT C
BO3yXa, & KaXKJbIM CJIELYIONIMM XOJOM OHA MOXKET 3aXBATHUTh JIIOOOI ropoj, coenuHEH-
HBII JOPOTOii ¢ KAKUM-HUOY/Ib y2Ke 3aHsIThIM 9TON apMueil ropoioM. Kcu Takux ropogos
HET, apMUs TPEKPAIIAET GOEBBIE JEHCTBUSA (TIPU ITOM, BO3MOXKHO, JAPYTas apMHsl CBOU
zeficrBusa npogoszkaer). Halinéres nm Takast cxema TOPOIOB M JIOPOT, 9TO APMUsl, XOJIsi-
masi BTOPOil, CMOXKET 3aXBATUTHL 00JIee TTOJIOBUHBI BCEX IOPOJIOB, KaK Obl HU JI€HICTBOBAJIA
nepsas apmus? (Yucsio roposos KOHEIHO, KarXK1asl JI0pora COeMHSIET POBHO J1Ba FOPOJIA. )

IlepBooOpa3Hble KOPHU

Yuénocmv — 9mo caadkuli naod 20pvko20 KOPHA.

HWcokpar

B cienyromux 3agadax p — IpoCTOe HEUYETHOE YUCIIO.

Hanomunanme. [1epgoobpastvim KopHem TIO MOIYJIIO 1 HA3BIBAETCS TAKOE UUCJIO @, 9TO TMOKa-
3aTesIb YUCJIA @ [0 MOJLYIIO 1 paBeH ¢(n).

Hanomuuanue. /Ijis1 0pocToro p CymecTByIOT NepBoOOpasHble KOPHH, POBHO ¢(p — 1) mTyk.
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Iens. /lokazaTh, 9TO MepBOOOPA3HBI KOPEHDb CYIIECTBYET TOIBKO IO MOIYJISIM
koo k
1,2,4,p",2p".

1.

2.

HokazaTh, ITO [jIs BCEX OCTAJBbHBIX UHCES IEPBOOOPA3HBIX KOPHEN HE CYIIECTBYET.

JlokazaTh, 9TO €CIU ¢ SIBJISIETCSI IePBOOOPA3HBIM KOPHEM II0 HEUYETHOMY MOJYJIIO 11, TO
OJTHO U3 9WCEJI § U g + M SBJISIETCS MePBOOOPA3HBIM KOPHEM 10 MOJIYJIIO 21M.

(a) Ilycts g — mepBOOOpA3HBIH KOPEHD IO MOIYJIIO p. JIOKaXKnTE, 9TO CyNMIECTBYET TAKOe
wucio t, aro (g + pt)P~' — 1 me xparmo p°.

(b) Hoxasars, uTo /151 g U t U3 UPEABLLYIIEro IyHKTa (g+pt) siBJIsieTcs 1epBoOOpa3HBIM
KOPHEM TI0 MOZYIIIO p2.

(c¢) Ilycrs &€ — nepBoOGPA3HBII KOPEHD 110 MOJLYJIIO p?. Torma & sIBJISIETCS! TIEPBOOOPA3HBIM
KOPHEM 110 MO0 p* st moboro k > 2.

Haiiiure KOIMYIECTBO MepBOOGPA3HBIX KOPHEH 110 MOLYIO p~.

(a) Mokaszars, uro cymectsyeT 1, aro 8" + 2018 memmrca ma 52018,
(b) Ha mocke Bbimucano ancyo u3 n uudp. JJokaxknure, 4T0 BCErjia MOXKHO HAIIUCATD 7
uudp cupaBa U CKOJIBKO YroJHO IUdP CjieBa TakK, 9TOObI IOJyYU/Iach CTEIEeHDb JIBOMKM.

(a) Jdokaxkure, 94TO €C/IM a IEPBOOGPA3HBIHA IO MOJLYJIIO 11, TO a~! Toxke nepBooGpasHbLii.
(b) Jokaxkure, 4TO CyIECTBYeT NEPBOOOPA3HLI KOPEHb £ IO MOJY/IIO P> TAKOM, YTO
0<€&<p.

Crcok BOITPOCOB K 3a4€Ty

I'padsr

1. Opuentuposannbie rpadbl. CuibHas CBI3HOCTb OPUEHTUPOBAHHBIX I'padoB. Arukand-
HOCTBH rpada KOMITOHEHT.

2. MuHuMa/bHBIE CUJIBHO CBA3HBIE OPUEHTUPOBAHHBIE Tpadbl. AHAJIOr JepeBa JJisd CBA3HBIX
rpadoB.

3. Typuupsl. Teopema Myna. YgajieHue BepITUH B CHJIBHO CBSI3HOM TypHHpe 06e3 moTepu
CUJIBHOU CBA3HOCTH.

4. JIsyceszable rpadsbl. /lepeBo 6JI0KOB 1 TOUEK COUIEHEHUSI.

5. KaxkTycsl, paBHOCUJIBHOCTH OIPEJIETIEHUN.

6. Teopema Menrepa. PaBHocuibHBIE OnIpeiesieHns BYCBsi3HOTO rpada (He MeHee IIsITH)

7. Teopema Typana.

Anrebpa u MmareMaTuYeCcKuii aHaIN3

8.

IIpenen nmocnemoBaTenbHOCTEH. AprdMeTHIECKHE CBORCTBA CXONAIINXCA MOCIEI0BATE b
HOCTEN.



10.

11.

12.

13.

14.

15.

16.
17.
18.
19.
20.
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DyHmaMeHTATbHBIE TOCJIEI0BATEIbHOCTH. Apudnmerrndeckue CBOHCTBA QDyHIAMEHTAIBHBIX
nocaenoBaTeabHOCTEN. PYyHIAMEHTAIBHOCTD CXOMAIINXCS TOC/IEI0BATEIHLHOCTEA.

[Ipenenbublii epexoj; B HepaBeHCTBax. JleMMa o jByx Muiunumonepax. CylecTBoBaHue
cxoffAIencs MoAII0C/IeJOBATeIbHOCTH B OIPAHNYEHHON OCJIe/10BaTeIbHOCTH.

ITostHOTA BEIIECTBEHHbIX YHCEJI. PasHocuiibHOCTH CJIEYIOIIUX yTBep)K,HeHI/II‘/'IZ
® Yy BCAKOI'O O'PAHUYIEHHOI'O MHO2KECTBa €CTb TOYHasd BEPXHAA I'DAHDb;
® BCdKagd OI'paHUYEHHasd BO3pacCTarolasd II0CJIeI0BaTEeJIbHOCTb NMEET IIPEeIeJI;
® BCdKagd I10CJIEJOBATE/IbHOCTDL BJIO2KEHHBIX OTPE3KOB NMEET 06H1y}0 TOYKY.
ITostHOTA BEIIECTBEHHBIX YUCEJI. PasHocuibHOCTH CJIEIYIOIITUX yTBep)K,ZLeHI/II‘/'II
® Yy BCAKOI'O OI'PaAHUYEHHOI'O MHO2KEeCTBa €CThb TOYHasd BEPXHAA I'DAHDb;
® BCAKadA (byHﬂaMeHTaJIbHaH I10CJIeI0OBATEJIBHOCTDh CXO/IUTCHA.

HenpepoiBHocTs dyHKIMu B Touke. PaBHOcuiabHOCTH ompejesenuit mo Komu u [eiine,
TeopeMa Bosbriano-Koru

Ilokazaresnbuas dyukiusa. HenpepbiBHocTh noka3areabHOM dYHKIUN.

Tlopsimok pocra. CpaBHEHME POCTa CTEMEHHON M MOKA3aTEIbHON (PYHKIMYM, KPUTEPUN IK-
BUBAJIEHTHOCTU MHOT'OYJIEHOB.

Becoroe nepaBeHCTBO 0 cpemHUX

Hepagsencrso FOnra. Hepasencrso Beprymn.
Hepagercrso Memncena

OcHOBHast TeOpeMa 0 CHMMETPUIECKUX MHOTOUIEHAX.

®opwmyna Heiorona.

Teopust aucesn

21.
22.
23.
24.
25.
26.
27.

28.

Kpurepuit Toro, uro 2 gBseTCS KBAJIPATAIHBIM BBIYETOM 10 MOJLYJIIO P.
Ksanparngynbiii 3aKOH B3aUMHOCTH.

Jlemma 06 yTouHeHuM nokasaresist (co cirydaeMm p = 2).

Yucna Hosaka. [lobimmenne mokasaresist mpocroro umcia B yuciae Hosaxa.
IlepBooGpasusbrit kKopenb. Ciry4ail CymniecTBOBAHUS.

IlepBooGpasubrit kKopeHb. Cirydail HECYIIIECTBOBAHUS.

Ilenwie rayccoBel yncaa. Hopma, meerme ¢ 0cTaTKOM, aCCOIMUPOBAHHBIE SJIEMEHTHI, ajl-
roput™m EBKiuna.

Hesbie rayccoBbl uncia. OcHoBHAsT TeopeMa apudMETHKH JJIsl [EJIbIX TayCCOBbIX YUCEIL.
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29. PoxpecrBenckas Teopema Pepma. Kpurepnit npecTaBuMoCTs IUCIa B BUIE CYMMBI JIBYX
KBaJIPATOB.

30. OO6uwmit By nudaropoBbix Tpoek. JloKa3aTeJbcTBO Yepe3 rayCCOBbI YnCIA.

T'eomerpus

31. Teopema Ilackass. Jloka3aTebCTBO € TOMOIIBIO PAJAUKAIBHBIX OCeil. BBIpOXK IEHHBIH CTy-
vait ipu A = B, D = E.

32. Usoronasbnoe comnpsikenue. CyliecTBOBaHWE M30TOHAJIBLHO COIPSIXKEHHONW TOYKU, OTCYT-
CTBUE U30IOHAJIBHO COIPSIKEHHON TOYKM JIJIsT TOYEK ONUCAHHONW OKPYKHOCTH.

33. IlocTpoeHune M30TOHAJIBHO CONPSI2KEHHON TOYKU C IMTOMOIIBIO II€/IAJILHOTO TPEYTOJIbHUKA.

34. Cumemnanbl B Tpeyrosibuuke. OTHOIIEHHE, B KOTOPOM CUMEIUAHA TPEYTOJbHUKA JIEJIAT
MIPOTHUBOIIOJIOKHYIO cTOpoHy. Touka Jlemyana. IlocTpoenne depes kacarenbHbIE K OIH-
CaHHOW OKPY2?KHOCTH.

35. Touka Toppuuennu. I[locrpoeHre ¢ MOMOIIBIO PABHOCTOPOHHUX TPEYTOJBHUKOB, HU30T0-
HAJIbHOE CONPSI?KEHHUE C TOYKON AIOJIoHUS.

36. Ilonsapnoe coorBercrue. Onpesesenue CoNpsXKEHHbIX TOYEK, OCHOBHBIE CBONCTBA MOJISIP-
HOrO cOOTBeTCTBUs. IlocTpoeHme OIAPHI ¢ TOMOMIBIO ITUPKYJIsd U JIHHEHKH.

37. Addunnsie npeobpasosanusi. Teopema Hapby.

38. Addunnnie npeobpazoBanusi. KoppeKTHOCTD 0TOOpazkeHusi BEKTOpa pu adpdUHHOM Ipe-
obpazoBannn. CoxpaHeHNE OTHOIIEHUS TLIOIIAJIEH.

39. Addunnbe npeobpasoBanns. JKBUBAJIECHTHOCTL ONPEeeHuil (IpsMble B IPsAMbIe, 6a3uC

B 6a31C, IEHTP MACC B IEHTP MACC).
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IIporpamma mmpodpu

IlepBas naTuagHEeBKa

MHoromepHoe ITPOCTPAaHCTBO

CrapToBble 3aaa4u.

1.

B kierkax GecKOHEUHON KJIeT4aToil NJIOCKOCTU PACCTABJIEHBI YUCIA TaK, YTO YHUCJIO B
KaxkJI0# KJIETKE PABHO CPEJIHEMY apUMMETUIECKOMY COCEEii.

(a) Bepno s, uro Bee 4ncsa paBHbI?

(b) IIpep-Cumon 3HAN BCe YMCIA B KJIETKAX, Y KOTOPBIX 06€ KOODJIMUHATBI IETHBIE, &
noroM 3a6bL1 yncsio B Kierke (0,0). CMOXKeT Jin OH ero BOCCTAHOBUTH?

Ecrb n nponymepoBaHHBIX JjiaMiiouek u k IPOHYMEPOBAHHBIX BBIKJIIOUYaTeseh. MoxKHO
COEJIMHUTH KaXKJblil BBIK/IIOYATEb C HECKOJIBKUMU JIAMIIOYKAMHU. ¥ KaXKJI0OrO BBIKJIIOYa-
TEJS €CTh JIBa COCTOSTHUS: HAXKAT/HE HaXKaT, y KAXKJIOH JIAMIIOYKH €CTh JBa COCTOSTHUS:
roput,/uHe roput. Ilpn HaKATUH HA BHIKJIIOYATEb OH MEHSIET CBOE COCTOSIHUE, 4 eINé MEHs-
IOTCsI COCTOSIHUS Y BCEX JIAMIIOYEK, COeIUHEHHBIX ¢ HUM. CKOJIBKAMU CIOCODAMYU MOXKHO
COEIMHUTH BBIKJIIOYATENN C JIAMIIOYKAME TaK, YTOOBI HAYKUMAasi Ha BBIKJIFOYATETN MOYKHO
OBLIO MOJIYYUTh BCE KOH(MUIYPALMH JIAMIIOYEK 7

OcHOBHOI1 pa3rosop.

B o6o3pumomM Mupe HaM KayKeTCsi, 9TO Mbl IOHUMAEM YTO-TO PO JBYXMEPHOE IIPOCTPaH-
cTBO (INIOCKOCTB) M TpéxMepHoe. 1lociie BBeJIeHUsI J€KAPTOBOM CHCTEMBI KOODAMHAT Ka-
2KETCsT €CTECTBEHHBIM JIyMaTh U O TPOCTPAHCTBAX OOJIBIE pa3MEPHOCTH, KAK O MHOHCE-
cmee cmpok u3 n Koopduram. Bynem 0b603HaUATH TaKoe TPOCTPaHcTBO R™.

Paccrostane mex ity nBymst Toukamu X = (T1,&2...Zn) 1 Y = (Y1,Y2, ... Yn) OIPEEIUM

P(X,Y) = (21 —51)? + (22 — 42)2 + ... + (Tn — yn)>.
CkamnsipHOE TIPOU3BEJIEHNE BEKTOPOB U = (U1, U2, ... Un) U T = (V1,V2,. ..Uy ) ONPEIETUM
(W, T) = u1v1 + u2v2 + ... UnVp.
JlokarKnTe HepaBeHCTBO TpeyroJbHuKa B R™

Kak onpenensars yroer B R™?

B n-mepnom mpocTpancTBe BBIOpAaHBI k TOYEK, MOMapHbIE PACCTOSHUS MEXKIY KOTOPBIMU
paBubl 1. Jlokaxkure, 9T0 UeHmMp MaCC ITUX TOUYEK PABHOYJIAJIEH OT HUX.
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BekTopHOE IIpOCTPaHCTBO.

Omnpepenenue. Ilycrs manpr: 1) Muo)ecTBO V' 9/1eMEHTOB TPOM3BOJILHON TIPUPOIBI, HA-
3BIBAEMBIX 68EKMOPAMU;

2) IMosie F', Ha3bIBaeMOE B JAJBHEHRIIEM NOAEM CKAAADOS;

3) Omepanus CIOKEHHUsSI HA MHOXKECTBE V, COMOCTABJIAIONIAS NAape YJEMEHTOB u,v € V
3jIeMeHT u +v € V;

4) Onepanysi yMHOXKEHUsI 3JIEMEHTa MHOXKECTBa V' Ha CKaJIsSIP, COIIOCTABJISIIONIAS [1ape dJIe-
MeHTOB (A, v), rme A € F, v € V agement Av € V.

TIpu 5TOM BBINOJIHEHBI CJIE/IYIONIAE CBONCTBA (AKCUOMbBL BEKMOPHOZ0 NPOCTPAHCNEQ,):
e x+y=y+x gua aobsix x,y € V;
e T+(y+tz)=(+y +z
e cymiecTByeT Takoit ssement 0 € V| uro x + 0 = & qyra Jyiroboro « € V;
e s Jyiioboro x € V cymecrByer y € V Ttakoit, uro x + y = 0;
e «a(fz) = (af)r mus mobbix o, € Fuxz €V;
e 1.z =1 nna exuuunpl u3 nosst ' u goboro x € V;
o (a+B)z=azr+ fzr aua mobeix o, € F,z €V,
e a(x+y)=azr+ay s mbeix « € F, 2,y € V.
Torga mHOXKecTBO V' HA3BIBAETCS AUHETHBLM NPOCTPAHCTIEOM A GEKMOPHHIM NPOCTPAH-
cmeom Ha moem F.

HpnMepr, ropop+«digye o ToOM, IYTO HUYero HoBOoro He rmpoms3oOlIllJIo.

Yup. B paccMoTpeHHBIX HU)Ke IPUMEPAx YKayKUTe, KaK OIPEIEJIUTH OMEPAIlUN CJIOXKEHUS U
YMHOXKEHHSI Ha CKAJISIP, YTOOBI MOJIYYMIOCH BEKTOPHOE IIPOCTPAHCTBO:
(a) V — MHOXKeCTBO KOMILJIEKCHBIX 4HCesl, ' — 1oJie IefiCTBUTEIbHBIX YUCelT;
(b) V — MHOXKECTBO KOMIIEKCHBIX 9IHCEJI, ' — TOJIe KOMIIEKCHBIX THCEJT;
(c) V — MHOXKeCTBO CTPOK JEeHCTBUTENLHBIX YuCes IIUHbL 3, ' — nose neiicrBurens-
HBIX YUCEJT;
(d) V — MHOXKECTBO CTPOK JEHCTBUTENBHBIX YHCE IJIMHBI 4, CyMMa 9UCET B KOTOPBIX
paBHa 0, ' — moJste 1efiICTBUTENbHBIX YNCET;
(e) V — MHOXKeCTBO IOCJIE/IOBATEJILHOCTEH JIeACTBUTENbHBIX Ynces {a; }§2 1, A KOTo-
PBIX Ap = Gp—2 + An—3 A5t Bcex n > 4, F' — meiicTBUTEIbHBIE YUCJIA.
(f) V — MHOXeCTBO IOCTHMKUMBIX KOH(MUrypanuii jaMnovek u3 sagaqdu 2, F — nose u3
JBYX 3JIEMEHTOB;
(g) V — MHOXeCTBO GECKOHEUHBIX OC/IEJ0BATEILHOCTEN 3/1eMeHToB noust Fy, F' — mo-
e Fo;
(h) V — MHOXKeCTBO TaKMX PACCTAHOBOK JIEHCTBUTEJBHBIX YNCEN B KJIETKH ILUIOCKOCTH,
9TO KazKI0€e UNCJIO PABHO CPeIHEMY apudMeTHIecKoMy cocefeil; F' — mose aeficTBuTe b
HBIX IHUCEJ.

VYup. Kakwne uz npumepoB ynpakHeHUus “‘OTUHAKOBBIE !
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JIuneiiHble oTOGpa>kKeHUs.

Hanbl aBa JmHeiinbix npocrpancrsa U u V' nmagn nonem F. Orobpaxkenue f: U — V
HA30BEM AUHETHDbLM, €CJIU JIJIs JIHOObIX U1, U2 € U, a, B € F Bblnonneno paseHcTBO f(aui+
Buz) = af (u1) + Bf (u2).

Jluneitaoe oTobparkenne n3 TpocTpancTBa V B cebs Oy1eM HA3BIBATH ONEPAMOPOM.

Ecmn nuneitnoe orobparkeHne sIBIIsT€TCsT OMEKITHei, TO ero eIié Ha3bIBAIOT U30MOPHUIMOM,
a CaMU IPOCTPAHCTBA U30OMOPPHHHLMU.

Borpoc: rie MbI B TIPOIIJIOM IOy CTAJIKUBAJIUCH C ©30MOP(MU3MOM JIBYMEPHOTO IIPOCTPAH-
cTBa B cebs?

Hokaxkurte, 4T0 0OpaTHOE 0TOOparkKeHne K N30MOP(MU3MY TOXKE SIBJISIETCsT B30MOPMU3MOM.

V — numneitHoe mpocTpaHCTBO HaJ moseM F. /lokaxkuTe, YTO MHOXKECTBO OIIEPATOPOB HA
npocrpaucrse V (0603u. GL(V')) ToxKe sIBIIsleTCs JIMHEHHBIM IIPOCTPAHCTBOM HAJ IIOJIEM
F.

Mo2KHO JI1 BBECTH Ha MHOYKECTBE OIEPATOPOB ormepanuto “ymuoxkenus’”? To ects oToGpa-
’KeHme, conocrasisomee nape A, B € GL(V) oneparop A - B tak, 9To:

e (AB)C = A(BC);

o A(B+C)=AB+ AC;

e (B+C)A=BA+CA
(roxknectBo AB = BA He moppasymMeBaercsi).
ITo-ymHOMYy peniaeMm 3ajiady Npo KJIETKH.

O6oszraanm H jnmueitHoe pocTpancTBo u3 ynpaxkuenus (a) . Paccmorpum omeparop
L: H — H, casuraioniuil pacCTaHOBKY Ha OJIHY KJIETKY BJI€BO, orepartop U, casuraio-
Uil pacCTAaHOBKY Ha OJIHY KJIETKY BBEDX, OlepaTop F — TOXK/IeCTBEHHOE OTOOparkeHune 1
oneparop 0 — HysIeBoe oTOOparkeHue.

(a) Yro rakoe L?U? u UL??

(b) Hokawxure, uto L+ U+ L '+ U ' —4E =0.

(c¢) Hanummmure BbIpakenwe, comepxkamiee L u H TOJBKO B YETHBIX CTEIEHSX, PABHOE
HYJIEBOMY OIIEpATODY.

(d) Hanwmmmre xopotkyio dopmyiy, kak [Ibepy-Cumony naiitn gucio B xiaerke (0;0).
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Ilopsinok pocrta

Jlemu ar0bam pewams 3adauu, KOmMopvle um He no niewy. JIas nux amo
eOUHCMBEHHAA B03MOHCHOCTD DACTU.

Hxanuu Pomapu

ByzeM cauTaTh, 9TO HMeeM JeNI0 ¢ GECKOHETHBIMH BIIPABO MOCIEA0BATEIHLHOCTME, COCTOSTIAMA
U3 TIOJIO’KUTEIBHBIX BEMIECTBEHHBIX 9HMCENI. By/eM TOBOPUTH, ITO MOCIEIOBATEIBHOCTH {a;}
HaMHO020 MeHbWe, deM {b; }, 1 06o3HagaTh 310 {a;} <K {b;}, ecau 11 10600 MOTOXKATEITLHOIO
C cymecrsyer Takoit ungekc n(C), aro npu i > n(C) semonneno Ca; < b;. AHajormdso
ONPEJIEIIACTCA HAMHO020 BOADULE.

ByneMm roBopurs, 9TO IIOCIIENOBATEILHOCTU IKGUEAAENMHYL, €CU cyluecTByeT uucio C' Taxoe,
uTO [Is1 Beex i Bhmosmsercs & < 3 < C. Bygem sro o6osnauars kak {a:} ~ {b:}.
K3

1. (a) Ilycrs ecrs aBe nocienosarensHocTr {a;} u {b;}. OGs3aTe/NBHO 1M BBIIOIHSIETCS
aro-uubyp w3 {a:} < {bi}, {ai} ~ {b:}, {a:} > {b:}?

(b) Moxkuo a1 BEIOpATH CUETHOE YHUCIIO HOCJIE0BATENBHOCTEN Tak, YTO Jr0bas Apyras
MOCJIEIOBATETLHOCTh HAMHOT'O MEHBIIIE KAKOW-HUOY/Ib 13 BHIOPAHHBIX !

2. [Hanwl gsa muorounena P(z) u Q(x). Korma nocnenosarensuoctu P(n) u Q(n) sxBusa-
JIEHTHBI?

3. (a) Hokaxure, ato n? < 27;
(b) Hoxaxure, aro n'*® < 1,001™.
B 3amauax 4-6 cpaBHHUTE CIIeyOITE TIOCIEA0BATEIBHOCTH (IPUHIMAIOTCS JIO0ObIE YaCTHY-

HBIE PE3yJIbTATHI).

4 Loan=n" 5. 1.a,=n" 6. 1.ga=[15n]!
: - 2
2. by =(n—1)" 2. en=n! 2. h, = (1.01)"
" n— 2n)! |
B.ea=n""t 3@,17(:,) 3. = 20
— n . n!
ddy = 1"+22+...+n 4 gn = [15n) 4= O
ByneB ky0

Tanruna Baanka, 6yav-6yae, 6ysv-6yas!

Pexnama OymeBpix kybukoB “Tanunna Baamka”

1. Ckombko y n-MepHoro Gysea Kyba
(a) pébep;
(b) nuknaoB mauHb 4.
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IIpu xakux n Bech n-MepHBINA Ky0 2 X 2 X ... X 2 6e3 ABYyX MPOTHUBOIIOJIOKHBIX KJIETOK
MOKHO Pa3buTh Ha JOMUHOMKHA 2 X 1 X 1 X 1...X 1?7 JJoMMHOIIKH MOXKHO BPAIIaTh JTFOOBIM
U3 N CIIOCOOOB.

ITycts S — 2018-3/€MeHTHOE MHOMKECTBO, 1 — mesoe umcso, n 0 < n < 22°18. JTokaxure,
9TO BCE TOJIMHOXKECTBA S MOXKHO PACKDPACUTb B UEpHBIH U OeJIbIil 1BeTa ¢ COOJIIOIEHIEM
CJIeIyIOIUX YCJIOBUMA:

e obObeauHEHNE JIOOBIX IBYX OEJIBIX MOAMHOXKECTB — 0esioe;
e 0o0beauHEHME JIOOBIX JBYX YE€PHBIX MOJIMHOYKECTB — YEPHOE;

e 0eJbIx IIOJAMHO>KECTB POBHO M.

Ilycte X1, Xo,...X,, — pa3nudHble TOIMHOXKECTBA N-3JIEMEHTHOrO MHOXKecTBa R. Jloka-
JKHUTE, 9TO CyIIECTByeT Takoi x € R, uro muoxkecrsa X1 U {z}, Xo U {z},..., X, U {z}
[IOTIAPHO PAa3JIUIHbI.

TeopeMa H_InepHepa. B MHOXKeEcTBe M3 1 3J1EMEHTOB OTMETHJIA HECKOJIBKO IO IMHO-
2KeCTB TaK, 9YTO HUKaKO€ OTMEYEHHOE IMOAMHO?KECTBO HE COJCPZKUTCA HU B OZHOM JIPDYTOM
OTMEYCHHOM.

(5]
(a) Hokaxwure, 9ar0 MOKHO OTMeTUTH Cr? ' IIOJIMHOXKECTB;

(b) ,ZLOKa)KI/ITe 110 MHAYKIIUH, 9TO MOXKHO Pa3JdejIMTh BCE€ 3JIEMEHTHbI Ha IEIIOYKH, CHUM-
METPpUYIHbIC OTHOCUTE/IbHO IIEHTPAJBbHOI'O CJIOA;

[5]
(c¢) [okaxkure, 9TO MOYKHO Pa3IeIUTh BCe 31eMeHTh Ha Cp?” MENoveK, UCIOIb3ysl JTIEM-

My XoJuia.

IIycts 3amano nekoropoe nmepeso 1 na n + 1 Beprmae. Jlokaxkure, 9T0 pédpa n-MepHOrO
OyseBa Kyba MOXKHO pa30HTh Ha HECKOJIBKO HEIEPECEKAIOIIUXCsl YacTell TakK, 9TO KarK1ast
qacTb Oyaer msomopdua 7.

Bce 512 nogmHOXKeCcTB 9-TH 3JIEMEHTHOIO MHOXKECTBA pa30uiu Ha mapbl. Jlokakure, 910
ot 512 MOAMHOXKECTB MOXKHO PAaCCTaBUTH II0 KPYTy TaK, ITOOBI [Ba IIOJMHOXKECTBA U3
Ka’KJIo# Iapbl CTOSIJIA PSAJIOM M UTOOBI JIIOObIE /Ba CTOSIINE PsJIOM IIOAMHOYKECTBA, He
NIpUHA IeKAIIIE OJ{HOM Iape, NMeJn Obl CHMMETPHYECKYI0 PA3HOCTh MOIIHOCTH 1.

MHoro4jieHbl OT HECKOJIbKUX IepeMeHHbIX

O6cyxkmaem: OHOWIEH OT JAHHOINO HabGOpa MMEPEMEHHBIX, CTElEeHb OJHOYJIEHa, MHOTOYJIEH,
KaK CyMMa OJIHOYJIEHOB, OJHOPOJHBI MHOTOUWIEH, OJHOPO/HAS KOMIIOHEHTa MHOTOYJIEHA, CTe-
IeHb MHOTOYJIeHa, KOI(DMUITUEHTHI.

1.

(a) Ilycrs f u g — 1Ba MHOIOWIEHA OT IEPEMEHHBIX X1, X2, . ..,ZTn U fg = 0. Jokaxkure,
qro torga jgudo f = 0, mubo g = 0.

(b) okaxkuTe, 9TO CTENEHb MPOU3BEACHUS JIBYX MHOTOYJICHOB PABHA CYMME WX CTEIIe-

HEu.
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2. (a) Muorowren f(z1,z2) obpamaercs B HyJb NIPHU JTIOOBIX HEJbIX 3HAYCHUAX L1 U T2.
Hokaxure, uyro f = 0.

(b) Hdokaxkure TOT Ke pE3yJIbTAT JJisl MHOIOYJIEHA OT [IEPEMEHHBIX L1, . . ., Tn.
3. CyecTByIOT JIM MHOTOYJIEHBI OT TPEX nepeMmeHHbIX P(z,vy,2),Q(z,vy,2), R(z,y, 2), 11
KOTOPBIX BBITIOJTHEHO TOKJIECTBO

(x—y+1)°P+(y—2-1°Q+ (2 —2c+1)°R=17

4. JIng KaxKIoro U3 HUKENEPEUIUC/IEHHBIX MOAMHOXKECTB A TOYEK Ha KOOPIUHATHON ILIOC-
KOCTH yCTAaHOBUTE, Haijerca jm muorowien P(z,y), mis KoTroporo A eCTb B TOYHOCTH
MHOKECTBO TOYEK, B KOTOPBIX OH 0OpaIaercs: B HyJIb?

(a) A — KOHeYHOE MHOXKECTEBO.

(b) A — obbenuHEHNE KOHETHOTO IHUCIIA MPIMBIX.
(e¢) A— nyu.

(d) A={(z,9) | z,y>02y=1}

(e) A:{(n—ls,l— %) | nEN}.
(f) A=A{(z,y) | y=2"}.

CI/IMMeTpI/I‘-IeCKI/Ie MHOI'O41JI€HbI.

Omnpenenenue. Muorounen P(z1,Z2,...,Ts) HA3BIBAETCI CUMMETPUYIECKUM, €CJIU
P(z1,22,...,2n) = P(To1),To@),---)To(n)) AT TH06OH mepecranoBku o : {1,2,...,n} —
{1, 2,..., n}. Hanpumep, muorouien m4y + y4x +atz+ 2t 4+ y4z + z4y SIBJISIETCS CUMMeTpu4de-
CKHM, & MHOT'OYJICHBL xzy + yQZ + 2’z ux? + y3 + 22 — wer.

DAEMEHMAPHBIM CUMMEMPUIECKUM MHO20HAEHOM CTEIIEHU Kk OT TIEPEMEHHBIX T1, X2, . . . , Ty Ha-

3bIBaeTCdA MHOI'OYJICH

er(T1,T2,...,&n) = E Tiy Tiy * -+ * T, -
1<) <ig<...<ip<n
B uacraocTH, €1(Z1,%2,...,Tn) = X1 + T2 + -+ + Tn U en(T1,T2,...,Tn) = T1X2 - Tn. MbI
TaK»Ke CUMTaeM, 4To eg = 1.
s kparkoctu GyzeMm o6o3HavaTh JI060i MHOrOUNEeH P(21,. .. %,) npocto P(T).

OcuHoBHas TeopeMa O CUMMETPUYIEeCKUX MHOro4JjeHax

Muorounen P(z1,%2,...,Tn) C HeJbIMA KOIDOUIMEATAMI ABISAETCA CAMMETPUYIECKIM TOT/IA U
TOJILKO TOT/Ia, KOT/a Haiercs Takoi MHOrouwteH Q(y1, Y2, - - . , Yn) € LEJIbIMUA KO DUIMEHTAMHY,
qTo

P(z) = Q(e1(T), €2(7), .. ., en(T)).

Omnpepenenne. s crpodek a = (a1,a2,...,an) 1 3 = (b1,b2,...,bn), nae a; u b; - HeoTpUIA-
TeJIbHBIE TIEJIbIE UUCITa, OYIeM TOBOPUTD, 9TO o 60JbIie B JIEKCUKOTPA(PUIECKOM HOPIKe
u nucath o > 3, ecom « # S u a; > b; 1j1s HAMMEHBIIErO 4, TAKOTO YTO a; 7 b; .
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Yup. (a) Iokaxwure, 9T0 151 @ # [3 BBIOJIHEHO POBHO OJIHO M3 yCJIOBWiA « > S u 8 = .
(b) Ilokaxwure, uto o > fu B v = a > 7.
/ / / !
(c¢) Tokaxure, uro a = fua’ > ' = a+a' > f+ ' (cioxenune a u [ nuponssoaurcs
ITOKOMITOHEHTHO ).
5. JlokakuTe, 9TO HE CyILIECTBYeT Takoil GeCKOHEeUHOI nocsenoBarenbHocTu {ay, }, 910 a1 >
a2 > ...0pn > ....
Omnpepenenue. Ina muorounena P(z1,Z2,...,Ty) CTapIiieil CTEIEHBIO HA3LIBACTCA HAH-
GouibIiasl B JIEKCUKOrpadUIeCKOM HOPsiKe Takas CTpodka o = (a1,az2,...,adn), 9TO OJHOYUIEH

ay a2 a
xytxs? .. xp" BXonuT B P ¢ HEHyIeBbIM KO3(M@UIHEHTOM.

6. (a) Ilycte a = (al,a27...7an) ua = a2 = ... = apn. llokaxkure, 9T0 3Ta CTPOUKA
SIBJISIETCSI CTapIeil CTENeHbI0 MHOTOYIEHA
—\ X1 — Q& —\ 2 — Q& —\ ¥y -1 — X —\
e1(T)*  Zea(T)M L len_1(T) T e (T) M.
(b) Jdokaxkure OCHOBHYIO TEOPEMY O CHMMETPUIECKUX MHOIOWIEHAX.
7. Jlokaxxure, 94TO 3HAYEHUE JIFOOOTO CUMMETPUIECKOIO MHOTOUJIEHA, OT KOPHEW yHUTAPHOTO
MHOTOYJIEHA C MEJIBIMU KOIMDDUINEHTAMHU STBIISIETCST TETBIM IUCTIOM.
. Hoxkaxkute, 4T0 MHOTO4JIeH ) U3 (POPMYJIMPOBKU TEOPEMbI €IUHCTBEHHDIA.
. Cymma necsitu unces pasaa 0. Bo ckosibko pa3 cymma ux Ky6oB 6oJIblie 3HAYEHUS €3 OT
HUX?
10. (a) Iycrs P(z1,...210) = [ (x: — xj)2. Haiture cymmy k03 DUIMEHTOB COOTBET-
i<5<10
CTBYIOIIEr0 MHOTOYJIeHA (.
& 2018
(b) Tor ke Boupoc gyst P(x1,...x10) = Y, i .
i=1
11. Ilyctes z1,x2,...T, — B3aMHO HPOCTbIE B COBOKYIHOCTH HATYpPaJIbHbIE YHCJA, & S =
¥ + a5 + ..+ aF. Dokaxure, uro [1,2,3,...n] gemurcs ua (s1,82,...5,).
o
Pa3znoboit
1. JloxkaxXuTe, YTO BEPIIMHBI [JIAHAPHOrO rpada MOXKHO TaK PaCKpacuTh B 3 IBeTa, YTO B
HEM He Oy/IeT OJ/IHOIBETHBIX IMKJIOB.
2. Harypasbuble uncia b u ¢ TakoBbl, 910 (c+1) i b. Beerpa im HalizyTes Takue HATy paJIbHbIE
qucnaa T, Yy, z, 9to * +y = bz, xy = cz?
3. Haiinure HauMeHbillee Takoe m, YTO Cpeiy JIOOBIX 7T TOYEK C IEJIBIMU KOODIWHATAME
Ha TIOCKOCTH, HAWIYTCA JBE TOYKH, KBAJIpAT PACCTOSHUS MEXKJY KOTOPBIMU JIEJTUTCS
na 2016.
4. MoxHO 1 pasbuTh TPOCTPAHCTBO HA MPSMbIE, HUKAKNE JIBE U3 KOTOPHIX HE MAPaJLIEIb-

HBI?
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CymectByer sin Tako#t muoro4wtes P(x,y), 9T0 Ipy MOJACTAHOBKE BCEX MAP HATYPAJIBHBIX
T ¥ Yy OYIyT MOIYydaThCs HATYPAJbHbIE 3HAUSHHS, IPUIEM KaXKJ[0€ HATYyPAJIbHOE SHAUCHIE
[IOJIy9NTCs POBHO OJIUH pa3?!

Jano sarypanabaoe 9ucso k. i KaxK10ro HaTypajsbHOro n 0603uaunM f(n) HauMeHbIIee
3HAYEHHUE BbIPAYKEHUST |:|:1’c +2F + .. +£nF| no Becem paccranoskam 3makos. Jlokaxkure,
aro dbyuknusa f(n) nepuoguaHa, HAYUHAST C HEKOTOPOTO MECTA.

Hazosém wabrorom tabaumy 100 x 100, B KJeTKax KOTOPOil pacCTaB/IeHBI YHCIa OT 1
no 100. Jlokaxkure, UTO CYIIECTBYeT TaKas NMPSAMOYILOJbHAs TabOJIUI@, UTO I JII0OOro
mabsiona u obbrx 100 crpok cymectsyoT 100 cTOIGIOB Takwme, 9YTO TAOIUIA HA UX IIe-
peceveHnn COBIAIAET C BHIOPAHHBIM IIAOJIOHOM, & KpOoMe TOro st Jo0srx 100 cToabros
cymectByoT 100 cTpok Takme, 94TO TabJIMIA Ha WX MEPECEUYEHUN COBIAIAET C BHIOPAHHBIM
11abJTOHOM.

Ha monyokpyzxuaoctu ¢ guamerpom AB BwiGpanbl Touku C' u D. Otpesku AC u BD
nepecekatorcss B Touke O. Jlyan AB u DC mepecekatorcs B Touke F. Jlokaxkure, 9TO
Touku nepecederusa orpe3skoB AD u BC' ¢ npsamoit OF u cepeiuHbl 9TUX OTPE3KOB JIEXKAT
Ha OJIHOM OKPY?KHOCTH.

IIpenensr

YVa€eRIe >0 VN In> N: |a, —a| > e.

Becripenen.

Omnpepenenue. s mocaenoBaTeabHOCTH {a; 52, CKazKeM, 9TO YHCJO G SIBJIAETCA €6 mpejie-
JIoM, eciu auis oboro € > 0 cymecrsyer Takoe N = N (g), uro mis 1060ro ¢ > N BbIIOJHEHO
lai —a| < e.

OcHOBHBIE CBOICTBA.

JokakuTe, 9TO y MOCIETOBATEILHOCTA HE MOYKET OBITH OOJIbINE OTHOTO TIPEIETA.

YT0 MOXKHO CKa3aTh PO MPEIEs MTOCIEe0BATETbLHOCTH, BCE YJIEHBI KOTOPO MTOJIOYKUTE b~
HBIL?

JokakuTe, 9TO CyMMa JBYX CXOJAIIUXCS IIOCJIEIOBATEHLHOCTENl CXOMUTCS U €€ IIperest
PaBeH CyMMe IIPeJeJIOB ABYX IOCIEIOBATEILHOCTEN.

Jokaxkure, 9TO NPOU3BEIEHUE JIBYX CXOISIIAXCS ITOCJIEI0BATEILHOCTEH CXOMUTCSA U €6

IpezeJsl paBeH IIPOU3BEAECHUIO IIPpEJe/IOB [IBYyX HOCJIe,ZLOBa.TeHbHOCTeﬁ.
bn b

Useecrno, uro lim a, = a # 0, lim b, = b. Jokaxure, yro lim — = —.
n—oo n—o0o n—o0 n a

Haiinure npenesl caeayonux nocae10BaTeIbHOCTEH:

n® —d4n? —Tn — 12
. (b) by = V2 /s - .
S ; (b) VN2 +n+T7—+/n2-Tn+5

(a) an =
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1
Jlis kakoro k mocjieoBaTeIbHOCTD Gn, = /T + /N + 2 — 24/n + 1 sKBuUBaJIeHTHA —k?
n

Yro-TO euié npo mpeesibl.

8.

10.

11.

£\ 1000
4) . JlokasaTk, 9TO KaKOe-To

IlocnemoBaTeIbHOCTD @ TAKOBA, UTO @1 = 1, Gi41 = Qi — (7‘

u3 a; crager MenbIire 0.00000001.

Han kBagpat co ctoponoit 1. OT HEro 0TCEKAIOT YeThIPE YIOJIKa — YEThIpe TPEYTOJIbHIUKA,

Yy KazKI0ro U3 KOTOPBIX JABE€ CTOPOHBI UAYT II0O CTOPOHAM KBa/paTa U COCTaBJIAIOT % ux

JJIMHBI. C IIOJIy Y€HHbIM 8-yFOJII>HI/IKOM JeJIaroT TO 2Ke caMoe: OT KazKJI0M BEPIIUHBI OTpe-
3aK0T TPEYTOJIbHUK, ABE CTOPOHBI KOTOPOI'O0 COCTaBJIAIOT IIO % COOTBETCTBYIONIUX CTOPOH

8-yronbpHUKa, U Tak jgajee. [lorydaeTcs 110CI€40BATEIBHOCTE MHOTOYTOJIBHIKOB (KaK IbIi
cogepxkurcs B npeasiaymenm). Hafinure noomans dburypsl, sBistomeiics nepecedeHneM
BCEX 9TUX MHOIOYIOJIBHUKOB (TO €CThb 0O0pa30BAHHON TOYKAMM, IPUHAJIEXKAIMA BCEM
MHOT'OYTOJIbHUKAM ).

1

Hocaenoparensrocts {a; }i2, Takosa, 4t0 Vm,n € N |an+am —amin| < 1

yro dx Vk ar = kx.

. Jokaxwure,

Kuraiickass MaTremaTnyeckas oJiuMInaaa. /Jlana orpaHnyeHHas ITOCIEI0BATEIbHOCTD
{an}n;1, J1J1d KOTOPOit

2n+2006
ag 1

., Vn=1,273,...
< D ritagaer ™

Hokaxkure, 9T0

1
an < — Yn=1,2,3,...
n
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BTOpa.EI IIATNJHEBKAQ
KBaﬂpaTI/I"IHbII';'I 3aKOH B3aMMHOCTHN

Keadpamusunoid 3axon 63aummocmu ecmecmseenno obobwaemcs 1a
cumgov, HAKxobu, 9mo no3sossem YCKopumsd HATONHCOEHUE CUMBOAG
Jleotcandpa, nockoavky bosee ne mpedbyem nposepru Ha NPOCmMOmy.

Bukwnnemust

Onpenenenne. HenyseBoit 0cTaToK @ IIpu JeJIEHAN Ha, P HA3BIBAETCS KEAOPAMUYHBIM GbIHETNOM,

II0 MOJYJ/IXO p, €CJIn CpaBHEHUE 1'2 = a(modp) pa3spenimmMo u neaﬁpamuuumm HEBBLIYEMOM B

OPOTUBHOM CJIy4dae.

Omnpepnenenune. [lycrs p € P. Cumsosom Jlestcardpa HasbIBaeTCsT BhIpazkeHne, 0003HAIAEMOE
(%), paBHOe 1, ecii @ — KBaJpPATUYHBIA BBIYET 10 MOIYJIIO p, —1, eciii a4 — HEBBIYET IO

mouymio p u 0, ecim a KpaTHO p.

VYup. dokaxkwure, 910 (‘%’) = (%) . (%)

—1
VYup. [okaxwure, 9To eciiu a He JEIUTCA HA P U P > 2, TO (%) = (mod p).

(KBagparuunsblii 3akoH B3auMHOocTH Laycca.) VIMEOT MECTO TPy COOTHOIIECHMUS:
—1

a =] =(-1

(a) (5) =1

p?—1
8

p—1
2

() (2)=(-1
q P (p=1)(g=1)
(c) (5) . (E) =(-1) 4 J1J1s1 JIOOBIX PA3JINIHBIX HEYETHBIX IIPOCTBIX YUCET P U (.

Onpenenenne. KoMIieKCHOE YHCIIO (v HA3bIBAETCs AJreOpamvIecKUM, eC/Ii OHO sIBJISIETCSI
KOPHEM MHOTOYJIEHA C TEJIBIMU KOI(MDMUITHEHTAME; [EJIbIM ajiIreGpanviecKuM, eCjii OHO siB-
JISIETCS KOPHEM YHMTAPHOI'O MHOIOYIEHA C IeJIbIMU Ko3(hdUImenTaMu; TPAHCIEHIeHTHBIM,
€CJIM OHO He sIBJIsieTCsT ajrebpanyeckuM. Yucia e U m TPAHCIIEHIEHTHBI, HO JIOKa3aTh 9TO OYEHD

HEMPOCTO.

1. (a) Iycrs p(z) = (x—a1)(z—a2) -+ (T —ayn) - MHOrOUJIEH ¢ LesbiMu KO3 hUIpeHTaMu.

Jlokaxkurte, YTO y MHOTOUJIEHA H (z — aijrj) Bee KOIDPDUIMEHTDBI TAKKE TEJIbIE.
1<i<j<n

(b) [okaxkure, 9TO CyMMa, Pa3HOCTh W TPOU3BEJICHUE MEJbIX ANTeOPANmIeCKUX TUCEIT

TaKKe SABJISETCsl EJIBIM aJreOpandecKuM.

(¢) Hoxaxwure, 9ro anrebpanydeckue Iucya o0pasyror moJle.

(d) [Jokaxkwure, 9TO BCe KOPHU MHOTOWICHA C arebpamdecKuMu KodhbuImeHTaMu sB-

JISIOTCS aJIreOpanvIecKuMU YUCJIAMK, & KOPHU BCEX YHUTAPHBIX MHOIOYJIEHOB C IEJIBIMU
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aarebpanIecKuMu KO3 OUITNEHTAMA SBJISIOTCS TIEJIBIME aIreOpandeCKUMU IUCTAMMU.

ycrs ¢ = cos(3F) + isin(3F).

(a) Ilokaxkure, 910 ( SIBJISIETCS LEJIBIM AJIre0PANIECKUM YHCIIOM.

(b) Hdokaxure, 9T0 mJist 0600 HEYETHOTO MIPOCTOTO P BBIMOJHEHA [[EIIOYKA CPABHEHUI
_ _ p—1 _ _

(110 Momysio p) u pasencts (P + (P = ((+¢HP =272 ((+¢TH = (%)(44_ ¢h.

(c¢) Hokaxwure, aT0O (%) =1, ecim p=+1 (mod 8), n (%) = —1, ecsim p = £3 (mod 8).

p—1

_ 27 .l 27 _ k ak

Hycrs ¢ = cos(<F) +isin(=F). Just 1 < a < p— 1 obosnaunm g = =) ¢*". Yucna
k=1

Jo Ha3bIBAIOTCS KBaJApaTUIHbIMU cymMmamu I'aycca.

(a) Jokaxkure, 9TO YUCIIA ¢q ABISIOTCH HEJIBIMUA AIre0pandecKuMu.

(b) Hoxaxwure, 910 go = ($)g1.
p—1

(c¢) MHokaxure, o g7 = (—1)%1;0. (ITodckasxka: paccMOTPUTE BBIPAYKEHHE Zgag,a u
a=1

IOKarKUTe, 9TO OHO OJHOBPEMEHHO PABHO U (%)(p —1Dg?, uplp-1)).

(d) Hdokaxkure 1enovxky cpaBHEHHI (II0 MOJYIIIO ) M PABEHCTB

(g) G=g=gl=((-)7T P T a=(1"7 T (B) .

( e ) BbIBe‘HI/ITe KBa,ILpaTH'—IHI:II?I 3aKOH B3aMMHOCTHU.

2018 )

Haiinure ( 10007

IIpo HaTypaJIbHbIE YHCIA a, b, p, TIe p — IIPOCTOoe, U3BeCTHO, uTo a + b2 = p. Jlokaxxure,
9TO @ — KBaJAPATUYHBIN BBIYET [0 MOJYJIIO P, €CJIU

(a) a — HeuerHoe mpocCTOE;

(b) a — meuernoe.

n

Joxazkute, aro ecu 22 4 1 mpocToe, TO 3 SBISETCH TEPBOOBPAIHEIM KOPHEM O MOZIYJIIO
27’L

2% +1.

Jokaskure, uTo ypapuenne 2 — 3y> = p umeer pentenne (a ) Torma; (b) Tosbko TormA
korga p = 1 (mod 12).

TIpur Kaxux Heasx n, anucao n’ 4 3 gemurcs ma (n).

Haiture Bce npocrbie p Takue, 9T0 p! + p — TOUHBINA KBaJApPaT.

Mycre 1 = 1,y1 = 100, Tnt1 = 55237 + Yn, Ynt1 = yi?ﬂ

nenuTcs Ha 239 HU IpU KaKOM HATYPaJILHOM 7.

+ z,. Hokaxkure, 4T0 TnY, HE

Pemmure B menix gncaax &° — x + 9 = 5y,
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IIpo cymmy psizia

CyMMa HATYPAJIBHBIX YHCEJI PABHA

1
— 15 IPUATHOIO IIPOCMOTPA.

e}
Omnpepenenue. CKaxkeM, 9TO YUCIO0 S ABIACTCH CYMmMMOol pada » , G, €CIU TUCIO S ABJILETCS
i=0

k

LIPe/IeJIOM mocJieioBaTesibHocT S = Y ;. CKaxkeM, 9To psifi cZoOUmcs, eCai y Hero ecrb
i=0

CyMMa U pacrodumcs — WHaJe.

1. (a) Yemy paBeH Ipejes OCJIEN0BATENBHOCTH Ay = G 7
(b) Hamo umcio ¢ taxoe, uro |g| < 1. Haitmzure cymmy psma 1 +q+¢> +¢% + .. ..
JlokaxkuTe, 9TO psif 1% + 2% + 3% + ... cXomuTc4d.
Jokaxkure, aro psig 1 + % + % +...+ % + ... cxommTCes.
0603navum cymmy 3mozo pada KoHcmarmot e.

4. JokaxkuTe, 9TO JIsi JIIOOOrO HATYDPAJIBHOTO N CYIIECTBYET TAKOe HATYPAJIBHOE M, 9TO
™ < e < ™H y cuenaiiTe COOTBETCTBYIONINI BHIBOJL.
: 1\k _
5. (a) Hokaxkwure, 4TO kzl(l)llloo(l +) =e
(b) Bepna s B 061mem ciydae Cieyromas TeopeMa:
Ecau 0as xascdozo namypasvrozo k nocaedosamenvrocms {ak,;}io; cxodumea % ak, u
o0
0as Ka2#c0020 HaAMYParvrozo i pad Y, ak,; = Xk, nocaedosamesvrocms Xy crooumcs x
k=1
oo
wucay X, mo pad Y, ai crodumcea u e2o cymma pasra X7
k=1
2 3
6. (a) Hoxaxure, a0 moboro = psam 14z + S + &5 + ...+ cxogurcs.
(b) [oxazxure, aro ero cymma pasma  lim (14 £)*.
k=1—o00
7. O6o3HauuM Upeze u3 UpouuIoh 3anaun exp(x).
Hoxazkure, uro exp(a + b) = exp(a) - exp(b).

Cerun Popaa u PankepcoHa

Onpenenenne. [lycrb 3a/1aHO0 MHOXKECTBO BepIIuH V', B KOTOPOM BBIJIEJIEHBI J[BE BEPINUHBL: S
(6200) u t (6v1z0d). Ilycrs onpenenena dbyukuus ¢ : V x V — R, ynosiersopsironas COOTHO-
[TEHUSIM

c(z,y) =20, c(z,8)=0, c(t,y)=0

s mo6bix BepiwH 2,y € V. Torma G = (V, s, t, ¢) — ceTb, GyHKIUA ¢ HA3BIBAECTCA NPONYCKHOU
cnocobrocmuwio cetu G.
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MuoxecrBo A(G) = {(z,y) : ¢(x,y) > 0} HasbIBaeTCS MHOXKECTBOM cmpeaok cetu G.

Omnpenenenune. [Iycte G — cerb. Oyukius f : V X V — R HazwsiBaercs nomokom B cetn G,
ecau f yIOBJETBOPSIET TPEM YCJIOBHAM sl J00bIX 2,y € V mv € V \ {s, t}:

fl@,y) <clz,y), fley)=—fyz), > flv,2)=0.

zeV

Hucro |f| = >,y f(s,x) HaseBaercs eaununot nomoxa. Ilorok B cetn G ¢ MAKCHMATLHOM
BEJIMIMHON HA3BIBAETCS MAKCUMAADHBIM.

Onpegnenenne. [lyctb G — ceTh, a MHOXKECTBO ee BepmiuH V pa3buTo Ha JBa HelepeceKaro-
mmxcs maoxkectBa S n T Takux, ato s € Su t € T. Torma (S, T) — paspes cern G.

Bemmamna ¢(S,T) = >°, .5 cp ¢(2,y) HASBIBaETCA nponycrnot cnocobrocmyio paspesa. Jloboit
paspe3 cetut G ¢ MUHMMAJIbHO IPOIYCKHOMN CIIOCOOGHOCTBIO HA3BIBAETCH MUHUMAADHbLM.

st moGoro moroka f B cetn G Bemmmna f(S,T) = 3 o veT f(x,y) HaspiBaeTcsa nomoxom
wepes paspes (S,T).

IIycts f — noroxk B cetn G. Paccmorpum cets G¢ ¢ Temu 2xe V, s, 1 IPOITyCKHO# CIIOCOOHOCTHIO
cf(z,y) =0nmpun y = s wm x = t, cf(z,y) = c(z,y) — f(z,y) B ocranbubX caydasx. Hazosem
Gy ocmamounoti cemwvto OTOKA f.

Honoararowud nymos moToka [ — 370 Jio6OoH IIyTh U3 BXOJA B BBIXOJ[ BIOJbL PEOGEP HEHYJIEBO
MPOITYCKHON CIOCOOGHOCTH.

1. s mo6oro noroka f u paspesa (S,T) cetu G mokaxure, uto | f| = f(S,T).

2. (Teopema ®Popna-Pankepcona.) B ceru G ¢ NpoIycKHO# CIOCOGHOCTBIO ¢ 3a4aH I10-
tok f. Jlokaxkure, 4TO CJIELYIONIE TP YTBEPXKIEHUsI PABHOCUJIbHbI:

e 10TOK f MaKCHMAaJeH;
e cymecrsyer paspe3 (S,T) takoii, uro |f| = ¢(S,T);
® B OCTATOYHON CETU HET JIOHOJIHSIONIErO IyTH.

Caencreue. Bennynaa MakCHUMaJIbHOIO MOTOKA paBHA MPOIYCKHON CIOCOOHOCTU MUHM-
MaJIBHOTO pa3pe3a.

3. Mycrs (S1,71) u (S2,T2) — mMurUMabHBIE pa3pe3bl B cetn G. JlokaxkuTe, 9TO paspesnl
(S1 NS, T UTs) u (S1US2, 71 N'T) Tak:Ke SBJISIOTCS MAHUMAJIbHBIMA.

4. Jlokaxxure, UTO B IEJIOYUCIIEHHON CETH (T. €. B CeTH, IPOIIYCKHBbIE CITOCOOHOCTHU BCEX pedep
KOTOPOH ABJIAIOTCS II€JIBIMUI ‘{I/ICJIaMI/I) CYIIEeCTBYEeT MaKCUMAJIbHBIN IOTOK, IIPUYEM CpeIu
MaKCUMAaJIbHBIX MOTOKOB JaHHOW CEeTH HAMIETCS IeIOYUCTECHHBINA.

5. B npsamoyrosipHOi TabIUIE PACCTABIEHBI JEACTBATEIbHBIE YUCIA TAK, 9TO CyMMa UHUCETT
B KaXKJIOM CTOJIOIlE M B KaKJO# CTPOKe Iesasi. Becera M MOXKHO OKPYIVINTD KazK10€
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HEIEeJsI0€e Incsio (TO eCTh 3aMEHUTD Ha OJJHO U3 JABYX OJIVZKANIINX MEJIBIX TUCEIT) TaK, 9TO0BI
CyMMa 9HUCEJI B KaxKIO0H CTPOUKE W KarKIOM CTOJIOIE He N3MEHUJIACD !

Brisenute n3 teopemsr Popaa-Dankepcona CiieLyionine yTBEPKIeHN:

6. (“PebGepnas teopema Menrepa.”) daubl rpad G u ero Bepmmsbl u u v. Ilycrs npu
yaastennu JIoObIxX k — 1 pebep B ocTaBieMcs rpade CyIecTByeT IyTh MexK Iy v u v. Torma
B rpade G cymiecTByeT k myTeit MeXIy u U v, He UMeIoIme obmux pedep.

7. (Teopema Xonuna.) Ecau B gBysonsaom rpade ¢ goasvu A u B st 1060ro MHOKECTBA
u3 k Bepuinn V' C A cymiecTByeT He MeHee k BEPIIUH J0Ju B, CMEXHBIX XOTs ObI C OJIHO#
U3 BepIIMH MHOXKeCTBa V, TO CyIIeCTBYeT IIapoCOYeTaHMe, COIEPIKAIlee BCE BEPIINHBI
u3 A.

8. (Teopema Kénura.) Ha xieT9aToil TIOCKOCTH PACCTABJIEHO HECKOIBKO Jasei. Torma
HambOJIbINee YUCIIO HEOBIOIUX APYT APYTa JaJaeil, KOTOPble MOYKHO BHIOPATDH U3 HUX, PABHO
HaVMEHbIIEMY YHUCJLy JIMHUNA (CTOJI6HOB u CTpOK), IIOKPBIBAIOIINX BCE NaHHBIE JIAJbU.

9. Ecuu B aBymosbHOM rpade ¢ ponsmu A u B mis mro6oro MEOKecTBa n3 k Bepmun V C A,
CyMMa KOJINYeCTBa BEPIIHH JI0JIM B, CMEXKHBIX XOTsI ObI C OJIHOM M3 BEPIIUH MHOXKecTBa V'
¥ KOJIMYECTBA BEPIIWH JOJIU B, CMEXKHBIX XOTsi ObI C BYMSsI U3 BEPIINMH MHOXKeCTBa V , He
MeHee 2k, TO CyIIECTBYIOT J[Ba HEIIEPECEKAIONINXCS 0 PEOPaM MapoCcovueTannsl, KaKJa0e U3
KOTOPBIX COJEPKUT BCE BEPINUHBI u3 A.

Teopema o 6abouke
MaJsienbkuii 1uKk6es.

Paccmorpum Ha mockocTu OKpyKHOCTB § € 1eHTpoM O U pauycoM 7.

Onpegnenenne. Pacwupennoli naockocmvio Ha3bIBAETCS IIOCKOCTD, TIOMOJTHEHHAS GECKOHETHO
yaasaeHHo# Toukoit {oo}.

Onpenenenune. Hnsepcueti omHocumeabho oKpyscHocmu S Ha3bIBaeTcsl Ipeobpa3oBaHue, Ie-

)
peBojisIee KaxK/lylo TodKy A pacmmpenHoil mirockoctu B Takyo Touky A’ maydga OA, uro
OA-OA =72,

Onpegnenenune. OKkpystcHOCTBIO KA PACUUPEHHOT NAOCKOCTU HA3BIBAETCS JINOO OOBITHAS OKPY 2K~
HOCTB, 00 IpsaAMasi, TONOJHEHHAs GECKOHEUHO yIaaeHHoH Toukoi {oo}.

NuBepcusi B npocTpaHCTBE.

TeopeMa. I/IHBepCI/ISI epeBoJUT OKPY>KHOCTb B OKPY2KHOCTb.

1. Ompenenure MOHSTHST PACITHPEHHOTO MPOCTPAHCTBA, MHBEPCUY B PACIIUPEHHOM TTPOCTPAH-
cTBe U cHEPHI B PACIITUPEHHOM ITPOCTPAHCTBE.

2. Jlokakure, 9TO MpU MHBEpCHH U3 3aJ1a49u 1 cdepa nepexoaut B cdepy.
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3. JokakuTe, 9TO MIpU WHBEPCHUU U3 33Ia9U 1 OKPY?KHOCTb ITEPEXOIUT B OKPYKHOCTb.

Paccmorpum B npoctpancTse cdepy s ¢ nearpom O U pagnycoM 7, JUAMETPAJIbLHO IPOTHBOIO-
JIOXKHBIE TOYKH cdepbl N U S U IIOCKOCTh. KOTOpasi KacaeTcs cepbl B TOUKE S.

Omnpenenenune. Cmepeozpaguieckoti npoexyueti HaA3bIBAETCsT OueKIue cpepbl S B PACIIUPEH-
HYTO TJIOCKOCTB (v, COTIOCTAaBJISIONIAsA Kaxoi Touke A chepbr s Touky A’ mepeceuenns yda
NA ¢ IWIOCKOCTBIO (v. NIOIOJIHEHHAsI GECKOHEYHO yIaJeHHON TouKoi {oo}.

4. Jlokaxwure, 9TO cTepeorpaduIeckasi MPOEKIHs MEPEBOIUT OKPYKHOCTU B OKPY?KHOCTH.
IIpenenbHbIil IEpEXO.

Onpeznenenne. ByieM roBOPUTH, UTO MOCJIEN0BATENBHOCTD TOUEK { X, }92 1 cxodumes K mowke
X # o0, ecnm limf dist(X,, X) = 0. O6o3Hauars 310 MBI OyjeM Tak: X, — X.
n—infty

5. Omnpenenure CXOAUMOCTb K OECKOHEYHON TOYKE HA PACHIMPEHHON IJIOCKOCTH.

6. Ilycrs A, — A, B, —» B, C,, = C, D, —» D B TpexMepHOM IIPOCTPAHCTEE.

(a) Hokaxwure, uro lim dist(An, Bn) = dist(A, B).

n—infty
(b) Hokaxwure, uro ecau auist moboro n € N toukn Ay, By, C, jnexar Ha OIHOM mps-
Moit, To u Toukn A, B, C' jexxar Ha OJHON IPSMOii.
(¢) Hoxaxwure, uro ecim gust moboro n € N rouku A,, By, Cpn, D, nexar B ofHOi
mwiockoct, To u Touku A, B, C, D sexkart B OJHO MJIOCKOCTH.

(d) Hoxaxwure, uro ecam gist yoboro n € N touku Ay, Bn, Cn, D, aexar Ha ofHOl
okpyzkHOCTH, TO U Touku A, B, C, D nexar Ha 0JHONW OKPYKHOCTU UJIM OJ(HON MPSIMOIA.

JlemMmMma 0 HEHTPAJIbLHON ITPOEKIIUHU.

Paccmorpum B mpocrpancrse cdepy s u Touky P.

Omnpegenenue. [[enmparvhotl npoexyued ¢ IEHTPOM B TOUYKe P Ha3bIBaeTCsa Mpeobpa3soBaHue
cdephl s, NepeBojsIee Kaxkayto Touky A chepsl s B Touky A’ mepecedenus mpsmoit PA co
cdepoii s.

Paccmorpum Ha cdepe s OKPYKHOCTE w.

7. JokaxkuTe, 9TO IPU IEHTPAJBLHON NPOEKIUHN W IIEPEXOJUT B OKPY?KHOCTH (0603HAYNM
ee w').

8. Ilycrs Toukum A, B, C u D nexxar Ha OKpyKHOCTH w, a Touku A', B, C' u D' — ux
COOTBETCTBEHHDLIC 00Pa3bl IPH HMeHTpaabHolt npoekmuu. I[lyctb ABNCD = Eu A'B' N
C'D’' = E. Jlokaxxute, uro Toukn P, F u F jexxar Ha OJHOI IIPAMOIi.

9. JlokaxkuTe 337a4dy 8 B CiIydae, KOTa w = w'.
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10. Beeaure u3 3amaan 9 Teopemy o 6aboUKe.

Teopema o 6abouke. Ilycrs xopasl okpyx)uoctu AC, BD u XY nepecekarorcs B TOYKe
M, a npsimast XY nepecekaer npsimbie AB u C'D B Toukax P u (Q coorBeTcTBeHHO. Ecin
touka M sBisiercs cepemuuoit xopapl XY, o MP = MQ.

33,[(3.‘11/1 AJIsA CaAaMOCTOATEJIbHOI'O pelieHusd.

11. JlokaxkuTe, 9TO Yepes JBe JAHHBIE TOYKU MOYKHO IIPOBECTH He OoJiee JBYX OKPYKHOCTEIR,
KaCAIOIIUXCS JTAHHOU OKPY2KHOCTH.

12. JlokakuTe, 4TO JIIOOBIE JB€ OKPY2KHOCTHA MOXKHO IIPY ITOMOII NHBEPCUHU IIEPEBECTH B APy
PaBHBIX OKPY?KHOCT€I1.

13. Jokazkure, 94TO eCJIM HOCIEN0BATENBHOCTE { X, } TOUEK PACIINPEHHOI! IJIOCKOCTH CXOJUT-
cst K Touke X, TO Toc/enoBaresbHOCTh { X, }o2, ux obpazos npu crepeorpaduyeckoil
IPOEKIINY CXOIUTCA K Touke X' — 06pasy mpu cTepeorpadItecKoi TPOeKINT TOIKH X .

CucremMbl JUHEHHBIX YPABHEHUI

Omnpenenenue. /IBe cucTeMbl JIMHEHHBIX ypaBHEHHWN (OT OJMHAKOBOTO HA0OPa MEPEMEHHBIX )
Ha3BbIBAIOTCH 9KE6UBAAEHIHLIMU, €CTIA ¥ HUX COBHAJAIOT MHOYKECTBa PEIIeHHUH.

Omnpepnenenune PaccmoTpum asemenmaproie npeobpasosaHus CUCTEMBI JIMHEHHBIX yPaBHEHTI
TpeX THUIIOB:

SII1. x crpoke npubaBsieM APYryIO CTPOKY, YMHOXKEHHYIO Ha UHCJIO;
SII2. cTpoky yMHOXKaeM Ha HEHYJIEBOE THCJIO;
III3. mensieM MecTaMu JiB€ CTPOKH.

VYup. Ecnu omsa cucrema JIMHEWHBIX ypaBHEHUI IIOJIyYaeTCs U3 JAPYIOil IyTeM IPUMEHEHUs
OII1-9113, To 3TH cUCTEMBI SKBUBAJEHTHBI.

1. Merog I'aycca. [Ipu nmomoru DI11-D113 kaxkyro cucteMy JTMHEHHBIX YPABHEHUH MOYKHO
MPUBECTH K CTYIIEHYATOMY BUJLY, T.€. K BUJLY

DieTe +vvvvveeeens +bintn = di
bopXp + - -ovvvee- +bonTn = do
b3ll'l R + b3n1‘n = d3
brsxs + -+ b'rnxn = dr ’
0 = dr+1
0 = dm

I‘;Leblebgkbgl...brs#o,€<k‘<l<"'<8.
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Omnpenesnenune. CucreMa JUHEHHBIX YPaBHEHWI HA3BIBAETCS 00HOPOOHOU, €CIIN BCE MPaBbIe
qacTu paBHBI 0.

VYup. Kak Haiitu Bce pemieHusi cucreMbl JUHEHHbIX ypaBHeHni? CKOJIBKO UX BOODIIE MOXKET

2.

ObITH?

JlokaknTe, ITO ecyid B OMHOPOIHON CHCTEMEe HEU3BECTHBIX OOJIbINe, WeM ypaBHEHUil, TO y
Heé eCTb HEHYJIeBOE DeIIcHUeE.

Onpenenenne. CucreMy JIMHEHHBIX yPABHEHUMN, Y KOTOPOI yPABHEHUI CTOJIBKO YK€, CKOJIBKO
HEU3BECTHBIX, Oy/1eM HA3BIBATH K6a0pamHOL.

3.

(a) Hoxaxkure, 9T0 ecsiu y KBaJAPATHON! OJHOPOJIHOI CHCTEMBI HE OJ(HO DEIIeHHe, TO OJi-
HO 13 €€ ypaBHEHUIl caedyem U3 OCTAJIbHBIX, TO €CTh MHOXKECTBO €r0 PENIeHHUI COAEPKUAT
nepecevIeHne MHOKECTB perennit ocraabubix. (b) B ogropoamoii cucreme ypasHenuii na
OJIHO MEHbIIle, YeM HEeM3BECTHBIX. /lOKaxKuTe, 9YTO ecjii He BCE PEIIeHUs] TPOIIOPIINOHAb-
HBI, TO OJIHO U3 ypPaBHEHUI cjelyeT U3 OCTAJIbHBIX.

Ha mockoctu jambl 5 Tovek, HUKakue 4 U3 KOTOPBIX HE JIieXKaT Ha OJHON mpsmoit. lo-
KayKuTe, YTO CYIIEeCTBYET €JMHCTBEHHAs KPHBasi BTOPOTO IOPSAIKA, IIPOXOAAIIAs depe3
HUX.

Teopema o JeBsiTHM TOYKaX Ha KyOmdyeckKoii KpuBoii. Ha 1miockocTr mpoBegeHbl Tpu
KpAacCHBbIE U TPH CHHUE IPSMBbIE U OTMEYEHO 9 TOUEK IlepecedeHus] PA3HOIBETHBIX IPSIMBIX
(6ymem cumTaTh, UTO BCE STH TOUKM CyLUIECTBYIOT M pas3judHbl). Torma, ecim BoceMb U3
TUX TOYEK JIEKAT Ha KPHUBOM, 3aJaHHON MHOTOUWIEHOM TPEThEll CTEeNeHW, TO U JeBsTast
TOYKA TAK KE JIC2KUT Ha 9TOA KPUBOM.

(a) BoiBeauTe U3 TEOPEMBI O JIEBATH TOYKAX HA KyOUUECKON KPUBOH CJIE/IyIONHE YTBED-
KJIeHU .

Teopema ITackans: Touku 1,2, 3,4, 5, 6 pacno/Io:KeHbl Ha OKPY>KHOCTH, TaK ITO IPIMbIE
12 u 45 mepeckarorcs B Touke A, mpsimbie 23 u 56 mepeckarorcst B Touke B, a npsimbre 34
u 61 — B rouke C. Torma Touku A, B, C nexar Ha OIHOM MPAMOI.

Teopema ITanma: Touku 1,2, 3,4, 5,6 pactosnoxkens! Ha n1ByX npambix (1,3,5 — Ha mep-
BOIA, 2,4,6 — Ha BTOPOIi) Tak uTo mpsiMble 12 u 45 mepeckatorcst B Touke A, npsimble 23 u
56 mepeckarorcst B Touke B, a npsimble 34 u 61 - B Touke C. Torma Touku A, B, C' nexar
Ha OJIHOM IIPAMOIL.

(b) Jokaxkure, 9TO HUKAKOE U3 JIMHEHHBIX yPABHEHUH HA KOIMDMOUIMEHTHI HE CIIEIyeT U3
CEMU OCTAJIbHBIX U BBIBEJUTE OTCIONA TEOPEMY O JIEBSITH TOYKAX HA KyOMIECKONH KPUBOM.
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TpeTbﬂ IIATN JHEBKA

IIpo menpepbiBHBIE (DYyHKITAU

=8 r — x—5 I —

Anexnor

HeiicrBue nmepBoe. BBenenue.

Onpegnenenne no Teitne. Oyukuus f HasblBAETCS HENPePwuIeHOT HA MHOXKeCTBE A, eciu oHa
ompeJie/IeHa Ha BCEX TOUKAX MHOXKECTBa A U JyIsl BCSKOM HOC/Ie10BaTeIbHOCTH { Ty |, THE ;5 € A,
cxogsmedicst K a € A, nociegoBaresbHocThb f(xy,) cxomures K f(a).

Onpenenenne no Komm. Oyuknus f Ha3blBaeTCsad HenpepwvieHol HA MHOXKECTBE A, eciin OHA
oIpejiesieHa Ha, MHOXKecTBe A

Va € AVe > 030 >0Vz € A: (Jlx —al| <d=|f(z) — f(a)| <e)
1. Jlokaxwure, uto oupezesenus no Komn u no leifHe paBHOCHIIBHBL.

2. HenpepsiBHOCT, MOHOTOHHON (pyHKIuN. OyHKims f MOHOTOHHA Ha IPOMEXKYTKe X
¥ IPUHUMAET Ha HEM BCe 3HAUCHHs U3 NPOMEXKyTKa ) um Ttonbko mux. Jlokaxkure, uro f
menpepoiBaa Ha X. (IIpoMeKyTKH MOTYT GBITH KAK OTKPBITBIMHU, TAK ¥ 3aMKHYTBIMHU, KaK
OrPaHWYEHHBIMH, TAK U HEOTPAHUYEHHBIMU. )

3. (a) js HATYpaJBHBIX a,b, ¢ JJOKAXKUTE HEPABEHCTBO
atbte a+b+c
T ga b oo > %

(b) Hdoxaxkure 3TO HEPABEHCTBO ISl JIOOBIX PAIMOHAJILHBIX IIOJIOXKHUTEJIBHBIX @, b 1 c.
(c¢) Jokaxkure, 3TO HEPABEHCTBO IS JIOOBIX TIOJOKHATEIBHBIX A, b, C.

IHonesano ocoznamov, wmo epybo 2060ps, 6cé, wmo 3adaémes Gopmyaotl, HenpepvieHo. ..
IIpo TeopeMy 0 mpOME>KyTOYHOM 3HAYEHUH.

4. Teopema Boubnano-Komm. Ilycrs f(x) — nHenpepsierast dyHkius Ha [a,b], f(a) >
0, f(b) < 0. Hokaxkure, uro f(z) uMeeT KOpeHb Ha OTpe3Ke [a, b].

5. Typuct B9 yrpa Boien u3 Korenpunya u B 9 Beuepa okazaJsics Ha Typbase “Bumknin’. Ha
ciieyomuit leHb oH B 9 yTpa Bbies ¢ Typbassl 1 B 9 Beuepa okaszasics B KoresbHude.
Tyna u obpaTHO OH IEJ OJHUM W TeM Ke MapimpyToM. Jlokazkure, 9TO ObLIA TOYKA,
KOTOPYIO OH 00a pa3a IPOIIEJ B OJHO M TO K€ BPEMsl.

6. CymecTByeT i HeMpepbIBHAsS (DYHKIINSA, KOTOPAs B PAIMOHAIBHBIX TOYKAX MPUHUMAET
WppAIMOHAJIbHBIE 3HAYEHUSI, & B UPPAIMOHAIBHBIX — pPaIlMOHAJIbHbIE?
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Ilentpnr Mmacc Touek Ha mnockoctu A1, As, ..., A, u B, Ba, ..., B, pasmuunbl. Jlokaxku-

n n
Te, YTO Ha IJIOCKOCTH CYIIECTBYeT Takad Touka X, uro (a) >, XA? = 3 XBZ;
i=1 i=1

(b) ;|XA1‘\ = _;\XBJ

ITpo Teopemy Beiternrpacca

Omnpenesenne. Ha30BEM MHOXKECTBO CEKGEHUUAADHBIM KOMTAKIMOM AT TPOCTO KOMNAKIMOM,
ecsii B HEM U3 JIIO0O# TOC/Ie0BATEIFHOCTH MOYKHO BBIOPATDH CXOISIIYIOCH K 9JIEMEHTY U3 9TOTO
MHOXKECTBA IIOIIIOCIEJ0BATEILHOCTD.

Yuop.

10.

11.

BolisicHuTe, KaKue U3 CJIe/IyIoNUX MHOXKECTB SABJISIOTCA CEKBEHIIUATBHBIMEA KOMIAKTAMU:
(a) orpesok; (b) wunrepsas; (¢ ) okpyxuocth; (d) xpyr; (e) runepbosa zy = 1;
(f) 3aMKHYTBIH Ky0 B 9eTHIDEXMEPHOM TIPOCTPAHCTEE, 3aJaHHBI HepaBeHCcTBaMA —1 <
Z; < 1.

Han xomnakt K u dyuknusa f : K — R, nenpepbiBHas B KaxK/10i ero Touke. Jlokaxxure,
YTO OHA JOCTHUraeT HAa HEM CBOE Hambosbliee (HAUMEHbBIIEE) 3HAUCHHE.

(a) Moxker i MHOXKeCTBO 3HadeHuil MHOrowieHa P(z) GBITH B TOYHOCTH MHOYKECTBOM
BCeX IIOJIOXKUTEJIBHBIM JHCes1?
(b) Tor >xe BOHpOC JyIst MHOrO4YJIEHA OT JBYX IepeMeHHbIX P(z,y).

(a) [Jokaxure, 9TO CyHIECTBYET N-YIOJbLHAK IePUMETPa 1 HAMGOJIbIIEH TIIOIIATH.
(b) Hdokaxkure, 9T0 TOT MHOIOYIOJILHUK BIMCAH B OKPY?KHOCTb.
(¢) Hoxaxkure, 9TO OH IPABUJIBHBII.

Paccmorpum muorouner f(z) € Clz] crenenn Buline mepBoii.

(a) Hoxaxure, uro dyHKIiWms |f(2)| IpHHEMAET HA KOMILIEKCHO! IJIOCKOCTH II06GAJIb-
HBIII MUHAMYM.

(b) JIemma o nmoBemenunm MHOrowieHa “B6smsm’. Ilycrn

G(6) = bp6™ + b1 6™ b6,
MPUYEM CTEIEHU 371eCh PACIIOIOXKEHBI B MOPSIKE BO3PACTAHUsI, TO €CTh b, — K03 du-
IIMEHT MPU CaMOM MJIQJIIIEH CTermeHu m3 TeX, KO3(hMUIMEeHT mpu KOTOPBIX He paseH 0,
npu srom m > 0. Beeném obosuadenue h(d) = g(d) — by d™. Torma mua moboro € > 0

CYIIECTBYET Takoe 7, 910 ajis joboro § € C takoro, 4to |§| < 7 BBHIIOJHEHBI HEPABEHCTBA:

> [bmd™| > 2|(6)].

(c¢) JokaxkuTe OCHOBHYIO TEOPEMY AJTeOPHI.



ITIPOI'PAMMA ITPO®U 91

Ilonsipa. 1losisipHOoe cooTBeTCTBHUE

Omnpenenenue. [loaapoti TouKU P OTHOCHTEILHO OKPYKHOCTH S Ha3bIBAETCS MpsiMasi P, TPO-
XoAAImas depe3 TouKy P’, mHBepCHEBIH 06pa3 TOUKH P IpH WHBEPCHH OTHOCHTETIBLHO S, U Hep-
nenaukyaspuas npsmoit OP. Touka P Ha3bIBA€TCS NOAIOCOM TPIMOM P OTHOCUTEIBHO OKPY K-
HoCcTH S.

1.

2.

—
TIycTs npsimast a — nosisipa Touku A. Okaszanocs, uro B € a. [lokaxkure, uro OA - O § = r-.

IIycts A u B — nBe To4kH, @ ¥ b — UX HOJISIPBI OTHOCUTEIBLHO OKPYXKHOCTH S € EHTPOM
OA _ OB

O, AP n BQ — paccrosmaus ot A o b u or B yio a. lokaxure, uro 5 = 50
JIlemMma o mouasipe. Ilycts a — monmsipa A, b — monsapa B. Oxazajocs, aro A € b.
Hoxazkure, ato B € a.

IIycts P — Touka BHe okpy2kHOCTH S. Kacarenbusre u3 Touku P k S KacaloTcs OKPYK-
Hocru B Toukax X u Y. Jlokaxkure, uro XY — mnosisipa To9kn P OTHOCHTE/IBHO OKPYK-
HocTH S.

Omnpenenenune. [loaaprvim coomeemcemeuem OTHOCUTETBHO OKPYKHOCTHU S HA3BIBAETCST COTIO-
CTaBJIEHHE KaXKO0M TOUKe P, OTJINYIHOM OT IIEHTPA ITON OKPYKHOCTH, €€ MOJISIPBI OTHOCUTEIHHO
3TON OKPYZKHOCTH.

5.

IIycts A, B, C' — TOYKHU MJIOCKOCTH, A, b, ¢ — COOTBETCTBEHHO UX TOJISIPBI OTHOCUTEIHHO
okpyxkuoctu S. Jokaxure, aro Touku A, B, C jilexkar Ha OJHON MPAMOIA, TOTJA U TOJIHKO
TOr/a, KOrJa IpsiMble a, b, ¢ IPOXOIST Yepe3 OJHY TOUKY.

Ilycts P — Touka BHe okpyxkHocTH S ¢ nearpom O. Touka P’ — 06pas Touku P mpu
nHBepcun oTHOCUTE bHO S. KacarenpHas u3 Toukn P K S KacaeTcs OKPY>KHOCTH B TOUKE

M. oxaxure, aro PP’ - PO = PM?>.

Kyna nepeiiayT 6ucceKTpuChl BHEIIHUX YTJIOB TPEYTOJIbBHUKA MPHU MOJSIPHOM Tpeobpaso-
BAHUM OTHOCHUTEJHHO €rO BIIMCAHHONW OKPYKHOCTH !

B kakyro TeopeMy NpH IOJIAPHOM IPeOOPa30BAHUH IepeiileT TeopeMa <«MeIHaHBI Tpe-
YTOJIbHAKA IIEPECEKAIOTCS B OJHON TOUKE», €CJIM 38 OKPY?KHOCTD IIOJISIPHOIO IIpeobpa3o-
BaHUS B3ATb OKPY?KHOCTD OIUCAHHYIO BOKPYT TPEyroJbHUKa?

Omnpepenenne. J[sotinvim omuouernuem dersepku Todek A, B, C, D, nexxamux Ha oxHOil (Be-
[[ECTBEHHON MM KOMIJIEKCHOM ) IPSIMOi, HA3BIBAIOT YUCIIO

10.

(A,B;C,D):% : %

IIycts mamer Touka P u okpy»kHOCTb S ¢ niearpoM O. Yepes Touky P nposesn ceKyuryio K
OKPY?KHOCTH, KOTOpas MepeceKyia OKpyKHocTh B Toukax A u B. Haiiqure IMT P’ Taknx,

uto (A, B; P, P') = —1.

(a) U3 toukm P BHe okpyxkHOCTH S mposenu nse cekymme AB u CD. Torma Touka
nepeceuenus npsambix AC u BD jexur Ha noJisipe Touku P.

2
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(b) U3 rouku P BHyTpHM OKpy:kHOCTH S mposesn ape cekymme AB u CD. lokaxwure,
4qro TouKa nepecedenus: npaMbix AC' u BD jiexxut Ha 1nosspe Touku P.

11. Ilycrs gan gersipexyrouasauk ABCD (a) BnucaHHBIM B OKpyxHOCTH S; (b) omm-
CaHHBIN BOKPYT OKpy2kHOCTH S. JloKarXKuTe, 9TO MEPIEHIMKYJISAD, OMYIIEHHbIN U3 EHTPa
S Ha IPSIMYIO, COEIUHSAIONLYI0 TOUYKH [I€PECEUEHUs] TPOTUBOIIOIOXKHDBIX CTOPOH YeThIPEX-
YTOJIbHUKA, TPOXOJIAT YePe3 TOUKY IePEeCeUYeHnsl ero JuaroHae.

12. [an onmcannbiii yerbipexyroibHuK ABC D. Ero BuucanHasi OKpY>KHOCTb KacaeTcsi CTOPOH
AB u CD B toukax M u N. Hokaxkure, uyro npsmble AC, BD u M N nepecekaroTcs B
OJTHO# TOYKe.

13. [Ilycrb £ — npousBosbHAs KacaTeJbHas K BOUCAHHON OKpy2kHOCTH S Tpeyrosbauka ABC|
M, N u P — To4uku 1iepecedeHusi [ co CTOpoHaMM TpPeyroJibHuKa. BoccraBuM 3 1mieHTpa
I okpy»xnocTu S nepueHaukyJsapbl K npsambiM [M, IN u [ P; nycrs M1, Ny u P; — Tou-
KU [IePEeCeYeHNs TUX IePIIEHIUKYIISIPOB C COOTBETCTBYIOIIMMYI CTOPOHAMHE TPEYTOJIbHUKA.
Hoxazkure, aro Touku M1, N1 u P; jexar Ha OJHOM NpsiMoit £1 Kacaromeicss OKpyKHO-
cru S.

14. lokaknTe, YTO OCHOBaHUS OMCCEKTPHC BHENIHUX YIJIOB TPEYTOJIbHUKA JIE’KAT Ha OJIHOMN
NPSIMOM M 9Ta HpsiMast MepHeHAuKyIsipHa nupsamoit O1.

IIpoekTnBHAas MapamMeTpu3anus

Onpenenenne. PaccMoTprM Ha IUIOCKOCTH OKPY?KHOCTD § € IleHTpoM B Touke O. Jljs KaxK1oit
gerBepku Touek A, B, C, D Ha Heil onpenenuM 060UHOE 0MHOWEHUE KAK IUCIIO

AC AD

(A,B,C,D) = 7B70 . ﬁ’

eciu napa A, B pasbusaer napy B, C u Kax 4ucjo

_AC AD

(A,B,O,D) = % : ﬁ,

eciiz mapa A, B He paszbuBaer mapy B, C. [loxyuusmuiics 06beKT MBI Oy/IeM HA3BIBATH NPOEK-
muerot npamot.
OcHOBHast ujest JaJbHERINero COCTOMT B TOM, YTO IIPOEKTUBHAS MPsIMasi TIOBCIOMY.
IIpumepsl.

e OKpyKHOCTb Ha IJIOCKOCTH WM B MPOCTPAHCTBE.

e [Ipsamas, nonosiHeHHAasT OECKOHEYHO y/IAJIEHHON TOYKOM.

e [Iy9oK mpsIMBIX, TPOXOSIIIUX Y€PE3 OAHY TOUKY.

0. BcnomunTe nim npuaymaiiTe onpeeseHus JBOWHOTO OTHOIIEHUsT TOYEK Ha OKPY?KHOCTH,
IPAMOM MJIM IPAMBIX M OCO3HAMTE, YTO BCe IPUMEPHI JIalI0T TPOEKTUBHYIO IIPAMYIO.
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Omnpenenenne. I[IpoexkmusHnovim npeobpasosaruem IMIPOSKTUBHON IIPAMON Ha3bIBAETCsS IIPpeodbpa-
30BaHUe, KOTOPOE COXPAHSET JBOWHOE OTHOIIEHUE.

IIpumepsbl.
e [lenTpanbHOE TPOEKTUPOBAHME OIHON MPSMO HA IJIOCKOCTH Ha JPYTYIO.
e [lapasenbHOE IPOEKTUPOBAHUE.
e [lenTpanbHOE TPOEKTUPOBAHIE OKPYKHOCTHU HA IIJIOCKOCTH Ha cebs.

(] HeHTpaJIBHOG IIPOEKTUPOBaHNE OKPY?KHOCTH Ha IIPAMYIO B Cjly4dae, KOr'/la HEHTP IIPOEK-
TUPOBAHUA JICZKUT Ha TOM 2Ke OKPYZKHOCTH.

1. JlokaxkuTe, 9TO NMPUBEIEHHBLIE B IPUMEPAX IPe0OPa30BAHUS SIBJISIIOTCS IPOEKTHBHBIMI.

2. Ha npoekruBnoit npsimoit nausr Toukn A u B. JlokaxKknute, 9TO Ha IPOEKTUBHON IPAMOiT
MOXKHO 3aJaTh IIPOEKTUBHLIE KOODJMHATBI TaK, 4TOOBI TOYKa MMesa kKoopauHary 0, a
Touka B — koopamHaty 1.

3. Jokakute, 4TO JTFOOBIE TPU TOYKU TPOEKTUBHOMN MPSIMOI MO2KHO TIEPEBECTH B JTIOOBIE TPU
TOYKH MIPOEKTUBHOM MPsIMONl € IMHCTBEHHBIM MMPOEKTUBHBIM ITPeOOPa30BAHIEM.

4. JlokazkuTe, 9TO JBOHHOE OTHOIIEHUE COXPAHSETCS TIPU TIOJISIPHOM NTPEOOpPa30OBaHUN.
5. Joxaxwure, aro eciu (A, B,C, D) = 1, To mu6o A = B, ymbo C = D.

6. Cropoust AB u CD uersipexyrosabauka ABC D nepecekatorcs B touke E, BC'u AD — B
rouke F nmaronamm AC n BD nepecekator EF B toukax M u N. Torna (E, F, M, N) = —1.

7. Joxkaxure, UTO
(a) (A7B7O7D):(B7A7C7D)_1 :(A7B7D7C)_1;
(b) (4,B,C,D)+(A,C,B,D) = 1.

8. Jlanma takasa dyukmus f: R — R, gro
e f(0)=0,f1)=1.
e flz+y) = f(@)+ f(y)
o flx-y)=[(2) fy)
Hoxazxkure, uro f(z) = x mpu Bcex = € R.

9. Teopema ¢on Illtayara. [Jokazkure, 4T0 MpPeodbpa3oBaHUe MPOEKTUBHONW MPSIMOI sIB-
JISIETCST TADMOHUYECKUM TOT/Ia ¥ TOJIBKO TOT/1a, KOT/[a OHO ITEPEBOIUT rapMOHUIECKIE YeT-
BEPKHU B TAPMOHUIECKUE.

CHapI/IBaIOIJ_II/Ie MHOI'O4JI€HbI

Teopema ®@yerepa-Ilosnua. CyIecTByIOT TOIBKO /IBA MHOTOYJIEHA BTOPOIl CTEIIEHU OT JABYX

2 2
epeMeHHbIX, ocyinecTsisonmx oueknmio n3 No X Ng B No: C7 = %ﬂ u Cy =
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a?+2xy+y?+a+t3y
. .

s kpaTkocTu OyZieM Ha3bIBATH TAKOW MHOTOWIEH CNAPUSAIOULUM.

1.

Muorounen f(z,y) = ax® + bay + cy® + dx + ey + f Upu HATYPATBHBIX 2,7y IPHHAMACT
meJsible 3HaveHus1. Jlokaxkure, uyro yucna 2a, b, 2¢, 2d, 2e, f — nenble, npuaém 2a — 2d 1
2¢ — 2e — 4érHBIE YHUCIA.

Meuorowren f(z,y) HONOXKHUTENEH IPU HATYPaJbHLIX T # Y. JJokaxure, uro P(z,y) =
az? 4+ bry + cy® UpEHEMAET HOJIOXKHUTEIbHBIE 3HAYEHUSI IIPU JIIOGBIX T,y > 0.

[Ipenmonoxum, b > 2, a > %, cz %, f = 0. Jokaxxure, 94TO [IJisi HEKOTOPOI'O HATYPAJILHOI'O
N IeJIbIX HEOTPUIATEJbHBIX PellleHuil HepaBeHCcTBa f(X,y) < n MeHbIIe n.

Paccmorpum mewérnoe npocroe gucino p. O6osznaumm uwepes N(f, p, w) KosuvecTBo nap
(z,y) € Zp X Zp, st KOTOPBIX f(2,y) = w (mod p). JokazKkure, UCIIOAB3Ys COOOParKEHUS
pocta, uTo ecan f — cnapusatomuii MEOro4wieH, ro N(f, p, w) = p mis Bcex w.

Tonpobyem nocuurars N (f, p, w) no-apyromy.

(a) Moxamure, wro N(f,p,w) = — 3 3 ((f(z,5) — w)P~* — 1) (mod p).
=0 y=0
(b) Hokaxwure, aro N(f,p,w) = g ng (%)j WY = (1- %)pT_l (mod p).
7=0

(¢) Boisemure orciona, uto ac — b* = 0.

(a) oxaxure, aro f(0, (d*e>+efl) = f(m, W)‘

(b) Hoxaxwure, aro eciu d > e, 10 d — e = 2.

BroiBesure u3 Bcero aroro reopemy Pyerepa-Ilosma.

I'eomerpuyeckuii pazHooboit

Ha nponomkenun cropoust BC' Ttpeyronbuuka ABC ormedens: Touku F u F' takume, 910
2AF = 2AF = AB + BC + CA. [Jokaxwure, 9TO ONUCAHHASA OKPYKHOCTb TPEYTOJbHUKA
AEF xacaercsi BHEBIMCAHHON OKpPYy2KHOCTH TpeyronbHuka ABC.

Ocrpoyronbubiit Tpeyrosbauk A BC Brucan B OKpyKHOCTH w ¢ nearpom O. Kacarenbnas
K w B BepmuHe B, mnepecekaer, npsmyio, npoxoidityo depe3 O u mapasuienbuyio AB, B
touke P. Kacaresnbnas K w, B Bepuiuae C, miepecekaer, MpsaMyo, Ipoxodinyo depe3 O u
napassenbayio AB, B Touke Q. JJokaxkure, uro P(Q Kacaercs w.

Toukn A m B jnBuxKyTcs 1mo IByM (DUKCHPOBAHHBIM JiydaMm ¢ obmmm HadagoMm O Tak,
2 q -

9TO BEJMYUHA a7 + @p OCTaeTca mocroanHoil. Jlokaxkure, uro npamas AB npu sTom

IIPOXOJUT Yepe3 (PUKCHPOBAHHYIO TOYKY.

Jan napasutesiorpamym ABCD. Tlpsimasi g mpoxonuTt depes Bepumay A u nepecekaer Jry-
un BC' u DC B Toukax X u Y, coorBercrBenno. Touku K u L — 1eHTPbI BHEBIUCAH-
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HBIX OKPY2KHOCTEe#, HanpoTtus BepmHbl A TpeyronbuukoB ABX u ADY . Jlokaxkure, 9T0
ZKCL ue 3aBUCAT OT IPAMOH ¢.

5. Teopema Ilackamns. /laubr 6 Touek A1, ..., Ag Ha ofHON OKpy)KHOCTHU. JloKaKuTe, YTO
TOUKY 1epecedeHns NpsaMbix A; A; 1 m Aip3Ai44, ipu ¢ = 1,2, 3 stezkar Ha OFHON IPSIMOIL.
(Hymepanus Gepercst mo Mozyiio 6).

6. Teopema Bpuanmona. [lpsaveie /1, ..., {s Kacarorca ogHoM OKpy)kHOCTH. ObGO3HATIM
£; N Liy1 gepes A;, npn i = 1,2,...,6. (Hymepanusa 6epercs no momymo 6). Jokaxkure,
uto npsMble A1 A4, AsAs u Az Ae TiepecekaroTcst B OJHON TOYKE.
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YerBépTass naTIHEBKA

Ilommneiickne u rpadbutesin

THo-nacmosauwemy, 06A3aHHOCTID NOAUYUELTUCKUT — 3QUWUWAND HACEACHUE O
2pabumenceti, 6 JeticmeumesvbHOCTU JHCE OHU 3AUUULAIOM Auwd 6o2avet. A
602a4U-MO U ecmb camovle Hacmoauue 2pabument. Toavro epabsam onu
HAC, NPUKPHLBAACD 3AKOHAMU, KOMOPHLE CAMU NPUIYMBLEAIONL.

H. Hocos, “Hesnaiika na JIyme”

Ha rpade G paccmarpuBaercst cirefyromasi urpa: HEPBBII UTPDOK UIPAET 3a NOAUUETUCKUT, a
BTOPOI 3a 2pabumens. CHaYAIA TIEPBBIN UTPOK CTABUT (DUIITKHU MTOJUIEHCKNX B HEKOTOPBIE BEP-
muHbl rpada, 3aTeM BTOPOW UI'POK CTaBUT OJHY (UINKY Tpaburesisi B HEKOTODPYIO BEPINUHY.
Tlocse aTOro Urpokm XoAsT 10-0Uepeu: NEPBBIl UIPOK MEePEeMEIaeT KarKJ/I0ro MOJIUIENRCKOro,
a BTOPOI Urpok mnepemernaer rpaburess. [lepemernarbcs MOXKHO JubO B COCEIHIOIO BEPIIUHY,
Jm60 B TeKyIyto (T.e. ocTaBaTbCst Ha MecTe). [lomieiickie BEIMIPBIBAIOT, €CIIH 38 KOHEUHOE Bpe-
MsI UM yJaCTCS TIOWMAaTh TPAOUTENIsI, T.€. CAeIaTh TaK, YTOOBI KaKas-TO (DUIITKA MOTUIEHCKOTrO
OKa3aJIaCh B OJIHON BepIuHe ¢ (HUMIKoi rpaburess. VlHade BHIMTPLIBAET IPAOUTEND.

Onpenenenune. oauyetickum wucrom rpada G HA3BIBAETCSI HANMEHBIIEE KOIMIECTBO MOJIA-
1eficKuX, CIIOCOGHBIX IapaHTUPOBAHHO IofiMarh rpaduress. Ilosuneiickoe ucio o6o3HAMAET-
e ¢(@G).

Yup. (a) Haiiaure monmuneiickoe aucio moaHoro rpada, Jepesa, IMUKIa.

(b) Hokaxwure, uro ecau rpad G pazbubaercs Ha KOMIOHEHTHI cBsasHoctu G, Ga, . . . G,

10 ¢(G) = ¢(G1) + c(G2) + ... + ¢(Gk).

Onpe,f_(eneHne. Hazosém BEpIIUHY U Y2A0M, €CJIN CYHIEeCTBYET TaKasd BEepHINHa U, 9YTO UV COeu-
HEHa C U4 U BCEMU COCEOAMU U.

VYup. (a) Hokaxwure, uro ecau ¢(G) = 1, To B G ecTb yrou.

(b) IDycrs B G ectb yron u. O6oznauum 3a G \ u rpad, noaydaemsrit u3 G ynajueHnem
BepuHbl u. Jokaxure, uro ¢(G) = ¢(G \ u).

(¢) Hoxaxkure, 9TO CJle/yIONMe YCJIOBUsI SKBUBAJIEHTHBI Jst rpada G Ha 1 BeplIMHAX:

¢(G) = 1 <= cymecTByeT Takas NOCJIEI0BATENLHOCTD BEPIIMH V1, U2, . . ., Up—1, 9TO V1 —
yroa B G, n mns Beex 0 < ¢ < n BepHO, 910 v; — yroa B G \ v1 \ ...\ vi—1.

1. Haiiaure nosuueiickoe IUCIO IPAMOYroibHuKa 1 X m. (Bepmmuer rpada — exuHuaHbIE
KBaIPaTUKU, PeOPOM COEIUHEHBI COCEIHUE 110 CTOPOHE KBAJPATHKH).

2. Paccmorpum Tpeyrombayo pemérky. [lycts G — mpaBuIbHBIN MIECTHYTOIBHUK CO CTOPO-
HOI N ¢ BEpIIMHAMH B y3JaX peméTku. PaccMoTpum rpad, OrpaHUIEHHBIN STUM IIIECTHU-
yrojabHUKOM. Haiiaure ero moumeinckoe Iuciio.
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3. Hasosém rpad zopdasvHvim, eciu KaxKAbIH U3 €ro IUKJIOB, UMEIOIIN YeThipe u Oojee
b bl
pé€bep, nmeer pebpO, COETUHSIONIEE IBE BEPIINHBI, He CMEXKHbIE B IuKJe. Haiinure moau-
LENCKOe YUCII0 CBSI3HOTO XOPAAJIBLHOrO rpada.

Vrasanue. JJokaxkure, 9TO B XOpAaIbHOM r'pade CyIecTByeT BepIINHa, BCE COCELH KOTO-
pOil COeIMHEHBI MEXKIY CODOii.

4. Haiigure momneiickoe amcyio Topuaeckoi pemérku n X n. (Topuaeckoii peméTkoi Hazo-
BéM rpad, cocrosimuit u3 BepumH (a; ), rae 0 < 4,7 < n — 1, Ipu 9TOM BEPIIUHBI a; j
u ay, coexumHeHbl pebpom, ecam ymbo ¢ = k,j =1+ 1 (mod n), mbo j =1,i = k+1
(mod n)).

5. (a) IIpeamosioxkuM, 9T0 rpaGUTEIIIO 3AIPEIIEHO GECKOHEYHO JI0JII0 CTOAThL Ha Mecre. Jlo-
KaXXuUTe, YTO TOT/Ia B IPSIMOYTOJBHUKE N X M, 1 TOUIEHCKUI CMOXKET ITOMMAaTh rpabuTesis.

(b) Haitaure mosmieickoe 9UCI0 3-MEPHOIO HPSIMOYTOJILHOIO NapalIelleluesia a1 X
as X as.

(¢) Haiiaure nomneickoe IMCIO N-MEPHOrO NPAMOYTOJIBHOTO MAPAJUIEICIHIEAA a1 X
az X ag X ... X Qp.

IIycrs H — mekoTopsiii noarpad rpada G. Byaem rosoputsb, uro H k-oxpaHsiem, ecin y
k MOMUENRCKUX CYIECTBYET CTPATErHsl, IPU KOTOPOI OHMU, TEPEMEIIAsiCh BHYTPHU I'pada
H moryT uepe3 HEKOTOpoe BpeMst ty JTOOUTHCS CJIEIYIONIEr0: eC/I IpabuTe b B HEKOTOPBIN
MOMEHT BpeMeHnu t > to 3axomut B H, To B MoMmeHT t + 1 oH OyzmeT moiiMaH.

6. (a) Jokaxwure, 9TO KPATIANHIIUI Iy Th MKy HEKOTOPBIMU BEPIIMHAMY U U U ABJISETCS
1l-oxpaHsieMbIM.

(b) Ilycrs B G n BepmmH, quamerp paseH D > 3, a MaKCHUMaJIbHAsI CTENEHD BEPIIUHBI
pasua A > 2. JTokaxure, aro n < AP,

1

(c¢) [MHoxaxwure, 9To TOTMa XOTd 6bI OMHO W3 wucesa D mam A He MEHbINe — 52—

) logy logo n

cinlogs logs n
logo n

(d) Beseaure orciona, uro ¢(G) < J1J1sI HEKOTOPO# KOHCTAHTBI C1.

IIpo 6a3uckl 1 pasmepHOCTH

— Yem omaunaemcs wap om chepvt?
— Pasmeprocmoio.

Poman Muxaiiios

Omnpepnenenune. /lano BekTopHoe mpocTpancTBo V Hajl nojem F. Ha3oBéM MHOXKECTBO BEKTO-
poB E auretino He3asucumoim, €CJTA HETb3sI BBIOPATH €1, €2 . . . €, € F 1 HeHyJIeBBIE C1,C2 . . . Cy, €
F' takwue, 4To cie1 + cae2 + ...+ cpen, = 0.

Hazosém mmoxkecTtBO BekTOpoB E C V' nopootcdarowum, ecam st aroboro Bekropa v € V
CYIIECTBYIOT TAKHE €1,€3...en € K uai,az...a, € F, 9T0 a1e1 + azes + ...+ ane, = v.
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Ilopoxk natoriee n JTHHEITHO HE3ABUCHMOE MHOXKECTBO Oy/IeEM HA3BIBATDH 0G3UCOM ITIPOCTPAHCTBA V.

Hazosém muo)kectBo U C V' nodnpocmparncmeom mpocTpaHcTBa V', ecam OHO camo 1o cebe
SIBJISIETCSL JINHEHHBIM [IPOCTPAHCTBOM HaJ| TEM Ke MOJIEM.

HazoBéM mpocTpaHcTBO KoHEUHOMEPHBIM, €CIH JII000e OECKOHEYHOe MHOXKECTBO BEKTODPOB $iB-
JISIeTCs JINHEWHO 3aBUCHUMBIM.

1.

,ZLOKa)KI/ITe7 9YTO KOHEYHOE€ MHOXKECTBO {61, €2 ... en} SABJIAETCS JIMHEMHO HE3aBUCUMbBIM
TOrZIJa M TOJIBKO TOTI'/la, KOI'Z/Ia PaBEHCTBO G1€1 + .. Qn€n = 0 PaBHOCUJIBHO TOMY, YTO
a1 :a2:...:an:0.

OcHoBHast jileMMa O JIMHEHHOI 3aBUCUMOCTH. JlaHbl HATypabHBIE YUCTA M > MN.
JlaHbI BEKTODEI €1, €3 . . . €n, I€PE3 HUX BBIPAYKEHBI BEKTOPHL VU1, V2 . . . Unm . JlOKarkuTe, 910
OHM JIMHEHHO 3aBUCUMBI.

HokakuTe, ITO €CJIM y JUHEHHOIO MPOCTPAHCTBA €CTh 0A3MC M3 M BEKTOPOB, TO JIIOOOi
ero 6a3uc COIEPKUT POBHO 1 BEKTOPOB.

MomuocTs 6a3uca JTHHEHHOrO MPOCTPAHCTBA HA3BIBAETCH €I0 PA3MEPHOCMDBIO.

Yemy paBHa PasMEPHOCTH IPOCTPAHCTBA!

(a) MHOroOwWIEHOB OT OJHON IEPEMEHHOI;

(b) cuMMerpuUecKHX MHOIOYJIEHOB OT Kk HEPEMEHHBIX CTEleHH He GoJiee 1
(¢) nocnenosaresnbHOCTER Ant2 = Bant1 — 6ayn?

Hoxkaxkure, 94T0 JTI060€ JTUHENHO HE3aBUCUMOE MHOXKECTBO KOHEYHOMEPHOTO TTPOCTPAHCTBA
MO>KHO JIOIIOJIHATE 0 Oa3uca.

Camoe coboti, €080 “Koneunomeprnozo” moocno yopamyv, Ho 00KA3BLEAMD MbL IMO20 HE
6ydem.

Kakoe Hanbosblliee KOJMIECTBO BEKTOPOB MOXKHO BBIOpaTh B R™ Tak, 4T0o6bI JI100BIE 1B
"3 HUX

(a) Obum HepIeHWKYISIPHBL;

(b) obpaszoBbIBaU TYTOH yroJL.

B ynuBepcurere mpoBogmTCS M JIEKIUI, WX MOCEIAIOT M CTYAeHTOB. KaKIbIil cTyaeHT
MMOCETUJI HEYETHOE YUMCJIO JIEKIHiA, & JII0Oble JIBa CTY/IEHTa BMECTE MOOBIBAIH HA IETHOM
qucite jeknuii. Jlokaxkure, 4T0 N > m.

Y4YacTHHKAM TEeCTOBON OJMMIIHAJIBI ObLIO MIPEJIOXKEHO N BompocoB. 2Kiopu ompenesser
CJIO’KHOCTB KaXKJIOI'O U3 BOIIPOCOB: IIJIO€ IIOJIOXKUTEJIbHOE KOJIMIECTBO HAJIIOB, MOJIyYae-
MBIX YYaCTHUKAMU 32 [IPABUJILHBIN OTBET Ha BOIIPOC. 3a HENPABUJIbLHBINA OTBET HAYHCJIs-
ercst 0 6ajI0B, Bce HabpaHHBIE YIYACTHUKOM OaJLThl cymMmMupyoTcs. Kormga Bce yaacTHUKYI
CIAJIN JINCTKU CO CBOMMU OTBETaMM, OKA3aJI0Ch, UTO YKIOPU TaK MOYKET OIPEJEIUTD CIIOXK-
HOCTH BOIPOCOB, 9TOOBI MECTa MEXKIY YYACTHHKAMU DPACIPEIETUINCH JTIOOBIM HAIEPE
3aJaHHBIM 0OpaszoM. [Ipu KakoM HambOJIbIIEM YHC/IE YIACTHUKOB 9TO MOLJIO OBIThH?
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9.

HokakuTte, 9TO ¥y MPOCTPAHCTBA OECKOHEUHBIX IMOCIEIOBATEILHOCTEN HA TosieM F' Her
cuérHoro 6asuca.

ITpoekTuBHBIE TpeoOpa3oOBaHUSI

Omnpegnenenue. [Ipoexmugroli NAOCKOCMb10 HA3BIBAETCS MIOCKOCTD, IOMOTHEHHAST OECKOHETHO
YJAAQJIEHHOI NPAMOMA.

Omnpenesenue. [IpoexmusHvim npeobpadosaruem HABIBAETCS Tpeobpa30BaHue TPOSKTUBHON
IIJTOCKOCTH, TIEPEBOJISINEE MPsSIMbIE€ B TIPsIMbIE.

Hanomunauwue. IIpoekTuBHOE Tpeobpa30BaHue, OCTABIISIONIEE Ha MeCTe DECKOHEYHO yiasleH-
HYIO TPSIMYIO, HA3BIBAETCST APHUHHBIM.

Teopema. CyiecrByer IIPOEKTUBHOE IIPe0OpPa30BaHue, EPEBOJISINEe JAHHYIO MPSMYyI0 B Gec-
KOHEYHO yJIaJIeHHYIO.

Onpenenenne. Ocobotl npsiMoii HA3BIBAETCS NIPSAMasi, IIEPEXOJIAIIAs B OECKOHETHO Y/IAJIEHHYIO.

Teopema. OTHOIIEHNE BEKTOPOB KOJLIMHEAPHBIX OCOOOM MPSMOI COXpaHSIeTCH.

1.

Jokaxkure, 9TO CyIIEeCTBYET €JINHCTBEHHOE ITPOEKTUBHOE IIPeoOpa30BaHue, IePeBO/IsIee
JaHHBbIE YeThIpe TOYKH He JIeXKalllie Ha OJHOU IPsAMOU B JJaHHBIE YeThIpe TOUKHU He JiexKa-
e Ha OJTHON MPSAMOM.

,Z[OKa)KI/ITe7 YTO JIBOMHOE OTHOIIIEHUEe COXpaHdAeTCd IIPU IPOEKTHUBHBIX HpeO6pa3OBaHHHX.

Teopema Ilanma. Paccmorpum ma miockoctu nmapy npsiMbix {1 u {2, W IMyCTh TOYKA
A1,B1,Cy € 41, a Touku Ag, B, Cy € lo. ITokaxkure, 9YTO TOUKH II€PECEYEHUs] MPIMBIX
A1Bs n A2B1; B1Cy n BoCh; A1Cy m A2Ch jtexkaT Ha OIHOM MPSIMOIA.

Teopema dezapra. Paccmorpum asa tpeyrosbuuka A1 B1Cy u Az BoCo Ha IJIOCKOCTH.
JokazkuTe,9T0 TOYKHM Iepecedenust Npambix A1 B1 n AsBe; B1Ch u BaCsy; A1C1 n AxCy
JIexKaT Ha OIHOI NpsIMOil TOrja M TOJBKO TOraa, Korma mnpsMbie A1 As, BiBs u C1C2
MIPOXOAAT Y€pe3 OJHY TOYKY.

(a) Ha muockoctn manbl nse upamble ¢4 u {2 u Touka P He jexkamas He Ha OJHOM
n3 Hux. Yepes P mpoBomsTcs napbl UpsiMbIX, nepecekatonme ¢1 u fo B Toukax A u C,
coorBercTBeHHO B m D. Jlokaxkure, 4T0 TOYKHU Iepecedenusi npsambix AD u BC mis
BCEBO3MOKHBIX IMap MPSAMBIX £1 1 2 JexKaT Ha oHOM npsimoit p. Eciiu £1 u {3 mepecekaroTcst
B TO4YKe (), TO U p IPOXOJUT Uepe3 TOUKY ().

(b) Ha mytockoctn manbl npsiMasi ¢ U aBe ToUku A u B He jexkamme Ha 9TOH MPAMOIA.
IIycte U u V' — napa touek Ha q, M — rouka nepecedenus npsamboix UA u VB, N —
Touka nepecedenus npsmbix VA u UB. okaxure, yro npsmbie M N mnepecekaiorcs B
OJTHOM U TOM »Ke TouKe () Jiexkareit Ha npsimoit AB.

Hanbt gBa Tpeyrosbauka ABC u A1 B1C;. UssectHo, uro upsimbie AA;, BB1 u CCy
[IePEeCceKaloTCsi B 0J1HOM Touke u npsimbie AB1, BC1 u C'A; nepecekaiorcst B OJHON TOYKe.
Hoxazkure, uro npsimbie AC1, BA1 u C' B nepecekarTcsi B OJIHOI TOYKeE.
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ITpo rpymrmbl, cjioBa, 00pa3yroliue U COOTHOINEHUS

Omnpenesenne. MuoxkectBo G ¢ GUHAPHOMN omepalueil o, COMOCTABJISIONIEN Mape JIEMEHTOB
f,9 € G anement f o g € G, Ha3BIBAETCSA I'PYIIION, €CJIN BLIIOJIHEHBI CIEAYIONEe CBOMCTBA:

1) acconmarusnocts: Vf,g,h € G fo(go(a) = (fo(b) oh;

2) cyliecTBOBaHMe HEHTPAJIBLHOrO 3yeMenTa: Je: Vf € Geo f = foe = f;

3) cymectBoBanue obpaTHOro smementa: Vg € G3f € G fog=go f =e.

BOl'IpOC. CnegyeT JIM U3 3TUX aKCHOM KOMMyTa.TI/IBHOCTb?

1.

W3 npouioro roga. B andasure miremenn “ABBA” nse 6yksbl a u b. CMbIC cJIOBa He
MEHSIETCsI, €CJIM CIeJIATh OHO M3 CJIEAYIONINX IPeobpa3sOBaHMIA:

e Y06parh u3 J1000r0 MecTa JiBe OYKBBI G TOJIPS/T;
e Bcerasuth B t060e MecTO aBe GYKBBI @ TOIPSI;
e Y06parb U3 J11000ro Mecra Tpu OYKBBI b IOIPAL;
e BcraButh B j110060e MecTO Tpu OYKBbBI b IO,
e 3Bamenursb coueranue ab Ha bba;
e 3amenurhb covyeranue bba Ha ab;

CKOJIbKO Pa3JIMdHbIX 110 CMBICIY CJIOB €CTh B cyioBape memenu “ABBA”?

B mapcuanckom andasure 100 6ykB. CMBICT CJIOBa HE MEHSIETCsI, €CJIU B JIIOOOE €ero Me-
CTO MBaXKbI TOJIPSI/T BCTABUTH OJINH M TOT K€ KYCOK WJIN 13 JIIOOOTO MecTa yOpaThb JIBa
OJIMHAKOBBIX MOJICJIOBA, WIYIOINX MOApsL. JIoKayKuTe, YTO CMBICI CJIOBA HE 3aBUCHT OT
opsi/ika OyKB.

OcHOBHasI 4aCThb.

3.

IIpenmnonoxkum, 9TO HEKOTOPOE CJIOBO g1g2 - - . §k PABHO eJMHUIE TPyHIbl. /JJokaxkure, 9T0
JIFO0O# €ro IMUKJIMIECKHAA CIIBUT TOXKE PABEH €JIMHUIIE.

Ha xaxxnom pebpe miockoro rpada HalucaH CUMBOJ g; WIH ¢, 1. OkazaJoch, 9To CII0BO,
moJiygaemMoe 1mpu obxoze 000l orpaHuYeHHON I'PaHU 110 9acoBOil crpesike, paBHo 1. [o-
KaykKnTe, YTO CJIOBO, IOJIydaeMoe IIpU 0OX0Je BHEIIHEH IPaHn 0 YaCOBON CTPEJIKEe, TOXKe
PaBHO eVHMUIIE, €CJIU:

(a) rpameii Bcero zse;

(b) B obmem ciyuae.

HazoBém astementsl f u g conpasicénmnvimu, €cim Ajisi HEKOTOPOrO 3JIeMeHTa h BBIITOJTHEHO
f = hgh™'. I3 auarpaMMbl HIZKEe BEIBEIUTE, 9TO B IPYIIIE, B KOTOPOH HOPSIOK KAYKIOTO
HEEJMHUTHOIO JIEMEHTA PABEH 3, BCAKUIA 9JIEMEHT KOMMYTUPYET CO CBOUM COIPSIXKEHHBIM.
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Ima 3a0daua ABAAEMCA NEPELIM ULAG2OM 6 Pa3bope 001020 U3 caywaes npobremov. Beprcat-
da.

IIpenmonaraercs, aro 3amadn 6-9 Bbl Oyzere pemiaTsb, UCHIOJIB3Ys AuarpaMMbl BaH Kawm-
eHa.

3 n y® roxe xKommyTupyror. Obs3aTeabHO 1

6. (a) B rpymme z° u y? KOoMMyTHDYIOT,
KOMMYTHUDPYIOT & U Y7
(b) Kakue npsiMOyroJIbHUKM MOXKHO Pa3pe3aTh Ha KBaaparsbl 2 X 2 u 3 X 37
(¢) Kakwue npsmoyronbauky, co croporamu, 6osbmmmu 1000 MOXKHO pa3pe3aTs Ha KBa/I-

parbl 5 X 5 u 11 x 117

7. Ilpm xakux k npaBUJIBHBIN BOCBMHYTOJIBHHK CO CTOPOHO# K MOXKHO pa3pe3aTh Ha JIOMH-
mHomku 1 X 2 m poMObI co cToponoi 1 u yriom 45°7

8. lokakuTe, 9YTO eCJIM IPSAMOYTOJBHUK MOXKHO pa3pe3aTh Ha NPsMOYTOJbHUKU M X N, TO
OJlHa U3 €r0 CTOPOH JEJUTCS HAa M U OJHA U3 ero CTOPOH JeJINTCS Ha N.

9. IIpsimoyrosbauK R pa3pesaH Ha MEHBIINE IPSIMOYTOJBHUKH, ¥ KasKJIOTO U3 KOTOPBIX €CTh
nesast cropoHa. Jlokazkure, 9To y R TOXKe eCTb Iieas CTOPOHA.

Bomnpoc aj1s pasMbliieHus . [loueMy Ipu HAXOXKIEHUHM KOHTPUIIPUMEDPOB, OIIPOBEpIa-
OIHUX TO, 9TO U3 3a/JaHHBIX COOTHOIIIEHU BBIBO/IUTCs KaKOe-TO JIpyTroe, Hy>KHO Ha4YuHaThb
¢ nepebopa mepecTaHoBOK !

E1mé memHoro npo cjoBa 6e3 guarpamm.

10. (a) JokaxkuTe, 9TO IPYIIIA, TIOPOKICHHASA @, b, CBA3AHHBIME COOTHOIICHUSMNI (° = b =
e, aba™! = b% comepxur 21 SI€MEHT U He ABIAETCH KOMMYTATHBHOIA.
(b) IlonGepure Takue nepecTaHOBKH a H b.

11. B andasure nnemenn Jobuteseit mianuMmerpun Bcero tpu OykBel: A, B m C. Cwmbica
CJIOBA HE MEHSIETCsI, €CJIN CAEeJIaTh OJHO U3 CJIELYIOMNX IPeo0pa3oBaHuil:
e VY06paThb JiBe OJMHAKOBBIE PSIIOM CTOsSIIINE OyKBBI;
e DBcraButh 1Be ofuHAKOBBIE OYyKBBI B JIIOOOE MECTO;

e Tlomensitb Mecramu OykBbl A u C;

e 3Bamenurs dpparment ABA na BAB wiu naobopor;



12.
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o 3awmenuts ¢pparmenr BCB wa CBC nunn Ha060poT;

Ecin ykazanubiMu npeobpa3oBaHUsIMUA U3 OJIHOIO CJIOBA HEJIb3sl MOJYYUTh JAPYroe, TO UX
3HaveHus: pa3Hble. CKOJIBKO PA3HBIX 110 CMBICIIY CJIOB €CTh B CJIOBApE IIJIEMEHU JIIO0UTE e
TAHUMETPUn !

V KoJuIEKIOHEPa €CTh 3aMevaTesbHast KOJIEKIHs u3 1 cTarydToK. OH IPUTBOPSIETCS 11e-
HUTEJIEM UCKYCCTBA U JIEJIAET BUI, ITO PA3JINIAECT Ha BUJ II0ObIe qBe n3 HuX. Ha camoMm ke
JeJie OH He pa3jndaeT Hukakue nse. HecMoTps Ha 9T0, eMy BaXKHO, YTOOBI CTATYyITKH CTO-
SJTH Ha TIOJIKE B OIPEJIEJIEHHOM TOPsAKe. Ecn cTaTydTKH CTOAT B HY>KHOM IOPSIJIKE, HAJT
MIOJIKOM TOPUT 3€JIEHAS JIAMIIOYKA. Y HErO eCTh HECKOJIFKO KHOMOK. [Ipn HaXkaTnm Kaxx1oit
KHOIIKM IPOMUCXOJUT KaKas-TO [IEPECTAHOBKA CTATYITOK (KaKas MMEHHO, KOJIJIEKIHOHED,
€CTECTBEHHO [OHATH HE MOXKET, [IOTOMY YTO OH He pa3jiMdaer CTarTysTku). Jlokaxkure, 9ro
KOJIJIEKITUOHED MOXKET IIPOBEPUTH, CMOKET JIM OH, HaKUMasd Ha KHOIIKH, IIOJIyIUTb BCe
IepecTaHOBKU.

HpOQKTI/IBHI)Ie HpeO6p330BaHI/I$I n OKPY2>KHOCTb

Teopema. CymiecTByeT MPOEKTHBHOE MTPEOOPA30BaHNeE, MMEPEBOISINEE JTAHHYIO TOYKY BHYTPH
OKPY?KHOCTH B IIEHTP, & OKPYKHOCTb B CebsI.

1.

CyIecTByeT TPOEKTUBHOE TPEOOPA30BAHIE, TEPEBOLINEE JAHHYIO MPSIMYIO HE IepeceKa-
IOIIYIO OKPY?KHOCTH B OECKOHEYHO YAJIEHHYIO, & OKPY’KHOCTb B Ce0sl.

JlokazknTe, UTO eCU IPOEKTUBHOE IIpeoOpa30BaHMe IEPEBOIUT JAHHYIO OKPY’KHOCTH B
OKPY2KHOCTB, & TOUKYy P — B €8 1ieHTp, T0 0cobasi upsiMasi IePHEHUKYIISPHA I1aMeTPY,
npoxondieMy depe3 P.

IIpoekTnBHOE TTpeobpa3oBaHME HEKOTOPYIO OKPYKHOCTH MEPEBOAUT B cebs, a €€ MEeHTP
ocTtaBysieT Ha Mecre. JIOKaXKuTe, YTO 9TO — MOBOPOT MJIN CHMMETPHSI.

Hana okpyxKHOoCTh u Touka C' BHyTpHu Hee. Uepe3 Touky C' NpOBEIEHBI YETHIPE XOPIbI
A;Bi,i=1,...,4. D — Touka nepeceyenus nupsambix A; As u AsA4, E — TouKa mepece-
qeHus IpsaMbIX B1 B2 u B3 By. Jlokaxwure, aro Touku C', D u E jexkar Ha OJHOMN IPSIMOIA.

OxkpyxxkHocTb ' Kacaercs npsaMbIx, cojgepxkarux cropobl AB u BC tpeyronbuuka ABC),
B Toukax D u FE coorBercTBeHHO. BTopble Kacarenbuble, nposeienube u3 A u C xk T
Kacarorcs ee B Toukax F' u G coorBercrBenno. Jlokaxkure, uyro upsameie DG, FE u AC
IepeceKarloTCd B OJHOU TOYKe.

Buyrpu tpeyronbauka ABC BbiOpana Touka P. Ilpsimbie AP, BP u C'P mnepecekaior
CTOPOHBI TpeyroJibHuKa B Toukax A1, B u C1 coorBercrBenno. Ouucannasi BOKPYT Tpe-
yroabanka A1 B1C1 OKpPy»KHOCTH BTOPUYHO TepecekaeT npsmyio BBy B touke L. Ilycrs
As = AL N B1C1, Cy = CL N B1A;:. Jokaxure, uaro npsamere A1 Az, BB1 u C1C2 nepe-

CeKaloTCAd B OJTHOM TOYKE.
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Buesnucannas okpyxHOCcTh Tpeyronbuuka ABC kacaercs croponst BC B Touke D, a
npojoskenuii cropoun AB u AC' — B toukax E u F. Ilycrs T — Touka nepecedeHust
npsmbix BF u CE. lokaxure, uro Touku A, D u T jexxaT Ha OHON IPSIMOIA.

Hansr yerbipéxyronbuuk ABC D u npsivas £. O6o3naanm gepe3 P, ), R Touku nepecede-
uust upambix ABu CD, ACu BD, BC u AD, a gepe3 Pi, Q1, R1 — cepeiuHbI OTPE3KOB,
KOTOpBIE 9TU Iapbl IPIMBIX BbICeKaloT Ha npsamoii £. Jlokaxkure, aro npsmbie PP, QQ1
n RR; niepecekaioTcss B OJTHON TOYKE.

Emnié HemHoro juHeiiHoii ajaredpbl

1.

(a) Jokaxkute, 9TO MHOXKECTBO PEIIEeHUI OJHOPOIHON CUCTEMBI JIMTHEHHBIX ypaBHEHU
ABJISIETCS TOAITPOCTPAHCTBOM IIPOCTPAHCTBA CTPOK, & €r0 Pa3MEPHOCTH PaBHA KOJIMYECTBY
IapaMeTpPOB B CTYIIEHYATOM BHJIE.

(b) Bepno s, uTo 11060€ IOAIPOCTPAHCTBO IPOCTPAHCTBA CTPOK SABJISIETCA MHOYXKECTBOM
pelleHnii HEKOTOPOI OJHOPOIHON CUCTEMBI?

(¢) Hus pannoro noxnpocrpancrsa U C V obosnaanm U L HommpocTpaHCTBO BEKTOPOB,
IepIIeHIKYIISPHBIX BCeM BeKTopaM mpocrpancrsa V. Kak casann pasmeproctu U, UL
uV?

(a) Jdokaxkure, 9TO PA3HOCTD JIOOBIX JBYX PEIICHUI HEOTHOPOIHOM CUCTEMBI SIBJISETCS
peleHneM OTHOPOJIHON CHCTEMBI.

(b) Hoxaxkure, 9T0 y HEOJHOPOAHOM CHCTEMBI MO0 HET perleHuii, 1160 UX CTOJIBKO Ke,
CKOJIBKO Y OJJHOPOJHOM.

BekTop Illensu. B cuiukonoBoii jlonnae cobpajack rpymmna u3 n japyseit. [Ipo goboe
MTOJIMHOXKECTBO U3 HUX U3BECTHO, CKOJIBKO JIEHEr OHHM CMOIYT 3apaboTaTb, eCJii OpraHu3y-
10T cBoit crapran. OHU MOHSIIN, YTO BBITOJHEE BCETO OOBEIUHUTHLCS BCEM BMecTe. Berast
BOIIPOC O TOM, KaK JIEJINTH MMOTEHINAIbHYIO MpubbLIb. [lo 6oabmioMy caéry Hy>KHO IO-
cTpouTh oTobOpaxKenue S ': R R"™, 9T06bI ObLIM BBITOJHEHBI CBONRCTBA:

e S — jmmeiinoe (Hy a BbI 9TO JyMaJun?);
e PaBHO3ZHAYHBIE JIIOJ TTOJyIAIOT TOPOBHY.

e Te, KTO HE MEHSIOT TPUOBLIBL TPU JOOABJIEHUU K JIFOOOMY TOJIMHOXKECTBY, HIYETO He
TIOJIy 9aOT.

JokakuTe, YTO €CTh TOJHKO OIHO TaKOoe OTOOparkeHre U HalAuTe, CKOJIBKO JIOJIKEH II0-
JIYIATH KaXKJbl PAOOTHUK, €CJIM CPeIU HUX €CTh MEHE/Kep, 0e3 KOTOPOro HUKTO He
3apaboTaeT HUYEro, U pa3pabOTIMKU, IIPU ITOM MEHEJIKEpP BMecTe ¢ k pa3paboTIMKaMu
zapaboraor k* MHILTHAPIOB JOJLIADOB.

Nmeercs kiaerdaras tabiuna (k+2) x (I42), B €6 rpaHIYHBIX KJIETKAX PACCTABJICHBI KAKIE-
TO JeficTBATENbHBIE YuCTa. JIOKaXkKuTe, 9TO B KJETKAX IEHTPAIBLHOTO HPSIMOYTOILHUKA
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k X | MOYKHO PaCCTaBUTH UMCJIA TAK, YTOOBI KaXK0€ U3 9TUX kl 9rces paBHSAIOCH CPETHEMY
apudMETHIECKOMY CBOUX YETBIPEX COCEeil 10 CTOPOHE.

(a) Hoxaxwure, uro eciu Bce KO3(hDOUIMEHTHI B CHCTEMe JIMHEHHBIX ypaBHEHUH — pa-
IMOHAJILHBIE YUCJIA, U Y CHCTEMBI €CTh XOTsI ObI OJTHO PelleHne, TO €CTh M PAIMOHAJTBLHOEe
pemenne. (b) Buyrpu orpeska [0, 1] Bbibpasn n pasznmuaabix Touek. OTMEIEHHON TOU-
KOI HA30BEM OJ[HY M3 N BHIODAHHBIX UJIU KOHEI oTpe3Ka. OKazaaoch, 9To Jobast n3 BHYT-
PEHHUX 7L TOYEK SBJIAETCA CEePeMHON KaKOro-TO OTPE3Ka C BEPITMHAMU B OTMEYEHHBIX.
JloKazKuTe, 4TO BCE TOYKHU paljMOHAJIbHBIE.

Y mabopanTa ectb 101 ruppka. OKa3aI0Ch, YTO €CJIN OTIOKUATH JIIOOYIO TUPHKY, TO OCTAJb-
HBIE MOXKHO Pa3JIOKUTh Ha JBe Ipynibl 10 50 paBHOT Maccel. JJoKaXkuTe, 9T0 MaCcChl BCEX
I'Mpb PaBHBI, €CJIM MacChl I'UPb

(a) marypasbhble; (b) panuonanbuble; (€ ) JeficTBUTENBHBIE.

KoHcTpyKTUBBI

1.

B crpane 16 ropomoB. M0o»KHO 11 yCTAHOBUTH MEXKJY HUMU JOPOXKHOE COOOIIEHNE TaK,
9T0OBI U3 KaXKJI0I'0 I'OPO/JIa BBIXOJUIIO He GoJiee 5 JIOpOr U MexK/Ly JIIOOBIMU JABYMsI I'OPO-
HaMu OBbLT Iy Th U3 He OoJiee 4eM JABYX JIOpOT?!

(a) MokHO Jin TOKPACHUTH BEPIIMHBI TPEX KyOOB (OOBIYHBIX TPEXMEPHBIX) B JIBA [[BETA
TaK, 9TOOBI ¥ KarK/I0ro Kyba Ob110 4 cuHUX U 4 KpaCHBIX BEPIIUHBI U IPU JIIOOOM COBMeE-
LIEHNH JIBYX Pa3HBIX KyOOB y HUX ObLIO 4 COBIAJAIONINX IO I[BETY BEPIIUHBI.

(b) Moxkuo su BEIOpaTh B 7-3JIEMEHTHOM MHOXKECTBE 7 YeTHIPEX3JIEMEHTHBIX OJMHO-
2KECTB TaK, YTOOBI JIFOOBIE IBA U3 HUX MEPECEKAJINCH M0 ABYM dJIEMEHTaM !

(c¢) Moxuo yu B 15-2JIeMEHTHOM MHOXKECTBE BBIOpPATH 15 CEMUJIEMEHTHBIX IOJMHO-
JKECTB TaK, YTOOBI JIIOObIE /IBA M3 HUX MEPECEKAJIUCH 110 TPEM djieMeHTaM !

Hokaxknre, uro pébpa mosHoro rpada Ha 16 BepmmHax MOXKHO PaCKpacuTb B 3 IiBeTa
TaK, 9TOOBI He OBIJIO OJHOIIBETHBIX TPEYTOJIHHIKOB.

Komnewroti npoexmuenoti IIOCKOCTHIO TOPsyIKa 1 HAa30BEéM HaGop u3 n? + n + 1 Touku u
n? + n + 1 upsMoit Taxoif, 4To Uepes JOGbIE B TOUKH HPOXOIUT €IMHCTBEHHASI IPSIMAst
u Jio0ble J[Be IPsIMbIE [IEPECEKAIOTCsI POBHO B OJHON TOYKe, IPUYIEM CYIIECTBYIOT Y€ThIpe
TOYKHU, HUKAKHE TPU U3 KOTOPBIX HE JIeXKAT Ha OJHOU npsamoii. Jlokaxkure, 9To eciu n
IIPOCTOE, TO KOHEYHAs IIPOEKTUBHAS IIJIOCKOCTH CYIIECTBYET.

Kaxkoe nanboJibIiiee KOJITM4IECTBO KJIETOK B KBaJpaTe 57 X 57 MOXKHO 3aKPACUTh TaK, YTOOBL
HrKakue 4 He ObLIM BepUIMHAMHU IPSIMOYTOJILHUKA?

Heckombko KOMaH, ChITpa/ii OJTHOKPYTOBOU BOJeiiboabHbBI TypHUp. CKaxKeM, 9TO Typ-
HUDP OKa3aJICd COANAHCUPOBAHHDIM, €CITA JIJIsI KAaXKIO0N Mmapbl KOMaHI HAILJIMCH XOTs ObI k
KOMAaH/I, KOTOpbIe BbIUrpaIn y Hux obeux. Ilycts p = 4k+3 — npocroe uncio. Jokaxkure,
9TO BO3MOXKEH CHOAJIAHCHPOBAHHBINA TYPHUDP HA P KOMaHJaX.
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Yro emié ckasaTh PO Npejaeibl..”?

1.

(a) Hoxaxwure, uro mis aoboro a > 0 dyHKIms a” HenpepbIBHA Ha MHOXKECTBE BCEX
JIeHCTBUTETLHBIX TUCEJT.

(b) Hokaxwure, uro dbynxnus f(z) = Inz HenpepbIBHA HA MHOKECTBE TTOJIOKHUTETHHBIX
qHUCce.

Haiinure npesen mocienoBaTelbHOCTH

an:\/2+\/2+\/2+...+ﬁ.

HoxkarkuTte, 9TO HENMPEPBIBHAsT (DYHKIHSA HA OKPYKHOCTU ITPUHUMAET OJIMHAKOBBIE 3HAYTE-
HUA B HEKOTOPOH ITape JuaMeTpPajbHO IPOTUBOIIOJIOXKHBIX TOYEK.

IlocstemoBaTEBHOCTD IEHCTBUTEIBHBIX YHUCET TAKOBA, YTO KAK OBl MBI HU TMOKPACHIH €€
<JIEHBI B CHHUI U KPACHBII I[BET, M CHHSIS M KPACHAS [OCJIEI0BATETHHOCTH OY/IyT CXOIUTh-
ca. JlokakuTe, 9TO UCXOJIHAS IIOCTIETOBATEIBHOCTD TOXKE CXOIUTCS.

HokarkuTte, 9TO B JIIOOO CETH CYIIECTBYET MAaKCUMAJIbHBII IOTOK.

HepasencrBo Bepuynnu. (a) Ecin z > -1, p > 1, To

1+2)? =21+ pz.

(b) Ecmz>-1,0<p<1,r0

(1+2)? <1+ pz.

Ha crone sexxur 6sima (MHOrOyrosbHUK). KocTs X04er cesarh Of@H MPsAMOTMHEHHBIH
paspes TakuM 00pa3oM, 9TOObI OH IIPOXOAUJ YePe3 yKa3aHHyo ApTréMoM Touky. Jlokaku-
re, uro Kocrsa MoxeT caenarh 910, ecan (@) Touka Haxoxurcesa BHe Gimna; (b) Touka
HaXOUTCsI BHYTpU OJIMHA.

(¢) Ha nockoctu HapucoBaHbl 1Ba GiuHa. JIoKaXXuTe, 4TO MOXKHO IIPOBECTH HIPSIMOJIH-
HEWHBII pa3pe3 TaKuM 06pa30M, YTOOBI pa3pe3arh Ha (PUTypPHI PABHOI IO 068 STUX
OJIMHA OJJTHOBPEMEHHO.

IIycre monorkuTebHOE IUCTO ¢ PUKCHPOBAHO, an = (2)", by = nl.

Hoxazkure, 9TO Gy K by, IpE ¢ > €U Ay, > by, Ipu c < € .

Cnucok BONPOCOB K 3a4Y€ETy

1.
2.

Teopema Ppankia-YuicoHa.

Kourpnpumep Astona mjist runoressl bopcyka.



9.
10.
11.
12.

13.

14.

15.

16.

17.
18.
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Kakoe nHanbosbiiiee KOJIMIECTBO MOAMHOYKECTB MOYKHO BBIOPATH B M-3JIEMEHTHOM MHOXKE-
CTBE Tak, YTOObI HUKAKOE U3 HUX HE COJEPKAJIO jpyroe?

Kpurepuit Toro, yro nmosuieiickoe duciio rpada passo 1. Ilomurneiickoe 1nciio n-mepHOro
apaJiiesenunesa.

cinloglogn
logn

Jlokazkure onenky qya rpada ¢ n Bepmmaamu: ¢(G) <
CTAHTHI C1.

U1l HEKOTOPOU KOH-

Cy1iecTBOBaHNE KOHEYHON IIPOEKTUBHOI IJIOCKOCTH IIPOCTOrO Hopsifka. [Ipumep, kak 1mo-
crpouts 2" — 1 mogMuOKecTB pasMepa 2" ! B 27 — 1-3JeMEHTHOM MHOMKECTBE, TAK, YTOGbI
JOBBIE JBA M3 HUX TIEPECEKAINCEH M0 2™ 2 9IeMeHTaM.

Teopema Popma-Daskepcona. CymecTBOBaHNE MaKCUMAJIBLHOTO MOTOKA. JloKazaTeabcTBO
pébepHoit TeopeMbl Menrepa.

OcHoBHasI TeOpeMa O CUMMETPUIECKUX MHOro4jieHax. Ajrebpandeckas 3aMKHYTOCTb I10-
JIs arebpandecKux ducesl.

Ksagparuunsrit 3akoH B3anMHOCTH. J[0KAa3aTE/ILCTBO Y€pe3 rayCCOBBI CYyMMBI.
OcHOBHast TeopeMa aJredOphI.
3Baza4ya 0 IOUCKe N-YyroJIbHUKA C JAHHBIM [IEPUMETPOM MaKCUMAJILHON IIJIOMIAIH.

Teopema 0 eBaATH TOYKaX Ha KyOm4ueckoil KpuBoil u BeIBOJ TeopeM Ilackass u Ilamnma u3
HEE.

n
JlBa onpenenenus yucia e, a takxke €. CpaBHeHHe CKOPOCTH pocTa n! u (%) upu ¢ < e
U IIpHu ¢ > €.

Bekrop Ilerm.

I'pynner. 3ananme HekoMMyTaTUBHOM rpynubl u3 21 sjieMeHTa depe3 obpa3ylonme U co-
orHOomeHNs. Pemmenne 3aga4 Ha pa3pe3aHue ¢ IOMOIIBIO guarpamMM. Pemerue 3amagu mpo
NPAMOYTOJIbHUK, Pa3PE3aHHbIIA Ha MEHBIINE IPAMOYTOJbHUKHU C IIEJIO0I CTOPOHOM.

Jloka3aTeIbCTBO CYIECTBOBAHUS €IMHCTBEHHOCTH IPOEKTUBHOIO IPEOOPA30BAHIS, II€pe-
BOJAIIETO JaHHbIE 4 TOYKU OOIIErO IOJIOXKEHUS B JIpyrue 4 TOYKU OOIIEro ITOJIOXKEHNUS.

IIpenenbHblit mepexon B reoMeTpun u TeopeMa o 6abouke.

Teopema don llraymra.
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