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0 IIpuBercTBeHHOE 3aHATUE. 4 UIOJIs

Ilo momusam «Hemuwipe s3adauus, orcypranr «Keanmurs, cenmabpsv 2016

Hanmomanm, uro no npasuiam «Mopckoro 6osi» Ha moJie 10 X 10 HY»KHO paccTaBUTh
KOMILJIEKT U3 JlecaTn KopaoJeit: oqun 1 X 4, nea 1 X 3, Tpu 1 X 2, geTbipe 1 X 1 Tak, 9T00bI
OHU HE CONPUKACATUCH JIazKe YTOJIKAMMU.

1. JTokarkuTte, 4TO €CJIM CHAYaJIa CTABUTh OJHONAJYOHBIE, 3aTeM JABYXIAJIYOHbIE U T.JI., TO
BO3MOXKHA TaKas CUTYyallls, 9TO JIJIsd TOCETHEr0 YeThIPEXTIAIYOHOTO KOpadisd He Hall1éTcs
MeCTa.

2. Ha nosie 10 x 10 crour xopabib 1 X 4. Kakoe HamMeHbIIee KOJHMIECTBO BLICTPE/IOB
HY?KHO CJIJIaTh, YTOOBI HABEPHSIKA €I'0 PAHUTD !

3. Jlerko pasmecTuTb KOMILIEKT KopabOseil Ha jgocke 10 X 10. A Ha Kakoii HamMeHbIIIei
KBa/IPATHOI JOCKE MOYKHO Pa3MeCTUTh 3TOT KOMILIEKT?

4. Ilerss n Bacst chirpajm HecKoJIbKO napTuii B urpy «Mopckoit 6oity. Xurpsriit 1letst pac-
CTaBJISI/T KOPAOJIM B PA3HBIX MApPTUAX IO-Pa3HOMY Tak, 9TO ecju ObI Bacs momas B ojiHOM
n3 [apTuii, oH IpoMaxHyJjcd Obl B JiF0OOi Ipyroii, ciaenaB aHAJOIMYIHbIN BbicTpesa. Kakoe
HanOOJIbIlIee JUCJIO APTHUIl OHM MOIJIA IIPU 3TOM ChII'PATh’

5. Bepno s, 9To ecim cHavaia CTABUTL YETBHIPEXTATYOHBIH KOpad/b, MOTOM CTaBUThH
TpEXTaJyOHbIe, U T.JI., TO BCErJIa MOYKHO MOCTaBUTH TOJIHBINH KOMIIJIEKT?!

1 BcrynuresnbHas ojiuMnuaga. 4 Mr0Js

1. Brosb pexkn Batka pacnonioxkenns! npucrann Mawmapim, Bumknin, Korensana n Ku-
poB (mmMenHO B TakoM nopske). Ot Korenbruaa mo Mamajibiima Terioxo mibBeT 1 Jac,
or Korenbauua g0 Kuposa — toxke 1 4ac, a or Bumkuig po Kuposa — 2 gaca. B ka-
KyI0O CTOpOHY TedeT peka — oT Mawmajpiia k KupoBy min naodbopor? Bcee cosrnajenus
CJIy4JailHbl.

2. Y Urops ectb KjaeTdaThlil KBaJpaTHEI JucT 18 X 18. Boauase Bce ero KJieTKn moKpa-
eHbl B 6eJ1blit BeT. Irops MoxKeT Tpon3BOJIbHBIM 00pa30M BBIJIEINTH KJIETYATHII KBaIpaT
10 x 10 na cBoeM JincTe 1 IEpEKPaACUTh BCe KJIETKN 3TOTO KBaJjipaTa: Oejible — B YePHBIIT IIBET,
a depHble — B Oesbril nBeT. CmozxkeT jin rophb ¢ MOMOIIBIO HECKOJIBKUX TaKUX Olleparuii
HOJIYUINTh IMaXMATHYIO PACKpPacKy KJETOK Jincra 18 X 187

3. Touka M — cepeauna croporsl AC' octpoyrosbaoro Tpeyroiabanka ABC, AD — ero
BoicoTa. Ha orpeske BD ormedena Ttakas Touka F, auro AM = DE. Ha orpeske EM
orMmedeHa Takasi Touka F', aro FF = F(C'. Jlokaxure, uro C'F — ouccekrpuca yria C
tpeyrosibanka ABC.

4. Jloxarxkurte s dncesl a, b, ¢, 6oabimux 1, HepaBeHCTBO

1 1 1 1 1 1 1 1 1
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a b ¢ a b b ¢ c a



5. Byrosts aqen, ujyieii K 6ame, pacTyT, dyepeaysch, 36 0epés u 35 cocen. Paccrosaust ot
KaKJIOro HeKpaifHero jiepeBa JI0 JIBYX €ro cocejieil OTInYaroTes poBHO B 8 pas. [lokaxkuTe,
YTO TOYHO IOCEpEe/INHE aJlJlen He MOYKET PACTU COCHA.

6. B crpane 100 ropojioB. HekoTopbie mapbl TOpoI0B coeIMHEHDI JIBYCTOPOHHUMHI aBUapeii-
camu. OKaz3aJI0Ch, 9TO €CJIN JIBa FOPOJia He CBIA3aHbI MPSIMbIM aBUAPEHCOM, TO MEXK/Ty HUMMU
€CTb XOTsI OblI JIBa pa3/IMYIHBbIX IIYTH € OJIHOI nepecajikoil. Kakoe HamMeHbIIee KOJTIMYECTBO
aBrapeiicoB MoxKeT ObITh B 9TOIi cTpaHe?

2 HWMuaayknusi: ocjadjieHne yCJIOBHUii. 5 MIOJd

1. B 100 kopobkax, crosiux B psj, jgexxuT cymmapHo 10000 opexoB. 3a oJHYy OIepariiio

MOXKHO II€PEJIOYKUTh CKOJILKO YTOJHO OPEXOB U3 J1I000il KOpoOKM B cocesHio. Jlokaxkure,
910 3a 99 TaKUX onepanuii MOYKHO CJeJaTh TaK, YTO BO BCEX KOPOOKaX OpPEXOB OV/ET I0-
POBHY.
Vrazarnue. Jlokaxkure 6ojee cuabHbIl dakT: «B n KopoOKax, cTodANux B Psij, JIeXKau
Opexu, Ha KaxKJIofl KOpOOKe 4YHCJIo OpexoB ObLI0 Hamucano. Opexu mepesiozKIIN M0 STUM
KopoOKaM Kak TmonaJjio. Onepanus Ta ke. Torga 3a n — 1 omepalinio MOYKHO Pa3JIOKHUTh
OpPEXU COTJIACHO HA/IIIUCSM. »

2. /lokakuTe, 4TO NMPABUJIbHBIN 2N-yTOJBHUK MOXKHO pa30UTh Ha POMOBDI.

3. Ha jByx napaJuiesibHbIX MPsiMbIX oTMedeHo 110 40 Touek. 1Ix paszouBator Ha 40 nap Tak,
aTO0BI OTPE3KHU, COSJMHSIONINE TOUKN B OJIHOM mape, He MepeceKkasuch JIpyr ¢ apyrom. (B
9aCTHOCTH, KOHEI OJIHOTO U3 OTPE3KOB He MOXKET JIeYKaTh Ha JIPyroM orpeske.) Jlokaxure,
9TO YHCJIO CIOCOOOB 3TO CAEIaTh MeHbIe 33,

4. Jlano MHOKeCcTBO S u3 nocjegoBarenbHocreil pymabl 100, coCTOSIIIX 13 HyJeil U eu-
Hui. OKa3ajaochb, 9TO JJIsI KayKJIoro 3jieMeHTa S ecTb poBHO 20 JAPYrUX 3JIEMEHTOB B S,
OTJIMYAIOIINXCsT OT HET'O POBHO B OJHOM paspsijie. Kakoe HamMeHbIee KOJINIECTBO d1eMeH-
TOB MOXKET ObITH B MHOXKecTBe S7

5. Ha KoOpjuHATHON IJIOCKOCTH OTMeYeHbl Bce Touku (x,y), uro x, y € {0,1,...,n}.
Kpowme Toro, Ha II0CKOCTH IPOBEIEHBI HECKOJILKO IPAMBIX, Ha KOTOPBIX JIeXKaT BCE OTMe-
gernbie To9KN, Kpome Toukn (0,0). JJokaykure, 9T0 MPOBEJICHO KAK MUHIMYM 271 TIPSIMBIX.

6. /lano narypaabnoe uncyio n > 3. Haiture KoamyaecTBO cr1ocob0B PaCCTaBUTDH 110 KPYTY
B HEKOTOPOM TIOPsIJIKE HATypaJibHbIe Yncia 1, 2, ..., n Tak, 4ToObl KayKJ10e YUC/I0 ABJISI0CH
JICJIUTEJIEM CYMMBI JIByX COCEJHUX C HUM YHUCEJI.

7. Hdana kBajgparnas pocka 100 x 100, n3naga/ibHO OJIHOCTBIO Oestast. Ilerst mponebiBaer
C Hell cyeytonue ornepalun: OH BbIOUpaeT CTPOUKY UJIN CTOJIOEI, U KPacuT B Heil KaKnue-To
75 KJIETOK B YEpHBII I[BET, a ocTaJibHble 25 — B Oesblil. JlokakuTe, 4TO Ha JIOCKE BCErja
Oy1eT XoTa 661 25 GEJIBIX KIETOK.



3 Paszuoboii—1. 5 urosrga

1. B mekoropwle kieTkn KBajpaTa 4 X 4 mocTaBjieHbl 3Be3JI0UKH. [l KarKI0ro BepTH-
KAJIbHOTO, TOPU30HTAIBHOTO, & TaKyKe JAMArOHAJBHOTO psijia (JMarOHaJIbHBIA DS MOXKET
COCTOSITH U3 YEThIPEX, TPEX, JIBYX U OJHON KJIETKH) U3BECTHO KOJMIECTBO 3BE3JI0UYEK, CTO-
SIIUX Ha HeM. MOXKHO JIM 110 3TUM JAaHHBIM T'apaHTUPOBAHHO BOCCTAHOBHUTHL PAaCCTAHOBKY
3BE3/109eK B KBaJ[pare?

2. Jlokaxkure, 4T0 B JIIOOOM TPEyroJbHUKE OCHOBAHME BBLICOTBI, CEPEIMHBI JABYX JIPYTUX
BBICOT I OPTOILEHTP JIEXKAT Ha OHOM OKPYZKHOCTH.

3. Ilycrs p — mpocroe 4ucio, a u b — HeKoTOpbIe Tesble dnciaa. CpaBHeHUs r° = a
(mod p) u 22 = b (mod p) me umetor pemennit. Jokaxkure, uTo cpabHenue 2 = ab

(mod p) umeer X0Tsi ObI OJIHO peIeHNe.

4. Haiigure Bee nesible b Takue, 4To 1pHu Jiio6oM HaTypaabHoMm a uncio (a? + 1)1 +b—a
neaurest va a® + a + 1.

5. Ha kpato mycrbiHE mMeeTcst OECKOHEUHBIN 3amac OeH3MHA U MAaIllHa, KOTOPasi IpH
MOJIHOfT 3aIpaBKe MOXKeT mpoexaTh 50 KuaoMeTpoB. VIMerorest (B HEOrpaHUIEHHOM KOJIITYe-
CTBe) KAHUCTPhI, B KOTOPbIE MOYKHO CJIMBATh OEH3MH 13 GeH300aKa MalliHbl U OCTABJISITH
Ha XpaHeHue (B Jir060i Touke mycThinn). JlokaxKnTe, 4TO MAIINHA MOXKET MTPOEXATh JIIO-
6oe paccrogitue. (Kanucrpbl ¢ 6eH3MHOM BO3UTH HE PA3PEIIAeTCsl, [yCThie MOXKHO BO3UTH B
JTFOOOM KOJIMYEeCTBe. )

6. Buucannas okpyzxuoctb Kacaercsi cropon AC' u BC' tpeyronbunka ABC B Toukax K u
L cooTBeTcTBEHHO, BHEBIMCAHHAS OKPY?KHOCTH KacaeTcst cTopoHbl AC 9TOT0 TpeyroyibHIKa

B Touke P. [Ipssmas K L nepecekaercs ¢ npsiMoii, mpoxojdmieii gepe3 A napasuiensao BC,
B Touke M. Jlokaxure, uto PL = PM.

7. Jokaxkure, 9TO JJIsl JIOOBIX HOJOKUTEJIbHBIX YUCE @, b, ¢ ClipaBeInBO HEPABEHCTBO

(ab+bc+ ca+1)(a +b)(b+ c)(c+a) > 2abc(a + b+ c+ 1)2

4 IlepekuabiBaHWE YroJIKOB. 6 MIOJIs

YupaxkHenue. [Ipsmvast £ kacaercst onncanHoit okpyzkaocTn Tpeyrosbanka ABC' B Touke
A. Ha npsmbix AB u AC' Boiopanbl Toukun P un () coorBecTBeHHO. JloKaxKuTe, 9T0 TOUKM
B, C, P, () nexar Ha 0JIHON OKPY?KHOCTU TOIJIa U TOJBKO TOrIa, Korjga PQ || .

1. B ocrpoyroabaom tpeyrosibanke ABC mposenennl Beicotbl AA; n BB, [lpsavas A1 By
1epecekaeT OIUCAHHYI0 OKpYyKHOCTE {2 Tpeyroibiuka ABC B Toukax P u (). Jokaxure,

yro C'P = CQ.

2. Touka O — HEHTP ONMCAHHOI OKPYKHOCTH OCTPOYToabHOTO Tpeyrosbanka ABC'. [Ipsi-
masg KA Kacaercs onmcannoit okpyzkunoctu tpeyroybinka ABC, npuaém LKCB = 90°.
Touka D Ha cropone BC' rtakosa, uro KD || AB. Jokaxure, uro npsivas DO mpoxogut
yepes TOUKy A.



3. B okpy:xHoCTH TIpOBEJIeHBI JiBe Tepecekaromunecs xopabl AB nu C'D. Ha orpeske AB
B3stin TouKy M Tak, aro AM = AC, a na orpeske C'D — touky N tak, utro DN = DB.
Hokaxure, aro MN || AD.

4. AN — ouccekrpuca yria ZBAC, P u O — rmakne Toukn Ha npambix AB n AN
coorBecTBerHO, uT0 LZANP = ZAPO = 90°, () — npousBojbHas To4uKka Ha orpe3ke N P.
Yepes Touky () mpoxoauT HekoTopas npsiMasi, nepecekaromias AB u AC B Toukax F u F
coorBecTBenHo. [Jokaxkure, uro ZOQE = 90° Torma u Toybko Torma, Korga QF = QF.

5. B ocrpoyroasnom Tpeyronbanke ABC Touku D, E, F' — ocHOBaHUSI BBICOT U3 TOYEK
A, B, C coorBercrBenno. [lpsimast E'F' riepecekaeT omucaHHYIO OKPY>KHOCTb TPEYTOJIbHIKA
ABC B touke P. Ilpambie BP nu DF nepecekatorcst B Touke ). [okaxkure, uto AP = AQ).

6. an npamoyroabubiii Tpeyroabunk ABC, ZA = 90°, /B < ZC'. KacarenbHasi B
Touke A K omnmcanHOil OKpy)KHOCTH W TpeyroiabHnka ABC nepecekaer npsamyio BC B
touke D, F — Touka, cumMmerpudHasi Touke A orHocuTesnbHo mnpsimoit BC', X — ocHoBaHme
neprenuky/asipa m3 A na BE, Y — cepeauna AX. llpamass BY BTOpHYHO Iepecekaer w
B Touke /. JlokaxkuTe, 910 nipsiMas B KacaeTcs ONMMCaHHOl OKPYXKHOCTH TPEyroJbHUKA

ADZ.

7. Ilpamas £ He mepecekaeT OKPYKHOCTH w € IeHTpoM B Touke (J. F/ — ocHoBaHue mnep-
nerauky/aspa u3 O una £, M — Touka Ha ¢, A u B — Takme TOYKN Ha OKPYKHOCTH W, 9TO
MA n MB xacatorcsa w, C' u D — ocHOBaHusI mepreHnKky/asipoB n3 toukn F wa MA n
M B coorBectBenno, AB nepecekaer OF B Touke F'. lokaxkure, uro npsmas C' D jgenur
oTpe3ok F'E moronam.

5 Pa3uoboii—2. 6 uroJid

1. /lokaxkute, 9TO ypaBHeHue
[z] + [2x] + [4x] + [8z] + [162] 4 [32z] = 60

He nMeeT peLHeHI/If/’I B rZLeI'/JICTBI/ITGJH)HI)IX YHUCJIaX.

2. n > 6 — coBeplleHHOe YKHCJIO (T.e. CyMMa BCEX ero HATYPaJIbHBIX JejuTeseil paBHa
2n), n = pi'py>...p;" — ero pasoxeHHe Ha IPOCTbIe MHOKUTENH, P1 < Py < ... < Dj.
JToKazKuTe, 4TO €] YETHO.

3. Ha croponax AB n AC tpeyronbanka ABC' ormedennsl Toukn K n L cOOTBETCTBEHHO,
I — nentp Buncannoit okpyzkuoctu tpeyronabanka ABC'. dokaxnre, uto BK +CL = BC
TOTJIa U TOJBLKO TOIJIA, KOTJAA YeThipeéxyroiabink ALIK BIucannblii.

4. B npsmoyrossHoM Tpeyrosbauke ABC BrieBImcaHHble OKPY?KHOCTH KacarTCsd CTOPOH
TpeyrosibHuKa B Toukax Ay, By u C}. Jlokaxkure, 9T0 MEHTP ONUCAHHON OKPYZKHOCTH Tpe-
yroibanka Ay B1C} JeKuT Ha ONncaHHON OKpyKHOCTH Tpeyrosibauka ABC.

5. Harypasbuble uncia a, b, ¢ yJI0BIETBOPAIOT COOTHOITIEHUIO

a+b=0bla—c),



IpUYeM 9HcjIo ¢ + 1 — KBaJpar IpocToro ducia. Jokarkure, 9To XOTs Obl OJHO U3 UHCET
a + b i ab sBJIsIeTCsl KBaIpaTOM HATYPAJJIbHOIO YUCIA.

6. [TocienoBarelbHOCTH X, U Y, ONPEJETEHbI COOTHOMIEHUSIMI: T1 = Y = 1, Ty =
NTy + Yn+1; Ynt1 = Tp + NYn.
a) JlokaxkuTe, 910 Y, pABHICTCS KOJUICCTBY BCEBO3MOKHBIX PACCTAHOBOK He OBIOIINX JIPYT
apyra Jgajeit Ha gocke (n — 1) X (n —1).
b) Hokazkure, 94TO Jist KAXKJOTO HATYPAJILHOTO 1 UUCJIA Ty U Yy, B3AUMHO [POCTHL.

7. Bece 100-0ykBennbie ciioBa, cocrosiue n3 0yks A u B, paszours na 100 rpynm. loka-
JKUTE, YTO MOYKHO HAWTH JBa CJIOBA, JIEXKAIlle B OJHON TPYyIIIe W OTIUYAIONINECT POGHO
B JIBYX MecTax.

6 Teopema XoJia. 7 mioJasd

1. IIycTs jan ABYAOJIBHBIN Ipad, COCTOANINI U3 7 CMHUX BEPIIMH U CKOJIbKUX-TO KPACHBIX
BepinH. Kaxk10it cHeli BepIimHe MOYKHO COIIOCTaBUTH CMEYKHYIO ¢ Heif KpACHYIO YHUKAJIb-
HYIO BepIInHYy (Kazkjas KpacHasi He OOJIbINE, YeM B OJIHOI mape) Torja U TOJBKO TOIJA,
Koryia Jiist Jiroboro wncsia k (1 < k < n) us mobbix k CHHUX BEPIIMH BBIXOJAAT pebpa B IO
KpaitHeit Mmepe k KpacHBIX BEPIINH.

2. JlokaxkuTe, 9TO B PETYJIsIPHOM JIBY/J0JILHOM T'pade eCTh MOJTHOE TTapocoveTaHle.

3. B upsgimoyrosbHOit TabmIe m X n 3alncaibl HeOTpUILlaTeIbHbIe Yica. B KaxK 1ol cTpoke
I B KaXKJIOM CTOJIOIE eCTh XOTs Obl OJHO IOJIOXKUTEJILHOE YKCjI0. Bojiee Toro — ecjm psij
1 CTOJIOEI IIePEeCeKalTCs 10 MOJOKUTEIbHOMY 3JEMEHTY, TOTa CYMMbl UHCET B Psie 1
croJidie copnajaroT. Jokaxkure, 4To m = n.

4. TTonmyto Kooy n3 52 KapT pas3omyim Ha 13 cTonok 1o 4 KapThl B KaxK1oil. lokaxkuTe,
YTO BCErJia MOYKHO BbIOPATH 110 OJHOI KapTe U3 KarKJ0# CTOIKU, YTOOBI OBLIO BHIOPAHO 110
OJIHOIT KapTe KaxKJ0ro JIOCTOMHCTBA.

5. Ha nmanere Hubupy »KuByT NpUIIEIBIIBI TPEX PA3/IMIHBIX MeHJIepoB — Beero 3M ocobeii
o M kaxkjoro renjiepa. Kark/iplit mpuImeser ncrblThIBaeT CUMIIATUIO KaK MITHUMYM K %M
HPUIIeTbIIAM KazkKJIOTo U3 JIBYX JPYTHUX T'eHjiepoB. Bbpak na ninanere Hubupy 3ak/odaercs
TOJTBKO MEXKJTy TpeMsl TPUIIeIbIIaMI PA3HBIX TeH/IEPOB, NCHBITHIBAIONIIX CUMIIATHIO JIPYT
K Apyry. /lokaxkure, 9TO BceX NMPUIIEIBIEB MOXKHO pa3ouTh Ha M B3aMMHO CUMITATH3IUPY-
IOIUX TPOEK U MEePEKEHNTD.

6. Kakoe HamboJibIliee KOJMYECTBO MOJMHOXKECTB MHOXKecTBa {1,2,...,1n} MOXKHO BbI-
OpaThb, YTOOBI HUKAKOE TIOAMHOYKECTBO HE JIeXKaJI0 HU B KAKOM JAPYrom?

7. IIpaBuJIbHBII TPEYTOJILHUK CO CTOPOHOI 1 pa30UT Ha NpaBUIbHbIE TPEYTOJbHIYKU CO
croponoii 1. HazoBéM TpeyroJibHUK Kpacuévim, €CJIM OH OPUEHTUPOBAH TaK »Ke, KaK 1 00JIb-
11011 TpeyroibHIUK. IleTs BeIpe3as1 u3 TpeyrojibHUKa 1 KPACUBBIX TPEYTOJbHUYKOB CO CTOPO-
Hoit 1. /Jokazkure, 9T0 OCTABIIYIOCS JOCKY MOYKHO PasOUTh Ha Maphbl COCEIHUX 110 CTOPOHE
TPEYTOJBLHIIKOB TOTJIa M TOJBKO Torjaa, Korga s Kaxkiaoro k (1 < k < n) n xaxo-
Io KpacuBOIO TPEYTOJIbHUKA CO CTOPOHOI k B HEM coiepKuTcd He OoJiee k 3aKpallleHHbIX
TPEyTroJIbHIKOB.



7 Ecaum He mpocToe, TO cocTaBHOE. 7 UIOJIS

«If it is not prime, it must be composites, Gerhard J. Woeginger, owcypnasr Crux
Mathematicorum, m. 39, 6s. 9-10

CobGcTBeHHbIE AeJTUTEN
Mpicab. Eciau y aucia ectb COOCTBEHHBIH JI€/INTENH, TO OHO COCTaBHOE.

1. JJokaxkuTe, 4TO CymecTByeT 6ECKOHEUHO MHOIO COCTABHDBIX YHUCE] BU/IA
a) 10"+3; b) (4"+1)*+4; c)n!—1.

2. Jlokazkure, 4To jijis GECKOHEYHO MHOrHX 1 uuciao n" + (n + 1) cocrasmoe.

3. Jlokaxkure, 4TO CyIIecTByeT OECKOHEYHO MHOT'O HATYPAJbHBIX 1 JIJIsT KOTOPBIX KarK 10e
n3 yncea 2" + 3" —4 u 2" + 3" — 6 cocTaBHOe.

4. Jlokaxkurte, 9TO JJIs KaxKJI0TO HATYpaJbLHOTO 1 > 1 e IyIonie Iuca COCTABHBIE:

a) 11-14" +1; b) 19-8"+17; c¢) & (227 422" +1).

5. Jlokaxkure, 4TO JIs HATYPAJBHBIX T U ¥y, OoabmmX 1 n ne npeBocxoadamux 100, cyte-
CTBYeT HATypPaJIbHOE UICJIO N TaKoe, uTo & + y? cocTaBHOE.

Pa3ziioxkeHne Ha MHOXKUTEJIN

Mbpbicab. Ecin aucio MoXKHO IpeJIcTaBUTh B BUJIE TPOU3BEICHUS HECKOJIbKIX COMHOXKH-
TeJIeil, TO OHO COCTaBHOE.

6. Haiijure Bee HAaTYpasbHble YUCIa N JJis KOTOPBIX CJEYIONINE YUC/Ia COCTABHDIE:
a)nt+n2+1; b)n+n’+1; c)4n®+6n%+4n+ 1.

7. Haiimure Bce HATYpaIbHBIC YHCIa N I KOTOPBIX uncso nt 4+ 4" — mpoctoe.

8. Ilycts a, b, ¢ — HaTypasbHble Ynciaa Takue, uto 3ab = 2¢%. Jokaxkure, uro a’ + b3 4 ¢
— COCTaBHOE.

9. Haitiinre Bce narypaJibible dYncaa n, Jsd KOTOPBIX YNC/I0 % - (242 4+ 1) upocroe.

10. Ilycts a, b, ¢, d — narypasibible gucia. Jlokaxkure, 4To
a) ecim ab = cd, 0 a + b+ ¢+ d — cocraBHoe;
b) eciu ad = b* + be + 2, To a® + b* + ¢? + d*> — cocrasHoe.

HpOI/ISBe,ﬂeHI/Ie MaJIEHBKHUX YnceJl

Mpicab. Eciun gucio p aenur npoussejieHne ab takoe, 9to ¢ < p u b < p, 10 p —
cOCTaBHOE.

11. a, b, ¢, d — HaTYpaJbHBIE YHCIa Takue, 9To a’ 4+ ab + b? = ¢ + cd + d?. Jlokaxure,
910 a + b + ¢ + d — cocraBHoe. Vkasanue: pabomatime no modyao a + b+ c + d.

12. a, b, C — HaTypaJibHbIe YNC/Ia TaKue, 9TO a? — be ecThb TOYHDBINH KBaJpar. IIOKayKHTe,
yto 2a + b 4+ ¢ — cocTaBHOe.

13. Ilyctb @ > b > ¢ > d — HaTypaJbHbIE YHCIa, IpHIeM a’ — ac + ¢ = b? + bd + d2.
Hoxazkute, uro uncio ab + cd — cocraBHOe.



14. a, b, ¢, d, e, f — HaTypagbHbIE YnCIa Taknue, 910 S = a+ b+ c+d+ e+ f menur oba
qucaa ab+ bc + ca — de — ef — fd w abc + def. Hokaxkute, 9To S cocraBHOE.

15. [Iycrs F,, — nociemoBarenbaocTh Pudbonauan. Jlokaxkure, uro unciio F,+1 cocraBHoe
JUIA BCEX HATYPaJbHBIX dHcea n = 4.
Onupasich Ha CyIIeCTBYIOIIee

Mpbicab. Ecian Bel He MoKeTe JoKa3aTh, 9TO HEKOTOPOE UHMCJIO COCTABHOE, TO BBl MOYKETE
IOITPOOOBATH UCIIOJIB30BATH, YTO OHO IIPOCTOE, YTOOBI JJOKA3aTh, YTO KAKOE-TO JIPYTOe TIHICJI0
COCTaBHOE.

16. /lokaxkure, 94TO JIJIsI JIIOOBIX HATYPAJIbHBIX YUCEI T U S B IIOCe0BaTeIbHOCTH 12" 4 53"
OECKOHEYHO MHOI'O COCTaBHBIX UHCEJT.

17. Ilycte P(x) — HEMOCTOSTHHBIIT MHOTOUWIEH C TIEIBIMHE MTOJIOKUTETbHBIMI KOI(DDUIIEH-
tamu. JlokaykuTe, 4To CyIecTByeT HATypaJjibHOe M, Jjist Koroporo P(n) — cocraBhoe.

18. Jlokazkure, uro cpeju uuces suja (n!)* — n! + 1 6eckoHEYHO MHOTO COCTaBHbIX.

19. [TokaxkuTe, 9TO CyIIECTBYET OECKOHETHO MHOT'O HEUYETHBIX HATYPAJIbHBIX 1, JJId KOTO-
poix n! + 1 — cocrasHoe.

20. Ilycrs P(x) — HENOCTOSIHHBIN MHOIOYJIEH C IEJTBIME OJIOKUTEIbHBIME KOI(DhUIeH-
tamu. JlokaykuTe, 9TO CyIecTByeT HaTypaJsbHoe n, st Kotoporo P(n!) — cocrasroe.

8 Pasznoboii—3. 7 urosia

1. [Ipo peiicTBuTebHbIe Ynciaa a, b u ¢ uzBectHo, 4ro a + b + ¢ = 0. [doxkaxkure, 410
a’® + b3 + ¢ > 0 Torga u ToabKo Torna, korna a’ + b + ¢ > 0.

2. Jlokarkurte, 9TO U3 JIHOOOI0O CBSI3HOIO I'pada ¢ YeTHBIM UHUC/IOM BEPIINNH MOYKHO BBIKH-
HYTb HECKOJIBKO pebep (Bo3MoxKHO, () TaknM 06pa3oM, 9To0bl B MOy YeHHOM Ipade CTereHn
BCEX BEPIINH OKa3aJIICh HEYeTHBI.

3. Buyrpu Bumncanxoro n-yrogbuuka Ay As ... A, Hamach Takast Touka P, 910
/PA1Ay = /PAA3 = ... = /PAA,;.
JlokaxkuTe, 9TO BHYTPH 9TONO MHOIOYTOJbHIKA HaileTcs Touka (), Takas 9To

LQAA, = ZQA3Ay = ... = LZQALA,.

9 CreneHb TOYKH. 9 UIOJII

1. Bo Bmucannom derbipéxyrosbanke ABCD npopenenbl Ouccekrpuchl yrios ACB,
ADB, CBD n CAD. Oun nepecekaiT CTOPOHBI YeTHIPEXYTOJBHIKA B ToOUKax X, Y, Z u
T. Hokaxkute, uro Touku X, Y, Z n T jgexkaT Ha 0JJHON OKPYKHOCTH.

2. B tpeyronbuuke ABC nposesu Boicotbl AA1, BB u C'Cy. Obo3naunm depe3 P TOUKy
nepeceuennst C'Cy u A1By, a gepe3s M — cepeauny A;B;. Hoxkaxure, aro touku A, B, P
u M jexar Ha OJHON OKPY?KHOCTH.



3. ABCD — BBbIIYKJIbI 9eTBIPEXYTOABHUK, P 1 () — TOYKM BHYTPH HEro TaKue, ITO
PQDAu QPBC — Buncannble 9eTbIpéxyroybaukn. Ha orpeske P() Halach Takas TOIKa
E, uro /PAE = ZQDFE uw /PBE = ZQCFE. Jlokaxkute, uro deTbipéxyrojbauk ABC D

BIOUCAHHDBIN.

4. O — UeHTp ONMCAHHOI OKPYKHOCTH HepaBHOOeapeHHOro Tpeyroibunka ABC, AD
— ero OuccekTpuca, F — Touka, cuMMeTpudHass Touke ) oTHOcuTENbHO cepejaunbl BC.
[Tpsambre, mpoxogsmue depe3 D n E nepnenpukynsipao BC, nepecekator npsiMbie AO u AD
B Toukax X u Y coorBercTBeHHo. [lokazkure, 4To deTbipéxyroibauk BXCY BrucaHHBII.

5. B npsimoyrosibrom Tpeyrosbhnke ABC (ZC = 90°) touka Cy — 0CHOBaHIE BBICOTHI U3
toukn C'; X — npoussosibias Touka Ha orpeske CCy, K u L — Takue TOUKH Ha OTPE3KAX
AX un BX coorsercrBenno, uto BK = BC u AL = AC coorBercrBenno, M — Touka

nepecedenuss AL n BK. Hokaxkute, uto MK = M L.

6. BE u C'F — BbIcOoTBI ocTpoyroJibHOro Tpeyroyibiaunka ABC. JIBe 0KpyKHOCTH, TPOXO-
nsmne depes A n F| kacaiorces upsamoit BC B toukax P u @), npuaém B JIe:KUT MexK Ly
C n Q. Hokaxxute, uro npsmbie PE un (QF' nepecekatoTcss Ha OIMCAHHON OKPYKHOCTHU
tpeyrojbanka AEF.

7*. B tpeyrosbauke ABC (AC # BC) touku D, F';, G — cepenunnt cropon AB, AC,
BC' coorBercrBenno. Oxkpyzkuocth I, mpoxongamas depe3 Touky C' un Kacamomascs AB B
touke D, nepecekaer orpeskn AF n BG B toukax H u I coorBercrBenno. Toukn Hi u
I; cummerpuanabsl ToukaMm H u I orHocuresnibHo TodeK [ u G coorBercrBenno. IIpsimast
H, I, nepecekaer CD u FG B Toukax () u M coorerctBenno. IIpsamas C'M BropmaHO
nepecekaer I' B Touke P. Jlokaxkure, uro C'Q) = QP.

10 IIpaBuabHBIl pa3Hob0ii—9. 9 uroJs

1. [Iycrn

_ An+vi4n? -1
V2n+14+v2n—1
Jokaxkure, 9TO a1 + as + ... + a49 — HaATypaJbHOE TUCJIO.

Qn

2. Ha mexoropnix kimeTkax gockn 10 X 10 croar mamku. KineTtka HasbiBaercsa kpacusod,
eCJI Ha TOPU30HTAJIN, TTPOXOJIAIIell Yepe3 3Ty KJIETKY, CTONT HEYETHOE YUCJIO MIalleK, U Ha
BEPTUKAJIN, TTPOXOJIAIIEHl Yepe3 Ty »Ke KJIETKY, TOYKe CTOUT HeUYEéTHOe JmcIo marirek. Moxker
JIN Ha JIOCKE 0Ka3aThCsl POBHO 42 KpacHUBbIE KJIETKH!

3. Obe3bsina XoueT ONpeJIeTUTh, 13 OKHA KAKOTO CaMOT0 HIU3KOTO 9TaxKa N-3TayKHOTO JOMa,
HY?KHO OPOCHTH KOKOCOBBIII OpeX, 9ToObl OH pa3duicd. Y Heé ecTb k KOKOCOBBIX OPEXOB U
s OpockoB. IIpu KakoM HanbOJIbIIEM N OHA CMOXKET YJIOBJIETBOPUTH CBOE JIIOOOIBITCTBO?

4. JlokaxknuTe, 4TO CYIIECTBYET OECKOHETHO MHOTO pPEeIeHUl ypaBHEHUS
2+ 4+ 1 = 3ay

B IeJIbIX YHCJIaxX.



11 3ameHa mmepeMeHHBIX B HepaBeHcTBaX. 10 mrojs

1. Ilyctb a, b, ¢ — AJUHBI CTOPOH TPeyroJibHuKa. lokaxkuTe, 910

a*(b+c—a) +b*(c+a—b)+ F(a+b—c) < 3abe.

2. Tlpo mosoxkuresibHbIe YUCTA L1, To, ...T, (N > 4) U3BECTHO, UTO X1To...T, = L.
Jlokakute HepaBEeHCTBO

_ 1
> 1
— L4 2+ TETp + DT T2

($n+1 = T, Tpt2 = $2)'
3 (Hec6ur). [Iis1 no0:KUTEIbHBIX @, b, ¢ JIOKaXKUTe HEPABEHCTBO
a n b n c_ o 3
b+c ct+a a+b” 2

4. ITonoxKuTenbHble 9icaa a, b, ¢ YIOBIETBOPSIIOT YCJIOBUIO
a+b+c+ 2 =abc.

Jlokazkure, 9TO

4 4 4
at+b+tcz—+-+-.
a b ¢

4'. TlonoxKureabuble Yucia @, b, ¢ yI0BJIETBOPSIOT YCJIOBHIIO
ab 4+ be + ca + 2abc = 1.

Jlokaxkute, 9TO
1 1 1

—+-+-=>4(a+b+c).
a b ¢

5. [eificrBuTenbuble unciaa a, b, ¢, d, 1o Momayysr0 OOJbIINE €IMHUIBI, YIOBJICTBOPAIOT

COOTHOIIIEHUTO

abc + abd + acd +bed +a+b+c+d = 0.

lokazkure, 9T0

12 Dbes pasrianienusd. 10 urosis

1. Ectp 9 kaprouek ¢ mudpamu 1, 2, ..., 9. IIx neperacosaju, ornain deTbipe lBany,
yeTbipe Bacuiuce u oany babe-fAre. MBan coobmmi Beayx, 9To cyMMa IUMpP Ha €ro Kap-
TOUYKaX OKaHIMBaETCs Ha 7.

a) Suaer Jyin Tenepb Bacuinca kaprouky bBadbr-Aru?
b) 3uaet s Teneps Baba-fra Habop xkaprouex Bacuimcnr?



¢) Mozker Jiu cJIyauTest, 9TO Mpo KaKyto-To KApTOUKY, KpoMe cBoeil, Baba-fra 3naet, y koro
OHa HaXOIUTCA?

2. /I3 KOJ10/1bI BBIHYJIU CEMb KapT, TIOKa3a/il BCEM, IiepeTacoBaJjin 1 pasaasu ['purre u JIéme
10 TPU KapThl, & OCTABIIYIOCS KapTy crpsaTaan. ['putna u JIéna MoryT 1o ouepeim coodmaTh
BCJIYX JIFOOYI0 MH(OPMAIINI0 O CBOMX KapTax. MoryT Jim oHM cOOOIIUTHL APYT JPYry CBOU
KapThl TaK, YTOOBI IIPH 9TOM HIHKTO JPYTOil He CMOT BBIYUCIUTH MECTOHAXOKIEHUE HI OJTHO
w3 Kapt?! (I'pumia u JIéma ve morosapusasuch o KakoM-1u60 0c000M criocobe 0BIIeHNUsT; Bce
IEPErOBOPBI TTPOMCXO/IAT OTKPBITHIM TEKCTOM. )

3. Cyny nperbsisiennbl 100 ojuHaKOBBIX ¢ Bu Ly MOHET. CyJ1 y2Ke YCTAHOBUJI, UTO CPEJIA HUX
ecTb 2 nin 3 pajblIuBbie, BCe HACTOSIIIE MOHEThI BECST OJMHAKOBO, (DAJIbIINBbIE — TOXKE
OJINHAKOBO, HO Jierde HACTOAIINX. AJIBOKAT 3HAET, KaKie MOHEThI Ha CaMOM jieJie (paIbII-
Bble. MozkeT Jin oH yOeIUTh Cy/1, 4TO (pasIbIITIBLIX MOHET TPH, & He JIBe, He Pa3rJIaCuB HU ITPO
KAKYI0 MOHeTY, (baJibIlinBast OHA WK HacTosast? (AIBOKAT JIOJZKEH JIeJIaTh B3BEIBAHSI
Ha JallledHbIX Becax 0e3 rupb. Uucjio B3BelmBaHuil He OrpaHnyeHo0. 3allpelleHbl B3BelnBar-
HUS U TPYIIIBI B3BEIUBAHUI, 13 KOTOPBIX JIOTUYECKHU BBIBOJUTCS, YTO KOHKPETHAas MOHETA
dasbIBas WIN HACTOSIIIASI. )

4. JIBa mrepuda m3 coOCeTHIX TOPOJIOB COCTABUJIN CITMCOK U3 8 M0/I03PEBAEMbIX B KAUeCTBE
cepuitnoro youiinpl. [ToTom KaxKablit 13 HUX, NPOBE/Isl OllEPATUBHO-PO3BICKHBIE JIEHCTBIS,
COKPATUJI CIIMCOK JI0 JIBYX II0JI03PEBAEMbIX. DTHU CIIMCKHA PA3JIMUHBI, TO €CTh [I€PECEKAIOTCS
110 OJIHOMY TIOJI03PEBAEMOMY, TIOITOMY Tiepudbl, 0OMeHABINCH WHMOpMaIueit, MOryT COB-
MECTHO apecToBaTh youiiyy. EamHCTBEHHBIM CIIOCOOOM UTO-TO COOOITUTDH KOJIJIETe SABJISIETCS
COBMECTHOE BBICTYILJIEHHE 10 TeJIEBU30PY, KOTOPOE YCJIBIIAT YKUTe i 060ux ropojioB. Ho ec-
JIN KUTEJIN U3 PA3roBopa MeprdoB MONMyT, KTO yOuiina, OHN JUHIYIOT €ro, He JOXKNIasiCh
apecrta (CIIICOK TOJI03peBaeMbIX U3 8 deqoBek nM n3Becrer). Kak mepudam 0OMeHATHCs
nHdopMaIeii, YToObl apecToBaTh youiiry?

13 Ycpeaunenue. 11 urojis

Yupaxuenune 1. O6oznaunm depes AM(z1, xo, . . ., x,) cpearee apudMeTnIecKoe eI
X1, To, ..., Ty. llyeTb aq, as, ..., a, u by, by, ..., b, — HeKoTOpBIE HAOOPH! Uncesd, k u £ —
HekoTopble unciaa. Ocosnaiite, 4T0
a) AM(CL1 +by,as + by, ..., a, + bn) = AM(al, as, . .. ,an) + AM(bl, ba, ..., bn),

b) AM(kay + €, kas + ¢, ... ka, +{) = k AM(aq, aq, ..., a,) + ¢;

¢) B yHKTe a) HAOOpoB MoxKeT 6bITh x0Th 10, xoTh 100500.

Bameganue. [IyHKT ¢) MOKHO TPAKTOBATH CJIJYIOIIUM 06PA30M: eCJTH UMEIOTCsT HECKOJIb-
KO BeJIMYNH, KayKJad U3 KOTOPBIX BHOCUT CBOI BKJIQJ] B CYMMAapPHYIO BEJIMYNHY, TO CPEJIHEe
apudMeTHIecKoe CyMMapPHOiT BeJTMINHBI PABHAETCH CyMMe CPEJIHIX apuPMeTHIeCKNX Kark-
Joft m3 BetmauH. [[j1s1 G0JIbIEro MOHMMAHKS CM. CJIeIYIONINe yIpaKHeHue.

Yupaxkuenue 2. PaccMoTpuM Bce BO3MOXKHBIE TT0c/Ie10BaTe/ibHOCTH JinHBL 100 13 OyKB
A u B. JIna xaxnoit u3 srux 2% nociegosaresbHOCTElH BBIIHIIEM KOJINYECTBO OYKB A
B Heiil. Hamra 1eb moHaTh dyeMy paBHsIETCs cpeliHee apudMeTHIeCcKOoe BCEX BBIMMCAHHBIX
JUCe.



a) [Tocuuraiire cymMMy Bcex BBIIUCAHHBIX YHCEJI, PA30KMB HAIIHN TTOC/IEI0BATEILHOCTH Ha T1a-
PbI €CTECTBEHHBIM 00Pa30M.

b) Caenaiite 9170 «B J100», MOCYUTAB CKOJBKO CYIIECTBYET TTOCIEI0BATEILHOCTEMH, COIEPIKa-
X poBHO k OykB A.

¢) Chenaiite 9T0 «IIPABIJIBHOY, TIOCIUTAB CKOJIBKO BHOCUT B CpejiHee apudMeTnieckoe OyK-
Ba A Ha IIEPBOM MeCTe, Ha BTOPOM MeCTe, U TaK JaJjee. YKa3aHue: ne 6HOCUms ecmob 6Ho-
cuMb HONG.

Yupaxkueune 3. Bo Bpems pasnadn OeiizkukoB Ajiekcanap BiaanMupoBud yIIoMsiHY!I,
YTO B CPEJIHEM TIPU TaKOM pasjate KTO-TO OJINH JIOJIZKEH TOJIYIUTh CBOIT OeitjizknK. /laBaiiTe
910 mpoBepuM. Paccmorpum Bce Bo3mozkHbIe 73! crocoba pazgars geram MS Oeiikukm.
JI71s1 KayKJ10ro u3 HUX IIOCYUTaeM, CKOJILKO JeTell moJydmin cBoii oeiikuk. Haiinure cpe-
Hee apudMeTHIeCKOe BCeX IOJIYUICHHBIX YHCe.

Yupaxkueunue 4. 18 ygenukos rpynns! [Ipodu-8 Beramm mo kpyry. Kaxkapiit n3 aux na-
yTa/1 gaJ JIela TpaBoMy Win JieBoMy cocety. CKOJTbKO YUEHUKOB PO U-TIPYIIIIBI B CPEJIHEM
ocTajuch 6e3 Jema’

Mpubicab. Eciin Hekoropasi BeJlmdmHa «B CpeJIHEM» paBHsieTCst k, TO HalIETCs cUTyalus,
B KOTOPOIi OHa XOTs Obl k, a TaKyKe CUTYyalllsd, B KOTOPOii OHa, HE MPEBOCXOIUT K.

1. Y depmepa numeercsa 100 6nikoB, 100 6apanos, 100 kopos u 100 oBeuek, a Tak»kKe Kapy-
cetb Ha 200 KUBOTHBIX. B Kapycean cTosdT KOPOBBI 1 OBeYKH. HampoTns KaxKa0ro BhIXO/1a
U3 3aroHa B KapyceJim HaXOJUTCs JPYroii 3aroH: KaK He CJIOKHO IMOHATh, ux Toxke 200 u
B HUX CTOAT ObIKM 1 Oapanbl. Jlokaxkurte, 9T0 pepMep MOXKET TaK IMOBEPHYTH Kapycesb 1
OTKPBITH 3ar0HbBI, YTOOBI XOTs ObI 200 YKUBOTHBIX BCTPETUJIN YKUBOTHOE CBOETO BUJIA.

2. Y depmepa ecTh HECKOJILKO OBEUEK, KayKjias U3 KOTOPBIX OTKJIMKAETCS Ha OJHO WJIN
HECKOJIbKO MMEH, & Ha OJIHO U TO YKe NMs MOXKeT OTKJINKATHCA HeCKOJILKO oBevek. Kaxkaas
13 OBeYEK OTKJIMKAETCs XOTd Obl Ha OJIHO U3 UMEH; hbepMep 3HAET, Ha KaKue NMeHa KaKue
OBEYKHN OTKJINKaloTcd. Kpome Toro, y dpepmepa ecThb JiBa 3arona; Jid eIbl U 19 CTPUKKI.
PepMep MOXKET BBLIKPUKHYTH HEKOTOPOE MM W TOTJA BCE OBEYKHU, KOTOPLIE Ha 9TO MMs
OTKJINKAIOTCS, TEPEXOoAAT B JIpyroit 3aron. /lokaxkute, 4To pepMep MOKET BHIKPUKHYTH
HECKOJIBKO pa3 [0 OJHOMY MMEHM TaK, YTO B 3arOHe JIjid CTPUKKU OKAXKeTCd He MEHbIIe
[IOJIOBUHBI BCEX OBEYCK.

3. Tenepnb oBeuek Bcero 99 n kKakjasg oBeUKa OTKJIMKAETCSd POBHO Ha 25 mMén. Pepmep
COCTaBUJI CIINCOK BCEX MMEIONINXCS y OBeUeK MMEH, U B HEM NX oKazasoch poBHO H0. /loxa-
JKITE, 9TO (bepMep MOKET TaK BHIKPUKHYTH 17 UMEH, 4TOOBI X0Ts ObI 50 0BeUeK OKa3aJuch
B 3aroHe JIjIst CTPUKKI.

4. B crage dpepmepa 2019 oBedek, HeKOTOpPBIe APYT Jpyra yBaykKaloT, a HEKOTOPHIE JIPyT
npyra — HeT. /lokayKuTe, YTO MOYKHO TaK BBIOpPATh Mapy OBedeK, YTOOLI CPeJI OCTaBIINCS
Harioch XoTs 061 1009 oBeuek, Karkjiast U3 KOTOPBIX WM yBayKaeT 00enx 13 BbIOPAHHBIX
OBEYEK, WU 00erX He yBarKaeT.

5. B crazie dpepmepa HECKOTBKO OBEUYEK U HECKOJIHLKO ODapaHoB. Kark1oit oBedKe HpaBUTCS
o/InH wium JBa Oapana. dToObl m36eKaTh CIOPOB MEXKIY OBedYKaMu, (pepMep PEIn/ Bbl-
I'HATH HECKOJIBKO OBEYEeK M HECKOJBKO 6apaHOB TaK, UTOOBI KarKJ0N 3 OCTABIIIXCSA OBEYEK



HPaBUJICS POBHO OJIUH U3 OCTABIIIXCsI OapaHoB. JJoKaKuTe, 9TO OH MOYKET CJeIaTh 9TO TaK,
YTOOBI y HETrO OCTaJIaCh XOTsI Obl IIOJIOBUHA CTa/JIa.

14 IIpaBuabnbIit pa3no6oii—10. 11 uiond

1. B Habope HaTypabHBIX YHCET ¢ YETHOI CyMMOIl KarK/J0e U3 duces He IPEeBOCXOINT k,
IIPU 3TOM KazKjioe U3 guces oT 1 1o k BcTpedaercs. JlokaxkuTe, 9T0O €ro MOYKHO pa30UTh Ha
JIBa HAOOpa ¢ OAMHAKOBOI cymmoil. Hucsia B Habope MOTYT IMTOBTOPATHCS.

2. [Tonoxkurenbuble neliCTBUTEbHBIE YUCTA T, Y U 2 YIOBJIETBOPAIOT YCJIOBUIO T+ Y+ 2 =

Va2 +1+vVy2+4+V22+9 > 10.

3. Jlokaxkure, 9TO ypaBHeHne

8. JlokaxkuTe, 4TO

a> 4+ b+ & + d? = abe + abd + acd + bed

FIMeeT pelleHne B MesIbIX dnciax, 6ombmux 1010,

4. HarypasbHble 4ncia T U y TakoBbl, 4To 22 + y? + 1 meaurcea Ha zy. JJokaykuTe, 4To
JacTHOEe PaBHO 3.

15 JlekcukorpadpmnuecKnii mopgaaokK. 12 mroJjis

ITpumep. ZKanubrit 6apun 3ak/II0UNI CAETKY C IbdBOJIOM. V3HaYaBHO YV HETO ObLIO 10
CKOJIbKO-TO Kytiop HomuHa 0B B 100, 50, 20, 10, 5, 2, u 1 gostap coorBeTcTBenHO. Kaxkmyio
MUHYTY Baput oT/aér ojHy KyIIOpy 1 3a0UpaeT y JbgBoJIa JiFoboil Habop KyIop MEHbIINX
HoMuHAJI0B. Kem y Bapuna 3akoHuaTcs IeHbI'M — JIbsABOJI 3a0epET y Hero Jytry. Jlokaxkure,
YTO PAHO WU TO3]IHO 3TO CJIYUNTCH.

1. B paj BeImucanbl HYJIU U €UHUIBI. 38 OJIUH X0/ MOYKHO B3SATh cocejnne mudpol «1»
u «0» (egmHHIIA — CJeBa) W 3aMEHUTb WX Ha CKOJBKO-TO mudp «0» u oxuy nudpy «1»
(emmuuna — crupasa). Jlokazkure, 4To MPOIECC HEJIB3sT POIOJIZKATH OECKOHETHO.

2. Ectp marypasibHoe unciao x > 1. Kaxmyio cexkymmay [lets nummer BMecTo HEro 9mcso
y=xz(p—1)"/p, rne p — Kakoii-HUOYIb POCTOM JIEJIUTE/b YUCIA T .
a) Jlokaxkure, uro pano wim no3auo y Ileru momyaures 1.
b) Bepuo Jin, uro cymectByer Hekoropast dyukius f: N — N Takas, aro HaUaB ¢ 9ucia
x, Oyjier cosepiiieHo He 6ojiee f(x) neficTBuii?

3. Bacga pucyer yrojkm — OH BbI6I/Ipa€T HE3aKpall€eHHYIO TOYKY C HaTypaJIbHBIMHN KOOP-
AUHaTaMMl U 3aKpallnBaeT BCE TOYKH HECTPOI'O BLIIIE M HECTPOI'O IIpaBeEe HeE. Z[OK&)KI/ITG,
49TO paHO MJIN ITO3/IHO Bacst ocranosurcs.

4. Ha crose nexkat 16 1ByCTOPOHHUX KApPTOYEK, OJIHa CTOPOHA KOTOPBIX YepHas, a ApyTras
— KpacHas, M3HaJaJbHO BCEe KAPTOUKU IMOBEPHYTHI YE€PHOI CTOPOHON BBEpX. 3a OJUH XOJI
MOYKHO BBIOPATH HECKOJIBKO (MOXKET ObITh, OJIHY) MOJPST UIYIIUX KApT, camas JieBas 13



KOTOPBIX YepHas, a BCe OCTaJbHbIE — KpacHbIe U BCE UX IepeBepHyTh. Kakoe HamboJbIee
KOJIMIECTBO XOJIOB MOYKHO CJIeJIATh 110 TAKUM ITPABUIaM !

5. Ha jocke B psaj| Bbmcano n HaTypaabHbIX yucesa. C mosy9eHHbIME YNCIaMU MOXKHO
clleJIaTh CJIe/YIONYIO OIlepaliio: HaliT JBa COCeJIHUX YKCIa a U b, TaKue, 9TO @ — YHUCJIO
cieBa u a > b, u 3amenuth napy (a,b) vHa (b+ 1,a) wm (a — 1, a). Jokazxkure, 410 Takoii
IIPOLIECC HE MOKET IIPOJOJIZKATHCS OECKOHEUHO JI0JITO.

16 VYuebnbri Mexaycoboii. 12 uiojis

1. IlosioxkuTesnbHbIE 1e/Ible Yncia a > b > ¢ > d TaKoBbI, UTO
ac+bd=(b+d+a—c)(b+d—a+c).

Hoxaxkute, uro ab + cd cocraBHOe.

2. OKpy?KHOCTB W KacaeTcsl JIBYX HapasuiebHbIX HPSMbIX £1 1 £, OKpyKHOCTB Wy Kaca-
ercs {1 B Touke A n BHemrHuM obOpa3oM Kacaercs w B Touke C'. OKPY>KHOCTDb Wy KacaeTcst
{5 B TOUKe B, BHelIHUM 00pa30M KacaeTcs w B TOUKe [) U BHEHMIHUM 00Pa30M KacaeTcs Wi
B Touke F. AD mnepecekaercs ¢ BC' B Touke (). Hokaxkure, 910 () — IEHTP OMUCAHHOI
okpyzkHOCTH Tpeyroibauka CDE.

3. Touka M — cepeauna ocaoBarusa AD tpanenun ABCD, BrmcauHOil B OKPY?KHOCTD W.
JIyan AB n DC nepecekatorcst B Touke P, a nyd BM nepecekaer w B Touke K. Onncannas
OKpYy»KHOCTBH TpeyrosbHuka PBK mnepecekaer npsimyio BC' B touke L. Jlokaxknute, 910

LLDP = 90°.

4. [lyersb a, b, ¢ — JJIMHBL CTOPOH Tpeyro/bHKa. JlokaskuTe, uTo
a?b(a —b) + b?c(b — ¢) + c*a(c — a) = 0.

5. Ha cbe3j; TaTynpoBIIMKOB IIpHUexaJio HeCKOJIBKO YeJIOBEK, Y KayKJIOro M3 KOTOPBIX Ha
00enx pykKax IO HEKOTOPOMY KOJMYECTBY TATYUPOBOK. 1aTyHpPOBKM OBIBAIOT N THUIIOB, U
KayKJIbIil 13 M TUIOB BCTpedaeTcsd Ha pykax xXoTd on1 y 100 srozeit. [Ipn kakom HanOoIbIIIeM
7. MOZKHO 3aB€IOMO yTBEPZKJIAaTh, YTO KazKJbIl y4aCTHUK MOXKET IOJHATD OJHY U3 PYK TaK,
9T0OBI Ha, MMOAHATHIX PyKax MMPUCYTCTBOBAJIM BCE M TUIIOB TATYHPOBOK !

6. Harypasnbuble uncia a 1 b Takosnl, uto a’ + b?> — 1 nemurea na ab. Yemy Moxker
PaBHATLCA JacTHOE?!

7. B kileTKax JIOCKU 1 XN paccTaB/IeHbl HYJIM 1 eMHNIBLI. Bo Beex KjleTkax JIeBoro cToJidia
CTOSIT €IMHUIIBI, 1 B KaxKJI0#l (purypke Buja H (COCTOHmeﬁ 13 KJIETKU U ee cocesieil ceBa
U CHU3Y) cyMMa dnces detHa. JlokaxknTe, 9T0 B TaO/INIE HET JIBYX OJMHAKOBBIX CTPOK.

8. meetcs 25 Macok, Kazkjiasi CBOETO IBeTa. k MyJIPeroB UTI'PaloT B UTPY: UM MOKa3bIBAIOT
BCE MaCcKW, TOTOM OHH JIOTOBapPUBAIOTCS MKy COOOI, 1mocje 9ero uM HaJleBaloT MacK! Ta-
KM 00pa30M, 9TO KayKJblil 13 HUX BUJIUT MAacKH Ha BCEX OCTAJBHBIX (HO HE 3HAET, HAa KOM
OHW HaJIETHI) 1 He BUUT CBOIO. Hukakume popMbl B3aMOJIEHCTBUSI IPU 9TOM HE pa3pera-
forcd. Bee oHM 0JTHOBpEeMEHHO HA3BIBAIOT 110 OJTHOMY IIBETY, MBITAACH yraJlaTh IIBET CBOEi
Macku. [Ipn kakom HanMmenbilieM k OHM MOTYT TakK 3apaHee JOTOBOPUTHCS, YTOOLI XOTs ObI
OJINH W3 HUX HEIPEMEHHO yraJaJ’!



17 Kuaaccuyeckue HepaBeHCTBa. 14 utoJist

Saganmne. [lonpobyiiTe permmTh KaxkKj10e U3 HEPaBEHCTB HUKe, HCIOJIb3Ysl HEPABEHCTBO
AM-GM (BozmozkHO, ¢ Becamit), HepaseHcTBo KBIII wim [énbaepa, TpancHepaBeHCTBO.

1. Iyt MOJIOXKUTEIbHBIX @, b, ¢ JOKaXKUTe, ITO

(a+b)(b+c)(c+a) > Sabe.

2. ﬂﬂﬂ IIOJIOZKUTEJIbHBIX @, b C JOKazKuTe, 9TO

a® + b+ > d’b+ bPe + .

3. s 1mosioKuTebHbIX a, b, ¢, d 1oKaxKuTe, ITo

a2 B2 2
—+—+—=+—2>2a+b+c+d.
b c d a

4. J1j1s1 I0JIOXKUTEJIBbHBIX @, b, ¢ JIOKazKuTe, 9TOo

at b A
—+—+—==a+b+c
bc ca ab

5. [l mosioxKuTeNbHbIX a, b, ¢, d qjoKaXkuTte, 4TO

a n b N c n d S 4
b+c+d c¢c+d+a d+a+b a+b+c” 3
6. JIia moyioKuTeNIbHbIX a, b, ¢ Takux, 9T0o abc = 1, JoKaxKuTe, 4TO

a’ b3 3

40 +0 (+a(+o (xa(i+d) >

7. Jljist OJIOKUTEIBHBIX a, b, ¢ JoKaXKuTe, 9T0

1w

b c
+ >va+b+ec
\/a+2 \/b+2c Ve + 2a

18 IIpaBuabHbIl pa3Hoboii—11. 14 uiond

1. ,H.HH IIOJIOZKUTEJIbHBIX a, b C JOKazKUTE, 9TO

(a® +2)(b° +2)(c*+2) = (a+b+c).

2. B eqnanunoM kBajipare BeiOpaHo 100 MHOXKECTB, ILIOIIA b KayK/I0r0 U3 KOTOPBIX 00JIb-
e, gem 0,99. /lokaxkurte, 9To HaiijileTcss TOUYKA, KOTOPas MPUHAJIEKAT BCEM ITUM MHOXKE-
CTBaM.

3. Bruucannas okpyzknoctsb Tpeyroabanka ABC kacaercs cropon AB nu BC' B Toukax P
u (). buccexrpucer yrimos A u C nepecekator npstmyio PQ) B Toukax K u L. Jokaxkure,
gro Toukn K u L paBHOyIaJIeHbI OT cepeaunabl cTtoponbl AC

4. Jlokaxkure, 94TO CyIIECTBYeT OECKOHEYHO MHOT'O HATYPAaJbHBIX M U 7. TAKUX, IYTO YNUCJIO

m+1 n+1
+
n m

1eJsoe.



19 JIBoe mpoTuB BcexX. 15 uroJjis

Yupaxkuenue 1. lana kyuka u3 100 cinuex. CHavdajia 3puTesib 3adUpaeT u3 Hee CKOJIbKO-
TO crimyek (He MeHee O/iHOf, HO He Bee). [loToMm momormuuK (hoKycHIKa 3a0upaer u3 Hee eIne
CKOJIBKO-TO (He MeHee OJIHOI, BO3MOXKHO, Bce ocrapiiuecsi). [lotom mpuxognt GHoKycHUK
1, CMOTPs Ha OCTaBIIMECs CIUYKH, OObsIBJIAET, KTO CKOJbKO 3abpaJj. Jlokaxkure, 9TO Yy
doKyCHIKa ¢ TOMOIITHUKOM CYIIECTBYET €JIMHCTBEHHAsI BO3MOYKHAas CTpaTErusl.

Yupaxkuaenue 2. Terepnb 3putesieii 1Boe, U KaxkJblil 13 HUX MOXKeT B34Tb orT 1 j0 10
cunuek. [ToMonHNK pOKyCHIKA MOXKET B3sITh JII000e HEHYyJIeBOe UNC/I0 crmdeK. POKYyCHUK
JIOJIZKEH yTrajlaTh, KTO CKOJBKO cimiek B3d1. [Ipn KakoMm HanmMeHbIeM KOJMYeCTBE CINYeK
B KyuKe (DOKYC MOXKET rapaHTHPOBAHHO YIABATHCS !

Yupaxkaenue 3. Ha jocke nanucana crpouka nudp 123456. 3purenb crupaet 2 mudphl,
IOCJIe Yero MOMOITHUK (DOKYCHUKA CTUPAET JiBe Jpyrux nudpbl. B 5TOT MOMEHT HOSIBJISIETCS
GOKyCHUK U OTrajibiBaeT, Kakue jipe nndpbl cTép 3puresb. Kak?

YupaxkHenue 4. 3puteib UAIIET Ha JOCKe ocjenoBarebHoCTb 13 11 nudp. ITomorank
dOKyCHIKa 3aKpbIBaeT OJIHY M3 HUX YePHBIM KPYKKOM. 3aTeM BXOIUT (POKYCHHK. Kro
3aJlada — OTTaJdaTh 3aKphITYIO mudpy. Kax?

YupaxkHenue 5. /[Ba 3putesig cTupaior 1o ojgHoi mudpe u3 crpouku 12345678, motom
MOMONTHUK (POKYCHUKA CTUpaET elrie ojiHy mudpy. [logsisercd hoKyCHUK, BUJIUT HECTEPTHIE
1udpbl, 1 6e30MMO0THO HA3BIBAET, KTO Kakyio mudpy crép. Kak?

1. V dokycHuKa U MOMOIIHIKA €CTh KOJIOJa ¢ KapTaMu; OjiHA CTOpOHa («pybarikas) y
BCEX KapT OJIMHAKOBa, a Jpyras okparena B oand n3 2019 mseros (B kos0me mo 1000000
KapT Kazkioro mseta). DoKyCHUK U MOMOIIHUK COOMPAIOTCS TTOKA3aTh CJICYIONH (POKYC.
DOKYCHUK BBIXOJINUT U3 3aJ1a, & 3PUTEIN BLIKJIAIbIBAIOT Ha CTOJ B Psg n > 1 KapT pyodar-
KaM# BHI3. [TOMOIIHMK CMOTPUT Ha 3TU KapThl, a 3aTeM IIepeBOpadnBaeT OJHY KapTOUKY
pybaIikoii BBepx. 3aTeM BXOJUT (POKYCHUK, CMOTPUT Ha CTOJ U Ha3bIBAET I[BET II€PEBEP-
HyTOIl KapTouku. [Ipn KakoM HauMeHbIeM 1 (POKYCHUK U MOMOIIHIK MOI'YT JIOTOBOPUTHCSI
TaK, 9ToObI (POKYC yraascs?

2. QOKYyCHUK C IIOMOIIIHUKOM COOMpPAIOTCS IOKa3aTh TaKoil ¢okyc. 3puTeb NUIIET HAa
JIOCKe TtocjeoBaTeIbHOCTh n3 N 1udp. IHomomuank GpokycHNKa 3aKpbIBAET JIBE COCEIHIX
1 PhI YePHBIM KPYZKKOM. 3aTeM BXOIuT (poKyCcHUK. FEro 3ajiata — orrajgarh 00e 3aKphIThie
mupbl (1 TOPsIZIOK, B KOTOPOM OHU PAcIioiozkenbl). [Ipn kakom Hammvenbiem N GOKYCHIK
MOYKET JOTOBOPUTHCS € TIOMOIIHIKOM Tak, 9T00BI (DOKYC rapaHTUPOBAHHO yIasIcs !

3. Boe nokaspiBaioT ciejyonuit ¢hokyc. OJuH U3 1mepeTacoBaHHON KOJIO/bI, COJIepIKar-
el 52 KapThl, BRITACKUBAET H MPOU3BOJILHBIX KAPT U BBIKJIAJIBIBACT YeThIPE U3 HUX B P/l
KAPTUHKOIT BBEPX, & MATYIO a) TAKKe BBIKJIAIBIBACT B s/ CPEIH OCTAJIBHBIX YeThIPEX, HO
KapTUHKOIT BHI3; b) 6eper cebe. Bropoit, riisijis Ha Jiexkariye mepe/i HUM KapThl, HA3bIBACT
naTyio Kapry. Kak o sTo jeyaer?

4. QokycHUK APYTIOH U €ro IMOMOIHIK AMasiKk cOOMpaloTcst IToKa3aTh ciejyonuii hokyc.
Ha jocke HapucoBaHa OKpPYKHOCTb. 3puTesn oTMedaioT Ha Heit 2007 pasjndHBIX TOYEK,



3aTeM IOMOIIHUK (POKYCHUKa CcTUpaeT onHy u3 Hux. ITocie 5Toro ¢poKycHUK BII€PBbIE BXO-
JINT B KOMHATY, CMOTPHUT Ha PUCYHOK U OTMedYaeT MOJYOKPYKHOCTb, Ha KOTOPOil JiexKaa
creprasi Touka. Kak?

5. Cekpernblit KoJi K JioboMy u3 ceitbo @®BP — 3710 narypasibaoe uucyo ot 1 jgo 1700.
JIBO€e IIMMOHOB y3HAJM 110 OJHOMY KOy KarKJIbIil 1 PeIrmim OOMEHSIThCs MH(MOPMAIIEH.
CortacoBaB 3apaHee CBOU JIefiCTBUs, OHI BCTPETUJINCH Ha Oepery peku BosJje Kydn us3 26
kamueit. CHada/1a epBbIil MIMHOH KMHYJI B BOJIY HECKOJIBLKO KaMHEI, IT0TOM — BTOPOI, TOTOM
OIIATH IEPBBII U TaK Jiajee JI0 TexX I0p, MOKa KaMHU He KOHYMJINCH. 1locsie 9Toro mimoHb
pasonuinch. Kaknm obpasom Morjia ObITH repegana nHpOpMAaIs?

6. 3puTe/ib CTABUT Ha IJIOCKOCTH TOYKHU, IpOHYMepoBanHbie oT 1 710 n, n > 1. ITocsie aToro
MOMONTHUK (DOKYCHUKA CTABUT TOYKY C HOMEpPOM 71 + 1, a 3puTe/ib CTHpaeT BCe HOMEPA.
BxoauT dokycnnk. Kax eMy BOCCTAHOBUTH HYyMEPAINIO TOYEK !

7. Ilepes sxcTpaceHcoM JieKUT KoJtosa 13 36 Kapt pybarikoii BBepx (4 mactu, 1mo 9 kapr
Kak1oif MacTi). OH Ha3bIBAET MACTh BEPXHEH KapThl, [OCJE Yero KapTy OTKPBIBAIOT U
nokasbiBatoT emy. [locie 3Toro 3KCTpaceHc Ha3bIBA€T MACTh CJEIYIONEll KapThl W T. [I.
3ajlada dKCTpaceHca — yrajarb MacTh KakK MOYKHO OoJibIliee 4ucjio pa3. Pybdariku kapt
HECUMMETPUYHBI, U 9KCTPACEHC BUJINT, B KAKOM U3 JIBYX MOJIOZKEHNUI JIEYKUT BEPXHSS KapTa.
[TomomHaMK sKCTpacenca 3HAET TOPSIOK KapT B KOJIOJIE, He MOXKEeT MEHITH €ro, HO MOXKET
PaCIIOIOKUTL PyOaIKy KarKJ0i U3 KapT TeM W WHBIM 00paszoM. Mor Jin 9KcTpaceHnc Taxk
JIOTOBOPUTHCS € MOMOITHUKOM, KOTJIa TOT €IMé He 3HaJI MOPSAJIOK KapT, YTOObI 00ecednTh
yraJplBaHNe MacTu He MeHee deM a) 19 kapt; b) 23 xapr?

20 IIpaBusbHbBI pa3HoO0ii—12. 15 MioJIs

1. Kaxk u3BecTHO, KapaKaTUIbl YMEIOT MeHATHL ¢Boil 1oj1. IIycts d > 1. Heckobko Kapa-
KaTuI obpazosasii 271 — 1 pa3IMYHbIX COOBIIECTB, B KasKI0€ N3 KOTOPLIX BOIIH POBHO d
kapakaruil. Jlokaxkure, 4To JJisi COOJIFOIEHIST COBPEMEHHBIX HOPM HEKOTOPhIE KapaKaTUIIbI

MOT'YT CMEHHUTD I0JI TaK, 9YTOObI B KaXKJJ0M COODIIECTBE OBLIN ITPEJICTABUTE/ N 000X T10JIOB.

2. Buccexkrpucet AA;, CC; tpeyroimbuuka ABC' nepecekaiorcss B Touke I. Ay, Cy —
cepennnbl ctopor BC', BA coorBercrBenno. [psmas AgCy nepecekaer npsimbie AA(, C'Ch
B TouKax As, Cy. Jlokaxkute, 4T0 OpTOLEHTD TpeyrojbauKa Aol Cy stexkut Ha npsimoit AC.

3. OKpyKHOCTb W HMPOXOAUT depe3 Bepmnubl B, C' U NeHTp OKPY’KHOCTH, BINCAHHON B
tpeyroabank ABC. Bropoit pa3 w nepecekaer npssmyio AB B Touke By, a AC' — B TouKe
C1. Hoxaxkure, ato jaunbl orpe3koB BBy u C'CY paBHBI.

4. Harypasbnble uncia a n b Takosnl, 9rto a’ + b% genurca na ab 4+ 1. JlokaxknTe, uTO
JaCTHOE — TOYHBIN KBa/IpaT.

21 T'omorerus. 16 urosig

1. OKpy?KHOCTH W KacaeTcsl OIMUCAHHOI OKpy:KHOCTH TpeyroibHnka ABC' B Touke A n
nepecekaer orpe3ok BC B toukax K n L. lokaxknre, uro LZBAK = ZCAL.



2. BrImyKJIblit MHOTOYTOJTBHUK 00JI8/Ia€T CJIEYIONTMM CBOWCTBOM: €CJIU BCE NpsSMbIe, Ha,
KOTOPBIX JIeXKaT €ro CTOPOHBI, IapaJljieJIbHO [IEPEHECTU Ha PaccTOosHUEe 1 BO BHEIIHIOIO CTO-
POHY, TO TOJIyYeHHbIE MPsMble 00pa3yI0T MHOTIOYTOJBHUK, TI0JIOOHBIN UCXOIHOMY, ITPUIEM
napaJijieJibHble CTOPOHBI OKaKyTCs MPONOpIHOHaIbHbIMU. JIoKa3aTh, 9TO B JAHHbBIT MHO-
FOYTOJIbHUK MOYKHO BIIMCATH OKPY?KHOCTb.

3. Okpyzxuoctn S7 u Sy KacaioTcsl BHEITHUM obpa3oM B Touke F. Ilpsmast £ kacaercs Sy
n Sy B Toukax A m B coorBercTBenHo. [Ipsimasi, napasiesnbaast mpsimoii £, Kacaercsa Sy B
touke C' 1 nepecekaer S7 B AByX Toukax. Joxkaxkure, uro Touku A, F' u C' jnexkar Ha 0HOIT
IPAMOIA.

4. B napasienorpamme ABCD na juaronasu AC ormeuena Touka K. OKpyKHOCTH
$1 TMPOXoJUT depe3 Touky K u kacaercs npaMbix AB u AD (s; BTOPUYHO TepeceKaeT
mnaronab AC' Ha orpeske AK). OKpyKHOCTH Sp MPOXOIUT depe3 TOUKy K 1 Kacaercs
npsiMbix C'B u C'D (s9 BrOpudHO tiepecekaer punaronaib AC na orpeske KC'). Jlokaxkure,
YTO IPHU BCeX MOJIOKeHNAX Toukn K Ha mauaroHann AC mpsiMble, COeIUHSIIONINE EHTPHI
OKPYZKHOCTEH §1 U Sg, OYAYT MapaJIie/IbHbI MexK 1y cOOOil.

5. OxpyxkHOCTh W Kacaercsa cropon AB u AC tpeyrosnbiauka ABC'. Oxpy:kuocts ) Ka-
caetcs ctoporbl AC u npojoskerns cToporbl AB 3a Touky B, a Tak:Ke Kacaercs w B
touke L, nexameit Ha cropone BC. Ilpsmas AL BTopuaHO mepecekaeT w u {2 B TOUKax
K u M coorsercreenno. Oxazanoch, uto KB || CM. Jlokaxkutre, ato Tpeyroiabuuk LC'M
paBHOOEIPEHHBIIA.

22 Martb6oii IIpodu-7-ITpodpn-8. 16 utoasda

1. B Yeprnomopckom kasuno Octan Benjep urpaer ¢ kpynbe B ¢dumiku. rpa cocronr
B TOM, 94TO MI'POKH 110 ouepejn (Kpyibe — mepBbiM, OcTran — BTOPBIM) MepeKJ/1a/IbIBatoT
dumkn n3 6aHKa Ha CTOJI. 3a OJIMH XOJI MOXKHO TEPEJOKUTL He MEHbBIIe OJHON (UK 1
He DOJIbIIe, YeM UX y2Ke ecTb Ha ctroJjie. [Tobexk1aeT TOT, KTO ImepesioyKui1 u3 OaHKa Ha CTOJI
rocsieiaIo Guiky. o Hadasia urpsl Ha crosie jexkar 10 duiex, a 6ank nemyct. Y Ocrara
B KapMmaHte JjiexkaT 10 durek, KoTopble OH MOXKeT JI0 HadaJia UI'Pbl He3aMeTHO O 0POCHTh:
HEKOTODBIE (BO3MOXKHO, HI OJIHOI) — Ha CTOJI, a HEKOTOPbIE (BO3MOXKHO, HU OJIHO) — B
b6aHk. /lokazKuTe, 9TO OH CMOYKET BBIUI'PATh.

2. Ha npsmoit uepes papuble npome:kyTku orMmedeHbl 2000 Touek. Ilerst packparmmBaer
IIOJIOBUHY M3 HUX B KPACHBI IIBET, a ocTajbHble — B cuHmil. 3areM Bacst pasdouBaeT ux Ha
naphl U3 KPacHON U CHHEil TOYeK Tak, YTOObI CyMMa, PACCTOSHUI MEXK/Iy TOYKaMU B I1apax
ObL1a MakcuMaJsibHOi. JlokazkuTe, 4TO 3TOT MaKCUMYM He 3aBUCUT OT [leTnHOil pacKkpacku.

3. B rpade 1000 BepimH, crernenb KaxK 10l paBHa TPOCTOMY YHUCTY, OoJibiiemy 5. [Tojcuan-

TaJM YUCJIO MyTeil B 3TOM Tpade, IMEIOMX JIuHY He 6osbiie 2. Morao u moydnThes
1000007

4. Ilyctb nosjoxurenbHble unuciaa a, b, ¢, d  YJAOBJIETBOPAIOT  YCJIOBUSIM
ab+ cd = ac+ bd = 4 nu ad + bc = 5. Haiiinre nanmenniiiee BO3MOXKHOE 3HAYEHIE
cyMMbI a + b+ ¢+ d.



5. JlokaxkuTe, 9TO €cI CyMMa PACCTOSHUN OT TOYKHU BHYTPH BBITYKJIOTO YETHIPEXYTOJIb-
HUKAa JIO €r0 CTOPOH He 3aBUCUT OT BLIOOpPA TOYKHU, TO STOT YETHIPEXYTOJHLHUK — MapaJiie-
JIOTpaMM.

6. Jlokazkure, uro cymectyiorT 1000 moapsam uaymmx HaTypPaJbHBIX YHCEJ, HU OJIHO U3
KOTOPBIX HE KPaTHO CyMMe CBOUX IIDP.

7. Ha okpykHOCTH OTMeueHbl 20 CUHIX TOYEK, & BHYTPH OKPY2KHOCTH — HECKOJILKO Kpac-
HBIX TaK, 9TO HUKAKKE 3 TOUKU He JiexKaT Ha OJHOM npsamoil. OKa3aaoch, 4To CyIIeCTBYeT
1123 TpeyrosbHUKa ¢ CHHIMHI BEPIIMHAME, coAepzKainx 1mo 10 KpacHbIx ToueK. /lokaxkure,
YTO OCTaJbHble 17 TPEYyTroJILHUKOB ¢ CHHUMU BEPIIMHAMU TOXKe cojiepzKaT 1o 10 KpacHbIX
TOYEK.

8. B ocrpoyronbaom tpeyrosbanke ABC na croporne AC BoiOpana Touka P Takasi, 9TO
2AP = BC. Toukn X n Y cummerpuunnl P oraocuresnbno Beprmd A n C. Oxaszajiocs,
gro BX = BY. Yemy moxkeT ObITh paBeH yros C' MCXOIHOIO TpeyroJibHuKa?

22 Marb6oii IIpodnu-8—IIpodnu-9. 16 uioaga

1. Y Benoukn ecTh GECKOHEYHO MHOT'O OPEXOB: 110 OJIHOMY Opexy KaykJioit u3 macc 1,21, 3
r, u T. ;1. Ona B3sa 100 MEIKOB, IMOJIOYKIIA B KayK/IbII 110 KOHETHOMY YHCIY OPEXOB, 110CIIe
Jero Halrcasia Ha KayKJIOM MeIIKe CYMMapHYIO Maccy JIexKallllnX B HeM opexoB. Jlokazkure,
YTO MOXKHO ObLJIO cOOPaTh MEIIKN ¢ TAKIMU YKe MacCaMu, UCII0JIb30BaB He OoJiee 500 opexos.

2. Ha runorenyze AB npsimoyroJsibHoro tpeyrojibinka ABC BbiOpaHa Takas Touka K,
yro BK = BC'. Ilycts P — To4Ka Ha IepIieHInKyJisipe, BocCTaHoBIeHHOM K psimoit C'K B
Touke K, paBHOypajieHHast oT Touek K un B. Obo3HaunM Takzke depe3 L cepeauHy oTpe3Ka
CK. Jlokaxxute, uro npsamasi AP KacaeTcsi olncaHHON OKPYKHOCTH TpeyroyibHuka BLP.

3. HarypasbHoe uncyio 6yjieM Ha3bIBaATh XOPOWUM, €CJTH €r0 MOKHO MPEJICTABUTEL B BU/IE
CYMMBI JIBYX B3aMMHO MPOCTBIX HATYPAJbHBIX YUCET, KaXKJI0e U3 KOTOPhIe PACKIaIbIBAeT-
CsI B MIPOM3BEJIEHNE HEYETHOTO KOJIMIECTBA MPOCTHIX dnces (He 00sI3aTeIbHO PA3JINIHBIX ).
JlokazkuTe, 9TO CyIIEeCTBYyeT OECKOHEUHO MHOI'O XOPOIINX KyOOB HATYPaJIbHBIX UHUCEJI.

4. Jamer 10 pa3anvIHbIX HEIETHBIX MPOCTHIX dmces. MoxKeT i TaK CIyIUTbCsI, 9TO pas-
HOCTb HIECTHAIATBIX CTeleHeil JI00bIX JIBYX M3 HUX IEIUTCA Ha JII00Oe M3 OCTABIINXCS
yuces!

5. Ha okpyknocTn pacmnosozxkeno 20 CHHIX TOYEK, a BHYTPU OKPYKHOCTU HECKOJIHBKO Kpac-
HBIX TAaKIM 00pa30M, 9TO HUKaKUe 3 TOUYKU He JieyKaT Ha OjHOi mpsiMoii. OKa3aJjoch, 9To
cymiectByeT 1123 TpeyrojabHUKa ¢ CHHUMU BepIINHAMU, cojepzKalux 110 10 KpacHbIX TOYEK.
JokarkuTe, 9TO OcTaJbHbIe 17 TPEYyTroJIbHIKOB ¢ CMHIMU BEPIIMHAMUI TOXKe cojepzkat 1mo 10
KPaCHbBIX TOYEK.

6. Haitjiute MmakcmMmaibHOE 3HAUEHNE BEIIECTBEHHOrO uncia M, mpu KOTOPOM JIJIst JTIOOBIX
HEOTPUIATE/ILHBIX a, b, ¢ BepHO, UTO

a® +0° + ¢ —3abe > M(Jla —b)* + |b—c]* + |a — c]*).



7. B cayne ectb n KoMHAT HeorpaHmdeHHOil BMecTumocTn. CayHy coOpasiuch IIOCETUTH
k map My»K—KeHa, IpUYeM JIJId JIFOObIX JIBYX Iap MY»Kbd U »KE€Hbl U3 Pa3HBIX IHap JudO
OJIHOBPEMEHHO He 3HAKOMBbI, JIIOO OJHOBPEMEHHO 3HAKOMbI. B 0/HOII KOMHATe HEe MOI'yT
HAXOAUTHCS OJHOBPEMEHHO M MY KUMHBI, U >KEHIIUHBI. KpoMe TOro, My»KUMHBI XOTAT Ha-
XOJINThCS B KOMHATE TOJBKO ¢ HE3HAKOMBIMU MYKUINHAMH, & »KEHITUHLI — TOJBKO CO 3Ha-
KOMBIMU KeHImHaMu. [Ipn kakom HambosbieM k mmapbl MOTYT rapaHTUPOBAHHO MOCETUTH
cayHy, Kak Obl HI ObL/IM 3HAKOMBI MEKJIy cO0Oii napbl?

8. an omnmcanneii gerbipexyroabank ABCD. Buccekrpuca yria BCD He mpoxomuT
gyepes Bepiuny A. [leprnenaukyssip m3 toukun A na B D nepecekaer buccekrpucy yriaa BC' D
B Touke K. Touka R na npsmoit BC' taxasi, uro K R neprnengukynsipua BC'. Jlokaxkure,
uyro AB = BR.

(n—1)!
n(n+1)

9. Jlokaxkure, 9TO [ } — YETHO JIjIsI JIFOOOTO HATYPAJIBLHOTO M.

10. /lana OeckoHedHasl IOCIEIOBATEIHLHOCTD IOJOYKHTEJIBHBIX BEIECCTBEHHBIX YHCET a1,

ag, ..., Upu 4éM Jyist Jiroboro ¢ Bepuo, uto a; < C. Okazanoch, 410 |a; — a; i

06X 1, j. Hokaxkure, uro C' > 1.

23 «Cxoap yromHo MHOTO» M «OecKoHedHO». 17 miod

Omnpenenenue. ['oBopsT, 9TO BEIUINHA MOMXKET OBITH CKOAb Y200HO 60ALWLOT, €CJIN I
J1000ro HaTypaJbHoro N CyIecTByeT 3HadeHne BeJINYUNHbI, IIpeBocxoisiiee V.

Bameganue. CioBocOUETAHNE «CKOJIb YTOHO DOJIBINOE [OJIHO| UHC/I0» WIN HEAKKYDATHO
chOpMYITMPOBAHO, HO Yallle IIPOCTO OECCMBICIEHHO.

Yupaxkueune 1. OcosHaiiTe, 9TO CYIIECTBYET CKOJIBKO YI'OJIHO MHOIO HOJPSJT UIYIIIX
HATYPaJbHBIX YUCEI, HE ABJIAIONINXCA TOUHBIMU KBaJIpaTaMu, HO HE CYIIECTBYET OCCKOHETHO
OOJIBIIIOTO KOJIMYECTBA TAKIX THCE.

YupaxkHenue 2. /lokaxknuTe, YTO B Py HATYPAJILHBIX YUCET HAWIETCS CKOJIL YTOTHO
MHOI'0 IIOCJIEJ0OBATEIbHBIX COCTABHBIX YHCesI, HO He Hail/IéTcss OECKOHEYHO MHOTO I10C/Ie/I0-
BATEJIbHBIX COCTABHbLIX YUCEL.

Yupaxkueuue 3. [Ipusegure npumep rpada, B KOTOPOM €CThb CKOJIb YTOJHO JIJIMHHBII
IIPOCTOM IyTh, HO HET OECKOHEYHOI'O IIPOCTOrO IIYTH.

1. [Ipommmm maxMaTHYO JOCKY BIIPABO M BJIEBO HA MIJLIMOH KJIeTOK. Koposb cTout Ha
cpeJHeil K/IeTKe HUKHEl MOPU30HTaJIN.
a) Mozker i oH 00OUTH BCIO TOJIyUEHHYIO JIOCKY, TOObIBAB HA KaxK/I0ii KJIeTKe POBHO OJTHH
pasz?
b) A ecim OCKY TPOJIIIN BIIPABO U BJIEBO JI0 OECKOHETHOCTH !

2. a) okaxure, 9T0 B JIIOOOM KOHEYHOM Tpade MOKHO PACCTABUTH B BEPIIHHAX HATY-
paJibHble YNC/Ia TaK, YTOOBI YHC/Ia B IBYX BEPIINHAX OBLIN B3AMMHO IIPOCTHI TOIJIA U TOJIBKO
TOT/1a, KOTJIa 9T BEPIINHBI HE CMEXKHBI.

b) Bepmo Jsin To Ke camoe yTBepKJIeHUE JJist JTF0O0T0 OecKoHedHOTo Tpada’



3. YesoBeuecTBo GeccMepTHO M HadmMHAeT CBOIO ucropmio or Amama. Kaxkiapri demoBek
>kupeT He 6osiee 100 JieT, y KaxKJ0ro JIMIIb KOHEYHOE YKCJIO JeTell.
a) Jlokaykure, 9ro Haiijercss OECKOHETHAsI TETMOoYKa MYy KUMH, HAYMHAIOIIAACsT ¢ Ajama, B
KOTOPBI KazK/IbIil CJICIYIONUIT YeJIOBEK — CbIH IIPeJIbIIYIIero.
b) Jlokazkute, 910 €CJIM y U€JTOBEKA MOXKET OBITH HECKOHEUHOE UHCIIO JIeTell, TO yTBEepIKIe-
HIe IIYHKTA a) MOXKET ObITh HEBEPHO.

4. a) Jlana tabmuia n3 3 ¢TpokK n GECKOHEYHOTO [BIpaBo| dmcsa cToOIOB, B KOTOPBIX
3alcalbl HaTypajbHble dncia. JJokazkure, 4To CyIIeCTBYIOT JiBa TaKUX CTOJIONA, YTO B
KazKJI0ll CTPOKE JIEBOEe YUCJI0 He OOJIbIIE IPABOro.

b) Bepro jin 9710 J1j15s1 GECKOHEUHOTO YHCIa CTPOK !

5. CymiecTByer Ji GeCKOHEUHAsT TTOCJIEJOBATE/ILHOCTD HATYPATBLHBIX THCEIT (1, (g, - .. Ta-
Kast, 910 (@, a,) = 1 Torma u ToJapKo Tora, Korga jm —n| = 17

6. a) Jlokaxkure, 9TO BCe MOCJIEIOBATEILHOCTH JUINHBI 1, cocrostiiue u3 0 um 1, MOXKHO
pas3buTh Ha JIBa MOJAMHOXKECTBA TakK, UTO JIIOObIE JIBE MOCIEI0BATCIbHOCTH, OTINIAIOIIIECCS
POBHO B OJIHOM pa3psijie, oAl B pa3Hble MOJIMHOKECTBA.

b*) Jlokazkute aHAJIOITIHOE YTBEPIKICHIE [JIs1 OECKOHEUHBIX TTOCIEI0BATEIHHOCTEI.

7. Kaxki0oe HaTypaabHOe YNC/I0 MOKPAIIEeHO B OJNH U3 71 IIBETOB.
a) Obs13aTe/IbHO JI MOXKHO BBIOPATH U3 HUX OECKOHETHYO OJTHOTBETHYIO apudMeTUIeCKYO
IIPOTrPeCccuio’
b*) Jlokaxkure, 9TO CYIIECTBYeT CKOJIb YTOJIHO JJIMHHAS OJHOIBETHAs apudMeTHdecKast
IIPOTPECCHUS.

24 IlpaBuibHbIil pa3Hodoii—13. 17 urojsa

2100

1. Jlokaxkute, 9TO cpen yeJIoBeK MozkeT He HaiiTuch Hu 200 1mornapHO 3HAKOMbIX, HU

200 nmonnapHO HE3HAKOMBIX YeJIOBEK.

2. B ocrpoyronbaom Tpeyrosbanke ABC nposesn Boicotbl AA;, BBy u CCy. Cpennss
nuHus Tpeyronabanka Ay B1Ch mapamtenbaas cropore By nepecekaer AB 1 AC' B Toukax
P u @) coorBecTBenno. Jokazkure, 4T0 opTOIeHTp Tpeyroabanka AP(Q) J1e:KuT Ha IpsiMoii

BlCl.

3. Tpeyronbunk ABC Buucan B OKpyzKHOCTL 2. OKPYKHOCTH Wi U W IIPOXOJIAT Uepes
2

IeHTp BrIucaHHoi okpyzkuoctu I tpeyronpanka ABC u kacatorcs croponnl BC' a takxKe

okpyzkuocTH €. Jlokaxkure, 4TO wi I Wy KACAIOTCS.

4. BueBnucanHas OKpy»KHOCTH Kacaercst croponbl BC' tpeyrosibauka ABC B Touke Aj.
[Tpstmast AA| BTOpoit pa3 mepecekaeT BIMCAHHYIO OKPYKHOCTL B Touke P, M — cepemuma
croponbl BC'. [lokaxkure, uro npsamas P M KacaeTcsd BIUCAHHON OKPYZKHOCTH.

25 Mynapensbl. 19 uiouas

OO6mmit kommeHTapuii. My/per| He BIJIUT ILJIAITY, KOTOpas HajeTa Ha Hero. Myapers
MOTYT JIOTOBAPUTHCS O YEM-TO 3apaHee, 9TO-TO OOCYXKJIaTh B Te€UeHUE NCIBITAHUS 3alpe-



IIEHO.

1. Cynran HajieBaeT KpacHbIe WJIM CUHUE IIJISIbI Ha TOJIOBBI CBOMX MYy/peroB. Myapernam
HY?KHO Pa3Ie/JINThCs Ha JIBe I'PYIIILI B 3aBUCUMOCTH OT [[BeTa ILIANLL. Kak uM 9T0 ¢ienars?

2. Cynran BeicTpanBaeT 100 ¢cBOMX MY/IPEIOB B KOJIOHHY TI0 OJHOMY U HaJICBACT KayK/IOMY
MIJIATTY O€JI0ro, CHHETro NI KpacHOro MBETOB. Bce MyIperbl BUJIAT 1IBeTa BCeX IS BIIEpe-
JII CTOSIIIIUX MY/IPEIOB, & IBET CBOEI'0 M BCEX CTOSIINX C3a/id He BUJIAT. Pa3 B MUHYTY OJinH
13 MYJIPENOB JOJIZKEeH BBLIKPUKHYTH OJINH U3 TPEX MBETOB. UTO BBHIKPUKHYJ MYJIPEIl, CJIbI-
maT Bce ocTaybHble. [Tocie okoHuanms 3TOro mporecca Koposb Ka3HUT KarK/I0TO MyJIperia,
BBIKPUKHYBIIIET'O 1[BET, OTJIMYHBII OT IIBETa €ro KoJjmaka. Kakoe HanbOoJbIee KOJMIECTBO
MY/JIPEIIOB MOYKET rapaHTUPOBAHHO BbIKUTh !

3. Kaxmomy m3 100 myznpernoB HajieTa Ha rojoBy mnuigna omuoro m3 N 1seron. [lo cur-
HaJIy CyJITaHa KayKIblii JOJKeH OyjeT HalmcaTh Ha OyMarkke IBeT cBoeil nuisanel. Bee me
yraJaBiie 1BeT Oy1yT KA3HEHDI.

a) Jlokazkure, 9T0 KaKUM ObI HI OBLIT aJIFOPUTM MYJPEIOB, B KAKOHW-TO U3 CUTYyaIlNii BbIKI-
Ber e 6osiee [100/N| u3 nux.
b) JlokazkuTe, 9T0 My/IpeIbl MOTYT H0T0BOpUThCst, 9T0 [100/N] BHLKUBYT.

4. 99 MmyzapenoB cean 3a KPyIuibiil cTos. VM m3BeCTHO, YTO HATUICCATH U3 HUX HAJIE/IH
KOJIITAKN OJHOI'0 U3 JIBYX IIBETOB, & COPOKa JEBATU OCTaJbHBIM — Apyroro. Bece mypernbt
JIOJI?KHBI OJITHOBPEMEHHO HAIIMCATD IIBET CBOETI'O KoJIaKa. Ecm Myapery yrajapBaeT I[BET CBO-
ero KoJIIakKa, €ro OCTaBJISIOT B YKUBBIX, B IPOTUBHOM CJIydae — Ka3HIT.

a) Jlokaxkure, 910 KaKNM ObI HI OBLT aJIFOPUTM MYJPEIOB, B KAKOH-TO U3 CUTYaIlNii BbIKI-
BeT He OoJiee 74 M3 HUX.
b) JlokazkuTe, 9TO MYy/IpEIbl MOTYT JOTOBOPUTHCSI TAK, UTO 74 BBIKUBYT.

5. Hernipe Myjipenia CTOSAT IO KPYTy BO3Jie Herpo3padnoro baobaba. Ha kaxk oM usz myjipe-
OB KpacHasl, CUHAA WK 3ejieHas uisiina. Myaper BUIUT TOJIBKO JABYX COCEIHUX 110 KPYTY
MyziperoB. MyJperbl 0JHOBPEMEHHO JIOJIZKHBI BBICKA3aTh IPEJIIOJIOKEHIE O IBeTe CBOEi
HLasiibl. K xors Obl OQUH U3 MYIPELOB yrajaJj, OHU Bblurpajn. Kak mMm meiicTBOBaTh,
YTOOBI BBIUTPATD !

26 a"+1. 19 uroada

YT1BepxkKaenue. [lycts a, n u m — #arypaJsbible gucaa. lToraa

HO/(a" — 1,a™ — 1) = GHOMnm) _

CanencrBus. Ilycts a > 1, n, m, k — #HarypaJbHble dncia. Toraa
a)a” —1 : a™ — 1 Torga u TOJBKO TOTJIA, KOTJa 1 M.
b)ecma®—1:kua™—1: k, toa®OAmm 1 L
¢) ecyi t — HaMMeHbIIee HATYPAJIbHOE YUCI0 Takoe, uto a' — 1 ¢ k (T.e. noxasamenv wucaa
a no modyaro k), ro a” — 1 : k Torjga u ToJabKO TOrNA, KOrga n : t.
d) HOd(a" + 1,a™ + 1) nemnr o?HOAm) _ 1,



1. Ilyctb n — uérHoe HaTypasibHOe ducsao. Haiiaure Bce mapbl B3aMMHO IIPOCTHIX HATY-
paJibHBIX 4ncesn a u b Takux, uro a” + b" : a + b.

2. Ilyctb n > 2, k — narypasibuble uncia. Jokazxure, uro 28 +1 7/ 2" — 1.

3. Ilyctb @ > 1 — nmarypanbnaoe unucio. Jlokaxkure, uro ecim a” +1 : a”™ 4+ 1, Ton : m.
Bostee Toro, eci n/m ectb meuérnoe wucsio, To a” +1 1 a™ + 1

4. Ilycts a > 2 — nartypaJibHOe uncjo. JJokaxkure, 9To CyIecTBYeT OECKOHEYHO MHOI'O
HaTypaJIbHbIX 1 TaKUX, 4To a” — 1 jenurcs Ha n.

5. Jlaubl HAaTypaJibHble uncia a u b. Jlokaxkure, 910 CyIiecTByeT OECKOHEYHO MHOT'O Ha-
TypaJIbHBIX 1 TAKNX, 4TO uncio a” + 1 He neauresa Ha nb + 1.

6. J[okaxkure, YTO JjIsi OECKOHEUHOI'O KOJUYECTBA COCTABHBIX YHCEJ N YUCTIO
37—t — 271 qenures na n.

7. Jokaxkure, 4TO CyIIECTBYeT HATypaJIbHOE YUCJIO 1, Y KOTOporo poBHO 2019 pasamyHbIX
POCTBIX JlesiuTeneit, u 2" + 1 nenurcs Ha n.

27 IlpaBusbHbI pa3HoOoii—14. 19 uiojs

1. /Iyt moJIoKUTETBHBIX @, b, ¢ JOKaKUTe HEPABEHCTBO

(a+b+c)a+b—c)a—b+c)(—a+b+c) < da’h’

2. [ — menTp BIuCcaHHOI OKpyzkHOCTH Tpeyroiabanka ABC, P — To4Ka BHyTpH TPEYro/ib-
Huka Takas, uro LZPBA + /PCA = ZPBC 4+ ZPCB. Jlokaxure, auto AP > Al.

3. Buesnumcannasi oKpy:kHOCTh Kacaercss croponbl BC' B touke A;. IIpamas AA; Bro-
poil pa3 mepecekaeT BIHCAHHYIO OKPYXKHOCTH B Touke P, M — cepeauna croponbr BC.
Hoxkazkute, uro npsamas P M KacaeTcs BOINCAHHON OKPYKHOCTH.

4. OnHa u3 BHEBIHUCAHHBIX OKpyzkHOCTell Tpeyronbanka ABC kacaercs cropoubl AB n
nponoskernit cropon C'A nu C'B B Toukax C1, By 1 A; coOTBETCTBEHHO, ApyTrasl KacaeTcst
cropoubl AC' n npogoskenuii cropon BA n BC' B Toukax By, Cy m Ay cOOTBETCTBEHHO.
IIpsimbre A1 B n Ay By niepecekatorcst B Touke P, a npssmbie A1Ch u AsCy — B Touke ().
Hokazkure, aro npsimast P() npoxoant depe3 Bepiuny A.

28 HepaBenctBo I'eabaepa. 20 uross

HepaBenctBo I'énbaepa. I[Iycrs n, m — Harypasbhble ducia. Torjaa Jjist BCAKIX 10JI0-
KUTEJBHBIX a4, © € {1,2,...,n}, j € {1,2,...,m} BbIIOJHEHO HEPABEHCTBO

m n "
IT{> )=

j=1 \i=1




ITpumep. B ciydae m = 3 nepasenctso [€nbiepa nmeet BuI

(@ +as+...+ay)(b1+bo+...+b)(c1+co+...+¢cy) >

3
2 (\3/ a16101 + ¥ CLQbQCQ + ...+ ¥ anbncn) .

3ameuanue. B ciyyae m = 2 HepaBeHcTBO ['€1bjiepa IpeBpaliaeTcss B HEPaABEHCTBO
Komu-bynskosckoro-IIBapia.

1. /Iyt MOJIOXKUTEBbHBIX @, b, ¢ JOKAXKUTE, UTO

1 n 1 n 1 S 27
bla+b) cb+c) alc+a)” 2(a+b+c)?

2. JIng momoKuTeNbHBIX a, b, ¢ ToKayKuTe, 9To

b b
ato [ o%c L CHD S outbre

Va+2c Vb+2a etrab

3. Jlj1s1 TOJIOXKUTENIBHBIX a, b, ¢ TOKazKuTe, 9TOo

a b c
+ + > 1.
Va2 +8be Vb2 +8ca v+ 8ab -
4. 11 ONOKUTENbHBIX @, b, T1, T, . .., T, TAKUX, YTO T1 + To+ ...+, = 1 J10KaxKuTE,
qTO
3 3 x3 1

ary + by ax2+bx3+'”+a$n+bx1 “n(a+b)

5. JI1s1 MoIoKUTENbHBIX a, b, ¢ JoKayKuTe, 9To
g/a—kbJr ,/b+c L c+a < a—l—b+c.
a+c b+ a c+b Yabc

29 DbeckoHeuyHble npuMepbl. 20 1Ur0JIs

1. mmva 3aryMepoBasl HATYPAJBHBIMU THCIAMI HEKOTOPbIe HECKOHEUTHbIE [BIPABO| TOCTIe-
snoBaresbHocTu n3 0 m 1 m 3agBMJI, 9TO BhIIUCAT Bece U3 HUX. /lokaxknuTe, 9TO KakKoii-TO
nocJieloBaTeTbuocT y JInMbI B cIiicke HeT.

2. MoxkHO Jin Bce HaTypaJibHble 4Kcja pa3dUTh Ha Iapbl TakK, 4TOObI CyMMa YHCes B
KazkJIoil mape OblL1a Obl KyOOM II€JIOrO 4Kcja, W MPHU 3TOM BCE ITU KYyObI JOJIXKHBI ObIThH
pasHbIME?

3. Jlana nocjie/IoBaTeIbHOCTD MOCIE0BATEILHOCTENH JAeiicTBUTeIbHBIX Yucest. JJokazkuTe,
4TO €CTh IMOCIE0BATEIbHOCTE, KOTOpas OONOHSET KayKJylo u3 HuX. /[pyeumu ciosamu:
das mob020 nabopa wucen {a;;}75_y natidémea maxas nocaedosamenvrocmy {0}, umo



4. MoxKHO JII paccTaBUTb B KJETKKM OECKOHEUHON KJeTdaToil IJIOCKOCTH HaTypaJibHbIe
qUCJIa TaK, YTOOBI KarK/10€e ULIC/I0 BCTPEUYaI0Ch POBHO OJIMH pa3, U YTOOLI JII0ObIe IBa, YICIa
13 OJ(HOI CTPOKM MJIM OJHOIO CTOJIOIA OBLIN B3AMMHO IIPOCTHIME?

5. JlokaxknuTe, 9TO MOXKHO TIePECTABUTL BCe HATYPAJIbHbBIE YNCIa B Pl TaK, 9TOOBI CyMMa
JIIOOBIX N TIEPBBIX THCeT Jle/niach Ha n. Kaxoe HaTypaabHOe YUCI0 JTOJKHO TPUCY TCTBO-
BaTh, IpUYEM POBHO OJIMH pa3.

6. Top u Jloku urpatpor B urpy. OHU 110 04epeu BLIINCHIBAIOT IU(PHI B IOCJIEI0BATE /b
Hoctu. Top muier jroboe dncsio mudp, Kakoe 3axouer, a JIokn — ToJIbKO ojHy. Top xoder,
YTOOBI 1TOCJIE0BATETLHOCTD TI0JIYYMJIach IEPUOMYECKOil, a JIOKN IbITaeTcst eMy IoMeIaTh.
Ko BbIMIpbIBaeT MpH MPABUILHOI Urpe’?

7. Ilyctb nana OeckoHeuHasi BO BCe CTOPOHBI IIaxMaTHasl JOCKa, B KJIETKU KOTOPOM BIIN-
CaHBI TeJIble Iuc/ia (BO3MOXKHO, ¢ MOBTOpaMit). PaceMoTpuM Bce BO3BMOYKHBIE OECKOHEUHbBIE
MapHIPYThl KOPOJIs 110 3TOM JIocKe, U JIJIS KarK0TI'0 MapIIpyTa BbIIAIIEM COOTBETCTBYIOIIYIO
IOCJIeI0BATEILHOCTE unces. MoryT jm B pe3ysbTare HOJIYyUUThCSI BCEe BO3MOXKHBIE TIOCJIE-
JIOBATE/IbHOCTH IIeJIbIX InCces1?

30 IlIpaBunapHblii pa3zHoboii—15. 20 uross

1. Jlokaxkure, uro unciaa 1, 2, ..., 2016 MO}KHO IIOKPACUTb B UeThIpPe IIBeTa Tak, ITOObI
He OBbLJIO OJTHOIBETHBIX apudMeTnieckux mnporpeccuii n3 10 4ieHoB.

2. Touka I — 1enTp BuucanHoit okpyzkuoctu rpeyrojsbiuka ABC, Touka M — cepejnna
croporbl AC, a Touka W — cepeguna jnyru AB onmcaHHON OKPYKHOCTH, He COJleprKaleit
C. Oxazajoch, uro ZAIM = 90°. B kakom orromennn I genut orpesok C'W?

3. B rpeyrosbauke ABC' Bwmonneno AB + BC' = 3AC. Brucannasi OKpPY»>KHOCTH €
reaTpoM I Kacaercs cropod AB n BC' B Toukax D u E coorsercrBenno. Ilycrs Toukn K
n L cuvmmerpuunbl ToukaMm D u E oraocurenbao Toukn I. Jokarxkure, aro Toukn A, L, K
u C' jiezkar Ha OJIHON OKPYZKHOCTH.

4. Haiinre Bce meble 9ucyia, KOTOpbie MOYKHO IIPEJICTABUTh B BU/JIE

m+1 n+1
+
n m

JJId HaTYPaJIbHBIX 110 U M.

31 OproneHTp. 21 uroas

Yuopaxkaenue 1. B tpeyronbanke ABC Buucanuom B okpyzkHocTb I, Touka H — op-
TOIeHTp. /loKaKuTe, 4TO TOUKa cuMMEeTpuiHas H OTHOCHUTEIBLHO cepeJuHbl cTopoHbl BC
COBITIQJIaeT C TOYKON JUAMETPAJIbHO IIPOTUBOIOJIOKHON Touke A Ha oKpyzKHOCTH [

YupaxkHenue 2. B ocrpoyrosbHom Tpeyroibanke ABC nposenn Beicotel BBy u C'C
nepecekaromumecss B Touke H. Ommcannble okpyzkHOocTH Tpeyroibunkos ABC u AB,C}



nepecekatorcss B Toukax A m P. okaxkure, aro npsimas PH npoxoauT depes cepempmHy
cropounl BC.

Yupaxxkaenue 3. B ocrpoyroisaom Tpeyroiabanke ABC 6uccekTprca ocTporo yria MexK-
ny Beicotamu BBy u C'CY nepecekaer cropoubl AB nu AC' B Toukax P u () cOOTBECTBEHHO.

Hokaxkute, uro AP = AQ.

Yupaxkaenue 4. [Iycte H u O — opTOLEHTD U HEHTP OIICAHHONI OKPY?KHOCTH TPEYTOJIb-
nuka ABC'. Hokaxkute, aro jayuan AO u AH cuMMeTpudHbl OTHOCHTETHBHO OMCCEKTPUCHI
yriaa A.

1. B octpoyrosbrom Tpeyronbanke ABC nposenena Beicota BL, H — oprouentp ABC.
Ha ormcannoit okpyzkuoctu Tpeyrosibanka A BC BeiOpana Touka K Takast, ato AK 1 KH.
OxkazaJjioch, uto npsamast AB genut orpe3ok K H nonosiam. Jlokaxkure, uro HB = HL.

2. B octpoyrosibaom Tpeyrosbuuke ABC Touka O — IEHTp ONUCAHHON OKpyKHOCTH, [
— TIEHTpP BHOHCaHHOW OKpyxKHOCTU, H — optonentp, M — cepeauna BC'. Jlokaxkute, 910
upsambie AO u I M napaJjienbHbl TONIa U TOJBKO Toria, korma ZAITH = 90°.

3. B mpeyronbauke ABC ¢ AB # AC touka O — MHEHTD OINUCAHHOI OKPYKHOCTH W,
H — oprouentp. Ilpomomkenne meaunanbl AM nepecekaer w B Touke N. OKpyKHOCTB,
noctpoennas Ha AM Kak Ha nmamerpe, mmepecekaer w B Toukax A m P. Jlokaxkure, 9TO

upsimMbie AP, BC' u O H 1iepecekaroTcsi B OJJHOI TOUKe TOTJIa U TOJBKO Torja, korga AH =
HN.

4. Touky X Ha onmcanHoii OKpyKHOCTH TpeyroyibHnka ABC oTpasnin OTHOCHUTEIHHO Ce-
peaun ctopon BC, CA u AB n nonyunin toukn P, () u R coorBercTBenno. /lokarkure,
YTO ONUCAHHAST OKPYZKHOCTb TpeyroJibHuKa P() R NpoxouT Yepe3 OpTOIEeHTDP TPEyTroJIbHI-

ka ABC.

5. Ilycts P — TouKa Ha onmcaHHOil oKpy»KHOCTH Tpeyrojbiuka ABC, H — ero opto-
meatp. Toukn Py, Pg, Po cummerpuuanbl Touke P orrocurenbno npsiMbix BC, CA n AB
cooTBecTBeHHO. /lokaxkure, uro H, Ps, Pp n Po jiexkat Ha 0JIHON TIPSMOil.

6. Ilycrs H — opronenTp ocTpoyrosibHoro Tpeyroibianka ABC, M — cepenuna BC'. Jly4
M H 1nepecekaeT OKPY’KHOCTb, OIUCAHHYIO 0K0JIo Tpeyrosibauka ABC, B Touke P. Yepes
TouKy H mpoBejieHa npsiMasi, mepecekatornias orpeskn AB nu AC' cooTBETCTBEHHO B TOUKAX
D n E rmakux, aro AD = AFE. Hokaxwure, uro toukn A, P, D u E jnexar Ha OJHOI
OKPY?KHOCTH.

7. B tpeyroisunke ABC BoiOpam Touky X. [Ipsimbie AX, BX n CX BropuvHo mepece-
KAIOTCs OIUCAHHYIO OKPY2KHOCTD I Tpeyronbanka ABC B Toukax A;, By u C} coorBecTBeH-
Ho. Toukn Ay, By u Cy cummerpudnnl ToukaMm Ap, By u C] OTHOCHUTEIBHO CepeuH CTOPOH
BC, CA nu AB coorBectBerno. Jlokakure, 9TO ONMCaHHAsT OKPY’KHOCTH TPEYrOJbHUKA
Ao ByCy ipoxouT uepes opToreHTp Tpeyroibanka ABC'.

32 IlpaBuiabHblii pa3Hoboii—16. 21 uroJis

1. Ha mocke 100 x 100 paccrasiennl uucia or 1 jgo 100, mo 100 pa3 xaxkpgoe. lokarkure,
YTO B KAKOW-TO CTPOKE MJIM KAKOM-TO CTOJIOIE CTOUT XOTsI Obl 10 pas3indHbIX THCe.



2. Jlanbl m pa3IuIHBIX HATYPAJIbHBIX YUCET, OJHO U3 KOTOPHIX paBHo 1. Jlokaxkure, 910
CYIIECTBYET HAOOD U3 He DoJiee 9eM m HATYPaIbHBIX TUCeJT TAKO, 9TO Bce CyMMbI, KOTOPBIE
MOXKHO COCTABUTDH U3 9JIEMEHTOB (BO3MOYKHO, OJIHOTO 9JIEMEHTA) 9TOr0 HAbOpa, Pas/IimiHbl,
U CpeJU 3TUX CYMM €CTb BCE 1 UCXOJIHBIX YUCEJI.

3. B mpeyroipuuke ABC' touka H — opromeHTp, Touka [ — IEHTp BINCAHHON OKPYZK-
HocTH, Touka ) — HeHTp onucaHHoit okpyzkHocTH. [Iycts K — Touka KacaHus BIICAHHO
okpyzkHOCTH co ctoponoit BC'. lokaxkutre, uro eciin [0 || BC, o AO || HK.

4. Ilyctb ABC' — ocTtpoyrosbHbIil TpeyroabHuk, B koropom ZBAC = 60° u AB >

> AC'. Ilycts I — nentp Buncanuoii okpyzkuocru, H — opronentp Tpeyroiabanka ABC'.
Hokazkure, uro 2/AHI = 3/ABC.

33 W3 ckojib yrogao 60JbIIOro 0ecCKoOHeYHOoe. 22 MI0JIsd

1. Ha croste texkut OeckoneuHas Kyda cimdek. IlepBbIM X0j10M OHA JIEJIUTCA Ha JIBE KYyu-
Ki. KaxkjpiM cjieiytonuM XoJIoM Bce KYUKH, Tjie 0oJjiee OJTHON CIIUYKH, JeJsITCd Ha JBe
MenbInne. JlokaxKnuTe, 9TO U3 HEKOTOPLIX KyJeK, BOSHUKABIINX Ha PA3HBIX XOJaX, MOXKHO
COCTaBUTh OECKOHEUHYIO IIEIMOYKY KydeK, CTPOro BJIOYKEHHBIX JIpYT B aApyra: Ki; D Ky D
DK, D .

Mpbicab. Ecimm MOXKHO TOCTPOUTH MENOUKY «BJIOKEHHBIX» CKOJIb YIOJHO OOJIBINUX MPHU-
MEpOB, TO MOYKHO TIOCTPOUTH U OJINH OECKOHEUHBIN TTPUMED.

2. /lokaxkure, 9TO eCcjIM BEPIIMHBI JII0OOr0 KOHEYHOro mnojarpada rpada Ha 6€CKOHEUIHOM
YUCcesI BepIIMH MOXKHO IOKpacuTh B 10 1BETOB NpaBUIbHBIM 00pPa30M, TO U BCE BEPIINHbI
MO>KHO TaK ITOKPaCHUTD.

3. U3 kiieruaroil mi10cKoCTU BbIPE3a/I HEKOTOPOe (BO3MOXKHO, DECKOHETHOE) KOJIMIECTBO
KJeToK. Jlokaxkure, 4TO ecju Jio0oi KOHEYHbIH yJ9acTOK IJIOCKOCTH U MOXKHO IOKPBITh
HeIePeceKaoMIMICs JJOMUHOIIKAMHU, TO 1 BCIO IJIOCKOCTh MOXKHO Pa30UTH Ha, HellepeceKa-
IOIecs JOMUHOIIIKHN.

4. Bepunnbl nosiHoro rpada K, 3anymepoBaHb! unciamu 1, 2, ..., n, a pédpa pacKpalleHbl
B JiBa 11BeTa. JlokaxkuTe, 9To IPHU JOCTATOYHO OOJILIIOM 1 HaliJIeTCs TOJIHBI OJIHOIBETHBII
nojirpad 6osiee yem wa 100 BepmmHax, KOJMYECTBO BEPIIMH Y KOTOPOTO OyJeT OoJiblie
MUHUMAJILHOT'O HOMepa €ro BePIINHbI.

34 3akJjo4dnTeJbHAd oJimMOnaaa. 23 MIOJIs

oswvie00

1. CrapaTe/bHbIil MaJIbInK Bacst permi nceie1oBaTh, Ha CKOJIbKO MEHsIeTCsl CyMMa, I p
quc/ia mpu ero ypeandennn Ha 2. C 3Toil 1meibio i Kaxkaoro u3 ducesi ot 1 10 1000 000 000
OH BBIIICAJT B TETPAJIOUKY 9TO U3MeHeHre (Hampumep, Jjist 9ucia 15 ol BBITHCAT 2, a Jiis
qucia 38 — orpuiaTe/ibHoe u3Menenne —7). Hemy paBHa cyMMa BCeX BBINMHCAHHBIX Baceit
qrces’?



2. Jlana pasrobGespennas tpanerus ABCD, AD || BC, AD > BC'. Touka E TakoBa,
yro BE | AD. Hokaxure, uro AE + BC > DFE.

3. Jlanbl noJioKuTeIbHbIE YUCIa a1 < Ay < ... < aig. OKazajochb, 4TO aj B HAThb
000 ; k

pas 6oJibllle cpejgHero apudMeTHIecKoro Bcex dmces. Kakoe HanmMeHbIllee 3HAUEHNEe MOYKET

npuHIMaTh k7

4. Kieruarnlii TpAMOYTOJIBHUK packpallieH B IaxMaTHOM ropsijike. HekoTopbie ero Kiet-
KN OTMeYeHbI KPECTUKOM, IIPUIeM BMeCTe C JTI000H OTMeUYeHHON KJIeTKOI OTMeYeHbl U Bce
KJIETKI TOI YKe CTPOKM, PACIoJIOXKEeHHbIe JieBee, a TaKyKe BCe KJIETKH B TOM Ke CTOJOIIE,
pacrosioxkennble Hizke. OKazaioch, 9TO CpeJ i OTMEUEHHBIX KJIETOK MTOPOBHY YE€pPHBIX 1 Oe-
Jbix. Jlokaxkute, 9To burypy, oopazoBaHHyI0 OTMEUEHHBIMI KJIETKAMK, MOYKHO Pa3pe3aThb
Ha MPAMOYTOJIbHUKM 1 X 2.

Bwieod

5. B crpane HECKOJIBKO IOPOJIOB, HEKOTOPbIE U3 KOTOPBIX COEIMHEHBI JOPOraMU C OJHO-
CTOPOHHHUM JIBUYKEHHEM TaK, 9TO M3 CTOJIHUIIbI MOXKHO JI00paThCs [0 JIH0OOr0 ropoja, He
HapyIas PABUJI JOPOKHOIO JBIZKEHUs (IIPHU 9TOM, BO3ZMOYKHO, TIPOE37Kasi depes3 JIpyrue
ropojia). HazoBem jiBa HECTOJIMIHBIX TOPOJIA OAUSKUMU, €CJIU JIO HUX HEJIb3sT J00PaThCs 13
CTOJIUIBI 110 HellepeceKarommMucst myTsiM. [IpesugenT npukasas cOeIMHUTL Karkjible JBa
OJIM3KUX ropojia IpsiMoil apuajmHueil. Okazaoch, YTO Telepb MeXKJy JIFOObIMHI JIBYMs
HECTOJIMIHBIMI TOPOJAMI MOYKHO J100pPAThCsI, OJIb3YSICh TOJIBKO OTKPBITHIMI aBUAJIITHI-
siMit. JoKazkuTe, 4TO TOrAa MexK/1y JIIOOBIMU JIBYMsI HECTOJIMUYHBIMU MOPOJAME €CTh IIPSIMast
ABUAJITHISI.

6. /Inaronasm dersipexyroibanka ABC D nepecekatorest B Touke O. Toukn X u Y cum-
MerpudHbl Touke O oTHOCHTEIbHO cepeaun ctopon BC u AD coorBercTBeHHO. V3BecTHO,
yro AB = BC = C'D. JlokaxKute, 9TO TOUKA [I€peCedeHNs CEPEINHHbBIX IePIeHINKYISPOB
K JMArOHAJIAM 9eThbIPEeXYTOJIbHUKA JIEYKUT Ha Hpsmoit XY .

7. B nocsieoBaTesibHOCTH HEJbIX YUCET a1, A9, ... HPOU3BEIEHUE (1dy OTPUIATENLHO, &
npu n > 2 Jis BBIYUCJEHUs a, cpean Beex nap (i,7), 1 < i < j < n, KoTOpble paHee
HEe BBIOMDAJINCH, BbIONpaeTcsa ojHa napa (7, ), A1 KOTOpPOil a; + a; MMeeT HAMMEHBIIYIO
abCOJIIOTHYIO BEJIMUNHY, U [OJAraeTCs a4y = a; + a;. Jokaxure, 110 a; = 0 IpH HEKOTOPOM
i

Locaesvisod

8. Ha jiocke manucanbl Tpu HOJOKHUTENLHBIX UnCIa. Paspemaercst creperh OHO U3 HUX
(ckazkem, z) u 3amenuThb Ha 1/(zz + zy), Tie x, y — JBa JApyrux 4ducia Ha jocke. MoxKHO
Jn u3 Habopa 2, 3, 6 nojayuuTh HAOOp uncen 2, 3, 47

35 Crmcok BOITPOCOB U M30paHHBIX 33/]a4 K TEOPEeTUIeCKOMY 3a-
qEeTy

1. KBajiparuatble BbIUEThI: Kpurepuii Ditaepa.

2. KsagpaTtnunble BbIYeTHI: «KOMOMHATOPHBIIN Y B3I,



3. Teopema Xosta: 1oKa3aTebLCTBO MO WHIYKITUN.

4. Teopema XoJ1a: JT0Ka3aTeIbCTBO Uepe3 uepeayIonuecs Ieln.

5. Teopema [lnepuepa (3a1aua 6.6.): j10Ka3aTEJILCTBO Yepe3 TeopeMy XOJLa.
6. Teopema Illnepuepa (3amada 6.6.): T0KA3aTEILCTBO Yepe3 yCPeTHEHIE.

7. nukaTopsl JIJIsl BIYUCICHUS CPEJIHEr0 apuMeTHIECKOro: TPUMEPHI.

8. Hepagsenctso Illypa.

9. HepagencrBo Komm-byngakosckoro-IlIBapiia.

10. Hepasercrea AM-GM nu AM-GM ¢ Becamu.

11. Hepasenctso ['€1b1epa.

12. TpancHepaBeHCTBO: JIBa J0Ka3aTeIbCTBA.

13. Tomorerust: ipuMepbl npuMeHenns (mpsiMast Ditiepa, npsimast Haresist, oKpyKHOCTb
JEBSITH TOUEK, JieMMa, Apxumea).

14. CpoiicTBa OpTOIEHTPA.

15. IlepnenukyasipHocTb IpsaMbix CuMcOHA JInaMeTPaIbHO TPOTUBOIOJIOKHBIX TOUEK.

16. Bepxmssa onenka uncia Pamcess R(n,n).

17. Huwkusis onenka ancia Pamvcest R(n,n).

18. Beckoneunas Bepcus Teopembl Pamces.

19. Jlemma Kénwnra.

20. BbiBoji n3 OeckonevuHoil Bepcun TeopeMbl Pamcess KOHETHOI.

2.3. Ha aByx napaJulesibHbIX HpsMbIX oTMedeHo 110 40 Touek. Ix pasdouBator Ha 40 map
TakK, 9TOObl OTPE3KHU, COCJMHSIONINE TOYKU B OJHON Iape, He IepPeceKauch Jpyr ¢ JApy-

rom. (B wacTHOCTH, KOHEI[ OJHOTO M3 OTPE3KOB HE MOYKET JIEKATH Ha JIDYTOM OTPE3Ke.)
JloKazKuTe, 9TO YUCIO CHOCOOOB 3TO CEIATh MEeHbIIe 3°.

4.1. B ocrpoyronbaom tpeyrosnbiauke ABC mposenennbt Boicotbl AAy u BBy. Ilpsvas
A1 By niepecekaer ornmcanuyo okpykHocTb §2 Tpeyrosibiuka ABC B Toukax P u (). Hoka-

xure, uro CP = CQ).

4.6. an npamoyronbhbeiii Tpeyroabank ABC, ZA = 90°, /B < ZC'. KacarenbHas
B Touke A K ommcaHHOll oKpykHOCTH w TpeyroybHuka ABC' nepecekaer npsimyio BC B
touke D, F — Touka, cuMmMerpudHasi Touke A orHocurennHo npsimoit BC, X — ocHoBanme
nepuerguKyasipa u3 A va BE, Y — cepeauna AX. Ilpamas BY BropmuHO mepecekaer w
B Touke /. JlokaxkuTe, 9T0 nipsiMasg B KacaeTcs ONMMCAHHON OKPYKHOCTH TPEyroJbHUKA

ADZ.

6.2". Jlokaxkure, 4To eciau B ABYJOJLHOM rpade CTelleHU BCeX BEPIINH B OJHON J10JIe
IIOIIAPHO PaBHBI, & TaKzKe CTEIeHN BCeX BEPIINH B JIPYTOil JloJIe TIOIapHO PaBHbI, TO B HEM
CyIIEeCTBYET IlapocovyeTaHne, ITOKPbIBAIOIEe MEHbIIYIO JI0JIIO.

7.2. JTokazkuTe, 4TO JjIst GeCKOHEUHO MHOrUX 1 ancyio n” + (n + 1)"*! cocrasnoe.



7.9. Haiiiure Bce HaTypasibHbIE YKCIa N, JIJI KOTOPBIX YUCJIO % . (24"+2 + 1) mpocroe.

7.13. Ilyctb @ > b > ¢ > d — HaTypaJbHBIe YHCIa, IpUIeM a’ — ac + ¢ = b% + bd + d?.
Hokazkure, aro uucjo ab + cd — cocraBHOe.

7.16. /lokazkure, 9TO JiJIsl JIIOOBIX HATYpPaJIbHbBIX UNCEJ " U S B IIOCJIe0BATE/IbHOCTH 12" +
53" HECKOHEUYHO MHOI'O COCTABHBIX YHCE].

7.18. JlokaxkuTe, 9TO CpeIy 9uCes] BUIA (n!)2 —n! + 1 6eCKOHEYHO MHOI'O COCTABHBIX.

9.1. Bo Brnucannom dernipéxyrosbiauke ABCD nposejennl ouccekrpuck! yrios ACB,
ADB, CBD u CAD. Oun mepecekaioT CTOPOHBI YeTHIPEXYTOIbHIKA B ToUKax X, Y, Z u
T'. Jokaxkute, uro Toukn X, Y, Z n 1" nexkar Ha 0JHON OKPYKHOCTH.

9.6. BE u C'F — BbIcOoTBI ocTpoyroibHOro Tpeyronbanka ABC. [IBe OKpy:KHOCTH, IIPO-
xongiue depe3 A u F', kacatorces npsimoit BC' B Toukax P u @), npuuém B JIeXKuT MexK iy
C n Q. Hokaxkute, uro npsmble PE n (QF nepecekaloTcss Ha OIMCAHHON OKPYKHOCTHU
tpeyroabanka AEF.

11.5. [eiicTBuTenabubie yucia a, b, ¢, d, 1o MOyJr0 O0JIbIINE eJINHUIbI, VIOBIETBOPSIOT
COOTHOIIIEHIIO
abc + abd + acd + bcd +a+ b+ c+d = 0.

Jlokakure, 9TO

L + L + L + ! >0
a—1 b—1 c—1 d-—1 '

13.5. B crajie dbepmepa HECKOJBKO OBEYEK U HECKOJIbKO OapaHoB. Kaxkjoii oBeuke Hpa-
BUTCsI OJIMH MJIK JiBa OapaHa. UToObI n30exKaTh CIIOPOB MEXKJIY OBeYKaMu, (bepMep PeImi
BBI'HATH HECKOJILKO OBEYEK U HECKOJIbKO DapaHOB TakK, YTOObI KarKJIOM 13 OCTABIINXCS OBe-
YeK HpaBUJICsl POBHO OJWH U3 OCTaBIINXCs OapaHoB. JloKaKuTe, 9T0 OH MOXKET CJieJIaTh 9TO
TaK, 9TOObI ¥ HEro ocTajach XOTsI ObI 1IOJIOBUHA cTaja. Pewenue wepes ycpednerue.

14.2. TlosoxkuTenbHble AefCTBUTEIbHBIC YNCAa X, Y U 2 YIOBJIETBOPAIOT YCJIOBHUIO T + 1 +
z = 8. Jlokaxkure, 910

V2 +1+vVy?+4+vV22+9 > 10.

15.2b). Ecte marypasbhoe uncio x > 1. Kaxiyio cekymuy [lerst numier Bmecto Hero
aucsio y = z(p — 1) /p, tae p — Kakoi-HUOY b IPOCTOll JlesinTe b Yucia x. BepHo Jii, 910
cymecTByeT nekoropasd hpyaknud f: N — N Takas, 9To HaUaB ¢ 9ucIa X, OYIET COBEPIIEHO
He Oostee f(x) meficTBuii?

17.3. Jlyig nmooKuTeaIbHbIX a, b, ¢, d qoKayKuTe, ITo

a? b 2 d?
—+—+—+—>a+tb+tc+d
b c d a

Pewenusn wepes AM-GM ¢ secamu, KBIL, mpancrepasercmso.

18.4. J/lokaxkuTe, 4TO CyIIECTByeT OECKOHEYHO MHOI'O HATYpPaJbHBIX 1M U 71 TaKUX, UTO
YUCJIO

m+1 n+1
+
n m



1eJioe.

19.2. ®okycHUK C TOMOITHUKOM COOMPAIOTCS MMoKa3aTh Takoil (poKyc. 3puTe/ib MUIIET Ha
Jocke mocseaoBarebHocTh 13 N nudp. [omonmank pokycHKa 3aKpbIBaeT JBE COCETHUX
1@ pbl 9ePHBIM KPYKKOM. 3aTeM BXoauT hokycHIK. Ero 3amata — orragarh o0e 3aKpbIThie
nupbl (U TOPsIZIOK, B KOTOPOM OHU PAciioyiozxkenbl). [Ipu kakom Hanmvenbiiem N GOKYCHUK
MOZKET JIOTOBOPUTHCS € TIOMOIIHIUKOM TaK, 9TOOBI (DOKYC rapaHTUPOBAHHO yIasIcs !

20.1'. Kak m3BecTHO, KapakKaTUIbl yMeoT MeHsITh cBoil moJ. Ilyers d > 1. Heckosbko
KapakaTHi 00pasoBain 2¢71 pasimuHbIX COOOIIECTB, B KAZKI0€ U3 KOTOPBIX BOILII POBHO d
kapakaruil. Jlokaxkure, 4To 18 COOJIIOIEHNS COBPEMEHHBIX HOPM HEKOTOPBIE KAPaKaTUIIbI
MOI'YT CMEHHUTD I10JI TaK, 9TOObI B KaxKJ0M COODIIECTBE OBbLIN IIPeICTaBUTE/ N 000X II0JIOB.

20.2. Buccekrpucet AAy, CC} rtpeyrombauka ABC' nepecekatorcs B Touke I. Ay, Cy —
cepennnbl cropor BC', BA coorBercrBenno. [psmas AgCy nepecekaer npsimbie AA(, C'Ch
B Toukax A, Cy. Jlokaxkute, 410 OpTOLEHTD TpeyrojbauKa Aol Cy ytexkut Ha npsimoit AC.

21.5. OkpyxkH0CTh W Kacaercs cropon AB u AC' tpeyrosbaunka ABC. OkpyKHOCTD §2
kacaercst ctoponbl AC' n npojioszKenusi ¢cropoubl AB 3a TouKy B, a Tak:Ke KacaeTcs w B
Touke L, jexkameit Ha cropone BC'. Ilpsmast AL Bropudno mepecekaer w u {2 B TOUKax
K u M coorsercrBenno. Oxazanoch, uto KB || CM. lokaxure, ato Tpeyroiabauk LC'M
paBHOOE/IPEHHBIIA.

23.1. IlpoauM maxmaTHYIO JIOCKY BIIpaBO U BJIEBO Ha MUJIINOH KJeTOK. Kopo/b cTtouT
Ha cpejiHell KJeTKe HUKHell ropu3onTa . MoxkeT 1 OH 000MTH BCIO TOJIYYEHHYIO JOCKY,
HOOBIBAB Ha KayK/I0i KJIeTKe POBHO OJWH pa3? A ecyin JIOCKY IIPOJJINJIN BIPABO U BJIEBO JI0
OECKOHEUIHOCTH !

25.3. Kaxmgomy n3 100 myapenos Hajera Ha ToJIOBY muidna ojanoro m3 N mseros. [lo
CUIHAJIY CYJITaHa KayKJbI JOJZKeH OyleT HalmucaTh Ha OyMaykKke IBeT CBOeil 1isnbl. Bee
He yraJasiine BeT OyayT Ka3HeHbl.

a) Jlokaxkure, 9r0 KakiM Obl HU OBLT AJTOPUTM MYJIPEIOB, B KAKOH-TO 13 CUTYAINH BbIZKH-
Ber He 6osee [100/N| u3 Hux.

b) Jlokazkure, 910 My Iperbl MOTYT j10roBoputThest, uro [100/N] BeikuByT. Pewenus wepes
meopemy Xoanra u ompabomxy 2unomes.

26.4. IIyctb a > 2 — "HarypaJ/bHOe 4ncio. JJokaxKuTe, 4To CylecTByeT O6ECKOHETHO MHOIO
HaTypaJbHBIX 1 TaKNUX, 4TO @' — 1 jgenurces Ha n.

27.2. [ — neHTp BHHCAHHOI OKpyzkHOCTH Tpeyroibunka ABC, P — Touka BHYTpPH Tpe-
yrojbanka takas, aro /PBA+ /PCA = /PBC + ZPCB. Hokaxure, uro AP > Al.

.3. BreBmcanHas oKpyKHOCTb KaCaeTCsl CTOPOHBI B Touke A;. [Ipsmast BTO-
poil pa3 mepecekaeT BIMCAHHYIO OKPY:KHOCTH B Touke P, M — cepeauna croponbl BC.
Hoxkazkute, uro npsamas PM KacaeTcs BINCAHHON OKPYKHOCTH.

27.4. OnHa U3 BHEBINCAHHBIX OKpyzKHOCTel Tpeyrosbanka ABC kacaercss ctoponbl AB
u npojoskennit cropon C'A u C'B B Toukax C, By n A; cOOTBETCTBEHHO, JpyTas KacaeTcs
cropoubl AC' n nponoskennit cropon BA n BC' B Toukax By, Cy u Ay cOOTBETCTBEHHO.
[Ipstmbie A1 By n A9 By nepecekaiorest B Touke P, a npambie A;Ch 1 AoCy — B Touke ().
Hokazkure, aro npsimast P() nmpoxoant depes Bepimnny A.



28.3. Jlj1s1 OJIOXKUTENILHBIX @, b, ¢ TOKazKUTe, 9TO

a b c

+ +
Va2 +8be Vb2 +8ca v+ 8ab

29.5. JlokaxkuTe, 9YTO MOXKHO I€pEeCTaBUTh BCE HATYPaJIbHbIE YNCIA B PsJl TaK, YTOOBI

> 1.

CyMMa, JIIOOBIX 1 TIEPBBIX YnCes JleTnIach Ha n. Kaxioe natypaabHOe Y1C/I0 JIOJKHO MTPH-
CyTCTBOBATb, IIpUYeM POBHO OJIUH Pa3.

29.6. Top u Jloku urparor B urpy. OHu 1o odepejin BbINMUCHIBAIOT UMPHI B HOCIEI0BA-
TesbHOCTH. Top numer Jioboe umncsao 1mudp, Kakoe 3axoder, a JIokum — ToabKo oxny. Top
XOYeT, YTOOBI II0C/I€I0BATE/IbHOCTD IOJIyUMIach IepruoInieckoii, a JIOKH mbITaeTcs emy Io-
MeIaTh. KTo BeIMI'PHIBACT IIPU IPABUJIbHON Urpe?

30.4. Haitjiure Bce 1e/ble 9Uca, KOTOPble MOXKHO MPEJICTAaBUTh B BUJIE

m+1 n+1
+
n m

JIJIA HATYPAJIbHBIX 1M U M.

31.3. B rtpeyronbuuke ABC ¢ AB # AC touka O — 1EHTD ONNUCAHHOM OKPYKHOCTH W,
H — oprouentp. Ilpomomkenne megunanbr AM nepecekaer w B Touke N. OKpyKHOCTB,
nocrpoeHHast Ha AM kak Ha amamerpe, mepecekaeT w B Toukax A n P. [lokaxkure, 91O

upsmbie AP, BC' u OH nepecekaloTcst B 0JIHOI TOYKe TOrJa 1 TOJILKO TOra, Korga AH =
HN.



