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Ot aBTOpPOB

There’s no point in being grown-up
if you can’t be childish sometimes.

«Doctor Who»

Hoporoit gpyr! Bbl gepxkute B pyKax WM [IpOCMATpHBaeTe C dKpaHa Barero
30MOO0SIIIIKa OPOIITIOPY ¢ MaTepraaMu 3aHITHI «0OBITHOWY Tpynnbl 9 Kiracca Jlet-
Hell MHOTOIIPEIMETHOI TTKOJIb KupOBCKOiT 00/1acTH, MOPOKIEHHYIO IIPEIOIABATE IsI-
MU TPYIII Pa3HOil creneHn o0braHOCTH. HecKoIbKO 3aHATHI TOABUIINCH HA CBET KaK
COBMECTHO€E TBOPYECTBO C IIPEIOIABATEISIMHI I'PYIIIBI <IIPOPU».

Mpb1 BeIparkaeM HCKPEHIOI0 6JIaroapHOCThb KoJleeraM ¢ JIpyrux napasuiesei F. A.
Ncaaky u M. A. JIykuny 3a IPUSITHYIO COBMECTHYIO PAGOTY IO COCTABJIEHIIO MaTEMa~
Tuyeckux 00€s, unzkernepam M.II. Cemonuny u P. A. KpununuHy 3a TeXHUYECKYIO
MIOJI/IEPYKKY BCErO W, KOHEYHO, HAIUM IPEKPACHBIM JIETM:

A6ukapumoBy Bekcynrany, Bypsiky Koncrantuny, BacunbeBy Bnagucnasy, Bo-
ponuny Msany, [leperbsipoBy Hanuwmiy, Jlanuny Anrtony, Haropuipiny AJiek-
caugpy, IleperymoBy Ceprero, Ilerposoit Aune, PaymanoBy Mapieny, Pormaii
Anne, CasunoBy Anekcero, CadonoBy ['puropuio, HHypuny Outery.
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1. BcrynuresbHoe 3aHsATHE. 4 UIOJIS

Croxket. lHomranersiHuH Z KUBET B JBYMEPHOM MHUDE, TO eCTb Ha, mitockocTu. OJ1-
HAXKJIbl Z PEINNJI 103aroparh. Z XO4eT, YTOOb! KaK/asd TOYKa Ha I'PAHUIIE €r0 TeJIa
ObLJIa OCBEIIEHa JIyYaMU COJTHITA He MeHbIte 1 MunyThl. [Ipn aToM Z MoxkeT BepTeThCs
B IJIOCKOCTHU KaK YrOAHO (JIe7aeT OH 3T0 MOMEHTAJIHHO), & JIyUU CBETa NapaJslIe/IbHbI
u coHampanJieHbl ¢ ocbio OX. Touka MOBEPXHOCTH CUNTAETCSI OCBEIEHHOM, ec/ii Ha
Hee He TaJIaeT TeHb HU OT KaKO# JAPYyTroit TOUKM Tesa Z.

1. Kakoe MuHIMAaJIbHOE BPEMsI JOJKEH 3aropaTh Z, €CIH OH KBaIDATHBIN?

2. A ecnn Z TpeyrobHBII?

3. HoxaxkuTe, 9TO €CcaU Z — BBIIYKJIBIH MHOTOYTOJIBHUK, TO €My JOCTATOYHO JIBYX
MUHYT, YTOOBI 3ar0pPEeTh.

4. JlokaxkuTe, 9TO €CJii / — BBINYKJIbIF MHOTOYTOJILHUK, TO €My HY2KHO HE MeHee
1,5 MuHyT, 9TOOBI 3ar0OPETH.

5. Kakoe MunHnMaibHOE BpeMst TOIKEH 3aropaTh Z, €CJIn OH nMeeT (popMy CeKTopa
Kpyra C OCTPBIM yIJIOM?

6. Kakoe MuHIMAJIBHOE BPEMsI JOJIZKEH 3arOpaTh Z, €CJIU OH UMeeT (DOPMY CEKTOpa
KpyTa C TYIBIM yTJIOM?

7. HapucyiiTe 1ecTuyrojbHOr0 Z, KOTOPbI MOXKET 3arOpeTh, HO Ha, 3TO HABEPHSIKA,
norpebyercs bosiee 2 MUHYT.

8. Bepmo 1, uT0 /1060it MATHYTOMBHBIN Z CMOXKET 3arOpeTh, MPUYIEM IS ITOTO
JOCTaTOYHO 2 MUHYT?

2. BcrynuresgbHas ojiuMnuaga. 4 MO

1. Jluma Hammcas Ha JOCKe BBIPAXKEHUe

1x2%3%...%x2019,

e Kaykjasi 3Be3J0uka — Jnbo 3Hak “+7’, aubo 3Hak “—”. Ceperka MOKeT 3a OJ-

HO JIefiCTBHE BBIOpATH He KpailHee YHCJIO W IOMEHATH 00a 3HaKa PsOM C HUM Ha
[IPOTUBOIIOJIOXKHBIE (ILIIOC HA MUHYC, MUHYC Ha IJI0C). JIoKaXKuTe, 910 TAKUMU Olle-
pamusimu Ceperka MOYKeT TIOJIyYUTh BbIparkKeHne, 3HaUeHre KOTOPOro JIeJIUTCs Ha, 7.

2. lana okpyxHocTh 1 TouKa O Ha Heil. Bropast okpykHOCTB ¢ nieaTpoM O 1epe-
cekaer 1epByio B Toukax P u Q. Touka C j1iexKuT Ha 11€pBOil OKPYKHOCTH, & IIPSIMbIE
CP u C(@) Bropu4IHO TIEpECEKalOT BTOPYIO OKPYKHOCTE B Toukax A u B. Jlokaxkure,
aro AB = PQ.

3. Orpsax M9 nposomuT 3HakoMcTBO. Ha Hero sisunucek n gereit. Y Ilasaa Cepree-
BUYa OHU IIPOHYMEPOBAHBI B CIUCKE YucjaaMu OT 1 10 n. JleTn BBICTPOMINCH B KPyT
TaK, 9TO MEXKIY KayKIbIMU ABYMs J€THBMH C IIOCTEI0BATEIHHBIMA HOMEPAME CTOUT
o/lHO m TO Ke uymucyo aApyrux pebsar. Cocenkamu 2Kenu okazamcs Ans u Ogist. Y
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Ann B ciiucke nomep 11, y 2Kenn — momep 4, y O — womep 17. CroyibKO jiereit
MIPUTILIO HA 3HAKOMCTBO !

4. lan xieryaTsrit KBagpat 131 X 131, u3 KoTOpOro BbIpe3aHa OJIHA yIJIOBas KJIET-
Ka. YeTHO M/ HEYETHO KOJUIECTBO CIIOCOOOB PA30UTH ITOT KBAJIPAT HA YTOJKHA U3
TpexX KJIETOK?!

5. Ha nocke BbIIMCAHBI YUCHA T1, T2, ..., £100, TAKHE 9TO T1 = 1/2 u 1yist a:060ro
n ot 1 10 99 BBIIOTHAETCS PABEHCTBO

Tpt1 =1 —2122. .. 2.

Hoxkazkute, 910 1009 > 0,99.

6. Hano 30 pa3umvHbIX TPEX3HAYHBIX dncesl. JloKaxKuTe, YTO U3 HUX MOXKHO BbI-
6paTh HECKOJIHKO W PA30UTh HA JBA PABHBIX U IO KOJUYIECTBY, U IO CYMME MHOXKE-
CTBa.

3. Mmuorousienn! 1. Teopema bezy. 5 utonas

Onpepnesnenue. Paszdesums muorousen P(x) Ha HeHy/eBoI MHOTOWIEH () € ocTaT-
KOM — 9TO 3HAYUT HailTu Takue MHorowreHol H(x) (nenoanoe wacmmoe) u R(x)
(ocmamox ), aro Beinosaeno pasernctso P(x) = Q(x)-H (z)+R(x), npudem deg R(x) <
< degQ(z) mmm R(z) = 0.
Teopema Besy. Ocrarok or gesenust Mmuorowiena P(x) Ha ABy4IeH & — a paBeH

P(a), re. P(z) = (z — a)Q(z) + P(a), npurom deg Q(x) = deg P(x) — 1.

1. (a) Muorouren P(x) penurcs Ha (T —a) TOra U TOJILKO Toraa, korga P(a) = 0.
(b) Hokaxkure, 9TO IMCJIO KOPHEH MHOTOUIEHA HE IIPEBOCXOUT €rO CTENCHH.
(c) Hokaxure, 9T0 €ciiu 3HAIECHUS IBYX MHOTOHYICHOB, CTEIEHD KAXKJOTO M3 KOTO-
PBIX He IPEBOCXOIUT 7, COBIAIAIOT B 1+ 1 PA3IMIHBIX TOUKAX, TO 9TH MHOTOWIEHBI
PaBHBIL.
(d) Ecim muorounen P(z) nemures Ha Q(x), TO KOpHE MHOTOUIeHA (Q(2) ABIAIOTCSA
KOpHSIMM MHOrowieHa P(x).

2. Ilpu xakux a u b muorounen P(z) = (a+b)x® +abx?® + 1 nequres na v — 3z +27

3. Ilycrs P(x) — mMHOrouseH takoit, uro P(x) = P(x 4+ 1). Jokaxure, aro P(x) —
KOHCTAHTA.

4. Muorowren P(z) naer ocraTox 2 npu Jejiennn Ha £ — 1 1 ocTaToK 1 1pu JejieHun
Ha x — 2. Kakoit ocratok maer P(z) npu nesennn Ha MHOrowieH (z — 1)(z — 2)?

5. Haitmure Bce mesble , Ipu KOTOPHIX uuciao x4 + 323 + 222 + 32 — 1 nenurca na
2
2+ 1.
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6. /loxaxxkure, 9TO

—~

x—a)(zr—>b)(x—c) n (x —a)(x —b)(z —d)
@—a)d—bd—0 " c—ac—blc—d
(x—a)(x—c)(x—d) (zx—b)(x—c)(r—d)

b-ab-—0b-d @ ha-oda-d =

_|_

7. IIpo muorounen P(x) crenenu 10 ¢ geiicrBuresnbabiMu KoabduUImeHTaMu U3~
BectHo, uro P(1) = P(-1),...,P(5) = P(=5). Jokaxure, uro P(z) = P(—z) mis
JII000T0 .

8. Haiimure Bce MmuOrounensr P (), yOBIETBOPSIONINE TOXKIECTBY
xP(x —1) = (x — 20) P(z).

9. Jlokarkure, 94TO NPU HEYETHOM M Bbipaxkenue (x + y + 2)™ — ™ — ¢y™ — 2™

JleJINTC Ha (x +y+ z)3 — 23— y3 — 2.

4. Touku m BbIMyKJiag 000JIOUYKA. 5 MIOJIA

Onpenenenune. MuoxkecTBo Touek X Ha IJIOCKOCTH HA3BIBAETCS GLINYKABIM, €CIIT
Juist Jir00bIX Touek A, B € X Bce Touku orpeska AB Toxe npunajyiexar X . [Ipumve-
PBI BBIIIYKJIBIX MHOKECTB: TOYKA, OTPE30K, JIyd, ITOJIYILIOCKOCTD, KPYT, BHY TPEHHOCTH
TPEYTOJILHUKA.

1. Jokaxkwure, uro ecau Tpu Touku A, B, C, He JjiexKaiue Ha OJHON MpsAMOii, mpu-
HaJIJIEXKAT BBIMYKJIOMY MHOXKECTBY X, TO U BCe TOUKU BHYTpHU Tpeyroiabuuka ABC
npuHaIe)RarT X.

2. Beerya s siBiisteTcst BHITYKIBIM (a) oObenuuenne; (b) nepecedenne JByX Bbl-
IYKJIBIX MHOXKECTB?

Onpenenenune. Bunyk.iot 060a0ukol MHOKeCTBa X HA3BIBACTCS IEPECEUICHIE BCEX
BBIIYKJIBIX MHOXKECTB, COozepKarmmx X .

3. (a) Yem sBiasercs BbloyKJas 0O0J0YKA MHOMXKECTBA, COCTOSIIErO U3 JBYX pas-
smmabix Touek? (b) A usz tpex?

4. JTano MHOXKeCTBO TO4YeK A1, ..., Ay, Apt1. Ilyers G — BoinyKitast 0607109Ka MHO-
kecrBa To9eK Aj, ..., A,. llycre H — durypa, apisiomasicss 00beUHEHUEM BCEX
OTPE3KOB, coeMHAOMUX A, 11 co Bcemu Toukamu G.

(a) Hdokaxkure, uro H — Bbinykiiast ¢urypa.
(b) Hokaxkure, uro H — BblyKJjasg 060I0UKa MHOKECTBA BCEX TOYEK.
(c) Hokaxkure, uro H — MHOTOYTOJIbHUK.

Teopema. Brimykiiast 06071019Ka KOHETHOTO MHOYKECTBA TOYEK sIBJIAETCSI TOYKOI, OT-
PEe3KOM JInHO BBILYKJIBIM MHOTOYTOJIbHUKOM.
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5. Jlokaxkure, 9TO JI100bIe 4 TOYKM IJIOCKOCTH MOXKHO pPa30UTL Ha JIBE TPYIIIHI
(Heobsa3aTeIbHO 110 2 TOYKU B IPYIIE) TaK, YTO BBILYKJIbIE 000JOYKH ITUX TIPYIII
[I€PECEeKAIOTCH.

6. Hokarkure, 9TO cpean JIIOOBIX 5 TOUYEK, HUKAKHE 3 M3 KOTOPBIX HE JIEXKAT HA
OJTHOM TIPSIMOIl, MOYKHO BBIOPATH 4, SIBJISIOIIMECS BEPIIMHAMHU BBITYKJIOTO YeThIPEX-
YIOJIbHUKA.

7. Ha miockocTu JaHbl 1 TOYEK, IpUIeM JEo0ble 4 W3 HUX SBJISIIOTCST BEPITHHAMEI
BBIIIYKJIOTO YEeThIPpEeXyroyibHuKa. JIoKa)KuTe, 9TO0 BCE TOUKU SIBJISIOTCS BEPITUHAMU
BBIIIYKJIOT'O 73-yTOJIbHUKA.

8. Ha miockocru PacCIIoIOZKEHbI HECKOJIBKO ITPaBUJIBHBIX 71-YT'OJIbBHUKOB. ,ZLOKa)KI/I-
T€, 9TO BBIIIYKJIasd 000J1049Ka, UX BEpHINH nMeeT He MeHee 1 YIJIOB.

9. Ha miockocTr 0oTMedeHO KOHETHOE KOJTMIECTBO TOUEK, He BCE Ha OJTHON IMTPSIMOI.
B kaxk10#t TOUKe 3aIMCAHO YUCJIO, IPUYEM CYMMa, 9HCe/ BO BCEX TOUKAX, JIEYKAIIX
Ha omHOI npsmoii, pasua (. lokaxkure, uTo Bce yncia pasBHbl ().

10. Ha rrockocTu Jano 22 TOYKHA, IPUYEM HUKAKUEe TPU U3 HUX HE JIeYKAT Ha OJTHON
npsiMoit. JlokaxkuTe, ITO X MOYKHO pa30oUTh Ha Mapbl TaK, YTOOBI OTPE3KU, 33/ IAHHbBIE
IIapaMmu, IlepeceKaJiiuch 110 KpaifHeit Mepe B IIATA PA3JIMYHbIX TOYKaX.

5. Jlekcukorpadmniyecknii mopsaaoK. 6 MroJIs

Onpepnesienue. PaccMoTpuM jiBe CTPOKH U3 n HATYpaJIbHBIX unces: A = (ai,. .., ay,)

u B = (by,...,b,). Bynem rosopurs, uro A masicopupyem B (u nucarb A = B),

ecqi 71 HeKOTOoporo HoMmepa 1 < ¢ < n BBIONHEHO a; > b; mw a; = b; ama j < i.

OTHoleHne «MarKOpUpyeT» 3aJaéT Ha MHOXKECTBE Aekcuxozpapuueckuti nopadox.
1. Jdokaxkure, ITO

(a) ecrtu A= B, B> C, 10 A >~ C;

(b) crporo ybpiBaoriasi 0C/I€I0BATEILHOCT CTPOK JJIMHBL 1L BCEA KOHETHA;

(c) B KAXKJIOM HEIlyCTOM MHOYKECTBE CTPOK JJIUHBI 7 €CTh HAMMEHBIIUH JIEMEHT;

(d) AHAJOrMYHO MOYKHO OIPEIENINTH NOPSJIOK HA MHOXKECTBE GECKOHEYHBIX BIPABO

CTPOK HATYDAJBHBIX 4mces. BepHbl iu i mero nyHKTH (a), (b), (¢)?

2. B crpane N cymecTByIOT n pasjmIHbIX HOMUHAJIOB MOHET. B 3TOM romy BBI-
I1eJl 3aKOH, COIVIACHO KOTOPOMY KaXK/Iblil ?KUTEeJIb CTPaHbl II0JIy4YaeT eKeMeCAdHYIO
3apIIaTy MOHETaMU MEHBIIIero HOMHHAJA, YeM Te, KOTOPBIMHU OH IJIaTHJI HaJIOT B
npeaplayIneM Mecdre. JlJokaknuTe, 9T0 paHO WM MO3/IHO HAPO, PA30PHUTCS.

3. B komome qacth KapT jexkuT pybarikoit Bun3. Pa3 B munyTy [leTs BerHuMaeT u3
KOJIOZIBI TIAYKY W3 OJHON MJIM HECKOJBKUX MOAPSIT UIYIINX KAPT, B KOTOPOW BepXHsIs
U HUXKHSS KapThl JieXKaT PyOAalllKoil BHHU3, II€pEBOPAYMBAET BCIO IIAYKY KaK OJIHO
I[eJI0e U BCTABJISIET €€ B TO YK€ MECTO KOJIOJbI (€CIIH «IIadKa» COCTOUT JIUIIb U3 O/IHO
KapThl, TO TpebyeTcs TOJIBKO, 9To0bl OHA Jiexkasa pybaikoii Buu3). [JokaxKure, 4ro
B KOHIIE KOHIIOB BCEe KapThI JISITYT PyOaIlKoil BBepX, Kak Obl HU jielicTBoBas [lerst.
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4. Jlana 10CJI€/10BaTeJbHOCTh N3 OECKOHEYHOI'0 YHCJIa HyJlell M KOHEYHOI'O “ucia
enuunn. Ecyim mafinerca rpynma Buga 01, To ee MOXKHO 3aMEHHTH Ha TDYIIy BU-
ma 10...0 c Tpou3BOIBHBIM 4YnCJIOM Hyseil. /lokakuTe, 9TO MOXKHO CeJIaTh JIUIIb
KOHEYHOe YHCJIO TaKUX 3aMeH.

5. JIBoe UrpaioT B CJIELYIOILYIO Urpy. ECTh HOC/IeI0BATEIBHOCTD U3 1 KPECTUKOB U
HOJIMKOB. 3a OJIMH XOJ[ pa3pemaercs B3aTh aooee k (k= 1,...,n) moaps uaymmx
3HaKa TAKUX, YTO 3Ta IIOCIEI0BATEILHOCTh HAUNHACTCA C KPECTUKA, & BCE OCTAIbHBIE
3HAKU B HEll — HOJUKU (JIOIYCKAETCS TIOCIEI0BATEIbHOCTD U3 OJHOIO KPECTUKA), U
MHBEPTUPOBATH €6 (3aMEeHUTh KPECTHK Ha HOJWK M HOJIMKU Ha Kpectukn). IIpowr-
PBIBAET TOT, KTO HE MOXKET CAETATh X0J. KTO BRIMTPBIBAET NIPU MPABUIILHOI urpe (B
3aBUCAMOCTHU OT HAYAJILHON mo3unuu)?

6. Ilycts P(x) m Q(x) — ABa MHOrOWIEHa € HATYPAJbHBIMU KO3(DOUIMEHTAMU.
Byaem rosoputh, uro P acumurorudecku Mesbiie @, ecian P(x) < Q(x) s Beex
nocrarouno 6osbimux x. CyimecTByer i OECKOHEUYHAs MOCJIEI0BATETBHOCTD MHO-
roaeHoB Py, P, ..., B KOTOPO#l KaXXJbIil CJIEAYIOMINI ACHMITOTUYIECKNA MEHbIITe

[IPEIBIIYIIero?

6. Kowmmiaekcabie uyncsa. 6 urosig

Onpenenenune. Koumnaexchvim wuciom z Ha3bIBAETCS IUCJIO BUAa 2 = a + bi, e
a u b — BeIeCTBEHHBIE UHCIA, 2 12 = —1. [Ipu 5TOM @ Ha3BIBAETCS 6EULELCMBENHOT
yacmovro yucaa z 1 obozHatdaeTcs depe3 Re z, b — mHumol vacmvio wucaa z u 060-
3nagaercd depe3 Im z. /IBa KOMIUIEKCHBIX YHCJIa z1 U 2o PaBHBI, ecau Rez; = Re 2y
u Im 2z = Im 25.

Onpenenenue. [lis qucia z = a + bi CONpsi2KEHHBIM HA3BIBAETCS IUCIIO Z = a — bi.

1°Z = z; 2° Z + 2z, Zz — BeIeCTBEHHDIE YUCTIA;
3° 21 + 29 = Z1 + Zo; 4° 21 — 29 = Z1 — Zo;
5° Z12y = Z1Z2; 6° 2z =72Z",

z
= (D=L v (@)-2

1. Yupocrute Boipazkenue (a) i2019; (b) %.

2. Pemmre ypasuenus: (a) x> +4x+5 = 0; (b)z? — (3+2i)z+6i = 0;(c)2®> -1 =0

3. JokaxKure, 9T0 €CIU z — KOMILJIEKCHBIH KOpeHb MHOrowIieHa P(z) ¢ BelecTBeH-
HBIMA K09 DUIEHTAME, TO Z — TAKKE KOPEHb 9TOTO MHOTOJICHA.

4. CocraBbTe MHOTOUJIEH HAMMEHbIIEN CTElleHN C BelecTBeHHbIME KoddbduneHTa-
MU, uMeromuiit Kopau 1 + 2¢ u 4.

5. 306pasure Ha KOMILJIEKCHON IIJIOCKOCTHU CJIEIYIOIE MHOYKECTBA:

. 2 . 1 1

(a) Rez < 2; (b) Im (2?) < 1; (c¢) Im 2 < —1.

Ounpenesnenune. Modyaem |z| yucna z HA3bIBAETCS JJIMHA BEKTOPA OE, a apeymen-
MOM arg z Yucja z — OPUEHTUPOBAHHBINA yIOJI MEXKIy IOJIOXKUTEIbHBIM HAIPaBJie-
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HHEM OCHu a,6CHHCC 1 BEKTOPOM OZ ,Z[J'IH HCHYJIECBBIX KOMIIJIEKCHBIX YHUCEJI MO2KHO

canTarhb, 4ro argz € [0,2n). dyst yucia z = 0 apryMeHT He OIIPEJIeJIEH.

6. I1306pasuTe Ha KOMILICKCHOI mtockocTn wncia 1, 4, 1+ 4w & — z@ Haitnure

2
X MOAY/JIN U apTyMEHTDBI.

7. Hokaxkure, ITO

(a) 2| = Vzz; (b) |21 — 22| — paccrosiHre MexKTy TOUKAME 21 U 22;
() |21 + 22| < |2a| + |z2f; (d) |z122] = [21]]22].

_ lal.
() 12| ==p

8. JokaxxkuTte, 9TO JUI TPOU3BOJBHBIX KOMILJIEKCHBIX YHUCE 21 U Z9 BBITIOJTHSIETCS
PaBEeHCTBO:

ot al + o 2l =2 (Jaf +]aal?).
Kakoii reomeTpryecKkuili ¢CMbICJI OHO UMeeT?!
9. 1300pa3ure Ha KOMIIJIEKCHOH IJIOCKOCTH CJIe/IyTOTIIe MHOKECTBA!
(@) |z —il < 1; (b) 1< |z~ 1+2i[ <3 () 52 = 1: () iz — 1 > |z — 1]; (e)
|m —argz| < G (f) |arg(z —4)| < §.
10. Haityure min |3 4 20 — z| upm |2| < 1.

11. IIpo koMIUIeKCHBIE YncJa &, Yy U z U3BecTHO, 4To |z| = |y| = |2| = 1. Kakue
3HAYEHUs] MOYXKET IMPUHUMAThH BhIpaKeHUe %?

12. V upuBeJeHHOI0 MHOIOYWIEHA YeTBepTOoil crenenn P () ¢ BelecTBeHHBIMU KO-
apdurmenTaMu ecTh 4 KOPHsI, HO OHU He SBJIAIOTCS BEIECTBEHHBIMU UncaMu. 11po-
U3BEJICHUE JIBYX U3 KOopHe#l paBHO 13+ 4, cymMa aByX apyrux pasHa 3+ 4¢. Haiimure

k03P DUIMEHT MHOTOUJIEHA [IPU X°.

7. C mneapivMu kodddunmentTamu. 7 UIOJIs

1. Hycrs P(x) — MHOrOwWIeH ¢ neibiMu Koadhdurpentamu, ¢ 1 b — 1esble ducia.
Hoxkazkute, 4T0:
(a) P(a) — P(b) neqwurcst Ha a — b;
(b) P(a) = P(a+b) (mod b).
2. P(x) — mHOrouieH ¢ neasiMu koaddurpentamu. Ussectro, uro P(2) u P(3)
kpartHbl 6. Tokaxkure, uro P(5) kpaTHO 6.

3. Haun muorounen P(z) ¢ neabivu koaddurnmenramu. Ussecrno, aro P(1) = 2019,
P(2019) = 1, P(k) = k, tue k — mekoropoe niesoe uucso. Haiinure k.

4. Y muorounenos P(z) u Q(x) — omuH u ToT Ke HaOOD 1ENbIX K0ADbUImeHToB
(nx mopsiiok pasimdeH). Jokaxkunre, 9o pasnocts P(2019) — Q(2019) kparma 1009.

5. Ha rpaduke MHOrOUIeHA C TIEABIMUA KO MDUITHMEHTAMA OTMEYEHBI 1B TOUKU C

OeJIBIMI KOOpAWHaTaMM. ,ZLOK&}KI/ITG, YTO €CJIM pPpacCCTOodAHHE MeEXKIAYy HHUMHU — IeJIoe
qucJIo, TO COG,ILHHHIOH.IHVI X OTPE30K INapaJljieJIeH OCU a6CLII/ICC.
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6. okaxkure, 9T0 mjist Jioboro muorodwiena P(x) ¢ nensimu koadbdunuentamu u
JIF0GOr0 HATYPAJIBHOIO K CYIECTBYeT Takoe HaTypasbHoe n, uro P(1)+ P(2) + ...+
+ P(n) menurca na k.

7. lokaxkure, 94TO J1Jis JH060I0 HENOCTOSIHHOrO MHOrowiena P(x) Haiizercs takoe
HATYpaJIbHOE Yucio 1, 9ro P(n) — cocraBHOE 9uCiIO.

8. B pasencrse x° + 2z 4+ 3 = pF uucna x u k — Harypassabie. MoxeT Ju 4ncyo
P OBITH IPOCTHIM?

9. okarxure, 9TO HE CyIIECTBYeT MHOIOYJIEHA CTEIIEHN HE HIXKE JBYX C IEJIBIMU
HEOTPUIATETHBIMEU KO3 duimenTaMu, 3Ha9eHne KOTOPOro MPHU JIIOOOM MIPOCTOM P
SABJISETCS TIPOCTBIM YHCJIOM.

8. IloBopoTHas romoTreTusi. 7 UIOJIs

Omnpenenenne. [losopomnoti 2omomemuedl ¢ TieHTpoM B Touke O, K0d(dDuImeH-
TOM k ¥ OPHEHTHPOBAHHBIM yTJIOM (v HA3bIBAETCH IIPeoOpa30BaHUE ILJIOCKOCTH, ITe-
pesozgiiee JoOyo TOUKy Iiockoctu X B Takyto Touky X', uro kOX = OX' u
/XOX' = a, re. HY* = R o HYy = HE o R,

ITpumep. /lan xsagpar ABCD c nenrpom O. Touka K — cepeauna oTpeska
AB. TTocrpoiiTe X0Tsi ObI OJUH IIEHTP IIOBOPOTHON I'OMOTETHH, IEPEBOIAIIEN OTPE30K
BK B AO.

1. (a) Ipsivbie AB u Ay By nepecekatorcs: B Touke P (toukn A, B, Ay, By, P pas-
Jmunbl). JIoKayKuTe, 9T0 CyIIeCTBYyeT eINHCTBEHHAs [IOBOPOTHAS I'OMOTETHS, Iepe-
Bosmas ToUKy A B Ay, a B B By, Ipu 3TOM IEHTPOM 3TOI TOBOPOTHOH TOMOTETHH
SIBJISIETCsI TOYKa IIepecevYeHmsl ONMCAHHBIX OKPYKHOCTedl TpeyrosibHukoB AA; P u

BB, P.

(b) Jokazkutre, 9T0 IEHTDP IOBOPOTHOI roMoTeTHH, IIepeBoIsdIieil oTpe3ok AB B
oTpe3ok Ay Bi, cOBIIaIaeT ¢ IMeHTPOM MOBOPOTHON MOMOTETHH, TEPEBOLAIIEH OTPE30K
AA, B orpesok BB;.

2. Ksanparet ABCD u AXY Z onunakoBo opueHTHpOBaHbI. JloKaxKuTte, 94T0 TIpsi-
mble BX, C'Y u DZ nepecekatorcsi B OJHOU TOYKE.

3. Jlaubl geThIpe mpsiMbIE a, b, ¢, d, TpuYeM HUKAKue JIBe M3 HUX He [apaJlIejbHbIL.
Paccmorpum TpeyrospHuKM, KOTOpBIE 00pa3yoT TPOHKN npsaMbix abe, abd, acd, bed.
JlokaskuTe, 9TO OIMUCAHHBIE OKPY?KHOCTH ITUX TPEYTOJBHUKOB IIPOXOJIST U€Pe3 OTHY
TouKy (mouka Mukeas).

4. Croponst AB u C'D gersipexyrosnbanka ABC D nepecekatorcs B Touke E. Tou-
ka M — cepemuna AB, N — cepemuna C'D. Jlokaxkure, 9TO MEHTPHI OMUCAHHBIX
okpyzxkHOcTeil Tpeyrosibaukos BCE, ADE u M N E jiexkar Ha OJHOM IPSIMOIA.

5. Cepenunbl cropon BC u B Ch upasuibnbix Tpeyronbankos ABC u A1 B1Cy
coBIaJAOT (BepIIUHBI 000MX TPEYrOJIbHUKOB [EPEYUCIEHbl [0 YaCOBON CTPEJIKE).
Haiture Besmaunny yria mexay npsimbivu AA; u BBy, a Tak»Ke OTHOIICHHUE JIJTAH
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orpeskoB AA, u BB;.

6. B npsimoyrosibaom Tpeyrosbauke ABC ¢ runorenysoit AC nposejieHa BbICOTA
BH. B rpeyrossuuku ABH u C BH Brumcanbl oKpy2KHOCTH, Kacatommecss AB u BC
B Toukax X u Y. Hokaxure, uro ZXHY = 90.

7. Ha quaronanu B D Brnucanaoro derbipéxyroyibauka A BC D BbeiOpaHa Takas TOY-
ka K, uro ZAKB = ZADC. Tlycts I u I’ — UeHTpBI BIUCAHHBIX OKPYXKHOCTEH
tpeyronsaukos ACD nu ABK coorserctierno. Orpesku I1' m BD nepecekaiorcst B
touke X. JTokaxkure, uro Touku A, X, I, D jiexkar Ha OIHOW OKPYXKHOCTH.

8. JIBe okpyKHOCTH IIepeceKaioTcs B Toukax A u B, a xopast AM u AN xacarorcst
atux okpyzkuocreil. Tpeyrompuuk M AN nocrpoen no mapasienorpamya MANC.
IIycte P — cepenuna orpeska BN, a (Q — cepeauna orpeska M C. Jlokaxkure, 94T0
LAPQ = ZANC.

9. Oprpadbi—1. 9 uroasa

Omnpenenenne. Opuenmuposanmnuill 2pagh — Tpad, Kaxkigoe pedbpo KOTOPOro siB-
JITeTCS CTPEJIKOM OT OfHON BepmimHbl pedbpa K apyroit. IlyTts B opumenTHpOBaHHOM
rpade — Takasi [10CJIeI0BATEIbHOCTD BEPIIUH, 9TO B KaXKIyI0 CJIeIYIONLyI0 BEPIIUHY
BEJIET CTPEJIKA M3 TPE b IIE.

Omnpepnenenne. Iloaycmenenvio ucroda d* (v) BepIMHBI v HA3BIBAETCHA UUCIIO Pé-
6ep, BBIXOAMAINUX U3 BepUIUHBL v. [Toaycmenenvio saxoda d~ (v) BepIIMHBL U HA3BIBA-
€TCsl 9uCJIO pEOep, BXOSIINX B BEPIIUHY 0.

1. B opuentuposanuom rpade 101 Beprmaa. Hekoropble n3 BepmmH CO€IUHEHBI
otHuM pebpoM. Y KasKJI0#t BepIuHbl, KpoMme Bepiutbl w, d+(v) = 20 u d~ (v) = 21.
JlokaxkuTe, 9TO B BEPIIUHY W HE CyIIECTBYeT IIyTH HU U3 KAKOW BEPIIUHBI.

2. B opuentupoanmoM rpade s JTIOOBIX ABYX BEPIIMH U W U CYIIECTBYET JIMOO

nyTh U3 U B v, JubO ImyThb U3 v B u. JloKaxKuTe, ITO CYIIECTBYET IIyTh, KOTOPBIi
IIPOXOJUT Yepe3 BCe BEPIIUHBI I'pada.

3. B opuentuposanuom rpade 101 Beprmuaa. 13 110001 BEPITHHBI BBIXOIUT POBHO
40 pébep, u B 00yI0 BepiuHy BXxoauT poHO 40 pébep. lokarkure, uro u3 j0b60it
BEPIIMHBI B JIIOOYIO JPYTYIO CYIIECTBYET IyTh JJIMHBI He OoJiee 9eM TPH.

Onpenenenue. OprueHTUPOBAHHBIN I'Pad HABBIBACTCS CUALHOCEAZHHIM, €CITH CYIIe-
CTBYIOT IIyTH B 00€ CTOPOHBI MEXK/Ty JIFOOBIMU JIBYMsI BEPIITHHAMH.

4. JlokaxkuTre, 9TO B CHJIBHOCBA3HOM OPUEHTHPOBAHHOM rpade CyIeCTBYeT IUKJI,
[IPOXOJISAIINI Yepe3 BCe BEPIINHBI Ipada.

5. B opmentupoBanmnom rpade CyIecTByeT MyTh MEXKIY JIOOBIMU JIBYMSI BEPIIH-
HaMu JUIMHBL He Oojtee ueMm jBa. OKaz3aiochk, 9TO MOCIE yaaJeHus Jboro pebpa B
9TOM r‘padpe, r‘padp OCTaeTCd CUJIBHOCBA3HBIM. ﬂOKa}KI/ITe7 YTO Telepb CYIIeCTByeT
MIyTh MEXKTy JIIOOBIMU JIBYMsT BEPIIMHAME JIUHBI He Oojee 9eM TPH.

6. B cBsazHoM rpade Ha 30 BepirHaxX BBEJIU OPUEHTAIMIO PEOED TaK, 9TO B KAXKIYIO
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BEPINUHY BXOIUT XOTsT ObI OTHO pebpo u XOTs ObI 0IHO pedbpo BeIXOAWT. Jlokarkure,
qr0 B rpad MoxKHO 100aBUTH He 6osiee 10 OpHeHTHPOBAHHBIX PEOEP, ITOOBI OH CTAJ
CUJIbHOCBSI3HBIM.

7. Ilonmycremnenb ncxoia KaxKJI0i BEPIIMHBI OPUEHTUPOBAHHOTO rpada He MIpeBOC-
XOMNUT equHuIbl. JIoKaKuTe, 9T0 BepIIUHBI Tpada MOKHO pa3dUTh HA TPH TTOAMHO-
JKECTBa, TaK, YTO B KAXKJIOM M3 IIOJIMHOXKECTB HE Oy/1eT CMEYKHBIX BEPIIHH.

8. Hokaxkure, 9T0 B TOJHOM rpade, B KOTOPOM 00Jiee IeTHIPEX BEPIIHH, MOXKHO
TaK BBECTH OPUEHTAIMIO pEOEp, UTO U3 JIIOOOH BEPIIUHBI B JIIOOYIO JPYTyIO OyIeT
CYIIECTBOBATH IIyTh JJIMHBI He GoJiee 1eM iBa.

9. B opuentuposanunom rpade na 1001 Beprmmae Mexk Ty JIIOOBIMU JABYMS BEPIIIU-
HaMH eCTb POBHO omHO pebpo. Ilosmycrenenn mcxoma m 3axoja KayKIOW BEPITHHBI
pasubl 500. JTokaxkure, aro jo6oit moarpad u3 668 BepimH JaHHOIO rpada sBJIs-
€TCs CUJIbHOCBS3HBIM.

10. /IBa BeJjiocuriegucTa. 9 mroas

1. ITo AByM OKPY>KHOCTSIM, IT€PECEKAIOINMCS B Toukax P u (), OMHOBPEMEHHO Ha-
JaJIl IBMXKEHHE U3 TOYKU P 110 9acOoBOIi CTPEJIKE ¢ PABHBIMHU YTJIOBBIMI CKOPOCTSIMHE
nBa Bejocunenucra A u B.

(a) Jdokaxkure, uro npsimas AB Bce BpeMsi IPOXOJUT 9€pe3 TOUKY ().

(b) Jokaxure, uro TpeyroiabHuku PAB nonoGHBI IpyT APYTY U HOJOGHBI Tpe-
yroneauky PO104, tie O1 u Oz — HEHTPBI OKPYKHOCTEH.

(c) Haitpure TMT cepenun orpeskos AB.

(d) Hdokaxkure, aro Touku A 1 B MOCTOSIHHO PABHOY/AJIEHBI OT HEKOTOPO# huK-
CUPOBAHHON TOYKN X .

(e) Hokaxwure, uro yron QPX — upamoii.

2. OkpyzKHOCTB, IIpoXojsinas depe3 Bepmuuabl A u B Tpeyrosbauka ABC, nepe-
cekaer cropony BC' B Touke D. OKpy»KHOCTh, IpOXo/isiiias depe3 Bepmunbl B u C,
nepecekaer cropony AB B Touke E u mepBylo OKpyKHOCTH BTOPUYHO B TOUYKe F.
OxkasaJjoch, aro Touku A, F, D, C nexat Ha oKpyzxHOCTHU ¢ 1IeHTpoM O. Jlokaxkure,
qaro yroa BFO — upsamoii.

VYkazauume. PaccMoTpuTe BEJIOCUTIEANCTOB, ABUKYIIUXCI U3 TOIKU F'.

3. laun tpeyronbauk ABC u OKpY»KHOCTH € HEHTPOM B Touke (O, MPOXOJAIiast
qgepes BepiuHbl B u C 1 moBTOpHO Tepecekaorias upsambie AB u AC B Toukax P u
@ coorBercrBenno. OnmcanHble OKPYKHOCTU TpeyroibHUKOB APQ n ABC umeror
posro sBe obmme Touku A u M. Torma yron OM A — npsamoii.

4. O 6abouke. Yepes ToUKy A, He JIEXKAILYIO HA OKPYKHOCTH, TPOBEIEHBI JIBE TPSsi-
Mbl€, IIePeceKaloIye 3Ty OKPYKHOCTh, OJIHa — B TOUKaxX Py, P, Apyras — B TOYKax
Q1, Q2. IIpousBosbHAs IpsiMasi, IPOXOAAIIas depe3 A, mepecekaeT OKpPYyKHOCTh B
toukax M7, My, a omucanHble OKPYKHOCTH TPeyroJbHukoB AP ()1 u AP, — B
Toukax N1 u Ny coorBercrBerno. Torma N1 My = NoMs.
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5. Jlan BeimykJbiii yerbipexyrojbauk ABCD. Ilycrs ero guaroHasm mepecekaroT-
cs B Touke F, Ttouku M u N — ux cepegunnl. Bokpyr Tpeyronsuukos ABE, BEC,
CED, DEA onucaHbl OKPY2KHOCTH, IIPUYEM IIEPBasi U TPETbs IIEPECEKAIOTCSI BTO-
puuHO B TOuke L, BTOpas m derBeprass — B Touke K. /lokasarh, wro Touku M, K,
N, L jrexkaT Ha OTHOU OKPYKHOCTH.

11. Teopema Xenau. 10 urojis

1. (a) Ha upsamoii jaHo n > 2 momapHO HepeceKalonmxcs oTpe3koB. Jlokaxkure,
9TO BCE OTPE3KU MMEIOT OOIILYIO TOUKY.

(b) Teopema Xesnu Ha npsimoii. Ha npsimoit jaso n > 2 nomapHo nepece-
KAOIIIXCS BBIYKJIBIX MHOYKECTB (TOYKM, OTPE3KM, WHTEPBAJIbL, Jy4n). JJokaxure,
YTO BCE MHOMKECTBA UMEIOT OOIILYIO TOYKY.

2. Ha mjiockocTu JaHO KOHEYHOE MHOXKECTBO MHOIOYIOJIbHUKOB (HE 00S3aTebHO
BBINTYKJIBIX ), KasKJIble JIBa U3 HUX UMEIOT OOIIy0 TOUKY. JIOKarXKuTe, ITo CyIecTByeT
npsiMasi, EPECEKAIONAst BCE 9TU MHOTOYTOJLHUKH.

3. Hutst mroboro n > 3 HapucyiiTe HA IUIOCKOCTHU 7 BBITYKJIBIX MHOXKECTB TaK, ITOObBI
JIIOObIE JTIBA MHOXKECTBA, MMEJIN OOIIYI0 TOYKY, HO BCE MHOYKECTBA HE WUMEJU TaKOU
TOYKU.

4. (a) Ha nuockocru mano n > 4 rouek. Jokaxkure, 9T0 UX MOXKHO pa3buTh Ha 2
MHOKECTBA, BBITYKJIbe 000JIOYKU KOTOPBIX IIEPECEKAIOTCS.

(b) Ecsm Ha mutockocTn 4 BBINYKJIBIX MHOXKECTBa U JIHOObIE 3 M3 HUX HUMEIOT
OOIIYIO0 TOYKY, TO U BCE MHOXKECTBA UMEIOT OOIIYIO TOUKY.

(c) Teopema Xennu Ha miockocTu. Ecii Ha IUIOCKOCTH 7 > 3 BBIIYKJIBIX
MHOXKECTB M JIIOOble 3 M3 HUX HMEIOT OOIIYI0 TOUKY, TO U BCE MHOXKECTBA MMEIOT
OOIIYIO TOUKY.

5. Jlan BBIMyKJIBIT MHOTOYTOJBHUK. V3BeCTHO, 9TO 1 JIIOOBIX TPEX €ro CTOPOH
MOKHO BBIOpATh TOUKY O BHYTPU MHOTOYTOJBHUKA TaK, YTO [IE€PIEHINKYJIISIPHI, OITy-
mennble u3 Toukn O HA 9TU CTOPOHBI, MTOTA/IAI0T Ha HUX, & HE HA UX IIPOJIOJIZKEHMUSI.
Jokaxkure, 9T0 TOrIa TaKyio TOUKy () MOXKHO BBIOPATDH /I BCEX CTOPOH OIHOBPE-
MEHHO.
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6. Ha mockocTn mMpoBEIEHO N MPSAMBIX U TS KarKJI0M TMpaMOil BRIOpaIn ONHY U3
JIBYX TIOJIYIIJIOCKOCTEH, Ha KOTOPBIE OHA JIEJIUT ILJIOCKOCTh. VI3BeCTHO, 9TO BHIOpaH-
HbIE TIOJIYILIOCKOCTH IEJIMKOM IOKPBIBAIOT BCIO IJIOCKOCTD. JloKaxKuTe, 9TO MOXKHO
OCTaBUTH TOJIBKO 3 TOJIYIIJIOCKOCTU, KOTOPbIE TAKXKe MOKPBIBAIOT BCIO IJIOCKOCTb.

7. Ha crome cuauT n KoMapoB, JIIOOBIX TPOUX W3 KOTOPBIX MOXKHO MPUOUTH KPYT-
JIoit KpykKoit pammyca 1. Jlokaxknure, 9TO UX BCEX MOXKHO HPUOUTH ITOH KPYKKOH
OJTHOBPEMEHHO.

8. (a) CTopoHBI OCTPOYTOIILHOTO TPEeyTOJIbHUKA He Gouibine 1. Jlokaxkure, 910 pa-
JUYC OIUCAHHON OKPYKHOCTHU He DoJiee % .

(b) IMonapHble paccTosiHUSI MEXKJLY N TOYKAMH Ha ILUIOCKOCTH He Goubine 1. To-

KazKuTe, 9TO BCe TOYKU MOXKHO HaKPBITh KPYTI'OM paJuyca %

12. HHaTepnosiinoHHbI MHOrowieH. 10 mioJs

Onpepestenne. Ilocrpoerne Takoro MuorodieHa P(z) creneHu He Bblie 7, 9TO
P(x;) = y;, rue 0 < 4 < n, HABBIBACTCA UHMEPNLOAAUUET.

1. (a) Tocrpotite mHOTOWIEH £(2), KOTOPHI IpHHUMaeT 3HaueHne 0 B TOUKAX 1,
T, ..., Tk, & B OCTAJBHBIX TOYKaX orymieH ot (.

(b) IMocrpoiite muOrOUNeH f) () CTENEHN M, KOTOPBIA B TOYKE Tj MPUHAMAET
3HaYeHue Yy, a B Toukax x; — 3uadenue 0 (0 < i < n, i # k).

(c) Hocrpoiite muOrOWIeH P () crenenu He BBImE n Takoii, uto P(z;) = y;, Tae
0<i1<n.

(d) Teopema. Ilycts 29 < 1 < T3 < ... < X, — JEHCTBATEIbHBIE UHCIIA.
JokazkuTe, 9TO JJIst JTIOOBIX Y1,Y2, ..., Yn CYIIECTBYET €IUHCTBEHHBIH MHOTOYJIEH
P(z) crenenu He Bbime n, takoii, uro P(xg) = yo, P(z1) = y1,..., P(zn) = yn.

JlaHHBI MHOTOYJIEH HA3bIBAETCI UHMEPNOAAUUOHHIM MHO204AEHOM Jlazparoica.
2. TTocrpoitte muOrOuneH P(x) Bropoii crenenn takoii, uro P(1) = 2, P(3) = 13,
P(5) = 36.
3. Ha miockoctu pacnosoxkeno 100 Touek. V3BecTHO, 9TO Yepe3 KaxKble U€THIPE
73 HUX MPOXOJUT IpadUK HEKOTOPOro KBaIPATHOIO TpexwieHa. /okaxkure, 9To BCe
100 Touek Jrexkar Ha rpaduKe OJHOTO KBaJIPATHOIO TPEXUJIEHA.

4. Jlokakure, 9TO JJisi pa3JIndHbIX YHUCeN a, b, ¢, d

abe abd bed _
@ d=0@=a T ea)e-0ca T T=a6-a0-8 T @ha-oea — 1

5. Jlokaxkwure, 94to eciu P(x) — MHOTOWIEH, CTEelleHb KOTOPOTO MEHBIIIE 71, TO JIPObh

acd
b—c

P(z)
Ry e m gy (z1,22,...,2, — IPOU3BOJIbHBIE IIONAPHO PA3JIMYHBIE YUCJIA)
. LA Ay
MOKeT ObITh IPeJICTaBIeHa B BHJE CYMMBI N IPOCTeHmx apobeit: ;21— + 22— 4
.+ xf; ,rae Aq,..., A, — HEKOTOpble KOHCTAHTHI.
n

Or[pe,/:[e.neHI/Ie. MuorouieH Ha3LIBAETCSI IEJIO3HAYHBIM, €CJIM B IEJIBIX TOYKaX OH
IIPUHUMAECT IeJIbIe 3HaYCHUA.
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—1)...(w—k+1
6. (a) loxaxkure, uro MHOTOUIEHE! Biuga CF = w

(Cg = 1) Takue MHOro4/IeHbI Ha3bIBAIOTCA OMHOMUAJIBLHBIME.

— IIeJIO3HAYHBI,

(b) Jokaxkure, 9T0 BCAKUI 11€JI03HATHBIN MHOTOWIEH CTENEHH 1 IPEJICTABIISETCS
nmHeitHo KoMGuHanueit Muorowtenos CO, CL ... C" ¢ membivm KosdbdumenTamm.
(c) Ecin muorownen P(x) cremenu n nenosxader, o n!P(z) uMeer mesbie Ko-
3P PUITUEHTDI.
7. NutepnongaimuonHblii MHOrodywieH HbroToHa. VHTEpHIOISIIMOHHBIH MHOI'O-
4YleH OJHO3HAYHO ompejessercd dopmynoit: P(x) = Cy + Ci(x — zg) + Ca(z —
o) —x1) 4+ ...+ Cp(r —x0)(x — 1) ... (¥ — Tp_1). JoKa3aTH.

13. Tpuronomerpudeckasi bopMa KOMIJIEKCHBIX YN-
ceji. 11 mronna

Onpegnesienne. 3amuch |z| cos ¢ + ising, rae ¢ — apryMenT 9ucia z, Ha3blBAeTCs
MPUZOHOMEMPUHECKOT, POPMOT KOMNAEKCHOZ0 WUCAG 2.

1. /lokaxkuTe, ITO
(a) cos(a—p) = cos acos f+sinasin § (depes ckansApHoe y
upoussenenue BekropoB OA u OB, Ha PUCYHKe CIIPaBa); A
(b) cos(a+ ) = cosacos 8 — sin arsin f3;
(c) sin(a+ B) = sinacos 3 + cos asin f3; o
(d) sin(a — ) = sinacos f — cos asin S. 5

2. JlokaxkuTe, 4TO I[PH YMHOXKEHUH (JeJIeHUH) KOM-
IJIEKCHBIX IHCEJT UX MOJLYJIA YMHOMKAIOTCS (JIeJIATCs ) APYT
HA JIPYra, a apryMEHThI CKJIQIbIBAIOTCS (BHIYUTAIOTCH).

®opmyna Myaspa. lokaxkure, 910
(r(cosp +ising))™ = r™(cos(ny) + isin(ny)).
3. Borunciiure 3HaveHne BoIpaXKeHUs, IIPEJICTABUB €r0 B TPUTOHOMETPHUIECKOI (hop-

| (1) (=v3+0)1°
T+

Onpenesienune. Yucno € Ha3bIBaeTCS KOpHeM N-Of CTENIEHU {/z W3 KOMILJIEKCHOTO
quciia z, ecau €” = z.

4. (a) Boruucaure Bce KopHU V1, ¥/1, v/1. HapucyiiTe ux Ha KOMIIJIEKCHOII T17I0C-
KOCTH.
(b) Beiseure dopMysty Juisi HAXOXKIEHHUS BCEX 3HAYEHUI KOPHsI /1. Kak 111 KOp-
HU PACIIOJIOXKEHBI Ha, KOMILJIEKCHON IJI0CKOCTH?
(c) Boeaure dbopMyy [ HAXOXKIECHAA BCEX 3HAYEHWN KOPHS /2 B TPUTOHOMET-
pudeckoit popme. Kak pacmosiorKeHbl 3TH KOPHHU Ha, KOMILJIEKCHOM ILJIOCKOCTH !
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5. Haiigure Bce 3HaYeHUsT KOPHSA W M300pasuTe MX HA KOMILIEKCHOH IIJIOCKOCTH:
V1+i.

6. Pemure ypasuenne 2° + 2t + 23 + 22 + 2 +1 = 0.

7. Haiiaure (a) cymmy; (b) npoussenenue scex Kopmeit /1.

8. Jlokaxkure cnegy}onme paBeHCTBa:

(a)sm +81n +...+SinM:O;

n

(b) COS2J+COS4J+ Jrcoswz—l;
(c) cos 2E >+ cos 4T = + cos 67’ = —%;

9. (a) ,Z[OK&)KI/ITG, 410 BCe KopHu /1 MOYKHO HPEICTABHTDH KAK CTENEeHH OJIHOTO 13
HUX (HA30BEM 3TOT KOPEHb NepE00ipa3HbiM WIH NOPOHCOUOULUM ).
(b) CkoubKo cyrmmecTByer nepBooGpasHbIX KOPHEIl n-0if CTeneHn U3 eJuHUIBI!

Kopmnu {/1 6y1em 0603HauaTh Y€pes3 €1, €, . . ., Ep.
Omnpenenenne. Kopenb &5 n-oif crenenn u3 eauHUIBl uMeeT nopadox d, ecim d —
HaNMeHbIee HATYPAIbHOE THCII0 TaKoe, uTo e = 1.
10. (a) Ilycrs n € N, d — nenurens n. CKOJIBKO KOPHEH ypaBHEHHsI ¥ —1=0
€CTb CPEJIN YUCEIT €1, E, . ..,Ey 7 CKOJIBKO CPeIM HUX IJIEMEHTOB MOpsijKa d?
(b) CkoIBKO 3/1eMEHTOB TOPAKA d €CTh CPEIU YUCET 1,9, . - ., Ep”?

11. (a) Ilycrs € — nepBoo6pas3Hblil KOPeHb N-0if cTeneHn u3 eauHuIpl. Jlokaxkure,
aro (1 —¢e)(1—¢€?)...(1—e"" 1) =n.
(b) Jokaxknre, 4To NMPOU3BE/ICHHE JUIHH BCEX CTOPOH U JMArOHAJIEH, IPOBEIEHHBIX
U3 OJIHO BEPIINHBI IPABUIBHOIO N-YTOJBHUKA, BIMCAHHOTO B OKPY?KHOCTH PaJInyca
1, paBHO n.

cos 1°+cos 2°+...+cos 44°
sin 1°+4sin 2°4...4sin 44° *

2. Boraucanre

14. VYuummcg cuurarb. 11 urosda

Baxknas siemma. B tpeyronbuuke ABC na npsimoit AC' BeiOpana touka D. /Toka-
sin/ABD  AD-BC

sin/ZDBC  DC-AB’
Omecroda cpasy oice umeem 06a He MeHEe BAHCHBLT CAEICTNEUA.

KUTE, ITO

Cunycuas teopema Yessl. B tpeyronbunke ABC npoBejienbl ueBnanbl AAq,
BB,, CC,. Hokaxure, 9TO OHU IEPECEKAIOTCS B OJTHON TOYKE TOI/Ia U TOJBKO TOT/IA,

sin ZABB, sin/ZBCC, sinZCAA;
KOTJI& . . =

sin /B1BC sin ZC1CA sinZA{AB

3ameuanue. Teopemy MOXKHO 060OIUTD JJIsT CIyUast, KOTAa TOTKA MEPECETCHUS
BHE TPEYTOJIbHUKA.

Eme onuna BaxkHast semMa. B Tpeyrossuuke ABC nposejena yeBnana BD.
sin ZABD

sin /DBC'"

,HOK&}KYITG, Y9TO OHa OJHO3HAYIHO olIpeaesideTCd OTHOIIEHUEM



XXXV Jleruaas Muoronpeamernas ITIkosaa Kuposckoii obactu 19

1. Jokaxkure, 94TO IVIaBHbIE JUANOHAJIU BIMCAHHOTO mectuyroiabunka AByC A1 BCy
[IePECeKaloTCsI B OJHOI TOUYKE TOrJa U TOJBLKO TOLZA, KOIa,

AB,-BC,-CA; =AB-B,C-CiA.

2. Ha croponax BC, CA, AB tpeyrosbanka ABC BO BHEIIHIOI CTOPOHY OCTPO-
ennl Tpeyrossauku BCD, CAE, ABF rak, uro /BCD = /FECA = ¢, ZCAE =
/BAF =6, /CBD = ZABF = 1. Jlokaxure, uro upsmbie AD, BE, C'F KoHKy-
DEHTHBI.

3. B Tpeyronbauk ABC' BrmcaHa OKpPY>KHOCTB W C IeHTPoM [, Kacarolacs CTOPOH
AB, BC, CA B toukax M, N, P coorBercrBerno. T — Touka mepecedenus: CI u w.
R=ATNMP,Q =BT NMN. Hokaxure, uro RQ1IC.

4. Buyrpu napasutenorpamma ABC D Beibpana Touka P Takum obpasom, uro ZPAD =
/PCD. Hokaxure, uro /PBC = /PDC.

5. Ha cropone AB tpeyrosbanka ABC B3sTbl Takne Toukn X, Y, uro AX = BY.
[psmbre CX u C'Y BTOPUYIHO MEPECEKAIOT OMUCAHHYIO OKPY?KHOCTH TPEYTOJbHUKA
B Toukax U u V. Hokaxkure, 9yTo Bce npsmble UV TpOXomAT yepe3 OJHy TOUKY.

6. . B tpeyronsuuke ABC nposesena buccekrpuca AAg, Ha orpeske AAg BeiOpana
touka X . [Ipsimass BX nepecekaer AC' B Touke By, a upsimast C X nepecekaer AB B
touke Cy. Orpesku AgBy u CCy nepecekatorcs B Touke P, a orpesku AgCy u BBy
nepecekaiorcs B Touke Q. Hokaxkure, uro yrusl PAC u QAB paBHbI.

15. Mpmuorounens! nan Z,. 12 urousa

Onpenesnenne. MHOKECTBO BCEX OCTATKOB (BBIYETOB) 110 MOJLYJIIO 7 0003HAIUM Zi, .
B caydae, ecm n npoctoe, [ ynoocTBa OyaeM nucaThb Zy.

Oupenenum MHOrOUWIEH Haf Z, Kak (opMmajibHyio 3amuch P(x) = ag + a1z +
<o+ 4 Ay x™, vae KoaOUuenTs! a; € Zy, ay, 7 0. MHOXKECTBO TaKUX MHOTOYJIEHOB
oboznauaercs Zy|[x].

1. (a) Hokazure, uro ecim aBa Muorowiena P,Q € Z,[z], ro degPQ = degP +
deg@.

(b) IIpuseaure npuMep, KOIAA 9TO HEBEPHO JJIS COCTABHOLO N.

2. Jokaxxure, 9To 1t GOPMAIBLHEIX MHOTOUICHOB HaJl Z,;, BBHIIOJHSIETCS TeOpeMa O
JIEJIEHUH C OCTATKOM: Jiisi MEHOro41eHOB A(x) n B(x) # 0 CyIecTBYIOT €IUHCTBEHHBIE
MmHorowieHs!l Q(x) u R(x) rakue, uro A(z) = B(z)Q(z) + R(x) u degR < degB.

3. (a) Cdhopmynupyitte n gokazkuTe TeopeMy Bedy s MHOro4IeHOB Han Zy,.

(b) Jokazkure, 9TO KOJUIECTBO KOPHEH MHOIOWICHA HE IPEBOCXOIUT €0 CTElle-
HU.

(c) TIpuseaure npuMep MHOTOUJIEHA HAJ Zy, , KOTMIECTBO KOPHEH KOTOPOTO 6OJIb-
nte ero crenenu (B ciydae coctaBHOro n). O0bsacHUTE, B KAKOW MOMEHT «JIOMAETCsI»
JIOKA3aTeILCTBO IIPEIbIIYIIEro MyHKTA.
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4. Ucnonn3ys TeopeMy Be3y, passoKure Ha MHOKHTeNH MHOTOWieH zP~ ! — 1 n
JoKaxkuTe TeopeMy Buibcona: mist ro6oro mpocroro p ducio (p — 1)! + 1 mesures
Ha .

5. (a) IIpuBenure mpumep HeHymeBoro MuOrounena P € Zy[z] Taxkoro, 1ro P(x) =
0 Bo BCcex TOUKaX T € Zp.

(b) Jdokazkure,aTo 151 JIFOGOrO MHOTOYWIEHA CYIIECTBYET MHOTOUJIEH CTENeHN He
BBIIE p — 1, COBMAIAIOMUI ¢ HUM IO MOJYJIIO P BO BCEX TOYKAX.
(c) Jokakure, 9TO €cyiu iBa MHOIOUJIEHA CTENEHN He BhIINe P — 1 COBHAJAIOT 10
MOJIYJIIO P TI0 BCEX TOYKAX, TO OHU PABHBI (POPMAJIBHO.
6. lana npousBonbHas dyHKIuUA f @ Zp — Z,. Jokaxure, IT0 CyIIeCTByeT MHO-
TOYJIEH CTEIEHU He BbIle p — 1, coBmajamomuii ¢ f 1mo MOIYJIIO P BO BCEX TOUKAX.

7. Hycrs Q(x) — MHOrouwIeH ¢ 1esibiMu Ko3bdUIueHTaMu, p — MpoCToe TUCIO.
Oxkazasiocs, uro Q(0) = 0,Q(1) = 1, u upu ynobom HarypassHoM k wucio Q(k) naer
octarok 0 wm 1 npu nenennn Ha p. Jokaxkure, urto deg@ > p — 1.

16. Mar6oit. 12 uroJud

1. Ilycts H — oprorenTp ocrpoyroybuoro Tpeyroiabuuka ABC. Cepeuuubiii nep-
neHuKyJIsip K orpesky BH mnepecekaer cropoubl BA, BC B Toukax Ay, Cy co-
orsercrBenno. Jokaxure, uro nepumerp rpeyrosubuuka AgCoO (rme O — ueHTp
onmcannoii okpyzxkuocru ABC) pasen AC.

2. Pemmre cucremy ypasnennii a® +b=c,b> +c=d, 3 +d=a,d> +a=0b.

3. Ha niockocTu mpoBe1eHO HECKOJIBKO MPSMBIX 001Iero mosoxkenns. Haoko nadn-
HaeT JBUKEHME B HEKOTOPOH TOYKe Ha OIHON M3 IMPsIMBIX. KKak TOJIBKO OHA JOXO/INUT
JIO TOYKU TIepecevdenns IPsIMbIX, OHA CBOPAINBAET HA JAPYTYIO MPSIMYIO U IIPOJI0JIKA~
er nBrKenne Bosb He€. Jlokaxkure, uro Haoko He cMOXKeT MPOWTH OIUH U TOT Ke
OTPE30K B PA3HBIX HAIIPABJICHUSX.

4. Kpagpar ABCD Buucan B OKpyzkHOCTb. Touka M jexxut Ha jnyre BC, npsimas
AM nepecekaer BD B touke P, npsimast DM niepecekaer AC' B Touke (). Jokaxkure,
YTO IJIOHMIAJb YeThIPEXyroJbHuka APQD paBHa MOJOBUHE TLIOMANA KBAJIPATA.

5. Baca zanmcas uncna 1,2, ...,40 Ha ABaAIATH KAPTOYKAX, HA KaXKJIO0H CTOPOHE
KaXKJI0H KapTOYKU — I10 YUCJLY. 3aT€M OH BBLIOXKWJI KAPTOUIKMU Ha cToji. [lers Buaut
JINIIb BEpXHUE YKCJIa; OH MOXKET BhIOPATh JIF00O0 HAOOP KapTOUYeK U IEPEeBEPHY T UX.
OH BBIUIPAET, €CJIN TOCJIE TOT0 CyMMa YHCesl Ha BEPXHUX CTOPOHAX KapTO4YeK OyJieT
we Mmenbine k. [Ipu kakom nanbosbiiem k Ilerst rapaHTUPOBAHHO MOYKET BBHIUTPATH?

6. lan opuenTupoBaHHBI rpad. B KaxKmoil BeplinHe YHCIO BXOISIIMX B HEE U
UCXOJAIIUX U3 Heé pébep OAMHAKOBO U He MeHbINe JIBYX (CTeIeHH Pa3HBIX BEpINUH
[IPK 9TOM MOI'YT OBITH PA3JIMIHBIMHT ). VI3BECTHO, 9TO U3 JIIOGOI BEPIIUHBI CYIIECTBYET
OPHEHTUPOBAHHBIN IIyTh 10 J1000i1 Japyroit. Jlokaxkure, 910 U3 9TOr0 rpada MOXKHO
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YIAJIUTH BCe pE6Pa HEKOTOPOr0 OPHEHTUPOBAHHOTO IIKJIA TAK, 9TOOBI IO IPEKHEMY
u3 JI000#1 BEpIIUHBI CYIIECTBOBAJI OPUEHTUPOBAHHBIN IIyTh J0 JIOO0H Ipyroii.

7. Jns kaxkporo HarypasbHoro n moiaoxkuMm E(n) =n(n+1)(2n+1) ... (10n+1).
Haiiure HauGobimit obmuii nesurens ncen E(1), E(2),..., E(2019).

8. Jlpa MHOTrOUIeHA YeTBepToii crenenn f(x) = aqx* + azx® + azx® + a1xr + ap
g(x) = byx* +-b323 +bow?® +by 2+ by OTIIEIAIOTCA APYT OT APYTa MePeCTAHOBKON KO-
durmenTor. M3BectHo, uTo a; # b; mpu Becex ¢ = 0,1, 2,3,4. Moxer i oKa3aThes,
gro f(z) > g(x) upu Bcex BelecTBEHHBIX X7

17. Cumeamanbl. 14 uroJs

Bo Bcex 3amagax 9Toro imcTouka Oy/IyT MCIIOIb30BAHBI OJHU U T€ 2K€ 0D03HAYCHIUSI.
Byxsbl, orauanbie or X, Y u Z (mjig 91ux 6yKB 0003HaUEHUsT BBOJATCS KaXKIblil pas3
3aHOBO), KOTOPBIE OIIPEJIeJIeHbI B 3a71a4aX, Oy/IyT UCII0JIb30BAHBI B MOCJELYIONIHX.

B rpeyrosibanke ABC nposenena meguana BM . Torma npsimasi, CHMMeTPUYHAS
OTHOCHUTEILHO OMCCEKTPUCH! yriia B 3roil Mennane, HasbiBaeTcsa cumeduanot. Ilycrs
H — opTrornentp 3Toro tpeyrojabuuka, a H,, H,, H. — OCHOBaHHUS BBICOT U3 TOUEK
A, Bu C, w — ero onucanHasi OKpy>KHOCTb ¢ 1ieHTpoM O, miyctb K, N — cepeuHbI
AB u BC.

1. Cumenmana u3 Bepunabl B nepecekaer npsimyio AC' B Touke S. Jlokaxkure, 410

(a) orHOIIEHUs paccrosHUi OT TOUKK S 110 cTopoH AB u BC' paBHO OTHOIIEHUIO
TUX CTOPOH;
(b) AS  AB?
SC  BC? .
2. Hokakure, 9TO CUMEIUAHDI IEPECEKAIOTCS B OJHOM Touke L — mouke Jlemyana.
3. IIycte X u Y — ocHoBaHUs EPIEHINKY/ISIPOB, OIMYIIEHHBIX U3 TOYKU H}, Ha cTO-
poust AB u BC' coorBercrBenno. Jlokaxkure, uro BM — cumennana TpeyroJbHUKA
XYB.

4. [Ipsvbre BS u BM mnepecekaioT OKPY2KHOCTD w B TOUKaX () 1 R cOOTBETCTBEHHO.
Hokaxwure, ato MR = MQ.

5. IlepBasi kaprunka. (a) Ilycro Touka P rtakoBa, uro ZPAB = /PBC u
/ABP = /BCP. [lokaxure, 9ro TouKa P jiexxut Ha cumeanane. [louemy takas
TOYKa BCErJa CyIIecTByer?

(b) Hokaxure, uro BK PN — BIuCaHHBIA.

6. Bropas kaprunka. Kacaresbhbie K w B Toukax A u C' mepecekaroTcst B TOUKe
T. Hoxaxwure, uro BT — cumenmnana tpeyrosbanka ABC. UTo MOXKHO CKa3aTh B
cilydae, KOIia KacaTeJbHbIEe He MEePECEKJINCh !

IToackaska. IIpoeeaure okpyzKHOCTH ¢ IeHTpoM 1 u paguycom 1A, ormerbre
BTOpbIE TOUKH Iepecedenus 3Toil oKpyzkuocTu ¢ npaMmbiMu AB u BC' u pokaxwure,
9TO OHU JICYKAT Ha OJIHON mpsimoit ¢ T
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7. llycte I — wunanentp Tpeyroisuuka ABC. [lokaxkwure, 910 cuMeauana u3 Bep-
muabl [ Tpeyrosbauka AIC nepecekaer w B cepenun ayru ABC.

8. Oxazasocs, uro BC || AT. okaxwure, uro upamas CQ memut orpe3ok AT
HOTIOJIAM.

9. Bricota BH), nepecekaer w B Touke B’. JlokaxkuTe, 4TO TOYKA IepecedeHus
W W ONMCAHHOW OKpPY:KHOCTH Tpeyronabuuka B’ HyM, ormwmuanas ot B', mexwur Ha
cUMeTuaHe.

18. Oprpadbr—2. 14 urojs

Be who you needed when you were
younger.

MIPOCTOPBI MHTEPHETA

Onpenenenune. Typrupom Ha3BIBAETCS OPUEHTUPOBAHHBIN I'Pad, B KOTOPOM MEXKLy
JIFOOBIMU JIBYMsI BEPIIUHAMU CYIIIECTBYET POBHO OJIHO OPUEHTUPOBAHHOE Pebpo.
Teopema. B 11060M criIbHOCBSA3HOM TYpPHHUPE Ha N BEPITHHAX /I 11006010 3 < kB < n
HaiéTcst XoTd ObI 1 — k + 1 pa3ImdHbIX HECAMOIIEPECEKAIONINXCS TNKJIOB JJIUHBI K,
[PUYEM CYIECTBYET CUJIbHOCBSAZHBIN TypPHUP, B KOTOPOM UX POBHO 1 — k + 1.

1. CocraBbTe CUIBHOCBS3HBIN TYPHUP HA MATH BEPIMTUHAX, B KOTOPOM OJWMH ITHKJI
JUIVHBL [sITh, JIBa IUKJIa JJIUHBI 9€ThIpe U TPHU IUKJIA IJIUHBI TPH.

2. Jlokaxxure, 4TO TYPHUD sIBJISETCsI CUJIBHOCBSI3HBIM TOTJIA M TOJIBKO TOIJIA, KOIa
B HEM €CTh HECAMOIIEPECEKAIOINIICS TUKJI, UIYIINI [0 HAIPABIEHUSIM CTPEJIOK HAa
pebpax 1 MpOXOAAIINIA IO BCEM BepImmHaM rpada.

3. Jlokaxkure, 9YTO B CHJILHOCBSI3HOM TYDHHDE 4epe3 JIFOOYI0 BEPIIHHY [POXOIUT
HecaMOIlepeceKarouiicss UK (MIymuii 1o HapaBJIeHUsIM CTPEJIOK Ha pebpax) Jii-
ubt (a) Tpu; (b) Jr06oit AyIMHBL OT TPEX 10 M.

4. JlokazkuTe, 4TO CYHIECTBYeT CUILHOCBSA3HBIN TYPHUP Ha 7 BEPIIMHAX, B KOTOPOM
(a) n — 2 nuknos mmuabl Tpy; (b) N — 3 HECAMONEPECEKAIOMNXCS TUKJIOB JITAHBI
getwipe; (¢) n — k 4+ 1 HecamonepeceKammuxcs: UKJIOB JJIMHBL k.

5. Jlokaxkure, 9TO B JIIOOOM CHIBHOCBSI3HOM TypPHHpE Ha 7 BEDIINHAX, [0 KpaiiHeit
Mmepe (a) n — 2 nukia jumesl Tpy; (b) n — k + 1 HecamomepeceKaromuxcst IUKJIOB
JJIAHEL k.

6. oxaxxure Teopemy.

19. KBsBajipaTudHble BbIYeTbl. 15 nioas

IIycTh p — HeweTHOe TIpocToe uucio. PacemorpuM ypasaernue x2 = a(modp).
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Omnpenenenne. Eciu st a # 0 cymecTByeT perreHne ypaBHEHUsI, TO G HA3bIBAETCSI

K6AOPAMUMNHBIM 6HIUEMOM N0 MOOYAI0 D. B IPOTUBHOM citydae ¢ — K6adpamuyunvill
HeGbIUem.
1. (a) CxoabKo KopHeit MOKeT UMeTh ypapHenue r° = a (mod p) B 3aBHCHMOCTH

or a?

(b) Hdokazkmre, 9TO Cpesu HEHYJIEBBIX OCTATKOB 110 MOJYJIIO P POBHO MOJOBHHA
SIBJIAIOTCS KBAIPATHIHBIMY BBIYETAMHU.
2. JlokazKuTe CJIeyIONHe CBORCTBA IPOU3BEICHNIT KBa[PATHIHBIX BHIYETOB:
(a) BBIUET X BBIYET = BBIYET;

(b) BbIUeT X HEBLIYET = HEBBIYET;
(c) HeBBIUET X HEBBIYET — BBIYET.

Onpenenenune. Cumbosiom Jlexxkanapa Ha3bIBAIOT BHIPAXKEHUE (%), [IpUYeM:

1, a — KB. BbIYUET
= —1, a — KB. HEBBIYET

0, a=0 (modp)
3. Hoxaxxkure, 9410 (%) (%) = (%’).

4. (a) Ucnoubsys masyio Teopemy Pepma, JOKaKuUTE, ITO €CIIA ¢ — KB. BBIUET, TO
p—1
a7z =, L

AR

(b) Ucnosb3yst Teopemy BuiibcoHa, g0KaxKuUTe, UTO €CAM ¢ — KB. HEBBIYET, TO
p—1
a 2 =p —1..

o e o) ezt
Kpurepuit Ditnepa. Eciu p — HedeTHOE TIPOCTOE 9UCIIO, TO (5) =pa 7z .
5. st ocrarka a # 0 pacCMOTPUM MHOXKECTBO OCTaTKOB A = {a, 2a,. .., p%la}.
P

I[Iycts n — KOIMIecTBO OCTaTKOB B A, Gombmmx .

(a) Hoxarkure, 4T0 eciu B Kaxkablii u3 ocTaTkos k > § samennts ma p — k, To
-1
TOJTy Y€HHOEe MHOXKECTBO B COBIaIaeT ¢ MHOXKECTBOM {1, 2,..., pT}
p—1
= n
(b) Hokaxure, uro ¢ z =, (—1)".
Kpurepwuii I'aycca. Ecim p — mewerHOE TIpOCTOE UMCIIO, 0 HE JEIUTCA Ha P, TO

(5)-cr

3
6. Berauciure (4—7), HCIIOTb3Ys 00a KPUTEPHS.
7. JloKasKuTe, 94TO IIPU JI060M HEYETHOM IPOCTOM P HAlJIETCA TAaKOe HATYPAIbHOE
ancno x, aro npoussegenne (22 — 13) (22 — 17) (2 — 221) nennrcs na p.
8. Jokaxkure, uTo —1 sBIAETCS KBAJIPATHYHLIM BBITETOM IIO MOIYJIIO IIPOCTOIO
HEYETHOTO P TOIVIA W TOJLKO TOIVIa, Korya p — 1 : 4.

9. — HeYeTHOeE IIpOoCTOoe, a He JeJIUTCA Ha P. JOKazXKUuTe, 9TO aBHEHUe UMeeT JIBa
’ )
pemenuda Toraga U TOJIBKO TOraa, Korjga JUCKPUMHWHAHT D saBistiercs KBaJdpaTUIHBIM
BbIYE€TOM IIO MOJYJIIO P.
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10. Teopema 2Kwupapa. Ilycts npocroe p umeer Bun 4k + 3. Jokakure, 9T0 eciaun
22 4+ y? 1 p, To TOrmA 0BAZATEILHO T : PU Y | P.

11. JlokaskuTe, UITO ypaBHeHHe 4Ty —T —1 = 2> He IMeeT PelleHIH B HATYPaJIbHbIX
YUCTIAX.

20. TapMoHUYecKmii 4eTbIPeXyTroJIbHUK. 15 mioasa

Hanomunauue. Cumeduanot u3 Bepimuabl B Tpeyroibinka A BC Ha3biBaeTcs
(a) upsiMasi, KOTOpast M30rOHAJIbHA Me/[HaHe;

AB?

BC?’

(C) npdamMasd, IIPpOXo/Jdlasd Iepe3 TOUKY IlepecedeHnd KaCaTe/JIbHbIX B TOYKaX An

(b) weBmana, koropast mequt croporny AC B OTHOIIEHUN

C.
7 (d) mpsimasi, comepzkamias Takyio Touky X, yro ABX nonoben BCOX.
3decw, Kak u panwvwe, obosnaverus 6 1-5 3adavaxr 0dunarossie.
1. Cumenuana u3 Bepmmabl B Tpeyroibanka A BC repecekaer OIUCAHHYO OKPY K-
vocth B Touke D. Ilycrs M — cepenuna AC. Hokaxkure, uro /BMA = ZAMD.
2. Touka F' — nepecedenne kacareabuoil B Touke B u AC, O — nenTp w.
(a) Jokaxnre, uro BOM DF — BuncaHHBIA.

(b) Hoxaxure, uro F'D — kacarenbHast K w.

Baxkuoe caeacrBue. Ecin Brucanubiii yerbipexyroabuuk ABC D takos, 4To
KacarejbHble B Toukax A u C mepecekarorcs Ha juaroHanu BD, To KacarTejbHbIE
B Toukax B u D mepecekarorcss na AC. [pyrumu cioBamu, KaxKias JUaroHAJb
SIBJISIETCSI CUMEINAHON IBYX TPEYTOJIbHUKOB.

3. Jokaxwure, uro buccekrpucs! yriioB ABC u C'DA nepecekaroTcst Ha qUaroHaIn
AC,u AB-CD = BC - AD.

Omnpenenenne. Brucannbrii gersipexyroasuuk ABC D Takoit, uro AB-CD = BC'-
AD Ha3bIBAETCS 2aPMOHUMECKUM.

4. Jloxkaxkure, 910 110 TpeM ToukaM A, B, C' 0/IHO3HAYHO BOCCTAHABJINBAECTCS T€T-
Bepras BepiuHa D rapMoHmYeckoro derbipexyroibauka ABCD.

5. JlokaxkuTe paBHOCHIIBHOCTD CJIEIYIOMUX CBOHCTB BIMCAHHOTO Y€THIPEXYTOIbHY-
ka ABCD:
(a) AB-CD = BC - AD;
(b) BD — cumenmana ABC)
(c) xacarenbuble B Toukax A u C nepecekaiorcs na BD;
(d) ZBMA = ZAMD;
(e) 6uccexrpuccer ABC' u ABD mnepecekatorcst Ha AC.

Tenepb 0603HAMEHUA 6 YCno6uUAT HE3ABUCUMDL.
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6. IIycte AB, C' D — mnapaJjuiesibHble XOp/Ibl OKpy:kHocTH w, M — cepennna AB,
E — nepeceuenne w u MC, K — cepenuna ED. Jlokaxure, uro /JEKA = /EKB.

7. JIBe OKPY>KHOCTH W1 U Wy IIEPECeKaOTCsi B ToUKax A u B 1 BHyTpeHHe KacarTcst
okpyxkHOoCTH w B Toukax C u D. IIpamas AB nepecekaeT OKPY>KHOCTb W B TOYKaxX F
u F'. JIokaxkuTe, 9YTO KacaTeJbHbIe K OKPY?KHOCTH w B TOUKax F m F' mepecekaiorcs
Ha npsimoit C'D.

8. IIycte ABCD — onmcaHHBIIl 9eThIpeXyroJabHuK, a M — cepeiuHa XOPJbl, BbI-
cekaemoit quaronasbio AC. Hokaxkure, uro L BMA = /DM A.

21. KomMmmjekcHble 4ucja B reoMeTpun. 16 mosis

IoroBopumcs depe3 z 0603HATATH KOMILIEKCHYTIO KOOPIANHATY TOUKN / KOMILIEKCHOM
ILTOCKOCTH.

1. Ilycth 29 — HEKOTOpOE (PUKCHPOBAHHOE KOMILJIEKCHOE dmcyio. Kakue mpeobpaso-
BaHUs KOMILJIEKCHON IJIOCKOCTHU 33JIa10T CJeAyIonue (pyHKIUu:
(a) w(z) ==z + 20;
(b) w(z) =
(c) wz)=z- zo, rue |zo| = 1;
(d) w(z) =r-z e r € R;
(e) w(z) =20 2.

2. JTan npaBuibHEBI TpeyroabauK ABC 1 KOMIUIEKCHAA KOOPANHATA BEPITUHLI A.
Haiiure KOMILIEKCHYIO KOODAUHATY BEPIIMHBI B I MOJOXKUTEIHLHO OPUEHTUPO-
BaHHOTO Tpeyroibanka ABC, ecan 3a HAYAIbHYIO TOYKY IIPUHATA
(a) Bepmuna C;|
(b) uenrp Tpeyronbuuka ABC)

(c) ocroBanme BbICOTHI AA].

3. (a) Ilycte A u B — KOHIIBI OTPe3Ka, pa3zeaéHHOro To4koii C' B OTHOIIEHUN D : .

p
a+ —b.
p+q p+gq
(b) Bripasure KOMIUIEKCHOE YHCJIO, COOTBETCTBYIOINIEE TOUKE MePecevdeHrs MeIuaH

TPEyroJIbHUKA C BePIINHAME a, b 1 c.

Hoxkazkute, 910 ¢ =

4. JToxaxure, aro (a) ksajpar jaymub orpeska |AB|? = (b —a)(b — a);
(b) 2z = 1 — ypaBHeHHUe eJIMHUYHOI OKPYZKHOCTHU C NEHTPOM B To4Ke (.
(c) Hanumure ypasHeHue OKpy»KHOCTH PaJIAyca T ¢ HEHTPOM B TOUKE @.

5. Jlokaxkure, 4TO

a —
(a) OA || OB « xkorna 7~ BEIICCTBEHHOE THCIIO ab = abr;

h— _ _
(b) AB || DC < korma p - BelecTBerHoe ancio <+ (a—b)(c—d) = (a—b)(c—d);
—c

(c) Kpurepuit kosumuHeapHocTu Tpex Todek. Tpu toukn A, B, C nexar
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a
Ha OJIHOY IIPAMOI TOrJja U TOJIBKO TOTJa, KO 5 =
c

6. /loxaxxure, 9TO
(a) OAL OB « % — YHCTO MHEMOE MHCIIO <5 ab + ab = 0;

- _ _
(b) AB L CD + a—d — qucTO MHUMOE 4ucio <> (a—b)(¢—d)+ (a—b)(c—d) = 0.
c—

7. llycts A, B, C, D — Touku e uHU4IHON OKpy»KHOCTH ¢ 1ieuTpoM B O. Jlokaxure,
YTO
(a) AB || CD <> ab = cd;
(b) AB L CD <+ ab+cd=0.

8. Ilycts A, B — TOYKM eqUHUYHOM OKpyKHOCTH ¢ 1eHTpoM B O. Jlokazkure, 4T0
(a) z 4+ abz = a + b — ypasHenue upsimoii ADB;

(b) @z + az = 2 — ypaBHeHUe KacaTeJIbHON K eJIUHUYIHON OKPY’KHOCTU B TOYKe Aj;
(c) i(a + b+ m — abm) — ocHOBaHUE NEPIEHIUKYJISIPA, OIYIIEHHOro u3 ToYKu M
Ha npsmyio AB;

2ab

d

(d) a+b
Awu B.

9. Jokaxure, uro touku A, B, C, D jexar Ha OJHON OKPY:KHOCTU (MJIM HA O
a—c b-—c

a—d b-—d

— TO4YKa IlepecevdeHnsd KacaTeJIbHbIX K e,HI/IHI/I‘IHOfI OKPY2KHOCTH B TO9KaX

HOI OpsIMOIi) TOTa W TOJBKO TOIJA, KOTJa JBOMHOE OTHOIICHUE

(woll

ol

a—c b—c _a—c

BEIIIECTBCHHOE YNCJIO < w_db—d-a di a
10. ITycre Tpeyrosbauk ABC BumcaH B e IUHUYIHYIO OKPYKHOCTh. JloKaxkuTe, 94T0
KOOD/IMHATA €r0 OPTOIEHTPa paBHAa h = a + b + ¢ (1J1s BBIBOZA MOXKHO BCIIOMHHTD

upsamyio Ditepa).

11. Tlycts BrnumcanHasi OKPYKHOCTH Tpeyrojbuuka ABC gBjsercs eIUHUIHON U
kacaercs cropo BC, AC, AB B toukax P, Q, R. lokaxxuTte, 4TO IEHTD OIMCAHHOM
2pqr(p+q+7)
(P+a)a+r)(r+p)

OKpYy?KHOCTH Tpeyroiabanka ABC mMeeT KOODAMHATY

22. MaremaTudeckuii 60it 00bI9HbIX Tpynn M8 — M9.
16 urossa

1. Yucno cunraercs CYaCTIUBBIM, €CJIU PABHSIETCS JYACTHOMY OT JEJIeHHS HEKOTO-
pOro HATYPAJLHOIO YHCIa T Ha KOJUYECTBO jejureneit x. fBigercs ju ducio 18
CYACTJINBBIM?

2. Touka H — oprornentp Tpeyroasuuka ABC. Ilycre D, E u F' — cepenunnt AB,
AC u AH cooreercrBerto, P u () — obpassl Touek B u C' npu NeHTpaIbHONR CUM-
Merpuu orHocuTebHO F. Jlokaxkure, uro PE u QD nepecekaroTcst Ha OKPYKHOCTH,
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OTMCaHHOI 0KOJIO Tpeyrojbunka ABC.

3. l1a momapHO pa3invdHBIX HEOTPUIATEILHBIX TUCET G, b, ¢ JOKaXKUTe HepaBeH-
CTBO
a? b2 2

6-c2 " e—af T a-bZ

4. B xaxx 1011 KJIeTKe IIaXMaTHON JJOCKX N X 1 3aIIICAHO YNCJIO TAKUM 00Pa3oM, 4To
CYMMBI 4HCeJI II0 BCeM I'OPU30HTAJIAM, BEPTUKAJIAM U IVIABHBIM JUArOHAJIAM DaBHbI
onHoMy 1 ToMmy 2Ke unciay S. IIpu Kakux m MOXKHO OIIPEJIE/INTh, Y€MYy paBHA CyMMa
YnceJl B YIVIOBBIX KJIETKaX.

5. Jlna medernoro k, HATYPaJbLHOTO N U MENBIX @, b, ¢ U3BECTHO, UTO
a"+kb=0"+kec=c"+ ka.

Hoxkazxkute, ato a = b = c.

6. HeckosIbKO UTPOKOB yYaCTBYIOT B COpeBHOBaHWM. KasK bl CHIMPas ¢ KaXKJIbIM
onuH pa3. Huubux me GuiBaer. Irpok A cumraercss 0omauuHbiM, €CJIU BBITOTHACTCS
CJIeJIyolITee yCJIOBHE: JIJIsi JIFOOOT0 JIPYroro urpoka jubo A 6eer B, jimbo cyiecTByer
napyroit urpox C', koropseiit 6eer B, A u 6per C. Oka3ajaoch Tak, 9TO €CTh TOJHKO
OJIMH OTJIMYHBIN UT'POK, JIOKAXKUTE, YTO ITOT UTPOK MODEIMUIT BCEX JPYTUX UIPOKOB.

7. IIpoxexrop ocsemaer yroua B 90 rpauycos. Eciu on crout B TOuKe (g, Yo), TO
OCBEINAeT TOYKH (Z,Yy) € KOOPJAUHATAMH T < Zo U Y < Yo. Ha INIOCKOCTh B PA3HBIX
Toukax yke BoicTaBmin 2019 3eeHbIx mpo2keKTOPoB. Beerma jim MOXKHO yCTAaHOBUTH
eme 2018 KeJTHIX TPOXKEKTOPOB TaK, YTO BCAKAas TOYKA IJIOCKOCTH, OCBEIIEHHAT
k > 0 3es1€eHBIM IIPOXKEKTOPOM, OYIET OCBEINAThCA kK — 1 YKEJITHIM IIPOKEKTOPOM.

8. Henyrarsl B napJjamenTe paszieienbl Ha 10 dpakumit. CoryiacHO perjiamenty,
Hu oxHa pakiins He MOXKET COCTOATH U3 MEHee UeM ISTH YeJI0BEeK, U HUKAKUE JIBE
dpakuu He MOI'YyT UMETh OJIMHAKOBOE KOJIn4IecTBO 4ieHOB. [locie oTnycka dppakimm
pacHainch, 1 BMECTO HUX BO3HUKJIO HECKOJIBKO HOBBIX (IO TOMY YK€ PErJIAMEHTY ).
Kpowme Toro, HeKoTOpBIE JenyTaThl cTaan He3aBucuMbiMu. OKa3a10Ch, 9TO HET JIBYX
JIEIyTaTOB, KOTOPhIE OBLIN B OJHOM (DPAKIMK JI0 OTIIYCKA U BOILIM B Ty Ke (Dpak-
Mo 1ocie oTmnycka. Haiiinre HauMeHbITee BOZMOXKHOE KOJIMIECTBO HE3ABUCUMBIX
JIEIyTaTOB IIOCJIe OTIIYCKA.

23. MaremaTuveckuii 60ii 06bI9HBIX TPyTIT M9 — M10.
16 urosga

1. B HEKOTOpPOIi TOYKE OKPY?KHOCTH JJIMHBI 1 CTOUT MaJjIbuuK, erle B 10 pasjinaHbix
TOYKAX OKDYKHOCTU cToAT (uiaxkku. Masbank xoder cobpars Bce (biiakKku (OTHO-
CUTh MX HUKYJa He Hy2KHO). OH MOXKeT IepeJBUraThCs TOJILKO 110 OKpyzKHOCTH. M3-
BECTHO, YTO BHE 3aBUCHMOCTHU OT HAYAJIBHOI'O PACIIOJIOXKEHUsT (DJIAXKKOB OH MOYKET
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cobpaTh BCe, MPEOIO0JIEB AUCTAHITUIO JAIUHLI He O6ombine L. Haiinure munnMaibHOE
3Haderne L, st KOTOPOTO 9TO BEPHO.

2. Tan mHOrOWIeH P(2) ¢ niestbivu Kosddunumenramu. Ilycts a u b — B3auMHO 1po-
cThle HATypaJsibHble yncia. V3BecTHo, 4To 1pu j06oM neiaom n auciao P(n) nesurcs
ua a wiu b. JTokaxkure, uro npu Jiro6oM 1e10M n aucio P(n) aeaurcsd Ha ¢ wid npu
moboM nenoM n aucio P(n) memures Ha b.

3. IlocmenoBarensuocts 1, 11,21, 1211, 111221, 312211, ... cTpoUTCS CJIEAYIONIIM 00-
pa3oM: TIepBLIil 4IeH paBeH 1, a KayKIbIil CJIeIYIOMMA SABISIETC «IPOITEHUEM> CJIe-
Ba HampaBo npeapryiiero. Hampumep, uncio 111221 unraeTcs Kak «TPU €IUHUIIBI,
JiBe JIBOWKWY, OHA eJUHHIAy, 1 nojrydaercd 312211 (60K u3 ouHAKOBBIX IUdD BCe-
I8 IPOYUTHIBAETCS [EJUKOM ). JToKaxKuTe, 9T0 T8 I0CIe10BATEIEHOCTD MOHOTOHHO
BO3PACTAET.

4. Kaxnaoe u3 2019 HaTypaJIbHBIX YHUCEJ B3AaUMHO IPOCTO C OJIHUM U TE€M K€ KO-
JITIECTBOM OCTaJbHBIX, HO HEe cO Bcemu. IIpm KakoM HamMeHbITIeM k MOXKHO yTBEp-
JKJIaTh, 9YTO CPEJIN JIIOOBIX k M3 HAIMX YUCE HAWIYTCs J[Ba, UMEIONMX OOIuil J1e-
JINTEJIb, OOIbIniA 17

5. Aus u Bops urpator B urpy #Ha kBajiparte 6 X 6. Kaxkpiit mo oduepen craBut
B OJHY U3 KJIETOK KBaJpaTa Jjioboe yucsiao (mepsoii crasur Awns). CraBuTh 9ucio,
BCTpEeYaBIlieecs paHee, He pazpernaercs. Korga Bce KJIeTKU 3aHSATHI, B KaXKJI0M CTPO-
Ke 3aKPAaINBaeTCs KJIeTKa C HAHOOJIBIIINM B 3TOi CTPOKe dncyioM. Ecau MoKHO mpoii-
TH 110 COCETHUM 3aKPAIEHHBIM KJIeTKAM U3 BEPXHEH CTPOKW B HIKHIOI, 00eImIa
Awnga. Eciu npoiitu venbss — Bopsa. Kro Bemrpaer npu npasusibuoit urpe? (Kierku
CUUTAIOTCS COCEIHUMU, €CIM OHU MMEIOT XOTs Obl OJ[HY OOIILYIO BEPIIUHY )

6. Haiture Bce mpocThle p Takue, 4To ypasHenue p” = x5 4 y® umeer pemenne B
HATYPAJbLHBIX YHCIAX.

7. Ilycto a, b, ¢, d — BerecTBeHHBIE YHUCTIA, Y/IOBJIETBOPSIIONINE CUCTEME

(a+b)(c+d) =2,
(a+c)(b+d) =3,
(a+d)(b+c)=4.

Haiture MuHUMAIbHOE BO3MOXKHOE 3HAUEHUE BhIPAYKEHUS a’® + b2 + 2 + d2.

8. B ocrpoyrosbaom Tpeyrosbauke ABC yros A 6osbie yria C. Ha croporne AC
B3sTa Touka D Takas, uro AB = BD. Touka G — IeHTp BIUCAHHON OKPYZKHOCTH
tpeyrosbuauka BDC. Brincannasi oKpy»KHOCTb Tpeyroyibanka A BC' Kacaercst CTOpoH
AB u AC B toukax K u L coorBercrBenno. /lokaxkute, uro orpe3ok KL memur
orpe3ok AG monojiam.

9. Bryrpu kpyra pamuyca n € N pacnosioxkeHo 4n OTPE3KOB JJIMHBI 1 KasKJIbIit
(KOHITBI BCEX OTPE3KOB JIEXKAT BHYTPHU Kpyra). JIOKaXKuTe, 9TO €CJIU JTaHa HEKOTO-
pas mpsiMasi, TO HaleTcd mpsiMas JIMOO HapaJjiebHasd, JuOO IMePIeHINKYIApHAT
JAHHON, KOTOPasl MEePeCeKaeT KAaK MUHUMYM 2 OTPE3KA.



XXXV Jleruaas Muoronpeamernas ITIkosaa Kuposckoii obactu 29

10. IIycte Tpeyrombuuk ABC sBasiercs octpoyroibubiM, e ZBAC = 60° u
AB > AC. Ilycre I gBasiercst MEHTPOM BIMCAHHOW OKpYKHOCTH, H — OpTOIEH-
TpoMm TpeyroJibauka ABC. Jlokaxure, uro 2/AHI = 3/ABC.

24. OxpyKHOCTh ATIOJIJIOHUS U TapMOHUsI. 17 Wioad

1. (a) Ha npsimoit AB ormeueHa Touka F, OTIMUHAs OT CepeauHbI O0Tpe3ka AB.
Jlokazkure, 9TO CYMIECTBYET €IMHCTBEHHAST TaKas Touka F' # F wa npsimoit AB, 9to

AE
EB  FB’
Yro npoucxonut B ciydae, Korjga E — cepemgunaa?

(Taxas versepka Touek A, B, E u F Ha3bBaeTcss 2apmonu4eckod.)

(b) Ha orpeske AB ormedena touka C. Haiimure ’'MT X takux, uro XC —
6uccekTpuca Tpeyroibauka X AB.

(c) Hua nByx nannbix Touek A u B nocrpoiite 'MT rakux Toyek X, uto —— =

k, e k — HEKOTOpOe MOJIOKHUTEIbHOE dncjio. dTo mpoucxoaut, Korma k = 17
Onpexnenenne. 'MT u3 upenpiuymeit 3agaqu (npu k # 1) HA3BIBAIOT 0KPYIHCHO-
cmo10 ANoAsoHUA.

2. (a) Hycrs AB — nuameTp HEKOTOPOH OKDPY’KHOCTH, & TOYKa [ JIeKUT Ha JIyde
AB BHe okpyxHoctu. DP u D() — KacarejibHbBIE K 3TOl OKpyzKHOCTH. P() rtepecexka-
er AB B touke C. Jlokaxure, uto derBepka Touek A, B, C' u D — rapMoHnUIeCcKasi.

(b) Hokaxkure, uro mis 060t Touku X 9TOH OKpYKHOCTH 0Tpe30K X B siBjisi-
ercst buccekrpucoit Tpeyrosibauka C' X D.
3. Yepes Bepmmnay A tpeyroJsibauka ABC npoBeseHa KacaresbHasi K €r0 OIUCAH-
HO# OKpYKHOCTH, KOTOpas nepeceksa npsamyo BC' B touke K. lokaxwure, yro K
SIBJISIETCS TIEHTPOM OKPYy2KHOCTH Amosiionus Touek B u C, mpoxosiineii yepes TOuKy

A.

4. Jlokaykure, 9TO TOYKH [I€pecevdeHnsi OKPYKHOCTA ATOJIoHusT Jjist orpe3ka AB
1 OKPY2KHOCTH W, IIpoxosiieil yepes A u B, obpasyior ¢ Toukamu A u B rapMoHu-
YECKHIl YeThIPEXYTOJbHIUK.

5. Touku A u B nexar Ha juamerpe JaHHOM okpy)HOCTH. [IpoBeure yepes Hux
JIBE€ PABHDBIE XOPJBI C OOIIUM KOHITOM.

6. lokarxure, 4TO TPU OKPYKHOCTH ATIOJUIOHUSI, IOCTPOEHHbBIE JIJIs JIFOOO0M Tapbl
JBYX BEPIIUH U IMPOXOISIINE Uepe3 TPEeThIo, MePeceKaloTcs B ABYX TOYKaX. Lakme
TOYKHU HA3LIBAIOTCS MOYKaMU Anosronus.

3ameuanne. OUeBUHO, YTO PACCTOSHUS OT TOYKU ATIOJIIOHUS JIO BEPIIUH 00-
PaTHO IIPOITOPIIMOHAIBHBI IPOTUBOJIEXKAIIMM CTOPOHAM. DTO PABHOCUJIBHOE OIIpE/Ie-
JIeHUe.

7. llycts Apy, Apy — Touku Anosutonus st Tpeyroabuauka ABC. Jlokaxkure, 94T0
A — Touka Anosutonus st Tpeyroybauka Ap; BC.
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8. Jokaxwure, uro eciim L touka Jlemyana Tpeyronbuuka ABC, O — 1nieHTp omu-
CaHHOl OKpyxKHOCTH pajuyca R, a Apy, Aps — Touku Anojutonusi, To

(a) Ap1, Aps, L nexar Ha OjHON IPIMOIL;
(b) crenens Toukn O OTHOCHTETHHO OKPY2KHOCTel Anosyonus pasHa R?;
(¢) Touku Apy, Aps, O, L nexar Ha OZHOMN IIPIMOIL.
9. Yernlpe mapa JiezkaT Ha IUIOCKOCTH U TONAPHO KacaloTcs Jpyr apyra. Torma
KasKJ[asl U3 TOYEK KACAHUS ABJIAETCS TOYKOH ATIOJJIOHMS JIsl OCTABIIUXCS TPEX TO-
YeK.

25. Kuaeroukn! Kierouku! 17 urossa

1. V Asému ecTh MUPOYKHBIE, PA3JIOKEHHbIE B HECKOJIBLKO KOPOOOK. Aiéria 3amu-
caJi, CKOJIbKO MUPOXKHBIX B KaxK10i1 Kopobke. Cepéka B3sLI IO OJHOMY MHAPOXKHOMY
U3 KayKJOi KOPOOKM U ITOJIOXKMJI UX Ha HEPBBIH MOMHOC. 3aTeM OH CHOBA B3I 1O
OJTHOMY TIHPOXKHOMY M3 KaKJOil HEITyCTOH KOPOOKHM M TOJIOKWJI UX HA BTOPOH HOI-
HOC — U TaK JlaJjiee, IOKa BCe MUPOXKHBIC HEe OKA3aJIACh PA3JIO?KCHHBIMHA 110 IOJHOCAM.
TTocie sToro Cepéxka 3amnmcali, CKOJIbKO IIMPOXKHBIX Ha KaXKJI0M ojHoce. JlokaxkuTe,
9TO KOJMYECTBO PA3JIMYHBIX YHCEJI CPEIU 3aliCcaHHbIX AJEeit paBHO KOJUIECTBY
Pa3IMIHBIX YUCeN cpefu 3anucaHHbix Cepéxeit.

2. aj,as,...,a, — TPOU3BOJIbHBIE HATypaybHble dncaa. Obo3nadmm 1vepes by Ko-
JINYECTBO YUCes U3 Habopa a1, ds, - . - , Uy, YIAOBJIETBOPSOMUX ycjaoBuoo: a; = k. [lo-
Ka3aTb, 9TO0 a1 + Gy + ...+ a, = by +bgy + ...

3. Ha nocke mammcaau HECKOJBKO HATYPAJbHLIX |ucesa. IIycTs a,, — KOIUIeCcTBO
TeX U3 HUX, KOTOPbIe He MeHbIle n. Vcxo/Hble qucia cTepIi 1 BMECTO HUX HAITHCAJII
BCE HEHYJIEBBIE (. 3aT€M C HOBBIMU UUCJAMHU IIPOJIEJIAIN TO XKe camoe. Jlokaxkure,
9TO Ha JOCKE IOsIBUJICSI MCXOIHBII HAOOD.

4. Jlokaxkure, 9TO KOJIMIECTBO pa3bueHuii yncsa [N Ha He OoJiee IeM 1M CliaraeMbiX
paBHO wuncay paszomennit uncyia N + m POBHO Ha M CIATaEMBbIX.
5. Jokaxkure, 4TO KOJUIECTBO pas3duenuii ducia N Ha He Oojiee 9eM 1 CJIaraeMbIxX
m(m+1)
POBHO CTOJILKO K€, CKOJIbKO CIIOCOOO0B pazbuth uucyio N + ——5—
Pa3IMYIHBIX CIAraeMbIX.

Ha m II0IIapHO

6. PaccmaTpuBarorcst BceBO3MOKHBIE HAOOPH! 13 100 HEOTPUIIATETHHBIX ME/IbIX TU-
CeJI, PACIOJIOZKEHHBIX B HEYOBIBAIOIIEM ITOPsiiKe u He mpeBocxositiue 100, B KoTopbIx
cymMma Beex uucen geiurca Ha 10. JlokaxKkuTe, YTO POBHO MOJIOBHHA ITUX HADOPOB
3akaHunBaeTcd auciaoM 100.

7. Ilyctb S — MHOXKECTBO BCeX nap HaTypaibHbIX quces (h, k) Takux aro h+k < n.
Kazkplii asieMenT .S IOKpaIleH B OpaHKeBblil WU CHHUI 11BeT, npu4éM, ecau (h, k) —
opanxkeBblii, u hg < h, kg < k, 1o (hg, ko) — Toxke opanzxkesblit. Bysem HasbBaTh N-
3JIEMEHTHOE MHOXKECTBO CHHUX Hap u3 S 3a06a6HbLM, €CJIU IIEPBbIe YHCJIa JIIOOBIX 11ap
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B HEM Pa3JINYHDI, 6€CEABIM — €CIU BTOpbIe. JJoKarXkuTre, 9TO 3a0aBHBIX [TOIMHOXKECTB
CTOJIBKO K€, CKOJIBKO BECEJIBIX.

26. Mmuaumbie 3Hadnug. 19 uroiga

Benommum popmyavt u3 npedvidywezo sucmuka.

at+b+e
QO B tpeyroabuuke ABC neHTpons uMeeT KOOPAMHATY M = —5 OpTO-
HeHTp (ecju onMCaHHAs OKPYXKHOCTb — eJuHM4YHAs ¢ meHTpoM B 0) — h =

=a+b+ec

Q Ilycrs A, B, C u D — touku eguandHOl OKpyxkuocTH ¢ riearpoM B 0. Torma

AB | CD <= ab=cd; AB 1 CD <= ab+ cd =0.

Q Ilycts A u B — Toukn enuHUYIHON OKpy2kHOCTH ¢ TienTpoM B 0. Torma

e 2+ abZ = a + b; — ypaBHenue npsimoii AB;

e az+az = (0 — ypaBHEHUEe KacaTeJIbHOU K € JMHUYHON OKPY2KHOCTU B TOYKE

A;
1 _
° 5 (a+b+m—abm) — ocHOBaHWE MEPIEHUKYIISIPA, OMYIIEHHOTO U3 TOUKN
M Ha upsimyio AB;
2ab N
° 5 TOYKa IIepecevyeHrs KacaTeJIbHbIX K €JUHUYHON OKPY?KHOCTH B
a

Toukax A u B.

1. Ha croponax mapaJuresiorpaMMa BO BHEIIHIOIO CTOPOHY ITOCTPOEHBI KBAJIPATHI.
(a) Boipasure KOOpAUHATHI NEHTPOB KBAJIPATOB Y€PE3 KOOPAUHATHI BEPIIMH HapaJi-
JIEJIOTPaMMA.

(b) Moxaxkure, 9TO MEHTPHI MOCTPOEHHBIX KBAJIPATOB 0OPA3yIOT KBa[PAT.

2. Teopema HproTrona. /[okaxkure, YTO B ONMMCAHHOM YETHIPEXYTOJbLHUKE CEpe-
JUHDBL JuaroHaJjeil 1 HeHTp BIUCAHHON OKPYKHOCTH JIeXKaT Ha OJHONU IIPAMOI.

3. Jlokaxkure, 9ro s Tpeyroiabuuka ABC' ¢ eHTpoM onucannoii okpykuaoctu O
1 OpTONEeHTPOM H BBINIOJIHSIETCSI

OH? = 9OR? — (AB* + BC? 4+ CA?).

4. JTanbl oKpy2KHOCTB ¢ TieaTpoM O u touka M. JlokaxknuTte, 9T0 cCyMMa KBaJIPATOB
paccrogauii or Touku M 110 KOHIOB XOpabl, mapasutesabroit OM, He 3aBuCHAT OT
BBIOOpA, XOPJIBI.
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5. B npsamoyrossaom Tpeyrosibauke ABC na xkarerax AC u BC B3sgatTbl Touku M
u N tak, uro AM = BC u AM = NB. Jlokaxure, 94TO yroj MeXKJIY OTPE3KAMU
AN u M B pasen 45°.

6. Yernipexyroabuuk ABC D BnucaH B OKPY*KHOCTh. JIOKazKuTe, 4TO OPTOIEHTPHI
tpeyrosibiukoB BCD, CDA, DAB u ABC' jexar Ha OIHOI OKPY»KHOCTH, PaBHOI
JIJIVHBI.

7. llycrs A, B, C, D — derbipe TOYKH Ha OKpy:KHOCTHU C IenTpoM O. Touku Ac,
Ap — npoekriun Touku A na BC' u BD coorBercTBenHO; T0Uku B, Bp — Ipoeknun
touku B wa AC u AD coorBercreenno. Touku Hy u Hg — OpPTOLEHTDHI TPEYTOJib-
uukoB ACD u BCD coorsercrBento. Hokaxkure, uro eciu AcAp L OHp, 1o
BeBp 1L OHj,.

8. Touku M u N BuyTpu Tpeyrojbauka ABC takosbl, uto /ZMAB = /ZNAC n
/ZMBA = ZNBC. dokaxure, 94T0

AM - AN  BM-BN CM-CN _
AB-AC =~ BA-BC ~ CA-CB

27. TIIpuBomumocts Haj Z[r]. 19 urosis

1. (a) Jau muorowren P € Z[z]. Ilycrs nenoe 4ucio q siBisiercst KopaeM P(x).
Hokazkure, uro cBobouublil wien P(z) memmres Ha q.
(b) Tycrs HecokpaTumas Apobs q/r siBasiercst kKopHem P(x). JTokaxkure, 9T0 CBO-
60ublit wien P(x) nesurcs Ha ¢, a KO3 OUIUEHT IpU cTapiieM YjieHe JIeJUTCA Ha 7.
(c) Jokaxure, a0 ecau P(x) — npusejeHHbIH MHOrOUJIEH, TO JHOGOI ero pamnuo-
HAJILHBIN KOPEHb SIBJISIETCSI [IEJIBIM IUCJIOM.
(d) Jnst cnyuas u3 mynkra (b) mokaxkure, 9T0 Jyist 06010 1ieoro n aucyao P(n)
JIQJIUTCS HA, TN — (.

Onpenesenne. MHOrOWIEH HA3BIBACTCS NPUBOJUMbIM HAJL Z[T], ecim cymecTByoT
Q, R € Z|x] menbneii crenenn takue, uro P(z) = Q(z)R(x). B nporusHoM ciydae
P(z) menpusonum Hax Z[z].
2. Hpusomumbl m Haj Z[x] muorownenss: (a) 22 +2; (b) z* + 23 + 22 + 2 + 17
3. Ilycrs P, Q, R € Z[z], npuuem P(z) = Q(z)R(z). U3sectHO, uTO BCe Koahdu-
[MEeHTHl MHOTOWIeHa P () nessiercs Ha HEKOTOPOe IPOCToe IuCIo p. Jlokaxkure, 910
6o Bee koabdunuentsr Q(x), mmbo Bee koabbunuentsr R(x) gensdrcsa Ha p.

4. Ilycrs P, Q, R € Z[x], upuuem P(z) = Q(z)R(x). O6oznauum HOJI Bcex Koad-
dunuenros P(x), Q(z) u R(x) 3a a, b u ¢ coorBercrsenHo. Jlokaxure, 9410 a = be.

Onpenenenne. HOJI Bcex Ko3pPUIMEHTOB MHOTOYJIEHA € HEIBIMU KO(MUITUEH-
TaMU HA3BIBAETCS COOEPHCAHUEM MHOTOUIIEHA.

5. (a) Hokaxkure, uro mo6oit MHOrowren P € Q[r] MOXKHO IIpeACTaBUTh B BHJIE
apobu Q) (x), tae Q € Z[z], npudem coneprkanue mMuorodnena Q(x) pasno 1.
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KayKUTe, 9YTO €CJIM MHOTOUJIEH [IPUBOJIUM H TO OH ITPUBOJIUM
b) Hoxka e, 9TO eC orounen P € Z[x 0, a, x|, To 0 0,
u Haz Z[z].

6. (a) Kpurepuii Diizenureiina. [Iycrs P € Z[z], npudem crapmmit kosdbhu-
[UEHT He JIEJIUTCA Ha MPOCTOE YUCTIO P, BCE OCTAIbHBIE KOI(MDMUIMEHTHI AeJISITCI HA
P, HO CBOGOJIHBII WieH He jemutcs Ha p2. Jlokaxute, uro Torga P(z) HempuBommM
Hax Z[z].

b) IlpuBennre mpuMep MHOTOYJIEHA, /I KOTOPOTO OOPATHOE YTBEPXKICHNE HEBEP-

)
HO.

JIemma. Ilycrs a — nesoe. Ecin muorowren P(x) menpusogum uasx Z[z], To Pz +
a) — ToxKe.

7. Jokaxkure, 4To CJIeyroline MHOTOWIEHbl HEIPUBOAUMBI HaJl Z[z]:
(a) 152° + 18z* — 922 + 272 — 36;
(b) z* + 1;
(c) 2% + 23 +1;
(d) 2™+t + 5a™ — 3.

8. Jlokaxkure, aTo MHOTOUIeH P~ +2P~2 + .. 4+ + 1 menpusonum Has Z[z] Torma
U TOJIKO TOLJIa, KOTJa P — IPOCTOE YUC/IO.

9. Jlokaxwure, uro MHOrOwieH P(z) = (x —a1) ... - (x —an) — 1, v0€ @1, ..., ap —
pasIMJHbIe IeJIble Yncia, HEIPUBOAUM HaJl Z[x].

28. IlepBooOpa3HbIii KOpeHb. 20 UOJIs

Onpepestenne. [Tokazarenem oCTaTKa T 110 MOJYJIO 7 HA3BIBACTCS HANMEHbIIIAs!
IOJIO’KUTEIbHASL CTeneHb ¢ Takas, uro z' = 1 (mod n). Ecim t = ¢(n), To = Ha3bI-
BAETCsl IIEPBOOOPAZHBIM KOPHEM 110 MOJLYJIIO 7.

1. Paccmorpum ypasrerne zP~1 = 1 (mod p) mia HekoToporo mpoctoro p. Jis
KasKJIOI'O DENICHUsI TOIO yPaBHEHHsi 0003HAYMUM €ro IIO0Ka3aTesb ¢ II0 MOJYIIO p.
JlokazkuTe CJIeJ[YIONHe YTBEPKIeHNsL:

(a) ypasaenne umeer p — 1 pemennii;

(b) t — nemmrens p — 1;

(c) ecm cymecTByer ocTaTok y ¢ ToKazaTesieM t, To ypasHenne ' = 1 (mod p)
nuMeeT POBHO ¢ pemennii (kakue?);

(d) ecim ocTaTok 2z WMeeT MOKazaTeTb t, TO z HPEJACTABUMO B BUIe y*, mpmuem

(k,t) =1,
(e) cymecrByer smbo p(t) ocTaTKOB € TIOKa3aTeseM t, Iubo HU OJHOTO.
2. (a) Paccmorpum npobu zﬁ’ 1%, cee ;%. Coxkparum Bee japobu. Ilycrs t — ne-

suresp qucyaa p — 1. CKOIBKO Jipobeit Oy/IyT nMeTh 3HAMeHATe b, PABHBI 7
(b) JIemma T'aycca. dokazxure dhopmyiy (CyMMUPOBaHUE 110 BCEM JIIUTEIIAM YUC-

ga p—1):
D wlt)y=p—1.

tlp—1
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(c) VYayumure pesysnbrar 3aga4dn 1(e), TO eCTh JOKAXKHUTE, 9TO CYIIECTBYET POBHO
©(t) ocraTrkoB ¢ nokazareseM t, eciu t — geaurensb p — 1, u 0 — unadve.
Teopema. Ilo npocromy momyso p cymecrsyer poBHO @(p — 1) mepBooGpasHbIX
KODHEI.

3. Haiigure Bce mepBoobpa3Hbie KOpHA 1O Moaysisam 5, 13, 6.

4. YT06bl NPOBEPUTH, SBJISETCS JIM OCTATOK a (Takoit, uro (a,n) = 1) mepBoo6-
pa3HBIM KOPHEM II0 MOYJIIO 1, Hy’KHO Pa3JIOKUTh Ha HPOCTbIe MHOXKHUTEIN p(n) =
p(n)

K1, k ,
Py Dy .. .pkm u nposepuTh, UTO HU OJHO M3 uwmces Buja a Pi He cpasHEMO C 1.

Ob6bacHuTe 3TOT CII0Co0.

5. n u k — HaTypaJibHbIe Yncaa. JloKayKnuTe, YTO €C/IM He CYIIeCTBYeT IIepBooOpas-
HOT'O KODHS [I0 MOJYJIIO 71, TO HE CYIIECTBYeT U IO MOJIYJIO Kkn.

6. oxkaxxure, 94T0 1151 JTFOOOTO IIPOCTOrO P MEepBbie p— 1 HATYPAJIBHBIX 9UCET MOXK-
HO PACCTABUTH 110 KPYTY TaK, YTOOBI JJIsI JIIOOBIX TPEX MOAPSIJ] UIYIIUX IHCes a, b,
¢ pasnocTh b? — ac genmiach Ha p.

7. Hoxaxkure, 4T0 1pH J1060M HaTypaiabHoM k, rie (k,2016) = 1, BepHO:
1P 2k 3% 4 420167 = 1F 428 - 220 4 22015F  (mod 2017).

(Yucno 2 sipyisiercst 1€pBOOOPA3HBIM KOPHEM II0 IIPOCTOMY MOyt 2017.)

8. (a) Ilycrs n = 4q, rue ¢ — wedernoe upocroe, (a,n) = 1. Moxker ju nokazaresinb
YHUCIIA @ O MOJYJIO 1 ObITH paBHBIM (n)?
(b) Mycts n = pq, THe p U ¢ — PA3IUIHBIE HEUETHBIE IPOCTHIe Yuciaa, (a,n) = 1.
Mozker i TIOKa3aTesIb YHCIA ¢ 10 MOJYIIO 1 ObITH PABHBIM ()7

9. JloxaxxuTe, UTO He CYIECTBYET EePBOOOPA3HBIX KOPHEH IO MOJIYJISIM, OTJIUTHBIM
or 2, 4, p*, 2pF.

10. Jlokaxkure, 9TO IIPHU JIOOOM HATYPAJIHHOM N UUCJIO 2 SIBJISIETCS I€PBOOOPAZHBIM
KOpHEM II0 MOJyJio 3™.

29. pyraga cummMmerpusi. 20 uroJjis

Omnpenenenne. Muorowien f oT n IepeMEHHBIX HA3BIBACTCI CUMMEMPUYECKUM,
ecya [yt J1i000# mepecTaHoBKH duces 1, 2,...,n, 0003HAYEHHON Tepe3 o,

f(x17$27 s 7$n) = f (xa(l)vxa(Q)a o '1$U(n)) .

O6o3HaunM yepes
o1(21,T2,. .., Tn) = 1 + X2+ ...+ Ty,
02(T1, %2, Tp) = T1T2 + X123 + - .. + Tp_1Tp,
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On—1(T1,Ta,...,Tp) =T1Z2.. . Tp_1+T1...Tpno®p+ ...+ To...Tp_1Ty,
On (1,22, ..., Tp) = T1To . .. Tny.
Byuem nHazbiBaTh TaKue MHOTOWICHBI AEMEHTMAPHBLMY CUMMEMPULECKUML.
0. a) CKOJIbKO OJIHOYJICHOB B 07
b) Hokaxkure, 9T0 ecan f1, fo — CUMMETPUYECKHIE MHOTOWIEHBI OT 1 [IEPEMEHHBIX, a
¢ — IPOU3BOJIbHAA BEIIEeCTBECHHAS KOHCTAHTa, TO Cf1, f1+ f2, f1f2 cuMMerpuaecKue.

1. BripasuTe 4epes 37eMeHTapHbIE CAMMEeTPUYeCKIAe MHOTOYICHBI
(a) 22 + y2 + 22; (b) 2%y + 2y® + 222 + 222 + %2 + y2 %
3.3 .3. )2
(€) z° +y° + 2% (d) XigicjcnlTi —25)
2. Teopema Bueta. (a) Ilycts cj,co W c3 — KOpHH MHOrO4jeHa 12 + agw? +
+ a1z + ag. oxaxure, 4T0

g = 7(61 + C2 + 03), ap = C1C2 + Ca2C3 + C3Cq, ap = —C1C2C3.

(b) Ilycts c1, ¢, .. . , ¢, — KOPHH MHOTOWIEHA T" + Gy 12" L+ ay 22" 2 +. .. +ap.
Torna s sroboro marypasabaoro 1 < k < n

ar = (_1)]90"716(017 C2,. .0y cn)~

Onpepnesienue. ByjieM roBopuTh, 9T0 OHOUWIEH T1' . . . i Aekcukozpaduuecky 60ab-

we OJTHOYIIeHA 2" . . . T" B TOM M TOJIBKO TOM CJIyHdae, KOTAA (41,42, . . ., in) > (J1,- - Jn)-
CrpammmM 4IeHOM Ha3bIBAETCS HAUOOJBINUN B JIEKCUKOIPADUIECKOM CMBICIIE.
Teopema. Jlioboit cummerpuueckuii muorowren f € Rlzy,...,z,| eauHcTBeHHBIM

00pa30M TPEJICTABIACTCA B BUIE

f 29(0—170—2,~"70—n);

rie g € R[zy,. .., z,] 3aBucut ToabKo or f.
3. (a) dokaxkure Teopemy syjist n = 2.

(b) Ilycrs 7' ...l — crapummil wWieH cuMMeTpudeckoro Muorowiena f. Jlokaxkure,
LITO’L‘l 212 2 >Zn

(c) BoipasuTe yepes ajieMeHTAPHbIE CUMMETPUYECKUE KAKOi-HUOY/ b MHOIOWIEH CO

i1 i

CTApIINM YIEHOM &1’ ... T,
(d) Hokaxkure, 4T0 HyKHBIl MHOIOYJIEH ¢ CYIECTBYET.

(e) dokaxkure, 9TO HyKHBIi MHOTOYWIEH ¢ ¢/IMHCTBEHHBII.

Ilodckaska: aexcurozpaduiecky YMeHbULGTME CMAPUWUL YAEH. ..
Kommernmapuii: npu 0oka3amesvcmee meopemv, HeAb3HA NOAb30BAMBCA CAMOTL
meopemoti!
4. 3BecTHO, UTO X1, T2, £3 — KOPHU yPABHEHUSI 23 — 222 + 2 + 1 = 0. Cocrasbre
HOBOE ypaBHEHUE, KOPHAMHU KOTOPOTO OBLIN ObI THCTIA
(2) y1 =22+ 73, Y2 = T1 + T3, Y3 = T1 + Ta;
(b) y1 = 223, yo = ¥123, Y3 = T1T2.
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5. Pemmwre cucremy ypaBunenunit

r+y+z=0,
22 4+ y? + 2% =42,
z? +y? + 2% = 60.

6. Ilycts
r+yt+z=u+v+t,
22 + 92 4+ 22 = w40 4 2,
3P+ 28 = 403+,

Jokaxkure, 9T0 Ipu JIOOOM HATYPAIBLHOM 7 BBIIOJHEHO " + 4" + 2" = v +v™ + ™.

7. IlosoxxuresbHbIe NEHICTBUTEIbHBIE YUCIA A1, . . .,y A kK TAKOBBL, 4TO a1 + ...+
+an =3k a?+...+a% =3k>ua}+...+a3 > 3k3+ k. Jlokaxure, 4TO KaKue-To
JIBa U3 4HCeNI af, . . ., Gy OTIHYAIOTCA OOJIbIIE YeM Ha 1.

30. Teopus Pamces. 21 uiouasa

Onpenenenue. Juciom Pamces R(m,n) (m, n — HATYpaJbHBIE YMCJIA) HA3BIBAET-
Csl HAUMEHbIIlee HATYPAJIbHOE YHCJIO TAKOE, YTO NOJHbIH rpad na R(m,n) Bepimunax,
pebpa KOTOPOro MOKPAIeHbl B KPACHBIA U CHHUI IBETA, COMEPXKUT JUOO MMOJTHBIH
KpacHbIit Tojirpad Ha n BepInHax, JIMOO TIOJHBIN CHHUN TToArpad Ha M BEPITUHAX.
Teopema Pawmcesi. R(m,n) cymectByer 1jisi JIOOBIX HATYPAJBHBIX 1M U 1.

1. Haitmure R(1,n), R(2,n).

2. Hokaxwure:

(a) R(3,3) < 6;

(b) R(3,4) < 9;

(c) R(3,3) = 6;

(d) R(4,4) < 18.

3. Hokaxxure:

(a) R(m,n) < R(m,n—1)4+ R(n,m — 1) mua m,n > 2;

(b) R(m,n) < Cpiiass

(c) Hoxaxkure Teopemy Pamcest.
Ounpenesnenune. Mrozoysemmvim wucaom Pamces R(ny,na, . .., n;) Ha3pIBaeTCs HAK-
MeHbIIlee HATYPAJIbHOE YUCJIO TaKOe, UTO BCAKasl pacKpacka B | I[BETOB IOJIHOTO
rpada Ha R(ni,ns,...,n;) BEPIIMHAX COAEPIKUT IOJHBIA moarpad mBeTa ¢ Ha N,
BEpIIITHAX.

4. Haiinure Tounoe 3Hauenue R(3,4).

5. Jokaxure, uro 9 < R(3,3,3) < 17.

6. Teopema Illypa. Bce marypasbpHble Yncia MOKPAIIEHbI B HECKOJIBKO IIBETOB.
Torna MOXKHO BBIOPATH TPU OJHOIBETHBIX YUC/IA T, Y U Z, JJisi KOTOPBIX T + Yy = Z.



XXXV Jleruaas Muoronpeamernas ITIkosaa Kuposckoii obactu 37

7. Hokazarnb, nosn3ysch Teopemoii Ilypa, uro ama mgoboro m € N u gia jo60-
ro JOCTATOYHO GOJIBIIOrO IIPOCTOrO YHMCjIa p cpasHenue '™ + y™ = 2™ (p) umeer
HETPUBUAJILHOE PeIlleHUE.

31. Jlama c cobaukoii. 21 mroJd

OcHoBHasi Teopema anre6psl (OTA). JI06oif MHOTOWIEH CTeNeHH He MEHbIIe
€IMHAIBI ¢ KOMIUIEKCHBIME K03 duIenTaMu (B TOM YHCIIE H C JAefCTBUTEIbHBIMHE)
nuMeeT XOTs Obl OUH KOMILJICKCHBIH KOPEHb.

1. IlycTp 4mMCIIO 2 BBIXOJUT U3 TOYKHU 1, OOXOINUT OKPY’KHOCTb PaJlycoM 1 C IieH-
tpoMm 0 1 Bo3Bpalmaercs B Ty ke Touky 1. HauepTure jimamio, 1o KoTOpoil nBHKeTCA

Touka: (a) %; (b) 2%; (c) 22+ 1; (d) 2z + é

Paccmorpum npruBeieHHBINE MHOTOYJIEH CTEIIEHN N ¢ KOMILJIEKCHBIMU KO3 dUIm-
eHTaMu

P(z)=z2"+ 12"+ -+ a1z + ag

. ITycrs ag # 0 (unage muorowien P(z) 6yaer uMers Kopenb z = 0). Ilpu gBmkennu
II0 KOMILJIGKCHOH IIIOCKOCTH TOYKH 2z IPOUCXOJUT IepeMelleHne II0 KOMILICKCHON
wiockoctu Touku P(z). Touky 2" Ha KOMIUIEKCHOI IJIOCKOCTH HazoBeM Jlamol, a
rouky P(z) — Cobauko1l.

2. Yucso z HaYMHAET CBOH MyTh MO KOMILIEKCHON IIJIOCKOCTH B JIEHCTBUTEIBHOMN
TouKe R, MIPOXOAUT OJIUH pa3 IO OKPYXKHOCTH PaJuyca [T IpOTUB YacoBO# CTPEIKH
1 BO3BPAIAETCA B Ty »Ke TOUKY.

(a) Kakoit myTs npu arom cosepumt Jlama? CKOIBKO pa3 OHA 0O0OHIET BOKPYT
touku 07

[Ipu m1060M TOJIOXKEHUY TOYKK 2 paccrosiaue Mexay amoti u Cobauxoli paBHO
|P(z — 2™)|. HazoBeM jiMHO# MOBOJKA YUCIIO L, pABHOE MAKCUMAJILHO BO3MOXKHOMY
paccrosiauio Mexy Jamoti u Cobaurot npu 3aaHHOM 3HaYeHUH RR.

(b) Hokaxkure, uro mpu R > 1 myuuna nosojxa e upeBocxomuT L < (Jan—1| +
oo+ lag)) R

(c) Kakoro pajmyca R Hy»>KHO B3siTh OKPY>KHOCTh B KaueCTBe TPAEKTOPUH JIBU-
JKeHUs TOYKH 2, ITOOBI JI/TMHA ITOBOIKA ObLIa MenbIne R — paccTroganus oT Jamov, 10
touku 07 Ckonpko pa3 mpu 3rom Cobdadra oboiimer BOKPYT TOUKy () Ipu ABUKEHIH
Z 10 OKPY2KHOCTU?

Haunem ymeHbIIaTh Pajyc OKPY?KHOCTH , IO KOTOPO# JIBUXKETCsT TOUKa z. Pa-
JINyC OKPYKHOCTH, TI0 KOTOPO#i ryJisier /[ama, yMEHbIIAETCsI, HO OHA MO-TIPEKHEMY
Oyner npoxoauTh 1 pa3 Bokpyr Toukn 0. Tpaexkropust asuxkenns Cobawky MeHsET-
CsI HEIIPEPBIBHO, TO €CTh MPU «HEDOJIBIIIOM» HU3MEHEHUH R TPAaeKTOPHs N3MEHSeTCS
HE3HAYUTEJHHO.

3. (a) Hoxaxure, uro npu R < 1 Cobauka HAXOAUTCS OT TOYKH Gy HA PACCTOSHUN
He GosbineM, yeM (1 + |an—1| + -+ + |a1]) R.
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(b) Kakoe 3nauenue paguyca R OKpy:KHOCTU HYKHO B3dTb, npu KoTtopom Co-
bawka HE pa3y He mpoiizer BOKpyr Toukm (7

Uraxk, B nporecce ymenbinenust R quciao 06xon0B Tpaekropun Cobayku BOKPYT
Toukyu () YMEHBIIAETCS OT N J0 HyJsl. SHAYUT, IIPU HEKOTOPOM 3HAYCHWH PAJIAYCa
Cobauka Oynmer BeIHY2KIeHA poiiTu depe3 0.

Teopema mokasana!

CaencrBus.
4. Beakuit MHOTO4YIeH cTemeHu 1 > 1 ¢ KOMIUIEKCHBIMEA KO3(MPUINEHTAMN €IUH-
CTBEHHBIM 0DOPa30M € TOYHOCTHIO JO YMHOYKEHMs Ha YHCJIO PACKJIAIBIBAETCS B IIPO-
MU3BeJIEHNE N JIMHEHHBIX COMHOXKHUTEEH ¢ KOMILJIEKCHBIMUA KO3(DDUIMEHTAMMI.

5. Jloxaxkure, 9T0 J1T0O0# MHOTOIEH ¢ AeHCTBUTETLHBIMEA KOI(DDUITMEHTAME €TIHH-
CTBEHHBIM 00pPa30M PACKJIABIBAETCS B IPOM3BEICHIE MHOTOUJIEHOB CTEIIEHU HE BbI-
1e BTOPOi C JIefACTBUTEIbHBIMU KO(DDUITHEHTAMU.

6. JlokaxxkuTte, 9TO JI0O0IT MHOIOUJIEH C J€HCTBUTEIbHBIMEU KO PUITMEHTAMI HEIET-
HOI CTEITeHN MMeeT XOTsI Obl OINH JIeHCTBUTEIbHDIN KOPEHbD.

Heckosbko 3agad4.

7. Pazymoxkure HA MHOKUTEH C JIEHCTBATEIbHBIMU KOMDMUIMEHTAME MHOTOIEH
28 ot 4+ 1

8. Muorounen P(z) ¢ neiicrBurenbHbiMI K03bOHUIUEHTAME IPH BCEX A CTBUTEb-
HBIX & IPUHAMAET TOJIBKO IIOJIOKUTE/IbHbIe 3Hadenns. JlokaknuTe, 9T0 HANIYTCA Ta-
kue muorowienbl A(x) u B(x) ¢ meficrBuresbabiMu KO3hPUIMEHTAME, sl KOTOPBIX
P(z) = A%(x) + B?(x).

9. JlokaszkuTe, 9TO IPH JTIOOBIX HATYPATBHBIX P 1 ¢ aucio (p+1)24T14+pi+2 nemmres
ma p® +p+ 1.

32. 06 omHOM MeToOde. 22 UIOJIs

ITycrs ecrb aBa HabOpa uncesa & = (T1,T2,...,Tn) B Y = (Y1,Y25 -, Yn)-
Omnpenenenue. [Iyctb 1 2 20 223> ... 2 X, UYL Z Yo Z Y3 =+ .. = Yn.-

Bygem ropoputs, uro HabOp x Mastcopupyem HAOGOP ¥, ¥ MUCATD X > Y, €CJIA BBITIOJI-
HSIFOTCSI CJIEJIYIOIINE YCIOBUSL:

1) Z Ty = Z Yi
i=1 i=1

k k
2) ngist mo6oro 1 < k < n BBINOJIHSETCS HEPABEHCTBO Y. T 2 Y Ui
i=1 i=1
Omnpenenenne’. HaGop x masicopupyem nabop y ecin Jjis moboro momHabopa nus
k UTDEKOB Yp,, - .., Yn, HAULYTCA k UKCOB Ty, , ..., Ty, TAKHX, UTO

Ty + Ty + oo+ Ty, 2 Yng T Yng + -+ Uny,-
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W npu sTOM TOJIHBIE CyMMBI HAOOPOB OIMHAKOBBI.

1. /TokaxKnuTe, 9TO ONpeIeIeHIe W ONpeeeHrne’ paBHOCUIHHBI.

2. a) Jokaxkure, 9TO €CIU T > Y, TO €Cjid JOOABATH K KAXKJIOMY M3 HUX OIUH U
TOT K€ JIEMEHT ¢, TO X1 = Y1, e 1 = x U {c} n y1 = y U {c}.
b) Hdokaxkure, 410 ecim K HaOOpY x U HAOOPY Y A00ABUTH HEKOTOPOE KOJMYECTBO
9J1eMeHTOB, (T.e. 100aBUTH OJMHAKOBLI HAOOD YHCEI) TOrJa MasKOPAIUd HE UCUE3-
HET.

3. Bepno s, uro ecau U {c} = y U {c}, 10 z > y?

4. a) Ilycrs x = y u & # y. JTokaxuTe, 9T0 CyIIeCTByeT HAOOD z He COBNAAIOIIIIA
HU C T HU C Y TAKOH, 9TO T > z > Y.
b) Iycrs B HAGOpE X €CTh JBa JIEMEHTA Ty U Ly TaKue, 9TO Tj > Xj.
Ilycre € TakoBO, 4TO T) > T — € = T + € > x;. Hasosem coauscenuem HaboOpa T
HOBBI HAOOp y = = \ {2k, 21} U {ap —e,2; + &}, Torma = > y.
¢) Jokaxkure, 9TO €Cjid T > Y, TO CYIIECTBYIOT IIPOMEKYTOYHBIE HAGODDHI
T =207 217> ... Zm =Y Takue, 9TO 241 SABJIFACTCI COTMKEHNEM Zj.

Onpenenenue. [Hoanoti opbumoti Habopa HA3LIBAETCS
ni TLQ Nk
O(ny,na,...,nk E Lo Tola) -+ Lo(k):

. a) IIycte ny > ny — e = ng + € > ngy. Jlokaxwure, 910
O(ny,na,...,nE) =2 0(n1 —e,na +¢€,...,nK).
b) Iycrs nabop (n1,na,...ng) = (M1, me,...mg). Jokaxure, aro
O(ny,na,...,nE) = O(my,ma, ..., mg).

st HATYpaJbHBIX YHCET T; W M; 9TO HEPABEHCTBO HA3bIBAETCS HEPABEHCTBOM
Miopxena.

6. [l1st TIOJTOKUTEIBbHBIX 9UCET T1, T2, . . . , Ty JOKAXKUTE HEPABEHCTBO
1 n—1 n—1
+ai 11 1
> — 4+ — 4.+ —.
1T ...Ty I T2 In

33. Ilmoc-munyc. 22 uronad

1. ITocraBbre B psif 11 dmcesn Takux, 9TO CYMMa MX BCEX IMOJIOXKUTENbHA, HO IIPH
9TOM CyMMa JIIOOBIX TPEX COCETHUX UUCEs OTPUIATEHHA.
2. O6osuaunM 3a f(A, B) MAKCUMAJbHYIO JUIMHY DsJia YUCEJI TaKUX, 9TO CyMMa

JIIOOBIX A coceTHUX dMCesT TOJOXKUTEIbHA, a CyMMa JIIOObIX coceaHux B gucen or-
puiaTebHa.
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(a) Jokaxure pasencrsa f(7,2) =7; f(6,2) = 5; f(4,3) =5.

(b) Hoxaxure, uro f(A, B) = f(B, A). Haiiaure f(A,1) u f(A, A).

(c) Jokaxure, uro f(A,B) < A+ B.

(d) Hdoxaxwure, uro eciu A > B u f(A,B) =N, ro f(A— B,B) > NB.

(e) U3 nynxra (d) momyuure nepasenctso f(A, B) < A+ B —HO/ (A, B) — 1.

(f) Jokaxwure, uro f(A,A—1)=2A-3.

(g) Hokaxure, uro eciim f(A,B) = N, 10 ms 106010 HATYPAJIBHOTO k BBI-
nosmsiercst HepasencTso f(kA,kB) > N 4+ (N + 1)(k — 1). 3aoaHo JoKaxKuTe, 9TO
ecan BbInosHsiercst paBercTBo f(A, B) = A+ B — HOI(A,B) — 1, 1o f(kA,kB) =
kA+ kB —HOJI(kA,kB) — 1.

(h) IIycrs A > B+ 1,B > 2,HO/I(A, B) = 1. Paccmorpum psig uz A + B — 2
qucesi. Bynem cunrarh ux Beprmmaamu rpada. Coeguaum pebpamu [mciia, HOMepa
KOTOPBIX B pajy oramdaiorcs Ha A wim ma B. Haiiaure cremenu Bcex BepIInH.
JlokazknTe, 9TO B 3TOM rpade POBHO JIB€ KOMIOHEHTBI CBA3HOCTH.

(i) TlocraBuM BO BCe BEpIIMHBI EPBONl KOMIIOHEHTHI CBSI3HOCTH YHCJIO 1M, BTO-
poit — n. Jlokaxkure, 9T0 cpeau JroObIX A COCEIHUX YUCes OJUHAKOBOE KOJUIECTBO
qucest, paBHbIX M. U cpean mo0bx B Toxe.

(j) Hokaxkure, 970 MOXKHO HAJTH TAKHE M ¥ M, YTO BHIIOJHIETCS YCIOBUE UC-
XOJHOI 3a1a49U.

(k) O60061muB npeaplIynme IyHK T, JOKAXKUATE, ITO
f(A,B)=A+ B —-HOH(A,B) - 1.

34. 3akJjovyuresbHasg OJUMIINAJA. 23 MIOJIS

JloBbIBOT,

1. CymecrBytor Jin Takue 6 HATYPAJbHBIX UUCEI, UTO HAUOOIBITHI
OOIIIMIT JTeSTNTEINb KaXK/IbIX JBYX U3 HUX — IIPOCTOE YNCTI0, MeHbIiee 26, n
IIPU 9TOM KaKJI0€ TAKOe MPOCTOE YUCJIO ABJISIETCS HAUOOJIBITTUM OOITIM
JIeJINTeJIeM KaKUX-TO JIBYX M3 9TUX IECTH TUCEN!

2. Ilycte @y, x9,...2,(n > 2) — BellecTBeHHbIC YnCsa, OOJbIHe 1.
[yers |z, — 1| < 1 g i = 1,2, ..., n — 1. Jlokaxure, 4ro
Tn—1

X X T
T2y + <o 1.
i) xT3 T T

3. Jana Tpanemua ABCD c ocnopanusyu BC' u AD. Touku B’ u C’
cumMeTpraHbl ToukaM B n C' orHOcuTebHO npsMbix C'D n AB coot-
BeTcTBeHHO. JIoKaxKuTe, 94T0 cepeinta OTpe3Ka, COEIUHSIONIET0 IEHTPLI
OIMCAHHBIX OKPYyKHOCTEN TpeyroabuukoB ABC' u B'C' D, pashoyiaJie-
Ha oT ToueK A n D.
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4. JlokaxkuTe, 9TO HU NIPU KAaKOM HATYpPaJHLHOM 1 TTPOU3BEIEHUE
P+ 12+ D)2 + 22+ 1) ... (n*+n*+1)

HE dBJIAETCA TOIYHBIM KBaJ/JIpaTOM.

5. [lnan kapTuHHON rajgepen — Kjaerdaras GUrypa, rie Kaxkas KieT-
Ka — 9TO 3aJI, U U3 JII0O0M KJIETKH MOYXKHO JIONTH J10 JIF0OO0i JIPyYTOit, Iepe-
X0 B cocegHue 1o CTOpOoHaM KJIETKH. CMOTpI/ITeJH), HaXOAsAChb B OJHOM
13 3aJI0B, CJIEJINT 38 BCEMH 3a/aMU, B KOTOPbIE MOYKHO TIOMACTH U3 ITOM
KJIETKH OJHUM XOJI0M depast (He BBIXOJs 3a mpeiesnl rajgepen). Kakoe
HaMMeEHbIIIee IMCI0 CMOTPUTE e ToTpedyeTcs, YToOkI B JIF0OO0i rajiepee
13 n 3708 (n > 2) Bce 3a/Ibl OKA3AJIUCH MO IIPUCMOTPOM?

BriBog,

6. /lanbl pasjmyHbie HATYPAJIbHBIE YUCTA G, A, - - . , Ay, 1 > 3. JloKa-
JKUTE, YTO CPeJI HUX CYIIECTBYIOT JiBa Pa3/IMYHbIX YUCJI& ;, 1 TAKUX,
4TO @; + @ He ACJIUT HU OJHO U3 YHCeN 31, 3a2, . . ., 3y

7. Ilycts A1 As ... A, — BBIIYKJIBII n-yroJbHUK. BHYTpH Hero BuiOpa-
Ha TouKa P Takas, 4To e€ npoekiuu P, P, ..., P, Ha CTOPOHBI MHOTO-
YTOJbHUKA JIesKaT Ha oTpe3kax AjAs, AsAs, ..., A, Al COOTBETCTBEHHO.
[Iycrs X4, Xo, ..., X,, — Touku Ha orpeskax A;As, AsAs, ..., A, A
coorBeTcTBEeHHO. JloKaxkure, 910

X1X2 X2X3 XnXl
PP,” PPy’ 7 PP

max > 1.

8. B raiirom obmectBe 2020 wIeHOB, U Y KaKJIONO €CTh cUeT B OaHKe
(Ha cuery 1es0e YucsIo pybJIeit, KOTOPOe MOKET ObITH OTPUIATETHHDBIM ).
Bpewms ot Bpemeru o/iuH 3 4jI€HOB OOIIECTBA IEPEBOIUT CO CBOETO CHe-
Ta Ha CYeT KaxKJIOro U3 CBOUX Jpy3eil, cocTosIux B 0obIecTse, 1Mo 1
pyo6.sio. NI3BecTHO, UTO ¢ TIOMOIIBIO TIEMOYKU TAKUX IIEPEBOJIOB OHU MO-
I'yT IIepepacipe/ie/InTh IMEIOIINecss Ha cueTax CPeJCTBa IIPOU3BOJILHBIM
obpazoM. J/lokaxkure, uTo B 3TOM 00IecTBe poBHO 2019 n1ap Jipy3eii.
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