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B nacrosieit 6porriope npejcraBienbl JucTku 3ansgTuii rpynnbl npodul() Kuposckoit JIMIIT2006 —
MOYTH TAK, KAK OHU BBIJABAJIHUCH MIKOJIBLHUKAM, C UCIPABICHIEM 3aMEYEHHBIX OMEeYaTOK.

JlaHHble TEKCTHI He ABISIOTCS MOJHBIMU MaTepHaJaMy 3aHITHIl, HO JUIIbL HaAbOpaMu 33729 K HIM.
WNuorga ucTky BBIIABAINCH MepeJl 3aHATUsIMEI, WHOTJA B Cepe/InHe, HWHOTJA MOCIe.

B Gpomrope cojep:karcss JUCTKH npuMepHo 3/4 3amsatuit.  OTCYTCTBYIOT MaTepuasbl 3aHATHIl
A.B. CxomenkoBa, KOTOpbIE TJIABHBIM 0O0Pa30M OBLIM MOCBSIIEHBI TOMOJOTHYECKO Teopuu rpados.
Kpowme 3toro, B 6porriope HET BCTYMUTEILHON U 3aKTIOYATETBHON OMTUMIINA, a TAK¥Ke IBYX MATOOEB.

3 uonda

OyHKIUA Jditjaepa

1. Ecm (a,m) = 1, 10 a — obpamum 1o Mozmyio m, to ectb ab = 1 (mod m) mias HekoToporo b.
DaemMenT b onpesesen OIHO3HAMHO MO MOLYJIIO M.

Omnp. Pyuknus Ditnepa p(m) paBHA KOJINYECTBY HATYPAJIBHBIX YHCEJT, HE TPEBOCXOSIINX M, U B3AUMHO
IPOCTHIX C M.
Teopema Ditnepa. Ecmn (a,m) = 1, 10 a?™ =1 (mod m).

2. Pacemorpum psin 1/m,2/m,...,m —1/m,m/m.

a) Jlokazkwure, ato mpu m > 2 ¢(m) — deTHo.

6) Jokaxkure, uro ¢(d;) + @(dy) + - - - + ¢(ds) = m, rme cyMMUpOBaHUe BeJETCs O BCEM JEeTUTeISIM
qucsua m.

3. Jlano uuciao 2209, JTokaxkuTe, 9T0 MOYKHO TPHIHACATH K HEMY CIeBa HECKOIBKO Mudp TakK, 9TOOBI
IOy YAIACH CTEIeHb JIBOMKH.
Omnp. IIpu (a,m) = 1 cymecTtByer momoxurenbaoe § ¢ yeaosuem a’ = 1 (mod m). Hamvenbmree m3
TAKHX GHCE]l HA3BIBACTCHA NOKAZAMEND, KOMOPOMY A NPUHAOAEHCUM 10 MOOYAIO TN.

4. a) Yncna 1 = a°,al,...,a’ "' mo Momymio m HecpaBHUMBL.

6) a® = a' (mod m) (s >t > 0) Torma u ToaBbKO TOTMA, KOorga s = t (mod §). B wacrmocrn, a® = 1
(mod m) Torga u TOMBKO TOTJIA, KOTJAA § JEJUTCA Ha .

B) 0 ABJIATCS Jeauresnem o(m).

5. Haiimure Bce mapbl npocThiX 4ucesa p, ¢, 4ro 2P — 1:q, a cpeju NpocThIX Jenurteneil dncia ¢ — 1
NMeIOTCs TOJMBKO ducaa 2,3,5,7.

6. Ecau p — npocroe, n > 1 — neuerno u 3 — 1:n, To n > 2p.
3 uoId

uaBepcus

Onp. PaccmorpuMm Ha MJIOCKOCTH OKPYXKHOCTH S pajamyca r ¢ meHTpoM B Touke O. Hneepcueti
OTHOCHUTEJILHO OKPY’KHOCTH S Ha3bIiBaercs mnpeobpasoBamue miockoctu 6e3 Toukm (O, mepeBosiiee
KazKayto Touky X B Takyio Touky X' ma syde OX, uro Bumomngerca coorHomenue OX - OX' = r2.
OkpyKHOCTH S HA3BIBAETCS OKPYZKHOCTHIO nHBepcuu. Touka () Ha3BIBAETCs MEHTPOM mHBepcuu. Uucsio

” HA3BIBAETCST PAINYCOM WHBEPCHUH.
Bameuanue. OOparHOe K WHBEPCHU MPEOOPA30OBAHUE COBMAIAET C HEIL.
YrBl. [Ipsamas, mpoxojsiinas yepe3 IMeHTP WHBEPCUHU, MEPEXOIUT B ceds.

YrB2. [Ipamas, He mpoxoadIiasg dYepe3 MeHTP UHBEPCUH, TIEPEXOIUT B OKPYKHOCTH, TPOXOISIILYIO depes
[EeHTP WHBEPCUU.

YT1B3. OKpy)KHOCTH, IPOXO/ISIIAs Yepe3 MEeHTP WHBEPCUU TEPEXOIUT B MPSIMYI0, He TTPOXOIAILYI0 9epes
[EHTP WHBEPCHUU.
YT1B4. OKpy)KHOCTH, HE TPOXO/ISAIIAs Yepe3 MEHTP WHBEPCUH TEPEXOIUT B OKPYKHOCTH, HE TTPOXO/ISIILY O
Jepe3 NEeHTP NHBEPCHUU.

1. Ilycrh okpyxKHOCTHL S KacaeTcs OJHOBPEMEHHO JBYX MEpeceKaloluxcs OKpYyzKHocTeit S u S

pasubix paguycoB. Jlokakmre, 9TO TpsiMasi, COEJMHSIIONIAs TOYKU KACAHUSI MPOXOIUT dYepe3 IEHTP
rOMOTETUU OKPYKHOCTeH S7 u Ss.



2. Jlokaxxkure, 9TO €CJIM U3 UETHIPEX OKPYyKHOCTeH S1, Sy, S3, Sy KayK/1as KacaeTcsl JBYX COCEIHUX,
TO TOYKHN KaCaHUd JIeZKaT Ha OJHON OKPYZKHOCTH.

3. Ha orpeskax AM, MB u AB ofHOil nmpsiMOii MOCTPOEHbI MONYOKpyKHOCTH S1, So n S (B
oznHoil moaymiockoctu). B Touke M k mpsimoit AB BocctaBien mnepnengaukyassp MD (D wa S), u B
kpuBosimHeiinbie Tpeyrogbauku ADM uw BDM BuucaHHBI OKPYKHOCTH Y1 U Yo. Jlokaxkurte, 9TO:

a) OKPYZKHOCTH Y1 U Yy DABHBI;
6) obmmas KacaTeabHas K Y U S; B UX TOUKE KACAHHS MPOXOJUT uepe3 B.

4 niong
uaBepcus

Omnpenenenue. Yeaom Mexay JABYMsI OKPYKHOCTIMU HA3bBIBAETCS YTOJA MeEXK/y KacaTeJbHbIMH,
NPOBEJEHHBIMUA K HUM B TOUKE IlepecevyeHusl.

3ameuanue. flcHo, 4TO B KaKoil U3 TOUEK MepecevdeHnsi pacCMaTpuBaTh KacaTeJbHbIe HE BayKHO.
Teopema. [Ipu mHBEepcUn YTl MKy OKPYZKHOCTIMH COXPAHSIIOTCH.

1. /lokazkuTe, 9TO CYIIECTBYeT WHBEPCUS TIEPEBOJISIINAs JIIOObIE JBe HellePeceKalolecs: OKPYKHOCTH
B KOHIIEHTpUYECKHE.

2. /lana okpyzxuocTh S u aBe Toukn A u B na Heii. [IpoBoasTcst BCEBO3MOXKHBIE TAPHI OKPYKHOCTEI
S1, S, kacaromuxca S B Toukax A u B u
a) KacaroluXcst MexK 1y co0oi;
) mepenHInKyISPHBIX JIPYT K JPYTY.
Haiinnre I'MT Touek kacanusi (COOTBETCTBEHHO nepecedenwusi) S; u Ss.

3. Ilycts A, B, C'; D— geTbipe mpOu3BOIbHBIE TOUKH IJIOCKOCTH, HE JIeYKAIIHe Ha OJHOI MpsaMoii
WU HA OJHOW OKPYKHOCTH. JIOKaKuTe, 9TO YroJ MKy OKPYKHOCTSIMU, OINUCAHHBIMA BOKPYT
tpeyroibaukos ABC' u ABD, paBeH yriiy MexKIy OKPYKHOCTSIMH, OMMMCAHHBIME BOKPYT TPEYTOJIHHUKOB

CDAu CDB.

4. IIpomoyzkuM dYepe3 OJHY CTOPOHBI TPOU3BOJBHHOTO MATUYTOJbHUKA JI0 TIEPECedeHus U OMUIIEeM
OKPYZKHOCTH BOKDYT TATH 0OPA30BABIINXCS TPEYTOJIBLHUKOB, TOTJA MATH TOYEK TePecedeHrs COCETHIX
OKPY2?KHOCTEI JIeyKaT Ha OJJHON OKPY?KHOCTH.

5. Yernipexyrombuuk ABCD Bromcan B HEKOTOPYIO OKPYKHOCTH U OJHOBPEMEHHO OMHCAH BOKPYT

JIpyTOit OKpy KHOCTH. JloKarkuTe, 9TO MpsiMble, COeANHSTIONINE TOYKN KaCAHUs TPOTUBOIOI0KHBIX CTOPOH
CO BIUCAHHOI OKPYZKHOCTBIO TIePeNeH UKy IIpHBI.

4 wuona
JInHeliHbIe cucTeMbl: Teopus

Ounpl. JIge CJIY (0T 0AMHAKOBOTO HAGOpA MEPEMEHHBIX) HA3BIBAIOTCA IKEUGAACHMHOLMU, ECITH Y HUX
COBIIQ/IAI0T MHOYKECTBa PelleHnit.

Omnp2. Pacemorpum snementapubie npeobpasosanus CJIYV Tpex Tumnos:
DII1) x crpoke npubapisieM JAPYIYIO CTPOKY, YMHOKEHHYIO Ha IHCIO;
DII2) cTpoKy yMHOXKAEM Ha HEHYJIEBOE THCIO;

DII3) meHsieM MecTaMu JIBe CTPOKH.

Yupl. Ecm ogma CJIY mnomyuaercas u3 apyroit myrem npumenenusa II1-9I13, 1o stu CJIY
9KBUBAJIEHTHHI.

Teopema (meron T'aycca). ITpu nomomnu DIT1-I113 kaxkxyo CJIY MOXKHO IPUBECTH K CTYHEHIATOMY
BHU/LY, T.€. K BUJLY

big@y 4 oo + bz, = dy
bopTp 4+ vvevee + bopTy, = do
bglLEl +oeeee + bgnlEn = d3

brsts + v+ bz, = d, ’
0 = dr—i—l




rie bnbgkbgl...brs%o, l<k<l<---<s.
Vup2. a) Cronbko perrennii Mmoxer 6bTh y CJIV?
6) Kak wmaiitn Bce pemenusi npoussosabuoii CJIY?
B) 3a CKOIBbKO jieficTBuil Moxkuo pemmuts CJIY pazmepa 100 x 1007

Teopema 2. Ecmu CJIV ¢ nensivu kodddunuertaMu 1 CBOOOIHBIMU UJIEHAMH HMEET eINHCTBEHHOEe
pelreHne, To 3T0 — pellleHne B PAIHOHATbHBIX THCIAX.

Teopema 3. OgHOpomHasa cucTeMa, B KOTOPOil IepeMeHHBIX OO/IbIe, YeM YpaBHEHHUI, UMeeT HeHyIeBOe
pereHmue.

Teopema 4. Eciu CJIV ¢ nenrsimu ko3dduImeHTaMu 1 CBOOOIHBIME TIeHAMHI UMeeT KaKoe-TO pellleHue,
TO OHa MMeeT pelleHrue B paluOHaJIbHBIX YUC/IaX.

Teopema 5. Eciu cucrema n3 n ypaBHEHUIT ¢ N HEU3BECTHBIMU HUMEET €INHCTBEHHOE PeIeHne P KaAKOM-
mo Habope CBOOOMHBIX UJIEHOB, TO OHA HMeeT €JIMHCTBEHHOE pelleHue MpHu .4t000Mm HabOpe CBOOOTHBIX
YJIEHOB.

g caMOCTOATETHbHOTO pereHus

Baxl. Ha orpeske [0,1] orMedeHb KOHIBI, a TakKyKe KOHEYHOE UHCJIO DPA3IHYHBIX TOYEK BHYTDH.
MBBGCTHO, q9TO JIIO635{ BHYTPEHHAA OTMEYEeHHad TOYKa JIE2KUT POBHO ITOCEpeJuHEe MeXKAYy KaKUMU-
HI/I6yﬂb OTMEYCHHBIMU TOYKaAMMH. ,ZLOKa)KI/ITe, 9TO BCE€ OTMEYEHHbIC TOYKU pPalluOHAJIbHBI. (yKaBaHHe:
KOMOHHAIHS TeopeM 2-5)

4 uwonsa

ITokazarean

Omp. Tlpu (a,m) = 1 cymecrByer nomoxureabHoe ¢ ¢ ycaosuem a’° = 1 (mod m). Hawumenbiee n3
TAKHX YHCE] HA3BIBACTCHA NOKAZAMEND, KOMOPOMY G NPUHAOAEHCUM 10 MOOYAIO TN.

1. a) Ymena 1 =a% a', ..., a’"! mo Momymio m HecpaBHEMEL.

6) a®* = a' (mod m) (s >t > 0) Torma u ToaBKO TOrMA, KOraa s = ¢t (mod ). B wacrroctn, a® = 1
(mod m) Torga m TOIBKO TOTMA, KOTJA § JEJUTCA HA .

B) 0 ABJIATCS Jeauresnem o(m).

)

2. Haiigure Bce mapbl NpOCTHIX Yucesa p, ¢, 9to 2P — 1:q, a cpeju NpocThIX Jenuteneil dncia ¢ — 1
NMeIOTCs TOJMBKO ducaa 2,3,5,7.

3. Ecau p — npocroe, n > 1 — neuerno u 3 — 1:n, To n > 2p.

4. 2" — 1 "e genutTcda Ha n npu n > 1.
5. p, ¢ — npocThie Yucaa, ¢ > 5. Jlokaxure, uro ecau ¢|2P + 3P, To q > p.

6. a > 1,p > 2, p— npocroe. Torma mpocTble HeYeTHBIE AeuTen duciaa a’ — 1 wam gengar a — 1,
I UMeloT Bum 2px + 1.

7. a > 1, p > 2, p— npocroe. Torma mpocrbie HeUeTHBIE AeauTenn duciaa af + 1 wim gendar a + 1,
nim umeroT Bu 2pr + 1.

8. a) JlokaxKuTe, 4TO CYIECTBYET MPOCTOE TUCIO Buja 2px + 1.
6) Jokazkure GECKOHEYHOCTH MHOYKECTBA, MPOCTHIX 9Hce] Buaa 2px + 1.

st caMOCTOATEIbHOTO pelleHns

1. a) a > 1. Torna ¢(a"™ — 1) kpartHo N.
6) Jokazkure, 9T0 YHCJIO MPABUIBHBIX HECOKPATHMBIX JpO6eil co 3HaMeHareseM a” — 1 KpaTHO n.

2. JlokaxkuTe, 9TO mpoCTHIe aequresnn gauciaa 22 + 1 mveror ug 2"z + 1.

3. Haiinure Bce n, npu KoTopbix n|3" — 2™,
5 uionsa

Ilongapa. IlongpHoe cooTBeTCcTBUE.



Omnp. [Hoasapot Touku P OTHOCUTETHHO OKPYKHOCTH S HA3BIBALTCS MPsIMAsT P, TPOXOIAIAST T€Pe3 TOUKY
P', uuBepcublii 060pa3 TOUKKM P IpH MHBEPCUU OTHOCUTEILHO S, W HepeneHIuKyIgpHasa npamoii OP.
Touka P Ha3bIBAETCS NOANOCOM MPIMORl P OTHOCUTETHHO OKPYKHOCTH S

1. ITycrs A uw B— aBe TOUKH, a U b— UX MOJSAPBI OTHOCUTETHLHO OKpyzKHOCTH S ¢ eHTpoMm O, AP un
OA _ OB

BQ— paccrosinus or A 10 b n ot B 10 a. Jokaxure, 9To S5 = B0

2. Ilycrs P— rTouka BHe okpyzKuHOCTH S ¢ meurpom O. Touka P’ — obpa3 Touku P npu MHBEpCHH
oraocurenpbuo S. Kacarenbnas u3 toukun P k S kacaercss okpyzkuOocTH B Touke M. Jlokaxkurte, 91O
PP'-PO = PM?

3. (JIemma o Hoaape). Ilycts a — nonapa A, b — nongpa B. Oxaszanock, uto A € b. Jlokaxkure,
gto B € a.

4. Ilycte P— Touxka BHe okpyzkuoctu S. Kacatenpuble n3 Touku P K S KacaloTcs OKPYZKHOCTH B
roukax X u Y. Jlokaxkwure, aro XY — mojspa Touku P OTHOCHTEILHO OKPYZKHOCTH S.

Onp. Ioaaprvm npeobpazosaruem OTHOCHTEIBHO OKPYKHOCTH S HA3BIBAETCS COMOCTABJIEHHWE KarK IO
TouKe P, OTIMYHOi OT HEHTPA 3TON OKPYZKHOCTH, €e MOJSIPhl OTHOCUTEIBHO 3TOH OKPYKHOCTH.

5. Ilycte A, B, C' — TOYKM NJIOCKOCTH, @, b, ¢ — COOTBETCTBEHHO WX MOJAPBI OTHOCHTEIHLHO
okpyxuoctu S. Jlokaxkure, uro Touku A, B, C jexar Ha OIHON MpAMOil, TOrJa W TOJBKO TOIJIA,
KOTJIa psiMbIe @, b, ¢ TIPOXO/AT Yepe3 OJHY TOUKY.

6. B kakyro Teopemy TpH TOJSIPHOM TIpeoOpa30BaHWM Tepeiizer Teopema ''MeauaHbl TPeyroTbHIKA
nepecekaloTcs B OHOI Touke'", ecu 3a OKPYKHOCTH MOJSIPHOTO MPeodpa3oBaHust B3sTh OKPYZKHOCTD
OMMHUCAHHYIO BOKPYT TPEyroIbHUKA?

7. Kyna nepeityr OHCCEKTPHCHI BHENTHUX YIVIOB TPEYTOJIbHUKA IPH TIOJISPHOM TTPeoOpa3oBaHuu
OTHOCUTETBHO er0 BIUCAHHOW OKPYZXKHOCTU?

8. B kakyio TeopeMmy mpu MOJSIPHOM MpeoOpa30BaHUU Mepeiiier TeopeMa "BBICOTHI TPeyTroTbHIKA
ePeceKaroTCst B OJHOI Touke'?

5 umonga

Muoro4ayienbl: pa3uoboii—1

1. a) f(x) € Z[z]. f(r) npurnmaer 3Hauenne 1 B yeThIpex MeJIbIX TOUYKaX. JlOKaKuTe, 9T0 ypaBHEHHEe
f(z) = 8 He umeer nenouncaeHHbx pemrernit. 6) Haifjure Bee dncia, Ha KOTOPbIE MOXKHO 3AMEHUTD YHCIIO

8.
2. f(r) = 2? + 122 + 30. Pemmre ypasuenne f(f(f(f(f(f(z)))))) =0 (max R u C).

3. JokazkuTe, 9T0 HEMPUBOAUMBIE HaJ Q MHOTOWIEHBI BTOPOil U TpeTheil CTEleHn He MOTYT HMETh
0011ero (KOMIIJIEKCHOTO) KOPHSI.

4. f(r) € Z[z]. Hokaxure, uto cymecrByer ¢g(x) € Z[z], Takoii uto f(g(x)) npuBoanm uan Z.

5. f(z) — uenouncienuslit MuOrOWIeH. JIOKasKUTe, UTO TPH HEKOTOPOM IeqoM a 4ucio f(a) —
COCTAaBHOE.

6. an MHOTOWIEH a) ¢ HATypasJbHBIMEU; 0) ¢ HeiabiMu Kodbduunmentavu. Jlokazxure, 9T0 Cpeau
3HAYEHHUIT MHOTOYJIEHA B HATYPAJbHBIX TOYKAX €CTh OECKOHEYHO MHOT'O UMEIOIIUX OJHY U Ty YK€ CyMMY

uudp.
st caMOCTOATEIbHOTO pelieHns

1. Ecmm muorounen ceabMoil cTemeHW MpUHAMAaeT 3HaUYeHUS +1 B ceMH METBIX TOYKaX, TO TOT
MHOTOYJIEH HeITPUBOIUM HaJT Z.

2. fi(z),..., fu(z) — nenounCICHHBIE MHOTOUIEHBI. [IOKAasKUTEe, YTO MPH HEKOTOPOM HEJOM ¢ YHCIIA
fi(a),..., fo(a) — cocraBuble, n TaKUX @ GECKOHEYHO MHOTO.

3. Jokaxkure, 4ro cymiecrByer MHOrouwteH f(x) ¢ orpunareabHbiM Ko3bGUIMEHTOM, TaKOii 9T0 mpu
n > 1 Bce koadutmentsr y f(x)™ MOMOKATETHHDI.

6 uwondg

A3k CJIY



JduckperHoe ypaBHEHHE TEILJIONPOBOSHOCTH. a) B KakI0il KJeTke KaeMKH MPsIMOYTOJbHOM
TaOJIUIBL 3AIUCAHO TUCT0. JIOKAYKHUTE, YTO MOKHO PACCTABATH (IPUYEM €MHCTBEHHBIM oGpa3om!) ducia
BO BHYTpPEHHHE KJIETKH TaO/IHIBI TAK, YTOOBI KazKJI0€ YNCJI0 BO BHYTPEHHEH KJIeTKe PABHAIOCH CPETHEMY
apudMeTHIecKOMy CBOHMX cocelielt (y KJIeTKH MaKCHMyM 4 cocena).

6) Kakos dbusudeckuii cMbics 3a1aun?

B) A ecin y kyeTku 8 coceeii?

r) O6obuure 3a/7a4y HA HENPSIMOYTOIbHbIE TAOIUNLl ¢ "JbipaMu BHYTPH M NPOCTPAHCTBEHHbBIE
TaOJIAIGI.

1) Kak BeimisianT 3aa4a Jjisi IpOU3BOJLHOTO CBsI3HOTO rpada’?

e) Pemmure 3a1a4y J/1s KOMILTEKCHBIX YHCEIT.

10 6amanoB. Ectb 10 6anHaHOB OJMHAKOBOIO Beca M JBYXUallledHbIe Bechl 0e3 rupb. JlokaxkuTe, UTO
MeHee 4eM 3a 9 B3BeIINBaHU Heb3s JI0Ka3aTh, UYTO BCe ODaHAHBI AeHCTBUTENTHHO BECAT OJMHAKOBO.

101 xopoBa. Ectb 101 kopoBa. Ecau yoparh m00yio OypeHKy, TO OCTABIINXCSI MOXKHO pa3JIeauTh Ha
JIBa PaBHBIX 110 BECYy W YMCIEHHOCTH CTaja. JIOKayKuTe, 4TO BCe KOPOBHI BECAT OJIMHAKOBO, €CJIM UX BECa,
a) 1enbie; 6) panuoHANbHBIE; B) JefCTBUTENbHbIE; T) KOMILTIEKCHbIE.

st caMOCTOATEIbHOTO pelieHns

Yucna mo kpyry. [lo kpyry crosrt 123 gumciaa a) nease; 6) panuoHaJIbHBIE, B) IeHCTBUTENbHBIE;
) KOMILIEKCHBIE, HE BCe HyJeBble. JIOKa)KUTe, YTO MOYKHO BBIKMHYTDH JIBA COCEJHHUX YHCIA TAK, UTO
OCTABINUECS YUCIA HEAL3s Pa3OuTh Ha JBe PaBHBIE MO CyMME TPYIIIbL.

6 U

I'eomerpuyeckass nHTepnpeTamnus

1. Ecmt a,b,c, A,B,C >0ua+A=b+B=c+C =k, 1o aB+bC + cA < k.

2. Bom a,b,c > 0, 10 Va2 —ab+b + Vb2 —bc+c2 > Va2+ac+ 2  Korma gocruraercs
pPaBEeHCTBO?

3. a) Cpenu JIOOBIX YeTHIPEX YUCET HaliyTcst 1Ba 4ucaa ,y, Takue aro 0 < L < 1.

1+zy —
o T—y 1
6) Cpe;m JIIOOBIX ITECTH TUCEJT HanaAyTCd ABa 4YUCIa T, Y, TAKUE ITO 0 S toy = V3

4. \Ja +b3+ -+ \JaZ + 02> /(a1 +- - +a,)?+ (b + -+ b,)2. Korza pasro?

o], [w2] < 1. Torma /1 — a2 + /1 — 22 < 2,/1 — (2422)2. Korga pasuo?

st caMOCTOATEIbHOTO pelleHns

ot

1. Haitaure mumnvym /22 + 1+ /42 + 2 + /22 + 3 + /12 + 4 npu yenosun z + y + 2 + t = 10.

2. V1-22—y}+ /132 —y2 + J1—2}—y3 g:%h—mﬂ%yﬂy—mﬂ%?ﬂﬂ Kora

JIOCTUTAETCST PABEHCTBO?!
3. Ecmu 0 < 29, w9, 23,24 < 1, 10 0 < 21(1 — o) + 2o(1 — 23) + 23(1 — x4) + 24(1 — 21) < 2.

4. * Cpean JTOOBIX TPeX MOJTOKUTETbHBIX UHCeT HAWJIYTCA IBA YUCIA T,1, TAKHE 9TO

0< vy <L
T lt+x+y+2zy T 2

8 wuwnsa

JImHeilinbie(BEKTOPHBIE) MPOCTPAHCTBA



Omnp. Ilycrs mamsr muokectBo Vo (“Bextopnr”) m mosme K (“amcsia”’), BEKTOPBI MOXKHO CKJIQIBIBATH 1
YMHOXKATh Ha 9HCIA, TPUYeM CI0KeHne B V' KOMMYTATHBHO, aCCONMATHBHO, 00TaJaeT HeHTPATbLHBIM
snemenToM (“HysiemM”) u OOGpaTHBIME MeMeHTaMu. [LycTh TakyKe BBINOJHEHBI deThipe cBoiictBa: 1) (ky +
ko)v = kiv+ kov; 2) k(v +v2) = kvy + kvg (aucrpubyrusroctn), 3) 1-v = v; 4) (kik2)v = ki(kov) (3mech
k ki, ky € K; v,v1,v9 € V). Torna V HasbiBaeTcst 6ekmophoLm npocmpancmeom Ham, K.

Yupl. 3agaiiTe cTPYKTYpy JHHEHHOTO MPOCTPAHCTBA HAJ COOTBETCTBYIONIUM IIOIEM HA CIEIYIONHIX
MHOKECTBaxX: a) JUHeHHble YPaBHEHUS BUAA a1T1 + - -+ + 4%, = b, ¢ Kosdhdbunuenramu n3 K; 6) K™
CTPOKH W3 1 UHCeJN; B) BCE MHOTOWIEHBI HAJ MOAeM K; T') MHOTOYIEHBI CTENeHH He BBINE 7 Hal
nojeM K; ;1) BeKTOPBI Ha IJIOCKOCTH U B MPOCTPAHCTBE; €) TOCIeJI0BATEIbHOCTH KOMILIEKCHBIX UHCE;
K) muOKecTBO byHkumii f : [a,b] — R; 3) muoxkecTBO HempepbiBHBIX dyHKImA [ [a,0] — R;
u) muoxkectso dbyukuuii f: N — C.

Yup2. O6pasyior Ju JuHEeiiHbIe TPOCTPAHCTBA CJEAYIONINEe MHOXKECTBA (OTHOCHTENBHO eCTeCTBEHHBIX
omeparmii): a) MHOTOY/IEHBI CTeneHn n; 6) MOHOTOHHBIE mocaegoBarenbHocTH (Hag R); B) MHOTOWIEHBI
¢ (bUKCHPOBAHHBIM KOPHeM (v T) 9hcTa BHAA a + by/2,a,b € Q; 1) CTPOKH JTHHBI 1 ¢ HYTeBOH CyMMOit
9JIEMEHTOB; €) CTPOKH JUIMHBI 1 ¢ HEHYJIeBOil CyMMO#i 271eMeHTOB; ) MHOKecTBO dyHkmuii [ : R — Q;
3) muO)kecTBO byukImi f: Q — N; u) mocienoBaTebHOCTH, KOTOPBIE ¢ HEKOTOPOTO MeCTa HYJIEBBIE.

Yup3. JlokaxKure, 4T0 MHOXKeCTBO pemtennii mpouspoabaoit OCJIY obpasyer BEeKTOpHOE MPOCTPAHCTBO
OTHOCHUTEIHHO eCTeCTBEeHHBIX omeparuii. A muoxkectBo permennit CJIY?

Yup4. Jlaiitre omnpenenenune nodnpocmparcmea. — Korma Tpou3BOIBHOE TMOIMHOYKECTBO JIAHHOTO
IPOCTPAHCTBA SBJSIETCS MOIMTPOCTPAHCTBOM !

Yup5. B ynpakuenunsx 1-2 ykakure mapbl TpOCTPAHCTBO—€r0 MOAIPOCTPAHCTBO' .

Yup6. Onumure Bce MOAMPOCTPAHCTBA BEKTOPOB HA, MJIOCKOCTH.

Yup7. Haiire onpesenenne uzomop@droir (Kak Obl OIMHAKOBBIX) IPOCTPAHCTB.

Yup8. a) [IpocTpancTBo BeKTOPOB B crepeomerpun uzomopduo R3. 6) K, [r] uzomopduo K.
Yup9. Haiijiure napbl n30MOPGHBIX NPOCTPAHCTB B yHpaxKHeHUsAX 1-2.

Oup. [ToaMHOKECTBO S BEKTOPHOIO MPOCTPAHCTBA HA3BIBACTCS cucmemoti 0bpasyrouyux(=06a301) 1oro

IPOCTPAHCTBA, €CIU BCAKHIT €r0 BEKTOP MOYKHO IIPEJICTABUTD B BUIE (VU1 + - - * + QipUp, TIE V1, ..., U € S,
ai,...,a, € K. Boipaxkenne ajv; + - - - + a, v, (a TakzKe, B 3aBUCHMOCTH OT KOHTEKCTa, U €ro 3HAYEHNUe)
HA3BIBACTCA AUHETHOT KOMOUHAGUUET BEKTOPOB U1, . . . , Up.

Omnp. Ilycts S — mpousBoIbHOE MOAMHOXKECTBO BEKTOpHOro mpocrpanctBa V. Jlunetinot 060a0ukotl
MHOKecTBa S B IPOCTpaHCTBe V' HA3BIBAETCSI COBOKYMHOCTH L(S) BeeX JIMHEHBIX KOMOHHAIMH BEKTOPOB

u3 S.

VYupl0. Jluneiinag o6omouka L(S) sBAgeTCS MOANPOCTPAHCTBOM MPOCTPAHCTBA V| COJEPIKAIIUM
MHOKecTBO S. [Tpu 5TOM BCsiKOe MOAMPOCTPAHCTBO mpocTpancTBa V', comepikaiiee S, conepxkut u L(.S)
(o sroit mpuunne L(S) HA3BIBAIOT €IE MOAMPOCTPAHCTBOM, HATSHYTHIM Ha MHOZKECTBO S).

VYupll. [Jokaxkure, 4to mpocTpaHcTBo R Han Q He uMeer KOHEUYHOH (M Jarke CUYETHOl) CHCTEMBI
o0pa3yonmnx.
st caMOCTOATEIbHOTO pelleHns

1. B kakux mpocTpaHCTBaxX W3 ynpaykKHeHuit 1-2 CymecTByIOT KOHEYHBIE CHCTEMbI 00pPa3yoNux?’

2. Vi m Vo — moampoctpancTBa BeKTOpHOro mpocrpaHctBa V.  Haitaure: a) wanbGosbiree
IO/IIIPOCTPAHCTBO, cojiepzKalieecst B Vi u Va; 6) HANMeHbIIIee MOAIPOCTPAHCTBO, cojep:kaiiee Vi u V.

8 uwmisa
Ilongapa. IloangpHoe cooTBeTCTBUE.

Teopema. I13 Toukn P BHe okpyzkHocTH S mpopenn ape cekymme AB nu C'D. Torma Touka nepecedenns
npaMeix AC u BD nexxur Ha monsgpe ToYku P.

1. U3 toukun P BuyTpm okpyxkuoctu S nposesu jse cexkymme AB u C'D. Jlokaxkurte, 9T0 TOYKA
nepecederns npaMbix AC' u BD mexXuT Ha moaspe Toukn P.

2. Ilycts man gersipexyroabuuk ABCD

a) BIMCAHHBIA B OKPY’KHOCTD S;
0) ONMMCAHHBI BOKPYT OKPY’KHOCTH S.



Jlokaxknure, 9TO TEPHEHIWKYJSIP, OIYIIEHHBI U3 IMeHTpa S Ha NPAMYI, COeJIWHSIONIYI0 TOYKH
nepecedeHnd MPOTUBOMOIOXKHBIX CTOPOH YeTBIPEXYTOJbHUKA, MPOXOIUT 4Yepe3 TOUYKY MepecedeHus ero
OuaroHaJel.

3. Jlam onucanubiii yeTsipexyroabuunk ABCD. Ero BumcanHas OKpyKHOCTH KacaeTcs cTopoH AB u
CD B toukax M u N. [okaxkwure, aro npsmbeie AC', BD u M N mnepecekaioTcss B OJTHOl TOYKE.

4. Ilycts | — nmpowsBobHasI KacaTebHash K BIMCAHHONW OKpy:KkHOCTH S Tpeyrombuuka ABC; M,
N u P — Touku mnepecedenus [ cO CTOpOHAMH TpeyrojibHukKa. BoccraBum u3 meHTpa [ OKPYyXKHOCTH
S mnepnenaukyagapbl K npameiMm [M, IN u IP; nyctb My, Ny u P; — TOYKH mepecedeHHsT STHX
HePHeHIUKYISIPOB C COOTBETCTBYIOIIMMU CTOPpOHAMU Tpeyroiabuuka. /Jlokaxkwure, uro Touku M, Ny u
P, nexxat Ha oaHOil mpAMOIL [ Kacalomeics OKpYy:KHOCTH S.

5. TpeyroibHUK HA3BIBAETCS ABTOMOJSAPHBIM OTHOCUTEIHLHO JAHHOW OKPYYKHOCTHU, €C/IM KazKias
CTOPOHA TPEYTOIbHUKA SBJISETCS MOASIPOil MPOTUBOMOIOXKHON Bepmuubl. JloKaykKuTe, 9TO 7T KaXKI0T0
TYIOyTOJbHOTO Tpeyrosbanka ABC' cymecTByeT ejIuHCTBEHHAs OKPYKHOCTh, OTHOCUTEIBHO KOTOPOil
OH aBTOIOJSIpEH; IEHTPOM 3TOil OKpyzKHOCTH sBiaserca oproneHTp ABC.  OcTpoyronbHBIH HIH
NPAMOYTOMBHBINA TPEYTONBHUKA He SIBASIOTCS aBTOMOISIPHBIMA OTHOCUTETHHO HUKAKONH OKPYXKHOCTH.

9 wuwonsa

PaszmepHocTh

JIuHeliHag 3aBUCUMOCTDh U HE3aBUCUMOCTH

IIpengioxkenune 1. Ilycts S = {v;,7 € [} — cemeiicTBO BEKTOPOB BeKTOpHOrO mpocrpancTsa V. Torma
CJIe/IYIOINIHE YCJIOBHS PABHOCUJIHHBI:

a) HUKaKOil BeKTOp U3 V' HeJIb3s BHIPA3UTH Yepe3 BEKTOPbI U3 S JIByMsl PA3HBIME CIIOCOOAMU;

6) HUKaKOil BEKTOD U3 S HEJIb3sT BHIPA3UTH Yepe3 OCTAJILHbIE;

B) ec/In JInHeifHasi KOMOWHAIMsT BEKTOPOB W3 S PaBHA HYJEBOMY BEKTODY, TO BCe ee KOIDhUIHEHTHI
paBHbI 0.

Omnp. CemeiicTBO BEeKTOPOB, 00JaJafolIee CBONCTBAMH, ONUCAHHBIMU B HPEIbIAYIIEM ITPeII0yKeHNN,
HA3BIBACTCH AUHETHO HE3ABUCUMBIM, & HE 00IaIAI0NEee — AUHETHO 3G6UCUMDBLM.

Yupl. /lokaxkuTe cJIegayionue CBOCTBA TUHEWHONW 3aBUCUMOCTU U HE3aBUCUMOCTH:

a) cucreMa, coueprKalias HyJeBoil BeKTop, sBisercs JI13;

0) cucrema, cojepzKalias MPONOPIHOHATBHBIE BEKTOPDI, ABJIsteTCst J13;

B) ecsin cemeiicTBo BekTopos JIH3, To u sobast ero wacrs JIH3,;

r) ecau cemeiictso JI3, To n s060€ comeprKailiee ero cemeiictro JI3;

n) ecmu JIH3 cemeifcTBO BeKTOPOB He BJsIeTCs 0a30ff BEKTOPHOTO MPOCTPAHCTBA, TO K ITOMY
ceMeicTBY MOXKHO J00aBUTh BEKTOD TakK, 9TOOBI OHO octaaoch JIH3.

Omnp. Cucrema obpa3yromux S BEKTOPHOTO MMPOCTPAHCTBA HAZBIBAETCSI €10 OA3UCOM, CJTH BCIKHUIT BEKTOD
IMpOCTPaHCTBa MpeACTaBJAACTCA B BUIE JIMHENHOI KOM6I/IHaHI/II/I BEKTOPOB U3 S npuiyeM eJuHCTBEHHBIM
obpa3zom.

ITpennoxkenue 2. Crenyiomnue ycJaoBUs PABHOCUIbHBL:

a) S — 6asuc nmpocrpancTsa V;

6) S — smHeitHO He3aBHUCHMAs cHCTeMa 0OPa3yIINX MPocTpaHcTBa V)

B) S JIMHEHHO HE3ABUCHMO, HO TepsieT 3TO CBOHCTBO MpHU NOGABIEHUN JTHOOOTO BEKTOpa u3 V;

r) S — cucrema 06pasyoIIUX MPOCTPAHCTBA V', HO TepsieT 3TO CBOWCTBO NPH YAAJeHUH JH6Oro
BEKTODA.

Takum obOpazoM, 0a3uc BEKTOPHOTO MPOCTPAHCTBA MOYKHO OIMCATb, C OJHOW CTODOHBI, KaK
MUHUMAADHYIO CUCMeMy 00pa3yowus, a ¢ JIPYyrol — KaK MOKCUMAALHYIO AUHETHO HE3aB8UCUMYIO
cucmemy. Bo3Hukag Ha y3KOM CTBIKE JBYX MOYTH HE COYETAEMBIX KAdecTB, OA3UCHI HE MOTYT He
npuobpecTy IMeHHbIe CBOWCTBA.

PazmepHocTh



ITpenmoxkenune. Eciu B npocTpaHcTBe ecTh 6a3UC U3 N BEKTOPOB, TO JiI0ObIe N + 1 BEKTOPOB JIMHEHHO
3aBUCUMBI.

CaencrBue. Ecin B npocTpancTse ecTh 0a3uc U3 1 BEKTOPOB, TO JIIOOOI Ipyroit 6a3uc TO¥Ke COAEPKUT
N BEKTOPOB

Omnp. BekropHOe mpocTpaHCTBO, HMeMOINee KOHEUHBIH Oa3UC, HA3BIBACTCS KOHEUHOMEPHBIM, & THCIO
BEKTOPOB B KayKJIOM U3 €ro 0a3mcoOB — ero paamephocmsviro. KEcim B BEKTOPHOM ITPOCTPAHCTBE HET
KOHEYHOro 0a3uca, OHO HA3bIBACTCS 0ECKOHEUHOMEPHBLM.

Yup2. B 6eckoHedHOMEPHOM BEKTOPHOM TPOCTPAHCTBE ecTh OeckoneuHas JIH3 cucrema BeKTOpOB.

VYup3. a) U3 11060it cucrembl 06pa3yomnx KOHETHOMEPHOTO BEKTOPHOTO MPOCTPAHCTBA MOYKHO YIAJUTh
JaCTh BEKTOPOB TaK, YTOOLI OCTABIIHECS 00pa30BLIBAIN DA3MUC.

6) K r060ii TUHEHHO He3aBUCHMON CHCTEMe BEKTOPOB KOHEYHOMEPHOTO BEKTOPHOTO IMPOCTPAHCTBA
MOZKHO JOOABUTH BEKTOPHI TaK, YTOOBI MOJIYUHJICSH DA3UC.

ITpennoxxenmne 3. PasmeprocTh  COOCTBEHHOTO (HE COBIAJAIONIETO CO BCEM TMPOCTPAHCTBOM )
HOITPOCTPAHCTBA KOHETHOMEPHOT'O MPOCTPAHCTBA MEHBIIE PA3MEPHOCTH MPOCTPAHCTRA.
Yup4. Jlioboii MHOrOYJIEH CTENeHW He BBIIIE 7 MOYKHO MPEJCTaBUTH KaK JIMHEHHYI0 KOMOMHAIIUIO
muorownenos fo(z) =1, fi(z) =(x —1)...(x — i), i =1,...,n, npuYeM eJUHCTBEHHBIM O0PA3OM.

Yro MBI HE mOKa3ajm?

a) B JIIOOOM TIPOCTPAHCTBE eCTh 6a3uc (Hesrerko); 6) Jarobble 1Ba 6a3nuca PABHOMOIIHBI (JIErKO)
9 wumwona

Adduannie Tpeobpa3oBaHus.

1. Ha mmockoctu mambl 2 mapaJjienbHble npsgmble [ u [;. Yepe3 gauHHyio Touky M HpoBeauTe MpH
MOMOIIN OJIHOW JIMHEHKH MPSIMYI0, TapaJLieabHyto [ u [;.

2. [lycte M, N, u P — touku, pacnosioxeunubie Ha ctopoHax AB, BC' u C'A tpeyronsanka ABC u
JIeJISATINAE 9TH CTOPOHBI B OJIMHAKOBBIX OTHOIIECHUSIX (T. e. % = % = %). Jlokazkure, 4TO:
a) TOYKAa MepecedeHus] MeauaH Tpeyroabauka MNP coBmagaer ¢ TOYKOH MepecedeHuss MeuaH
tpeyroabauka ABC
0) TOUKa MepecedeHmnss MeIUaH TPeyroJbHuKa, obpasoBanuoro npameiMu AN, BP u C'M, coBuagaer ¢
TOUKOI mepecedennst Meaunan Tpeyronbunka ABC.

3. Yepes kaxkayio Bepmuny Tpeyronbuuka ABC mOpoBemeHBl JIBe INpsAMbIe, IeJsIIe
HPOTUBOIOIOXKHYIO CTOPOHY TPeyroJibHUKa Ha TPW paBHbie 4acTu. Jlokakure, UTO JUArOHAJIH,
COEIMHATOIIIE MPOTHBOIOIOKHBIE CTOPOHBI MECTHYTOIbHUKA, 00Pa30BAHHOIO STUMH IIECTHIO MPIMBIMH,
MepeceKanTCd B OJHONA TOYKE.

4. Ha croponax AB, BC u AC tpeyronbuuka ABC mausl Toukun M, N u P. JlokaxKwure, 9T0 €cin
touku My, Ny u P, cummerpudansl Toukam M, N u P oTHOCHTEIHHO CepejiiH COOTBETCTBYIOIIMX CTOPOH
tpeyroabauka ABC, to tpeyronbuauku MNP u My Ny P, uMmeioT oJnHAKOBYIO ILIOIIA,Tb.

5. Ha croponax tpeyronpanka ABC, Kak Ha JAUAroHAJIAX, MOCTPOEHO TPHU TMAPAJLIEJOTPAMMa, C
OJITMHAKOBBLIMH HAIITPABICHUSIMH CTOPOH. JIOKayKmTe, YTO BTOpBIE JUATOHAIHA ITUX IMapasLIeTOTPaMMOB
NepeceKarTCd B OAHONW TOYKE.

6. JlokaxkuTe, 9TO IpsIMas, COeINHSIIONAS CePEIMHBI UaroHaieii Ipon3BOJIbHOTO YeTHIPeXyTOTbHIKA,
ABCD, penut nomnojaM OTPe30K, COeTMHSIONINN TOYKHU TTepecevdennss MPOTUBOMOMI0KHBIX CTOPOH.

7. llycts Ay, By u ('} — makue touku cropoun BC, CA n AB tpeyronsauka ABC', ato BA; : BC =
CB,:CA=AC, : AB =1 : 3. Haiigure miomaab TpeyroJbHIKa, 00pa30oBaHHOro npaMbiMu AA,, BB,
u C'Cy, mpu ycJoBuHd, 9TO ILTOMALL Tpeyroabanka ABC pasHa 1.

10 wutong

ITpoekTuBHBLIE TpeoOpa30BaHUA.



Onp. Ilpoexmusnoti naockocmvlo  HA3BIBAETCS ILJIOCKOCTh, TOMOJHEHHAsT OECKOHEYHO Y IaJIeHHON
MIPAMOW.

Omnp. Ilpoexmusnvim npeobpadosanuem  HaswiBaercss mnpeobOpa3oBaHne TPOEKTUBHONW TJIOCKOCTH,
mepeBoJIsIee MpsiMble B MPsIMBbIE.

Omnp. [IpoekTuBHOE MpeobOpa30oBaHUE, OCTABIIIONIEE HA MecTe OECKOHEYHO VIAJEHHYIO MPIMYIO,
HA3BIBAETCA aPPOUHHBIM.

Teopema. CyiiecTByeT NpoeKTHBHOE MpeoOpa30BaHue, IMepeBoadIee JAaHHYIO MPIMYI0 B OECKOHETHO-
VIAAQJIEHHYTO.

Oup. Ocoboii (evidenernoli) TpsMOii HA3BIBAETCS TPSAMAsi, MEPEXOAAIIas B GECKOHEUHO YIATCHHYIO.
Teopema. OTHoIIeHnE BEKTOPOB KOJLTHHEAPHBIX OCODOH MPSIMOil COXpaHIeTCs.

Teopema. CylecTByeT eIMHCTBEHHOE MPOEKTUBHOE MPeodpas3oBaHue, MepeBosinee JaHHbIE JeThipe
TOYKHN He JiezKallue Ha OJHOU MpAMOU B JAHHBIE YEThIpe TOYKHN HE JIeKAIllue Ha OJHOU MPAMOI.

Teopema. CytecTByeT NpoeKTHBHOE MPeodpa30BaHNe, MEPEBOISINEe TPU JAHHBIE TOYKH, JeKAINe Ha,
OJTHOI TpsIMOii, B TpU JAHHBIE TOUKH, JeKallue Ha OJHOI mpamoii. Byaer mu oHO e uHCTBEHHO?

10 wuwonsa
IlepBoOoOpa3Hbie KOPHU
Hanomunanue. a) Ipu (a,m) = 1 cymecrsyer nomowutensroe § ¢ yeaosuem a’ = 1 (mod m).
Hanmenbimee n3 TAKHX YUCET HA3BLIBACTCS NOKA3AMEAD, KOMOPOMY 4 NPUHAOAEHCU N0 MOOYAI0 M.
6) Uncra 1 =a’ a,...,a° ! o Momymmio m HecpaBHAMBL.

B) a® = a' (mod m) (s >t > 0) Torma u ToaBbKO TOTMA, KOorga s = t (mod §). B wacrmocrn, a® = 1

(mod m) Torga u TOMBKO TOTJIA, KOTJAA § JEJUTCA HA .
r) 0 sBIATCS mesureseM o(m).
n) p(dy) + @(dy) + - - - + ¢(ds) = m, tae cyMMUpOBaHUe BEJETCS MO BCEM JETUTEISIM THCIA M.

Oup. Ecin (a,m) = 1 u nokaszaresb a paBeH ¢(m), To a HA3BIBAETCS NEPEOOOPAZHHLM KOPHEM 1O MOOYAI0
m.

Yupl. CymecrByer Jin mepBOOOPA3HBIT KOPEHB 110 MOIY/II0 87

Yop2. Ilycrte mo momyao m cymecTByerT 1mepBooOpasHbiit KopeHb.  CKOMBKO TOTIA HMEeTCs
nepBooOpa3HbIX KopHeit? Kak ux Bce HaiTu?

Baxl. a) Hax Z, (p — mpocroe) muorowren cremnenn d umeer He Gosee d KopHei;
6) mpu p — 1:d ypasuenne x4 = 1 umeer poBHO d KopHeii;
B) ecin p — 1:d, 10 obo3Haunm uepes f(d) KOIMUECTBO BBHIUETOB TMOKa3arTenst poBHO d. Jlokazkure,
aro f(d) =d — f(dy) —---— f(ds), e d; — Bce geqmrenn aucaa d, oTangHbIE OT d.
Teopema. Ilo MOIyII0 IPOCTOrO P CYyIIECTBYET MEePBOOOPA3HBI KOPEHb.
Yup3. Haiigure nepBoobpa3HbIii KOpeHb IO MOAY.TIO 29.

Vnp4. Ckoibko KopHeit naj Z, umeer ypasuenne x4 = 17 Kak pemarh 310 ypaBHenue, eciu n3Becrem
IepBOOOpA3HLINA KOPEHb?

Ban2. Pemure ypasnenne 1+ + ... + 2% = 0 (mod 29).
Ban3. Haiijure cymmy (/11 oTpuiaTeIbHBIX d TOXKE)

-1

=3

n®  (mod p).

i
(o=}

Ban4. Muorowren f(z) € Zy[zr] 6yaem HazbiBaTh mepecTanoBodHbM, ecan 3uadenus f(0),..., f(p — 1)
OMAPHO PA3IUIHHI.

a) no moxyJto 101 He cymecTByeT mepectaHoBoYHOro MHOro4IeHa 100 cremenu;

6) MO MOJLYJIIO P He CYNIECTBYET MePecTAaHOBOYHOTO MHOTrOWIeHa crenenu d, d|p — 1;

Banb. /loxaxwure, uro umcaa 1,2,...,p — 1 MOXKHO pacCTaBUTh MO KPYTy TaK, 4TO /I JIOOBIX Tpex
OC/IeJOBATEIBHBIX @, b, ¢ pa3HOCTL b? — ac OyAeT JeInThes Ha TPOCTOe P.

3an6. 2 aBagercsa mepBooOpa3HBEIM KOPHEM 110 MOIYI0 3.



11 wutong

Mat6oiit mexxay npodpu—10

1. [IIpodeccop Comomos maroroBus KpyxKKy co 100 pydkamu, u yTBEp:XKJIaeT, 9TO OH MOYKeT
n300pa3uTh J1I000i rpad Ha MOBEPXHOCTH 3TOI KPY:KKH 0e3 camonepecedennii. He Bper jim mpodeccop?

2. B okpyxknuocts paganyca R srnucan mecruyronpauk ABCDEF, 8 kotopom AB =CD = EF = R.
JlokazkuTe, YTO TPEYroAbHUK C BepIIHHAMU B cepeaunax croporn BC, DE u F'A paBHOCTOpOHHHUIA.

3. Jlau rpad. Pacemorpum packpackn ero pebep B KpacHBI 1 CHHUN IIBeTa, I KOTOPBIX U3 KayK 0
BEPIIUHBI BLIXOAUT YETHOE UHUCJI0 KPACHBIX pedep. [loKaxkKuTe, YTO YHUCI0 TAKHX PACKPACOK SIBISIETCH
CTENEeHbI0 NBOWKM.

4. JIse okpyxkuoctu G; n Gy BIHCAHBI B CEIMEHT OKPYKHOCTH (G M KACAIOTCs JAPYT JAPyTra BHENTHUM
obpaszom B Touke W. Ilycts A — Touka mepecedeHuns oOIeil BHyTpeHHell KacaTeIbHOil OKpyzKHOCTel
u GGy ¢ ayroit cermenTa, B u C' — KoHIbI Xopasl cermenTa. Jlokaxkurte, uro W — MEHTp OKPYKHOCTH,
Brmcanuoit B rpeyrosbank ABC.

5. JlokaxmuTe, uTo ecam uncao p = 8k + 1 npocroe, To 2 =1 (mod p).

6. Kaxkaomy u3 Tpex MyApBIX MpernojaBaTeseil MKOTbHUKE Ha TeHb JparocdeHa HAMUCATA Ha
JIOY 9HCI0, TPUYEeM OJHO W3 THX YHCEJ SBJSJIOCH CYMOW JBYX JIDYIUX, W COOOIIUIN UM 00O 3TOM.
[IpemomaBaTe/ib He BUIUT, 9TO Y HETO HAMMCAHO HA JOY, HO BHJWT, YTO HAINCAHO y JApYyrux. Apkaamit
Bopucosna ckaszaji, 4TO He MOXKET J0raJaThCs, KAKOe YHCJIO HamucaHo y Hero Ha Jby. I[Tociae storo To
ke camoe ckasan Jleommn Muxaiimosud, a 3areMm u Anekcanap Bukropoeuu. Ilocme storo Apkammit
Bopucosnu ckazan: "¢ 3nat0, uTo y Mena Ha a0y Hamucano yucao 50". Kakune uncia HamucaHsl Ha J0Y
y Jleonnna MuxaittoBuaa u Astekcanapa Bukroposudaa?

7. Hasosem wmmuorousen P ¢ BemecrBeHHbIME KO3 dunnentamu arobonvimmuovim, ecan P(x)
PAIMOHAJBLHO TOLJA U TOABKO TOIIA, KOTJA palHOHATLHO x. IIpm KakuX m CymecTByer JTIOOOIBITHBII
MHOTOYJIeH n-if cremeHu?

8. Haitmure xy + 2yz + 3xz npu ycaoBusax z,y,2 > 0 u

2+ zy + y?/3 = 25,
y?/3+ 22 =09,
22 4+ 22 + 2% = 16.

13 wutonga

IIpoekTnBHBIE TTPeOOpa30OBaHIA-2.

1. a) Ha muockocru maubr ase npsivbie [; u [y w Touka P He Jexkainasi He Ha OXHO¥ u3 Hux. Yepes P
IPOBOISATCS Maphl HPSAMBIX, Hepecekarornue [ u [ B Toukax A u C, coorBerctBenno B u D. JlokaxKkute,
9170 TOYKH mepecedennsi npsiMbix AD u BC' j1j1s1 BCEBO3MOXKHBIX Map NPSMBIX [ U [y JIeyKaT HA OIHOIN
npssmoit p. Ecnu [y u [, mepecekaioTcs B ToUke (), TO U p TPOXOIUT depe3 TOUKY ().

6) Ha miockocTu nanbl npsMas ¢ u ase To9kd A u B He jexarue Ha 910l npsimoii. [lycts U n V' —

napa Touek Ha . M — Touka mepecedennus npameix UA u V B, N — Touka nepecedeHus NpsaMbix V A u
UB. Jlokaxure, uro npsmbie M N mepecekaroTcss B OZHOI 1 TOit ke Touke () Jexkarneil Ha npsmoit AB.
2. Jau tpeyronpauk ABC u tpu Toukn P, (Q u R, nexkalue Ha OTHON TpsaMoii. Broummre B TpeyroabHIK
ABC tpeyroneauk XY 7, Takoif 9TO CTOPOHBI €r0 MPOXoadaT depe3 Touku P, () u R.

3. a) Han nmapasresorpamym ABCD. [okaxkwure, uro ecau npsimast DM orcekaer or croponsl AB
orpe3ok AM = %AB, TO OHa oTcekaeT oT muaronaan AC orpe3ok AN = %HAC’
6) Ha mrockocTu JaHbl JiBe MapasuieibHble TpaMbie |1 i lo u orpe3ok AB Ha [;. C moMompio oxHoOl

JIMHEHKY pas3IeanTe oTpe3oK AB Ha n paBHBIX JacTeil.

4. Oxpyxuoctu Si, S u S3 Kacatorcs coorBercTBenno map AB u AC, BA u BC, CA u CB cropon
rpeyronbanka ABC. Bropasi obiias BHemHsist KacaTeJabHas K S; n Sy TepecekaeT BTOPYIO OOILYIO
BHEIITHIOIO KacaTeJbHYI0 K S1 1 Sy B Touke Ay. AHamormaro onpegesnsiorcss Touku By u Cy. Jokaxkmure,
uyro upameie AAg, BBy nu C'Cy nepecekaioTcs B OJHON TOUKE.

10



5. B uernipexyronpanke ABC'D pacnosioKeHbl JIBe OKPYXKHOCTH paamycoB Ry m Ry, Kacarommecs
BHemHIM oOpa3oMm. [lepBas okpy:kHOCTH Kacaercs cropon DA, AB u BC, npuduem croponbl AB B
touke F. Bropas okpyxuaocTh Kacaerca cropon BC, CD u DA, npuuem cropoubi CD B Touke F.
Junaronasnn gerbipexyroibHuka nepecekatorcs B rouke O. lokaxure, uto OF + OF < 2(R; + Ry).

6. Jlannr aBa Tpeyroabanka ABC u A B,C;. U3Bectho, uro npsambie AA;, BB; u CC| nepecekaTcs B
oxuoii Touke u npsmeie ABy, BC7 u C'A; nepecekaiorcsa B omgHOi Touke. Jlokaxkure, uro npambeie ACH,
BA,; u CB, nepecekaloTcsa B OJHOI TOUKE.

7. Yepes Touxky O mepecedenns: auaronaseii derbipexyronbanka ABC D mpoBeeHbl YeThIpe MpsSMbIe,
nepecekatone ero croponbl B toukax K w K', L w L', M w M', N u N', u npavsie KM u LN
nepecekaiorcsa B rouke P, K'M' w L' N' — B Touke P'. Jokaxkure, uro Touku P, P' u O nexar Ha ogHoit
MIPAMOW.

13 wutonga

JInHeliHbIe peKypPPEeHThI—Teopusi

Paccmorpum mmHeiinoe peKyppeHTHOe ypaBHeHHue
Ttk = O 1Tpik 1+ Qg 2Tpik 2+ -+ Qoly, ap # 0.

Vupl. a) Pemenust 370ro ypaBHeHus 00pa3yoT JUHEHHOE MPOCTPAHCTBO OTHOCUTETHHO €CTECTBEHHBIX
oneparuni.

6) IlpexbaBure k 1ocienoBaTeIbHOCTENl (=BEKTOPOB), Yepe3 KOTOPBIE BCE OCTAJIbHBIE
MOCJIe0BATEILHOCTH BBHIPAYKAIOTCS B BHUE JWHEHHO KOMOWHAINN;

B) IIPUYEM €JIMHCTBEHHBIM 0OPa30M.

BeiBon. Pemenus obpasyior k-meproe mpocrpancrtso (max QR,C,Z,,... — cmorps rae Jekar
KO3 MUIUEHTB PEKYPPEHTHOTO YPABHEHUS).

Vup2. Tlonpobyem HalTH pelleHnsi, KOTOPbIE SIBJISIFOTCS N€OMETPHYECKUME MPOrPecCHsiME (TTOHSTHO,
4TO Pa3syMHO HCKATH TOJTHKO 3HAMEHATETH Tporpeccuit ;). I3 KAKOro ypaBHEHHS HAXOIATCS ITH
3HaMeHaTeIn \;?

Omp. [Tonydennoe ypaBHEHUE HA3bIBACTCS TAPAKMEPUCTNUYECKUM YPABHEHUEM PEKYPPEHTHOMN
MOC/IE/I0BATE/THHOCTH.
Yup3. JlokazKuTe, YTO TIeOMETPHYECKHE MPOIPECCHr C PasJuIHbIMi  3HaMmeHarenasmu JIH3 B

IPOCTPAHCTBE MOCTEI0BATETHHOCTEIH.
Ecim HeT KpaTHBIX KOPHEIA...

Teopema 1. Ecan A\, ..., \; — pa3andabie KOPHA XaPAKTEPUCTUIECCKOTO YPABHEHNSI, TO JTI000E pPEIIeHne
Y ) Y
PEeKYPPEHTHOTO YPaBHEHHS UMeeT BUI Ty, = C1 A 4+ - -+ ¢ A}, T1Ie KOHCTAHTHI ¢; OIpe/IeIeHbl OTHO3HATHO.

3ameuanue 1. B ciyuyae, xorma XapaKTepHCTHUIECKOE ypaBHEHHE HMeeT KpaTHble KOPHHU, ITOMIMO
reoMeTpUUIecKUX Mporpeccuii B 6a3uc dosstchov, BXOIUTH U JIPYTHE MOCTeI0BATETHHOCTH.

Bameuanue 2. \; u ¢; JexKar He B TOM 1oJe, rje KodbOUuimenTsr, a B 60avbem moye (eciam, cKazxkKeM,
K03bMUIIEHTH PAIMOHAIBHBI, TO A; ¥ ¢; BEIIECTBEHHbIE MM KOMIUIEKCHBIE YHCIIA).

Samaun

1. CKOMBKUMHI  CIIOCODAMH  TOTOCKY 2 X 71 MOYXKHO 3aMOCTUTH JOMHUHOIIKAMU? Haiinure
ACCUMIITOTUYIECKYIO (DOPMYJLY.

2. a) Haiigure Bce dyuxkuuu f:Z — Z, 3f(n) — 2f(f(n)) = n.
6) aecan f: R — Z7?
B) JOKAXKUTE, 4TO OTBeT u3MeHurcs, e f: R — R

g caMOCTOATETHHOTO pereHus
L f:Ry =Ry, f(f(z)) + fz) = 6m.
14 wonsa

JIBoitHOe oTHOHIeHne. 1'apMOHUYHOCTb.
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Oup. Jlsotinvm omuowenuem gerbipex mouek A, B, C, D ua oguoit npsimoii vaseiBaercs (A, B,C, D) =
AC . AD

BC ~ BD’

0. Kak onpegesnTh ABOHHOE OTHOIIEHHE €CIM OJHA U3 TOYCK OCCKOHEYHO yIAJCHHAs?

1. (A, B,C, D) = 1. Jokaxure, uro mu6o A = B 6o C = D.

2. (A,B,C,D)+ (A,C,B,D) =1.

Ounp. eofinbm omuowenuem I€THIPEX NpAMuET a,b, ¢, d, TPOXOAAIMNX depe3 OJHY TOUYKY, HA3LIBACTCS

. in (a,c) . sin(a,d)
(Cl, ba ¢, d) - :l:Zin (bye) * Ziﬂ (b,d) *

Onp. /sotinoim omnowenuem dervipex touexk A, B,C, D Ha OmHOW 0KpyscHOCMU HA3BIBAETCS
(4,B,C,D) = 45 : 45

BC * BD"
Teopema. Ilycrs, npsmas [ mepecekaer npsimbie a, b, ¢, d B Toukax A, B,C, D coorBercrBenno. Torna,

(a, b, ¢, d)=(A, B, C, D).

3ameuanue. EcrecTtBenno, 4To mnpsiMmbie a, b, ¢, d TpoXoadT depe3 OJIHY TOYKY.

Teopema. OKpy:KHOCTH S mepecekaeT HpsMble a,b,c,d, KOoTopble mepecekaroTcs Ha S, B TOYKAX
A,B,C,D. Torna |(a,b,c,d)| = (A, B,C, D).
Teopema. /IBoiiHOE OTHOIIEHNE COXPAHSETCS MPU MPOEKTUBHBIX MPE0OPA30BAHUIX.

Teopema. Cropoust AB u C'D derwipexyronbauka ABC'D nepecekatorcst B touke E, BC' uw AD — B
rouke F' quaronanu AC' u BD nepecekator EF B roukax M u N. Torma (E, F, M, N) = —1.

15 wuona
JluHeiinble peKyppeHTbI-Teopusi-2

[To mpexxHEeMy paccMaTpHBaeM JHHEHHOe peKyppeHTHOe YpaBHEHHe
Tpak = Qk—1Tpik—1 + Qp—oTpip_o+ *++ + Ty, ay # 0. (%)

Onp. Pacemorpnm mmueiiHoe oTobpazkenue J, CIBATAIONIEE MOCTIEI0BATETHHOCTD BJIEBO HA OJUH IEMEHT
(neitcrBue orobpazkenust F' Ha mociegoBaTenbHOCTh A Oymem 3amucwhiBath FA). Torma ycinosue (x)
nepermumercst B uge P(J)A = 0, toe P(J) = J¥ —ap 1 JF' — g 2 J¥2 — - —qp (a A — nama
IOCJIEI0OBATEIHHOCTD ).
Yupl. [ycrs P(x) = Py (x)Py(x). Jokaxure, aro ecin Py (J)A =0, ro P(J)A = 0.
Yup2. I[Iycrs P(J)A =0, P(z) = Py(z)Py(x), npuuem muorowrensl Py u P, B3aumuo mpoctsl. Torma
CYIIECTBYIOT nociegoBaTeabHocTn Ay, Ay takme, uto A = A; + Ay w Pi(J)A; = 0.
BriBoa. /1ocTaToYHO OMUCATH TOTBKO GA3UC PEKYPPEHT, YIOBIETBOPSIOMUX cooTHommenno (J — a)™.
Ecam ecTth KpaTHbIE KOPHU...
Yup3. a) Ykaxure pekyppenty A, mist koropoit (J —a)"A =0, uo (J —a)"'A # 0 (nag C).
6) Ykaxkure 6a3uc peKyppeHt, yaoBaerBopsiomux coornomenunto (J —a)” (mamx C).
Yup4. Pemure pekyppeHTHOE YpaBHEHUE (pio = 40,11 — 4ay,, ay = 1, as = 2.
Yup5. Ilycte nMeercss BeIeCTBeHHAsI PEKYPPEHTa, a KODHH XapaKTePUCTHYECKOTO YDABHEHUS
BEIIECTBEHHBIMU He SBJsIOTCA. Kak Torja Hamucarb (popMysy st 9TO peKyppeHThI, B KOTOPOil HeT
KOMIIJIEKCHBIX 9HCeJT!
Sagaun

L f: Ry — Ry, f(f(f(2) + f(f(z)) =2z +5.

2. JlokazkuTe, 9TO MPOCTPAHCTBO BCEX PEKYDPPEHT, yIoBjIeTBOpsifomux coorrorrernsim P(J) u Q(J),
eCTh MPOCTPAHCTBO BCEX PEKYPPEHT, YIOBJIETBOPAIONINX HEKOTOPOMY cooTHommenuto R(.J).

3. a) Haiiaure muorowien or JJ MUHUMAJILHOl cTenenn, OOHYJISIIONIMIT PeKypPPeHTy
an = Pi(n)af + -+ -+ Py(n)ay.

6) dokaxkure, 9TO €CAW @, COCTOMT W3 DPAINUOHAJILHBIX YHCET, TO TOTJA OHA YIOBJIETBODSET
PEKYPPEHHTHOMY YPaBHEHHIO C PAIMOHAJIBHBIMUA KOIDDUIUEHTAMM.

18 wutona
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IIpoekTuBHOCTHL U OKPYKHOCTD.

Teopema. CymecTByeT MPOEKTUBHOE IIpeodOpa3oBaHme, MepeBOsdINee JAHHYIO TOYKY BHYTPH
OKPYZKHOCTH B IIEHTP, a OKPY’KHOCTH B cebsl.

1. CymecTByeT TpOEKTHBHOE MpeoOpa3oBaHue, IepeBOjdlee JAHHYIO MPAMYIO He MepeceKarolryio
OKPYZKHOCTH B OECKOHEYHO YJIAJEHHYIO, a8 OKPYZXKHOCTH B cebs.

2. (Teopema ITackans.) Aj, As, Az, Ay, A5, Ag — TOUKHM, JiexKalue Ha OJHON OKpyzKHOCTH. Torga
TOUYKH nepecedeHns OpaMbIX A1 As m AgAs, AsAsz n AsAg, A3A, u AgA, exkaT Ha OJTHON HIPSIMOIi.

3. (Teopema Bpuanmiona.) A, Ay, Az, Ay, A5, Ag — BepIIUHBI ONUCAHHOTO MIECTHYTOABHUKA. Toraa
npsambie A1 Ay, AsAs, A3Ag epecekaloTcs B OJHON TOUKe.

4. (Teopema o 6a6ouke.) Yepes cepenuny C xopapt AB nposeenst xopasl KL u MN. Tpsvbie ML
n K Nuepecekator npsimyto AB B Toukax D u E. Torma CD = CFE.

5. [lokaxkute, uTo TeopeMbl Ilackang u BpuaHnioHna MmoagapHO SKBUBAJEHTHEI.

6. Jlama oxkpyx)HOoCcTb u Touka C' BHyTpH ee. Yepe3 Touky C' mpoBejieHbl deTbipe Xopasl A;B;, i =
1,---,4. D — rmouka nepeceuenust npsambix A; Ay u A3A,, E — Touka mepecedenus npsimbix By By u
B3B,. Hokaxwure, aro touku C', D u F jiexkat Ha OJHOI MPSIMOii.

7. OxpykHOCTH () Kacaercs MpsMbIX, cofeoxkarmux cropoubl AB u BC' tpeyronsauka ABC', B Toukax
D u E coorBercrBeHHO. BTOphIe Kacarenbuble, mpoemennbie nu3 A u C' K ) Kacaiorca ee B Toukax F' u
G coorBercrBenno. Jlokaxkute, aro npsimeie DG, FFE n AC niepecekaioTcst B OJHON TOUKE.

8. Oxpyxuocth A Kacaerca cropon AB u BC' tpeyronmbunka ABC B Toukax D u E u ero ommcaHHO
okpyzxkuoctu. Jlokaxkure, uyro mnpsmas DFE upoxoaut depe3d I — IEHTP BIUCAHHON OKPYZKHOCTH
tpeyronbauka ABC.

18 wutong

MHuoromepHble PeKYypPpPEHTbI

1. a) [Tepe KazKpIM M3 TPEX MIKOJIBHUKOB JIEXKHUT Kyda Mycopa. Mycop BceM BHIHOCHTB B JIOMBI, 3aTO
HE B JIOMBI KazKIYI0 MUHYTY PACK/JI3/JaBaTh CBOMl MyCOp MOPOBHY OCTATHHBIM. JlOKaxKuTe, 9TO KOJTUIECTBO
Mycopa Tiepe/l MTKOJTbHUKAMU YCPEeTHSIeTCs ¢ IKCIOHEHITUATBHONW CKOPOCTHIO.

6) To ke, HO KayKJblii MIKOJBHUK PACKJIAIBIBALT CBOI Mycop B (bUKCHPOBAHHON mpornopiun (cBoeit
JUTSL KAZKJIOTO TIKOTBHUKA). JIOKAasKUTe, Y4TO KOJIUIECTBO MYCOPA CTPEMHUTCS K KAKOMY-TO TOJOKEHUIO C
9KCIIOHEHIIUAIBHONU CKOPOCTHIO.

3—x,

—. Haiiaure obmryto
22, — 2

2. TlocrenoBarenbHocTh (T,) 3aJaHa COOTHOIIEHUAME To = 4, Ty =

dopmyny aas x,.
3. a) JIarymka-myTernecTBeHHHIA TPbITaeT Mo BepimuHaM mectuyroabinka ABCDEF | kaxapiii pas
B coceHion BepimuHy. CKOTBKHME CIIOCOOAMHI OHa MOXKeT Jo0parhesa n3 A B C' pOBHO 3a n MPBIZKKOB?
6) [Iycrb B Bepummae D cuaut rypman-dbpaninys3. demy paBHO YHCIO CIOCOOOB B 3TOM Cydae?

Nrak, Mbl paccMaTpuBaeM 3aBUCUMOCTU B

n+1l __ n n n n
xq = anr +Cl121'2 +GJ13.CU3 +"'+Cl1k.fb'k,
n+l __
Ty = a1 T + Aoy + A3y + - -+ + ATy,
T = ap @ + agerl + apswy + -+ apay

Teopema. a) /Tokazkure, 4T0 x?” BBIPAZKAIOTCA Yepe3 7 MOTO0HBIM 2Ke 00Pa30M.

6) JIokazKuTe, 9TO TOCIEJI0BATEILHOCTD SIBJISETCS JIUHEHHOI peKyppeHToil mopsijika He Boilie k.

1 1
B) U 9TO PEKYPPEHTHOe YpABHEHUE He 3aBUCUT OT x% ), e :Egc ),

ITosie3nast Teopema, Koropasi Oymer Ha 3adere. Kaxknaa u3 nociemoBareabHocTeil (27)00
VJIOBJIETBOPSIET 00HOMY U MOMY YKe PeKYPPEHTHOMY yPaBHEHUIO MOPsiIKa He Dosee k.

Samaun
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4. Jlan koHe4HbIi opueHTHpoBaHHbIil rpad. lokakure, 4TO KOJIUYIECTBO MyTeil JJIUHBI N B HEM €CTh
nuueitnas pexkyppenta. OUeHUTe CBepXy CTemeHb ITOil peKyppPeHTHI.

5. B 3zazade npo JATyniky-myTenieCTBEHHUILY MOCYUTANTE BEPOSATHOCTh TOTO, UTO JIATYIIKA BCE eI
He OYJeT chbe/leHa TYPMAHOM TIOCTe 1 MPBIZKKOB.

6. CKOJNBKO CYIIECTBYeT IIOC/IeI0BATETHLHOCTeH n3 n OYKB 1, 4, T, €, J, 9TO B HAX HE BCTEYAIOTCS
napbl CHMBOJIOB Te, TJI, €JI, JLI!

18 wutonga

Ionga

Onp. Iosem K Ha3bIBaeTCS MHOXKECTBO, L€ ONPEIeNeHbI OIePAIN CIOKEHUA M YMHOKEHHs, TPHIeM
BBITIOJTHAIOTCS CeLYIOIINe CBORCTBA:

a) CiiokeHne accouaTuBHO, KOMMYTATHBHO, 00/1a1aeT HefiTpaIbHBIM 3JeMeHTOM (OH 0603HAYAETCsI
0) 1 OOPATHBIMHE JJIEMEHTAMH.

6) YMHOXKeHHe acCONUaTHBHO, KOMMYTATHBHO, 00J1a/1aeT HEHTPAJIbHBIM 97IeMeHTOM (OH 0603HATAETCSI
1) w 11 KarKI0ro HEHYJIEBOTO JIEMEHTa CYIIeCTBYeT OOPATHBIN K HEMY 110 YMHOKEHUIO.

B) CJloKeHNe U YMHOYKEHUe CBSI3aHbI 3aKOHOM JUCTPUOYTUBHOCTH: T+ (Y + 2) =T -y + T - 2.

r) IIpu srom 0 He coBmamaer c 1.

Onp. Ectu K u L — nonst, u K C L, to K naswiBator nodnosem B L, a L — pacwupenuem K.
Vupl. a) Cymecrsyer Ju pacuupenue nois R? 6) Cymecrsyer qu pacuupenne mons C?
VYup2. a) Jokaxure, 9to eciu B moie a - b =10, ro a = 0 wiu b = 0.
6)I[Ipn KakKuX 1N MHOMKECTBO Zy, SIBJISETCS TOIeM?
BriBoa. CymecTByioT mosist Kak KOHETHbIE, TaK U OECKOHEYHBIE.
Vup3. IMocrpoiite mose u3 4eTbIpex 3MeMeHTOB (3T0 — He Zy4!).
Vrp4. SIBisioTcs M HOTSME MHOKECTBA, KOMILIEKCHBIX UHces Buga a) a + bi, 6) a — bv/2, B) a + bvV/d
(e a, b, d — panuonaabHBIE YnCTA)?
Vup5. SBAgioTCs U MOMSME MHOYKECTBA KOMILTEKCHBIX WHCeT BUAA a) a + bv/2 + /3, 6) a + byv/2 +
cV/3 4+ dv6 (tme a, b, ¢, d — panuoHaTLHBIE YHCTA)?

Vup6. U3 ances KaKoro Biga cOCTOUT HamMenblree moanore B C, comeprkamiee /2 1 /3 0IHOBpeMEHHO
(ykazkuTe OOMIMIT BUJ SJIEMEHTOB STOTO MOJsI U JOKAXKUTe, 9TO APYIUX YUCes] B HeM Her)? DTo 1mose
ecTecTBeHHO 0603HaunNTEL Yepes Q(v/2, V/3).
Yup7. Onummre ose Q(+v/3).
Onp. /Ipa nmons K wu L HA3bIBAIOTCS U30OMOPPHOLLMU, €CIU CYIIECTBYET TaKas OMEKIHs (0 MEKIy UX
SJIEMEHTAaMH, MPH KOTOPOil CyMMa IepexXOIuT B CYMMY, HOpOHM3BeJeHHe — B HPOM3BeIeHHe, Hy/IeBOii
3JIeMeHT — B HYJIeBOI, e/IMHUYHBIA — B €ITUHUYHBINA.
Yup8. Jlokaxkure, 9T0 171 H30MOpPGU3Ma  Pa3HOCTh MEPEXOIUT B PA3HOCTh, a YaCTHOE — B YaCTHOE.
Yup9. a) dsaserca mu uzomopdusmom Qv'2 n Qv/3 otobpazenue a + bv/2 — a + by/3?

6) dsnsercs s nzomopduzmom Qv/2 na cebsi orobpaenne a + byv/2 — a — by/2?

B) [lycTh @ — BellleCTBeHHbIN KOPeHb MHOTOY/IeHA T2 — 2, a 3 — HeBellecTBeHHbIH. JloKasKuTe, 4TO
Q(a) u Q(B) m3omopdhHBI.
Omp. Hawmmenbmee maTypambnoe [mcmao n  Takoe, 49ro l+1+4---+1

n pa3

rapaxmepucmukrot mons.  Ecam Takoro dwmciaa N He CYMECTBYET, TO TOBOPSAT, 9YTO TOJe HMEeT
rapaxmepucmury 0.

0, ma3bpIBaeTCsd

VYupl0. /lokaxkuTe, 94TO a) XapaKTePUCTUKA MOJIsI CTh 100 0, 1ubo mpocToe Yucio; 6) B KazKJIOM MoJIe
comepzkutcs 60 Q, b0 Z,, npudeM POBHO OJHO U3 STHX IOJIEl; B) IPHBEIUTE MpUMep GECKOHETHOrO
IOJIA C KOHEYHOI XapaKTepPUCTUKOM.
Vupll. a) /Jokazkure, 9T0 B MOJE XapaKTEPUCTUKN P BBIOIHSAETCS PaBeHCTBO: (T + y)P = xP + yP.

6) Paznoxkure na MHOXKHTETN HAJ Z), MHOTOWIEH 2P — .

B) JIoKazKuTe ¢ TOMOIIbI0 3TOro meopemy Buavcona: (p — 1) = —1 (mod p) npu mpocrom p.

g caMOCTOATETbHOTO pereHus
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1
cM. yrupT).
s o O YPT)

1. 36aBbrech OT UPPAIMOHAILHOCTH B 3HAMEHATEIE:

2. Mszomopdnun  Q(v/2) m Q(v/3)?
19 wmonsa
Koneunble n aﬂre6paI/IquKI/Ie pacImpeHnmnda ImoJen

Onpl. Pacmmuupenne F' C FE Ha3bIBaeTCd KOHEYHBLM, €CIH TPOCTPAHCTBO FE KoHedHOMepHO Ham F.
Pa3MepHOCTH 9TOTO MPOCTPAHCTBA HA3BIBACTCA cmenenvlo paciupenns F u obosuadaercs [E : F.

Vupl. B koreunoMm mose p™ 371eMeHTOB, Ije p — Xapakrepuctuka noss. (ng cBemenns. JIjist Kazkaoro
P CyHmIeCTBYeT POBHO OJHO C TOYHOCTHIO /10 W30MOpdu3Ma moe u3 p™ JIeMeHTOB. )

Vup2. fsnstirorest in paciimpeHnsi KOHETHBIME; €CIH Jia, To KakoBa ux crernenb: a) R C C; 6) Q C Q(«),
2
o = —J.

[Iycts f — HenmpuBOAMMBII HaJ F' MHOTOW/IEH CTeleHHu n, a— 000l ero Koperb B mone F, F' C E.
Kak ycrpoeno F'(a)? (B ocnoBHOM Hac Oymer mnTepecoBath ciydaii F' = Q, F = C).
Vup3. PaccMoTpuM MHOZKECTBO JWHEHHBIX KoMOmHammil Buaa coa’ + cial +---+ ¢, 10" ', rne ¢; € F.
a) Ecmu anement u3 E npejicTaBisieTcst B TAKOM BHJIE, TO OH MPEJICTABIISETCS OJHO3HATHO.
6) DTO MHOKECTBO 3aMKHYTO OTHOCHTEIHHO CIIOKEHUS U YMHOKEHHSI.
B) DTO MHOKECTBO 3aMKHYTO OTHOCHTEIHHO JIETIEeHHUSI.

Teopema o nmpucoeguHeHnu KopHs. F'(«a) — n-meproe npoctpancTBo Haa F. Ero 6azncom sBastioTcst
sneMentsl o, ot, ..., a" L.

L 9

a3+2 "

VYupb. Ilycrs ay, oy — aBa kopust muorownena f. Torma nonst F(aq) u F(as) uzomopdust. IIpuseaure

IpuUMep, MOKA3bIBAIONINI, YTO OHW MOTYT HEe COBIQJATh.

VYup4. F =Q, f(r) = 2° — 3z + 3, a — Kaxoii-Hubyab Kopenb f. Uemy pasHO

Onp2. Duement a € aseebpauuer wad nosem F, F' C FE, ecan OH sBISIeTCS KOPHEM HEKOTOPOTO
HEHyJIeBOro MHOrownena u3 F|x|. VHaue a7meMeHT Ha3bIBaeTCs mpancuyendenmmvim 1ad nosem F.

VYup6. a) Onumure Bee anredpanveckue U TPAHCIEHIeHTHbIe KoMIuteKcHbie uncna Hag C u R. 6) Ecin
SJIEMEHT aJrebpamved HaJ KaKHM-HHOYIbL ITOJIEM, TO OH ajJredpamded W HaJ PACIIMPEHHEM 3TOrO IIOJI.
B) MHOrO4/IeH B Onpe/ie/ieHnn aareOPAanTHOCTH MOYKHO CYHTATh HEMPUBOAUMBIM Haj F.

Teopema 06 anrebpamvyHOCTH KOHEYHOTO pacmmmpenus. Ecim F' C E — koneunoe paciiupenue,
TO KazKblii smemenT u3 F anrebpawden Hagx F. YTo MOXKHO CKa3aTh MpO CTEMEHb aareOpandHOCTH
sj1ieMeHTa’

VYup7. Onumure Bee Koneunble pacmupenns a) C; 6) R.

5 5
Vp8. Jokaxmute, 910 9ncio v/3—7v/9+4 spisieTcst KOpHEM HEKOTOPOTO MHOTOW/IEHA, ¢ PAIMOHAIBHBIME
kodddunuentamu. OneHnTe cTreneHb MHOrOWIeHa. Kak HalTH 3TOT MHOTOYJIEH?

Bomnpoc aia obaymbiBanusi. Byger jm cymma, pasHOCTh, MPOU3BEIEHEE W TAaCTHOE aIreOpamdecKux
97IEMEHTOB aaredPAMIeCKIM SJIeMeHTOM?

19 wmona
JImHeiiHocTh B reomeTpun.

OpueHTUPOBAHHOE PACCTOSHUE

ITpensoxkenne. OpreHTHPOBAHHOE PACCTOSIHHE OT TOYKH (g, Yo) 0 TpsiMoit ax + by + ¢ = 0 paBHO

_aro+byo+c

p(ax+by—|—c:0, (anyO)) - \/m

1. JlokakuTe, 9TO OCHOBAaHWS BHENIHUX OHCCEKTPHC (HEPABHOOEIPEHHOIO)TPEYTrOIbHIKA JIEKAT Ha
OJTHOU MPSAMOIA.

2. ['panm mpaBHJIBHOTO OKTa3Jpa PacKpallleHbl B 4YepHbIil u Oenblit mBer. [Ipm 3ToM T00BIE BE
rpaHu, uMelolue ooiee pedpo, pacKpallieHbl B pa3ubie 1peTa. /lokaxkure, 94T0 J/Is JIIOO0H TOUYKHA BHYTPH
OKTa’/Ipa CyMMa PAaCCTOSHUI JIO MJIOCKOCTel OeJbIX T'paHeil paBHA CyMMe pPAacCCTOSHHI 0 ILIOCKOCTe
YepHBIX I'PaHei.

15



OpueHnTupoBaHHad ILJIOIIAb

ITpensioxkenue. OpueHTUPOBAHHAS ILIOMIA/IL TAPAJIEJIOrPAMMa, HATAHYTOrO Ha BekTopa (a, b) u (¢, d),
paBHa ad — bc.

3. Ha miockocTr 1aHbl HECKOJIBKO YePHBIX W OEJIBIX OTPE3KOB, OepeM TOYKY W CTPOUM TPEyTroJIbHUKU
C BepIIMHAMHU B 9TOH TOYKE W OCHOBAHUSIMH — JAHHBIMHU oTpe3kamu, paccmorpuMm I'MT takmx Todex,
YTO CyMMa dYepHBIX TIuIomaaeii paBHa cymme Oenbix.  Jlokaxkmre, dro 1o I'MT mnourm Bcerma
MTOKPBIBAETCST HECKOJABKUME NPsMbIMA.  CKOJTBKHAX NPSMBIX TapaHTHPOBAHO XBATUT (KTO MeHbIe?).
[ToueMy mOKpBIBaeTCS MOYTH BCErja, HO He Beeraa?!

4. Cepemuupl orpe3koB AiAs, Bi1B,, Ci;Cy nexar Ha omHOil mpsamoii. Jlokaxwure, 4ro 8
Tpeyroabaukos A; B;jC) MoxKHO Tak pasONTh Ha 2 TPYNIEl, 9TO CYMMBI IJIOMIQJel B IPyNIaxX PaBHEL.
Ob6paTHOe TOXKe BEpHO.

5. JlmaroHajum OTpe3alT OT NATHYTOJbBHUKA D TPEYTOJbHUKOB (HEKOTOPBIE YACTH OTPE3A0TCs
JBaXKbl). JIOKaXKuTe, 4T0 CyMMa IJIOMAJeH STHX TPEYroJbHUKOB He MEHBINe ILIOMATN HCXOTHOTO
MATHYTOJHHUKA.

JlemMma. Touka X menut orpesok C'D B orHomrenun p : q. Jlokaxkure, 9TO Op. TJIOMAIb TPEYTOIbHUKA

ABX pasna
q

S(ABX) = —L 5(ABC) + —L—5(ABD).
P+q P+q

6. ,ZLOKH,)KI/ITG, 9TO B OINHCAaHHOM YETBIPEXYT'OJIbHUKE IIpAMad, MIOPOXOJAdIiad 4Yepe3 CepeIuHbL

JMaroHaJiel, MPOXOAUT W Yepe3 MEHTDP BIUCAHHONW OKPYXKHOCTH. OTa HpsiMasi HA3BIBALTCH NPAMOT

Hvromona onucannoro YEeThbIPEXYT'OJIbHHUKA.

7. Jlokakute, 9TO MpsiMasi, COeTUHSIONIAS CePeINHbI TUaroHaeil Mpou3BOJIbHOTO YeThIPEXyTOTbHIKA
ABCD, nenut momnojaM OTPe30K, COEIUHSIIONNI TOUYKH Tepecevdennss TPOTHBOMOIOKHBIX CTOPOH. ITa
npsiMast HazeiBaercst npamot Laycca gersipexyroapauka ABCD.

st caMOCTOATEIHbHOTO pelieHns

1. am ugersipexyroibHuk. B oaHOl mape ero HmpOTHUBOIOJOXKHBIX YIJIOB TPOBEIN BHEITHHE
OUCCEKTPUCHI — MOJYYUIN TOYKY HX mnepecedenus. [lorom B npyroit mape — TOIYYHIH BTOPYIO
Touky. [loToM NMpPOTHBOMOIOXKHBIE CTOPOHBI MPOJIUIN JIO Tepecevenus, MOJyIuIn JIBa yIrja — 110 HUM
AHAJIOTMYHO MMOCTPOUIN TPEThIO TOUKY. /loKaykuTe, 9TO 9TH TPU TOUYKU JI€KAT HA OJHOI ITPSIMOIL.

2. YV tpeyronbHukoB AiAsAs, Bi1ByBs, C1C5C3 ueHTpHl TSKECTH JeyKaT Ha OJXHOW MPSIMOIi.
Hokazkure, aro 27 TpeyronbHuUKOB A;B;C) MOXKHO TaK pa3dHTb HA 2 IPYIIBI, YTO CYyMMBbI ILTOIIAIeH
B rpynmnax paBabl. QOpaTHOE TOXKE BEPHO.

3. maroHasm OTpe3al0T OT IMECTHYroJbHUKA 6 MaJeHbKHX TPEeyroJbHUKOB (HEKOTODBIE YaCTH
OTPE3aI0TCsl JIBAXKIbl). BepHO JH, 4TO cyMMa ILIOMAIell 3TUX TPeyroJbHUKOB He MeHbIIe ILIONA/II
HCXOITHOTO IMIECTUYTOMbHUKA?

4. B mo60M BBINYKJIOM IIECTHYTOJbHUKH HAAETCS AMArOHAIb, KOTOpag OTpe3aeT OT Hero
TPeYroNIbHUK TIOMIAIN, He TpeBocxo/smieii 1/6 miomaay mecTnyroibHIKA.

20 wuonsa
Bokpyr Teopemnbl 1lackajis.

0. Okpy=xuocrh A kacaercs cropon AB u BC tpeyronbanka ABC B Toukax D u F u ero onmcaHHOi
okpyzxkuoctu. Jlokaxkure, uyro mnpsmas DFE upoxoaut depe3d I — IEHTP BIHUCAHHON OKPYZKHOCTH
tpeyroabauka ABC.

1. a) Ilycte M N — cpenusgs nuaus tpeyronbunka ABC, napamtenbuas AC. Brucannas B TpeyroJbHUK
ABC oxpyxuOCTh Kacaercst ctopon BC' u AC B toukax P u () coorBercTBenno. JloKazKkuTe, 9T0 MpsiMbie
MN, P@, a Tak:Ke dbuccekTpuca yria A mepecekaiorcs B ogHoi Touke D, npudem /AD B mpsaMoii.

6) Ay, By — ocHOBaHHUs BBICOT ONMyMIeHHBIX U3 BepumH A u B Tpeyroabauka ABC. Ay, By — ocHOBaHUs
ouccexktpuc yrioB A u B. Az, By — TOYKHW KacaHWsl BIOUCAHHOW OKpykHOCTH cO cropHamu BC u AC.
Jlokazkure, uro upambie A; By, AyBy u A3 B3 nepecekaloTcs B OJHOIM TOUKe.

2. A;B;C; — ocHoBaHHus BHICOT, a Ay Bo(C's — cOOTBETCBYIOIINE OCHOBaHMSA MeauaH Tpeyroabanka ABC.
Jlokazkure, 9T0 TOYKHN mepecedennst NpsaMbix A1 By u Ay By, A1Cy u AyCh, B1Cy n By(C'y nexkar Ha OgHOI
IPAMOTA.
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3. AA; u BB, Beicorsl Tperyonbanka ABC, koropeie mepecekatorcst B Touke H. [psimbie, coequusionime
TOYKM KACAHUS BIUCAHHBIX OKPYKHOCTEIl TpeyroabHukoB AB1 B u BA; A co cTOpOHAMU, TIPUIETAIONTHMI
K TpAMOMY YTy, Tepecekaiorca B Touke FP. Toukm [ m J — THeHTPH BIOHUCAHHBIX OKPYXKHOCTEN
tpeyroibaukos ABC' w ABH. Jlokaxwure, uro Touku I, .J, P jexar Ha OJTHOI TPSIMOIi.

4. Cepenunanblie nepres ukyasspel K croponam AB u BC' tpeyronsauka ABC nepecekator npsimbie BC
u AB B Toukax A; u C; coorBercrBenno. buccexkrpuch yrios A; AC u CC A nepecekaiorcs B Touke B'.
Ananornuno onpenensiorca roukun A’ u C'. Jokazkure, uro Touku A’, B', C' nexxar Ha oxHOI IpsaMOIi,
NpOXoAAIIeil Yepe3 MeHTP BIUCAHHON OKPYKHOCTH TPEYTOJILHUKA.

5. Touka [ — mentp Bucanuoit okpyzxuoctu tpeyrombunka ABC. Hekoropast OKPyzKHOCTB € IEHTPOM
B I nepecekaer cropony BC' B toukax A; u Ay, cropony C'A B Ttoukax By u By, cropony AB B TO4Ykax
C1 u (5. Tlomy4ueHHBIE TOYKH PACIONOXKEHBI HA OKPYKHOCTH B mopsaake Ay, Ay, By, By, Ci, Cy. Toukn
Az, Bs, C3 — cepenunnl qyr A Ag, By By, C1C5 coorBerctBenno. [Ipsimbie Ay A3 u By Bs nmepecekatoTcst B
touke (), npameie BoBs u C1C5 — B Touke Ay, a mpameie CoC3 u Aj A3 — B Touke By. Jlokazkure, 94T0
orpe3kn A3zA,, B3B,, C3C) mepecekatoTcss B OHOI TOUKe.

20 wuwonga

Koneunble n anredbpamdecKkne pacOimpeHns MoJieii-2

Teopema o pazmepHoctu Gamau (dacts 1). Ilycts k C E C L — nonst, npuuem k C Eu E C L —
KOHe4Hble paciupenus. Torga pacimpenne k C L koneuno u [L : k] =[L: E] - [E : k.

Teopema. Jlokaxkute, 9T0 CyMMa, PA3HOCTh, MIPOU3BEICHIE U YACTHOE AJIreOPANIECKUX TUCET SIBJISIETCS
anrebOpamdecKuM ducaoMm. ONeHUuTe cTeneHb aaredpanIHOCTH STHX YHCE] Yepe3 CTeNeHb aJIredpanIHOCTH
HCXOTHBIX.

Vupl. Haiigure pasmeprocts i 6asucer mag Q caeayomux noreit: a) Q(v'7, v/5); 6) Q( »/pr, - .., 2/Ds),
Piy ..., Ps — PASIMIHBIE TIPOCTHIE YHC/IA.

Yup2. BeiBegure u3 TeopeMbl 0 OallHe, YTO KJIACCHYECKHE 33Ja9M Ha MOCTPOEHHE Hepa3pellnMbl IPH
MOMOIIN TUPKYJIsl ¥ JTUHENKH.

Yup3. Korga MOKHO MOCTPOUTH MPABHIBHBINA N-YTOJIBHUK !

st caMOCTOATEIbHOTO pelleHns

Teopema o pazmepnoctu Gamau (gacts 2). [Iycrs £ C E C L — nong, npudem k C L — KoHeIHOE
pacumpenne. Torma k C E u E C L — xoueunsie pacumpenng u [L : k] = [L: E] - [E : k].

Teopema. Ecin HEKOTOPOE KOMILIECHOE YUCTO SIBJISIETCST KODHEM MHOTOWIEHA ¢ aJrebpandecKuMu (HaL
Q) kosddurmentamu, To 310 uncio aaredbpandno (Hag Q). Muade rosopsi, mose ajarebpandeckux Iucet
aJiredOpamvIecKn 3aMKHYTO.

Ynp4. a) Onunmre Bee MOANONS B Q(V2,V3).
6) Hdoxaxure, uro more Q(v/2,v/3) cosmamaer ¢ Q(a) ams HEKOTOPOTO (.

20 uwong

(He)IlocTpoenue mupKyJjgeM u JUHEHKOI

Hamo: Ha mrockoctn 3ajama JeKapToOBa CHCTEMa KOODIHHAT (C eIMHHYHBIM OTPE3KOM), HUPKYJIb U
mmueniika, (LLJT).

Tpebyercsa: Pemuth Hekyio 3aja9y Ha MOCTPOEHHE WM J0Ka3aTh, YTO OHA Hepas3perrmMa.

Onp. Yucno x € R HA30BEM NOCMPOUMBLM, €CITH MOXKHO TOCTPOUTH OTPE30K JJIMHBI |x| WIN MOXKHO
HOCTPOUTH TOYKY, abCIMCCa WU OpJIMHATa KOTOPOil paBHA T.

Onp. IHocmpoerue npu nomouyu IIJI — 310 a10dast mocaIe/10BaTEIHLHOCTD JIeMEHTaAPHBIX TITAr0B:

1) B3siTHE TPOU3BOILHOMN TOUKH (g, Yp);

2) mpoBejieHne MPSAMOIT Yepes3 JBe UMEIONHecs: TOYKH;

3) mpoBejieHNe OKPYKHOCTH € IIEHTPOM B MMEIOIIeHicsi TOYKe, PAINyC KOTOPOH PaBeH PaCCTOSHUIO
MEKIy KAKAUMH-TO JIBYMsSI HMEIONIUMECSI TOUKAMI,;

4) B3ATHE TOYKHM IepecedeHusi JIBYX [OCTPOEHBIX MPSIMBIX, TPSAMOii W OKPYZKHOCTH, JIBYX
OKPYZKHOCTEil;
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5) MMOCTPOEHHBIE TPSIMbIe N OKPYKHOCTH Pa30MBAIOT MJIOCKOCTH Ha 00JIACTH; IITArOM SIBJISIETCST B3sTHE
MPOM3BOILHOI TOUKU BHYTPH OJTHOM M3 3THX OOJIACTEi;

Bayxnas ugesi. B nynkrax 1 u 5 MOXKHO BBIGHPATH TOJBKO TOYKH ¢ PAIMOHAJBHBIME KOODHHATAMH (B
cuty BCrojly mioTHocTu MHOKecTBa Q B R.)

¥Ymupl. Ecmu nocrpoumst uucia a, b, To nocrpoumst uncia a + b, ab, ¢, v ab.

Yap2. Ilocrpoumo Kazkaoe YHCIO T, KOTOPOE MOMKHO HOAYYHTH U3 1 HpH IIOMONIU Oeparuii
CJIO’KEHWS, BBIYUTAHUS, YMHOXKEHWsl, JCJICHUs, M3BJCYCHUST KBAJIPATHOrO KOpHs. Hampuwmep, uucio
{/2+v/3-500\/25—/6
10v/5+7/3
Bameuanne. Q) nogmone B R.

noctTpouMo. MHOXKecTBO umces Takoro Buja obosuaunm Q.

Teopema. MHOXKeCTBO NOCTPOUMBIX uncen copnagaer ¢ Q.

Vup3. a) Ecin paspemiva 3aa4a yABOCHS eIMHHYHOTO Ky6a, TO MOCTPONMO HHCIO0 v/ 2;

) ecim paspenmMa 3a7a4a KBAAPATypbl KPYra TO MOCTPOUMO TUCTIO T;

B) ecJiM paspelmma 3aaada Tpuceknun yriaa 60°, TO MOCTPOMM BelecTBeHHbI KOPeHb HEKOTOPOIo
HempuBOAUMOro Ha i (Q KyOuaeckoro MHOTOUIEHA,;

T) eCJIM MOYKHO TIOCTPOUTD MPABUIBHBIN 9-TH YTOTBHUK, TO pa3pernMa 3aa49a TPUCeKIun yriaa B 60°.

BbIBO,[[. ,HJIH JOKa3aTeJbCTBa HePpa3peHInNMOCTH KJaCHYECKHX 3aJa4d Ha IIOCTpOeHHe JOCTaTOYHO
IIOKa3aTh, YTO IepedYuC/JIeHHbIE BbIIIEe YUC/JIa He Jie2KaT B I10JIe (@I

Vup4. a) Ecau n-yrorbauk MoxKHO moctpouts 1IJI, To mocTpoumo uucio cos 27 /n;

6) Pacemorpum Q(cos 27 /n) C Q(cos 27 /n + isin 27 /n). D10 pacimmpenne, u OHO UMeeT CTeleHb 2.

B) OCTATIOCH BBISICHUTD, KAKYIO CTENEHb UMEeT HeNPUBOIUMBIN MHOTOUWIEH Jist oS 27 /n + isin 27 /n
Hasr Q. D10 Heserko.

r) Ecmm n = kI, (k,l) = 1,k > 1,1 > 1, T0 n-yroJpbHAK MOYKHO MOCTPOUTH TOTJA U TOJBKO TOTJA,
KOI/Ia, MOYKHO TIOCTPOUTDH k-yrOMbHUK U [-yroabHuK. Tem caMbIM TOCTOTOYHO BBISICHUTH TOJTBKO BOIPOC
O TIOCTPOeHNN P"-yTOJBHUKA, P > 2— MPOCTOeE.

@akr. 27" — 1 = (27" — 1)(a?"T D 4P T2 g

ckobkax mermpuoaum HaT Q.

n—1

+ 1). Torma MHOrOUYJIEH BO BTOPBIX

Yup5. a) Eciu p"-yroapauk (p > 2) MoxkuO moctpouts [IJT, Ton =1 up = 22" 4 1 — mpocToe wmeIo
Depma.
6) Mbl He OyjieM JI0KAa3BIBATDh, YTO eCIU P — IpocToe dnciao Pepma, TO p-yroTbHUK MOKHO MOCTPOUTD

T1T.

VYup6. OxHoil TUHERKON HeJb3si MOCTPOUTH: &) MPIMOi yrout; 6) cepeuHy 3aJaHHOIO OTPe3Ka.

g caMOCTOATETHbHOTO pereHus

1. Ognoii nuHEHKON HENIb3s MOCTPOUTH: 0) NPABUJILHBIH TPEyroJbHUK. 0) HEHTP JAHHOMN
OKDYZKHOCTH; B) OTPE30K BJIBOE BOJIBIIE JAHHOTO.

2. Ha mrockoctn nana mapa mapasiieJbHBIX MPSMBIX W OTpe30K Ha omHoil m3 Hux. [Ipm momomm
OJIHOIT JIMHEKN &) TmojieuTe ero monojaam; 6) yaBoiite ero.

21 wuwona

Brnucanubiit 4yeThIpexyrojabHUK.

O6o3nauenus. Yerwipexyronmpank ABC'D Brnucan B okpy)KHOCTH W ¢ meaTpom O. Jlyau AB u DC
nepecekarorcss B Touke F, a ayun AD u BC — B touke F. JInaronamm AC u BD nepecekaiorcs B
touke P. AC mnepecekaer EF B Touke (). EP mepecekaer AD B Touke X. M — mouxa Muxens
gerbipexyroibanka ABCD. S — cepenuna AD.

1. JlokaxkuTe, 4TO:
a) rouku O, P u M nexar Ha OTHOM MPSIMOi;

6) rouku B, C, S, X nexar Ha OJHON OKPYZKHOCTH;

B) KacaTeJbHbIe K w B TOUkax B u D nepecekaiorcsa Ha npsamoii EF (0603HAYAM TOUKY UX €PeCeTeHus]

T);
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r) roukn B, T, D, M nexar Ha OJHON OKPYKHOCTH;
BP.

r[[) % = PD>

e) roukn B, O, D, M nexar Ha OJHON OKPYKHOCTH;

»K) NEHTP BIUCAHHON OKPYKHOCTH TpeyroibHuka BDM nexur Ha w;

3) BepHO JIH, UTO KacarejbHble K w B cepeannax ayr AB u C'D nepecekaiorcs Ha npsamoit EP;

n) Ha orpe3kax AC, BD n EF kax Ha apameTpax MOCTPOWJIN OKPY?KHOCTH, TOTJIA OHU MEePEeCeKAITCS B

JIBYX TOYKAX;
K) oproneHTpsl Tpeyroabankos AED, BCFE, CDF w ABF nexar Ha OJHON MpPsIMOii [;

JI) mpsiMast [ nepneHukyasipaa npamoti Laycea aersipexyronbanka ABCD.

21 wumonsa
Ycpeanenune Ha IJIOCKOCTH U B IPOCTPAHCTBE

Vupl. a) Kak pasy™MHO onpeJeuTh cpeHee 3HadeHne (pyHKIUU HA OTpe3Ke?

6) Ecn f(z) < g(x) na [a, b, To cpeanee 3navenne f Ha [a,b] HE TPEBOCXOAUT CPEIHErO 3HAYEHUS §
Ha [a, b].

B) Eciu cpeanee snavenne dyukinun < d, 1o 3naveHne GyHKIUE B HEKOTOPOil ToUKe Xy Toke < d.
Yup2. a) Yemy paBHO CpejHee 3HAUEHUE TPOEKIUN BEKTOPA JITUHBI ¢ HA MPIMYT0?

6) Kak cBsizan mepuMeTp BBIITYKJIONO MHOTOYTOJIBHUKA CO CPEJHUM 3HAYEHHEM JJINHBI ero MPOeKIHH
HA TPAMYIO?!

1. Ilycrh Ha IJTOCKOCTH JaHBI JBE CHCTEMBI BEKTOPOB, MpUYEM I JIIOOOH MpSMON CyMMa JIJTHH
NPOEKINii Ha Hee BEKTOPOB MEPBOil CHCTEMBbI He MEHBIIe, YeM JIIsi BTOPOii cuctembl. Torma cymma, JIjTinH
BEKTOPOB IIEPBOil CHCTEMBI He MEHBIIE CYMMBI JTHH BEKTOPOB BTOPOil CHCTEMHI.

2. Ecsm oguu BBINYKJIBIA MHOIOYIOABHUK HAXOAUTCS BHYTPH JIPYroro, TO MEPUMETDP BHYTPEHHETO —
MeHBIITE.

3. Ilycth MHOTOYTOIBHUKHY ¢ epuMeTpamu Py, ..., P, pacrnojoKeHbl Tak, 9TO He CYIIECTBYET MPSIMOIi,
pazdeasroweti STH MHOTOYTONMbHUKA. Torma maHHble MHOMOYTOMBHUKH MOYKHO 3aKTIOUNTH B BBIMYKJIBII
MHOTOYTOJIBHUK nepumMerpa < P + --- + P,. Hanucars < 0.9999(P; + - - - + P,) Hesb3sl.

4. Ecnu pMHBI BceX CTOPOH U IHArOHAJIel BBIILYKJIOIO MHOMOYTOIBHUKA MEHbBIIe 1, TO ero mepuMerp
MEHBIIIEe 7. DTa OIEHKA HEYJTyUIIaeMa.

5. Ilepumerp dpurypsr nocmosannoti wupurs, d paBen md.

6. Ha miockoctu jpanbl BekTOphl ¢ cymMmoit mymwH L. Torma m3 HEUX MOXKHO BHIOpATh HECKOJIHKO
BEKTOPOB, JJIMHA CYMMBI KOTOPBIX HE MeHbIne L /7. Dra OleHKA HEeyIydIIaeMa.

Teopema. CpenHee 3HaUYeHNe JJIHHBI MPOEKIMH BEKTOPA HA MPSMYIO B TIPOCTPAHCTBE PABHO a/2, TJe a
— JIIAHA 3TOTO BEKTOPA.

7. Ecyim oauH BBIMYKJIBIHT MHOTOTPAHHUK PACIOJIOXKEH BHYTPHU JIPYTOTO BBIMYKJ/JIONO MHOTOIDAHHUKA,
TO TJIOMIA/Ib MMOBEPXHOCTA BHYTPEHHETO MEHBIIE IJIOMAIN MTOBEPXHOCTH BHEITHETO.

8. Ecium oaumn TeTpa’iap pacrosiozKeH BHYTPHU JIPYTOro, TO OTHOIINEHHE TepuMeTpa BHYTPEHHEro K
IepuMeTpy BHEITHEro He MPeBOCXOAUT 4 /3, nprudemM MoxKeT ObITh CKOJIb YIOAHO 6u3K0 K 4/3.

g caMOCTOATETHHOTO pereHus
1. Ha mrockoctn ganel 3 BeKTOpa: a,b,c. Jlokaxkure, ato |a| + |b| + |c|+ |a+b+c| > |a+ 0|+ |b+
c| + |+ al.

2. Ecn mwnomaab Jr060i TPoeKIH BBIMTYK/IOI0 MHOIOTPAHHUKA HE MPEBOCXOJHUT 1, TO IJIOIMAIbL ero
MOBEPXHOCTH He TpeBocxoanuT 4. Yucmro 4 Heab3d YMEHbITUTD.

3. B mpocrpancTBe maHbl BeKTOpHI ¢ cymmoii mmuH L. Torma M3 HUX MOXKHO BBIOPATb HECKOIBKO
BEKTOPOB, JJINHA CYMMBI KOTOPBIX He MeHbIne L /4. Dra OleHKA HEyIydIIaeMa.

21 wumonsa
Pa3unoboit
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1. B kBajpaTHOil TaOJIUIE PACCTABIECHBI YHC/Ia TaK, 9TO UX CYMMa I0JIOKUTe bHa. Jlokaxkute, 910
MOKHO ME€PECTABUTH CTOIOIBI TAK, YTO CyMMa YHCET Ha TJIABHOI IHArOHATH OYJEeT MOT0KUTETbHA.

2. Ksazgpar pa3bur Ha KBaJApaTWKHW Tak, 9TO J0Oas BepTHKaJbHAs NpsMas (He MPOXOMASINas 10
rpaHuIle KBaJIPATHKA) [Mepecekaer k KBaJpaTUKOB, a J00as ropu30HTaIbHAA — ¢ KBAPATHKOB.

a) Jokaxkure, uro k = /.

6) Haiinure MuHIMAIBbHOE BOBMOKHOE KOJTUIECTBO KBAIPATHKOB.

3. B kybe co croponoii 1 pacro/iokeHbl HECKOJIHKO TPeyroJbHUKOB cyMmaphoit mommamaun 2006.
JlokaxkuTe, UTO HaiigeTcsa mMpgaMasd, mepeceKaronias Xora Obl 669 TpeyroabHIKOB.

4. B rpade na 10 Bepmmnaax 26 pedep. /lokazxKkure, 9TO B HEM HMeeTCsl XOTs Obl 4 TPEyrobHUKA.

5. Jlokaxkute, 9T0 U3 2N + 1 UPPAIUOHAIBHOIO YHCIa MOXKHO BBIOPATH N YUCET TaK, YTO CyMMa
JTIOOBIX HECKOJIbKUX BBIOPAHHBIX YHCEN OYIeT HppPaIlHOHATbHOMN.

6. Jlokaxwure, uro He cymectByer dyukiuiti a(x),b(y),c(x),d(y), ompesereHHBIX NP BCeX
BENIECTBEHHBIX T, ITO JIs JOObIX T,y € R Boimonusterca pasencrso 1+ xy + 22y? = a(x)b(y) + c(x)d(y).
O6obmmTe 3amaqy aas 1 + xy + 22y? + - - - + 2™y".

IIporpamma 3auera
T'eomeTpusga

. uBepcus u ee cpoiicTia.
. Adbdunnble npeodbpazoBaHus MIOCKOCTH U uX cBoiicTBa. [Ipsmast Taycca.

. [Hongpa u ee cpoiicTBa. Jlemma o nojsipe.

W N =

. HOJIHpHOG COOTBETCTBHE. HOJIHpHaH 9KBHUBAJIEHTHOCTb IIPOEKTUBHBIX TEOPEM.

5. IlpoekTnBHas MI0CKOCTh. [IpoeKkTuBHBIE MpeoOpa3oBaHuWs W WX CBoicTBa. [IpOKTHBHBIE
npeodpa30BaBHUS W OKPYKHOCTD.

6. /IBoiiHoe oTHOIIIEHNE TOYEK W MPAMBIX. ['apMOHUYECKHIT YeThIPeXyTrOJIbHUK.
7. Teopemsbl Ilanma u e3apra.
8. Teopemnr [lackans, Bpuanmrona, o 6abouke.

9. Jluneitnocts B reomerpun. OpueHTHpOBaHHOE paccTogune. OpueHTHPOBaHHA ILIOMIAIb. [IpsMbie
HrroTona u 'aycca.
Anrebpa
1. Oyuxiusa Jitepa u ee cBoiicTBa. Ilokazarenu m ux cpoiicTBa. CyliecTBOBaHHe MEPBOOOPA3HBIX
KOpHeii 10 IMPOCTOMY MOJLY.JTIO.
2. Jlemma bBepmncaiina.

3. CJIV: meron T'aycca, pammoHaJbHBIE perieHus. JlucKpeTHoe ypaBHEHHE TEMJIOMPOBOTHOCTH.
Bagaun o mecsaTr DaHaHaX, CTO OJHON KOpOBe, 0 2n + 1 pannoHaJIbHOM YHCIIE.

4. Jluneitnple mpocrpancrBa. CsoiictBa JI3 u JIH3. M3omopdusm npoctpancTB. PasmepHocTb,
KOPPEKTHOCTD onpejeenus. 3omopdusm koneunoMmepHoro mpocrpancrsa ¢ K™,

5. Jluneitabie pexyppentsl. Ciydail pa3indHbix KOPHei B XapakTepucTuieckoMm ypapuennn. Coydait
KPATHBIX KOPHEH B XapaKTepUCTHYeCKOM ypaBHeHun (B xapakrepucTuke 0).

6. MuoromepHbie JnHEiHBIE PEKYPPEHTHI. AJITOPUTM HAXOZKIEHUST PEITeHNi.

7. Kpurepwuit HenmpuBogumoctn Ditzentmrreiina. Jlemva [aycca. DKBUBAJIEHTHOCTH HEMTPUBOIMMOCTH
Hag Q u Z.

8. [osst. Mzomopdusm noseit. Konewnnie n beckonednbie pacimmpennsi. AredpanaHOCTh KOHETHOTO
paCITUpeHuS.

9. Ilpucoenuuenne K MO0 aaredOpamdeckoro saeMenTa. basuc, pa3MepHOCTb.
10. Teopema o pazmepuocTn Oarmrau. Ee ciegcrpust.

11. [TocTpoenust npu TOMOIIU [UPKYJIAd W JIUHEHKH. Kpurepuit mocrpouMoct 4ucia.
HepazpemumocTh Tpex KaaccHiecKuX 3a/ad Ha MOCTPOEHHe.

12. [locTpoenne mpaBUIBHBIX 71— YTOTBHUKOB.

13. Ycpemuenne. CpeaHsist JyIMHA TTPOEKIUN BEKTOPA HA MPSIMYIO HA MJIOCKOCTH W B MPOCTPAHCTBE.
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