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Bcerynurenpnas onummiuaga. 03.07.2008

1. Haiinure HOJI Bcex pasnocreit @...a —b...b, toe b > a.

b a
2. Pemure B BellleCTBEHHBIX YHUC/IaX yYpaBHEHUE T + % = [x] + 2[2?19.

3. Ectb stocka 2006 X 2006 kjreTok. PaccMoTpuM HauMeHbIIIee m
TaKoe, UTO MOYKHO BbIpe3aTh U3 3TOM JOCKUil m (purypok, nzodbpa- ]
JKEHHBIX CIIpaBa, Tak, 9TO U3 OCTaBIIelicss (DUrypbl HEJIb3s BbIpe-
3aTh HU oHOM. lokaxkute, yro m < 340000.

4. JlokaxkuTe HEPABEHCTBO ISt 1, . . . , Gy, b1, ..., b, > O:
(a1 +01) - (an + by) 1
> 2.
= iR IEE et

5. Ha croponax BC, C'A, AB tpeyronbanka ABC HalLmMCh TaKie TOIKN
D, E, F, 910 1IeHTp BIUCAHHOW OKPYKHOCTU TpeyroiabHuka DEF' coBmaja-
er ¢ IeHTpoM BIucaHHoil okpyxKuoctu ABC, a paauyc B 2 pa3a MeHBIIE.
Jokaxkure, aro Torna ABC — npaBUIbHBIN.

6. B xaxk10if BepmmHe rpada HaXOAUTCsI TAMIIOUKA. 3a OIUH Al MOYKHO
[TIOMEHSATEH COCTOsIHIME Ha, MPOTHUBOIIOJJIOKHOE KAKON-TO M3 JAMIIOUYEK M BCEX
ee cocesieil. VznadaapHO BCe JTAMIIOUKN BBIKITIOUeHBI. Cala cMOr J00UThCsT
TOro, YTOOBI OHU BCE OBLIN BKJIIOYEHBI 3a § IIAros, a Jlemra — 3a t. Jlokaxkure,
4TO § — T YETHO.



IIpousBoanasi nu HepaBencTBa. 04.07.2009

1. Jlokazxkute, 4TO Jijisi JIFOOOIO MOJOKUTENBLHOIO YUCJIA T CIPABEJINBO
nepasercTso 227 + 928 < 9219 4 2.

2. Jlokaxkure, 4T0 1pu & > () BEIIOJHAIOTCH CIEIYIONUE HEPABEHCTHA.
a) cos:z:>1—‘%2; 6) sinx>x—%.

3. Jlokazkure, uro 1pu x > 0 BBINOJHsIETCA HepaBeHCTBO Inx < x — 1.

4. Ilycte z > —1, x # 0 u a € R. Tokaxure, uro  a) ecu 0 < a < 1,
o (1+2)*<1l+ax; 6)ecmma<0wuma>1,10(142)">1+ ax.

5. Ilycre x > 0. Jlokaxkure, 910 #1 <ln(z+1)—lnz < %

6. lana muddepeniupyemast dbyukiws f(z), 3amansas va orpeske [0, 1],
rakas, aro f(0) = f(1) = 0. Jokaxkure, 910 Haiijercsa Takas TOYKA
To € (07 1)7 aTo f(%) + f/(I()) =0.

Teopema K»33u. 04.07.2009

1. Oxpyxuoctu Sy u Sy KacaioTcsd oKpyzkHoct S B Toukax A u B coor-
BETCTBEHHO; Iy — PaJUyc OKpyKHOCTH S1, 19 — pajuyc Se, R — pajuyc S,
a = |AB)|. Ilycts okpyzkuOCTH S U Sy KACAIOTCS OKPYKHOCTH S &) BHEII-
;  6) BHyTpeHHHM 0oOpazom. Haiiaure mawHy orTpeska obreil BHerHe
KacaTesbHOi K OKpyKHOCTSIM S 1 So.  B) IlycTh OKpy2KHOCTD S] Kacaercs
OKPYKHOCTH S BHYTPEHHHUM, & OKPYKHOCTH Sy — BHeITHUM obpazom. Haii-
JIATe JUIMHY OTpe3Ka o0Ieil BHyTpeHHell KacaTe/IbHOW K OKPYXKHOCTAM Si
u SQ.

2. (Teopema K93u.) Okpyxuoctu Si, Se, S3 u S; Kacarorcsi OKpyxK-
woctu S B Toukax A, B, C' u D coorBercrBenHo, npudem Ttouku A, B, C'
u D pacriosio’keHbl Ha OKPYZKHOCTH S UMEHHO B TaKoM mopsiiake. O6o3HaInM
4epes d;; JJITHY OTpe3Ka oOImell KacaTeJbHOl K OKpyzKHOCTAM S; U S, IpH-
JeM KacaTeslbHagd Oepercd BHeMIHdAA, ecan S; 1 S; KacaloTcd S OJIMHAKOBBIM
(BHYTpPEHHUM WJIM BHENTHHM) 06pa30M, U BHYTDSHHsS B IPOTUBHOM CJIydac.
I[OK&)KI/ITG, q9TO d12d34 —+ d23d14 = d13d24.

3. [Han yron ¢ BepmmHOil A W OKPY>KHOCTD, BIIMCaHHas B Hero. [Ipoms-
BOJIbHAA TIPAMas, Kacalolasicsd JJAHHON OKPYKHOCTH, IT€PeCceKaeT CTOPOHBI
yria B Toukax B u C. JlokaxkuTe, 9TO OKPYKHOCTH, OIIUCAHHAsT OKOJIO TPe-
yroabauka ABC|, kacaercs (puKCHpOBaHHOI (T. €. He 3aBUCsIIell 0T BbIOOPa
kacaresbHOit BC') OKPY?KHOCTH, BIIMCAHHON B JIAHHBIH yTOJI.

4. B tpeyronsauke ABC na cropone AC' B3sara touka D. Paccmorpum
OKPY>KHOCTD, Kacatomryioca orpeska AD B Touke M, orpeska BD u oKpyK-

HUM



HOCTH, OIMCAHHOI 0K0J10 Tpeyroybauka ABC. JlokaxkuTe, 9T0 IpsiMast, Ipo-
xogsias dyepe3 M mapasuiesibHo BD, Kacaercs OKPY:KHOCTH, BIIMCAHHON B
rpeyrosibauk ABC'.

5. Ha cropone BC' tpeyrospauka ABC' ormedena Touka K. OKpyxK-
HOCTB w Kacaercst cropon AB nu BC' tpeyronsauka ABC' B Toukax P u @), a
TaK»Ke KacaeTcsd BHEITHUM 00pa3sOM OIMMCAHHOW OKPY?KHOCTH TPEyTrOJbHUKA
AKC. Jlokaxure, 9To npsiMasg P() IpoxXoauT depe3 IEeHTp BHEBIUCAHHOIM
okpyzxkHocTu Tpeyroabanka AKC', Kacarortmeiicss croporsr AK .

Hepasencrso Mencena. 05.07.2009

Onpepenenne. QOyuxrust [ : [a,b] — R HazbiBaercs euwnyk.aol 6nu3 Ha
orpeske |a,b|, ecmu st 06bIX T,y € [a,b] n m0bbIxX «, [ > 0 Takux, 4TO
a + [ = 1 Bemouasercs Hepasencrso f(ax + fy) < af(z) + 6f(y). Pynk-
nust f Ha3BIBAETCS 6LINYKAOT 66€pX HA OTPE3Ke [a, b, eciiu pu Tex ke yco-
BUSIX BBINOJIHSIETCST AHAJIOTUYHOE HEPABEHCTBO CO 3HAKOM .
Teopema. Eciu st Bcex @ € (a,b) Bbmosasiercs yciosue f”(x) > 0, o
dbyHKIWs [ BbITyK/Ia BHU3 Ha oTpe3ke [a, b]. Eciu s Beex x € (a, b) BbIIOI-
usercs yeaosue f(x) < 0, o dyHkIms f BBIIYKIa BBEPX Ha OTpe3Ke [a, b].
1. (HepaBencrso Mencena.) Ilycts byHKIus f BBIIYK/IA BHI3 Ha OT-
peske [a,b], x1,xa, ..., T, € [a,b], an,00,...,0n > 001 +0+- -+, = 1.
Jlokaxkure, 9TO TOI/A

floqmy + -+ anzy) <arf(zr) +- -+ anf(z,).

Jlokaxkute Tak:Ke, 9TO JIjId BBINYKJION BBEpX (PYHKIIUU BLIITOJTHEHO aHAJIO-
IUYHOE HEPABEHCTBO CO 3HAKOM .
2. [lycrb 1, ..., 2, € [0, 7]. JJoKazKuTE HEPABEHCTBO

sinx; +---+sinx, i+t o,
<sin —m—.
n n

3. a) IIpu nomoru Hepasencrsa lencena J0KasKuTe HEPABEHCTBO O CPEJI-
HEeM apI/ICbMeTI/I‘{eCKOM n cpeagHeM rapMOHUYIECKOM.

6) (HepaBenctBo o cpeanem crerreHHoM.) Ilycrs x1, 29, ..., 2, > 0,
a € R, a > 1. IIpu momornu HepasencTsa Vencena 1oKayKuTe, 4TO

1
¢+ Fai\Ne _wrtre+ -+ o,
n n '




4. Ilyctb a, b, c > 0. Jlokaxkurte, 910
a) aa/(a+b+c) . bb/(a+b+c) X cc/(a+b+c) < a2+b:+c2.
—  atbtc
6) a+§+c < aa/(a+b+c) . bb/(a+b+c) . Cc/(a—&—b—i—c)‘
5. Ilyctb a,b, c,d > 0. Jokaxure, 9410 (%)‘”b < (%) (g)b.
6. Ilycts a,b,c — cropoHbl HEKOTOPOrO TpeyroJibHuKa. Jlokakure Hepa-

BEHCTBO.

Vala+c—0)+Vbob+a—c)+velc+b—a) < /(@2 +02+2)(a+b+c).

Pasznob6oii. 05.07.2009

1. Jlana mocsieioBaTeIbHOCTD HEHYJIEBBIX YUCEN {a; }ien, 3a/IaHHAsT COOT-

HOTICHIEM nyp = 22112 ( — ). 1
nt2 = —2— (rae a — Hekoropas KoHcranta). Issectno, 1ro

2 2
ajtas+a
ay, az, araz

1eJIble 9uC/Ia.

2. B rpade 2n sepmmn u n? + 1 pebpo. Jlokaxkure, 9To B HeM HaiijeTcsa
KaK MUHUMYM 7. TPEYTOJbHUKOB.

3. B asbike mwiemenu Tpy-sis-Jist ¢JIoBO — J1i00ast MOCJIEIOBATETLHOCTD U3
10 nyseit u enunun. CjroBa CYUTAIOTCS CHHOHUMAMU, €CJIM OJHO MOXKHO I10-
JIYIUTh U3 JIPYTOr0 Cepueil CJIeYIONNX OIEePAIHil: MOXKHO B3sTh HECKOJIBKO
MOIPSIJT CTOSITIIX 1P € UIeTHOH CYyMMOH W MOCTaBUTH HA TO K€ MECTO B
obparnoMm mopsiake. CKOJBKO B 9TOM S3bIKE PA3IMIHBIX 110 CMBICIY CJIOB?

4. Baytpu AABC pacroioyKeHbl 3 OKPYKHOCTH, KazKIasi 13 KOTOPBIX Ka-
caeTcs JIBYX CTOPOH TEeyTOJIbHUKA U JIBYX JPYTUX OKpyzKHOCTei. [lycts A —
TOYKA KacaHUs JIBYX OKPYKHOCTEl, Kacaluxcs cTropoubl BC', aHAIOTMTHO
ompeiessitorcst Toukn Kacauus By u C. Hokaxkure, aro npsmbie AAy, BB
n C'C'} KOHKYyPEHTHBI.

5. Jlng Kakux HATYPAJbHBIX 7 CYIIECTBYIOT HEHYJIEBbIE MHOTOYJIEHDI
P,Q € Zlxy, o, . .., x,] Takue, uro

(w1 + w9+ ...+ 2,) P21, 39,...,2) = Q(23,23,...,22).

€ 7. Jlokaxxurte, 9TO BCE UJIEHBI I0CJIEI0BATEIbHOCTH —

6. LleaTpsr okpy:kHOCTEH S7, So m S3 JexKaT Ha OMHON NIPAMOI, IPHU-
qeM S 1 Sy He TIepecekaroTcs, a S3 BHEITHNM 00pa30oM KacaroTCs JIBYX JIPYTUX
okpyx)kHocTeil. /lokazkure, 9T0 OKPYKHOCTH S3 1epecekaeT o0Iue BHYTPEH-
HUe KacaTeJbHble K S1 1 Sy B Y€ThIPEX TOYKaX, 00Pa3yOIINX IeThIPEXyTOJIb-
HUK, JB€ CTOPOHBLI KOTOPOIO HapaJsliebHbl OOIIUM BHEIIHUM KacaTe/IbHbIM

KSl I/ISQ.



OyHKM 1 GyHKINOHAJIbHbIE ypaBHeHus. 06.07.2009

1. Haiigure Bee dyukiuu f : R — R, rakue uro  a) f(x +y) = f(x) +
f(y) u dyskus f HenpepblBHA HA BCEil BEIIECTBEHHOIT IpsiMoil;  6) TO XKe,
9TO B IIYHKTE a), HO BMECTO HEIPEPbIBHOCTU — OIPAHUYEHHOCTH B HYJIE, TO
ecthb cymectByer takoe € > 0 u M € R, uro |f(x)| < M npu |z| < €;

B) Haiigure Bce orpanundenunie B Hyae by f : R — R, takue aro
fle+y) = f2)f();

Haiijure Bce orpaHuyeHHbIE B HEKOTOPOW OKPECTHOCTH €JMHUILI (DYHK-
man f @ (0,400) — R, Takue uro 1) f(zy) = f(x) + f(y); x) flzy) =
1) 7 )

2. Haiioure Bce dyukmuu f : R — R, takwme, aro sy joboro x € R
BoinosHsiercst yeyiopue f(x) + 2f(1 — z) = sinx.

3. Huddepennupyembie dbyuximu f u g, 3aganibie Ha orpeske [0, 1] ta-
koBbl, uto f(0) = f(1) = 1 u dyukmus 19f'g + 93f¢’ HeorpumarenbHa.
Hokazxkure, aro g(1) > ¢(0).

4. Oyukuua [ onpesenena wa orpeske [0, 1] u npuHEIMaeT 3HaAYEHUS Ha
TOM Ke oTpeske. VI3BecTHO, uT0 pu J00bIX x,y € [0, 1] BBIIOIHSAETCS HEPa-
BercTBo |f(x) — f(y)] < w Jlokaxkure, 9TO CyIIECTBYeT POBHO
OJIHO 3HaYeHHue T, Ipu KoTopoM f(z) = x.

5. Oyuknusa f : R — R rmakosa, aro f(1) = 1, f(a)f(1/a) = 1 u
fla+b) = f(a) + f(b) anst mobbIx BemecTBeHHbIX @ 1 b. Jlokaxkure, 91O

f(z) ==

Teopusi unces — B ocHoBHOM, noBTopeHue. 08.07.2009

1. HarypasibHble umucia T U Y YAOBJIETBOPAIOT paBeHcTBy x2 — 2 = 17,
JokazkuTe, 4To 4nco y? + 2z + 2 — cocTaBHOe.
2. Pemmre B HE/IbIX 9UC/IaX CHCTEMY yPaBHEHHI
r+y+z = 3
B4y +22 = 3
3. Ilycts a € N, a > 1. /lokaxkurte, 4TO CymniecTByeT 6€CKOHEYHO MHOTO
HATYPAJIbHBIX N TaKuX, 910 N | (a™ + 1).
p_1_-L1,1_ 1 L :
4. i l—5+35—7+...+ 359 Hokaxure, uro p . 1979.
5. YMHOXKEHUe BCEeX 3JIEMEHTOB IPUBEIECHHON CUCTEMbI BLIYETOB 110 IIPO-
cTOMY MOJyJIO p Ha BbrdeT a Z 0 (modp) IpousBOAUT B Hell II€PECTAHOBKY.



a) Jlokaxkure, 4To eCjiM @ — KBAJPATUIHBIA BBIYET 110 MOJLYJIIO P, TO MO~
JIYUUBIIAsCS TOJICTAHOBKA UETHA.

6) Jlokaxkure, 94TO €CciM @ — KBaJPATHIHBIA HEBBIYET 110 MOJLYJIO P, TO
OHa HEJEeTHA.

6. [Iyctb p,d € P, d | 2P + 1, d # 3. Jokaxure, uro d = 2kp + 1, rue
k € N.

7. KpaspaTnnlit Tpexuier ax? +bx +c¢ ¢ neapivu KoahbhuImenTaMu Ipu-
HUMAET B P HOJAPSIT WY IIUX [EJIbIX TOUYKAX 3HATCHUA, sIBJISIONINECS ITOJTHBIME
KBajipataMu (p — mpocroe ducio, p > 5). Jlokaxure, uto b* — 4ac genurcs
Ha p.

MowmenT nHepruu. 09.07.2009

Onpenenenue. Momenmom uHepyuu CHUCTEMbI MATEPUAJBHBIX TOYEK
miAi, meAs, ..., myA, OTHOCUTEILHO TOUKN S Ha3LIBACTCS BEJIUYNHA,

Js = my |SAL? 4 my |SAs)* + ... 4 my [SA,|.

1. (Popmyna Jlarpauxka.) Ilycrs Z — neHTp Macc CHCTEMbI MaTepHU-
AJIbHBIX TOYeK My A1, moAs, ..., myA, u S — npousposbHas To4dka. /loka-
JKUTE, 9TO

ngjz—l-m’SZF,

e m=m;+meo -+ ...+ m,.
2. (Popmysa Adkobu.) [lycrs Z — 1eHTp Mace CHCTEMbI MATEPHAJbHBIX
TOUeK MiA1, MoAs, ..., m,A, mm=mq+mo+...+m,. Hokaxknure, 910

1
Jz - E m;m;| il

1<i<j<n

3. a) [Iycts 7 1 R — pajuychl BIUCAHHON U ONIMCAHHON OKPYZKHOCTEl Tpe-
YTOJbHUKA, a d — pacCTOsHUe MeXK 1y uX neHtpamu. [Ipu momoru MmomenTa
WHEPIINN JoKazKuTe, uto d? = R? — 2rR.

6) IlycThb 7, — pajyc BHEBIMCAHHON OKPYKHOCTU TPEYTJIbHUKA, KACAIO-
mmeficst ctoponbl a. IIpu momorum MOMeHTa UHEPIINU BBIMHUCJIATE PACCTOSTHUE
MEXKJIy ee TIEHTPOM U [IEHTPOM OIMCAHHON OKPY?KHOCTH (BBIPA3UTE €r0 Yepe3
Rur,)

4. Jlanbl cucremMa MaTepwabHBIX TOUeK My A1, moAs, ..., myA, u anc-
a0 h. a) Ilyere my + mg + ... + m, # 0. Jlokaxure, 910 reoMeTprye-
CKOE MEeCTO TOYEeK, OTHOCUTEJHLHO KOTOPBIX JaHHAS CUCTEMA UMEET MOMEHT



uHepnun h gBjgercd JIMOO OKPYKHOCTDBIO, JTUOO TOUKOM, JTMOO IIYCTHIM MHO-
xkecrBoM.  6) Yro Gyger B ciaygae my + mg + ... +m, = 07  B) [ans
Toukn A u B u nojioxkuresbroe unciaio A # 1. Ilpu momorium myHkTa a)
JIOKayKUTEe, IYTO TeOMETPHIECKoe MecTo To4YeK M Takux, 9To % = \ dBJId-
eTcst OKPYZKHOCTBIO, IIEHTP KOTOPOii JIexKuT Ha mpsiMoit AB (OKpYy»KHOCTh
Arnosuionust).

5. /laHbl cucTeMbl MaTepPUAILHBIX TOUYEK p1 A1, paAa, ..., ppA, ¢ IeHTPOM
Macc Pu 1A, Ao, ..., ¢, A, c ieHTpoM Macc (), npudeM p;+ps+...+p, =

¢1+q2+ ...+ ¢, = 1. Jlokazkure, 4T0

PP == Y (pi—a)(py — a)|Aidy]*.

1<i<j<n

Vkazanue. [l 3TOro paccMOTpUTE CHUCTEMBI MaTePUAJbHBIX TO-

ek (p1 — q1) A (P2 — @) A2, (Pn — Gn)An, 1Q; AL A, - G An;
1AL, paAs, .. ppA,, 1Q, 1 UX MOMEHTHI HHEPIIUU OTHOCTUEILHO TOYKU P.

Teopema Pamcesi. 09.07.2009

1. a) O6oznaunm depe3 R(m,n) HaUMEHbIeE HATYDPATHHOE UHCJIO Ta-
Koe, uTo B Jr06oM rpade ¢ R(m,n) BeprmHAME COJIEPIKUTCS JTUOO MOTHBIN
M-BEepPIINHHBIN mToarpad, mubo n-BepHInHHOE HE3aBUCUMOE MHOXKeCTBO. Jlo-
KaxKuTe, 910 s Jobbix m,n € N uncio R(m,n) cymecrByer u He IpeBOC-
xomur CL .

6) PaccmoTpuM KOHETHOE MHOXKECTBO, B KOTOPOM KaszKji0€ k-371eMEeHTHOEe
ITO/IMHOKECTBO TTOKPAIIEHO B Ye€pHBII min B Oesbrit ieT. OO03HAYNM [Tepe3
R(m,n, k) HanMeHbIIlee HATYPAJIbHOE YHCIIO TAKOE, UTO IPHU JI0OO0N pacKkpac-
Ke B JIBa I[BETa BCEX Kk-3JIEMEHTHBIX MMOJMHOYKECTB MHOXKecTBa u3 R(m,n, k)
9JIEMEHTOB HaiigeTcs 0o 1m-3JIEMEHTHOE IIOJIMHOXKECTBO, BCe k-3/IeMEHTHbBIE
[IOJIMHOXKECTBA KOTOPOro Oejibie, JTHOO MN-3JIeMEHTHOE ITOIMHOYKECTBO, BCE
k-3JieMeHTHBIE TTOJIMHOZKECTBA KOTOPOro depHble. JlIokaxkuTe, 9T Jij1s JIIOOBIX
m,n, k € N ancio Pamvcest R(m,n, k) cymecrByer u tipu k > 2 BBIIOJTHIETCS
HEPABEHCTBO

R(m,n,k) <1+ R(R(m — 1,n,k), R(m,n —1,k), (k —1)).

Onpepnenenne 1. Yucna R(m,n) u R(m,n,k) Ha3bIBaoTCS “UcAGMU
Pamces.
2. JlaHbl n BepIIMH, 3aHyMEPOBAHHBIX YUCIaMU OT 1 JI10 n.

7



a) CKoJIbKO cyIiecTByeT rpadoB HA ITOM MHOYKECTBE BEPIIHUH?

6) Jokaxkute, aro ecim k > 3 u n < 2%/2 1o Menee moJIOBHHEI BCeX BO3-
MOYKHBIX T'PaOB Ha 1 BEPIIUHAX COJEPKAT IMOJIHBINA k-BePITMHHBIN TToArpad.

B) Jdoxaxure, uro npu k >3  R(k, k) > 2¥/2.

Omnpenenenne 2. [lycts G — npousBosbHbIil rpad. onoanenuem rpa-
da G naswBaerca rpad G ¢ TeM Ke MHOXKECTBOM BepIiuH, 410 u (G, B KOTO-
POM CMEKHBI T€ U TOJIBKO T€ Tapbl BEPIINH, KOTOPbIE He CMEXKHBI B (5.

Onpenenenune 3. Ilycte H; u H, — upousBosibhble jBa rpada. Ham-
MEHbIIIee YHCJIO BEPIIUH, TaKoe 4UTo i Joboro rpada G ¢ JTaHHBIM YHC-
joM BepmmH 60 B G ects moarpad, msomopdusii Hy, mbo B G ecthb
noarpad, mzomopdubiit Hy, obosnauaercs R(Hp, Hy) u Takke Ha3bIBaeTcs
yucaom Pamces.

3. Ilycts T' — npousBoJibHOE JiepeBo Ha t BepimHax, Ky — mostHbii rpad
HA S BEPIINHAX.

a) dokaxwure, aro R(T, K;) > (s —1)(t —1)+ 1. 6) Ilycts B rpade G
cTerneHb JI000# BepImnHbI He MeHbIne, 9eM t— 1. Jlokaxkure, aro B G HaiigeTcs
noarpad, usomopduntii 7. B) dokaxure, uro R(T, K,) = (s—1)(t—1)+1.

4. a) Jlokaxkure, 9T0 U3 JIOOBIX 5 TOYEK ODOIIErO MOJOKEHUST MOXKHO BbI-
6parb 4 TouKHU, OOpa3yrolKe BIIYK/IbIi deThipexyroibiauk. 6) Ha mioc-
KOCTH JaHO 9 TOYeK OOIIEro MOJIOYKEHUS, BBITyKJasd 000JI09Ka KOTOPBIX —
YeThIPEXYTrOJAbHUK. /loKaxKuTe, 9T0 M3 HUX MOXKHO BBIOpaTh H TOYEK, oOpa-
3YIOIIUX BBITYKJIBbI ISTHYTOJBHUK.  B) Ha miockocrn jano n royek obiie-
r'o TOJIOXKEHHST TaKUX, 9TO JI0Oble 4 U3 HUX 00pa3yIOT BBINYKJIBI IeThIPeX-
yrojabauk. Jlokaxkure, 910 3T N TOUYEK 00PA3YIOT BBIMYKJIBIH N-yTOJIHHUK.
r) Jokazxkure, 4To Jiisi 1I060r0 HATYPAJBLHOTO N CYIIECTBYeT HaTypaibHoe M
TaKoe, 94T0 u3 JIFoObIX M ToUuek 0OIIero moaoKeHns: MOYKHO BbIOpATh 1 TOUEK,
00pa3yIONUX BBITYKJIbI 1-yTOJIbHUK.

Pasznob6oii. 10.07.2009

1. Harypasbhblie aucia a, b, ¢ u d TakoBbl, 4T0 ab = cd. J[lokaxkurte, 4T0
qucsio a + b+ ¢ + d — cocraBHoe.

2. Jlokazxkutre, 910 IUCIO /P1 + /P2 + ... + \/DPk, TI€ P1,P2, -, Pk —
MIOTIAPHO PA3JIMYHBIE ITPOCThIE YKCJIa, BCEIJIA UPPAIMOHATLHO.

3. llycts Hp — ocuoBanme BbICOTHI TpeyrosbanKa ABC', 1mpoBeeHHOM
u3 BepmuHbl B; L — ocHOBaHUE COOTBETCTBYIOIIEH OuccekTpuccor; Kg —
TOYKA KacaHWs BIMCAHHON OKpyzKHOCTH co croponoit AC; Ty — TodKa Ka-



caHusi BHEBIHCAHHON OKpyzKHOCTH €O croponoit AC. Touku Hy, La, K4, Ta
OIIpeJIe/IAI0TCA aHaJorndHo. /lokaxkure, 4To

a)(Hb,LB,Kf,Tb):-—L

6) (C7 HB: T37 KB) = (07 HAa TA7 KA)7

B) npsimble HyHp, LyLp, KxKp, TATp KOHKYPEHTHBIL.

4. a) JlokaxkuTe, 9T0 KOJMIECTBO TIPEJICTABJIEHNUI HATYPAJILHOIO YUCIa N
B BUJIE CYMMBI PA3/IMIHBIX HATYPAJIbHBIX CJaraeMbIX PaBHO KOJMYECTBY €0
IpeJICTaB/ICHU B BUJIe CYMMBbI HEUETHBIX, HE 00S3aTe/IbHO PA3JINIHBIX CJlara-
embix. 6) JlokaxkuTe, 9TO KOJIMIECTBO MPEICTABICHAI HATYPAJIbHOTO YHC-
Jla N B BHJIE CYMMBbI HATYPaAJbHBIX C/lIaraeMbIX, KaXKJ0e U3 KOTOPBIX BCTPE-
JaeTcd He OoJiee k — 1 pasa, paBHO KOJIMYECTBY €r0 IPEJICTABICHUN B BHJIE
CYMMBI HEJIETIAINXCA Ha k, He 00sI3aTeIbHO pa3indIHbix ciaraeMbrx. ([Ipes-
CTaBJICHUS, OTJINYIAIONINECS TOJIHLKO IOPSJIKOM CJIaraeMbIX CIUTAIOTCS OJIMHA~

KOBBIMH).
5. J TOJIOKUTEBLHBIX YUCENT A1, Ag, ..., (, JOKAXKATE HEPABCHCTBO
2(1% 20,% Qa%
——n_ >
aitas —I—a2+a3 +...+an+a1 Zar+as+ ...+ a,.

6. Ha miockocTu ganbl OKpY»>KHOCTE S, € nentp O, Touka A, jexkainas Ha
oKpyzkHOCTH S, 1 Touka (1, JexKarias BHyTpu S. VI3BeCTHO, 9TO CyIeCTByeT
qeTbipexyroibuuk ABC' D, BuncaHHbIl B S U OMMCAHHBII BOKPYT HEKOTOPOit
okpyzkHOCTH S ¢ eaTpoMm O;. [Ipn momomum ofHOI THHENKN TOCTPOTe erre
OJIHY BEPIIMHY ITOTO YeThIPEXYTOJbHUKA.

Pyukuyn 1 GyHKIMOHAJIbHBIE ypaBHeHus-2. 10.07.2009

1. Haityure Bce muorounensr P(x) € Rlz|, ynosiaerBopsioiiye ycgIoBUo
P(0) = 0 u roxzaectsy P(z) = 3(P(z + 1) + P(z — 1)).

2. Haitiure Bee nenpepeiBabie f : R — R yioBieTBopsiomne cooTHOIIe-
auam:  f(x) = —f(—x) wu  f(x+1) = f(x) + 1 mua aoboro = € R, a
Takke coornomenuio  f(1) = % f(x) muas moboro x € R, ormranoro or 0.

3. [lycrs f — HempepbiBHas GyHKIWs, onpejeneHHas Ha orpeske [0, 1]
takas, aro f(0) = f(1) = 0. a) Bepno sm, uro na rpaduke f Haiigerca
XOop/ia JITUHBI %, napasutesibiasi ocu (OX)?  6) Ilpu kakux ¢ va rpaduke f
3aBeJIOMO HaiiJieTcst XopJia JWInHbL £, napasuienbaas ocu (OX)?

4. Haiinure Bce nemnpepbiBable ¢yukimn f : R — R rtakwme, [ro

Ve e R f(sinmz) = f(x)cosma.



HepasencTBa FOHnra, I'enbaepa n Munkosckoro. 11.07.2009

1. IIycts p,q > 0, % + % = 1. /lokaxkure, 910

a) (HepaBenctBo FOura.) Ecim a,b > 0, To ab < %p + %.

6) (HepaBenctBo I'esbaepa.) Eciu aq,aq, ..., an,b1,bo, ..., b, >0, TO
aiby + asbs + ... + ayb, < (a’{+a§+...+a§l)i-(b‘{+bg+...+bg)§.

B) (HepaBencrBo MunkoBckoro.) Eciu ay,as, ..., a,,01,bq, ..., 0,
Oup> 1,70 ((a1+b1)P+.. .+(an+bn)P)% < (4. 4a)r+(B+. . . +1P)

2. a) Ilycrs a,b, ¢, z,y, z,u, v, w > 0. Jlokazkure, 910

RV

(a® 4+ b 4+ ) (2 + oy + 23 (W +0* +w?) > (azu + byv + czw)?.

6) Ilycrn z;; 20, rne 1l <¢<m,1 <7 <n. Hokaxure, 9410

fi(30)= (5 (1))

3. Ilyctb a, b, c > 0. Jlokaxkurte, 910

a b c

+ + > 1.
vaz+8bc Vb2 +8ca v+ Sab

4. JlokaxkuTte /i MOJIOXKUTEJIbHBIX a, b, ¢, d HepaBeHCTBO

a b c d
>
(8b 4 9c¢ + 10d)? i (10a + 10c¢ + 7d)? i (9a + 8b + 10d)? * (8a + 116+ 8¢)? —

S 16 1
T T729a+b+c+d
5. IIyctb a,b,c > 0 u ab + bc + ca = 3. lokaxkure, 94TO

(1+a*)(1+b*)(1+c%) > 8.
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I'eomeTpus: 6apulleHTpuYeckKne n KOMILJIEKCHbIe KoopauHaTel. 13.07.2009

Onpenenenue. Bapuuenmpuueckumu roopdunamamuy Touku M oTHO-
CUTEJIbHO 0OasucHoro tpeyrojbHuka Aj;AsAs HasbiBaeTcs TPOHKa YHCE
(my, mg, m3) Takas, aro M — meHTp Macc cucteMbl miAy, moAs, m3As u
mi1+ ms +ms = 1.

1. Ilycre (z,y,z) — GapuileHTpudecKue KOOPAUHATHI TouKu M OTHOCH-
TeibHO OazucHoro Tpeyroybuuka PQR. Touku P, (), R umeroT 6apuiieHTpu-
YecKue KOOpJAMHATHL (P1, Pa, P3), (q1, G2, q3), (71,72, T3) OTHOCUTEIBHO JIPYTOrO
6azucuoro tpeyrosbuuka ABC'. Haiiqure GapurieHTpudeckne KOOPIMHATHI
touku M otHOCHTE/BHO OasucHOTO Tpeyroabunka ABC.

2. a) Jlokaxkure, 9ro Jr06asi MpsiMasi 3a7aeTcsi B GAPUIIEHTPUIECKUX KO-
OopJIMHATAX ypaBHEHUEM Bujia ami +bms+cms = 0, rie a, b, ¢ He Bce paBHBI.
JlokaxkuTte Tak:Ke, 9TO JIIOOOE ypaBHEHHE TAKOTO BUJIA 331aeT IPSIMYIO.

6) I3 Bepiina 6a3MCHOrO TPEYTOJIbHUKA HA TPSMYO  OIyIIEHbI [epIeH-
nukynsapel AAy, BBy, CC,. Hokaxure, 910 K03 DUINEHTH yPABHEHUST TIPS
Moit ¢ B GapHIEHTPIYECKIX KOOPIMHATAX IIPOIOPIIMOHAIBHBI BeKTopaM AA;,
BB, CC.

3. a) Jlokaxkure, 9TO BCe OKPY’KHOCTH U MPSAMbIE HA KOMILIEKCHOI TLJI0C-
KOCTH 3aJIaI0TCsI ypaBHeHUusIMU Buga AzZ+cz+cz+D = 0, rne A u D — Bere-
CTBEHHbBIE YHUCJIa, a ¢ — KOMILIeKCcHoe ducio. Haoboport, jiokaxkute, 94To J10doe
ypaBHEHUE TAKOT'O BUJIA 33/1aeT JINOO OKPYXKHOCTH, JTUOO MPAMYIO, JINOO TOY-
Ky, Ju0O TycToe MHOXKeCTBO.  0) JloKaykure, 9TO TpsiMast, TIPOXOJISIIIas ce-
pe3 TOUKHU 21 U 23 33J1aeTcs ypaBHeHueM 21(Z3 — Z) —22(Z1 — 2)+2(Z1 — 22) =
0. B) Haiiure ypaBHeHIE OKPYKHOCTH C IIEHTPOM B TOUKE Zo U PAJIAYCOM T

4. Ha eauHUIHON OKPYKHOCTH (T.€. OKPY’KHOCTH C IIEHTPOM B HadaJe
KOODJIMHAT W PaJMycoM 1) OTMeYeHbI TOUKH 2] U 2o. JloKaxkuTe, 9TO Kaca-
TeJbHbIE K €JIMHUYHON OKPY?KHOCTH B 9TUX TOYKaX IEPECEKAIOTCS B TOYKE

2
z= .
I 1T

5.1B§yTpI/I tpeyrosibauka ABC ormeuena touka P. [, Ig, Ic — 1en-

TPBI BIIUCAHHBIX OKpYy2KkHOCTEl Tpeyroibankos BPC, CPA u APB coorBet-
crBeHHo. l3BecTHo, uT0 [, Jj1eskuT Ha OumccekTpuce yria A, Ip me:kuT Ha
ouccektpuce yriaa B. Jlokaxwure, aro o jgexut Ha Obuccexktpuce yria C.

6. Ha croponax AB, BC, CD u DA BBIIYKIOrO YeThIPEXYTOJbHUKA
ABCD BHe ero nocrpoesbl npaBuibibie Tpeyroiabuauku ABP, BCQ, CDR
u DAS. Touka K — cepenuna BQ), L — cepequna AS, M — 1eHTp TpeyroJib-

uuka C'DR. Haiiqure  a) yros mexay PM u KL; ©6) orHOmeHne %.
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Teopusi uncesn-2. 14.07.2009

1. [TycTh p — HedeTHOE TIPOCTOE YMCI0. JJoKaXKuTe, 4TO CyIecTBYeT ep-
BOOOpAa3HbIil KOpeHb 110 MOyl a) 2p;  6) p> u2p%;  B) p" u 2p™, ruen —
[IPOU3BOJILHOE HATYPAIbHOE THCIIO.

r) JlokaxkuTe, 9TO €CaM MO MOJYIIO M CYIIECTBYET MepBOOOPA3HBIN KO-
peHb, TO M paBHO Jinbo 2, audo 4, ubdo p”, muodo audo 2p™, rnen € Nu p —
HEYETHOE MTPOCTOE YUCIIO.

2. JTokaxkute, 9TO JJId KazKJI0ro n Hafijercsa takoe m, 4ro 2™+ 2008 : 3".

3. Ilycte p € P, ¢ — nepBooOpasHblii KopeHb crenenn p u3 1. Haiigure
Sp=1)e+ () +...+ (’%)6’9_1\. (Yepes (£) obosmataercs, ecTecTBeHHO,
cumBod Jlexkampa. )

4. a) lano mpocroe uuciao p. Jlokaxwure, uro umecma 1!, 2!, 31 ...
(p —1)!, p! mator Gosbime geM /p PasIMYHLIX OCTATKOB 110 MOJLYJIIO P.

6) [Iycrs p > 2. lokaxkure, uro uncia 1!, 2!, 3!, ... (p—1)! nator Gosbie
4eM /P Pa3IMIHBIX OCTATKOB IO MOJIYJIIO .

5. (a,) — apudmernveckast porpeccus, p, — HAUOOJBITHI TPOCTOM Je-
JIUTENIb @, TP KaxKJIOM HaTypajabHOM n. JloKaKure, 9TO TOC/IEI0BATE b
HOCTb %% HEOTPAHU'IEHA.

n

Mmuorousiensr HebObllrieBa u He TOJBKO... 15.07.2009

1. IIycrs T, (x) = cos(n arccos x).

a) lokaxkure, aro T,,(x) — MHOrOWIEH CTEIIEHU N U HANJIUTE €ro CTapIIuii
ko3 durment.  6) Haiiaure Bce ero KOpHU ¥ 9KCTPEMYMBI.

[Iycrs f(x) — yHurapHsiii MEHOrOWIEH crenenn n. JJokaxure, 910

B mas )] 2 v 0 cem max [f@)] = v o f(2) =
QH—{ITn(x)

Onpenenenne 1. Muorounen T, (x) HasbBaercss mHo20useHoM HebOvi-
wesa.

Onpepesienne 2. Bennunna max |f(z)| HasbBaercst ykaonenuem om
z€a,b]

ny.as MHOTOUWIeHa f(x) Ha oTpeske [a,b].
Taxum 06pa3oM, MHOIOWIEH 511, (T) sABIsETCS HaMMeHee YKJIOHSIO-
OIUMCeA OT HYJIA Cpedrd BCEX YHUTAPHbBIX MHOT'OYJICHOB CTCIICHU 7.

2. a) Hokaxure, aro T,,(T,,(z)) = T,,(Trm(x)).

6) Ilycts z € C, |z| = 1. Boraucaure T, (#)

12



3. a) Hoxaxure, aro P,(z) = 27,,(%) Tax:Ke ABIACTCA MHOIOYICHOM C
neabivu Kodddunmenramu.  6) Tokaxkure, uro ecim o € Q u cos(am) € Q,
10 cos(ar) € {0,+1,+£3}.  B) Joxkaxure, uTo 1pH n > 4 He CyIeCTByeT
PaBUJIBHOIO N-YIOJIbHUKA C BEPIIMHAMU B y3J1aX KJIEYATON CETKH.

4. Jlans! HENOCTOsIHIBIC MHOTOWICHB! P(2) 1 (Q(x) ¢ BEIecTBeHHBIMI KO-
s dunmenramu, crapime Ko3pdUImeHTs KOTOPhIXx paBHbl 1. Jlokaxkure,
9TO CyMMa KBaJIpaToB KodddurmentoB Muorowiena P(x)Q(x) ne menbiie
CyMMBI KBaJIpaTOB CBOOOIHBIX wieHoB P(x) n Q(x).

5. Haiinure HamMeHbIlee 3Ha4YeHHMe MHOrOWIeHa x2" + 2zt 4 ... 4
(2n — )22 + (2n)z + (2n + 1).

Martb6oii IIpodpu-9 — IIpodu-10. 16.07.2009

1. B rabiune m x n (m,n > 1) paccTaBieHsl 3HaKN «+» U «—». 3a OHH
XOJI, pa3pernaercs MOMeHdTh 3HaKN Ha IMPOTHUBOIIOJIOXKHBIE B JIIOOON CTPOKE
win croJiorne. Jlokaxkure, 9To ecyin TaOIUINA TAKUMU JIEHCTBUSIMU HE MTPUBO-
JINTCs K TabJIUIE U3 OJIHUX IIJIIOCOB, TO B HEll eCTh KBaJpaT 2 X 2, KOTOPBIi
TOXKE HE IIPUBOJIUTCS.

2. G — aBynosbHBIH rpad 63 M30MPOBAHHBIX BEPIIUH ¢ J0aAMU X U
Y, npudem Beprua B X Gosbinie, ueM B Y. /lokakure, uro B G CyIiecTByer
110 KpaiiHeii Mepe OJUH IIPOCTOM IIyTh, y KOTOPOro 0oba KOHIa Jex)ar B X, He
SIBJIATONINICS YaCThI0O HUKAKOTO 0oJIee JIIMHHOI'O TTPOCTOrO Iy TH.

3. llycts f — mHOrOwWIeH ¢ nebiMu KO3 MUIIMeHTaMI U CTAPIIUM KO-
s durnmenrom 1. Jlokaxkure, 9T0 HaiijeTcd TaKOfl MHOTOYJIEH ¢ C IEJIbIMU
KO3 duUImeHTaMm, I4T0 y Mpou3BeeHus fg POBHO JIBa HEUETHBIX KO-
IAEHTA.

4. Ilycts f : Z — 7Z — Oueknus. Jlokaxkurte, 9T0 HaiilyTCs JIBE TakKue
6uekiuu g, h : Z — Z, aro f(x) = g(x) + h(z) s Beex x € Z.

5. B Tevenune 92 jHeil aBUaKOMIIAHUA €2KEJIHEBHO BBITIOTHAIA 110 JIECATD
peficoB. 3a CyTKM KaxKJIblii caMoJIeT BBITOJIHI He Oojiee omHOTO peiica. M3-
BECTHO, UTO JIJIsI JIIOOBIX JIBYX JIHEW MMeeTCsl OJINH M TOJIbKO OJINH CaMOJIET,
JleTaBImii B 00a 3tu jaHdA. JloKaykuTe, YTO MMeeTCs CAMOJIET, JIETABIIMI BO
BCe JTHU.

6. IlomoxkurenbHbIe YUCTIA ag, A1, - . . , Gy yAOBAeTBOPdOT Tipn 1 < ¢ <
n — 1 yenouio a;_1a;41 < a?. Jlokaxure, 9T0

a0+...+an‘a1—|—...—|—an,1 a0+...+an,1‘a1—|—...—|—an
n+1 n—1 n n '
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7. Touka H — cepenuna ocuoBanus AB rtpaneruu ABCD, B KoTopoii
AC = BC. llpsamas k, npoxojsmas depe3 H, nepecekaer mpsimbie AD u
BD B toukax P u () coorBerctBenno. [lokaxkure, uro npsmbie CP u C'Q)
CUMMETPUIHBI OTHOCUTE/IbHO Tpsimoit C'H.

8. Haiisure Bce mapsbl MoJoKUTEIBHBIX 1rces a u b Takue, uro [a[bn]] =
n — 1 Ju1s BceX HATYPAJIbHBIX M.

9. Ilycte n > 3 — meuernoe uwucio. Jlokaxkure, 4TO CYIIECTBYET TaKOe
IIPOCTOE P, 9TO p He jeanT n, Ho jesut 29 — 1.

10. B npamoyronsaom Tpeyroibauke ABC ¢ karetamu AC' u BC Touka
M — cepenuaa BC'. OxpyHOCTD K, Tpoxo/siiast dyepe3 Toukn A n M, Kaca-
eTcs ONMCAHHOM OKpYyzkHOCTH Tpeyrobianka ABC u nepecekaer BC' B TOUKe
N, ormmanoit or M. Jlokaxkure, aro nupsamast AN geaut nomnosam Beicory C' H
rpeyrosibauka ABC.

Mart60ii IIpodu-10 — coopHas nmpenoaaBareeii. 16.07.2009

1. Jano n pasmmaabix HaTypaabHbix guces. HOK obbix 1ByX m3 HuX
6oubiiie k (tae k > n > 2). JJokaxkure, 410 CyMMa OOPATHBIX BEJTMUNH THX
YquceJT He TTPEBOCXOJIAT "T*k

2. G — nBymoabHBI rpad 6e3 M30IMPOBAHHBIX BEPIINH C JOJAME X U
Y, npuduem Beprua B X Gosbinie, ueM B Y. /lokakure, uro B G CcyIiecTByer
110 KpaifiHeii Mepe OJUH IIPOCTOM IIyTh, y KOTOPOro 0b6a KOHIa Jex)ar B X, He
SIBJISTIOIIUICS IaCThI0O HUKAKOIO 00J1ee JJIMHHOIO IIPOCTOIO IIyTH.

3. IBoe urpatot B cieayrolryio urpy. [lepBerit muier B psj n HATypaJsib-
HBIX YHCEJI, & BTOPO CTHPAET HECKOJIBKO (BO3MOXKHO, () 4nces1, CTaBUT mepet
KazKJIbIM 13 OCTABIIMUXCS 3HAK «+» MM «—» W BBIYUC/SIET 3HaAYEHUE HAIIH-
CAHHOTO BBIpakeHud. Ecim mosyuusineecd uncio jeuted xHa 2009, Bbmr-
pBIBaeT BTOPOIL; €C/in He JEJINTCsI — BBIUI'PBIBaET HepBbiii. KTo BhIUTpBIBaET
[IpU TTPABUILHOM urpe?

4. Ha mtockocTn JaHbl n OKPY2KHOCTEl paBHOIrO pajuyca. M3BecTHO, 9TO
KazK/[asd U3 HUX IepeceKaeTcs KaK MUHIUMYM € OJTHO JIPYTOil OKPY?KHOCTBIO 1
HUKaKHUe JIBe OKPYKHOCTH He KacatoTcd. JlokaxkuTte, 9TO eCTh KaK MUHUMYM
N TOYEK IepEeCeUeHNs ITUX OKPYKHOCTE.

5. B Teuenne 92 nHeil aBuakOMIAHUA €KEIHEBHO BBIIIOJIHSIA II0 IECATH
peiicoB. 3a CYyTKHU KaxKIbIil caMoJieT BBIOJIHSI He OoJiee omHOrO peiica. M3-
BECTHO, YTO JIJI JIIOOBIX JBYX JIHEH MMeeTCs OJUH U TOJHKO OJIMH CaMOJIET,
Jlerapmnii B 06a 3tu jiHd. JloKaxkuTte, 9TO MMeeTCs CaMoJIeT, JIeTaBIIuil BO

BCE JIHU.
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6. Ilonoxxkurenbunle uncIa ag,ai, ... ,a, yaoBaerBopdaoT npu 1 < ¢ <
n — 1 yenosuio a;_1a;1 < a?. Jlokaxmure, 90

a0+...+an‘a1—|—...—|—an,1 >a0—|—...+an,1.a1—|—...—|—an
n+1 n—1 — n n '

7. Touka H — cepemnna ocnoBanust AB tpanenun ABCD, B KOTOpPOIi
AC = BC. llpamas k, npoxonsamas depe3 H, nepecekaer npsimbie AD u BD
B Toukax P u () coorBercrBenno. Jlokaxkure, uro qmbo LACP = ZQCB,
nubo LZACP = 180° — ZQCB.

8. Haiijure Bce dpyuknuu f : N — R, yroBieTBopsioliye Ipu Bcex HATY-
pasibHBIX T, y U z HepaBeHCTBY f(xy) + f(x2) > f(x)f(yz) + 1.

9. Haiisure Bce mapbl MOJIOKUTEIBHBIX 1rces a u b Takue, uro [a[bn]] =
n — 1 Ju1s BceX HATYPAJIbHBIX M.

10. Touka O — 1EHTDP OKPYKHOCTH, OIMCAHHOW OKOJIO TPEyroJIbHUKA
ABC'. Ilycrs P u () — BHyTpennue Touku orpe3koB CA u AB cooTBeTCTBEH-
vo. Touku K, L u M — cepemunbl orpe3skoB BP, C'()Q u P() cooTBeTCTBEHHO,
a [' — okpyx)Hoctb, mpoxojdiias depe3 Touku K, L u M. N3BectHO, uTO
npsimas P(Q) xacaerca okpyxuoctu ['. Jlokaxkute, aro OP = OQ).

Pa3uob6oii. 18.07.2009

1. Xozgiika yMeeT 1edb TOPTHI k pa3IndHbIX copToB. OHA ycTpomia mup
Ha 66 JesI0BeK, Ha KOTOPOM KaxK/asl KOMITaHus 13 36 4e/IOBEeK C'beJia 110 OJ[HO-
My Topty. [lpuaem myst 006X 1Byx KoMnanuit A u B eBIITIX TOPTHI OJIHOTO
copra |A N B| > 18. [lokaxkure, 9T0 XO35HKa MOXKET YCTPOUTDH MUPYIIKY Ha
12 genoBek Tak, 9TOOBI KarKjasg KOMIAHUA U3 6 IeIOBEK Chesia M0 OJIHOMY
TOPTY U JjIs JIIOOBIX JIBYX KOMIaHuii A m B, eBIIMX TOPTBI OJHOTO COPTA
|AN B| # 3.

2. (Bamaua Hbrorona) /lokaxkure, 94T0 cepejiuHbl JIUArOHAJIEH OIMCAH-
HOT'O Y€THIPEXYTOJIbHUKA U TIEHTP €ro BIIMCAHHON OKPYKHOCTH JIeXKAT Ha, O/I-
HOI IPAMOIL.

3. C0BOM HAa3BIBAETCA MPOU3BOJIbHAS KOHEUHAs MOCJIEI0BATEIHHOCTD
HyJIeil u e uHUIl. Y TpoeHueM CioBa A Ha3bIBAETCSA €ro TPOEKPATHOE ITOBTO-
perre AAA. Hajt cjioBoM pasperaercsi IpOU3BOJIUTH CJIEIYIOIIIE OTIePATIHHN:
BCTaBJISATH B JIFOOOE MECTO M YOUPaTh U3 JIFIOOOI0 MecTa yTPOeHHue JII00T0 CJIo-
Ba. Hanpumep, u3 ciiosa 0001 moxkmo mosyunts cjaoBa 0111001 u 1. Moxkmo
JIN TAKUMHE OTIEPAIUSIMU TTOJIyIuTh u3 ciosa 10 cioso 017

4. Iycts n € N. JTokaxure, uro  22"~Dn — 11 (2" — 1)2,

15



5. Ilyctb a, b, c > 0. Jlokaxkute HepaBacHCTBO
(a® 4 ab + b*)(b* + be + ¢*)(¢* + ac + a*) > (ab + be + ca)®.

6. (Ocramach ¢ mar6osi.) Ha 1utockoctu JaHbl n OKPY:KHOCTEH paBHOTO
pajgmyca. M3BecTHo, 4TO KazK/1ad U3 HUX IIepPeceKaeTcsd KaK MUHUMYM C OTHOM
JIPYTOil OKPY2KHOCTBIO M HUKAKHE JIBe OKPYKHOCTHU He Kacatorcd. Jlokaxkure,
9TO €CTh KaK MAHUMYM 71 TOYEK IIePECEUYCHNA ITUX OKPY2KHOCTEH.

I'padwr. 18.07.2009

1. a) B rpade gerHOe umcsio BepIinH, KaxK/as BepIInHA UMeeT YeTHYTO
crerteHb. Jlokakure, 9T0 KOJIMIECTBO OCTOBHBIX JIEPEBBEB B 9TOM I'pade der-
HO. 6) Jlokaxkure, 9T0 Y JNBYJIOJIHHOTO rpada ¢ YeTHBIM YHCIOM BEPIIUH
U YETHBIM YHCJIOM pebep KOJIMYeCTBO OCTOBHBIX JIEPEBbEB YeTHO. B) B JBy-
JIOJILHOM Tpade KarxKjias BepIInHa UMEET YeTHYIO cTeneHb. Jlokaxkure, 4T0
KOJIMYECTBO OCTOBHBIX JIEPEBbEB B 9TOM I'pade IeTHO.

2. Ha Bedepe, B KoTOpoM ydacTBOBaJIO 12k deIOBeK, KaxKIblil 103710pO0-
BaJics ¢ 3k+6 apyrumu. M3BecTHO, 9TO /17151 JTF0O0I HTAPHI YIACTHUKOB BeUepa
YUCJIO JTIOJIEH, TTO30POBABIINXCA ¢ HUMU 000UME, OJUHAKOBO. CKOIBKO te-
JIOBEK ydacTBoBaJsio B Bedepe?  a) Haiinure orBer u jmokaxkuTe, 910 JApyrie
OTBETHI HEBOBMOXKHBL.  0) [IpuBejuTe prMep, MOATBEPK IAIONIINA BO3MOK-
HOCTD II0JIy9€HHOI'O OTBETA.

3. B BoseitboibHOM TypHHUpPE B OJIMH KPYT YYacTBOBAJIO N KOMaH[. By-
JIEM CUUTATh, 9TO KoMaH a A cuibHee komanabl B, ecin jubo A Beirpasa
y B, mu6o cymectByer komanga C, npourpasmias A, HO Bemrpasiias y B.
Komamny, koTopas cuibHee Bcex, OyjeM Ha3bBaTh demmnuonoM. Moxker jn
OBITH POBHO JIBa YeMIIMOHA,!

4. Ha Beuepunky npunuio  a) 19 rocreit; 6) 21 rocts, npudem cpe-
Jii JTIIOOBIX TPEX U3 HUX €CTh JIBO€ 3HAKOMBIX. JIOKaxKuTe, 94TO TOCTU MOIYT
pasdbuThbCst HA 5 TPYIII, B KAXK/I0# U3 KOTOPBIX BCE MOMAPHO 3HAKOMBI.

5. a) I'pad ¢ v > 3 BepumHamu 6e3 KpaTHbIX pebep HAPUCOBAH HA II0C-
KOCTH TaK, 4TO KaxKJ0e pebpo IepecekaeTcs He 0oJiee, YeM € OJTHUM JIPYTUM.
Hokazkure, aro B 9T0M rpade He Gosiee, dem 4v — 8 pebep.  6) JIBymosbHbIi
rpacd ¢ v > 4 BepumHaMu 6e3 KpaTHbIX pedep HAPUCOBAH Ha ILJIOCKOCTH TaK,
9TO KaxKj10e pedpo mnepecekaeTcst He boJjiee, 1eM ¢ oaHuM Japyrum. Jlokaxkure,
910 B 9T0M Tpade He Gosee, uem 3v — 6 pebep.  B)/lokaxkure, uto B rpade
u3 nyHkTa 6) He Gosiee, yeM 3v — 8 pebep.
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Mmuorounensr. 19.07.2009

Ounpenenienne 1. Muorounen f(z1, s, ..., T,) HA3BIBAETCI CUMMEMPU-
weckuM, eCITi Jist JII00Oi iepecTaHoBKY (i1, 1o, . . . , i, ) ducesa 1,2, ....n
f($i17$i27 s 7xin) = f(xlax% s 7xn)'

Onpenenenune 2. Muorowienot

o1(x1,Tay ..., Tp) = X1+ T2+ ...+ T,
oo(T1,Tay ..., Tp) = T1To + 173+ ... + Ty 1T,
On(T1, Ty ..., Xy) = T1T2 ... Ty,

HA3BIBAIOTCA 0CHOGHbIMU CUMMEMPULECKUMU MHOLOMAEHAMU OT 1 TIePEMeH-
HBIX.
ok ok k
1. (Popmysia Hetorona.) Ilycrs Si(z1, 22, ..., ) = 27 +a5+. ..+ o).
Jlokaxkurte, 9TO

Sk = 0'15]?,1 — O'QSk,Q + ...+ (—1)’6720']{,151 -+ (—1)]671]{,‘0']6.

(mpm @ > n MBI cauraeM, 910 0; = 0).

Hokaxure a1y dbopmyiny npu  a) n =k; 6) npu J00ObIX 1 U k.

Ounpenenienne 3. Habop (iq, s, .. .,10,) 6oavwe vHabopa (ji, jo, -, Jn) B
AEKCUKOPAPUIECKOM NOPAJKE, €CIIH CYIIECTBYET Takoe £, uTo 1y > Jy U iy = Ji
pu Beex k < /.

Omnpenenenne 4. Cmapwum 4AeHOM CAMMETPUYECKOTO MHOIOYJIEHA

f(zq1,29,...,2,) Ha3BIBaeTCA OJHOUWIEH axy ...T' . JJIg KOTOPOro Habop
(1,149, .. ,10,) ABJISIETCS HAMOOJIBIIUM B JIEKCUKOIPADUIECKOM TIOPSJIKE.
2. a) Ilycrb iy > is > ... > i,. Jlokaxkure, 9T0 MEPEMHOKHUB HECKOJIBKO

OCHOBHBIX CHUMMETPUYECKMX MHOI'OYJICHOB MOYKHO IIOJyYHUTH MHOTIOYJIEH CO
CTApIIAM HJIeHOM T . .. i,
6) (OcHoBHasi TeopemMa O CHMMETPHYECKHX MHOrodjieHax.) lo-
KazKuTe, 9TO JII000H CHMMeTPHYECKUi MHOTOUJIEH OT 1 epeMEeHHBIX MOYKHO
IPEJICTABUTD B BuJe (01,09, ..., 0,), TJ€ ¢ — MHOIOYJIEH OT 7 IEPEMEHHBIX.
Onpenenenne 5. Mrozounrernom deserus xpyea NOPsIKa N HA3BIBACTCS

MHOI'0YJIEH
O (2) = (z = &)@ = &) - (2 = Eom))

rae 1, &2, -+, p(n) — BCE MepBOOOPa3HbIe KOPHU U3 1 cTeneHu n.
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3. Jokaxure, uro a) 2" — 1 = [[ ®4(z); 6) P, (x) — mHOrOWIEH C
dn
HEeJIBIME KO3 UImenTaMu.

4. llycts p € P, f(x) = 2?71 + 272 + ... + 1. a) [lokaxkute, 4TO
CYIECTBYeT OECKOHETHO MHOI'O IIPOCTBIX YUCEJT ¢, ABJISIFOIIMXCS JIEJTUTEIAMU
sHavYeHuit MHOrOWIeHa f () IpU HEKOTOPHIX HATYpasbHbX € N,

6) JlokaxKkure, 4TO CpeJIr ITUX IPOCTHIX YUCET HECKOHEUHO MHOIO TAKUX
qucen ¢, aro f(x):q, Hox — 1/ q.

B) Jlokaxkure, 91O CymecTByeT GECKOHEYHO MHOIO MPOCTHIX YHCET BUJA
pk + 1.

r) (Hacrubrii cay4ait reopemsbr Jdupuxite.) Jlokaxure, 4To Jjis JIEo-
6Oro HATYPAJLHOIO 7. CYIIECTBYET OECKOHEYHO MHOIO IIPOCTBIX YHCEJ BUJA
nk + 1.

5. Iycrn (1958 4 21957 4 2)1959 = ¢ " 4 q, 12" ' + ... + ag. Haiizure

a as aq a
a0—71—7+a3—7—§+....

Teopus aucen-3. 19.07.2009

1. Iloapsin BemmchIBatoTCcs uncaa 1,2, ...,n. CymecTtByer n Takoe n,
YTO MOJIyICHHOE YUCJIO JieuTed Ha 1377

2. Jlano HedeTHOE TIPOCTOE 9uCI0 p. Hafiiure cyMMy OCTATKOB OT JIe/IeHUsT
na p? uucen 17, 2P, ..., (p — 1)P.

3. st mo60ro HATYPATIBbHOTO N CTPOUTCS TOCJIE0BATEILHOCTD 1, d(n),
d(d(n)), ... (d(n) — xKosmaecTBO HATYPAJIBHLIX JeuTeseit n). Haiiure Bee n,
JUTsT KOTOPBIX B COOTBETCTBYIOIIEH ITTOCIe0BATETbHOCTA HET MOJTHBIX KBaJI-
paToB.

4. JlokaxkuTe, 9T0 JjIs JIIOOOr0 HATYPAJBHOTO YHUCIA @ CYIIECTBYeT Hec-
KOHEYHO MHOTO HATYPAJLHBLIX 7 TAKHX, 9TO 9HCIO a’ + 2" — cocTaBHOe.

5. [lokaxkure, 4TO 115 JIIOOOTO ITPOCTOTO YnCIa p > 3 uncyo H0P —14P —367
nesmrest Ha 1996.

6. Pemure B HaTYpa bHBIX dnciax ypaBHenue k™ + m" = k" + 1.

NuTterpansl u nx npumenerune. 20.07.2009

1 1
1. Jlokaxure, uro  [tgxdr+ [arctgede =T .
0 0

2. IIycTh Ha IJIOCKOCTH JAHBI JIBE€ CUCTEMbI BEKTOPOB, IIPUYEM JIJIsi JII00OI
IPAMON CyMMa, JIJTMH TTPOEKIIN Ha Hee BEKTOPOB MIEPBOM CUCTEMBI HE MEHDBITIE,
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yeM I BTOPO#t cucTeMbl. Torjia cymMmma JJTMH BEKTOPOB EePBOii CHCTEMBI He
MEHbIIIe CYMMbI JIJINH BEKTOPOB BTOPOil CHCTEMBI.

3. a) Jlan BBIIYKJIBI MHOTOYTOJILHUK TlepuMeTpa P. Jokaxkure, 910 ero
JuaMeTp He MeHbIIe %. 6) Ha mrockocTu 1aHO HECKOJIBKO BEKTOPOB, CyMMa
JUTHH KOTOPBIX paBHa L. JlokaxkuTte, 9TO U3 HUX MOXKHO BBIOPATH HECKOJIHKO
BEKTOPOB, JJIMHA CYMMbI KOTOPBIX He MEHbBIIE %

4. Mokaxute, uto In(n+1) <14+ 3+31+...++ <Inn+1 (e n > 1).

5. Haiinnure [%+%+"'+§/iﬁ]‘

Eme svemuaoro nepasencts. 20.07.2009

Onpepenenne. Ilycts a = {ay,aq,...,a,} — HAOOP MOTOKUTETHHBIX N~
cen. Torma k-m cummempuueckum cpednum SToro Habopa HA3BIBAETCS TUCIIO

Ypla) = ¢ —G’“C(;).

1. Jokawxure, urto (X (a))®* > (Zr_1(a))* 1 (Zpy1(a)*™  a) qia k =
n—1, 6)gmk<n-—1

2. (HepaBeHCTBO 0 cpesHux cuMMerpudeckux.) [lycrs a — Habop
U3 1 NoJOKUTENbHBIX 1nces, 1 < ¢ < k < n. Jokaxure, aro ¥,(a) > 3i(a),
[IpUYeM PaBEHCTBO JIOCTUTAETCS JIUIIb B CJIydae, KOTJia BCe Yucjaa B HAOOpe a
OJINHAKOBBI.

3. JloxaxkuTe Jjisi JIFOOBIX IIOJIOXKUTEJIbHBIX YuCea a,b,c HEpaBEeHCTBO

1< (Z_:LZ)H N <%>11 N (Z_Z)H <1.
4. a) Bemecrsennbe ancia a,b,x,y yIOBIeTBOPSIOT paBeHCTBaM (a +

b)(z+y) =1mu (a®+b*) (2% +y*) = 1. Jlokaxure, uro ax +by > 0. 6) Be-

IIECTBEHHBIE YnCIa a, b, ¢, T, Y, 2z yI0BIeTBOPAIOT pasencrsaM (a+ b+ c)(x +

y+2)=3u(a®+0*+*)(2? +y*+ 2%) = 4. llokaxure, uro az + by +cz > 0.
5. Ilyctb a,b,c > 0, abc = 1. Jlokazkute, 910

a b c
+ + > 1
Vi+b+ce VT+c+a VT+a+b

6. Ilycts a,b,c > 0, k € N. [Tokaxkure, 910

k+1 bk+1 k+1 k bk k

a

bk ck ak T pk-1 ck—1 ak—l'
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Urpymiku. 20.07.2009

1. Yyk u ['ex urpaior B cjegyoniyio urpy: m3nadajbno ek pucyer me-
peBo (T.e. cBaA3HBIA Tpad 6e3 MUKIOB, Pa3yMeeTcsi, a He YTO-TO TaM eIle... )
BareM KasK/Iblif U3 HUX 110 OY€peIN KPACUT KaKylo-HUOY/Ib HEITOKPAIIEHHY O
BEPIIMHY B OJIMH U3 YEThIPEX IIBETOB TaK, YTOOBI JIBE€ BEPIIUHBI OJIHOTO IBETA
He ObLIN COeIMHEHBbI PEOPOM (€C/IU XOJT BOBMOYKEH, POITYCKATH €r0 HeJIb3s).
Yyk KpacuT NEepBbIM, U OH BBIUTPBIBAET, €CJIM BCE BEPIIUHBI OKAXKYTCs II0-
KpallleHHbIMH. ['€K BBIMI'PBIBAET B IIPOTUBHOM cyiydae. KTo BhIUIpbIBAET 1IpH
paBUIBbHON urpe?

2. B kyuke jiexkat n kamueit. JIpoe urparorux mo ogepeu 0epyT U3 KydKH
KaMHU, IIPUYIEM 38 OJUH X0/l MOYKHO B3ATh JINOO OJIMH KaMeHb, JITOO IIPOCTOe
qucyio Kamueit. [IpourpeiBaer ToT, KTO HE MOXKET CJIe/1aTh OYEPETHOIO XOIA.
Kro BeIMrpaer mnpu npaBuabHOR urpe?

3. Ha jocke nammcanbl HaTypasbhubie uncia 1, 2, ..., 2004. JIsa urpoka
[TOOYEPE/THO JEJAIOT XOJIbI 10 CJICIYIONINM IIpaBuaaM. Paspeniaercs crepeThb
mobBle 1Ba umcesa ¢ U b u HammcaTh BMecTo Hux a’. Yepes HeKoTopoe BpeMs
Ha JIOCKE OCTAHETCs OJIHO YncjI0. [lepBblit UTPOK BBIUTPHIBAET, €CJIN OHO OKaH-
yuBaeTcd Ha 2, 7 wim 8, a BTOPOil — B MPOTUBHOM cjydae. KTo Bbhmrpaer
[IPU TIPABUILHOM urpe?

4. JIBa urpoka 1o o4epejii JOMAIOT TAJIKY: IEePBBIil Ha JBE YaCTHU, 3aTeM
BTOPOIi JIOMaeT JII0O0N M3 KYCKOB Ha JIBE YaCTH, 3aTeM IEPBBI — J11000i
U3 KYCKOB Ha JIB€ YacTW, W T. . lIepBblii BLIMTPBHIBAET, €CJU CMOYKET TIOCJIE
KAKOI'0-TO U3 CBOUX XOJIOB CJIO?KUTH U3 6 KYCKOB JIBA PABHBIX TPEYTOJILHUKA.
MozkeT it BTOpOii emy momeniaTs?

5. CeTb aBHAIMHUN CUUTAECTCA HAJEKHON, €CJIM MOC/e 3aKPBITHs JIF00O0-
r'o a3poIopTa u3 JIF0OOTO OTKPHITOIO adpPOIOpTa MOYKHO JIOJIETETD JI0 JII0OO0r0
Japyroro (Bo3MOXKHO, ¢ mnepecajkamiu). B crpane 2000 asporopToB u u3Ha-
JaJIbHO HET aBHa/uHuil. /[Be aBuakoMIanuu 1o ovepe/in BBOJAT HOBbIE Oec-
[IOCa/I0YHbIEe aBUAJTUHUN. ABHAKOMIIAHUS, TTOCTE XOJa KOTOPOH MOJIyYIaeTCst
HaJIey)KHAs CeTh aBHAJIMHU, NpourpbiBaeT. Kakas n3 aBHaKOMIIAHUI BHIUT-
paeTr Npu MpaBUIbLHON urpe?

6. JIBoe 10 odepeu CcTaBAT KPECTUKU M HOJIUKKA B KJIETKH OECKOHEYHOTO
smcta. IlepBbIil X04UeT MOCTABUTH YeThIpe KPEeCTHKA TaK, ITOObI HEHTPhI UX
KJIETOK OBL/IN BEPIIMHAME KBaJIpaTa CO CTOPOHAMU, MapaJIIe TbHBIMU JTUHUSM
CETKM, a BTOPOI XOYeT eMy ImoMemaTh. KTo m3 HUX J00beTcsd CBOEro Ipu
IpaBUILHON urpe?
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I'eomeTpuyeckunii paszHoboii. 21.07.2009

1. dy, do, d3 — JJIMHBI MeJIMaH TPEYTroJbHUKA, PP — IpOn3BOJIbHASA TOYKA
IJIOCKOCTH, & S1, S, S3 — PACCTOSHHUSI OT TOYKH P JI0 COOTBETCTBYIONINX
MeauaH. JlokaxkuTe, 9TO OJIHO U3 IPOU3BeIeHmil d Sy, doSa, d3S3 PABHO CyMMe
JIBYX JIPYTHX.

2. (Teopema MeGuyca.) Ilycts A Ay A3 Ay A5 — BBITYKIIBI TATHYTOTb-
HUK miomaan S u Sy, So, S3, Sy, S5 — MIOMEAIN TPEyTroabHUKOB A AsAs,
Ao Az Ay, AsALAs, AyAsAT m AsA1 Ay coorBeTcTBerno. JloKazkure, 9To

S? — S(Sy 4+ Sy + S5+ Sy + S5) + 5195 + 253 + S35 + 5495 + 9551 = 0.

3. B okpyxuoctu nposejieabl guamerp AB u xopga C'D, nepreninky-
nsipaast AB. [IpousBosibHast OKpY2KHOCTB KacaeTcs xopabl C'D u qyru CBD.
JlokaxkuTe, 9TO OTPE30K KacaTe/JIbHOM K 9TON OKPYZKHOCTH, IIPOBEJIEHHON U3
touku A, pasen AC.

4. B tpeyronmsuuke A BC nposejiena ouccexkrpuca AD. ITycts npsvast £ —
KacarejbHasg K omucanuoit okpyxkuoctu AABC B Touke A. Jlokaxkure, 9410
psMasi, TPOXOIAIas depe3 ToUKy [ mapaJsiebHo ¢ KacaeTcsl BIUCAHHOMN
okpyxkuoctu NABC.

5. (Tpeyroasaukun Hamosneona) Ha croponax tpeyrosbhuka ABC
a) BO BHEIIHIOIO CTOPOHY; ) BO BHYTPEHHIOIO CTOPOHY  ITOCTPOEHBI Ipa-
BUJIbHBIE TPEYTOJIbHUKH. JIOKaXKuTe, 4TO UX MEeHTPhI 00Pa3yIOT IIPaBUIbHbIM
TPEYTrOJIbHUK.

B) Jlokazkure, 4TO Pa3HOCTH ILJIOMIAJEH ITUX TPEYTOJLHIUKOB PABHA ILJIO-
AT UCXOTHOTO TPEYTOJIbHUKA.

6. Brmcannas okpyxkHocTh Tpeyrosbauka ABC KacaeTcs CTOPOH
AB,BC,CA B Ttoukax C1, A, By coorBercrBenno. Touka By cuMmeTpud-
Ha Touke B orHOCHTEHHO npsiMoit A;C, a Touka Bs — TOUYKa repecevueHus
BBy u AC, anajoru4dno onpejensitorca Toaku As u Cs. /lokazxkure, 970 TOY-
ku Az, Bz u C3 jgexkar Ha OTHOM IPSIMOIi, IIPOXOISINEl depe3 IeHTP OMnCaH-
HO¥ OKpy:KHOCTH Tpeyroabanka ABC.

Yucisa nu muorowienol. 21.07.2009

1. HenyeBbie uucia a, b, ¢ yaoBiaeTBOps0oT cooTHOeHusM a+ b+ c = 0,
a® + b2+ 2 =a® +1° + 5. Haitmure a? + b + 2.

2. llycrb g, x1, . . ., T, — pa3aUUIHBIE HATYpaAJIbHbBIE dnciaa, P(x) — npu-
BeJIeHHBIII MHOTOUJIEH N-il CTEleHN ¢ BelllecTBeHHbIMU Ko3h dunuenramu. o-
KasKUTe, 9TO IPU HEKOTOPOM i BBIIIOJIHAETC HepaBeHCcTBO P(x;) > n!/2™.
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o m k (n+k+1)!

3. Ilyctp Spp = 1+ > ,,(—1) ow o tae myn € N okaxure,

910 Sy - M|, HO Sy, He Beerya mesmrest Ha ml(n + 1).
’ 7239

4. Hokaxkute, uyTo yncso 27 + 1 umeer ne Menee 240 pas/IMIHBIX IIPO-
CTBIX JEJINTEJIE.

5. Jlns mobbIX HATYpPaJbHBIX YUCET 7. > M JIOKAyKUTe HEPABEHCTBO

2mn

[m,n] +[m+1,n+1] > 2= e [z, y] — nanmensmee obmee Kparnoe
qUCET T U Y.

6 F(r) — 2000 _ ;1000 4 | C

. Han muorournen F(z) = x %+ 1. a) CymecTByIioT jin Takne

pas3/IMIHbIE HATYPAIBHBIE TUCIA (1, A2, - . - , A2001, 9T0 F'(a;)F(a;) pemmarcs ma
a;a; npu Beex ¢ # j7  6) CyliecTBYIOT JI TaKnue Pa3JIHIHbIE HATYDAJbHbIE
quciaa ap, g, ..., Gsoo2, 910 F(a;)F(a;)F(a) - a;aja, mpn Bcex MONApHO
Pa3JINIHbBIX 4, ] U k7

SakiaounTeabHast oaumnouaga 10 kiaacca. 22.07.2009
JloBBIBO,

1. I3BectHO, 49TO JjII HEKOTOPOTO HATypaJbHOro n n + 1 jgenurcs
ua [v/n] + 1. dokaxkure, aro (n — 1)(n — 3) menurcs va [y/n] — 1.

2. CymectBytor it Takue p € Pun € N, uro 37 + 77 = 2. 577

3. /Ise okpyxkuoctu S; u S, nepecekaiorcs B Toukax A u B. Kacarenbuas
K OKPY?KHOCTH 57, IPOBeJIeHHAsI B TOUKe A, n KacarejbHas K S, ITPOBEJIEH-
Hasg B B, nepecekatorcs B Touke C'. AC BropudHo niepecekaer So B TOUKe 1.
Ha okpy:xnoctu S; BeiOpana touka X, jexamas BHe Sg. AX mnepecekaer S
B Touke Y, a Y B nepecekaer XC' B Touke Z. Jokaxure, uro TZ || XY

4. JTea muOrowIeHa cotoit crenenu f(z) = apor'® + ager® + ...+ a1z +
ap 1 g(x) = bigox'® + bogz® + ... + byx + by oTMuaOTCA APYT OT JIpyra
epecTaHoBKoi ko3 dunmentos. N3sectHo, uto a; # b; npu Beex i = 0, 1, 2,
..., 100. Moxer s okazaTbcs, 9o f(x) > g(x) IpH BCeX BENECTBEHHBIX X7

5. Kaxxmoe n3 moamuoxkects Ay, As, ..., A, 2009-371€MEHTHOIO MHO-
kectBa X CoJlepKUT He MeHee 4 3jieMeHTOB. llepecevenue JoObIX JBYX U3
9TUX TOJMHOXKECTB COJEPKUT He Oosiee 2 3jieMeHTOB. /lokaxkure, 910 B X
MOKHO HaiiTu 24-3j1eMeTHOe IIOIMHOXKECTBO B, He cojepzkaliiee HU OJHOTO U3
MHOXKeCTB A1, As, ..., A,.

3akJjoduTreibHast oJIMMIInajaa. BI)IBO,I[

6. Jlar octpoyrosbublit Tpeyrosbauk ABC Takoit, uro AC' > BC. B
HeM mposejena Bbicota C'F. Ha npsmoit AB ormedena Touka P Takas, 9TO
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AF = PF. Ilycts H,O, M — opTOLEHTP, IEHTP OIMNUCAHHON OKPY?KHOCTH M
cepesinaa ctoporbl AC' coorBercTBenHo. O603HaunM depe3 X TOUKY Iepece-
genus npsambix BC'u HP, gepe3 Y — mouky nepecedenus upsmbix OM u
F X, uaepe3 Z — rouky nepecedenns npsambix OF u AC. Jlokaxute, 910
touku F, M,Y, Z nexat Ha OJIHON OKPYZKHOCTH.

7. [lonoxkuTenbHbIe YnCIa T U 4 TAKOBBI, 9To T —y = x° +13. JlokazkuTe,
uro x? + 4% < 1.

8. Komnanug j1iojieit Ha3bIBaeTCsl XOPOIIIeil, /i ee YIEHOB MOXKHO pacca-
JIUTDH 110 HECKOJILKUM KOMHATAM TakK, YTOOBI B KarKJI0il KOMHATE JIIO/IN OBLIN
[TOTIAPHO HE3HAKOMBI, HO IIPH 3TOM MOXKHO OBLJIO BBIOPATH 10 OJIHOMY Y€JIO-
BEKY M3 KaKJI0il KOMHATBI TaK, YTOOBI OHU OBLIN TOMapHO 3HAKOMBL.

Komnanus naszbiBaeTcst COBEPIIEHHOI, €C/in OHA XOpOIlias, 1 JIIo0Oo! HAOOD
€e WIEHOB TaKzKe 00pa3yeT XOPOIIYI0 KOMITAHUIO.

Ha Beuepunky jo/kHa ObLIa COOpaThbCs coBepIeHHad Kommanusg. Ho
OJINH U3 ee 4IeHOB Bacd npuBes Ha BedepuHKy cBoero 3Hakomoro lletro,
KOTODBIN He OKMJIAJICs 3apaHee, W ITO3HAKOMIJI €r0 CO BCEMHU CBOMMHU 3Ha-
KOMBIMH. JIOKazKnTe, U4TO MOJyIUBIIAACH KOMIAHU TOXKE OKa3aJach COBEpP-
IIICHHOM.
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