YET ANOTHER PROOF FROM THE BOOK !
A. Skopenkov 2

The Gauss Theorem. A calculator (calculating with absolute precision) has operations

L 4+ = %X o and /

(and infinite memory). The number cos =T s calculable at this calculator if and only if n =
n
2°py ...y, where py, ..., p; are distinct primes of the form 2% + 1.

In this note a short elementary proof of this result is sketched. This proof is short but may
seem unmotivated; in [KS] it is explained how to invent this proof.

The terms "field extension’ and 'Galois group’ (even 'field” and "group’) are not used. (Cyclic
groups and quadratic extensions of rationals are used, but naming them groups or fields does
not make the proof simpler.) However, our presentation is a good way to learn starting ideas of
the Galois theory. For more introduction see [KS|. For history of the Gauss theorem see [CRJ.

The idea of the given proof is known in (at least USSR high-school math circles) folklore.
I would like to acknowledge A. Ya. Belov, I. I. Bogdanov, G. R. Chelnokov, A. L. Glazman,
A. S. Golovanov, A. A. Kaznacheev, P. V. Kozlov, V. V. Prasolov and M. N. Vyalyi for useful
discussions.

A reduction to complex numbers.

A real number is called (real)-constructible, if we can calculate this number using our
calculator.

A complex number is (complex)-constructible if we can calculate this number using the
complex analogue of our calculator (the calculator gives two square roots of a complex number).

Lemma. A complex number is complex-constructible if and only if its real and imaginary
parts are real-constructible.

Hint. The ’if” part is clear. In order to prove the ’only if’ part write v/a + bi = u + vi and
express u, v by quadratic radicals of a and b. QED

Proof of the ’if’ part of the Gauss theorem.

2T 2 2T
Lemma. If cos —, cos — are constructible and m,n are relatively prime, then cos o and
m n n
27

cos — are constructible.
mn

2 /11—
Hint. The constructibility of cos 2—7T follows because cos % ==+ %. The constructibility
n

2
of cos i follows because cos M
mn mn

If [ is odd, then 2% 4 1 is divisible by 2* + 1. Thus if 2™ + 1 is a prime then m is a power of
2. So the Lemma implies that in order to prove the ’if’ part of the Gauss theorem we need to

is constructible. QED

T

prove that cos — is constructible for n = 2™ + 1 a prime. The case n = 3 is clear, so assume
n

that n =2 +1 > 5.

1See updated version on the arxiv
2skopenko@mccme.ru; http://dfgm.math.msu.su/people/skopenkov/papersc.ps. Moscow State University,
Independent University of Moscow and Moscow Institute of Open Education.



Primitive Root Theorem. For each prime p there exists an integer g such that the residues
modulo p of g%, g%, g% ..., g°~" are distinct.

Hint for p=2"+1 (only this case is used for the Gauss Theorem). If there are no primitive
roots, then the congruence 22" =1 (p) has p — 1 = 2 > 2™~ solutions. QED

Let g be a primitive root modulo a prime n = p =2" +1 > 5. Set

2mfzfl

2 2 sl g0
£ = oS ot isin oo dn =002’ 4o +0,2° and Ay i = gg T
n n
s=0
Then Aio...izo + Aio...’izl = Alolz For x < m we have
= (%)
Aigiz0Aig i1 = Y al(s)e® = a(0)+ > aljo. - j2)Ajo.s.
s=0 (]0]1)

Here a(s) is the number of solutions (k,[) (in residues modulo p — 1) of the congruence

—10...1z +gl2"+1+29‘—z’0...im = s mod p.
(Note that a(0) = 0 for x < m.) Clearly, a(s) = a(sg*"). Thus the equality (*) follows.
Since Ay = —1, by induction on z starting with + = —1 we obtain that A, _;, is constructible.

Then the ’if” part of the Gauss theorem follows because Ay o = € (there are m zeros in the
formula). QED

Proof of the ’only if’ part of the Gauss theorem.

2 2
Lemma. If cos —7]; 18 constructible, then cos nll 15 constructible.
n n

Hint. Follows because cos ka is a polynomial of cosa. QED

The Lemma implies that in order to prove the ’only if” part of the Gauss theorem we need

to prove that cos “T s not constructible for
n
(*) n # 2™+ 1 a prime, and
(**) n = p? the square of a prime.
Sequence Lemma. Number A is constructible if and only if there are positive r € Z and
ai,...a, € R such that

Q:Q1CQ2CQ3C...CQTCQT_HBA, where akEQk, \/Engk,

Qr+1 = QrlVay] = {z +yva;, | v,y € Qr} foreach k=1,..,r—1

Hint. This is proved by induction on the number of operations of the calculator, which are
necessary to construct given number. In the proof of the inductive step we use multiplication
by conjugate. QED

Such a sequence is called a sequence of quadratic extensions (this term is considered as one
word, we do not use the term ’quadratic extension’ alone).

Any element Q) is closed under the summation, subtraction, multiplication and division (by
a non-zero element). Hence the Bezout theorem and its corollaries hold for polynomials with
coefficients in Q).



Main Lemma. If Q) is an element of a sequence of quadratic extension for € and P is a
polynomial with coefficients in Qy, irreducible over Q) and such that P(e) = 0. Then deg P is
a power of 2.

Proof. By induction on deg P. Base deg P = 1 is clear. Let us prove the inductive step. Let
Py be an irreducible multiple of P over Q1. Using the notation of the Sequence Lemma define

the conjugation map = : Qry1[v/a] — Qry1[v/a] by the following formula: = + y\/a = x — y/a.
Clearly, this map is well-defined,

fw=z+4+w, zZw=zw and Z=z<%<z=2x+0Va € Qy.

Then P is divisible by the polynomial P; that is conjugate to P;. Since P, is irreducible, either
P,=DP or Py is relatively prime to P;. In the first case the coefficients of P; are in (g, so P is
reducible over )y, which is a contradiction. In the second case P is divisible by the polynomial
P, P, with coefficients in Q. Since P is irreducible over @y, we have P = P, P;. Without loss
of generality P;(¢) = 0. Hence by the induction hypothesis deg P; is a power of 2. Therefore
deg P = 2deg P, is a power of 2. QED

2 2
Now the non-constructibility follows by applying the Main Lemma to £ = cos nill +7sin —W,
n n

P(z) :=a" 42" 2 4. 4x+1for (*) and P(z):=2P@ Dy 2P0~ po 4 gP ] for (¥%).

The irreducibility of P(x) over Z follows (in both cases) by the irreducibility of P(x + 1) over
Z. The latter is implied by the following Eisenstein criterion.

Let p be a prime. If the leading coefficient of a polynomial with integer coefficients is not
divisible by p, other coefficients are divisible by p and the constant term is not divisible by p?,
then this polynomial is irreducible over 7.

The irreducibility of P(z) over Q follows by the irreducibility of P(x) over Z and the
following Gauss lemma.

If a polynomial with integer coefficients is irreducible over Z, then it is irreducible over Q.

Both Eisenstein criterion and Gauss lemma are easily proved by passing to polynomials with
coeflicients in Z, (for the Gauss lemma take a decomposition P = P, P, take N; and N, such
that the polynomial N;P; has integer coefficients and take a prime divisor p of Ny Ns). QED
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A LA RECHERCHE DE L’ALGEBRE PERDUE: DU COTE DE CHEZ GAUSS 3
P. Kozlov * and A. Skopenkov °

Abstract. This paper is purely expositional. The statement of the Gauss criterion for
constructibility of regular polygons is simple and well-known. We sketch an elementary proof
of this criterion. We do not use the terms ’field extension’, ’Galois group’ and even ’group’.
However, our presentation is a good way to learn (or recall) starting idea of the Galois theory.
The paper is accessible for students familiar with elementary algebra (including complex numbers),
and could be an interesting easy reading for mature mathematicians. The material is presented
as a sequence of problems, which is peculiar not only to Zen monasteries but also to elite
mathematical education (at least in Russia); most problems are presented with hints or solutions.
An English version is followed by a more extended Russian version.

Listeners are prepared to accept unstated (but hinted)
generalizations much more than they are able ... to
decode a precisely stated abstraction and to re-invent
the special cases that motivated it in the first place.
P. Halmos, How to talk mathematics.

Introduction.

The Gauss Theorem. A calculator (calculating with absolute precision) has operations

L 4+ = %X o and /

(and infinite memory). The number cos 28 is calculable at this calculator if and only if n =
n
2901 ...y, where pq, ...,y are distinct primes of the form 2% + 1.

In this note we sketch an elementary proof of this result. We do not use the terms ’field
extension’, 'Galois group’ and even ’'group’. However, our presentation is a good way to learn
(or recall) starting idea of the Galois theory (which can be expressed in a vulgar but striking
way as 'group and rule’, or ‘unite and rule’).

The proof to be presented is implicitly contained in the Gauss papers [Ga| and is explicitly
known in (at least USSR high-school math circles) folklore. However, the authors could not
find it published (except the ’if’ part for n = 17 and the second proof of the ’only if’ part [Vi]).

Before presenting the proofs of the "only if” part of the Gauss theorem some of their ideas are
demonstrated one by one on the easiest examples (series C). These examples give the solution
of classical antique problems of the doubling of a cube and the trisection of an angle, which
were awaiting for their solutions nearly 2000 years [CR].

The ’only if’ part of the Gauss theorem is not proved in |Ga|. However, the first proof of
the ’only if” part is close to ideas of Gauss, so it could be accepted as the Gauss argument. In

3This is an abridged English translation by P. Dergach and A. Skopenkov. An abridged Russian version is
published in Mat. Prosveschenie, 12 (2008), 127-143, http://www.mccme.ru/free-books/matprosa.html. See an
updated version on http://arxiv.org/abs/0804.4357
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Independent University of Moscow and Moscow Institute of Open Education. A. Skopenkov gratefully
acknowledges the support from Deligne 2004 Balzan prize in mathematics, the Russian Foundation for Basic
Research Grant 06-01-72551-NCNILa and President of Russian Federation Grant MD-4729.2007.1.



the second proof we follow [Vi] (our exposition is different: the main definitions are not given
unmotivated in advance, but naturally appear in the course of the proof). The third proof
appeared in a discussion with A. Belov [Ka|. The three proofs are in essence the same.

Steps of the proof are presented as problems marked with bold numbers. Most problems are
presented with hints or solutions.

If the statement of a problem is an assertion, then the problem is to prove this assertion.

We would like to acknowledge A. Ya. Belov, I. I. Bogdanov, G. R. Chelnokov, P. A. Dergach,
A. S. Golovanov, A. I. Efimov, A. A. Kaznacheev, V. V. Prasolov, E. B. Vinberg and M. N.
Vyalyi for useful discussions.

Constructions by compass and ruler.

Of this subsection we use in the proof of the Gauss theorem only the definition of a
constructible number and problem A4.

A1. Using segments of length a and b construct (from now on: by means of compass and
ruler) segments of length a 4+ b, a — b, ab/c, vab.

A real number is called constructible, if we can calculate this number using our calculator.
For example, the numbers

1
1+v2, V2=1/V2, 2V3, V243, \1+V2, TR and cos3’

are constructible. This is not evident for the last two numbers.
A2. Every constructible number is constructible by compass and ruler.

This result is a corollary of Al. It shows that if the number cos(27/n) is constructible, then
we can construct the regular n-gon.

A3. Main theorem of the theory of geometric constructions. Every number constructible by
compass and ruler is constructible.

For the proof consider all possible cases of construction of new objects (points, lines, circles)
and prove that the coordinates of all the constructed points and the coefficients of equations of
all the constructed lines and circles are constructible numbers.

From this result it follows that if the number cos(27/n) is not constructible, then we cannot
construct the regular n-gon.

A4. If a complex number z is complez-constructible (the definition is analogous with only
one distinction: the calculator gives two square roots of a complex number), then the real part
and the imaginary part of z are constructible.

Hint. Write va + bi = u + vi and express u, v by quadratic radicals of a and b.

A5. If the regular mn-gon is constructible, then the regular m-gon is constructible.

A6. The regular triangle and the regular pentagon are constructible. Or, equivalently, the
numbers cos(27/3) and cos(27/5) are constructible.

AT7. The regular 120-gon is constructible. Or, equivalently, the angle 3° is constructible.
The following problems are hints.

AS. If the regular n-gon is constructible, then the regular 2n-gon is constructible.

Hint. Bisect the angle or apply the half angle formula.

A9. If the regular n-gon and m-gon are constructible and GCD(m,n) = 1, then the regular
mn-gon is constructible.

Hint. Since GCD(m,n) = 1, it follows that there exist integers a, b such that am + bn = 1.



The ’if’ part of the Gauss theorem.
It is not difficult to prove the ’if” part of the Gauss theorem for n < 16.

Proof of the ’if” part of the Gauss theorem for n = 5. It suffices to calculate the number

21 T
€ 1= Cos = + ¢sin = We shall construct some functions of €. Since

l+e+e?+ed+e'=0, wehave (e+e*)(®+&*)=e+e?+d+et=-1.

Denote
Ay :=c+¢e* and A :=e+£5

Then Ay and A; are roots of the equation t?> +t — 1 = 0 by the Vieta theorem. Hence these
numbers are constructible. Since ¢ - €* = 1, the numbers € and e* are roots of the equation
t? — Agt + 1 = 0 by the Vieta theorem. Therefore we can calculate ¢ (and &?).

B1. If 2™ 4 1 is a prime then m is a power of 2.

Idea of proof of the constructibility in the Gauss theorem. It suffices to prove the Gauss
Theorem for n = 2™ + 1 a prime (then m is necessarily a power of 2). It suffices to calculate

2r .. 2w
€ =008 — +181n —.
n n

First it would be good to split the sum
e+el++e" =1

into two summands Ay and A; whose product is constructible (or, in other words, to group the
roots of the equation 1 4+¢+e*+---4+¢e"! =0 in a clever way). Then Ay and A; would be
constructible by the Vieta Theorem.
Next it would be good to split the sum Ay into two summands Agg and Ag; whose product
is constructible, and analogously split A; = Ajg + A11. And so on, until we calculate Ay o = €.
It is however quite non-trivial to find the necessary splittings.

Primitive Root Theorem. For each prime p = 2™ + 1 there exists an integer g such that the
residues modulo p of ¢', ¢2, ¢%...,¢>" are distinct.

Construction of necessary splittings is given below in problems B3a, B4a, B4c and in the
solution of the problem B4d.

B2. Proof of the Primitive Root Theorem. Suppose that p is a prime and a is not divisible
by p.

(a) Suppose that k is the smallest positive integer such that a* = 1 (p). Then p — 1 is
divisible by k.

Hint: use the Fermat Little Theorem.

(b) For every integers n and a the congruence 2™ = a (p) has at most n solutions.

(c) If p — 1 is divisible by d then the congruence z% = 1 (p) has exactly d solutions.

(d) Prove the Primitive Root Theorem for p = 2™ 4 1. (Only this case is necessary for the
Gauss theorem.)

(e)* Prove the Primitive Root Theorem for p = 2™ - 3" + 1.

(f)* Prove the Primitive Root Theorem for arbitrary prime p.

(g)* Is it true that 3 is a primitive root modulo p for every prime of the form p = 2™ 4 17

From now on let g be a primitive root modulo a prime p =2™ +1 > 5.

6



B3. (a) Set

om 5 om _q

Agi=e9 +e9 469 4. 49 and Ay i=e9 4% 4% 4. Y

Prove that AgA; = —2.
The following problems are hints.
(b) We have

2m
AOA1 = Z ESOz(S)
s=1

where a(s) is the number of solutions (k,1) (in residues modulo p — 1) of the congruence

7+ =5 (p).

( =
e) a(s) d oes not depend on s =1,...,2™,
Set

2M _2

A= 4% +9% 4 46 and Ay = 46 +9 4o 4 e

Prove that AgyAog = sAg + tA; for certain integers s and ¢ (in fact, s +t = }%1).
(b) (hint) The congruence

g% + g% =5 (p)

has the same number of solutions (k,[) (in residues modulo p — 1) as the congruence

414+2

g% + g = s¢” (p).

We have g + ¢® =0 (p) if and only if a —b=2""1 (p—1).
(c) Set

A =e 46 169 4o 429 7 and Apgi=e® 469 428 4o e

= 1)

Prove that AjgA;1 = uAp + vA; for certain integers u and v (in fact, u + v B

(d) Complete the proof of the ’if” part of the Gauss theorem.

B5. Find an explicit expression involving square roots for

o 2m 2
(a) Ag from Problem B3a. (b) cos e (c)* cos o57" (d)* cos 65537

Using the above method and computer, this problem is easily solvable (in spite of the story
from J. Littlewood, Mathematical Miscellany).

Remark. There is another proof of constructibility, like the previous one, but without use
of complex numbers. For example, consider the regular 17-gon. Set ap = cos(27k/17). Then
ax = a17—k, 200 = apy+ag—; and a;+astaz+---+ag = —1/2. First calculate a;+as+ay+ag
and as + a5 + ag + a7. Then calculate ay + ay4, as + as, as + a5 and ag + a7. Finally calculate a;.




Hints and solutions to the ’if’ part of the Gauss theorem.
Hint to problem B1. If n is odd, then 2" + 1 is divisible by 2% + 1.

Hints to problem B2. (b) Let us prove the following more general statement: a polynomial
of degree n cannot have more than n roots in Z,. Here by a polynomial we mean the collection
of coefficients but not the function.

Assume that a polynomial P(z) of degree n has in Z, different roots zi,...,%,, Tpi1.
Represent P(z) as

Plx)=by(z—x1)...(x —zp) + bp1(z —x1) ... (T —Tp_1) + -+ b1(x —x1) + bo

(the Newton interpolation’). Put in the congruence P(x) = 0 (p) residues = x1, ..., Tp, Tni1
in this order. We obtain by =0y =---=b,_1 = b, =0 (p).

The same solution can be presented in the following way. Let P be a polynomial. Then
polynomial P — P(a) is divisible by = — a, i.e. P — P(a) = (x — a)Q for some polynomial @)
such that deg @ < deg P. Since P(a) = 0, it follows that P = (x — a)@ for some polynomial
@ of degree less than deg P. Now the required statement can be proved by induction on the
degree of the polynomial P.

(¢) Obviously, polynomial 2P~! — 1 in Z, has exactly p — 1 roots and is divisible by z¢ — 1.
Prove that if a polynomial of degree a have a roots and is divisible by a polynomial of degree
b, then the polynomial of degree b has exactly b roots.

(d) If there are no primitive roots, then by problem 2a the congruence x"
p—1=2m > 2m™~1 solutions.

(e),(f) Similarly to (d).

Remark to problem B2f. It is easy to deduce from the existence of a primitive root that for
p—1=pi*...p* the number of primitive roots is (p — 1)(1 — p%) (1= pik) =(p—1).

—1

=1 (p) has

Hints to problem B3. (b) Open the parenthesis and group the equal elements of the sum.

(d) If (k,1) is a solution of the congruence g* + g?*1 = s (p), then (I,k + 1) is a solution
of the congruence g?* + ¢?*1 = gs (p).

If (k,1) is a solution of the congruence g?* + g% = gs (p), then (I — 1, k) is a solution of
the congruence g% + ¢?*1 = s (p).

Hint to B5c. (Written using a draft of I. Lukyanets and V. Sokolov.) Set

2m7171

S —— . 0 . x 9321"'171'0“4'1
1. 1y =102 + -+ 1,2 and A, = g € .
s=0

Then Aio...ixO + Aio---izl = Aio---ix' For x < m we have

2m
Aio...inAio...ixl = Z(X(S)&S = Z bjO---ijjO---j:L' fOl" some bjO---j:L' - Z
s=0 (]Oﬂz)

Here in the first equality «(s) is the number of solutions (k,1) (in residues modulo p — 1) of the
congruence

z+l_T e+l oz 7
k2 10...1g +gl2 +2%—40...05 = s mod .

Analogously to B3¢ a(0) = 0 for x < m. Analogously to B3d a(s) = a(s¢g*"). Thus the second
equality follows.



Preliminaries for the ’only if’ part of the Gauss theorem.
C1. There are no rational numbers a, b, ¢, d such that >v/2 =

() a+ VB (b)a— Ve (c)a:\/l_); () atVE+vE () at b+ et Ve
() a+/b+ve (g) a+Vo+ e+ Vd

Hint to problem 1c. Multiply by conjugate.

C2. (a) Delete the button ’:” from (the complex analogue of) the calculator defined in the
Gauss theorem, but allow to use all rational numbers. Then the set of numbers realizable using
the new calculator will remain the same.

Hint. Induction on the number of operations of the calculator, which are necessary to
construct given number; use multiplication by conjugate.

(b) Number A is constructible if and only if there are positive r € Z and ay, . .. a, € R such
that

Q=01 CQ:CQ3C...CQrCQry13A, where ap€Qr, Va, & Qr,
Qrs1 = QrVay] :={a+pVa, | a,3 € Qx} foreach k=1,..,r—1.

Such a sequence is called a sequence of quadratic extensions (this term is considered as one
word, we do not use the term ’'quadratic extension’ alone).

Hint. Follows by problem 2a.

(c) 3v/2 is not constructible. (Hence the doubling of a cube by ruler and compass is
impossible.)

Proof that /2 is not constructible. Suppose that 3v/2 is constructible. Then there exists a
sequence of quadratic extensions

Q=0Q:C@QrCQQ3C...C Q1 CQ, suchthat 3\/§EQT\QT,1.
Since 3v/2 € Q, it follows that > 2. Then

3\/5 =a+ ﬁ\/a7 Where «, 57 a < QT—I; \/a g QT—I and ﬁ 7é 0

Then
2 = (3v2)* = (&® + 3af%a) + (30’6 + FPa)va = u +vy/a.

Since 2 € Q C Q,_1, it follows that 2 —u € Q,_;. From
vwWa=2—u and v € Q,_; weobtain 0=uv=3a’3+ 3.

Since 302 + 3%a > 0, it follows that 8 = 0. A contradiction. QED

C3. (a) Number cos(27/9) is a root of the cubic equation 823 — 6z + 1 = 0.

(b) There are no rational numbers a and b such that cos(27/9) = a + V/b.

(¢c) There are no rational numbers a,b and ¢ such that cos(27/9) = a + /b + /c.

(d) Number cos(27/9) is not constructible (hence the trisection of angle 7/3 by ruler and
compass is impossible and the regular 9-angled polygon is not constructible).

(e) The roots of a cubic equation with rational coefficients are constructible if and only if
one of these roots is rational.

Hints to problem C3. (a) Express cos 3« by cos a.
(b) If cos(27/9) = a + v/b, then a — v/b is also a root of equation 8z — 6z + 1 = 0. Hence
by the by the Vieta theorem the third root is equal to —(a + vb) — (a — Vb) = —2a € Q.

9



(d) Follows by (a) and (e).
(e) See the following lemma.

C4. Conjugation lemma. Using the notation of 2b define the conjugation map = : Qx[v/a] —
Qx[v/a] by the following formula: = + y\/a = x — yy/a. Then

(a) This map is well-defined.

b)z+fw=z+w, zw=zw and z=z<&z=z+0ya€ Qx_1.

(c) If z € Qx[v/a] is a root of a polynomial P with rational coefficients, then P(Z) = 0.

(Compare with the lemma on complex roots of polynomials with real coefficients.)

Proof of theorem C3e for cubic equations all whose three roots are real (this case is sufficient
for the impossibility of construction of reqular 9-angled polygon). The part ’if” is obvious. Let us
prove the ’only if’ part. Suppose the contrary, i.e. that at least one of the roots is constructible.
For each constructible root z consider the minimal sequence of quadratic extensions

Q=0Q:1CQ:CQ3C...CQr1CQ,, forwhich 2z €Q,\Q 1.

Consider the root z = z; with the least length [ of minimal sequence.
Since the equation has no rational roots, it follows that [ > 2. Hence

2 =a+ ﬁﬁ? where 0475, ac Ql—la \/a g QT—l and ﬁ 7£ 0.

Hence number zZ; = a — $+/a is also a root of the considered equation (by the Conjugation
lemma). Since § # 0, it follows that o — §v/a # «a + (/a, i. e. Z; # 2. Denote z, := Z;. By
the Vieta formula for our equation we have:

2+ mtz=(a+bvVa)+ (a—Bva)+2z3=2a+23€Q, hence z3€ Q.

Therefore for the root z3 there exists a sequence of quadratic extensions whose length is less
than that for the root z;. A contradiction. QED

C5. This problem is not used in the proof of the Gauss Theorem.

(a)* The roots of a polynomial of degree 4 with rational coefficients are constructible if and
only if the resolution cubic equation has a rational root.

(b) Any constructible number is algebraic, i.e. it is a root of an polynomial with rational
coefficients. (This fact together with the transcendence of /7 implies the impossibility of
squaring the circle by compass and ruler. The transcendence of /7 is an implication of the
transcendence of 7 that is proved by Lindemann in 1883.)

Hint. Let a=a; and b=b; be constructible numbers, P and () polynomials with rational
coefficients of minimal degree such that a and b are their roots, respectively. Let as, ..., a,, be
all other complex roots of P and b, ..., b, all other complex roots of (). Notice that

a+ b is a root of polynomial P(z —by)... P(x — by,),

a — b is a root of polynomial P(x +by)... P(z + by,),

xT

ab is a root of polynomial P(;*)... P(;%),
% is a root of polynomial P(xb,) ... P(xby,),

Va is a root of polynomial P(z?).

Now it suffices to prove the lemma.

Lemma. Let R(x,y) be a polynomial in two variables with rational coefficients, b, ba, . . ., b,
are all complex roots of polynomial () with rational coefficients. Then a polynomial

R(x,by)R(x,by) ... R(z,b,) with one variable also has rational coefficients.
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First proof of the ’only if’ part of the Gauss theorem.

D1. Number cos(27/7) is not constructible (hence the regular heptagon is not constructible).

2 2
D2. Let n = 4k + 3 be a prime. Denote ¢ := cos—w + i sin —ﬂ, fs = €® + 7%, The least

length of a minimal sequence from problem C2a is caller(li a rank 0?04.

(a) For each k number fF+ f5+ .-+ f(];_l)/Q is rational.

(b) After opening the parenthesis and grouping the equal elements in the equation (z —
fi)(@ — f2) ... (x = fp-1)/2) we obtain a polynomial with rational coefficients.

(c) Ranks of numbers ¢,%, ... &P~ are equal.

(d) Ranks of numbers fi,..., f,—1)/2 are equal.

(e) Number cos(27/n) is not constructible.

2 2
D3. Denote ¢ := cos 1—7?: + 7 sin 1—7?:, g = 2 is a primitive root modulo 13,

0 3 6 9 1 4 7 10 2 5 8 11
Ag=¢ +e7 +ev +¢9, Ar=¢Y +&7 +e% +&7 and Ay =¢% +&7 +&% +¢7 .

(a) Aj =4+ A, +245, Al=4+Ay+24; and A =4+ Ag+24,.

(b) Numbers Ay, A, A2 are roots of an irreducible cubic equation with rational coefficients.
(¢) Numbers Ay, Ay, A2 have the same rank.
(d) Number cos(27/13) is not constructible.
D4. Number cos(27/p) is not constructible for
(a) p=3-2%+1 a prime.
(b) p a prime, p # 2™ + 1.
(c) p=25.
(d) number p that is not a product of a power of 2 and distinct prime numbers of the form
2m 4+ 1.

2
Solution of problem D1. Denote € := cos il + 7sin 77 Since € # 1, it follows that number

£ is a root of the equation €% + &% 4 ¢* + &3 4+ 2 + ¢ + 1 = 0. Divide both parts of the equation
by &3. Denote

fi=e+e!, then ?+e?=f*-2 and S+ec?=f(e?+2-1).
We have a cubic equation
F(PP=3)+(fP=2)+f+1=0, ie f+f—2f—-1=0.

The candidates for rational roots of this equation f = 41 are easily rejected. Using theorem
C3e on cubic equations one can observe that number f = ¢ + &~ ! is not constructible. Hence ¢
is not constructible (explain why).

Hint to problem D2. (a) Induction on k.

(b) Follows by (a) and the fact that every symmetric polynomial of variables fi, fa, ..., fp-1)/2
is rationally expressed via polynomials of type fF + f¥ 4+ ...+ f(l;q) Ja-

(c¢) Since for each s,t € {1,2,...,p — 1} there exists k such that ¥ = (&")*, it follows that
the ranks of numbers ¢,¢2,...,eP~! are equal.

(d) Since e*+¢7% is rationally expressed via e+&~ !, it follows that for each s,t € {1,2,..., p—
1} number &% + &~ * is rationally expressed via e’ + 7" (Analogously to the solution of problem
D1). Hence ranks of numbers fi,..., f(,—1)/2 are the same.

11



(Observe that rk(e +e71) = tke — 1.)
(e) Denote r := rkfs. Hence for some sequence of quadratic extensions

fs = as + Bsv/a, where ag, Bs,a € Qr_1, Vag Q.1 and [, #0.

Hence number f, = a, — Bsv/a is also a root of considered polynomial (by the Conjugation
Lemma). Since

By #£0, it follows that a, — Bsv/a # as + Bsv/a, i.e. f,# fs.

So roots fi,..., fp—1)/2 are split into pairs of conjugates. Hence number (p — 1)/2 is even. A
contradiction.

Hints to problem D3. (a) We prove the first formula (the others are proved analogously).
Notice that ¢ = —1. Hence

A2=((e” +e )+ (7 +79))? ==

— 24 4 4247 4o 126 +27) (e +e7) = 4+ Ay + 24,.

The last equation holds because
(€ + &) (e 4+ &9) = 949 4 949 L 979 | 879 = 9 N == T A = A

(Equations == hold because g = 2.)

(b) Prove that Ag + A; + Ay, A2+ A? + A2 A3+ A3 + A3 are rational.

(c) Using problem (a) and A+ A; + As = —1 prove that A; is rationally expressed via each
A,

(d) Solution is obtained from (b) and (c) analogously to problem D2e.

There is another solution not using D3c. Suppose that number Ay has rank r. Conjugate
Ay relatively to Q,_1. The obtained number will be one of the numbers A; (explain why). Now
one can observe that A;’s are split into pairs of conjugates. Hence the number of A;’s is even.
A contradiction.

Hints to problem Dj4. (a) Analogously to problem D3.
(b) Suppose that for p = 2fr + 1 the number cos(27/p) is constructible (where r > 1 is
odd). Deduce that the numbers

—1)r+i
)

i T+ k .
Ay = &9 T 0<i<r-—1

have the same rank and are the roots of polynomial with rational coefficients and degree 7.
(c) Consider numbers

20 21 24

AO2590_}_6574_’_”'_’_597 A1:591+696—|—---—}-8g, A4:€g4_’_€g9+”.+69'

Second proof of the ’only if’ part of the Gauss theorem.
The idea of this proof is expressed by the notions of a field and the dimension of a field.

E1. Consider a subset of the set C of complex numbers. This subset is called a (numerical)
field if it is closed under addition, subtraction, multiplication and division (by a non-zero
number).

12



a) The following sets are fields: Q, the set of constructible numbers, the set of real numbers,
Q[v2] := {a + V2 | a, 8 € Q}, each Q; in a sequence of quadratic extensions and
2 3 12 2r . . 2w
Qle] :={ao+ are + ae” +aze” + -+ ape | a; € Q}, where ¢:= cos 73 + isin 13
(b) Any field contains field Q.
(¢) Any field that contains v/2 should contain Q[v/2].
(d) Any field that contains e should contain Q[e].

E2. The dimension dim F' of a field F' is the smallest k for which there exist
bo,bs...,by € F, such that F = {a;+ agby + aszbs + -+ aiby | a; € Q},

if such £ exists.
(a) dimQ = 1.
(b) dim Q[v2] = 2.
(c) In a sequence of quadratic extensions dim @y, = 2dim Qy_; for k > 1.
(d) In a sequence of quadratic extensions dim @, = 2871,
(e)* If G C F are fields, then dim F is divisible by dim G.

2 2
E3. Denote € := cos il + 7sin il

13 13

(a) dim Q[e] < 12.

(b) If dim Q[e] < 12, then P(e) = 0 for some polynomial P with rational coefficients, where
the degree of P is less than 12.

(c) Prove that polynomial ®(x) := z'? + 2™ + ... 4+ 2 + 1 is irreducible over Q.

Hint: if you have difficulties use the Gauss lemma and the Eisenstein criterion (see below).

(d) dim Qle] = 12.

(e) The number cos(27/13) is not constructible.

E4. (a) The Gauss lemma. If a polynomial with integer coefficients is irreducible over Z,
then it is irreducible over Q.

(b) The Eisenstein criterion. Let p be a prime. If the leading coefficient of a polynomial with
integer coefficients is not divisible by p, other coefficients are divisible by p and the constant
term is not divisible by p?, then this polynomial is irreducible over Z.

E5. (a) dim Q[cos 2_7; + isin 2—;] = 20.

(b) Use the previous assertions to prove that the number cos(27/25) is not constructible.

(c) Prove the ’only if’ part of the Gauss theorem.

Hint to problem E2. (c) Prove that

Qr ={ag +agb | a0 € Qp_1} foreach be Qr— Qr_1.

(d) Follows by (a) and (c).
(e) The minimal k for which there exist

bi,by, ..., by € F such that F = {ayb; + aoby + azbs + -+ + apby | ; € G},

if such k exists, is called the dimension dim(F : G) of the field F' over the field G. Prove that
dim F' = dim G dim(F : G).
Hint to problem E3. (a) 1 +e+¢&?---+¢e'2=0.

13



(b) By definition of dimension there exist by, ..., b1 € Q[e] and oy € Q such that
€j71 = Oéj71b1 + Oéj"gbg + -+ aj,llbll for j = 1, 2, ey 12.

Therefore there exist rational numbers ag, ay,...,as, not all equal to 0 and such that ag +
aie + -+ ajett = 0. In order to prove the latter assertion put the expressions for ¢ to the
latter equality, consider equations stating that coefficients of by, ..., b1 are zeroes, and finally
prove that the obtained system of equations has a nonzero rational solution.

(c) Apply the Eisenstein criterion to ((z + 1)'* — 1)/z and the Gauss lemma.

(d) Follows by (a), (b) and (c).

(e) Follows by (d) and E2d.

Hint to problem EJ. Suppose the contrary and apply indefinite coefficient method.

Hint to problem E5a. Analogously to problems E3d. Prove the irreducibility of the polynomial
O(z) =1+ 2° + 2% + 21 + 2% and use it.

Third proof of the ’only if’ part of the Gauss theorem.

F1. (a) Prove that the polynomial ®(z) := x'* + 2" + ... + 2 + 1 is irreducible over Q.

Hint: if you have difficulties use the Gauss lemma and the Eisenstein criterion (see above).

2 2
(b) If the number ¢ = cos 1—7; + isin 1—7; is constructible, then there exists a sequence Q =

Q1 C Q2 C ... C Qk C Qrs1 of quadratic extensions such that ®(z) is reducible over Q1 and
is irreducible over Q.

(c) If ® is divisible by a polynomial P with coefficients in Qg 1, then ® is divisible by the
conjugate (relatively to @) polynomial P.

(d) If a polynomial R with coefficients in @y, is irreducible over @1, then the conjugate R
(relatively to Q) polynomial is also irreducible over Q..

(e) The decomposition of polynomial ®(x) over Q1 into irreducible factors is divided into
pairs of conjugate (relatively to Q) factors.

(f) For each of these factors there exists a sequence analogous to (b) but possibly having
another n.

(g) The number cos(27/13) is not constructible.

F2. (a) Consider polynomial with given constructible number as a root. Prove that the
minimal degree of such a polynomial is a power of two.

(b) Number cos(27/n) is not constructible for n a prime, n # 2™ + 1.

(¢) The polynomial ®(z) =1+ 2° 4+ 2% + 2 + 2% is irreducible over Q.

(d) The number cos(27/25) is not constructible.

(e) Prove the ’only if’ part of the Gauss theorem.

(f) Let P be a polynomial with constructible roots. If P has rational coefficients and has
an odd degree, then one of its roots is rational.

Hints to problems F1. (a) See problem E3c.

(b) Consider a sequence of quadratic extensions Q = Q1 C Q2 C ... C Q,—1 C Q, O . The
polynomial ® is reducible over @, (because ® has ¢ as a root). Hence there exists [ for which
polynomial ¢ is reducible over @;;;. Let k be the minimal such {. By (a) £ > 1. Now it is easy
to see that the sequence Q = 1 C Q2 C ... C Q C Qi+1 is the required.

(c) Conjugate relatively to Q. the equation ®(z) = P(z)R(x).

(e) Tt is sufficient to prove that if the polynomial P with coefficients in Q1 divides ®, then
P and P are relatively prime. For this prove that GC'D(P, P) has the coefficients in @ and
use the irreducibility of polynomial ® in Q.

14



(f) Analogously to (b).

(g) Prove that the decomposition of the polynomial ®(z) constructed in (e) has exactly two
factors (use the fact that if the coefficients of polynomial P are in @y, 1, then the coefficients
of polynomial PP are in Q). The same is true also for decompositions of new factors and so
on. Using this prove that the degree of polynomial ®(z) should be a power of two.

Hints to problem F2. (a,b) Analogously to problem F1.

(c) Use the Gauss lemma and the Eisenstein criterion to ®(z + 1).

(d) Analogously to problem F1 prove that if the number cos(27/25) is constructible, then
the degree of the polynomial ®(x) should be a power of two. A contradiction.

(e) Analogously to the above.
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B IIOICKAX YTPAUYEHHOI AJITEBPHI: B HAIIPABJIEHUU TAYCCA

(monBopka zamaq) °

I1. Koznos " u A. CkoneHkos °
Listeners are prepared to accept unstated (but hinted)
generalizations much more than they are able ... to
decode a precisely stated abstraction and to re-invent
the special cases that motivated it in the first place.
P. Halmos, How to talk mathematics.

Bsenenne.

Teopema Taycca. ? Kaavkyaamop (sviuucasrousuti wucaa ¢ abcoamomnoti mounocmvio)
umeem KHonku

L+ = %, u
2m
(u Heozpanuvernyro namams ). Ha amom xasvkysamope MoHCHO SblHUCAUMD YUCAO COS — TO-
n
2da u moavko mozada, koeda n = 2°py ...p;, 20€ P1, ..., P — PA3AUYHBLE NPOCTBIE YUCAG BUIG

22" + 1.

B sroit 3ameTke mpejiiaraeTca HaOPOCOK IAEMEHMAPHO20 J0KA3AMEABCNEA NPUBEIECHHOT
meopemoi. OHO HE HCMOIB3yeT TepMUHOB ‘Tpyia [amya’ (naxke moHaTus 'Tpymnma’) u 'paciii-
penue 1o’ (JI0Ka3aTeIbCTBO HEBO3MOZKHOCTH UCIIOJIb3YeT KBaJIpATHIHbIE PACIIUPEHUsT TOJIBKO
MHONHCECMBA PAUUOHAALHULT wucen). HecMoTpst Ha OTCYTCTBUE STUX MEPMUHOE, UJeU TIPUBOJIU-
MBIX JIOKA3aTeIbCTB ABIAIOTCA omnpacHvlmu it Teopun Lasya, 10 koropas (BMecTe ¢ Teopueit
IPYII) MOSIBUIACH B OIBITE 2DYNnuposky KOPHEH MHOTOYJIEHA, ¢ TIOMOIIBI0 KOTOPOI MX MOXK-
HO BBIPA3UTh depe3 pajukasbl. (Byabrapro, HO sIpKO, 9TH WJEM MOXKHO BBIPA3UTh JEBU30M
epynnupyl u eaacmeyll wn 0b6sedunal u eaacmeyl.) Boee mogapobHO 9TO 06CYXKIaeTCs B
dutocodCcKo-MeTOINIECKOM OTCTYILIEHUN HUXKE.

[IpuBoiuMbIe TOKA3ATETLCTBA USBECTHDL 6 MAMEMAMUYECKOM HOALKAOPE, OJTHAKO aBTOPAM
He yJIaJI0Ch HaliTu UX B $IBHOM BHUJIe B JinTeparype (KpoMe BTOPOro JI0KA3aTe/TbCTBA HEBO3MOXK-
Hoctu B TeopeMe [aycca [Vi]).

STlosHbIil  OOHOBJIGHHBIH TEKCT 3aMeTKH, OmyOiamKoBaHHO# ¢ cokpamenmamu B Mar.  IIpocsemennn,
12 (2008) 127-143, http://www.meccme.ru/free-books/matprosa.html OGHOBisieMasi Bepcusi HAXOIUTCS HA
http://arxiv.org/abs/0804.4357. IlpensapuresnbHas Bepcus 3TOH 3aMeTKu npeicrasisiach A. Bemosbiv-
Kamenewm, I1. Iepratom u apropamu B Buje nukiia 3agad Ha Jlerneit Kondbepenmuu Typuupa 'opomos B aBrycre
2007.

"p——kozlov@yandex.ru, MockoBcKuii Tocyapcrsennblii yausepcurer um. M. B. Jlomonocosa

8skopenko@meccme.ru; http: //dfgm.math.msu.su/people/skopenkov /papersc.ps. MockoscKnii rocyapcTseH-
welit yausepcuter uMm. M. B. Jlomonocosa, HezaBucumblit MOCKOBCKHiT yHUBEpCUTET, MOCKOBCKU MHCTUTYT OT-
KpbITOro obpasoBanus. Jactuuauo nogaepxkan Poccuiickum @onnom Pynmamentansubix Uccnenosannii, ['pant
nomep 06-01-72551-NCNILa, I'panrom [Ipesugenra PO MJ1-4729.2007.1 u cruneraueit I1. denunst, ocHoBaHHOM
na ero IIpemun Banbzana 2004 romga.

TlepedopmymposKa TeopeMbl [aycca B TepMUHAX TTOCTPOUMOCTH TUPKYJIEM M JIMHEHKON TTPaBIIBHBIX MHO-
rOYyTOJIbHUKOB IIPUBOUTCS BO BTOPOM OTCTYILIEHHM M HE HCIOJIB3YETCsS B OCTAJIBLHOM Tekcre. VcTopus 3Toi
3HaMeHuToi TeopeMbl npuoauTcs B [Gi]. Crporo rosopst, reopema Faycca He aeT HACTOAIIETO PEIEeHUs IIPOOJIe-
MBI TIOCTPONMOCTH TIPABIIBLHEIX MHOTOYTOILHIKOB, TOCKOJIBKY HEM3BECTHO, KAKIE IHCIa BUAa 22 + 1 SBISIOTCS
npocteiMu. OHako Teopema [aycca jaet, HanpuMep, HOJUHOMUAJIBHBINA AJITOPUTM BBISICHEHHST TOCTPOMMOCTH
NPABUJILHOTO N-YTOJBHUKA (1 33]]aHO JIECTUIHON 3aIUChIO).

0K oneuno, omnpashvie nien moboit TeOpUH He UCHEPIIBIBAIOT 6CET ee MIei.
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DJeMeHTapHOE JT0KA3aTeIbCTBO 803M0dcHocmu fajist n = 17 npusoantcest, sampumep, B [Ch,
Gi, Po, PS, Kol|. Jna obmmero ciaydas ono namedeno B |Ga, Gi|, rje sicHocTn j0Ka3areibcTBa
HEMHOT'O MeIaeT ITOCTPOEHHe ODIIEll TEOPUHU BMECTO JI0KA3aTe/ILCTBA KOHKPETHOT'O PE3Y/IbTaTA.
11

Hesosmoorcnocmv B Teopeme laycca He jokaszana sBHO B |Gal. OjHAaKO 10Ka3aTEIBCTBO
HEBO3MOYKHOCTH B HACTOsINElH 3aMeTKe, HaMedeHHoe B cepurt D, ocHoBaHO Ha mjesx u3 |Ga| u
[IO9TOMY €ro MOYKHO IPUHSATD 3a paccyxkjenne [aycca. DaeMenTapHoe U3JI0KEHUE UJICH HedJIe-
MEHTapPHOI'O JI0Ka3aTeIbcTBa HeBo3MoKHocTH nipuBojantes B [Ki|. Jokazaresbersa HEBO3ZMOXK-
HOCTH B TeopeMe ['aycca siBiisiioTcs ajreOpantvecKuM BbIDayKEHUEM STOH ujien pasOueHus pe-
mennit Ha napbl’. [Ipocroe mokasarenbeTBO HeBo3MOXKHOCTH u3 |Vi, rir. 5| HamedeHo B cepun
E (omimane mpuBOIMMOrO M3JI0KEHUsI B TOM, 9TO HEOOXOMMBbIE MOHSITHsI HE BBOJATCI HEMO-
TUBMPOBAHHO BIIPOK, & €CTECTBEHHO TOSIBJISIFOTCS B IIPOIECCE PA3MBIIIEHNS HaJl TPOOJIEMOi ).
Hawunbostiee mpocToe nokazaTebCTBO HEBO3MOXKHOCTU, HaMedeHHOe B cepuu F, BOBHUKJIO B XO-
ne obcyxaennii A. 9. Kaneng-Benosa ¢ asropamu [Ka’|. Tlo cyTu Bce joka3arebcTBa OUeHb
OJIM3KU.

[lepes jlokazaTeIbLCTBAME HEBO3MOXKHOCTU B TeopeMe ['aycca HEKOTOpbIE MX WJIEd JIEMOH-
CTPUPYIOTCs 110 OJHON 1 Ha mpocteimux npuMepax (cepus C). DTU npuMepsb! Jai0T PelieHne
KJIACCUYECKUX 3aJ1ad JIPEBHOCTH 00 YJABOEHHM KyOa W TpuceKiuu yria. [IpumBoanmvoe m3ioxke-
uue ocuosano Ha [CR, Ma|; oHO HEMHOrO 60J1€€ KOPOTKO U SICHO 3@ CUET TOrO, Y4TO HE BBOJIUTCS
repmun ‘toste’. Cp. [Gv, §4.19].

[TpuBogumble ceprn 3a/1a4 (B 9aCTHOCTH, JTOKA3ATEIBCTBA BO3SMOXKHOCTH U HEBO3MOKHOCTH )
HE3aBUCUMBI JIDYT OT Jipyra. B JoKa3aTebcTBax UCIOJIb3YETCs OIpe/ie/IeHe TTIOCTPOUMOCTHU 3
BTOPOTO OTCTYIJIEHUS W SKBHBAJIEHTHOCTH TeopeMbl ['aycca aHAJOTMYHON TeopeMme LIS KOM-
nAEKCHO20 KaJbKyssTopa (3agada A4).

lokazaTesibcTBa IPEJICTABJIEHBI B BUJIE IIUKJIOB 3a/1a4 (GOJIBIIMHCTBO 38,181 CHAOKEHBI yKa-
3aHUSIMU WU perenusiMu ). Pernenune 3aj1a4 orpebyer 0T MHOIUX dnTaresieii ycuiuii (Bupouem,
OTIBITHBIN MaTEeMaTUK, He 3HAKOMBIN ¢ Teopueil ['ajya, ¢ JIErKOCThIO BOCCTAHOBUT PEIICHUS IO
[PUBEJIEHHBIM YKA3aHUSIMU WK jlazke 6e3 Hux). OHAKO 9T ycuius OyayT CIOJHA ONpPaBla-
HBI TE€M, YTO BCJIEJI 33 BEJIMKMMHU MaTeMaTHKaMU B IPOIECCe U3yUYeHUs UHTEPECHOH MpobJIieMbl
YUTATEb TTO3HAKOMUTCS ¢ HEKOTOPBIMU OCHOBHBIMU HjiesiMu ajiredpbl. Hajieroch, 9To momozxker
YUTATEIO COBEPIINTH COOCTBEHHBIE HACTOJIBKO K€ TOJIE3HBIE OTKPBITHST (HE 00s13aTeIbHO B Ma-
TemaTnke)!

Obuwee 3amevarue ¥ GopmMyauposKam 3a0a: eCin YCJIOBUE 33J1a91 SIBJISIETCS YTBEPKICHU-
eM, TO B 3aJiade TpeOYyeTCs 9TO YTBEPXKIEHNE JTOKA3ATD.

B s1oii 3ameTKe HCIIOIBL30BAHBI MATEPUAJIBI 3AHATUI CO MIKOJIBHUKAME 110 JIEMEHTAPHOMY
JIoKazaTebcTBY TeopeMbl laycca, koropeie Besin A. C. Tonosanos, A. . Edbumor u Bropoii
aBTop. Anajiornunbie 3auatus Besm A. . Bemos-Kanenn, . . Bornanos, I'. P. Yennokos u,
BO3MOKHO, npyrue. Mbr OyrarogapumM nx Beex, a Takxke 9. b. Bunbepra, M. H. Bamoro, I1. A.
Jepraga, A. A. KasnaueeBa u B. B. IIpacosioBa 3a mosie3nbie 00CY K I€HUS.

1 ABTOpBI JUIIB TIOTOMY TIOZBOJIAIOT cebe TaHHOe 3aMedaHue TI0 TOBOTy u3yoxkenns B [Gal, 9To MpeKToHsIoT s
riepe1 BesmaueM [aycca, Ha9aBINero myTh B HAYKY ¢ TPYTHEHIITNX Pa3/iesioB YUCTON MaTEeMATHKH, a 3aTeM MHOTO
3aHMMABIIIErOCsI TPUJIOXKEHUSIMU ¥ [IPEBPATUBIIErO OJIUH U3 Pa3/esioB reorpaduu B pa3jies MAaTEMATHKH.
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Pustocodpcko-MeToUIECKOe OTCTYILIJIEHUE.
Kpye moe, naueancv 6 cmar camolx
NPUSHAHHBLT U B036bIUEHHDLT YEA0BEUECKUT MbICAET,
eMU2 ccadumb GOPOHY 6 NABAUHLUL NEPLAL.
B. Haboxos, 1100 31aKom HE3AKOHHOPOHCOEHHDIL.

Ham KazKkeTcst, 470 MIMEHHO C HO6bT udetl, a He C HEMOMUBUPOSANHOIT onpedesenut, TOJIE3HO
navuramy uydenue Jioboit reopun. Kaxk npasuio, takue ujen Haubosee sipKO BbIPAZKAIOTCSI
JIOKA3aTeIbCTBAMHE, MOJI0OHBIMU IPUBEIEHHBIM 3/1€Ch.

TIpu u3A021CENUY MATMEPUANT HYHCHO OPUEHMUPOSAMLEA HA 00BEKMbL, KOMOPbIE OCHOBA-
menvHee 6ce20 YKOPEHAIOMCA 6 YEA0BEUECKOT NAMAMU. MO — 0MHI00b He CUCTNEMDL GKCUOM U
He Ao2udeckue npuemsl 6 doxkazamesvemee meopem. Maaugnoe pewenue kpacusoti 3adauu, gop-
MYAUPOSKA KOMOPOT ACHA U JOCTRYNHA, UMEEM BONBUE WAHCOE YOEPHCAMBEA 6 NAMAMU CINY-
denma, neorcesu abemparmmuas meopus. Crasicem 60avWE, UMEHNO NO MAKOMY PEWEHUIO, NPU
HAAUNULU HEKOMOPOT, MAMEMAMUYECKOT KYALMYDPbL, CTNYOEHM 6NOCACOCTNEUL CMOHCEM, BOCCTNA-
nosumv meopemuneckul mamepuan. Obpamnoe oice, Kak NOKA3LIGAET ONBIM, NPAKMULECKU
nesoamoorcro’ Ko, npeuciioBue].

3BecTHO TaKXKe, YTO 'MyTh MO3HAHUS JIOJZKEH IIOBTOPSTH IIyTh PA3BUTHUA .

Takoil CTUIb M3/I0JKEHUsI He TOJIBKO JieJlaeT MaTepuas 0ojee JOCTYIHBIM, HO IHO3BOJISIET
CUJIBHBIM CTYJIEHTaM (JJIsi KOTOPBIX JOCTYIHO Jiazke abCTPAKTHOE U3JIOZKEHNE) IPUOOPeCcTH Ma-

12

TeMaTUIeCKNil BKYC U CTUJIb C TeM, ITOOBI

(1) pasymHO BBIGHpPATH MPOOJIEMbI I MCCJIEJI0BaHUA U uX MOTHBUpOBKU. (Maremaruk,
MOHUMAIOIIUi, ITO Teopus ['asya MoTUBUDPYeTCs OoJjiee BayKHBIMU ITPOOJIEMAMU, €M ITOCTPOU-
MOCTbD IIPABUJILHBIX MHOT'OYTOJIbHIKOB U Pa3PENInMOCTD ajre0paniecKux ypaBHEHUN B PaJIUKa-
JIaX, BPsIJT JIN CTAHET MOTHBUPOBATH CO3JAHHYIO UM TEOPHUIO MPUIOKEHUSIMHI, KOTOPhIE MOYKHO
HOJIy9uTh U 6€3 ero Teopuu. )

(2) sicHO M3MAaraTh COOCTBEHHBIE OTKPbITHSI, He CKPbIBasl OMUOKN MJIH U3BECTHOCTH TI0JIy YeH-
HOr'O pesyJibraTa 3a upe3mepHbiM dhopmanusmoM. (K coxkasennio, Takoe — 06brdHO Hecco3Ha-
TEJILHOE — COKPBITUE OIMIMOKU YacTO MPOUCXOIUT C MOJIOJBIMI MaTEMATUKAMU, BOCIIUTAHHBIMU
Ha Upe3MepHo (hopMabHbIX Kypcax. [Iporcxonmio n co BTOpbIM aBTOPOM 3THX CTPOK; K Cua-
CTBIO, BCE €r0 CePhe3HbIe OIMMOKH MCIPABIAINCH neped MyOInKannsIM. )

Moia Ha HCKycCeTBeHHO (hopMasIn30BanHOe U3JI0KeHre > IpuBesia K CIeIyloneMy HapaioK-
cy. Ilo maHHOMY u36€CMHOMY NOHAMUIO BBHICIIEH MAaTeMATHKK 3a4acTyi0 HENpocTo (1 Tpebyer
BBICOKOIl HAy9IHO! KBAJNDUKAIN) BEIOPATH KOHKDPEMMHOIT KPACUBHLT PE3YALIAM, JIJIS KOTOPO-
IO 9TO MOHATHUE JIEHCTBUTEIHHO HEOOXOMMO (U [IPH TIOJIyY€HUU KOTOPOI'O ITO IIOHSITHE OOBITHO
U BO3HUKJIO).

2BnpoueM, 3T0 He BrOsHE BepHO. Tak, n3ydenne reomeTpuu J106aeBCKOro BOBCE He 00s3aTeIbHO HAUNHATE C
nonbITOK JoKa3aTh [lsarerit [loctynar. I'eomerpus JlobadeBckoro st Hac ceiidac BaXKHA, B IIEPBYIO OYEPE/ib, €€
npunoxkenusivu 38 TOKII, Teopun wuces, Torosornu, Te0Opun rpyil, aaredpandeckoil reOMeTpun, KOCMOJIOTUA U
T.J., & BOBCE HE Te€M, 9TO OHA JIEeMOHCTpUpyeT He3aBucuMocTh Ilsaroro [locrynara or ocrampubix akcnom EBkim-
nma. C ol Touky 3peHus GoJiee IIOIOTBOPHO ee MOCTpOeHrne He Ha ocHOBe akcuoM Epkimna-I'minbepra, a Ha
OCHOBE TIOHSITHUs IPyIIbl peobpasosanuit (Kueiin) nian puManoBoit Merpuku (Puman). AHAJIOrMYIHO, N3yUeHNe
teopun [aya BoBce He 0053aTEJILHO HAYMHATH C 33Ja9l O PEIIEHUN aJareOpamvecKoro ypaBHEHHS B PaJIUKa-
JIAX WM KBaJIpaTHBIX pajukaitax. C coBpeMeHHOI TOUKM 3peHns Teopus lajya ecTb Teopus ajrebpandecKux
pacmIupeHuii moJeit, COCTABISAIONAS HEOTHEMJIEMYIO YACTh aJIreOPhl M UMEIOIIAsT IPUJIOKEHUS U AHAJIOTH B JPY-
rUX pasjiesax MareMaruku (ajgrefpandeckas reOMETPHsl, TEOPUs HAKPBITHUI, TEOPHs HHBAPUAHTOB), & PelleHre
ajrebpanyecKux ypaBHEHUil B pajuKaJjax — 9T0 MapruHaibHasd 3aiada. (9. B. Bunbepr).

3BuanmMo, obmenpuHATHI TepMuH '6ypbaknzamnyus’ He OYeHb yIadeH BBUIY 'MacInTaba W BINSHUA JeATeb-
HocTu Bypbaku, He3aBUCHMO OT OIEHKHU IOJIb3bI U Bpena pasHbix ee acuekTos’ (A. Ilens).
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JlokazaTeabCTBO € MCIOIBL30BAHUEM HEKOTOPOI'O HOBOTO TEPMHUHA MMEIOT CBOM IIPEUMYTIe-
CTBa: OHO TOJITOTABINBAET YUTATENA K JIOKA3aTEbCTBY TEX TeOPEM, KOTOPBIE yKe TPY/IHO MJIN
HEBO3MOYKHO JIOKa3aTh 6e3 aroro Tepmuna. 4 Oamako Takme JOKa3aTelIbCTBa, KAaK IIPABUIIO,
He JIOJIZKHBI ObITh NepeuMu JOKA3aTeIbCTBAMU JAHHOIO pe3yJibraTa (JIerko cebe MpeJICTaBUTh
pe3yIbTaT nepeo2o 3HAKOMCTBa ¢ TeopeMoil [Imdaropa Ha ocHOBe MOHATHIT BEKTOPHOI'O IIPO-
CTPAHCTBA M CKAJSPHOIO yMHOXKeHUs ). KpoMme TOro, mpn IpUBEIEHUN 'TePMUHOJOITIECKOro’
JIOKA3aTeJbCTBA MOJIE3HO ONOBOPUTH €0 MOTHBUPOBAHHOCTDH HE JIOKA3bIBAEMBIM PE3YIBTATOM,
a o0yueHHeM IM0JIe3HOMY HOBOMY MeTojy (cp. ¢ (1) Bbiie).

[IpuBejieHHast BbIlle TOYKA 3PEHUsT PA3JIEISIETCS MHOIMMU MaTeMaTHKaMy (& HEKOTOPBIMU
— Het); g yHacaenoas ee or FO. I1. CosoBbena.

[IpuBoMBIE TIOPOIT B KAUECTBE 0CHOBHVIT TIPUJIOZKEHUI Teoprn 'asmya J0Ka3aTeIbCTBO TEO-
pembl ['aycca m Apyrue pe3ysibTaThl O PA3PENIMMOCTH aarebpamvdecKuX ypaBHEHUI B pauKaaax
HeyOe I TeIbHBL JIJIs MOTHBUPOBKHU 9TOi Teopnu (Kak U NPUIOKEHHUE K PEIIeHUI0 KBaIPATHBIX
ypaBHeHUiT HeyOeINTeIbHO JIJIsi MOTUBUPOBKH OOIIEl TEOPUH Pa3PeIuMOCTU yPABHEHUI TPOU3-
BOJILHOH cTenenu B paukanax). 1° Jleiicreuresbio, Teopema ['aycca uMeer sjieMeHTapHOe J10-
Ka3aTeIbCTBO, He ucrojb3yioriee Tpymi [aaya’. Teopema Pyddunu-Abesns o HepazpemumocTn
B pajiiKajiaX 00ue20 aaredpanvdeckoro ypaBHEHUs CTEIeHH D U Bbie (Kak M JIOCTATOYHOCTD
ycsioBust Kponekepa HepaspenmmMoCTH B paJuKaaaX KoOHKpPemH020 ypPaBHEHUs MPOCTOH CTere-
HI) TaKyKe uMeeT ajrebpamdeckoe JIOKa3aTe/bCTBO, He ucrob3yomee tpynn Laxya’ [Ko, Prl
(u monoaoeuveckoe nokazarenbctso |Al]). B repmunax reopun lanya dopmynupyercs obrmmit
KPUTEpHil Pa3PEelIMOCTH KOHKPEMH020 aIredpandecKoro ypaBHEHHUSI B paJiKajax, HO STOT
KPUTepHil He JlaeT HACTOAIIEr0 PerleHns Mpo0aeMbl pa3pennMOCTH, a JIUITb CBOJIUT ee K TPY/I-
HOIT 3a/1a4e BhIYmcsIeHns rpynnbl [anya ypasrenusi. (To, uro HuKakast dpyzas meopus He naer
JIETKOT'O JIJIsl IPUMEHEHN OTBeTa, He IMO3BOJIAET YTBEPXKIaTh, YTO meopus laaya naer Takoi
orBer.) Ho, koHeuHO, opMyTHpOBKa OOIIEro KpUTEpHsl B aJ€KBATHBIX MPOOJIEMe TEPMHHAX
MOXKET UMeTh BayKHOe (PUI0COMCKOe 3HAUEHUE.

Omnako Teopus lajya BBIXOJAUT JajeKO 3a PAMKH IIPOOJIEMBI Pa3pEluMOCTH ypaBHEHU
B pajKaiax. Fe momysrsgpusanyuy MocayKAT JajbHelmas myOJnKaIis HHTEPECHBIX TeOpPeM,
dopmysnpyembIx 6e3 nouATuilt Teopun l'asya, HO IPU MONBITKAX JOKA3aTh KOTOPbIE OHA eCTe-
cTBeHHO Bo3HUKaeT. [Ipumepnl Takux Teopem mue coobrmin A. 9. Besos, C. M. JIbBoBckuii u
[. P. YesrHOKOB (K COKAJIEHUIO, B JOCTYIHOM MHE HAJaJbHOM y4IeOHOI uTepaType 1o TeOpun
[anya MHE He yjga/ioch HAWTU TaKue TeopeMbl, (pOPMYJIMPOBKA KOTOPHIX He ObLIa Obl CKPBITA
IO/, TOJIIIEN 0003HAYEHN 1 TepMHHOB).

OTCTyl'IJIeHI/Ie: CB#3b C IIOCTPOEHUAMU IIUPKYJIEM A JIMHEMKOIA.

A1l. Ucnons3yst OTpe3Ku JIJIMHBIL @, b 1 ¢, MOXKHO IIOCTPOUTDH IUPKYJIEM U JTHHEHKO! OTPE3KI
nmHbl @ + b, a — b, ab/c, Vab.

BemecrBenHOe 9uCI0 Ha3BIBACTCS NOCMPOUMDBLM, €CIA €r0 MOXKHO IOJYyIUTh Ha HaIeM
KaJIbKy/IdTope (T.e. TMOJIydnTh U3 1 IPU [TOMOINM CJIOYKEHUsI, BHIYUTAHUS, YMHOXKEHUS, Jesie-

4 Hampumep, BEKTOPHOE JOKA3aTEILCTBO TeopeMbl Ilndaropa y:ke sIBIAETCH JOCTATOUHBIM OCHOBAHUEM JIJI
BBEJICHUSI [TOHATUI BEKTOPHOI'O IMPOCTPAHCTBA W CKAJISIDHOTO YMHOXKEHUSI, XOTsI TU IOHSTUS U HE SBJISIIOTCS
HEOOXOUMBIMU JIJIsl IOKA3aTeIbCTBA yIOMAHYTON TeopeMbl. (. B. Bunbepr.)

15Bosmozkno, umerno nosmomy paborer [asya 6u1mm 3a66ITHE Ha, 20 JIET HOC/Ie IX BBIXO/IA — MOKA He MOABUIOCEH
BaKHBIX 3a/1a4, B IIEPBYIO O4Yepesb O paspenuMocTu juddepeHInalbHbIX YPaBHEHUN B KBaJpaTypax, IpHU
peleHnn KOTOPBIX y2Ke TPYIHO 0boiTuch 6e3 Teopun ['agya — Benb MmaTeMaTnKa 19-ro Beka ObLi1a ropas3mo 6JimKe
K eCTeCTBO3HAHUIO, YeM COBpeMeHHasi. KOHedHO, npuBejleHHAas TUIIOTe3a HYXKIAETCs B CEPbE3HOU IIPOBEPKE.
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HUAg 1 U3BJICYCHUA KBaJpaTHOI'O KOPHA U3 ITOJIO2KUTEJILHOI'O ‘{I/ICJIa). HaHpI/IMep, qucjia

LevE Wa=\Va, 2B, va+E Vieva s

IIOCTPOUMBI. HpO IIocJjieJHue JIBa 49YMCJia 9TO HEe COBCEM OYEBMIHO.

A2. Jlroboe mocTpouMoe UHCIO MOXKHO TOCTPOMTH IUPKYJIEeM U JIMHEHKOH (jajee cioBa
"MUPKYJIEM U JINHEHKO# OImyCKaTsI).

ror npocroii (BerTekaromnwii 3 Al) pesybraT ObLT U3BECTEH elne JpeBHUM rpekam. OH 1o-
Ka3bIBAET, UTO U3 6uipasumocmu dnucia cos(2mw/n) B Teopeme [aycca BeITEKAET nOCMpoumocms
MIPABUJIBHOTO N-YTOJTBHUKA.

A3. Ocnosnasa meopema meopuu 2eomempuyeckur nocmpoenuti. OOpaTHOE TOXKE BEpPHO:
€CJIN OTPE30K JIJIMHBI ¢ MOXKHO MOCTPOUTH ITUPKYJIEM U JIMHEHKOMN, TO YHCIO G IOCTPOUMO.

Dror HecoxkubIH pesynbrar [Pr, Ko| (nokazanubiil jummb B 19-M Beke) MOKa3bIBAET, 9TO U3
HEeGLPA3UMOCTNU B TeopeMe [aycca BBITEKACT HenocmpoumMocms COOTBETCTBYIONIX N-YTOJIbHAKOB.

Jlyisl ero 10Ka3aTe/IbCTBa PACCMOTPUTE BCE BO3MOKHBIE CJIydal IOSIBJICHUS HOBBIX 00beK-
TOB (TOUEK, NPAMBIX, OKpYzKHOCTel). [TokazkuTe, 9T0 KOOPJAMHATHI BCEX TMOCTPOEHHBIX TOUEK
1 K03 UIUEHTH ypaBHEeHHI BCeX MPOBEJIEHHBIX IPAMBIX U OKPYXKHOCTE ABJISIOTCSA OCTPO-
umbivu. Cum. geramu B [Ko, CR, Ma, Pr.

OmupeneneHne KOMNACKCHO NOCMPOUMO20 KOMILUIEKCHOTO YHC/Ia AHAJOIMIHO OIPEIeICHIIO
HOCTPOUMOI'O BEIeCTBEHHOI'O YHCJIa, TOJIBKO KBaJIPATHbIE KOPHU M3BJIEKAIOTCS U3 IPOU3BOJIb-
HBIX y7Ke BBIPAKeHHBIX 9MCET M KOMILICKCHO MOCTPOMMBIMI CUUTAIOTCS 00a 3HAYCHH KBaIpaT-
HOI'O KOPHSI.

A4. KomrutekcHOe 9HCI0 KOMILIEKCHO HOCTPOMMO TOTJIA W TOJBKO TOT/A, KOTJIA ero Bellle-
CTBEHHAs U MHIMas JaCTH (BEIECTBEHHO) MOCTPOUMBI.

Vkazanue. Eciu va + bi = v + vi, TO u, v BbIpaxKaloTcd depes a U b ¢ oMoIbio apudme-
THUYECKHUX Oleparuii i KBaJPaTHBIX Pa/IKAJIOB.

[To moBoOjy HEBBIPA3UMOCTH BEIECTBEHHBIX YHCE YepPe3 BEIECTBEHHBIE (ITOJ0XKHUTETbHbIC)
3HaYeHHsI KOPHeil [IPON3BOJIbHOI 11eJI01 cTerneHn (U3 MOJIOKUTETbHBIX drces) cM. |Val.

A5. Eciiu npaBu/IbHBIN MN-yTOJBHUK IIOCTPOUM, TO U IPABUILHBIN 1M-yTOJBHUK ITOCTPOMM.
AG6. IIpaBunbHble 3-yTrOJBHUK U H-YTOJBHUK ITOCTPOUMBI.

AT7. llpaBunbubiit 120-yropuuk moctpouM. Vn, sKkBuBaaeHTHO, yroJ1 3° MOCTPOUM.
VYkazanue. Eciu He nojrydaercs, TO ¢M. CJIEIyIONINE 38 /1a91.

AS8. Eciu npaBuibHBIN n-yrOJLHUK IOCTPOUM, TO U IPABUJIBHBIN 2N-YTOJIBHUK TOCTPOUM.
VYkazanue. [losrygaercs jerenuemM yriia momnojaM Ui IpuMeHeHueM (hopMyJIbl TOJIOBUHHOTO
yIJIa.

A9. Ilycts npaBuibHBIE M- U N-YTOJBHUKUA MOCTPOUMBI, MPUYEM UUCIA M U N B3AUMHO
npocthl. Toria MpaBUILHBIN MN-YTOJBHUK TOCTPOUM.
VYkazanwne. Tak Kax m u n B3aAMMHO IIPOCTBI, TO CYIIECTBYIOT Iejible a, b Takue, 9To am~+bn =

Jloka3aTeabCTBO BO3MOXKHOCTH B Teopeme ['aycca.
Hetpyno nokazars BO3MOKHOCTE B TeopeMe ['aycca s n < 16.

Zoxazamesvcmeo eoamoorcnocmu 6 meopeme laycca oas n = 5. Bugumo, TpUBOIUMBINA
CII0CcO0 CJI0KHEee TIpuyMaHnHoro Bamu. 3aTo u3 Hero 6yaeT BHIHO, 9TO AEJIATh B OOIIEM CJIydae.
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27 2

JlocTaTouHO BBIPA3UTh YUCTIO £ = COSE + 7sin E Cpazy 3To caenarb TPYIHO, TOITOMY
CHadvaJia IMOCTPOUM HEKOTOPbIE MHOI'OYJIEHbI OT £. MbI 3HaeM, 9TO € + e2 434t = 1.
[TosTomy

(e+eh(E@+e) =+ +3+et = -1,

Ob603Ha4YNM
Ay =+t u A =2+

Tora 1o Teopeme Buera uncna Ay u A; apiaaiorcs Kopaamu ypasnenus t2+t —1 = (. ITosromy
MOzKHO BbipasuTh Ay (u Ap). Tlockonbky €-e* = 1, To 1o Teopeme Buera uncna € u et sapnsworcs
KopHaAME ypaBHenus 2 — Aot + 1 = 0. [TosToMy MOKHO BbIpas3uTh € (u ).

B1. Eciu yucso 2™ 4 1 npocroe, To m — CTeleHb JIBOUKH.

HUdes doxasamenvcmea nocmpoumocmu 6 Mmeopeme Faycca. ,ZLOCT&TO‘{HO BBIPpa3UTL YMCJIO

2 .. 27
€ = C0S — +18SIn —
n n

Jytst ipoctoro n = 2™ + 1 (rorpa m obg3aHo ObITH crerneHbio JABoiikn). CHavama XOpoIo Obl
pasdbuTh CyMMy
e+ + e =—1

Ha JBa ciaraeMbix Ay u Aj, npoussedenue KOTOPBIX MOCTPOUMO (HHBIMHU CJIOBAMU, C2PYNnupo-
6aMb XUTPHIM 06pa30M KOpHHU ypaBHeHus 1+&+¢2+4---+e"1 = 0). Torna Ag u A; nocTpoumbl
mo Teopeme Buera. 3aTem xoporo 661 pa3duTh cymmy Ag Ha gaBa ciaraembix Ag = Agg + Ao1,
[IPOM3BeIeHIe KOTOPBIX ITOCTPOMMO, U aHAJIOIHYIHO pa3burs Ay = Ao+ Aq1. U Tak masee, moka
He nocrpouM Ag_ g = €.

OHako mpuayMaTh HyKHBIE TPYIUPOBKA KOpHEi ypaBHeHnus: 1 + € + 4. 4+t =0
COBEPINTEHHO HETPUBUAJBHO U BO3MOXKHO He Jjis Bcex n. Kak 3To MOXKHO IpHIyMaTh, OIICAHO
B [Ka|. 31ech npusesem i 0TBET, KOTOPBIH OY€Hb TPOCT.

Teopema o nepsoobpasrom xopre. g 1r060ro mMpocToro p CymecTByeT YUCI0 ¢, JJIT KOTO-
POTO OCTATKH OT JIeJIeHHd Ha p uucen g*, g%, g3, ..., ¢ ! = 1 pasamaHbL.

Kak crpouth HyKHBIE TPYIIIMPOBKHU, BUJIHO HIKe U3 3a7a4 B3a, Bda u Bdc, a Takxke u3
pemterus 3aja4dn B4d.

B2. /loxazameavcmeo meopemu, 0 nepsoobpasrom kopre. IlycTh p mpocroe u a He IEIUTCS
Ha p.

(a) p— 1 nermrest na mamMenbinee k > 0, s Kotoporo a® = 1 mod p.

Vkazanne: ucrosnbsyiire maayio Teopemy Pepma.

(b) st JiroObIX HEJbIX 7 U a cpaBHeHne " = a mod p umeer He Gojiee N peleHuii.

(c) Ecin p — 1 menmrea na d, To cpasienue ¢ = 1 mod p umeer posHo d perenuii.

(d) Hdokazxkure Teopemy o nepsoobpasHom kopae jyisi p = 2™ + 1. (Tosbko 10T yacTHbI
caydail HyzKeH Jijist TeopeMbl [aycca. )

(e)* okazkure Teopemy O mepBoobOpasHOM KOpHe jist p = 2 - 3" + 1.

(f)* Hokaxkure TeopeMy O TEPBOOOPA3ZHOM KOPHE JJIsl NPOU3BOALHO20 TIPOCTOTO P.

(g)* BepHo J1it, 4T0 YnCII0 3 SIBJISIETCS TIEPBOOOPA3HBIM KOPHEM 0 MOJLYJIIO JII0HOI0 IPOCTOrO
qncsia Bumga p = 2™ + 17

Haunnast ¢ sTroro momenta p = 2™+1 > 5 — npocroe 4nciio u g — (J1060i) 1epBoodpasHblii
KOPEHb 110 MOJLYJIIO P.
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B3. (a) ITomoxum

om 1 5 om _q

2 4 6 3 S5
Jokazkure, 4T0 A0A1 = —pT. (Crreyrormue 3a/1a9u sIBJISIFOTCS TOJCKA3KAMIL. )

(b) ApgA; = Z e*a(s), tae «fs) paBro uunciy perennii (k, 1) (B BeIdeTax mo Mo/ystio p — 1)

cpapnenns g2~ —I— g2l+1 = s mod p.

(c) @(0) = 0.
(d) a(s) = a(gs).

(e) a(s) me 3aBucur or s =1,...,2™.
B4. (a) IHomoxum

m_2

4 8 12 2™ 2 6 10 2
Ag =€ 49 +e9 +--- 4 ¢ u Ap=¢” +e% +e9 +..-4¢€7

Hoxkaxkure, aro AggAgr = sAg+ tA; Jisi HEKOTOPBIX TEJIbIX Yuces S u t (s +1 = pT) (Cremy-
IOIIast 3a/1a49a sIBJISIETCS TIOJICKA3KOI. )

(b) Cpasuenne g* + ¢%*2 = 1 mod p umeer cronbko e pemtenuii (k1) (B BbUeTAX 110
Mozyio p — 1), ckonbko cpasuenne g*F + g4*+2 = g2 mod p.

(c) Homoxkum

1 5 9 2m_3 3 7 11 2Mm
Ay i=¢9 +e9 +e% +--- ¢ u Apgi=e9 +e% +e9 449

pfl)

Hokazxkure, uro AjgA1; = uAg + vA; I HEKOTOPBIX TEJbIX Yuces u 1 v (u + v = ).

(d) 3aKoH4YHUTE J0Ka3aTEJIbCTBO BOSMO2KHOCTU B T€OPEME Faycca.

B5. Haiiyiure siBHO BbIpakeHue depe3 KBaJIPaTHbIE PaInKAJIbl THCIa

2
(a) Ao u3 3amaum B3a.  (b) cos 1—7; (¢)* cos 577 (d)* cos 6557;7.

Ipu nomowyu npusedernozo memoda u KOMNLOMEPG MY 34064y MOHCHO PEWUMD OBICMPO,
HEeCMOTDs Ha, cJieytortyto ucropuio |Li|. "Oaun cmimkoM HaBA3YUBBIN ACIUPAHT JOBE CBOETO
PYKOBOJIUTEJISI JIO TOTO, 9TO TOT cKazaJj emy: "Vante u pazpaboraiite mocTpoeHne mpaBuaIbHOIO
MHOroyroJbHuKa ¢ 65 537 croponamu". AcnmpaHT yAaIniIcs, YTOObI BEpHYThCst depes 20 jeT ¢
COOTBETCTBYIOIIIM ITOCTPOEHNEM (KOTOPOe XPAaHUTCS B apxuBax B lerrunrene)."

Bamevarue. TTocTponMOCTh MOXKHO JIOKA3bIBATH 110 TOMY K€ ILIaHy 0e3 MCIIOJIb30BAHUS
KOMILJIEKCHBIX uncest. [IpuBeném ykazanue 1 crydast mpaBuibHoro 17-yrosmsuuka. [lomoxknm
ap = cos(2rk/17). Torna ay, = 17—k, 2axa; = ag +ax—; U a3 +ag+az+---+ag = —1/2.
CuauaJjia BbIpasuTe a; + ao + a4 + ag u az + as + ag + ay. 3areMm BbIpasuTe a1 + a4, Ao + ag,
as + as 1 ag + ay. Haxoner, BeIpasuTe a;.

VKazaHusa U pellleHus K J0KA3aTeJ/IbCTBY BO3MOXKHOCTH.
Vxazanue v B1. Ecrm n negérno, To 28" 4+ 1 nemmres nma 28 4 1.

Yrazanue x B2b. Jlokaxkem Oojiee o0Iiee yTBEPXKJICHUE: MHO204AEH CMENEHU N HE MO-
orcem umems 6oaee n Kopret 6 muoocecmee Z/pZ 6vriemos no modyao p (6 Komopom ume-
W0MCA ONEPAYUL CAOHCENUA U YMHONCEHUSA NO MOOYAI0 P). 371eCh MHOTOUIEHOM HA3BIBACT-

¢ OECKOHEYHBIN yIOPsAI0YEeHHbBIH HAOOD (ao, s M ) BBIYETOB IO MOIYJIIO P, B KOTOPOM
JINIITb KOHEYHOE YUCJI0 3JIEMEHTOB OTJIMIHO OT HyJssd. OOBIYHO MHOTOYJIEH 3aIlUChIBACTCS B BU-
e ag + aix + -+ + akxk (eCJH/I Apg1 = Qpgn = -+ = 0). DTa 3alliCh JIaeT O0TOOparKeHHe
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Z7./pZ — Z/pZ. Bynbre 0CTOPOXKHBI: PA3HBIM MHOTOUJIEHAM MOYKET COOTBETCTBOBATEH OJ[HO U TO
’Ke orobpaxkeHue. Koprem MHOTOWIEHa ag + a1x + - -+ + a,x® Ha3BIBAETCH TAKOH BHIYET Z( IO
MOJLYJIIO P, UTO ag + a1T + -+ + aprh = 0.

ITycte muorouten P(x) cremenu n uMmeer B Z, PA3/JIHIHbIE KOPHU 1, ..., Ty, Tpi1. LIPe-

CTaBbTE €ro B BHUJIE
Plx)=by(z—x1)...(x —zp) + bp1(z —x1) ... (x —Tpq) + -+ b1(x —x1) + by

(Cunmepnoasuus Hvromona’). TlocnenoBarensro mojcrasiss B cpasaerne P(x) = 0 mod p
BBIYETBI X1, . .., Ly, Tni1, HOTyINM by = by = --- =b,_1 = b, = 0 mod p.

To ke camoe perrenne MOKHO 3amucaTh n Tak. [lycrs P — mmorounen. Torna P — P(a) =
(x — a)@Q s HekoTOpOro MHOTOWIeHA () crenenn Menbine deg P. [Tosromy ecom P(a) = 0, To
P = (x — a)Q ana mekoroporo MmuorodneHa () crenenu menbine deg P. Teneps TpeGyemoe B
3a/lave yTBePIKIeHNe JIOKAa3bIBaeTCsl NHIYKIMEl 110 CTelleHn MHOro4IeHa P ¢ CIoIb30BaHIeM
IIPOCTOTBI YUCJIA P.

Ilepsoe yraszanue x B2c. 3ameTnre, 9To MHOrouaeH P~ — 1 mmeer poBHO p — 1 KOpeHb B
MHozkectse Z/pZ u genurcs Ha ¢ — 1. JlokazKuTe, 4TO ecii MHOTOUJIeH CTeleH: ¢ UMeeT POBHO
a KOpHe#l M JeJnTCsd Ha MHOTOYJIEH CTelleHH b, TO 3TOT MHOTOYJIEH cTelleHn b nMeeT POBHO b
KOpHEH.

Bmopoe yxazanue x B2c. Eciu p = kd, To ansa mo6oro a cpasnenue y* = a mod p mveer
He OoJiee k perrreHuii.

m—1
Vrasanue x B2d. Ecim nepBoobpa3Horo KOpHs HeT, TO IO 2a cpaBHEHHE 1> = 1mod p
mveeT p — 1 = 2™ > 2m~! permenwuit.

Vrazanue x B2e,f. Anajornano B2d.

Samevanue x B2f. VI3 cymecrBoBanust epBoOOGPA3HOro KOPHs JIETKO BBIBECTHU, YTO JIJIsl P —
— 21 ag s 1 1y
1 =pi*...piF KommaecTBO IePBOOOPA3HLIX KopHeil pasHo (p—1)(1 — 19_1) (1= p—k) =p(p-1).
Yrazanue x B3b. PackpoiiTe ckoOku u crpynnupyiite paBHbIe ciaracMble.

Vxaszanue x B3d. Ecmu (a,b) — pemenne cpasrenns g2* + ¢?*!1 = s mod p, 1o (b+1,a) —
pemmenne cpasuenus g2* + g% = gs mod p. Ecim (a,b) — pemenue cpapnenus g + g2+t =
gs mod p, To (b,a — 1) — pemenne cpasrenns g2* + ¢g?*1 = s mod p.

Yrasanue x B4d. (Hammcano ¢ ncnonbzoBanuem texcra W. Jlykpamena u B. Cokososa.)

THosrozxxnm

oQm—x—

io e Zm = i020 + 4 Zm2$ n AlolT = Z
s=0

1
6932“1—1'0‘.‘@'36
Torga Ay .0 + Aig.is1 = Aig.i,- IIpu o < m umeem

2m
S
Aio...izOAioA..izlzg a(s)e® = E bjio...juAjo...jo  JLIA HEKOTODBIX by, s, € Z.
s=0

(jOmjz)

B7ech B miepBoM paBeHCTBe «(S) paBHO unciy perienuit (k,[) (B BbIYeTax 1mo Momyaoo p — 1)
CpaBHeHUs

o+l T w41 4 on_ T
k2 10.--lg +gl2 +2% —1g...0g = s mod P.

Awnanornuno B3c a(0) = 0 npu z < m. Amamormuno B3d a(s) = a(sg?’). Orciona BbiTekaer
BTOPOE PABEHCTBO.
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HO,I[I"OTOBKa K JOKa3aTeJIbCTBY HEBO3MO2>KHOCTH B TeOopeMe I‘aycca.

C1. He cymecTByer panuoHaIbHbIX GUces a, b, ¢, d, 1jist KoTopbIxX /2 =

(a) a+ Vb (b) a—Vb; (C)%; (d) a+Vb+ e () a+Vb+ e+ Ve

(f) a + b+ Ve (g)a+\/5+c\/6+\/?l.

C2. Ilycrs HaxkaTue KHOMOK "1’ u deThipex apupMeTHIecKuX JeHCTBUIl HA KAJIBKYJISITOPEe
u3 TeopeMbl l'aycca OecnaTHBI, a 33 U3BJIEUEHNsS KOPHS HYKHO IIJIATUTH KOIIEUKY.

(a) Hucao A mootcho noayuums 3a T Koneekx mozda u moavko mozda, k020a CYuecmeyom
maxue ay, . ..a, € R, umo

Q=0Q1CQ2CQ3C...CQ_1CQ, DA, 20 ay€Qr, a,&Q,
a Qk—l—l:Qk[\/ak] ::{CY‘f'ﬁ\/aHaaﬁer} das mobozo  k=1,...,r—1

Takas 1OC/IE0BATE/ILHOCTD HA3BIBAETCS U4enowkoll Keadpamuunulx pacwuperud (310 e uHbIil
TEPMUH, TEPMUH 'KBAPATUTHOE PACIIUPEHIE’ MbI HE HCIIOJIB3YEM ).

Urak, unciao A mocTpouMo TOTJa W TOJBKO TOTJIA, KOTJA JIsi HEKOTOPOTO 7* CYIECTBYET
HENoYKa KBaJPATUIHBIX PACHIMPEHUil JJIMHBI ', TIOCIe/IHee MHOKECTBO KOTOPOIi cojiepKuT A.

JlokazaTeIbeTBO HEBO3MOXKHOCTH, OCHOBAHHOE Ha PACCMOTPEHUM AHAJOIMYHBIX IIENOYEK,
HA3BIBAETCS B MATEMATHIECKOMN JIOTUKE U IPOrPAMMUPOBAHUN UHOYKUUET N0 2AY0UHE BOPMYNbL.

(b) OropBeM y (KOMIIJIEKCHOTO aHaJsora) KaJbKyJIsTopa U3 TeopeMbl [aycca KHONKY ;' HO
paspenmm UCIoIb30BaTh BCE PAIMOHAJIBHBIE YUCIa. TOra MHOKECTBO TUCE]T, KOTOPBIE MOYKHO
peain30BaTh HA KAJLKYJISATOPE, He N3MEHUTCH.

(¢) 3v/2 nemocrponmo. (3uaunt, yasoenue Kyba MUPKyJIEM H JTHHEHKOH HEBO3MOXKHO.)

Viazanus x C1. (a) Ecm 3v/2 = a + Vb, 10 2 = (3v/2)% = (a® + 3ab) + (3a> + b)V/b. Tak
kak 3a2 + b # 0, o Vb € Q. Buauur, 3v/2 € Q — nporuBopetne.

(c) JToMHOXKbTe Ha CONPsIZKEHHOE.

(d) Hocrarouno mokasars, arto 3v/2 # u 4+ vy/c, Tie uw u v — uncaa suga a + Vb rae
a, 3 € Q. Unes 1okazarebCTBa B TOM, YTO YUC/IA TAKOTO BUJIA (¢ PUKCUPOBAHHBIM b) ‘HUIYTH
He Xy2Ke' PAIMOHAIBHBIX duces1. T.e. cyMMa, pa3HOCTD, IPOU3BEICHUE U ACTHOE YUCE]T TAKOTO
BUJa — TOXKe 1m0 Takoro Buga. (Mim, roBops HaydHO, Takue duCIa 00OpasyloT YUCA080€
nose.) T109TOMY MOXKHO JIOKA3bIBATH AHAJIOTMIHO IYHKTY (a).

Yrazanua x C2. (a) DT0 yTBEpXK/EHUE JIETKO JIOKA3BIBACTCS HHJIYKIMEH 0 KOJIUIeCTBY
onepanyii KaabKyJIaTopa, HeOOXOIUMBIX IS HOAYYeHUs 9UC/Ia, ¢ IPUMEHEHIEM JOMHOKCHUS
Ha CONPAKEHHOE.

(b) Cremyer u3 mpeabLIyIIero.

J0%a3amessemeo HenocmpouMocny wucaa >v/2 (C2¢c). Tlpeanonokum, 4To 3y/2 mocrpon-
Mo. Toryma cymecTByeT Takas IelovYKa KBaIPATUIHBIX PaCITHPEHUI

Q=0Q:CQCQ3C...CQ1CQ,, ur0 V2€Q,\Qr_1.

[ockomnbky v/2 & Q, To r > 2. 3uaunr,

3\/§:Oé+ﬁ\/a, rae a7ﬁ7a€QT—17 \/agQT—l u 5740

Orcrona

2 = (*v2)* = (&® + 3ap%a) + (30’6 + Pa)va = u +vya.
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[Tockonbky 2 € Q C Q,_1, T0 2 — u € Q,_1. Tak Kax
vwa=2—u u veEQ,_, 10 0=0v=303+a.

Tax kax 3a? + ($%2a > 0, nosnyuaem 3 = 0 — nporusopeune! QED

C3. (a) Yucio cos(27/9) sapyistercss KopreM ypasHenus 8z° — 6z + 1 = 0.

(b) He cymecTByeT pamuoHaIbHEIX quces a i b, 1 koTopsix cos(27/9) = a + v/b.

(c) He cymiecTByeT panmoHa bHBIX duces a, b, ¢, 1jis KoTopbix cos(2m/9) = a + /b + +/c.

(d) Yucmo cos(27m/9) He mocTponMo (3HAUNT, TPUCEKIMS yrya 7/3 IUPKYJIeM U JIHHCHKOI
HEBO3MOKHA U [PABUJIBHBIH 9-yIOJBHUK HE IIOCTPOKM ).

(e) Teopema. Kopau KyGu4eckoro ypaBHeHUs ¢ PAIMOHATBHBIMU KOI(DDHUITMEHTAME [TOCTPO-
MBI TOT' Ja 1 TOJIBKO TOTI'/la, KOI'/la OJWH U3 HUX PDAllXMOHAJICH.

Yrasanus x C3. (a) Boipasure cos 3o gepes cos a.

(b) Ecimu cos(27/9) = a + /b, 1o umcio a — v/b Toxe ABIsETCS KOPHEM ypaBHeHns 81° —
62 + 1 = 0. Torma o Teopeme Buera tpermit kopens pasen —(a + Vb) — (a — vVb) = —2a € Q.
[IpoTnBOpeyne.

(d) Caenyer u3 (a) u (e).

(e) CM. ciejiyolLyo JemMMmy.

C4. Jlemma o conpastcenuu. B 1ienodke KBaJpaTUIHBIX PACIIUPEHUN MTOJIOKUM @ = aj U
onpeie M oTobpazkenue conpsizkenust - @ Qlv/a] — Qrlv/a] dopmymnoit z + y\/a = x — y/a.
Torna

(a) Dro ompeiesieHne KOPPEKTHO.

b)z+w=z+w, zZw=zw un z=z%z=1+0ya€ Q.

(¢) Ecin z € Qg[v/a] — xoperb muOrowiena P ¢ panuonaabHbIME KO3 dUIIEHTaAMHI, TO
P(z)=0.

(CpaBHuTe ¢ JIeMMOii 0 KOMILJIEKCHBIX KODHSAX MHOTOYJIEHA C BEIeCTBEHHbIMU KO3(bdurm-
CHTAMU. )

Joxazamesvcmeo meopemvr C3e 0 Kyouveckur ypasHeHUAT OAf YpasHerul, 6ce mpu Kop-
HA KOTOPHIT BEULLCMEEHHBL (IMOM 4acmuvil cAY4at JoCmamouen 0Af HeENOCMPOUMOCTIAUL NPa-
6UAbHO020 9-yzorvhuka). HacTs 'Torma’ oueBuaa. YT0ObI I0KA3aTHh YaCTh 'TOJBKO TOTJIA, TIPE/I-
IIOJIO?KUM, 9TO XOTsI Obl OJIMH M3 KOPHe mocTtpouM. [ljIs KaKJI0ro u3 MOCTPOMMBIX KOpHEl 2
pPaccMOTPUM MHUHAMAJIBHYIO TENOYKY paCIIupeHn

Q=Q1CQCQ3C...C Q1 CQy, s KorOpPOil 21 € Qr \ Qo1

BosbMmem kKopeHb z = 27 ¢ HaMMeHbIIER JJIMHON | MUHUMAJILHON IEIOYKH.
Ecim kybuueckoe ypaBHeHHE He UMEET PaIlMOHAIbHBIX KOPHEH, To | > 2. 3Ha4uT,

21:05—{_6\/57 rae a?ﬁte—la \/ang—l n 67&0

Torja quciio zy := Z; = o — $y/a Tak:Ke ABJISIeTCsl KOPHEM KyOUUecKoro ypaBHeHHsI (IO JIeMMe
o conpsikennn). ITockoabky

B#0, To a—pBVa#a+pVa, T.e zm# 2.

O6o3HauNM z3 TPETHI KOPEHb KyOUIeCcKOro ypaBHeHus (BOZMOXKHO, 23 € {21, 22}). ITo dopmyiie
Buera

2+ 2+ 2= (a+Bva)+ (a—BvVa)+ 23 =2a+ 23 €Q, mosromy 23 € Q1.
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CuietoBaTeIbHO, JIJIst KOPHSI 23 CYIIECTBYET IIEMOYKa MEHbINe JJIMHBI, YeM Jis z1. [IpoTuso-
peune. QED

C5. 9ma 3adaua ne ucnosvayemes npu dokazamesvcmee meopemuv, Iaycca.

(a)* Kopuu MHOrowiena 4-off CTeneHu ¢ PANUOHAJLHBIME KOIDMUIMEHTAMEI TOCTPOUMBI
TOrJIa ¥ TOJILKO TOIJIa, KOIJa ero kybuueckas pesoaveenma [Ko, Pr| umeer parmonaabHbIi
KOPEeHb.

(b) JIroboe mocTporMoe IHCTIO sIBIIsieTCsT arebpandecKiM, T.e. KOPDHEM HEKOTOPOrO MHOTO-
wrena ¢ neabiMu koaddunmentamu. (U3 storo u mokazannoit B 1883 r. JlungemasnoM Tpasc-
HEHJIEHTHOCTH YUC/Ia 7, BJIEKyIIeil TPAHCIEHJIEHTHOCTh YUCTIa /7, BBITEKAET, U4TO 3ajada O
KBaJIpaType Kpyra Hepaspelmma [UPKyJIeM U JITHEHKOTL. )

(c) (I. Hemrokon) Jlemuu KaJbKy/IsATOP IOJYUIACTCA U3 KOMILIEKCHOTO TayccoBa JT00aBie-
HIEM KHOIKHI U3BJICYCHUsT KyOMIeCKOro KOPHs U3 KOMILUIEKCHBIX drces1 (KOoTopasl JaeT Bee TPH
3HAYEHUsI KOPHsI). [ PUIIIH KaJIbKYISITOD MOJIYIaeTcs 13 KOMIIEKCHOTO TayCcCoBa J00aBIeHIEM
KHOITKM HAXOXKJIEHUsI 110 KOMILIEKCHOMY YHCJIY ¢ BCEX TPeX KOMILIEKCHBIX KOPHel ypaBHEeHUs

3x — 4a3
Q= —
1 — 3a?

(d) (I. Yemnokos) Eciu menpusoammbiii nag Q muorowren packiaasisaerca naj Q2]
POBHO Ha deThipe MuOxKHTeTs (Hermpusomumbix mag Q[*v/2]), To cremens sroro MHorowrena
JeJIATCsd Ha 8.

. Byner nmu muoxkectBo 'JlemmHbIX’ qucesr cOBIAIATh ¢ MHOKeCTBOM | pumuHbIx’ 7

Vrazanue x C5b. Ilyctb a=a; n b=b; — mocTtpoumble dncia, a P u () — MHOTOYIEHBI C
pannoHabHBIMEI KO3(hMUIMEHTAMI MIHIMAJIBLHONW CTENEHH, KOPHAMU KOTOPBIX SIBJISIIOTCS CO-
orBeTcTBeHHO @ U b. IlycTh ag, ..., a, — Bce ocTajibHbIe KOMILIEKCHbIE KOPHE MHOrOWIeHa P, a
bs, ..., b, — Bce ocTa/ibHbIE KOMILIEKCHbIE KODHA MHOTOYJICHA (). 3aMeTHM, 9TO

a + b — xopenb MHOrOwWIeHa P(x — by) ... P(x —b,),

a — b — xopenb muorouwnena P(x +by)... P(x +by,),

ab — xopenb muorowtena P(;5)... P(55),

¢ — xopenb muorodnena P(xby) ... P(xby),

v/a — xopenb muorowiena P(z?).

OctaJsoch J0Ka3aTh CISIYIONee BCIIOMOTaTe/IbHOEe YTBEPK ICHHUE.

Jlemma. Ilycrs R(x,y) — MHOTOUJIEH OT JIByX MEPEMEHHBIX ¢ PAIMOHAJIbHBIMI KO huIm-
enTamu, a by, by, ..., b, — Bce KOMILIEKCHbIE KOPHU MHOTOWIeHa () ¢ palnoHaJIbHBIMU KoM du-
mrentamu. Torga MHOTOUWIEH OT O/HOI nepemennoit R(x,by)R(x,bs) ... R(x,b,) Takke mmeer
paIoHa/IbHbIe KOI(MMOUITUEHTHI.

IlepBoe moka3zaTejbCTBO HEBO3MOXKHOCTU B Teopeme l'aycca.

Imo dokazameabcmeo Hauboaee norodce 1Ha JoKA3AMEALCNEO G03MONCHOCTIL.
Paneom gucia HaspIBaeTCa HANMEHBIIIEE KOJTMIECTBO KOIIEeK, 3a KOTOpPbIE €0 MO2KHO ITIOJIy-
YUTb.

D1. Yucso cos(27/7) 1e mocTponMo (3HAYNT, IPABUJIBHLINA 7-YTOJBHUK HE IIOCTPOUM).

27 27
D2. Ilycts n = 4k + 3 mpocroe. Obo3Ha"UM € := cos — + isin — u fy = ° 4+ ¢7%. Hazo-
n n

BEM PaHZOM TOCTPOMMOIO YHCJIa HAUMEHBINYIO JJIMHY MUHUMAJIBHON IEMOUKH KBaIPATUIHBIX
PACIINPEHHit, TOCIe/IHee MHOXKECTBO KOTOPOii COJEPKUT JTAHHOE THCJIO.

(a) s moboro k umero ff + f¥ 4.+ + f(';_l) /o PAIIHOHAJIBHO.

(b) ITocste packpbiTust CKOGOK U IIPUBEIEHNS OI00HBIX B BhIpazkernu (z— f1)(z—f2) ... (z—
J(p—1)/2) TOJIyHIaeTCs MHOIOWICH C PAIMOHAILHBIME KOS hUIICHTAMM.

(c) Panru umcen g,&2, ..., &P~ ojMHAKOBBL.
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(d) Panru uncen fi,..., f(p—1)/2 OJMHAKOBEL
(e) Hucsio cos(2m/n) He mOCTPONMO

2 2
D3. O6o3naunm € := cos 1—7; + ¢sin 1—7;, g = 2 — TepBOOOPA3HBII KOPEHb MO0 MOJIYJIIO 13,

Ag=c" +e” 46" 469 A= 47 467 497 uw Ay=e" &+ +9
(a) AZ=4+ A1 +2A;, Al=4+A3+24; u A} =4+ Ay+24;.

(b) Hucma Ay, Ay, Ay SBISIOTCS KOPHIME HEITPUBOMMOIO KyOHIeCKOrO YPABHEHHsI C PAITHO-

HaJIbHBIMHU KO3 PUIITEHTAMU.

(c) Huca Ag, A1, Ay UMEIOT OJIMHAKOBBIN DAHT.

(d) Yucmo cos(2m/13) He mocTponmo.

D4. Yucno cos(27/p) He mocTpouMo Jjist

(a) p =3 - 2% + 1 npocroro.
(b) p mpocroro, p # 2™ + 1.
(c) p=25.
(d) amcia p, He ABIAIONIErOECs IPOU3BEICHUEM CTEIEHU JIBOWKH M PA3JIHIHBIX HPOCTHIX
quces suga 2™ + 1.

Pewenue D1. Pacemorpum KoMILIeKcHOe 9o € = cos(2m/7) +isin(27/7). Tak kak € # 1,
TO YHUCJIO € YJOBJIETBOPAET YpaBHEHUIO 6-0it cTerenn S +eS+et+ed+e2+e+1 = 0. Paznemum
obe gactn ypasHenud Ha, £°. ITomoxxmm

fi=e+e, rorma E2+el=f-2 u S+ei=fl?+e2-1).
[Tonyunm KyOuveckoe ypaBHeHUE
F(fP=3)+(f*=2)+f+1=0, moects f>+ f2—2f—1=0.

Kanmuaarsl Ha panuoHasbHble KOPHU 3TOro ypasHenus f = +1 orBepratorcs nposepkoit. Co-
rnacHo Teopeme C3e 0 KyOmvecKnx ypasHeHHAX quciao f = € 4+ ¢ ' He mocrpoumo. [losromy n
£ He HOCTPOUMO (TI0ICHUTE).

Yrasanua x D2. (a) Nngyknus mo k.
(b) Crenyer u3 mynkra (a) ¥ U3 TOro, 4To OO0 CHMMETPHYIECKHH MHOIOYJICH OT Iiepe-

MeHHbIX f1, fa2,..., f(p—1)/2 PAIlMOHAJILHO BBIPAsKaETCs Yepe3 MHOTOYICHBI BUJIA fErfhyr o r
k

Fo-1)2-

(¢) Tak xax jyist mobbix s, ¢ € {1,2,...,p—1} cymecrsyer Taxoe k, uro * = (&')*, To panru
qncen €,€2, ... ,eP"! oMMHAKOBEL

(d) Tak Kak €° + £ ° palMOHAJILHO BBIparXKaeTcs 4epe3 € + & 1, To it JIoObIX §,1 €
{1,2,...,p— 1} uncyio €° + £~° panmoHajIbHO BhIpazKaeTcsa depes ' + ¢! (aHaaoruaHo npuse-
Jennomy pemennio 3ajaun D1). ITosromy panrn umcen fi, ..., f(p—1)/2 O/MHAKOBBI.

(Bamernm, uro rk(e + 1) =1ke — 1.)
(e) O6osnaunm 1 := rk f;. 3HAYNT, /I HEKOTOPOIi TIETIOYKH KBAIPATHIHBIX PACCITUPEHNUIT

fs = O + ﬁs\/a7 raue asvﬁsa ac Qr—la \/a € Qr—l u ﬁs 7é 0.

Torga wmeno f, = ay — [B44/a TakXKe ABIAETCA KOPHEM PACCMATPUBAEMOrO MHOrOUJIeHa (110
JeMMe o compsizkennn ). [TockosbKy

ﬂs7é()7 TO as_ﬁs\/a#@s_'_ﬁs\/av T. €. ?s?éfs-
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Wrax, KopHH fi, ..., f(p—1)/2 Pa3OHBaIOTCA Ha IaphI CONpPsKeHHBIX. SHaunT, (p — 1)/2 veTHO —
IPOTHBOPEYHE.

Yrazanus x D3. (a) Jdokaxem nepByto ¢dpomyiry (ocTajbHbIe JOKA3bIBAIOTCS aHAJOIMYHO ).
Bamernunm, uro g = —1. Tloaromy

A2=((e” +e )4+ (7 +79))? =

=2+46% 49 424" 4679 12 + ) + ) =4+ A + 24,

[Toc/ieiHee PABEHCTBO BEPHO, MOCKOJIBKY
0 6 3 9 0 3 3 6 6 9 9 0 0 3 8
(69 +e9)(e9 +e7)=ef 19 4919 L 910 L 919 =019 Ay =9 Ay = A,.

(B obenx dopmynax mpeanocieHue paBeHCTBa BEPHbI, TIOCKOJIBKY ¢ = 2.)

(b) Jokaxkure, uto Ag + Ay + Az, A3+ AT+ A3, A3+ A + A} panmonanbbL

(c) Homb3ysice mynkroMm (a) u rem, uro Ay + A; + Ay = —1, nokaxkure, uro joboe A;
PAI[OHAJILHO BBIpasKaeTcs depes jmoboe A;.

(d) Perrerne mosyuaercs u3 nyukros (b) u (¢) aHajorudHo pereHnio 3agaqan D2e.

Bot wiest ipyroro pemienus, He ucnosbsytorero myHkT (¢). Ilycrs ancio Ag umeer pasr r.
Conpsizkém ero orHocuTeNbHO Q1. [losmydennoe aucio Oyaer oguum n3 gaucena A; (moschure).
Tenepnb Jilerko MOHATH, 4TO “mcsaa A; pazbHBAOTCA Ha Hapbl CONPIKEHHBIX, T.€. UX YETHOE
YHCJIO, YTO HEBEPHO.

Yraszanus x Dj. (a) Anamormasno 3amade D3.
(b) Ipeanonoxure, aro A p = 28r+1 uuco cos(27w /p) nocrpoumo (rae r > 1 — nederHoe
4ncsio). Beieure u3 91oro, 9To uncia

—1)r+i
)

i rti (2k .
Aj=e% +ev +---4¢f 0<i<r-1
UMEIOT OJIMHAKOBBIN PAHT U SIBJISIOTCS KOPHSIMU MHIOYJIEHA CTENEHU T C PAIOHATBHBIMU KO-
s durmeHTaMN.
(c) Pacemorpure uncia

20 21 24

Ap=e" +e 44 A=t 4 T L A= e e

Bropoe gokazaTeibCTBO HEBO3MOXKHOCTU B TeopeMe [aycca.

Hoes 5mo20 doka3amenbcmea 6ulpatcaemes NOHAMUAMY NOAA U PASMEPHOCTIU NOAA.

E1. [Toaem (quciaoBbiM) HA3BIBAETCS TIOIMHOKECTBO MHO)KeCTBAa C KOMIITIEKCHBIX YHCET, 3a-
MKHYTO€ OTHOCUTEJILHO CJIOYKEHUs!, BLIYUTAHUS, YMHOXKEHUs U JieJieHus (Ha HeHyJIeBOe YhCIO).

(a) Cureyionue MHOKECTBA SIBJISTIOTCS 1101siMu: (Q, MHOZKECTBO IOCTPOUMBIX YHCE]T, MHOYKE-
crBo Bemecrsennbix wncet, Q[v2] = {a + 4v2 | a,f € Q}, kaxmoe Q) B HeHOUKe KBajpa-
TUYHBIX PACIIUPEHUNA U

Qle] := {ap + a1 + ape® + aze® + - + a2 | a; €Q}, rme e = cos % + i sin %

(b) JIio6oe moste comepzkut moje Q.

(c) JTioboe mote, comepxxaee /2, comepxxut Q[v/2].

(d) JIroboe mose, comepxKariee €, comepxkut Q|e].
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E2. Pazmeprocmoro dim F nosisg F' naspiBaeTca HamMeHblee k, Jijig KOTOPOTO CYIIECTBYIOT
TaKue
b27b3...,bk eF, uyro F = {051 + by + a3bs + - - - + ayby | o € @}7

ecsn Takoe k CcyIlIecTByer.
(a) dimQ = 1.
(b) dim Qv = 2.
(c) B nenouke kBajgpatnanbix paciupennit dim Q = 2dim Q1 npu k > 1.
(d) B nenouke KpajgpaTHaHbX pacimpenuii dim Qy, = 2871,
(e)* Ecsm G C F — noast, To dim F' nesmres va dim G.

2 2
E3. Oboznaunm € := cos aill + 7 sin =

13 13"

(a) dim Q[e] < 12.

(b) Ecim dim Q[e] < 12, To P(g) = 0 mig HEKOTOPOro MHOrOUYIeHa P ¢ paruoHaJIbHBIMU
KO0 duIeHTaMu cTereHn MeHbIie 12.

(c) Muorownen ®(x) := z'? + 2™ + - - + z + 1 menpusognm nazg Q.

YKazaHUe: ec He MOJIydaeTcs, TO UCHoyb3yiiTe jemmy [aycca u npusnak Dit3eHinTeiina
(cM. HEKeE).

(d) dim Q[e] = 12.

(e) Yucao cos(2m/13) He mocTpouMO.

E4. (a) Jlemma Taycca. Ecan MmHOTOUIEH ¢ 1iesibiMu KO dDUIEHTAMI HEIPUBOJAUM HaJT 7,
1o OH HenpuBo UM U HaJ Q [Pr].

(b) Ipusnax Disenwmetina. [ycrsb p npocroe. Ecu s MHOroWwIeHa ¢ 1eJbiMu Ko du-
[IMEHTAMU CTapIil Kod(MMOUIMEHT He JeTUTCA Ha P, OCTAJIBHBIE JIEJIATCS HA P, & CBOOOIHBII

qJIeH He JIeJIUTCs Ha p®, TO 3TOT MHOTOYJIEH HenpuojuM Haj Z [Pr].

2 2
E5. (a) dim Q]cos % + isin %] = 20.
(b) BeiBeure M3 HpeablIyIUX MyHKTOB, 9TO 9KCI0 cos(27/25) He mocTponMmo.

(c) Hokaxkure HeBo3MOXKHOCTH B Teopeme [aycca.

Yrasanue x E2. (c) lokaxwure, 9ro

Qr ={ag +agb | a1, 0 € Q_1} s smoboro b € Q — Qp_1.
(d) Crenyer u3 (a) u (c).

(e) Pasmeprocmuvro dim(F : G) mona F waj mosem (G Ha3blBaeTCsl HaWMeHbIee k, s
KOTOPOI'O CyIIECTBYIOT TaKHe

bl,bg,...,bkeF, qTO F:{a1b1+a2b2+agbg+---+akbk|Ozi€G},

ecim Takoe k cymecrsyer. [Jokaxure, uto dim F' = dim G dim(F : G).

Vikasanus x E3. (a) 1 +e+¢e?---+e2=0.
(b) To onpeenennio pasMepHOCTH CYIIECTBYIOT TaKue

bi,...,b1n €Qe] u au €Q, uro

g1 = jibr + ajoby + -+ by g j=1,2,...,12

[ToSTOMY CYIIECTBYIOT TaKHe palMoOHAJIBHBIE g, d1,. .., 012, He Bce paBHBIE 0, 4TO ay + ai€ +
oo+ apett = 0. J1a 1oKazaTesbCTBa, MOCJeIHEr0 yTBEPIKICHH MOICTABbTE BHIPAYKEHH [T
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! B mocseHee pABEHCTBO, IPUPABHANTE K HY/IO KO3(bUIUEHTH IpH by, . .., b, U J0KazKuTe,
YTO HOJIyYeHHas CUCTeMa yPABHEHHI NMeeT HeTPUBHUAIBHOE PAIMOHAIBHOE DEIIeHNeE.

(c) Ipumenure npusnak itzenmreitna k muorowieny ®(z+1) = ((x+ 1) —1)/z n nemmy
[aycca.

(d) Caemyer u3 (a), (b) u (c).

(e) Crenyer u3 (d) u E2d.

Yraszanue x E4. Ilpeanonoxnre MpOTHBHOE W BOCIIOJIB3YHTECh METOIOM HEOIPEIETEHHBIX
KO3 PUITUEHTOB.

Yrasanue x E5a. Ananornano pemmennto 3a/a4n E3d. JokaxKuTe HENPUBOIUMOCTE MHOIO-
wiena ®(z) =1+ 2° + 2% + 21 + 22° u BocnoswayiiTecs eii.

Tperbe M0Ka3aTEILCTBO HEBO3MOXKHOCTH B Teopeme l'aycca.

Sasiaun F'1 u F2 mHy)kHbI, 9TOOBI 'HaAIIyIIaTh METO/ JIOKa3aTeIbCTBa, KOTOPbI ITPUBEJIEH B
zagmauax F'3 u F4.

F1. (a) Panru kopueit muorowtena ®(x) := z'% + 2% + ... + 2 + 1 onmunakoswL.

O603HauNM Yepes 1 panr KopHsi 2o MHorowiena ®(x). Illycrb Q = @ C Q2 C ... C Q) 3 xg
— IeroYKa KBaJ[PATUIHBIX PACIIUPEHUIL.

(b) @, comepxut Bce Kopan MHOTOWIEeHA P ().

(c) Bece kopau muorousiena ®(x) pasbuBaroTcst Ha apPbl CONPSIZKEHHBIX OTHOCUTETBHO Q1.

(d) Muorounen ®(z) paBeH IPOU3BEIECHUIO KBAJAPATHBIX TPEXUIEHOB ¢ KOI(DUIIMEHTAMI U3
Qr—l'

(e) Muorounen ®(z) He jennTcs HA KBaJAPATHBIH TPEXUJIEH C IEIBIMUA KOI(DHUIMEHTAMN.

(f) Muorounen ®(z) He jesuTcsa Ha KBIPATHBI TPEXU/IEH ¢ PAIMOHATBHBIMI KOI(DUIIHEH-
TaMU.

(g) D1u TpexuIeHbl Pa3OUBAIOTCH HA ITAPBI CONPAKEHHBIX OTHOCUTENIBHO Q) o.

(h) Yucio cos(2m/7) ne mocrponmo.

(i) Ecim n = 4k + 3 npocroe, To 1ncio cos(27/n) He MOCTPOUMO.

F2. (a)-(g) Pemmmre 3amaun Fl(a)-(g) qa @(z) =22 + 2!+ + 2+ 1.

(h) Muorouien ® () paBeH MPOU3BEIEHIIO MHOTOYIEHOB Y€TBEPTOIl cTerneHn ¢ KoabuimeH-
TaMu U3 (Q,_o.

(i) Muorounen ®(x) paBeH IPOM3BEIECHUIO MHOTOUICHOB YE€TBEPTON M BOCBMOIl CTEIEHU C
Ko3dunmenTaMu u3 (), _3.

(j) Ecu @ nemurest Ha muorowten P ¢ kosdbdurmentamu B Q11, To $ gemmrest Ha comnpsi-
YKeHHBIH (OTHOCHTENBHO (Q)) MHOrOUIeH P.

(k) Yucso cos(27/13) He mocTponmo.

(1) Eciiu n = 4k + 5 upocroe, 10 9mcsio cos(27/n) He HOCTPOUMO.

F3. (a) Muorounen ®(z) := z'? + z'' + -+ + x + 1 nenpusogum mazx Q.
YKazaHue: ecd He IOJIydaeTcs, TO UCHOJb3yiiTe jeMmy laycca u npusHak Dif3eHInTeiira

(cM. BoIIIIE).

2 2
(b) Eciu € := cos ] + 7 sin ] IIOCTPOUMO, TO CYIIeCTBYeT TaKas 1ernodka Q = Q) C Qo C

oo C Qp C Qg1 KBAIPATUIHBIX pacimupennii, uro ¢ npuBognm Hat (Jp1 U HEIPUBOIUM HAJ

Qk-

(c) Ecmun @ nenures na muorowren P ¢ koaddunuentamu B Q4 1, To ® neaurcs Ha compsi-

JKEHHBI (OTHOCHTEIBHO (J)) MHOrOWIeH P.
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(d) Ecau muorowien R ¢ kosddurimentamu u3 (g1 HEMPUBOIUM HaJ (41, TO COMPSIZKEH-
HBI (OTHOCHTEIBHO (Q)) MHOTOUWIEH R HEepUBOAMM Hal Qpy1.

(e) Pazyoxkenne muorowiena ®(x) Haj Qpy1 Ha HENPUBOAMMBIE HAJ (Qf 1 MHOXKUTEU CO-
CTOUT U3 JIBYX CONPSI?KEHHBIX (OTHOCUTEIBHO (J)) MHOXKHUTEJIEH crereHn 6.

(f) st TOoro m3 STHX MHOXKHTEJEH, KODHEM KOTODPOIIO SIBJISIETCS €, CYIIECTBYET IEMOYKa,
anasornaras (b) (HO, BOBMOXKHO, ¢ ApyruMm k).

(g) Yucmo cos(2m/13) me mocTponmo.

F4. (a) Ecom menpuBomumblii Hayy Q MHOrOUwIeH P ¢ pannoHagbHbIME KO3GbOUIIEHTaMI
HMeeT TOCTPOUMBIH KopeHb, To deg P ecTh creneHb ABoiiku. (B wacTHOCTH, MUHIMATBHAS CTe-
[IeHb MHOTIOWJIEHA, KOPHEM KOTOPOTO SABJISIETCA JAHHOE IIOCTPOMMOE YHC/IO, ABJISIETCS CTEIIEHBIO
JIBOTIKMY. )

(b) Eciin Q). — s71eMeHT 1e1ouKy KB IPATUIHBIX PACIIUPEeHuii i ov 1 P — HenpuBO MBIt
HaJ1 (), MHOTOUWIEH ¢ Koy dunumenramu u3 Q,., st koroporo P(a) = 0, To deg P ecTb creneHb
JIBOWKMU.

(c) Hucso cos(2m/n) HE MOCTPOUMO JJist 1 IPOCTOro, N # 2™ + 1.

(d) Muorounen ®(z) =1+ z° + z'% + 2 + 2% wenpusoaum nas Q.

(e) Hucso cos(2m/25) He mOCTPOMMO.

(f) Jokazkure HeBO3MOXKHOCTE B Teopeme [aycca.

(g) Ecin Bce KOpHU HEIPUBOJAMMOTO MHOTOUJIEHA HEYETHO CTEIeHN ¢ PAIMOHAIbHBIME KO-
s¢dduImenTaM TOCTPOUMBI, TO OJIMH U3 HUX PAIMOHAJIEH.

Yrazanus x F1g. U3 (f) Berrekaer, uto r > 2, T.e. (hopMyIUPOBKa OCMbIc/IeHa. e Kakoii-
TO TPEXUJIEH COIPSI?KEH caMm cebe, TO ero Ko3huimenTsl jgexkar B (), 9. 3HAYUT, PAHT €ro
KOpHeit He npesocxoaut 1 — 1. [IporuBopetne.

Yrasanua x F3. (a) Cm. E3c.

(b) Paccmorpum 1enodky KpajpaTuaHbiX pacmmpernii Q = Q1 C Q2 C ... C Q.1 C
Q. > e. Bamerum, uro mMHOrouwieH ® mpuBoguM HaJ (), (MOCKOIbKY HMeeT KopeHb &). Ilo-
9TOMY cyIiecTByeT [, Jyisg Koroporo MuorowieH ¢ mpusoauMm uHas (1. Oboznaunm depes k
HamMenbinee Takoe [. 13 mynkra (a) ciaemyer, uro k > 1. Temepb Jierko BHJIETh, 9TO IEIIOYKA,
Q=01 CQ:C...C QL C Qrr1 uckoMas.

(c) Compsrure ornocurensuo (g pasencrso O (z) = P(x)R(x).

(d) Mo jiemMMe O cOMpsizKEHUH.

(e) Ilycrs P — HenmpuBojuMbIil MHOKHTEIb MHOrOWIeHa $ Hax Qpy1. Jokaxure, uyro P
nemmrest wa PP. Econ @ #+ PP, ro ® npusomum Haz Qy (60 Tak Kak KOIPPUIMEHTH MHOTO-
qnena P nexar B Qpy1, To Koaddurments! MHorodatena PP nexar B Q.) IIpoTusopeune.

VYkazaHue K Jpyromy pemnrenuio. /JloctaTodHo jgokKas3aTh, 9TO ecjau MHOrowieH P ¢ Koadpdu-
npenTaMu B Qg gemat ®, To P u P zamvuo mpocthr. s storo nokazkure, uto HOJI(P, P)
nMeeT Ko3punuenTol u3 (Jr ¥ BOCIOJIb3YHTECh HEPUBOJIUMOCTBIO MHOTOUIeHA P B ().

(f) Anasormuno (b).

(g) YkazanHoe B myHKTE (€) pasnoxkenue Muorowiena $(x) cocTouT poBHO U3 JIBYX MHOKH-
resieit. To ke camoe BEPHO U JIJIsT PA3JIOyKEHUsI Oy IMBINNXCST MHOXKHUTe el u T.11. Vexojs u3
9TOTO MOJIYIUTe, YTO CTeleHh MHOrOWIeHa P () H0/I7KHA OBITH CTEIEHBIO JBOMKIL.

Yrazanus x F4. (a,b) Ananornuno F3.

(c) Ilpumenure mpusnHak DiizeHmreiina K Maorowieny ®(x + 1) u memmy aycca.

(e) Ecam aucio cos(27/25) nocrpoumo, o mo F4a crenens muorodnena ®(x) mokua ObITH
CTEIEeHbIO JIBOWKHU. A 9TO HEBEPHO.

(f) AHa/JIOrUIHO TIPEJIbILYIIEMY.
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