XXVIII Kuposckaa NAMIL, 3-28 uroan 2012 200a e 10 xaacc e 23 urons
3akn4unTenbHas oNMMnnaaa C peleHusImMm

[\ OBBEIBOA,

1. Bacs Hamucaa 9MCAO, YBHAEA, UTO OHO AEAUTCS Ha CBOIO IIOCAEAHIOI HU@PY, X IOAEAUA Ha HEE.
Oxkazanoch, YTO IOAYUEHHOE YUCAO TOXKE AEAUTCS Ha CBOIO IIOCAEAHIOIO Iudpy, u Bacs onsaTe Ha Hee
mopeama u T. A. [Tocae 100 peneruit Bacs moayuua 1, IpudeM AO 3TOTO BCE PE3YALTATHI ACACHUN OBIAT
6oabmre 1. Kakoe 4ucao y Hero Morao 6bITh B Hadane? (HaiiauTe Bce BOBMOYKHEIE OTBETHI X AOKAKUTE,
YTO APYTHX HET.)

Oteet: y-5”, rae y — HeuéTHas mudpa, OTAWIHAS OT 1 WM x- 677, TAe X — HedéTHas mudpa, OTATTHAS
ot 1.

Pewenne. PaccmoTpuM opAHY UTepalio Ipollecca, IyCTh YMCAO 3aKaHYUBAAOCHL Ha IUMPY X, PE3YAL-
TaT AeAeHUs — HA nudpy Y. Toraa xy —x = x(y — 1) aeamrcs Ha 10. [TockoabKy 4ucaa X, Yy — 1 MeHbIIIE
10, opHO ¥3 HEX YETHO, & BTOPOE PABHO IISITH.

[Iycts x = 5. 3HAUUT, BCe IPEABIAYIINE IIATW MBI TOXKe AeAuAEM Ha 5. OTciopa IOAyYaeM OTBETEHL
y 5%, rae y — HeuérHas udpa, OTAWIHAS OT 1.

[Iycts y — 1 =5, T.e. y = 6. Toraa Bce caepyromue mary, okKa He MOAYYIUTCS 1, MBI OyA€M AEAUTH
Ha 6. OTCIoAA TIOAYYAeM OTBETEL X - 677, TAe X — HedéTHas nudpa, OTAMYIHAS OT 1.

2. N\OKa>XUTE, UYTO ECAY IIPOU3BEAEHUE TPEX YUCEA PABHO 1, a X cCyMMa OOABIIIE CYMMBI UX OOPaTHBIX,
TO POBHO OAHO U3 3TUX 4uceA Hoabire 1.

Pewenune 1. YcaroBue Ipo TO, 9YTO CyMMa YuCeA DOABIIE CYMMBI OOPAaTHEIX, HA CAMOM AEA€ O3HAYAET,
YTO CyMMa 4YuceA P OOAbIIe CyMMBI IIOIAapHBIX IIpom3BepeHU? (. Hamm udmcaa sSBASIIOTCS KOPHSIMU
MHOTOUAeHa X° — px? + qx — 1. DTOT TpéXuAeH B 1 OTpHUIaTeAEH, a CTapImit KoshUIIMEHT y HETO
TIOAOKUTEAEH, 3HAYUT, OH MMeEEeT HEYETHOE KOAWYECTBO KOpHEW, OOABmMUX 1, a TPU TaKWUX KOPHS OH
VMETb He MOJKET.

Pewenne 2. Ha camom aene, TO JKe caMoe.

O6o03HaYMM HAIIW YXCAQ 32 (, b ¥ ¢. 3amuImeM HeEPAaBEHCTBO ab + ac+bc—a—b—c < 0. AobaBum
u BeruTeM 1, moayuuM 14+ ab+ac+bec—a—b—c+abec <0, orkyaa (1 —a)(1—b)(1—c) < 0. 3uaywur,
U3 HAIIAX YUCEA HEUETHOE KOAMYECTBO OOAbIIe 1, HO BCe TPU HE MOTYT OBLITh.

3. NaHBI ABa YETBHIPEXYTOABHUKA. AAS Ka*KAOTO W3 HUX BEIIUCAAM B IIPOM3BOABHOM IIOpPsSIAKE 6
YUCeA — AAMHBI CTOPOH U AmMaroHaAe#d. OKazanoch, YTO BHIIMCAHHBEIE HAOOPHI COBIAAM. BEpHO AH, ITO
YeTHIPEXYTOABHUKY PaBHBI?

Pewenne. PaccMoTpuM 4eTBIPEXyTOABHUK C KoopauHaTamu BepmuH (0,—1), (—1,0), (0,1), (3,0), a
TaK >X€ YETBIPEXYTOABHUK C KooppumHaTtamu BeprmuH (—2,0), (—1,1), (1,1), (2,0). Im 6yaeT cooTBeT-

CTBOBAaTb OAMH ¥ TOT e Habop (v/2,v/2,2,v10,110,4).

4. Ha nmpoponsxerusix cropoH AB u CB ocrpoyroasuoro rpeyroabuumka ABC 3a Touky B ormeueHE!
Toukn M u N coorBercTBerHO, npuieM AM = CN = p, rae p — noaynepuMerp Tpeyroabrrka ABC. I
— IIEHTP BIUCaHHON OKPY>KHOCTU TpeyroaburKa ABC. OTpesox BL — pmameTp onmcanHO# OKPY>RXHOCTH
TpeyroabHuKa ABC. Aoka>kute, uro npsimble LI u MN nepneHAVKYASPHBI.

Pewenwne. Ilycts Ja, Ay, Aj - IEHTP BHEBIKCAHHON OKPY>XHOCTH, Kacarolleiics cropousl BC, Tou-
Ka ee KaCaHUS ITOY CTOPOHBLI M TOYKA KAaCAHUS ITOM CTOPOHBI BIIMCAHHON OKPY>XHOCTU. AHaAOTHMYIHO



OmpeAeAsitoTcst ToUKY Jc, C;, Cy. Ilycte X - Touka nepece_t)IeHML npsaMbIx JaA,; u JcC,. U3BecTHO, 4TO

BA; = A,C u BC, = C;A. Toraa mpoekuuu Bekropos 1L u BX ma mpsimbie AB u BC paBHeI. 3Ha-
YUT, OHM paBHBEI. AOCTATOYHO AOKaszaTh, uTo BX mepnemaukyasippa NM. M3 Toro, uro Touku N u M
cummeTpudHbl A; # C; oTHOCHUTEABHO JaJc caepyer, uro /(NM, BX) = Z(NM, AB) + Z(AB,BX) =
Z(BC,A,Cy) + Z(CoA,, AxX) = Z(BC, Ay X) = 90°.

5. B TeHHMCHOM TypHUpPE N yIacTHUKOB. OHU XOTSAT CHII'PATh HECKOABKO MaTdel IIapa Ha Iapy TakK,
YTOOBI Ka)KABIN CHITPAA NPOMUE Ka*XAOTO POBHO OAMH pa3. [Ipy KakKux N UM 3TO yAACTCSI?

OTet: mpu n cpaBHUMEIX ¢ |1 mod 8.

Heobxogumoctb. O4ueBHAHO, YTO N AOAYKHO OBITH HEYETHHIM (TaK KAaK CTEIEHb Ka’KAOM BEPIINWHEL
obst3aHa OBITH YeTHOM) 1 obImee KOAXIECTBO pebep AOAXKHO 6BITH KpaTHO 4. To ecTb n(n—1)/2 peautcs
Ha 4, Toraa n — 1 KpaTHO 8.

Mpumep. NEpyKITTS.

Baza n = 9: paccTaBMM HaIl¥ TOYKY II0 OKPY’KHOCTH IIPOHYMepyeM dmcaaMu oT 1 a0 9. BozbmeM
Ternepsb caepyomuit 4-uka: 1 —2 —9 — 6 — 1. AeTKO BHAETD, YTO €r0 0OPA3kEl IPU IIOBOPOTAX 3aMOCTSIT
BeChb rpad.

[Tepexoa n +— n + 8.

Briaeaum 8 BepiuH rpada ¥ IPUMEHUM IPEAIIOAOKEHNE NHAYKIMY K OCTABIIMMCS .. 3aTEM BEIAE-
AUM CPEAU 3THX N BEPUIMHY A U OCTaBIIZecs N — | pa3obbeM Ha Iaphl (3TO, OUEBUAHO, BO3SMOXKHO TaK
KaK T HEYETHO). AAsI KaKAOM Iaphl, IOCTPOUM YeTHIpe 4-IIMKAA IOKPHIBAIOIINX BCEe pebpa MEXXAY 3Tl
mapoi u BEIAeAEHHBIME § BepimrHaMu. OCTaA0Ch IPUMEHUTE K BEPIIXHE A U BEIAEAEHHBEIM 8 BEPIIMHAM
6a3y mHAyKIuU. [loayunan pa3bueHne Bcex pebep MeXXAY N + 8 BepIInHAMY Ha 4-IIMKABL.

BriBop,

6. Vlmeercs 2012 pa3sAMYHBIX KOHEYHBIX MHOXXECTB. A\OKa>KUTe, YTO U3 HUX MOKHO BEIOpATh Takue 10
MHO>XECTB, ITO HU OAHO U3 BEIOPAHHBIX HE SIBASIETCS OObEANHEHNEM HIKAKUX HECKOABKUX U3 OCTAABHBIX
2011 MHO>XECTB.

Pewenune. Bribepem HamboAbIllee KOAUYIECTBO MHOMKECTB TaKUX, YTO AIOOOE U3 HUX HE IBASETCH 00DH-
€AUHEHNEM HECKOABKUX OCTABIIMXCSH. AOKa>keM, 9TO BbIOpaHo He MeHee 10 MHO>XeCTB. A€ CTBUTEABHO,
paccMOTpuM AI0DOe U3 HEBLEIOPAHHBEIX MHOXKECTB. OHO SIBASIETCS OObEAVHEHNEM HEKOTOPBIX APYTuX. [1o-
Ka’KeM, YTO MOYKHO ODOMTHCH TOABKO BEIOpaHHBIMU. Bo3bMeM HEBBIOpPAHHOE MHOKECTBO C HAUMEHBIITAM
KOAMYIECTBOM 3AeMeHTOB. OHO, OYEBUAHO, MOXKET IIPEACTABASITHCSI TOABKO B BUAE OOBEAMHEHUSI BEI-
OpaHHEIX MHOXXECTB (TaK KakK B K&KAOM U3 HEBHIOPAHHEIX He MEHBINIE 3A€MEHTOB). Telrepb PacCMOTPUM
BTOPOE II0 KOAWYECTBY IAEMEHTOB CPeAV HEBEIOPAHHBIX MHOXKECTB. OHO IIOAYYAETCS KaK 0ObeAMHEHTE
HECKOABKUX BBIOPAHHBIX ¥, BO3MOXKHO, HAMMEHBIIIETO MHOKECTBA. 10 €CTh MBI TOXKE ODOIIAKCH TOABKO
BBIODAHHBEIMY MHOXXECTBAMHU. 1aK MBI IIOAYYaeM AAS Ka>XAOT'O M3 HEBHIOpaHHBEIX MHOXecTB. Ho ecam
BLIOpaHO He 6oaee 9 MHOXKECTB, TO y HuX He 6oaee 2° = 512 pasAMYHEIX 06beAMHEHM, ITO MEHBIIE,
yem 2012 — 9 = 2003. S3HauuUT BLEIOPAHHBEIX MHOXXECTB He MeHbIre 10.

7. MNambr 2012 KBaApaTHBLIX TPEXYAEHOB X2 — a;x + by, i =1, 2, 3, ..., 2012, y KOTOPEIX Ha MecTe
KO3 PUITMEHTOB 0, b; BCTPEYAIOTCS II0 OAHOMY pasy Bce umcAa oT 1 a0 4024. Hukakue ABa TpexXdAeHa



He UMeIOT obmux KopHe#. Ha BemecTBeHHOM IPsIMO OTMETUAY BCE KOPHU STUX TPEXUNEHOB. J\OKa KUTE,
YTO PACCTOSTHUE MEXAY KAaKUMU-TO ABYMSI OTMEYEHHBIMU TOYKaMu MeHbIre 1/250.

Pewenne. PaccMoTpuM TOABKO Te€ TPeXUAEHHI, ¥ KOTOPBIX ¥ a; ¥ b; oT 1000 po 3984. 3ameTum, uTO
umx TouHO He MeHbIne, 4eM 901 (moroMy uTo He B35TO 1029 K03DDUIMEHTOB, KaXKABIH U3 KOTOPHIX
3anperaeT He 60Aee OAHOrO TpexduneHa). IIpy 9TOM, MEHBIINH KOPEHb Ka>XKAOrO U3 TAKUX TPEXIAECHOB

a; — \/a? — 4b;

1
2‘ . J\ETKO IIPOBEPUTDH, YTO 3TOT KOPEHDb, IIPY YKa3aHHBLIX OPAaHUYEHUSIX HA Q; X bj,

0bs13aH AeXkaTh Ha moAyuHTepBaAe (2,4]. Toraa mo npuHInny AVPUXAE PACCTOSHUASIMU MEXKAY KAKIMU-
TO ABYMsI U3 3TUX KOpHei# MeHbIre 1/450.

paBeH

8. Ha mnrockocTu oTmMedeHO HECKOHEYHOE KOAMYECTBO TOUEK, M3 KOTOPBEIX HUKAKWE TPU HE AEKAT
Ha opHOM npsMoi. MHOXXecTBO A COCTOUT U3 PaANYCOB BIXCAHHLIX OKPY’KHOCTE! BCEBO3MOXXHBIX Tpe-
YTOABHUKOB C BEPIIMHAMU B OTMEYEHHBIX TOYKaX. AOKa’KUTe, UYTO MHOMKECTBO A GECKOHEYHO.

Pewenne. ObosnauuM 3a Fcp(X) dyHKIUIO oT Touku X, PAaBHYIO PAAKUYCY BIIMCAHHON OKPY>XKHOCTH
TpeyroabHuKa CDX.

Nemma 1. Ecau Fep(Xy) = Fep(X3) = u Toukm X; u X, HaXOASITCS B OAHOM ITOAYIIAOCKOCTH OTHOCH-

reabHO CD, To AnsT AToboit Toukm Y BHYTpH oTpeska X;X; BuIIOAHEHO Fcp(Y) > c.

S(CDX;) S(CDX;3)
3ameTuM, 94TO ¢ = = rae S — PYHKIUS OAOMIAAY, P — DYHKIUS IOAYIIEPUMET-

p(CDX;)  p(CDX;)’
S(CDX bS(CDX
pa. IIycts Y paenuT oTpe3ok X; X, B oTHoIIeHu  a: b, rae a+b = 1. Toraa c = ZpECDXB iprCDXE; =
S(CDY)

ap(CDX;) + bp(CDX;)
Ho scno, uto CY < aCX; 4+ bCX;, aganroruuro DY < aDX;+bDX;, u CD = aCD +bC(CD, oTkyaa cpasy

BBITEKAET >KEAAEMOE.

. CaepoBaTenBbHO, AOCTATOYHO NMOHATH, ¥TO P(CDY) < ap(CDX;) + bp(CDX,).

Nemma 2. Ha ayue ¢ Bepmuuoit B C dpyHKIUS Fcp CTporo Bo3pacTaer.

AeficTBITEABHO, IYCTH TOYKa X AEKUT Ha OTpe3Ke MexxAy ToukaMu C u Y. 3ameTuM, YTO BIXCAHHAS
OKPY>XHOCTb TpeyroabHuka CDY moaydaeTcs: #3 BIMCAaHHOE OKPY>KHOCTU TpeyroabHumKa CDX romore-
e ¢ neatTpoM B C. Ecau ee xoadbdunuenT me npeBocxopuT 1, To 0bpas BnucarHO! oKpy>xHocTH CDX
6yaer aexxaTh B CDX, HO Torpa 06pa3 He MOXKET KacaThcst oTpeska YD. 3uauur, B Touke Y Fcp Goabie,
4eM B X.

[Tpeamonoyxum, uto |A| =nu A = {t,ty,...,t.}. M3BecTHO, 4TO CpeArM AOCTATOYHO BOABIIIOTO KO-
AMYECTBa TOYEK HAa IIAOCKOCTH Ha#AyTcst 2n + 1 TodeK, 06pa3yIOIUX BHIIYKABIH (2n + 1)-yroAbHEK.
ObosumauuMm 3a C u D ABe ArobBle cocepHVE BEpPIIMHBI 3TOI'O MHOTOYIOAbHUKA. [lo mpumnuny Awmpu-
XAe, HaBAeTCs 1 Takoe, YTO AAsT Tpex BepummH X, X; u X3 (HyMepanusi B IOpsiAke 06XOAa BEPIINH
muoroyroassuka ot C po D) muoroyroasHumka BBIIOAHEHO Fep(Xi) = Fep(Xz) = Fep(X3) = ti. Tk
MHOTOYTOABHUK BBIIYKABIZ, oTpe3ku AX, u X;X; mepecekarorcs B Touke P. Ilo aeMmam 2 u 1 BepHO,
uto Fep(X2) > Fep(P) > t;. IlporuBopeune.



