arXiv:0802.3820v3 [math.GT] 18 Jul 2012

A SHORT PROOF OF THE KURATOWSKI GRAPH PLANARITY CRITERION [|

A. Skopenkov [

Abstract. This paper is purely expositional. The statement of the Kuratowski graph planarity
criterion is simple and well-known. However, its classical proof is not easy. In this paper we present
the Makarychev proof (with further simplifications by Prasolov, Telishev, Zaslavski and the author)
which is possibly the simplest. The paper is accessible for students familiar with the notion of a graph,
and could be an interesting easy reading for mature mathematicians.

A graph is called planar if it can be drawn in the plane without self-intersections.

The Kuratowski Theorem. A graph is planar if and only if it does not contain a subgraph
homeomorphic to Ky or to Kz 3 (fig. ).

K5 K373
Figure 1: The Kuratowski graphs

For definition of homeomorphic graphs, as well as for a short proof of the ‘only if’ part of
the Kuratowski theorem see [Pr04]. For results related to this theorem see either the Russian
version of this text or [C134, CI37, Ep66, GHV79, HJ64, Ku00, MS67, MA41, RS90, RS99,
Sa91, Sk95, Sk08, Sk, Wh33|.

Here we present a simple proof of the ‘if” part of the Kuratowski Theorem based on [Ma97],
cf. [Th81], with further simplifications by Prasolov, Telishev, Zaslavski and the author.
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Deletion of an edge: G — e, contraction of an edge: G/e, and deletion of a vertex: G — z

Clearly, it suffices to prove the Kuratowski Theorem for graphs without loops and multiple
edges. So we consider only such graphs. By contraction of an edge we would understand
contraction of an edge with replacement of each obtained edge of multiplicity greater than 1
by an edge of multiplicity 1.

IThis note is based on the author’s lectures at the Kirov Region Summer School, St Petersburg Summer
School, the Moscow Olympic School, mathematical circles at Kolmogorov College and at Moscow Center for
Continuous Mathematical Education. I would like to acknowledge B. Mohar, D. Permyakov, V. Volkov, M.
Vyalyi and T. Shaihieva for useful discussions.
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We prove the ‘if” part of the Kuratowski Theorem in the following equivalent form.

Proposition. If a connected graph G is not isomorphic to K5 or to K33, and for each edge
e of G both graphs G — e and G /e are planar, then G is planar.
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Figure 2: "Uncontraction of an edge’ in the Kuratowski graphs

Proof that Proposition implies the ‘if” part of the Kuratowski Theorem. The statement
‘graph G contains a subgraph homeomorphic to the graph H’ will be abbreviated to 'G D H’.

The ‘if part’ of the Kuratowski Theorem is proved by induction on the number of edges in
the graph. By Proposition the inductive step follows because G D K5 or G D Ks3 if either
G—eDKsorG—eD Kz orGJle D K;5 or G/e D K33 for some edge e of G. ‘For G — e’ the
italicized assertion is obvious. If G/e D K33 then G D Ks3, and if G/e D Kj then G D Kj or
G D K373 (ﬁg QD QED

Lemma on the Kuratowski Graphs. For each graph G the following three conditions
are equivalent:

(1) For each edge xy of G the graph G — x — y does not contain 0-graphs, and from each
verter of G — x — y at least two edges are issuing.

(2) For each edge xy of the graph G the graph G — x — y is a cycle (containing n > 3
vertices).

(3) G is isomorphic either to Ky or to Ks 3.

The implications (3) = (2) = (1) in the Lemma on the Kuratowski Graphs are clear and
are not used in the proof of the Kuratowski theorem.

Figure 3: A ’tree’ of cycles

Proof of the implication (1) = (2) in the Lemma on the Kuratowski Graphs. Condition (1)
implies that K —x — y is a disjoint union of ‘trees’ whose ‘vertices’ are cycles. (fig. B} formally,
each block of K is a cycle). Therefore K — z — y contains a ‘hanging’ cycle, i.e. a cycle C
having only one common vertex v with the remaining graph. This cycle C' has at most two
other vertices p and ¢. Since K — x — y does not contain isolated vertices, from each vertex of



K there issue at least three edges. Hence each of these vertices p and ¢ is joined either with x
or with y. Therefore in the union of C' and the edges of K joining vertices x, ¥y, p, ¢ we can find
a @-subgraph. Hence by (1) each edge of K — z — y has an end on C. Since by (1) the graph
K — x — y does not contain hanging vertices, this graph coincides with C'. QED

Proof of the implication (2) = (3) in the Lemma on the Kuratowski Graphs. If n = 3 then
for each two vertices b and c of the cycle K — xz — y the graph K — b — ¢ is a cycle, hence the
remaining vertex of the cycle K —x — y is joined (by an edge of K') both to = and to y. Hence
K - K5.

If n > 4, then take any four consecutive vertices a,b,c,d of the cycle K — x — y. Since
K —b—cis a cycle, in the graph K one of the vertices a or d is joined (by an edge) to x (and
not joined to y), the other is joined to y (and not joined to ), whereas the vertices of the cycle
K — x — y different from a, b, ¢, d (which do not exist when n = 4) are not joined neither to z
nor to y. For n > 5 we obtain a contradiction. For n = 4 we see that the four vertices of the
cycle K — x — y are joined to x and to y one after the other, hence K = K33. QED

Proof of Proposition. By the implication (1) = (3) of Lemma on the Kuratowski Graphs
there is an edge xy of G such that G — x — y contains either a vertex of degree at most 2 (in
G — x —y) or f-graph.

If the degree of some vertex of GG is 1 or 2, then contraction of one of them gives a planar
graph, so G is planar. So assume that in GG out of each vertex there issues at least three edges.

Hence graph G — x — y does not have isolated vertices and if it has a hanging vertex p,
then p is joined both to z and to y in G. Draw the graph G — (zy) in the plane without
self-intersections. Add edge xy along edges px and py. We obtain a drawing of GG in the plane
without self-intersections.

Figure 4: Drawings of the graphs G /xy and G in the plane

Now consider the case when G — x — y has an 6-subgraph. Draw graph G/xy in the plane
without self-intersections (fig. Ml left). Drawing of graph G —z —y = G/zy — zy in the plane is
obtained by deleting the edges of G /zy issuing out of the vertex zy. Take the face of (the image
of) G/xy — zy that contains the vertex zy of the graph G//xy. Denote by C the boundary of
this face.

Observe that the boundary of a face cannot contain a 0-subgraph.

(This statement could be derived from the Jordan Curve Theorem. Another proof could be
obtained supposing the contrary. If the boundary of a face contains a #-subgraph, then take a
point inside this face and join it by three edges to three points on three ‘arcs’ of the #-subgraph.
We obtain a drawing of K33 in the plane without self-intersections. Contradiction.)

So G —x—y# C. Then edges of G — 2 — y — C B are contained in a face of (the image
of) G/xy — zy not containing the vertex xy. Hence graph C splits the plane. Therefore there

3 Deletion of a subgraph is deletion of all the edges of this subgraph and of all the vertices which are endpoints
only of edges of the subgraph. Note that deletion of a vertex is not the same as deletion of a subgraph formed
by this vertex.



is a cycle C C C such that xy is (without loss of generality) inside C' and certain edge of
G —x —y — C is outside C.

Denote by R the union of all the edges of G /zy lying outside C. (Possibly G—x—y—C # R.)
We may assume that R is a subgraph of G. Draw graph G — R in the plane without self-
intersections (fig. @ right). We may assume that in this drawing the edges of G issuing out of
x or y are inside the cycle C.

Each connected component of G — x —y — R — C intersects C' at most by one point.

(Indeed, otherwise G — z — y — R — C' has a path joining two points of C'. In the drawing
of G/xy the corresponding path lies inside C'. Hence the path splits the interior of C' into two
parts, one of the containing xy, and the other is not contained in the face bounded by C. Hence
C ¢ C, which is a contradiction.)

Therefore we can shift to the interior of C' each connected component of G —x —y— R—C
(see an arrow in fig. M]). Then G — R — C' is inside C. Draw R outside C' like for the drawing
of G/xy (fig. @ left). We obtain a drawing of GG in the plane without self-intersections. QED
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BOKPYI KPUTEPNY KYPATOBCKOTIO IIJTAHAPHOCTU IT'PA®OB
A.B. CkoneHkoB E

Awnnoramusa. Gopmynuposka Kpurepus KyparoBckoro miaanapHOCTH rpadOB XOPOIIO U3BECTHA
(Bce HEOOXOMMMBIE MOHATHS U 9Ta (HOPMYINPOBKA HAIIOMHEHBI B TekcTe). OHAKO €ro KIIaCCHIeCKoe
JI0Ka3aTe/ILCTBO CJIOXKHO U IIPUBOANTCA HE BO BCEX KHHIaX II0 TeOpuu rpadoB. 31ech MPUBOIAUTCS JI0-
Ka3aTesibcTBO MakapbiueBa (¢ yIPOIIEHUSIME, CeIaHHbIMU 3acaaBckuM, [IpacososbiM, TesuieBbiv u
ABTOPOM ); TIO-BUIMMOMY, OHO sIBJIsleTCsi Haubosiee pocThiM. [lepesn nokasarenberBoM Kpurepusi Kypa-
TOBCKOT'O ITPUBOISITCA HEOOXOIUMBIE OIPEIEIEHNs, a [T0C/e — OJIM3KHIe Pe3yJIbTATHL.

Ilnanapubie rpadbl

['pad HA3BIBAETCS NAGHAPHDIM, €CTTA €70 MOYKHO 0€e3 caMolepecevueHnii HaprcoBaTh Ha ILJI0C-
koctu. Hampumep, mrob6oe gepeBo u J1t000it rpad, oOpa3oBaHHBIH BepIIMHAMI U peOpPaMu HEKO-
TOPOTO BBIIYKJIOTO MHOTOrpaHHuKa — mranapusie. A rpadst K5 u K33 (M. puc.) He sBISIOTCS
IUIAHAPHBIMU. DTO MOXKHO JIOKA3aTh IIyTeM HeOOJIBIIOro mepedopa ¢ UCIOIb30BAHIEM CJICIYIO-
mieit reopembr [Pr04, §1, Teopema 1.3|. (dokazarenbcrso memianapaoctu rpada K, ocHoBaHHOE
Ha noHgTun Koadhdurmenta nepecedenns, cm. B [BE82, Sk05, Pr04, §1].)

K K33
Puc. 1: I'padsr Kyparosckoro

Teopema 2KoppaHa. 3amkHymas Hecamonepecekaowasca Kpueas (m.e. yuxa) desum
nAOCKOCM® posHo Ha dee wacmu. (Ilpu smom odna wacmv ozparuiena, OpY2as Heo2PaHUNERA,
npuvem 06e MoKy NAOCKOCMU, HE NPUHAOAEHCAWUE KPUBOT, AedHcam 6 00HOT “acmu mo2da U
MOoALKO M020a, K0204 UT MOACHO COCQUNUMD AOMAHOT, He Nepecekarowet: Kpueot).

O6cyzKieHne 1 JI0Ka3aTeIbCTBO ITON TeOpeMbl CM., Hanpumep, B [An03].

Ilrockum epagom HazBIBaeTCS mM300parkeHme rpada Ha IJIOCKOCTH 0e3 caMollepecedeHnit.
Nuorma Takoe n3o0pazkeHne Ha3bIBAIOT IIPOCTO rpadoM, HO 9TO HETOYHO, IIOCKOJIBKY ILIaHap-
HBIA rpad MOKHO n306pa3uTh (6e3 caMoliepeceveHnit) Ha TIOCKOCTH PA3HBIME CIIOCOOAMI.

Paznuanbie nzobpazkenus rpada Ha ILIOCKOCTH

['py6o rosopsi, nodepagh mannoro rpada — 1o ero gactsb. Popmasibao, rpad G Ha3bIBAETCS
nodepagom rpacda H, ecou muOX)KecTBO Bepiud rpada (G cOAEPKUTCH B MHOYKECTBE BEPIIIH
rpada H u kaxnoe pedbpo rpada G asisercd pedopom rpacda H. I1pu sTom e Bepiuib rpada
GG, coequnenHble pedbpoM B rpade H, He 0bs3aTeIbHO coenHeHbl pedpoM B rpade G.

1'Jra, 3aMeTKA ABJISETCS IOIOJHEHHON BepCHeil 3aMeTKH [Sk05]. Ona ocHOBaHa Ha 3aHATHUSIX, IIPOBEIEHHBIX B

A. Ckonenkosbim B Kuposckoii JIMIII, Mockosckoit OBIII u na kpyzkkax ‘Maremarudeckuii cemunap’, ‘Omm-
b b
muansl 1 Maremarnka'. Biaaromapio B. Boakosa, M. Bsuoro, [I. Ilepmsakosa u T. IllaiixueBy 3a moJsesHble
9 )

3amedanust u oocyxaeans, M. Bsoro n uzmaressctso MITHMO 3a monroroBky pucyHKoB, a Takke b. Moxapa
u C. MaTBeeBa 3a Ipea0oCTaBICHHBIE CCHLIKM.
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fcno, aro m060it moarpad mranapHoro rpada IaHapeH.

['py6o roBopst, rpadbr n30MOPQHBI, €c/in OHU OJUHAKOBBI (IIPU 9TOM MX HU300pa’KeHUs Ha
IJIOCKOCTU MOTYT ObITh pasabivi). Popmasibho, rpadel G u G (6e3 neresib 1 KpabHBIX pedep)
HA3BIBAIOTCS U30MOPPHHVILMIU, €CTTH CYTIECTBYET B3aMMHO-0/IHO3HaUHOE oToOpaxkenue f : V) — Vs
MHOXKecTBa V) Bepind rpada (G; Ha MHOXKecTBO V5 Bepina rpada (o, yIOBIETBOPSIIOIIEE YCJI0-
BUIO: gepuwunvs A, B € Vi coedunenvr pebpom 6 mom u mosvko 6 MOM CAYUGE, ECAU BEPULUHDL
f(A), f(B) € Vy coedunenv, pebpom.

Omnepartust nodpaddenenus pebpa rpacda Mokazana Ha PUCYHKE.

\ . \
/ /

[Toxpazmenenue pedbpa

JIBa rpada Ha3bIBAIOTCI 20MEOMOPHHOIMU, €CIIH OT OTHOTO MOYKHO IEPEHTH K APYyrOMY IIpU
ITOMOIIN OTIepaIuii moipas3aesiennst pedbpa u oOpaTHbIX K HUM. Vi, S9KBUBAJIEHTHO, €CIN CyIIe-
crByeT rpad G, MOTydIeHHBIN 13 000UX JAHHBIX TPpadOB OEpAIMAME T0/Ipa3ie/ieHnst pedpa.

fcno, aTo romeomopdHbIe Tpadbl ABJISIOTCS WA HE sIBIAIOTCA TIJIAHAPHBIMU OTHOBPEMEHHO.

Teopema KyparoBckoro. I'pag sasasemcs naanaproim mozoa u moavko mozda, xoz2da on
ne codepoicum nodzpaga, 2omeomopgrozo epady K uau Kss (puc. k5k33).

D1a Teopema OODbIBICHA TAKKE 3aMeYaTe/JbHBIM COBETCKUM MaremaTukoM JIbBom Ceme-
HOBHYeM [IOHTpSITMHBIM (JI0KA3aTeIbCTBO He OmmybsmKoBaHo), a takke Ppunkom u CMmuToMm.
[Tosromy muorna ee maspiBaioT Teopemoit llonTpsaruna-Kyparosckoro. B 1920-e roasr Kapa
Menrep o0bsgBUII, 9TO 2pagh, cmenend KaHcAOT GEPUWUHDL KOMOPO2O PABHA 3, ABAAECMCA NAOC-
KuM mo2da U moavko mozda, Ko2da on we codepocum nodepaga, 2omeomopdprozo epady Ks ;.
Yuraresb MOXKET TONBITATHCS CAMOCTOSITENBHO JTOKA3aTh 3TOT (GakT (BBITEKAOIMINI U3 Teo-
pembl Kyparosckoro). Kpome Teopembr KypartoBekoro, cyiecTByer MHOTO JPYIHX KPUTEPUEB
wranaproctu rpados [Th81]. Orpomublii mHTEpEC K MOMCKY KPUTEpHs IJIAHAPHOCTH IpadoB
O00bSICHSETCS, B YaCTHOCTH, HAJUIUEM OJHON U3 BEJIUYANIIUX MaTEMaTUIeCKUX TUIIOTE3 — T'H-
nore3nl derbipex kpacok [Pr04, §1|. Ona yrBepxKiaer, 4To BEPIIMHBI JIIOOOTO ILJIOCKOTO rpada
MOXKHO MPaBIJILHO pacKpacuTh B 4 1ipera. Packpacka Beprins (rpaHeil) 1ocKoro rpada Ha3bl-
BAETCS NPasuAbHOU, eCJIi JIOObIe JIBe COCeIHIe BepIINHbI (IPaHi) OKPAIIeHbl B Da3HbIE I[BETA.

IIpocToe mokazaTeibCTBO JOCTATOYHOCTU B TeopeMe KypaToBcKoro
[TpuBosmMoOe T0Ka3aTeNbCTBO B 0OCHOBHOM TpuHa exkuTe 0. MakaperaeBy (oH mpuiymast
CBOE JIOKA3aTeNILCTBO, ere Oy ryan mkoabaukoM!), cp. [Th81, §5].

%—<%—<>§<:
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Puc. 2: ¥Ynanenne pebpa G — e, crarubanue pebpa G /e u ynanenue sepriusbl G —

Tak Kak JIOCTATOYHOCTH B TeopeMe KypaToBCKOro JIOCTATOYHO JOKA3aTh i I'padoB 6e3



neTesib U KPaTHBIX pedep, To OyJieM paccMaTpuBaTh TOJILKO Takue rpadbl. [lo craruBanuem
pebpa OyaeM IMOHUMATh CTATUBaHHE pebpa BMeECTe ¢ 3aMEHON KarKI0TO ITOJIyIUBIIEerocs pedpa
KpaTHOCTH OoJibIlie 1 Ha pedpo KpaTHOCTH 1.

YrBepxkaenue. Ecau ceasnviti epap G ne usomoppen nu Ks, nu Ks 3, u daa aobozo pebpa
e epagpa G oba epagpa G — e u G /e naanapno, mo G naanapen.

Y
T

Puc. 3: "Pacrarusanue pebpa’ B rpadax Kyparosckoro

Hoxazameavcmeo docmamourocmu 6 meopeme Kypamoeckozo ¢ ucnoavb3osanuem Ymeep-
otcdenua. CBoiicTBo ‘epag G codeporcum nodepagh, 2omeomopdmoiti epagy H’ Gymem coKpareHHO
sanmcelBaTh B Bugie ‘G D H.

JocraroanocTs B Teopeme KypaToBCKOro JIOKA3bIBAETCS MHLYKITHEH 110 KOJIMIECTBY pebep B
rpacde. [ar unaykimu ciegyer u3 Y TBep2KAeHUs, TOCKOIBKY ecau G—e D Ky uau G—e D Ks3
usu Gje D Ks uau Gle D Ks 3 daa nexomopozo pebpa e epaga G, mo G O Ky uau G D Ks 3.
‘Hnsa G — €’ Boaenennoe KypcnBoM yTBepskaenue odesnano. Ecim G/xy D Ks3, 10 G D Kj 3,
aecm G/ry D Ky, 10 G D Ky win G D Ks3 (puc. B). QED

Jlemma o rpadax KyparoBckoro. /Jlis npoussoavrozo epaga K caedyrowyue mpu ycao-
BUA PAGHOCUNLHDL:

(1) Ans aobozo pebpa xy epaga K epagp K — x — y ne codeporcum 0-zpagha, u u3 xascdot
sepuiunvl 2paga K — x — y evixodum ne menee dsyx pebep.

(2) Ias mobozo pebpa vy epaga K epadp K —x —y asasemen yuraom (codeporcawsum n > 3
sepUUH,).

(3) K usomopgen K5 uau Ky .

Nmmmkanum (3) = (2) = (1) B temme o rpadax KyparoBckoro o4eBuIHbl U HE UCIOB3Y-
I0TCS B JIOKA3aTe/IbCTBE TeopeMbl KypaToBcKoro.

Puc. 4: ’IepeBo’ u3 1ukJjios

Jlokasameavcmeo umnaiukayuu (1) = (2) 6 aemme o epagar Kypamoscrozo. Beuay (1) B
rpade K — o — y cymiecTByer ‘BHCAYIHI’ UK, T.e. UK C', IMEIONHA ¢ OCTAJIBHBIM rpacboM



TOJIBKO OJiHy 06111yto Bepimuny v (ubo rpad K —x —y npejcrapisier coboii 0JJHO TN HECKOJIBKO
‘IepeBbEB’, ‘BepIIMHaMK KOTOPBIX CJIYXKaT MUKJILL, puc. 4 dopMabHo roBOps, KazKIbIM 0JI0KOM
rpada K — x — y aBiagercs muki). B arom nukie C' ectb erne mo KpaitHeil Mepe JIBe BEPIITHHBI
p u q. Tak kak B rpache K HeT BepIInH, U3 KOTOPBIX BBIXOJUT MeHee Tpex pebep, TO KaxKiaas
13 9TUX BEPINNH P W ¢ coeguHeHa Jub0 ¢ x, ymbo ¢ y. [losromy B 0O0bequHennn nukaa C' u
pebep rpada K, cCOequHSAIOMNUX BEPITUHBI T, ¥, P, ¢, MOXKHO BBIIEJNUTH O-mioarpad. 3HAUNT, 110
(1) kaxk10e pebpo rpada K —x —y umeer korer Ha ke C. [lockobky 10 (1) rpad K —z—y
HE COJIEPXKUT BuUcsa4Iux Bepmun, To0 K —x —y = C. QED

Jlokazameavcmeo umnaukayuu (2) = (3) 6 aemme o epagar Kypamosckoezo. Ilpu n = 3
JUTA JIIOOBIX ABYX Bepmiut b u ¢ ukiaa K — x — y rpad K — b — ¢ gBJigeTcsd UKJIOM, ITO9TOMY
ocTaBInasicst Bepiuha 1ukia K —x —y coepunena (pebpom) 8 K u ¢ z, u ¢ y. [losromy K = K.

[Ipu n > 4 Bo3bMeM J1100BIE YeThIpe COCeIHNE BEPIIUHEI a, b, ¢, d 1ukiia K —x—y. [lockosbKy
rpad K —b— ¢ siBiisieTcst UKJIoM, TO B KX ojlHa U3 BepIIUH ¢ U d coeJIMHeHa C T (U He COeIMHEHA
¢ y), Apyras coenuHena ¢ y (M He COeMHEHA C X), & OTJIWYHBIE OT a,b, ¢, d BepIIUHbBI UK
K — x — y (koropbix Her mpu n = 4) He coefHeHbI HU ¢ =, HU ¢ y. [Ipu n > 5 mosydaem
nporuBopedre. [Ipu n = 4 mosryuaem, 9To YeTbIpe BEPIIUHBI IUKAa K — & — Y COeINHEHBI C X
1 y nomepeMento, otkyna K = Kss. QED

Joxazamenvcmeo ymeeporcdenus. Tak kak G He nzomopden an Ky, au K3 3, TO 10 JIeMMe O
rpadax Kyparosckoro cymecryer pebpo e = (zy) rpada G, misg koroporo B rpade G —x —y
Haiiiercst inbo BepinHa crenenn Menbine 2 (B G — x — y), ubo f-noarpad.

Ecim B rpade G u3 HEKOTOPOI BEPIIMHBI BBIXOJUT OJHO HJIU JIBa €ro pedpa, TO MPH CTsi-
FUBAHUN OJIHOIO U3 HUX ITOJIydaeTcsd IIaHapHbI rpad, 3HaunT, u rpad G mwranapes. [losromy
najiee OyIeM CINTaTh, UYTO M3 Kayk10# BepmuHbl rpada G BBIXOJUT He MeHee TPexX ero pebep.

[Tostomy B rpache G — x — y HET W30JUPOBAHHBIX BEPIIUH, W €CJIN €CTh BUCSIYIas BepITNHA
p, TO OHa coeauHeHa u ¢ =, u ¢ y B rpade G. Hapucyem rpad G — (xy) na miockoctu 6e3
camorrepecevennii. Tak kak B rpade GG U3 p BBIXOAUT Tpu pedpa, TO ‘C OMHOI CTOPOHBI OT IIyTH
xpy u3 p He BeIxOAUT pebep. 'Tloapucyem’ pedpo xy BAOIB IIyTH TPy ‘C STOM CTOPOHBI. OT HETO.
[Tomyamm m306parkenne rpada G Ha MIOCKOCTH 63 caMoTiepecedeHnii.

Paccmorpum Temeps ciydait, Korma B rpade G — x — y Haitmercsa G-moarpad.

N3 teopembr 2Kopmana citeyer, 9to 4100017 naockutl epad pazbusaem naiockocmsv Ha KOHEY-
HOE YUCAO CBAZHBLT YaCMEL. ITU JACTH HA3BIBAIOTCI 2PAHAMU ILJIOCKOTO rpada.

Puc. 5: U306paxkenne wa miockocru rpados G/xy u G

Hapucyem 6e3 camonepecedenuit Ha ttockoctu rpad G/xy (puc. B ciaesa). Uzo6paxkenne
rpada G — xr —y = G/ry — ry Ha WIOCKOCTH MOJyYaercst cTupaHueM pebep rpada G/zy,
BBIXOAAMUX U3 Bepmunbl ry. O6osnaunm depes C rpanuily Toit rpann (n3obpaskenus) rpada
G/xy — xy, KoTOpas cojepKuT Bepimuy ry rpada G/ry.

3aMeTuM, UTO 2PaHUUG 2PaHY He Modtcem codeparcamsd B-nodzpaga.

(D10 yTBepXKIeHe MOXKHO BbiBecTH U3 TeopeMbl 2ZKopmana. /Ipyroe moKa3aTeabCTBO MOJTY-
YAeTCd OT MIPOTHUBHOTO: €CJIU TPAHUIA I'PAHU COJAEPKUT f-110rpad, TO BO3bMEM TOUYKY BHYTpPU
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9TOI TpaHU W COEJMHUM ee TpeMs pebpaMu ¢ TpeMsl TOYKaMu Ha Tpex 'mayrax’ f-moarpada.
[Mosyunm nzobpaxkenue rpada K3 Ha miockocTn 6e3 camornepecedenuii. IIporusopetne. )

[lostomy G —x —y # C. Torna pebpa rpacda G —x —y— C  naxonares B rpanu (n306pazke-
nus) rpacda G —x —y = G/zy — vy, He coneprKkameil Bepmunbl ry. 3HaunT, rpad C pazdusaer
ockocThb. Ilosromy naityierca muka C' C C, OTHOCHTEIBHO KOTOPOIO BEpIIUHA Ty JIexKUT (He
YMeHbIas OBIIHOCTH ) BHYTPH, a HeKoTopoe pebpo rpada G —x —y — C — BHe.

O6o3naunm depe3 R obbepunenue Beex pebep rpada G/xy, mexamux sHe nukia C. (Bos-
MoxHO, G —x—y—C # R.) Moxkno cunrath, uro R — noarpad B G (a ne Tonbko B G —x — ).

I'pad G — R MoXKHO HapmcoBaTh Ha ILUIOCKOCTH 6e3 camornepeceudenuii (puc. [ criipasa).
MozxkHO camTarh, 910 pebpa rpada (G, BRIXOIINe U3 T Win Y, Ha m3obpaxkennn rpada G — R
Jexar enympu mukia C'.

Kaxknas kommonenTta csssunoctu rpada G —x —y — R — C nepecekaercs ¢ C' He 60j1ee 1em
IO OJHOI TOYKeE.

(Ecim sro e tak, 1o B G —x —y — R — C ectb nyTh, coequnsiionuii ase Touku Ha C.
Ha uzo6paxkennu rpada G/zy coorBercrByomuii myTh jgeKuT BHyTpH nuk/iaa C. 3Ha4uT, 370T
IyTh pasOMBaeT BHYTPEHHIOI JacThb IuKjaa C Ha JBe YaCTH, OJIHA U3 KOTOPBIX COJIEPKUT TY, &
JpyTas He Jie;KuT B rpanu, orpanndentoit C. [Tostomy C' ¢ C — npoTusopeune. )

[TosToMy MOXKHO TIepeKHHYThH BHYTpb IHKJa C' KayKIyI0 KOMIIOHEHTY CBs3HOCTH rpada G —
x—y— R—C (cm. crpesouky na puc. [0 cipasa). 3uaqut, rpad G — R — C' MOXKHO HAPHCOBATH
sayTpu 1ukiaa C. Hapucyem R Bue C, kak jyist mzobpakenus rpada G/xy (puc. [l cresa).
[Tomywmm m3o6parkenne rpada G Ha mIockocTn 6e3 camoriepecedennii. QED

3arperlieHHbie MOICUCTEMBI

Ecim HekoTopas mnojgcucreMa cucteMbl N He peanudyeMa B JIpyroit cucreme M, To u N ne
peau3zyeMa B M. EcrecTBennas ujaesd — MONBITATHCA HAWTU CIHUCOK 3allpPENIEHHBIX CHUCTEM
Ny, ..., N, He peamu3dyeMbix B M, cO CJIETyIONUM CBOWCTBOM:

oas moezo, umobv, cucmema N oviaa peasusyema 6 M neobxrodumo u docmamoyuro, 4mobvy
N ne codepoican nu 00not u3 smux ‘3anpeuwernur’ nodcucmen.

Knaccuaeckuii mpumep TeopeMbl TaKOro poja — Teopema Kypartosckoro. Tak MOXKHO Omu-
caTh rpadbl, BIOKUMBIE B JIIOOYIO JaHHYIO oBepxHOCTH [RSI0|, a Takzke MHOTO JIPYIUX KJIaCCOB
rpadoB wim 6osee obIUX 00bEKTOB (HampuMep, rpadbl U JaXKe MeaHOBCKIE KOHTUHYYMBI, 0a-
3ucHo BIOKUMBIe B T10cKoCcTh [Sk95, Ku00]). Bamernm, 9T0 CIIMCOK 3alperieHHbIxX moArpados
It BJIoyKuMocTH rpada B et Mebuyca cogepzxut nesbix 103 rpada [GHWT9|. Haxe cywe-
CMB06AHUE TAKOTO KOHEYHOI'O CIIHUCKA JIJIsi ITPOM3BOJIHLHON MOBEPXHOCTH JOKA3BIBETCH CJIOZKHO
[AH89, RS90]. Crincok 3amperieHHbIx HoImspoB GeCKOHEYeH JIIsl BIIOKUMOCTHU JIBYMEPHBIX 10~
mm3poB B R® wmm n-mepubix nomusapos 8 R?®) rae n > 2 [Sa91]. [TosTomy nHTEpecHBI IpyTHe
HPEIATCTBUS K BJIOKUMOCTH. 3aMETHM, UTO OJIHO U3 CAMBIX ITOJIE3HBIX IPEISITCTBUN CTPOUTCS C
IIOMOIIIBIO KOHPUYPAUUOHH020 NPOCMPAHCMEA YIOPIIOUCHHBIX Iap PA3INIHBIX TOUEK JAHHOIO
upoctpancrsa [RS99, Sk08].

[Tpusenem GOPMYTUPOBKE HEKOTOPBIX PE3YJIbTATOB (JI0KA3ATENbCTBA OCTABJISEM YHTATE-
Jr0 B KadecrBe 3aja4). Te GopMyInpoBKH, B KOTOPBIX BCTPEYAIOTCSI HEM3BECTHBIE TUTATEIIIO
00BEKTHI, OH MOYKET UTHOPUPOBATH.

Teopema Illaprpauna-Xapapu. I'pa¢p G moocho napucosamsv Ha naockocmu 6e3 camo-
nepeceveruss mak, ¥mobv, on Ova 2panuuelt Hekomopot OHON 2paru moz2da u Moavko moeada,
koeda G me codeporcum 6-nodepadga.

Hazosem necamomnepecekatommutics 1ukia C' B cBasHoM rpade G 2paHuvHviM, €Cu CyIIe-
cTByeT m3obparkenme Oe3 camornepecedeHuii rpada G Ha TI0CKOCTH, TPU KOTOpoM 1k C'

3Vnanenue moarpada — yraneHue Beex ero pebep U BCeX BEpIINH, U3 KOTOPBIX BBIXOIAT TOJBKO pebpa 3TOro
mojirpada. 3amMeTum, UTO yJaJeHue BEPIIMHBI — HE TO K€ CaMoe, UTO yJaJeHue Horpada 3 3Tol BEePITHHBL.
) b



n300pazkaercs TpaHuIeir HeKoTopoii rpanu. Clreyonuii pe3yIbTaT MOKHO BBIBECTH W3 TEOPe-
mbl Kyparosckoro, cp. [C134].

Puc. 6: Huksn C He MoXKeT OBITH TPAHUTIEN BHEITHEH IpaHM

OtHocutenbHas Bepcus Teopembl KyparoBckoro. [[ukxa C asasemcs eparusHoLm mo-
2da u moavko moeda, xozda epag G naanaper u yuxa C ne codeporcumes 6 nodepage epaga G,
Kax Ha puc. [0.

A BOT ciemyronuit pe3ysbTaT MpOINe JI0Ka3bIBaTh, HEe MCIOJIB3Ys TeopeMmy KypaToBckoro
(mompobuee cM. [Sk, rmasa 1]).

Teopema o 8 u . I'pag G ¢ 3adarmvimu yursamu pedep, 8uTO0AUUT U3 KaHCIOT BEPULUNHDL,
MOHCHO MAK U300paszums 6e3 camonepecederuti Ha NAOCKOCTU, YMobvl YKA3AHHBLE UUKABL ULAU
no 4acosotl cmpenke, moz20a U Mmosvko moezda, kozda G He codeporcum ‘socomepry’ uau 6YKebl
0’ ¢ yukaamu, usobpasrcernnvmu na puc. [,

Puc. 7: I'padb! ¢ nUK/IMIecKuUMU MOPsIJIKAME, HE PEATU3yEeMbIMU Ha ILJIOCKOCTH

Ba Biioxkenusi (T.e. m3o6pazkenusi 6e3 camornepecedenuii) f, g oJHOTO U TOro e rpada B
IIJIOCKOCTB HA3BIBAIOTCS U30MONHLMU, €CJIH OJTHO MOXKHO TaK HEIPEPBIBHO PO/IehOPMIPOBATH
B JIpyroe, 9Tobbl B Iporiecce jiechOpMalni Mbl BCe BpeMsi UMeJIH Obl BiioxKeHue ((hbopMasibHOe
ompejiesierne cM., Hanpumep, B [Ma07]).

Teopema MakJieitHa-D AKUCCOHA. /]84 6A00CEHUA CBAZH020 2Pada 6 NAOCKOCTD U30MON-
HoL M020a U MOALKO Mo20a, Koz2da ux cysicenus na 110000 mpuod T u nwa 10601 necamonepe-
cexarowgutica yuxa S uszomonnwl (m.e. ne maxoswl, xax na puc. [§) [MA41].

2 3 3 3
3@1 2©1 1)\2 2)\1
Puc. 8: Paznu4anbie BJIOXKEHUS TPUOJA U OKPYKHOCTH B ILJIOCKOCTD

DTy TeopeMmy yI00HO CHavaJa JIOKA3aTh JJIA JEPEBbEB, a MMOTOM CBECTH OOIMHil caydail K
CIydaio JepPeBbeB IyTeM BBIIEICHUS MaKCUMAIbHOIO JIEPEBRa.

Teopema Maxkieitna-9Kuccona ClipaBe/lJInBa TaKKe /I N0AUIIPa WU JTayKe NeaHo8CK020
ronmunyyma [MA41].

Teopema Maxkiteiina-9qkuccona (6e3 yTBepKieHns B CKOOKAX) CIIPaBEJINBA, J1JIsI BJIOYKEHUIA
B cepy, TOp u apyrue cepbl ¢ pyIKaMu (JI0Ka3aTebCTBO AaHATOTHIHO). 3aMeTUM, ITO JIobast
usoromnus rpada Ha moBepxHocTu obbemiaema [C. B. Marsees, yacraoe coobiienue|.
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Teopema Baspa-dmuinreiiHa. /[ge 3aMKHYyMbIE HECAMONEPECEKAIOULUECA KPUBHLE HA 06Y-
MEPHOM MH02000pa3UL 20MOMONHYL MO0204 U MOALKO mo2da, Kozda oy usomonnv, [Ep66|.

Teopema DmmreiiHa CBOIUT BOIIPOC O KIACCHMDUKAIINN BIIOKEHNN OKPYKHOCTH B JIByMEPHOE
muOroobpasue N (1, TeM caMbiM, TPOU3BOJLHOTO rpada B cdepy ¢ pyIKaMu U JIBIPKAMHU) K
BOIIPOCY O PEaJIn3yeMOCTH JIEMEHTOB (PyHIAMEHTAILHOM TpyIbl 71 (V) BIOKEHHBIMI OKDPY K-
noctssmu. Ho mociieiamit Bompoc o4eHb CI0KeH.

Bamaua. ['pad nassiBaercs (BepnHHO) k-C6A3HbLM, €CITH OH OCTAETCS CBA3HBIM MOC/IE yila-
JIeHns Jii000i k — 1 BepIIMHBI U paclaJfaeTcs Iocje yaaaeHns HeKOTOPBIX k BepinuH. BuiBeanure
u3 Teopembl MakeitHa-DIKICCOHA CIEIYIONINE YTBEPIK ICHHSI.

JI1oboe BJIOKeHME MTPOU3BOJILHOTO TPEXCBA3HOTO r'pada B cepy MOKeT OBITH MOJIYyUIEHO U3
JIIOOOTO JIPYTOr0 KOMITO3UIIMEH M30TOINN M OCEBBIX CUMMETPHIA.

JItoboe BJIOKeHMEe JIBYCBA3HOTO Tpada B chepy MOKET OBITH MOJIYUEeHO U3 JII0O0r0 JIpYroro
KOMITO3HIINEH M30TONNK 1 ‘TiepeBopadnBanuii 6;iokoB’ (puc. [9)).

> >

Puc. 9: IlepepopaunBanune 0J10Ka

Onpegenre onepaiuu, IPU MOMOIIU KOTOPBIX MOXKHO IIOJIYy YU Th JII000€ BIOXKeHHE 1-CBSI3HOrO
(& csasHOrO) rpada B cepy us soboro apyroro. Crenaiire 1o ke u st 0-CBS3HOTO (< pons-
BOJIbHOTO) rpada. TakuM 06pazoM Moy dIuTes Ipyroe Omucanue BJIOXKeHH rpadoB B IJIOCKOCTh
¢ TouHOCTBIO j10 n3orommn [Wh33].

HpI/IJ'IO}KeHI/Ie! IIJIaAaHAPHOCTD IIOJIMAPOB 1 KOHTHUHYYMOB

[Mosmsp (CHHOHUM: TEJIO CHUMILIUIUATBLHOTO KOMILIEKCA) — 9TO MHOTOMEPHBIH aHaJIor I'pa-
da. Onpenenenne cM., Hanpumep, B [Pr04, §8, Ma07|. YVike naBymMepHbIe MOJIUIIPHI — HHTEPEC-
HBIE U CJIOZKHBIE OOBEKTHI, PO KOTOPbIE NMEETCs HECKOJIBKO 3HAMEHUTHIX ¥ TPY/IHBIX HEPENIeH-
ubix pobsiem [Ma07|. [TosToMy yauBUTE/BHO, UTO UMEETCS CJICLY IO Pe3y/IbTaT.

Teopema Xamuua-FOura. Ceasnwiti noausdp saosrcum 6 S? mozda u moavko mozda, x020a
on ne codepoicum epagos Ks, Kiz uau ‘sonmuxa’ U? (puc. [I0) [HI64, MS67].

Pnc. 10: SonTnk

B sTom pesyiabrare mHTEpecHa JIMIIL YAaCTh ‘TOTAA ¥ JIUIIb JJIA JBYMEPHBIX IOJIUIIPOB.
Crefyrorree TOKa3aTeIbLCTBO (BUAUMO, SIBJISTEOITEECs (DOBKIIOPHBIM) MPOIIE TIPE/ICTABIEHHOTO

B [HJ64] u Tem Gosee B [MS67].

Habpocox doxasameavcmea wacmu ‘mozda’. Ilycrs cpasubiit 2-noamaap N % S? e comep-
»kuT HA rpados Kj, K33, nn 3ontuka U. Tak xax N He CONEPKHUT 30HTHKA, TO OKPECTHOCTH
710601 TOUKY B N sIBJIsieTCs1 00'be IMHEHIEM JIICKOB M OTPE3KOB, CKJIEEHHBIX 3a OJIHY TOUKY (pHC.
[l ciera). Ecim s1ux muckoB 60JIbIlie OJHOTO, TO 3aMEHUM 3Ty OKPECTHOCTb Ha M306parKeHHYTO
na puc. [[I] cupasa.

ITpu sTom npeobpasoBanun He mogBuTCA noArpados Ks u Ks 3; ObparHoe mpeodbpasoBanue
SIBJISIETCSl CTATUBAHMEM '3BE3JIbl C HECKOJBKUME JIydaMu U MMO3TOMY COXPaHAET IIaHAPHOCTD.



Puc. 11: TIpeobpazoBanue 0KpecTHOCTU TOYKHU

BHaYNT, JOCTATOIHO JIOKA3aTh TEOPEMY I MOJYIEHHOTO 2-TTojIum3apa. PaceMorpum oObemu-
Henne N ero JAByMepHBIX rpaneif. Torma okpecTHOCTD JiF060it TOUKH B N BJISETCS JUCKOM.
3HaunT, 10 TeopeMe KiaccuduKamy nosepxuocreii N sapiisercs chepoil ¢ pydKaMu, IIJIeHKAME
Mebnuyca n gpipkamu. [lockompky Kazkaplilt m3 rpados K5 n K33 BIOXKHAM U B TODP C JBIPKOI,
u B et Mebuyca, To N ecTh HeCBA3HOE 00beIMHEHNE [IFCKOB C JIBIPKAME. 3aMEHNM KazKIblil
13 3TUX JIUCKOB C JAbIpKaMu Ha rpad ¢ puc. [Tonyuennsiii rpad mianapen. [lo Bioxkenuio
9TOro rpada B IJIOCKOCTD JIEFKO ITOCTPOUTH BiIOXKeHHe 1moandapa N B miockocTb. QED

Puc. 12: [IpeobpazoBanue ancKa ¢ AbIpKaMI

B TepMmmHax 3ampernieHHBIX MOJACHCTEM MOYKHO TaKKe ONNCATH 'KOMIIAKTHO OeCKOHEYHBIE
rpadbr’ (T.e. JIOKAJBLHO CBSI3HbIE KOHTHHYYMbI), BJIOKHMBIE B IJIOCKOCTh. KOHMUHYYM — KOM-
MAKTHOE CBI3HOE METPUYECKOE IMPOCTPAHCTBO. KOHTUHYYMBI €CTECTBEHHO MOSABIISIOTCS IPU U3Y-
YeHUM JUHAMUYECKUX cucreM (faxe riaakux!). KoHTHHYYM HA3BIBAETCS A0KAADHO CEA3HBIM
(nmn kouTuryyMoM [leano), ecm jiyist J1i060i ero Touku = 1 ee OKpectHocTH U CyIIECTBYeT Ta-
Kasl MEHbINasg OKPECTHOCTb V' TOYKH X, 9TO JIIOObIE JIBe TOYKHN U3 V COeTMHAIOTCA HEKOTOPBIM
myTeM, TeIUKoM JieskarmuM B U (Wi, S5KBUBAJIEHTHO, €CJIM OH sIBJISI€TCS HEMPEPbIBHBIM 00pa-
30M Jiyru). JIOKaJIbHO CBSI3HBIE KOHTHHYYMBI MOTYT OBITH OU€Hb CJIOXKHO yCTPOEHBI. [loaromy
VAUBUTEIBHO, YTO UMeeTcs CAeIYIONNil pe3yJibTar.

Teopema Kusiitopa. Ileanosckuti wonmunyym eaoscum 6 S? mozda u moavko moeda,
koeda o ne codepoicum wornmunyymos Ks, Kss, Ck; u Cr,, (puc. [L3) [C134, C137].

Iocmpoerue xonmunyymos Cr, u Ci, ;. Bosbmem pedpo ab rpacda K u oTmeTuMm Ha HeM
HoByto Bepruny a'. [lycre P = K5 — (ad’). Ilycrs P, konus rpada P. O6osnaunm depes a, u
a!, Beprmnbl rpada P,, coorsercrBytommue a u a'. [Tostoxum

CKs::(Pl U P2 U Pg)UI,

/ /
aj=az ay=as

rie { P,} — nocienoBareibHOCTD rpadOB Ha IIOCKOCTH CO CTPEMSATIUMECS K HYJTIO THAMETPAMH,
cxopsimasics K Touke x ¢ LI P, TouHo Tak ke MOXKHO omnpejenTb KoHTHHYYM Ck, ., B3sB B
nadase Kss BMecTo K.
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Puc. 13: Kontunyymbr Kypartosckoro

Jokasamenvcmeo nesaootcumocmu 6 meopeme Kastimopa. okaxkem neBiaoxumocts Ch,
(mokasarenscrso Hesoxkumoct Cr, , anagorudno). Ilycrs, nanporus, f : Ckx, — R? — Bito-
kenne. ObozHaunMm depes S := P — a — a/ okpyxkHOCTH B P, cocraBieHHy0O U3 pebep, He
cojiepKaIUxX Bepiut a u a'. Anajoruano onpejgenum S, C P,.

Tak kak S, cxoguresa K x = 0, To f1 jmexxut BHE fS,, JJI JOCTATOYHO OOJIBITOTO 7.

Tak kax fI — myts mexay fO u f1, nexamuit sue fS,, To fO jgexur Bue fS,.

Tax kax S,, cxonuresa K x = 0, To f.5,, nexur BHe fS, u fS; nexkut BHe fS,, I/ J0CTATOIHO
Gonpmux m < l. Ho Torma fa,, u fa,, nexar Bue fS,,. DTO NPOTHBOPEIUT TOMY, UTO JIJIs
mo6oro ioxenus ¢ : P — R2 Touku ga u ga’ gexar 10 pasuble cTOpoHbI 0T obpasa ¢S. QED

Ormerum, uro B TeopeMe KypaToBcKoro MoxKHO 3aMeHUTDH tockoeTh R2 na cdepy S2. B
Teopemax Xasmuna-IOnra u Kisitropa mMoxkuo 3amennts S2 Ha R2, To/IbKO 106aBUB 3alIpeleH-
HBIH HOJIOIMSIP WM HOIKOHTHHYYM S2.
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