ITPOCTOE JJOKA3ATEJIbCTBO TPAHCIIEHIEHTHOCTU YNCJIA MAJIEPA !
2

Amym KaunbxanoB n Apkajuiit CKOIIEeHKOB

Annoranus. [IpuBojsgarcs mpocTeie jI0Ka3aTe/IbCTBa TPAHCICHIEHTHOCTH duce 1 JluyBuiis

u Mautepa. [lepBoe 3 HUX M3BECTHO CIIEIIMAINCTAM, & BTOPOE, MTO-BUJIUMOMY, SIBJISETCH HOBBIM.
JlokazaTebCTBa, JIOCTYITHBI CTAPIIEKTACCHUKAM.

Bsenenune.
Yuceo & HA3BIBAETCA MPAHCUEHIEHMHBLM, €CIH OHO HE SIBJISIETCS KOPHEM ypPaBHEHUsT

atxt + at_lxt_l +--+ax+ayg=0 C [eJIbIMU a; 0, ag_1,...,ao.

B yauBepcurere min j1axke B CTapIMX KJIaccax n3yvdaeTcs MPOCTOE TEOPETUKO-MHOKECTBEHHOE
JIOKA3aTebCTBO CylecTBoBaHus TpaHciieHaeHTHbIX dnces [KRO1, It 2, §6]. Ouno e maer KoH-
KPETHOTO IpUMepa TPaHCIeHIeHTHOTO uncia. [IpuBeienne A6Hbx TpUMepOB TPAHCIEH TIEHTHBIX
quces U JOKa3aTeIbCTBO UX TPAHCIEHIeHTHOCTH OoJtee TpyaHO. [lepBoIil ABHBII TpUMep TpaHCc-
neHjieHTHOro ncsia 6uu1 npuseen 2Kozedom JTuysusiem B 1835 [KRO1, T 2, §6].

Teopema JInyBuiis. Yucio A = ) 27" mparcyendernmmo.
n=0

Oobmas Teopema JIuysunns. /lis 1100020 mHo20uA€HG CMENEHU N ¢ PAUUOHANDHDLMU
Koappuyuernmamu u e2o0 KopHaA z cywecmeyem makxoe M, wmo 0as A00DIT UCABT 63AUMHO

npocmoix ¢ > M u p ewnoaneno |z — E| > Con [KRO1, I'n. 2, §6].
q q"

B 1929 Kypr Masep [Mah29| nokazasi TpaHCIEHIEHTHOCTD CJIEYIONIEro IHCIIa.

Teopema Maunepa. Yucio =Y. 272" mpancyendernmso.
n=0

Dra TPAHCIEHJIEHTHOCTh He CJIejlyeT HU U3 o0uiell TeopeMbl JInyBuiis, uu us reopem Tys,
Buresist u Pora [KRO1, T'i. 2, §6, Fel83]. B patore [Mah29| 6611 nostyaen 6oiee obimuii pesy/ibrar.
Ho mokazaresnbcrBo B [Mah29| (Tak ke kak u B [Nis96|) ze smementapro u jimHto, cp. |Gal80].

MbI mpuBeIEM KOPOTKOE JIOKA3aTEIbCTBO TPAHCIICHICHTHOCTH IucIa JInyBuig. 9To 1oKa-
3aTeHCTBO MPEJICTABICHO B CJICYIOMEM IMYHKTE W M3BECTHO crernuaaucTaM. K coxkalennio, B
MaTeMaTHIECKUX KPY’KKaX 00BIYHO U3ydaloTcs 00Jiee CJIOKHBIE JOKA3aTeIbCTBA.

OCHOBHOI1 pe3yJIbTaT 3aMETKH — KOPOMKOE INEMEHMAPHOE JOKAZAMEACNEO MPAHCUEHOEHTN-
nocmu wucaa Masepa (ocHOBaHHOE Ha JIBOUYHON 3anucu). Buaumo, 9T0 JIOKa3aTe/IbCTBO ABJIs-
ercst HoBbIM. OHO TIpejicTaB/IeHo B yHKTe ‘/{oKazareibcTBO Teopembl Masiepa’ u He UCIO/IB3yeT
ocTaybHOl wacT 3amerku. Ho s yo6cTBa quTareseil Mbl IPEICTaBIseM HEKOTOPBIE WJIEH
9TOro JIOKa3aTe/IbeTBa B IyHKTe ‘Ves mpocroro jokasarenncrBa TeopeMbl Magsepa’. TIpuso-
JIIMBIE WJIen JaroT GoJiee OOIuil pesysIbrar, CM. MOCTEIHNN Iy HKT.

JlokazaTeabCcTBO TeopeMbl JlnyBusis.
S

O6ozHauum A\, = Y 277

n=0
CHaanIa MBbI JOKazKeM, 9TO HYUCA0 ﬂuyewmﬂ )\ uppayuoHasbHO. Hpe,ZLHOJIO}KI/IM, HaIlIpOTUB,

9TO CYIIEeCTBYeT JimHeiiHblii MuorouwieH f(x) = br + ¢ ¢ nenbivmu kKosdduimentamu b # 0 u
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¢ Takoii, uro f(A\) = 0. BameTum, 9TO 3TO ypaBHEHHE MMEET TOJBLKO OJUH KOPEHb, 3HAIHUT
f(As) # 0. MbI mosryauM OpOTHBOpEUNE U3 CJIELYIONIX HEPABEHCTB i § = |b|:

2 < O] = [F) = FOD] = - (A= A < 2] 27

[TepBoe HepaBeHCTBO BepHO, Tak Kak f(As) # 0 MoxkeT ObITH HpejCTaBjieHa Kak JIpobb €O
|
snamenareeM 2% . [locsenee HepaBeHCTBO BEpHO, TaK Kak

A=)\ < 2—<5+1>!Z2—" — 9.9 (st
n=0

Ceiivac MBI JOKaXKeM, 4TO YucAo JIuysuirs X we Asasemcs k6adpamroli uppayuoHaisHOo-
cmwi0, T.e. He sIBJseTcs KOpHeM KBajpaTHoro ypasaenus f(x) = ax® + bz + ¢ = 0 ¢ neabimn
ko burmentamu a # 0, b u c. [Ipenmonokum, HAIIPOTUB, ITO A ABJISIETCI KOPHEM TaKOIrO
ypaBHeHusi. Tak Kak KBaJpaTHOe ypaBHEHHe nMeeT He OoJsiee JABYX KOpHeil, To f(Ag) # 0 mis
JIOCTATOYHO OoJibImx S. Torja Jjsg AoCTATOYHO OOIBIINX S MBI HOJYYIUM IPOTUBOpEYNE W3
CTIETYIOIINX HEPAaBEHCTB:

27 < QD] = 1) = fOD] = (A=A e+ M) +b] < (2alr+ o) -2 27D

[TepBoe HepaBeHCTBO BepHO, Tak Kak f(Ag) # 0 MoxkeT ObITH IpeJicTaBieHa Kak JApoOb co 3Ha-
MenaresaeM 2%, TlociieiHee HEPABEHCTBO JIOKA3BIBACTCH AHAJIOIMYHO CJIYYAI0 JMHEHHONO MHO-
rov/eHa.

Temepb MBI IpHUBEIEM T0KA3aTEIbLCTBO mpaHcuerdenmuocmu wucaa Jluysuara X. Ilpen-
[OJIOKUM, HAIPOTHB, YTO YHCIO A sIBJIsieTcsi KOpHeM ajrebpamdeckoro ypasaenusi f(x) =
atxt + at_lxt_l + -+ 4+ a1x + ag = 0 ¢ neabiMu Koaddunuenramu ag, . . ., a;_1,a; 7 0. Tak Kak
9TO ypaBHEHHE MUMEET JIUIIb KOHETHOe YncsIo KopHeit, To f(Ag) # 0 i 1ocTtaToqHo GOJIbIIX
s. Torga it JOCTATOYHO OOJIBIIIUX S MBI ITOJIYyYUM IIPOTHBOPEYHE U3 CJIEIYIONIMX HEPABEHCTB:

27 < FO] = F) = FO] = = A | DD e < oot

0<i<n<t

|
IIepBoe nepasencTso BepHo, T.K. (g 0 aBigeTcs 1pobbio co 3naMenateseM 2t . ITociaeanee
)
HEPABEHCTBO JIOKA3BIBAETCS aHAJIOIMIHO CJIyYal0 JJMHEHOr0 MHOIOYJIeHa. O

I/I,I[eﬂ IIPOCTOro JOKa3aTeJIbCTBa TeoOpeMbl Maﬂepa.
HpO,ZLQMOHCTpI/IpyeM nJaeo J0Ka3aTe/IbCTBa Ha CJIEAYIOIIEM IIPpUMEDPE. ,B;OK&)KGM, 9TO 9HCJIO

v = Z 1072" = 0,11010001000000010...10
n=0

He ABJIgeTCH K6adpammoti uppayuonassbHocmelo, T.e. KOpHEM KBaJIPATHOIO ypaBHenus x2 + b +
¢ = 0 ¢ nenbivu ko3 durmenravu b u ¢. (AHAJIOTUIHO JOKA3BIBAECTCS, UTO [i HE SIBJISETCSI
KBaJIPATHOI HPPAIMOHATIBHOCTHIO.) PaceMoTpuM JlecaTHaHy 0 3aIich ancia —by — ¢ Jisi HeKo-
TOPBIX TETBIX b M ¢ OJHOrO 3HaKa (CJIydail pasINYHBIX 3HAKOB JIOKA3BIBAETCS AHAJIOTHYHO).
PaccmorpuMm HenysieBble UPBI B 9TOM JECATUYIHON 3aIlMCH, PACIIOJIOKEHHDBIE JIOCTATOTHO Jla-
JIEKO OT 3alsToit. lcHO, 9T0 OHU 0OPa3yIOT ‘CryCTKU OKOJIO TMO3UIHUI ¢ HOMepaMu 2™: KaKIblii
‘crycrok’ nipesctasiisier dncyio b. Hanpumep nyis b = —17 Mbl umeeM cJieyrornee:

17v —e¢=...,87170017000000170...017....



A B JecITUYHON 3aIlMCU YHCIIa

=) 1072"-2" = 0, 0121220...122020002000000012....1¢
k,1=0

HEKOTOPBIC HEHYJIeBbIe (Pl PACIIONOKEHBI 0KOJI0 mo3uiwii ¢ nomepayu 2F +2!, rie k # 1. Ho
JUIS JIOCTATOTHO OOIBINNX k 1 [ Ha 9THX Ke MO3UIUAX Jucaa —by—c croat nysu. CieoBaTebHO

V2 # —bv —c.

IIpocToe nokazarenbcTBO Teopembl MaJsiepa.
[lycrs, vanporus, f(u) = aa’ + a2+ -+ ayr + ap = 0 119 HEKOTOPBIX HEJIbIX

a; #0, a;_1,...,a9. PackpbiBas cKOOKH, TIOJTyInM
) q 0o
pr= (> 277" =D da@2
n=0 n=0

rje dp(q) ecTb KOJIMIecTBO yIOPSAIOUEeHHBIX MIPEJICTABICHI YHCIa N B BUJEe CYMMBbI ¢ CTerneHei
nBOiKN (He 00s3aTeIbHO PA3IMIHbIX creneneii). pyrumu cioBamu, d,(q) aBasgeTcs KoJaude-
CTBOM YIIOPSIOYEHHBIX HAGOPOB (W1, . .., W,) AIHHBL ¢ TAKHX, 9T0 1 = 2! + - - + 2% (B 9THX
Habopax J0IycKaloTcsa pasHble uncia). Hanpumep, dz(2) = 2, nockosbky 3 = 20 + 2! = 21 + 20,
[To onpenesnennto noaraem do(0) = 1.

Nnaeem

flp) = ZdNQ_”, e d, = aud,(t) + a;_1d,(t — 1) 4+ - - - + aod,(0).
n=0

dcuo, uro d,(q) = 0 Torja u ToJILKO TOrJIA, KOrjaa n uMeeT 6oJiee ¢ eJJMHUIL B JIBOUIHON 3aITKCH.
O6o3nauanm 4depes U, MHOXKECTBO UHCEJI N, UMEIOMUX He (oJiee ¢ eIMHUL B JIBOMTHON 3aIINCH.
Torna d,, = 0 aya n & Uy. s kaxoro p nonoxum k = k(p) := 2P, Yucmo m = m(p) =
2P(2! — 1) — mambosbmee wncao u3 Uy, menbimee k. Yucno s = s(p) := 2P(28 — 1) — 2P~ —
naubosbinee uncio u3 U, menbinee m. Tora

{2°f(w)} = Z 4,25 "% = 4d,25" + Z 4,257
n=0 n=k

DTO OTJIUIHO OT HyJIdA, KOO

> 1 2
S 42| L jdalzm 212
n=~k

s nokaszarennerBa HepaseHeTB (1) u (2) HaM TOHAIOOUTCS CIIEYIONIAs JJeMMa, KOTOPYIO MbI
JIOKAZKeM IO32Ke.

JlemMma o npencraBiienuu. Koauvecmeo dy(q) ynopadouennox npedcmasienutl wucia n
6 6ude cymmu. q cmeneneti déotixu ne npesocxodum (q!)%.

13 jleMMBI O IIPEICTABICHAN HOTydaeM, 9To cyiectByer dncio D = D(f) rakoe, HTO |d,| <
D nyis kaxgoro n. CrenoBaTebHO HepaBeHCTBO (2) BepHO, TK. |d,,[2°7™ < D - 272" < 1/2
Jyist joctarodno 6osbmux p. Hepasercrso (1) BepHO, MOCKOJIBKY JIst JOCTATOYHO OOJIBIIUX P

> d 2 < DY 27 = De2R = DL e < g 207
n=~k n=~k



3/ech mocieiHee HEPABEHCTBO BEPHO, TMOCKOIBKY m € Uy — Uiy, u dp(q) = 0 misa g < t,
CJIEJIOBATENIBHO d,y = ayd,y, (t) # 0. O

Jloxazameavcmeo aemmuvr 0 npedemasaenuu. (Ilpemgmoxkeno B. Boskosbim.) Naykius 1o
q. Ina ¢ = 0 umeem do(0) = 1 < 0!, Hlar unjgyKiun BoITEKaeT u3

do(q+1) <14 ¢*d,(q).

Jokazxkem sro Hepasencrso. HabopoB W := (wr,..., Wqt1), I KOTOPBIX 1 = 2% 4 22 +
<oo 4 2%t g B KOTOPBIX BCE YHCIA Pa3IUdHbI, He O0jee omHoro. B kaxkaom nHabope w :=
(wi, ..., Wet1), I KOTOPOTO 1 = 2% 422 4. .. 4 2%atl 1 B KOTOPOM He BCE TIUC/Ia PABJINIHEI,
‘00beIMHUM JIBE PaBHBbIE CTEIeH! JBOWKHN W IIOCTABUB MX Ha MeCTO JieBoil m3 Hux . [lomayunm
HEKOTOpEIT Habop f (W) = ¥ := (vy,...,v,), A1 KOTOPOro n = 2" 4 2% 4 ... 4 2% Bo3MoxkHO,
nabop f(w) crpourest o HAGOPY W HEOJHOZHAYHO; BBIGEPEM HEKOTOPOE TaKOe COOTBETCTBUE f.
Habop w mosyuaercs u3 nabopa f(w) ‘passenenneM oJHOI U3 CTeleHell JBOEK HA JBE U IO-
CTaHOBKOI IIOJIYIE€HHOI HOBOIl CTelleHn JIBOMKH IpaBee ncxoanoit’. [losroMmy y Kazkaoro nHabopa
¥, I KOTOPOro n = 2V + 2¥2 4 ... 4 2% He Gosiee ¢ IPOOOPA30B IPH OTOOPasKeHHH f. JTO
JIOKA3bIBAET HY2KHOE HEPABEHCTBO. O]

Jlpyeoe dokasamenvcmeo aemmui o npedcmasaernuu. g g = 0 umeem do(0) = 1 < 012, g

oo
q > 1 umeem d,(q) = > dp—or(q—1). CiremoBarebHO, IPU TOMOIN HH/TYKIUH 110 ¢ TOJIYIaeM,
r=0

YTO JOCTATOYHO JI0Ka3aTh CJIELYIOIIee YTBEPKICHUE:
dna kascdozo n € U, cywecmeyem ne boaee ¢* yeavx v > 0 maxuz, wmon — 2" € U,_1.
Paccmorpn asomdnoe npejcrasiaenue quciaa n € Uy:

n=2W 421 ... 42" e wp>w_1>--->w >0 nu k<gq.

O6ozuaunm wy = —1. Tak kak n — 2" < 0 g r > Wy, TO JOCTATOYHO J0KA3aTh, UTO
ons xaotcdozo i = 1,2, ...,k cywecmeyem we boaee q uyeanx v € [w;—1 + 1, w;| makuz, wmo
n—2"€ Uqfl.

CureroBaTeIbHO, JOCTATOYHO JI0KA3aTh, UTO

ona Kaorcdozo 1 = 1,2, ...k ur € [wi—y + 1,w; — q] umeem n —2" ¢ U,_;.

Y100l JI0Ka3aTh 9TO yTBEPKJIEHHe, 3aMeTHM, uTo 2% — 27 = 2Wi—l 4 gwi=2... 4 97 ecrp
CyMMa w; — I' > ¢ PA3JIMYHBbIX CTENeHel IBONKU, KaxKasd U3 KOTOPLIX OoJbie 2~ 1 MeHbIIIe
2Wi < 2%+t Tlosromy ducyo n — 2" nmpejcTaBisgeTcd B BUJE CyMMBI Oojiee 4yeM ¢ — 1 pa3/InaHbIX
creneneit aBoiiku. 3Haunt, n — 2" & U,_. O

O6ob6Ienue.

o0
AHAJIOTTYIHO JTIOKA3BIBAETCS, ITO Z bn2_2" TPaHCIEHIeHTHO JIJI JIF000i OrpaHmYeHHON 110-
n=0
CJIeJI0BATEJIbHOCTH {bn} IEJTBIX YUCEJI, CPETU KOTOPHIX OECKOHEYHO MHOI'O HEHYJIEBBIX.

[IpearonokuM Temepb, YTO JaHa CTPOIO BO3PACTAIOIIAs IIOC/IEI0BATEILHOCTD {an} HaTYy-
PaJIbHBIX YUCEJI.

[Iycts mano HatypasbHoe uncio q. HarypaibHoe 9mciio m Ha3bIBaeTCs ¢-npeicmasumbiM,
€CJIn M MOXKHO IPEJICTAaBUTh B BHJIE CYMMBI He 60J1ee UeM ¢ UJIEHOB IIOCJIeI0BATEIbHOCTH {ai}:
m = @i, + Qi + -+ Q. OTH YIeHbI He 00s3aTe/IbHO PA3IMIHBI (HaanMep, YUCJIO M = Qg + A2
ABJIAETCA 2—HpeLLCTaBI/IMbIM).

ITocenoBaTeIbHOCTD {ai} Ha3bIBACTCS (-paspesicennoti, ecau s jirobdoro mejaoro M cyie-
CTBYET TPHU MOCJIEI0BATEIbHBIX ¢-1IPEJICTABUMBIX IHCIA @, b U ¢, IPOMEXKYTKHU MEXKJLy KOTOPBIMH
6oabmie M (t.e. Takux, 410 b —a > M uc—b > M).

ITocmenoBaTeILHOCTD {ai} Ha3bIBACTCS padpesicentots, eC/Ii OHa, g-pa3pekeHHast JIJId JII0OOro



Hanpumep, 1mocjie1oBaTeIbHOCTb a; = i BCEX IEJIBIX TOJIOKUTEIbHBIX YHCEN ABJISIeTCd 1-
PEJICTABUMOIA, CJIeI0OBATENILHO, 9Ta MOC/IEI0BATEILHOCTL He 1-paspexkeHa u Tem GoJiee He pas-
pexkena. IIpu jokasaTenberse TeopeMbl Majiepa ObLIO JI0Ka3aHO, YTO IIOC/IEJI0BATEILHOCTD 2
SIBJIAETCS PA3PEKEHHOIA.

[MocaemoBarenbHOCT {G,} HATYDATIBHBIX YHCEJ HA3BIBAETCS (-PbiLA0U, €CTH KOJMIECTBO
C11oco0OB TIPEJICTABICHNST YUCIA N B BHJIE CYyMMBI ¢ 9JIEHOB 9TOii MOCJIeI0BaTeIbHOCTH (HEe 00s-
3aTeIbHO PA3IMIHbIX) HE IPEBOCXOUT HEKOTOPOil KOHCTAHTBI, HE 3aBUCHINEH OT 1 (HO, BOZMOXK-
HO, 3aBucsIe or ¢). Chopmyaupyem 970 HEMHOTO HO-Japyromy. st J0OBIX HATYPAJbHBIX ¢
u n obozHaunM udepes d,(¢) KOJUIeCTBO NPEJICTABICHUI YUCIa N B BUJE CyMMbI ¢ YJIEHOB [O-
cienoBaresbaocTH {a;} (He 06s3aTEIBHO PA3INIHBIX WieHoB). Ipyrumu cioBamu, d,(q) — 910
YHCJIO PEIIeHM ypaBHEHud N = a; + --- + a;, ¢ i1 < --- < 4, Ilocnegosaremsnocts {a;}
HA3BIBACTCH ¢-PulTA0l, ecn cymiecTByeT 1ucyao C Takoe, 4ro d,(q) < C, mpu J1060M n.

[MocaenoBaresbHOCTD {a;} HA3BIBAETCS PHITAOU, €CIIU OHA SABJISETCS (-PBIXJION st JII06OTO
HATYPAJLHOIO (.

Hanpumep nocieoBaTesIbHOCTL a; = 4 He pbIXJias U JaxKe He 2-pbixJjas. JleficTBUTeIbHO,
HATyPaJIbHOE YUC/IO N UMeeT He MeHee n/2— 1 pejicTaB/ieHnii B BUJIe CyMMBI JIByX HATYDPAIbHBIX
quces, T.0. d,(2) > n/2 — 1. U3 jleMMBbl 0 IpeJICTABIEHIN BBITEKAET, U4TO TOCIe0BATELHOCTD
2° aBysgeTcda PHIXJIOIL.

AHajloruaHo JI0Ka3aTeILCTBY TeopeMbl MaJjiepa MOKHO JIOKa3aTh CJIeLyIONINA Pe3y/IbTaT.

(o]
Teopema. Ecau nocaedosamesvrocms {a,} puxaas u paspescennas, mo wucao y . b,27
n=0
mpancyerdenmmno das 110600 ozparuiennol nocaedosamenvrocmu {b,} uesvs wucen.
Bbu1o 6bI HHTEPECHO BBISICHUTH, TPAHCIEHJICHTHBI JIM CJIEYIONHe ducaa (HanpuMep, Ipu-

MCHUB IIPUBEJICHHYIO TeOpEMY WJIN METOJ ee ﬂOK&SaTeﬂbCTBa)I

00

o > n27%".
n=0
00 on

.« 2
n=0
00

[ Z 27[171’”]
n=0

oo
o > 27 tne fuyo = fur1 + fus fo = f1 = 1 — nocnenosarensaocts PuboHATIM.
n=0

Bor1o 6b1 nHTEpPECHO 00600IMKUTH Hallle T0KA3aTe/IbCTBO TPAHCIEHIeHTHOCTH ducia MaJsiepa
U TEOPEMbI O PEJIKOCTU JI0 JIOCTATOYHOTO YCJIOBUS TPAHCIICHJICHTHOCTH YUC/Ia, BKJIIOYAIONIEro
JABa HpI/I6JII/I}KeHI/I$I 9TOT'0 HucJIa.
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