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4 w044

BCTYHI/ITeﬂbHaH OJINMIINA/Ja.
1. /IuCKpUMHUHAHTHI TPEX TPUBEIECHHBIX KBAIPATHBIX TPexueHoB paBubl 1, 4 u 9. /lokaxkurte, 910 MOK-
HO BBIOpPATH 1O OJTHOMY KOPHIO KazKIOTO U3 TPEXUIEHOB TaK, YTOOBI CyMMa BLIODAHHBIX KOPHel paBHAIACH
CyMMe OCTaBIITUXCS.

2. Ha ocu Ox pacmosioxeno 10 oTpe3koB, KazxK bl JinHbl 3. Beerma Jm MOXKHO CABHHYTH CHHYCOUILY
y = sinx B1oJIb ocu OX Tak, 9TOOBI OHA HEpPeceKIa KazKJIblil OTpe30K?

3. /IBoe urparor B KpeCTUKHU-HOJIMKHU HA OecKOoHedHOil jocke. [Ijis1 obe/ibl Ha/10 MOJHOCTHIO 3aII0JIHUTH
Kakoi-HuOyIbh KBaJApaTuk 2 X 2. JlokaykuTe, 9TO y 1MepBOro UTPOKA HET BHIUTPHINITHON CTpaTeruu.

4. Tlycre PQRS — BbiyKJIblii BIMCAHHBIA 4eThIpEXyrojibHUK, B Kotopom ZPSR = 90°, H u K —
OCHOBAHWS MEPIEHINKY/IsPOB u3 Touku () Ha orpesku PR u PS. Jlokaxkure, aro npsvas HK nmenur
oTpe30K (S momoam.

5. Cymecrsyer jiu Takoii muorowien f(z) crenenu 2012 ¢ nesbivMu ko3 punuenTamu, 4To A1 KazkJ10ro
nesioro uucaa n aucaa f(n), f(f(n)), f(f(f(n))),... nonapuo B3anMHO HPOCTHI?

4 w044
Cummerpuu puryp.

1. CkoabKuME CIOCOOAMH MOYKHO MOKPACHTH BEPIIUHBI PABHOCTOPOHHEIO TPEYTOJbHUKA a) B 2 IBETA;
6) B 3 mBera Tak, YTOOBI HUKAKHE J[Be PACKPACKU He MePeXOJuju ApyT B Apyra Mpu mMoBOpoTe?

2. ,B;BI/I}KGHI/IG IMJIOCKOCTHU TEPEeBOAUT KBaJdpaT B cebOg. Onummmre KaKk MOTJIM TTOMEHATHCSI MECTaMA Bep-
IINHBI KBaJdpaTa Ha A3bIKe IIOACTaHOBOK.

3. CKOJIbKO CYIMECTBYET JBUKEHUN IJIOCKOCTH, MEPEBOIAIINX MPABUIBHBIH N-YTOJIBHUK B Ce0s?!

4. [lpumymaiiTe MHOTOYTOTBHUK C HAMMEHBITUM YHUCJIOM BEPIIUH TAKOW, UTO KOJTUIECTBO TBUKEHUI
IJIOCKOCTH, IIePEeBOJIANINX ero B cebsi, paBHO:

a) 2;

6) 3;

B) 4.

5. a) ¥V duryps ectb poBHO JBe ocu cuvmMerprr. JlokaxkuTe, 9T0 OHM MepHeHAnKYIsipHbL. 0) IBe ocu
cuMMeTpun (pUTypsl 00pas3yoT MeKIy coboit yroa B 84°. /lokaykuTe, 9TO y Hee ecTb elre 1o KpaitHeil mepe
13 oceit cummeTpun.

JL1g caMOCTOATETHHOTO PEeITeHUST

6. Kakue JBuKeHUsI TIPOCTPAHCTBA EPEBOAT B cebst a) TeTpasp; 6) Ky0; B) okTasap?

7. CKOJIBKO CYIIECTBYET PA3TMIHBIX KyOUKOB, Y KOTOPBIX TPAHU OBIBAIOT CHHUE, 3€/IeHbIe WJIN KPACHbIE?
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5 urons
Brinykibie MHOXKecTBa. AnrebpaniecKkne CBOCTBa

Omnpenenenne. MHOXKECTBO HA3BIBAETCS 6bNYKAbILM, €CTU BMECTe C JOOBIMH CBOUMU JIBYMS TOYKAMHU
COZIEPZKUT TEJTUKOM U OTPE30K, COeTMHSIONINI STH TOYKH.

DTO ompesiesieHne TOIUTCI U JJTs TPSAMON, W JIJI MJIOCKOCTHU, U JIJIsI MPOCTPAHCTBA, W, BOOOIIE, MMeeT
CMBICJI B JIFOOO#T cuTyaluu, KOTJia $ICHO, YTO HA3bIBAETCH OTPE3KOM MEXKJLy JIByMs TOYKAMHU.

Onpenenenne. Bunykaotl kombunayuet Toaek X, Xo, ..., X,, miockoctu aubO MPOCTPAHCTBA HA3BIBaA-
ercst Touka X = M X1+ ...+ X, e 0 < N\, <1l,e=1,...n,\ +...+ )\, =1L

1. IIycrs M — nekoropoe MHOKecTBO. JloKaKuTe, 4T0 MHOYKECTBO BCEX BBIIYKJIBIX KOMOMHAIMI TOYEK
M — BbIIIyKJIO€.

2. Jokazkure, uro eciu A, B, C' - Tpu TOUKH, NPUHAIIEXKAIINE BBIIYKJIOMY MHOXKecTBY M, TO mobas
TouKa BHyTpu Tpeyrojbiauka ABC takzxke npunaiexur M.

3. Jlokakute, 4TO BBINYKJIasg KOMOMHAIUA KOHETHOIO MHOZKECTBA TOUYEK BBIIYKJIOIO MHOYKECTBA IIPH-
HAJTIEKAT MHOYKECTBY.

Oupenenenne. Buunyxaot 060404kt GUTyphl HA3BIBAETCS HAMMEHBIIIEE BBIITYKJIOE MHOXKECTBO, COLAEP-
JKalee JaHuyio durypy.

Brimykasg 060109Ka CynecTByeT U €/IMHCTBEHHA.

N3 yrBepxKaenuii 3aa4 1, 3 BRITEKAeT, YTO BBIIYKJIasd 000109Ka MHOXKECTBA COBIAIAET C MHOKECTBOM
BCEX BBINMYKJIBIX KOMOMHAIIMI TOUEK STOI0 MHOYKECTBA.

4. (Kapareogopu) /lokaxkute, 94To Jt06ast TOYKA BBHILYKJIONH 000JOYKH MJIOCKOTO MHOXKECTBA SIBJISETCS
BBINYKJ/I0i KOMOMHANMEH He DoJtee 4eM Tpex TOYeK HCXOIHOTO MHOXKECTBA.

Ouesudrno, wmo 6epHo u obpammoe ymeeprcoerue.

Oupegesenne. Touka MI0CKOCTH (IIPOCTPAHCTBA) HA3BIBACTCS 6Hympentel moukol durypsl, ecan du-
rypa CoJiepzKUT HEKOTOPBIH KpyT (11ap) ¢ MeHTPOM B JAHHON TOYKe.

Touka I0CKOCTH (MIPOCTPAHCTBA) HA3BIBAETCA 6HewHel moukol dburypsl, eciu Gurypa e uveer 0o-
IIX TOYEK ¢ HEKOTOPBIM KPYroM (Iapom) ¢ IEHTPOM B JIAHHOM TOUKe.

Touka MIOCKOCTH (IPOCTPAHCTBA) HABBIBACTCS 2panu4Hol moukol (PUrypsl, ecau JoboH Kpyr (map)
C IIEHTPOM B JIAHHOHN TOYKE COJIEPKUT KaK TOYKH, IIPUHAJIexKalue purype, Tak 1 TOYKU, €ii He IPUHAJI-
JieKalime.

MuoxkecTso B Ry, R? mim R? Ha3bIBaeTCsT 0MKPbIMbLM, €CJIN BCE €T0 TOYKN - BHYTPEHHNE; 3AMKEHYMbLM,
€CJTH €ro JOMOJHEHHe OTKPBITO;, 02PaHUYEHHbILM, CITH OHO SBJISeTCA IIOMHOXKECTBOM HEKOTOPOro Kpyra
(mapa); KoMnaxmHvLM, eCIH OHO 3AMKHYTO U OTPAHUYEHO.

Corlanienye 0 TEPMUHOJIOIUMU: 00JIACTU U TeJIa JAJIee IIPEJIII0/IaraeM 3aMKHYThIMU U ¢ HEILyCTO BHYT-
penHocTbio. Bee MuOkecTBa paccmarpusatorcs B R? jmbo B R3.

5. Haiiiure BCe BBIYKJIBIE TIOJMHOYKECTBA MPSMOii B CJIyYasax, eCJIH JOMOJTHATETHHO H3BECTHO, YTO OHI
a) OTKPBITHI, ) 3aMKHYTbI, B) KOMIAKTHBI.

6. Jlokakute, 94TO mepecedeHne JOOOr0 YUCIA BBIMTYKJIBIX MHOMXKECTB JIUOO IMyCTO, JTUOO SIBJIAETCSA BBI-
MYKJIBIM MHOYKECTBOM

7. a) lokaxure, eciim A — rpaHnvHasi TOUYKa BBITYKJION (GUrypsl, a B — €€ BHyTpeHHsIsI TOYKA, TO BCe
Touku orpe3ka AB, kpome A — BHyTpeHHUE.

6) JlokazKure, 4TO €CJIM OrpaHuYeHHAs (DUTYPa, COIEPKAIIAs XOTs Obl OJHY BHYTPEHHIOK TOUKY, BBITYKJIA
TOIJA ¥ TOJIBKO TOT/1a, KOraa Jobas HpsMast, HIPOBEIeHHAs depe3 JII00YI0 BHYTPEHHIOI TOUYKY, IHepeceKaeT
IPAHUIY POBHO B JBYX TOYKAaXx.

Onpenenenne. Jlunetinot kombunayuet Toaex X, Xo, ..., X, MIOCKOCTH OO TPOCTPAHCTBA HA3HIBAET-
caTouka X = M X1+...+ M\, X, e \;, 2 = 1, ..., n - BemmecTBeHHbIE YnCaa. Junetinold xombunayuet duyp
A, B Ha3bIBaeTCsa MHOXKECTBO JHHEHbIX KoMmOoumHamuil Buga A\ X + oY, X € A Y € B. [lpu A\ = A =1
FOBOPHAT 1IPOCTO O cyMMme puryp.

8. 1306pasuTe Ha ILIOCKOCTH CYMMY &) JIBYX OTPE3KOB Ha IJIOCKOCTH, 0) OTpe3Ka U KBaJjpaTa, B) JIBYX
KPYTOB, I') Kpyra U KBaJpara, 1) ABYX TPEYrOJbHUKOB.

4
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,ﬂ./bﬂ CaAMOCTMOAMENDOHO20 PEWEHUA

9. /lokaxkute, 4TO JinHEHHAsT KOMOMHAIUS BBIYKJIBIX (DUTYP €CTh BbITyKJias (urypa.

10. Jlokazkure, uTo ecan A — kBaapar, B — kpyr Ha miockocts, 10 \/S(A + B) > 1(1/S(A)++/S(B))
(S — mwromap).

Obasamenvras 3adayva: 9



XXVIII Kuposckas JIMII, 328 wutonsg 2012 romxa

5 uronn

Uncna Karamana. Paznnaabie mHTepnpeTainm.

JlokaxkuTte, 9TO CJAEAYIONIAE UUCIa PABHBI, IIOCTPOUB OMEKIMH MEKIYy MHOXKECTBAMU.

1. KonmdecTBOo paBUIbHBIX CKOOOYHBIX CTPYKTYP U3 2N CKOOOK, T.€. TAKUX IOC/IeI0BaTe/IbHOCTEN U3
7 OTKPBIBAIOIINX U 7 3aKPBIBAIONIAX CKOOOK, YTO CPeIU JI0OOr0 KOJTMYECTBA TEPBBIX JIEMEHTORB MOCJIEI0-
BATEJIbHOCTH OTKPBIBAIOIINX CKOOOK HE MEHBIIE, YeM 3aKpbIBAIOIIHX.

(0) (0 0 ©0) 000

DTO YUCIO HABBIBAETCS N-BIM wucaom Kamanaana.
2. KommuecTBo nocsieoBaTeibHOCTE| a1, Ao, . . . , G2y, B KOTOPHIX 1O T Pa3 BCTpedarorces «1» m «— 1y,
u s Beskoro k € {1,...,2n} BHINOJHSIETCS HEPABEHCTBO G + ag + ... + a; > 0.
+1+14+1-1-1-1 +14+1-1—-14+1-1 +1-1+1+1-1-1
+14+1-14+41-1-1 +1-14+1-14+1-1
3. Kosmuecrso myreii u3 rouku (0,0) B TOuKy (n,n) 1m0 JUHUAM KJeT9aToil Oymaru, uayniux BBEPX U
BIPABO U HE MOJHUMAIONIUXCS BBIIIE IIPIMOH § = .

| I

4. KosmmuectTBo c11ocoboB pas3dbuTh 2n TOYEK HA OTPE3Ke Ha Mapbl, COEJIUHEHHbIE HEelepPeceKaIomUuMUCs
MOJIYOKPY ’KHOCTSIMU, JIEZKAIIIUMHU BBIIIIE 3TOT'O0 OTPE3Ka.

5. KonudecTBo croco6oB pa3dUTh 2n TOUEK HA OKPYKHOCTH HA HMAPhl U COEJMHUTH TOUKH U3 OJTHOMN
mapbl OTPE3KOM TaK, 9TOOBI OTPE3KH He TePeceKanch.

OOV

6. KosimdecTBo criocob0B paccTaBUTh 21 4eJI0BEK Pa3HOTO POCTA B JIBE IEPEHIH TaK, YTOObI B KaxK 0
IIepeHre JIFO/IA CTOSIN 10 YOBIBAHUIO POCTA M KaXK/IbIil YeJIOBEK MepBOil IIepeHT N ObLIT ObI BBIIIIE CTOSIIETO
3a HUM YeJJOBeKa BTOPOIl MepPeHTH.

7. KosindecTBO €riocob0B paccTaBUTh CKOOKH B apuPMeTUIeCKOM BbIpaxKenuu ¢ 1 + 1 nepemMeHHoii u n
oTiepaIMsIMU.

(ab)(cd) a(bed)) a((be)d) ((ab)o)d (a(be))d

8. KosindecTBo GuHapHbIX jJiepeBbeB ¢ 1 + 1 Bucsyeil BepIInHON.

BuHapHBIM HA3BIBAETCsI JIEPEBO € BBIIEJEHHOl BEPIIUHON (KOPHEM) CTeleHd 2, BCe OCTAIbHBIE BEePIIHHbI
KOTOpPOTo uMeioT crenedb 1 mam 3. Takum obpaszoMm, W3 KaxKJI0il HeBUCAUYEH BEPITMHBI HA CJIETY 0TIl
YPOBEHb BBIXOJIUT POBHO JiBa pedpa. JlepeBbsi orjiMvalolnecs nepecTaHOBKON BETOK, MJIYLIUX BHU3 U3
KaKOM-TO BEPIINHDI, CYUTAIOTCH PAJIMIHBIMU.

ANINR LR

WNuoria K KOPHIO MPUCOEIUHSAIOT CBEPXY BEPIIUHY CTEIEHU OJIMH, U HA3bIBAIOT KOPHEM YyIKe ee.
9. KosmuecTBo cioco6oB pa3buTh BBILYKJIBIH (7 + 2)-yTOJbHEK HA TPEYTOJbHUKE HellepeCeKarouMUCs
JIMArOHAJI M.
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AZANAEAN

10. KomuvecTBo crmocob0B MpeacTaBUTh CyMMY 1 + 1 craraeMoro B BHJie OOPATHOl MOJBbCKOI 3amucu

He MeHdsl MOPSAIKA IePeMEHHBIX.
abed+++ abct++d+ ab+cd++ abcetd++  ab+ctd+

Yro Takoe obpaTHas moabcKast 3amuch’ Jasaiite paccMorpum apudmMeTndecKoe BeipazkeHne 6e3 yHap-
HBIX MUHYCOB, HanpuMep (a + b)(c — d). Ero moxkHo 3anucars B Takoil 6ecckobounoii popme: ab + cd — .
(Eme npumepst: a + b+ ¢ — ab+ ¢+, a + bc — be x a+, e «*» — 310 yMHOKEHHE).

OTa 3aIHMCh HA3LIBACTCA 06pammoli nosvekoti sanucvio Beipazkenna. OupeendeTcsa OHA PeKypPCHBHO:
BbIOUpAETCs onepalys, BblOJIHOMasscd nocjieaneil. Ke 3nak 3amnucbiBaercs B KoHel crpoku. [lepe num
3aIMCBIBAIOTCA OOpaTHBIE NOJIBCKUE 3aluch onepangaos. OOpaTHON MOILCKON 3aMUCHI0 TePeMeHHOI ABId-
eTca oHa caMa. AHAJIOTHYIHO ONpeJeIseTcs TpsMasd MOIbCKas 3alliCh, KOTIa 3HAK ONepaIud MHIICTCA B
HavaJe.

OO6paTHas MOJbCKas 3alUCh MOKET BeChbMa MPUTOIUTLCSA B IIPOrpaMMUpOoBaHnu. Takoe mpepcTaBIeHue
dbopmys1 He TONBKO GoJlee IKOHOMUYHO € TOYKH 3PEHUs KOJMIECTBA CUMBOJIOB, HO U IOPa3/10 ya00Hee /11
MAIIIMHHOT'O CYHUTHhIBAHUAA.

11. Koam4aecTBO KOPHEBBIX JI€PEBbEB (JIEPEBheB ¢ BhIIEJEHHOI BePIINHOI), cofepzKaiux n+ 1 Bepimny
(epeBbsi, OTIMYAIOIIUNECS IEPECTAHOBKON BETOK, TAKYKE CUUTAIOTCS PA3THIHBIMH ).

NI

Obazamenvras 3adaua: buexuyus mescdy 1 u 8 mMHoHCECNBAMU.
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6 — 7 uoasn

Brinykisie MHOXKecTBa. KoMOMHATOPHBIE CBOICTBA

1. Teopema XeJiin Ha TJIOCKOCTH.
A) JlokakuTe, 9TO TMepecedeHne 4YeThIPEX BBIMYKJIBIX MHOKECTB HEIYCTO, €CJH HEIyCThl MepecedeHust
JIFOOBIX TpeX U3 HHUX.

"

B) Hdokaxnure A) ¢ 3amenoit ":.uerpipex:"na ":n > 3:".

B) IIpu 3amene B A) ":.gerbipex:"na ":cueTHOro unca:"yTBepK/IeHNe CTAHOBUTCS HEBEPHBIM.

['*) JlokaxkuTe, 9TO mepecedenne J060ro qucia (KOHEYHOTo M GECKOHEYHOr0) BBIMYKJIBIX ObracTei
HEIIYCTO, €CJIU HeIyCThl IepecevdeHnsd JI00bIX TpeX U3 3THX objacTeil u XoTd Obl oJHA U3 3TUX obJacTeit
orpaHnveHa.

2. O6o6mure Teopemy Xemu (2B) Ha ciayuaii BIIyKJIbIX Tea B R3,

3. Teopema FOmura. Ilonapabie paccTosiHus MeXKIy N TOYKAMHU HA ILJIOCKOCTH He OOJIbIe €IUHUIBI.

Jlokaxkure, 9TO BCEe 3TH TOYKH IMOMEIIAIOTCS B HEKOTOPOM KPyTre pajuyca \/Lg

4. O606muTe Teopemy FOnra Ha ciayuail BHITYKIbIX Tea B R,

5. A) Cdopmyupyiite u jokaxkure anajor teopembl Kapareogopu B npocrpancrse R.

B) Hokaxwure teopemy Panona npu n = 2,3: KaKj10e MHOXKECTBO U3 n + 2 uian Goiee Touek B R”
MOKeT OBITH HPEJICTaBIeHO KaK O0beJnHEeHNe IBYX HeMepeceKarolnXcs MHOXKECTB, BBIIYKJIbIe 000J0UKN
KOTOPbIX UMEIOT OOILYIO TOYKY.

Jasa camocmoamenvrozo peutenus

6. JloxazkuTe, 3 TeopeMmbl Pasona cienyer Teopema Kapareogopu: A) B R?, B) B R3.

7. * Jlokazkute, u3 Teopembl Kapateonopu cieyer Teopema Xesm: A) B R B) B R3.
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6 — 7 urons
Yucna Katamana. @opMybl.

Yuco Karanana ¢ HoMepoMm 1 OyaeM 0003HAYATD Cy,.

1. JlokazkuTe peKyppeHTHYIO bopmyny aag dncen Karanana: ¢, = ZZ;(I) CkCrn1—k-

2. a) Jlokazkure, 4T0 KOJMYIECTBO myTeil Ha Kjerdaroil Gymare u3 touku (0,0) B Touky (n,n), cocro-
SIIUX U3 27 OTPE3KOB, MPOXOJSAIINX M0 JIMHUSAM CETKH, ¥ MMEIOIIMX TOYKHU BBIIE NPAMOR y = T, paBHO
KOJINYECTBY TyTeil, COCTABIEHHBIX U3 TAKUX Ke 0Tpe3KoB u miyimux u3 touku (0,0) B Touky (n—1,n+1).
HaiiuTe 3T0 KOJIMYECTBO.

6) Jdokazxmure, 410 ¢ = %

n+1
3. Paccmorpum TpeyroJibnuk Karajiana:

1
1
1 1
2 1
2 3 1
) 4 1
> 9 D 1
14 14 6 1

14 28 20 7 1

Ha kpaiineit quaronau cTodar eIuHHUIBbI. KaxK10e 9UCI0 dBISeTCS CyMMOIl CTOAIMMUX HAJl HUM CBEPXY
CJIeBa U CBEPXY CIIPaBa, 3a UCKJIIOUEHHEM JHCesT HA JIeBOil BePTUKAIU, KOTOPbIE PABHBI CTOSIIUM HaT HUMA
cBepxy cmpaBa. /lokaKuTe, UTO Ha JIeBOH BepTHKAIN cToAT duncia Karamana.

Onpedeaenue: n-apim qucjiom Pojgpureca Ha3piBaeTCsi KOJIMIECTBO CIOCODOB PACCTABUTH CKOOKU U CHM-
BOJIBI TepeMeHHBIX B bopmyite, cofepzkaiieil n 3HakoB onepanuii. (CKOOKH paccTaBIslFOTCs TAKHM 00pa3oMm,
YTOOBI YeJIOBEKY, YATAIONEMY (hOPMYJIY He HPUXO/IUIOCH 3a00TUTHCA O MPUOPHUTETAX, T.€. KaXKJas CKOOKa
CTABUTCSA BOKPYT OJIHOM Ollepaliuu, apryMeHTaMi KOTOPO SIBJIAIOTCS CKOOOUHAA CTPYKTYpa WU IepeMeH-
Has).

Hamnpumep, sropoe uucsio Pojapureca pasuo 12:

(ab)c a(be) (ac)b a(cb) (ba)c b(ac) (be)a b(ca) (ca)b c(ab) (cb)a c¢(ba)

4. a) JTokaxknre pekyppeHTHYIO dopmyry st qucen Poxpureca: R, = (4n —2)R,,_ .

6) BoiBeure u3 myHKTa a) siBHYI0 bopmyy st ducen Poapureca.

B) BoiBeure u3 mynkTa 6) siBayto dhopmyny s uucen Karanana.

5. Ha okpyzkHOCTH CTOST M HEJbIX Yucesl ai, ag, ..., Ay TaKde, 910 a1 + as + ... + a,, = 1. HazoBem
qHCI0 a; XopomuMm, ecan a; > 0, a; + a1 >0, ..., a; + @41 + @iy + ... +a;—1 > 0.

a) /lokazkure, 9T0 XOPOIIUX YuCes He GoJiee OJHOTO.

6) okazkure JieMMy Penu: Xopoiiee 4icio pOBHO OJTHO.

B) BoiBeure u3 mynkTa 6) sBayto dhopmyny s uucen Karanana.

as camocmoamenvrozo peulenus

6. a) Jlokazkure, 94TO Cpe/H MOy YAIOIIUXCST APYT U3 IPYTa IUKJINIECKUM CIBUTOM CTPOYEK, COCTOSAIINX
u3 N 3HAKOB omeparnuii u n + 1 cuMBOJIa TIepeMeHOil, POBHO OJIHA SABJISIETCST OOPATHON MOJIBCKON 3aMUCHIO
HEKOTOPO (hOPMYJIBI.

6) BoiBeure u3 myHKTa a) siBHY®0 bopmyy st uucen Karanana.

7. a) Jokazkure, 9T0 KOJIUIECTBO HAGOPOB N TEJBIX ducea oT 0 10 n, cyMMa KOTOPBIX JIeJIUTCst Ha N+ 1
PABHO C;,. (HAOODPBI, OTIIMIAIONINECS IEPECTAHOBKAME YUCEJI, CIUTAIOTCS OJMHAKOBBIMHE).

6) Jdokaxure, aro KoamdectBo nyreil u3 touku (0,0) B TouKy (n,n) MO JUHUAM KjeTdaroi Gymar,
UJIYIUX BBEPX U BIIPABO, ILIOIIA b 110 KOTOPBIMHE JIEJTUTCS Ha N + 1, paBHO ¢j,.

Obasamenvras 3adava: 1



XXVIII Kuposckas JIMII, 328 wutonsg 2012 romxa

9 uronrs
PexyppenTn! - 1

Omupenenenne. IlocienoBaTesbHOCTD {1, } HA3BIBAETCSI PEKYPPEHTHON MOPSIKA K, €CIIH Ty 4k BbIpaZKa-
eTCs 9epe3 Ty, Tpil,- - - Tnik—1 A Beex n > 0. Beipaxenne . = f(Tn, Tnit,- -, Tnik—1) HAZBIBACTCA
PERYPPEHTIHDIM COOTMHOULEHUEM.

1. /lokazkure, 9T0 JiBe PEKYPPEHTHI MOPSIAKA K, 33/ [aHHbIE OJHUM U TeM YKe COOTHOIIEHNEeM, COBIIAIAI0T
TOrJIa U TOJBKO TOTJA, KOIJIa COBINAJIAIOT ee IepBbhle k 4JIeHOB.

Ompenenenne. yukius f(n) HazbiBaercs A6Hol Bopmyrot nocaenoBareasaoctu {x,, }, ecau f(n) = x,
a1 Bcex n > 0.

2. 3as1aHa ciaeayionas peKyppeHTHas IMOC/Ie/I0BaTe/TbHOCTD:
a) ap = 0,a; = 10, ap12 = 20a,+1 — 100a,,

6) ap =1,a; = 10, ap12 = 20a,+1 — 100a,,

Haiignre sBHYIO (bOpMYy/Iy Nn-0r0 djieHa 1mocjaea0BaTe TbHOCTH.

3. Kak MOKHO BBIpa3uTh CJEAYIOIUe HOCIEI0BATEIbHOCTH PEKYPPEHTHO?

a) x, =2"

6) x, = n!

B) &, — n-oe unciao Pubonawdm.

Oupenenenne.  PexyppeHTHOe  COOTHOIICHHE — HOpAAKA  k  HA3LIBACTCA  AUHETHbLLM, — €CJIH
Tpik = 20Tn + 21Tps1 + -+ 2k 1Tpik—1, TAE 20,21...2k—1 — JefiCTBATENbHbIE (WM KOMILTEKCHBIE)
qucia, npudem 2o 7# 0.

4. Hajimnre BCe reoMeTpudecKue NpOrpecChuu, yABOJETBOPAIONINE TUHEHHBIM PEKYPPEHTAM:

a) Anyo = Anpy + Gy

6) any3 = 2012 + Gpi1 — 2a,

Onpezesienne. Xapaxmepucmuneckum MHOROUNEHOM JIMHEITHO PEKypPPEeHTI
Tpik = 20Ty + ... + Zp_1Tpyk—1 HasBIBaeTcs Muorowaen P(q) = ¢ — 214"t — ... — 210 — 2.

5. XapakTepucTHIeCKnii MHOTOUJIeH HEKOTOPOIi TNHEHON peKypPPEeHTHI MOPA/IKa k IMeeT POBHO k HEHy-
JIEBBIX KopHeil. /lokaxkuTe, 9TO:

a) CytecTByer poBHO k HeHYIEBBIX N€OMETPIUYECKUX MPOIPECCHl ¢ PA3TNYHBIMEI 3HAMEHATEISIMHA, VIIBO-
JIETBOPLAIOLINX ITON JUHEHHON peKyppeHrTe.

6) Jlwobasi mocsien0BaTeIbHOCTh YABOJIETBOPSIET ITO JMHEHHOH peKyppeHTe TOrja W TOJbKO TOTJIA,
KOTJIa OHA& BbIPazKaeTcs Kak JIMHeiiHas KOMOWHAIMS IIPOrPECCUil U3 IMpeblIyIero myHKTa.

6. Haitmure aBuyto dopmyry amna auces PudoHaqqn.

ﬂ/bﬁ CaAMOCTMOAMENOHO20 PEWEHUA

7. Yragaiite u J0KaxKuTe ABHYIO (GOPMYJIY N-0r0 WieHa MOCIeJ0BATEJbHOCTH JIJIs CJIe YO (HeTu-
HeHbIX) PEKYPPEHTHBIX COOTHOITeHUIA:

a) xg= 1,01 =2, 2,01 =T, +2n + 1

6) xg = é,xnﬂ =2x,/1 — a2

i<n

_ 1
B) Lo = 3, Tn+1

8. Haiimure Bce dyuknuu f : Z — 7Z rakue, uro 3f(n) — 2f(f(n)) = n.

Obasamenvras 3adava: 5

10



10 kJ1acc, 0bbIuHbBIE IPYIIIIBI

9 uronrs
HenpepbIiBHOCTD

AKcroMa IOJTHOTBH MHOZKECTBA, BeIIeCTBCHHLBIX YHCeJI: J1000e€ HEIIyCTO€ OI'paHUYeHHOE CBEPXY MHOZKeE-
CTBO BEIIECTBEHHLIX YHCEJI UMeeT TOYHYIO BEPXHIOIO I'DAaHb.

1. /lokazKuTe meopemy 0 GA0HCEHHBIT 0TPE3KAL: €CJIA JTAaHA TOCIeI0BATEeIbHOCTD BJIOXKEHBIX OTPE3KOB
L = [z, Io = [z2,92),..., 11 D Iy D ..., JUIMHBI KOTOPBIX CTPEMSTCS K HYJIO, TO UX HepecedeHre
COCTOUT POBHO U3 OJHON TOUYKH.

2. JlokazkuTe, 9TO U3 0001 OrpaHMYEHHOM II0C/IeI0BATCILHOCTH MOXKHO BBLIOPATDH CXOISANIYIOCS MOJ-
HOCJIeIOBATEILHOCTD.

Ompegenenne (Leiine). Ipedenom dynruyuu f(r) 6 mouke a HA3BIBAETCS TAKOE TUCJIO b, UTO JIs OO0
nocaenosarenbuoctu {a;} — a, He coAepzKameil YICHOB, PABHBIX @, BBIIOJHEHO CBOiicTBO f(a;) — b.

Omnpenenenne (Komm). ITpedesom dynryuu f(x) 6 mouke a Ha3bIBaeTCst TAKOE YUCIIO b, Jjisi KOTOPOTO
BbINOJIHEHO yeyoBue: Ve > 030 >0Ve:0< |[r —a| <0 = |f(x) —b| <e.

Ompeenenne. QYHKINSA HAZBIBACTCST HENPepuieHoli B TOUKE a, €CJIM ee ImpeJiesl B Touke a paseH f(a).
DyHKIUA HA3LIBACTCS HEIPEPBIBHON HA MHTepBAaJse, eCJU OHA HeIPePBIBHA B KarKJI0# TOUKE 5TOr0 MHTEp-
BaJIa.

CroiicTBa HENPEPHIBHBIX (DYHKIWIT: CyMMa, MPOU3BEJIEHNE W YaCTHOe HeIPephIBHBIX (DYHKIUIT Hetpe-
PBIBHBI; MHOTOYJIEHBI, (DYHKIIMsI iy = Sin & HenpepbiBHBL, ecjn f () HenpepbiBHA B TOYKE a, a ¢(T) Henpe-
poiBHa B Touke f(a), To g(f(x)) HempepbIiBHA B TOUKE a.

3. (Teopema Bosbnano-Komm) f(x) nenpepwiBaas dbyukuus ua [a,b], f(a) > 0, f(b) < 0. Toxkaxure,
uro f(x) mMeer KopeHb Ha oTpeske [a,b).

4. Tlycrs f(x) — menpepoiBaag dyuknus Ha [a, b]. [Tokaxkure, 9T0 OHA OrpaHuYeHa Ha [a, b].

5. (Teopema Beitepmirpacca) HemnpepbiBHas DyHKIMS HA OTpe3Ke JOCTHIAeT HA HEM MAKCHUMyMa U
MUHUMYMaA.

6. /lokaxkure, 4TO 11000 KyOMIECKUl MHOTOUIEH UMeeT XOTs Obl OJINH BeIeCTBEHHBIH KOPEHb.

7. 3amana HenpepbiBHaAs mepuogndeckas pyukmus #a R ¢ nepuogom T' > 0. Jlokarxkure, 9T0 eé rpaduk
. T
MMeeT TOPU30HTAIbHYIO XOPJY JJINHON .

8. [Mocrpoiite orobpazkenne R — R, nmeromiee a) Hu 0HOiT; 6) POBHO OJIHY TOYKY HENPEPHIBHOCTH.

Obasamenvrasa 3adava: 5
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XXVIII Kuposckas JIMII, 328 wutonsg 2012 romxa

10 wonn

Teopema Typana
2

1. Hanbompmree uncio pebep B ABYZ0IbHOM Tpacde Ha 1 BePIIMHAX PABHO [7-].

2. B rpade 2012 Bepuiun u Her mnoJibixX nojrpadgos Ha 5 Bepmunax. Ilpujaymaiite takoit rpad, B
koropoM 6 - 5032 pebep.

Tenepv mv. nonpobyem nokazamov, wmo 6 aobom opyzom epage (¢ 2012 eepuunamu u OMCYMEmMeueMm
noanvir nodepagos wa § eepwunar) pebep menvwe. Iycmv Mmor 6344U 2pad ¢ MAKCUMAAOHOLM YUCAOM
pebep u3 YyodoeAemBOPAIOULUL YCAOBUAM, MO20a.:

3. JlokazkuTe, 9TO ecau A00aBUTH K rpady emre OIHy BEPIINHY U COEIUHHTL ee pedpamMu ¢ HabOpOM
coceieit HEKOTOPOIt cTapoil BepIIUHbBI, TO MOJHOIO 1ojArpada Ha 5 BepHIMHAX HE MMOSIBHTCSI.

4. JlokazKuTe, 9TO CTEIEHHW ABYX BEPIIWNH PaBHBI, €CJIM OHU HE COeIWHEHbI peOpoM. A ecyim BepIIHHbBI
CO€JIMHEHBI, TO CTeIleH! OTJIMYaloTcsd He OoJiee, yeM Ha 1.

5. JlokaxkuTe, 9TO mpuUMep U3 2 33a49l - €IMHCTBEHHBIN O IXOISIIUIA.

6. Teopema Typama (dacTHbIl caydaii): Kakoe HanbGOJbIIee YUCIO pebep MoxKeT ObITh B rpade ¢ kx
BePIIMHAME M 3alPeIieHHbIME OJHbIME roArpadamu u3 k + 1 Bepriuabi?

ﬂ/bﬁ CaAMOCTMOAMENOHO20 PEWEHUA

7. [aiite orBeT Ha BOIPOC TeopeMbl TypaHa Jijisi TPOU3BOJIbHBIX YUCE/I.
8. B rpymnme u3 n? 4egoBeK KaskKablii mMeeT He 6oJiee 1 3HAKOMBIX CPeIM OCTaJbHBIX. JloKasKuTe, 4To
MOYKHO BBIOpATh M 9€JI0BEK, HUKAKHUE JIBOE U3 KOTOPHIX HE 3HAKOMBI JPYT C JPYTOM.

Obasamenvras 3adava: 1
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10 kJ1acc, 0bbIuHbBIE IPYIIIIBI

10 urons
CoobparkeHusT HETIPEPBIBHOCTU

B 3agagax mbr Oyj1eM 1M0JIB30BAaTbCS T€M, YTO 3aMKHYTBIE OrpaHHYEHHbIE 00JIACTH U3MEPHUMBI, TO €CTh
IJ7I9 HAX KOPPEKTHO omIpeaeseHa IO Ib.

1. /lokazKkuTe CBOMCTBO BBIIYKJ/IOil OrpaHUYIEHHON 00JIACTU: €CJIU CTPOro MEXKLy JABYMS MapaJiaebHbIMI
IPSMBIME (B TI0JIOCE, HE HA TPAHUIIE) CTh XOTh OJIHA TOYKA (DUTYDBI, TO B TOJIOCE HAXOIUTCS YACTh (DUTYDBI
HEHYJIeBOW ILIOIIAH.

2. JlokaxkuTe, 9TO BBIIYK/IYIO OTPAHUYEHHYIO 00J1aCTh MOYXKHO Pa3/e/UTh MPAMOil JAHHOTO HallpaBJie-
HUS Ha JIBe 9aCTHU paBHO maomaau. Takas npsavas e TMHCTBEHHA.

3. Jlana BBIMyKJasi orpaHudenHas 00JIacTh U TOYKa a) BHe; 0) Ha rpaHuIle; B) BHyTpu Heé. JlokaxknTe,
YTO CYIIECTBYeT MpsMasi, MPOXOdIIas Yepe3 3Ty TOUKY U JedIas ILIOMAIb TOMOTaM.

4. A) Teopema o HenoasuzxkHOiT Touke. Ecin venpepbiBaas dyukius f(z) orobpazkaer oTpe3ok B cebs,
TO CYIIECTBYET HENO/BHKHAS TOYKA, TO eCTh TaKasi TOUKa Lo, 9To f(xo) = xo. B) HenpepoiBHas dynkuns
f makoBa, uro ypaBHenue f(xr) = x He mMeeT JefCTBUTEJNbHBIX pernenuii. /[okazkure, 4TO ypaBHEHHe
f(f(z)) = x Toxke HE UMeeT JEHCTBUTENLHBIX PEITEHUI.

5. Haityure Bce HenpepbiBHble (yHKINY, yaoBaerBopsionme paseuctsy f(x) + f(y) = f(x + y) upn
BCEX BEIECTBEHHDIX T, .

Omupenenenne. @yuknusg f, onpejieéHHas HA MPOMEKYTKe (OTpe3Ke, MHTepBaJe, Jiyde, BCeil mpsiMoii)
¥ IPUHUMAIOIIAs JIefICTBUTEIbHbIE 3HAYCHNUS], HA3BIBACTCS 6biNYKA0U 6HU3 (MM IPOCTO 8uNYKAOT), €C/IH
eé rpaduk Ha 11060M OTpeE3Ke [a, b], BXoagmEeM B 00J1aCTh ONPE/IEIeHNs, IEZKUT HE BBIIIE XOP/Ibl ¢ KOHIAME
(a, f(a)) n (b, f(b)). AHATOrMYHO ONPEIEISIETCS MOHATHE BUNYKAOCTIU 66EPL.

6. @yuxnust f Boinykia Bau3. A) Jlokasars, 910 Jyist J00bIX quces ¢ 1 b u3 eé 0bjaacTu onpe/iejeHus
BbinoHeHo HepasencTBo f((a+0)/2) < (f(a)+ f(b))/2.

B) (HepasencrBo Vencena) lokaxkure, 910 Jjist JIIOOBIX 9HCET Ty, T2, ..., T, W3 OOJIACTH ONpe/eJie-
HUsI U HEOTPHUIATEJbHBIX (1, ..., Oy, JAIONIHX B CyMMe 1, BBIIOJHEHO HEpaBeHCTBO: f(anxy + ... + apxy,) <
arf(xy) 4+ oo + an f(z).

7. JlokazaTh, 9TO BCsIKAs BHITyK/as (BHU3 Win BBepX) (bYHKIWsI, OTNpeIeIEHHAsl HA HHTEepBaJIe, Helpe-
PBIBHA BO BCEX TOYKAX ITOr0 MHTepBaja. BepHO i aHAJIOIMYHOE YTBEPXKIEHUE /It OTpe3Ka’

ﬂ/bﬂ CaAMOCTMOAMENDHO20 PEWEHUA

8. Monax HavaJ BOCXOXKJIEHHE U3 XpaMa Ha rOpy B BOCEMb yTpa M IHOJHSJICH HA BEPIIUHY K BOCHMHU
Bedepa. HayTpo oH B BoceMb yTpa HadaJl CIIyCK, TOXKe JIIUBINHiCS 12 9acoB, 10 TOMY Ke TyTH, YTO U BOC-
xoxKaenune. /lokazkure, 4T0 OBLT MOMEHT BpEeMeHH, pa3/e/IeHHbIX POBHO CYTKAaMHU, KOI/Ia, MOHAX HAXOIUJICH
B OIHOI M TOH 2Ke TOYKe.

9. Ha mjiockocTu JIaHbl JIBe BBINYKJIbIe OrpaHudYeHHbie (pUurypsbl. JJokaxkure, 9TO CyHIECTBYET IMpsMasi,
KOTOpad AeJIUT KaXKAYI0 U3 HUX Ha JABEe 9YaCTH PABHON ILJIONIAIN.

10. Haitaure Bce nenpepbiBabie (byHKIME, yiosaersopaionue pasencrsy f(z2) + f(x) = f(2? + ).

13



XXVIII Kuposckas JIMII, 328 wutonsg 2012 romxa

11 wonsa
BbIHyKﬂble (i)yHKLH/H/I

1. Byaem Ha3biBaTh (CpejiHeii) cKOpOoCThIO u3MeHeHust byHKun f Ha oTpe3ke |a, b oTHOIEeHHe W
(reoMeTpHYECKHl CMBICT: CPEJIHSISI CKOPOCTh — YII0BOIl Koddduiment xopsl). Jlokaxkure, 4ro HyHK-
mus f, ompeeeHHas Ha WHTepBaJse, BBIIYK/IA BHA3 TOLAA W TOJBLKO TOTIA, KOTAA IS JIOOBIX TpeX TO-
ek @ < b < ¢ JaHHOTO MHTEpBaJa CKOPOCTh u3MeHeHust [ Ha oTpeske [a,b] He GosbIIe CKOPOCTH U3MEHE-
nust f ma orpeske [b, c].

2. Oyuknua f(r) BHIMYKIa BHA3 W BCIOAY moaoxkureabia. A) MOXKHO Jn yTBepKIATh, 4TO (DyHKIHsA
(f(x))? Bomykia Baus? B) MoxHO /in yTBep#IaTh, 9T0 9Ta (GyHKIMA BHITYK/Ia BBepX, eciu f(T) Bhyk/Ia
BBEPX?

3. A) Jlokaszarh, uro eciu Buimykaasg BHU3 dbyHkus auddepennupyeMa, To €€ MPOU3BOIHAS SBJIsI-
ercs neyObiBaromei dyuxuuneit. (Ykazanue: ecsim a < b, ro f'(a) u f'(b) pasgenensl cpejneil CKOPOCTHIO
u3menenns GbyHknuu Ha [a, b].)

B) Jlokasars, uro eciu dyuknusa f muddepennupyema u f’ spisiercs ueyobiBatomieit dbyHkimeii, To
f Boimykiia BHE3. (YKaszanue: 1m0 Teopeme Jlarpanzka CpejHsis CKOPOCTb M3MEHEHUs eCTh TPOU3BOIHAS B
POMEZKYTOYHON TOUKE. )

4. TokazaTh, 9410 JJist ABazK bl auddepeHnupyeMbix (DyHKIHH BBITYKJIOCTh BHE3 (BBEPX) PABHOCHTb-
HA HEOTPHIATEJbHOCTH (HEMOJIO0KUTEIbHOCTH) BTOPOil pon3BoHoi. (MHEMOHUYeCKOe TPABIIO: eCTH B
rpaduK MOYXKHO 3a7UTh BOLY, BTOPas MPOU3BOJHASA UMEET 3HAK ILTIOC, eCJIM HEeJIb3sl — MHUHYC. )

5. JlokazkuTe ¢ IOMOIIBIO TPOM3BOIHOM U ¢ MOMOIILIO 3a4a4u 1, uro dynkmud y = x>, n € N poimykia
BHU3.

6. Beisegure nepasencrso Kommu-Bynskosckoro: (z1 + ... + x,)* < n(x? + ... + 22) u3 BeImyKI0cTH
dbynxmun y = 2.

7. A) Tlokaszarh, uro rpadux guddepeniupyemoil BHIYKIONH BHU3 (BYHKIUN JIEXKHUT BbIIIe JOOO0M
KacaTeJqbHOil K Hemy. (Vkasanwe: kacaresibHast B Touke (a, f(a)) K rpaduky dynkunu f nmeer yriaoBoii

ko dburment f'(a).)
B) IlokazaTh, 9To TpeGoBanue npeapiymeii 3a1a4am (rpaduk JeKAT BBIIe KACATETBHON) MOKHO CIH-
TaTh (PABHOCUJIbHBIM) OLPE/IEIeHIEM BbILYKJI0CTH Jist jauddepennupyembix dyHKIHIA.

ﬂ./bﬂ CaAMOCTMOAMENOHO20 PEWEHUA

8. Ilpu kakux p dbyHKIHUA y = xP BHIIYKJA, a IpH KakuX Boruyta Ha (0, +00)7

9. BoiBeure A) HEPABEHCTBO MKy CPEIHUM apudMeTHIECKIM U CPEJHUM M€OMEeTPUYECKIM U3 Hepa-
BencTBa llencena, HCMOIL3ys BBITYKJIOCTh BBepX (ynkmun In(z);

B) nokazkuTe HEPABEHCTBO O CPEHUX B3BEIIEHHbBIX:

a1 xr (05X nT
KL Q0T Lo Ol s et oS e,

o +oag + ...+ o

rae BCe r; n x; HEOTPUIIATEIbHDBI.

P D P 1
10. Iyets Fy(x1, o, ... 2,) = (W)P, Fo(z1, 20, ..Tn) = Y/T1T3 .- Tn,

Jlokazkure /18 HOJOKUTEIbHBIX T, ..., Ty, 9T0 F), > Iy, rne p > q > 0.

Obasamenvras 3adayva: 9
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10 kJ1acc, 0bbIuHbBIE IPYIIIIBI

11 wonn

PexyppeHTHI - 2

1. Haiiure BCe MOCIEMI0BATEIBHOCTH {ay, }, /I KOTOPHIX BBIIOJHAETCA PEKYPPEHTHOE COOTHOIIEHUE:
Apt2 = 2an—i—l — Qnp.

2. a) Haiinnre mocienoBareabHocTh {ay, }, He SIBISIIOINLYIOCS T€OMETPHYECKON MPOrpeccueil, yIoBIeTBo-
PSIONIYIO: Apt2 = 6ani1 — 9a,

6) Haiiure moc/ie10BATeIbHOCTD, JIJIsi KOTOPOil BBITIOJHIETCS PEKYPPEHTHOE COOTHOIIEHUe U3 MYHKTA
a), a rakxke ag = 1,a; = 4.

B) Haiinure BCe mocseqoBaTebHOCTH, JJisi KOTOPBIX BBIIOJIHSIETCS PEKYPPEHTHOE COOTHOIINEHHE U3
IIyHKTA a).

3. Kak Oyzer BoInIsizeTh (bopMysia n-ro djieHa Jjsi peKyppeHTHOI MOCJIeI0BaTeIHOCTH Kk-TO TTOPSIIKA,
ecJIM ee XapaKTepUCTHIECKUiT MHOTOUWIEH UMeeT JelCTBUTeIbHbIE (MU KOMILTIEKCHbIE) KODHU (1,. . . ,m C
KPaTHOCTAMH tq,...,t,, COOTBETCTBEHHO?

4. Hucsi0Bag 10C/AE10BATENBHOCTD {dy, b TAKOBA, 4TO HpU BCeX M > n > 0 BBIIOJHAETCH COOTHOIIEHHE:

Umtn + Ay = W Haiiture aggo, ecin a; = 1.
5. Koneunas nocienoBarenbnocts {a,} yaosaersopser ycaosusm: ag = 20, a1 = 12, ay40 = a,, — ﬁ
HaiiguTe MakcnMaJIbHOE KOJMIECTBO UJIEHOB MOCTIEI0BATETHHOCTH.
6. [locaenoBaTeIbHOCTD {a, } 3a1aHa VCIOBUAME a1 = 1, a9 = 143 u a,4q = 5 - 9ER2teddn popy peex
9 +

n
n > 2. JIoKaKuTe,9TO BCe YIEHBI MOCIeI0BATETHLHOCTH — Teble YHCTA.

7. Boruucure cymmy S, =CY —CL , +C% , — ...

JIAA CamoCoAmentHoz0 peuenu
8. KaknM JTMHEHHBIM PEKYPPEHTHBIM COOTHOIMEHUAM YIOBJICTBOPSIOT MOCIeI0BATE TLHOCTH]:
a) a, = n?
6) a, = n3?

9. Barajano uucao or 1 10 144. Paspemaercs BbLAEAUTh OJHO IOJMHOXKECTBO MHOXKECTBA 4HCe] 0T 1
710 144 u cnpocuTh, MPUHAJJIEKUT JIM €My 3ara/I[aHHOe 9uC/I0. 3a OTBET Jia HAJI0 3aIIaTuTh 2 pyOJis, 3a
otTBeT HeT - 1 pyosb. Kakasi naumenbiirasi cymma JieHer HeoOX0MMa JIJIsi TOro, YTOObI HaBEPHSIKA, yraJlaTh
qUCTI0?!

Obasamenvras 3adayva: 2
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12 urona
M3oronanbHoe conpsizKeHne

Onpedenenue: Pacemompum mpeyzoronur ABC u mouky P enympu nezo. Ecau cyusecmseyem mouka QQ
makas, wmo ayuwu AQ, BQ, CQ cummempuuns, 0mMHOCUMENbHO OUCCEKMPUC Y208 TPEY20NDHUKA AYUAM
AP, BP, CP, mo moukxa @) na3vieaemcsa u3020HarvH0o conpastcennot x mouke P. Ilpeobpasosanue, cono-
cmasasoulee Kancdot mouke SHYMPU MpPey2osbHuKa CONPANCEHHYIO K Hel, HA3BBAEMC A U3020HANOHLM
CONPANCEHUEM.

1. IIpoBepbTe KOPPEKTHOCTH ONpE/IETeHNA N30TOHATBHOIO COMPAZKEHUS.

2. A) Haiizure M30rOHAJIBHO CONPSZKEHHYIO TOYKY K IEHTPY BIUCAHHON okpyzHocTu B) Haiigure
M30IOHAJILHO CONPSIZKEHHYIO TOYKY K OPTOIEHTDY (JJ1si OCTPOYroJibHOTO Tpeyroibauka) B) Jokaxure, aro
IpoeKIUU U30I'OHAJIBbHO COIPAZ?KEHHbIX TOYEK Ha CTOPOHBLI TPEYI'OJIbHUKaA JIe2KaT Ha O,ZLHOf/i OKDPY2KHOCTH.

Onpedenenue: Bapuyenmpuueckue koopdunamo, moukyu 6 mpeyzosvhure - mpotika nap (6epuuna wuc-
20), KOMOpasa 3a0aem nosOHCERUE TOYKY KAK GEHMPA MACC CUCTIEMDL.

3. Haiimure GapuieHTpudecKne KOOPHHATHI YeThIpeX 3aMedaTeIbHbIX TOUYeK.

4. JTokazkure, 9410 GaApUIIEHTPUUECKHE KOOPAUHATHI KOPPEKTHO OLPE/Ie/IEeHbI.

5. 3anumnmmre W30rOHAJIBLHOE CONPSIZKeHNEe B OAPUIIEHTPUIECKUX KOOP/IMHATAX.

6. lokaxkute, 910 (POKYCHI IJLINICA, BIUCAHHOTO B TPEYTOJbHUK, N30TOHAJIHLHO COTPSIZKEHHI.

7. JlokaxkuTe, 9TO0 TOUYKH BpoKapa M30TOHATBHO CONMPAZKEHDI.

8. okazkuTe, 9T0 TOUKa JleMyana obJsiajiaeT MUHUMAIBHONW CYMMOil KBa/IpaTOB PACCTOSHUI 0 CTOPOH
TPeyroabHUKA.

Obasamenvrasa 3adava: 6
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12 wonn

BuyTpennnit maremaTndeckuii 6oit

1. Jlan ocrpoyroabubiii Tpeyrosbauk ABC. OkpyKHOCTH S| NPOXOAUT Yepe3 Touky B u Kacaercs
npsvoit AC' B touke A. OkpyzkHOCTH So npoxoaut depe3 Touky C' um kacaercst npsmoit AB B Touke A.
OxkpyzxkaocT S7 1 Sy nepecekaiorcs B Toukax A u K. Touku By u (] B34THl Ha MPOIOIKEHUAX CTOPOH
AB u AC coorBercTBento Tak, uto AB; = AB u CC7 = AC. Jokaxure, uro Touku A, K, By u C] nexkar
HA OJHOU OKPY2KHOCTH.

2. /lano ceMeiicTBO IMOJMHOXKECTB HEKOTOPOI'O KOHEYHOI'O MHOXKECTBa. B KaxKa10M U3 3TUX IIOJIMHOXKECTB
XoTs ObI JIBa 3JIeMeHTa B B JIIOOOM HEIYCTOM IepEeCeUYeHUH JIBYX MHOXKECTB TOZKE XOTd ObI JIBa JIEMEHTA.
JlokazkuTe, 9TO 37I€MEHTHI HCXOTHOTO MHOXKECTBA MOYKHO PacKpacUTh B JBA IBeTa TaK, YTOOBI B KAXKIOM
13 MOJAMHOYKECTB HAIIEro ceMeiicTBa ObLIN 3JIEMEHTHI 00OUX IIBETOB.

3. /laHbl 1Ba MHOZKECTBa Ha MPAMOl TaKue, 9TO KazKJI0e U3 HUX He IMepeceKaeTcs ¢ 3aMbIKaHueM JIPpYyTo-
ro. /lokaxkure, 9410 MOXKHO BbIOPATh JIBA HEIEPECKAIOMIUXCS OTKPBHITHIX MHOXKECTBA, KazK/J0€ U3 KOTOPbIX
COJEPZKUT OJIHO U3 JIAHHBIX. (3aMBIKAHHEM HA3BIBAETCSI MHOZKECTBO, MOJLY Y€HHOE U3 JIAHHOTO J00aBIeHIeM
BCEX €r0 IPAHWYHBIX TOYEK.)

4. Ha upsimbIx, cojepzKaliux CTOPOHbI HEKOTOPOI'O BBIIYKJ/IOIO YeThIPEXYIOJIbHUKA, OT €0 BepIIUH
[0 4YaCOBOW CTPEJIKE OTJIOXKUJIU OTPE3KH, KazKJblfl U3 KOTOPLIX B JiBa pa3a 00JibIlle COOTBETCTBYIONIEH
CTOPOHBI. BTOphie KOHIIHI MOJIYYUBINUXCS OKA3aJMCh BepIIMHaMKU KBajparta. /lokarkuTe, 9TO MCXOIHBIH
YeTBIPEXYTOJbHUK TaKzKe OBLIT KBaIPATOM.

200

5. Haitmure 50 mocieanux mudp uncta Y, (n? + 1)n!

n=1

6. Haiture Bce upocrsie ancia p = a®+b%+c? (rze a, b, ¢ — HaTypaJibHbIE), /st KOTOPBIX BbIIOJIHSETCS
yerosue a* + bt + ¢t ip.

7. Ilpo umcna x, y, z U3BECTHO, YTO UX Hpou3BejieHue JiexkuT B uHTepBase (1;3). Jlokaxkure, 4TO
223z + P B + 2Oy + 3 > dayz.

8. CyIecTByIOT JTU JiBa HEPABHBIX BBHIMYKJIBIX MHOTOTPDAHHWKA TaKWe, 9TO WX pedpa MOKHO pa3bnTh HA
[apbl PABHBIX U HapAJLIeIbHBIX (OHO W3 OJHOIO, OJHO U3 JPYroro)?

17
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14 uroas

['pynmbl npeobpazopanuii u gemMma beprcaiija.

[Tycts M = {my,ma, ..., m,} — KoHeuHoe MHOKECTBO, a G — noarpynna S, T.e. 1000ii snemenr g € G
SIBJISIETCSI [IOJICTAHOBKOM M3 M 31eMeHTOB (g MbI OyjieM Tak:Ke Ha3bIBATh Pe0OPA30BAHIEM ).

Ecin cymecrByer mojcranoBka § u3 rpyuinsl G Takast, 410 S$(m;) = m;, Mbl Ha3bIBAEM 3JIEMEHT M,
CPABHUMBLM € IAEMEHMOM Mj 10 Modyato G.

1. Jlokazkute, 91O 37€MeHTHl MHOKecTBa M pa3dMBalOTCsi Ha KJIACCHI SKBUBAJIEHTHOCTHU 110 BHITIIEOITH-
CAHHOMY CDaBHEHUIO.

Omnpenesnenne. MuoxkecTBo s1eMenToB M, cpaBHUMBIX ¢ M 110 MOy/110 (G, Ha3BaeTCst OPOUTON 1M OTHO-
curesnibHo G. O6o3naqdum Takoe MHOKecTBO Og(m) (wimm O(m), ecam rpynna G MOHSTHA W3 KOHTEKCTA. )
Jlaunoti opbutsl HazbiBaeTcsa ucao |O(m)).

2. PacemoTpuM IBUKEHUS TITOCKOCTH, KOTOPbIE MePEBOIAT MPABUJIBHBIH MECTUYTOTBHUK B CAMOTO Ce0s.

a) Jlokazkure, 94TO 9TH JBUKeHUs 0Opa3yioT rpymmy G.

0) [Tycrb M — MHOXKeCTBO BepluH mecTuyrojabauka. Haiture opoury orHocuresbno G Jjisi KazKioro
semMeHTa MHOXKecTBa M.

3. Pemmre 3amauay 26) mast Cclemyomero IMecTHYroJbHUKA (CKATOro K JHATOHAJIM TPABHJIBHOIO):

O

4. Tycrs |M| = 10. Kax Boi6pars rpyniy GG, 4To6bl OPOUTHI OTHOCUTEIHHO ITONH IPYIIIIBI
a) Bce ObLIM OBl JJIHHBI 2;
6) Bce ObLIM OBl pA3HON JJIHHBI?

Onpegestenne. Henodsustchvimu moukamu daementa g € G HaspiBatorcs Takue m € M, aro g(m) = m.

5. Ilycrs HuKakme 3meMeHTEl (G, KpOMe TOKIeCTBEHHOTO, He HMEIOT HEMOJBIKHBIX TOUeK. deMy paBHO
KOJINYECTBO opouT orHocuTe b0 G7

Omnpenenenne. Cmabuauzamop G, 3nementa x € M — 3T0 Takoe MHOXKeCTBO Ipeobpaszopanuii u3 G,
KOTOPBIE MEePeBOJAT = B cebs. |G| — YUCI0 9JIeMEHTOB B CTabHIN3aTODe.

Oupepenenne. Fix(g) — 4ncjio HeNMOABUKHBIX 3JIEMEHTOB IIPEOOPA30BAHHUS .
6. Haiiure Bce cTaOMIN3ATOPHI JIjIsd BEPIIUH IIECTUYTOJIbHAKA U3 33a4d 3.

7. JlokaxkuTe, 9TO

a) ecu z,y € X Jexkar B OJHON opOuTe, TO KOJIUIECTBO MPEOOPA30BAHU, TEPEBOMAIINX T B Y, HE
3aBUCHT OT X U Y, u paBHO |Gl;

6) cymMa MOIHOCTEl cTabuIn3aTopoB TOYeK OjHOI opOuThl paBHa |G|;

B) CyMMa MOIIHOCTeH cTabuiIn3aropoB Beex Tovdek MHOKecTBa X B |G| pa3 GosbIie, yeM KOJHYECTBO
opouT;

) CyMMa MOIIHOCTEll cTabUIU3aTOPOB BCEX TOUEK PABHA CyMMe MOMIHOCTEH MHOYKECTB HEIOIBIZKHBIX

9JIEMEHTOB Bcex npeobpaszosanuii uz G: Y |G,| = Y Fix(g).
zeX geG

8. Jlemma Bepucaiiga. [Iycts G — rpynma npeobpasoBanuii MmuozkecrBa M. Yucmo opOuT, HA KOTOPBIE
MHOzKecTBO M pasdbuBaercs 1oy jgeiicrsuem rpyunbl G, paBHO

l_é‘l > Fix(g).

18
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,ZZ./I,.}Z CAMOCTIOAMENDHO2O PEWEHUA

9. Tak CKOJIBKO Ke CYIIeCTBYeT PA3TUIHBIX KYOMKOB, Y KOTOPBIX I'DAHU OBIBAIOT CHHWE, 3eJIeHble WJIN
Kpacubie?

10. CKOJIBKO MOXKHO COCTaBHTH PA3JIMIHBIX OKEePEJInil, COCTOsAIIee U3 MeCTH OYCHHOK, UCIOJIb3Yst Oy-
CHHKHI TPeX Pa3JHYHBIX 1BETOB (BHIOOP OYCHHOK JIIOOOTO 1BeTa HeOorpaHuyeH)?

Obasamenvras 3adava: 7
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14 uroas

Dopmyia Jitaepa Jijisi MHOIOIPAHHUKA

B 3r0il TeMe paccMarpuBalOTCs BHIIYKJble Tesa B R? (3aMKHYTBIe, OPDAHHYECHHbIE).

Onpedeaerue. Bulnykavim MH0202paHHUKOM HA3BIBAIOT (GUTYPY, KOTOPasl MPEACTaB/IsieT co00il mepece-
YeHue KOHEYHOr0 YHCJIa MOJIYIIPOCTPAHCTB, pudeM (purypa orpaHnvdeHa U uMeeT BHYTPEHHUE TOUYKH.

['panumna BBITYKJIOTO MHOTOTPAHHUKA COCTOUT W3 HECKOJBKUX MHOTOYTOJBHUKOB, HA3BIBAEMBIX €T0 2pa-
HAMU, CTOPOHBI STHX MHOTOYTOJIbHUKOB HA3BIBAIOT PEOPAMU MHOTOTPAHHHUKA.

1. A) JlokaxkuTe, 9TO BBIMYKJIbI{i MHOTOTDAHHUK SIBJISETCS BBIMYKJIBIM TesoM. B) JlokaxKuTe, 4T0 BbI-
IYKJIbIE MHOIOIDAHHUK SIBJISIETCs BBILYKJION 000s109KOi cBoux Bepius. B) Jlokaxkure, 910 BbIITyK/Iast
000/109Ka KOHEYHOI'0 MHOYKECTBA TOYEK, He JIeYKAIUX B OJHOM IJIOCKOCTHU, SBJISIETCS MHOT'OIDAHHUKOM.
[Ipu 3TOM TOYKA MHOYKECTBa SIBJISETCS BEPIIMHOW B TOM CJIydae, €CJu OHA He MPUHAJIEKHUT BHIMTYKJION
000J109Ke OCTAJIbHBIX TOYEK.

2. JlokaxkuTe, UTO BBIIIYKJIbIII MHOTOIPDAHHUK HE MOYKET UMeTb 7 pebep.

B pemennn cienyomux 3a/1a9 MOKHO 6€3 JI0Ka3aTe/bCTBA UCIOJIH30BAaTh (aKT: €CJu ILIOCKOCTD Ie-
pecekaeT BbIIYKJIbI MHOIOI'DAHHUK U HE LIPOXOJIUT 4Yepe3 BepIlUHbl, ee MOXKHO CJierKa 1OlIeBeJIUTh TaK,
4T100OBI B ITPOIIECCE TIeBeJIeHNsI OHA He IePEeceK,/ia BEePIIUHBI U B HOBOM I10JIOYKEHUN He Obljia Obl lapaJiie/ibHa
HU OJHOW NMPAMOW, NPOXOAAIIECH depe3 mapy BepPIInH.

3. N3 kaxk a0t BepHIMHBI BHIMYKJIOTO MHOTOIPDAHHWKA BBHIXOJAUT 4éTHOE Yucjio pedep. lokarxkure, 910
J0boe cedeHne ero MmIOCKOCTBhIO, He cojepzKalieil BepIInH, AB/IseTCs MHOTOYT'OJJbHUKOM C YETHBIM YHUCJIOM
CTOPOH.

4. PacnosioKuM BBINYKJIBI MHOTOI'DAHHUK M ILJIOCKOCTb TaK, YTOOBI ILJIOCKOCTH He ObLIa OBl IMapa.Ji-
JieTbHA HU OTHON TPSIMOIi, TPOXoadIeil Yepe3 mapy BepinH. B BepmmHax MHOTOTPaHHUKA TMOCTABAM 1,
Ha cepenuHax pebep -1, B kax/10ii rpanu nocrabum +1. A) [Tpeamnosoxkum, 910 Mbl HepeBUHYIH TUCIIO
U3 BCEX BePIINH, KpoMe caMoil HanboJiee U HauMeHee yJIaJeHHbIX OT IJIOCKOCTH, U BCeX pedep Ha OJinzKaii-
IIyIO0 TpaHb B HOPsJKe 00X0/a BOKPYT HpSMOil, MPOXo/sdieil Yepe3 BHYTPEHHIOI TOYKY MHOTOI'DAHHHKA
HePIeH UK YIAPHO MI0CKOCTH (CM. puc.) HeMy MOKeT 0Ka3aThCsl PABHON CyMMa YHCeJ B TDaHsIX?

+

B) Hokaxwure dbopmyry Ditepa st BBRITYKJIONO MHOTOIDaHHWKA: U — € + f = 2, TJie v — KOJMIeCTBO
BepiuH (vertices), e — koimdecTBo pédep (edges), f — konmvecTBo rpaneii (facets).

Tpoiiky uucen (v, e, f) HABBIBAIOT f-6eKMOpoM MHOTOTPAHHUKA.

Pacemorpum cdepy ¢ HeHTpOM B BepIIMHE MHOTMOIDAHHOrO yryia (mid Ha pebpe JABYIDAHHOIO YIJIA).
[Tepeceuenne cdepbl U MHOTOIPAHHOIO (JABYTPAHHOTO) yIJIa HA3BIBAIOT CHEPUUECKUM MHO20Y20ADHUKOM,
BeJINYNHAMU YIJIOB Cd)epI/ILIGCKOFO MHOT'OYTOJIbHUKa CYUTAIOT BEJIUYHUHBI COOTBETCTBYIONINUX JABYT'DAaHHBIX
yraoB. OTHONIEHHE ILIOMAAM 9aCTH €€ MOBEPXHOCTH, 3aKJIOYeHHOH BHYTDH yIVIa, K KBaJApaTy paIuyca,
cepbl, HABBIBACTCHA 6EAUNUHOT MEAECH020 Y240 STOTO MHOTOTPAHHOTO (JABYTPAHHOTO) YIJIA.

5. Haiimwre TesiecHbIN yTOJI JABYTPAHHOTO yIJIa BEJMIUHBI (V.
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6. Jokazkure Teopemy [aycca-Boune (Tounee, cniennasbHblil cirydail 910ii Teopembl): miomaib S cde-
PUYECKOTr0 1 — YIOJBHUKA € YIJIAME (U, ..., (i, YJIOBJIeTBOpseT paseHctry: S = ((a;+...4+a,) — (n—2)7) R?,
R — pammyc cdepsl.

7. Haiinure: A) TesiecHbIit yros n — IPAHHONO yIJia, €CJIM CyMMa ero JBYI'DAHHBIX YIJIOB DaBHA O,

B) pasnocTh MeXKIy CyMMO# TeJIeCHBIX YIJIOB JIByTPAHHBIX YIJIOB TETPA3/Ipa W CYMMON TeJEeCHbIX YIJIOB
€ro TPeXIPAHHBIX YIJIOB.

J11s1 BBIIIYKJIOTO MHOTOTPAHHHUKA MOYKHO PACCMOTDETh pa3duenune cdepbl ¢ MeHTPOM BO BHYTPEHHE
TOYKE JIAHHOI'O MHOTOI'DAHHMKA Ha C(HepUUecKre MHOIOYTOJIbHUKH.

8. BriBesiuTe hopmysty Ditsiepa u3 Teopembl [aycca-bBonme.

9. /lokarkuTe HEpaBEHCTBA JIJIsl BBIMYKJI0r0 MHOTOrpanauka: 3v < 2e,3f < 2e,v < 2f —4, f < 2v — 4.
3/1ech v — KOJIUYIECTBO BEPINWH, € — KOJUIeCTBO Pédep, f — KOJMYecTBO TpaHeii.

Kpususnoti 6epuiutv, MH0202paHHUKe HA3BIBAETCA PA3HOCTH MEXKIY 27 U CyMMOI IJIOCKUX YIJIOB MHO-
TOT'PAHHOTO yIJIa B JAHHON BEPIIUHON.

10. Hokaxkute Teopemy Jlekapra: cymMma KpPUBHU3H BEPIINH JIFOOOTO BHIMTYKJIOTO MHOTOIpaHHWKA paBHA
4.

Obasamenvras 3adava: 6
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15 woan

Teopema [Tefinna

1. Jlokazkure paBeHCTBA JIJIsi BBIIIYKJIOIO MHOIOTPAHHUKA!

26 = 3U3 + 42}4 +...= 3f3 =+ 4f4 + ...

, TJIe U; — KOJIMYEeCTBO BEPIINH, B KOTOPBIX CXOAUTCS ¢ PEbep, f; —H KOJUUIECTBO i-yTOJIbHBIX IpaHeil.

2. JTokaxkurte, 9YTO KazKIblil BHITYKJIbIII MHOTOTPDAHHUK MUMEET JIMOO TpeXrpaHHbIil yroJi, 00 TPeyro/ib-
HYIO I'DAHb.

3. Teopema Illreituuna. Tpoiika naTypanbubix aucen (v, e, f), nis koropoit v—e+f =2, v < 2f—4, f <
2v — 4, aBasgerca [ — BEKTOPOM HEKOTOPOI'O BHINYKJION0 MHOIOIDAHHUKA.

A) Haiiure BBIIYKJIBI MHOTOIPDAHHUK, f — BEKTOp KoToporo ecthb a)(4,6,4) ;b)(5,8,5) ;¢)(6,10,6).

B) Jlokazkure, 4TO €CJU CYNIECTBYET BBIMYKJIbIi MHOIOTPAHHUK ¢ f — BeKTOpoM (v, e, f), uMeronuii
KaK TPeXI'PaHHBI yroJI, TaK U TPEyroJbHYIO IpaHb, TO CYIIECTBYIOT BBIMYKJIBIe MHOTOTPDAHHUKH C [ —
sekropamu (v+1,e+3, f+2), (v+2,e+3, f+1) u (v+2i+j,e+3i+3j, f+i+25),i € NU{0},j € NU{0}.

B) Hokazxwure reopemy IIreiinuma.

4. ITycrb Ha péOpax BBIMYKJIOIO MHOIOIPDAHHUKA PACCTABJIEHbI 3HAKU IJIFOC U MUHYC.

A) Jlokazkure, 910 YHCJIO TePEMEH 3HAKa IPU 00Xojie JII00O0 rpaHu YeTHO.

Haszoem MHIEKCOM BEPIIMHBI YHCI0 TEPEMEH 3HAaKa TP 00X0/e STOW BEPITUHBDI.

B) [Iycrb N — cymMMa HHJIEKCOB BCeX BepiinH MHOrorpanuuka. {okaxure, uro N < 2f; +4fy +4f5 +
6f¢ +6f7+ ...

B) Hokaxure, uto N < 4v — 8.

') Jokaxkure emmy Kommu: Hafijercss BepiimHa BbIILYKJIOIO MHOIOTDAHHUKA, WH/EKC KOTOPOIT MEHbIIe
4.

Ilycrs cucreMa KOOpAMHAT B IIPOCTPAHCTBE BHIOpaHA Tak, 9TO Ha4aJ 0 KoopauHaT () COBIAIAET C HEKO-
TOPOIl BHyTpeHHei#l TOuKoi MHOrorpanuuka. /g Bepmuanpl V; paccMOTPUM MOJIYIPOCTPAHCTBO, OIPE/Ie-
ngemoe HepasenctsoM (y, OV;) < R? (y € R, R — paauyc cdepsl, (-, -)). PaccMoTpuM nmepecedenue 3THX
HOJIY TPOCTPAHCTB, OHO SIBJISIETCS BBIILYKJIBIM MHOTOI'DAHHUKOM, KOTOPBIil HA3BIBAETCHA NOAAPHHIM K JTAHHO-
My MHOIOTDaHHUKY.

5. Haiinure f — BEKTOp TMOJSIPHONO MHOTOTPAHHUKA K MHOTOIPAHHUKY ¢ f — BekTOpoM (v, e, f).

Obasamenvrasa 3adava: 5
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15 woan

Teopema Popa-Dankepcona

Onpedeaenue 1. Tlycrh 3a1aHO MHOXKECTBO BepIinH V', B KOTOPOM BBIJEIEHBI JBe BEepIMUHBI S (6200
win ucmok) u t (ewxod wiu cmox). Ilycrs onpenenena dbyukuus ¢ : V x V. — R yaoBiaerBopsionias
COOTHOIIIEHUSIM

clx,y) >0, c(x,s)=0, c(t,y)=0

Juist 100bix Bepumn x,y € V. Torna G = (V) s,t,¢) — cemnb, dyHKuus ¢ Ha3bIBAETCA NPONYCKHO cnocoo-
Hnocmoio cetu G.

Onpedeaerue 2. Ilycrs G — cerb, a dyukmusa f: V X V — R ynoBieTBopsieT Tpem yCJIOBHSIM:

1° flzy) < clz,y);

2° f(a?,y) = —f(y,x);

3° g moboit Bepumuel v € V, v # 5,1 Binoansercs ycaosue o f(v,x) = 0.

Torma f — morok B cern G. Yncno |f| = .y, f(s, v) HasbBaercs eeauvwunoti nomoka. Ilotok cetn G
¢ MAaKCHMAJIBHOI BeIMYUHON HA3BIBACTCS MAKCUMAADHDLM.

Sameuanue. Boobie-To coBceM He 0YeBHIHO, 9TO MAKCHMAILHBINA IIOTOK CyIIECTBYeT.

Onpedenenue 3. Ilyctb G — ceThb, a MHOXKECTBO ee BepHinH V' pa3OHUTO Ha JBa HEMEPECeKAIOIMIMXCS
muoxkectBa S D s u T 2 t. Torpa (S,T) — paspes cern G.

Bemmanna (S, T) = 3, cg yer ¢(¥,y) HasbiBaerca nponycrnoti cnocobnocmuto paspesa, a f(S,T) =
> wes.yer ] (T, y) mazpiBaercs nomoxom wepes paspes (S,T). Jlioboit pazpes cetn G ¢ MUHIMATLHOI TTPO-
IYCKHOIi CIIOCOOHOCTBIO HA3BIBACTCH MUHUMAALHBLM.

1. HaznauyuMm JiBe 1IPOTUBOIOJIOZKHBIE BEPIIMHBI Ky0a MCTOKOM M CTOKOM COOTBeTCTBEHHO. Pebpa, Ko-
TOpbIE COJIEPZKAT OJIHY W3 BBIOPDAHHBIX BEPIIUH, OPUEHTUPYEM OT HMCTOKA K CTOKY, OCTaJbHbIE B OJIHOM
nanpasjenun. Paccrasbre unciia ot 1 10 12 na pebpax u HaiijiuTe MUHUMAJILHBINA pa3pe3, MaKCHMAJTbHbBI
HOTOK.

2. s ymoboro noroka f u paspesa (S,T) ceru G nokaxure, uro |f| = f(S,T).

Onpedeneru.

1) Iycrs f — norok B ceru G. Pacemorpum cers Gy ¢ temu xe V. s,t 1 mpOIMYCKHON CIOCOOGHOCTHIO
cr(z,y) == c(z,y) — f(x,y). Hazosem G ocmamourot cemwvio moroka f.

2) IIpoBeieM Ha MHOXKECTBe BepIiuH V' OpueHTHpOBaHHbIE pebpa U3 T B Y [ BeeX Takux map (z,y),
ar0 cf(z,y) > 0. JI1060ii yTh U3 $ B t B HOJy4eHHOM OPHEHTUPOBAHHOM rpade HA3BIBACTC JONOAHAIOULUM
nymem MOTOKa f.

3. (Teopema @opaa—®Pankepcona, 1956) B cern G ¢ mpomyckHOit CIOCOOHOCTBIO € 3aJaH HOTOK f.
JlokazkuTe, 4TO CJCAYIONINE TPH YTBePKICHUS PABHOCUILHDL:

1° moTox f MakcHMaJieH;

2° cymecrByer paspes (S, 1) takoii, uro |f| = ¢(S,T);

3° B ocraTro4HOl cetn Gy HET JOMOTHAIONIETO IIyTH.

Caedcmeue. Benmmuuaa MaKCIMAILHOIO IOTOKA PABHA IIPOMYCKHON CIIOCOOHOCTH MHUHUMAJILHOIO pas-
pesa.

4. JTokazKuTe, 9T0O Cpeiii MaKCUMAJIbHBIX TIOTOKOB IEJOYNCIEHHOI ceTn (T.e. B CeTH, MPOMYCKHBIE CIIO-
coOHOCTH BCeX pebep KOTOPOIl SIBJISIFOTCS MEJBIMA YHCIAMH) HAfiIeTCs MeJTOYHCTeHHbIH.

ﬂ./bﬂ CaAMOCTMOAMENDOHO20 PEWEHUA
BriBenute 3 Teopemnl @opa-PankepcoHa caeayIoNiue YTBePKIeHUS:

5. Teopema Xoana.

6. Teopema Menzepa. lannt rpad G u ero BepImnHb U U V.
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a) [Tycrs npu ymasennu n006x k — 1 pebep B ocraBiemcsi rpade CymecTByer 1myTh MeKiy U U v.
Torga B rpade G cymecrByer k myTeit Mexk1y v u v, He UMerOIHe 00IuX pebdep.

6) IlycTh BepuiMHBI % M U HECMe:KHbI W OpU yJajieHun Jroobix k — 1 Bepuinna B ocrabmiemcs rpade
CyIIeCTBYeT MyTh MexKIy u u v. Tormaa B rpade G cymecTByer k myTeit MexK/1y u U v, He HMeonne 00Iux
BHYTPEHHUX BEPIITUH.

Obasamenvrasa 3adava: 5
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16-17 urons
ManI/IHbI B 6bITy U B HpMpozLe

Onpedeaerue. Mampuuyeti m X n Ha3bIBAETCS TPSIMOYTOIbHAS YHCJI0Bas TabIUIA pasMepa m X n. Ecan
A — Marpura, 3J1eMeHT, CTOAIII Ha IepecedeHuH i-ii CTPOKH U j-I'0 CTOJI0Ia OOBITHO 0003HAYAIOT ;.

ai a12 Ce Q1n
A _ 921 929 ... Qop
Am1 Am2 ... Qmnp

Marpunpst 1 X n IpUHATO HA3BIBATH BEKTOP-CTPOKAMHE, a MATPUIIBI 72 X 1 — BEKTOP-CTOJIOIAMU.

ManI/IHBI OJIHOT'O pa3Mepa MO2KHO CKJIaAbIBaTh U BBIYUTATDH ITO3JIEMEHTHO. KpOMe TOr'O MaTpuILy l Xm
MOKHO YMHOKATb HA MATPHILY M X N CJAEAYIOIHM 00pa30M: 3JeMEHT, HaXOAANIMHACA Ha IIepecevdeHun i-
il CTPOKM U j-ro CTOIONA MATPUILI-IPOU3BEICHA PABEH CKAJIAPHOMY NPOU3BEICHUIO (-l CTPOKH IEPBOi
MATPHUILL U j-IO CTOJONA BTOPOiIl MATPHUILI, PACCMATPUBAEMBIX KAK 1M-MEpPHBIC BEKTOPa B KOOPAMHATHOMN
dopme. To ecrb, C' = AB, eciu

m
Cij = E aikbr; = ainbij + abaj + . ..+ Qimbp;-
k=1

Hanpuwmep,

12\ (56 7\_(1-5+2:8 1-6+2-9 1-7+2-10
3 4 8 9 10) \3-5+4-8 3:-6+4-9 3-7+4-10)"
[TonyuuBInasics B pe3yabTaTe YMHOXKEHUS MATPHUIIA, OYEBUIHO, HMeeT pasmep [ X n
Sameuarue. Y MHOKEHHE MATPULL HE SIBJIIeTCS KOMMYTaTUBHBLIM, T. €. AB He Bcerga pasuo BA. Boee

TOr0, €CJIN OJIHO U3 ITUX ITPOU3BEJEHUI CYIIECTBYET, BTOPOE BIIOJIHE MOYKET He CYIIeCTBOBAaThH. Hampumep,
€CJIM TIOMEHSITh MeCTaMHi MHOYKUTEJIM B IPUBEJIEHHOM ITPUMeEpe, BBITIOJTHUTH YMHOXKEHHE OYIeT HEBO3MOZKHO.

1 0 ... O

o 1 ... . .
Kpagparnag marpuna £, = pasmepa n X n Ha3bIBATCA eOuUHUYHOT MAMPUUET.

o 0 ... 1

Nuora ee obosnauaoT mpocto .

1. Hokaxkure, uto AF = A u EB = B nia Bcex matpuii, A u B, KOTOpble MOXKHO YMHOXKATh Ha F ¢
HY2KHOI CTOPOHBI.

JI7isl YMHOYKeHUsT MATPUIL, BBIMOJTHSIIOTCS aCCONUATHBHOCTL U auctpudbyTunocth: (AB)C = A(BC),
A(B+C)=AB+ AC u (A+ B)C = AC + BC. He Gyjem 3aCTaB/isaTh Bac 9T0 IPOBEPATh, KEJAIONIUIO
Ha JIOCYTe MOTYT yOeuThCs, 4TO ITO TaK U €CTh.

KBaparHbie MaTpPHIBI OJJHOIO Pa3Mepa, 09€BUIHO, MOKHO YMHOKATD JAPYT HA JAPYTa C JIOOOH CTOPOHDI.
Bosiee TOro, MX MOYKHO BO3BOJMTD B CTEIEHb.

2. Haitaure a) <(1) 1) : 0) (1 (1)) .

" . a
3. JlaBaiiTe KaxKJI0My KOMILTEKCHOMY YHCIY @ + bi comocTaBUM MaTpHUILY (

b
C TOYKHU 3peHud CJIO0ZKECHUA WU YMHO2KCHHA TAKHUEC MaTPpHUIbl BEAYT cebsg TOYHO TaK Ke, KaK KOMIIJIEKCHbIE
qHucJia.

a > Jlokazkure, 4TO

Marpuna B nHasbiBaeTcss mpancnonuposannot k A marpuneit, eciau b;; = aj;, TO €CTb ITH MATPUIBI
CHMMETPUYHBI JAPYT JPYry OTHOCHTEIBHO IIaBHO auaromasn. ObozHagaercs 1o Tak: B = AT,

4. Noxaxmure, uto a) AT + BT = (A+ B)T 6) ATBT = (BA)T.
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Marpuiibl u rpyiiiib

b4 > u3omopHa rpyiie KoM-

MJIEKCHBIX YHCeEJI IO CJIOZKEHUIO, a I'PYIIIla HEHYJIEBbIX MaTPUIl TaKOI'O BUda I/ISOMOp(i)Ha rpyiie HeHYJIEeBbIX

a
Sajaay 3 MOXKHO 1epepOPMyIMPOBAThH TAaK: IPyIIa MATPHUIL BHIA (

KOMIIJIEKCHBIX YUCeJI IO YMHO2KECHHIO.

5. O6obmuTe 331a9y 2a) 10 HEKOTOPOTO Pe3yJibTaTa U3 TEOPHH I'PYIIIL.

1 000
01 ..
6. a) Paccmorpum marpuily 010 o0l Yro ona jies1aer ¢ ApYyruMu MATPUILAMU €CJIH, €€ YMHOXKUTD
0 0 01

Ha aux cjaea? Crnpaa?

6) Haiiaure rpynmy marpuil, u3oMopdHyo rpyiie S, (Ipyiie mepecTaHOBOK 7 3JIEMEHTOB).

JIr000ii BEKTOpP MOXKHO IIPeJICTaBUTDL B BHIE CTOJ0MA ero KoopauHaT. COOTBETCTBEHHO, UMEET CMBICT
TOBOPHUTEL 00 YMHOYKEHUM MaTPHUILI HA BEKTOD WIH O AeiiCTBAU MaTPHUILI HA BEKTOP.

1 V3
7. a) Yro mestaer ¢ BEKTOPOM MaTpHIa B2
2 2

6) Haiigure rpymnmy marpui, u3oMopdHYO Ipyiie mpeodpa3oBaHuii MOBOPOTa € HEHTPOM B HadaJe
KOODJINHAT.

8. Haityure rpynny marpurn, uzomopdHyio rpyime mpeodpaszoBanuil mapaJuiebHoro nepenoca. I1oo-
cKa3ka: 310 OyyT MaTpuibl 3 X 3, JelCTBYOIIME HA BEKTOP-CTO/I01b Buja (z,y, 1).

ManI/ILU)I B TeOpHUUn Fpad)OB

[Iycte G — rpad. Marpuna Ig, cToiabubl KOTOPOH COOTBETCTBYIOT pebpaMm rpada, a CTpOKH — Bep-
IMUHAM, IPUYEM Ha MEePeCceYeHuu CTOJIONA U CTPOKH CTOUT 1, ec/iu JIaHHas BepIIUHA SBJISIETCS OJHUM W3
KOHIIOB JAaHHOTO pebpa, u 0 B MPOTUBHOM CJIydae, Ha3bIBaeTCsa mampuuel unyudernmuocmu rpada G.

[Iycts G — rpad ¢ n BepmmHamu, 3aHYMepPOBAHHBIMHI B KAKOM-TO MOPgIKe ducaamMu or 1 10 n. Ksaz-
parHas marpuna Ag pasmepa n X n Takas, 4T0 Ha LePecedeHuu i-ii CIrpoKU U J-1o croadua crour 1, eciu
1-asi ¥ j-asi BEPUIUHBI coeiuHeHbl peOpoM, u () B IIPOTUBHOM CJlydae, HA3bIBAETCI MAMPUUET CMEHCHOCTNU
rpacda G.

JLna mysnbTurpados, T.e. rpadoB, JIONyCKAIONUX HeT/IH U KpaTHbie pedpa, Ha epecedeHun i-if CTPOKHU 1
J-TO CTOJIONA MATPHILI CMEZKHOCTH CTOUT KOJHYIECTBO pebep, COeIMHSIONINX COOTBETCTBYOIINE BePIIHHEI,
a B KJIEeTKAX JUATOHAJIM CTOUT KOJUYECTBO TeTeNb (MHOT/IA YIABOCHHOE) B COOTBETCTBYIONIEH BEPITHHE.

9. Borancmmte IglL — Ag nas o6pranbix rpadoB u A7 MyILTHTPadOB.
10. Onmmure B Tepmunax rpada G saements MaTpuib AL,

11. Ilyers G — rpad ¢ n Bepmunaamu. Kax no marpune (Ag + E,)" ! nonars, ceasen rpad uam Her?

Marpuiibl 1 peKyppeHTbI

B zamade 26 Mbl Bujesin, Kak 3JeMEHTHI OTHOI M3BECTHOI MOCJIeI0OBATETLHOCTH TOPOZKTAIOTCS BO3BE-
JIEHHEM B CTelleHb HeKOTOpoil Marpunbl. Ha camom jiejie, Bepen 6oJjiee oOiuit pakr.

12. /lokaxkure, 94T0 1714 JIF000I TUHEHHOI PEKYPPEHTHI BTOPOT'O MOPSIKA Ty, CYIIECTBYET TaKasd MaTPUIIA
A, uaro ecmu MaTpuiy A" yMHOXKHTB Ha BEKTOP-CTO/IGEI, Hada bHBIX yeaoBuit (11, )?, nomyunresa BekTop

T

(xn+17 xn)

3adava B s3pike memenn kord detvipe Oyksol - K, O, T u 9, npu 3T70M €jioBa, B KOTOPBIX BCTPEIALTCS
JiBe moaps1 6ykBbl 1 man Tpu noaps 6yKBbI O CUHTAIOTCA IMIYOOKO HenpuandaeiMu. Haiiure komndecTBo
CPaBHUTEIbHO MPUJINIHBIX CJIOB JJIUHBI 16 B 9TOM S3bIKe.

13. ChopmynupyiiTe HAMMCAHHYIO BBIIIE 3a1a9y Ha S3bIKE MaTPHII.
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,ﬂ./bﬂ CaAMOCTMOAMENDOHO20 PEWEHUA

14. Haitnure maTpuny D pa3mepa nXn TaKylo, 9TO €CJIA €€ YMHOKUTH Ha BEKTOP-CTOJIOEI], CO/IperKaluit
KO3 PUIUEHTH MHOTOUJIEHA CTENEHU 7, TOJYIUTCS BEKTOP-CTOJI0e1, KO3 MUIIMEHTOB TPOU3BOTHONH ITOTO
MHOTOYJIEHA.

15. a) Pacemorpum Geckoneunyio marpuny A rakyio, 910 a;; = 0 npu i < j u a;; = ¢;_; Upu i > j.

1 0 0 0 0
11 0 0 O
2 1 1 0 0
5 2 1 1 0
4 5 2 1 1

Yro mosryunTest, eciim e€ YyMHOKHTD Ha OECKOHEUHBII yKe BEKTOP-CToJ10e11, k-if 31eMEeHT KOTOPOTO paBeH
(k—1)-my uncay Karanana? ToBopuTh 0 IpOU3BEIEHUN 3/1€Ch MOYKHO, MOCKOJIBKY B JIF00O0H T10JIy Yaromeicst
o popmyJie YMHOXKEHHST OECKOHEYHOI cyMMe JIUITb KOHETHOe YUC/I0 cjlaraeMbix He paBHO 0.

6) A 9TO MOJYUIUTCSI, €CTTH HA ITOT Ke BEKTOP-CTOJGEI YMHOKUTE MOXOXKYI0 MATTPHILY

1 -1 0 0 0

1 1 -1 0 O
2 1 1 -1 0
5 2 1 1 -1
4 5 2 1 1

16. JTokaxkuTe, 94TO a) BEIIECTBEHHBIE; 0) MEJIOYNCICHHbIe KBAJIPATHBIE MATPUIBI 1 X 7, HA [JIABHOI
JIMArOHAJA KOTOPBIX CTOAT €JIWHUIIBI, & IOJ JUATOHAJIBIO — HYJIH, 00Pa3yioT I'PYIILY OTHOCUTEILHO YMHO-
KEeHu .

Obasamenvrasn 3adava: 10
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16 — 17 urons
Teopema Kot 0 »KECTKOCTH MHOTOTpaHHIKA,

Jaunoti cmoponsl chepuneckozo Mro20y20AvHUKa HA3bIBAETCS JINHA JIYyTH, 0Opa3yioIieil cTopony.

1. Jlemma Kowu (Cauchy’s Arm Lemma). Jokazkure, 910 ecin y ABYX ¢HEPHUECKHX 1 — YTOJbHUKOB
A1A;... A, u B1Bs...B,, paBHBI JJIMHBI COOTBETCTBYONUX CTOPOH, Kpome A1 A, u BB, paBabl u LAy <
/Bs, ..., /A, 1 < /ZB,_1. Jokaxure, uto A1A, < B1B,.

A) Hokazkure, uto jijis chepuvaeckoro TpeyroabHIKA BEIIOJTHIETCS epBast TeOpeMa KOCHHYCOB: C0SG =
cosbcosc + sinbsinccosa, a,b,c — mJIMHBI CTOPOH, (v — YTOJI, IPOTUBOJIEIKAIIHIT .

B) Hokaxkure yTBepzKIeHIE JEMMbI 751 ¢DEPHIECKOr0 TPEyTOIhHUKA.

B) [okazkute MO WHIYKIMA YTBEPKICHNE JIEMMBbI JIJIsT TIPON3BOJIHLHOTO C(OePHIeCcKOro N — yroJabHUKA.

Bameuanne. Eciu noBepuyTh ctopony A, 1A, Tak, 4Tobsl yros npu Bepiauae A, ; ctan pased B, 1,
MOZKeT MOJIYIUThCsI HEBBIMYKJIBIf MHOTOYTOJIBHUK. B 3TOM cIydae HY2KHO pacCMOTPeTh MOCIeTHUIT MOMEHT,
KOIJIA eIe COXPAHSIACh BBIITYKJ/IOCTb.

2. [lyctob y aByx cdepudeckux n — yroabuukoB Ay As...A, u By Bs... B, paBHBI JJIUHLI COOTBETCTBYIO-
IIIIX CTOPOH PABHBI, HO CAME MHOTOYTOJLHUKE He paBHBL. [TomeTrnm yron A; 3uakom mwoc, ecou LA; > £/ B;
u munyc, ecan ZA; < ZB;. Jlokaxkure, uro npu 00xoje MHOroyrobauka A As... A, ducio crporux mepe-
MeH 3Haka (ero Ha3bIBAIOT MHIEKCOM MHOTOYIOJIbHUKA) HE MeHbIIe 4.

JIBa MHOTOTpaHHWKA HA3BIBAIOT YKBUBAJEHTHBIMU, €CJIU MEYK/Iy WX T'DAHSAME, PEOPAMU W BEPITHHAME
YCTAHOBJIEHBI B3aMMHO-OTHO3HAYHBIE COOTBETCTBUSA, COXPAHLIONINE OTHOIIEHNE UHIMACHTHOCTH: €CJIH JBe
IpaHd COOTBETCTBYIOT JAPYT APYTY, TO MpUHAJIEKAIINEe UM péOpa TakKe COOTBETCTBYIOT JPYT JAPYTY, a
ecsu JiBa pedpa COOTBETCTBYIOT JIPYT JIPYTY, TO UX KOHIIbI TAKKE COOTBETCTBYIOT JAPYT JPYTY.

Teopema Kot 0 2K€cTKOCTH BBITTYKJIBIX MHOTOTDAHHUKOB: €CJIH JIIOObIE JIBE COOTBETCTBEHHBIE IPAHN K-
BUBAJIEHTHBIX BBITYKJIBIX MHOTOIPAHHUKOB MOYKHO COBMECTHTH JIBUKEHUEM, MEPEBOISIINM COOTBETCTBEH-
Hble BEPIINHBI B COOTBETCTBEHHBIE, TO MHOTOTPAHHUKHU PaBHBI.

CpaBHuM JByrpaHHbIE YIJIbI MHOTOIPDAHHUKOB U Ha pedpax MepBOr0 MHOTOIPAHHUKA TOCTABHM ILTIOC,
€CJIH JIByI'PAHHBIN yroJI ipu 3TOM pedbpe 00JIbIie, YeM Yy BTOPOro, U MUHYC, €CJIU JABYI'PAHHBIN YOI MEHBIIIE.
[Ipu sTOM He Bce pébpa MOTYT OKasarbhes noMedeHubiMu. /[ jokazaresibersa Teopembl Kot jjocrarodno
MOKa3aTh, 9TO HET TOMEUYEHHBIX pebdep.

3. Jlokaxkure, 94T0 BCe pedpa HE MOI'YT ObITh IHOMEYEHBI.

4. JlokaxKuTe, 9TO €CJU W3 BEPIIMHBI MHOIOTPAHHUKA BBIXOJHUT XOTS OBl OJHO MOMEYEHHOEe pedpo, TO
HH/IEKC 9TOI BEpIIUHBI HE MeHee 4.

Paccmorpum chepudeckne MHONOYroJIbHUKH, COOTBETCTBYIONINE TPDAHSIM HAIIErO0 MHOTOTDAHHUKA, U
BBIOPOCUM HEIOMeUYeHHbIe pedpa, a TaKzKe BePINWHBI, U3 KOTOPHIX He BBIXOIUT TMOMEYEHHBIX pedep.

[Tpeamooknm, 9T0 TOMEYEeHHBIE PeOPa eCTh.

5. Jlokaxkure, 9TO KazK/Iplif MAKCHUMAaJIbHbBIN CBsI3HbBIN Ipad Ha cdepe, BePIIMHAMU KOTOPOT'O SIBJISIOTCS
HEBBIOPOIIIEHHBIE BEPIITUHBI, a PEOpa — MOMedeHHbIe PEOPA MHOTOTPAHHUKA, SIBJISIETCS MJIAHAPHDBIM.

[IycTb v — 49HCII0 BepIIMH JaHHOTO Ipada, f; — YHCI0 ero -MepHbIX IpaHeil (HEeKOTOpbIe W3 HUX MOTJIN
obpa3oBaThCs B pe3y/brare oObeuHeHns rpaHeit

6. Jokakure, uro B TakoMm rpade 4v =8+ 2f3 +4f, +6f5 + ....

[Iycts I — cymma MHJIEKCOB BepIluH rpada.

7. Hokaxkure, uro [ < 2f3+4f;+4f5+6fs+6f7r+ ...
8. lokaxkute Teopemy Korrm.
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16 uwonsa

BryTpennnit MmaremaTndeckuii 00it 3a TpeTbe MecTo

1. [IpousBejienne MOJIOKUTEIbHBIX YUCET L1 Lo . . . L, = 1. JIOKazKUTE, YTO BBIIIOJIHACTCS HEPABEHCTBO
n
Z T < n—1
2 n+l — :
k=1 Ll + n—1 2

2. Ilpomomxenus cropon AB u C'D Bumcamnoro dersipéxyronbanka ABCD mepeckaiTcs B TOUYKe
K. Buyrpu 4erbipéxyrojibHuka BbiOpana Touka P rakas, yro LPAB = /PBC v /PDC = /ZPCB.
Hokaxkure, aro npsmast PK npoxoaut depes cepeauny BC.

3. Ha pebpax M A, MB u MC rterpasapa MABC sBwiopansl Toukun Ay, B1 u C;. Toukn Og, O4 n
Op — 1eHTPbI OLKCAHHBLIX OKpY2KHOCTeH Tpeyrojbuukos M A By, M B1Cy u MC1A;. Jlokaxkure, 9410 ecjiu
MO 4 nepuengukynsspao BC u M Opg nepuenaukynspuao C'A, o M O¢ nepuenaukysipao AB.

4. Ha nocke 6Lt Hanucans! aucaa or 1 1o 1000. Kaxkayo MmunyTy AradoH BRIOHpAT 2 YHCIA, CTHPAJ
UX U 3alMChIBAJ CYMMY BCeX (P, KOTOPbe BXOJAMJIUA B CTepTbie ducJa. Mor jim OH B KOHIIE 110J1y4YUTh
undpy?

5. JIokazkuTe, 9TO KOJUIECTBO CIIOCODOB pa3pe3aTh MPAMOYTOILHUK Ha YTOJKH U3 TPEX KJIeTOK BCeria
YETHO.

6. Jlokaxkure, 4TO 711 JTIOOOTO HEUETHOTO IIPOCTOTO YUCIA CYIIECTBYET POBHO OJHO HATYPAJIbHOE TUCTIO
n, Takoe 4To n(n + p) ecTh TOUHBIH KBaApar.

7. B ctpane ¢ N ropojiaMu HEKOTOpbI€ Tapbl COEIMHEHBI JTOPOTaMU, IIPUYEM JJIsl JIIOOBIX JBYX F'OPO/IOB
CYIIECTBYeT €IMHCTBEHHBII MapIIpyT, KOTOPBIii mXx coenmHseT. Kakoe HambOJbIIee YHCIO TOPOJOB, W3
KOTOPBIX BBIXOJUT POBHO TPH JOPOTH, MOXKET OBITH?

8. B psan pybamkamu BBepx JiexkaT 2012 KapT. 3a oJuH X0/ pa3peniaeTcs yoparh JII00YI0 KapTy, JiezxKa-
Iyt pyOaIKoii BBepxX, €CJIU U CIIpaBa U CJIeBa OT Heé JIeXKHUT XOTd Obl oaHa Kapra. [Ipm sToMm OmKaiimras
KapTa cJaeBa U OJnzKaiilnas Kapra ClpaBa HepeBopaduBaiorcs. MoKHO Jin JIeficTBysl TaK MHOIO pa3, ocTa-
BHUTD B PsiJIy POBHO J[BE KapPThI?
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17 woasn

MaremaTnueckuit 60t 0ObIYHBIX TPy M9 — M10

1. B TypHupe 1o maxmaTtaM OPHHHMAIOT ydacTue n Urpokos. Ha crapre TypHupa Bce OHH HaXOAATCS
Ha 1epBOoM ypoBHe. Ecin B /11000if MOMEHT TIOCTIe cTapTa TyPHUPa NMeeTcs JBa WIn Oojiee NTPOKa OJHOTO
YPOBHH, He 3aHATBIX B IAPTHAX, OHI HEKOTOPLIM 00pa30M pa30HBAIOTCA Ha Napbl H HAYHHAIOT UI'PATh JPYT
¢ IPyTrOM TakK, 9TO OCTaeTcs He OoJiee OJHOTO yIAaCTHHKA KazKJI0ro ypoBHA. IIpomo/zKuTebHOCTS mapTun
HertocTosgHHA. [lo 3aBepmennn napTum nobeInTeTh YBeTHINBaeT CBOU YPOBEHb Ha OJIWH, a IPOUTPABIINN
yMeHbIIaeT Ha ojuH (ecsu ObLT HA HePBOM yPOBHE, TO HAYEro He MeHsteT). TypHHD 3aKaHIHBAECTCH, KOIJA
BCe YYACTHHKH OKa3bIBAIOTCA HA PA3HBIX ypoBHaAX. Ha KakoMm ypoBHe OyJeT HaXOJUThCs HOOEIUTETHh B
KOHIIe TypHUpa?

2. B rpeyrosbauke ABC' rouka I — ueHTp BHHCAHHON OKpYsKHOCTH, TO4YKa O — LEHTP ONHCAHHON
okpyzxkuoctu. [Jokaxnre, ato nepasencrso ZAIO < 90 pasuocmibao Tomy, uro 2BC < AC' + AB

3. Ha socke 8 x 8 paccraBiienbl uéphbie u Oesible Jjiajbu (00a 1Bera HpucyTeTByIOT) TaK, Y4TO JIaJibu
pa3HbIX IBETOB He ObIOT Jpyr jApyra. Kakoe nauboJibiiee KOJIUYIECTBO JIalell MOXKET CTOsITh Ha I'DAHUIE
JTOCKH !

4. Ha croJie jiezkut TpeyrojibHUuK co cropoHamMu 1 merp, 1 merp u 1 caHTUMETp, B KOTOPOM HAXOMTCS
ToYeuHbI mapuk. OCHOBaHUE TPEYTOJIbHUKA HAMA3bIBAIOT KJIEeM H3HYTPH, a IMMAPUK 3aCTaBIAI0T KATUTHCS
1o 3akoHam usukn. /Jokakure, 9TO A0 MOMEHTa MPUINATIAHUS K OCHOBAHUIO MAPUK IMPEO0/I0JIeeT MeHee
JIBYX METPOB.

5. JTokazkuTe, 9TO HAUMHAA ¢ HEKOTOPOTO N, Bee aeautenu qucia (n!)”+ 1 6yayt 6obme, aem n+2012.

6. Jaun tpeyroapank ABC. Okpy:kHOCTD {2 mpoxomauT depe3 Touky A u xacaerca npamoit BC' B Touke
L — ocuoBanuu Ouccekrpuchl AL, a takxke nepecekaer cropony AB B touke P. Orpesko C'P Bropu4HO
nepecekaer ) B Touke (). Jokakure, yro npsmas AQ meant orpesok C'L momosiam.

7. Jau rpad, cremenn Bcex BEPIINH KOTOPOro paBHBL 3. /loKaxKuTe, 9T0 MOXKHO PACKPACUTH €ro B JIBA
BeTa Tak, YT00bl He ObLJIO0 HEYETHBIX OJHOIBETHBIX IIUKJIOB.

8. Hekoropble KJIeTKH TOCKH 1 X n 3apaykeHbl nH(ekmueii. Kierka 3apazkaercs, ecim XOTs Obl J1Be
cOCeHUE IO CTOPOHE KJIETKHU yiKe 3aparKeHbl. Kakoe MHHHMAIbHOE KOJHIECTBO KJIETOK HYZKHO 3apa3uTh,
9TOOBI B KOHIIE KOHIIOB 3apa3mjiach BCs J0CKa?

9. JlokaxkuTe /718 TMOJOKHUTETbHBIX YUCET X, Y, U, U HEPABEHCTBO

:cy+wv+uy—|—uv> Ty n uv
r+yt+utv T oty utov

10. TTocsieoBaTeILHOCTD @, 3ajlaHa PEKYPPEHTHBIM COOTHOIICHHeM aj.1 = 3aj, + 4a;. VI3BectHO, uTO
ap = 9. Jlokaxkure, 9TO B JIECATHIHON 3AIUCU YUCTA a19 HpuCyTcTBYeT X0Tsd Obl 1000 /1eBATOK.
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19 wonn

DopmasibHBIE CTelleHHbIe Pkl [IponsBoasiime QyHKITIN.

o0
DOPMANLHBLM CIENEHHBIM PAOM HASHIBACTCS 3AIUCH BUAA Y UpT" = Ao+ a1T+asx®+. . . +a,z"+. . ..
n=0
Croxkenne (hopMabHBIX CTEIEHHBIX PsJIOB omnpejessercs nokodgdunuentrno. Yro ke Kacaercs yMHO-
oo

oo o0
KEeHUsA, TO Y C, " = > apx™ - > b,x™, eciu st JIOOOTO MEJIOr0 HEOTPUIATETBHOIO 7 BBIIIOJHACTCS
n=0 n=0 n=0

n
PaBEHCTBO C;, = Y by
k=0

Omnpenenenns oneparuii HaJT (DOPMATLHBIME CTEIEHHBIME PSIAMU TTOTHOCTHIO AHAJIOTHYHO OMpeese-
HUIO T€X »Ke olepaluil HajJi MHOro4dieHaMu. Bojiee TOro, MHOrO4JI€HbI — 3TO B TOYHOCTH (hOpMaJjibHbIE
CTEIeHHbBIE Psi/ibl, UMEIOIIKEe JIUIIh KOHEYHOEe KOJIMYECTBO HEHYJIEBBIX KOIDDUIMEHTOB.

dopmaJibHbIE CTENEHHbIE PsJIbl HAa TO U (DOPMAJIbHBIE, YTOOBI MBI HE 3a00THIUCH O TOM, MOYKEM JIU MbI
MOCYUTATH CYMMY 3J€MEHTOB ITOr0 PA/A XOTh MPHU KAKOM JIHOO X, OTJIUIHOM OT HyJd. J[7s HEKOTOPBIX
PAI0B, KCTATH TOBOPS, TAKUX T U HE CYIIEeCTBYeT.

1. JTokaxure, uro (1 —z)(1+z+a?+2°+...) =1

Baaromapst 3ToMy, Mbl MOYXKEM TOBOPUTH O paBeHcTBe 1 + x + 2+ 4. = ﬁ Opanako, moHU-
MaTh 3TO PABEHCTBO CJEIyeT HCKJIIOUYUTETHHO TaK: B MHOXKeCTBe (POPMajIbHBIX CTEIMEeHHBIX PSIIOB P/l
1+ x+ 2%+ 2% + ... apnagerca obpaTHbIM K paay 1 — x. Byksa x B JanHOM cilydae Jumib (bOpMaIbHBLIL
CUMBOJI TIepeMeHHOil, a TO, IYTO Ha CaMOM /Jiejle 9TO PaBeHCTBO BBINMOMHdAeTca mid —1 < x < 1, a mpm
OCTAJIbHBIX T €ro JieBasl 4aCTh He HMeeT CMbIC/Ia, HAC COBEPIIEHHO He HHTepecyer.

o
2. Tokazkure, 9T0 Jjist JH000T0 (POPMAJBLHOIO CTEHEHHOIO Y | 4, X" Psijia CBOOOJHBIN Y/IeH KOTOPOTO He

n=0
paBeH HYJIIO, CYIIEeCTBYET POBHO O/iuH (DOPMaJIbHbBINA CTEIIeHHOH Psijl, 0OpaTHBIH K JAHHOMY 110 YMHOYKEHHIO,

T.€. JAIONINI C HUM B ITPOW3BEIEHUN €IMHUILY.
3. Haiigure koapdunuents paga (1 —z)~2

o

4. JTokaxkuTe, 9T0 JiJist JIOOOTO (hOPMATBLHOTO CTEHEHHOTO Y | pZ" psijia MIAJNINA HEeHYTeBOH KO3(h-
n=0

duImeHT KOTOPOro HaXoAUTCA IIPU YETHOM CTEIEHH U MOJOKUTEEH, CYIIECTBYeT POBHO JiBa (DOPMATbHBIX
(0.9}

CTEIEHHBIX PsAJia, IIPU BO3BEJCHUN B KBaJPAT JAIONIUX Y GpT".
n=0
Tor u3 psamaoB, MIaaIIuil HeHYIeBOI KO3 MUIUEHT KOTOPOro IMOJOXKHUTE/IeH, Mbl U OyjeM Ha3bIBaTb

KBaIPATHBIM KOPHEM M3 HCXOJHOIO Psijia.
Bripaxkenue ﬁ Ha3BIBAIOT NPou3sodawet Gynryuet Isi TOCJIeI0BaATeTbHOCTH KO3(DMUIUEHTOB cTe-
TmeHHoro psjga 1+x +a? a4 ., TO €CTh JJIsI TI0CJIeIOBATEILHOCTH eINHUIL. Bhiparkerue (1 — x)*2 TaKKe
OyaeT npousBojdiieil (pyHKIMed i MOCaeI0BaTe/IbHOCTH cBOUX KOoddduiumento. Korja Bbl 10O3HAKO-
MHTECh ¢ pagamu Taiiopa, Teopueil CXOAUMOCTH U TPOUYUMHI HIPEJIeCTIMH MAaTeMATHIeCKOrO aHAJIN3a, BB
y3HaeTe, YTO PaBEeHCTBA ¢ KOTOPBIMHU MbI paboTaeM HMEIOT M eIlé KaKoi-TO CMBIC], KpoMe (hOpMaJIbLHOTO.
OpHako mOKa HaM He HaJg0 00 9TOM 3aJyMbIBATHCS W YK TeM 0oJiee HeJb3s HOJACTABIATH B 3T (HOp-
MyJIbl Kakue-To guciaa. [log mponsBoasieit (byHKIMeidr Mbl ¢ BaMu OyJeT MOHUMATh HPOCTYIO0 W MaJIeHb-
Kyio (popMysty 6e3 6eCKOHETHOrO CyMMUPOBaHUs. DTa (popMyia MOKET COJIepKaTh KaKHe-TO MHOTOUYJICHBI
HeOOJIBIION CTEIeHH, a TAKKe TaKue Olepalui HaJ HIMI KaK C/I0XKeHHe, BRIYUTaHue, YMHOKeHUe, JeIeHne,
BO3BeJIeHNE B CTEIeHb U U3BJIeUeHne KOPHSI.
5. Haiigure npoussojsiyo yHKIUO st OMHOMHAIBHBIX KOIDdUIHEHTOB (T.€. IMPOU3BOJSAILY IO
o
bYHKIMIO, COOTBETCTBYIONLYIO psamy Y. apx” rae ap = CF. MoxKHO, KOHEYHO, PACCMOTPETH U PsJl, B KOTO-
k=0
poM K03 hUIHEHTHI 3aHYMePOBAHBl HUKHUM HHJIEKCOM, HO 9TO CJIOXKHEe).
6. Haiimure npousBoagamyo GyHKIUO 119 dnce PuboHaIIn.

1—/1—4 N .
7. Jlokaxkure, 410 ng sIBJIsIeTCs IPOoU3BOIsieil pyHkueit s duces Karaiana.

,ZZ/L,}Z CaAMOCTMOAMENDBHO20 PEULEHUA
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8. Hoxazkute, uto Ko3dpdumuent npu 27 crenenn muorodnena (1 +x + x + ... + 2°)% pasen uncry
CYACTJIUBBIX OMJIETOB.
1 o o n
9. /lokazkure, 4TO 711 ABJACTCA HPOM3BO/dIIeii dbynkmmeit gra ancen C3,.

Obasamenvras 3adava: 7
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19 urons
[IpoekTuBHAA TeomeTpns |

Omnpegenenne. /IBOWHBIM OTHOIIEHHEM YeThIpeX pa3andHbX Touek A, B, C, D Ha npsmoii Ha3bIBaeTCsa
BEJTMINHA

Jx
sl

u obozuavaercs (A, B,C, D).

1. lokaxkure, 94TO

a) (A, B,C, D) = (B,ATC,D) = (A7B,1D,C)'
6) (A,B,C,D)=1—-(A,C,B, D).
B) Kakue 3Havenust Mmoxer npunnMars (W, XY, Z), rne {W, XY, Z} = {A,B,C, D}, a (A,B,C,D) =

A?
2. lokazkure, uro upu ¢purcupoBanubix A, B, C' u BemecrBeHHOM A oTimaaoM ot 0, 1 1
eciuHCTBeHHAas Touka D rtakasi, uro (A, B,C, D) = \.

c

G5 CYHEeCTByeT

Onpegenenne. JIBOTHBIM OTHOIIEHHEM Y€ThIPEX PA3JIMIHBIX HPIMbBIX HA ILIOCKOCTH @, b, ¢, d, Ipoxois-
IIUX 4Yepe3 OJIHY TOYKY, HA3bIBAETCA BEJIUYNHA

%
rjie 7, b, 7, 7 - IPOM3BOJIbHBIE HE HY/IEBBIE BEKTOPA, BBIODAHHBIE HA, IPSIMBIX @, b, ¢, d. OHO 0003HaYaeTCst

(a,b,c,d).

3. ITycrs mpsiMble a, b, ¢, d IpoOXoasT Yepe3 OZHY TOUKY U MepeceKaroT nmpamyio | B toukax A, B, C, D
coorBercrBenno. Jlokaxure, uro (a,b,c,d) = (A, B,C, D)

4. Ilpsmpie [ u Iy nepecekarorcs B Touke A. Ha [ BeiOpannt Touku By, C1 u Dy, a Ha [ — Touknu Bsy,
Cy u Ds. Oxkazasocs, uto (A, By, C, D1) = (A, By, Cy, Ds). Hokaxkure, uto npsimbie BBy, C1Cy u DDy
JinbO napaJiie/ibHbl, JIMOO IepeceKalTcs B OJIHOW TOYKe.

5. Ha croponax BC, CA u AB tpeyronpanka ABC' Buibpanbl Toukn Ay u Ag, By u By, Cy u Cs,
coorsercrBenno. Oka3an0ch, 4ro npamble A; By n Ay By nepecekatorcsa na upamoit AB, a upsambie Ajp n
Asy nepecexkarorcs Ha npsimoit A. JTokaxkure, uro npsvbie BiCo u ByC nepecekatorcst Ha npsimoit BC.

6. (Tesapr) [Jamsl aBa TpeyroabHuKa. JIoKaxKuTe, 9TO TPU HpsSMbIe MTPOXOJIAIINE YePe3 COOTBETCTBEH-
Hbl€ BEPIIUHbI TPEYI'OJIbHUKA HEPECEKAIOTCA B OﬂHOﬁ TO4YKeE TOI'/la U TOJIBKO TOI'/la, KOI'Zla TPU TOYKHU I1EPEe-
CeYeHHsdA COOTBETCTBEHHBIX CTOPOH JieXaT Ha O,ZLHOI';I HpHMOﬁ. (MO)KHO CHYUTAThb, YTO HUKAKHUE JIBE IPAMbIC
U3 yCJIOBHsI He MapaJliesibHbl)

7. (ITamr) Ha aByx npsimbix Boiopansl Touku Ay, By, C1 u Ay, By, Cy coorBercrBenno. Jokazxure, 9410
TO4YKH 1epedenus upaMbix A1 By u As By, A1Cy u AsCh, B1Cy nu BoCl jiexkar Ha OJHOR HPAMOii.

8. Jlan Tpeyrompuuk ABC. Ha mpamoit BC' pacmonaraiorcs Touku Ha, La, I u J4 - ocHoBanme
BBICOTHI, OMCEKTPUCCHI, TOUKA KACAHWUS BIMCAHHOW M BHEBIIMCAHHON COOTBETCTBEHHO. AHAJIOIMYHO OIIpe-
nensitorest touku Hg, L, Ig n Jg. [dokaxkure, uro npsmbie HoaHp, LaLg, 4l n J4Jp nepecekatorcs B
OJHOI TOYKe.

Obsasamenvras 3adava: 6
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20 urons
[IpoekTuBHasg reomerpnsd 11

Onpenenenne. PaccMOTpuM OOBIYHYIO BKJIMIOBY ILTOCKOCTD. /I/1d KarkK10r0 HallpaB/IeHus ITapaJsiieib-
HBIX IPSIMBIX JI00ABHUM €IIe OJIHY OeckoHeuHo yoareHtyto TOUKY, depe3 KOTOPYIO OHH BCe OYIYT MPOXOIUTh.
Byaem rosBoputhb, 4TO MHOXKECTBO OECKOHEYHO Y/IAJI€HHBIX TOYEK 00pPa30BBIBAIOT ellle OJIHY, 0eCKOHewHO
ydanennyro npsmyto. [losydennass KOHCTPYKIHST HA3BIBACTCST Npoekmuehol niockocmuro. Ha ueit o6bie
JIBE TIPSIMbIE TIePeceKaloTcsl POBHO B OJIHON TOYKE, a dyepe3 JII0ObIe JBe TOYKH MPOXOJUT POBHO OJIHA TTPSIMAasi.

1. Ilpuaymaiite ornpejesienue JIBOWMHOMY OTHONIEHUIO Y€THIPEX Pa3/IMYHbIX TOYEK IIPOEKTUBHON I1J10C-
KOCTH, JIezKallluX Ha OAHON HPAMOM, U JBONHOMY OTHOUICHUIO YE€THIPEX PA3JIMYHBIX HPAMBIX IIPOCKTUBHON
TIJIOCKOCTH, TIPOXOAMAIINX Yepe3 OAHY TOYKY; JOKAYKUTe, YTO JJIA BBEJEHHBIX ONPEJIeJIeHNI BBITIOJIHACTCA
CBOICTBO O PABEHCTBE JBOWHOTO OTHOIIEHUS YEThIPEX NPAMBIX U UX TOYEK II€peCedYeHns ¢ KaAKOU-TO IMATOR
MPSMOMA.

Oupenenenne. [IpoeKTuBHBIM TPeOoOPa30BaHUEM HA3bIBAECTCA OMEKTHBHOE OTOOParKeHHEe IPOEKTUBHON
IJIOCKOCTH B ce0si, COXpaHSIONIee MpsMble.

B TpexmepHOM MpOCTpaHCTBE PACMIOIATAIOTCS MJIOCKOCTH (v U [3, JIOMOJIHEHHBIE 0 TPOEKTUBHBIX, U
touka (), He JexKalmas Ha STHX IJIOCKOCTAX. lIpoBemem mpsmyto [ gepe3 touky O. B caydae, ecan [
mepecekaeT IJIOCKOCTh <, TO depe3 X 0003HAUYMM TOUKY IepecedeHrs, B MPOTHBHOM CJaydae 0003HAUUM
gepe3 X OECKOHEYHO YJIAJEHHYIO TOYKY ILIOCKOCTH (v, B KOTOPOW CXOISATCH IPsIMbIE, HapaJ/liebHbe [.
Amnajiorngano onpegeaum 1ouky Y s miaockoctu . Orobparkenue, nepeBojsiinas TO9kd X B TOUYKH Y
HA3BIBAETCS UEHMPANLHOT NPOEKUUET TIOCKOCTH (¢ Ha, TJIOCKOCTh [ u3 Touku O.

2. Jlokaxkure, 4TO HEHTPaJIbHAS IPOEKIIUS SIBJISETCS IIPOEKTUBHBIM ITPEOOPA30OBAHUEM.

3. Jlokaxkure, 4T0 Jito60e MPOEKTUBHOE IpeoOpa30BaHme ABJSIETCS KOMIIO3UIKEH MeHTPAIbHON ITPOeK-
mun 1 adpdUHHOrO Ipeodpa30BaAHUS.

4. JlokakuTte, 9TO NMPOEKTHUBHOE IIPEOOPa30BaHue COXPAHAET JIBOIHbIE OTHOIICHUSI.

5. a) Jokazkure, 9T0 J100bIe Y€THIPE TOYKU OOIIEr0 OJOKEHHUsT MOKHO [EPEBECTH B KBAIPAT KAKUM-TO
MMPOEKTUBHBIM TTPe0OPa30BAHIEM.

6) JIokazKuTe, 94TO €CJTH eCTh J[Be Hapbl YeTBEPOK TOUEK OOIIEro MOJI0KeH s, TO CYIIEeCTBYeT MPOeKTUB-
HOe IIpeodpa30BaHue, MepeBO/IAIee TOUKU IePBOil YeTBEePKU B COOTBETCTBEHHBIE TOYKU BTOPOil YeTBEPKHU.

B) JlokaxkuTe, 4TO Takoe Mpeobpa30oBaHue eJIMHCTBEHHO.

6. Jlokazkure, HCIOJIB3Ysl IPOEKTUBHOE IPeobpa3oBaHue:

a) Teopemy [lesapra,;

6) reopemy Ilamua.

7. Toukn P u () — TOYKH Ie€pecedeHns MPOTHBOIOJJIOKHBIX CTOPOH derbipexyronbauka ABCD. O
- TouKa mepecedenns aumaronasei. Ilycrs X — mpoeknms toukun O mHa mnpsmyoo PQ. Jlokaxkure, 4To

LAXB = /ZCXD.

8. Ha croponax tpeyrosbauka ABC BoiOpanbl Takue Touku Ay, By u C, aro upameie AA;, BB, u
C'C', mepecekaroTcs B OnHOI Touke. A Ha croponax TpeyrosabHuka A;ByC) BeiOpansl Takue Toukn A, By
u Cy, uro upsambie A Ay, BiBy u C1Cy nepecekarorcs B 0an0it Touke. JJokazkure, yro npsmbie AAs, BB,
u C'Cy nepecekyTcst B OZHOI TOYKE.

Obasamenvrasa 3adava: 5
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20 wrons
Mepa MHOXKecTB

Bce mmooicecmea, K0mopole Mol PACCMAMPUBLEM, TOOMHONCECTNEA NPAMOT.

1. Bepno Jn, uro nepecedenne (00beiHEHNE) OTKPBITHIX (3AMKHYTHIX) MHOXKECTB OTKPHITO (3aMKHY-
10)?

2. Yro u3MeHnTCsl B MpeJbIAYINei 3a1a4e, ecyin JOIyCTUTh CYeTHOe nepecedenne (00bequnenne)?

3. [IpumymaiiTe mpuMep 3aMKHYTOTO MHOZKECTBA HA OTPe3Ke, KOTOPOe COMEPKUAT HECIeTHOE YUCTI0 TOUeK
U HE COJIEPKUT HU OJIHOI'0 MHTEpPBaJIA.

4. Jlokazkure, 4T0 J11060€ OTKPBITOE MHOXKECTBO €CTh He DoJiee, UeM CUeTHOe 00beUHEHNe HellepeceKa-
IONIUXCSl HHTEPBAJIOB (BO3MOXKHO OECKOHEUHBIX ).

5. CkakeMm, 9T0 MHOXKecTBO mMmeeT Mepy 0, ecam mis g060ro € > 0 ero MOXKHO MOKPBITh CYETHHIM
YUCJIOM UHTEPBAJIOB CYMMApPHOI JIIMHLI MEeHbIIE €.

a) Jlroboe cueTHOEe MHOKECTBO MMeeT Mepy 0.

6) OTKpbITOE MHOZKECTBO He MOZKeT umerh Mepy 0.

B) MHuoxecrso Kanropa nmeer mepy 0.

r) Moxer sin npumep B 3 3aj1ave He uveTh Mepy 07

6. MoKHO Jin KazKJ0My MHOKECTBY Ha HPSIMOW CONOCTABUTH BEIIECTBEHHOE HEOTPHUIATEJIHLHOE YUCJIO
TaK, 9TO0BI IyCTOMY MHOXKeCTBY ObL1 conoctanied (, KayKJ0My OTPe3Ky - ero JJjnHa, a JIOoMy cder-
HOMY OO'beJINHEHUI0 HelepeceKarolnXxcsi MHOYKECTB ObLJIa COMOCTaBIE€HA CYMMa UHCeJ, COTMOCTABJIEHHBIX
MHO>XKecTBaM?

ﬂ/bﬂ CaAMOCTMOAMENDHO20 PEWEHUA

7. Ilpupymaiite HenpepblBHYIO OHEKIMIO HA OTpe3Ka Ha cebsi, KOTopas MOYTH BCIOAY HOCTOsiHHA (T.e.
MHOYKECTBO TOYEK, B JIOOOW OKPECTHOCTH KOTOPHIX (hYHKIMS HpUHUMAaET 0oJiee OJHOTO 3HAYEHUs, UMeeT

mepy 0).

Obasamenvras 3adava: 6
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22 uronn
MBOHGPI/IMGTPI/IT{QCKOQ HepaBeHCTBO

HUszonepumempuueckas zadaua. Cpedu 6cex MH020Y20abHUK08 Pukcuposantozo nepumempa P ¢ xoau-
YECMBOM BEPWIUH He boaee N HAUOONDULYIO NAOULLOL UMEEM, NPAGUALHBLT N-Y20AbHUK.

1. A) Jlokazkure, 4TO HEBBILYKJIbIi MHOTOYTOJIbHUK HE MOYKET ObITh PelleHHeM H30MePUMETPHIeCKOil
3aJ1a4N.

B) Jlokaxkure, 9TO BBIMYKJbIH MHOTOYTOJIBHUK ¢ HEPABHBIMEH CTOPOHAMHI HE MOYXKET ObIThH PEIleHueM
U30IePUMETPUYCCKON 3a/1a4u.

B) B yros Bnmcana okpyzxuoctb. Ha Gosbiireii (MeHbIneii) U3 gayr, Ha KOTOPbIe JETUTCS OKPYZKHOCTh
TOYKAMU KacaHUsl CO CTOPOHAMU yTJia, HaliIluTe TOYKY, KacaTe/JbHas B KOTOPOHl OTCEKaeT OT yrja Tpe-
YPOJIbHUK HauMeHbIIeil (Hanbo IbInei) miomna .

') TokaxKuTe, 9TO BHIMYK/IBIH MHOTOYTOJTBHUK C HEPABHBIME YIJIAMEH He MOYKET OBITH PEeIleHHeM U30-
HnepuMeTpUuIeCKOi 3a/1a4u.

2. O6bsacHUTe, TTOYEMyY HEJIb3sl Tellepb MPOCTO TaK B3dTh U moayunTh u3 A), B), I') pemtenue usonepu-
METPHUYECKON 3aIa9N.

3. A) Ilycrs F; G - npgAMOYrOJIbHUKA HA KOODJAMHATHOMN ILIOCKOCTH CO CTOPOHAMH, Hapa e/ bHBIMU
ocsiv koopunart. Haiiture ££€ u nokazkure nepasenctso g miomaeit: /S(F + G) > /S(F)++/S(G).

B) Ilycts F'; G — HekoTOpbie 061acTH, OpsiMble | 1 m Tapaielbubl ocu adcnuce. | pazbuBaer F' Ha
JiBe YacTu: BepxHo F1 n HumxkuO0 Fh, anagoruano m pasdousaer G ua G u Gy. Jlokaxkure, 910 huryps
Fi1 + Gy u F5 + Gy 1exkar B Pa3HBIX MOJIYIIOCKOCTSIX OTHOCUTEIHFHO HEKOTOPOW MPSIMOIA.

B) Ilycre kaxknast u3 uryp F, G sapisiercs o0beHEHHEM KOHEYHOTO YHCIA MPSMOYTOJIHHUKOB €O
CTOPOHAMH, MapPALTeTbHBIMI KOODAHHATHBIM ocsiM. [lokazute, ato /S(F + G) > /S(F) + /S(G).

') Jokaxure wepasercmeo Bpynna - Munkoscrozo: eciu F'u G — BbIyK/Ible KOMIAKTHI HA TLIOCKOCTH,

TO

VS(F+G) > /S(F)+ /S(G)

Onupenenenne. g mmockoit urypnr F' eé e-oxpecmmocmoto HazpiBaercsa F, = F' 4+ €D, rne D — Kpyr
paanyca 1, € > 0.

4. A) HapucyiiTe e-OKpeCTHOCTH KPyTa, OKPYKHOCTH, OTPE3Ka, IPAHUIIBI PSIMOYTOJIHHUKA.

B) Ilycts F — BBIMYKJIBIE MHOrOYTOJbHUK IT0maau S u nepumerpa P. Haiinure mwiomans F.

B) Boisemure mzomepuMerpudeckoe HepapeHcTBo: 4mS < P? B m060M BBIIYKJIOM MHOTOYTOJILHUIKE
nepumerpa P u mwiomau S u3 HepaBeHcTBa bpynHa — MUHKOBCKOTO.
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[Iprmmenenne nemmMbl beprcaiina

1. Hocka 3 X 3 3anoJiHeHa KpeCTUKAMU U HOJIMKAME: KPECTUKOB D, & HOJIUKOB 4.

a) CKOJIBKO CYIIECTBYET PA3JHIHBIX CIOCODOB 3aOTHATE TOCKY 7

6) CKOJBKO CyIIeCTBYeT CmOCOOOB 3aIOJHHUTH JOCKY, €CJIU CIOCOOBI, IMOJYYAIONHecs ApyT U3 Jpyra
MOBOPOTOM, CUHTAIOTCS OJMHAKOBBIMU !

B) CKOJIBKO €CTh CMOCOOOB €CTH MOYKHO M TOBOPAYMBATDH, U 36PKATLHO OTPAXkKATh JOCKY (TIpH 5TOM
CIIOCOOBI CUUTAIOTCS OJMHAKOBBIMHE )7

2. Pebpa Terpasapa MOXKHO KpacuTh B N 1BeTOB. CKOJBKO PA3/JUIHBIX TETPAIAPOB MOKHO MPHU ITOM
MOJIY9UATh?

3. CKOJIbKO TTOTIAPHO PA3JIUYHBIX IMTECTUYTOJHHUKOB MOKHO BIMCATH B MPABUJILHBINA 15-yroabHUK?

4. a) IocunTaiiTe YUCIO PACKPACOK OxKepesibs u3 p (p — mpocroe) OYCHHOK B @ NBETOB (HE BCe IBETa
06s13aHbI IPUCYTCTBOBATD; OKePe/Ibsl MOKHO MOBOPAYUBATE, HO HEJIb3sI EPEBOPAYNBATD. )
0) Hdokaxkure mainyto reopemy Pepma, 10Jb3ysCh MyHKTOM a).

5. CKOJIBKO CyIIecTByeT KyOMKOB CO 3HAKAMH — Ha I'DaHSAX (HALPABJIEHUE CTPEJIOYKH JIOJZKHO ObITh
HePIeH INKYIIPHO KAKOMY-HUOY/Ib PGPy, MOJI0KeHHe — IeHTPATN30BaHO)?
Jlrs camocmoamenvrozo pewenus

6. /lana Tabauna n X n. HazoBém y30poMm packpacky e€é KJIeTOK B JiBa IiBeTa. Pa3pernaercsa BboIOpaTh
JI000H CTOJIGEI] WM CTPOKY W TEePeKPACUTh BCe ero (eé) KJIeTKH B MPOTHBOMOJIOXKHBI 1Ber. HazoBém
y30p A 3KBHBaJIEHTHBIM y30py B, ecim B MOoxKHO momydnTh m3 A TakuMu mepekparrmBanuaMu. Haiigure
KOJIMYECTBO KJ/IACCOB 9KBUBAJIEHTHOCTU Y30POB.

7. Teopema Jlarpanxka. lokaxkure, 4TO MOPSJIOK JIOOOW MOJAPYHIIBI KOHEYHOW I'PYIIbI SIBJISETCS Jie-
JINTEJIEM TTOPSI/IKA TPYIITIHI.

Obazamenvras 3a60a4a: 4
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23 wona

SaxkII0unTe/ bHAT OJINMITIAIA.

J1oBBIBOI

1. Baca namnwmcasr 4mcjo, yBujesa, 9TO OHO JIEJUTCS HA CBOIO IOCJIEHIO 1udpy, W MOJALIN Ha Hee.
Oxa3zaJioch, 9TO TMOJIyYeHHOE YHCJIO TOYKe IeINTCA Ha CBOK Tocaeanioin nudpy, n Bacs onsth Ha Hee
nojes u T. 1. [loce 100 nenennii Baca mosyuns 1, mpudeM JIo 9TOTO BCE pe3yJIbTAaThl JeeHuil ObLIn
Gosbire 1. Kakoe uncsio y Hero morio 6bth BHauasne? (Haiigure Bce BO3MOXKHBIE OTBETHI U JTOKAZKUTE, UTO
JPYTUX HET.)

2. JlokazkuTe, 9TO €C/i MIPOU3BE/IeHIE TPEX YUCcesT paBHO 1, a X cyMMa O0JIbIlle CyMMBI UX OOpaTHBIX,
TO POBHO OJHO U3 ITUX Uuces 60sbire 1.

3. Jlaubl jBa deThipexyrojibHuKa. J[1s1 KazK10ro U3 HUX BBITUCAIN B NMPOU3BOJILHOM TOpsiIKe 6 duce
— JJIMHBI CTOPOH U jJuaronajeii. OKa3aaoch, YTO BBIMHCAHHBIE HAOOPHI COBHAJH. BepHO /1, 9TO YeThIpex-
YTOJIbHUKH PABHBI?!

4. Ha uponosmxkenusix cropon AB u CB tpeyroabanka ABC 3a Touky B ormedenbl Touku M wu
N rak, uro AM = CN = p (p — nosynepumerp TpeyroabHUKa). | — MEHTD BIUCAHHONH OKPYKHOCTH
tpeyroabanka ABC. Orpe3ok BL — mumamerp ommcaHHoii OKpyzKHOCTH Tpeyronbanka ABC. Jlokaxure,
qro npsivbie LI u M N nepresjuKy/isspHbi.

5. B TeHHHCHOM TypHHpPE N y4acTHUKOB. OHM XOTIT CHIIPATh HECKOJBKO MaTdeil mapa Ha mapy Tak,
YTOOBI KaKJbIil CHITPAJ Npomue KazKaI0ro poBHO ofauH pa3. [Ipu Kakux n UM 3TO yIacTcs?!

BriBon

6. meerca 2012 pasjimIHbIX KOHEYHBIX MHOXKeCTB. /loKazKuTe, 9TO U3 HUX MOXKHO BbIOpaTh Takme 10
MHOKECTB, 9TO HU OJIHO U3 BHIOPDAHHBIX He AB/IgeTCd 00beJInHeHneM HUKAKHX HECKOJBKHX M3 OCTAJTbHBIX
2011 MHOXKeCTB.

7. Jannl 2012 KBaJpaTHBIX TpexduaeHoB z2 — a;x + b;, 1 = 1, 2, 3, ..., 2012, y KOTOPBIX Ha MecTe
K03 dUIUEHTOB a;, b; BCTpedaroTces mo oJHoMy paly Bce umcaa oT 1 g0 4024. Hukakue aBa TpexdieHa He
uMeroT ob1ux Kopueit. Ha BeniecrBenHoil npgMoit OT™MeTu/iu Bce KOPpHU 3TUX TpexdjieHoB. Jlokaxkure, 4ro
PaCCTOsTHIE MEKJly KAKUMU-TO JIByMsl OTMEUEHHBIMHU TOYKamu Menbire 1/250.

8. Ha mmockocTn oTMedeHo GeCKOHETHOE KOJTNIECTBO TOUEK, U3 KOTOPHIX HUKAKNe 3 He JeyKaT Ha OHOM
upsamMoit. MHOKecTBO A COCTOUT U3 PaJIMyCOB BIUCAHHBIX OKPYZKHOCTEH BCEBO3MOKHBIX TPEYIOJbHUKOB C
BEPIIMHAMEU B OTMEYEHHbIX TOYKaxX. JIokaykure, 94T0 MHOKECTBO A GECKOHEUYHO.
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