MUHUKYPC 110 TEOPUUN I'PA®OB

IIpocreiimnue nousitusi reopuu rpacdos. A.B. Ckonenkosn (7—8)

JlaHHBIA IyHKT ITOCBSIIIEH OAa30BBIM OIPEIEIEHUSIM U MOHATUSIM Teopuu rpados. OH He moTpe-
OyeT HUKaKUX 3HAHUI U MOJXOJUT JJIsd TIEPBOIO 3HAKOMCTBA C 9TOH Teopueii.

1. (a) Hekoropble mape! (13 KOHEYHOIO YHCJIA) TOPOJIOB COEIMHEHBI (6eCocaOTHBIMI) aBUa~
muHusgME. O6sI3aTeIbHO JIM HAfi Ty TCsT IBa MOPOJIa, U3 KOTOPBIX MOYKHO MepesieTeThb (3a OIUH pas)
B OJMHAKOBOE YHCJIO TOPOIOBT

(b) ArenT uHOCTpaHHON pa3BejKK COOOIIMI, 4TO Kaxjaast u3 15 ObBiux peciybiuk CCCP
3aKJIIOYNIIA JIOTOBOP POBHO ¢ 3 ApyruMu. MoXKHO 1 eMy JOBepAThb?

(¢) BoItyKJiblii MHOrOYTOJBHUK (OTIMYHBINA OT TPEYTOJIbHUKA) Pa3OUT Ha TPEYTOJIbHUKU HECKO/Ib-
KUMHE JUarOHAJIAME, He IePeCeKaloIIUMuUcs Hurae, Kpome sepimut. O6a3aTesIbHO I HA Iy TCs XOTs
Obl JIBa TPEYroJbHUKa pasOueHnsl, IPUMBIKAIOIINE K CTOPOHAM MHOIOYTOJIBHHUKA JIBYMsI CTOPOHA-
Mu?

(d) Hokaxkure, 9aro B JIFOOOH KOMIAHWU W3 IMECTH YEJIOBEK HAMIyTCs JIMOO TPOE MOMApPHO
3HAKOMBIX, JTH0O TPOE IOIaPHO HE3HAKOMBIX.

(f)* Topoa N cocTouT M3 HECKOJIBKUX ILIOMA/ell (KPyTroB), COeIMHEHHBIX HellePeCeKatOMIMIU-
cst loporamu (IpsIMOJIMHEHHBIME OTpe3KaMu). VI3BecTHO, 94TO CyIIecTByeT 3aMKHYThIH MapiipyT,
HPOXOJISIIIIA TI0 KazKJI0#i J0pore POBHO OJIMH Pa3 (9TOT MapIIPYT MOXKET IPOXOJUTD 110 MJIOIA IsIM
HECKOJIbKO pa3). JloKazkuTe, 9T0 CyIECTBYET HECaMONEPecekaouutica MapiuipyT, IPOXOAAIIHI 110
KazkJI0il jopore poBHO ojnuH pa3. (MHbiMEU ciioBamu, B JIIOOOM HAPUCOBAHHOM Ha ILIOCKOCTH 6e3
caMolepecedeHnii 3iaeposoM rpade CymecTByer SiJIepoB UKL, alllPOKCUMUPYEMbIH BJIOKEHWUS-

I'pagpom 6e3 nemenv u kpammoixr pebep Ha3bIBaeTCs HAOOP TOUYEK, HEKOTOPDLIE IMapbl KOTOPHIX
COEJIMHEHBI JIMTHUSAMMU, IIPUYEM OJHA Iapa BEpIINH He MOXKeT OBbITh coeduHeHa 0oJiee 4eM OJIHOi
nunaneit. Touku HazbIBalOTCA epwunamu rpada, a JuHEHE — pebpamu. JluHUN MOryT HE OBIThH
orpe3skamu. VM pasperaercs mepecekaTbCst, HO TOUKU IepecedeHust "He CUUTAITCS , TO eCTh He
SABJIAIOTCS BEPITUHAMH.

Pacnpocrpanentubiv mpumepom rpada 6e3 meresib u KpaTHbIX pedep siBjisieTcs rpad 3HAKOMCTB.
Beprmmabl 3Toro rpada cooTBETCTBYIOT JIIOJAM, U JIBE€ BEPIIUHBI COEJUHEHBI PEOPOM €CJIU COOT-
BETCTBYIOIIUE JIBa YeJOBEKa 3HAKOMBI MexK1y coboil. B 3ajade la moxKHO paccMoTperh rpad,
BEPIIMHBI KOTOPOT'O COOTBETCTBYIOT IOPOJiaM, a pedpa — aBUAJTUHUSIM.

I'pagpom ¢ nemasmu u KpammvMu pedbpamu, WX TPOCTO 2pagom, Ha3bIBACTCS HAOOP TOUEK
CpeJii KOTOPBIX HEKOTOPHIE ITaphl, BO3MOYKHO COBITQIAIOIINX, BEPIINH COeTMHEHBI JuHusiMEu. Pebpa,
COEIMHSIIONINE BEPIINHY caMy ¢ caboil, Ha3bIBAIOTCS IETIsIMH, & HECKOJIBKO pebep COeTIMHSIIONTNX
OJIHY W Ty »Ke Tapy BepimH — KpaTHbiMu pebpamu. KosmdecrBa Bepmun u pebep (¢ yaerom
KPATHOCTH U BKJIIOUast TeTyin) obosnavdaorcs V u F,| coOTBETCTBEHHO.

C'menenvio BepmmHbI rpada HA3BIBAETCS YNUCI0 BBIXOAANNX u3 Hee pedep. [lpum stom cumra-
eTCsI, 9TO TIeTJIsI BBIXOJIUT U3 BEPIIUHBI JTBAKIbI.

2. Crenenu BepmuH. (a) B j06om rpade HaiijgyTest JiBe BEPIIUHBI OJMHAKOBOII CTEIICHN.

(b) Cymma cremeneit Bepius B Jiob6oM rpade deTHa u paBHa 2F.

(c) Ilpu kakux FE u V cymecrByer rpad ¢ V Bepmmbamu u E pebpamu, Kaxkjas BepIInHA
KOTOpOro mMeetr crenedb 37 Takue rpadbl HA3BIBAIOT KYOUUHBLMU WA NPAGUALHULMU CMeneHu 3.

IIymem B Tpade Ha3BIBACTCA IOC/IEI0BATEILHOCTh BEPIIUH, B KOTOPOI JIIOOBIE JIBE COCEIHUE
BEPIIMHBI COEIMHEHBI PeOpoM. [[uK.A0M HA3BIBAETCS IIyTh, B KOTOPOM II€pBas U HOCJICIHSS BEPIIU-
HBI cOBIat0T. [1yTh (IUKJI) HA3BIBACTCS HECAMONEPECEKANOULUMCA, €CTT OH IPOXOJIUT TI0 KaK JI0i
CBOEIl BepIIUHEe TOJIbKO OJAUH Pa3.

['pad HazBIBaeTCA €6A3HbBIM, €CTIN JIFOOBIE JIBE €r0 BEPIIMHbI MOXKHO COEJIMHUTDH 1myTeM. ['pad
HA3BIBAETCS JEPE6OM, €CJTU OH CBSI3€H U HE COJIEPXKHUT HECAMOIIEPECEKAIOIIIXCS TUKJIOB.

YO6HoBMsIEMYTO Bepcmto cM. Ha www.mccme.ru/circles/oim /materials/graphs.pdf.
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3. HdepeBbs. (a) B 060M JiepeBe, OTIIMIHOM OT TOYKH, HafijleTcs BepiuHa crenenu 1 (jaxe
JIBE).
(b) B mobom gepese V — E = 1.
(c) B nepese Jitobbie jiBe BEPIIUHBI COEJIMHEHBI POBHO OJHUM HECAMOIEDECEKAIOMIUMCST Iy TEM.
(d) B mo6om cBssrOM rpade G CyIMecTBYeT MakcuMaivhoe depeso, Wil 0CMos, T.e. JIEPEBO,
coziepzkalee Bce BepmuHbl rpada GG. DT0 AepeBO MOKET OBITH HE €INHCTBEHHO.

Onpenenenus. /laguM HECKOBLKO OIpe/ie/IeHUil, KOTOPbIe Oy/IyT UCIOJIH30BATHCH JTAJIee.

['pad nasbiBaeTCS NMOANBIM, €CITH JIIOOBIE JIBE €r0 BEPIIUHBLI COCIUHEHBI PEOPOM.

Packpacka Bepmmn rpada B HECKOJBKO I[BETOB HA3BIBAECTCH NPa6ULbHOU, €CJU JIIoObIe JIBe
BEPIIUHBI, COeJIMHEHHbIE PEOPOM, BCET/ia OKpAIeHbl B Pa3HbIe I[BETA.

[k (myTh) HA3BIBAETCS AUAEPOGDLM, €CITH OH IPOXOINT Yepe3 KazK10e peopo rpada POBHO 10
ojHoMy pasy. I'pad nasbiBaercs 2UAepo6vbiM, €CJTU B HEM €CTh SHIepOB UK.

[y (ImyTh) HA3BIBAETCS 2AMUALMOHOBbIM, ECITH OH MIPOXOUT Yepe3 KazkIyIo sepuiuny rpada
POBHO 110 o/iHOMY pa3y. ['pad Ha3bIBaETCHA 2aMUABMOHOBIM, €CJTA B HEM €CTh TAMUJIBTOHOB ITHKJI.

Opuernmuposarnvili epagh — rpad, Kaxjioe pedbpo KOTOPOTo ABJSETCA CTPEJIKON OT OJIHOM Bep-
muHbl pebpa K Japyroii. IlyTs B opuentupoantHoM rpade — Takas M0C/IeI0BATEILHOCTD BEPIINH,
YTO B KAXKJIYIO CJICJYIONLYIO BEPIIUHY BEJIET CTPEJIKA U3 IIPEJIbLIYIIe.

Bameuanue. [laum crporoe onpejesenne rpada (XOTs IpU PereHnn 3a/1a9 MOKHO M0JIb30-
BaTbCsI HECTPOI'MM, JIAHHBIM paHee). I'pagom 6e3 nemesv u kpamuoir pebep Ha3bIBACTCH KOHETHOE
MHOYKECTBO, HEKOTOPBIE JIBYX3JIEMEHTHBIE MTOJIMHOYKECTBA (T.e. HEyIOPSsJIOUYeHHbIE TIapbl HECOBIIA-
JIAIOTIUX 3JIEMEHTOB) KOTOPOT'O BBIJIEJIEHBI. DJIEMEHTHI JIAHHOIO MHOYKECTBA HA3BIBAIOTCS GEPULUHA-
Mu. BoiesienabIe mapbl BepInH Ha3bIBAIOTCA pebpamu. [Ipu nannom ompesesiennn Kaxioe pedpo
COEJIMHSIET PA3JIMIHBbIE BEPIIUHBI (HET [eTeJlb), W JI00be J[Be BEpIINHbI COEIMHEHBI He Oosiee dem
oiHUM PeOpOM (HEeT KpaTHBIX pebep).

Ipagom ¢ nemaamu u KpamHvimu pebpamu, UIX TPOCTO 2padom, HA3BIBAETCST KOHETHOE MHO-
»KecTBO V', B KOTOPOM BBIJIEJICHBI HEKOTOPbIE HEYTIOPsII0YEHHbIE TIaphl, BO3MOYXKHO, COBITAIAIONTIX
9JIEMEHTOB, U KaxKJI0il BbIJIEJIEHHOM Tape MPUIIICAHO HATYPaIbHOE YUCI0 — KPATHOCTH 9TOH HapHhl.

[Tpu pabore ¢ rpadamu (B UX CTPOrOM OIpeJIeIeHIN) YI00HO MOIB30BATHC WX N300pazKeHU-
simu. Bepimuabl n300pazkaoTcst Toukamu (HaIpuMep, Ha IJIOCKOCTH WK B npocTpancTse). Kaxk-
J10e pebpo, COOTBETCTBYIOIIEE MAape PA3IMIHBIX JIEMEHTOB M300payKaeTcs JIOMaHOl (Ui KPUBOii),
COeIMHSIONIEH cooTBeTCTBYOIMe Toukn. Kaxoe pebpo, coorsercrryiomniee nape (A, A) nzobpa-
JKaeTCsl 3aMKHYTOH JIoMaHOW (MM KPWBOIi), coeauHstfomieil 51y Bepiuny A camy ¢ coboii. Ha
n306parkKeHnn JIOMaHble MOIYT [lepeceKaThCsl, HO TOYKHU [epecederns (KpoMe JIByX KOHIOB peGpa)
He SIBJIIOTCs BepmnHamu. /[yt mpocToThl Oy1eM paccMaTpuBaTh TOJIBKO T€ PUCYHKH, HA KOTOPBIX
pebpa n300pazkaioTcst JIOMaHbIMU (8 He MPOM3BOJILHBIMU KPUBbIMH). BaxkHo, uTo rpad (B crporom
OIIPEJICJICHNN) U €r0 M300paskeHne — He OJHO M TO ZKe.

3avemmnovie 3adayu: Bce, KpOME JIIOOBIX JIBYX IIyHKTOB 3a/ate 1.

ITytu B rpadax. .A. Ilepmsikos (8-11)
1-s1 cepus (8-9).

st perienns 3a1a9 3TOr0 MyHKTa BaM mMoHaI00MTCA TOBKO 3HAHNE OCHOBHBIX OIpPEJIeIeHUI
Teopun rpadoB, KOTOpble MOXKHO U3Yy4nUTh B IyHKTE “TIpocTeiiue nonaTus: Teopun rpados’.

1. /TokaxkuTe, 9TO BEpIIUHBI I'pada MOXKHO PABUILHO TOKPACUTH B JIBa I[BETA TOTIA U TOJIHKO
TOr/Ia, KOTJIa B HEM HeT IUKJIOB HeUeTHOH jymHbl. Takne rpadbl HA3BIBAIOTCS 08Y00AbHLLMU.

2. B rpade ectb nuks1 HedeTHOM JuHbL. JlOKaxKuTe, 9TO B HEM €CTh HECAMOIIEPECEeKAIONUNCST
IIUKJI HEYETHON JIJINHBI.

3. B rpade Mexay J0ObIMU JIBYMsSI BEPIIMHAMHU CYIIECTBYET HeCaMOIIEePECeKalonnicss MyTh
qeTHOU JauHbl. JloKaxkuTe, 4TO MEXKIy JIIOOBIMU JABYMs BEPIINHAMU CYIIECTBYET Hecamolepece-
KaIOIIUiCd IIyTh HEYETHON JIJINHDI.
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4. B rpade ecTb HecamoliepeceKarouiics IUKJI, IPOXOAINNil Yepe3 pebpa a u b, a TaKXKe ecTb
HecaMOIIePeCeKaIONUICs UK, TPOXoIdAnuii yepe3 pebpa b u c. Jlokaxkute, 4TO ecTh Hecamorie-
pPeCceKaroNuiics MIKJI, IPOXO/IIIIil Yepe3 pebpa a u c.

5. B rpymie u3 HECKOJBKUAX 9€/I0BEK HEKOTOPBIE JIIOI 3HAKOMBI JIPYT C JIPYTOM, & HEKOTOPBIE
- mer. Kaprit Beuep OfWH W3 HUX yCTPAUBAET y?KUH JISI BCEX CBOMX 3HAKOMBIX M 3HAKOMUT
ux aApyr ¢ apyrom. Ilocite Toro, Kak KasKJblif I€I0BEK YCTPOWUJI XOTsI ObI OJINH y?KUH, OKA3aJI0Ch,
YTO KaKMe-TO JIBa JeJIOBEKa BCe ellle He 3HAKOMBI. JIOKarKuTe, UTO Ha CJIEIYIONEM yyKUHE UM
MMO3HAKOMUTHCS TOXKE HE YJIACTCS.

6. Diaeposv, epadoi. DitnepoB nuki (MyThb) — MUKJ (IyTh), TPOXOJLAIIMNA 110 BCeM pebpam
rpacda poBHO 110 OJHOMY pa3y.

(a) Jdokaxkure, 4T0 B CBA3HOM I'pade eCThb 3IEPOB [IUKJI TOIJIA U TOJIBKO TOIJIA, KOTJla CTEIeHb
KasKJI0#1 €ro BEpIIUHBI YeTHA.

(b) ITpu kakoM ycoBun B rpade CyIIeCTByeT SilIepoB myTh !

(c) Ilpu kakoM ycaoBuU B opuenmuposarnom rpade (T.e. B KOTOPOM Ha pebpax 3aJaHo Ha-
[PAaBJIEHNE; JIBUTAThCS 110 PeOPY B IyTH MOXKHO TOJIBKO BJIOJIb HAIIPABJIEHUST) CYIIECTBYET JilIepoB
LUKJI?

7. MaremaTuk 3a0bLT TPEeX3HAYHBII KOJ CBOEIO 3aMK&. 3aMOK OTKPBIBAETCS, €cjii TpU 1ud-
PBI KOJIa HaOpaHbl MOJAPST (/1ayKe ec/Iu mepe/l STUM ObLIi HaOpaHb! jpyrue nudpsl). Maremaruk
Habupaer onHy udpy B cekyHay. JlokaxknTe, 970 MaTeMATHK CMOXKET OTKPBITH 3aMOK 34,

(a) 29 cekyHI, ecau B KOJIE MCIOJIb30BaHbI TOJIBKO 1udpsr 1, 3 u 7.

(b) 1002 cexynibI, €ciu B KOJIE MCIOJIBb30BaHbI BCE JIECATD TUdD.

3auemmnie 3adavu: Bce, KpOMe JIIOOBIX 2-X IMYHKTOB. [IuchbMeHnHo: 1o yKazaHuio mperoaBaTeris.
Pemenns 1-it cepun.

1-2. PaccMoTpuM JIIOOYIO BEPIINHY, 1O KOTOPOM IMKJ ITPOXOIUT XOTH Obl JABaKJIbl. MoxKHO
paccMOTpeTh J[Be YacTU INHKJA: MEXKy MEPBBIM M BTOPBIM ITPOXOKIEHUSAMHU STON BEPIINHBI 1
ocraBInytocd. Kaxkmas n3 9Tux gacreil ABIgeTcd IUKJIOM, U O/IHA U3 HUX NMeeT HEYeTHYIO JIJINHY.
YMenblas Tak JIMHY HEYETHOTO ITUKJIA, IOy IUM IIUKJI, Y KOTOPOT'O HET TOYEK caMOIepecedeHus.

1-4. O6o3uauum uepe3 C; u Cy Beprmabl pedpa ¢, gepe3 T,, — HPOCTON UKL, TTPOXOJIATIII
Jepe3 pebpa a u b, a depe3 Tp. — mpocToil NUKJ, NMpoxojsdmuii yepe3 pebpa b u c. Iloitmem u3
Bepiuubl C) 1o mukiay Ty He 1o pedpy c. IlepBoe nepeceuenne ¢ mukiaom Ty, obo3HAYINM Yepes
(. Anasnornuno naiigem Beprumy Cf. Vckombrit 1K 6y1eT cocTodTsh u3 9actu mukiaa 1y, ot Cf
o CY, comepxkarneit a, mytn ot Cf) mo Cy, pebpa ¢ u nytn or Cy g0 C7.

[Iycts C — Bepmmmna 1mukia 1', 9To cymecTByer Hecamoriepecekaormmuiics myts ot Cy mo Cf,
He MMPOXOISIIII Yepe3 pedpo ¢, M UMEONN MUHUMAIHLHO BO3MOXKHYIO JUIMHY. AHAJOTMIHO OIpe-
nenum Beputnny Cf. VlckoMblit mpocToii UK 6yeT cocTosaTh U3 YacTi Iukia 1.

1-6. (a) Ilycrs B rpade ecth 3it1epoB nukI. PaccMOTpUM POU3BOJIBHYIO BEPIIUHY. DiljIepoB
IUKJI TTPOXOJIUT TI0 BCEM BBIXOIAIIMM M3 Hee peOpaM pPOBHO IO OJIHOMY pazy. [Ipm sTom muk
pPaBHOE YHCJIO Pa3 BXOJWUT B 3TY BEPIINHY W BBIXOJIUT U3 Hee. SHAYNT, CTEIIeHb BEPIINHBI YETHA.

[Iycrb reneph B rpade crenenb KaxkJoii BepHMHbl deTHa. Pacemorpum B Hem 1ukia 1’ (Bo3-
MOXKHO, U3 €JMHCTBEHHOIN BEPIIMHBI), TPOXOJAIINii M0 KazKJIoMy pebpy He 6ojiee OJJHOIO pas3a u
COJIep2KaINii MAKCUMAaJILHO BO3MOYXKHOEe JHcJIO pedep. IIpenosoxKmm, 9To 3TOT UK He iIepoB.
Boikunem u3 rpada Bce pedbpa nukiia 1. Crenenb KazkJ10il BEPIIUMHBI IOy YeHHOro rpada Oy/er
getnoit. B cuiy csiznocTn ucxojmoro rpada, naiijercs Bepiinna muksia 1, 13 KOTOPOil B HOBOM
rpade BbIXOIUT X0Ts Obl 0/1H0 pedbpo. [loiiem 1o sTomy pebpy. Iloka sTo BozMoOKHO, OyaeT uaTn
o pebpam HoBoro rpada. Tak Kak crenenb Kak/I0il BEPIIUHBI YeTHA, ITPUXO/d B JIIOOYIO BEPIIIIHY,
OTJIMIHYIO OT MCXO/HOMN, MbI CMOYKEM U3 Hee BbIATH. SHAUNT, JBUKEHNE 3aAKOHIUTCSA TOJIHBKO KOTJIa
MBI BEPHEMCS B MCXOJIHYIO Bepriuny. /lobaBuM K MOTydeHHOMY MUKJTY UK 1’ U MOJTyYuM UK,
bobImuit 9em 1'. DTO MPOTUBOPEIUT BHIOOPY KA 1.



2-s1 cepus (9-10).

1. Typucrt, npuexapmmmit B MockBy Ha 110€371€, BeCh JieHb Opout 1o roposy. [loyxkunas B Kade
Ha OJIHOM M3 IIJIOMIA/Iel, OH PEINJI BEPHYTHCS Ha BOK3aJI, U IIPU 3TOM WJITU TOJILKO MO YJIUIAM, 110
KOTOPBIM OH IIIEJI JI0 9TOI0 HEeYeTHOe YHUCI0 pa3. JloKazKuTe, 9TO OH BCErjia CMOYKET 9TO CJIe/IaTh.

2. B mekoropom ob1ecTBe Jiio0bIe JiBa 3HAKOMBIX HE MMEIOT OOIMUX 3HAKOMBIX, & JII0ObIE JIBa
HE3HAKOMBIX UMEIOT POBHO JBYX OOIMUX 3HAKOMBIX. JloKakuTe, 970 B 9TOM OOIIECTBE BCE UMEIOT
OJIMHAKOBOE YHCJIO 3HAKOMBIX.

3. an rpad, crerens Jirob0I BEPIIMHBI KOTOPOro He MeHbIe k, rje k > 2. Jlokaxkurte, 94TO B
9TOM rpade HaiigeTcsd MPOCTON MUKJI JIJIMHBI He MeHbIelt, yem k + 1.

4. Bce pebpa cBa3HOrO rpada packpaiienbl B 2 1iBeTa. V13 KaxK10i1 BEPITUHBI BBIXOJIUT TOPOBHY
pebep obomx 1BeToB. [lokaxkure, 94T0 M3 JIIOOOI BEPIIMHBI JI0 JIIOOOI JPYTroil MOXKHO JI00paThCd,
KayK/Iblil pa3 MeHsisl I[BeT pedpa.

5. Jluamemp cBsa3Horo rpacda — Hambosbilee U3 PacCTOAHUI MeXK Iy ero Bepriunamu. [lycTob
B CBsA3HOM TIpade auamerpa d MUHUMAaJIbHas JuimHa 1ukia 2d + 1. Jlokaxkure, 9T0 cTeleHN BCEX
BEPIINH PABHBI.

6. Jlan naBycBsi3HbIil rpad, T.e. CBA3HBIN I'pad, KOTOPBIHA MPHU YIAJCHHH JI0O0r0 CBOEro pedpa
ocraercsa CBA3HBIM. JIBoe MIPOKOB 10 OYepey CTaBaT CTPesKH Ha pebpax. [IpourpeiBaer urpok,
IIOCJIe X0JIa KOTOPOr'0 OT KAaKOM-TO BEPINMHBI HEJIB3s JI00PAThCs /10 KaKOW-HUOY/Ib IPYTOil, IBUTASICH
TOJIBKO BJIOJIb CTPEJIOK U 110 pebpam 0e3 cTpesok. Jlokaxkure, 4TO IpH IPaBUJILHON Urpe 060ux
COIIEPpHUKOB ITapTHUA 3aKOHYNTCA BHUYbIO.

7. (a) HapucyiiTe raMu/IbTOHOBBI IIUKJIBI B Tpadax MpaBUIbHBIX MHOIOIDAHHUKOB.

(b) Hukakoit rpad, romeomopdustit 6ykse 6 (r.e. rpady Ks2), He SBISETCA FAMIILTOHOBBIM.

(¢)* Ecom u3 so6oit Beprimabl rpada (6€3 meresib u KpaTHbIX pebep) ¢ V' BepimHaMI BBIXOIUT
He Menee V/2 pebep, T0 3TOT Tpad raMUIBTOHOB.

Savemnvie 3adayu: Bce, KpoMe 000 OIHOI.
Pentenus 2-it cepun.

2-1. HazoBeMm 4YeTHBIMU T€ YJIUIBI, 10 KOTOPHIM TYPHUCT Ha IIyTH K KoeiiHe IpoIes YeTHOe
YUCJIO pa3, OCTajbHble — HedeTHbIME. Ha myTn K Kodeiine TypucT ¢ BOK3aJjia BBIXOJWU Ha, OJIHH
pa3 0oJIbIIIe YeM BO3BPAIAJICH, 3HAUUT 10 BBIXOAIIUM C BOK3aJja YJIUIAM OH MPOXOJHUI B CyM-
Me HedeTHoe 4ucjo pa3. CiegoBaresibHO, ¢ BOK3aJja BBIXOJUT HEYETHOE YHUCJIO HEUETHBIX YJIHIIL.
Anajiornyno, u3 KoeiHN BBIXOJAUT TOXKE HEeYeTHOE YUKMCJIO HEYETHBIX YJINIL, a W3 JI0O0i Jpyroi
IJIOIIAIM 9eTHOE YUCI0 HedeTHBIX yiull. [Iycrs Typuct njaer n3 kKodeilHn 1Mo HeIeTHBIM YIUIAM
KaK YT'OJIHO, HO IPOXO/Is KaXKJIyIo yJuily He OoJiee oiHOro pasa. Korjga oH BXOIUT Ha ILIOMIAIb,
OTJIMYHYIO OT BOK3aJa, OCTaeTCs ellle HeUeTHOe YUCJIO HEUCIIOJIb30BaHHBIX HEUETHBIX YJIUI] BbIXO-
JIAININAX C 9TOH IO . SHAUYAT OH BCErja CMOXKET C Hee BBINTH. SHAYUT B TOT MOMEHT, KOI/a
TYPUCTY HEKYJa UJITH, OH y2Ke HaXOJIUTCsl Ha BOK3aJle.

2-2. PacemorpuM 4esioBeka A ¢ MaKCHMAJbHBIM 9UCIOM 3HAKOMBIX (n). IlycTh ero 3sHakombre
— By, By, ..., B,. ¥ xaxoit maper B; u B; ecTb o0muit 3HakoMblil A, 3HaunT B; n B; ne 3HAKOMBI
Mezty coboit. Y By u B; (i = 2,3,...,n) ectb 0bumit 3uakombiii C; ommaneiit o1 A. Ecin C; un
C; 171 HEKOTOPBIX 4 # j — OJIMH M TOT Ke 4desioBeK, To y C; m A ecThb obmume 3nakoMble By, B; u
Bj, 9T0 HEBO3MOXKHO I10 YCJIOBHUIO. 3HAYUT, ¥ By ecTb x0T ObI 1 3HakOMBIX: A, C5,Cs,...,C,. B
CUJIy MaKCUMaJIbHOCTH YUC/Ia N, Y B POBHO N 3HAKOMBIX. AHAJIOIMYHO, Yy BceX By, i = 2,3,...,n,
POBHO II0 M 3HAKOMBIX, OTKY/a, B CBOIO OYepe/lb, Y BCeX 3HAKOMBIX C B; TakzKe I10 1 3HAKOMBIX.
Kazk iprit gestoBek 3HaKOM 100 ¢ A, 1160 ¢ keM-HuOyaIb u3 B;, 3Ha4UT y BCeX B 0OIIECTBE POBHO
110 7 3HAKOMBIX.

3-s1 cepus (10-11).
Jltst perreHust OCHOBHOM 3aJ1a4d 9TOrO MyHKTa MOTPEOYIOTCS HEKOTOPBIE HABBIKA PADOTHI C
rpadamu. [lepes 3Toil cepueit mojie3Ho (HO He 00sI3aTEIBLHO) MPOPEIIATH JBE IPEBLILYIINE.
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0. B typrupe 6e3 Huubux yuacrBoBasio n koman 1. Kaxias KoMaH1a chirpasia ¢ KazK 10l pOBHO
o ojHoMy pasy. JlokaKuTe, 9TO MOYKHO TaK 3aHyMepPOBATH KOMAH[IBI YUCJIAMH 1, ...,7, 9TOOLI
(7 + 1)-as KomMaHa BeIATpaa y i-it (juist moboro i = 1,...,n — 1).

Typrup — opueHTHPOBAaHHbI Ipad, MEXK/Ly JTIOOBIME JBYMs BEPIINHAMI KOTOPOI'O €CTh POBHO
oo pebpo. OpueHTHpPOBaHHDI Ipad HA3BIBAETCA CUALHOCEAZHDIM, ECIIU OT JIOOOH €ro BEepIIHHDI
MOZKHO J00paThes J10 JII00Oi IPYTOoil, IBUrasCh 10 HAIPABICHUIO CTPEIOK Ha pedpax.

1. (OcuoBnast) Kakoe MuHUMAJIbHOE KOJIMYECTBO HECAMOIIEPECEKAIONIUXCS IUKJIOB JIJTUHBL k
MOXKET OBITh B CHJIBHOCBA3ZHOM TYPHHPE C 7 BEPITHHAMMA !

OTa 3aj7a9a CJIOXKHAs, K Hell He TakK MPOCTO MOJACTYNUThCsA. OOBITHO MPU PEIEeHUH CJI0YKHOM
3a/1a9U TI0JIE3HO PACCMOTPETh YaCTHBIE CIyYaH, MONBITATHCS PENIUTh OJU3KNe 3a/1adi. DTO IM03-
BOJIAET 3aMETUTh 3aKOHOMEPHOCTU, KOTOPble MOXKHO c(OPMYJIMPOBATH B BUJE TUIOTE3 U 3aTeM
JIoKa3aTh. Mbl He OyjeM IOJCKa3bIBaTh TU T'MIIOTE3DbI, & IMPeJJIaraeM BaM CAMHUM HUCCJIEI0BATD
9Ty 3aJl@dy CAMUM ¥ BBICKA3bIBATL Ballu 1peirnosioxkenns. CopmyaupyiiTe u JI0KaKuTe KaKyio-
HUOY/Ib JIEMMY, KOTOpas, 110 BallleMy MHEHHUIO, TIOMOXKeT B perenun 3ajadu 1. [Tocse Toro, kak
BBI MTOITPOOOBA/IN HAUTH IYTh K PEIIEHUIO CAaMOCTOATEIbHO, MBI IIPEJIaraeM BaM JIOKa3aTh CJie-
Jytorue yreepzKaeans. OHM MOTYT OKa3aThCs MOJE3HBIMUA B PEIIeHUN 3aJa9u 1 1, BO3MOXKHO,
IIOMOT'YT JIOBECTU PEIleHue JI0 KOHIIA.

2. (a) TypHup CHIBLHOCBSI3E€H TOTIA U TOJIBKO TOIJIA, KOTJIa B HEM €CTh HeCaMOIIePECeKAIOTIUTiCs
IUKJT, WIYIIAA 110 HAIIPaBJIEHUAM CTPEJIOK Ha pedpax M IMPOXOJIIINil 110 BCeM BepInHaM rpada.

(b) B cHJIBHOCBSIZHOM TypHHpE dUepe3 JI0OYI0 BEpIINHY TPOXOJUT HEeCaMOIEPeCeKAIOHICsT
KT (MJLyTi 110 HAIIPABJIEHWsIM CTPEJIOK Ha pebpax) Jroboil JIMHBI OT TPeX J0 KOJIUIecTBa
BEPIIIUH TyPHUPA.

Teopema Pamcesi. JI.A. IlepmsikoB (8-9)

JIaHHBIH TyHKT MOCBSINEH KJIACCHIECKON orenke uncest Pamcest (3amaun 7.b u 9.b). g uzy-
YeHUsI ITOTO IMyHKTa IMOHAI00NTCsI TOJIBKO 3HaHUe orpeeneHus rpada. Cm. mogpobuee [apdnep
M., Pamceesckan meopus epagos, "Keanm"(1988) NJ.

1. JlokaxkuTte, 9TO CpeJiM HATH YEJTOBEK MOYXKET He HAWNTUCHL HU TPEX MONAPHO 3HAKOMBIX, HU
TPpeX MONapHO HE3HAKOMBIX.

2. Cpeman m00BIX IIECTH YeJIOBEK HalIeTcs MO0 TPoe MOMapHO 3HAKOMBIX, JITOO TPOe IOIIapHO
HE3HAKOMDbBIX.

3. Cpean JHOOBIX JECATH Ye/JOBEeK HalijieTcs JuOO YeTBEepO IMONAapHO 3HAKOMBIX, JITOO TpOe
ITOITapPHO HE3HAKOMBIX.

4. Cpegn JIIOOBIX JEBATHU Y€/ IOBEK Haﬁ,ﬂeTCH JIb0 9EeTBEPO IIOIIapHO 3HaKOMBbIX, JInb0o Tpoe
IIOIIapHO HESHAKOMbDIX.

5. Cpenn 100b1x 20 yesoBeK HaiijgeTcsd JinOo 4 MonapHo 3HAKOMBIX, JIHOO 4 IMOoNapHO HE3HAKO-
MBIX.

HaszoBem wucaom Pamces MUHUMAJbHOE TaKoe IuCyo 7(m,n), 9T0 cpeau JoObIX 7(m,n) de-
JIOBEK HaiijieTcs iubo m IOHapHO 3HAKOMBIX, JIKOO 7 IOIIAPHO HE3HAKOMBIX.

6. Haiinure (a) r(3,3). (b) (4, 3).

7. Jokaxkure, 4TO (a)r(m,n) <r(m—1,n)+r(m,n—1). (b) r(m,n) <Cp.,..

8. Ha mutockoctn ormermin 17 TOYEK M COEMHUIM KarKJble 2 U3 HUX I[BETHBIM OTPE3KOM:
KPACHBIM, KeJITHIM WM 3eJIeHbIM. JloKaxkuTe, 9T0 HaiiyTcss 3 TOYKU B BEPIIMHAX OJHOIBETHOIO
TPEYTOJILHUKA.

Obosnavum wepes r(my, ..., my) MUHUMAALHOE MAKOE YUCAO, 4MO ECAU PEOPa NoAH020 2pada ¢
r(my, ..., Mg) 6EPUUHAMU PACKPAUWEHBL 6 k YBEMOS, MO 0Af HEKOMOP020 i HaATdemcs m; Sepuiun,
noONGPHO COEOUHEHHBIT PEOPAMU UBEMA i.

9. (a) Jokaxwure, 4To

r(my,ma,...,mg) < r(my—1,me,...,mg) +r(my,me —1,...omy) + - +r(my,mg, ... ,my — 1).



(b) Haitsure onenky ua r(my, ms, ..., My ), aHAJOIHIHYTO 3aja4e 7.b.
Sauemmwvie 3adavu: 1, 5-8.
Pemennsg.

2. PaccmoTpum mpousBoibHOTO YesioBeka. [Iycrhb y Hero ectb XoTs Obl 3 3HaKOMBIX. e cpetun
HUX eCThb I1apa 3HAKOMBIX MEK/y CODOif, TO OHH BMeCTe C PACCMOTPEHHBIM YEJIOBEKOM 00Pa3yioT
TPOIKY ITOIapHO 3HAKOMBIX. MHade oHn caMu 0Opa3yioT TPOMKY IOIapHO HE3HAKOMBIX.

[IycTs Tenephb y pacCMOTPEHHOTO YeJIOBEKa CPEJI OCTABIINXCA D YeJI0BEK HET TPeX 3HAKOMBIX.
Toryma y nero maiijercd 3 He3HaKOMBIX. Kcyim cpe/in HUX eCThb Tapa HE3HAKOMBIX MeEKJy co0Oil,
TO OHI BMECTE C PACCMOTPEHHBIM YeJIOBEKOM 00pa3yIoT TPOKY ITONapHO HE3HAKOMBIX. VHavYe oHI
caMu 00pa3yoT TPOHKY IOIAPHO 3HAKOMBIX.

3. PaccmoTpum 1mmpon3BoIbHOTO YesioBeKa. ¥ Hero Haiijgercs Jimbo 6 3HaKOMbBIX, JiO0 4 He3Ha-
koMbIX. IlycTh Haitgerca 4 HesHakoMmbIX. Eciim cpeqn HUX ecTh Iapa HEe3HAKOMBIX MK 1y CcOOOii,
TO OHU BMECTE C PACCMOTPEHHBIM YeJIOBEKOM 00pa3yIoT TPOKY MONapHO He3HAKOMBIX. VHavue oHI
caMu 00pa3yIoT YeTBEPKY IHOMapPHO 3HAKOMBIX.

[IycTe Temepsb y paccMOTpEeHHOTO |esioBeka Haiiercs 6 3nakombix. CoracHo 3ajade 1, cpein
HUX HafijeTcs b0 Tpoe MOMapHO HE3HAKOMBIX, JINDO TPOE MOMApPHO 3HAKOMBIX, 00pa3yoIuxX ¢
PaCCMOTPEHHBIM Y€JIOBEKOM Y€TBEPKY IIOIIapHO 3HAKOMBIX.

4. Ecim y HeKOTOPOro desioBeKa HaiijieTcs 6 3HaKOMBIX MIn 4 He3HAKOMBIX, TO MbI HaliJIeM HY K-
HYIO TPYIIILY JIIO/Ie aHaJOrndHO 3aja4e 2. KINHCTBEHHBIN II0X0N cirydail, Korja y BceX JIeBATH
YeJIOBEK POBHO 1O 5 3HAKOMBIX. TOr/Ia KOJIMYECTBO Hap 3HAKOMBIX JIOJICH paBHdercs 22 = 22.5,

2
TO €CTb He IeJIo€ YUCJIO, 9YTO HEBO3MO2KHO.

Packpacku rpados. I.A. ITepmsakos (8—10)

JlaHHBIA MyHKT TMOCBAIIEH HAXOXKIEHNIO HAUMEHBIIIEr0 KOJNIeCTBa IIBETOB, B KOTOPbIE MOXKHO
MPABUJIbHO PACKpPacCUTh BepIuHBI rpadon. [lyisa pemreHus 3a1ad 9TOro MyHKTa IOJE3HO MMeETh
HEKOTOPBIE HaBBIKKM pabOTHI ¢ T'padamu, HAIpUMED, Ipoperiarsk myHKT “Ilytun B rpadax’.

1-a cepus (8-9).
Hanomumwm, 1ro packpacka rpada (T.e. packpacka Bcex Bepiin rpada) Ha3bIBACTC NPacUAb-
1ol eC JIOOBbIE JBEe BEPIIHHDI, COCIUHEHEbIC PeGPOM, OKDAIICHD! B PA3HBLIl I[BET.

1. (a) [okaxkure, uro rpad JAByH0JeH (T.e. €ro MOYXKHO NPABUJILHO PACKPACUTL B 2 1BETA)
TOTJIa U TOJIBKO TOTJIA, KOIJIa B HEM HET IUKJIOB HEYETHOM JIJINHBL.

(b) B mapucoBannoM Ha 1I0cKOCTH 6€3 camoriepecedeHuii rpade ecTb SiIepoB UKJI TOrJIA 1
TOJIBKO TOT/Ia, KOT/Ia T'PaHU MOYKHO IIPABUJIBHO PACKPACHUTh B 2 IIBETA.

2. Bce pebpa cBsizHOro rpada packpaliieHsl B ABa IiBeTa. 13 KaxK 101 BepIITHBI BBIXOIUT ITOPOB-
Hy pebep oboux 1BeToB. JlokaxkuTte, 9T0 U3 JIIOOOH BEPIITUHBI JI0 JIO0O0M JIPYTroii MOXKHO JI00paThCH,
KasKJIbIil pa3 MeHsdsd I[BeT pebpa.

3. (a) B rpadye crenenn Bcex BepimH He peBocxoisT d. Jlokazkure, 4T0 ero MOKHO MPABUILHO
packpacuTb B d + 1 1BeT.

(b) B cBsasnom rpade cTeneHu BCexX BEPIIUH He MPEBOCXOJAT d, W €CTh BEPIIHHA CTEleHH
MemnbIie d. /lokaxkure, 9TO €ro MOXKHO IPABUIBHO PAaCKpPacuThb B d IIBETOB.

(c) B cBsisHOM rpade cremeHn Bcex BEPINIH He MPEBOCXOJAT d, ¥ €CTh BEPINUHA, [OCJIe Y/Iase-
HISI KOTOPOii rpad mepectaeT ObITh CBA3HBIM. JloKaxKuTe, 9T0 NCXOHBIN rpad MOKHO IIPAaBUJILHO
pacKpacuThb B d IIBETOB.

4. Bepmmabl HEKOTOPOro rpada Hesb3s TPaBUIbLHBIM 00pa30oM pacKpacuTh B MeHee, deM k
nBeToB. Jlokaxkure, 4TO JJI J1I00OI MPABUJILHON PAaCKpacKu BepIIMH 3TOro rpada B k 1IBETOB
CYIIECTBYET IyTh, B KOTOPOM BCTPEYAETCH POBHO IO OJTHON BEPIINMHE KaXKJOTO I[BETa.

5. B opuenTupoBanHoM rpade n3 Kark0i BepIIUHBI BHIXOAUT He OoJiee d pebdep. lokazkure,
YTO €ro BEPHINHBI MOYKHO MPABUJILHO pacKpacuTh B 2d + 1 1Ber.

6. B rpade makcuMasbHBIN HecaMOIePeCeKaIONUNCs Iy Th POXoauT depe3 [ BepruH. /Joka-
JKUTe, 9TO rpad MOXKHO MIPABUIBHO PACKPACUTH B | I[BETOB.
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3avemnvie 3adavu: Bee, KpoMe JTI0O0r0 OJTHOIO ITYHKTA.
Pemienns 1-a cepun.

3. (a) Byuem kpacurh BepIIMHBI KaK TIOMAJ0 U B IPOU3BOJILHOM HOpsijike. Ha 1Ber Kaxkioii
OdYepeTHOM BEPITUHBI UMeeTcst He 0oJiee d 3aIllpeToB, MO9TOMY MBI CMOXKEM €€ OKPACHUTh.

(b) lokakem WHIYKITHEHl 10 KOJINIECTBY BepIINH. YaauM 13 rpada BepIinHy CTeleHn MeHb-
e d co BCeMU BBIXOJAIMUMI 13 Hee pebpamu. Ocrapimiics rpad MOXKHO MPABUIHLHO PACKPACHTH
IO TIPEJIIIOJIOZKEHUIO MHIYKINY. Bepaewm ynanennyro sepmuny. Ha ee niBeT MenbIie yeM d 3al1peToB,
[IO9TOMY MBI CMOXKEM €€ OKPaCHUTbD.

4. Bee Bepmmnbl npeta k — 1, He coeJnHEHHBIE peOPOM C IIBETOM k, IEepeKpacuM B IBeT k.
[Tocse sTOro Bce BepImmHbI I[BeTa k — 2, KOTOPhIEe MOXKHO, ITIepeKpacuM B 1BeT k — 1. AHAJIOruIHO
IepekpacuM BepImuHbI 1BeToB k — 3, ..., 2, 1. CoracHo yCc/JIOBHIO, B IIOIYyYE€HHON pacKpacke Haii-
JleTcs BepInmHa 1BeTa 1. MBI ee He mepeKpacuiIin, 3HAUUT €CTh COCEIHAs ¢ Heil BepInHa 1BeTa 2.
MpI He TIepeKpacuIn BepIINHY IBeTa 2, 3HAYUT €CTh COCeIHsIsS ¢ Heil BepimHa 1BeTa 3. AHaJo-
FUYHO HAWIyTCA BEPIIMHBI IIBETOB 3,4, ..., k, 4TO KaxK/ias CJIeIYIOIas COCEIHASA ¢ IPEeIbLTyIIei.
DTH BEPIIMHBI UMEH Te ¥Ke I[BeTa B UCXOJHOI packpacke rpada (10 nepekpaivBanuii) B CHIy
PaBUJIBHOCTH UCXOTHONW PACKPACKHU. SHAYHUT, Mbl HAIILIH TPEOYEMBIH 1y Th.

6. Cpa3y cienyer us 3aa9u 4.

2-s1 cepus (9-10).

1. B rpade makcumasibHBIN HEUeTHBIN HecamMoliepeceKamomuiicsa muka nmeer jyuay [. Jloka-
JKUTe, 9TO Ipad MOXKHO NMPABUJILHO packpacuTb B [ + 1 1BeT.

2. (a) B cBsasHOM rpade cremnenb KaxK10ii BEPITHHBI He TPEBOCXOANT 3. Ero MOXKHO IpaBUIIbHO
PACKpacHUTh B 3 IBETA, ITOOBI JjIsT HEKOTOPO BEPINUHBI CPEIU ee coceleil He BCTPEIAIOCh XOTs
ObI BTOpOTO 1BeTa. /lobaBuu OJHy BEPIINHY U BBIXOJAINE U3 Hee pedpa Tak, UTO MO-IPEXKHEMY
CTEIIEHW BCEX BePIIUH He IpeBocxoidaT 3. Jlokaxkure, 94TO MOJYyYEHHBIN rpad MOKHO NpPaBUILHO
pacKkpacuThb B 3 IBeTa.

(b) B cBsizHOM rpade crerneHb KayKoil BEPIIHHBI He TPEBOCXOAUT 3. Ero MOXKHO MpaBUIBHO
pacKpacuTh B 3 IIBeTa, HO IpU JIFOOOH IpaBUIBHON packpacKe y KarKI0i BEPIIUHbI HAHIeTCs Co-
CeHSS KayKJIOTO W3 JIBYX OCTABIIUXCH 11BeTOB. JloOaBum O/iHYy BEPIUHY U BBIXOJSINNE U3 HEe
pebpa Tak, 9TO IMO-TIPEKHEMY CTEIeHU BCEX BEPIINH HE MPEBOCXOJAT 3 U MOJIyIeHHBbIH rpad or-
JIMYEH OT ITOJTHOTO YeThIpexBepmnHHuKa. JloKaxKuTe, 9TO moIydeHHbIH rpad MOKHO TPABUIBLHO
pacKpacuThb B 3 IIBeTA.

(c) Teopema Bpykca. B rpade cremenb KazKjioil BEPIIMHBI HE MPEBOCXOIUT d > 3 U HET
nosiHoTO Tojirpada ¢ d + 1 Bepmuuoit. /lokaxkuTe, 4TO €ro MOKHO IPABUIBHO PACKPACUTh B d
IIBETOB.

3. Crenenb J11000it BepiuHbl rpada e mpesocxonut d. Harypasibabie uncia dy, . . . , dy TAKOBBI,
qro dy +do + -+ di, = d+ 1 — k. Jokaxkure, 4TO BEPIIUHBI MOYXKHO Pa30UTh Ha Kk TPYIII, YTO
Jiiobast BEpIIUHA {—Oii I'PYIIIBI coe/IMHeHa He Oojiee, YeM ¢ d; BEPIIMHAMU CBOEH T'PYIIIILI.

4. B BBIIIYKJIOM MHOTOYTOJILHUKE ITPOBEIN HECKOJIBKO JTUArOHAJICH, He TePEeCEKAIOIIIXC MEXK Ty
€000t BO BHYTpeHHUX TouKax JlokaxKuTe, 9TO TOJIYIEHHBIH ILJIOCKUI rpad MOKHO NpPaBUILHO
pacKpacuTh B 3 IIBETA.

5. Tpem cmbinuiensiv jeoukam pe, Tane u FOue BbIgain mo Kommu OJHOTO U TOTO Ke
rpada. FOa u Tansa packpacuim cBou rpadbl TPABUILHO, TO €CTh TAK MOKPACH/IN BCE BEPIUHBI,
YTO KOHIIBI KayKJIOro pedpa - pasnoro msera. HOuist ucrosb3oBaia MeHbINE 1[BETOB, deM TaHs,
3aT0 y TaHum B KaxKJblil IIBeT HMOKpAaIlleHbl MUHUMYM JiBe BepIuHbl. Jlokakure, uro Mpa moxker
MPABUJILHO PACKPACHTDH CBOM rpad Tak, YTOOBI MCIIOJIH30BaTh I[BETOB He Oosiblie dem y FOmmu, n
MIOKPACUTh B KazKJIbIN 1IBET HE MEHBIIE IBYyX BEPIIUH.

6. Ilycrs G — rpad 6e3 nerenb u KpaTHbix pebep. Eciin crerenb Karkj0if BepIIuHbI HE TIpe-
BoCXOUT d, TO pebpa rpada MOKHO PACKPaCUTh B d IIBETOB TakK, 9TOObI pebpa, MMeroIue ooIuit
KOHEI[, ObLJTH OKPAIIEHbI B pa3HbIE I[BETA.



7. Teopema Yumnu. Yucno Pg(n) npaBuibHbIXx packpacok rpada G ¢ V' 3aHyMepoBaHHBIMU
BEPIIUHAME B 1 I[BETOB €CTh MHOT'OYJIEH OT N cTeneHu V.

Savemmvie 3adayu: Bce, KpoMe JI0OOr0 OJHOIO IIYHKTA.

IToacuers! B rpadax. [I.A. ITepmsikoB (9-11)

g perrenus 3a/1a4 3TOrO IMYHKTa HYKHO He U3ydaTh YCTPOMCTBO rpada, a MOCUUTATh KOJIH-
YeCTBO HEKOTOPBIX 00BEKTOB B HEM: pebep, TpeyroJbHUKOB, OIpe/ie/IeHHbIX BepinuH u T.11. [ToTpe-
Oyercss TOIBKO 3HaHUE ompejesieHns rpada. Ho ecim BOZHUKHYT 3aTpyIHEHHUs, MOXKHO CHadIaja
npoperniath nyHkT "Teopus Pamces’, cojepzkaiiunii 60Jiee IpocThie 3a/1a49u 110 OJIM3KOi TeMe.

1. Hazopem uestoBeka Ma1o00ImUTEILHBIM, ecIn Y Hero MeHee 10 3HakoMbix. HazoBem desioBeka
qyJaKOM, €CJIM BCe ero 3HAKOMbIe MaJIOOOIMIUTe bHbI. JloKaykKuTe, 9TO KOJHMIECTBO UYIAKOB HE
OoJIbIIIe KOJIUYIECTBa MaJIOOOIIUTE/IbHBIX.

2. Ha Beuepunky npurumu 10 gemoBek. 3areM Te, y KOro He OBLIO 3HAKOMBIX CPEJIN TTPUTIIET-
IIUX, VLI, 3aTeM Te, y KOro ObLI POBHO | 3HAKOMBIN CPEIM OCTABINUXCS, TOXKE VIIIM. 3aTeM
AHAJIOTUYIHO MMOCTYTAJN Te, Y KOro ObLI0 PoBHO 2, 3,4, ...,9 3HAKOMBIX CPEJIN OCTABIIUXCH K MO-
MeHTY ux yxoza. Kakoe HanboJibIliee 9rucIo JIIO/Iell MOIJIO OCTaThCs B KOHIIE?!

3. B kpyrosom Typaupe yuacrsoasio 2007 koman i u He ObL10 HuUbMX. Hafiure MakcuMasb-
HOE BO3MOXKHO€ KOJIMYECTBO TPOEK KOMAaH], YTO IlepBasg KOMaHJ/a BbIUTPaJa Yy BTOPOIi, BTOpas y
TpeThbeil, a TpeTbd Y IIePBOW.

4. B xax 1011 13 Tpex IMIKOJ yIuTcs 1o N JesioBek. J[1060i1 yueHnK nMeeT B cyMMe pOBHO N + 1
3HAKOMBIX YICHUKOB U3 JIBYX JPYTuX MIKoJI. JloKaxKuTe, 9T0 MOXKHO BBIOPATH 10 OJIHOMY yYICHUKY
U3 KaxKJI0M IIKOJIbI TaK, YTOOBI BCE TPOE BHIOPAHHBIX YUIEHUKOB ObLIN 3HAKOMBI JIPYT C JAPYTOM.

5. (a) B rpadpe st j1106bIX JIByX CMEXKHBIX BEPIIUH €CTh POBHO OJIHA BEPINUHA, CMEXKHAS C
HuMu obenmmu. Moxker jin B 3ToM rpade Obith poBHO 100 pebep?

(b) B rpade m1st 1r06bIX IBYX CMEXKHBIX BEPIIINH €CTh JIBE BEPIINHBI, CMEKHBIE ¢ HIMU OOEHMHU.
Mozxket it B 5TOM Tpade Ob1Th poBHO 100 pedep?

6. B rpade 2007 BepmuH u cTeleHb KaxKJ0W BEPIIUHDI sBJISETCS CTEIeHbIO JIBOWKU. Bososs
MOCYUTAJ JIJIA KayKJION BEPIINHBI KOJUIECTBO BBIXOJAIMX U3 Hee IyTel, MPOXOdIux He Oojiee
YeM 110 JIByM peOpaM, a 3aTeM IPOCYMMUPOBAJI IIOJIyIeHHbIE PE3YIbTAThI 110 BCEM BepIINHAM. Y
Hero nosryumiock 100000. /Tokazkure, uro Bosossa ommubces.

7. Ha npegnpusatun tpyasarca 50000 genosek. /lg KaxKaoro m3 HUX CyMMa KOJHMYECTBA €ro
HEIIOCPEJICTBEHHBIX HAYAJbHUKOB U €r0 HEIOCPEICTBEHHBIX IO[MMHEHHBIX paBHa 7. B moneesnb-
HUK KasK/IbIil PAOOTHUK MPEANPUATHS W3/1aeT ITPUKA3 W BBIJAET KOIHMIO 3TOrO MPUKa3a KarKIOMY
CBOEMY HeIOCDEJICTBEHHOMY MOJYUHEHHOMY (ecu Takue ecTh). Jlajee, KaxKjblii JeHb pabOTHUK
Oeper Bce MOJIyUeHHbIE UM B MPEJIbIIYINNAE JIHA TPUKA3bl U JUOO pa3/iaeT WX KOIMH BCEM CBOUM
HEIIOCPE/ICTBEHHBIM ITO[IMHEHHBIM, JIT0O, €CJIU TAKOBBIX Yy HErO HET, BBIMOJIHSET MPUKA3bI CaM.
Oxkazajioch, 9TO B MATHUILY HUKAKWE OyMaru 110 MPEANpPUATHIO He nepejatorcsd. Jlokaxkure, 910
Ha [IPEJIPUITHN He MeHee 97 HAYaIbHUKOB, HaJl KOTOPBIMU HET HAYAJIbHUKOB.

8. Teopema Typana. (a) IlycTh B HEKOTOPOI KOMITAHUU CPEJIN JIOOBIX TPeX YeIOBEeK HaiilyTcst
nBa japyra. O0g3aTeIbHO JIM 9Ty KOMITAHUIO MOXKHO pa3sOUTh Ha JiBe TPYIIIBI Tak, ITOOBI JIIOObIE
JIBa Y€JI0BEKa U3 OJHON TPYIIILI OBbLIN JAPY3baAMU?!

(b) Haiitu nHauboJibiiiee BO3MOKHOE KOJIXIECTBO pebep B rpade ¢ n BepIuHaMu, eC/Ii U3BECTHO,
4TO Cpeau JIOOBIX TPEX ero BepIIMH €CTh JBe, He COeJuHeHHbIe pedpoM.

(c)* To ke it "geThIpex ero BepIiuH’.

3auemmnie 3adavu: Bce, KPOMe JIIOOBIX TPEX MyHKTOB.
Pemenus.

1. MaJtooOIuTe/IbHBIX, He sABJSIONINXCA dy/IaKaMu, Oy/JIeM HAa3bIBATH ~TIPOCTO MaJIOOOIIHTE b=
HBIMH, & 9yJaKOB He SABJISIONINXCA MAJIOOOIIUTEIbHBIMI — TIPOCTO 4dygakamu’ . MastooOnmreb-
HbIE UyJIaKd HE MOTYT ObITh 3HAKOMBI C IIPOCTO UyIaKaMu, 3SHAUUT IIPOCTO IyIaKi 3HAKOMBI TOJIBKO
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¢ IPOCTO MaJI000ImuTeIbHBIMI. KasK bl IPOCTO Uy/Iak 3HAKOM ¢ X0Ts Obl 10 mpocTo Masoo0Im-
TeJbHBIMHU, & KayK/blil MaJIOOONIUTEIbHbIH He 6osiee dem ¢ 9 mpocro gyaakamu. Ilycts mex iy
IIPOCTO UyJ/IaKAME H IIPOCTO MAJIOOOIUTETLHBIMI BCETO 7 3HAKOMCTB. 1OT/Ia MPOCTO UyIaKOB HE
boJtee {5, a MPOCTO MAJIOOOITUTEILHBIX He MeHee g. [lojtydaem, 1To npocTo 1y1akoB He OoJIbIIe em
IPOCTO MAJIOOOIIUTEIBHBIX, & 3HAYAT BCErO IyIaKOB He OOJIbINE YeM BCErO MaIoOOIUTEe/IbHBIX.
2. Herpy/iHO TPOBEPUTH, UTO €CJIN BCE TIPUIIIEIITIEe, KPOME JIBYX deoBeK A n B, ObLr 3HAKOMBI
MezK Ty co0oii, TO B KOHIIE JOJIKHBI ocTaThbest Bce Kpome A m B, T.e. 8 genopek. Jlokaxkem 4To He
MOTJIO OCcTaThedA 9 detoBek. flcHo, 9To desioBek A, MMeBIINi N3HAYAIBHO MEHDIIE BCETO 3HAKOMBIX
(k), B HekoTopblii MOMeHT yiijier. Ecim 6GoJiblile HUKTO He yIIes, TO Bee ocraibHble (Kpome A)
umesin OoJibiiie k 3HAKOMBIX 110 yxoja A u Mmenbiine k + 1 nocie ero yxoma. Ho Torma A josken
OBITH 3HAKOM CO BCEMHU OCTAJBHBIMU, T.e. k = 9, 4TO MPOTHBOPEYUT CTPOrOii MUHUMAILHOCTH k.

Bamaun o kombunaropHoii reopun rpados. A.B. Ckonenkon (9—-11)

1. Komnonenmowr ceasznocmu. (a) B HEKOTOpOM IapcrBe mMeeTcst CTOJHIA, Topoj JlaibHuil
U HECKOJIbKO JIPYIHX ropojioB. HekoTopble mapbl rOpojoB COEJIMHEHBI JIoporaMu (JIOpOrd MOIYT
nepecekarbcst). VI3 cromuibl BeixoauT 21 jgopora, u3 ropoja Jlasbrero 1 gopora, a M3 0CTaJIbHBIX
ropozio 1o 20 jgopor. O6s3aTeIBbHO JIM U3 CTOJHIIBI MOXKHO TpoexaTh B JlasbHuii (BO3MOXKHO, €
nepecaKamn)?

(b) B roposie HeT Hu MOCTOB, HU TYHHeJIel, HU TYIIUKOB. Bee nmepekpecTku nMeT KpecToobpas-
Hy10 hopMy 1 00pa30BaHbI IepecedeHrneM poBHO JBYX yunil. CoBepiias NHCIEKIIMOHHYIO TOe3/IKY
10 TOPOJLY, TYOepHATOP Ha KaXKJIOM IepEeKPEeCcTKe IMoBOpavduBaJl Jubo Halpaso, Jimbo Hajeso. de-
pe3 HeKOTopoe BpeMs Iodep rydbepHaTopa 3aMeTHsI, YTO OHHM €IyT IO JOpOore, IO KOTOPOil yiKe
npoesxkaJin. Jlokaxkure, YTO OHU €/IyT B Ty K€ CTOPOHY, 9TO U B IIEPBLI pas.

(c)* [Ba ajbnuHUCTA CTOSIT HA YPOBHE MOPsI Ha IIPOTUBOIIOIOKHBIX CTOPOHAX TOPHOIO XpebTa
(IL7TOCKOM JIOMAHOMN ¢ KOHEIHBIM YUCJIOM 3BEHBEB), PACIIOIOKEHHOTO MEJNKOM HaJl YPOBHEM MODSI.
JlokaxkuTte, 9TO OHU CMOT'YT BCTPETUTHCS, OCTaBasCh B IPOIECCE JIBUZKEHUsI BCE BPeMs Ha, OJIHOM
BBICOTE HaJ| YPOBHEM MOPH.

2. (a) Jlemma o napocouemanuazx. Ilycrb ecTb HECKOIBKO (KOHEUHOE THCJIO) IOHOIIEH U JICBY-
IeK, TPHYEM KaK/Iblil IOHOIIA 3HAKOM C HEKOTOPLIM (BO3MOXKHO C HYJIEBBIM) YHCJIOM JICBYIIEK.
Jlokazarb, 9TO BCEX IOHOIIEH MOKHO YKEHUTD Ha (OMapHO PA3JIMYHbIX) JEBYIIKAX, €CJIU U TOJIHKO
ecJim i JI060r0 MHOXKECTBA, HAIIKMX IOHOIIEH YHUCIIO JIEBYIIEK 3HAKOMbIX XOTst Obl ¢ OJIHUM U3 HUX
HE MEHbIIIE YUCJIa STUX IOHOIIEH.

(b) Teopema Xoana. Ilycts X — HemycToe KOHEIHOE MHOXKECTBO, a X1, ..., X, — €ro IOJMHO-
xKecTBa. JlokazaTh, 9TO B KaKJIOM U3 HUX MOXKHO BBIOPATDH IO 9JIEMEHTY x; € X; TakK, 9ToObI BCe
x; OBIIN PA3JIMIHBI C€CJIM W TOJILKO €CIM JIs Kaxkoro k € {1,...,n} obbeaunenne mobeix k n3
9TUX MOJMHOKECTB HMEET He MeHee YeM k 3JIeMEHTOB.

3. (a) B Jlyme 450 nemyraroB, KazKjblii U3 KOTOPBIX YJAAPHUJ OJHOrO u3 jpyrux. JJokaxure,
YTO CpeJid HUX MOXKHO BbIOpaTh 150 jiernyTaroB, cpejii KOTOPhIX HUKTO HUKOI'O He OMJI.

(b) Ha Beibopax B ropojckyio Jlymy KazK/plii u3bupare/ib, ecjii OH HPUXOJIUT HA BBIOODHI,
rojiocyet 3a cebs (ecjim OH sSIBJISIETCST KAHJIUIATOM) U 3a BCEX TEX KAHJMJIATOB, KOTOPbIE $BJISIIOT-
cg ero Jipy3bamu. [Ipornos cormoiorndeckoil cjryzKObl MIPUU CUUTACTCH TOPOWUM, €CJIM B HEM
IIPABUJIBHO IPEJICKA3aHO KOJUYIECTBO T'OJIOCOB, MOJAHHBIX XOTs ObI 3a OJHOIO U3 KaH/IUIATOB, U
HeXOPOWUM B TIPOTUBHOM ciydae. JlokaxkuTe, 4TO Npu JIIOOOM ITPOTrHO3E U3OUPATESTNU MOTI'YT TaK
SIBUTHC Ha BBIOOPBI, YTO TOT IMPOTHO3 OKAXKETCA HELOPOULUM.

3amaym mo TormoJiorndeckoii reopuu rpacdon. A.B. CkonenkoB u .H. I1TuypHuKoB
(9-11)
Hcrnonib3yeMbl 371eCh Olpe/jiesieHre III0CKOro rpada, ero rpanu, romeoMopdusmMa u dhopmyia
Ditjiepa HallOMHEHBI B HavaJje 3aMeTKu "Bokpyr kputepusi KyparoBckoro mianapHoctu rpacdos’.

1. (a) Hokaxkure dpopmyry Ditiepa V — E+ F = 2 jj1s1 mJI0CKOro ¢BsA3HOTO rpada ¢ pebpamu-
orpeskamu (V, E'u F' — gucyo Bepius, pebep u rpaHeii, COOTBETCTBEHHO).
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(b) Haiiure ananor dpopmysasl Ditiepa Jjisi HECBSI3HOIO MJIOCKOro rpada ¢ k KOMIOHEHTaMu
CBSI3HOCTH.

2. IIpumenerus gopmyave Jiaepa. (a) K5 n K33 He mIaHapHDL.

(b) Ha miockoctu orMedeHo n ToueK. Pasperaercs coejuHATh HEKOTOPbIE J[Be M3 HUX JIOMa-
HOI1, He IIPOXOJIAIleil yepes Jipyrue ToYKu. /[Ba urpoka 1o ovepe/in COeIMHIIOT JIOMAHON KaKue-To
JIBe ellie He coejinnennbie ToUKu. [Ipu aTom Tpebyercs, 9TOOBI 3TU JIOMAHbIE HE CAMOIIEPECEKAJINCDH
U He TepeceKa/luCh HUTJE, KPOMe OTMEUeHHBIX Touek. [IpourpeiBaer ToT, KTO HE MOYKET CJIe/aTh
x071. KTo BBIUTpBIBAET IpU MPABUIBHON urpe (B 3aBHCHMOCTH OT N7

(¢)* BBIIyKJIBIX MIPaBUIBHBIX MHOTOIDAHHUKOB (BCE TPAHK — IIPABUJIbHBIE MHOTOYTOJIBHUKH C
OJIMHAKOBBIM YHCJIOM CTOPOH, CTEIEHHW BCEX BEPIINH PaBHbBI) POBHO 5 (€ TOYHOCTHIO JI0 M30MOD-
dbusma ux rpados).

Yrkaszanne K (a), (b) u (c): ecsmm He mosydaercs, TO permaiite cyeLyIone Iy HKTHL.

(d) Hdyst mo6oro 1miockoro cBsisHoro rpada 6e3 meresib U KpaTHBIX pebep, UMeromero 6oJee
IByX BeprH, 2FE > 3F n E < 3V — 6.

(e) B srobom 1tockoM rpade ecTb BepllnHa crereHn He bosee 5.

(f) B s1r060M BBIIYKJIOM MHOTOIPAHHUKE €CTh JIMOO TPEYToJibHAsI I'PaHb, JTUOO BEPIITMHA CTEIIEHH
3.

(g) Ecam kaxKkmast BepIiHA IJIOCKOTO CBS3HOTO rpada MMeeT CTerneHb d, & B TPaHUIe KazK /1ol
rpanu poBHO k pebep, To d < b u é + % = % + %

(h) B sro6om mtanapHoM rpade ¢ XoTs Obl 9eThIPbMsI BEPITHHAMU HANIETCS XOTs Obl Y€ThIpe
BEPIIUHBI CTEeIIeHN He OoJiee TATH.

3. Packpacka rpamneil miockoro rpada B HECKOJBKO IBETOB HAa3BIBAETCSA NPAGUALHOTU, €CIII
JII00bIe JIBE TPaHM, UMeIoIue obInee pedpo, OKpallleHbl B pa3HbIe IIBETA.

(a) I'panu siijiepoBa 110CKOT0 Tpada MOXKHO MPABUJIBHO PACKPACUThL B 2 IIBETA.

(b) I'parn raMuIBTOHOBA IIOCKOTO Tpada MOXKHO HMPABUIBHO PACKPACUTH B 4 IBETA.

(c) Beprmmas! (nm rpasn) JI060T0 TIOCKOTO Tpada MOKHO MPaBIJIBHO DACKPACATH B 5 IIBETOB.
Hamomunm, 910 packpacka BepiinH rpada Ha3bIBaeTCs NpasuabHol, eClId JIIOObIe JIBe COCeIHne
BEPIIUHBI OKPAIIEHbl B PA3HbIE IIBETA.

4. Tomonrozuu u Kozomonozuu epagos. (a) B nepese Her HemycThix moirpados 6e3 m3071mpo-
BaHHbBIX BEPIINH, ¥ KOTOPbLIX CTEIICHb Ka)K,D;OfI BEPIINHLI Y€THA.

(b) dust narnoro rpada 06o3HAYMM Yepe3 a Iucyio ero moarpados 6e3 n30JUpPOBAHHBIX BEp-
IIIMH, Y KOTOPBIX CTEIeHb KarKJ0i BepIInHbI YeTHa. Toraa a — crernensb JBoiiku. Beipasure a gepes
kojmdectBa V' BepiiuH, E pebep u C' KOMIIOHEHT CA3HOCTHU rpada.

(c) Ha pebpax sepeBa crodT 3Haku + u —. Paspemaercss MeHSTh 3HAKW Ha BCeX pedpax,
BBIXOJISIINX U3 OJHON BepimHbl. Toraa u3 jirodoro y3opa MOXKHO IOJIYyIUTDH JIIOOOH JIPYTOii.

(d) IIycte b — HAMbOJIbIIIEE KOJIMIECTBO Y30POB U3 + U — Ha pebpax jgaHHOro rpada, HI OJIUH
3 KOTOPBIX HEJIb3d IIOJIYIUTHb U3 APYT'OI'0 OIIMCAHHBLIMM BbIIIC OIl€pallugAMMN. TOF,[L& b — CT€EIIEHb
npoiiku. Beipasure b gepes V., E u C'.

(e)* Omeparust cmsazusarua pebpa (OTIMIHOrO OT METJIH) yaajser u3 rpada 310 pebpo u
3aMeHnsieT BepmmHbl A u B sT0or0 pebpa Ha oxHy BepmmHy C'; a Bce pedpa, BBIXOIAIINE U3 BePITNH
A n B B HEKOTOpBIE BEPIIUHBI 3aMeHsieT Ha pedpa, BhIXOJIsIe 13 BepIiuHbl C' B Te YK€ BepIIUHBI.
Hampumep, eciiu rpad — MpocToii MUK ¢ 9eThIPbMs BEPIIMHAMU, TO IIPU CTATUBAHUN JIFOOOTO €ro
pebpa HOoJIyInuTCs MPOCTON MUKJI ¢ TpeMs BepmuHamu. Jlokakure, 9T0 @ 1 b MHBApUAHTHbLI IIPU
CTATUBAHUK pedpa, U BBIBEIUTE OTCIOJA, UTO a = b.

6. Hsomonuu 6 npocmparcmee. (a) Jlioboit yzen S' C R® moxkHO HenpepbIBHO 1 6€3 caMore-
pecedenuit mpojedopMUpoOBaThL B y3e, JexkKanmii B "KHizKKe” ¢ Tpems guctamu T x I C R3.

(b) JTro6oit rpad (mmu maxe nopepxuocth ¢ kpaem) N C R3 MoxkHO HenpepbiBHO 1 6e3 caMo-
nepecedenuii mpoedopMupoBaTh B rpad, Jdexkammii B "KHIKKe” ¢ Tpemd jmctamu T x I C R3.

7. B mwiockom rpade ¢ TpeyroJibHbIMU I'DAHSIMUA BBIKUHYJIN BEPINUHY BMECTE C BBIXOJSIIUME
u3 Hee pedpamu.
(a) BepHo Jin, 9TO T10/IyYMBINASACSH IPaHb OIPAHUYEHA IPOCTHIM ITUKJIOM !
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(b) BepHro Jiu, 9T0 €cyin BBIKUHYTH ellle OJIHY BepIINHY, TO BCE I'PAHU OISITh OY/IyT OlPAHIUYEHbI
MPOCTBIMU IUKJIAMU?

(c) Ilycth B ostygeHHOM rpade creleHb KaxK 0 BepIIUHbI He MeHee 3. BepHo Jjin, 910 J1100yio
BEPIIUHY HOBOIO I'pada MOXKHO yJIaJUTh U MOJIYIUTh rpad, Bce TpaHn KOTOPOTO OYIyT OrpaHute-
HBI IIPOCTBIMU TTUKIAMU !

8. (a) /laH HEBBIMYKJIBIT MHOTOYTOJBHIK C HEIPO3PAIHbIMU cTopoHaMu. Hazosem ero sdpom
MHOZKECTBO €0 BHYTPEHHUX TOYEK, U3 KOTOPbIX BUIHBI BCE BEPHIMHbI MHOT'OYT'OJIbHUKA. I[OK&)KI/I—
T€, 9TO MHOI'OYTI'OJIbHUK C HEIIYCTBIM AJAPOM MOZKHO pa3pe3aTb HpHMOﬁ Ha JABa MHOT'OYT'OJIbHUKa C
HEITYCTBIME SJIPAMH.

(b) Teopema @apu. Tlnockuii rpad MOKHO HApPHUCOBATH Ha ILIOCKOCTH Ge3 camorepecedeHuit
Tak, 9TO Bce pedpa Oy/lyT OTpe3KaMu.

(c) JIroboit cBsi3ubiil rpad ¢ g pebpamMu MOXKHO TaK HAPUCOBATH BHYTPU MPABUJILHOIO 2g-
yYroJibHUKa, JuaMEeTPaJIbHO IIPOTUBOIIOJIO2KHBIE CTOPOHBI KOTOPOI'O CKJIECHDbI, YTO HEKOTOPbLIE pe6pa
ABJIAIOTCA OTPpE3KaMM, a OCTaJIbHbIE pe6pa ABJIAIOTCA O6T)€,ZLHH€HH§1MH JABYX HellepeCeKaloIInXCd
OTPE3KOB, y KaxKJO0I'0 M3 KOTOPBIX OJMH KOHEI[ — BepIinHa rpada, a JPyroil KOHeI JeKUT Ha
CTOPOHE 2¢-yroJbHUKA.

Sauemnuwnie 3adavwu: lab, 2bdef, 3ab, 4b, ba, 7a, 8a.
Ykazauus.

2. (a) IIpuBenem jokazaresnbeTBO HeltaHapHocT rpada K, ocHoBanHOe Ha (opmyste Diise-
pa. Ilyctb rpad K5 nHapucoBan Ha IJIOCKOCTH Oe3 camoriepecedenunii. Tora mo dopmysie Ditsiepa
5—10+ F = 2. Bunauur, F' = 7. Hapucyem okosio kaxjioro pebpa rpacda Ky, HApucoBaHHOTO Ha
IJIOCKOCTH, CTPEJIKY BIIPABO M CTPEJIKY BJIeBO. Tora uncio crpesiok pasio 2F = 20. Ho nockosib-
Ky TPAHUIA KAaXKJIOi I'PAHU COCTOUT HE MEHee UeM U3 Tpex pebep, TO YUC/IO CTPEJIOK HE MEHbIIe
3F = 21 > 20. Illporusopeune. OCHOBBIBasICh Ha STOH Hiee, MOXKHO JOKA3aTh HEILJIAHAPHOCTH
Fpacba Kg’g.

(d) Hapucyem okosio Kazkioro pebpa rpada cTpesiky BIPaBo U CTPEIKY BieBo. Torma 4ucsio
cTpesiok paBHO 2F. [TockobKy rpanniia Kazk/10il TpaHd COCTOUT He MeHee, YeM U3 TpexX pebep, To
3F < 2F. llo dopmyne Ditnepa V — E + F = 2. 3uauur, 6 = 3(V — E+ F) < 3V — E, orkyna
E <3V —6.

(e) Ecim crenenn kaxkoit Bepmuabl > 6, To 2K > 6V. A 9T0 IPOTHBOPEYUT IPE/IBIIYIIEMY
IIyHKTY.

(f) domycrum, 910 B HEKOTOPOM MHOTOIDAHHUKE HET BEPIIMHBI CTEIEHU 3 U HET TPEYroJIbHOIl
rpanu. T.K. 9TO MHOTOIpAHHUK, TO CTENEHb KaXKJI0i BepiinHbl He MeHee 4. uaqunt, 2K > 4V . Tk.
HET TPEYrOJIbHBIX I'PAHell, TO KaxKias I'PaHb COJAEPKUT He MeHee, ueM 4 pebpa. Suauut, 2K > 4F.
Cnenosarenbuo 2 =V — E + F < 0. [IporuBopeune.

Teopema Menrepa (A.B. Ckonenkos) (10-11)

B srom scre rpadbl MOryT MMETDH IETJIM U KpaTHBIE Pedpa.

1. U3 kax10ro cBA3HOro rpada MOYKHO Y/IaJUTh BEPIIUHY (BMECTE CO BCEMU BBIXOJSIIIUME U3
Hee pedpaMu) Tak, 4TO OH OCTAHETCs CBSI3HBIM.

2. Ilyctsb rpad G ocraercs CBA3HBIM IOC/IE yIAJEHUsT JTOOONH BEPIIIHEI.

(a) Yacmmuoui caywats (sepwunnoti) meopemv, Menezepa. Jlxobble JBe pas3jmdHble BEPIITUHBI B
G, He coeJiMHEeHHbIe peOPOM, JIeXKAT Ha HEKOTOPOM HecaMoriepecekarorieMcst mukie B G (T.e. ux
MOZKHO COEJIMHUTH JIBYMsI HECAMOIIEPECEKAIOIIUMUCS [Ty TSIMU, HEIIEPECEKAIONUMUCS HUTJE, KPOMe
UX KOHIIOB).

(b) Bepuo Jjiu, uro st joboro nytu P B rpade G, uMeromeM He MeHee Tpex BepINUH, Hall1eTcst
npyroit myTh B G ¢ TeMu Ke KOHIIAMU, He IepeceKatonuiics ¢ P Hurae, KpoMe KOHIOB?

3. Yacmnwii cayuati pebeproti meopemwvr Menzepa. B rpade ectb xorst ObI 01HO pebpo u 1npu
yJIaJeHun JII00oro pedpa Haiijiercs myTh MeK Iy BepinuHamu a u b. lokaxkure, 9To B 3TOM rpade
HAJIYTCs JBA [IyTU MEXK/Iy BepIIUHAMEI @ U b, He uMemux odnmx pedep.
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4. Ilycts rpad G, OTIMYHBIIN OT TPEYTOJTbHUKA, OCTAETCS CBA3HBIM TOCTIE YAaJeHus JI000i
seprmabl. (Takue rpadbl HazbBaOTCA d6yceazHbLMU. ) JlokaxKuTe, aro jyist 1060ro pebpa e rpada
G ymbo G — e nBycBsizen, b0 G /e IByCBsI3eH.

5. (a) Teopema Yummu. T'pad ocraercst CBSI3HBIM HOCIIE yiajieHus 6o k— 1 BepiiuHb Toraa
U TOJILKO TOTJIa, KOIJa JIIOObIE JBE €r0 BEPIINHLI MOXKHO COAUMHUTE A IIyTIME, IIEPECEKAIOIIMUC
TOJIBKO B 9THUX JIBYX B€pHIMHaX.

(b) Teopema Menezepa. Eciu Bepmunsl a u b rpada G, He coefuHeHHBIE PEGPOM, OCTAIOTCS B
OJIHOIl KOMIIOHEHTE CBA3HOCTH TIOC/IE YIaJaeHusd JI0ObIX k — 1 jpyrux BepmuH, TO ¢ U b MOXKHO
COCIMHUTD k 1IyTsAMUA, IIepeceKaromuMuCcsd TOJIbBKO B 9THUX ABYX BeplinHax.

Vkazanue. Creayrormast 3a1a9a SBISIETCS TOICKA3KOM.

(c) ycrs G — MuHUMAJBHBIH 10 yncay pebep KoHTprpumep K Teopeme Menrepa (b) st
k = 3. Jokaxkure, 94TO BEPIIMHBI @ ¥ b OKa3bIBAIOTCS B PA3HBIX KOMIIOHEHTAX IIOCJIE YIaJIeHUs]
HEKOTOPBIX TPEX BEPIIMH X, Y, Z, JBE U3 KOTOPLIX COEAMHEHBI PEOPOM.

6.* Bepmunnr A u B rpada HazsoBeM 9K6UGAAECHMHbLMU, €CIH CYHMIECTBYeT TaKas IOCJIEI0-
BaTebHOCTDL Bepmua A = Ag, Ay,..., A, = B, 4ro Jyo0ble JiBe coceanne BepruumHbl A; n Ay q
MOXKHO COEJIMHUTEL k IyTssMu 6e3 oOIMX IIPOMEXKYTOYHBIX BepinuH. Jlokaxkure, 9TO JioObIEe JBe
SKBUBAJICHTHBIE BEPIIMHBI MOKHO COCIUHUTH K myTsMu 6e3 obmmx pebep. [Permmsimemy mpus.|

7. (a) Jokaxure, 9TO JjId JIIOOBIX JIBYX BEPIIUH BBIIMYKJIONO MHOTOIDAHHUKA CYIECTBYIOT
TPH HellepeceKarluecs (HUre, KpoMe STUX BEPINUH) MyTH 110 ero pebpaM U3 OJIHOil BEpPIIUHbI B
apyryio. (Takue rpadbl HA3BIBAIOT MPETCEAZHHLMU. )

(b) Ilycte G — TpexcBssubrii rpad ¢ pedbpom xy. Hokaxkure, uto G/ry TPeXCBs3eH TOIIA U
TOJIKO TOrjIa, Korjga G — x — y JABYCBSI3€H.

Vrazarua.
2a, 3. PaccmorpuTe HecaMONepeceKalomuics MUK, TPOXOAANINNA Jepe3 MepBYIO BEepIINHY H
6mzkaiimuii (o pebpam) KO BTOpOii BepIinHe.

5c. Ecmu moboe pebpo rpada G comepkut a uau b, To yTBepxKieHne odeBuaHO. VHage 060-
3HaINM depe3 e pebpo rpada G, He comepzkaliee HE a, HE b. Tak Kak B G HeT Tpex a — b myTeit, TO
B G/e ner tpex (a/e) — (b/e) myreit. Beugay munnmansaoctu rpada G rpad G/e comepxkur jse
BepIMHBI, paszjensomue a/e u b/e. Cpenn Hux ectb Bepmmuua e/e, u6o B G HeT JBYX BEpIIWH,
pazjesdonux ¢ u b. 3HauuT, Mpoodbpasbl B G ITUX JIBYX BEPIIUH SBJISAIOTCS UCKOMBIME TpPEMsI
BEPIITUHAMH.

5b maa k = 3. Ucnosb3yem BepmiuHbl T, Yy, 2 u3 be. Obosuaunm depes (G, rpad, COCTOSIIII
u3

e koMIoHeHTHl A cBsizHocTH rpada G — {x,y, 2},

® BepIUH T, Y, z 1 pebep, COeTUHAIONNX UX ¢ HEKOTOPOi BepImuHOi n3 A,

e 1HOBOIT BepimHbl b’ 1 pedep b'x, b'y u b'z.

Bepiman: a u b rpada G, ocraiorcst B 0JHON KOMIIOHEHTE CBA3ZHOCTHU [IOCJIE YIAJIEHUS JTIOObIX
nByx BeprmH rpada G,. Tak Kak crenenb Bepmuubl b B rpade GG e menee 3, To B rpacde G,
MenbIne pebep, yem B rpade G. 3naqut, B G, €CTh TpU IyTH U3 a B b, IepeceKalomecs: TOJbKO
B KOHIIAX.

Amnajyornano onpejensiem rpad G, U B HeM TpH IyTH u3 a' B b, IepeceKkarolmecst TOJIbKO B
konnax. [locrpoennsie mmects myTeit jgaor B G Tpu myTn u3 a B b, mepecekaromnimecs TOJbKO B
KOHIIAX.

Joxazameavcmeo meopemo, Meneepa. JTokaxkem Teopemy jutd k = 3; Juid IPOU3BOJILHOTO k
JIOKa3aTe/IbCcTBO anajgorndno. Hazosem mpotixoti a — b nymetd TpoiiKy myTeii u3 a B b, J100bIe JiBa
13 KOTOPBIX TIEPECEKAIOTCST TOJIBKO B KOHIAX.

[Iycrs G — MUHHMAJIBHBIN 110 Yncay pebep KOHTprpumep K Teopeme Menrepa (s k = 3).
Torma sepwuns, a u b 0Ka3bLI6AIOMCA 6 PASHHLT KOMNOHEHMAT NOCAE YOUAEHUS HEKOMOPLIT MPET
gePWUM T, Y, 2, 06€ U3 KOMOPHLIL COCOUHEHDL PEODOM.

(HeitcrBuresbro, ecin j060e pedbpo rpada G comepKuT a wind b, TO 370 yTBEPKJIEHHE OUe-
BuaHO. VHave obosHadnMm yepes e pebpo rpacda G, He comepzKaiiee Hi a, HE b. Obo3HaINM Uepe3
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G /e rpad, nosyuennniit uz G craruBanneM pebpa e. Tak kak B G Her Tpoiiku a — b myreii, T0 B
G//e ner Tpoiiku (a/e) — (b/e) myreii. Beuny murnmansaoctu rpada G rpad G /e conepxkur e
BepIIHbI, pazjensomue a/e u b/e. Cpein HUX ecTb BepmuHa e/e, u6o B G HeT JBYX BEPIIIWH,
pazyensonux a u b. 3uauut, npoodbpasdel B G 3TUX JIBYX BEPIIUH SIBISAIOTCA UCKOMBIMU TPEMs
BEpIINHAM. )

O6oznaunm vepes G, rpad, cocrodmuit u3

e komioHeHTHl A cBsasHocT rpada G — {x,y, 2} comepxkareil BepuHy a,

® BepINUH T, Y, 2 U pedep, COeMHAIONUX UX ¢ BepuimHaMu u3 A,

e HOBOI1 BeprmHbl b’ 1 pedep b'x, b'y u b'z.

Bepimnnt a u b rpada G, ocraiorcst B 0JHON KOMIIOHEHTE CBA3ZHOCTHU IIOCJIE YIAJIEHUs JTIOOBIX
nByx Beprma rpada G,. Tak kak crenenb Bepiunbl b B rpade G ue menee 3, To B rpacde G,
MenbIne pebep, ueM B rpade G. Buauut, B G, ecthb Tpoiika a — b’ myreii.

Amnajyrornano omnpejensiem rpad G, 1 HaxXoauM B HeM Tpoiiky a’ — b myreii. [TocTpoeHHbie 11ecTh
myTeit gaT Tpoitky a — b myreit B G. QED

Crenennsle nocJienoBaresbHocTu. B.A. BoakoB, M.H. Baablii 1 A.B. CkorieHKOB
(10-11)

Mur HCIIOJIb3YEM 3SKCIIOHEHIIUAJIbHYIO 3allUCh HEBO3PACTAOIMUX ITEJIOYUCJICHHbLIX IIOCJIEJI0Ba-
TEJbHOCTEN: CLk O3Ha4aeT, 9TO k II0CJIEI0OBATC/JIbHBIX 9JICHOB IIOCJI€10BATE/JIbHOCTU PaBHLBI @.

1. Cymecrsyer jin Tpad, Mocje10BaTeIbHOCTL CTeleHeil BepluH KoToporo ecth (1577)7?

2. JlaHbI 11€/IbIe OJIOYKUTE/IbHBIE IuCaa 1, dy, . . . , d,.

(a) Ilpn kakux yciaoBugx cymiectByeT rpad ¢ n BepuimHaMu (BO3MOXKHO, UMEIONIHIi eT/IH I
KpaTHble pebpa), u3 KOTOPBIX BBIXOIUT dy, . .., d, pebep, COOTBETCTBEHHO?

(b) To e, eciu rpad He MOXKET UMEThb KpAaTHBIX pebep (HO, BO3MOXKHO, UMEET HETJIN ).

(c) To ke, ecin rpad He MOXKET UMeTh TeTelb (HO, BO3MOYXKHO, UMeeT KpaTHble pebpa).

(d)* To e, ecsin rpad HE MOXKET UMETh HHU IeTeJIb, Hi KPATHBIX pedep.

OcCHOBHOIT BOIIPOC COCTOUT B TOM, YTOOBI OIPEJIETUTh, KAKHE MTOC/IE0BATETbHOCTH SIBJISIOTCSA
CMENEHHHLMU, TO €CTh TPEJCTABIAIOT TOCIE0BATEILHOCTD CTEIeHel BepIUH HEKOTOPOro rpada
6e3 nemeav u kpamuux pebep (3amada 2d). B 3amagax 3-13 mox rpadom nornmaercst rpad 6e3
1eTesib U KPaTHBIX pedep.

Hesozpacraroriyio 1moc/ie/IoBaTe/IbHOCTh U3 N TOJIOKUTE/IBHBIX MEIbIX Ynuces Oy/1eM Ha3bIBaTh
NpasuAbHOU, €CIN TIEPBBII ee 4JIeH He MPEBOCXOANUT N — 1, a CyMMa BCeX YJIEHOB YeTHA.

3. Jlokaxkure, 9TO cTemeHHasd MOCIe0BATETbHOCTD SABJIAETCH MPABUIHLHOMN.

4. /Jlepeso — cBsazubiit rpad 6e3 1mukoB. Jlokaxkure, UTO MOCIEI0BATEILHOCTh U3 N MOJIO-
JKATEIBHBIX TEJIbIX TUCE SBJISAETCS TTOCe0BATE/IbHOCTHIO CTEIeHEN BEPIIIMH HEKOTOPOTO JIepeBa
TOTJIa U TOJBKO TOTJIA, KOIJla CyMMa ee 4IeHOB paBHa 2(n — 1).

5. fABadgIoTCH JIM CTENEHHBIMU ITOCJIE0BATETHHOCTI

(a) (43,15), (b) (6%,2%), (c) (5%,3%), (d) (1819123,6%), (e) (158,106,3%)?

6. /Tokaxkure, uto ecyiu 0 < k < n u kn 4eTHO, TO CyIIECTBYeT Irpad Ha N BEPIINHAX, CTEIICHU
KOTOPBIX PaBHBI k.

7. Hokaxkurte, 9TO JJI CTEIIEHHON I10CIeI0BaTeNbHOCTH dy, . . . , d,

k n
D di <k(k—1)+ ) min(k,d;) s moboro 1<k<n-—1.
=1

i=k+1

8. Ilycrs a,b, ¢,d — pasauunble Bepiumubl rpada, npudeM (ab), (cd) — pebpa, a (ac), (bd) —
He pebpa. Hazosem obmenom npeobpazosanue rpada, cocrosiiee B yuauenuu pedep (ab), (cd) u
nobassennn pebep (ac), (bd).

[Iycrs G, Gy — jiBa rpada ¢ 0JAMHAKOBBIMU ITOCIEI0BATEIbHOCTAME cTeleHeit di > dy > - -+ >
d,,. Jlokaxkure, 1T0 obOMeHaMu MOXKHO 1tepeBectr rpad G B rpad Ga.
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9. [IpuBeuTe mpuMep MPaBUILHON MOCIEI0BATETLHOCTU U3 1L YUCENT, He ABJIAIONIENCS CTeleH-
HOIf, JIJIsi BCEX YIEHOB KOTOPOM BBINOJIHSIOTCS HepasercTBa n/2004 > d; > 2004.

10. [TokaxkuTe, 9TO NpaBUIbHAs MOCIEI0BATENILHOCTL U3 1 IUCeT, B KOTOPOit d; < \/n/2 jist
JIIOOOTO 7, — CTEIeHHAs.

11. Ilycts mocienoBaTesbHOCTD dy, ds, . . . , d, TIpaBUIbHAA U
k n
E di <k(k—1)+ E min(k, d;),
i=1 j=k+1
st giioboro k = 1,2,...,n — 1. Ilycre we Bee d; paubl. O6os3Haunm ¢ = min{i : d; > d;ii1}.
OrpetesTuM HOBYIO TOCJIEIOBATETHHOCTD
o ) ) )
c=(ci1,c9,...,cC OpMyJIOit  ¢; i= .
(17 2 7n) Cbpy 7 {dl—l, Z:t,n.
JlokazkuTte, 9TO €c/id TOC/IeI0BATEIbHOCTh
(a) ¢ crenennasi, To u d CTeNeHHAS. (b) d mpaBuIIbHAS, TO U ¢ TPABUJIbHASL.

12. B obo3HavueHngX MpeblIyIeil 3a/1lauu JOKaKUTe HepaBeHCTBa

k n
Zci <k(k—1)+ Z min{k, ¢;}
i=1 i=k+1

(a) mpu k > t;
(b) mpu dy, <k —1<t—2;
(c)upm dp, =k <t—1,
(d) mpu dy, > k+1 < t.
13. JlokazkuTe, ITO HEBO3PACTAIOIIA [TOCJIE0BATEILHOCTD ABJIACTCS CTEIIEHHON TOTJIA U TOJIb-
KO TOT/[a, KOIJIa CyMMa €€ 9JI€HOB YeTHA U BBINOJHAIOTCS HEPABEHCTBA U3 3319 7.

14. (abed*) To ke, uro B 3a1a4e 2, 11 c64A3HbLLT TPADOB.

['pacd HA3BIBAETCA NAGHAPHBIM, ECITH €TO MOZKHO HAPHCOBATH HA IJIOCKOCTH TaK, 9TOOBI BHYT-
perHocTH pebep (To ecTh pebpa 6e3 UX KOHIOB) He I[epeceKalich U He caMollepeceKayuch. 11o-
npobuee cm. [Ha, Pr04, Sk05].

15. (abed*) To ke, uro B 3aaue 2, i naakaphvix rpados.

16. (abced*) To ke, uro B 3ajaue 2, I CEAZHHIT NAGHAPHHLL TPAGOB.

OTBeTnl 1 yKa3aHus.
O6oznaunm e := (dy + -+ -+ d,)/2.
2. Otsersl: (a,b) e nesoe.  (c) e nenoe u d; < e s modoro 7. (d) Cm. zagaqau 7 u 14.

2.c. Teopema. I'pag 6e3 nemeav (Ho, 803MOHCHO, C KPAMHBIMU DEOPAMU U, BOZMOHCHO, HE
ceasnwill) ¢ n sepwunamu cmenened dy, ds, ..., d, > 0 cywecmeyem mozda u moavko mozda, Kozda
e:=(dy+---+dp)/2 yeroe u d; < e das mobozo 1.

Jlokasameavcmso (A. Pyzosuy). HeobX0MMMOCTD 1EJOYUCIEHHOCTH € BBITEKAET U3 TOrO, YTO
e paBHo uuciy pebep B rpade. Bropoe yciioBue neodxomMo, OCKOJIBLKY B I'pade HeT HeTesb, a
3HAYUT CTEIEHb KaK/I0# BepIIUHbI He DOJIbIE CYMMbI CTElEHEl OCTAJIbLHBIX BEPIITUH.

JlokazkeM JI0CTaTOMHOCTD MHYKIIUEH 110 €. Baza nunaykiun: yreepKaenne s e = () O4eBUJIHO.
Hokaxxkem mar wapayknun. [lycts yrBepxkiaenue s e < k. Jlokaxkem, 9TO OHO BEpPHO U JIjIs
e=k>1. N3k >1wuycnoBusa d; < e cJIeJlyeT, 9TO HANyTCs XOTs OBI JIBE€ BEPIIUHBI HEHYJIEBOI
crerrean. MoxKHO cauTarth, 4ro dy > dy > ... > d,. Paccmorpum nabop dy — 1,dy — 1,d3, ..., d,.
YcmoBus TEOPEMBI JIJIsT HET'O BBITIOJIHEHBI, TOCKOJIBKY CyMMa, CTelleHell BEPITMH YMeHbBITIIach Ha 2,
a CTeleHb KarKJ0il BepIINHbI OHN3UIACh He Oostee, yeM Ha 1. [Jo3TOMY MOXKHO BOCHOJIB30BATHCS
IIPE/IITOIOKEHNEM UHIYKIIUK: CYIIecTByeT rpad s nabopa dy —1,ds —1,ds, ..., d,. B aTom rpade
coesinHUM pebpoM BepiuHbl 1 1 2. [ToCKOIbKY 9TH BepIIUHBI PA3JIMYHbBI, TO IIeTe/Ib HE MOSIBUIOCh.
CreioBaTesibHO, HOBBIN Ipad He COJEPKUT IeTesb. flcHO, 4T0 HAbOp CTeleHeil ero BepIImH —

dy,dy,ds, ..., d,. QED
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4. Ucnonb3yiiTe MHIYKIUIO ¢ OTKU/IBIBAHUEM BUCAYIEH BEPITHHBDI.

5. (a,c) ma. (b,d,e) Her.

6. Pacmosioxkure Bepmnubl rpada B BEpIIMHAX [IPABUIBHOIO n-yrojbHuka. CoequHure pedbpa-
MI BEPIIHIHBI, PACCTOSTHAE MEXK/y KOTOPBIMU 110 OKPY?KHOCTH He mpeBocxouT [k/2]. s gernoro
k tocrpoenue rpada 3akoHdeHo. g HeweTHOTO k£ UMCJIO N UE€THO, ITO9TOMY MOXKHO U HYKHO
100aBUTDL OOJIBINIE AUATOHAJIN.

7. Onennre cBepxy KOJUIECTBO pebep, BBIXOIAININX U3 MEePBLIX k BEPIIUH.

11. (a) Ecim xorum nobauth pebpo AB, a OHO yKe ecTbh, TO BO3bMeM Bepiiuny C', HE coeu-
nenuyio ¢ A. A morom BosbMem Bepmuny D, coemmaennyio ¢ C', HO He ¢ B.

Jlokazamesvemeo C.A. Hoydama meopemvl 0 cmenewHulr nocAedo8amesvHoCmAT (pewenue

3aday 12, 13). JlokazkeM, 9TO €CJIU MOCJIEIOBATEILHOCTD dy, da, . . . , d,, HEOMPUYUAMENLHHIT TUCEIT
IIpaBUJIbHad 1

k n
E d; <k(k—1)+ E min(k, d;),
i=1 j=k+1
Juts Jiioboro k= 1,2, ..., n — 1, To cymectByeT rpad co crernenamu dy, ds, . .., d,.
JlokazaTe/IbcTBO BeJleM MHIyKIUell [0 CyMMe 3JIEMEeHTOB ToceoBaTeabHoctu y | d;. Ciyuvaii,
Korjia Bce d; paBHBI, paccMoTpeH B 3ajade 6. [lycth Teneps He Bce d; paBHbI. MOXKHO CcUNTaTh,
aro d,, > 0. O6oznaunm ¢ = min{i : d; > d;,1}. Onpeiesum HOBYIO TI0C/IEI0BATETHLHOCTD

o L d’i: Z7é t?”’
c= (CbCQa"'?Cn) (bOpMy'HOH G = { dl—l, Z:t,n

k k
O6osmaunm S = > d;, S;. =Y. ¢. Ilo 3azade 11 mocraTodno JoKa3aTh HEPABEHCTBA
= i=1

(%) S, <k(k—1)+ Z min{k, ¢; }.
i=k+1
[Ipu k >t
p=Sk—1<k(k—1)+ Y min{kd}—1<k(k-1)+ Y min{kc}.
i=k+1 i=k+1

[Tycrs teneps k < t — 1. Torma S, = Si, = kdy.

s dy, < k — 1 nepasencrso (*) TpuBraIbHO.

Hnsa dp, =k
Sp—k(k—1) =k k(-1 =k Zdors < dpr+ [ Y & =2 2 > min{k,e}, e

i=k+2 i=k+1

—

® TPEThe PaBEHCTBO BBIIIOJIHEHO, MOCKOIBKY k < t — 1;

e YETBEPTOE HEPABEHCTBO OYEBUIHO, ecii k+2 < n; ecom ke k+2 =n, tod = ((n—2)""Y, d,)
u d, > 2 B CIIy 9eTHOCTH CYMMBI dy + doy + - -+ + d,,.

® [5ITOE PABEHCTBO BBIMOJIHEHO, TIOCKOJIbKY min{k, ¢;} = ¢; npu i > k + 1.

Cayuati d, > k + 1. Ecn d,, > k + 1, 7o min{k,d;} = min{k,¢;} = knpui > k+1mu
HepaBeHCTBO (*) ciiemyer u3 aHaAIOrnIHOrO Jist Sk.

[Iycte Temeps d,, < k. Nmeem

min{k, ¢;} = min{k,d;} wpu k+1<i<n u min{k, c,} =min{k,d,} — 1.

B namewm ciaygae S), = Sj, I09TOMY JOCTATOYHO IIOKA3aTh, 4TO

n n

(xx) Sp < k(k—1)+ Z min{k,¢;} = k(k—1) + Z min{k,d;} — 1.

i=k+1 i=k+1
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YunreiBad, 9T0 di 1 = di > k + 1, momydaem

n

k+1, ® k41 .
Skt1 = (k+1)d; = Sp < (k+1)(k—1)+ % Z min{k,d;} =
i=k+1
k41— . %) S
=(k+ k=D +k+1)+—— > min{k,di} > (k+ Dk + Y min{k+1,d;} > S
i=k+2 i=k+2

HepagernctBo (5) BBINOJIHEHO, TAK Kak MpH BeeX k + 2 < ¢ < m MMeeM HeCTPOroe HepaBeHCTBO U
pu ¢ = n crporoe. 3uadut, B (3) HepasencTsBo crporoe. Orciona BoiTekaer (*F).

KommenTapuii. MoxKHO Takke JIOKa3aTh, YTO €CJU JJIsi TPABUJILHOM ITOCIEI0BATEIHLHOCTH
dy,...,d, BBIIOJHIIOTCA HEPABEHCTBA U3 3aJIa9M 7, TO IOCJIE/I0BATE/ILHOCTD, MTOJTyYeHHAd U3 dy —
1,ds—1,...,dg+1—1,da,+2,da,+3, - - ., dn—1,d, PACIOTIOKEHNEM THCETI IO BO3PACTAHNIO, TPABUIb-
Has U JJI Hee BBINOJHSIOTCH aHAJOTHIHbIE HEPABEHCTBA.

14. To ke, 9TO B COOTBETCTBYIOIIMX IIyHKTAaX 3aJlaqu 2, ¢ JJ0OABJICHHEM YyCI0BUdA € > n — 1.

14.c. Csasnuiti 2pad 6e3 nemeav (HO, 03MONHCHO, C KPAMHLLMU PEOPAMU) € N GEPUUHAMU
cmeneneti dyi,ds, ..., d, > 1 cywecmsyem mozda u Moavko moada, k0204 GLINONHEHDL CACOYOULUE
Mpu YCA0BUA:

(1) e:= (dy +dy+ ... + d,,) /2 yenoe;

(2) d; < e dan moboeo i;

(3)n—1<e.

Jlokasameavcmeo (A. Pyzrosuw). Jlns mokasaresbcTBa HEOOXOIUMOCTH O0O3HAYUM dUepe3 €
KOJTIecTBO pebep B rpade. Yeosus (1) u (2) meobxomumel 1o 3a1aqe 2.c. Heobxomumocts yeroBns
(3) Jsierko mposepsieTcs.

st moKazaTeIbeTBa JOCTATOIHOCTH PACCMOTPUM Tpad, mosryueHHbi 1m0 3a1a4e 2.c. Obo3Ha-
YUM Y€epe3 ¢ KOJUIECTBO KOMIIOHEHT CBA3HOCTU 3TOrO rpada.

HokaxkeMm, 9t0o ecim ¢ > 1, TO MOYKHO YMEHBIIUTH KOJMIECTBO KOMIIOHEHT CBSI3HOCTHU, HE
MeHsisl creneneii BepimH. Beuay yciosust (3) e > n — 1 > n — c. [losromy xorst ObI B 0J[HOIH
KOMIIOHEHTE CBSI3HOCTH €CTh IHKJ. 10rja MOXKHO B34Tb PEOPO a1as ITOrO IUKJa U pedpo bibs
U3 JIPYyrofl KOMIIOHEHTHI CBA3HOCTHU. YJIAJMM 3TU pedpa, U BMECTO HUX Jj00aBUM pebpa aijb; u
asby (cp. ¢ 3amadeit 8). Torja creneHy BepIInH COXPAHITCS, & KOJIUIECTBO KOMIOHEHT CBSI3HOCTH
YMeHbIUTCH Ha 1.

Takumu orepanusiMu MOXKHO TTOHU3UTH KOJUYIECTBO KOMIIOHEHT cBsi3HOCTH 10 1. [lomyunres
cBsI3HBIN Tpad 6e3 meresib ¢ 33 laHHbIMU cTereHsiMu Bepiua. QED

15, 16. (a,b,c) To ke, uro B 14.  (d) He 3Haem.

3a,z[aq1/1 AJId UCCJIeJOBaHUsd, ITPOCThIE N CJIO2KHbIE.

1.* MoKHO JI1 OIlyCTHTH KaKue-HHOY/Ib HEpaBeHCTBa U3 3aJadu 6 IIPeIbLIyIneil 4acTh Tak,
9TOOBI JIOCTATOYHOCTL (T.€. yTBepKjeHue 3aj1adn 14) ocranach Beproit? Eciau na, mompobyiite
HafiT MUHUMAJIbHBII HAOOpP HEPABEHCTB.

2.% Eciu cimTh JABe CTEIeHHBIE [O0C/IeI0BATEILHOCTH, TO 00S3aTeIbHO MOy YUTCA CTEIeHHAs
IIOCJIeI0BATEIbHOCTh. A KaKue CcTeleHHbIe ITOCIeI0BATETHLHOCTH 0018 al0T TeM CBOMCTBOM, UTO UX
HeJIb3s pa30UTh Ha JBE CTEIIEHHbBIE MTOC/IEI0BATEIbHOCTH !

Top, nmuct Mebuyca n cdepa ¢ pyukamu n3o0pazkKeHbl Ha PUC.

Top, muct Mebuyca, numaaap u chepa ¢ pydkamMu
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[Tycrb Ha Tope (i Ha cdepe ¢ pydKaMu, WM Ha Jucke ¢ juctamu Mebuyca) Hapucosan 6e3
camorrepecedennii rpad. HazoBem eparnro 3aMKHYTYI0 00/1aCTh Ha TOPE, OrPAaHUYIEHHYIO pedpaMu
sToro rpada.

Peaymzanus rpada Ha Tope (mim Ha cdepe ¢ pydkamu) HA3BIBAETC KAECMOYHOU, €CIIN KarK-
Jlast TpaHb pasbuBaeTcst JII00O0i JIOMaHOl ¢ KOHIIAME Ha I'PAHUIE ITOH rpaHu (T.e. TOHOJOTUIECKH
9KBHUBaJICHTHa 3aMKHYTOMY JAHCKY Ha HHOCKOCTI/I).

3. (abed*) To ke, uro B 3ajate 2 MPEIBIIYINE TaCTH, JIJIST CBSI3HBIX KACTOYHO PEAAUSYEMBLT
Ha mope rpadoB.

4. (abed*) To ke, 9T0 B 3ajade 2 UPeAbLILYINeil YaCTH, JJIsI CBA3HBIX KACTMOYHO DEAAUSYEMBLT
na cepe ¢ g pyuramu rpados (g 1aHO BMecTe ¢ n W dy, . .., dy).

ng noyydenusa HeoOGXOUMBIX YCJIOBHI B 3aj1a4ax 3 U 4 HYXKEH CJIeIyIOmuil (haKT.

Dopmyna Dityepa ausi cdepbl ¢ g pyukamu. [[lycmo na chepe ¢ g pyukamu Hapuco8a
be3 camonepecevenutl kaemouno ceasznoiti epap ¢V eepwunamu u E pebpamu. [lyemsv F — vucao
epaneti. Toeda V — E+ F =2 — 2g.

st periennst ciremyronux 3aad 5 u 6 1mojie3eH aHAJIOT 9TOTO (haKkTa Il JUCKA € 1M JITCTaMI
Mebuyca.
Bouiee nonpobuo o cdepax ¢ pydukamu u juckax ¢ jgucramu Mebuyca em. [BES2, Pr95, Sk07].

Peamuzanus rpada wa jucre Mebuyca (mmm Ha aucke ¢ juctamu Mebuyca, HapHCOBAHHOM
Ha JIEKIINK) HA3bIBAETCH KAEMOWHOT, €CIU OJIHA TPaHb TOMOJOIMMYECKH SKBUBAJEHTHA KOJIbILY, a
KaKJ[asl U3 OCTABIIUXCA OCTAJbHBIX — 3aMKHYTOMY JIMCKY Ha IJIOCKOCTH.

5. (abed) To ke, uTo B 3a7a4e 2 NpeablIyINeil YacTH, JIJI CBSI3HBIX KAEMOYHO PEAAUSYEMOLT
na aucme Mebuyca rpados.

6. (abced) To ke, uTo B 3a7a4e 2 NpeabIAYINeil YACTH, JIJIS CBI3HBIX KAEMOYHO PEAAUSYEMOLT
na ducke ¢ m aucmamu Mebuyca rpados (m nano Bmecre ¢ n u dy, ..., dy,).

7-11. (abced) To ke, uro B 3amavax 3-6, ecau Tpebyercs MOCTPOUTH Tpad ¢ n rpaHsaME, B
rpaHuie KOTopeix di, ..., d, pedep, COOTBETCTBEHHO.

12. To ke, 4TO BBIIIE, JJIsI OPUEHMUPYEMBIT TPADOB.

[Tyukrer (a,b) 3amad 3-6 ussectunt [Mo|. ITo-Bunnmomy, myHKTHI (€) 9THX 3a/1a9 HEM3BECTHBI
[Tyukrer (d) sTux 33789 HEU3BECTHBIL.

OTBeThI.
4. (a) e memoe u e > n — 1+ 2g [Mo]. (b) e nenoe, e > maxd; e >n— 1+ 2g [Mo].
6. (a) e memoe m e > n — 14+ m [Mo. (b) e menoe, e > maxd; u e >n—1+m [Mo].
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Nzomopdusmsr rpacdpos. U.H. IITaypuukos (10-11)

Ucnonwszyemoe 311ech orpejienienne n3oMopdusma rpadoB HAIIOMHEHO B HavaJle 3aMeTKH ~Bo-
kpyr kputepus Kyparosckoro mianapaoctu rpadgos’”.

1. (a) Ckosbko cymectByer mzomopdusmos Ky — K57 A K3 — Kj37

(b) Uzomopdust jin rpadbr Go u Gz, BEPIMHBL KAXKJIOT0 U3 KOTOPBIX 3aHYMEPOBAHBI UHCIAMEI
or 1 g0 7, Bepmunbl rpacda G} coemumHeHb pedbpoM, ecim oo ¢ — j = 1 mod 7, qmubo 1 — j = k
mod 7.

(c) Iloctpoiite Tpad ¢ HAMMEHBIIUM YHUCJIOM 7. > | BEPIIUH TAKOH, 9TO HUKAKAasi HE TOXKJe-
CTBEHHAsI IIEPECTAHOBKA €TI0 BEPIIHH HE SBJISIETCS N30MOP(MU3MOM.

2. Cummempuunrvie epago.. Mbl Oyaem paboTaTh CO CBI3HBIMU OPUEHTHPOBAHHBIMEI IpadaMi,
U3 KazKJIOH BepIIMHBI rpada BBIXOJAAT JiBa pebpa M B KaxKJIylo BXOJAT jBa pedpa. Takoit rpad
HA30BEM CHMMETPUYHBIM, €CJIN JJIs JII000i mapsl pebep a, b cymecTByeT IepecTaHOBKA BEPITNH
rpada (a ecsim ectb KpaTHbIE pebpa, TO U [epecTaHOBKA UX MezK Ly coboil), Ipu KoTopoii Bce pebpa
rpada mepexonsT B pebpa 3roro xe rpada, a pebpo a mepexoiuT B pebpo b (HampasieHust Beex
pebpax coxpansitores). [Ipu aroM HEKaKoe pebpo He JIOJIKHO OCTATHCSA HA MECTE.

(a) st KaxKJI0r0 HATYPAJIBLHOIO N IpUyMaiiTe jBa (Hem30MOP(hHBIX) CAMMETPUYHBIX I'pada
C N BepHINHAMU KaZKJIBIA.

(b) Ipumymaiite cummverpudnbie rpader ¢ 6, 12 u 30 Bepmmuamu (He nzomopdHbie Tpadam
u3 (a)).

(c) Haitnure Bce cummerpudnbie Tpadbl, KOTOPbIE UMEIOT XOTs Obl OJHY HETJII0 WK XOTsI Obl
OJTHO KpaTHOe Pedbpo.

(d) Haiisure Bce cummerpudtble Tpadbl ¢ p-BepIIMHAME (P — MPOCTOE YHCIIO).

(e) Haiinure Bce cummerpudnble rpadbl ¢ He 6oJiee, YeM 8 BEpIITHAMHU.

(f) Haiiaure Bce cummerpudnbie rpadbl, KOTOPbIe MOXKHO HApUCOBAThH (6e3 camorepecedeHnii )
HA IJIOCKOCTH TaK, 9TO JJIsI KaXKJI0N BEPIIUHBI BXOJIINE pedpa Iepe/IyloTCs ¢ BHIXOISIIUMA.

(g)* Haiiure Bce mJIOCKHE CHMMETPUYHBIE IPadBbI.

3. Y Bacu ectb necBazubrii rpad. O BceMu BO3MOYXKHBIMU CIIOCOOAMU yJIAJIUI U3 9TOTO rpada
110 OJIHO# BepINUHE U KAXKJIbII U3 IMOJIyYeHHBIX I'pad 0B HAPUCOBAJI HA OT/IC/ILHOM JINCTOUYKE OyMmare,
mocJie dero Bce Jjmmcroukn otias Kose. [lokaxkure, aro Kojist MOXkKeT BOCCTAHOBUTH MCXOJIHBIN
rpad.

4*. Hepewennvie 3a0a4u 0 6epuunHoli U pebepHoti PEKOHCMPYUPYEMOCTIU.

(a) Iycrs G u G — cessuble rpadbl 6e3 meTels 1 KpaTtHbX pebep ¢ V > 3 3aHyMepPOBAHHBIMUI
seprmaavu. g kaxgoro k € {1,...,V} pacemorpum rpadst G — k u G — k, nosyuennble u3
rpadoB G u G yIaleHHEeM B KasKIOM M3 HUX BEDIIHHBL ¢ HOMEPOM k I BCEX BBIXOMSIINX U3 HEE
pebep. Ilycrs ming seex k € {1,...,V} rpader Gy u G}, usomopdubl. Bepro s, aro rpadst G u
G uzomopdubI?

(b) IIycrs G u G — mpoctsie rpadst ¢ E > 5 pebpanu. s kaxoro k € {1,..., E} pacemor-
pum rpadsl Gy, 1 Gy, nonyuennsie 13 rpado G 1 G COOTBETCTBEHHO ITyTeM yIAIEHNs B KazKIOM
u3 HuX pebpa ¢ HomepoMm k. Ilycrs st Beex k € {1,..., E'} rpadwr Gy n G}, m3omopdubl. Bepro
s, uro rpadst G u G m3omopdHbI?

3auemmnie 3adawu: labe, 2abedef, 3.

Meto MUHEMAJIBHOTO KOHTPIpUMepa u citycK B rpadax. A.4. Kanens (10-11)

[Ipu permennn MHOTEX 3a/1a9 UCIIOJIB3YETCA TAK HA3BIBAEMBINH Memod MUHUMAADHO20 KOHMP-
npumepa (PasHOBUIHOCTH NPUHUUNG KPaliHe20), KOTOPbIi 3aKII0IaeTCsI B CJIE LY IOIIEM.

[pemomoxum, 4T0 HAJIO JO0KA3ATH, YTO OOBEKTA, YIOBICTBOPAIONIETO HEKOTOPBIM CBOHCTBAM,
He cyriecTByeT. [TpenoioKuM poTHBHOE — TOrIa HANAeTCsl (B HEKOTOPOM CMBICIIE) MUHUMAAD-
Houli KouTprpumep. [locse gero ctpodr eme "MeHBIH KOHTPIPUMED U Oy Iai0T TPOTHBOPEIHE.

[Tonsrune "menbiie” mogbupaeTcs B poriecce JoKa3aTeabcTBa. OcoOeHHO PACIIPOCTPAHEH TAKO
MeTOJI, peleHus B 3ajadax Ha rpadsbl. [Ipu sToM 00BIMHO BejeTcss MHIYKIUS CIEPBa 110 YHCITY
BEPIIINH, TTOTOM 110 YUCJTy pedep.
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Haunewm ¢ mpocreiimiero npumepa.

Jlokasameavcmso meopemor Jiaepa o naockux epagax (Popmyauposky cm. evaue). Ilyctsb
rpa¢dp G He yIOBIETBOPSET YCIOBUSIM TeopeMmbl Jitepa. Paccmorpum pebpo rpada G u moiigem
1o pebpam. B sToMm ciiydae Mbl JIOO MONAJIEM B BUCSAUIYIO BepIIUHY V', JIOO TPOIIeM UKL,

B nepBomMm ciyuae ynuaroxKuMm BepiuHy V' u BXojgdinee B Hee pedpo [. [Ipu sTom KoJimdecTBa
BEpIINH 1 pedep yMeHbIIaTCsd Ha 1, a KOJUIECTBO I'paHeil He U3MEHHUTCS.

Bo Bropom ciydae yauuaTokuM pebpo r u3 nukiia. B aTom cirydae KosmdecTBa rpaneit u pedep
YMEHBINATCA Ha 1, & KOJIMIECTBO BEPIITUH HE U3MEHUTCS.

B oboux ciayaasx rpad octaercs CBI3HBIM U MBI [TOJIy9IaeM MeHbIHi KoHTprpuMep. [

Boutee comepkarenbublil mpuMep — 3HaMeHnTas TeopeMa /lumyopca 0 9acTUYIHO YIIOPSI0Y€H-
HBIX MHOXKECTBaX.

1. MuoxectBo A ¢ oTHOIIEHIEM < Ha3bIBAETCA 4aACMUYHO ynOpﬁdO“teHH’bLM, €CJIM OTHOIIIECHHE
~< YAOBJIETBOPLAET CJACAYIOMIUM CBOICTBAaM:

(1) aba, (2) aAb mbo bAa u (3) eum a<b mw b<c¢, 10O a<c

Ecim a < b wmm b < a, 1o 3;1eMenThI @ 1 b Has3bIBaOTCS cpasHumvLmu. Femm ke a £ b u b 4 a, To
OHM HA3bIBAIOTCS HECPABHUMBLMU. [[envro Ha3bIBaeTCsd MHOMKECTBO IOIAPHO CPABHUMBIX 3JI€MEH-
TOB, & GHMUYEN IO — IOIAPHO HECPABHUMBIX. /[UaMEmMpPoM 9aCTUIHO YIIOPSI0UYEHHOIO MHOXKECTBA,
HA3bIBACTCA MaKCUMAaJIbHBIA pa3Mep aHTHIICIIN.

(a) KosimaecTso 1ierneii, Ha KOTOPbIE MOYKHO Pa3bUTh YaCTUYIHO YIOPSAI0YEHHOE MHOXKECTBO, HE
MEHBIIIE €ro JIHaMeTPA.

(b) Teopema /lunyopca. KommaecTso 1ierneii, Ha KOTOpble pasbuBaeTcsi YaCTUIHO YHOPSIOIEeH-
HOE MHOYKECTBO, COBIIQIAET C €r0 JTUAMETPOM.

2. Jlokaxxute Teopemy Menrepa u3 mpeJ bl IyIero myHkKTa.

3. (Bamaua 3onanbHOrO dTana Beepoccniickoit ommvmuasr 1994 r.) B kaxkibiii ropos Bejer 3
JIOpOTU: KpacHasl, CuHss 1 6esiasi. B 3aBUCHMOCTH OT IIBETOB BXOJIAIIMX JIOPOT, CUUTAs 110 YacOBO
crpesike, ropoja pazgaensitorca Ha asa tuinma KCBb uw KBC. [Jokasarb, 910 pasHOCTb KOJIUYIECTB
rOPOJIOB Pa3HBIX TUIIOB JAEJIUTCS Ha 4.

4. (IMO, 2004, Shortlist) C koreunbiM rpadoM pasperraercs IPOU3BOJAUTD CJIEIYIONLYIO Olle-
paINio: BRIOPATH MPOM3BOJILHBIN IUKJI JJINHBI 4 U BEIOPOCUTH U3 HErO MPOU3BOJIbHOE pebpo. [lan
noJTHBIN rpad u3 n Bepiun. Kakoe MUHIMAIBHOE YUC/IO Pebep MOXKHO OCTABUTH C IIOMOIIBIO STO#
orreparun’?

5. (IMO, 2001, Shortlist) k-kjmKa ecTb MOIMHOXKECTBO U3 k YeJIOBEK IMONAPHO 3HAKOMBIX.
UzBecTHO, 9TO KaxK Ible JIBe 3-KJUKU UMEIOT ODIIEero 4jieHa u HeT S5-Kauk. Jlokaxkure, ITO yaauB
JIBYX JTIIO/Iei MOXKHO BCe 3-KJIUKU Pa3pyIIUTh.

6. (IMO, 1992, Longlist) lan rpad G ¢ n Bepmmuamu, m < n. Jokaxure, 9ro G COIEPKUT
HOJMHOKECTBO U3 11 + 1 BEPIIMHBI CTEIIEHN KOTOPBLIX OTJINYAIOTCH He OOJIbIIe 9eM Ha 1m — 1.

7. JokazarTh, 4TO KarxKIylo KOHEYHYIO KapTy Ha IJIOCKOCTH MOXKHO IPABUJILHO PACKPACUTh B
5 nseros. (CM. HEOOXOMMBIE OIpeIe/IeHUs BhIIIIE. )

CM. Tak=xKe JA0Ka3aTe/JIbCTBO TEOPEMBI KypaTOBCKOFO.

VYKazanus K 3ajJadaM.

1. (a) fcro, 9TO mENb U AHTHIEIH MOTYT MEPECEKAThCs HE 6OJIee UeM MO OJHOMY JICMEHTY.
[TosToMy KOIMYeCTBO 1ereil, Ha KOTOPhIe MOKHO Pa3OUTh YaCTHYHO yIOPSIOYCHHOE MHOMKECTBO,
He MEHBIIE ero JInaMeTpa.

(b) (Hokazameavcmeo meopemor Tuayopca.) PacemorpiM MuUHUMAIBHBI KOHTpIIpIMED. [1ycTh
C' — nenp guamerpa D. Torma xaxkiprii sgemenT muoxkectBa M — D b0 60JbIlle HEKOTOPOIO
sjteMenTa u3 D, ymbo crporo ero menbiie. Takum obpasom, M — D ecTh HeCBI3HOE 00beINHEHIE
nByx dacreir M’ (Boime D) u M (auxe D).

Eciiu M"UD u M"UD pasbuBatorcs Ha d mieneit, To u Bce M pasbusaercs Ha d 1ieneit (Kaxkast
Ielb CKJIENBACTCS U3 BEPXHEN U HUKHEIl TOJIOBUH).
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Ecan
M A0 u M'"#0, mo #(M UD)<#M n #(M”UD)<#M.

Mpr ocymecTBun ciryck. B mpotuBHOM citydae nmeeTcs He 6ojiee JIByX MAKCUMAJIbHBIX AHTHUIICTIEH:
sepxusia (ecim M’ = () u mmxugs (ecm M” = (). PaccmorpuM cityvaii HaIMIusi TOJBKO BepXHedi
aHTHUIENN (CIydail HATMIus TOJBKO HIDKHEH aHTUIENN CUMMETPUYEH ).

[Tycts mMeercst euHCTBeHHAsT MakcuMaibHast antuiienb D u x € D. Torma M — {x} umeer
juamerp d — 1 1 B culy MUHUMAJIbHOMTU KOHTpIpuMepa pazbuBaercd Ha d — 1 nenb O, ..., Cy_q.
Tosromy @ U {C;}{=! ectn uckomoe paséuenne ma d reneii.

[Iycts nmerorcs jiBe MakcuMasibabie anTurenu D u Do, Jlerko nmokasars, 9To Haiijercs mnapa
ssieMeHTOB © € Dy u y € Dy takux, uro x < y. Torga nuamerp muoxectsa M — {x,y} crporo
MeHbIe jJuaMerpa M u J10Ka3aTeIbCTBO 3aBEPIIACTCH aHAJIOTUYTHO.

Cuay4aiiabie rpadsi. A.M. Paiiropoackwuit (10-11)

Badukcnpyem 1esioe MoJOKATEIbHOE Yrucyio n, a Takxke p € [0,1] u ¢ = 1 — p. Pacemorpum
muoxkectso V' = {1,...,n}. Bepoammnocmoio rpada G = (V,E) 6e3 neresab n KpaTHbIX pedep
nasosem P(G) := pF 4% =Bl Bepoammocmuio nponssosbHOro cemeficTsa (wytm, 9TO TO KE camoe,
cBoiicTBa') TpadoB ¢ MHOXKECTBOM BepIHH V' Ha3bIBAaeTCs CyMMa BEPOSTHOCTEH BXOJSAIINX B HEro
rpacdoB.

0. Ecin 2 — muoxkectBo Beex rpados ¢ n Beprmaamu, 1o P(€) = 1.

(ToBopst HayuHO, pebpa rpada BHIOMPAIOTCs € MIOMOIIBIO 'cxeMbl UcIbITanuii Bepuysum”, T.e.
Kazkj10e pebpo HE3aBHCHMO OT OCTAJIBHBIX HMeeTcss B rpade ¢ BepogrHocThio p € [0, 1]; coor-
BETCTBEHHO, C BEPOATHOCTHIO ¢ = 1 — p ero Her B rpade. B pesyibrare BOBHUKAET CAY4aHbLL
2pag, MHOXKECTBO BEPIIUH KOTOPOro (PUKCHPOBAHO, & MHOXKECTBO pebep ciydaiino. Beskoe cobObI-
THE CTPOUTCS M3 9JEMEHTAPHBIX, KAK U3 KUPIUYUKOB, U CYUTAETCS MTPOU3BOIIEIIINM, KOJIb CKOPO
caydaiiHbIil Tpad eMy — KakK MHOYKeCTBY — HpuHaIexkuT. VMmest mousTre ciaydaiinoro rpada,
MOXKHO CYJIUTH O TOM, C KaKO#l CTeleHbIO JJOCTOBEPHOCTH rpad 0bsajaeT TeM WM WHBIM CBOM-
cTBOM. Hampumep, MOXKHO OIpene/InTh BEPOSITHOCTH CBA3HOCTH T'pada MIN BepPOATHOCTH TOIO,
9T0 rpad UMeeT KaKOe-TO XPOMATHIECKOe UUCJIO, U T.. )

JIobas dyukius X, onpejeeHHast Ha MHOXKeCTBE rpadoB, OyIeT HAa3bIBATbCS CAYYAliHOT Ge-
auvunot. Hampumep, KomudectBo pebep rpada - ciaydaitnas Bemmduna. [Iycrs X npunumaer k
Pa3INIHBIX 3HAYEHUH Y1, ..., Ygp. LOTTA MAMEMAMULECKUM OHCUDGHUEM BETHIMHBI X HA3bIBAET-

k

ca ee "Bsemennoe cpeanee’ MX = >y, P(X 1 (y;)), tme X *(y;) — cemeiicto Takux rpacdos G,
i=1

11st Koropeix X (G) = y;. st KpaTKOCTH MOYKHO IMOCJIE/THIOK BEPOSTHOCTH MOYKHO 0OO3HAYATH
P(X =y;).

1. (a) Jdokaxkure aunetinocms matemarnaeckoro oxxunanus: M (e X1+ +c. X)) = e M X1+
<o 4 cs M X it TI0OBIX CITydafiHbIX BeUauH Xq, ..., Xy U KOHCTAHT Cq,...,Cs € R.

(b) Jdokaxkure, uro ecau X NpUHUMAaeT HEOTPHIATEJbHBIE Ieble 3Hadenus, 10 P(X = 0) >
1—-MX.

2. Haitiure M X g rpados G ¢ n BepmmHaMU U CIy9aliHON BeJTMIWHBI X , PABHOM
(a) amcsry TpeyroabHuKoB B G

(b) uncay muksios pmusl k B G|

(¢) uncay nosnubix noarpados wa k sepumuax (k - xaux) B G;

(d) aucity pasindHbIX k - BEPIIUHHBIX JiepeBbeB B ()

(e) umciry M30JMPOBAHHBIX k - BEPIIUHHBIX JiepeBbeB B ()

(f) umcity BepiIMH Ha JApEBECHBIX KOMIOHEHTaX G

(g) ducsty BepIINH Ha MUKIMIECKHX KOMIOHEHTax G.

lCkasarb, uto ms rpada BHIIOIHEHO HEKOTOPOE CBOIICTBO, 3TO BCE PABHO, UTO OTHECTH rpad K MHOXKECTBY
rpadoB, YKa3aHHBIM CBOMCTBOM 00JIaIAIONINX.
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[Tycts f u g - HeKoTOpBIe (DYHKIMN HATYPAIHLHOTO aprymenta n, npudeMm g(n) # 0 s Beex

n. Ckaxem, uro f = o(g) (uuraerca ” f - o majoe or ¢”), ecim % — 0 mpu n — oo. Hanpumep

1=o(y/n) mm 5 =o(1).

3. Ilycts P, u P, — MHOro4ieHnl cremeHeir a u b coorBercTBeHHO, a < b. Jlokaxkure, 4TO
Pa = O(Pb).

[Tonesno GBIBaeT M3ydaTh pas/JMIHBIE BEPOSTHOCTH IIpU N — 00. IlycTh Temeph n MeHsieTCs
U BeJInvuHA P, (BEpOATHOCTH MOsiBIeHHs pebpa ciaydaiinoro rpada) 3asucut ot n. (B srom ectsb
ryGOKUIA CMBIC/I, KOTOPBIA Mbl HizKe poHab/oaeM.) CBoilcTBo B Ha3bIBAETCS UCKANOYUMENDHO
docmoseprovim, ecim P(B,) — 1, nipu n — oo, rue B, — cemeiicrBo rpadoB ¢ 1 BepIIHAMI,

YAOBJIETBOPAIONINX CBOﬁCTBy B. FOBOpHT JaxKe, 9TO B TaKOM CJjiyda€ 39TO CBOMCTBO BBIIIOJIHEHO
nowmu HasepHoe.

4. Jlokaxkurte, 9TO €CJIU P, = O (%), TO B CJIyYallHOM TI'pade MouTH HaBepHOE HET TPEYrOoJbHU-

KOB.

ke .
5. Ilycts k£ > 2 - koncranra. /lokaxkure, 4To ecjiu p, = o (n k—l), TO B cjydaiiHoMm rpade

IIOYTHU HaBE€pPHOE HET KOMIIOHEHT CBASHOCTHU, ABJIAIOMINUXCA JEPEBbAMU HA k BeEpIIrNHaX.
1

6. /lokaxxure, 4TO €CU P, = O (;), TO CJIyvaitHblil rpad MOYTH HABEPHOE ABJISIETCS JIECOM.

7. Jlokaxkure, 4TO €CJU P, = O (%), TO CJIyvaiiHblil rpad MoYTH HABEepPHOE JIBY/IOJIEH.

8. Ompegenum wucao nesasucumocmu «(G) rpada G Kak pasMep MaKCUMAJILHOIO IIOJMHO-
kecTBa BepiH B G, KOTOpBIE IOIAPHO He coefuHensl pebpamu. Ilycrs p, = 1. Jlokaxkure, aro
P (a(G) < 2logyn + 101log, log,n) — 1 upu n — oo.

Xpomamuuecroe wucao X(G) rpada G — MEHIMATIBHOE KOJIUIECTBO IIBETOB, B KOTOPOE MOXKHO
pacKkpacuTh BepiuHbl rpada G npaBUIbLHBIM 00Pa30M.

9. J/lokazkuTe, UTO €CJIU P, = %, TO XpOMaTUYECKOE YUCJIO CJIydailHOrO rpada MmoYTH HaBEpHOe

n
logo n

n n . 1 J—
bobIIe, UeM Sogyn T 0( ) Bonee crporo: juisi HekoTopoit dyuknun f, = o< ) OYTH

logy
HABEPHO BBIIOJIHEHO CBOiCTBO X(G) > 72— + f, (3aBnucamiee or n).
2

3lnn
n

10. /Tokaxkure, 4TO €Cu P, > TO TIOYTU HABEPHOE CJIyYallHbIN rpad CBA3EH.

67

11*. Ilycts p, = n~%, roe a > %. Jokaxkure, 9T0O

P(VScCV,|S|<vn:x(Gls) <3) =1, n— oo.

Baecw Glg - nopoorcdennut wim undyyuposannud noarpad rpada G = (V) E), te. rpad H =
(S, F), y koroporo e¢ = (x,y) € F rtorga u ToJbKO TOrjda, Korjga =,y € S u e € E. Uubimu
cinoBamu, H nonydaercs n3 G yaajieHuEM BCeX BEPIUH, HE TPUHAJIEKAIUX S, BMECTe CO BCEMU
BBIXOJIAIIMME U3 HUX peOpaMI.

12*. I'pagp paccmosanuii Ha TIOCKOCTU — rpadd, BEPIITMHBI KOTOPOTO SIBJISTIOTCS TOTKAMU TLJIOCKO-
cTH, 1 peOpaMu COeJIMHEHBI IMapbl BEPIINH, HAaXo/dluecsd Ha paccTosdnun 1. /okaxkure, 94TO eciu
Dn =0 (%), TO CJIyYaiHblil rpad MOYTH HABEPHOE MOXKET ObITh PeaIn30Bal Kak rpad paccTOSH

Ha IIJIOCKOCTH, a €CJIN p, > 1%&, TO IIOYTU HaBEPHOE BLIIIOJTHECHO O6paTHOQ CBOMCTBO.

Savemmnoie 3adavu: Bee, KpoMe 3a/1ad co 3BE30YKOI, U eIlle JI0ObIX JIBYX.

Ca
Pemenue 3ama4an 0. P(Q) = Y Ck,pF(1 —p)Gt = (p+(1—p))Cn =1.
k=0 "



