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MaremaTuKa - 3TO UCKYCCTBO Ha3bIBATH
pa3HBIE BEIY OAHUM U TEM >X€ MMEHEM.
A. Tlyamkape.

BctynutenbHas onumnuana. 4 nions

1. AMCKPUMUHAHTEI TPEX IPUBEAEHHBIX KBAAPATHBIX TPEXYAECHOB PaBHEI 1, 4 1 9. A\ OKa>KUTe, YTO MO>KHO
BBIOPATH 110 OAHOMY KOPHIO Ka’KAOT'O U3 TPEXUAEHOB TaK, YTOOBEI CyMMa BbIOPAHHBIX KOPHER PaBHSIAACH
CyMMe OCTaBIIIUXCH.

2. Ha ocz Ox pacmoaosxeHo 10 0Tpe3KOB, KaXKABIN AAMHEL 3. Bceraa AKX MOXKHO CABUHYTH CUHYCOUAY
Yy = sinx BAoAB ocu Ox Tak, YTOOBEI OHA ITepeceKAd Ka’XABIH OTPE30K?
3. ABOe UI'PAlOT B KPECTUKU-HOAUKY Ha HeCKOHEUHO! AocKe. AAst TOOEABI HAAO IIOAHOCTBHIO 3aIIOA-

HUTb KaKOH-HUOYAB KBaApPATUK 2 X 2. NOKa)KUTE, YTO Yy IIEPBOTO UI'POKA HET BBIUI'PHIIIHON CTPATETHMN.

4. Tlycte PQRS — BBINYKABI# BIUCAHHBIM YeTBIPEXYTOABHUK, B KoTopoM /PSR = 90°, H u K —
OCHOBaHUS IEePIEeHAUKYASIPOB u3 Toukum (Q Ha orpe3ku PR um PS. Aokaxkure, uro mpsamas HK aeaumt
orpe3ok QS momoaawm.

5. CymecTByeT Au Takoit MHOro4AeH f(x) cremenu 2012 ¢ meAbBIME KO3 UIIMEHTAMH, ITO AAS KasK-
Aoro meaoro uumcaa n gucaa f(n), f(f(n)), f(f(f(n))),... momapHO B3aMMHO IPOCTHI?

Npes nuHeitHoro otobpaxkeHus. 4 nions

J30Tepuyeckoe 3HaHue. [IoCBSIIEHHEBIE 3HAIOT, YTO C‘;n ‘p, p — mpoctoe (0 <k < p").

1. TTo kpyry cTosT 128 IEABIX YMCEA. 3a OAMH XOA BCE YMCAA OAHOBPEMEHHO 3aMEHSIIOTCS Ha CYMMY
ABYX CBOUX COCeAedl. A\OKa>KUTe, ITO Uepe3 HECKOABKO XOAOB BCE UMCAA CTAHYT AEAUTHCS Ha 128.

a) CHa9ana pacCMOTPUTE CAydal eAwHUIEl ¥ 127 HyAeld. UTo moaydIuTcs Yepe3 7 X0pa0B? NOKaXKUTE,
YTO Yepe3 HECKOABKO XOAOB BCE YMCAA CTAHYT YETHLIMHU.

6) OmpeapeAuM IOHSTHE CYMMbL, ABYX PaCcCTAaHOBOK UHCEA IO Kpyry. IlycTs P — Hama omeparust
3aMeHbl. AokaxkuTe, 9T0 P(OT cyMMbl)=cymme P-Imex.

2. (lHTepnOASIINOHHEIN MHOTOYAEH Narpanika.) AoKaXkuTe 4T0 AAsT Afoboro Habopa u3 n+ 1 Tourz
C pasHBIME abcluccamMy HAMAETCS €AMHCTBEHHBIM MHOTOYAEH CTEIEHW HE BHIIIE T, KOTOPHIA B 3THX
TOYKaX IIPUHUMAET 3aAaHHbIE 3HAUEHUS.

Vkazauue. CpaBHUM C IPEABIAYINel 3apadeil. UTo 3A€Ch SIBASIETCSI aHAAOTaMU 1) omeparuy; 2) cyM-
MBI PacCTaHOBOK; 3) YMHOXKEHUSI PACCTAHOBKY Ha YUCAO; 4) CclenuduIecKUX PacCTaHOBOK?

3. ITo OKPY>KHOCTH PACCTaBAEHBI P LIEABIX IUCEA (P — IPOCTOE). 3a XOA U3 Ka>KAOTO YUCAA BHIIUTA-

eTCsI ero A€BEI cocea. N\OKa’kKUTe, UTO Yepe3 HECKOABKO XOAOB BCE UMCAA BYAYT AeAMThCs Ha p2'2,

4. (Kuraiickast Teopema 06 ocraTkax.) a) AaHBI IONApHO B3aUMHO IIPOCTHIE YUCAA Ty, My, ..., M, X
IIPOM3BOABHEIE (1, dy, ..., d,. N\OKA)KUTE, YTO CYIIIECTBYET TaKoe YUCAO A, 4To A = a; (mod my).
6) Hucnro A OIPeAEAEHO OAHO3HAYHO IO MOAYAIO M ... T,.

Anst MEHOrOUAEHA P(X) paccMOTpPUM IOCAEAOBATEABHOCTE CYyMM
Sh=Sa(P)=P(1)+---+P(n).
UuTepecro HaiiTu sBHYI0 PopMyAy aArs P(x) (ocoberHo anst P(x) = x¥).
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Onp. Auckpemnoti npoudsodrotl (U PasHOCTVHBIM MHO20MAEHOM ) MHOTOUAEHA f(X) Ha3BIBaeTCS
MHOTOUAEH ¢(x) = f(x + 1) — f(x). Kaxk cBS3aHBI CTEIeHN MHOI'OYAEHA X €0 PA3HOCTHOT'O MHOTOYAEHA?

5. Nokaxkure, uro ecau deg P(x) = k, To S, (P) ects MHOrOUAEH cTeneru k+1 (To ecTs S, = g(n) Arst
HEKOTOPOr'0 MHOro4AeHa ¢(x) cremeru k+ 1). Aast mpuMepa BBIYACAUTE (& HE AOKAKUTE II0 MHAYKIuu!)
Bl

6. a) Onpepenenve. Hxc e ybwisarowetd cmeneru m > 0: x™ =x(x —1)(x —2) ... (x —m+1).

6) Aokaxkure, 9TO (X + 1)™ — x™ = mx™—1;

B) Haitpamre 0™ + 1™ 2™ 4 3™ 4 ... 4 (n— 1)™. EcTb AZ OpUYMHA TYT CyMMe HadUHATHCS C 0, a
He ¢ 17

r) PemmuTe emme pas 3apagy 5.

[na camocTosiTeNIbHOro peLleHns

1. Ectb BEIIMECTBEHHLIC YXCAQ A1,..., Ay, CPEAX HUX POBHO ABad OAMHAKOBBIX. Hanwummure BBEIPa’XE€CHUE
or aq,..., 0, SHAYEHNE KOTOPOI'O PAaBHO 3TUM OAMHAKOBBIM YHUCAAM.

2. ITo OKPY’XHOCTH PACCTABAEHBI P™ IEABIX YUCEA (P — IPOCTOE). AOKa>kKUTe, ITO YePe3 HECKOABKO
XOAOB BCe 4mcAa 6YAYT pAeAuTbcs Ha p2°'%, ecam 3a X0p M3 KaXKAOTO 9MCAA BBIYMTAETCS €0
a) l-bIit cocep, caeBa, | GUKCHPOBAHO;

6) 1-B1it cocepn caeBa, | MO>KET MEHSITHCS OT X0Aa K XOAy!!!

3. Ha nnaneTe Ka>xkpasi cTpaHa IpaHuYUT He Oonee, 4eM C ceMbio ApyruMu. CTpaHBI XOTST IIepe-
PacIpeAEeAUThb CBOM 30A0TOH 3allac TakK, YTOOBI ¥ AIOOBIX ABYX I'DAaHMYAIINX CTPAH KOAWYECTBO 30A0Ta
pasarganoch 6u1 He boaee, ueM B 13 pa3. AoKa>kuTe, YTO 3TO IEPEPACIPEAEAEHIE MOKHO IIPOBECTH TakK,
4TOOBI Ka’KAasl CTpaHa AMIIMAAChL He Hoaee, UeM IIOAOBUHBI CBOETO 30A0Ta.

Teopema Ippaéwa-Imusbypra-3usa. 5 nions

1. a) AoKa>kuTe, ITO CPEAM N IEABIX YUCEA HANAETCS HECKOABKO, CyMMa KOTOPHIX AEAWTCS Ha M.
6) AOKa>kuTe, 9TO CYIIECTBYIOT TakKue 2N — 2 IIEABIX YUCAQ, 9TO CPEAM HUX He HAWAETCS POBHO M
YUCeA, CYMMa KOTOPHIX AEAUTCS Ha M.

Teopema (Ipaéw, Mnusoypr, 3us, 1961). Cpean A06bIX 21 — 1 1IEAOr0 YMCAA HAMAETCS POBHO Tl GHCEA,
CyMMa KOTOPBIX AEAUTCS Ha M.

2. NokraXkuTe, 94TO TeopeMa DI'3 BepHa AASI M = a ¥ AASI N = b, TO OHA BepHA ¥ AASL L = ab.
WTtak, A0CTaTOYHO AOKa3aTh TEOPEMY TOABKO AAS IIPOCTOTO YHUCAA P.

[Hokasatensctso | (naeiiHoe, cymmuposatue depe3 MT®). Uem oTAMIAETCS IUCAO, KPATHOE P, OT YHUCAQ,
ue kparHoro p? Tem, uro aP' cpasrmMo c 0 mam ¢ 1. To ecThb HY’KHO IPUBECTH K IPOTUBOPEUMIO
mpeamoaokenze (ai, +---+a; )P =1 ans seex {iy,...,1,} € {1,2,...,2p— 1}

Onp. Ecamw A,B C M, 0 A+B ={a+bla € A,b € B}, 2A ={2a|a € A} u T.1. 3peck M — MHOXXeCTBO,
Ha KOTOPOM OIIPeAEeA€Ha OIepaIusi «+», «-2» 1 T.II.

Hokasatenscteo Il (MowHoe, yepe3 Teopemy Kowm-[13sennoprta). BeiBeauTe U3 HUXKECAEAYIOLIEN TeOpe-
MBI €€ aHAAOT AASI CYMMEBI HECKOABKUX IIOAMHOYXECTB, a U3 3TOro — Teopemy II'3.

Teopema (Koww (1813), O3sennopt(1935)). Ecam p — mpoctoe, u A, B C Z, — HemyCThIe IOAMHOKECTBA,
To |A + B| > min{p, |A| + |B| — 1}.

Npumep. TTo MoayAto IpocToro p ypaBHeHHE X’ + y? = k uMeeT perieHune AAS KakKAOTO IIEAOTO K.
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Cxema pokasatenbctBa. 1) Cayuait |A| + |B| > p poCTaTOYHO IIPOCT.

2) ITycte BeimoaHeHO |A 4 B| < |A|+|B|—1. Vaest cocTouT B TOM, 9TO 3aMEHSATH «KOHTPIPUMEPHYIO»
napy MHOXXecTB (A, B) Ha mapy (A’,B’), ¢ yMeHbImeHueM dero-HUOYAL (YTOOBI BECTH MHAYKIUIO IIO
3TOMY 4eMY-HUOYAD).

3) 3aBeaem omeparuio cdsuza (Mo Kpyay) MHOMKECTBA, TO eCThb 3aMeHBI A Ha A + {c}. Aokaxxure,
9TO ecAM |A| > 2, TO MOYKHO CABUHYTH A TakK, YTobsl A u B mepecekaauch, HO mpu 3ToM A ¢ B (Tpiok
Komn).

4) (A,B) = (ANB,AUB).

DHoxasatenbctso |1l (nonpaskn u noaxpyTkn). PaccMOTpUM IPOM3BOABHYIO CyMMYy Q) + -+ + a, = T
(mod p), ¥ Ka>KOMy UHCAY @; COIOCTaBUM B IIapy OTCYTCTBYIOIIEe B 3TOH cyMMe umcAo b;. Temeps
6yAEM IIOAIIPABASITH CyMMY, 3aMeHsisi HEKOTOPBIe a; Ha b;. To ecTh mpubaBASTHL K 0DEMM YACTSIM IIO
(bi, —ai, )+ - -+(b;,—a;, ). TakuMu nonpaBKaMu MbI XOTUM IPEBPATUTh T B 0, HO S y>Ke He buKcupoBaHo!

3. Ectb P— 1 HEHYAEBOE 9UCAO IIO MOAYAIO P. TOI‘Aa MO>XHO CAOXKUTH HECKOABKO M3 HUX TakK, YTOORI
IIOAYYHUTD AToboe HEHYAEBOE II0 MOAYAIO p THUCAO.

Hoka3atenscteo IV (be3bigeiiHas 4eMOHCTpauus cunbl npasunbHoil nuaykumum). Ilycrs k < p. Aomycrum,
YTO CPEAM IIEABIX IUCEA X1, ...,X2x—1 HET K+ 1 9ucAa, CPAaBHEMEIX II0 MOAYAIO p. Toraa m3 3TUX UmCeA
MOKHO COCTAaBHUTB TaKue k CyMM M3 k CAaraeMBIX KaXKAAdsi, YTO BCE CYMMBI OYAYT PasAMYHBIMU IIO
MOAYAIO P.

[nsa camocTosiTeNIbHOro peLleHuns

4. Noraxxure, uTo ypasHerue ax’ + by’ +cz® = d (mod p) mpu a,b,c Z 0 (mod p) umeer pemrenue.

5. AbeneBa rpynna A He umeem KPYHEHUA, ECAU U3 YCAOBUS NAd = a+ a + --- + a = 0 caepyer,
yro a = 0 (HampuMmep, Z; WA TPYyNIIa IIOBOPOTOB OTHOCUTEABHO TOYKM MMEIOT KpydeHHe, a 7 — HeT.
B wactHOCTH, A GeckoHeuHA). N\OKa’XUTE, YTO €CAM I'pylna A HE UMeeT KPYUEHUs, TO AAS AOOBIX
romeunslx B, C C A Bemoameno [B + C| > [B| +|C| —1.

6. VimeeTcss n YqUCEA, B3aMMHO IIPOCTEIX C T. AOK&DKI/ITG, 9yTO AI0DO# OCTATOK IIO MOAYAIO U PaBE€H
CyMM€ HEKOTOPBIX U3 3TUX YHCEA.

Mnockue rpacbbl n chopmyna iinepa. 5 nions

Bcioay, rAe He OTOBOPEHO MHOE, PACCMATPUBAIOTCS IPadbl, BO3MOXXHO, C IETASIMY ¥ KPATHLEIMU pebpaMu.

1. AoxaxxkuTe, 9TO Pebpo IMAOCKOTO rpada IPUAETAET TOABKO K OAHOM I'paHM, TOTAA X TOABKO TOTAQ,
KOTAa OHO MOCT.

Onp. B zparuue rparu Kaxxpoe pebpo, paspeAsiiollee ABE I'DaHU, CIUTAETCS OAMH pas, a Ka’kKAOe
pebpo, SBASIOIEECST MOCTOM, CIUTAETCS ABa pa3a.

Onp. I'pacd Has3BIBaETCA NAAHAPHDBIM, ECAU OH M30MOPMEH HEKOTOPOMY IIAOCKOMY rpady.

2. IInaHapeH AV IOAHBIN Ipad Ha ISITH BepIIWHAX?

®opmyna diinepa. Ilycts B cBsisHOM maockoM rpade V BepmwmH, E pebep m F rpameir. Torpa
V—-E+F=2.

Cneactsue. ITycTs y maockoro rpada k KOMIOHEHT CBsI3HOCTH, Toraa V—E+F=k + 1.

Cnencteue. Y pasHBIX YKAAAOK IIAAHAPHOI'O rpada OAHO M TO K€ YKUCAO T'PaHeH.

3. AokakuTe, 9YTO y IIAOCKOro rpada ¢ > 3 BepmuHaMmu 6e3 meTenb U KpaTHBIX pebep a) 2E > 3F;
b) E<3V—6.



4. N\oxa>xuTe, 9TO AIOOYIO KapTy Ha IIAOCKOCTY MOJKHO IIPaBHABHO PACKPACUTH B 6 IIBETOB.

5. a) IIycTp B ycaoBusix 3apadu 3 B rpade HeT TPEYTOABHBIX rpaHeil. Kak Toraa ycuAmBaroTcs: oba
HepaBeHCTBa?

6) Aokaxure, uro rpad Kj;; HelnaHapeH.

6. A\OKa>kKuTe, YTO KapKacC BBIIYKAOI'O MHOTOI'PAHHUKA SIBASIETCS IIAAHAPHBEIM I'padoM.

7. IleTss cMacTepuaA KapKac BHIIIYKAOI'O MHOTOT'PDaHHUKA U3 HUTOUEK, CMSIA B pykKe u Aan Bace. Cmo-
>KeT AM Bacsi OAHO3HAYHO BOCCTAHOBUTDH I'DaHU, KaK HAOOPHI BEPIIUH U pebep MCXOAHOTO MHOTOI'PAHHU-
Ka?

8. AokaxkuTe, 9TO AOOYIO0 KapTy Ha IIAOCKOCTY MOXKHO IIPAaBUABHO PACKPACUTH B 5 IIBETOB.

,D,J'ISI CaMOCTOATEJIbHOIO peeHna

9. Ha IAOCKOCTH PaCIOAOXKEHO N TOYEK. ABOE II0 OUYEPEAV COEAMHSIIOT IIaphl TOYEK HEIIEPECEKAIO-
IMUMUCST APYT C APYTOM Z ¢ coboit aoMaubIMu. He mMeromuil XoAa IPOUTPHIBAET (Ka*KAYIO [Iapy TOYEK
MOYKHO COEAMHSITH TOABKO OAHON AOMaHOU). KTO BEIMI'DEIBAET NP IPABAABHON Urpe?

10. Aoka>kuTe, YTO BBIMYKABIX IPABUABHBIX MHOTOIDAHHUKOB (BCE TPAaHU — IPABUABLHBIE U OAMHA-
KOBBIE, CTENIEHN BCEX BEPIIVH PABHEI) POBHO 5 (C TOYHOCTHIO AO IOA0OWS).
11. Ha naockocTy oTMedeHo N > 5 Todek B obmieMm norokenuu. [Tapy Touexk A, B masoBem mmTepec-

HOM, eCAM B KpPyTre IIOCTPOeHHOM Ha AB Kak Ha AmamMeTpe HET APYTMX OTMEYEHHBLIX TOUeK. AOKa>KUTe,
YTO MHTEPECHLIX IIap He boaee 3n — 8, HO He MeHee N — 1.

lMpobnembl Ky3HeunkoBoaCTBA. 6 niona

1. TTo okpy>)XHOCTU AAMHEI | IPBEITAeT KY3HEYUK C IPPAMOHAABHEIM ITaroM & > 0. AOKa>kKuTe, 9YTO PaHO
WAV IIO3AHO KY3HEUYUK IIONAAET Ha AIOOYIO 3apaHee BHIODAHHYIO AYTY.

2. M\OKa>KUTE, YTO IOCAEAOBATEABHOCTH Sinn 6crody naomua Ha orpesre [—1;1] (cmaganra paiire
CTPOTO€ ONPEAEAEHUE STOT'O UHTYUTUBHO IIOHSTHOTO TEPMUHA).

Teopema Kponekepa. Ecam o« > 0 — uppalroHaAbHOE YHCAO, TO IIPOM3BOABHEIN MHTEpPBaA (a,b) co-
AEPKUT OECKOHEYHO MHOTO YHCEA BHAA NX — M, TA€ M, L — HEOTPUIIATEABHEIE IIEABIE YACAQ.

3ameuanue. VHade roBopsi, IIOCAEAOBATEABHOCTE {N (&} BCIOAY IAOTHA Ha oTpeske [0; 1].
3. AoKa>kuTe, 9YTO YUCAO BHAA 2™ MOJKET HaUMHATLCS Ha AIOOYIO KOMOMHAITMIO ITUdP.

4. N\oxa>xuTe, 9TO Kyb IIeAOT0 YMCAA MOXKET HAUMHATHCSA Ha AIOOYI0 KOMOMHAIIWIO ITUdD.

IOna camocTosiTeNnbHOro peleHns

5. B Ka)Kp0# IIEAOUMCAEHHON TOYKE IIAOCKOCTU IIOCa’KeHa TPOCTUHOYKA papmyca €. AOKa>kuTe, UTO
OHM 3arOPOAMAM COBO¥ BECh BUA, TO €CTh AIOOOH AyY Y = kX IlepecekaeT KaKyIO-TO TPOCTMHOYKY, KPOMeE
IIEHTPaABHOH.

6. ITycte f(x) = sin ax + sin fx. AOKa>kuTe, YTO ECAM YUCAA X U [3 HECOM3MEPUMEIL, TO

a) sTa PYHKIUS IPUHUMAET 3HAUEHUSI, CKOAb YTOAHO DAU3KEE K 2;

6) sTa PYHKIWS HENEPUOAXIHA.



A3bik CJTV: Teopus. 6 wionsa

1. Paccmorpum CAY cmynenwamozo suda. Kak ee pemars? CKOABKO MOXKET OBITH pelleHuit (mepe-
YUCAUTE BCE BO3MOXXHOCTH, ¥ AOKQKUTE, ITO APYTUX HET).

Onpegenenne 1. Ase CAY (oT 0AMHAKOBOrO HabOpa MEPEMEHHBIX) HA3LIBAIOTCS IKEUBANEHMHBLMU,
€CAM Y HUX COBIIAAAQIOT MHO>KECTBA PEIICHUM.

Onpepenenne 2. Paccmorpum snemenmapHsie npeobpaszosarus CAY Tpex THUIOB:
3M1) x cTpoke mpubaBAsiEM APYIYIO CTPOKY, YMHOXKEHHYIO Ha YHUCAO;

3M2) cTpoky yMHOKaeM Ha HEHYAEBOE YUCAO;

IN3) mensieM MecTaMu ABE CTPOKH.

Vnpl. Ecam opra CAY moaywaercs us Apyroi nyreM npuMenerus OI11-9113, To stz CAY sxkBuBa-
AEHTHEL.

Teopema 1(metop lNaycca). IIpu momormu DI11-9I13 CAY MOXKHO IPUBECTH K CTYIEHYATOMY BHAY.

Ynp2. a) CroabKo pemernit MoxxeT 6b1Th y CAY?

a) CroabKO pelteHuit MoxkeT 6bIT ¥ CAY, rae nepeMeHHBIX OOAbIIIe, €M ypaBHEHUI?

B) 3a CKOABKO AEHCTBUIl (AMHEHHOE, KBaAPATUIHOE, SKCIOHEHIIMAABHOE,...) 3aBEAOMO MOYKHO IIPH-
Bectu CAY pasmepa N X N K CTYIEHYATOMY BHUAY !

Caepyrolire HECAOXKHBIE TEOPEMBL 4Pe38bl4aliH0 Ba>KHEL.
Teopema 2. OCAY, B KOTOpO# ITepeMeHHBIX OOABINE, YeM ypPaBHEHUHM, UMEET HEHYAEBOE pEIIeHUE.

Teopema 3 (anbtepHatusa ®pearonsbma). Ilycrs 8 CAY YuCAO ypaBHEHUWH PABHO YMUCAY HEM3BECTHBIX.
Toraa MMeeT MEeCTO OAMH U3 ABYX CAYYaeB:

1) CAV mMeeT eAVHCTBEHHOE pelleHre P A0OOM Habope CBOOOAHEIX IAEHOB;

2) ecTb HabOpBI CBOOOAHBIX YAEHOB, Ipu KOTOPEIX CAY He mMeeT pelreHu#, U eCTb HabOPEI CBOOOA-
HBIX TIIEPEMEHHEIX, IpX KOTOPEIX CAY mMeeT 6ECKOHEYHO MHOTO PEIIECHUH.

Mepedopmynuposka. Ecan cucTeMa u3 N ypaBHEHUH C N HEM3BECTHBIMY UMEET EAMHCTBEHHOE PEIIEHNE
IpU KaKoMm-mo Habope CBOOOAHBIX YAEHOB, TO OHA MMEET EAMHCTBEHHOE PEINEHUE IPU A060M HAabope
CBODOOAHEIX YAEHOB.

Teopema 4. Ecau CAY c pallMOHAABHBIME KO3 PUIIMEHTAME X CBOOOAHBIMU UAEHAMU MMEET €AWH-
CTBEHHOE (BEIIECTBEHHOE) PELIeHNE, TO 3TO — DEIIeHNe B PAIMOHAABHEIX YUCAAX.

Teopema 5. Ecau CAY ¢ neabME Ko3DUIEEHTAME X CBOOOAHEIMYU IAEHAMU UMEET KaKoe-TO (Bellle-
CTBEHHOE) pEIIeHre, TO OHA UMEET DEIleHNe B PAIMOHAABHEIX YUCAAX.

Hetpusmnanebhbiii Bonpoc. [Iycte CAY pasmbiMEu criocobaMu IpuBeAeHa K cTyneHdaToMy BuAy. Coma-
AAET AY YMCAO CBODOAHBIX IIEPEMEHHBIX !

Asbik CJTV: 3apaun. 6 uonsa

YnpaxHenue. Hanumure a) obiiee pemenune 3apanuoit CAY; 6) npusepure CAY K «IIEpEBEPHYTOMY S
CTYIIEeHYaTOMY BHAY, X HAIUIIUTE APYToe ObIlee pelreHue.

Wrpa. Ects OCAY 5 x 5. ABoe mo odepeau nuinyT KoadpdpumuenTsl 3Toii OCAY. AoKa)kuTe, 4TO
IIEPBBIA MOYKET AODUTHCS TOr'O, YTOOBI CHCTEMA MMEAA HEHYAEBOE PEIIEHMUE.
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[JnckpeTHoe ypaBHeHWe TensonpoBOAHOCTW. a) B Ka’XkKpo# KAETKE KaeMKU NIPSMOYTOABHON TabAMITEI
3aIIMCAHO YUCAO. \OKa>XUTe, YTO MOKHO PACCTaBUTh, IIPUYEM €AMHCTBEHHBEIM 06pa30M, YUCAd BO BHYT-
PEHHVE KAETKHU TabAUIIBI TaK, YTOOBI Ka’KAO€ IKUCAO BO BHYTPEHHEN KAETKE PAaBHSIAOCH CPEAHEMY apud-
METHYECKOMY CBOMX coCeAedl (Y KAETKM MaKCUMyM 4 cocepa).

6) KakoB dusmdeckuit CMBICA 337349, KAK OHA «PEIIAeTCsTy 0 (PUSUIECKUM COOOPAKEHUSIM, TOUEMY
3TO peIlleHrEe HEBEPHO AAXKE C (PUIMUECKON TOUKU 3PEHUS?

B) Pemure 3apa4y, eCAU ¥ KAETKHE 8 COCEAEH.

r) Obobrmure 3apavy Ha HEIPSIMOYTOABHBEIE TaOAWMIBI C «ABIPAMU» BHYTPU ¥ IIPOCTPAHCTBEHHLIE
TaOAUITEI.

2) Kak cdopmyaupyeTcs: u pernaercs: 3apada AASI IPOU3BOABHOIO CBsI3HOrO rpada?

e) Pemure 3apa4y, ecAu B TabAUIy pacCTaBAEHBI KOMIAEKCHBIE UHCAQ.

10 6aHaHoB. EcTtp 10 6aHaHOB OAMHAKOBOT'O BECAa M ABYXUallleUHBIE BECHI 63 Tuph. AOKa’KUTE, UTO
MeHee 4eM 3a 9 B3BEIIWBAHUN HEAB3ST AOKa3aTh, YTO Bce OaHaHBI AeCTBUTEABHO BECSIT OAWHAKOBO. Beca
6aHAHOB: a) BEIIECTBEHHEIE; 6) IOAOKUTEABHEIE; B) HaTyPAABHEIE.

101 kopoBa. Ectb 101 kopoBa. Ecau ybpaTs Af06yi0 6YPEHKY, TO OCTABIINXCS MOXKHO Pa3AEAUTH Ha
ABa PaBHBIX II0 BECY ¥ YUCAEHHOCTH CTaAd. N\OKa>KUTE, YTO BCe KOPOBHI BECSIT OAMHAKOBO, ECAY KX Beca
a) *meable; 6) palMOHAABHEIE; B) ACHCTBUTEABHBIE; I') KOMIIAEKCHEIE.

10 s6n0k. VY ITetu 66110 10 sTOAOK, BEC KAXKAOI'O — BEIIECTBEHHOE IIOAOKUTEABHOE YnCcA0. OH IIpoAeAan
C HUMU HECKOABKO B3BEINMBAHWUM Ha YaIlleYHBIX Becax 0€3 rupb, ¥ Ka’KABLIA pas IIOAYyYaA PABEHCTBO.
DAoxkaxxure, 4To [IeTss CMOXKET MPUMIUCATE KaXKAOMY SIOAOKY IIEHY B HAMYPAAbHOE IUCAO KOIIEEK TaK,
YTOOBI IIPK Ka>XKAOM K3 IIPOBEACHHBLIX B3BEIIWBAHUN IT€HBI Yalll OBIAY OAMHAKOBEI.

3apybkmn Ha oTpe3ke. Ha oTpeske [0, 1] oTMeUeHBI KOHIIEI, a TAKXXKE€ KOHEYHOE UUCAO PA3AUMHBIT TO-
YeK BHYTpHU. VI3BeCcTHO, UTO AI0Oasi BHYTPEHHSISI OTMEYEHHAsI TOYKA AEKUAT POBHO IIOCEPEAVHE MEKAY
KaKAMU-HUOYADL OTMEUYEHHBIMI TOYKaMu. AOKa’KUTEe, UYTO BCE OTMEYEHHEIE TOUYKY PAIlAOHAABHEI.

Yem TpaHCLEHAEHTHOE YMCNo OTANYAeTCa OT anredpanyeckoro? { vionga

SHaMeHaTeAU BCEX PAIMOHAABHBIX YUCEA BCETAA CUWTAEM IIOAOKUTEABHBIMU.
A) JNuneiiHblie npnbanxexns.

Teopema [Oupuxne (1842). Ilycts o uw C > 1 — AelfiCTBUTEABHBIE YUCAA. TOrAA CYIIECTBYIOT TaKWE

1
IeABle 9UCAd P, (, 9T0 1 < q < C u |ox — %I < &

B) KeagpaTtuuHble npubnuxenms.

1. a) IlycTb ® — WppaIMOHAABHOE YUCAO. TOrpa CyuiecTByeT GECKOHEYHO MHOI'O TAaKUX B3AUMHO
IIPOCTEHIX LIEABIX YHUCEA P, (, ITO |X — EI < q1—2

6) AAsT paIXOHAABHBIX YMCEA AHANOTUYHOE YTBEP)KAEHUE HEBEPHO:

cymecTByeT Takoe C > 0, 9TO Ipu AIOOBIX P, (, P # (& BBIIOAHSETCS | — %I > ch'

B) MpunbnunxeHus BbICOKUX CTeneHei.

2. AOK&)KI/ITC, 9TO ANA AIOBBIX IIEABIX P, ( BBEIIIOAHSIIOTCS HEPaBEHCTBA

vi_Pls !
q

> 5
2-Bl> 5
q

4q?
> —.
10q3
Teopema Jlnysunns (1844). ITycte & — aarebpamdeckoe YuCA0 cTeneHu N > 1. Toraa cymecTByeT Takas

1
koHCcTaHTa C(a) > 0, 9YTO AAS AIOOBIX IIEABIX P, ( BBIIOAHSIETCS ‘oc — B‘ > C
q

(c)gm
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1 1 1 1
+...+—+... — TPAHCIEHAEHTHO.

3. AoKa>kKuTe, YTO IUCAO 0 + 10 + 106 Ton

[Ana camocTosiTeNIbHOro peLleHns

4. TlpuBepUTE IPUMEDP TPAHCIIEHAEHTHOTO YMCAQ, B ACCATUYHON 3aIIMCKA KOTOPOI'O HET HYAEH.

5. Noxa)xuTe, 9TO B AECATHYHON 3almCy YMCAA COS 5 CPEAM 3HAKOB C M-ro mo (3n + 20)-it a) ecTsb
HEHYAEBBIE 3HAKW; 6) He BCE 3HAKU OAUNHAKOBEI.

6. Cpepr HONOKHUTEABHBIX YHCEA Q,b,c,d eCTb ABa HECOM3MEPHMBIX. AOKA’KUTE, UTO (PYHKIIUS
sin ax + sin bx + cos cx + cos dx HenmepmopUYHa.

lNonsapHoe npeobpa3oBaHue.  vionsa

Onp. k — oxpy>xuOCTE ¢ reETpoM O. IToasapot Touru P # O OTHOCUTEABHO OKPY>XHOCTK K Ha3bIBAETCS
IpsiMasi P, IPOXOAAIIAs depe3 TOUKYy P’ — obpas Touku P Ipu MHBEPCHUU OTHOCUTEABHO S, U IEPIEHAU-
KyAsipHas npsaMoi OP. Touka P HaswbIBaeTcs noarocom IpsiMOR P OTHOCATEABHO S.

Jlemma o nonspe. Ilycts p — noasipa P, ¢ — moasipa Q. Torpa P € q <= Q € p.
Cneactsue 1. Ecam a = (A), b = 71t(B), o AB =7mt(aNb) (npy HEKOTOPHIX OrPaHUYEHUSIX ).

Cneactsue 2. A, B, C — rouku mrockoctu (He paBHble O), a, b, ¢ — ux moasiper. Touku A, B, C
AeXKaT Ha OAHOM IPSMOM <> IpsSIMEBIE d, b, C IPOXOASIT YePE3 OAHY TOYKY UAY IapaANEADHEL.

CywHoctb noaxopa. [Ipu oMoy mOASIPHOTO IPeobpa30BaHUs AOKA3BIBAIOT, YTO

— TPH TOYKHU AE’KaT Ha OAHOU IIPSIMOHU;

— TPU IPsIMBIE IIEPECEKAIOTCS B OAHOM TOYKe MAU ITapaAAEABbHEL;

— AB€ IIPSIMble NIEPIEHAUKYASIPHEL.

1. [ — meuTp BnUCcaHHO} OKPY>kHOCTH TpeyroabuHmKa ABC, KoTopas kacaercst ctopor AB,BC, CA B
toukax M, N, P. IIycts PN u AB nepecekatorcs B Touke K. Aoxaxxkute, aro CM LIK.

2. B Kakymio TeopeMy MepefAeT NPU MOASPHOM IIPeobpa3oBaHUU TEOPEMA «OIIMPAIOIINECS HA OAHY
AYTY YTABI PaBHBI» 7

MonsipHoe cBolicTBO KacaTenbHbix. Hepes Touky P # O mpoBepeHa cekymiast XY. Toraa KacaTeAbHEBIE K
OKPY’KHOCTZ B To4Kax X Z Y IIepeceKaioTCs Ha IOASIpPe TOYKY P (MAM mapaAreAbHEL STOH IOASIDE).

MonsipHoe cBoiicTBo cekywmx. Hepes Touky P # O IpoOBEAEHBI ABE CEKYIIWX, KOTOPHIE IIEPECEKAIOT
OKPY>XHOCTB B To4uKax Xj, Y] # X5, Y,. Toraa mpsmeie X1 X; # Y;Y, IepecekaroTcs HaA IOASIPE TOYKU P
(MAZ mapaAAEABHEBL 3TOM IOASIDE).

3. EcTb OKPY>XHOCTb M HEIEPECEKAIOIIasi ee IpsiMasi. ToYKa ABMYKETCS IO IPSIMOW, M U3 HEE IIPO-
BOASITCSI ABE KacaTeAbHBIE. TOYKM KaCaHUS COEAMHSIOTCH. AOKa>kUTe, YTO BCE IIOCTPOEHHBIE OTPE3KU
0bIIyIO TOYKY.

4. EcTb OKPY’XHOCTb U €€ IEHTP. AOKa’XKUTe, YTO TO 0bpa3 TOYKU IIPY MHBEPCUM CTPOUTCS OAHOMU
AVHENKOM.



[na camocTosiTeNIbHOro peLleHuns
5. B xaKyIo TeopeMy IpU IOASIPHOM IIPeobpa3soBaHUY OTHOCUTEABHO OIIKXCAHHON OKPY>KHOCTHU IIEpei-

MAET TeopeMa «MeAWAHBLI TPEYTOABHUKA IIEPECEKAIOTCS B OAHON TOUKEY 7
6. Anaronaau dereipexyroabHuKa ABCD nepecekatorcs B P, AB u CD -8 R, BC u DA - B Q.

lapmonunyeckuii Yetbipexyronbhuk. [Iycts ABCD Bumcan, u KacaTeabHBle B BepmmaEax A u C mepece-
KaroTcsi Ha npsiMoit BD mam mapaaneanusl BD. AokakuTe, 9To KacaTeabHBIE B B m D mepecekaroTcs
Ha npsmo#t AC uau mapaanreasusr AC.

BnucanHbiin yetbipexyronbHuk. Aokaxxute, uto ecaum ABCD Bnucar B okpy>xHOCTBL C HeHTpoM O, TO
O, P, Q,R — opTomeHTpRYecKast YeTBepKa Touek (m.Bpokapa).

Onucanubiin - yeTbipexyronbHuk. Ilycte ABCD omwmcanm. K,L,M,N — ToukM KacaHUSI CTOPOH
AB,BC, CD, DA coorBercTBerro. [Ipamele KL u MN nepecekatorcss B S, LM u NK — B T. Toraa

a) Q,R,S, T aexxar Ha OAHOM IIPSIMOIA;

6) AC,BD, KM, LN mepecekaioTcst B OAHOY TOUKE.

Bnucauubiii unn onucauubiii Yetbipexyronbhuk. IIycts ABCD a) Bnucas B OKPY>XKHOCTH S; 6) omucax
BOKPYT OKPY’KHOCTZ S. AOKa’XUTe, ITO MEPIEHAUKYASIP U3 IeHTpa S Ha QR, mpoxoauT uepes P.

BnucanHblii n onucanHbiii YeTbipexyronbHuk. ITycts ABCD omucas 0KOAO OKPYXHOCTZ (W C IeHTpoM [
¥ BIucaH B OKpYyXHOCTb () ¢ meaTpoMm O. Toraa

a) O, I, P aexxaT Ha 0AHON IPSIMOIA.

6) Ilpu durcupoBanubIXx W, ) u MeHsomuxct ABCD rouka P u npsiMast QR IIOCTOSIHHEL.

7. Tourka O He A€XUT Ha CTOPOHAX U UX IPOAONKEHUSAX TpeyroabHKa ABC. A — TouKa nepecedyeHust
npsamoit BC ¢ nepneraukyaspoM K OA, mpoxopsamuM depe3 TouKy O. AHaAOTUYHO OIIPEAEASIIOTCS TOUKHA
B4, C;. Aokaxkure, uTo Touku Aj, Bi, C; AeXaT Ha OAHON IPSIMOIA.

8. I — menTp BuucauHO# B TpeyroabHuUK ABC okpy>xHocTu. IIpsimasi, mpoxoasiiiast depe3 | mepmeH-
AukyAsspHO Al, mepecekaer BC B Touke A;; aHanrormuso oupepensiercss Touka Cp. Ilpsmere AA; u CC;
nepecekatoTcst B Touke K. Aokaxxure, uro KILAC.

9. IIycts AA;, BBy u CC; — BBICOTHI HEPAaBHOOEAPEHHOI'O OCTPOYIOABHOI'O TpeyroabHuKa ABC;
OKPY>KHOCTH, OIMCAaHHBEIE OKOAO TpeyroabHUKOB ABC m A;B;C, BTOpuYHO mepecekaroTcs B Touke P,
/ — TO4YKa IIepPECEYEHMsT KaCATEABHBIX K OIMKUCAHHON OKPY>XKHOCTU TpeyroabHuKa ABC, IpoBeAEHHEBIX B
Toukax A u B. Aokayxure, uro npsimele AP, BC u ZC; mepeceKatoTcsi B OAHOI TOYKE.

10. (Tect Popuraxa) ITocMoTpuTe Ha KapTHHKY X PacCKa*kuTe, 4TO Bl BuAUTe Ha Hell.
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(Pa3o0B0e NPOCTPAHCTBO. 9 uons

VragbiBanune uncna. [leTst 3apyMan ABY3HAYHOE YMCAO. 3a XOA Bacs HaswbIBaeT Al0Ooe ABY3HAYHOE YHC-
nao. Ilear Bacu — HasBaThb TakKOe YUCAO, KOTOPOE OTAMYAAOCEH OBI OT 3aAYMAaHHOI'O B KaXXAOM U3 ABYX
paspsiAOB He Hboaee yeMm Ha 1. Kakoe HamMeHBIIEE YUCAO XOAOB 3aBEAOMO XBaTUT Bace?

Bctpeya. MaabumK ¥ A€BOYKA AOTOBOPUAUCEH BCTPETUTHCS IOCAE 0TO0sT MexxAy 23-00 m 24-00. Kaxx-
ABIY IIPUXOAUT Ha MECTO BCTPEUM CAYUAWHBEIM 06pa3oM, KAET 15 MUHYT, X €CAKM BCTPeYa HE IIPOM30IIIAY,
TO yXoAUT. KakoBa BEPOSATHOCTL BCTPEUM?

MbsHbii MoHax. MoHaxX BEIXOAUT 43 CBOel obuTeAu B 12 AHSI X HAET B rOpy IO IpsiMoil aopore (c
Pa3HO} CKOPOCTBIO, BO3MOKHO, MHOTAQ CIyCKasich). MoOHax AOCTHraeT BEpPINWHBI B 12 HOYM, HOUYET,
MOAUTCS, X B 12 YaCOB CAEAYIOIIETO AHSI, IIOAKPENUBIINCHL HA AOPOTY, BRIXOAUT 0bpaTHO, BO3BPAIIAsICh
B obuTenb B 5 JacoB Bedepa. AOKa>KUTe, UYTO HAMAETCS TOYKA IIyTH, B KOTOPOX MOHAaX OBIA B OAHO ¥ TO
>Ke BpeMs Ha 0bomX MapIIpyTax.

Bo3bl. I3 ropopa A B ropoa B BeAyT ABe HellepeceKaloIuecs AOPOru. VI3BeCcTHO, YTO AB€ MAIIWHEI,
BBIE3’KAIOIINE TI0 Pa3HBEIM poporaM u3 A B B u cBsi3aHHBIE BepeBKOM AAMHEI 20, CMOTAM IIPOEXATH, HE
IIOPBaB BEPEBKU. MOT'YyT AU Pa3sMUHYTHCS, HE KOCHYBIIKUCH APYT APYyra, ABa KPYTABIX Bo3a paauyca 10,
OAVH M3 KOTOPHIX eAeT u3 A B B, a apyroit —u3s B B A?

®natnavaubl. a) ABoe dbAATAAHAIEB CIIYCKAIOTCS C BeIcodaiimeit Bepmuabl PaaTraupum «[Iuk kumas
— OAMH IIO A€BOMY CKAOHY, a BTOPOil 110 IpaBoMy. ['opa Be3ae BHIIIE YPOBHSI MODSI, a €€ IIOBEPXHOCTD —
rpaduK KyCOYHO-AUHENHON HeTPEPEIBHOY MYHKIUY. PAATAAHAIILL «HEIPEPBIBHOY ABUTAIOTCS, TaK YTO
3aBUCAMOCTb KOOPAMHAT (pAATAAHATIA OT BPEMEHU — HelIpEPLIBHAST (MYHKIINUS, HA CKOPOCTDb OI'PaHNYIEHUH
HET.

AokaxkuTe, 9TO PAATAAHAILI MOTYT AOCTUYb MOPSI, BCE BPEMSI HaXOASICh Ha OAMHAKOBOM BBICOTE HaA,
YPOBHEM MOPSI.

6) IIycTs mOBEPXHOCTDH IOpPHI — rpaduk puddeperupyeMoit hyHknuy. Toraa aHaAOTUYHOE YTBEP-
SKACHUE MOXKET OBITH HEBEPHBIM.

[Ona camocTosiTeNIbHOro peLleHuns

OTtpe3kun n npambie. Ha IIAOCKOCTH AQHO HECKOABKO ITapaAAEABHBIX OTPE3KOB. N\ OKA>XUTe, UTO €CAU
AIOOBIE TPU U3 HUX MOJKHO II€pecedYb HEKOTOPOH IPSIMOi, TO ¥ BCE OTPE3KK MOYKHO IIEPECEYh HEKOTOPOM
IIPSMOM.

Oyrn Ha cdepe. IIpsimas Ha cdepe — 3T0 mepecedenre cepbl U IIAOCKOCTH, IPOXOASINER uepe3 ee
IIEHTP. AHAAOTMYIHO OIPEAEASIETCSI OTPE3OK.

[IycTp Ha cdepe eAMHUYHOTO Papryca MMEETCS HECKOABKO OTPE3KOB CYMMAapPHON AAWHBI MEHBIIIE 7T.
A oOKa>kuTe, YTO TOTAQ CYIIECTBYET IpsIMasi, He IIEPECEKAIOIIasi HU OAWH U3 OTPE3KOB. A eCAU MMEETCs
HECKOABKO OTPE3KOB CYMMapHOM AAMHEL O0AbIIE 71K, TO HAAETCSI IIpsiMasi, IepeceKkaromasi k+ 1 oTpesok.

CocHbl n beckoHeuHo anuHHas cnera. Ha maockocTu pacter 2012 cocen obimiero moaokeHus. ABa IIO-
NO>KEHUSI DECKOHEYHO AAMHHOMN CAETM HAa30BEM SKBUBANEHTHBIMY, ECAY OAHO MOYKET OBITH IIOAYYEHO U3
ADPYTOTO TIEpEMENIEHNEM CAETH MEXAY COCHaMU. HeMy PaBHO YHCAO KAACCOB SKBUBAAEHTHOCTH?
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JlnHeiinble NnpocTpaHCTBa. 10 wions

Onpepenenne. ITycTs AaHBI MHOXKeCTBO V («BEKTOPEI») 1 moaAe K («dmcaay, AU «CKAASIPELY ), IMe-
IOTCSI OIIEPALMS CAOYKEHUSI BEKTOPOB U AASI KaKAOT'O YMCAA MMEETCSI OIEePAIlUsi YMHOXKEHNSI BEKTOpa Ha
umcao. [lpu aTom:

a) CAO>KeHIUe acCOIMATUBHO, KOMMYTATUBHO, CYIIECTBYET HEMTPAABHEIN IO CAOYKEHUIO SAEMEHT (6))
U y Ka’KAOTO BEKTOPA V' eCTb OGPATHELA 110 CAOKEHIIO (—7);

6) 1-V =7V; (kika) vV = ki (ko V) (3aech ki, k; € K, ¥ € V);

B) (ky + kz)v = k]V> + k27; k(71 + V)z) = k?] + k?z.

Toraa V Ha3BIBAETCS 8EXKMOPHBLIM (AUHETUHBIM) npocmparcmeom Hap K.

Mpumep.

a) K" — crpoku(uAu cTOABLBI) AAMHEL M;

6) MHO>XeCTBO perneHut opAHOPOAHOH CAY OT N IepeMeHHBIX;

B) AMHENHBIE YPAaBHEHUS BUAA A1X] + * - + AnXy = b;

I') MHOTOYAEHBI Hap moneM K;

1) BeIeCTBEHHO3HAYHbIE (DYHKIWY, ONPEAECAEHHbIE Ha IIPOM3BOABHOM MHOYKECTBE.
)
)
3) MHOXKECTBO BCEX IPSIMOYTOABHEIX Tabaury 5 X 10, 3allOAHEHHBIX OCTaTKaMU II0 MOAYAIO 2;
M) MHOYXECTBO BEKTOPOB Ha IIAOCKOCTH.

€) IIOCAEA0OBATEABPHOCTHA KOMIIAEKCHBIX YHCEA;

K ) IIOCAEA0OBATEABHOCTY KOMIIACKCHBIX YUCEA C KOHEIHBIM YHCAOM HEHYAECBBIX SACMEHTOB,

) MHOKECTBO BCEX ITOAMHOXKECTB AAHHOTO (AASI OIPEAEAEHHOCTH KOHEYHOI'0) MHOKECTBA.

Ynpl. O6pasyioT AU BEKTOPHBIE IPOCTPAHCTBA CAEAYIOIINE MHOXKECTBA (OTHOCUTEABHO ECTECTBEHHBIX

oIeparuit):

a) MHOTOYAEHBI CTENIEHN N Hap moaeM K;

6) meyb6rIBatomue mocaepoBaTeAbHOCTH (Hap R);

B) MHOT'OYAEHBI HaA AQHHBIM IIOAEM C (DUKCUPOBAHHBIM KOPHEM «;

') CTPOKY AAUHBL L C HYAEBOM CyMMOR 3AEMEHTOB;

2) MHOXecTBO dyukuui f: R — Q Hap Q;

e) mHOXecTBO pyHKuumi f: R — Q Hap R;

K) CTPOKH IIEABIX YHUCEA AAWHBI M Hap Z.

3) CTPOKH IEABIX YHMCEA AAUHBI M Hap Zp.

Vnp2. AoKaXuTe, YTO MHOXXECTBO pelmeHui mpomnsBoabHOE OCAY 0b6pa3yeT BEKTOPHOE IIPOCTPAH-
CTBO OTHOCHUTEABHO €CTECTBEHHBIX OIIE€PAIIUN.

Vnp3. AaiiTe onpepeseHEE NOONPOCMPAHCMEQ.

Vnp4. B npumMmepe u ynpakHeHUZ 1 yKa>XUTe IIOAIPOCTPAHCTBA CAEAVIOIIX IIPOCTPAHCTB: IPUMEP
a; IpUMep TI'; IpuMep e; yupl a.

Ynp5. PaccMoTpuM IIpocTpaHCTBO BEKTOPOB Ha MAOCKOCTX (Hap R). OnuimuTre Bce ero MOATIPOCTPAH-
CTBa.

Vnpb. AaiiTe onmpeaeAeHUE U3OMOPPHU3MA BEKTOPHBIX IIPOCTPAHCTB.

Vnp7. HaiiauTe mapsl #30MOPOHBIX IIPOCTPAHCTB B IPUMEDPE U YIPa>KHeHUH 1.

Onpepenenne. [ToaAMHOXXeCTBO S BEKTOPHOTI'O IIPOCTPAHCTBA V HA3EIBAETCS CUuCMeMol 06padyrowus
3TOr'0 IPOCTPAHCTBA, ECAY BCSIKUY BEKTOP V € V MOKHO IIPEACTABUTL B BUAE V = 1V1 + - - - + X Vn, TAE
Vi,...,Vn €S, &1, ..., &, € K. Bepaskerue o;v; + - - - + vy (@ Tak>Ke, B 3aBUCKMOCTH OT KOHTEKCTA, U
€ro 3Ha4eHWe) Ha3bIBAETCS AUHEUHOU KoMbUuHAUuel BEKTOPOB Vi, . .., Vy.
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Ynp8. B mpocTparcTBax u3 mpuMepa (B, T, €, X, i) u yupl (B, I') yKakuTe KaKyo-HEOYAD MUHU-
MaABHYW cucmemy 06pasyrouuz (To eCTh Ty, KOTOPAs IEPECTAET OBITH CUCTEMON 06Pa3yIOIIUX IIOCAE
BBIKMABIBAHUSI AFOOOr0 U3 ee BEKTOPOB). B yup 1B cumraiire, uro « € K.

Onpepenenne. ITycTe S — IPOM3BOABHOE ITOAMHOYKECTBO BEKTOPHOI'O IpoCTpaHcTBa V. AuHelHoU
060404K07 MHOXKECTBA S B IIPOCTPAHCTBE V HA3BIBAETCS COBOKYMHOCTH L (S) Bcex AMHENHBIX KOMOUHA-
[Nl BEKTOPOB 13 S.

Vnp9. Aunetinass obonroura L(S) sIBASIETCS MOAIPOCTPAHCTBOM MPOCTPAHCTBA V, COAEPIKAIIAM MHO-
>xecTBO S. IIpm 3TOM BCSIKOE IOAIIPOCTPAHCTBO IIPOCTPAHCTBA V, copeprkaiiee S, coaepxkut u L(S) (mo
97Ol mpuurHe [ (S) Ha3LIBAIOT €IIE IOATIPOCTPAHCTBOM, HAMAHYMbLM Ha MHOMKECTBO S).

VYnpl0. a) Bacst Beimucan 10 MHOTOYAEHOB CTeleHel < 9, CTeleHW IOIApHO pasAWdYHBL. HafiauTe
AVHETHYIO 0D0N0YUKY IIOAYUEHHOI'O MHOMKECTBA.

6) ArapAuMH BEIIUCAA BCe UeTHBIE (DYHKIWU, U BCe HeUeTHble dyHKuuu. HaiiauTe AuHeliHy0 060-
AOYKY IIOAYYEHHOI'O MHOKECTBA.

Mpepnoxenune. Ilycte S = {v;,i € I} — ceMelicTBO BEKTOPOB BEKTOPHOrO mpocTpaHcTBa V. Toraa
CAEAYIOIINE YCAOBUS PABHOCUABHEL:

a) eCAM BEKTOD U3 V BBIPAYKAETCsI Y€Pe3 BEKTOPHL U3 S, TO EAMHCTBEHHEIM 06Pa30M.

6) HEKaKO} BEKTOD U3 S HEAB3sI BHIPA3UTDH YEPE3 OCTAABHEIE;

B) €CAM AVHeWHass KOMOMHAIINST BEKTOPOB X3 S paBHA HYAEBOMY BEKTOPY, TO BCE €€ KOIDDUIMEHTE
pasus! 0.

Onpepenenne. CeMeiicTBO BEKTOPOB, 0O6A3AQOIIIEE CBOMCTBAMY, OINMCAHHBIMU B IIPEABIAYIIEM IIPEA-
NOKEHUM, Ha3bIBAETCA AUHEUHO HE3AB8UCUMDIM, a He 0DAaAAIOIIEE — AUHETUHO 3ABUCUMDBLM.

Vnpll. AaiiTe Tpu ONpeAENEHNST AMHENHOM 3aBUCHMOCTH.

Vnpl2. AOKa>XkuTe CAEAYIOIINE CBOMCTBA AMHEHHON 3aBUCUMOCTY ¥ HE3ABUCHMOCTH:

a) cucTeMa, COAEPIKAIlasi HyA€BOR BEKTOD, siBAsieTcst \3;

6) cucTeMa, copeprKalasi IPONOPIIMOHAABHEIE BEKTOPEL, sIBAsTeTCsT A3,

B) ecAm ceMeiicTBo BekTopoB NH3, To 1 aAtobast ero wacte AH3;

) ecau ceMelicTBo A3, To 1 Ar06OE copeprraliee ero ceMeiictso A3;

2) ecam AH3 ceMeilcTBO BEKTOPOB HE SIBASIETCSI CUCTEMON 0OPa3yIOLUINX BEKTOPHOI'O IPOCTPAHCTBA,
TO K 3TOMY CEMEMNCTBY MOYXHO A0DABUTH BEKTOP TaK, YTOHBI OHO ocTanrock AHSI.

Ynpl3. a) Aoka’kuTe, YTO IPOCTPAHCTBO MOKET OBITH M30MOPGMHLIM CBOEMY COOCTBEHHOMY IIOAIIPO-
CTPAHCTBY.
6) V3oMOpdHEI AM IPOCTPAHCTBA CTPOK AAUHEL N ¥ M (Ip® N # m)?

VYnpl4. a) PaccMOTpPUM IOCAEAOBATEABHOCTH {Qn fney TAKHUE, ITO (ni2 = Ony1 + Ay (M > 1). Aoka-
JKUTE, YTO TAKUE IIOCAEAOBATEABLHOCTH OOPA3yIOT BEKTOPHOE IIPOCTPAHCTBO M YKAXKUTE KAKYIO-HUOYADL
MUHUMAABHYIO CUCTEMY OOPa3yIOIUX B HEM.

6) To >xe caMoe, HO PEKyPPEHTa TaKasi: Oni3 = Qni2 + Any (N = 1).

Vnpl5. Ilycte S — cuctema obpasyromux K". Aokaxxute, 4To |S| > n.

Vnpl6. ITycte S — cucrema obpasyromux K™ u3 n + 1 BeKTopa. AOKa>kXUTe, UYTO OAUH BEKTOP MOXKHO
BBIKMHYTBH U3 CUCTEMBI 06Pa3yIoNIINuX.

Vnpl7. Aau rpacd. PaccmoTpuM packpacku ero pebep B KpacHBIY M CHHUM IIBETA, AAST KOTOPHIX U3
Ka>XAO¥ BEPINUHBEI BBIXOAWUT YETHOE YKUCAO KPACHBIX pebep. AOKa>kUTe, YTO YUCAO TaKUX PaCKPACOK
SIBASIETCS CTEIEHBIO ABONKU.

Vnpl8. Ecth Tabauma 8 x 8, n3HAYAABHO 3aIlOAHEHHAsT HyASIMU. Pa3pelraercss IpubaBASITh IO 1 K
Afobomy KBappary 3 X 3 uau 4 X 4. Bce Au pacCTaHOBKY OCTATKOB II0 MOAYAIO 7 MOKHO IOAYYUTH?
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Pa3mepHocTb. 11 wions

Onpepenenne. Cucrema obpasyromux S IPOCTPAHCTBA HA3LIBAETCS €r0 6A3UCOM, €CAU BCSIKUAM 3Ae-
MEHT IIPOCTPAHCTBA IIpeAcTaBAsieTcss B Bupe AK aneMmenTOB 3 S eduHcmeerHwvim 06pasoM.

3ameuanue. HeoueBuAHO, CYIECTBYET AK Ha3UC B IPOM3BOABHOM IIPOCTPAHCTBE.

Teopema (0 paBHOCMAbHbIX onpeaenedunsx 6asnca). CaeAyIOmITE YCAOBUSI PABHOCUABHBL:

a) S — 6asmuc mpocrpaHcTBa V;

6) S — AuHelHO He3aBHCHMAsI CUCTEMA OOPA3YIOMIUX IPOCTPAHCTBA V;

B) S AMHENHO HE3aBUCUMO, HO TEPSIET ITO CBOMCTBO IpU A0DaBAeHUU Af0HOro BekTOpa u3 Vi,

r) S — cucrema 0bpasyIOUX IIPOCTPAHCTBA V, HO TepsieT TO CBONCTBO IIPU YAAAEHUU AHOOOTO
BEKTOpA.

TaxuM obpazoM, 6a3mC BEKTOPHOI'O IPOCTPAHCTBA MOJKHO OIIMCATH, C OAHON CTOPOHBI, KaK MUHU-
MAABHYI CUCMEMY 00pa3YOULULT, & C APYTOf — KaK MAKCUMAADHYIO AUHEUHO HE3AB8UCUMYIO ClU-
cmemy. Bo3HuKas Ha y3KOM CTHIKE ABYX IIPOTMBOIIOAOKHBIX KaveCTB, 6a3UChl HE MOTYT He IprobpecTu
IIeHHBbIE CBOMCTBA.

Teopema (0 NMHEHEHO 3aBUCMMOCTU NINHENHbIX KOMOMHAUWiA). Ecau B mpocTpaHCTBe eCTh 6a3uC U3 N BEK-
TOPOB, TO AIOOBIE N+ 1 BEKTOPOB AMHEWHO 3aBUCUMEI. Boaee Toro, Ar0bble N+ 1 BEKTOPOB, IBASIOITAECS
AK n BEKTOpPOB, AMHENHO 3aBUCUMEI.

Cnepacteue (KOppekTHOCTL onpeaeneHns pasmepHoctu). Ecau B mpocTpaHcTBe eCTh 6a3KC U3 L BEKTOPOB,
TO AIOOO# APYyro#l 6asKc TOXXKE COAEPIKUT 1. BEKTOPOB.

Onpepenenne. BeKTOpHOE IPOCTPAHCTBO, UMEIOIIEe KOHEYHBIN 6a31UC, HA3bIBAETCS KOHEUHOMEDPHDIM,
a 9MCAO BEKTOPOB B KXKAOM U3 €ro 6a3MCcoB Ha3BIBAETCS €r0 pasmepHocmato (dim). Ecau B BeKTopHOM
IIPOCTPAHCTBE HET KOHEYHOrO 6a3mca, OHO HA3BIBAETCH HECKOHEUHOMEDPHBIM.

3amevanue. V13 akcmoMEl BEIOOpA CAEAYET, YTO Ha3UC CYIIECTBYET B AIOOOM (HEHYAEBOM) IIPOCTPAH-
CTBE, U 4YTO AIOOBIE ABa 6a3mca PaBHOMOIIHEI.

Vnpl. ABa KOHEYHOMEPHLIX IIPOCTPAHCTBA N30MOP(HEI TOTAA X TOABKO TOTAR, KOTAA UX PA3MEPHOCTH
paBHBL B WacTHOCTHM, Afo60e KOHEUHOMEPHOE IPOCTpPaHCcTBo V m3oMopdHo KmV,

Ynp2. a) K aroboit AH3 cucreme BeKTOpoB (KOHEIHOMEDPHOI'O) IIPOCTPAHCTBA MOXKHO AODABUTH BEK-
TOPHI TaK, YTOOBI IOAYYHACST Hasuc.

6) V3 aroboit cucTeMbl 06pasyomux (KOHEYHOMEPHOI'O) MPOCTPAHCTBA MOXKHO JAAAUTH 4aCThb BEK-
TOPOB TakK, YTOOLI OCTABIINECS 0Opa30oBBIBaAY Ha3wC.

Vnp3. IloaATIpOCTPaHCTBO KOHEYHOMEPHOI'O IIPOCTPAHCTBA KOHEYHOMEPHO. [IpM 3TOM pPasMepHOCTH
COOCTBEHHOI'O ITOAIIPOCTPAHCTBA MEHBIIIE PA3MEPHOCTH IIPOCTPAHCTBA.

Hayky — B Xu3Hb!

Cioxet 1, B KOTOPOM IIOSIBASIFOTCSI IIPOCTPAHCTBA.

1. Aoka>kuTe, YTO MHOXKECTBO BCEX ITOAMHOXXKECTB KOHEYHOT'O MHOXKECTBA HEBO3MOKHO IIPEBPATHUTH
B IIPOCTPAHCTBO Hap Zs3.

2. a) Aau rpad. PaccmoTpuM packpacku ero pebep B KpacHBIN ¥ CHHUI I1BeTa, AASI KOTOPBIX U3
Ka>KAOM BEPIIMUHBEI BHIXOAUT YETHOE YKMCAO KPACHBIX pebep. AOKa>XKUTEe, YTO YUCAO TAKUX PACKPACOK
SABASIETCA CTEIIEHBIO ABOI‘;IKI/I.

6) PaccMoTpuM Temeph Te pacKpacKu, AASL KOTOPBIX M3 KaXKAOW BEPIIUHEI BEIXOAUT (PUKCHPOBAH-
HOE II0 YETHOCTH YUCAO KPAaCHBIX pebep. AOKa’KUTe, YTO YKUCAO TAKUX PACKPACOK SIBASIETCSI CTEIIEHBIO
ABOMKY, UAY K€ UX HET BOOOIIE.
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3. B KaXXAyI0 KAETKY IIaXMaTHONX AOCKM BIIMCAHO IIO AEACTBUTEABHOMY dYHCAY. Paspemraercs 3a
OAVH XOA IPWOaBUTH IO & K AIO6OMY KBappary 3 X 3 uam 4 X 4 (o MEHSIETCSI OT X0Aa K XOAY). Bee am
PaCcCTaHOBKY YUCEA MOKHO IIOAYYUTH?

Croxer 2, B KOTOPOM IIOSABASIIOTCA XapPaKTEPUCTUYIECKUE BEKTOPEIL.

4. B xaacce k peBodek u N > k ManbIMKOB. HEKOTOPEIM MaABYMKaM HPaBSATCS HEKOTOPLIE A€BOYKU.
A OKa>kuTe, YTO HafAETCSI HEKOTOPBIHM HEYCTOM Habop MAaABYMKOB TaKOM, UYTO KaXKAAsl A€BOYKA HPABUTCSI
YETHOMY KOAMYECTBY MAABIMKOB M3 3TOr'0 Habopa.

5. Ectb Tabno u3 AaMmouek pasmepa 8 X 8. 3a X0A MOKHO MHBEPTHUPOBATDL 15 AaMIIOYEK — BCE AAM-
IIOYKY B HEKOTOPO# CTPOKE X HEKOTOPOM CTOADIE. 3a KaKoe HauMEHBIIIEE YUCAO MOKHO NHBEPTUPOBATD
BCE AAMIIOYKY Ha Tabao?

MaT0Oon. 12 wiona

1. Muorounaen p(x) € R[x] creneru n Takos, uto [p(x)| < 1 mpm 0 < x < 1. Aokaxure, 4TO p(—:—l) <
2n+1 —1.

2. TTo xpyry cTOAT 123 KOMIIAEKCHBIX YUCAQ, HE BCE HYAEBBIE. AOKa>XUTe, YTO MOXKHO BEIKMHYTH ABA
COCEAHUX YMCAA TaK, YTO OCTABIIMECST YUCAA HEAB3S pPa3buTh Ha ABe PaBHEBIE IIO0 CyMMe I'DYIIIEL.

3. B Tabammy 8 x 8 BumcaHml YmcAa. 3a OAMH BOIPOC MOYKHO y3HATH CYMMY YHCEA B AIOOOM IIpsiMO-
JTOABHUKE. 3a KaKOe HaUMEHbBIIEe YUCAO BOIIPOCOB MOKHO y3HATH CYMMY YKMCEA Ha AMAroHAAM?

4. Ha ayre AC onucauHO# OKpy>XHOCTH TpeyroabHuka ABC Bribpama Touka P. IIpsmbre AP u CP
nepeceKaroT IpoposskeHus: cTopoH AB u BC B Toukax C; u A; COOTBETCTBEHHO, a IpsiMasi BP mepecekaer
cropory AC B Touke B;. IIpsmeie C;B; u A1B; nepecekator croporsr BC u AB B Toukax X u Y coot-
BETCTBEHHO. J\OKa>kuTe, 9TO IpsaMast XY IPOXOAUT Yepe3 TOUKY IIepecedeHusI CUMEANAH TPEYTOABHUKA
ABC.

5. Aoka>kuTe, 9TO

2012
S v

(Xt —x1) (¢ —%2) + o (x5 — X)) (X5 — Xi1) -0+ (X — X)) >0

i=1

AAST AFOOBIX ITOAOKUTEABHBIX IOIAPHO PA3BAUYHBIX X1,X2,. .., X2012.

6. AoKa>kuTe, 4YTO Ha BCeX pebpax BEIIYKAOTO MHOT'OT'PAHHMKA BCETAA MOYKHO TaK PACCTABUTDL CTPEA-
KU, YTO B Ka’KAYIO BEPIIMHY OYAET BXOAUTH He Honee TPexX CTPEAOK.

7. Nora>kuTe, 94TO 3 2N — | MPPAIMOHAABHOTO YKWCAA MOXKHO BBIOpATh M YKUCEA TaK, YTO CyMMa
AIOOBIX HECKOABKUX BBEIOPAHHBIX YKCEA U3 3TUX N OYAET MppalmoHAABHOM.

8. NokaxuTe, 4TO AASI KAXKABIX ABYX MHOTO4YAeHOB fi(x), f2(x) HaliaeTcss Takof HEHYAEBOM MHOTO-
uaeH P(x,y), gro P(f;(x), f2(x)) =0.

9. Ha mrockocTu oTMedensl 50 ToueK, HUKAKUE TPU U3 KOTOPBIX HE A€XKaT Ha OAHOM mpsamoit. Kocts
COEAMHSIET TU TOYKU OTPE3KaMy, He MMEIOIIIMU APYT C APYrOM ODOIIMX TOYeK (B TOM YHCAE ObIIZX
KOHIIOB). KocTst y>xe mpoBea 16 oTpe3koB. AOKaXkUTe, ITO OH CMOKET IIPOBECTH €Il OAUH.

10. Yererpexyroarauk ABCD Bnucar B oxkpy>xHOCTE ¢ meHTpoM O. [IycTh BTOpBIE TOYKU Ilepecede-
HUS IIap OKPY’KHOCTEMN, OMMCAHHBEIX OKOAO TpeyroabHuKOB ABO m CDO, ACO u BDO, ADO uz BCO
ato K, L, M. Aoxaxkure, uro O — [eHTp BHEBIUCAHHON OKPYKHOCTU TpeyroabHuKa KLM.
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MpuHunn kpaiHero B KOMOMHATOPHOW rEOMETPUN 14 nions

Teopema CunbsecTpa. Ha IIAOCKOCTM HApHMCOBAHO HECKOABKO IIPSIMBIX, IPUYEM dYepe3 IIEPEeCEeUeHUE
AIODBIX ABYX IIPOXOAWT €llle XOTsI OBl OAHA. Toraa BCe IIpsiMBIe IIPOXOASIT YEPE3 OAHY TOUKY.

Cnepcteue. Ha IAOCKOCTHE OTMEUEHO HECKOABKO TOYEK, IIPAYEM HA IIPSIMOM COEAMHSIIOIIEN AIODBIE ABE
AEXKUT €eIre XoTsi 6bI opHA. Toraa BCe TOYKK A€XKAT Ha OAHOM IIPSIMOM.

1. Ha npsimoit ormeuer 2n + 1 OTpe30K, IprueM Ka>XABLI OTPE30K IIEPECEKAETCS C ellle XOTsS OBl N
APYTUMU OTpe3KaMu. AOKa>XUTe, YTO €CTh OTPE30K IIepeCceKaloIuit Bce OCTaAbHBIE.

2. KakoBo HamboAbIllee BO3MOYKHOE KOAMYIECTBO TOUEK B MHOXKECTBE S Ha IIAOCKOCTH, 0OAAAAIONINX
CAEAYIOIIMM CBOMCTBOM: AASL AIOOBIX Tpex Todek A, B, C u3 S, HaliaeTcs Touka D € S Takas, uto A, B,
C, D — BepmuHL TapaAAEAOTPaMMa B KAKOM-TO IIOPSIAKE.

3. Ha maockocTu oT™MedeHo 2n + 3 TouKH; o6mero IIONOJKEHUS, HUKAKNE 9YETBIPE HE ACKAT Ha OAHOfI
OKPY>KHOCTH. rA‘OKaX{I/ITe, 9To HafIAYTCH TPHU U3 HUX TaKHNE€, YTO BHYTPHU U BHE OIIMCaHHOM BOKDPYT' HUX
OKPY>XHOCTHU A€XXKaAT IIO . TOYEK.

4. NoKa>kuTe, UTO Y BBIIIYKAOI'O MHOTOYTOABHUKA CTh He 60oAee OAHON TPUAHTYASIINY AMATOHAASIMY,
BCE TPEYTOABHUKY KOTOPOH OCTPOYTOABHEL.

[nsa camocTosiTeNIbHOro peLleHuns

5. Ha mAocKocTH OTMEYEHO HECKOABLKO KpPaCHBIX X HECKOABKO CHHUX IIPSAMBIX, IIPUYEM YEPE3 IIEPE-
ceueHMe AIODBIX ABYX OAHOIIBETHBIX IIPOXOAMT €III€ XOTs OBl OpHa APYTOr'o IIBETA. AOK&?KI/ITG, 9TO BCE

IIPsIMEBIE IIPOXOASAT Uepe3 OAHY TOUKY.

4
6. Ha mrockocT paconoskeHo {gn IIPSIMOYTOABHMKOB CO CTOPOHAMHY, ITaPAAAEABHBIMHI OCSIM KOOP-

AuHAT. V3BecTHO, 4TO AI06OH IPSIMOYTOABHUK IIEPECEKAETCS XOTS OBI C N IPIMOYTOABHUKAMU. AOKa3aTh,
YTO HaMAETCS IPSIMOYT'OABHUK, IIEPECEKAIOIINICST CO BCEMU IIPSIMOYTOABHUKAMU.

7. N > 3 TouyKu Ha IIAOCKOCTU YCTPOEHEI TaKUM 0Opa3oM, YTO CPEAM MX IIOMAPHBIX PACCTOSIHUMA €CThb
TOABKO N pasAmYHEIX. Aokaxkure, aTo N < (n + 1)2.

8. HeCKOABKO EAMHUYHEBEIX KBAAPATOB C IIapaAAEABHBIMEI CTOPOHAMY AEXKAT Ha ImAocKocTu. OHE pac-
KpallleHbI B N IIBETOB TaKUM, 0O6pa3oM, UTO CpPeAM AIODOBIX N KBaAPAaTOB PAa3HBEIX IIBETOB KaKWE-TO ABa
MO>KHO IPUOUTH K IIAOCKOCTH OAHUM I'BO3AEM. AOKa KUTE, YTO HAWAETCS IIBET, BCE KBAAPATHI KOTOPOTO
MO>KHO IIPUOUTDH K IIAOCKOCTH He boaee ueM 2n — 2 TBO3ASIMU.

CkanapHoe npoun3BefeHue. 15 nions

Onpepenenne. Ilycte K — moae, u = (Wy,...,w,) # v = (vy,...,v,) — BekTophl u3 K". IToroxxuMm
(U, v) =wvi + - - - + Uy vy (ckanaproe npoussederue BEKTOPOB U 1 V).

Vnpl. CBoiicTBa CKaASIPHOI'O IIPOU3BEAEHUSI:

a) (w,v) = (v,u);
6) (au+ Bv,w) = o{u,w) + B{v,w);
B) Ecam oqvy + -+ 4+ ogvs = 0, To 1 (v1,V) +... + as(vs,v) = 0.

Onpepenenne. BekTope! U, v € K" Ha3BIBAIOTCS 0PMO20HAALHBIMUY, eCAT (1L, V) = 0.

Vnp2. MosxeT AM HEHYAEBOM BEKTOP OBITH OPTOTOHAABHBIM caMoMy cebe?
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Vnp3. Aoka>kuTe, YTO AI0DOOM HAabOp IOMAPHO OPTOrOHAABHBEIX HEHYAEBHIX BEKTOPOB B R™ AMHEHHO
He3aBUCKM. Ha Kakue moasi, moMuMo R, IIepeHOCUTCS 3TO CBOMCTBO?

3apava 1. B ropoage >KUBET N YEAOBEK U UMEETCS HECKOABKO KAYOO0B. I3BECTHO, YTO B Ka>KAOM KAybe
COCTOUT HEYETHOE YUCAO YNEHOB, a AIODBIE ABAa KAYDa Pa3sAMYAIOTCS II0 COCTABY U MMEIOT YETHOE YUCAO
061X YAEHOB. J\OKAXKUTE, YTO KOAUIECTBO KAYOOB B TOPOAE HE IIPEBOCXOAUT M.

Onpepenenne. Ilycts M — moamuoxecTBo K™. IToroskum M+ = {v|(v, M) = 0} — opmozorasvroe
donoaHeHue K MHOXeCTBY M.

Vnp4. a) Aokaxure, uro M* sBasiercs moampocrpascTBoM. 6) Kak cessamer (M)t m M?
B) [Iycte M — moampocrpancTso. Aokaxkure, uro dimM + dimM*+ = n. r) IIycte M — moampo-
crpanCcTBO. AoKaxkure, uTo (M+)+ = M.

3apava 2. KakoBo HamboABIIIEE BO3MOKHOE KOAMYIECTBO IIOAMHOXKECTB 100-3A€MEHTHOI'O MHOXKECTBA,
TaKWUX, 9TO IIEPeCEYEHNE AIOOEIX ABYX (BO3MOJKHO, COBIIAAAIOIINX ) U3 HUX COAEPKUT YETHOE KOAUIECTBO
SAEMEHTOB?

,D,J'ISI CaMOCTOATEJIbHOI0O peeHns

1. B ropoae k cynpy>xeckux map u n KAy6oB. VI3BeCTHO, YTO AAST MY KYIUHEL U JKEHITTUHBI KOAXIECTBO
KAy0OB, B KOTOPHIX OHM oba OBIBaAM, HEUYETHO TOI'AA X TOABKO TOTAQ, KOTAA OHU — MY>XX U >KeEHa.
Aokaxure, uTo k < n.

2. B KIMax Eaunoit I'ocyaapcreernoit Oaumnuaasl (EI'O) n BompocoB ¢ OTBETaMU «Ady U «HETS,
3a KaXXABI IIPAaBUABHBIN OTBET HauucAsieTcs 1 nmepBuuHbIR 6aar. BEI'O cpaBaau K y9acTHUKOB, ¥ IIpU
9TOM OHM AAAM TaKO# Habop OTBETOB Ha BOIIPOCHI, YTO IKCIEPTHAST KOMUCCUS MOJKET TaK IPUINCATH
IIOAOKUTEABHBIE BECAa BOIIPOCaM, YTOOBI YYACTHUKU PACIOAOKUAUCHL IO UTOTOBBIM bansraM B Ar0bOM
HY>KHOM IOpsiaKe. AokasxkuTe, uTo k < n.

3. (Hepasencteo ®uwepa). Ilycts Ay, ..., A, — pa3sAUYHbIE HEIYCThIE IOAMHOKECTBA N-3AEMEHTHOI'O
MHOKeCTBa. HcAu IepecedeHUne AIOOBIX ABYX Pa3sAWYHBIX U3 HUX COCTOUT X3 | 3AEMEHTOB, TO M < M.
Yxazauue: A3 Hap Q.

WNusapuant [eHa. 16 nons

Vnp0. Mo>XHO AM KPYT pa3pe3aTh HAa KOHEYHOE YUCAO YaCTeW IO OTPe3KaM U AyraM OKPY >KHOCTEM,
¥ COCTABUTH M3 HUX KBaApaT?

Onpl. ABa MHOTOTpaHHUWKA HA3BbIBAIOTCS PABHOCOCMABAEHHbIMU, ECAY OAUH U3 HUAX MOXXHO paspe-
3aTh Ha KOHEYHOE YMCAO MHOTOI'PAHHBLIX YACTel, U3 KOTOPHEIX MOYKHO COCTAaBUTH APYTOi.

3-a NPOBJIEMA T'MJIbBEPTA: BepHO AH, YTO AIODBIE ABa MHOTOT'PAaHHUKA PAaBHOTO 0ObEMa PaBHOCO-
CTaBAEHBI?

Onp2. IIycts y MHOrorpanumka M (a Tak)ke MHOIOTPAaHHON IIOBEPXHOCTY, HANPUMED, HEYTO THIA
Topa) n pebep, ly,...,l, — AAUHEL 5TUX pebep, @1, ..., P, — BEAUUIUHBLI COOTBETCTBYIOUINX ABYTDAHHBIX
yrAoB (M3MepeHHEBIE B paAMaHax ). ByaeM paccmarpusaTs Habop map (1, ©1), - - -, (ln, ©n). IIycts f: R —
R — mHexoTopasi addumuseHas QYHKIWMs, AAsT KoTopol f(71) = 0. Beanmuuna

F(M) =) Lf(@)

Ha3bIBA€TCA UHEBAPUAHITIOM ACHCL MHOI'OI'PaHHNKA.

BOI'IpOC. HaAO AY AOKa3BIBAThE KOPPEKTHOCTL 3TOI'O OHpeAeAeHI/IEI?
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3amevanue. Byaem paccMaTpuBaTh Takyke HabOpHI, IOAYYEHHbIE He M3 MHOT'OI'PAHHUKOB (CKasKeM,
mycToit Habop, uAY HAbOPHI, TAE ECTH OTPUIATEABHEIE ;).

Onp3. C HabopoM MOKHO IIPOBOAUTE B Ty MAM OOPAaTHYIO CTOPOHY CAEAYIOIIUE IPeobpa3oBaHUs:
1. mapy (1, @) 3amensts AByms mapamu (U, @), (17, @), rae '+ 17 =1,

2. mapy (1, @) 3amensts aAByMs mapamu (1, @’), (1, @"), rae @’ + @” = ¢ (mocrepHEe PaBEHCTBO IO
MOAYAIO 271K);

3. BrIKEALBIBaTh mapksl Bupa (0, @) uaum (1, 7tk), rae k — menoe.
Habopsl m0006Hbl, €CAY OHE IIOAYYAIOTCS APYT U3 APYyTra OAHAM MAY HECKOABLKUMY U3 TaKUX IIPE06-
pa3oBaHuTil.

Vnpl. HaitauTe HabopEl, mop0bHBIE HabopaM Kyba ¥ IPaBUABHOTO TETPA3APA.
Vnp2. Ecau HabopEl TOAOOHEI, TO UX MHBAPUAHTHI A\€eHa pPaBHEI.

Teopema [ena, 1902. a) Ecauz MHOrorpaHHmK M cOCTaBA€H X3 MHOTOIpaHHZEKOB M;, To F(M) =
2 F(My).

6) EcAaz ABa MHOTrOrpaHHWKA PABHOCOCTABAEHBI, TO X MHBAPMAHTE! AeHa PaBHBI.

Ynp3. a) AokaxkuTe, ITO apAUTUBHAS PYHKIUSA Q-AruHelHa.

6) AokaXkuTe, 9YTO U3 AI06Or0 Habopa MOKHO BBIKAABIBATE IIapy (a, %7‘[) C COXpaHeHVWeM WHBapUaHTa

AeHa.

Vnp4. Mo>xxHo Tak BeIOpaTh pyHKIUIO f, 4ToOB MHBapuaHTEl AeHa Kyba U IPaBUABHOI'O TETpPa’sppa

6p1AM OBl pasamyuHbl. CAepOBaTEABHO, KyO U IPAaBUABHBIA TETPasAp HE PAaBHOCOCTABAEHEI.

Vnp5. Vroa arccos(%) He com3MepuM C 71, ubo ObOIIEeU3BECTHO: €CAUM (p COM3MEPHUM C 7T U COS p —

pammoHaaeH, To cos @ =0, +1 uam i%. (u3peBaTeanbcTBO: cos(2a) = 2cos(a)? — 1)

Teopema Hena-Cupgnepa, 1965. Ecam y AByX MHOTOT'PaHHUKOB OAMHAKOBEI OOLEMEI I PaBHBI BCE MHBA-
pHaHTHI A€Ha, TO OHU PaBHOCOCTABAEHEL.

,D,J'ISI CaMOCTOATEJIbHOIO peeHna

1. NoraxuTe, YTO IapaAAEAENIUTIEAL] C PABHBIMY OObeMaMy PaBHOCOCTABAEHHI.

2. PaccMOTpEM TETPa’Ap, ¥ KOTOPOTo Tpu pebpa paBHBI U B3aUMHO IEPIEHAUKYASIPHBL AOKa>XUTe,
YTO OH HEe PAaBHOCOCTAaBAEH IIPAaBUABHOMY TeTPasApY, X He PaBHOCOCTABAEH KyOy.

3. AOKa>kuTe, YTO IPAaBUABHLIN TETPa3AP HEAB3SI Pa3pe3aTh Ha HECKOABKO IIPABUABHEIX TETPA3APOB.

MNMopcuet yncna opbur. 17 nions

1. a) CroabkUME CIOCOGaM¥ MOYKHO PACKpacUThb rpaHu Kyba a) B ILIeCTb 1IBETOB; 6) B Tpu uBera?
Bce 1BeTa AOAYKHBI IPUCYTCTBOBATD.

2. CKOABKO Pa3AMYHBIX OXKepeAnit u3 10 6YCMHOK MOXXHO COCTaBUTD, ECAY MMEETCSI 2 OYCUHKY CHHETO
I[BETa, 3 — 3€AEHOro X 5 — KpacHoro? a) OXKEpeAbsl MOYKHO BpAIaTh, HO HEAb3sI II€PEBOPAYUBATD; 6)
O’Kepeabsl MOJKHO ¥ BpalllaTh, ¥ II€EPEBOPAYNBATE.

3. CKOABKO UMEETCS PA3SAMYHBLIX PACKPACOK BEPIIWH KBaApaTa He boaee WeM B 2 IIBETA, €CAY OAWHA-
KOBBIMU CUUTAIOTCS PACKPACKHY, IOAyYaeMble APYT U3 APYyTa IOBOPOTaMu?

4. TlocuuTaiiTe YUCAO PACKPACOK OXKEPeAbsi U3 P (p — IpocToe) 6YCHHOK B @ LIBETOB (HE BCE IIBETA
06s13aHBI IPUCYTCTBOBATD), X AOKA)KUTE MaAyio Teopemy Pepma.
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Onpl. IIycte G — HeKOTOPEIM Habop mpeobpasoBauuit MHOXKeCTBa X. Opbuma 3neMeHTa X € X OTHO-
CUTEABHO G — MHOXECTBO TaKUX SAEMEHTOB Y € X, B KOTOPHIE MOKHO IIEPEBECTH X IIPEOOPA30OBAHUSIMU

u3 G.

5. IIpeobpazoBanue X — X+  Ha BEIECTBEHHBIX YMCAAX HA3EIBAETCSI CABUTOM. [IycTb Gi — COBOKyII-
HOCTH CABUI'OB Ha BCEBO3MOKHEIE ITOAOKUTEABHBIE YMCAd, G, — HA BCEBO3MOJKHBIE HEOTPUIIATEABHEIE
ymcaa, Gz — Ha BCEBO3MOKHEIE IEABIE YUCAA. ONUIIUTE OPOUTHI YKUCAA V2 orHOCHTEABHO G 1,G2,G3. B
KaKUX CAyYasiX BCE BEIIECTBEHHBIE YMCAA PA3bUAUCH HA HEIEPECEKAIONINECST OPOUTHI?

BaxHoe ynpaxHenune. Kakue mMeHHO cBOicTBa (G obecnedumBaioT pa3bueHre Ha HEIIEPECEKAIOIIUECSI
opbuThI?

BbiBoa. PasyMHO paccMaTpuBaTh HE IPOU3BOABHEIE MHOXKECTBA IIPe0Opa30BaHMi, a TOABKO T€, KOTO-
pble obpasyioT 2pynny. Besae B panbHeleM 6yAeM 3TO IPEAIOAATATD.

MocTaHoBka 3agaun. Kak HaiiTu yucao opbur?

6. [ITpuaymMaiiTe rpynnbl mpeobpa3oBanmii, opbuTaMy KOTOPBIX OBIAK OBI:
a) 4ucaa, AAIOLINe OAMHAKOBEIE OCTATKY II0 MOAYAIO 5;

6) Bce mapaAreABHEIE MEXAY CObO# IIpsiMble HA IIAOCKOCTH;

B) BCe KOHIIEHTPUYECKUE OKPY>KHOCTY C (PUKCUPOBAHHBIM LIEHTPOM;

I') BCe IPaBUAbHEIE 10-yTOABHUKY C AQHHBIM IIEHTPOM;

A) AyYM, UCXOAAIINE U3 AAHHOM Touku (6e3 Hee camoil).

Mpeanoxenne. Ecau Bce mpeobpasoBanus u3 rpynnbl G, KpoMe TOXKAECTBEHHOI'O, HE MMEIOT HEIO-
ABUKHEIX TOYEK, TO AAMHA KaXKAOM opbuTel paBHa |G|, a 9MCAO OPOUT paBHO..............

Mopanb. B curyamuu, onucansoir B [IpearoskeHnr, HANTH IUCAO OPOUT OYEHDL AETKO — TaK KaK OHU
OAMHAKOBOU AAMHBI. Ho opbuTsl 6BIBaIOT ¥ pasHO# AAUHEI. OUEeBHAHO, 9TO CAYYAETCH, KOTAd B rpynne G
€CTh HETOXXKAECTBEHHBIE IIPe0OpPa30BaHMsI, UMEIOIINE HEITOABUYKHEIE TOYKM. TeM CaMBbIM IOACYET YHCAA
OpOUT HAIPSMYIO CBSI3aH C U3YUEHUEM HEIIOABUIKHEIX TOo4eK. MTak, Haao u3yyatb HENOABMXKHbLIE TOYKMU.

Ewe mopanb. DAeMeHT a HETOABUIKEH OTHOCUTEABHO IpeobpasoBaust ¢, ecam g(a) = a. [Tosromy
HEIIOABUJKHBIE TOYKY MOKHO U3y4aTb C ABYX CTOPOH: «CO CTOPOHBI G» U «CO CTOPOHEBI g». [IpuxopuMm K
ABYM OIIPEAEAEHUSIM.

Onp2. Cmabusrusamop G, aneMeHTa X € X — 3TO TaKOe MHOXKECTBO IIpeobpa3oBanuil u3 G, KOTOpEIE
IIEPEBOAAT X B Cebst. |G| — YMCAO SAEMEHTOB B CTaOMAU3ATOPE.

Onp3. Fix(g) — 4#CA0 HETOABMIKHEIX 3AEMEHTOB IPe0bOPA30BaHUS (.

7. B 3apaue 3 HalipAuTe CTaOMAM3ATOPHEI BCEX SAEMEHTOB U UWCAO HEITOABUIKHBIX 3AEMEHTOB BCEX
Ipeobpa3oBaHUIA.

8. Aoka>kuTe, 94TO

a) ecAu X,y € X Ae>KaT B OAHOU OpbuUTe, TO KOAMIECTBO Ipeobpa3oBaHuil, IEPEBOASIINX X B Y, PABHO
YUCAYy IIpeobpa3oBaHui, IEPEBOAIIINX X B X. CAep0BaTEABHO, 3TO YUCAO HE 3aBUCHUT OT X ¥ |, ¥ PaBHO
|Gl

6) cyMMa MOITHOCTEHl CTAabUAU3ATOPOB TOYEK OAHON OpPOMTHI paBHA |G|; IOTOMY AAUHA OPOUTEI
Touku X pasHa |G|/|G4|.

B) CyMMa MOIIHOCTe CTabMAM3aTOPOB BCeX TOUeK MHOXKeCcTBa X B |G| pa3 6oabIre, YeM KOAXIECTBO
opbur;

I') CyMMa MOIITHOCTEH CTabUAM3aTOPOB BCEX TOUEK PaBHA CyMMe MOUTHOCTEN MHOMKECTB HETTOABU KHBIX
9€G Fix(g).

Jlemma [He] BepHcaiipa. [Iycte G — rpymnmna npeobpasoBanuil MEO>KeCTBA X. HUCAO OpOUT, Ha KOTOPHIE
MHO>XEeCTBO X pa3bMBaeTCs oA AEHUCTBUEM I'Pynnbl G, paBHO

éZFix(g).

geG

3/eMEHTOB BCeX IpeobpasoBanmit 3 G: ) . |Gyl =
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3ameuanue. [Ipunoxxeruss popMyAsl BepHcaiiaa K pelreHnio 3aAad OCHOBAHEI Ha TOM, UTO HAXOAUTH
YUCAO HENTOABUIKHBIX TOUEK IIPeobpa3oBaHUsA 4acTO OLIBAaeT Aerde, YeM AAUHBI OPOUT.

9. ITocyuTaiiTe YUCAO PACKPACOK OXKEPeAbsi u3 p (p — mpocToe) BYyCHMHOK B a I1[BeTOB (He BCe LIBETA
06sI3aHBI IIPUCYTCTBOBATD ), ¥ AOKa)KUTE Maayio TeopeMmy Pepma.

10. a) Ecau mepecTaHoBKa O sIBASIETCST DUKAOM AAmEEL N, a HOA(k,n) = d, To mepectarnoBka o*
SIBASIETCSI Tpon3BeAeHrEM d IIMKAOB AAMHEL 1/ d.

6) CroABPKUME CIIOCOOAMU MOXXHO PaCKPAaCUTh CTOPOHBI IIPABUABHOTO N-YTOABHUKA B A I[BETOB (OT-
HOCUTEABHO ABIKEHUH [IAOCKOCTH, COXPAHSIIOIINX OPUEHTAINIO)?

11. CroabKuME cITocObaMu MOYKHO PacKpPacuTh I'paHu Kyba B He 60Aee UeM B a IIBETOB (OTHOCUTEABHO
ABVDKEHUI IIPOCTPAHCTBA, COXPAHSIIOIINX OPUEHTAIINO)?

Mat6oin npocn9-npocdul0. 17 wions

1. B psia BBICTpPOEHO N GIOPOKPATOB PA3AWYHOIO BeCa, B IOPSAKE BO3pACTaHUS BecoB. Hemycroe
MHOZKECTBO DI0POKPATOB Ha3BEIBAETCS NPABUADHDBIM, ECAU BMECTE C KaKABIMU ABYMsI OI0pOKpaTaMy OHO
COAEP>KUT U BCeX DI0OPOKPATOB IIPOMEXXYTOUHOTO BeECa MEXAY HuMU. Karoe HambOABIIIee YUCAO Pa3ATY-
HBIX KOMUCCUN MOXHO 06pa3oBaTh U3 3TUX N OIOPOKPATOB, ECAU IIEPECEUEHNE NAIODOBIX ABYX Pa3AUIHBIX
KOMUCCUY AOAKHO OBITH IPABUABHBIM MHOXXECTBOM?

2. PaccmoTpuM MHO>XKECTBO A BCEX IIOCAEAOBATEABHOCTEM AAMHBI Nl C IAEMEHTAMU U3 Z), C OOBIYHON
omeparuel CAOXKeHUsT mocaepoBarerbHOCTed. Pynruus f : A — A obrapaeT AByMs cBoicTBamu: 1)
f(0) = 0; 2) ecAu IOCAEAOBATEABHOCTH G ¥ b OTANYAIOTCS POBHO B k IIO3WIIUSX, TO IOCAEAOBATEABHOCTH
f(a) z f(b) To>xe oTAMYarOTCsT POBHO B K mo3uiusix. AokaXkuTe, 4To ecar a+b+c¢ =0, To f(a)+f(b) +
f(c) =0.

3. AoKa’kuTe, YTO HEBO3MOXKHO Pa3buTb 190 mOoCAeAOBATEABHBIX HATYPAABHBIX YMCEA Ha ABa HEIe-
PECEKAIOIIMXCS MHOMKECTBA TaK, YTOOLI IIPOU3BEAEHUST YUCEA B 3TUX ABYX MHOKECTBAX OBIAYM OBI paBHHI.

4. Ha maockocT: pAaHO N > 4 TOYEK, IIOIMAPHO COEAMHEHHBIX OTpPe3KaMU. A\OKa>XUTe, UTO €CAU BCE
9T OTPE3KYU MMEIOT IIEAYIO AAMHY, TO XOTsI ObI 1/6 3TUX OTPE3KOB UMEET AAMHY, KPATHYIO 3.

5. Ha nmaockoctz ects 2009 Todek obIIero moro>xeHus. J\OKa’kKUTe, YTO YUCAO TPEYTOABHUKOB, B
Ka>KAOM U3 KOTOPBIX AEKUT Aobast (PUKCHPOBAHHASI U3 ITUX TOUeK (CTPOro BHYTPH), YETHO.

6. EcTb HECKOABKO I'OPOAOB, HEKOTOPBIE M3 KOTOPHIX COEAMHEHBI He Hoaee WeM OAHOM AOPOTOH, U3
Ka>XAO0T'0 TOPOAA BEIXOAUT POBHO 4 AOPOI'M, COOTBETCTBYIOIMIUY I'pad IAaHapeH. Bacs Brlexaa Ha MallnHe
73 ropoaa A IIO IPOM3BOABHOMY Pebpy, a 3aTeM Ka’KABIM pa3 exan IO «CpepHEl» AOpore, IIOKa eMy He
Hapoeno. 3aTeM [leTst Brlexaa Ha MaIlMHE U3 ropopa B # A 10 IpOoM3BOABHOMY Pebpy, a 3aTeM Ka>KABIHA
pa3 exan IIO «CpepHel» Aopore, IIOKa eMy ToXXe He Hapoeno. B mrore okazanoch, uro Ilerss m Bacs
TOOBIBaAM B COBOKYIIHOCTM BO BCEX I'OPOAAX, IIPUYEM HET I'OPOAA, B KOTOPOM OHU IIObBIBaAu 6Bl 06a,
UMY >Ke ABaKABL. A\OKa>XUTe, YTO YUCAO TOPOAOB UETHO.

7. BayTpu Tpeyroabauka ABC Bribpana Touka P TakuMm obpasom, uro /PAB = /PCB = %(AA—FAC ).
BL — buccekTpuca 3Toro TpeyroabHuKA. [Ipsimasi PL mmepecekaeT OMMCaHHY0 OKPYKHOCTh TPEYTOABHIKA
APC B Toure Q. Aokaxkure, uTo npsamas QB — buccexkrpuca yraa AQC.

8. Nan muorouner P(x) = x*+ax3+bx?+cx+d ¢ panumonasbuEMu KosdbdunuerTamu, mpraeM d < 0.
[Tpou3BeaeHME KaKUX-TO ABYX KOpHel P(x) pammoHaAbHO. \OKa*KUTE, YTO UX CYMMA TOXKE PaIllIOHAABHA.

9. Cyay npepbsBaensl 100 opArHAKOBEIX C BuAY MOHET. Cya y’Ke YCTAaHOBUA, UTO CPEAM HUX €CThb 2
uAu 3 panbIIUBLIE, BCe HACTOSAIIVE MOHETHI BECAT OAVHAKOBO, (DaABIIUBEIE - TOXKE OAMHAKOBO, HO AErde
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HacTOSAmUX. AABOKAT 3HAET, KAaKME MOHETHI Ha caMoM Aene danbmuBble. MoxeT Au oH yOeAUTH CYA,
4TO (paABIIMBLIX MOHET TPH, a HE ABE, HE PA3TAACUB HU IIPO KaKyIO MOHETY (paAbIIMBAsI OHA MAY HACTO-
simasi? (AABOKAT AOAYKEH AEAATH B3BEIIWBAHUS Ha JAIEYHEIX Becax 6e3 rupb. YUCAO B3BEIIUBAHUY HeE
OT'paHUYeHO. 3allpelleHbl B3BEIIWBAHUS U PYIILI B3BEIIMBAHUMN, U3 KOTOPHIX AOT'MYECKU BBLIBOAUTCS,
YTO KOHKPETHAsI MOHETa (PaABbIINBAST UAYM HACTOSIIIASI. )

10. YerepexyroabHuk ABCD siBAsiETCSTI OAHOBPEMEHHO BIMCAHHBIM M OIMCAHHBIM. BIKXCcaHHAasI
OKPY>XHOCTB KacaeTcs ero cTtopoH AB u CD B Toukax X u Y cooTBeTCTBEHHO. [lepeHAUKYASIPEI, BOC-
craBaeHHbIE K cTopoHaM AB 1 CD B Toukax A u D cOOTBETCTBEHHO, IIepeceKatoTcs B Touke U, mepren-
AUKYASIPEL K HAM K€ B TOYKax X ¥ Y IIEPEeCceKaloTCs B TO4UKe V, ¥, HaKOHEIl, B ToukKax B u C — B Touke
W. Aoxaxure, uto U, V, W aexxaT Ha opHON IPSIMOA.

Mat6oin onbiTHble Nnpocpnl0 — HeonbITHLIE NpenogaBaTenn. 17 wions

1. Touka P maxopuTCcs BHyTpu ocTpoyroabHOro Tpeyroabauka ABC, Ay, By, C; — Tourm, cuMmmeT-
puusble P orHOCHTEABHO CcTOpOoH TpeyroabHuKa ABC. Oxkazanock uTo mectuyroabEuk AB;CA;BC; —
OIIMCaHHBINA. N\OKakuTe, ¥T0 P — Touka Toppuduearu (T.e. TOYKa BHYTPH TPEYTOABHUKA, U3 KOTOPOH
BCe CTOPOHBI TpeyroabHrKa ABC BUAHBI II0OA PaBHEIMU YTAAMH).

2. HazoBeM HaTypaAbHOE YUCAO L Mo%HOU CMeneHsro, eCAX OHO UMeeT Bua N = m* mpu m, k > 1.
CymecTByeT A1 Takoe MHOKeCTBO 13 2012 HaTypaAbHBIX YHUCEA, ¥ KOTOPOI'O CpeAHee apudMeTIIECKOe
AIODOTO HEIIYCTOTO IIOAMHOYKECTBA SAEMEHTOB SIBASIETCS TOYHON CTEIIEHBIO?

3. Ilycts a4,...,Qn, by, ..., b, — HEOTpPUIIATEADHEIE BEIIECTBEHHLIE YUCAA. J\OKA*KUTE, ITO

Z min{aiaj, blb]} < Z IIliIl{(l'lbj, Cljbi}.

Lj=1 ij=1

4. Ectp KapTouku ¢ yucaamu oT 1 po 100. PoKyCHUK C IOMOUIHMKOM XOTST II0Ka3aTh Takoi poKycC.
3puTeAb BEIOMpPaET ISATH KAPTOUEK, OTAAET UX IIOMOIITHUKY, TOT BEIOMpaeT U3 HUX YeThIPe, X B KAKOM-TO
IOPSIAKE BBIAAET DOKYCHUKY. POKYCHUK YraAbIBAT OCTABIIYIOCS IATYIO KapToukKy. Kak moxkasaTh Takoi
doxyc?

5. Ha mrockocTu pamo M > 4 TOdeK, IIONapHO COEAMHEHHEBIX OTpPe3KaMu. AOKa’XUTe, YTO €CAU BCe
9TU OTPE3KYU UMEIOT IIEAYIO AAUHY, TO XOTsI ObI 1/6 3TUX OTPE3KOB UMEET AAMHY, KPAaTHYIO 3.

6. EcTh HECKOABKO T'OPOAOB, HEKOTOPHIE U3 KOTOPBIX COEAMHEHEI He OOAee YeM OAHON AOpOroi, ms
Ka’KAOT'0 I'OPOAA BBIXOAUT POBHO 4 AOPOTH, COOTBETCTBYIOUINI I'pad IAaHapeH. Bacs Bblexaa Ha MallIrHE
73 ropopa A IO IPOM3BOABHOMY Pebpy, a 3aTeM Ka’KABIM pa3 exaA II0 «CPEeAHEH» AOpOore, IIOKa eMy He
Hapoeno. 3aTeM [leTs Bhlexan Ha MalluHe U3 ropopa B # A 1o mpom3BOABLHOMY pebpy, a 3aTeM KasKABIHA
pa3 exaa IO «CpepHeil» AOpore, IOKa eMy TOXXe He Hapoeno. B mTore okasanock, uto llers u Baca
IOOBIBAAM B COBOKYIIHOCTK BO BCEX I'OPOAAX, IPUYEM HET I'OPOAA, B KOTOPOM OHU IIObmIBaam OBI 004,
UMY >Ke ABaKABL. A\OKa>XUTe, YTO YUCAO TOPOAOB UETHO.

7. HaitawTe Bce maphel IPOCTHIX YuceA (P, q), AAS KOTOPHIX cpaBHeHme a’Pd = a (mod 3pq) BhImOA-
HEHO AAS BCEX A € Z.

8. ©®ymrnus f : R — R Taxosa, gro |f(x +y) — f(x) — f(y)| < 1 ansg amobeix X,y € R. Aokakure, 9TO
Ha¥AETCS Takasi apAAUTHUBHAs QYHKIUS ¢ : R — R, uto |g(x) — f(x)| < 1 aast aroboro x € R.

9. ASryIIKa OIpPHIFAET II0 KOOPAMHATHON IIAOCKOCTH M3 Hadaaa KOOPAMHAT. [locae KaXkKAOTO IPBEIKKA
OAHA U3 ee KOOPAMHAT YBEAWYMBAETCS Ha 1, a Apyrast He MeHsIeTCs. J\OKa>KUTe, YTO HAMAETCS IpsiMasi,
copepkamasi He MeHee 1000000 Todek, B KOTOPBIX IOOBIBaAa ASATYIIKA.
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10. AaH BEINYKABIH IIECTHYTOABHEK. I[IyCcTh § — cyMMa AAUWH TPEX OTPE3KOB, COEAMHSIOIIUX CEPe-
AVHEBL €70 IIPOTMBOIIOAOKHBIX CTOPOH. AOKa>kUTe, YTO B HMIECTUYTOABHUKE CYIIECTBYET TOYKa, CyMMa
PaCCTOSTHUM OT KOTOPOM AO IPSIMEIX, COAEP>KAIlINX €r'0 CTOPOHDBI, He IIPEBOCXOAUT S.

[1Be CTOpOHbLI MMHERHOCTU: MATEMATUYECKAA JIMHENHOCTb. 19 nions

MotuBanus. Aar TpeyroavEuK ABC. Ilycte A7 m By — ocHOBamus 6uccekTpuc u3 Bepmne A u B coorset-
CTBEHHO. A\OKa’KUTe, YTO AASI AfoDOl Touku X Ha oTpe3ke ABj BBIIOAHEHO paBeHCTBO A+ b =c,rae a, buc —

paccrosiausi oT X A0 BC, CA u AB cooTBeTCTBEHHO.
Onpepenenne. @yuruus f: R? — R HasbBaeTcs aureliHol, eCAl AAS Aroboit Tourm C, Aeasmeit

oTpe3ok AB B oTHomeHuu a : b, BeImoAHeHO paBeHcTBO: f(C) = mf(A) + ﬁ‘bf (B).

Onpegenenve. Pyrrnus f: R? — R HaseiBaeTcs auHetinoml, ECAK CYIIECTBYIOT d, b, C TaKue, UTO AAS
Aroboit Touky (x,y) mrockocra f((x,y)) = ax + by + c.

Mpumep. OpueHTUPOBAHHOE PACCTOSHUE AO IIPSIMOM AMHERHO.
Mpumep. OpuenTHpPOBaHHAS IIAOIIAAL AMHEHHA.
1. Aoka>xuTe, YTO ABa 3TUX OIPEAEAEHUS PABHOCUABHEL.

2. VI3 AmHEHHOCTH Op. MAOIIAAY HaliAUTEe OPUEHTUPOBAHHYIO IIAOIIAAL TPEYTOABHUAKA C BEPIIUMHAMEA
(0,0), (x1,y1), (x2,42).

3. a) VI3 AuHEHHOCTH Op. PACCTOSIHUSI OT TOYKY AO IPSIMOM HaWAWTe OPMEHTUPOBAHHOE PACCTOSIHUE
ot Touku (0,0) po mpsmoit ax + by + ¢ = 0.

6) HaitauTe paccTostHEE OT TOYKH (Xg,Yo) A0 mpsiMmoit ax + by + ¢ = 0.

YTo ecTb MHOXKECTBO HYAEH AMHENHON (PYHKIUAU? ...

4. Noxra>KuTe, YTO OCHOBAHUSI BHEITHUX OMCCEKTPUC TPEYTOABHUKA AEKAT Ha OAHOW IIPSIMOIA.

5. Cepeputnl oTpe3koB A A, B1B;, C;C; AexkaT Ha opHOM IpsiMoOi. AOKA)KUTE, YTO 8 TPEYTOABHIKOB
AiB;Cy MOXXHO TaK pa3buTh Ha 2 IPYIIEL, YTO CyMMBI IAOIIaAel B IPyIIax PaBHEL.

6. IIycts y geThIpexyroabauka ABCD IpoTMBOIOAOKHBIE CTOPOHBI IIEPECEKAIOTCT B Toukax P u Q.
Aokaxkure, 9T0 cepearHEl oTpe3koB AC, BD u PQ aexxar Ha opHO# npsimoit (npamas [aycca). A ecan
ABCD omucas, To TaM >Ke AEKUT U IIEHTP BIXCAHHON B HErO OKPY’XKHOCTZ (meopema Hvromowa).

7. B uerbipexyroabuurke ABCD Touka X — mnepeceuenue buccexktpuc yraoB ABC u CDA, Touka
Y — nepeceuenue buccekTpuc yraoB BCD u DAB. Touka Z — nepeceuenue O6UCCEKTPUC ABYX YIAOB,
IIOAYYEHHBIX IIPY IPOAOASKEHNY IPOTUBOIONOKHEIX cTOpoH ABCD a0 mepeceuenms. Aokakute, 94T0 X,
Y u Z Ae>XaT Ha OAHOI IIPSIMOIA.

8. AAsT ABYX AQHHBEIX OKPY>KHOCTEM W1, w, HaauTe I'MT cepeanH oTpe3koB AjA, TaKuX, 94To A €
w1, Ay € Wy U KacaTeAbHBIE U3 A K Wy ¥ U3 Ay K (U] PaBHHI.

9. \OKa)kKuTe, YTO IPSIMAS U3 33Aa4M 4 IEPIEHAUKYASPHA AMHAY IIEHTPOB BIMCAHHON ¥ ONMCAHHON
OKPY>KHOCTE! TPEeyroAbHUKA.

22



Monas. 19 wiona

Onp. ITosrem K Ha3BIBAETCSI MHOXKECTBO, A€ OIIPEAEAEHBI OIIEPALNY CAOYKEHUSI M YMHOXKEHUST, IPUIEM
BEITIOAHSIIOTCSI CAEAYIOIIUE CBOMRCTBA:

a) CrokeHUMe acCOLMATUBHO, KOMMYTATUBHO, OBAAAAET HERTPAABLHBIM 3AEMEHTOM (OH 060O3HAYaeT-
cs1 0) u OOpaTHBIME SAEMEHTAMHU.

6) YMHO)KeHZE acCOIMATUBHO, KOMMYTaTUBHO, 0OAAAAET HERTPAABHBIM 3AEMEHTOM (OH 0D03HAYAET-
cs1 1) ¥ AASI KaXKAOTO HEHYAEBOI'O SAEMEHTA CYLIECTBYET OOPATHEIN K HEMY IO YMHOMKEHUIO.

B) CAOKEHWE U YMHOXKEHUE CBSI3aHBI 3aKOHOM AUCTPUOYTUBHOCTH: X - (Y +2) =X -y + X - 2.

r) [Ipu sToMm 0 HE coBmapaer c 1.

Onp. Ecam K u L — moas, u K C L, To K HasweBatoT noonosem B L, a L — pacwuperuem K.
VYnpl. a) CymecTByeT Au pacmuperue noas R? 6) CymecTByer Au paciuperue moast C?

Ynp2. a) Aokakure, 9TO ecAM B ore a-b =0, 0o a =0 uaum b = 0.
6)IIpu KaKUX N MHOXXECTBO Z, SIBASIETCS ITOAEM?

Ynp3. [TocTpoiiTe IOAe U3 YETHIPEX IAEMEHTOB (3TO — HE Zy4!).
3arapgka. CyIecTByeT AK [IOAE U3 IIECTH SIAEMEHTOB?

Vnp4. SIBASIIOTCS AU TIOASIME MHOYKECTBA KOMIIAGKCHEIX YICeA BUAA a) a+bi, 6) a—bv/2, B) a+bv/d
(rae a, b, d — panmoHanbHBIE YHUCAR)?

Ynp5. SIBASIIOTCST AM IIOASIME MHOKECTBA KOMIIAEKCHBIX YUCEA BHAA a) A+ bv2+ C\/g, 6) a+ bv2+
cv3 +dv6 (tae a, b, ¢, d — parnuonaabHEIE umCAa)?

Vnp6. VI3 uncen KaKoro BIAA COCTOUT HamMeHbImee moamone B C, copepsraiee v/2 1 /3 0OAHOBPEMEHHO
(yra>kuTe OOImuil BUA SAEMEHTOB 3TOTO IIOAS U AOKA’KUTE, YTO APYTHUX YUCEA B HEM HeT)? DTO IOAE
ecTeCTBEHHO 0603HaunTh depe3 Q(v/2,v/3).

Onpepenenne. ITycTs mmeeTcss pacmupenue K C [, S — HekoTopoe mopMmHOXecTBO B L. Obo3HaUMM
gepe3 K(S) HaumMeHbINee (IO BKAIOUEHUIO) MOATIOAE TTOAS L, copeprkaiee Bce aneMeHTH u3 K u u3 S.
Msz1 6yaem roeoputh, uro K(S) moaydueHo npucoedureruem sneMmeHTOB S K K.

Vnp7. Aokaxkute, uro K(S) cymecTByer.

Vnp8. Aokaxkure, uro K(S)(M) = K(M)(S) — pacmupenne He 3aBUCUT OT MOPSIAKA IPHUCOEAVMHEHMS
3AEMEHTOB — BasKHeiee cBoicTBo!!!

Onp. ABa noast K u [ Ha3bIBAaIOTCSI U3OMOPPHHBIMU, ECAU CYIIECTBYET TaKasi OUEKIUS (p MEXAY UX
3AEMEHTaMU, TP KOTOPOR CyMMa IIEPEXOAUT B CYMMY, IPOU3BEAEHVE — B IIPOU3BEAECHUE.

Vnp9. Aoka>xuTe, YTO IPU U30MOPPU3IME HYAEBON IAEMEHT IIEPEXOAUT B HYAEBOM, EAUHUYHLIN — B
€AVHUYHLINM, Pa3HOCTh — B Pa3HOCTD, & YaCTHOE — B YaCTHOE.

asHas 3aa4a. Omnucatb IIOAE, IIOAYYEHHOE IIPUCOCAMHEHNEM OAHOT'O SAEMEHTA K AAHHOMY IIOAIO.

Onpegenenne. ITycte K C L — pacmupenue moneit. ['oBopsAT, 9To sAeMeHT & € L anrebpanyen Hap
K, ecAu oH gBASIETCS KOPHEM HEKOTOPOT'O MHOTOYAEHA C KoadduruertaMu u3 K. B mpoTuBHOM cAydae
TOBOPST, YTO  TpaHcueHnaeHnTen Haa K. MuI 6yaem onmyckaTh ykasanue noast K, ecau umeercs B Bupy Q.

Teopema. Ecau « € L rpamcuenaenTer, To K(x) msomopduo K(t), TO eCcTh mOAIO paIllMOHAABHBIX
dyukuui Hap K oT opAHON IIepeMeHHOI.

1. CymecTByer Au pacmuperue R, rae ypasHerue x> + 1 = 0 He uMeeT KopHeit?

2. a) SIBasieTcs A u30MOPHU3IMOM Q(v/2) Ha cebs oTobpaxkernue a + byv2 — a — by/2?
6) Ssastiercss au msomopdusmom Q(v/2) ma Q(+v/3) oTobpaskenue a + bv/2 — a + by/3?
B) /l30MOpdHEI AU 3T TTOAST?
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Mons n ux pacwmpexns. 20 viona

Onp. Xapaxmepucmuxot noars K Ha30BeM Takoe MUHUMAABHOE HATYPAAbHOE UYHUCAO T, UTO
1+...+1=0 (cymma n epuuun noas K paBeHa HyAo B K). Ecau >Xe TaKuX 4YuCeA HET, TO CUUTAEM
XapaKTepUCTUKY NoAst K paBHO# HyAO.

3ameyanue. XapaKTepUCTUKA IOAST AMOO HOABL AMOO IIPOCTOE TUCAO.

KnioueBoe Habnopenne. Ecam [ — pacmupernme moass K, To L obpasyeT BeKTOPHOE IIPOCTPAHCTBO
Hap, K.

Onp. Pacmupenue K C L Ha3bIBaeTcss xoHewHbiM, ECAX IPOCTPAaHCTBO [ KoHeuHOMepHO Hap K. Pas-
MEPHOCTH TOT0 IIPOCTPAHCTBA HA3LIBAETCS cmeneHvto paciuupenus L u obosHagaercs [L : K].

Vnpl. B xoHeyHOM IIOAE MOXKET OBITH AMIIBL P IAEMEHTOB, TA€ P — HEKOTOPOE IIPOCTOE UUCAO.
(Anst cBepeHEST. AAST Ka>KAOTO P CYIIECTBYET POBHO OAHO C TOYHOCTBIO A0 M30MOpP(dU3Ma IoAe u3 P
9AEMEHTOB. )

VYnp2. SIBASIIOTCS AM DACIIMpEHUsT KOHEYHBIMU, €CAM Ad, TO KakKoBa uX cremeHb: a) R C C;
6) Q C Q(vV=5); B) Zy C Zp(x)?

Teopema 06 anrebpanyHocTu koHeyHoro pacwmpenuns. Ecam K C L — KoHEYHOe pacCIIMpeHUe, TO BCE
aAeMeHTEI | aarebpanyunsr Hap K.

VYnp3. Onumure Bce KoHeuHEle pacmupenus a) C; 6) R.

Vnp4. Ecam saemeHT « aarebpamuer Hap K, TO OH SIBASIETCS KOPHEM HEKOTOPOI'O HEIPUBOAMMOTO
muorouneHa f € K[x]. Boaee Toro, ecau g(x) = 0 ans zekoroporo g € K[x], To g aAeaurca Ha f. B
YaCTHOCTY YKAa3aHHLIA HETPUBOAUMBIA MHOTOYAEH OMPEAEAEH OAHO3SHAYHO C TOYHOCTBIO AO MHOXKUTEAS
u3 K.

Onp. B 0603HaueHUSIX IPEABIAYIIETO YIPAKHEHUS CTEIeHb MHOTOYAEHAa f HA3BIBAETCSI CTEIEHBIO
anrebpamgHoCTH ¢ Hap moaem K.

Teopema o npucoeauHeHum kopHsi. ITycts o« anrebpawmynsrit Haa K snemeHT creneny n. AoKaskKuUTe, 4TO

1

K C K(«) roHeuHOe pacmmperme, 6oAee TOTO, €ro CTeleHsb paBHa N 1 1, «, o, ..., &™ ' — ero 6asuc.

Vnp5. Ilycth o, ®; — ABa KOpHsI HempuBopuMoro MHorouaesa f. Toraa moast K(og) u K(o) uso-
MopduEsl. [IprBeaAnTe IpUMED, MOKA3BIBAIOIINIA, YTO OHM MOTYT HE COBIAAATh.

5 5
Vnp6. AoKaskuTe, 9TO 9UCAO V/3 — 7V/9 +4 SBASIETCST KOPHEM HEKOTOPOI'O MHOTOYAEHA C PAIlOHAAD-
HBIMU KoapdurmeHTaMmu. OIeHUTE CTEIIEHb MHOTOYAEHA. KaK Ha#TKH 5TOT MHOTOYAEH?

Teopema Xennu. 20 vions

Onpen,eneHme. MHO>XXeCTBO TOYEK HA3LIBAETCSI 8bINYKAbIM, ECAL BMECTE C AIOOBIMU ABYMsA CBOMMU TOYI-
KaMH OHO COAEPKUT BECH OTPE3OK MEXXKAY HUMU.

Onpepenenne. Bunykavimu KOMOUHAUUAMU TOYEK aj,dy,...,0, HA3BIBAIOTCI TOYKU BHAA
x1a; + ...+ &0y, TAE ®; — HEOTPUIATEABHBIE YUCAA C CyMMOH 1.

Onpepenenne. Boinykxaoti 060404K0T MHOKECTBA A, HA3BIBAETCS IIEPECEUEHNE BCEX BBITYKABIX MHO-
JKeCTB copeprkamux A. Brimykayio obonrouky MHOKecTBA A 6yaeM obosHavaTs Conv(A).

3ameyanue. Brimyraasi obonrouka A eCTh MHOXKECTBO BCEX BEINYKABIX KOMOMHAmwii Todek m3 A.
Hecnoxxzo mokasaTh, 9TO IOAOOHOE OIIpeAeNEHTEe PABHOCUABHO IIPEABIAYIIIEMY.
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Teopema Papona. Arobrie n + 2 Touku B R™ MOXXHO pa3buTh Ha ABE I'DYIILI TaK, YTO BBIIYKABIE
000N0YKY TUX I'PYIII II€PECEKAIOTCSI.

Nemma. Ilycts V — BeKTOpPHOE IPOCTPAHCTBO PA3MEPHOCTX M Hap moaeM K u vi,...,V,,2 — Bek-

TOPBI B HEM. AOKa>XuTe, YTO CYIIECTBYET TaKasl UX HETPMBHAAbHAS HYAeBas AUHEWHass KOMOWHAIWS
n+2

Vi + ...+ &n2Vny2 =0, uTo ) o = 0.
—
Teopema Xennu. [IycTs KOHEYHOE CEMERCTBO BEIIYKABIX MHOXXeCTB B R™ TakoBO, 9TO AfOOBIE N+ 1 U3
HUX UMEIOT 0bIIyio Touky. Toraa BCe 9TU MHOMKECTBA UMEIOT ODIIYIO TOUKY.

Teopema Kapateopopu. Ntobast Touka u3 Conv(A) sIBASIETCS BBIIYKAON KOMOUHAIIEH HEKOTOPHIX T+ 1
TOYEeK M3 MHOXKECTBa A.

[nsa camocTosiTeNIbHOro peLleHuns

1. Aoxa>xuTe, 9YTO B AIOOOM BBIIYKAOM CEMUYTOABHUKE HAMAETCS TOUKA, He NIPUHAAAEKAIIAS HU
OAHOMY U3 YeTHIPEXYTOABHUKOB, 0Opa30BaHHLIX YeTBEPKAMU €T'0 IIOCAEAOBATEABHBIX BEPIIVH.

2. B mpocTrpancTtBe orMmedero 2012 Touek. OKasanoCh, YTO AIOOBIE 4 M3 HUX MOYKHO HAKPHITDH IIIaPOM
papmyca 1. AoKa>xuTe, YTO XX BCE MOKHO HAKPBITH IIapoM paauyca 1.

3. Ha maockocTu AAHO KOHEYHOE YUCNAO BEPTUKAADBHEIX OTPE3KOB. OKaSaAOCb, YTO AIODBIE YEThIPE U3

HUX MOXXHO Ilepecedb Itapabonoit. AoKa>kuTe, YTO BCe UX MOXKHO IIepecedb II1apabonoii.
1

4. N\OKa>XuTe, YTO BBIIYKABI MHOTOYTOABHUK AMaMeTpa | MOXKHO IIOMECTUTH B KPYT pPasUyca ﬁ

(amo ymeeporcOerue Hasdvieaemcs meopemoli FOHza).
5. Ha mrockocTu pAaHO N TOoueK. AOKA’KUTE, YTO CYIIECTBYET TaKas Touka O, 94To 1o A0OYI0 CTOPOHY
n
oT Alobo¥t TpsiMoit, mpoxoasiet vepe3 O aexxuT He bonee 3 9TUX TO4YeK (TOYKH, A€KAlUe Ha IPSIMOIA,

HE Y‘-II/ITBIBaIOTCSI) .

lNpoekTuBHLIE Npeobpa3oBaHus. 20 vions

Onpepenenne. Konuxa — 0bpa3 OKPY>XKHOCTH IIPY IIPOEKTUBHOM IIpeobpasoBanuu. KEcau mpoobpas becko-
HEYHO YAAAEHHOW IIPSIMOIL He IlepeceKan OKPY’KHOCTD, TO KOHIMKA HA3BIBAETCS SAAUNCOM, ECAU KACAACST
OKPY>XHOCTH — Napabosot, ECAU IepeceKas OKPYKHOCTb — 2unepbosod.

BOI'IpOC. Kakue Touxku HaXOASATCA BHYTPU KOHUKHY, d KaKNE — BHE?

Vnpl. KoHEKY ¥ TOYKY BHYTPU HEE MOYXHO IIPOEKTUBHBIM IIPe0Opa30BaHUEM IIEPEBECTH B OKPYIK-
HOCTB U €€ IIeHTp.

Vnp2. KoHUKY U IPSIMYIO, He IEPECEKAIOIIYIO €€, MOJKHO IIPOEKTUBHLIM IIPeobpa30BaHMeEM IIEPEBECTH
B OKPY’KHOCTb U OECKOHEYHO YAANEHHYIO IPSIMYIO.

1. B tpeyroabauk ABC Bmumcas sAAUMIIC W, KOTOPEIX KacaeTcs: ero ctopoH AB, BC u CA B Toukax
Cq, Ay 1 By coorBeTcTBeHHO. AoKaxkuTe, uTo nmpsamele AA;, BBy u CC; mepecekaroTcss B OAHOM TOYKE.

2. Ha ronumke w orMmeuenwsl Touku A, B, C, D, X, Y, Z, T Tak, uro npsimeie AC, BD, XZ, YT
nepecekatorcs B Touke K. ITpsimeie AB u XY nmepecekarorcs B Touke [, mpsimbie CD u ZT nepecekatoTcs
B Touke M. Aokaxkute, uTo Touky K, L m M Ae>XaT Ha OAHON IPSIMOIA.

3. lllectuyroarauxk ABCDEF onucan okono saaunca w. ToUKy KacaHUS IPOTUBOIOAOKHEIX CTOPOH
IIIECTUYTOABHUKA C (U COEAMHUAM OTpe3KaMu. [[oAyUeHHBIE TPK OTpPe3Ka IIEPECEKAUCE B OAHON TOUKE.
JAoxa>xkuTre, 4To TaM Ke nepecekyTcs u amaroHasu ABCDEF.
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4. Sanmnc w nepecekaet ctoporsl AB, BC, CA Tpeyroaraumka ABC B Toukax C; u C, Ay m A, Bi 1
B, cooTBercTBenHo. KacaTeAbHEIE K SAAUICY B TOUKax A U A) IEPECEKaIOTCsI B TOYKe A’; aHAAOTMYHO
onpepeasitorcst Touku B’ u C’. Aokarkure, uro npsimble AA’, BB’ u CC’ mepecekaioTcss B OAHOM TOUKE.

5. B uerbipexyroapruk ABCD Bnmcasbl sAAUIICH W) ¥ Ww,. w; Kacaerca cropor AB, BC, CD, DA
B Toukax Ki, Li, M; m N; COOTBETCTBEHHO. W1 ¥ W; IEPECEKAIOTCS B TOYKAX (IIEPEIUCAEHUE IIPOTUB
JacOBOM CTPEAKU IO Aoboi u3 stux koHuK) X, Y, Z u T. Aokaxkure, yro mpsimeie AC, BD, XZ, YT,
KiMy, LNy, K;M,, LN, nepecekaioTcss B 0OAHO#M TOYKe.

6. Brucarnas B Terpasap ABCD cdepa w racaercs ero rpareit ABC, BCD, CDA u DAB B Toukax
D’, A’, B’ u C’ coorBercTBerno. OKazanock, uTo orpe3ku AA’ u BB’ mepecekaroTcs Ha w. AOKa>kuUTe,
uyro oTpe3ku CC’ u DD’ To)xe mepecekaroTcss HA .

[1Be CTOpOHbLI NNHERHOCTU: (PU3NYEcKas NNHERHOCTb. 21 mionsa

Onpepenenne. Cra>keM, 9YTO OOBEKT ABUYKETCS AUHEUHO, ECAU CYIIECTBYET TAaKON BEKTOP 7, 9TO 32
BpeMsi t 06bEKT CABUTrAEeTCsT Ha BEKTOP t - V.

Mpumep: Ilepeceuenre ABYX AMHENHO ABMIKYIIUXCS IPSIMBIX ABUYKETCS AMHEHHO.

Mpumep: [Ipoekust AMHERHO ABUIKYIIENRCS TOYKY Ha AMHENHO ABUIKYIIYIOCS IPSMYIO ABUKETCS AU-

HENHO.

1. Aau mapaanrenorpamm ABCD. Touka X TakoBa, uro CX L BD. U3 Touku X omyIeHBI IEPIEHAN-
KyAasipel XB’ u XD’ na npsmeie AB u AD, B’ € AB, D’ € AD. Aokaxure, uro BB’ - BA = DD’ - DA.

—
2. Nau TpeyroabEumK ABC. Ha npsimoi#t AC Beibparbl Touku M m N Takwe, 9TO A? = MN. X —
ocHoBaHUe nepueHAnKyAspa u3 M Ha BC, Y — ocuoBanue neprnespukyaspa u3 N ma AB, H — opTomenTp
ABC. Aokaxkure, uro B, X, Y z H AexkaT Ha OAHON OKPY>KHOCTH.

3. (a) Aau tpeyroabHuk ABC. Ha npsimoit AC BeIbpanHa Touka X;. VI3 Hee IpoBepeHa IpsiMasd,
anTunapasnreabHas AB, xoropas nepecekaa BC B Toure X,. VI3 Hee mpoBeaeHa IpsiMasi, IapaAfeAbHAST
AC, roropas mepecekna AB B Touke X3. U3 Hee mpoBepeHa npsiMasi, aHTumapasreabHas BC u T.A.
Aokaxxure, aTo X7 = Xj.

(b) Aoka>kuTe, 9TO TOUKH Xj,. .., X¢ A€KAT Ha OAHOM OKpYRKHOCTE (oKkpyorcHocms Taxepa).

(c) Aoka>kuTe, 9TO ee IEHTD AEKUT Ha NPSIMOM 4Yepe3 IEHTP OIMUCAHHON OKPYXHOCTH U TOYKY
NAemyasna.

4. Ha mnrockoctu pambl 4 mpsiMble. Ka>kable TpY U3 HEX 0OPasyioOT TPeYTOABHUK. AOKa’kuTe, UTO
OPTOIIEHTPHI STUX YETHIPEX TPEYTOABHUKOB A€XKAT Ha OAHOU mpsiMoit (npamas Obepa).

5. Touru A4, Ay, Az, A4 A€5KaT Ha OAHOM OKPYRHOCTU. AAsT AT0OOT0 pasdbmeHns: 3TUX YeThIPEX TOUEK
Ha IIaphbl ONIyCTUM 13 ODUKCAPOBAHHON TOYKM P IeprneHAMKYASPHL Ha ABE IIPSIMbIE, COEANHSIIOIIE TOYKY,
HaXOASIIMECST B OAHOU mape. [locae oTMeTHM cepeAMHY OTpPe3Ka MEKAY WX OCHOBAHUSIMU. N\OKa KUTe,
YTO TPU IOAYUEHHBIE TOUKM AEKAT HAa OAHOH! IIPSIMOA.
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Teopema o pa3mepHOCTU bawiHW. 21 mions

Teopema o pa3mepHocTu Gawhm (4actb ). TIycre K C E C L — moast, npuyem pacmuperus K CEuz EC L
— xoHeunsl. Torpa pacmupenne K C L xorewno u [L: K] = [L: E]- [E:K].

Cneacteue. CyMMa, pa3sHOCTh, IPOU3BEAEHNE X JACTHOE aATeOpandecKux Yucen (B AQHHOM IIOAE HaA
AQHHEIM [IOATIOAEM) SIBASIETCSI aATebpamdecKUM YUCAOM. VIHade rOBOpsi, MHOMKECTBO aarebpamdecKux
uyuceA (B AQHHOM IIOA€ HaA AAHHBIM IIOATIOAEM) SIBASIETCSI IIOAEM.

Vnpl. Haitaure pasmepHOCTb 1 6a3uc pacmuperns Q(v/2, v/3).

VYnp2. TIycTs o, B — ABa Pa3AMYHEIX KOPHS MHOTOYAEHA MHOrouAeHa x> — 3. HafiauTe pasmepHOCTD
u 6asuc pacmupenus Q C Q(«, B).

Vnp3. AOKa)kuTe, 9TO MHOTOYAEH X° — 7 HeIpuBOAUM Haa moreMm Q(v/3).

Vnp4. Aokaxxure, uTo umcao av/3 +b{/7/2+cv/8, a,b,c € Q pauroHAABHO TOrAA ¥ TOABKO TOTAQ,
KOTAd OHO PaBHO HYAIO.

VYnp5. A) IToae F C C moayueno u3 Q mpucoeprHeHrEM KBaAPATHEIX KOPHEHN U3 a) cTa; 6) Bcex paruo-
HAABHBIX 9UCeA. AOKakUTe, 9TO B F HET HE OAHOTO KyOUIEeCKOro KOPHSI U3 &) LEAOTO; 6) ParoHAABHOTO
YUCAA, KOTOPBIN HE SIBASIACS 6bI Ky6OM palloOHAABHOIO YUCAA.

B) UsnaganpHo paHO mone Q. OduepepHOE IOAE IOAYIAETCS U3 IPEABIAYIIETO IPUCOEARHEHNEM HEKO-
TOPOr'0 KOPHSI U3 KAKOTO-TO SAEMEHTA 3TOTO IIPEABIAYIIErO 3Ta)ka cTemeHu 2,3 uAu 4. \OKa>kuTe, 4TO

5 5 o
HE B KaKOM 3Take HeT saeMenTa /5. (V/5 e ewvipasicaromcs wepes padukxansv. cmenerets 2,3 u 4.)

[ns camocTosiTenbHOro peleHns
1. Aoraxkute, ato Q(v/2,v3) = Q(v2,V6) = Q(vV2 + V3).
Teopema (o pa3mepHocTn Gawhu, Yactb Il). IIycte K € E C L — moas, mpuyem pacuiumperue K C L
roHeuno. Torpa pacmupenust K C E u E C L xoneunsr, nmpuuem [L: K] = [L: E] - [E: K].
Teopema 06 anrebpanyeckoii 3aMKHYTOCTWU nons anredbpamyeckux yucen. Ecam HEKOTOpOe KOMIIAEKCHOE
YUCAO SIBASIETCSI KOPHEM MHOTOYA€Ha C aarebpamdeckuMu (Hap Q) xosddummeHTaMu, TO 3TO UUCAO
anrebpamuno (Hap Q).

Teopema Xennn. 21 wionsa

Beckoneunast Teopema Xennu. ITycTe ecTh (BO3MOXKHO GECKOHEUHBIH) HabOp 3aMKHYTHIX BBIIYKABIX MHO-
>xecTB B R", mpudueM XoTs1 ObI OAHO M3 HUX OTpaHuYeHO. Toraa ecau A0bble N+ 1 U3 HUX MMEIOT OOIIYIo
TOYKY, TO BCE OHU MMEIOT OOIIyIO0 TOUKY.

1. Ha oxpy>xHOCTK AaHA CHCTeMa AYT, IPUYUEM AAVHA Ka>XAOU He OOABIIE IOAOBUHELI OKPY>XHOCTH.
Oxazanoch, 4T0O AIOOBIE TPU MMEIOT ODOIIYyI0 TOUKY. AOKa’kKUTe, YTO BCE OHU MMEIOT OOIIYIO TOUKY.

2. ITycts F orpanmyenHas BEIIYKAAST PUTYPaA Ha IAOCKOCTH. AOKa>kuTe, 4To B | HaliaeTcss Takasi TOd-
Ka, 9YTO AI00ast XOPAQ, IIPOXOASINAS YEPE3 3TY TOUKY, ACAUTCS € B OTHOIIIEHUH A TakoM, 4To: 1/2 < A < 2
(m.e. ama MmouKa ABAAEMCA NOYMU UEHMPOM CUMMEMPUL).

3. Aoka’xuTe, YTO B AIOOYIO BBIIYKAYIO (PUIYPY Ha IAOCKOCTH INIWPUHBI 1 MOXXHO BIMCATH KPYT
paauyca 1/3.

4. a) AokaxkuTe, 94TO A060€ MHOXKECTBO B R® aAmameTpa 1 MOXHO HOKDBITH IIapOM PapKyca \/3_/8

n
6) Aoxra>xkuTe, 9TO Af0boe MHO>XecTBO B R™ AmameTpa 1 MOXXHO IOKPHITH IIIAPOM pasryca ] k
n
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(He)MocTpoeHune umpkynem n nuHeiikoi. 22 wions

Jano: Ha maockocTy 3apaHa A€KapTOBa CUCTeMa KOOPAMHAT (C €AMHWYHBIM OTPE3KOM), IUPKYAD U
ruHeHefka (ITA).

Tpebyetcs: PemuTh HEKYIO 3aAa4y Ha IIOCTPOEHME UAY AOKA3aTh, YTO OHA HEPA3PEIIUMA.

Onp. Yucao x € R Ha30BEM NOCMPOUMbBIM, ECAT MOXKHO IIOCTPOUTH OTPE30OK AAUHEL |X| (& MOXXHO
IIOCTPOUTH TOUYKY, abcrucca/opanHaTa KOTOPOR paBHA X ).

Onp. ITocmpoerue npu nomowu L[/ — 370 Afobasi IOCAEAOBATEALHOCTD DAEMEHTAPHEIX IIIarOB:

1) B3siTHE IIPOM3BOABHOM TOUKH (X, Yo);

2) mpOoBeAEHUE IIPSIMOM Yepe3 ABE MMEIOIINECST TOYKY;

3) mpoBeAEHUE OKPY’KHOCTH C IIEHTPOM B UMEIOIIERCS TOYKE, PAAUYC KOTOPOY PAaBEH PACCTOSTHUIO
MEXXAY KaKUMHU-TO ABYMSI UMEIOIIUMUCS TOUKAMY,

4) B3THUE TOUKU IIEPECEIEHNST ABYX ITOCTPOEHHBIX IPSIMBIX, IIPSIMOM ¥ OKPY’KHOCTHU, ABYX OKPYKHO-
CTel;

5) y>Ke IIOCTPOEHHBIE IIPSIMBIE M OKPY’KHOCTX Pa3bUBAIOT IAOCKOCTb Ha ODAACTH; IIATOM SIBASIETCS
B3SITHE€ IPOU3BOABHON TOUYKY CMPO20 8HYMPU OAHOM M3 3TUX 0OAACTEN;

3amevanme. B aaropurmax noctpoenusi LI\ AOIYCKatOTCS BETBAEHUSI TUIIA: €CAY TOYKA IIE€PECEUEHUST
TAaKUX-TO IIPSIMBIX AEKUT BHYTPU TAKOU-TO OKPY’KHOCTH, TO..., ECAU BHE OKPY’KHOCTH, TO..., ECAY Ha
OKPY>KHOCTH, TO...

BAXKHENLLIAS NOES. B nyakTax 1 m 5 MO’XKHO BBIOMPATH TOABKO TOYKU C PAUUOHAALHBIMU KOOD-
duramamu (B cury Bciopy maotaoct Q B R?)

Vnpl. Ecau mocTpoume!r yucaa a, b, To mocTpouMmel Yucaa a + b, ab, ¢, vab.

Vnp2. IlocTpomMO Ka’XA0€ YHUCAO X, KOTOPOE MOKHO IIOAYYWTb M3 | IIPU IIOMOIIM OIepalui
CAOKEHWSI, BBIUYUTAHUS, YMHOMKEHUS, AEAEHUS, M3BACUEHUS KBAAPATHOI'O KOPHS. Hampumep, 9mcao

8/24v/3-5000/25—/6

10/5+7/3
3ameuatue. Q' moamone B R.

mocTporMo. MHOXKeCTBO 4mceA Takoro Buaa obosmaumm Q.

Teopema. MHOXXeCTBO IIOCTPOMMEIX YmceA coBmapaer ¢ Q.

Vnp3. a) EcAn paspemuma 3apatda yABOSHUS eAMHNYHOTO Ky6a, TO IOCTPOUMO GHUCAO v/2;

6) ecAm paspemuMa 3aaada KBaAPATYPEl KPyra TO MOCTPOMMO HUHCAO TT,

B) €CAM paspelnuMa 3ajada TPUCEKIXH yraa 60°, TO IOCTPOMM BEINEeCTBEHHBIH KOPEHb HEKOTOPOTO
HenpuBoAuMOro Haa (Q KybmuecKoro MHOTOYAEHA;

I') eCAU MOJXHO IIOCTPOUTDH IIPAaBUABHBIN AEBSITHYTOABHUK, TO Pa3pellrMa 3aAada TPUCEKIINN YTAA B
60°.

BbiBoa. Ansi pOKa3aTEABCTBA HEPA3PEIIXMOCTY KAACCUYECKUX 33Aa4 Ha IIOCTPOEHKE AOCTATOYHO IIO-
Ka3aTb, YTO NIEPEYUCAEHHEBIE BBIIIE YUCAA He A€XKAT B moAe Q.

VYnp4. Aoka>kuTe Hepa3pemuMocTs (mpu moMoru LI]\) Kaaccudeckux 3apad Ha IIOCTPOEHUE.

Ynp5. a) EcAu N-yroAbHUK MOXXHO IOCTPOUTE LI/, TO IOCTPOUMO YHCAO COS 27T/M;

6) PaccmorpuMm Q(cos27t/n) C Q(cos 2mt/n + isin 27t/n). STo pacmupeHue, ¥ OHO UMEET CTENEHD 2.

OcTanoCh BBISICHUTB, KaKyI0 CTEIIEHb MMEET HEIPMBOAMMBIA MHOTOYAEH AAS COS27T/n + isin27w/n
Hap Q. OTo Heaerko, mosToMy 060HAEM STOT BOIIPOC.

B) Ecam n = k1, (k,1) = 1,k > 1,1 > 1, ToO Nn-yrOABHUK MOXHO IIOCTPOXTH TOTAA U TOABKO TOTAR,
KOT'AAd MOJKHO IIOCTPOUTH K-YTOABHUK X |-yTOABHUK. Te€M CaMBIM AOCTATOYHO BEISICHUTH TOABKO BOIIPOC
0 IIOCTPOEHUX P"-YTOABHUKA, P > 2— IIPOCTOE.

28



n—1

— 1)(xpn71 (P=1) o xP" =2 P 1). Toraa MHOTOYAEH BO BTOPBIX

n—1

Ynpb. xP" —1 = (xP
ckobKax HempuBoAUM Hap, Q.

VYnp7. Ecau p"-yroabruk (p > 2) MoxxHO nocTpouth LIA, Ton=1up = 2241 - IIPOCTOE YUCAO
Pepma.

MEer He 6yaeM AOKa3bIBATh, YTO ECAM P — IPOCToe YucA0 PepMa, TO P-YTOABHUK MOKHO IIOCTPOUTH
ITA.

Teopema. Ecam n-yroabHuK mnoctpouM LI\, To N — IPOM3BEAECHUE CTEIEHU ABOMKM M HECKOABKUX
pasanuHbIX ynceA Pepma. Bepro u obpaTHOE.

VYnp8. OpHOM AMHENKON HEAB3SI IOCTPOUTD: &) IPSIMOY YTroA; 6) CEPeAUHY 3aAaHHOTO OTPE3Ka.

na camocToATeENbHOro pelleHns
1. OpHOM AUHENKOM HEAB3SI IOCTPOUTD: 6) IPaBUABHEIN TPEYIOABHUK. 6) IEHTD AAHHON OKPY KHO-
CTH; B) OTPE30K BABOE HOABINE AAHHOTO.

2. Ha nnockocTH paHA Iapa IapaAAEeABHBIX IPSIMBIX M OTPE30K Ha OAHOY 13 HuX. [Ipm momornu
OAHOM AMHENKM a) IIOAEAUTE €O IIOIOAAM; 6) YABOHTE €ro.

[1BoiHOE OTHOLLEHNE TOYEK HA KOHUKE. 22 wions

Onpepenenne. Asotinvim omruowerHuem (A, B;C,D) Touek A, B, C u D Ha KOHUKe (U HA3LEIBAETCS

ABoitHOe oTHoreHnue npsaMbeix (PA, PB;PC,PD), rae P — afobast Touka KOHUKY, OTAXYHAs oT A, B, C u
D.

Vnpl. Aoka>kuTe, 9TO 3TO OIPEeAENEHTE KOPPEKTHO.

Vnp2. AOKa>XKuTe, UTO B OIPEAEAEHUY MOXXHO PA3pEIIUThL TOUKe P OBITH PaBHOM KAKON-TO TOYKE U3
A, B, C z D, O TOrpa B ABOMHOM OTHOIIEHWU CAEAYET 3aMEHUTH NIPAMYI0 depe3 P m 3Ty TOuKy Ha
KacaTeAbHYIO B TO4ke P K w.

Vnp3. AoOKa)kKuUTe, YTO IPOEKTUBHOE IPEOOPA30BaHKE HE MEHSIET ABOMHOI'O OTHOIIEHUSI TOYEK Ha KO-
HUKE.

1. AOK&I}KI/ITG, YTO BIUCAHHBIN YETBIPEXYT'OABHUK SIBASIETCSA I'aDMOHUYECKHM TOI'Ad X TOABKO TOr'AQ4,
KOTr'Aa €I'0 BEPIINHEI o6pa3y10T TaPMOHUNYECKYIO YETBEPKY TOYEK Ha OIIMCaHHOM OKPY>KHOCTH.

2. NOKa’>kKuUTe, YTO ABOMHOE OTHOIIEHUE HE MEHSIETCS IIPU IPOEIUPOBAHUY TOUEK C KOHMKU Ha Cebs:
ecau Touku A, B, C, D aAexxaT Ha KOHEKe W, a TouKa P He AexXuT Ha Helt, u npsameie PA, PB, PC u PD
[IEPECEKaioT W BTOpoit pas B Toukax A’, B, C' u D’ coorBercTBento, To (A,B;C,D) = (A’,B’;C’,D’).

3. Touku A, B, C u D aexxaT Ha KoHuUKe W. [Ipsimast { mepeceraercs: ¢ npsimbiMu AB, BC, CD u DA B
roukax K, L, M u N cooTBeTcTBeHHO, 1 ntepecekaeTcst ¢ w B Toukax P u Q. Touka O aeaut orpesok PQ
u orpe3ok KM momonam. Aokaxkute, 4To u oTpe30ok LN oHa aeauT momonam (obobuieHHas meopema
o babouxe).
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Bonpocbl k 3a4uety: anrebdpa.

1. Tpu poKazaTeABCTBA TeopeMbl Dpagma-I'un3bypra-3uBa (He depes Teopemy Komu-AsBeHIopTa).

2. Teopema Komu-A\sBeHNIOPTa AAST TPOM3BOABHOM abeAeBoit rpyne! 6e3 KpyIeHust U AAST Zy,. BrIBoa,
73 Hee TeopeMbl Dpagcmma-I'un3bypra-3uBa.

3. Cymma 1% + - - - + n* — Mmorounen creneru k + 1 ot 1.

4. VlnTepnonsnuoHHEI# MHOTOUYAEH Jarpamxa, AH3 reomerprdeckux mporpeccuit ¢ pa3sAUIHBIMU
sHameHaTeAssmMu. AH3 MHOXecTBa sin x, sin 2x, . . ., sin nx.

5. CAV: metop, 'aycca, anpTepHaTuBa PpeprorbMa. [IpuMeHeHUS: AMCKPETHOE YPaBHEHUE TEIIAO-
IIPOBOAHOCTH, 33Aa4a O 3apybKax Ha OTpPE3KE.

6. Onpepenenuss amHeRHBIX IpocTpaHcTs, A3 u AH3 cucrem BekTOpOB, X cBoiicTBa. V3oMopdusm
IIPOCTPAHCTB.

7. PaBHOCHABHOCTL HECKOABKUX OIpPEAEAEHUH 6a3uca, KOPPEKTHOCTEH OIPEAEAEHUS Pa3MEPHOCTH,
Pa3sMepPHOCTH OAIIPOCTPAHCTBA. KOHEYHOMEPHEIE IIPOCTPAHCTBA C TOYHOCTHIO A0 M30MOpdU3MA.

8. CoBmapeHme CTPOYHOTO U CTOABIIOBOrO paHra MaTPUIIBL.

9. CransipHOE IPOU3BEAEHUE, PA3MEPHOCTEH OPTOTOHAABHOTO AOITOAHEHNSI K IIOAIIPOCTPAHCTBY. Hepa-
BercTBo Pumepa, 3apada npo EI'O.

10. VluBapuauT AeHa. Pemenue Tperbeit npobaema ['mabbepra.

11. AeiicTBue rpynnsl Ha MHOXXeCcTBE. OPOUTHI, CBSI3b MEXAY AAMHON OPOUTHI ¥ MOIIHOCTHIO CTabu-
aAmsaropa. AemMa [He| Beprcaiiaa.

12. Tlone. Pacmupernue moasi. XapaKTEPUCTUKA IOAS. VI3 CKOABKE SAEMEHTOB MOTYT COCTOSITH KO-
HEYHBIE ITOASI?

13. He3aBuCHMOCTb pacCIIUpPEHKS OT IIOPSIAKA IIPUCOEAMHEHUS SAEMEHTOB. [IpHCOEAMHEHNE K IIOAIO
TPAHCIIEHAEHTHOI'O 3AEMEHTA.

14. TIpucoeprHeHNE K IOAIO aATeOPAMIECKOTO IAEMEHTA.

15. Teopema o pasmeprocTu bamuu. [Toyemy anrebpamydeckme ducaa oOpa3yroT IIOAE — ABa AOKa3a-
TeABCTBa. Aarebpandeckast 3aMKHYTOCTb IIOAST aATeOpardIecKUX UUCEA.

16. Kpurepuit nocrpoumoctu uucaa LI/A. HepaspemumMocTs KAACCHYECKUX 3aAaY Ha IIOCTPOEHUE.

17. Kpurepuit nocrpoumocty ducaa LIA. [TocTpoeHrne IpaBUABHBEIX N-YTOABHUKOB.

Bonpocbl k 3a4eTy: reomerpus n kombureo.

18. TloasspHOE IIpeobpasoBaHuME, MOASIPHOE CBOMCTBO CEKYINMUX M KACATEABHBIX, TAPMOHUYECKUA de-
THIPEXYTOABHUK.

19. Tect Poprmaxa.

20. PaBHOCHABHOCTE ABYX OIIPEAEAEHUN AMHENHON (PYHKIUM Ha IIAOCKOCTH. [IpuMeEpHl AMHEWHEBIX
dyuKITi Ha naockocTu. [Ipsmas [aycca.

21. KOHI/IKI/I, PacCIIONOKEHNE TOYEK OTHOCUTEABHO KOHHMKU. O6pa3 KOHUKH I TOYKH BHYTPHU HEEC U
KOHUKU 1 HenepeceKanm;eI'/’I €e HpﬂMOfI IIPK IIOAXOASIIIEM IIPOEKTUBIHOM npeo6pa303amm.

22. \mHeliHOe ABU>KEHVE OOBEKTOB HA IIAOCKOCTH. [IpuMephl KOHCTPYKIUH, SAEMEHTEI KOTOPOR ABH-
JKYTCSI AMHERHO IPY AMHEWHOM ABUKEHUM OAHOTO U3 HUX. HeobxopmMoe KOAMYECTBO MOMEHTOB AAS
Pa3AMYHBIX YTBEPKAECHUN: TPU IIPSIMBIE IIEPECEKAIOTCS B OAHOM TOYKEe, TPU TOYKU AeKaT Ha OAHOMI
npssmoit. [Tpsmass Obepa.

23. A\BoifHOe OTHOIIIEHNE TOUYEK Ha KOHUKE: OIIPeAeNEHTEe, KOPPEKTHOCTE, OCHOBHBIE cBOZcTBa. O606-
IeHHasl TeopeMa o babouke.

24. PaBHOCUABHOCTE ABYX OIIPEAEAEHUM BHITYKAOHE oborouku. Teopema PapoHa.

25. Teopema Xeanu. Teopema KapaTeopopu.

26. Tpu onmpepenenust koMnakTa B R". BeckoHeuHast TeopeMa XeAAH.

27. Teopema Basimike. CyIecTBOBaHUE «IIOYTH IIEHTPA CUMMeTpuuy. Teopema FOura B R™.
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