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Ot aBTOpPOB

IlanHas OpoIIIOpa COJEPXKUT B cede 3ajadil ¥ YaCTUUHO MaTepHaJbl 3aHATH
rpyuib! npodu 10 Kiacca TpuaaTh TpeTheii JIeTHeit MHOrOnpeMeTHO mKOoJIbl K-
poBckoit obactu 2017 rojga. OTaebHyI0 6J1ar0apHOCTh X0UeTCsl BHIPA3UTh AJeK-
canpy JImurpuesnay Matymkuny 3a mpekpacHoe 3aHsTie HoMep 23.

Hajieemcst, 910 HAIIUM yYeHUKAM ObLIO HWHTEPECHO.
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0. Jlemma Illnepnepa. 4 utoJjis

1. Orpe3ok pa3dUT KOHEIHbIM MHOXKECTBOM TOYEK Ha MaJible OTpe3KHu. JIeBblil ero
KOHeI[ oTMedeH 4ncjaoMm 0, npaBblil KOHeIl — YucjoM 1, n KaxKjas TOUYKa JIeJIeHUs
nMeeT orMeTKy 0 mam 1. /okaxkurte, 9TO CyHIECTBYEeT HEUETHOE UNCJIO MAJIBIX OT-
PE3KOB, KOHIIbI KOTOPBIX OTMEYEHbI PA3HbIMU YUCJIAMU.

2. Nmeerca J1oM, B KOTOPOM HECKOJILKO KOMHAT W JBepeii. V3BecTHO, 9TO UnMCIO
nBepeit B Kaxkgoit komuare pasio 0, 1 mim 2. Komuary ¢ ognHoit 1Bepbio Ha30BEM
mynukom. JIBepb MOKeT OBITb HapyostcHoU, Beayleil U3 jJoMa Ha YJIUILY, U 6HYmM-
penreti, CoeTUHATONIell IBe coceJHNe KOMHATHI. KeTecTBEHHO cUnTaTh, YTO KOMHATA
MOZKET UMEeTh TOJIBKO OJIHY HapyKHYIO JIBEPD, & JIBE COCeHIE KOMHATHI — He boJiee
oJiHOIT obmmeit jiBepu. Jlokaxkure, 4TO YKMCJIO TYIHUKOB M YNC/I0 HAPYKHBIX JIBepeil
UMEIOT OIMHAKOBYIO Y€THOCTD.

0,. BoBegure 3amaay 1. us 3agaun 2.

Onpenenenne. Tpuareyrayuet durypsl I HasbiBaeTcs: e€ pasdueHue Ha Tpe-
YTOJBHUKI, IPUIEM JTIFOOBIE [IBA TPEYTOIBHIKA JINOO COBCEM HE MMEIOT ODIINX TOUEK,
JIN0O UMEIOT TOJIBKO ODIIYIO0 BEPINUHY MJIK OOIILYI0 CTOPOHY.

TpeyronrbHUKN HA30BEM 2paMAMU TPUAHTYJISAINA, CTOPOHBI MAaJEHbKUX Tpe-
YIOJIbHUKOB — €€ pébpamu, a UX BEPIINHBI — €€ GepUUHAMU.

3 (JIemma Illtepuepa). /lan TpeyroibHIK, BEPITHHBI KOTOPOTO TIOMEYEHBI I~
pamu 1, 2 m 3, 1 ero TpuaHTyJIAIUA. Bepmmusl Tpranryasdiiny TOMETIIN TeMU ¥Ke
3HAYEHUsIMI TaKIM 00pa30M, 4TOOBI Jiobasi BEpIINHA Ha CTOPOHE MCXOHOI'O TPe-
YTOJBHUKA MTOMedeHa OJHOM M3 MOMETOK BEPIINH 3Toi cTopoHbl. /lokaxknute, UTO
I'paHeill, BEpIIMHbI KOTOPBIX HECYT TPHU Pa3jndHble OTMETKH, T.e. 1, 2 u 3, HeUeTHOe
IUCJI0.

0,. O6061mUTe JIemmy [IepHepa Ha TPEXMEPHOE MPOCTPAHCTBO.

4. Jlan 1eHTpaJbHO CHUMMETPUYHBIN 2n-yTOJbHUK, BHYTPH KOTOPOTO OTMEYEHO
HECKOJIbKO TOYeK. PaccMOTpuM TpHAHIYJIAINIO, BepIIMHAME KOTOPOil OyIyT Bep-
MTUHBI MHOTOYTOJILHIKA U OTMedeHHble TOUKN. [TycTh Bce BepmmHbl TpUAHTY/IATTIN
nmoMevennl yncaamu 1, —1, 2, —2, TpuTOM B CUMMETPUUIHBIX BEPIINHAX HCXOIHOTO
MHOTOYTOJILHUKA, CTOSAT TMPOTUBOIOJIOKHBIE Uncaa. JJokaxKuTe, 910 HailIéTcs oTpe-
30K, Ha KOHIIAX KOTOPOT'O CTOST ITPOTHUBOIIOJIOKHBIE UHCIA.

5. /lokaxknute, 9TO rpaHu TPUAHTYIAINNA TPEYTOJLHIKA MOYKHO MTPABUJILHO TTOKPa-
CUTH B J[Ba I[BETa TOTJA U TOJBLKO TOT/a, KOT/Ia €€ BePIIUHLI MOXKHO ITOMETUTD UNC-
namu 1, 2, 3 TakuM 006pa30M, 9TO JJIsI KarK/I0il I'PaH €€ BePIIMHbI HECYT OTMETKH

1,2, 3.
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1. BcerynureabHas oauMiuaga. 4 MiOJs

1. /lan kBajipaTHBIl TpexdieH f (aj) Bceerna mm MOXKHO HailTH TaKoif MHOrOYJIEH
gqeTBepToii crenenu g(x), uro ypasuenne f(g(x)) = 0 me mmeer pernreHuii?

2. Harypasibhoe aucso n > 100 pasgenuin ¢ ocrarkom Ha 10, 35 u 42. OkazaJoch,
YTO CyMMa OCTATKOB OT jejieHus Ha 35 u 42 paBHa ocTaTKy oT jejeHus Ha 10.
JlokazkuTe, 9TO 9UC/I0 N — COCTABHOE.

3. Ha croponax AB u AC tpeyronbsunka ABC BoiOpanbl Toukn K un L coorBeT-
ctBenHo Tak, uro K B = LC. Touka X cummerpudna /X OTHOCHUTE/ILHO CEPeIIMHBI
croporbl AC, a Touka Y cumMMmeTpudHa L OTHOCHTENHHO CepelnHbl CTOpOHBI AB.
HokaxknTe, 4TO NpsiMasi, cojepzkalias oumcceKTpucy yriaa A, jgeant orpe3ok XY
IOTIOJIAM.

4. B kBajgpare 100 x 100 ormeueHbl k KJIETOK TaKKUM 00Pa30M, UTO IIPHU JHOOOM
paspe3aHun KBaJipaTa 110 JUHUAM CEeTKN Ha JBa MPAMOYTOJbHUKA OJINH U3 MPIMO-
YTOJILHUKOB COJIepKUT X0Td Ob1 100 oTMedeHHBIX KJ1eToK. [Ipn KakoM HamMeHbIIeM
k 910 BO3MOXKHO?

5. IIpo nonapHo pasjnunble ducia a, b, ¢ usBectHo, uro a = ab + ¢, b = bec + a,
¢ = ca + b. Kakne 3nHad9enns MOzKeT IPpUHUMATL BhIpakenne a + b + ¢?

2. YnpaxkHeHUs Ha HallpaBJIEHHbIE YTIJIbl. 5 UIOJIs

Ob6o3uauenne. B pamkax sToro 3auarust yepes A—B—C' obo3Hadaercst, 4TO TOU-
ku A, B, C jexkar Ha 0JIHOM psiMoii (He 06513aTe/IbHO B YKA3AaHHOM HOPSIJIKE ); Yepes3
(WXY Z) obosnauaercst, aro rouku W, X | Y| Z nexar Ha ojjHOIl OKpY2KHOCTU (HE
00s13aTEJILHO B YKA3AHHOM IOPSIJIKE).

Yao6uoe oboznadenmne. Hampasienusiii yro suga Z(XY,Y Z) odens yao6HO
obosnagarh Kak £ XY Z. 910 He obmienpunasaToe obo3HadeHne!

1. Jlokaxkure, 9TO ecyu

(ABPQ), (A1B1PQ), A—P— A, B—Q — By,
o AB H AlBl.

2. a) Jlokaxkure, 910 ecyin
(PAB.\C)), (PAIB.C), A~B—Cy, A—B,—C, A—B—C,

TO (PAchl)
b) JlokaxKkure, 4To ec/iu

(PA,B,C), (PA,BC,), (PAB,C,), A—B—C,, A—B,—C, A—B—C,

t0 A;—B1—C} Torga u toabko Torya, korga (PABC).
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3. okarkure, 9TO ecin
(ABCD), (AA1BB,), (BB,CCY), (CC1DDy), (DD1AAy),

TO (AlBlchl) nJjm Al—Bl—Cl—Dl.

4. Jlokaxkure, 4TO €cJn
(AA1BBy), (XYAB), (XYA1By), X—A—A;, X—B—By,

o (YAOB), riie O — HeHTp OKPYKHOCTH, Ha KOTOpoit jiexkar A, A1, B u Bj.

5. [IycTh nMeroTcst OKPYKHOCTU Wi U wo ¢ neHTpamu O u Oy, lepeceKarolyecs B
toukax A u B. Ilpsamas O A nepecekaer wo B Touke P. lokarkure, aro Touku Oy,
Oy, B u P jexar Ha OJHOI OKPY?KHOCTH.

3. «OcaHoBHas naed aJJUTUBHOII KOMOMHATOPUKMN». 5 MIOJI

1. MMmeeTcs 1oc/iejoBaTeIbHOCTh HATYPAJIBHBIX YUCET A1, A2, - .., Gy, - .., B pa3-
JIOYKEHHE KayKJ/IOT'0 M3 KOTOPBIX Ha MPOCThIE MHOXKUTEIH BXOJSIT TOJBKO HPOCTHIE
gyncsia, Menbinne 1000. JlokazkuTe, 4TO U3 9TOI IMOC/IEI0BATEILHOCTH MOYKHO BbI-
OpaThb HECKOJIBLKO MOJIPSI] UIYIINX YNCeI, IPOU3BeIeHe KOTOPBIX TOUHBI KBaIpar.

2. Jlano 70 pa3nuaabIX HATYPaJIbHBIX uncest, He nperocxondamux 200. lokakne,
YTO KaKHe-TO JIBa U3 HUX Pa3/JNYaloTCs Ha YeThIpe, IATh WA JIEBSITh.

3. Hns umcmoBoro muokectsa X ompemennm X' = {s —t | s,t € X, s # t}.
[Iycts S = {1,2,...,2000}. Pacemorpum nBa muOkectBa A, B C S takue, 410
|A| - |B| = 3999. Hdokaxure, uro A'N B’ # @.

4. HarypayibHble 9uciaa ai, as, ..., G, JAOT MIPHU JIeJIeHIN Ha HEKOTOPOe HUCJIO
M TONAPHO pa3JIMdHble OCTATKU, HpuuéMm n > m/2. [lokaxkure, aro st JH060ro
1e10ro k HaiijyTced JBa He 00s13aTe/IbHO Pa3INUHbIX HATYPAJIbHBIX YHCIA 1, ] < N,
4to a; + a; = k (mod m).

0. /lokaxkure, 4TO JIJIA JTIOOOTO IMPOCTOTrO P U JIFOOOTO NEJ0TO Kk HaiilyTcs Takue
nenble 1 y, uro 2 +y* = k (mod p).

5. Jlaubl HerepeceKarolmecs: KOHeUHbIe MHOYKEeCTBa HaTypaJbHbIX dunces A n B,
COCTOSIIIIE W3 1 U 1M 3JIEMEHTOB COOTBETCTBEHHO. II3BecTHO, UTO KarK/10e HAaTyPa/lb-
HOE YNC/I0, TpuHaLIexKaliee A min B, yaoBiaeTBopser XoTst Obl OJHOMY U3 yCJIOBUI
kE+17 € A, k— 31 € B. Jlokaxure, uro 17n = 31m.

6. Harypasbabie uncia 1, 2, 3, ..., 100 cogep:Karcst B o0beguHeHun N reomeTpu-
qeCKUX MPOorpeccrii (He 06s13aTeIbHO € MEeJIbIMUA 3HAMEHATEISIMMA ).

a) (moxknO He craBath) Jokaxkure, aro N > 13.
b) (1o, K Yemy mbl cTpemunmcst) Jokazxkure, aro N > 31.
c¢) Jokaykure Kakoi-HHOYIb TIPOMEXKYTOUHBIN pesysbrar. Hanpumep, N > 20.
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7. B pan Bemmcano 26 HenysieBbIX udp. JlokaxkuTe, 4T0 3TOT Psiji MOYKHO Pa3OUThH
Ha HECKOJIbKO YacTeil Tak, 9ToObl CyMMa 4Kces, 00pa30BaHHbIX ITU(paMi Kark 10l
u3 Jacreit, jieamiach Ha 13.

4. Paszuoboii—1. 5 urosrga

1. Bacga zammucan ancia 1, 2, ..., 100 na narujgecaTn KapTodkax, Ha KazKJI0i CTO-
pore KaKJ0if KapTOUKHN — T10 YHICJTy. 3aTeM OH BBIJTOKUI KAPTOUYKHM Ha cToJ. [leTs
BIJIUT JINIIIL BEPXHUE YUCJA; OH MOYXKET BBIOpaTh JIH000i HabOp KapTodeK U Iiepe-
BepHYTh ux. OH BBIUI'PAET, €CJIN TI0CJIE ITOr0 CyMMa YHCe HA BEPXHUX CTOPOHAX
KapTouek Oyjer He MeHbllie k. IIpn kakom nambosibiiem k Ilers rapanTHpoBaHHO
MOZKET BBINTPATH?

2. B pasuobenpentnom tpeyroibanke ABC (AB = AC) touka D — cepeunna
ocnoBanus BC', a E — ocHOBaHUe NEPHEHMKYJIIPa, OMYIIEHHOro n3 [ Ha CTOPOHY
AC'. Tlpsimasit BE nepecekaeT OKpyzKHOCTb, OIMUCAHHYIO OKOJIO Tpeyrobanka ABD,
B Touke F # B. Hokaxxute, uro npsimast AF genut orpesok DFE momosiam.

3. Jlanbl HaTypasbHble unciaa n u k, rjge n > k. Jlokaxkure, UTO €cju OJHO U3
ypasHenuit " 4+ y" = z¥ u 2" +¢" = 2"* umeer pereHne B HATYPAIBHBIX YHUC/IAX,
TO U JIPYroe — TOXKe.

4. Jlokazkute, 9T0 U3 JIOOBIX N YHCEJT MOYKHO BBIOPATH HECKOJIBKO (OBITH MOKET,
OJIHO) TaK, IYTO CYMMa BBIODAHHBIX UHCEJT OTINIAETCsT OT OJIHKANIIero K Heil 1e/10ro

qucjia He OoJiee, 4eM Ha .
n+1

5. Haitmure nanbosibiliee BO3MOYKHOE KOJUYIECTBO €JIMHUYHLIX IOJYKPYTOB Ha
IIJIOCKOCTH, TPAHUIIBI JIIOOBIX JTBYX N3 KOTOPBIX MEPEeceKaloTcsl POBHO B 6 TOUKAX.

5. l3oroHaJjibHOe conpsi>keHue. 6 UIoJist

1. Jan yron ABC u touka P. Ilycte P4 u Po — ocHOBaHUSI TIEPIIEHIUKYISPOB HA
AB u BC' coorBercrBerno; B() — upsimasi, neprenaukyisaprast PaPeq. Jokaxure,
ayro L ABP = —£CBQ.

Omnpenenenue. lanol Tpeyroabauk ABC u Touka P, He JexKalas Ha IPSIMbIX
AB, BC u CA. Touka () Ha3bIBAETCS U3020HANDHO CONPANHCEHHOT TOUKe P B Tpe-
yroibauke ABC, eciin jiist KayK10ii BEpIIMHBI HalpapjeHust Ha Toukn P u () cum-
METPUYHBI OTHOCUTE/IHLHO OUCCEKTPUCHI, TPOBEJEHHON U3 9TON BEPIIIHBI.

0;. ITouemy mbI nckiounm Toukn Ha npambix AB, BC, CA?

0. /I kakux Touek P Touka () = P?

2. [Ing kakux Touek P Touka () Oymer «OECKOHEUHO yIaeHHOI», T.e. HpsIMbIE,
cummerpudnble npsaMbiM AP, BP n C'P oraocurenbao ouccexkrpuc yrios C'AB,
ABC n BC A cooTBeTcTBEHHO, OY/IyT HapaJijie/bHbI?
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3. Touky P, He sexkantyto aa npsimbix AB, BC', C'A, a takxe okpykuoctu (ABC),
OTPa3mIn OTHOCUTENJHLHO CTOPOH TpeyroynbHuka ABC. Jlokaxkure, 9T0 HMEHTD OIN-
CAHHOI OKPY?KHOCTH IOy YeHHOI'0 TPEYrOJIbHIKA M30TOHAJILHO CONPSIKEH TOUKe P.

Omnpenenenne. lannr rpeyronbank ABC u Touka P. I3 Toukn P omyimeHsl mep-
HeHUKYJ/ISIPBI Ha, CTOPOHBI TpeyroibHIKa. [lorydeHHblil Tpeyro/JbHIK HA3bIBAETCs
nedasbHbLM TPEYTOJBHIKOM, a €r0 OIMHCAHHAs OKPYKHOCTh — NedaabHotl OKPY K-
HOCTBIO.

4. Hanwr yron ABC u nse toukn P u (). VI3 P u () npoBeieHbl epIeHInKYyJIsipbl
K CTOpoHaM yria. Jlokakure, 9T0O UeThbipe OCHOBAHUsI IIEPIIEHINKYJIAPOB JexKaT Ha
OJTHOM OKPYZKHOCTH TOTJIa U TOJBKO Toria, Korna L ABP = —£C BQ).

5. lokazkure, 94T0 megaabHbIE OKPYKHOCTH ToUYeK P 1 () COBIIAIAIOT TOIIA 1 TOJIb-
KO TOTJIa, KOTJa OHHM M30IOHAJBHO COIpPSKEHBI. BoJsiee TOro, MeHTp COBIaIAIOIIIX
OKpY2KHOCTEll ecTh cepenta orpeska P(Q).

6. Jlaubr Tpeyroibuuk ABC u Touka P. [lyctb Touka () n30roHaIbHO COIPSI?KEHA
rouke P, a Touka )’ cummMerpuuna () ornocuresbio cropoubl BC. JTokaxkure, 4To
LAPB = —£Q'PC.

7. Toukn P u () M30roHaJbHO CONpPSzKEHBbI OTHOCHTEILHO Tpeyroibiauka ABC.
JlokazkuTe, 4TO IEHTPLI OMUCAHHBLIX OKpyzKHOCTel Tpeyroiabunkos BPC u BQC
MHBEPCHBI OTHOCHTEJIbHO OKpy2KHOCTH (ABC)).

6. Hemnoro TomoJiorun m HEMHOI'O BBIITYKJIOCTH. 6 uroJis

OmnpeneneHune. €-0kpecmmnocmy; GHYMPEHHUE, BHEULMHUE T 2PAHUMHBLE TOUKH (DU~
rypol F.

Hamomunanme. @urypa F' HasbiBaeTcst 8vinyka0t, ecau jiisi JIOObIX Todek A,
B € F orpesok AB nenukom npunajiexut urype F (re. [AB] C F).

1. Ilycrs F' — mockast Beinykiaas ¢urypa, A, B € F. YTo MOXKHO cKa3aThb PO
TOUYKHN Ha orpeske AB, eciu A, B — obe BHyTpennune Touknu! Ecim onna BHYTpeH-
Hsist, a JApyrast — rpanndasi! Obe rpaHuvHbIe?

Onpenenenne. MuoxkectBo F' HA3BIBAETCST 0MKEPbIMbLM, €CJIN JTI00ast TouKa X €
F' asngerca sayTpenneit s F'. MuoxectBo F' HazbIBaeTCd 3aMKHYMbIM, €CIIHA
npornoaHenne F' OTKPHITO.

0;. Kakuwm siBjisieTcst mmycroe MHOzKecTBO? Beé mpocrpaHcTBO?

2. Jlokaxkure, 9TO MHOXKECTBO F 3aMKHYTO TOIJIa M TOJIBKO TOIJA, KOIJI[a OHO
COJIEP?KUT BCE CBOU I'PDAHMIHBIE TOUKH.

3. okaxkure, 4TO IepecedeHue JO0ro KoJMYecTBa 3aMKHYTHIX MHOYKECTB 3a-
MKHYTO, & IlepecedeHrie KOHETHOr0 KOJINIeCTBa OTKPBITHIX OTKPbITO. O0s13aTe/ IbHO
JIn 00beInHeHe DECKOHETHOr0 KOJIMYECTBa 3aMKHYTHIX MHOXKECTB OyJleT 3aMKHY-
TBHIM MHOXKeCTBOM?! A mepecedeHne OTKPBITBIX — OTKPBITHIM !

4. Jlokaxkurte, 4TO MHOXKECTBO I'DAHUYHBIX TOUYEK JIFOOOI0 MHOYKECTBA 3aMKHYTO.
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Onpenenenne. [lycrs F' — 1m10cKoe 3aMKHYTOE BBIITYKJIO€ MHOXKeCTBO. [Ipsimast
¢ Ha3bIBaETCs 0nopHot npamoti burypsl F', eciam oHa NPOXOIUT XOTs ObI 4epe3 OJIHYy
IpaHNYIHYyI0 TOUKY purypsl F', m Bes ourypa F' pacrosioykena 1Mo OJHy CTOPOHY OT
psiMoii £.

5. [Tyctp F' — mocKkoe 3aMKHYTO€ BBITyKJI0€ MHOXKECTBO. JloKaknuTe, 9TO psMas
{ sBJIsIeTCS OMOPHOI TOTIa U TOJBKO TOT/IA, KOTJIa OHa COJEPXKUT I'PaHuvdHble, HO He
COJIEPXKUT BHYTpEHHUE TOUKN F'.

6. JlokaxknTe, 9T0 HAaMMEHbIIIEE 3aMKHYTOEe MHOYKECTBO, cojieprKailiee F'| eCTb MHO-
JKECTBO BCEX T'PAHUYHBIX U BHYTPEHHUX TOYEK F'.

7. llpuaymaiiTe 1I0CKoe MHOYKECTBO, /I KOTOPOTO KayKjiash TOUKa, MJIOCKOCTH Oy-
JIeT PpaHuYHOI.

7. Paszuoboii—2. 6 uroJida

1. TlocneoBareibHoCTh HATYpaIbHbIX duces (A): a; < -+- < a, < ... TAKOBa,
9TO Kazkji0e HATYPAJbHOE YUCIO0 JIKOO BXOJUT B ITOCJEI0BATEIHHOCTH (A), 160
IPEJICTAB/ISIETCS B BIUJIE CYMMbI JIBYX YHCE]T U3 TOCTeI0BaTe IbHOCTH (A), OBITH MO-
JKeT, oflmHakoBbIX. JlokazknuTe, 9T0 a, < n’ g Becex n =1, 2, ...

2. Haitiure Bce mapbl coceIHUX HATYPAJBHBIX YNUCEJI, YTO OJJHO U3 HUX — CTeleHb
JIBOWKM, & JIPYyroe — CTeleHb ITATEPKU.

3. Bricornl ocrpoyrosibHoro aHepasnobeipeHHoro tpeyrosbiauka ABC' mnepeceka-
torcst B Touke H. Touku M u N — cepenunbl orpeskoB BC' u AH cooTBETCTBEHHO.
JlokaxKuTe, 4TO paccTosinie MeXKy TouKaMu Iepecevdenns npsmoit M N ¢ buccek-
TpHUCaMHU BHEITHEro U BHYyTpPeHHero yrJioB npu Bepinune A pasno AH.

4. Jlanbl HaTypaJibHble uncia n u k. B Kax10il KJaeTKe JJOCKH 1 X 1. CTOUT OJIHO
n3 unces 0, 1, 2, ..., k. Y KaxKj0if CTPOKHU U KarKJIOT'O CTOJIOIA MMEETCsl KHOIIKA,
IIpU HayKaTUN Ha KOTOPYIO BCe YHCJa TOH CTPOKM UJIN TOTO CTOJIONA, MEeHbIHe &,
yBeJIMYMBAIOTCA Ha 1, a ducja, paBHble k, 3aMeHSIOTCA HyJIeM. B Hadajie BO Bcex
KJIeTKax crostin Hy/u. [locsie aToro ObLI0 ¢/1e/1aH0 TPOM3BOILHOE KOJTUIECTBO HaYKa-
Tl Ha KHONKK. /lokaxkuTe, 4To Tab/IMILy MOKHO BEPHYTH K UCXO/IHOMY COCTOSIHUIO,
Ha)kKaB Ha KHOIIKHM He Oojiee kn pas.

5. Kazxipre jiBa u3 21 ropojia coe iuHeHbI TPSIMbIM PEiicOM 0JTHOI N3 YeThIPEX aBHha-
KoMIanuii. JIokaxkure, 9TO CylecTBYeT 3aMKHYTBII MapiipyT U3 YeThIPEX peiicoB
OJIHOII aBUAaKOMIIQHUU.

8. H3oronaJjibHOe compsi>KeHue: 3aJjaun. 7 UI0JIs

5.7. Toukn P u () n30roHaIbHO CONPSIZKEHbI OTHOCUTEIbHO Tpeyroabanka ABC.
JlokaxkuTe, 9TO IEHTPHI OIMCAHHBIX OKpyrkHOCTell TpeyrosbHukoB BPC nu BQC
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MHBEPCHBI OTHOCUTEIbHO OKpy2kHOCTH (ABC).

1. Ilycts ABC'D — napaJuienorpaM. Jlokaxkure, 9T0 OKPY?KHOCTD, ITPOXO/ISIIIAL
yepes OCHOBaHUsI BeICOT n3 Toukn D Ha npstmbie AB, BC' u C' A, npoxoaut u 4epes
TOUKY Ttepecedenust puaronaseit ABCD.

2. Jlokaxxkure Teopemy llackaJis jijisg OKPy?KHOCTH Yepe3 N30IN0HAJBLHOE COTPSIzKe-
HUE:

ITycrs Toukn Ay, As, By, By, C, Cy yexkar Ha OZHONH OKPYZKHOCTH;
X = A1B2 N AgBl, Y = A102 N Agcl, /= 316’2 N BQCl. TOF,Ha TOYKHM
X, Y, Z nexxar Ha OJHOI IPSIMOI.

Vrazanue: mpeyeorvrurxu X A1As u X B1 By nodobnor u no pasromy opuenmupo-
BAHDL.

3. Ilycrs O — 1eHTp ommcaHHO OKpyKHOCTH, H — OpTOIEHTDP OCTPOYroJIHLHOTO
tpeyrosbanka ABC'. Jlokaxknute, aro cymiectByior Touku D, E u I #Ha cropoHax
BC, CA n AB coorBercrBenno takue, uro OD + DH = OFE + FH = OF + FH
u npsimbie AD, BE n C'F' KOHKYpPEHTHBI.

4. B Bomykiom dersipéxyrosbiauke ABCD mauaronans BD He sBisiercss Ouc-
cekrpucoit #n yrina ABC, un yria CDA. Touka P Buytpu ABC'D TakoBbl, 9TO
/PBC = /DBA u /PDC = /BDA. Hoxkaxure, uro ABC'D Bnucan torja u
TOJIbKO Tor1a, Korma AP = CP.

5. B rpaneruun ABC'D 6okoBasi cropona C'D nepreHuKy/asipHa OCHOBAHUSM,
O — Touka repecedenus juaronaseii. Ha onumcannoit oKpy»KHOCTH TPEYroJbHUKA
OCD B3sTa TouKa S, IHaMeTpabHO POTUBONONIOKHas Touke (. JlokaxKkuTe, 9TO
/BSC = /ZASD.

6. I3 nekoropoit roukn P tpeyrosbinka ABC onyinenb! nepuesuKyasspbl P Ay u
PAs na BC un Beicoty AA3 cOOTBETCTBEHHO. AHAJOIUYIHO OIIPEIE/ISIIOTCST OCTAJIbHBIE
toukn. Jlokaxkure, uro npsambie A As, B1 By u C1Cy nepecekaioTcss B OJIHONH TOUKe
WU TTapaJlyie/IbHbL.

7. Bayrpu tpeyronbanka ABC' ormedena touka P. Ilycrs [4, Ip n I — nenTphl
BIIMCAHHBIX OKpYyKHOCTEil TpeyrosbaukoB PBC, PCA n PAB coOTBEeTCTBEHHO.
OxkazaJioch, 9T0o TouKa [4 jexuT Ha Ouccekrpuce yria C'AB, a Ttouka Ip — Ha
ouccexkrpuce yria ABC'. Jokaxure, ato [ yexkut Ha 6uccekrpuce yria BCA.

9. Paszuoboii—3. 7 uroJda

1. Ha nmocke nanmcannl uncaa 1, 2, ..., 1000. /IBoe urpaioT B c/IeyIONIYIO UTPY.
Kazxaprit cBonM X0/I0M CTHPAET OJIHO U3 OCTABIINXCA Ha J0cKe uncest. [lepBbiM xo-
JIOM II€pPBBIIl UTPOK CTHPAET JIt0doe Yrncjio. KEcan npeabliymuM Xog0M CTEPTO YICJIO
N, TO MOXKHO CTepeTh OJHO U3 4uces n — 1, n+ 1, n/2 win 2n, ecan, KOHEIHO, Ta-
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KOe 9HCJIO ecTh Ha jocke. He nmeronuit xoma mpourpeiBaeT. KTo BBIMTIPBIBAET MPH
[IpaBUIbHON urpe?
2. Haitjure nanbosbiiee k£ Takoe, 4To JIIOOBIE TIOJIOXKUTE/ILHBIE YKCIIa, YAOBICTBO-

pAole HepaBeHcTBy a > be, yIOBIETBOPAIOT TakyKe HepaseHcTsy (a? — be)? >

k(b — ca)(c® — ab).

3. B n-anementrom mMuokectBe A (n > 4) BBIOPAHO HECKOJBKO UETHIPEXIIEMEHT-
HBIX HOJMHOYKECTB TaK, U4TO JIOOBIE J1Ba BLIOPAHHBIX II0JMHOKECTBA [IEPECEKAIOTCS
He Gojiee, 4eM 10 JBYM 3jeMeHTaM. JloKaykKuTe, 4TO CYIIECTBYET IIOIMHOYKECTBO
MHOZKecTBa A, cocrosiee He MeHee, deM 13 /671 3JIeMEHTOB I He COjlepsKallee Hil
OJIHOIO BBLIOPAHHOI'O HOIAMHOZKECTBA.

10. Jlemma o6 yTouHeHHUU ITOKa3aTeJsd. 9 Ui0Jis

Ob6osHauenue. [Iycrs p € P. Obosnaunm uepes vy, (r) HAHOOJIbIIIEE 1EJI0€ THCJIO
a Takoe, 4To T p~.

Jlemma 06 yToyHeHun mokasartesis. [lycTh x 1 y — 1esible Iucyia, p — Takoe
IPOCTOE YHCJI0, UTO HU X, HU Y He jesuTest Ha p. Tora
a)eciu p#2ux —y : p, 10 vp(z" —y") = vp(r —y) + vp(n).
b)ecmp=2uz—1y 4 10 v9(x" —y") = va(x — y) + va(n).

JlokazaTenbcTBO pa3obbeM Ha HECKOJILKO MIaroB:

a. [lycrb o u y — nesible 4mesia, p — Takoe MPOCTOE YHUCJIO, YTO HU T, HU Y HE
JeuTest Ha p, a x — y © p. Torga mist J1060r0 HATYPATIBHOTO 7, B3AUMHO TPOCTOTO
¢ p, BoiosiHeHo vy(2" — y") = vy(z — y).

b. Ilycth & 1 y — mesible Uncia, p — TaKoe HEUETHOE TPOCTOE YNUCJI0, IYTO HU T, HU
y He fequtcs Ha p, a x —y : p. Torma vy(2? — yP) = vy(x —y) + 1.

c. [IycTb & 1 y — HevyeTHBIE IIeJIble Yncia, Takue, 9ro x —y * 4. Torma st jiroboro
HATYPAJILHOrO & BoIomeHo va(22 — 42" ) = vy — y) + k.

d. /lokaxkure jeMMy 00 YTOUHEHHU ITOKA3aTeJIs.

3ameuanne. Tor daxr, aro v,(z" — y") = vy(r — y) + vp(n) J€rko HOIYIUTE
U3 J0Ka3aTeIbCTBa IIyHKTa b., HCIOIb3ys HHIYKIMIO 1O Uy(n). CMbIc JeMMbl 00
YTOYHEHUU [TOKa3aTeIsd B TOM, YTOOBI 3aMEHNTH HEPABEHCTBO Ha PaBEHCTBO.

1. Jlokaxkure, 9T0 MOKa3aTe b icyia 2 1o Moayio 3" paset ¢(3"), T.e. 2 saBjsieTcs
IIePBOOOPA3HBIM KOPHEM 110 MOAYJ/II0 3.

2. Pemure B HaTypanbHbIX unciax ypasuenne 3" = 2" - m 4 1.

3. Ilyctb a, n > 1 — HarypaJjbHble 4ncia. JlokaxkKure, UTO e€cjau JJisi HEKO-
toporo k umcno (a — 1)¥ nemmres ma m, To Toryma Ha n jeadTCa W UHCTO
a"t+a" 4+ +a+ 1.

4. Haiiure Bce HaTypaJjbHble k Takue, 9TO IPOU3BE/IeHNE TIEPBbIX k IPOCTHIX M-

ceJi, YMEHbBINEHHOe Ha 1, sIBJSIETCST TOYHON CTENEeHbI0 HATypaJbHOrO ducya (60Jb-
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e, JemM mepBas).

5. Ha nocke nanucanbl n nudp B psjia. JJokaxkure, 9T0 K HIM MOXKHO IPUITICATH
HECKOJIbKO 1P cjaieBa u He OoJiee n 1udp cpapa Tak, 4YTOObI MOJIYYIIaCh CTEIIeHb
JIBOMIKMN.

11. CekBeHIuaJibHasE KOMIIAKTHOCTb. 10 mMioJIs

Omnpenenierue. MuoxkectBo X Ha3bIBAETCS CEKBEHUUAADHO KOMNAKMHILM, €CIII
13 JII000M TOCIeI0BATETLHOCTH €r0 3JIEMEHTOB MOYKHO BBIJENTH CXOIAINLYIOCT K
HEKOTOPOMY 3JIeMeHTY 13 X MOJIIOC/Ie0BATEIbHOCTD.

KommenTapuii. Mbl co3HATETHEHO TIOKa OMyCKaeM yIOMHUHAHIE O TOM, 9TO II0-
HIIMAaTh TIOJ «E-OKPECTHOCTHIO» 13 OIPeIeIeHNs CXOUMOCTH. ECIn B KAKOM-TO 13
cJIydaeB BaM 9TO HEIOHSITHO, ClipalliiBaiire.

0. IToitmure, 9TO0 JTFOOOE KOHETHOE MHOYKECTBO SIBJISIETCSI CEKBEHIINAIBLHO KOMITAKT-
HBIM.

1. Jlokarkure, 9TO JIEKAPTOBO IPOU3BEJIEHIE JIBYX CEKBEHIIMAJBLHO KOMIAKTHBIX
MHOZKECTB SIBJISIETCsT CEKBEHIMAJIbHO KOMIIAKTHBIM (C MOKOODIMHATHON CXOJIMO-
CTBHIO).

2. a) Jlokaxkure, 9T0 CIYETHOE JIEKAPTOBO MPOM3BEICHIE KOHETHBIX MHOYKECTB $1B-
JISIETCST CEKBEHIMAILHO KOMIAKTHDBIM.

b) BeiBeiure 3 myHKTaA a) CEKBEHIMAIBHYI0 KOMIAKTHOCTD [0, 1].

Haunnas ¢ sToro MomeHTa MBI paccMaTpuBaeM TOJIBKO MOJAMHOXKecTBa R".

0,. JlokaxkuTe, 9T0 mocsenoBaresbHOCTb {2, } C R™ cxonuTes K & Toraa u TOJIbKO
TOr/Ia, KOIJIa Xy, CXOJIUTCS K X TOKOOPIMHATHO.

05. Jloxkazkure, ato Ky6 [0, 1]" cekBeHIMATBLHO KOMIAKTEH.

3. [okaxkure, 9T0 CEKBEHIMAJIBHBIN KOMIIAKT a) OPpAHIYeH; b) 3aMKHYT.

4. JlokaxkuTe, 4TO 3aMKHYTOE ITOJAMHOYKECTBO CEKBEHIINAILHOIO KOMIIAKTA CEKBEH-
I[1AJIbHO KOMITAKTHO.

5. JlokazkuTe, 4TO MHOXKECTBO CEKBEHIIMAJIbHO KOMIIAKTHO TOIJIA K TOJILKO TOIJIA,
KOIJIa, OHO 3aMKHYTO U OIPAHIYEHO.

6. Jokazkure, 4To ciejyrolee noaMuozKectso [0, 1]° ceKBeHIUaIbHO KOMIAKTHO:

1+ o+ r3+x4+T5 = 2
x1x2+m§+17x5 =1
To+x3—24 = 0

7. JlokaxKkuTe, 9TO CIETHOE JEKAPTOBO MPON3BEICHNE CEKBEHIINAILHBIX KOMITAKTOB
CEeKBEHINATBLHO KOMIIAKTHO (C TIOKOOPJANHATHON CXOJANMOCTHIO).
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12. Crenenpb BxoxKaeuud B n!. 10 urojda

1. Ilycte p — mpocroe. Jlokazkure, 4To creneHb BXOXKJeHust p B n! paBHsercs
n—Sp(n)
—1

0. IToitmuTe, uto n! He nesmurea Ha 27, a Ha 2" ! gesmTes TONBKO ecim n = 2°.

, e Sp(n) — cymma rudp Uncaa n B €ro p-NaHON 3aIliCH.

2. JlokazkuTe, 4TO JIjIsI JIHOOO0 HATYpPaJIbHOIO m 1 Jodoro mejaoro r, 0 < r < m,
CYIIIECTBYeT HATYPaJbHOE N TaK0e, 4TO IOKa3aTe/ b CTEIeH!, B KOTOPOil 2 BXOJNUT B
pasJIoXKeH#e Ha IPOCThIe MHOXKUTEIN YNCIa 1!, JaeT oCTaTOK 7 IPH JIeJIEHUN Ha M.

3. Ilycts a, b — Harypasabuble ncia Takue, 91o alb! nemmres na a!+b!. Joxkaxkure,
aTo 3a = 2b + 2.

4. Jlokaxkure, uTo HuKaKoe uncjuo Bujga 107", n > 1, HeJb3sI IPeJICTaBUTh B BU/IE
CYMMBI YHCeJI, 00pPaTHBIX (haKTOpHAJIaM PA3HBIX HATYPAIbLHBIX UHCE].

5. Lyt IPOCTOro p 1 HATYPAJIBLHOIO 1 0003HAYUM ,(N) 1OKA3aTe b, ¢ KOTOPHIM
P BXOIUT B pazjoxkerune n! Ha mpocTbie MHOXKHTEIN. JJoOKaKuTe, 9T0 /I KazKJI0I0
HATYDPAJBHOTO d U KOHEYHOTO MHOYKECTBA MPOCTBIX UUCEN {P1, ..., Pk} CYIIECTBYET
OEeCKOHEYHO MHOT'O TAKHUX HATYDAJBHBIX 1, 4TO V(1) KpaTHo d 1pu Beex 1 < i < k.

13. JIukOe3 mo nmpoeKTuBHOI reomerpun. 10 uoJjis

1. JTan tpeyrosibauk ABC n Ttouka M na BC'. Ilycts N — Takasi TOUYKa Ha IPSMOi
BC,aro ZM AN = 90°. okaxure, uro (B, C; M, N) = —1 Torjia u TOJbKO TOT/IA,
korpa AM Ouccekrpuca yria BAC.

2. Ilycrs Bumcannast okpyzkHocthb Tpeyroibunka ABC kacaercs cropon BC, AC
u AB B toukax D, E u F coorBectBenno. Takzke M — Takast To9Ka, ITO BIIICAHHASI
OKpyzKHOCTB Tpeyroabanka BC' M kacaercs npsimoit BC' B Touke D, a npsimbix BM
u CM B toukax P un () coorBecrBenno. Jlokaxkure, aro npsimpie K F, PQ) u BC
KOHKYPEHTHDI.

3. [Iycte Touka My npunajyie:xut cropone AB derbipexyroibauka ABCD. My —
npoekiya 13 D touku My Ha npsmyto BC, Ms — mpoexknusa n3 A Toukn My Ha
upsamyio C D, My — npoeknust u3 B touku M3 na npsmyio DA, Ms — npoexiust
u3 C' Toukn My Ha npsmyio AB n tak ganee. Jokaxkure, aro Mz = M.

4. ITycrs P u () n30oroHa/ibHO COlpsizKeHHbIe TOUKH B TpeyroJibauke ABC; Py Py P3
n (Q1Q2()3 — ux mejasjbHbIe TpeyroJbHUKU. Takxke nyctb X; = Q3 N P3Q)o,
Xo = PiQ3sN P3Q1, X3 = P1Q N PQ:. Hokaxure, uro Toukn P, Q), X1, Xo, X3
JiezKaT Ha OJIHOI IIPSIMOIl.

5. Ilycte ABCD — Buucannblit dersipexyroibank. [psmoie AB u C'D nepece-
kaforcst B Touke F, a mumaronaaun AC' u BD B Touke F. Onucanuble OKPYKHOCTH
tpeyrosibauKOB AF D n BFC nepecekatorcst moBTopHO B Touke H. Jlokaxkure, 910

LZEHEF =90°.
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14. HenpepbiBHOCTD. 11 uiojs

Omnpenenenue 1. Oyukiust f: R — R nenpepwisra 6 mouke xg, ecian st Jro-
0ol TIoCIe/I0BATEIbHOCTH { X, }, cxojsmeiicss K xg, mociaenoBaresbuocts { f(x,)}
cxonntes K f(xg).

Onpenenenne 2. Oyuknusg f: R — R uenpepwisrna 6 mouke xg, ecau Jijisi J1o00ii
e-okpectHOCTH B, Touku f(xg), HAlIETCA Takas J--OKPECTHOCTh By TOUKH X(, UTO
nist 6ot Toukn x € By Boimosaeno f(x) € Be.

KommenTapwuii. a) Onpenesenns 1 u 2 95KBUBAJIEHTHBI, HO JIOKA3bIBATH MbI 9TO
KOHEUYHO He OyJIeM.

b) Ompenenenne 2 — 310 crporas hOPMYJINPOBKA ECTECTBEHHOTO MPE/ICTABICHMUST
O HeIpepbIBHON DYHKINN KaK 0 «(pYHKINNA, KOTOpas OJU3KUE TOUYKH MMEPEBOIAT B
OJI3KHIE».

c¢) Omnpefesienne 1, BMeCTe ¢ CeKBEHIUATBHON KOMITAKTHOCTBIO U TEOPEMOii 0 XapaK-
tepusanun cynpemyma — 310 CUJIA, sto MOIIB!

1. ITycts X — cekBeHIMAIbHBIN KOMIIAKT (HAIIPUMED, OTPE30K [a, b)), a dyHKIms
f: X — R nenpepniBua. [lokaxkure, uro f orpanndena Ha X.

2. [lycts X — cekBeHIUAIBHBINA KOMIIAKT (HAIIPUMED, OTPe30K [a, b)), a dyHkius
f: X — R nenpepniua. [Jokaxkurte, uro f jgocruraer Ha X cBOero HaubOJIBLIIETO
SHAUEHUs. YKa3aHue: Kommenmapudl c).

3. Hokaxkurte, uro npu ycjaoun x; = 0 u x1 + 29 + ... + x, = 1 cymecTByer
MaKCHMYM BbIpazkeHus ri + a3 + a3 + ... + 2 (1Im KaKoro-To MoXozKero).

4. JIokaxKnuTe, 9TO CpeJu TPEYTOJbHUKOB C MMEPUMETPOM 1 CyIIecTByeT TPeyrosib-
HUK HanOOJIbINEH TLTOIIaIN.

5. Ilyctb @1 u Py — jiBe 3aMKHYyTBIe OrpaHuYeHHbIe (GUTYPLI Ha TI0CKOCTH. Jlo-
KazKuTe, 9T0 cymiecTByoT Takue To9kn X1 € $1, Xy € Oy, uro paccrostaue | X7 X|
HauMeHbIllee U3 BO3MOXKHBIX. OcTanercs Jin yTBEPXKICHIEe BEPHBIM, €CJIN OTKA3aTh-
Csl OT yCJIOBUsI OIPAHMIEHHOCTHN !

6. [Iycrb &1 u $y — JjiBe 3aMKHYTBIE OrpaHUYeHHbIe (DUIYPhI HA MLJIOCKOCTH. &)
Hokaxkure, uro cymectByeT jiBe Toukn X; € @1, Xo € Py, paccrosinue MewKy
KOTOpPBIME paBHO p(P1, P2) :=sup g, infpea, |AB.

b) Bepno s, aro p(P1, Do) = p(Py, 1)?

7. llycts @ — BoIMyK/Iasd 3aMKHyTas purypa miomaan 1. JlokazkuTe, 4To €€ MOKHO

3aKJIIOUYNTh BHYTPH TPEYTOJIbLHUKA TLIOMAIN 2.

15. Paz3uoboiti—4. 11 urojg

1. B tpeyrosbnoii mupamuie ABC D Bce 1miockue yriibl Py BEPIITHAX — He HIPsi-
Mble, a TOUYKHN Iepecedenns BbicoT B Tpeyrosbaukax ABC, ABD, ACD nexar
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Ha OJIHOI npsimoii. JlokarkuTe, 9TO IEHTP OIMUCAHHOI cepbl NUPAMUIbI JEKUT B
ILJIOCKOCTH, IIPOXOJIsIieii depes cepenunnbl pedbep AB, AC, AD.

2. Ha npamoyrosbHOM cTOJIE JIeYKaT paBHbIEe KAPTOHHBIE KBAAPATHI N PA3TMIHBIX
IIBETOB CO CTOPOHAMM, TTAPAJIIETLHBIMI CTOPOHAM CTOJIa. Ec/im paccMOTpeTs JIo0bIe
N KBaJPATOB Pa3IUIHBIX I[BETOB, TO KaKMe-HUOY b JBa U3 HUX MOXKHO MPUOUTDH K
CTOJTy OJHUM TBO37eM. JlokarkuTe, 9TO BCe KBaJIpaThl HEKOTOPOTO IBETA MOYKHO
NpUOUTL K CTOJY 21 — 2 TBO3/IAMI.

3. [Ipu Kakmx HATypaJIbHBIX 1 > 1 CyIIECTBYIOT Takue HaTypaJibHble by, ..., b,
(He Bce M3 KOTOPBIX PABHBI), UTO TIPH BCEX HATYPATBHBIX k TuCIIO

(b + k) (b + k) ... (b + k)

SIBJISIETCSI CTeleHblo HaTypasbaoro dncia? ([lokasaress cremernn MoKeT 3aBUCETH
oT k, HO JI0JIZKeH ObITh Beerjia GoJbiie 1.)

16. KommnakTHbIe MHOXKeCcTBa. 12 mioJid

Onpepesienne. CemeiictBo MuOKeCTB {U,, } HABBIBACTCST OMKEPLIMBIM NOKPHIMUEM
MHOXKecTBa F', ecjin, Bo-1IepBBIX, Kazkjioe u3 U, sBJIsieTCsl OTKPBHITHIM, & BO-BTOPHIX,
F cU.,.

Omnpenenenue. MuoxkecTBo F' Ha3bIBAETCS KOMNAKMMHILM, €CIIH U3 JTIOOOTO €ro
OTKPBITOI'O MOKPBITUST MOYKHO BBIOPATh KOHEYHOE MOAIIOKPBITHE.

1. [Tycts F' C R™ — komnakTHO. Jlokazkure, uro F' a) orpanndeno; b) 3aMKHYTO.

2. JlokazkuTe, 4TO 3aMKHYTOE IOJIMHOYKECTBO KOMIIAKTa — KOMIIAKT.

3. Hokaxure, uro a) [0,1]; b) [0,1]" — KommakT.

4. Jlokaxkure, uro F' C R" — KoMIaxT TOrja U TOJbLKO TOrAa, Korma F' 3aMKHYTO
1 OIPaHUIEHO.

KomvmmenTapmii. Tem cambim F' C R" KoMnakTHO TOrJa M TOJIBKO TOrJa, KO-
Jla OHO CeKBeHIMAaIbHO KoMakTHO. OJ[HaKO[B, 31paBcTByiiTe| B 001eM Cydae 3T0
nesepuo! Ho 310 coBcem jpyrast mcTopusi. . .

5. Jlokaxkure, 9T0 ecjit HabOp OTPE3KOB |Gy, by] TOKPBIBAET BCIO MPSIMYTO, TO JIJIs
moboro C' > 0 HaiiyTcss HECKOJIbKO OTpe3KoB [q, Is, ..., I, Takue, 4TO

17. Marboiti—mexkaycoboii. 12 mroJis

1. dan tpeyrompauk ABC u touka M. Ilpsmasi, nmpoxongamas depe3 M, nepe-
cexaer npsimbie AB, BC' u C'A B Toukax C, Ay u By coorBercrBerno. [Ipsvbre
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AM, BM u C'M nepecekaoT OIMICaHHYIO OKPYKHOCTB Tpeyroibanka ABC' B Tou-
Kax Ao, By m Cy coorBercrBenno. okaxkure, uro npsimble Ay Ao, B1By u C1Cy
[IepeceKaroTcsl Ha, OIICAHHON OKpy:KHOCTH TpeyroibiHuka ABC'.

2. [Iyctb F' — KOHeUHOE ceMeiicTBO KOMIIAKTHBIX ILJIOCKUX Guryp. M3secTHO, 9TO
qst gioboro C' > 0 kpyr pajuyca C' MOXKeT OBITH IEJTUKOM HAKPBIT KOHEUHBIM
KOJTTIECTBOM HEIIEPEKPBIBAIOIINXCST (T.€. He MepeceKaIoNnXCsl 0 BHYTPEHHIM TOU-
KaMm) Korwit dhuryp n3 F. JlokazkuTe, 9T0 BCsl MJIOCKOCTH MOYKET ObITH MOKPBITA
HEIePEKPBIBAIOIINMUCs KoTmsiMu puryp u3 F. (Purypbl MOKHO TOBOpadNBATEH N
IIepEeBOPAINBATH. )

3. Pemmite B HaTypaIbHBIX Uncaax ypasaenne (n — 1)1+ 1 = nF.

4. B tpeyrosibanke ABC' touka O — 1eHTp onucanHnoit okpyzkuoctu. O6o3HaImM
OINMCaHHYIO0 OKPY2KHOCTH Tpeyrobanka ABQO depes (). [Ipsimbie CA u C'B Bropuy-
HO repecekaior ) B Toukax P u () coorBercTBenno. Jokarkure, uro npstmbie C'O n
PQ nepnesuKyisipHbI.

5. Oyukiyst [ Ha3bIBAETCsSl PasHOMEPHO Henpepbishol Ha orpeske [0, 1], ecim
Ve > 0 3. > 0: Vo, 29 € [0,1]: |x1 — 29| < 6 Bomosneno |f(z1) — f(z9)] < e.
Hokazkure, aro eciu f wenpepbiBHa Ha [0, 1], To oHA paBHOMEPHO HelpepbiBHA Ha,
[0, 1].

6. Ilyctb n — HaTypasbHOE YN0 1 X — MHOXKECTBO U3 N+ 2 IEJIbIX YNCeT, KaXKI0e
3 KOTOPBIX 110 MOJIYJ/IIO HE IPEeBOCXOIUT 1. JloKaykuTe, 9T0 HaiigyTcs Takue a, b,
ce X,utoa+b=c.

7. Kak1ast cropoHa TpeyroJibHIKa pasjiesieHa Ha 1M PaBHBIX dacTeil 1 depe3 TOY-
KI1 JIeJIeHUsT [IPOBEJIEHDI IPsIMbIe, TIapaJule/bHble ero cropoHaM. KaxKias BepiinHa
IOJTY YeHHO TPUAHTYJIAINN OKPAIlleHa B OJIMH U3 JBYX [IBETOB: KPACHLI /I CHHIA.
Jlokazkure, 4TO YUCJIO PA3HOIBETHBIX pebep TPUAHTYJ/IAINN YETHO.

8. B pamMkax 3a/1a4uu 06 yCTOWYNBBIX IAPOCOYETAHUSAX, JTOKAXKUATE, YTO «MYZKCKOM»
asroputym Leitia-11lerm (T.e. B KOTOPOM MY?KUHHBI BBICTYTIAIOT KAK Proposers) mpu-
BOJUT K MApOCOYETAHMIO B KOTOPOM KasKJIbIii MYKUMHA 17 [OJIy9aeT HAUIYUIIYIO
13 BO3MOKHBIX JIJIS HETO YKEHIUH (T.e. HAMIYUIIYIO U3 TeX W, JJisi KOTOPBIX CyIIie-
CTBYET YCTOWUMBOE MapocoveTanne, cojepzKaiiee napy (m,w)).

18. «Pyunbie» rpadmnl. 14 urojs

1. Packpacka cBsi3HOTO rpada TaKoBa, UTO JJjsI JiFoOOil BepIIMHBI BCE BEPINUHBI,
COeJINHEeHHBIE ¢ Heil, ogHoro npeta. JlJokaxKure, 4To IIBETOB UCIIOJIH30BAHO He OOJIbIIIe
JIBYX.

2. B kpyxkok nocrymuio 40 gereit. OKazalioch, 9TO cpejiy JIFOObIX YeTBEPhIX U3
HUX €CTh KTO-TO, KTO 3HAET elIé XOTs Obl JBOMX U3 3TOI 4eTBEPKU. KPYKKOBIIHI
[Ters n Bacst He3HaKOMBI U HE MMEIOT OOIIEro 3HAKOMOTo; Bacs 3HAKOM ¢ KPY2K-
koBrieM Kouteit. Yunresnb BbirHas Ilerio n3 kpyxkka. lokaxkure, 4To Jr0ObIe JIBOE
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OCTABIIUXCs JINOO 3HAKOMBI, JITOO UMEIOT 00IIero 3HaKOMOI'o, OTJINYHOTo oT IleTn.

3. B crpane n ropoj1oB, HEKOTOPBIE U3 KOTOPBIX COSTUHEHBI O€CIOCaI0UHBIMI aBHa-
JauHusIMU (JeficTByomuMu B 000uX Halpas/ienusx). Hu onus ropoj He coeuHEH
HPSMBIMEU aBuapeiicaMi co BceMu ocTajbHbIMEI. OKa3a/10Ch, 4TO JIJIsl JIIOOBIX JIBYX
IOpOJIOB CYIIECTBYET €JMHCTBEHHBIN CI10cO0 JI0OpaThCst U3 OJIHOIO B JIPYTOil, cjesaB
He 6oJiee ojiHON nepecakn. Jokaxkure, 910 n — 1 — TOYHBII KBaJpar.

4. B rpade 3333 BepIIuHbI, U JJIs JIOOBIX JIBYX €r0 BEPIINH CYIIECTBYET MaMUIb-
TOHOB IyTh (TO €CTh IIyTh, IPOXOAIINIT Yepe3 KazKIylo U3 BepIInH rpada poBHO
OJINH pa3) ¢ KOHIAMHU B 9TUX BeplinHax. Kakoe HanmMenblee 9ucjio pébep MOKeT
ObITh y Takoro rpada’

5. Jlns kakux HaTypasbHbIX N, 60/binx 50, MOXKHO TakK IO3HAKOMHUTL MEXKLy
coboit N dejioBek, 94T0ObI Y KarKIbIX D0 13 HUX ObLI POBHO OJIMH OOIIMil 3HAKOMBIIi !
(HestoBek He cIMTAETCST CBOMM 3HAKOMBIM. )

19. Teopema o mMpoMeKyTOYHOM 3HadYeHUU. 14 Ur0JIsd

Teopema o ipomexkyTodyHom 3nadenun. [lycrs f: [a,b] — R — HenpepbiBHas
dbyuxist, tpraénm f(a) - f(b) < 0. Torma naitnéres ¢ € [a, b] Takas, aro f(c) = 0.

CaencrBue. f([|a,b]) ecTb 0TpPE30K.

1. a) [okaxkure, ato [j1s1 JiE00O# XOportieit (hUrypbl MOXKHO MPOBECTU MPSIMYTO,
napaJiie/IbHyI0 JJaHHOM, TaKyI0, YTO OHA PA3JIEJUT ILJIOMA b TOIMOIaM.

b) Hokaxkure, 910 151 J1I000# XOpotieil GUrypbl MOKHO IPOBECTH MPSIMYO Iepes3
JAHHYIO TOYKY TaK, 9TO OHA Pa3Je/JUT TLIOMIAIbL MTOTOIAM.

2. [okaxkure, 9To jJisi JI000# Xopoieit purypbl MOXKHO HailTn jBe Touku A u
B, nensuiue mnepumMeTrp IomojiaM, Takue, 4to npsiMasds AB napaJuienbHa gaHHol
IIPAMOIA.

3. Oyuknusa F' 3ajana #a Beeil BEMIECTBEHHON OCH, TPUIEM I JIIOOOTO T MMeeT
MECTO PaBEHCTBO:

Flx+1)F(x)+ Fzx+1)+1=0.

Hokaxkure, 4T0 (pyHKIMA F HE MOKET ObITh HEIIPEPBIBHOIA.

4. Paguyc oKpyKHOCTHU, BIUCAHHONW B paBHOOE/IPEHHBIN TpPEyroJbHUK, paBeH 1.
MozkeT Jin 1J101a/1h TPEYTOJbHIKA OBbITh paBHa 67

5. JlokakuTe, 9TO HelpepbiBHAA (DYHKIMSA HA OKPY’KHOCTH B HEKOTOPBIX JIBYX
JIMaMeTPaJbHO ITPOTUBOIMOJIOXKHBIX TOYKAX IPUHUMAET OJNHAKOBBIE 3HAUEHUS.

6. /lokaxxure, 4TO JIIOOYIO XOPOIYIO PUTYPY MOXKHO BICATh B KBaJIpaT.

7. Anamiua moOBIBAT BO BCEX TOUKAX 9KBATOPA, |HEMPEPBIBHO| IBHUTIasiCh TO HA
BOCTOK, TO Ha 3allaJl, a MWHOrJ[a MITHOBEHHO IlepeMelasich B JruaMeTPaJbHO ITPOTH-
BOIIOJIOYKHYIO TOUKY 3em/iu. JlokaxkuTe, 4To ObLI OTPE30K BPEMEHH, 3a KOTOPOe
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Pa3HOCTH PACCTOSIHUI, MPOiIeHHBIX AJIaIIMHOM Ha BOCTOK U Ha 3alla], He MEHbIIe
IIOJIOBUHBI JIJINHBI 9KBATOPA.

20. IIpoekTuBHBIE ITPEOOPaA30BaAHMUS IIJIOCKOCTH. 14 WIOJIs

Onpenenenune. [[enmpasvrovim NPoEKMUPOSAHUEM TIIOCKOCTH (v Ha TIJIOCKOCTD
[ orHocuTebHO TOUKKM () HA3bIBAETCS «OTOOpakKeHues» Takoe, 9To Touke A € «
corocrasJisiercst Touka OA N B.

[TorsiTHO, 9TO 5TO Ha CaAMOM Jiejie He OTOOparkeHue, MOTOMY UYTO €CTh TOYKH,
KOTOPBIM HUYEro He CTAaBUTCA B COOTBETCTBHE. A MMEHHO 3TO npsiMast [ = v N a,
rjie ¥ — IIOCKOCTh Ipoxojidiias depe3 O mapaJuiesibHo .

O06bIUHO, 9TOOBI U30€KATH ITOI MIPOOJIEMBI JTI0OABJISIIOT OECKOHEUHO Y/IAJIEHHYIO
npsaMyto, Kak obpa3 v M . [LmockocTh ¢ j1ob6aBieHHON TPAMOil HAa3bIBAETCs MPOEK-
TUBHO ILJIOCKOCTBIO.

[enTpasbHOE MPOECKTUPOBAHIE OYEBUIHO COXPAHIET OTHOIIEHNE «JIeXKATh Ha, OJ1-
HOW TIPAMOIT», a TaKzKe JBOINHOE OTHOIICHUE YeThIpeX TOYEK Ha IIPAMOIL.

3amMmevanue. HacTHbIM ciIydaeM IEeHTPAJILHOIO MTPOEKTUPOBaHUs OyjIeM CUnTaTh
napaJiie/ibHOe MMPpoeKTHpoBaHme. Korja ¢ II0CKOCThIO 5 MbI IIepeceKaeM ITyUdOoK Ia-
paJIJIeIbHBIX MPSMBIX (a He mepecekaroruxcst B Touke O).

1. JlokaxkuTe, 9TO CyIIECTBYeT IEHTpabHOE IPOEKTHUPOBAHUE, MEPEBOJIsAIIee Ue-
ThIpe TOYKH, HUKAKNe TPU 13 KOTOPBIX HE JIEZKAT Ha OJHOI MPsSIMOii, B BEPIIUHEI &)
mapaJsuiesiorpaMma;  b) KBajpara.
¢) Yepes Touxky O mepecedenust guaronajeii dersipexyroibinka ABC D mpose/ie-
HBI 9eThIpe HpsMble, repecekatorue ero cropoubl B roukax K u K', L u L', M u
M', N nu N'. Ilpsymeie KM u LN nepecekatorcst B Touke P, a npsmble K'M' n
L'N" — B rouke P’. Jlokaxkure, uro Touku P, O u P’ jnexxar Ha 01HOM IIPSIMOIi.

2%, JlokayKuTe, 4TO CYIIECTBYET ICHTPAJLHOE IIPOCKTUPOBAHUE, IEPEBOJISIIee
OKPY2KHOCTb B OKPY?KHOCTb U TOUYKY BHYTPH 9TOI OKPY?KHOCTHU B €€ LEHTP.

3 (Teopema o 6abouke). Yepes cepemuny C' xopiabt AB mpoBeJeHbl JBEe XOP-
ael KM u LN. Ipsawmbie KL n M N nepecekator xopay AB B Toukax D un FE.
Hoxkaxkure, uro CD = CE.

4. IIycts U — nenTpajgbHOe IPOEKTUPOBaHNE, COXPAHAIONee OKPYKHOCTh w. Jlo-
KakuTe, 970 U coxpaHseT CBOICTBO «ObITH HOJISIPOILs.

0,. IlofiMmuTe, 49TO CyIIecTBYeT IEHTPaAJbHOE IIPOEKTUPOBAHNE, COXPaHSIONIee
OKPY2KHOCTh W U IIePEBO/IsIIee HellepeceKarollyo w IPsMyi0 B O6CKOHEYHO yjla-
JIEHHYIO.

Onpenenenne. [IpeobpazoBanne NPOEKTUBHOI IJIOCKOCTH, IIepPeBOJIAIIee JTHOYIO
IPSIMYIO B TIPSIMYI0, HA3BIBACTCS NPOEKMUGHBIM.

5. JlokaxkuTe, 9TO POEKTUBHOE IIpeodpa3oBaHne OJHO3HAYHO 3aJ1aeTCsl 0Opa3aMu
4 Touek, HUKaKHe TPU U3 KOTOPHIX He JIeyKaT Ha OJHOM IIpsaMOoii
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6. Jlokazkure, uTO J11000€ IIPOEKTUBHOE IIPEOOPA30OBaHIE MOYKET OBITH IPEJICTaB-
JIEHO KOMITO3HIIell He OoJjiee 9eM JIBYX IEeHTPAIbHBIX TPOEKTHPOBAHMIA.

21. IIpoexkTuBHBIE ITpeobpa3oBaHusd: 3aa9u. 16 MO

[IpoexTuBHbIe TTpeobpa30oBats (B YACTHOCTU IIEHTPATIBHOE MPOEKTUPOBAHIE) TI03-
BOJIAIOT JJOKa3bIBATh «IIPOCKTUBHBICY CBOMCTBA KOHCTPYKIUU, HAIIPUMED «TPU [IPd-
MBIX IIepeceKarTCd B OJHOI TOYKEe» WJIN «TPU TOYKU Ha OTHON IIPAMOIL».
Cy1ecTByIOT CJIe/IyIOIne IPOEKTUBHBIE ITPe0OPa30BAHMSI:

® KOTOPOE MEPEBOJIUT YeThIPEXYTOJBHUK B JII000i1 JIpyroii (daie Bcero yiobHO B
KBaJIpar);

® KOTOPOE€ OKPYZKHOCTb OCTABJIAET Ha MECTE, & BHYTPEHHIOIO TOUKY IIE€PEBOJIUT B
ee 1IEeHTp;

® KOTOpPOEe OKPY’KHOCTb OCTaBJIET Ha MECTe, a HellepeceKalollytocs ¢ Helt 1ps-
MYIO TIEPEBOIUT B OECKOHEYHO Yy IaJIEHHYIO.

1. Jlokaxkute, 9TO HPsIMbIE, COCJMHAIONINE BEPIINHBI TPEYTOJbHUKA C TOUKAMMU
KacaHusi MPOTUBOIIOJIOKHBIX CTOPOH C BIIMCAHHON OKPYKHOCTBIO, [T€PECEKaloTCst B
oJiHO#T TOuKe (Mmouka Xepzona).

2. Jlokazkure, 9TO MpsIMbIe, COeIMHSIONIIE ITPOTUBOIO/IOKHbBIE TOUKN KacaHUs OI1-
CAHHOT'O YEeTBhIPEXYTOJIbHIKA, TPOXOJIST Yepe3 TOUKY HepecevdeHus JuaroHaseii.

3. Toukn A, B, C' u D nexar ma okpyzxKuHoctu, SA n SD — KacarejbHble K
91Ot oKpy:kHOCTH, P 1 () — Touknu nepecedenns npsambix AB u CD, AC u BD
coorBeTcTBeHHO. JloKaxkuTe, uro Touku P, () u S jexKar Ha 0JHON HPIMOIL.

4. Jdan Beinyk/biil gerbipéxyroibiuk ABCD. Ilycts E, F' — TouKu nepecedennsi
IPOJIOJIZKEH U ITPOTHBOI0JI0KHBIX cTopoH AB u CD, AD u BC' coorsercrBenno, M
— [IPOU3BOJIbHAS TOYKA BHYTPU YeThIpEXyrobHuka. [IycTs S — Touka repecedenms
upambeix AD u EM, P — Touka nepecedenns npambix AB u F'M. Jokaxure, 910
nupsambie BS, PD n MC KOHKYypeHTHBI.

5. Jlokaxkure, 4TO JIJis JIFOOOrO HEYETHOrO 71 > 3 Ha IJIOCKOCTH MOYKHO YKa3aTb
2n pa3IMIHBbIX TOYEK, He JIeXKAIUX Ha OJHON MPAMOi, 1 pa30UTh UX Ha Hapbl TakK,
qTOOBI JII00as MpsMasd, MPOXO/Idlas Yepe3 JiBe TOUKU 13 Pa3HbIX Iap, MPOXO/IUIa
ObI eIlIé Yepes3 OJHY U3 9TUX 271 TOUEK.

6. Ha oxpy:xnoctn BeiOpana xopja K L. s kaxgoro quamerpa AB, He mepece-
karorero K L, moctponm Touky C' Tak, uro npsMbie BC' 1 AC npoxoasiT yepes KOH-
16l Xopgibl K 1 L coorBeTcTBeHHO. PaccMOTpUM BBICOTBI BCEX TaAKIX TPEYTOJHLHIKOB
ABC, nposejiennbie n3 epiinibl C'. Jlokaykure, 9TO BCE 9T BBICOTHI IIEPECEKATOTCs
B OJIHOII TOYKe.
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22. Apundmerndeckne cBoiicTBa OMHOMMAJIbHBIX K0O3(huinm-
€HTOB. 16 uroJid

1 (reopema JIrokd). Ilycrs p — mpocroe, n — HarypaibHoe, k < n — Iejoe

HEOTPUIATEIbHOE YUCIO0. IIyCTh 1 = Tyl —1 - - - Ty, kK = KKyt . .. ko, — 3a1mcu

yncesi n n k B p—I/IqHOﬁ CuCcTreMe CHuCJICHUA. TOI‘,H&

m

Ch = H Cl (mod p).

1=0

2 (reopema Kymmepa). Ilycts p — mpocroe u myctsb n, k < n — HaTypaJbHble
qucia. Torga v, (CS) paBHSIETCA KOJIMYECTBY MEPEHOCOB MPU CJIOXKeHun n — k u k
B P-UYIHOI CUCTEMe CUMCJICHUS.

3. CKoJIbKO cyllecTByeT HedéTHbIX unces cpegun CO, CH o C™?
4. Ilycts p > 2 — npoctoe. Haiiyiute Bce HaTypasibHble 1, JJIsT KOTOPBHIX
a) Kazoe w3 unces CLoC2 .. C"1 nemurea na p.
b) nu oxno w3 uncen CL C2 ... C"1 ne nennres na p.
5. Jlokazkute, uto cpeau uncen Cy, k=1, ..., 2" — 1, pOBHO OJIHO JEJUTCS Ha

2, HO He jenuTcsd Ha 4.

6. Haiijture Bce HATYpaAJIbHBIE YUCTA N = 2 TAKKUe, 9TO C’fj_ ,, 46éTHO i Beex k = 1,
9 n

it

7. Ilycts p — mpocroe, j, k — HaTypaJibHbIE YHCIa, He IpeBocxoadiime p — 1.
Hokazkure, aro s jioboro n, n = k (mod p — 1), BbIIOJHEHO

Z C™=¢C  (mod p).

m=j (mod p—1)

23. [I'padckuii| paznoboii—5. 16 utosis

1. a) Ha Beuepunky B 4ecTh Haua/a CMEHbI IPUILIN 21 deaoBeK. JlomycTum, 9To
KTO-TO U3 HUX MMeeT HeueTHOe UUC/I0 JIpy3eil cpeau cobpaBmuxcs. JokaxKure, 910
HallIyTCA JIBOE, KOTOPbIe UMEIOT YeTHOe UHCJI0 ODIIUX JIPY3eil.

b) To ke camoe, HO 6e3 HPENOIOKEHUST O CYIIECTBOBAHUN BEpIINHBI HEYETHOIT
CTEIleHM.

2. B crpane HekoTOpBIe Haphbl MOPOJIOB COEJINHEHBI OJHOCTOPOHHUM aBTOOYCHBIM
UM YKeJe3HOJOPOXKHBIM coobIeHneM. Mexkly AByMs IOPOJaMu MOXKeT ObITh U
HECKOJIBKO PeiicoB, B 9aCTHOCTH — B Pa3Hble CTOPOHBI. VI3BeCTHO, 4TO JJjIsl JIIOOBIX
nByX ropoaoB A u B oo uz A B B, mubo n3 B B A MOXKHO J10OpaThCst, NCIOJIb3YSI
TOJIBKO OJIMH BHJ TpaHciopTa. Jlokaxkure, 4To HaiijiéTcss Takoit ropos X, 4To s
Joboro jipyroro ropoja Y nz X B Y MOXKHO J0OpaTbCs ¢ UCIOJIb30BAHUEM TOJIHKO
OJIHOTO BHJIa TPAHCIOPTa (JJIsT pa3HBIX Y 9TH BHJIbI MOTYT ObITH DA3HBIMN).
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3. CgasHblil rpad, UMEIONNi XOTs Obl TPU BEPIIUHBI, HE TepsieT CBA3HOCTU IIPU
yrajeHnn Jitoooit BepmuHbl. [Iycrs x — ogHa u3 ero BepiiuH. JlokaxkuTe, 4ToO B
rpade CyIecTByeT MPOCTOi NNUKJI, ITPOXOJSIINI Yepe3 & 1 CojepKalliuil HEKOTOPYIO
BEPIIIHY Y 7# T BMECTe CO BCEMHU €€ COCEeJISIMI.

24. Teopema Bbpay3pa. 17 uross

1 (Teopema Bpayspa; gacTabiii cay4aii). [Iycts T — TpeyroJibHIUK ¢ IpaHu-
neit. Oroopazkenue f: T — T gBisieTcs HeNpPepPbIBHBIM. J[0KaXKUTe, 4TO CyIIEeCTBY-
er Takas Touka r € T, aro f(x) = x. Vrasanue: semma [lIneprepa.

Caenyronuit Habop 3aja4 HY»KeH /sl «PaCIIUPEeHHs» MHOXKeCTBa (PUryp, JJisd
KOTOPBIX BepHa TeopeMa Bpayspa o HenojsuxKkHOIT Touke. Bece MHOXKeCTBa Jiexkar
B R".

2. Jlokaxkure, uto g: R" — R"™ — nenpepniBHoe oToOparkeHue TOrJa U TOJHKO
Torja, Korjaa st jodoro orkpoiroro U C R MHOXKeCTBO

g (U):={x e R": g(x) € U}

OTKPBITO («IIPO0OPA3 OTKPBITOTO OTKPBIT ).

3*. Ilycrb g: X — Y — HenpepblBHOE B3AUMHO OJHO3HAYHOE COOTBeTCTBUE; X —

CEeKBEHIINAIbHBIIT KOMITaKT.
a) Ocosnaiite, 9T0 Y — CEKBEHIMAJbHBIN KOMIIAKT.
b) Hokazkure, uto g~ ': Y — X — HenpepblBHOe 0TOOpaskeHue.

4. Ilycts g: T' — Y — HenpepbIBHOE B3aMMHO OJHO3HAYHOE COOTBeTCTBUE; T —
TPEYTroJIbHUK ¢ rpanuneii. Jlokazkure, 4To JJId JIF0OOro HEIIPEPBIBHOI'O OTOOparKeHU s
f:Y — Y cymecrByer takas Touka x € Y, uro f(x) = .

0;. [IpuaymaiiTe HenpepbIBHOE OTOOpaKeHHE TPEYTOJbHUKA Ha KPYT, YeThIPEX-
YTOJbHUKA Ha KPYT.

5. [Iycrs C' — kpyr, w — ero rpannna. CyIecTByeT JIn HEIPEPBIBHOE OTOOPaKEHNE
f: C' = w rmakoe, aro jy1s yoboro x € w f(x) = x?

25. Matrooit ITPOON-9 — I[TPODPU-10. 17 urond

1. Ilyctb k, n — HATYpaJIbHBIE YuC/Ia, IPUIEM N > C,f. Jlanbl 3n momapHO pas-
JIMYHBIX HATYPaJIbHBIX duces: a;, b;, ¢;, rae ¢ = 1, ..., n. Jlokaxkure, 94T0 cpejiu
cyMM Bua a; + b;, a; + ¢;, b; + ¢; Xorsi Obl k 4+ 1 pa3/InIHbBIX.

2. B rabiiniie n X n paccraB/ieHbl pa3/MdyHble HATypPaJibHbIE YNC/Ia, HEe IIPEeBOCXO-
name 2n?. B kax10il cTpoke n B KaykjaoM crosone nocuntan HOJL Beex wmcer.
PaccranoBka HazbiBaercst yousumenvrot, ecau see st 2n HO Hos pasmmansr. [1pn
KaKIX 7 CYyIIECTBYeT yJAUBUTEIbHAs PacCTaHOBKA
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3. MuozkecTBo S BepimH rpada HasbIBACTCS JOMUHUPYIOWUM, €C/IN JIF0bast Bep-
muHa rpada, He BXogsdinas B S, CMeXKHa ¢ Kakoii-To BepmmHoii u3 S. CylecTByer
Ji1 Tpad ¢ YeTHBIM YUCJIOM JOMUHUPYIONUX MHOYKECTB?

4. Cropounl AB u E'F suucanunoro mecruyroyibinka ABCDFEF niepecekaioTcst B
touke X, cropousl KF u CD — B touke Y, a cropounl C'D u AB — B Touke Z.
Ha npsimoit E'F' BeiOpana touka M tax, uro M B 1 AFE. Ha npamoit C'D BeiOpaHa
rouka N Tak, uro NF 1 CFE, a na npsmoii AB Bbibpana Touka K Tak, 9T0
KD 1 AC. Toukn O,, O, n O, IeHTPHI OINCAHHBIX OKPY?KHOCTEH TPEYTOJILHIKOB
MBE, FNC u AK D coorserctsenno. loxkaxxure, uro npamsie XO,, YO, u ZO,
[IepeceKaroTcs B OJIHON TOYKeE.

5. B 10 kopobkax Jsiexkar KaMum: B k-oit kopobke sexkut 2000 + k xamueit (k =
1, 2, ...,10). JIBoe urparor B TaKyio UIPY: OJMH U3 UI'POKOB BBIOMpAET JIIOOBIE 5
KOPOOOK 1 BBIHIMAET U3 KazKJIOi 13 HIX HEKOTOPOE HEHYJIEBOE KOJIMIECTBO KAMHEI.
Tor, KTO He MOXKeT cJieaTh XOJ, IIPOUrPhIBaeT. KTO BbIUIPaAeT MPU MPaBUJILHOMN
urpe?

6. Tanbl uncia a, b, ¢ € [—1, 1]. Wzsectro, uro a®+b*+c* < 1+ 2abe. Tokaxure,
YTO JIJIsI BCAKOI'O HATYPAJIBLHOI'O 7 UMeeT MeCTO HepaBeHCTBO

a* + 6™ + " < 1+ 2(abe)".

7. B npsmoyrossrom tpeyrosibanke ABC (LA = 90°) 6uccekrpucst BD u CE
nepecekatorcss B Touke I. MoryT s juimHbl Kaxkjoro u3 orpeskos AB, AC, BI,
ID, CI, IE 0bITb 1ebIMu GucjaMn’?

8. BhIIyKJIbIil MHOTOYTOJIBHUK Ha IIJIOCKOCTH TAKOB, YTO €ro 00pas IIpu JIFOOM I1a-
paJIIeIbHOM IepeHoce COJEPKAT MeayIo ToUKYy. JloKaxknuTe, 9T0 paccTOTHIE MEXKTy
KAKHIMI-TO [BYMsI BEPIIHHAMI MHOIOYTOJILHIKA HE MEHBIIEe /2.

9. [Tycrb P(x) — npuBe/ieHHbIH MHOTOUJIEH CTEIIEHU 1, UMEIOIIUIT 71 BEIEeCTBEHHBIX
KopHelt ¢ yuerom kparHocreil; P(2017) = 2017. Tlyers Q(z) = [[2% Pz + 7).
Hokaxkure, uro Q(z) umeer kak mMutHuMyM 1000 pasjindHbIX KOPHE, O MOJLYJIIO
Menbimux 2017.

10. Ha karkxgo0it KjeTke OECKOHEYHON IMaxMaTHOI JTOCKHM HAIMCAHO HanMeHbIIIee
KOJIMYECTBO XO/I0B, 3a KOTOPOE KOHb MOZKET JIONTH OT 9TON KJICTKH JIO JAHHOUW KJIeT-
ku . Hazosem kiteTKy ocoboti, ecin Ha Heit Hammcano gncyo 100, a Ha Bcex coce/-
Hux ¢ Heil (o cropone) kierkax — 101. CKOJIBKO CyNIECTBYeT 0COOBIX KJIETOK?

26. Kpusble BTOporo nopsjaka. 19 muroJisd

Onpenenenne. Iaruncom HaswiBaerca ['MT ¢ dpukcupoBaHHoil cymMMoii s pac-
CTOSTHUI 710 ABYX To4YeK Fy m Fh. DTU TOUKN HA3BIBAIOTCS (POKYCAMU IANUNCA.

Tunepbosoti nazeiBaerca I'MT ¢ pukcupoBaHHBIM MO/JIyJIEM PA3HOCTH PACCTOSHUIT
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JI0 IByX ToueK Fy u Fh. DTU TOUKU HA3BIBAIOTCS (POKYCAMU 2UnepbosbL.

Iapabonot nazwiBaercs I'MT, paBHOyma/éHHBIX 0T Touku F' u npsimoit £. Touka
Ha3bIBACTCs (horycom napaboivl, a IpssMas Jupexmpucots napaboso.

DaxT. Djuric, runepobosia 1 mapabdboia siBISIOTCs KPUBBIMIA BTOPOIO MOPSIIKA, T.€.
3a1aI0TCS BBIPAsKCHIEM BUJA 1122 + 20120y + a2y’ + bz + byy + ¢ = 0.

1. Jlokaxkurte, 9TO TOYKN BHYTpH 3jaunca ectb I'MT, cymma paccrosgunii oT Ko-
TOpBIX J10 F} n Fy MeHblle S, a TOUKU BHE 3JIIAIICA — OOJIbIIIE.

0;. Ha mmockocTu manbl Toukn Fi u Iy, a Takeke mnpsimasi £. ITocTpoiiTe ¢ moMoIbio
MUPKYJIs 1 JInHeiikn Touky P € £, nusg kotopoit cymma Fi P + Fy P MuHUMAJIbHA.

2 (omrTu4eckoe cBoiicTBO sumuiica). Ha miockoctn mmeercst ssutuiic ¢ hokyca-
mu Fy u Fy. Ipamas ¢ kacaercst sjumica B Touke P. Jlokaxkure, 4To  — BHEIITHSISI
ouccektpuca yria FyPFs.

3. Ilyctb a, b, ¢ — nosiokuTeabHble YUCIa, X — HEKOTOpas TOYKA Ha IJIOCKOCTH.
Paccmorpum BeeBozmozkubie Tpeyroiabuukun ABC takue, uto XA =a, XB =bn
XC = c. Insa kakoro n3 nux nepumerp ABC Oyner nanbosbimmii? [Towemy maxod
mpey2oibHuK 6000we cyuecmsyem?

4. IlpoBenem u3 joboit Toukm P, Jjexkalmieil BHe 3JUIMICA, JBE KacaTeJbHble K
uHemy. [lycts onn kacatorcs siunca B Toukax X un Y. Jlokaxkure, uro L F1PX =
—&LFPY (Fy u Fy — dokycsl ssumnrica).

0,. B TpeyrospHuk Brmcan sjutuic. Jlokaxkure, 9To ero (hoKychbl M30IOHAJIbHO
COIPsIzKEHbI OTHOCUTEJILHO JAHHOI'O TPEYroJIbHIKA.

5. B BBIIYyKJIBIH 49eTHIPEXYTOABHUK BINCAH JINAIC, (POKYChl KOTOPOI'O JIeyKaT
Ha [pa3HbIX| JUArOHAJIAX YeThIPeXyrojibHuKa. JlokaxKuTe, 4To MPOU3BeE/IeHHsl JIJINH
IIPOTUBOIIOJIOYKHBIX CTOPOH PABHBI.

6. ChopmympyiiTe n JI0KaxKuTe CBOICTBA, aHAJOrMYHbIEe 3aja4daM 1., 2., 4. Jijist
runepoosIbl 1 1apaboJIbL.

7. Ilycts Bokpyr napaboJibl onmcan Tpeyroibank ABC' (1. e. mapabosia KacaeTcst
npsiMbix AB, BC, C'A). Jlokaxkure, 910 (HOKyC 9T0i napaboJibl JEKUT Ha OMICAH-
HOIT OKpy»KHOCTH Tpeyroibunka ABC'.

27. Komb6unaropHas reomerpus B R=3. 19 urond

Bocnmomunanusi. Cucremnl JuHEHHBIX ypaBHenuil, Meron [aycca, ogHOpOIHDbIE
CHCTEMBI.

Onpeneaenue. Bunykaot kombunayuet toaek Ay, As, ..., A, Ha3bIBaeTCSI TOU-
Ka Buga aq Ay + avldo + ...+ oAy, e a; > 0u Y oy = 1.

1. JokaxkuTe, 9T0 BBINTyKJash 000JI0UKA MHOXKECTBA F COBIIAIAeT ¢ MHOXKECTBOM
BCEBO3MOYKHBIX BBIYKJIBIX KOMOUHarmii Touek u3 F. (T.e. jokaxkure, 910 MHOXKe-
CTBO BBIIIYKJIBIX KOMOMHAII BBITYKJIO, & TaAKZKe, ITO JII000E BBIIYKJI0€ MHOYKECTBO,



22 Bumkuan. 3—28 uroaa 2017 r.

cofiepzkariee F'| COMEPKUT W MHOYKECTBO €r'0 BBITYKJIBIX KOMOWHAITHIA. )

0;. Kak zanucarb B TepMUHAX BBITYKJIbIX KOMOUHAIUN YCJIOBUE TIEPECEUCHUsT Bbl-
MyKJIbIX 000J10ueK MHOXKecTB F' u G7

2. Jlokazkure, 9T0 JiI0ObIE 5 TOUYEK B IIPOCTPAHCTBE MOXKHO Pa30UTh Ha JIBa HAOOPA,
BBIITYKJIbIE O00JIOUKI KOTOPBIX 1I€PECEeKAIOTCS.

3. Hokakute, 9TO /11000 BBINTYKJIbIT MHOTOIPDAHHIK MOXKHO pa3dUTh Ha Herepe-
CEKaIOIINeCcs TEeTPa’dAPbl, BEPIINHBI KOTOPHIX COBIAJIAIOT C BEPIIMHAMU MHOT'OT'DAH-
HUKA.

4. Touka A mpuHAJIEIKNT BHITYKJIONH 0boouke Muoxkectsa ® C R3. JTokaxkure,
q10 A TpUHAIIEKNT BBITYKJ/I0H 000JI09Ke HEKOTOPOTO HAabopa U3 4eThIpEx Touek P
a) UCIOJIb3Ys Pe3ysbraT 3aj1adu 3..

b) ucnosb3yst JuHeHY0 agrebpy U BbIMTYKJIble KOMOMHAIIUIL.

5. O606muTe pe3yapraThl 3aa4 2., 3. u 4. Ha MHOKecTBO R".

6. Bepno sn, uTo s11060if MHOTOIPAHHUK MOYKHO pa30UTh Ha HeElepeceKalolnecs
TeTPasIPhl, BEPIUINHBI KOTOPBIX COBIIQIAIOT ¢ BEPIITNHAMEI MHOIOIPDAHHUKA !

7. B npocTpaHcTBe JaHBI 1 > 3 TOYEK 00IIero nojoxkKenusi. Jljist Kaxk1oil mocun-
TaJll CYMMY PaCCTOSIHUIT JIO OCTAJIbHBIX, M BCE 3TU CYMMbI OKa3aJ/IICh PABHBIMHU.
Joxkazkure, 9TO TOUKH SIBJIAIOTCS BEPIIMHAMU BBIIYKJIONO MHOT'OIDaHHUKA.

8. Kakoe nambosibitiee KondectBo Touek Ai, Ao, ..., A, MOXKHO pa3MeCTUTL B
IIPOCTPAHCTBE TaKUM 00pa30M, 4ToObI Jitoboit yron suna LA;A; Ay, ObL1 &) OCTpBIil;
b) e Tymoii?

9. BuyTpu Henpo3padHoro €JMHUYHOTO KyOa HAXOJUTCS BBITYKJIbIH MHOTOI'DAH-
Huk M, deit 00beém Gosbitie 1/4. Bacst He 3HaeT Hi (hOPMBI, HU MOJIOZKEHUST STOTO
MHOT'OIPaHHUKA. 3aTO OH MOYKET IIPOH3UTH Ky0 k IPSAMOJIMHEHBIMU JIa3ePHBIMU JTY-
yamu. IIpn kakoMm HamMmenbiieMm k Bacst MoxKeT rapaHTUPOBaTh, UTO XOTsl Obl OJIMH
u3 Jiydeit OyjeT uMeTh ooIyto Touky ¢ M7

10. /Tannl mecTh TOYEK B TPOCTPAHCTBE; HIKAKIE YeThbIpe N3 HUX He JIeXKaT B OJIHOIT
IIJIOCKOCTHU, HUKAKWe IsITh He JieyKaT Ha ojHoil cdepe. okaykuTe, 9TO UX MOYKHO
pasouTh Ha JiBe TPOWKM TakK, YTO OINHUCAHHBIE OKPYYKHOCTU TUX TPOEK 3allellJIeHBbI.

28. Pazuoboii — 6. 19 uroJjda

1. /lan tpeyronpauk ABC. Ha nyue AB ornoxumm orpe3ok AB; = C' A, na ayde
BC ornoxunn orpesok BC| = AB, na ayae C'A ornoxuan orpesok C' Ay = BC.
Hokazknre, aTo nmepumerp Tpeyroabanka A B1C He OobIle mepuMeTpa TPeyrob-

nuka ABC.

2. Ilonoxxurenbuble uncia a, b, ¢ TakoBbl, uT0 ab 4+ bc + ca = 1. Jlokaxkure
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\/:+\/;F f+\f+f)

3. /lng HeKoTOpOro HATYypaJIbHOTO M HAILIOCH 41m TaKUX CTPOK OJIMHAKOBOM

HEpPaBEHCTBO

JUIMHBI, COCTABJEHHbIX U3 HyJIell U eIUHHI], YTO JJIsi JII0OOr0 HATYPaJbHOTO k <
2m(4m — 1) cpesn HUX HafiyTCsI B CTPOKHU, OTJIMUIAIONIIECS POBHO B k pa3psijiax.
JlokazknuTe, 9TO M — TOYHDLIN KBaJpar.

29. Cuérnag reomerpud. 20 UIOJIS

1. Ha npogoszkenun croponbl BC tpeyrosibauka A BC 3a Touky C' ormMedeHa TO9-
ka D taxasi, uro C'D = BC'. Ha npojozkennn croponbl C'A 3a Touky A ormeuena
touka F takast, uro AE = 2C A. Jokaxure, uro eciu AD = BE | To TpeyrojbHIK
ABC' — npsitMOyTOJIbHBIIA.

2. Tpeyrombank ABC' takos, uto 2BC = AB + AC; I — 1eHTp BHHCAHHOI
OKPY?KHOCTH, W — OIMCAaHHAasl OKPYKHOCTh, [) — mepecedenne Al n w. Jokaxkure,
qro [ — cepemunaa AD.

3. Okpyxuoctu I'1 u I'y nepecekatorcst B Toukax B u C, npuuém BC' — nua-
metp ['y. Kacarempnas xk I'y B Touke C mnepecekaer I's B Touke A. Ilpamas AB
nepecekaer I'; B Touke F; npamasi C'E nepecekaer Iy B Touke F. Ilycts H — 1po-
n3BoJIbHAs ToUKa oTpeska AF'. Ilpsmvas H E nepecekaer I'y B Touke G, npsimast BG
nepecekaer npsmyio AC' B rouke D. Jlokaxkure, uto AH : HF = AC : CD.

4. B rpeyrosbauke ABC 6uccekrpuca yria C nepecekaer ONNCAHHYIO OKPYK-
HOCTh B TOUKe R, cepejuuubIil neprenuky/assp Kk BC — B Touke P, cepenHHbBIM
neprernKyasap K AC' — B Touke Q); K — cepequna BC', L — cepenuna AC. [o-
Kakute, 9To TpeyroibHukn RPK n R()L paBHOBEIUKH.

5. Yernipéxyroipunk X ABY Bruucan B HOJIyOKPY?KHOCTH w ¢ juameTpom XY .
Orpesku AY u BX nepecekatorcs B Touke P. Touka Z — ocHOBaHUE IEPIIEH M-
ky/sipa u3 toukn P na XY. Touka C' Ha w Takosa, 9to npsimas X C' nepreHjmKy-

JIHpHa upsmoit AZ. Ilyers () — nepecedenne orpeskos AY u X C. Hokaxkure, 9410
cy AY

XP 5+
6. Toqia O — nenTp omnucanHoit okpyzkHoctu tpeyroibanka ABC. [Ipsmas AO
nepecekaer BC' B touke D. Touku F u I’ na croponax AB u AC' cOOTBETCTBEHHO
TakoBbl, uTo A, E, D n F nexar na oaHoil okpyzkunoctu. Jlokaknure, 94T0 JINHA
npoekin orpeska K F Ha npsamyo BC' He 3aBUCUT OT 10JI0YKeHHUsT ToueK F u [
7. Touka D Buytpu ABC rtakosa, uro ZDAC = ZDCA = 30°, kpome TOro
/DBA = 60°; E — cepequna BC'; F' na orpeske AC' takosa, uto AF = 2FC.

Hoxaxkure, uro DE | EF.
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8. B octpoyrossaom Tpeyronbanke ABC Touka O — IEHTp OIMUCAHHOI OKPYIK-
noctu; AP — Boicora. Hokazkure, aro ecoiu ZBCA > ZABC + 30°, to ZCAB +
LCOP < 90°.

9. Ilycte AP u B(Q — ouccexkrpucsl Tpeyroibauka ABC. Okazaiocb, 9TO
/BAC =60°, a AB+ BP = AQ + QB. Haiijgure yribl Tpeyronbanka ABC.

10. Jlan ocrpoyrosbubiii Tpeyroabank ABC. OKpyKHOCTL W Kacaercs CTOPOH
AB un AC B toukax B’ u C', npuuém nenrp w Jexur Ha cropoue BC, a 1enTp
O okpyxuoctu (ABC') nexur Ha Menbieit gyre B'C” okpyxuoctn w. Jlokaxkure,
aro okpyxuocTH (ABC) 1 w nepecekaTes M0 JBYM TOUYKAM.

30. Kondurypamum touek m npamMbix. 20 mioJad

21.5. Jlokazkute, 9TO JJIs1 JIFOOOTO HEYETHOIO N > 3 Ha IJIOCKOCTH MOXKHO YKa3aTh
2n Pa3JIMIHBbIX TOYEK, He JIeXKAIUX Ha OJIHOI IPsMOIi, 1 Pa3dUTh X Ha Mapbl Tak,
qTOOBI JTI00ast MpsiMasi, IPOXOJIAIast Yepe3 JIBe TOUYKU M3 PA3HbBIX Iap, TPOXOIUIa
OBbI elIé Yepe3 OJIHY U3 ITUX 21 TOYEK.

1. Ha mmockocTn pacrosyiokeHo HeCKOJIHLKO MPAMBIX U TodeK. /lokaxkuTe, 9T0 Ha
IJIOCKOCTH HaiiJeTcss Touka A, He coBHaJjaloliast HI C OJHOI W3 JaHHBIX TOYEK,
paccTosinie OT KOTOPOIl JI0 JII0OOM 13 JJAHHBIX TOYEK OOJIbINE PACCTOSTHISA OT HEE JI0
JOOOM M3 JIAHHBIX PSAMBbIX.

2. a) Ha mrockocT HApUCOBAHO HECKOJIBKO MPSIMBIX, IPUYEM Yepe3 MepecedeHne
JIIOOBIX JIBYX N3 HUX ITPOXOJIUT eIrle X0Ts Obl ojiHa. JlokaxkuTte, 4To TOr1a BCE TPAMBIE
nepecekaloTcs B OJJHON TOYKe, OO MmapaJijie/IbHbI.

b) Ha miockocT oTMedeHO HECKOJBKO TOUYEK, MPHUUEM Ha MPSIMOii, COeIMHSIIOMIel
JIIOOBIE JIBE TOUKU JIEYKUT €llle XOTs Obl 0jiHa ToUKa. /lokaxkuTe, 9T0 TOT /18 BCE TOUKU
JiezKaT Ha OJIHOI IIPSAMOIL.

3. Ha mrockocTn nmeeTcst 06CKOHEUHO MHOI'O TOYEK, ITONAPHbIE PACCTOSTHIST MEXKTY
KOTOPBIMH Iesible. JIoKaxKuTe, 9TO Bce TOUKHM JIeXKaT Ha OIHON MPAMOIL.

4. lLOKa}KI/ITe7 YTO Ha IJIOCKOCTU MOYKHO OTMETHUTH OECKOHEYHO MHOI'O TO4YEK, HE
JIe2KallllX Ha OILHOﬁ l'IpHMOIL/’I7 ITOIIapHBIE PACCTOAHNA MEXKAY KOTOPBIMHU PalllOHAJIb-
HbBI.

5. Ha mtockocTn B34TO KOHEUHOE YUCI0 KPACHBIX U CUHUX HPAMBIX, CPEIH KOTO-
PBbIX HET TapaJiie/IbHbIX, TaK, YTO Yepe3 JIFOYI0 TOUKY IepecedeHus OJHOIBETHRIX
MPAMBIX ITPOXOJINT MpAMad Jpyroro mnsera. Jlokazkure, 9TO Bce MpAMbIe TPOXOIAT
yepes OJIHY TOYKY.



XXXIII Jletusis mHOTONpeaMeTHas 1KoJsia KupoBckoii objsiactu 25

31. Bokpyr Teopemsbl IloHcese. 21 uross

Teopema Ilomcene, gacTHbIil caydaii. [IycTh jJaHbl aBEe OKPYKHOCTH, OJIHA
13 KOTOPBIX JIEXKUT BHYTpu Apyroit. M3 Touku Ay OoJibIIeil OKPY>KHOCTH IIPOBEIEM
KacaTeJbHYIO K MEHbINel 1 HaiijieM BTOpyIo TouKy A; 1mepecedenust 3Toit KacaTe/ib-
HOIT ¢ DoJibIeil OKpy>KHOCTBIO. 10 Touke A1 aHAJIOrTIHO TOCTPOUM TOUKY Ao U T. 1.
Torna, ecsin Ag = A, Ut Kakoii-to Touku Ag, 310 Oy/eT BBITOJIHEHO 1 JIJIsT JIF000i
JIPYTO#l TOYKH OOJIBIION OKPYKHOCTH.

1. [Iyctb O u I — 1ueHTpbI ONMKMCAHHON U BIMCAHHON OKpy:KHOCTe#, R, r — ux
pamuycsl. Joxaxxure gopmyay iaepa OI? = R?2 — 2Rr.

2. Jlokazxxure, Teopemy lloncene mra n = 3.

3. Korjia TpeyrojibHUK «BpallaeTcs» MeKJIy BINCAHHOW M ONMMCAHHON OKPYXKHO-
CTbIO, 3aMedaTeIbHbIe TOUKH TPEYTOJbHUKA JABUXKYTCA 110 KAKMM-TO KpUBBIM. Ka-
KYIO TPAeKTOPUIO OIMICBIBAET &) MeHTp Tszkectt M; b) opronentp H; ¢*) Touka
2Keprona G?

4. Jlana oKpy»KHOCTb 1 TO4UKa, P BHyTpu Hee. PaccMoTpuM mapbl eprieH K yJIssp-
HBIX JIydeil ¢ HadaJoM P, nepecekalonmx OKpy»KHOCTh B Toukax A u B.

a) Haiitu reomerpuyaeckoe MecTo cepejiii oTpe3kos AB.
b) HaiiTu reomerprueckoe MeCTO TOUYEK [ePeceueHns KaCaTeIbHBIX K OKPY’KHOCTH
B Toukax A u B.

5. [loxaxkurte Teopemy lloncene miga n = 4.

6. [lyctes nBe okpyx)kHocTu ¢ 1entpamu O, I u paguycamu R, 7 yJIOBJIETBOPSIOT
teopeme lloncese myisg n = 4. BeiBecTn COOTHOIIEHNE, CBA3BIBAIONIEE BEJTUINHBI [T,

rud=0l.

32. Pa3uoboii—7. 21 uroud

1. B Tpeyrosbuuke ABC nposenn Boicotol AA, BBy u C'Cy. Oboznauum depes
P touky nepeceuenust CCy u A1 By, a uepe3z M — cepequny Aj By. Jlokaxkure, 4T0
touku A, B, P u M jnexxar Ha 0OJIHOII OKPY>KHOCTH.

2. JIBa urpoxka 1o ouepe iu IpoBOJST JUArOHAN B TPABUILHOM (2n+1)-yroibHuke
(n > 1). Pasperaercst IpoBOJNTH JUATOHAJB, €CIH OHA TepeceKaeTcs (10 BHYT-
PEHHUM TOYKaM) C YeTHBIM YHCIOM paHee MPOBEJIEHHBIX juaroHajeil (u He ObLIa
npoBejieHa paubiie). [IpourpbiBaeT Urpok, KOTOPBIil He MOXKET CJIeJIATh OUepeIHOil
x0/1. KTo BeIMIpBIBaET pu MpaBuIbHON urpe’?

3. HemnyseBoit muorounen P(x) mMeer pannoHaabHbe KOIDMUIMEHTH U He Pac-
KJIA/IbIBAETCST B IIPOM3BEJICHUE JIBYX MHOTOUJICHOB MEHbBIIeH CTeleH ¢ PAIMOHA b
HbIME KO3 durmentamu. Jlokazknure, 4To HUKaKIE TPH €ro KOMILIEKCHBIX KOPHS He
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00pa3yoT apudMeTHIECKYIO IIPOIPECCUI0. YKA3AHUE: MPU YUCAL 00pa3yrom apup-
MEMUYECKYI0 NPORPECCUI0, ECAU 00HO U3 HUL ABAAECMCA NOAYCYMMOT 08YxT Ipy2u.

33. KomOunaropHass reomMerpus, TOIOJOIMs U1 AaHAJII3.
22 nroJda

14.7. Tlyctb @ — BoinyK/Ias 3amkHyTas durypa miomaan 1. Jlokaxure, 9To eé
MOKHO 3aKJIOYUTH BHYTPU TPEYTOJbHUKA ILIOMAIN 2. YKa3aHue: paccMompume
MPEY20A0HUK, HAUOOADULET NAOWGIU, UEAUKOM Npuradsedtcawuti puaype.

17.2. Ilycts F' — KoHeuHOE ceMelicTBO KOMIIAKTHBIX ILJIOCKUX puryp. l3BecTHo,
gro Jiist Jjioboro C' > 0 kpyr pajuyca C' MOKeT OBbITH IEJIMKOM HAKPLIT KOHEY-
HBIM KOJIMIECTBOM HEIEPEKPBIBAIOIINXCSI (T.€. He MEePECEKAIONIXCS 10 BHY TPEHHUM
ToukaMm) Koruit huryp u3 F. JlokaykuTe, 9T0 BCsI TIOCKOCTH MOXKET OBITH MOKPBITA
HEIePEK PBIBAIOIIUMUCs KOTmsiMu puryp u3 F. (Purypbl MOKHO TOBOpaINBATEL U
IePEBOPAINBATH. )

1. Ilycts @1, P9, ..., D, ... — BBIIYKJIble KOMIAKTHBIE PUIYpbL. JJokazKuTe, 910
ecyT JTIoOble TPU U3 HUX TIepPeceKkaloTcsl, TO U Bce mepecekaroTcsd. MoxKHO Jin oTKa-
3aThCA OT YCJIOBHA orpaHmdeHHocTH! OT YCIOBUS 3aMKHYTOCTH !

2. Jlokaxkure, 4TO JJIsd JTIOOOI0 HATYPAJIBLHOIO 71 > 2 BHYTPH JIFOOOM BBITYKJIOM
Xoporeil (urypsl CymecTByeT 3aMKHyTast ONIbsip/iHAsl TPAEKTOPUsT U3 1. 3BEHBEB.

3. [lokazkure, 94TO Ha TpaHuIle Jrodoit xoporreil GUrypbl MOXKHO OTMETUTH TOUKH
A, B, C Ttak, uro ABC — paBHOCTOPOHHUII TPEyTOJILHIK.

34. Pas3uoboii—8. 22 uroJjid

1. Ha pebpax SA, SB, SC rerpasapa SABC B3arol touku A’, B/, C' coorser-
creenno. Touka Cf — rtouka nepecedenus upambix AB u A’B’, a touka Cy — obmas
TOUYKA OKPYKHOCTE!, onncanubix 0Kosio Tpeyroibankos C1AA" u C1 BB’ ornnanas
or C}. Anajornuno onpenensiorcss Touku Ay, By, Ay u By, Jlokaxkure, 9T0 TOUKH
Ay, By, Uy S yiezkar B OJIHOM ILJIOCKOCTH.

2. Ha croute jtezkar 5 1acoB co cTpesikamu. Pasperaercst j1i00ble HECKOIBKO 13 HIX
nepesecTu Brepe. st KaxkJIbIX 9acoB BpeMs, Ha KOTOPOE IIPU 3TOM HX II€PEBEJIN,
HAa30BEeM BpeMeHeM IiepeBoja. 1'pedyeTcss Bce dachbl YCTAHOBUTHL TaK, YTOObI OHU
IOKA3BIBAJIN OJUHAKOBOE BpeMsl. 3a KaKoe HauMeHbIIee CyMMapHOe BpeMsl 11ePeBo/Ia
9TO MOYKHO T'apaHTUPOBAHHO CHEIATH?!

3. ano npocroe p > 3. [nga kaxkjoro HaTypajabHoro k < p — 1 obo3HauuM xj
qICJI0, He MpeBOcxojsiee p — 1 u Takoe, 910 kxp — 1 KpaTHO p, a Ny ONpPeIeInM

P

pasenctBoM kxj = 1 + pny. Jokaxkure, 4To Zi;i kn, = %1 (mod p).
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35. 3akiaounresbHas OJUMONAIA. 23 WIOJIA

1. Oyukuun f u g onpejeseHbl Ha MHOYKECTBE BCEX IEJIbIX YUCETT U3 IIPOMEXKYTKa
[—100; 100]  mpuHIMatOT 1esible 3HadYeHust. JloKaXKnTe, 9T0 /1711 HEKOTOPOTO IEJIOr0
k «ucso pemennit ypasuenust f(x) — g(y) = k meuérmo.

2. PaBHOCTOPOHHMIT TPEYTOJIbHUK CO CTOPOHOIT 20 pa3dbuT Tpemsi ceMeiicTBaMu I1a-
pasebubIX MpAMbIX Ha 400 paBHOCTOPOHHUX TPEYTOJLHIIKOB cO cToponoit 1. Ka-
Koe HamnbOJIbIee KOJMIECTBO STUX TPEYTOJbHIYKOB MOYKHO Tepecedb (BO BHYTPEH-
HUX TOYKAX) OJHOMN MPsIMOTi?

3. Jlano HaTypaJbHOE Ync/o0. I3 Hero BbrauTaeTcst camMoe 60JIbIINoe IPOCTOe YNCIIO,
He 1peBocxojisiiee ero. C pe3ybTaToM CHOBA NMPOU3BOJIUTCS TaKasd YK€ OIEpaITust
n T.. /lokaxkute, 9T0 CyIIecTByeT 4MCJIO, U3 KOTOpPoro poBHO depe3 1000 mraron
BIIEPBbLIE TTOJIYUUTCI HOJb.

4. Inaronasn AC nu B D Brnucannoro dersipexyroibanka ABC' D nepecekaiorcst B
touke P mox npsimbiM yriiom. Touka () na orpeske PC' BoibOpana tak, ato AP = QC.
Hokazkure, 9To rnepumerp Tpeyroibanka BQ)D ne menbire dem 2AC.

5. BemecrBennble uucia xq, . . ., T, TaKOBbI, YTO

TR N L

Jlokaxkure, 9T0 HAYTCT HAOOPHI BEMECTBEHHDBIX YMCENT Y1, - - - s Yp U 21, .- - - , Zp, Ta-
KUe 4TO

] + yel + - 4 lynl <1, max(|z], |22, ., ]2a]) <1
nx; = % IIpU BCEX 1.

6. meerca 25 Macok, Kazkjiasg CBOEro IBeTa. k MyJIPENOB UIPAIOT B UIPY: UM
MOKA3bIBAIOT BCE MACKM, TTOTOM OHHU JIOTOBAPHUBAIOTCA MEXKIY cODOil, mocJie |gero
UM HaJIeBAIOT MACKN TaKUM 00Pa30M, UTO KaxKJIblii U3 HUX BUJIUT MACKN Ha BCEX
OCTAJbHBIX (HO He 3HAeT, HA KOM OHU HAJIeThI) U He BUJAUT cBOW. Hukakme popMbr
B3AMMOJICHICTBISA TTPU 9TOM He pa3pernaioTcs. Bece oHn 0HOBpEMEHHO HA3BIBAIOT IO
OJTHOMY IIBETY, TBITasiCh yraJaTh IBeT cBoeil MackKu. lIpm kakom mHamMmenbineM Kk
OHM MOTYT TaK 3apanee JIOTOBOPUTHCsA, ITOOBI XOTs ObI OJINH W3 HUX HEIpPeMeHHO
yrajiaJ?

7. B Breinykiaom derbipexyrosibinke ABCD touka M — cepeinna JuaroHaJim
AC, npuaem ZLZMCB =/CMD = /ZMBA =/MBC — ZM DC'. [Jokaxure, 910
AD =DC+ AB.
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36. CHOmcoK BOIIPOCOB K TEOPETUIECKOMY 3aYETy

Kombunamopuxa
Anropurm Teitra—I1lermn.
[IpusHak raMuJIbTOHOBOCTH DpIENia—XBaTalla.
Hucrantwonnsiit rpad G(3,1) kak KoHTpHIpuMep K Kpurepuio /Inpaka.
Yucsra Pamcest Jiist IBYJI0JIBHBIX I'PadOB.
Teopempr Cusbectpa (3a1a1m 30.2. n 30.3).
Teopembr Pajiona n Kapareonopu (3amaqa 27.5).

A

Ananus
7. CekBeHIaJIbHAST KOMIAKTHOCTD VS. 3aMKHYTOCThH 1 OTPAHUYCHHOCTD.
8. KoMmmakTHOCTDH VS. 3aMKHYTOCTH W OI'PAHMIEHHOCTD.
9. HenpepoiBable PYHKITNN HA CEKBEHITNMATILHBIX KOMITAKTAX.
10. Teopema Kormu o paBHoMepHOil HempepbiBHOCTH (331a49a 17.5.).
11. Jlemma IlIneprepa, BBIBOJ U3 HEE YACTHOIO Cydasi TeopeMbl Bpayspa.

Teopus wucen
12. Crenenn Bxoxkaerus p B n! u reopema Kymmepa.
13. Teopema JIokd. KoamdecTBO HEUETHBIX YMCEe] B N-ii CTPOUKE TPEYTOJILHUKA,
[TackaJs.
14. Jlemma 06 yTOUHEHUN MTOKA3aTEIs.

T'eomempus
15. M3orona/ibHoe compsizKeHne: CyIecTBOBaHNE.
16. 3oronasibHoe compsizkenne: nejaabias OKPYKHOCTD.
17. Kpubie BTOporo mnopsijka: olTUIecKoe U H30r0HaJIbHOe CBOMCTRA.
18. Teopema Iloncene nnsa n = 3. TpaekTopun mMeHTpa TAKECTH U OPTOIEHTPA
IIpu BpallieHnn TpeyrojbHuka IloHcerre.
19. Teopema Iloncesne mjist n = 4. Coornomenne mMexxiay R, r u Ol B BIUCaHHOM
1 OIMCAHHOM YeThIPeXyTroJIbHIKE.
20. CyiiecTBoBaHte IEHTPAJIBLHOIO IIPOEKTUPOBAHNS IIEPEBOIAIIEI0 OKPYZKHOCTH
B cebsi, 8 BHYTPEHHIOIO TOYKY B LIEHTP.
21. IIpoekTuBHOE 1peobpasoBaHue. 3ajaHie MPOEKTUBHOIO IIPeodpa3oBaHus 00-
pasaMi 4eThbIpexX TOYEK.
H3zbparnvie 3adavu
3.3. st ancioBoro muoxectsa X ompegennm X' = {s —t | s,t € X, s # t}.
[Iycts S = {1,2,...,2000}. Pacemorpum nBa muOkectBa A, B C S Takme, 4ro
|A| - |B| = 3999. Hdokaxure, uro A'N B’ # @.
3.7. B ps Boinucano 26 HenysieBbIX nudp. Jokaxkute, 4To 9TOT Pl MOKHO Pas-
OUTH Ha HECKOJIBKO YacTeil Tak, 4TOObI CyMMa dnces, 00pa30BaHHbIX I PaMi KarK-
JI0i1 3 JacTeil, geanaach Ha 13.
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8.2. [okaxkute Teopemy Ilackajist jist OKPY»KHOCTH 4Yepe3 M30TOHAJIBHOE COIIPsi-
JKeHue.

10.5. Ha nocke nanucanbl n nudp B paj. Jokazkure, 4TO K HUM MOYKHO IIPUIINACATH
HECKOJIbKO 1P cjieBa u He OoJiee n 1udp cipaBa Tak, 9TOObI MOy IHIaCh CTElIeHb
JIBOMKMN.

12.4. JloxkaxkuTe, 9T0 HUKaKoe ducyo Bujga 107", n = 1, Hegb3sd OpeJcTaBUThL B
BIJIC CyMMBI 4dKceJl, 0OpaTHBIX (paKTOpuaJjaM pa3HbIX HaTypaJbHBIX UNCEI.

14.7. Ilycts ® — BhINyKJIad 3aMKHYTas durypa momaan 1. Jlokaxkure, aro eé
MOXKHO 3aKJIIOUUTh BHYTPHU TPEYTOJILHUKA ILJIOMIAIN 2.

17.1. Jlan tpeyroibuuk ABC u touka M. Ilpsamasi, npoxojsimast depes M, 1e-
pecekaer npsimble AB, BC u C'A B roukax C, A; u By coorBercTBerHO. [Ipsimble
AM, BM u C'M nepecekaioT OIICaHHYIO OKPYKHOCTH Tpeyrojbunka ABC B To4-
Kax Ao, By m Cy coorBercrBenno. Jdokaxkure, uro upsimble A1 Ao, B1By u C1Cy
IIePeceKaloTCsl Ha ONMCAHHON OKpyzKHOCTH TpeyrosibHuka ABC.

18.5. /Iyt kakux HaTypaabHbIX [V, 60abmux 50, MOYKHO TaK MO3HAKOMUTE MEXKITY
coboit N 1dejioBek, 4TOOb! Y KaxKabIX H0 13 HUX ObLI POBHO OJMH OOIIMiT 3HAKOMBbI?
(HestoBeK HE CIMTAETCST CBOMM 3HAKOMBIM. )

19.6. /loxkaxkure, 4TO JIIOOYIO XOPOIIYIO (PUTYPY MOXKHO BICATh B KBaJIpaT.

23.1. Ha Beuepunky B 4ecTb HadaJja CMeHBI IPUNILIA 21 YesioBeK. Jlokarkure, 9T0
HaIIYTCS JIBOE, KOTOPbIE NMEIOT YeTHOE YUCJIO OOIIUX JIPY3eil.

24.5. Ilycts C' — kpyr, w — ero rpanuna. CyliecTByeT i HeIIPePhIBHOE 0TOOPa-
xkerne f: C' — w Takoe, 4To jijis Jiioboro r € w f(x) = x?

33.2. /lokaxkuTe, 9T0 JIJIs1 JIIOOOTO HATYPAJBHOTO 1 > 2 BHYTPH JII00O0I BBITYKJION
Xoporteil (urypbl CymecTByeT 3aMKHYTast OMIbIpHad TPAEKTOPUS U3 72 3BEHBEB.



