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Bcerynurenpnast onummimaga. 04.07.2018

1. B aByx BepmmHax Kyba cuasat bosexk u JI€nek. 3a xom oanH u3 HEUX
[EePeroI3aeT B COCEIHIO cBOOOHYIO Bepiuny. MoryT s Bonek n JIének
[IPU KAKOM-TO HAYAJIHHOM TIOJIOZKEHUU II€PEIOI3aTh TaK, YTOObI MOy YH/INChH
BCe BO3MOYKHbIE UX PACCTAHOBKHU Ha KyOe POBHO IO pa3y’

2. B ocrpoyrossaom Tpeyrosibauke ABC' nposesennl BoicoThl AD, BE
u C'F. Jlya EF nepecekaeT ONUCAHHYIO OKPYKHOCTH TpeyrojbHuka ABC
B Touke P. Ortpesku C'P u DFE nepecekatorcs B Touke (). Jlokaxkure, 4To

TpeyroyibHuK AP() — paBHOOEIPEHHBII.

3. Harypasbuble uncia a u b Takosbl, uto a® — b* = ab?. JJokaxkure, 9T0

b aBnsercsa IIPOU3BEJACHNEM TpeEX IIOCJIEJ0BATEC/IbHBIX HATYPaJbHBIX YUCEJI.

4. B cBasnom rpade 2018 Bepmun u n pedep. [Ipn kakoM HanmMeHbIIEM
N U3 HEro 3aBeJIOMO MOXKHO VAAJHUTD JBa pedpa, UMEOIINX OOIIYIO BEPIIIHY,
TakK, YTOObI CBA3HOCTH COXPAHUIACD !

5. Ha mmockoctn BeiOpano 2018 mnpsiMbix o0IIero moJsioxkerus. OTMeTHm
BCe UX TOUKHU nepecevdennsi. CTEp/u Bee IpsiMble U k 0OTMeUeHHBIX ToUeK. [Ipu
KaKOM HanOOJIbIIIEM k 3aBEJIOMO MOXKHO BOCCTAHOBUTH N3HAYAJIbHBIE TIPSIMBbIE.

6. IIpousseieHne NOJIOMKUTENIBLHLIX YUCET g, A3, . - . , 39 paBHO 1. JToka-
2KUTE, 9TO (1 + a2)2(1 + CL3)3 R (1 + &239)239 > 239239,

I'padbi. CBsazHocTh 1 nmpoyee. 05.07.2018

Onpenenenne. ['pad HasbiBaeTrcs k-CBSI3HBIM, €CJIM B HeM XOoTd Obl k + 1
BEpHiHa U 1IPU yAaJI€HUU MeHee, 9eM ]{7 BEPIINH OH OCTaeTCsdA CBASHBLIM.

1. Jlokaxkure, uto B Jirobom k-csizaom rpade G (k > 1), comepxkaiinem
XoTd OBbI 2k BEpIINH, €CTh TPOCTOM IMUKJI JJTUHBI XOTs Obl 2k.

2. B oyaymiem rpade 2000 Bepriun n u3nadaabuo Het pedep. IBoe urpo-
KOB 110 OYepeJin MPOBOJIAT HOBbIe pebpa rpada (KpaTHbie pebpa u meTi He



noryckarorest ). VIPpok, mocJie Xoja KOTOpOro TI0JLy 9aeTes JIBYCBSI3HbINA rpad,
IPOUTIPBIBaET. KTO BLIMIPLIBAET IPH IIPABUILHOI urpe?

3. [lycrb G — nByceasubiii rpad, © € V(G). Torna B rpade G cyme-
CTByeT BepimuHa y # x 1 ka1 C, IPOXOsIuii Yepes3 &, Yy U BCe BEPINUHBI,
CMEZKHBIE C 1.

4. an k-casubrit rpad G takoit, uro a(G) < k (mamomuanm, 1to a(G) —
9TO pa3Mep HauOOJIbIIEro He3aBUCUMOro MHOXkKecTBa rpada (). Tokaxkure,
9YTO B HEM €CTh PaMUJIBTOHOB IHKJL.

5. B cBasaom rpade 600 BepminH, npudeM J000e ero pedpo BXOIUT B
KJINKY W3 9eThIPeX BEepIINH (TO eCTh, eCJIU BEPIIMHBI @ U b CoeIMHEHbI peb-
POM, TO HAMIYTCA TaKKUe BEPIITUHBI ¢ U d, ITO JIIOObIE JBE BEPIINHBI 13 HAbopa
{a,b,c,d} coepunennt pebpom). Jlokaxkure, 4To B 3T0M rpade MOXKHO Bblje-
JIUTH OCTOBHOE JIepeBo, B KoTopoM  a) Menee 200:  6) menee 100 Bepiiun
Oy/lyT UMeTb CTEIleHb 2.

6. Bbinykiibtii n-yrosibHUK (n > 3) pasObUT HelepeceKaromMMUCs JIUAro-
HAJISIMU Ha TpeyrobHuKU. JJokazkuTe, 9T0 y mosrydeHHOro rpada (13 cTopoH
U JIMaroHaJieit) ecrb OCTOBHOE JIepeBO 0e3 BEpIINH CTeleHn 2.

ITpousBognas u HepaBeHcTBa. 05.07.2018

1. a) Haiigure manGomsimee snadenne bynxmun 2@ (¢ > 0) 1 TOUKy, B
KOTOpOIt oHO jocturaercs.  6) Haiiinre Hanbosibiiee 3HAYEHIE BbIPAZKEHsT
W/n (n €N).

2. llycre x > —1,  # 0 u a € R. Tokaxure, uro a) ecsiu 0 < a < 1,
o (1+2)*<1l+ax; 6)ecmma<O0unma>1,10(14+2)*>1+4 az.

3. Ilycrs 2 > 0. [okaxkure, 410 x%l <In(z+1) —Inz < 1.

4. Ilycts p,q > 0, % + é = 1. Jokaxkure, 94T0

a) (HepaBenctBo FOura.) Ecim a,b > 0, To ab < % + £,

q
6) (HepaBenctBo I'esibaepa.) Ecin ay,aq, ..., an,b1,b9,...,b, >0, TO

1 1
arby +agba+. ..+ anb, < (aY+a+...+a2)v- (b +b+...+b2)4. (Jokaxure
HepaBeHCTBO ebiepa npu nomoru HepasercTsa FOnra).
B) (HepaBernctBo MunkoBckoro.) Eciu ay,as, ..., a,,b1,b0o,...,b,

Oup>1,10 ((a+b1)P+.. .+(an+bn)p)% < (af+.. .+ag)%+(bﬁ’+. bR,
5. lana quddepentpyemast dbyukmus f(x), 3aaannaas Ha orpeske [0, 1],
takasg, aro f(0) = f(1) = 0. Hokaxkure, 4T0 HafieTcss Takasd TOUYKA
o € (0, 1), q9TOo f(ZE()) + f/<l’0) = 0.
6. lana dbyukmus f : [a,b] — R, koropas HenpepbiBHa Ha [a, b] u nudde-
pennupyema Ha (a, b). Okazanoch, 4ro f umeer 6ECKOHEYHO MHOTO KOPHEH, HO
He cyIecTByeT Takoro x, uto f(x) = f'(x) = 0. Jokaxure, aro f(a)f(b) = 0.

v

S =

2



Teopema K»33mu. 06.07.2018

1. OkpyxkuocTu S, u Sy KacaoTcs OKpyKHocT S B ToUkax A u B coot-
BETCTBEHHO; Iy — PaJUyC OKpYyKHOCTHU S1, 1o — pajuyc So, R — pajmyc S,
a = |AB|. Ilycrs okpyxkHOCTH S7 U S5 KACAIOTCS OKPY’KHOCTH S a) BHEII-
HuM;  0) BHyTpeHHHM obpasoMm. Haiinure jnymmy orpeska obieil BHeIIHel
KacaTeabHOl K OKpYKHOCTSIM S1 1 Sy.  B) [lycTh okpyzkHOCTD S] Kacaercst
OKPYKHOCTH S BHYTPEHHUM, a OKPY>KHOCTH Sy — BHeIrHUM obpaszoMm. Haii-
JIUTe JJINHY OTPEe3Ka O0Ieil BHYTPEHHEH KacaTeIbHON K OKPYKHOCTIM S
n 52.

2. Teopema K»33m (J. Casey, 1866). Oxpyzxuoctu Sy, Sa, S3 u Sy Ka-
caforcst oKpyxkHOocTH S B Toukax A, B, C'm D cOOTBETCTBEHHO, IPUYIEM TOU-
ku A, B, C'u D pacrojioyKeHbl Ha OKPYKHOCTH S UMEHHO B TAKOM ITOPSIJIKE.
Ob6oznaunm 1yepes d;; 1IHHY OTPe3Ka 00IIeil KacaTeabHO K OKPYZKHOCTAM S;
u S;, IpudeM KacaTejbHagd OepeTcsd BHEIIHAA, ecau S; U S; Kacaioreda S ofH-
HAKOBBIM (BHYTPEHHUM WJIN BHEITHUM ) 0OPA30M, ¥ BHYTPEHHsISI B TIPOTHBHOM
cJjrydae. ,ZLOK&)KI/ITG, q9TO0 d12d34 + d23d14 = d13d24.

3. Han Tpeyromsauk ABC, takoit, uro BC' > CA > AB. Obo3HaunMm
qepe3 1", Ty, T'g, T TOUYKHN KacaHus OKPYKHOCTH JIEBATH TOUYEK TPEyrOJbHU-
ka ABC' ¢ ero BOUCaHHOI OKPY?KHOCTBIO ¥ BHEBIIMCAHHBIMU OKPY>KHOCTSIMHA,
kacatomumucs cropon BC, CA u AB coorBercrBenno. /lokaxkure, 910 OT-
pesku 1T Tg u Ty T nepecekaroTcs.

4. Jlan yros ¢ BeprmHOit A U OKPY2KHOCTb, BIIMCaHHas B Hero. [Ipoms-
BOJIbHAS MpAMasg, Kacalolasacsd JaHHON OKPYKHOCTH, IepeceKaeT CTOPOHBI
yria B Toukax B u C. JlokaxkuTe, 9TO OKPYKHOCTH, OIIUCAHHAsT OKOJIO TPe-
yroabarka ABC, kacaercs (pukcupoBaHHOIl (T. €. He 3aBucsieil or BbIOOpa
KacaTeJIbHOMI BO) OKPYZKHOCTH, BIIMCAHHON B JaHHBIA yIOJI a) B ciIy4ae,
ecytu BepiuHa A 1 UCXOTHAsT OKPYZKHOCTD JIEXKAT B PA3HBIX MOJIYIIIOCKOCTIX
OTHOCHTENLHO KacaresnbHoit BC';  6) B IPOU3BOJILHOM CJIydae.

5. Ha croponax AC' u BC tpeyrombsunka ABC' ormedens Toukn A u By
COOTBETCTBEHHO Tak, uT0 A1 B; || AB. OkpyxHoctu S; u Sy, jexaiue BHe
rpeyroabanka ABC, KacaioTcst ero onmcaHHo# OKpy:KHOCTH U cropon AC
u BC B toukax A; u B; coorBercTBenHO. /lokaxkure, 9T0 00INasi BHEIMIHsIs
KacaTeJbHas 9TUX OKPYKHOCTeH napaJuienbia AB.

Teopema (O6parnas Teopema Kazu). Janw, oxpyorcrnocmu Sy, So, Ss u Sy,
npuvem kadicdoti us nux npuceoen snax ‘47 uau “=". Iycmov d;; — dauna
ompesxka obwieti Kacamervroli meotcdy oxpyscnocmamy S; u S;, npuiem Ka-
CcaMenvHas DEPEMCA BHEWHAS, eCAU 3HAKY 00UHAKOBBLE U BHYMPEHHAL, ECAU
anaku pasuvie. Mzsecmmo, umo dyodsy + dogdis = di3day. To20a cywecmeyem
OKPYAHCHOCTIL, KACAOWAACH oxpyarchocmeti Sy, So, S3, Si.



6. Jlokaxkute obparuyio Teopemy Ka3u
a) B CJIydae, KOrjia TPU U3 YeThIPeX OKPYKHOCTEH UMEIOT HYJIEBOI PaJIiyc;
6*) B obIeM ciydae.

JInneiitnas anarebpa-1. 06.07.2018

0. (ITucbmennoe ynpaxkuenmue.) a) Baca Bbimcan muorousnen f(z) c
BermecTBeHHbIME Kodddurmentamu crenenu 10, a tax xe f'(z), f (z), ...,
f19(z). Haitymre umeiinyio o60JI0UKy T10JyYeHHOIO MHOYKECTBA ¥ €€ Pas-
MEpPHOCTH?

6) AsajyinH BbIUCa) Bce YeTHble (DYHKIUK, U BCE HeYeTHbIe (DYHKIIH.
Haitjure muneiinyio 060J09Ky MOy IEHHOIO MHOXKECTBA.

1. JlokaxkuTe, 9TO MHOXKECTBO BCEX IMOIMHOXKECTB KOHEYHOTO MHOYKECTBA
HEBO3MOKHO TIPEBPATUTH B JINHEHOE pocTpancTBo Haj Z/5Z.

2. B kax/Iyio KJIETKY IITaXMaTHON JIOCKM BIIMCAHO IO BEIECTBEHHOMY
qncsy. Pasperaercs 3a oiun Xo/1 TpUOABUTH 110 (v KO BCEM KJIeTKaM JII000TO
kBajpara 3 X 3 win 4 X 4 (o MeHsieTcst oT X0J1a K X071y ). Bee Jin paccranoBKu
YUCeT MOYKHO TIOJTYIUTh !

3. Jlan rpad. Paccmorpum packpacku ero pebep B KpacCHBI U CHHUIA
1BeTa, /I KOTOPLIX U3 KayK/I0i BEPIIMHBI BLIXOANT YETHOE YHCI0 KPACHBIX
pebep. JokazkuTe, 9TO 9UCJI0 TAKUX PACKPACOK SBJISETCS CTEIEHbIO JIBOMKN.

4. a) JTokaxwure, uro 1+zy+2%y?* ne npencrasngerca B sune fi(z)g:(y)+
fo(z)g2(y), vme fi, f2, g1, 92: R — R — npousBosbHble DyHKIHH.

6) O6obmuTe 310 yTBepXKAenue Ha dyHkiwmo f(x,y) = 1+ zy + 2%y? +
B AT

5. Ay, Ay, ..., Ayy1 — HEIyCThIE TOJIMHOXKECTBA N-3JIEMEHTHOI'O MHOYKe-
cTBa. lokaxkuTe, 9TO MOXKHO BBIOPATh TaKHUe HEIYCThIE HelepeceKalonuecs
MHO)KeCTBa MHAEKCOB {i,... ik} u {j1,...,je}, 9TO

AuUAzQUUAzk:AﬂUAJQUUA]g

6. B Tabymre pazmepoM m X n 3allMCAHBl 9UCJIa TaK, 9TO JJIT KarzKIbIX
JIBYX CTPOK M KaXKJIbIX JBYX CTOJIOIOB CYMMa 9HCEJ B JABYX ITPOTHBOIOJIOXK-
HBIX BepIIMHAX 00pa3yeMoro UMM IPSMOYTOJbHHKA paBHA CyMMe YHCET B
JIByX JIDYTUX €ro BepimHaX. JacTh YUCces CTEPJIM, HO O OCTABIIMMCS MOYK-
HO BOCCTAaHOBUTH CTEPTHIE. JloKaykuTe, 9T0 OCTAIOCH He MEHbITe YeM n+m—1
qnce.

7. Jdokaxkure, 910 U3 2n — 1 UpparuoHaabHOr0O YnC/ia MOXKHO BBIOPATDH N
qncesl Tak, 9TO CyMMa JIFOOBIX HECKOJIbKHX BBIOPAHHBIX YHUCET U3 STHX N
Oy/ileT uppalroHaJIbLHOIA.



VYpasHenune Ilemnsa. 07.07.2018

Onpenenenne 1. Vpasrernuem Ileanrs HaspiBaeTcs 1uodaHTOBO ypaBHEHNE
BILJIA
'rZ - dy2 = 17 (]‘)

rje d — HaTypaJbHOe YUC/IO0, He SIBJIAIONIeeCs TOUHBIM KBAJAPATOM (BCIOLY
B 9TOil cepun OYKBOil d OymeT 0603HAYATHCS MMEHHO Takoe Jmcyo). Takzke
MOXKHO PacCMaTPUBATH yPaBHEHME

v —dy? = —1, (2)

u B OoJiee O0IEM ciIydae
x2 - dy2 = k> (3)

rie k € 7.

Bameuanwne. Ha camom gene, Txxon Ilemr (John Pell, 1611-1685) ne 3anu-
MaJICs pellleHreM JaHHOIO YPaBHEHHs, TaK 4To Ha3BaHue ‘ypasuenwue [less”
BO3HUKJIO B PE3y/IbTaTe OINOKH.

Onpegenenne 2. Paceyorpuy kombio Z[vd] = {a+bVd | a,b € Z} (nerko
BUJIETH, YTO YHCJIA TAKOIO BHJA 06pasyoT KoJblo). [lycrs o = a + bd e
Z[\/E] DIIEMEHTOM, COnpasceriiM ¢ o HasbiBaeTcst o = a — by/d. Hopmot
sJeMenTa v Hazbiaercs ancio N(a) = ad’ = a? — db?.

0. (IIncbmenHoe ynparkHeHue.) a) Jlokazkure MyJIbTHIINKATHBHOCTD
ropmbr. To ectb st mobbix «, 3 € Z[v/d] somomnseno pasencrso N(af) =
N(a)N(B). 6) Hdoxaxure, aro sement o € Z[\/d] sBisercs obparmMbiM
Torja u ToJbKO Torga, Korma N(«) = £1.  B) Ilyers z,y € N TakoBsI, uT0
2% — dy* = 1. Jlokazkure, 9TO

T 1
Vi-tle Lo
Yy 2v/dy?
Sameuanue. B nyHkre 6) yHpayKHEeHUsT MbI MOCTPOUJIN OHEKIIUIO MEXKLY

MHOKECTBOM BCEX IEJIOUMCICHHOMY perennii ypapuenuii (1) u (2) u MHOXKe-
CTBOM OGPATHMBIX 3J€MEHTOB Koubia Z[v/d).

Teopema. /laa a0b6020 d € N, He Asaa0ue20cs MouHbLM KE8aOPATOM, YPaG-
nenue (1) umeem beckonewno mHo20 pewenuti 6 HaMYPaAbHOLT YUCAAL.

Omy meopemy Mul QOKANCEM HECKONLKO NO3dice, a4 6 IMOT CEPUU Mol OY-
dem noavdosamucs et 6e3 dokazameavcmea. Ha camom deae, npaxmuyecku 6



8CET BCMPEUAWULCA HA NPAKMUKE CAYYAAT, MUHUMAADHOE PEWEHUE YPaG-
HEHUA MOHCHO HATMU N0JOOPOM, MOCAE HE20, CNOCOOOM, ONUCAHHBIM 6 360a1e
1, 8vipasums 4epes He2 0CMaANbHBLE DEWUEHUS.

1. a) Ilycrs (z,y) u (z,t) — HaTYpasibHBIE pelieHust ypaBHenus (1) Takue,
41O T + y\/a < z+tV/d. Hokaxkure, aTo Torja r < z u y < t.

6) HazoBeM Haumenvuium Takoe HaTypajibHOE perienue (x1,y;) ypaBHe-
mst (1), 7151 KOTOPOTO 9HCIIO X1+ 41 v/ d SIBIISETCS HAMMEHBIITEM BO3MOZKHEIM.
Hokaxute, uro napa (x,y) ABIAETCH NEJOUUCIEHHBIM DEIIeHueM ypaBHe-
musg (1) Torma u TosbKo Tora, Koraa x4 yvd = +(2; + y1v/d)" npu Heko-
TOpOM N € Z.

2. lokazkure, uro ecsu d — npocroe ducyio Buja 4k+1, 1o ypasrenue (2)
UMeeT HATyPaJbHOE pelleHue.

3. [Tyctsb d TakoBo, uT0 ypasHeHue (2) nmeeT HaTypasbHoe pernenne. O6o-
sHauuM uepes (r1,y;) u (21,11) HauMenble penienus: ypapuenunii (1) u (2)
coorBercrenno. Jlokaxute, uto  a) x1 + y1vVd = (2, + t1V/d)?;  6) mapa
(x,y) sBJIsIETCS [EJIOYUC/IEHHBIM peIlleHneM ypaBHeHus (2) Torja u TOJBKO
Torma, korma x + yvd = +(z + t1v/d)** ! upu mexoTopom n € Z.
Bameuanue. Bomnpoc o Tom, ipu Kakux d ypaBHeHue (2) paspentiMo B Iie-
JIBIX 9HCJIaX HOJHOCTBIO JI0 CUX HOp He peried. OYeBUHO, YTO OHO Hepas-
pemuMo 1pu d KPATHOM YeTBIPEM HJIM MMEIOIIUM HPOCTON JIeINTE b BUIA
4k + 3. OHaKko 9TUX yCJIOBHIl HEIOCTaATOYHO.

4. [Tokaxkure, aro npu d = 34 ypaBHeHue (2) He UMeET PEIICHUN B IIEJIBIX

qucJjiax.

3 [L’S = y2 nMeeT OeCKOoHed-

5. Jlokaxure, uro  a) ypasHenue (r + 1)
HO MHOT'O PeIeHuil B HATYPAJIbHBIX 9ucaaX; 6) Juist J1000ro HaTypPaabHOrO
pEIIeHNsT STOT0 YPABHEHHsI YHCIO Y MPEJCTABUMO B BHJE CYMMBI KBaJIpa-
TOB JIBYX IOCJIEJIOBATE/IbHBIX TEJIbIX drces.  B) Jlokaxure, 9TO ypaBHeHUe

(z +2)3 — 2% = y? He UMeeT pereHnil B IEIBIX TUCTAX.

Paznob6oii-1. 07.07.2018

1. B ropose HeuérHoBCKe KUBET N JIIO/IEH 1 €CTh M KJIYOOB, B KOTOPBIX
9TU JTIFO/IH COCTOAT. I3BeCTHO, 9TO B KaXK/IOM KJIyDe COCTOUT HEUETHOE TUC/IO
JIIOJIEHl, W TIpU 9TOM I JIFOOBIX JIBYX KJIYOOB WHCJIO JIFOJIEH, COCTOANINX B
HUX oboux, aéTHo. /lokakure, aTo n > m.

2. KBajipaT pa30duT Ha HECKOJIBKO MTPSIMOYTOJIBHUKOB TaK, ITO JI00As 10-
pPU3OHTAJIbHAS [IPSMas IIEPECEKAET POBHO N MIPAMOYTOJLHUKOB, a JIIodas Bep-
TUKAJIbHAsI TIPAMast — POBHO M. MIPSIMOYTOJBHUKOB (PACCMATPUBAIOTCST TOJIb-
KO MPsIMBIE, HE COJIEPIKAIIIe CTOPOH MPSIMOYTOJILHIKOB). KakoBo MUHIMAITb-
HO BO3MOKHOE€ YHUCJIO MPSIMOYTOJILHIUKOB pa30uenms !



3. YUernipexyronpank ABC'D Buucan B oKpyKHOCTE S ¢ rieaTpom O. Buc-
cexktpuca yria ABD nepecekaer AD u S B Toukax K u M COOTBETCTBEHHO.
Buccekrpuca yrina CBD nepecekaer C'D u S B Toukax L m N coorBet-
crBenno. M3Bectno, uro npsameie K L n M N napannenbust. Jlokaxkure, 910
onrcaHHasi OKPYKHOCTb TpeyrojbHuka M ON mpoxXoauT depe3 cepejinHy OT-
pe3ka BD.

4. B cBgaznom rpade 2n BepuinH, mpudeM Bce oHu crernenn 3. Jlokaxkure,
9TO MOXKHO BbIOparh a) m+ 1;  6) n pebep Tak, 4ToOBI IIpaBUJIbHAS
packpacka B 3 I[BeTa BBIOPAHHBIX pedep OJJHO3HAYTHO 3a/1aBaJjia IPABUIHLHYIO
packpacky B 3 1nBera Bcex pebep rpada (To ecThb, B JIOOBIX JABYX Pa3HBIX
NpaBUJILHBIX pPacKpackax pédep rpada B 3 1npera BblOpaHHbIe PEOpa ObLIM
ObI TIOKPAIIIEHBI TI0-PA3HOMY ).

5. Jlnsa KakuxX HATYpPaJbHBIX 7 CYIIECTBYIOT HEHYJIEBBIe MHOIOYJICHBI
P,Q € Zlxy, s, ..., x,] Takue, uro

(w1 + 20+ ...+ 2,)P(21, 0, ..., 20) = Q(22,23,...,22).

z’—1

6. Pemmre B HATYypa/JIbHBIX YUCIAX ypaBHEHUE

I'padbr 1 MmHOTO4YIEHBI. X pOoMaTUYECKNUiI MHOTO4JieH n MHoro4wieH Tarra. 09.07.2018

B nannoit cepun Mbl paccMaTpuBaeM KOHEIHbIE HEOPUEHTUPOBAHHBIC TPa-
b1, KOTOpPBIE MOTYT COJIEPKATH KpaTHBIE pedpa 1 meT/u (Takue rpadbl 4acTo
HA3bIBAIOT ncesdozpadamu).

O6Gozuauenusi. 1) [lycts e = 2y € E(G) — pebpo, He sIBIISIIOIIEECs MeTIei.
Yepes G*e MBI 0003HAYNM Pe3yJIbTaT cmazusanus pedbpa e rpada G. To ectn,
KOHIIBI T U y pebpa e u3 rpada yIasaioTcs U 3aMEeHsSIOTC HOBOI BEpIIMHOM
z; moboe pebpo UHIMICHTHOE OJHON U3 BePIIMH T WK i 3aMeHseTCs pebpoM,
UHIUJIEHTHBIM 2 (BTOPO KOHeI[ 3TOro pebpa He MEeHSIeTCsl); OTJIUYHBIE OT €
pebpa, CoeTMHAIONNE X C i CTAHOBATCS MET/ISMU.

2) Ilycte e € E(G). Yepes G — e 0603HauNM pe3ysibTaT yaaaeHus pedpa e
u3 rpada G (mpu 5TOM yjajsiercsi TOJIbKO caMoO pebpo: ero KOHIBI U BCe
oCcTaJIbHbIE PEOPa COXPAHAIOTCS ).

3) [Iycrs A C E(G). Yepes G(A) obosnaunm noarpad G, undyyuposar-
noii Ha A (1. e. mosryuennbiii u3 G ynaneHueMm Bcex pebep, He BXOJAIINX B
MHOKeCTBO A).

4) Yepes ¢(G) 0bo3HAYNM KOJIMYECTBO KOMIIOHEHT cBsizHOCTH Tpada G.

Onpenenenue 1. Jlns joboro HaTypaJibHOTO 4Yucjaa k 0003HAYUM Ue-
pe3 x¢ (k) KommaecTBO MpaBUILHBIX packpacok BepiinH rpada G B k 11BeTOB.
Oynkius x¢(k) Ha3BIBaeTCS TpOMAMUYECKUM MHo20%AHOM TPada G.
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Onpepesienne 2. Muorowren Tarra Tg(z,y) — 510 QyHKIUSA, yIOBIETBO-
PAIOIIAs CJIEYIONUM YCIOBUSM:

1° Eciiu G — mycroii rpad (6e3 pebep), 1o Tg(x,y) = 1.

2° Ecm e € E(G) — wmocr (npu ypajeHun pebpa € MeHsIeTCs 9UCIIo
KOMIOHEHT CBsi3HOCTH), TO T (,y) = @ - Towe(z,y).

3° Ecimn e € E(G) — nerns, 1o Tg(x,y) =y - To—c(z,y).

4° Eciin e € E(G) — He MOCT U He [T/, TO

Ta(x,y) = Tase(r,y) + Ta—e(z,y).

Sameuanue. Pasymeercs, KODpEKTHOCTH 3TOIO ONpe/ie/ieHust (CyIecTBoBa-
HUE U €JIMHCTBEHHOCTDH TaKOH (DYHKIINK), PABHO KAaK U TO, YTO OHA SIBJISIETCS
MHOT'OYJIEHOM, HYZK/IaeTCsl B IIPOBEPKE.

Onpenenenue 3. Iloarpad rpacda G HA30BEM 0CMOBHBIM AECOM, €CIIA OH
COCTOUT M3 OCTOBHBIX JIEPEBbEB BCEX KOMIIOHEHT cBs3HocTH rpada G.

Panzom muO)ecTBa pebep A mazosem uncio p(A) = v(G) — c¢(G(A)) —
KOJITIecTBO pebep B ocToBHOM Jece rpada G(A).

Onpegnesnienne 4. [Tycts A C E(G). Sadukcupyem J11060ii ocToBHBI Jiec F
rpacda G, copepxKaluii B KagecTBe HoArpada HEKOTOPBIA OCTOBHBII Jiec Tpa-
dba G(A). Hazosem Bce pebpa uz E(F) \ A saoicnvmu pebpamu A, a Bce
pebpa u3z A\ E(F) avwrumu pebpamu A. Ilycrs p*(A) — KoIndIecTBO BaXK-
HBIX pebep A, a p(A) — xosmmaecTBo JuimHEX pebep A.

Omnpegnenenue 5. Pareosvili mnozousen (nmm muozounen Yumnu) rpada G:

Z uPE(G)=p(A)  |Al=p(A Z P (A)yp(A

ACE(G ACE(G)

/ ’

0. (ITucbmennoe ynpaxkuenue.) [Iyctb ¢ € A, A = A \ e, panrn
0e3 MHJEKCOB — COOTBETCTBYIOIIHe paHru rpada G, panru ¢ uHjaekcom 1 —
panru B rpade G xe, panru ¢ uxjekcom 2 — panru B rpade G \ e. [Jokaxure,
9T0

a) Ecm e — wme ners, 1o p*(A") = pi(A) u p(A") = pi(A).
6) Ecim e — e moct, To p*(A) = p3(A) u p(A) = p2(A).

B) Ecin e — mocr, o p*(A’ ) +1=p"(A)n ﬁ(A) = (A)
r) Ecm e — merns, To p*(A') = p*(A) u p(A") = 1+ p(A).

1. a) [okaxkure, uro jyjsi jroboro pebpa e € E(G), HE SIBJISIONIETIOCs
IeTJIel, BBIIOIHEHO PaBeHCTBO X (k) = Xa—c(k) — Xawe(K).

6) okaxkure, uro Xg(k) sB/IsleTCsi MHOIOYJIEHOM OT T€peMeHHON k u
Ha@JUTEe CTENECHb 9TON0 MHOTOYJICHA.



2. (Teopema Tarra.) /lokaxkure, 4ro Jjisi Hpou3BoJbHOTO rpada G
BBLIIOTHACTCA PABEHCTBO MHOIOYJICHOB:

Tg(u + 1,1] + 1) = Rg(u,v).

3ameuanme. U3 Teopembl TarTa cieayer KOPPEKTHOCTH IMOCTPOEHUS MHO-
rowiena TarTa.

3. Haiizure x, y, npu KoTopbIxX 3HaUeHne Maorowiena Tarra Tg(z, y) pas-
HO  a) KOJHMYeCTBY OCTOBHBIX JiecoB rpada (G;  6) KOJIUIeCTBY TAKUX MOJI-
rpado H rpada G, aro ¢(H) = ¢(G); B) KOJIUYIECTBY AIUKINIECKUX
nojrpados rpada G.

4. ITycre G — mwnocknii rpad, a G* — ero nBoiicrBenHbiit rpad (sBIIs-
IOHiiCsT 00beIMHEHNEM JIBONCTBEHHBIX I'PadOB ero KOMIIOHEHT CBSI3HOCTH).
Hokaxkure, uro  a) Tg(x,y) = Te«(y,x); 6) B G CTOJBKO 2Ke OCTOBHBIX
JIECOB, CKOJIBKO U B G*;  B) KOJIMYECTBO AIUKJINIecKuX mojrpadgos G paBHO
kosimaecTBy mojarpados rpada G* ¢ ¢(G*) KOMIOHEHT CBS3HOCTH, U HA00O-
POT.

5. llycre f(G) yumoierBopsieT ciieyrommumM cBoiicrBaM (31ech a, b, xo,
Yo — KOHCTAHTHI, ipudeM a # 0 u b # 0).
1° Ecin G — mycroii rpad (6e3 pebep), To f(G) = 1.
2° Ecin e € E(G) — wocrt, 10 f(G) = 20 - f(G *e).
3° Eciiu e € E(G) — nerns, 1o f(G) =yo - f(G —e).

4° Ecm e € E(G) — He MOCT U HE HeTIsd, TO
f(G)=a-f(Gxe)+b- f(G—e)

Hokazxure, aro torga f(G) = a?EOpEGA=p(EG) . T (Lo w0,
6. /lokaxkure, uTo sy Jjoboro rpadga G HATypaabHOrO 4uc/ia k Bbl-

IIOJIHAEeTCA COOTHOIIIEHUE

xa(k) = (=1)" DDA T (1 - k, 0).

Jlemma o cermenTe. 09.07.2018

1. OxpyzkHoCcTh Kacaercst croporn AB u AC tpeyrosbiauka ABC B TouKax
P u ), a Takxke onmcanuoit okpyxkuoctu Tpeyrojbanka ABC. Jlokaxure,
YTO TEHTP BIMCAHHON OKpyKHOCTH TpeyrojbHuka ABC Je:KuT Ha OTpes-

ke PQ.



Teopema (Jlemma o cermente). Ha oxpyotcrocmu £ ommeuens mowku A,
B, C, D, npuwem ompesku AD u BC' nepecexaromcsa. Oxpystchocms w ka-
caemcs ompeskos AD u BC' 6 mouxaxr P u () coomsemcmeenno, a makoice
dyeu AB oxpyorcriocmu €2, ne codeporcaweti movex C' u D. Tozda npamas PQ)

nPorodum uepes UEHMPb, BNUCAHHBLT OKpysHchocmet mpeyzosvhuxos ABC
u ABD.

2. a) [lokazkure JleMMy O CerMeHTe IIpU MOMOIIH TeopeMbl Ka3m.

6) Ilycte R — Touka Kacanus OKpyzkHOCTel () n w (06o3HAYEHNs KaK B
dbopmypoBke JleMMbl 0 cermenTe), J — TOYKa MepecedeHns: GUCCEKTPUCH
yriia BAC ¢ npamoit PQ). lokazkure, aro rouku A, P, J, R jgexar Ha OIHOI
OKpyKHOCTH.  B) JloKazkuTe JIleMMy O CerMeHTe MpPH TIOMOIIH IYHKTa 6).

3. Okpyxknuocth w Kacaercs ocuoBaunit AD nu BC' tpaneruu ABCD, a
TakxKe jayru AB onmcanHoil oKpyzKHOCTH Tpeyroiabanka ABC. Jlokaxwure,
YTO W KacaeTcs BIMCAHHON OKpyKHOCTH Tpeyroyibauka ABC.

4. Ha cropone BC' tpeyroisuuka ABC' ormedena touka K. OKpyK-
HOCTB w Kacaercs cropon AB u BC' tpeyrosibauka ABC' B Toukax P u @), a
TaKyKe KacaeTcs BHEITHUM 00pa30M OIMMCAHHOW OKPY?KHOCTH TPEyTOJbHIKA
AKC. Jlokaxute, 910 npsiMmasg P() MpoXoanT depe3 IMEHTpP BHEBIUCAHHOM
okpyxHocTu Tpeyroibunka AKC'| kacaorreiics croporbl AK.

5. (Teopema Te6o.) Ha cropone AC' tpeyronbuuka ABC ormedena
touka D. [Iycts I — 1meHTp ero BIUCaHHON OKPYKHOCTU; P — MEHTP OKPYK-
HOCTH, Kacaroreiicss oTpe3koB AD, BD u onucanHO# OKPYKHOCTH TPEYTOJThb-
nnka ABC; () — 1eHTp OKpy»KHOCTH, Kacaroreiics orpeskoB C'D, BD u
onmcanHoit okpykuoctu Tpeyrojbanka ABC. Jlokaxkure, 1o Touku I, P,
(2 J1e¥kaT Ha OJIHOM MPIMOIA.

6. Ilycrs BL — 6uccekrpuca tpeyroabanka ABC. OkpyxKHOCTH S Ka-
caercst orpeskoB AL, BL m onmcanHoit okpyskHOCTH Tpeyroiabunka ABC,
OKPYKHOCTDb S KacaeTcss orpe3koB C'D, BD u onncanHoit OKPY>KHOCTU TPe-
yroabanka ABC'. JlokaxkuTe, 9T0 OKpyzKHOCTH S7 U Sy KacaloTcs U Haiigure
TOYKY KaCaHWs.

YpaBuenue llenns n nenable apodmu. 10.07.2018

Onpenenenne 1. Koneunoit yennoti dpodv1o Ha3bIBAETCS BbIpayKeHUe BUIA

1
[ao;alaa27"'7an—l7an] :a0+ 1 5
(Il"’ T
as +
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rie ag € Z n a € N apu k > 0.
Bripazkenna Buia % = lap;a1,a9,...,a5_1,a5], e 0 < k < n,
P, Q) =1 u Qr > 0, Ha3BIBaOTCI N00TOAUWUMY OPOOAMU K TEITHONR JIPO-
w
ou.

Beipazkenus Buga o = [ag, Qi1 - - ., Ay HASBIBAIOTCA NOAHBLMU YACT-
HOLMU WIA 0CMAMKAMU TEITHON JIPOOH.

Onpenenenue 2. Beckoreurot uentoti 0pobvro Ha3bIBAETCS BhIPaKEHNE BH-

aa
1
[ao;alaa27"']:a0+a + 1 )
1 a2+%

rae ag € Z u a, € N upu k > 0. [Housrus nodrodsweti dpobu u noarozo
Yacmmoz0 Jjis OECKOHETHOM IEIHOM Apo0u OIpeIesIsIOTCsT AaHATOTHIHO CJIYy-
Jar0 KOHEYHOH Japobu. SHauenuem OECKOHEUHON IEIHON JIpoOu HA3BIBAETCS
[IpeJiesl OCIe0BATEILHOCTH €€ IMOXOISIIIX IPOo0eii.

[ennast 1pobb [ag; ay, as, . . .| HA3BIBAETCA NEPUOIUHECKOT, €CIU TIOCIEI0-
BaTeIbHOCTD (a;) mepuoandeckas. [lepuojmueckas rensas japodbb 0603HAUA-
eTCs [ao; Ay« ..y Qpy Apg1, - - - Goye] WIH [Gg; A1, - - -, Gg—1), €CTTH APOOH THUCTO T1e-
pUOIMYECKAs.

B mpormiom rojty Mbl JOKa3bIBAJIH CJIELYIONINE CBOUCTBA.

Teopema. 1) Jhoboe payuonarvroe 4ucio eduHcmMEenHbLM 00PA3OM PACKAG-
dvisaemca 6 KoneuHyro uennyro dpobs ¢ a, # 1.

2) Jlas a10601 Geckonewnot uennoti 0pobu, nociedosamesvbhocmys ee noo-
rodauwux dpobeti umeem Koneunwvlll npedea. dmom npedes upparuoHaneH.
JIboe uppayuonasvHoe YuUcAo eQUHCMBEHHLIM 00PA30M PACKAGOBIBAEMCA 6
beckoHewHy10 UENHY0 dpobb.

3) Yucno a packaadvieaemcs 6 6ECKOHEUHYIO NEPUOOUHECKYIO UETIHYIO
dpobv mozda u Mmoavko mozda, Koz2da 0HO ABAAEMCA KEAOPAMUYWHOUT Up-
payuorarvrocmvro. Ilepuod wucmuti mozda u moavko mozda, koeda Ko20a
K6a0PAMUYHAA UPPAYUOHANDHOCTND ABAAEMCA npusedennol (m.e. o > 1 u
—1 < o <0, 2de & — xeadpamuuras uUPPaUUOHANDHOCTD, CONPANCEHHAA
ca).

4) Ilodrodauwsue dpobu u noanvie wacmuwvie uennot dpobu a Yydos.aemaeo-
DPAIOM, CACOYOUUM COOMHOULEHUAM.!

_ 1P + Pia
Qp1Qk + Qr—1

Pii1Qr — PiQrsr = (-1)F
0. (Ilucbmennoe ynparkHenme.) Pasioxkure B eyt j1pobsb v/ 29.
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1. a) [lycth o — npuBe/ieHHAs KBaJipaTHIHAS HUPPAIMOHATBHOCTE. JloKa-
KHTe, ITO KBAJIPATHIHAS HPPAIMOHAIBHOCTD § = —-; TAaKyKe NPUBEICHHAS
U IepUOJI HEIHOH JApobu [ COCTOUT M3 YUcesl IepHoIa (v, 3allUCAHHBIX B 00-
PATHOM IIOPSIKE.

6) Ilycts d € N ne gBisiercst ToIHBIM KBaJpaToM. JloKaxkuTe, 9TO TO-
ria Vd = [ag; ay, - .., ag, 2a0], e ag = [V/d], IpuueM TOCTEI0BATEIBHOCTD
ai,...,ap cuMMeTpudHa (T.€e. a1 = ag, Ay = Ag_1, - - - ).

2. Ilycts d € N me gBisercs TOYHBIM KBajparoMm. Jlokaxkmre, 49TO
a) npu pazioxennn vd B HEHHYIO J1po0b, BCE MOJHBIE YACTHBIC HMEIOT BI
ay, = %3, e A, u B,, —1ejble dncia, 3a1aBaeMble CJIEIYIONUMI PEKY -

d—A?
PEHTHBIME COOTHOIeHusIMu: A, 1 = a,B, — A,, By = —=2, Ag = 0,

B7L
By=1; 6)upusrom A, >0 u B, > 0 upu Beex n.

3. Jlokaxkute, YTO IIPU BCEX 7 BHIIIOJHEHO PABEHCTBO

Py —dQ, = (=1)""' By,

rie % — TOXOJIsIast Ipodb K V.

4. ycrs Vd = [ag; ay, . . ., ax, 2aq]. Joxaxure, aro B,y = 1 Torma u
TOJIKO TOorja, Koraa n + 1+ k + 1.

Bameuanwue. Takum 06pazom, eciu k HederHo, TO napa ( Py, Q) ABJseTcs
perenneM ypasaenns [emns a2 —dy? = 1. Bosee Toro, 3T0 peleHne aBjger-
¢ MUHUMAJILHBIM, IIOCKOJILKY B yIIPAXKHEHUN K IIPEbLIY el CepUH MbI JT0Ka-

3aUIH, UTO ISt JII06OT0 peleHns ypasuenus Lless |vd — % < ﬁ < #,
a B IIPOILJIOM I'O/Iy MBI JIOKA3bIBAJIN, 9TO TAKOE HEPABEHCTBO MOYKET BBIIIOJI-
HATHCS TOJIBKO JIJIS ITOAXOIAIINX JIPOOEii.

[Ipu gernom k napa (Py, Qp) siBadgeTcs pelienueM ypasHenus 2 — dy? =
—1. B sTroM ciyuyae, MUHUMAJIbHOE pellleHne ypaBHeHus [lesiist mmeer BuI
(Pok, Qar). Pasymeercsi, mporrie Bcero ero HailTu BO3Bejisi B KBaJIpaT BbIPa-

kenue Py, + Qk\/a

5. IIpu noMOIIM OMUCAHHOTO BBIIIE METO/a HaiiAuTe HAUMEHbLIINe Perle-
Hudg ypasHenuit 22 — 29y? = —1 u 2% — 29y% = 1.

Broimykias reomerpusi. Yrto, ecsiu uamepenuii 6osbiire yem 27 10.07.2018

Onpenenenue 1. MHOXKeCTBO TOUYEK HA3ZBIBACTCA GINYKAbLM, €CJIA BMECTE C
JIIOOBIMU JIBYMSI CBOUMHM TOYKAMHU OHO COJIEPXKUT BECh OTPE30K MEXKTY HUMU.

Onpenenenue 2. Buinykioti kombunayuet TO9eK a1, ds, . . . , G, HA3BIBAETC
TOYKA BUJIA (141 + . . . + Ay, THE (; — HEOTPHUTIATETBHBIE YUCTIA C CyMMOIT 1.
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Onpenenenne 3. Bunykaoti 06040407 MHOKeCTBa A, HA3BIBAETCS IE€pe-
cedeHre BCeX BBIMYKJIBIX MHOXKeCTB cojepxkamunx A. Boimykiayio o60104Ky
MmHOXKecTBa A Oyiem obosHadaTh conv(A).

1. [Jokaxkute, 910 BBITyKjIast 0601049Ka MHOKecTBa A C R"™ ecTh MHOXKe-
CTBO BCEX KOHEUYHBIX BBIMYKJIBIX KOMOUHAIUI TOoUek u3 A.

2. IIycrb A u B — BoinykJibie MHOKecTBa B R™. JTokazkure, aro conv(AU
B) cocrout u3 Bcex 0TPE3KOB, COSUHSIONIN TOUKY u3 A ¢ Toukoii u3 B.

3. a) Ilycts V' — BeKTOpHOE HPOCTPAHCTBO PA3MEPHOCTH 7 HAJI HOJIEM
F u vy, ..., Upyo — BeKTOPHI B HeM. JIOKaKuTe, 4TO CyIIECTBYeT TaKash UX
HETPUBHAJIbHAS JINHEHiHAT KOMOMHAIUS (U1 + . . . + QU ioUpyo = 0, 9TO 0y +
042+...+Ckn+2:0.

6) (Teopema Pasmona.) /lokaxkure, aro robbie n+2 Touku B R™ MOKHO
pa3buTh Ha JBE IPYIIBI TAK, ITO BBILYKJIbIE 0O0I0YKH ITUX I'PYII Hepece-
KAIOTCH.

4. (Teopema Xesm.) a) IlycTs KOHEUHOE CeMEHCTBO BBILYKJIBIX MHO-
»kecTB B R™ TakoBo, UTO JTI00BIE N+ 1 13 HUX UMEIOT 001y 1o TouKYy. JlokaxkuTe,
YTO BCE 9TH MHOYKECTBa UMeIOT 00Iyo Touky. 6) Bepna sin Teopema Xes-
7 718 GECKOHETHOTO YHC/Ia BBIMTYKJIBIX MHOKECTB? — B) A JIJIsl BBITYKJIBIX
U OFPAHUIEHHBIX !

Onpenenienue 4. MHOXKeCTBO HAa3bIBAETCs 3aMKHYTBIM, €CJI BMECTE C JII0-
00It CXOJIAIIECsT TTOC/IeJ0BATEIbHOCTHIO TOUEK TaKKe COAEPXKUT IIPEIeT ITOM
II0CJIEJOBATEIbLHOCTH.

5. (Teopema Xennu, 6eckoHeuHbI BapuaHTt.) /lan cuerHblii HAGOD
3aMKHYTBIX BBITYKJIBIX MHOXKeCTB B R™, iputdeM XoTst ObI OJJHO M3 HUX OTpa-
Huveno. JIobwie n 4 1 u3 Hux nmeroT obIyio Touky. Jlokaxkure, 4T0 BCe OHI
UMEIOT ODIIYI0 TOUKY.

6. (Teopema Kapareomopu.) Ilyctb A — mpousBobHOE MHOXKECTBO
3 R™. Jlokaxkure, 4o j1t06ast Touka u3 conv(A) sBisiercss BBITYKJIOH KOM-
OuHaIell HeKOTOPBIX N + 1 Tovek u3 A.

MHuorousens! gejgenust Kpyra. 11.07.2018

Onpenenenne 1. Ilycrs €1, €s,...,€,(,) — NepBOOOPa3HbIE KOPHU CTEICHN
n u3 eauHANBL. MHozousenom desenus kpyza nopadka n Ha3bIBAETCS MHOIO-
e(n)
wien $,(x) = [ (x — ex).
k=1
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0. (IlmcbMmennoe ynparkHeHue.) a) Hanumure B ssBHOM BHjie MHOTO-
wiensl Oy (z), Po(z), P3(z), Py(z), ®,(x), rae p — mpoctoe.

6) Hokaxure, uro z" — 1 = [] din ®4(x), re npoussenerne HGepéTes MO
BCEM HATyPabHBIM JICTUTEIAM d 9uCa n.

B) Hokaxure, aro ®,(r) — MHOrOWIEH ¢ 1ebMu KoM hDUIIEHTAMHE.

Onpenenenne 2. Pynxyus Mebuyca p @ N — 7Z rmakosa, aro pu(l) = 1,
pu(n) = (—=1)%, ecm n ectb npomsseneHne k PasIMYHBIX IPOCTHIX HHCEN H
p(n) = 0, ecim n jenuTest Ha KBaJpaT KaKOro-aubo IIPOCTOrO YHCIIA.

1. Joxaxure, uto ®,(x) = [J(z¢ — 1)/9),
dn

2. IIyctb n — maTypaJyibHoe, p — IPOCTOE.
a) Jokaxxure, 9ro eciu n geanrtes Ha p, 10 Dy (x) = Dy (2P).

6) Jokaxure, 410 eciu n He jejurced Ha p, 0 Oy (z) =

B) [dokaxnre, 1ro eciim n > 1 — meuérno, to $y,(z) = @, (—x).

3. Ilycrb a, n — HarypajbHble ducia, npuiem (a,n) = 1. Jlokaxunre, 910
@, (2%) = [gjq Pral2).

4. Ilycte n > 2. Haiimure  a) ®,(1); 6) @,(—1).

5. Jokaxkute, 9To umcio 22" + 22" 41 COJIEPKUT B Pa3JIO’KEHUU Ha
[POCTbIE MHOYKUTEIM KAK MUHUMYM 7 IIPOCTBIX YucesT (BO3MOXKHO, COBIIAIa-
IOIINX).

6. [dokaxure, aro ®,(x) Bo3pacraer Ha nmpomexyTke [1,400).

7. Jlokaxkure, 910

a) ©,(2) > 1290 npu Beex HATYpPAIBHBIX 7;

6) ®,(2) > n npu Bcex HATYpPAJIBHBIX N > 1, Kpome 1 = 6.

PebepHble packpacku u teopema Busunra. 11.07.2018

Onpenenenue 1. Packpackoti pebep rpada G B k 1IBETOB HA3BIBAETCS OTOO-
paxenue p : E(G) — {1,...,k}. Bymem roBoputh, 9T0 B packpacke p IBeT
1 npedcmasier B BEPIIUHE U, €CJIN XOTsl ObI OMHO M3 MHIIMIEHTHBIX U pebep
HOKpaleHo B npeT i. KoaudecTBo 1IBETOB, IIPEICTaBIEHHBIX B BEPIINHE U MbI
Oynem obozaadaTh P(v).

Onpenenenune 2. Bynem roBoputh, 4T0 p — 0ONMUMANDHAA PACKPACKA De-
6ep rpada G B k 1BeToB, eciu jist OO0 Jpyroit packpacku p’ pedbep 3Toro
rpacda B k 1IBETOB BBINOJIHAETCH HEPABEHCTBO

So) =34 ).

veV veV
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Onpegenenne 3. Packpacka pebep rpada (G HazbIBaeTCs NpasusbHOU, €CIIN

JII00OBIe J1Ba pebpa, NMeIoIIe OOIUil KOHEIl, ITIOKPAaIlleHbl B PA3HbIE I[BETA.
Pebeproe xpomamumneckoe wucao epaga X' (G) — 910 HaMMeEHbIIIEe KOJTIIe-

CTBO I[BETOB, JIJIsi KOTOPOI'O CYIIECTBYET IpaBUIbHas pacKpacka pebep rpa-

da G.

1. [lycts G — cBa3HbIH Tpad, OTIUYHBIN OT IUKJIA HEYETHON JJINHBIL.
Jokazxxure, aro pebpa rpacda G MOXKHO MOKPACUTh B JIBa I[BETa TaK, YTOOBI
B KaXKJIO¥ BepITUHE CTEIeHN He MeHee JIBYyX ObLIN IpeJIcTaB/IeHbl 00a IBETA.

2. Ilycts p — onrumasibHast packpacka pebep rpacda G B k 1Betos. Bep-
IIIUHA ¥ U T[BETA ¢ ¥ j TAKOBBI, 9TO B BEPIINHE ¥ XOTs OBl JIBa pas3a IpeJICTaB-
JIEH TIBET ¢ U He IpejicTaB/ieH 1seT j. Pacemorpum rpad H, mosydennsrit u3 G
yJ1ajeHueM Bcex pebep, Kpome pebep IBETOB 4, j. Jlokaxkure, 970 KOMIIOHEHTA
cBsi3HOCTH T'pada H, cojepxKaliast BEPHIMHY v, — IIPOCTOM UK/ HEYETHOM
JIJTHHBIL.

3. (D. Konig, 1916.) Ilycrs G — asymoubhbiil rpad. lokaxkure, uro
X'(G) = A(G). (Hanomunm, uaro depe3 A(G) obosHadaeTcss HamOOJIbIIAs
crenienb BepimHbl rpada G, a depes 0(G) — HanMeHbIIAsL. )

4. (R. P. Gupta, 1966.) Ilycrs G — asynosbhbiii tpad, 6(G) = d. do-
KayKnTe, 9TO CYMIECTBYeT packpacka pebep rpacda G B d 11BeTOB, B KOTOPOit
B KasKJIOl BepInHe TIPeJICTaB/IeHbl BCe d I[BETOB.

5. (B.T. Busunr, 1964.) /lokaxure, aro X' (G) < A(G) + 1.

BuyTpennwuii mar6oii. 12.07.2018

1. 100 gesoBek ycrpamBaroTcd paborarh Ha 100 pa3InydHbIX BAKAHTHBIX
MecT. KaxKplit u3 JIByX areHToB 10 TPYI0YCTPONCTBY HPEIOKIIT KaXKIOMY
n3 3Tux 100 Ye0BEK OJTHO OIPEIEIEHHOE MECTO, ITPUIYEM PA3HBIM JIIOISIM —
pa3nbie MecTa. Kaxkapiit n3 100 mpeTeH eHToB MPUHAJ OJIHO U3 JIBYX IIPeJl-
JIO2KEHUI, ¥ 0Ka3aJI0Ch, 9YTO BCE MECTa 3aloJiHeHbl. JloKaxkuTe, 9T0 ec/iu Ob
KaXKJIbIil TIPUHSJT JIPyToe TPeJJIOZKEeHNe, BCe MeCTa TOXKe OKa3aJuCh Obl 3a-
MTOJTHEHHBIMH.

2. Jokaxkure, 9to s joboro muorowiena P(z) € Z|x] naiinércsa muo-
rounen Q(z) € Z[x] rakoit, uto Q(x?"'8) : P(x).

3. Nmeercss MHOTO KapTOUeK, Ha KaxKJIOW M3 KOTOPBIX 3allMCAHO HATY-
pasibHOe 9ncio or 1 10 n. V3BecTHO, 9TO cyMMa ducesl HA BCEX KapTOIKAX
paBHa k - n!, rme k — nenoe gucio. JJokaszars, 9TO KAPTOUYKH MOKHO Pa3Jio-
JKUTh Ha k TPYTI Tak, 9TOOBI B KaXKJI0# TPYIIIe CyMMa 9HUCe T, HAMCAHHBIX
Ha KapTodKax, paBHsijIach n!.
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4. ITycts p = 1601 (mpocroe umcio), a ™ — HecOKpaTUMast JIpodb, paBHast
cyMMe Tex JIpobeit,

1 1 1
02+1712417 " (p—12+1

3HAMEHATEeIN KOTOPBIX He JessaTcs Ha p. Jokaxkure, 910 2m + n JIeJIUTCs
HA P.

5. Ilo kpyry croar 2010 nudp, Kaxjgas u3 KOTOpbIX paBHa 1,2 mwin 3.
WzBectHO, uTO 1IpH J1I060M K B J1I060M OJ10Ke 13 3k dnces Kaxkjas u3 mudp 1,
2, 3 BcTpevaercd He Oosbie k + 10 pa3. Jlokaxkure, 9TO cyiiecTByeT OJIOK 13
HECKOJIbKUX TIOIPST UYIINX MUMP, B KOTOPOM 1P KazKI0r0 BUIa IOPOBHY.

6. Bue napasnnenorpamma ABC' D ormedena Touka K| jiexkalas BHyTpU
yrita C'BD, tak, uto ZCBD = ZABK. Orpesku AK u BD nepecekaiorcs
B Touke O. [lokaxxure, uro ZOCK < ZODA.

7. IamuupoMuyeckuM pa3bueHreM HaTypPaJbHOIO Yucia A Ha3bIBaeTCst
zammch A B BUJie CyMMbI HATYPAJIbHBIX ciaraeMbix A = ay + as + ... + ay,
e a; = apy1_;- Hanpumep, 16 = 16, 16 = 2 +12+2u 16 = 7+ 1 +
1+ 7 — naymaapomMudeckue pazouenud dncia 16. Haiiure KommyaecTBo Beex
HaJIINHIPOMIYEeCKHX pas3ouennit auncia 2018.

8. Ha mtockocTr mpoBeIeHO HECKOJIBKO TPAMBIX, HUKAKUE TPH U3 KOTO-
PBIX He IepeceKaroTcs B OJHON TOYKe W HUKaKWe JBe He MapaJllejbHbL. B
KazK/JI0#l U3 OrpaHUYeHHBIX 00JIacTell, Ha KOTOPbIE OHU JIEJIAT ILIOCKOCTD, 110~
craBjeHa 1 wian —1. 3a OJUH X0O/T MOYKHO B35Th JIFOObIE 3 IPSIMbIC U YMHOYXKUTH
Ha —1 Ymcsa Bo Bcex 00J1acTdX, MOMABIIUX BHYTPb TPEYTOJbHUKA, 00Pa3o-
BAHHOI'O 3TUMHU NPAMBIMUA. BepHO Jin, YTO i JTI0O0r0o HAabOpa MPIMBIX BCE
YUC/Ia MOXKHO CJIeJIaTh paBHbIMEU 17

9. Ha croponax AB u AD Beirykjioro dersipexyrosibiauka ABC'D ot-
MedeHbl Touku FE u F' coorBercrBenHo Takue, uro S(AED) = S(ABF) =
S(ABCD)/2. Hokaxure, uro npsMast E'F nenur auaronais AC Ha jBe paB-
HbIE YACTH.

10. IIpo mosoxKureabHbIe YUCIA @, b, ¢ U3BECTHO, ITO

1 1 1
>1
a2+b2+1+a2+c2+1+b2+02—|—1_

Hoxkazxkure, aro ab + bc + ac < 3.
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MHuoro4senbl nejgeans kpyra-2. 15.07.2018

Omnpepenenne. [lycrs K — mone, f(x) = a,a™ + a,_ 12" ' + ... + ayx +
ap € Klz|. IIpoussodnoti muorounena f HasbiBaercd MuHorouwsten f'(x) =
na,z" '+ (n — Dap_12" 2 + ... + a;.

0. (IIucemennoe ynparkaenwue. ) /okazxure, 4T0 MIPOU3BOIHYIO CYMMBI
U [IPOU3BEJIEHNsS MHOTOUJIEHOB HaJI [TPOU3BOJILHBIM [10JIEM MOYKHO BBIUUC/ISITh
o tem ke (opmyraam, aro u jist Gyuknuiit 3 R B R (re. (f(z) + g(x)) =
f'(@) + 4 (2); (f(z)g(x)) = ['(z)g(z) + f(z)g (x)).
Sameuanue. B ciayuae 1101 HEHYJIEBOH XapaKTEePUCTUKH, IIPOU3BOIHAS OT-
JIMYHOTO OT KOHCTAHTBI MHOIOYJIEHA MOXKeT ObITh paBHa HyJIt0. Hamnpuwmep, B
nojie XapakTepucTuku p umeeM (zF)’ = prP~! = 0, mockobKy B TaKOM moJie
p = 0. Tak 9T0 UCHO/IB3Ys TMOHATHE TIPOU3BOJHON MHOIOWJIEHA HaJl I10JIEM
HEHYJIEBOH XapaKTEePUCTUKK HYZ?KHO OBITH OCOOEHHO BHUMATEIHHBIM.

1. a) Iycrs f(z) € KJz|, @ € K — kparublii KopeHb MHOrod4IeHa f.
Hokaxwure, aro torga f'(a) = 0. 6) [Jokaxure, 9T0 €CjM MHOIOWICHBI
f(z) m f'(x) B3ammMHO TPOCTBI, TO B paszjioxkenne f(x) Ha HEMPUBOIUMBIE
MHOYKHTEJIN KazKJIblii MHOKUTEJIb BXOJUT C TIOKa3aTesaeM 1.

2. Ilycrs p — npoctoe, n, m — HarTypajbHbe. JloKazkuTe, 9T0 ) ecsn
n / p, To y muorourtena " — 1 € F,[z] ne Moxker OGbITH KpaTHBIX KODHEI;
6) ecoiu nm / p, 1o muorouwnensl P, (x) u P, () B3AUMHO TPOCTHI KaK 3Jie-
meHTHI [F),[2].

Teopema 1 (Teopema dupuxie o6 apudmerndeckoii nporpeccun). Hucaa
a € N ubeZ marosu, wmo (a,b) = 1. Toeda cpedu wucen euda ak + b, 20de
k € N, beckoneuno mnozo npocmoix.

JlokazaTebCTBO 9TOM TeopeMbl B 00ITIEM BUJIE HAXOIUTCS JAJIEKO 38 PaM-
KaMmu Hameit mporpammbl. Ho st b = 1 MbI y2Ke MOXKeM ee JI0OKa3aTh.

3. a) Ilycrs p — npocroe, n / p — HaTypasbHoe, a — 1esoe. Jlokaxkure,
gro P, (a) * p TOrIA U TOJBKO TOIJIA, KOIJA @ MPUHAJJIEKUT TOKAZATENIO 1
o moxyimio p.  6) (HacrHselit ciayuait reopembt Jupuxie.) Tokaxure,
YTO JI KaXKJIOI'0 HATYPAJIBHOTO N CYIIECTBYET OECKOHEYHO MHOTO ITPOCTHIX
amcest suga kn + 1.

Teopema 2. Mnozouren ®,(x) nenpusodum wad Z.

[Ipennonoxum, uro f(x) € Z[x] — MHOrOWIEH, BXOJAIINIT B DA3/I0KeHNE
®,, (r) Ha HenpUBOIMMBIE MHOXKUTENH, € — KopeHb f. g jgokasaresbcrsa
TEOPEMbI 2 HaM HYXKHO IPOBEpPUTh, 910 f = P,,.
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4. Tlycrs p € P, (p,n) = 1. Ipeanonoxum, aro f(eP) # 0. Pacemorpum
MHOTOYJICH g U3 pasjoxkenus P, (x) Ha HEMPUBOAUMbIE MHOXKUTEIH, KOPHEM
KoToporo ssisercs €P. Jlokaxkure, aro g(aP) - f(x).

5. Temepb paccMOTpUM MHOTOWIEHBI [ W ¢ KaK MHOTOYIEHBI HaJ I10-
agem . a) Jlokaxkure, 910 KaK MHOIOWICHBI HaJl ), OHU He B3aMMHO 1IpO-
crol.  6) BreIBegere u3 3TOro To, 9To ONMcaHHas CUTyaIllst HEBO3MOXKHA, T.€.
Ha camoM Jerie, f(eP) = 0.

6. Jlokaxkute, uro f = ¥, u, TeM cambIM, 3aBepPIIUTE JTOKA3ATEIbCTBO
TEeOpeMBI 2.

Paznoboii-2. 15.07.2018

1. /Tanbl HaTypaJbHBIE YHCIa 41 < Ay < ... < a,. JloKaxxnte HepaBeH-
CTBO
1 1 1
—t <2
aj [alv a2] [CLl, as, ... Jan]

2. Jlano upocroe yucyio p > 2. Ban mocuuras Bce OCTATKU OT JIe/ICHUsI
ancen 11, 2!, ..., (p—1)! na p. Joxazkure, 4T0 OH HOIyIHT GOJIBIIE, HeM /P
Pa3IMIHBIX OCTATKOB.

3. Buucannast okpyxkuocth Tpeyroiabinka ABC kacaercs cropon AB,
BC, CA B roukax C7, Ay, By coorBercTBeHHO. TouKka By cHMMeTPUYHA TOUKE
B ornocurenpHO npsimoit A1Ch, a Touka B3 — Touka mnepecedenuss BB, u
AC', anayiormano onpegnenstorcs Toakn Az n Cz. lokaxkure, 910 Toukm As,
Bs u (3 jexkar Ha OIHOI IPSIMOM, MIPOXOIMAINEil depe3 IeHTP OINMCAHHOM
oKkpy:kHOCTH Tpeyroiabunka ABC.

4. Ectb Tabs10 n3 JaMmodek pasMepa 8 X 8. 3a X0 MOXKHO HHBEPTHPOBATH
15 nammodex — Bce JIAMIIOYKHA B HEKOTOPOI CTPOKE M HEKOTOPOM CTOJIOIIE.
8a Kakoe HaMMeHbIIee YNCI0 XOJ0B MOXKHO MHBEPTHPOBATH BCE JIAMIIOYKH
Ha TabJo?

5. Haiiyiute BCce MHOTOUJIEHBI ¢ BeleCTBeHHBIME Ko durmenramu P(x)
Takue, ITO

P(x)- P(22° — 1) = P(2?) - P(2x — 1)
g Kazkgoro x € R.

6. 13 geThIpex3JIeMEHTHBIX TOJMHOXKECTB MHOKecTBa M 00/1agai0T Ciie-
JIYIOIIIUM CBOMCTBOM: JIJIsl JIIOOBIX JIBYX 3jeMeHTOB M poBHO 0j1HO u3 13 1mojI-
MHOKECTB COJEPXKUT 00a 3Tu jieMeHTa. Kakoe Hanbo IbITee KOJIMIeCTBO MMO/I-
MHOKECTB MOXKHO BBIOpaTh TakK, ITOOBI KaxKIblil 3jiemeHT M BXomamI He 60-
jlee, 9eM B TPU U3 HUX!
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Onpepenenne. 'pad G HasbBaercs k-kpumuveckum, ecan X(G) = k (To
€CTh, Ipad UMeeT MPaBUIbHYIO PACKpacKy B k IIBETOB, HO He uMmeeT B k — 1
nger), a jis joboro nogarpada H rpada G eeimonneno x(H) < k — 1.

7. Jokaxure, uro k-kpurndeckuii rpad sipisercs (k — 1)-pébepHo cBs3-
HBIM (TO €CThb OCTAeTCsl CBSI3HBIM IOC/IE YIATeHHs JI0ObIX k — 2 pébep).

I'padbr: moTOKM 1 MOTOKOBBIEe MHOTOWIeHbI. 16.07.2018

Onpenenenue 1. Muoxkectso G ¢ onpejie/ieHHOI Ha HeM OMHAapPHO orepa-
mueit * : G X G — G naswiBaercs epynnoti (G, *), €cjin BBIIOJHEHBI CJIeLyT0-
e COOTHOIIIECHUS:

1) accoyuamuerocmy: st T06LIX a, b, ¢ € G BBIIOJIHEHO, 9TO (@ * b) *
c=ax(bxc);

2) Haauvue HeTUMParbHO20 daemeHnma: cymectsyer e € (G, Takoi,
UTO €% 4 = G * € = @;

3) Haauvue 0bpamHo20 dsemenma: s J0O60ro a € G cymecTByer
a ! € @, rakoit, uto axa ! =a ' xa =e.

['pynma nasbiBaeTcsa abenesoti, ecjii €CTh KOMMYTaTUBHOCTDb, TO €CTh JIJIs
JTIOOBIX 3J71eMEeHTOB a, b € (G BBIIOJIHEHO, UTO a % b = b * a.

Sameuanmue. s abesieBoit IPyIIIb €€ TPYIIIOBas OePaIlis YaCTO HA3bIBa-
eTcsl CJIOZKEeHneM 1 00o3HadaeTcs 3HakoM “+. HefiTpa/ibHBIi 971eMEeHT B 9TOM
caydae oboznadaercd ‘07, a oOpaTHBII K a 3j1eMeHT obo3HavdaeTcd “—a’.
Onpepenenne 2. [lycte G = (V, E) — meopuenTHpOBaHHBI rpad, BO3-
MOXKHO COJIepzKaluil metyin 1 KpaTHbie pebpa, u H — abejeBa rpymma. Mbr
onpeyennm H -uyuprysayuro, kKak dyukiuio f:V x V x E — H co cienyio-
IIIUMU CBOWCTBAMU:

(f1) ecim f(x,y,e) # 0, 10 e = xy € E;

(2) ecom 2,y € V(G), 2 # 5, 10 f(z,5,¢) = —f(y,,€);

(f3) mrst moboit Bepmmusl © € V' BepHo, 910 > f(z,y,e) =0.

yeV\{z}, ecFE
Bynem rosoputs, uro H-nmpkymsiius [ Hesvipostcdena Ha pebpe e = xy,

ecn f(z,y,e) # 0. H-mupKyJIsius, HeBbIPOK IeHHasT Ha Bcex pebpax G Ha-
3pIBaeTcda H-nomoxom.

Onpenenenne 3. Ilycte x,y € V — Bepmmas rpadha G u S, T C V —
[IOJIMHOYKECTBa, MHOXKECTBA €0 BepIINH. BBejeM cieyrornie 0603HaYeHNUST:

fley) = fleye), f@T)=Y fxy), [(Sy=> fly)

eclk yeT z€S
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ST = 3 flay).

z€eS, yeT

0. (ITucbmennoe ynpaxuenue.) [lycrs V = SUT, SNT = &. Torga
Jist oot H-tupkyssmuu f Beinosiaeno, aro f(S,T) = 0.

Onpenenenue 4. [lycrs k£ € N. Torma k-niorok B rpacde G — 3T0 Takoi
Z-tiorok f, aro |f(z,y,e)| < k mis Beex x,y, e.

1. Jokaxkute, 9T0 B rpade ecTb 2-IMOTOK TOIJIA U TOJBKO TOIJA, KOIJa
BCE CTEIEeHN €ro BEPIIUH YeTHBDI.

Onpepenenne 5. [lycts G — rpad, H — abenesa rpymnmna. Yepes O (H)
obosuaunM 4ncyio H-rorokos B rpade G.

2. a) [Iycrs e = 2y € E — ne neta. Jokaxkure, aro @ (H) = e (H)—
(I)G—e (H ) :

6) Jdokazkure, uro jist rpada G CyImecTByeT Takoil MHOTOWIeH @i € Z|x]
YTO [T KOHETHOM abesieBoii TpyIbl BbIosHeHO, 1To P (H) = ¢ (|H|), tae
|H| — KOJIMIeCTBO 3/IeMEHTOB IpyIIbl H.

Onpepesenne 6. [TorokosbiM MHOrOWIEHOM rpada G HA3BIBAETCS MHOTO-
wier g (k).

3. Illycrb e = xy € E. Jlokaxkure, 9TO BBIIOJHEHbI CJIEYIONINE YTBED-
Kiaenust  a) ecim e — MocT, 10 @g(k) = 0 u xg(k) = (K — 1) - xgse(k);
6) eciu e — neriist, 10 pa(k) = (k — 1)eg_e(k) n xa(k) = 0.

4. JIna moboro rpada G 1 HATYPaIBLHOTO 9nCIa k JOKAYKNATE COOTHOIITE-

HUE
(Pg(k?) _ (_1)e(G)+v(G)+c(G) 'Tg(o, 1 — /{5)

5. Ilycte G — mnocknii rpad, G* — ero asoiictBennsbiit, k € N. Jlokaxku-
re, ato Xg (k) = k4D - pg- (k).

6. a) (Teopema MarusiceBu4a.) /lis so6oro rpada G jpokaxure pa-
BEHCTBO:

(k — 1)@ paa (k)
XG(k)Z e(G)—v(G Z - A
Je@ 0@ 2 (1 — f)A
ACE
(monrpad G(@) camraeM IyCTBIM, & €ro IOTOKOBBI MHOTOYJIEH PABHBIM 1).
6) st mockoro rpada G IOKazKUTe PABEHCTBO

XG(k) o (k B 1)6(G) Z ()OG*(A*)(]{;)

- e(G)—v(G _ Al . Le(G*(A*)) "
FAO—@) 2 (1~ k)AL koG (&)
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7. a) Jokaxwure, uro rpad umMeer k-MOTOK TOIJA W TOJIBKO TOIJIA, KOTJIA
oH umeet Zg-niorok.  6) Ilycrs H — abesiea rpymnna nopsizika k. JTokaxure,
aro $g(H) > 0 Torma u ToabKo Torya, Korja G umeer k-motok.  B) Jloka-
xKute, 9To rpad G umeeT 4-TIOTOK TOTIa U TOJILKO Toraa, korna G = G UG,
u oba rpada UMeT TOJbKO YeTHbIE CTEIeHN BEePIINH.

Paznag airebpa: KoJiblia, oJid, JIMHeHOCTb. 16.07.2018

Onpenenenue. Xapaxmepucmuroti moist F' HazbIBaeTCs TaKOe HAMMEHbIIIee
ynciao p € Nyuro 1 + 14 ...+ 1 = 0. Ecyim Takoro p Her, T0 XapaKTepUCTUKA
—_——

p CJIaraeMbIX
[OJIg CHUTAeTCd PABHON HYJIIO.

0. (IIucbmennoe ynpakHenme.) Jokaxure, 4T0  a) XapaKTePUCTH-
Ka BCSKOIO I0JI — IPOCTOE YHCIO W HOJIb;  6) B JroboMm mojie F' xa-
pakTepuctuku p > 0 i JiOObIX X,y € F BBIIOJHAETCA COOTHOIIECHHE
(x +y)P =aP + o

1. /Tokazkure, 9TO KOJIMYECTBO JIEMEHTOB B KOHEYHOM I10JI€ PABHO P JIJTs
HEKOTOPOT'O MTPOCTOrO P U HATYPATBLHOTO 7.

3ameuanue. [lose n3 ¢ = p" ssementos oboznadaerca depes F,. Moxkmno
JIOKa3aTh, 9To 1pu Beex p € P un € N Ttakoe 1ojie cymecTByeT 1 €JIMHCTBEHHO
€ TOYHOCTBIO JI0 N30MOpQpHU3MA.

2. Ilycte ¢ = p", tne p € P u n € N. [Jokaxkure, uro  a) J06oii
sj1eMeHT 110151 [, siB/IsieTcss KopHeM MHorouwtena £ —x.  06) yroboit sreMenT
nosd [, aBageTcsa KopHeM HEHyJIeBOI'O MHOIOWJICHA CTelleH: He boJlee, IeM 1,
¢ koabdunuenramu us I,

3. Ilycrs V' — BekTOpHOE IIPOCTPAHCTBO pasMepHOCTU 71 HaJl moJieM I
a) CrospkuMu crocobamn B V' Moo BeiOopars 6asuc?  6) Ckosbko B V/
JIMHEHHBIX MOJNPOCTPAHCTB pasMepHoctu m (riae m < n)?

4. CymiecTBytoT Jin Takue MaTpuisl A u B pasmepa nxn, aro AB—BA =
E.?

5. Ectb 101 kopoBa. Eciin yopaTh J1100yI0 U3 HIX, TO OCTABIITUXCS MOYKHO
pas3/ieJInTh Ha JBa PABHBLIX 110 BeCy M YUCJIEHHOCTH cTaja. Jlokazkure, 9TO
BCE KOPOBBI BECAT OJIMHAKOBO, €CJIN UX Beca  a) 1eJjible;  0) paIlOHAJIbHBIE;
B) BEIECTBEHHBIE.

6. (HepaBenctBo ®@umepa.) Ilycrs A;,..., A, — pasnununbie Helry-
CTBIE TIOJMHOYKECTBA N-3JIEMEHTHOIO MHOXKecTBa. [lepecedenne o0OBIX IBYyX
Pa3JIMIHBIX MHOYKECTB M3 3TOro Habopa cocrout u3 k 3j1eMenToB. JlokaxkuTe,
910 m < n.
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Mat60it 9-10 IIPO®U. 17.07.2018

1. Ha nocke nanucanbl 10 HATYpaIbHBIX 9HUCeI. 3a OJIMH XOJI PA3PeIaeTcs
napy 4dmces a, b 3aMEeHUTH HA UX CYMMY W MOJLyJIb PA3HOCTH. BepHo Jjm, 910
TAKUMU OIEPAIASIMUA BCETIa MOYKHO CJIeJIaTh BCE UUC/IA PABHBIMU !

2. Muorousien P(x) ¢ paroHaabHbIMU KO3hOUIMEHTaMI TAKOB, UTO JIJIs
106010 UppanuoHaibHoro « unciao P(a) upparmonanbro. Jlokaxkure, 910
crenieHb MHOTOYJIeHa P He BbIme 1.

3. Cy1recTByeT Jin MHOXKECTBO TOYEK Ha IJIOCKOCTH, KOTOPOE ITepeceKaeT-
¢ € JIIOOBIM TPEYTOJBHUKOM ILIONIAHA 1 110 KOHEYHOMY HEIIyCTOMY ITOIMHO-

KecTBy?

4. B mkoJjie 3 KJjacca II0 1 JeJ0OBEK. Y KazKJ0Io y49YeHnkKa HE MeHee %’I’L
SHAKOMbBIX B KazKI0M H3 APYTI'UX KJIaCCOB. ZLOK&)KI/ITG, 9TO MOXKHO p336I/ITb
BC€X MKOJIbHUKOB Ha I'PYIIIILI 110 3 IIOIIapHO 3HAKOMBIX Y€JIOBEKa TakK, 9TOODI

B KaXKJIO# Ipyliie OBbLIN JIIOIU U3 Pa3HbIX KJIACCOB.

5. /lanbl B3aMMHO TIPOCTBIE HATypaJibHble Yucjaa m u n. Harypasbabie
YUCIa Gy, s - . . A, HE TPEBOCXOJIAT M, & HAaTypaJibubie by, by . . . b,, He mpeBoc-
x0T n. JlokaxKure, 9TO MOXKHO BBIOpATH 110 HECKOJIBKO UHCEN U3 KarKJI0TO
Habopa ¢ PaBHBIMU CyMMAaMU.

6. /lano HarypajbHOE YUCJIO N U HPOU3BOJILHBIE BENIECTBEHHBbIE YHC/IA
ai,as...a,. Jokaxmure, aro jys soboro nonmuoxkecrsa S C {1,2,...n}
BBITIOJTHEHO HEPABEHCTBO

2

Zai < Z (ai + ...+ a;)*

= 1<i<j<n

7. Jlanbl okpy2KHOCTH w ¢ nentpoM O u Touka 1’ Bue ee. Kacaresbubre
u3 Touku T’ K OKPYKHOCTH w KacatoTcs ee B Toukax B u C. OKpyKHOCTH W,
U Wy PACIOJIOXKeHbl B Tpeyroibauke 1T BC', KacaioTcs OKPYKHOCTU W BHEII-
HUM 00pa3oM WM KacaloTcs JIPYT JIpyra B TOYKe .J; KpoOMe TOTO, Wi KacaeTcsd
orpeska T'B B Touke K, wo Kacaercs orpeska 1T'C' B Touke H. Touka [ -—
IEHTP BIMCAHHOW OKPY2KHOCTU Tpeyrojbanka OBC. JlokaxKute, 9TO YeThl-
pexyroyibnuk BK JI BrcaHHbIii.

8. Ha cropone AB Tpeyrosbanka A BC Bbibpana Touka P, a Ha CTOPOHAX
AC u BC toukn S u T rmakum obpazom, uro AP = AS u BP = BT.
Ornmcannasi OKpyKHOCTh TpeyTroabHuKa P.ST BTOPUYIHO ITepeceKaeT CTOPOHBI
ABu BC B toukax Q u R coorsercrBenno. Ilpsmbre P.S u () R nepecekaiorcst
B Touke L. Jlokaxkure, uro npsamas C'L nemut orpe3ok P() momosam.

9. /lokaxkure, 4TO s JTIOOBIX HATYypaJbHBIX d > 1 m m B mocjenoBa-
TesbHOCTH a, = 22 + d maitjyres apa uncia agp u ag (k # £), y KOTOPbIX
HAMOOJIBINHI 00Ul Jie/IuTe/ b OOJIbIIE M.
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10. CymectByer Jsin Takasg GYHKIUA f, COMOCTABISIONAsT OECKOHETHBIM
IEIOYHCIICHHBIM TTOCJIEIOBATECILHOCTAM IIEJIbIE THUCIIA, ITO:
1) flu+v) = f(u)+ f(v) (mociea0BaTEIBHOCTI CKJIIA(LIBAIOTCS OUJIEHHO);
2) Eciin y mocsieioBaTeIbHOCTH v KOHETHOE 1IHCI0 Henyeil, To f(v) = 0;
3) st HeKOTOPOii mocsIe0BaTeIbHOCTH U BhioHeHo f(u) # 0.

Mat60it 10 ITPO®PU — npenogaBaTrean. 17.07.2018

1. Ha nocke nanucanbl 10 HATYpaIbHBIX YHCEsT. 3a OJIMH XOJI PA3peIaeTcs
napy 4uces a, b 3aMeHUTH Ha UX CyMMY U MOJIyJib pa3HocTu. BepHo i, 1To
TAKUMU OIEPAIUsIMUA BCETIa MOYKHO CJIe/IaTh BCE UUC/IA PABHBIMU !

2. Haiinnre Bce HemocTOsIHHBIE MHOTOWIEHbl P(1) Takue, 910

1
P(22* - 1) = 5P?(:c) — 1.
3. Cy1mecTByeT Jin MHOXKECTBO TOUYEK Ha IIJIOCKOCTHU, KOTOPOE ITepeceKaeT-
¢ ¢ JII00BIM TPEYTOJIbHUKOM ILJIOIIa/I1 1 o KOHEYHOMY HEITyCTOMY IIOJIMHO-

JKeCTBY?

4. B mKkoJsie 3 KJlacca 10 N 4eJIOBEK. Y KaxKJI0ro yUYeHUKa He MeHee %n

3HAKOMBIX B KazKJIOM U3 JIDYTUX KJaccoB. /lokaxKuTe, YTO MOXKHO pa3OUTD
BCEX IMKOJBHUKOB HA I'PYIIIHI 110 3 MONAPHO 3HAKOMBIX Y€JIOBEKA TaK, ITOOBI
B KasK/IOH rpymie ObLIN JIIOJU U3 PA3HBIX KJIACCOB.

5. /lanbl B3auMHO IpOCTBIE HATypaJibHbIe Yuciaa m u n. Harypasibabe
YHUCIA A1, A3 . . . G, HE TIPEBOCXOJIAT M, a HaTypaJbHbIe by, by . . . b,, He IpeBoc-
xoJAT n. JlokaxKuTre, 9TO MOXKHO BHIOpATH 110 HECKOJIBKO YHCE/ M3 KaXKJIO0TO
Habopa ¢ paBHBIMUA CyMMAaMHU.

6. /lano maTypajbHOE YHCJIO . U TTPOU3BOJILHBIE BEIECTBEHHbIE THCTIA
ai,as...a,. Jokaxwure, aro jysa soboro nonmuoxkecrsa S C {1,2,...n}
BBITTOJTHEHO HEPABEHCTBO

2

Zai < Z (ai+...—|—aj)2.

€S Iigjsn

7. Jlaubl OoKpy2KHOCTH w ¢ nenTpoM O u touka T’ Bue ee. Kacaresbubie
u3 Touku T’ K OKPYKHOCTU W KacaioTcs ee B Toukax B u C. OkpyKHOCTH w,
U Wy PACIOJIOXKeHbl B Tpeyroibanke 1T BC', KacamTcs OKPYKHOCTH W BHEII-
HUM 00pa30M M KacaloTcsd JpYyT Apyra B TOUYKe J; KpoMe TOro, w; KacaeTcs
orpeska T'B B Touke K, wo Kacaercs orpeska T'C' B touke H. Touka [ -—
IEHTP BIMCAHHOW OKPYy2KHOCTH Tpeyrojbinka OBC. JlokaxKute, 9TO 4eThl-
pexyronbHuk BK.JI BIucaHHbIN.
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8. Yernipexyrompuuk ABC' D, nuaroHam KOTOPOTO TepPIeH INKYISIPHbI,
BIIIICAH B OKPYKHOCTD ¢ IeHTpoM B Touke (). KacarenbHble K 9TOI OKpPYyK-
Hoctn B Toukax A u C' BMmecte ¢ upsimoit BD 0b6pa3yior TpeyroibHuk A.
JlokaxkuTe, 9TO ONMMCAHHBIE OKPYZKHOCTH TpeyrojbaunkoB BOD u A Kacarot-
col.

9. Jlokaxkurte, 4TO JijIsd JIIOOBIX HATYypaJbHBIX d > 1 U m B 10C/I€I0Ba-
n (X]
TeNbHOCTH a, = 22" + d maiijayrcea npa uncia ap u ap (K # £), y KOTOPBIX
HanOOJIBLIUI OOIIUI JeJINTebL OOJIBIIE M.

10. CymectByet Jin Takas GyHKIUsA f, COMOCTABIAIONAS OECKOHETHBIM
[EJIOUUCIEHHBIM TIOC/IEJIOBATE/IBHOCTSIM TIeJIbIe IUC/Ia, ITO:
1) flu+v) = f(u) + f(v) (mocremOBATEIHHOCTH CKJIAIBIBAIOTCS OUIEHHO);
2) Eciin y mocsieioBaTeIbHOCTH v KOHETHOE K0 HeHyei, To f(v) = 0;
3) st HEKOTOPO# HOCIeA0BaTeIbHOCTH U BbInoaHeno f(u) # 0.

l'eomerpus. IIpoekTuBHas n He TOJIbBKO. 19.07.2018

1. (Teopema o ABaXkAbI IEPCHEKTUBHBIX TPEYTOJbHUKAX.) JlaHbl
nBa Tpeyrosibanka ABC u Ay B1Cy. 3BectHo, uro npsambie AA;, BBy u CC}
nepecekaroTces B ojHoi Touke O, u mpsamble ABy, BC) u C'A; nepecekaiorcst
B oxHoit Touke (0. [okaxkure, uro npsmbie AC,, BA; u C'By ToxXe niepece-
KaloTCsd B oHON TOUKe Os.

2. (Teopema o TpuK/IbI IIEPCIEKTUBHBIX TPEYTOJbHUKAX.) JlaHbr
nBa Tpeyronbanka ABC u Ay B1C4. N3BectHo, aro npambie AA,, BBy u CC}
nepecekatorcst B oxaoii Touke O, npsamole AA;, BC, nu CB; nepecekaiorcst
B oxHoil Touke O u npsmbie ACY, BBy u C'A; nepecekaiorcst B OJIHOA TOY-
ke Oy. Hokaxkure, uro upsmbie ABy, BA; u CC, ToxXe mepecekaroTcs B
onHoit Touke Os.

3. Ilycts M, N u K — TO4YKHM KacaHus BIUCAHHON OKPY2KHOCTHU TPEYTOJThb-
nuka ABC' ero cTopoH. () — HEHTP OKPYZKHOCTHU, IPOXOJISIIEN Yepe3 cepe/in-
ubl orpe3koB M N, NK u KM. Jlokaxkure, 9T0 TOUKa (), IEHTP ONUCAHHON
OKPYZKHOCTHU W TIEHTD BIUCAHHON OKPY?KHOCTHU TPEYTOJTbHUKA JIEXKAT Ha O/I-
HO# 1IPAMOA.

4. Buyrpu AABC pacnoioXkeHnbl 3 OKPYKHOCTH, KarKash U3 KOTOPBIX
KacaeTcsl JIByX CTOPOH TPEyTroJIbHUKA U JIBYX JAPYrux okpyzKkHOcTeil. Ilycrh
A; — ToYKa KacaHUs JBYX OKPYKHOCTEll, Kacaiommxcs cropoubl BC, ana-
JIOTUYHO ompejessdioTcs Touku Kacanus By u 4. [lokaxkure, 4TO mpsiMble
AA;, BBy u CC}| KOHKYpPEHTHBI.

5. Ha okpyxkuoctn w B3gaTbl Touku A, M, B, C, N, D B ykazaHHOM
nopsizike. [lycts O — rmouka nepecedenusi orpeskoB AC', BD u M N, a w,
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U Wo — OKPYKHOCTH, OIMHUCAHHBIE OKOJI0 TpeyrosbHukoB AOB u COD co-
orBeTcTBeHHO. [Ipamas M N BTOpUYHO mepeceKaeT OKPYKHOCTU w; M Wy B
toukax P u () coorBercrBerHo. okaxkure, aro PM = NQ.

6. B mpoektuBHOI 1mtockocTu jaH TpeyroibHuK ABC u Ttouka S, He
JIeykalras He Ha OHOi u3 ero cropon. Ilycrs P, () u R — Touku nepecevueHust
npsmbix AS, BS u C'S coorBercreenno ¢ npsmbivmu BC,CA uw AB, a L, M
n N — Toukwm, deTBepThle rapMoHudeckne K Tpoitkam BC'P, CAQ n ABR
cooTBeTcTBeHHO. [loKaxkuTe, uTo Touku L, M n N JjiexkaTt Ha OIHOI IPsMOIi.

7. Moxno s Ha 1ockocTu orMeTuTh 21 Gesmyio u 21 4epHyIO TOUKY,
TaK 9TOOBI [T KarKI0i TOUKM XO0Tst ObI 20 n3 21 “pasHOIBETHBIX PAMBIX
(coztep2RaIuX JAHHYIO TOUKY U IIPOTHBOINOJIOXKHYIO €if 110 TIBETY) COePIKAIH
eIre POBHO OJIHY OTMEYEHHYIO TOUKY.

CumBosbl dkobu nam erre pa3 o 3akoHe B3auMHOcTU. 19.07.2018

Onpenenenue 1. Ilycts n > 1 — HEYeTHOE YUCTIO U N = P1P2 . . . Pp — PaA3-
JIOZKEHME N Ha [IPOCThIe MHOXKHUTETH (CPeJii KOTOPBIX MOI'YT ObITh DaBHbIE).
[Iycrs nagee (a,n) = 1. Torga cumeoa Hdrxobu (%) olpe/iesigeTcs PaBeHCTBOM

B-GIG)-G)

3ameuanne. B ormmmunn ot cumsosa Jlexamnapa, (E) = 1 He o3Ha4aeT, 4YTO
@ KBaJIPATUIHBIA BbIYET 110 MOy IO . [Ipuiaymaiite KoHTpripumep camu!

0. (IImcemennoe ympaxkuenwue.) Jlokaykure cieyrolye CBOWCTBA
cumBosia Skobu.  a) (%b) = (%) (%), 6) (%1) = (—1)"7_1; B) (%) =
n2-1

(=1)"=

1. YMHOXKEHEE BCEX 9JIEMEHTOB IIPUBEJEHHON CUCTEMBI BBIYETOB 110 HEeveT-
HOMY ITPOCTOMY MOJY/II0 p Ha BbrdeT a #Z 0 (mod p) mpousBogut B Heil 1e-
PECTaHOBKY.

a) Jlokaxkure, 9TO €cjM a4 — KBAJPATUYHBIA BbIYET MO MOJYIIO P, TO
HOJTY YMBIIASICS TIE€PECTAHOBKA YeTHA.

6) Hdokaxkure, 94T0 €Cciu @ — KBaJIPATUIHBIH HEBBIYET 110 MOJYJIIO P, TO
OHa HeJyeTHA.

2. Ilycth p u ¢ — pasiudHble HeUeTHBIE TPOCThIe dncia. PaceMoTpuM jiBa
vuozkectsa M = {0,1,...,pg — 1} u M = {(a,b) | 0 <a <p, 0<b<q}.
Kax oMy siementy x € M mocraBEM B COOTBETCTBHE mapy T = (Tp,T,) €
M, tie z, = x (mod p) u ¥, = = (mod ¢). 3amernm (mofivuTe 310!), UTO
nanHoe oTobpazkenue Gyner buexnueit mezkxy M u M.
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PaccmorpuM napy orobpazkennit f, g : M — M, 3a1aHHYIO CJI€IYIOIIIMA
pasencrBamu: f(a,b) = a+pb u g(a,b) = qa+b. CoorBercrByIomme UM
otobpaxkerus w3 M B M Mbl TakzKe Oyaem obo3HadaTh OyKBaMu f u g.

a) Jokazkure, 9T0 f U g — IIEPECTAHOBKH Ha MHOxKecTBe M.

6) Jlokaxkure, 9TO MEPECTAHOBKA f {YeTHa TOTJA W TOJBKO TOTJA, KOTJa

) =1,
q

B) Paccmorpum nepecranoBky fog™
UHBEPCUN 9TON IIepecTaHOBKU.

r) (JokasaresnscTBo 3osorapésa.) [lpu momMoru mpebiIymux myHK-
TOB JIOK&QyKUTe KBaJIPATUIHDI 3aKOH B3aUMHOCTH:

1 wa muOXKecTBe M . Bhraucmre qucsio

p q

3. (KBagpaTruuHblii 3aKOH B3aMMHOCTH JIJisi CUMBOJIOB flko6wu.)
[Iycte m,n — B3amMHO IIpOCTbIe HedeTHbIe ducja, oosbinue 1. Jlokaxkure,

(3)- () - o=

4. Jlokazkute, 9to 3" —1 He jeurcd Ha 2" —1 HA IPU KAKOM HATYPAJTbHOM
n> 1.

q b (_1)W.

9TO

5.1yerb 21 = 1,1 = 100, 201 = 22"+ 9, Yni1 = y237 +2,,. Jokaxure,
9TO Y, He JeauTcd Ha 239 HU 1IpU KaKOM HaTypPaJbHOM 1.

6. Tanbt a,b € Nu p € P rakue, uro a / 2 u a® + b*> = p. JlokaxkuTe, 9T0
@ — KBaJIpATUYIHBII BBIYET 110 MOJIYJIIO P.

JImnaeitHOCTh B reomerpun. 20.07.2018

Onpegenenne 1. Oynkuua f: R? — R nasbiBaercs aunetinot, ecau g
mo60it Touku C', gensiieit orpe3ok AB B OTHOIEHUN @ : b, BBIIIOJTHEHO pa-

b
vercrror f(C) = —— f(A4) + - i ;1(B).

Onpegenenne 2. Oynxmusa f: R? — R HaspiBaerca aunedinoti, ecau cy-
IeCTBYIOT a, b, ¢ Takme, uTo ans o6oit Touku (x,y) miockoctn f((z,y)) =
ar + by + c.

3ameuanmne. Ha camomMm Jesie, 3Tu onpeiesieHns paBHOCHIbHEBL. [Ipumepamun
JINHEHHBIX (PYHKIUN ABJISIOTCS OPUEHTHPOBAHHOE PACCTOSIHUE OT TOYKHU JI0
IPSMOIl ¥ OPHEeHTUPOBAHHAS IJIOIIAb TPEYroabHIUKA (Y KOTOPOrO JIBe Bep-
muHbl (BUKCHPOBAHBI, & TPEeThsd — IepeMeHHasi). VI3 Broporo onpejeseHus
O0YEBUJIHO, UTO MHOXKECTBOM HYyJIel JIMHEHHOW (DYHKIINKM MOXKET OBITH JIMOO
npsMag, U060 IJI0CKOCTD, JIMOO ITyCTOE MHOXKECTBO.
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Omnpenenenne 3. Byjiem roBoputh, 9T0 00BEKT deuscemcs AUHETHO, eCITn
CYIIIECTBYET TaKOW BEKTOD 7, YTO 3a BpeMsi ¢ OOBEKT CJIBUTAETCHA Ha BEK-
TOp 1 - .

3ameuanune. Chopmynupyem JaHHOE ompeenrenne bosee crporo. [lox 06s-
eXmom B JIAHHOM CJIydae IOHUMAETCs MPOU3BOJILHOE MHOXKECTBO TOYEK I1JIOC-
koctu X C R? (manpumep, npgmas WM oJHa ToUKa). Jeusicenue 06beKTa —
s1o yrknus F: R — P(R?), koTopast KazKJI0My BeleCTBEHHOMY | CTaBUT B
cooTBeTCTBUE TIoIMHOKecTBO F'(t) C R2. JIBrzKenue HasbIBaeTCst AUHEtibLM,
€CJIN CYIIECTBYET TaKO# BEKTOD 7, 49TO A JIIOOBIX tg,t € R MHOXKecTBO
F(ty + t) nomyuaercs uz F(ty) napajiesbHbIM IEPEHOCOM HA BEKTOD ¢ - .

0. (ITucbmennoe ynpakuenmue.) a) /lokaxkure paBHOCHIBHOCTD OIIpe-
neqennit 1 w2, 6) Jokazxkure, 9T0 epecevdeHue IBYX JTMHEHHO JBUKY IIIIXCST
IPSMBIX JIBUXKETCS JMHedHo.  B) JloKaskure, 9TO HMPOEKIUs JUHEHHO B
Kylieicd TOYKM Ha JIMHEHHO ABUZKYILYIOCH IIPAMYIO JIBUXKETCA JIUHEHHO.

1. Cepemunbl orpeskoB A Ay, B1 By, C1Cy mexxar Ha oaHOil npsimoit. o-
KazKuTe, 9T0 8 TpeyroabHnKoB A;B;C) MOXKHO TakK pasOuTh Ha 2 I'DYIIIHL,
YTO CYMMBI ILJIOMIA/IeH B TPYIIAX PABHBI.

2. B uernipexyrompauke ABC' D touka X — nepecedenne OUCCEKTPUC yT-
moB ABC u CDA, touka Y — nepecedenne dbuccekrpuc yriioB BCD u DAB.
Touka Z — nepeceuenne OUCCEKTPUC JIBYX YIVIOB, MOJYYEHHBIX IIPU ITPOIOJI-
JKEHUH TTPOTUBOMOJIOXKHBIX cropon ABCD no niepecedenus. Jlokaxkure, 910
TOYKY Z U OUCCEKTPUCHI, IIPHU IIePECeICHUN KOTOPBIX OHA 00Pa3yeTcs, MOXKHO
BBIOpATH Tak, 4To Touku X, Y u Z OyayT JiexKaTh Ha OJHON MPAMOIA.

3. Han mapasienorpamm ABCD. Touka X Takosa, uro CX 1 BD. U3
rouku X onyinenbl neprnesaukyaapbl X B’ u X D' na npavbie AB u AD,
B' € AB, D' € AD. [lokaxure, uro BB'- BA = DD’ - DA.

4. Jlan tpeyroipuuk ABC. Ha npswmoit AC BeiOpanbl Touku M u N
TaKue, 4To /ﬁ = m . X — ocnosanue neprenukyispa u3 M wa BC,Y —
ocuoBanwue nepresuky/sipa u3 N na AB, H — opronentp ABC'. Jlokaxure,
uro B, X, Y u H nexart Ha 07HOI OKPYKHOCTH.

5. i IByX JaHHBIX OKPYKHOCTEN w1, wo HaliiuTe 'MT cepenun orpes-
KoB A Ay Takux, uro A, € wy, Ay € wy 1 KacarenabHble U3 A K Wwo U U3 Ay
K W) PaBHBL.

6. a) Jlan rpeyrompauk ABC. Ha npsmoit AC' BeiOpana touka X;. U3
Hee IIPOBeJIeHa MpsiMasi, aHTuHapaJsieabHas AB, kotopas mepecekynia BC B
Touke Xo. I3 Hee nmpoBeiena npsamasi, mapasuienbaas AC, KoTopas mepecek/ia
AB B Touke X3. I3 Hee npoBejieHa npsiMas, aHTAnapaJuiebias BC uT. 1.
HHoxkaxkure, aro X7 = X;.
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6) Hokaxwure, aro Toukm Xi,..., X JI€KAT HA OJHOH OKDPYKHOCTU
(oxpyxkHocTh Takepa).

B) Jlokazkure, 4T0 €e NEHTD JIEKUT Ha TPAMOIl, COeJUHSIIOmEel eHTp
OIIMCAHHON OKPY2KHOCTHU U TOUKY JlemyaHa.

HNrepaiiun nmpeodbpasoBanuii orpe3ka. 20.07.2018

1. [Iycts g dysknun f : N — N npu mobom n € N BbimosiasgeTCst
uepasernctBo f(n+ 1) > f(f(n)). Hokaxkure, ato f(n) = n npu Beex n.

Onpepesenne 1. O6oznaunm gepes Idy (wu npocro Id) mootcdecmsenroe
omobpascernue MHOKecTBa X B cebs (T.e. [d(x) = x st moboro x € X).
Orobpaxkenwue h : X — X nazosem ungoaoyuet, ecaun h(h(x)) = Idx(zx).

2. a) Ilycrs f(x) = x+1n g(z) = v—1 — dbyukuun u3 R 8 R. [Tonbepure
nBe mHBOJIONMH h 1 k TakuMm obpa3oM, 9T0ObI i J1I000ro € R BBITOIHSI-
muck cootnommernus h(k(x)) = f(x) u k(h(z)) = g(z). 6) Hokaxure, 9T
KazKJ1as OMEKIMS MHOYKECTBa, Ha, ce0s eCTh KOMIIOZUIMS JBYX MHBOJIIOIMIA.

Onpenenenue 2. Henodsuotchotli moukoti oToOparkeHust f Ha3bIBAETCS Ta-
Kasi TOUKa T W3 ero obJacTh ompejesenns, aro f(zr) = .

3. llokazkure, uro HenpepbiBHOE oToOpaxkenue f : X — R, rge X — Heko-
TOPBIN IPOMEKYTOK Ha BEIIECTBEHHON OCH, 00/1a/1aeT HEIO/IBUKHON TOYKOM
B KaKJIOM W3 CJIEIYIOIINX CIyJaes:

a) X = [a,], f(X) C X

6) X = [a,b], f(X) D X,

B) X = (a,b), f — uaBOMIOIHSL.

4. a) Ilycrs f : [a,b] — R — HenpepbiBHAsSI, MOHOTOHHO BO3PaCTAO-
mast dyukiws, takas, aro f([a,b]) C [a,b]. Jokaxkure, 910 /sl KazK10ro
xy € la,b] mocnaenoBarenbHOCTh T, = f(%,_1) UMeeT HpeJe, SBJISIONNIi-
csl HemojBUKHON Toukoit dyukuuu f.  6) Bepro sm 910, ecau dyHKIMs
yObIBaOIas !

5. [lycts f : R — R — nemnpepsoiBHas dyukius, ro € R. [omoxum zp =
f(zy_1). Jokaxkure, uaro ecyu Jjisi HEKOTOPOTO T € R mocie10BaTeIbHOCTD
%Zogk —n f(zy) orpanmdena, To f ob1ajaeT HENOABUAKHON TOUKOIL.

6. CymectByer Jsin nenpepoiBaag dyuknus f : R — R, ymosierBopsro-

mas upu Beex © € R ypasrenuo f(f(z)) = F(x), B cieayommx cirydasx:
a) F(x) = —z; 6) F(x)=¢% B) F(z)=2%-2.
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Beinykisiocth B HepaBeHCTBax: HepaBeHcTBO Kapamarbl u npouee. 21.07.2018

Onpepesienne 1. Oyukius [ : [a,b] — R HasbBaercs ewnyk.aol 6nu3
Ha orpeske [a,b], ecsm st oObIX T,y € [a,b] u mobbix a, > 0 Takux,
gro « + § = 1 Bemosagercs Hepaserctso f(ax + By) < af(x) + Bf(y).
Dyukimst f HA3BIBACTCS 6LINYKAOT 66€PT HA OTPE3Ke [a, b], ecyim npu Tex xe
YCJIOBHAX BBINOJHACTCS aHAJOIMIHOE HEPABEHCTBO CO 3HAKOM .

AHAIOrHYHO, MOYKHO FOBOPUTH O BBIIYKJIOCTH BHU3 (BBEDPX) Ha WHTEPBa-
Jie, TIOJIyMHTEepBaJIe, JIyde W BCell BemeCTBeHHON MpsaMOii.

1. Oyuknus f BbinyK/Ia BHE3 Ha uHTEpBaJe (a,b).
a) (JIemma o Tpex xopmax.) lokaxure, aro mjis J06bIX X, Yy, 2 € (a,b),
TaKuX, 970 z < Y < I, BBIIOJHEHO HEPABEHCTBO

1) = () _ f@) = ) _ [@) = f5)

Yy—2z B Tr—z B r—y

6) [lycrs z,y, 2,t € (a,b), x>y > 2>t uzr+t=y+ 2z Jdokaxure, 4To
rorna f(x) 4+ f(t) > f(y) + f(2).

B) Jlokazkure, 4To y BBINYKJIOH HenpepbiBHOI dyHkun f: R — R B Jito-
60 TOUKe CYIIECTBYIOT OJHOCTOPOHHME IPOU3BOJIHBIE, KOTOPbHIE COBIIAIAIOT
BCIOJLy, 3a MCKJIIOUeHHEM He 0oJiee 9eM CYETHOI'O MHOMKECTBA TOYEK.

Teopema 1 (Kpurepuii Boiykiocrn). Qyukyus f deasrcov dudgepervyupy-
ema na (a,b). Toeda

1) dynruusa f evnykaa 6nus wa ompeske [a,b] moeda u moavko moeda,
Koeda das ecex x € (a,b) ewnoanaemes ycaosue f"(x) > 0;

2) gynruyua f ewnykaa 66epr na ompesxe [a, bl mozda u moavko moada,
Koeda dan ecex x € (a,b) ewnoanaemea ycaosue f"(x) < 0.

Teopema 2 (Hepasencrso Nencena). Tycmo dynxuus f cvnyraa 61us na
ompesxke [a,b], x1,Za, ..., T, € [a,b], a1,00,...,0p, > 0 v +as+...+a, =
1. Toeda  flonwy + ...+ anzy) < apf(xy) + ...+ anf(x,).

Omnpenenenne 2. Ilycrs X = (x1,29,...,2,) 1 Y = (y1,92,...,Yn) —
HEBO3paCTaOIIe Ha6opb1 BEIeCTBEHHBIX Ynces (T.e. T > Tg > Ty > ... >
Tp MY > Yo > Yz > ... > yy,). Habop X wmaorcopupyem nabop Y, ecin
BBIIOJIHEHBI CIEAYIOMHE yCIOBHA:

1) Z$z ;yu

k k

2) st iioboro 1 < k < n BBINOJIHSIETCS HEPABEHCTBO Z T > > Y
i=1
Ecmun X maskopupyer Y, mbl Oyzem nucats X > Y i Y < X.
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Teopema 3 (Hepasencrso Kapamarer). ITycmo f : (a,b) — R — 6o
NYKAGA 6HU3 PYHKUUA, T1, T, -.., Tn, Y1, Y2, ---, Yo € (a,b) u X =
(x1, @9, ..., xn) =Y = (Y1,Y2, .- -, Yn). T020a

fQ@) + fxa) + .+ f(n) = fly) + (y2) + -+ ).

3ameuanme. Pazymeercs, eciin dyHKIms f BBITYKJa BBEPX, TO BO BCEX Iie-
pPEYNCIEHHBIX BBIIE HEPABEHCTBAX 3HAK 3aMeHsAeTCs Ha ITPOTUBOIOJIOXKHBIN.

2. a) [Iycrs X > Y. [Jokaxkure, aro HAOOP Y MOXKeT OBbITh [OJIyIeH U3 Ha-
6opa X mpu moMoIIu KOHEIHO TOC/IeI0BATETHHOCTHU CJIEIYIOIIIX OlepaTinii:
quciia ¢; U T; (x; > 2j) 3aMEeHSIOTCs COOTBETCTBEHHO Ha ducia r; —d u x;+d,
rjie d — Takoe MOJIOKUTEIbHOE YHC/I0, YTO [IPU YKa3aHHON 3aMeHe He Hapy-
maeTcs HeyOBIBAIONHI OPAIOK (T.e. x; > x; —d > Tipq, Tj—1 > Tj+d > x;
uz,—d>z;+d). 6)Joxkaxure HepaBeHCTBO Kapamarsr.

3. [lyctb a, b u ¢ — auHbI cTOPOH TpeyroabHUKA. /loKaXkuTe HEpaBeHCTBO

Va+b—c+vVb+cec—a+Veta—b<a+Vbh+/e.

4. (HepaBenctBo Ceré.) Ilycrs ¢(x) — BblnyKIas BHE3 DYHKIMS U
a1 > Ay > ... > Q9,1 > 0. Hokaxkure, 94T0

d(a1) — ¢laz) + ¢(as) — ...+ dlagn—1) > dlar —az +az — ... + azp1).
5. (HepaBeuctso IllBeiinepa.) Ilycts M > ap > m > 0 upu k = 1,

2, ..., n. /lokaxure, 4T0

1 1 <(m—|—M)2‘ 9
aj a9 an )

1
(a1+a2+...+an)(—+—+...+— s

6. Ilyctb a, b, ¢ — croponbl Tpeyroyibuuka. Jlokaxkure HepaBeHCTBO

b b
a,/aZCer\/ +OLJrc\/C+ >V2(a+b+c).
& a
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Pa3uob6oii-3. 21.07.2018

1. a) B wurerkax jmocku 2 X n yexkur 2" kouber. Kaxmyro munyTty Bacs
HAXOJIUT JIBe KOH(METHI, JieXKalle B OJHON KJeTKe, U IePEKJIaIbIBACT OJIHY
U3 HUX B COCEJHIOIO CIIpaBa WJIN CBEPXY KJIETKY, a JAPYTyI0 KOHMETY chesa-
er. Jokaxkure, uro Bacuiuii MOXKeT JefiCTBOBATH TaK, YTOObI B HEKOTOPDI
MOMEHT XOTsI OBI 0/IHa KOH(ETa OKa3ajaach B IPABOM BEpXHEM YIUIY.

6) B kierkax jockn 2 X n nexur 2" — 2 konder. Kaxtyio munyry Bacs
HAXOJIUT JIBe KOH(METHI, JieXKalllie B OJHONU KJIETKe, U IePEKJIabIBACT OJIHY
U3 HUX B COCEJIHIOIO CIIPaBa WJIM CBEPXY KJIETKY, & JIPYTYIO KOH(METY CheJIaeT.
JlokaxkuTte, 9TO BHE 3aBUCUMOCTHU OT TOPsAJIKa JAeficTBuil Bacuimmsa pano win
MIO3/THO XOTs ObI OJTHA KOH(ETA OKAXKETCs B IIPABOM BEPXHEM YTJIY.

2. (IIpsimass OGepa.) Ha mutockoctu janbl 4 mpsivble. Kaskibie Tpu
U3 HUX 0Opas3yloT TPeyroabHUK. JJOKazKUTe, 9TO OPTOIECHTPLI STUX YeThIPeX
TPEYrOJbHUKOB JIezKAT Ha OJHOU IPAMOIA.

3. Ilera 3amxyman cioo jumHbl 1000, cocrosiiiiee TOJBKO U3 OYKB a H
b. Baca moxet cripocuth y Iletn, gBisiercsa ju HEKOTOPOE CJIOBO S TOJIC/IO-
BOM 3a/[yMaHHOI'O CJIOBa, U MOJIyIUTh UecTHBIH oTBeT. Jlokaxkute, aro Bacs
MOKET TapaHTUPOBAHHO OTrajiaTh CJI0BO, mpuaymantoe [lereit, 3a 1012 Bo-
IIPOCOB.

4. B ropoge 57 aBTOOYCHBIX MapIIPYTOB, PACIOJIOXKEHHBIX TaK, 9TO BbI-
HOJTHSTIOTCSI CIIeJIyOIue yCaoBust: 1) ¢ JIrobOo# OCTAHOBKM MOYKHO MOIIACTh
Ha JIOOYIO JIPYTyIo 6e3 nepecajku; — 2) Jobble J1Ba MapIipyTa UMET POBHO
OJIHY OOIIYIO OCTAHOBKY;  3) B JIOOOM MapIIpyTe KaK MUHUMYM 3 OCTAHOB-
k1. CKOJIBKO OCTAHOBOK MOK€T OBITH B MapipyTe?

5. Jlokaxkure, 9TO B BBIITYKJIOM IIECTHYTOJIBHUKE TLJIOMAIN S BCET 18 MOXK-
HO IIPOBECTH JIMArOHAJb, OTCEKAIONIYI0 OT HETrO TPEeYTOJbHUK ILIOMAIN He
boJtee %.

6. dano muoxkectBo u3 102 syiementoB. MoxHo i B HeM BbIOpaTh 102
17-3/1eMEHTHBIX TTOJMHOXKECTBA TaK, YTOOBI MepecevdeHne JTI00bIX JIBYX TO/I-

MHOXKECTB COJIepKajIo He Dojiee 3 3/IeMEeHTOB?

SakJounTesibHas oauMounaga. 23.07.2018

1. Jlanbr BermecTBenHble uncaa a, b u c. Ussecrro, uro {ab} = {bc} =
{ac} = 5. Jokaxure, 410 @, b 1 ¢ HPPAIUOHATILIEL.

2. B Bepmmuax BbeimykJoro 2018-yrogbHUKa CTOAT HYJIH W €IWHUIIHL.
Jlokazknure, 9TO 3TOT MHOTOYTOJIBHUK MOYKHO Pa3OUTh HelepeceKaroIMI-
cs INArOHAJISIMA HA TPEYTOJIbHUKHU TaK, YTOObI CYMMbBI YHCE B BEPIIMHAX
JIFOOBIX JIBYX TPEYT'OJIbHUKOB OTJIMYAJINCh He OoJjiee, ueM Ha 1.
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3. Ha mocke 100 x 100 crosar 2550 sajeit u k dumek. Jlagpu He ObIOT
ckBO3b uriku. [Ipn kakom HauMenbIem k JiaJbu MOT'YT HE OUTH JIPYT JPY-
ra?

4. Toukn M n N — ocHoBanus BbicOT u3 Bepiind A u C' 0CTpOyroJIbHOTO
tpeyrosbauka ABC. Ilycts AB # BC, a touka O — cepenuna AC. Ilyctb
R — rouka nepeceuenust buccexkrpuc yrios ABC u MON. Jlokaxure, 910
BTOpasi TOUKA IePeceveHnst OMMMCAHHBIX OKPYKHOCTEH TpeyroabHukoB AN R
u CM R nexwur #a upsamoit AC.

5. CymecrByer jin Takoe k > 2, 9T0 IOC/IEI0BATEILHOCTE
a, = HOK(n+1,n+2,...,n+k)

BO3pacCTaeT HadMlMHad C HEKOTOPOI'O HOMEDPa n?

3akJjaodnTesbHas oJanMnuaga. BeiBosa

6. /lokarkure, 4TO BEPIIMHBI CBA3HOIO rpada Ha n BepIINHAX MOYKHO
[IPOHYMEPOBATh HATYPAJbHBIMYU YUCIAMEU OT 1 JI0 1 TaK, 9TOOBI JIJIsl JTIOOBIX
k u | Mexx1y BepIIMHAMU C TAKUMU HOMEPAMU CYIIECTBOBAJI IIyTh JIJINHBI HE
6osee, uem 3|k — 1.

7. B octpoyrossHOoM Tpeyrosibauke ABC ormedena Touka Peitepbaxa F'
(T. e. TOUKaA KacaHUsl BIMCAHHON OKpyzKHOCTH Tpeyrobaika ABC ¢ OKpykK-
HOCTBIO JIEBATH TOY€K ), A; — ocHOBaHUe BHICOTHI Ha cTopore BC'. JTokaxure,
9TO TpsaMasi, cumMerpudHas F A; ornocurensno BC, nepnienaukysipuaa [0,
rjie O — MEHTpP ONMMCAHHOM OKpyzKHOCTH Tpeyrojbuuka ABC, [ — nentp ero
BIIMCAHHOW OKPYKHOCTH.

8. /lanbl HaTypasbHbIe Yncia k < n U MOJOXKUTEIbHBIC YUCIA T1, L2, - - - ,
Z,. Jokaxxure HepaBeHCTBO
I ) Tn

n
+ +...+ 2—2.
To+ a3+ ...+ Tp1 T3+ Ta+ ...+ Tpao 1+ 2o+ ... +xr Kk
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