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B none npoxoanTt npsimasa gopora

2 nrons

1. B none npoxogut npsimas gopora, a no Heit co ckopoctbto 10kM/4 eneT Benocunegucr.
YKaxxnTe BCE TOYKU MOJSI, C KOTOPLIX MOXHO OrHaTb Benocuneaucta, ecim (@) bexats c
Tol e ckopocTbto; (B) maT co ckopocTbio 5 KM/ u.

2. Ha popore HaxoauTcst aBTODycHasi oCTaHOBKa, rae CTouT geaywka. [lo nonto oH MoxeT
MATN CO CKOPOCTLIO He bonee 3 KM/4, a no gopore — He bonee 6 km/4. Hapucyiite Bce Toukn
nossi, 10 KOTOPbIX OH MOXeET foiiTh 3a 1 yac.

3. B 5 km ot goporu pacnonaraetcs nsbywka nechuka. Ot n3bywkn fo aBTobycHoll ocTa-
HOBKN poBHO 13 KM. JIECHUK XOAMT MO MO0 CO CKOPOCTLIO 3 KM/4, a mo gopore — 5 KM /u.
MoxxeT nu oH nonacTb Ha oCTaHoBKY 3a 3 4aca 44 MuHyTbI?

4. Nec npeactasnsieT coboii durypy nnowagn 25 KM%, OKPYKEHHYIO MOJEM U HE NMEIOLLYIO
BHYTPEHHUX nycTbix obnacrteii. [TyTHUK noTepsncs B necy u He 3HaeT ero dopmbl. Kak emy
BLIATU 13 neca, npoliasa He bonee 104/7T km?

5. Henoganéky ot neca ectb bepé3oBasi powa B popMe Kpyra ¢ paguycom 1 km. Haiigu-
Te MUHUMAbHYIO AAUHY NYTU, KOTOPbLIA HY>XHO Obla0 Obl NPOATK, HTODLI rapaHTUPOBAHHO
BbIOpaTbCA 13 poLn.

6. Bbl HaxoguTech B 4NCTOM moJsie Ha paccTosiHuy 1 KM OT npsiMOii IOpOrK, HO He 3HaeTe, B

Kakoll OHa cTopoHe. Kak BbIliTW Ha gopory, npoiigs He bonee (@) 7,3 km; (B) 6,72 km;
(B) 6,4 km?

Kputepuin KapHo
3 nrons

1. [an otpe3sok AB n BewectBeHHoe 4ncio C.
(a) Ckonbko Ha npsmoit AB Touek X, Takux 4to AX? —BX? =c ?
(6) fokaxute, 4to TMT Bcex To4ek NIOCKOCTY, YAOBNETBOPSIIOLLMX STOMY PaBEHCTBY, NPea-
cTaBasieT coboii npsimyto, nepneHankyspiyto AB.
(B) (Kputepuii Kapro) Hokaxute, 4to AB nepnengukynsippo CD B TOM 1 TonbkO TOM
cnydae, ecnm AC? 4+ BD? = AD? + BC2
2. B wectnyronsHnke ABCDEF yrabl A v C npamble, AB = BC, CD = DE, EF = FA.
Hokaxxute, 4to npsimele DF u BE nepnengukynsipHei.
3. Bo BnucanHom vetbipexyronsiuke ABCD toukn M n N —cepeantbl ctopoH AB n CD
cooTBeTCTBeHHO. Touka P nexunT Ha oTpeske MIN, npnuém MP = CN n NP = AM.. Touka
O — ueHTp onucaHHOW OKPY>KHOCTUN HeTbipexyronbHuka. dokaxuTe, 4yto ecam Toukm O n P
He cosnagatot, To OP L MN.
4. Toyka H — opToueHTp paBHobeaperHoro Tpeyronbiuka ABC. Ha bokosbix cTopoHax AB

n BC otmeyenbl Toukn M un K cooteeTcTBeHHO Tak, 4To yron KMH —npsimoii. dokaxkuTe,

1
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4yto 13 otpeskoB AK, CM n MK MOXHO COCTaBUTb MPSIMOYrObHbIA TPeyronbHUK.

5. B ocTtpoyronbHom Tpeyrosbhuke Ha Bbicote BH Bbibpana npoussosibHas Touka X. Touku
M un N — cepegunbl ctopon AB n BC cootsetctBeHHo. [lepneHgnkynsp, onyLieHHbIA 13
Toukn M Ha AX, nepecekaeTcst ¢ nepneHaukynsipom, onyuieHHsiM 13 N Ha CX, B Touke P.
Hokaxxute, 4to Touka P paBHoyaaneHa ot Toyek A n C.

6. [aH Bbinyknblii YeTbipéxyronsHuk ABCD), Takoit yto AB = BC n AD = DC. Touknu K,
L, M — cepegutbl otpeskos AB, CD n AC cooteetcTBeHHO. [lepneHankynsp, npoBeaeHHbI
n3 Toukm A Kk npsimoit BC, nepecekaetcsi ¢ nepneHgukynspom, npoeeféHHbiM 3 Toukm C K
npamoii AD, B Touke H. dokaxxuTte, 4yto npsmbie KL 1 HM nepneHankynsipHbil.

7. dan tpeyronsiuk ABC. [MocTpoiiTe oTpe3ok, KOTOpbIli pa30bbET ero Ha 4Ba TpeyrofibHMKa
C OAMHAKOBOW CYMMOW KBaLpaTOB CTOPOH.

8. lNyctb M — cepeguna xopabl AB okpyxHocTn ¢ ueHTpom O. Touka K cummeTpudHa Touke
M oTHocutensHo O, P — npousBonbHas Touka okpy»kHocTu. [epnengukynsap k npsmoii AB
B Touke A 1 nepneHankynsp k npsimoii PK B Touke P nepecekatotcst B Touke Q. Touka H —
OCHOBaHUWe NepneHaunkynspa, onyweHHoro us P va AB. [JokaxuTe, 4to npsamas QB genut

oTpe3ok PH nononawm.

I/lH,D,yKTVI BHbl€ KOHCTPYKUWMNWN

3 urons

1. B komnanum n3 n yenosek (M > 4) kaxgplii y3Han no HosocTn. Co3BOHMBLUNCH, ABOE
PacCKasblBatoT ApYr APYry BCe M3BeCTHble UM HoBocTu. Kak 3a 2n — 4 3BOHKa BCe CMOryT
y3HaTb BCE HOBOCTWN?

2. (J1oHMK 3a OfVH XOZ MOXET MPbITHYTb Ha JIODOE YUCNO KAETOK MO AUaroHasun, paBHOE
TouHoMy kBagpaty (Ha 1, To ecTb Ha cocegHtoto, Ha 4, Ha 9 n 1.4.). [pn aTom oH mMoxeT
nepenpbIrnBaTh 3aHsATble KneTku. Jokaxkute, 4TO Ha AOCTaTOYHO OOMLLION AOCKE MOXXHO
PacCTaBUTb HECKOJIbKO C/IOHUKOB Tak, 4Tobbl Kaxablli bun posHo 10 gpyrux.

3. Bocemb venosek genat nupor. Kaxxablii xo4eT noay4nts He MeHblue 1/8 ot Bcero nupora,
OAHAKO Y KaXKAOro MOXKET ObITb CBOE MPefCTaBieHNE O LIEHHOCTY TOW WAM UHOR Y4acTu 3TOro
nupora. Kak nm opraHnsoBaTb Aenéx, 4Tobbl KaXkablii Obi 4OBOJIEH CBOE Aoneii?

4. CywectrytoT an 2013 Takux pasanyHbIX HATYpaJbHbIX YUCEN, YTO CYMMa KaXKAbIX [BYX
N3 HUX JEAUTCA Ha UX Pa3HOCTb?

5. Tleta yBugen Ha [OCKE HECKOJILKO PasfiMYHbIX YUCES W PEelna COCTaBUTb BbIPaXkeHNe,
Cpeaun 3HaYeHUi KOTOPOro BCe 3TW 4Yucaa ectb, a apyrux HeT. CocTaBnsis BbipaxkeHue, [leTs
MOXXET NCMOJIb30BaTh KaKMe YrOAHO YNCA, OCODbLIT 3HAK « £, @ TaKXKe 0DbIYHbIE 3HAKN <+,
«—», «X>» 1 CKOOKU. 3Ha4YeHUs COCTABIEHHOrO BbIPaXKeHWS OH BbIYUCASAET, BblOupas ans
KaXX[Oro 3Haka «£» nnbo «—+», ambo «—» BO BCEX BO3MOXHbIX KOMbuHauuax. Hanpumep,
ecin Ha gocke bbinn yncna 4 n 6, nogoliaéT Beipaxernne 5+ 1, a ecnn Ha gocke BbiAM Yncna

1, 2 n 3, 1o nogoiiaér eoipaxkerne (2 4+0,5) = 0,5. BoamoxHo au coctaButh Heobxogumoe
2
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BbIpaXKEHWE, eCNn Ha Jocke bbinn Hanucansl (@) wucna 1, 2, 4; (6) nrobbie 100 pasnnyHbix
NeCTBUTENbHBIX Yncen?’

6. B psg ctosT 23 Kopobo4yku € wapukamu, Npu4ém ans Kakgoro 4ucna n ot 1 go 23 ectb
KOpobOYKa, B KOTOPOI POBHO T LLAPWKOB. 33 OAHY OMepaLuio MOXHO NepPeNoXunTb B J0byto
KOPODOYKY eLle CTONMbKO XKe LIAPWKOB, CKONbKO B Hell y)Xe eCTb, U3 KaKol-Hubyab Apyroi
KOPODOUKYM, B KOTOPOIA Wapnkos bosblie. Beceraa am MoxxHO TaknMuy onepauusimm gobutses,
4TObbI B MepBoil Kopobouke okaszancs 1 wapuk, Bo BTopoii — 2 wapuka, ..., B 23-ii — 23

Wwapmka’?

PazHobon 1

3 nrons

1. [dokaxxuTe, 4To n3 64 pasnuyHbix HaTypasbHbiX Yncen, He npesocxoasimx 1000, MoxxHO
BbIOpaThb YeTbipe Takux, Y4TO CyMMa fBYX U3 HUX paBHa CyMMe ABYX APYrux.

2. HatypanbHble yucna a, b, c ynoeneTeopsitoT cooTHolweHnto a + b = b(a — ¢), npuyem
yncno ¢+ 1 — kBagpat npoctoro yucna. JokaxuTe, 4To xoTs bbl 04HO U3 Yncen a-+b nau
ab siBnsetcs KBagpaToOM HaTypasibHOroO Yncia.

3. 65 n4yén pacnonoxeHbl B pasinyHbIx KneTkax gocku 2 x 9: OaHum xogom kaxkgasi nyena
nepenetaeT B COCEAHIO0 MO FOPW3OHTaANN WAW BepTuKanu kaetky. [14énbl He genatoT aBa
FOPU30OHTA/NbHBIX UAWN BEPTUKAJbHBIX nepemMelleHns noapss. [okaxuTe, 4To nocie Kakoro-
TO XOAa B OfHOI KneTke DyseT xoTs Obl ABe nyesbl.

4. B tpeyronsriuke ABC yron A = 30°. Ha ctopoHe AB oTmedera Touka D, Ha cTopore BC
— touka E, a Ha ctopoHe AC — Touka F Tak, uto AD = DC v DF = DE = EC. [dokaxuTe,
4yto BE < AF.

Bbinykable MHOrorpaHHuUKu"

4 nronsa

OnpepeneHue. [pad, HapUCOBaHHbLIA Ha MAOCKOCTU TaK, YTO Yy ero pébep HET nepe-
ceveHuii, HasbiBaeTcst naockum. OH pa3bMBaET MAOCKOCTb Ha KOHEYHOE YMC/IO CBA3HbIX

obnacreli (BK/IOHAs BHELIHIOKW), KOTOPbLIE HA3LIBAKOT rPaHSIMM.

I. (Popmyna diinepa) Mycts G — nnocknii rpad ¢ v BepwmnHamu, e pebpamu, f rpaHsamn
n K KOMMOHEHTaMWN CBA3HOCTU. Toraa BepHo cooTHoweHne v—e+f=k+ 1.

1. Ins ntoboro cesizHoro nnockoro rpacpa ¢ v > 2, be3 netenb U KpaTHbIX pebep, BbINMOIHEHbI
HepaserctBa (@) 2e > 3f;, (6) e < 3v— 6. B ciyvae, ecnn Bce umknsl B rpade umetot
AJIMHY XOTsi Obl K, nepBoe HepaBEHCTBO MOXKHO yiy4wnTs go 2e > kf.

I1l. Kak nponsBonbHOMY BbIMYKAOMY MHOFOFPaHHUKY COMOCTaBUTL MAOCKW rpady C TeM e

YNC/IOM BEPLUUH, pébep u rpaHeir?’
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3apaun

1. MuororpaHHuk cnpaBa obpa3oBaH COBMELLEHNEM [BYX TETpa-
sapoB. Yemy pasHo v — e + {7

2. Crenan Bnagumuposuy pewinn ciuntb pyTOONBHBIA MAY, Ans
yero npuHec 40 naTuyronbHbix U 40 WECTNYroNbHBIX JIOCKYTKOB
(cTopoHbI IOCKYTKOB paBHbl). Kakoe Hambonbluee KoNMYeCTBO
NATUYrObHbLIX JIOCKYTKOB OH CMOXET UCMOJIb30BaTh?

3. [lokaxxnTe, 4TO KaXKAblii BbINYKbIi MHOrOrpaHHWK umeeT anbo

TpexrpaHHbIli yron, Anbo TPeyronbHy rpaHsb.

Onpepaenexue. [lna nnockoro rpacha G ABOACTBEHHBIN rpach onpenensieTcs Cnepyto-
WM obpasom. BeplunHbl cooTBeTCTBYIOT rpaHsiMm G, a pebpo NpoBOAUTCS, €CN 3TU FPpaHm
B G nmetoT obuyee pebpo.

4. (a) BepHo an, 4TO [BOWCTBEHHbIA rpadd BbIMYKAOrO MHOTOTPAHHWKA BCETAA MOXKHO
HapWCOBaTb Ha MJIOCKOCTK Be3 camonepeceyeHnii?

(6) Hapucyiite gBoiicTBeHHbI rpad 418 NOSHOrO rpada Ha YeTbIPEX BepLUMHAX.

(8) Mpusegute npumep naockoro rpacga Ha 2024 BeplunHax, KOTOPbLIA U30MOPEH CBOEMY
[IBOICTBEHHOMY.

5. JokaxkuTe, 4TO rpaHn BbIMNYKJOrO MHOFOrPAHHUKA MOXKHO MPaBUibHbIM 0Dpa3oM Mokpa-
CUTb B [1Ba LBETA TOMAA U TOJIbKO TOMAA, KOTAA CTEMeHN BCEX BEPLUMH YETHbI.

6. (a) JokaxunTe, 4TO y BBINYKAOrO MHOrOrpaHHIKA €CTb FpaHb, CofepKallas He bosee nsaTu
pebep. (6) JokarkuTe, 4TO rpaHu BbIMYKIOrO MHOTOrPaHHNKA MOXHO MOKPACHTh NPaBUbHbLIM
0bpa3oM B NATb LBETOB.

7. B BbINyKAOM MHOrOrpaHHUKe CYLLECTBYET LMK, NMPOXOAsLNi no Bcem BepwnHam. [oka-
XKUTE, YTO €ro rpaHn MOXHO MPaBUJILHO PACKPaCUTb B YeThbIpe LBETa.

8. [laH BbINyK/blii MHOFOrPaHHUK C TPEYTObHBIMU FPAHSIMUA.

(@) MpaHu nokpalueHbl B YepHbIi nan Benblii UBET Tak, 4TO YNCNo pebep Mexay OfHOLBET-
HBIMU TPSHSIMU MUHUMAabHO. [okaxkuTe, 4TO ecnn Desibix rpaHeil MeHblle, Yem YEPHbIX, TO
x0Ts bbl B nonTopa pasa.

(6) Kakoe Haubosbluee 4MCNO BepLUNH CTEMEHN 3 MOXET ObiTb Yy TaKOrO MHOFOrPaHHIKA,
eCN YNCNo rpaHeli pasHo 2n7?

KBagpaTHbIi TpexuyeH

4 nrons

1. (a) Ha nnockoctu pacnonoxero 100 Touyek. M3BecTHO, 4TO Yepes Kakable HeTbipe ©3
HUX MPOXOAWNT rpachnuk HEKOTOPOro KBaApaTHOro TpéxyneHa. [okaxute, 4to Bce 100 Touek

JIeXKaT Ha rpadhuke O4HOro KBaApaTHOMO TPEXYIeHa.
4
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(6) Ha nnockoctu pacnonoxero 100 rpacpukos KBagpaTHbIX TpéxuneHoB. M3secTHo, 4TO ¥y
NtobbIX YeTbIpex ecTb obuiast Touka. Jokaknte, 4To BCe rpadpmkn NMEOT 0DLLYO TOYKY.

2. [lokakuTe, 4TO CTOPOHbLI NODOro HepaBHODEAPEHHOro TPeyrosbHKa MOXXHO N1bo BCe
YBEINYUTL, OO BCE YMEHBLIUTL HAa OAHY W Ty XK€ BEAUYNHY TaK, Y4TODbI NOAYy4UACS NpsiMo-
YrOIbHbIA TPEYroNbHUK.

3. CyLuecTBytoT n ABa KBaApaTHbIX TpéxyneHa ax?+bx+cu (a+1)x2+(b+1)x+(c+1)
C uenbiMn KoapdULMEHTAMU, KaXKAbIA N3 KOTOPbIX MMEET MO ABA LESbIX KOPHS?

4. KeagpaTHblli Tpéxunen f(X) paspeliaeTcs 3amMeHUTb Ha OAUH U3 TPEXYJIEHOB xzf(J—( +1)
nan (x — 1)2f(x1j). MOXXHO I C MOMOLLBIO TaKuWxX onepaunii U3 KBaApaTHOro TPEXYseHa
x? 4 4x 4 3 nonyunts Tpéxunen x* + 10x + 97

5. [an npuBegeHHblii kBagpaTHbIi Tpéxuner f(x) = x? 4+ bx 4 ¢, uMetoLLnii 4Ba pasANYHbIX
kopHsi. CkonbKo KopHell nmeet ypasterne f(x) + f(x — vD) = 07

6. Bace 3agann Ha fom ypasHenne X2 +pi1x+qi; =0, rae pi v q1 — uenble yucna. Ox Hawen
€ro KOpHW P2 1 g2 1 Hanucan HOBOE ypaBHeEHMNE x2+p2x+ qz = 0. lMosTopuB onepayuto ele
Tpuxkabl, Baca 3ameTun, 4Tto oH pelwan 4YeTbipe KBaApPaTHLIX YPABHEHUS U KaXKA0E WMENO
ABa Pa3/IMYHBIX LesbiX KOPHs (€Cin U3 ABYX BO3MOXHbLIX YPaBHEHUN A4Ba PasfnyHbIX KOPHs
MMeNo poBHO ofHo, To Bacs Bcerga Bbibupan ero, a ecnn oba — noboe). OpHako, Kak Hu
cTapasncs Bacs, y Hero He nony4miocs COCTaBUTL NATOE ypaBHEHWE Tak, YTODbI OHO MMENO
[Ba PasNNYHbIX BELLECTBEHHbIX KOPHS, U Baca cunbHo pacctpouncs. Kakoe ypasHenune Bace
3ajanm Ha gom?

7. Ha pocke HanucaHo n Bbipaxkenuit Buga *x? + xx + * = 0 (1. — HeyeTHoe yucno). [soe
NrPatoT B TaKyto Urpy. XOAsT No ovepeamn. 3a X0 pa3peLlaeTcs 3aMeHnTb OfHY 13 3BE3L04eK
YNCJIOM, He paBHbIM HyMto. Yepes 3N xo[0B MOMYy4NTCS N KBagpaTHbIX ypaBHeHuii. [lepBblii
NIPOK CTPEMUTCS K TOMY, 4TODbI KakK MOXHO DOJbLUEE YMCNO 3TUX YPAaBHEHWI HE WMENO
KOpHeli, a BTopoli xo4eT eMy nomMewatb. Kakoe Hanbosbliuee Yncio ypaBHEHNIA, HE UMEOLLNX

KOPHel, MOXXET MOJIyYUTb NMEPBbI UIPOK HE3ABUCUMO OT WUIpbl BTOPOro?

Pa3Hoboin — 2

4 nronsa

1. MoxHo nun knetyathlii kBagpaT 15 X 15 nokpacuts B 4YeTbipe UBeTa Tak, 4TODbI YMCno
KJIETOK KaXAbIX ABYX LBETOB OT/n4Yanuck He bonee yem Ha 1, a B Kaxgom psgy (cTpoke uan
cTonbue) BCTpevannch KAeTkn He bonee Yem AByX LBETOB?

2. ImeeTcst AeBATL NaNoYeK: TPU KPACHbIX, TPU XKENTbIX, TPW 3eEHbIX. VI3BECTHO, 4TO MOXHO
CNOXKUTb TPEYTONIbHUK 13 Jt0DOI TPoliky nasovek TPEX pasHbix LBETOB. Kakoe KOIM4ecTBo
OAHOLBETHBIX TPEYrosbHUKOB rapaHTUPOBAaHO MOXXHO COCTaBUTL !

3. Cawa Bbinucan BENYNHbLI BCEX YIIOB YETbIPEXYrofibHUKA B rpagycax. Bce oHu okasanuck
uenbiMu qucnamu. Kakoe Haunbonbluee KOIMHYECTBO Pas3/INyHbIX LUMP MOMI0 BCTPETUTLCS B
3Toii 3anucn?
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4. B pomb c yrnom 60° npoussoabHO Bnucanu BTOpoi pomb. [okakute, 4To ogHa ero

CTOpOHa BUAHA M3 BepLnHbl bonbuwero pomba nog yrnom 30°.

HepaBeHcTBa

5 nronsa

1. Kaxxpgoe n3 4ncen a,b n ¢ He MeHbLue % n He bonbwe 1. [JokaknTe HepaBEHCTBO

a+b b+c c+a
< - + <3
1+¢c T+a 1+Db

2. okaxuTe, 4To (2—:—1)(2—5)...(2—M) > opun>1.

n n n!
3. [nst nonoxuTenbHbix Yucen a, b u ¢, cyMma KOTOpbIX eANHNLA, LOKaXKUTE
1 1

— >
T P

4. lNonoxuTenbHble Yncna a, b,x n Yy ygosnersopsitoT ycnosuto ab > ax + by. HokaxnTe,

ova+b>={x+ /.

5. [Ins HeoTpuuaTeNbHbIX YNCEN X, Y U Z [OKAXKUTE HEPABEHCTBO

Xty 427
2

min{(x —y) (y —2)4 (z—x)1} <

6. (@) [okaxnTe, yTO

1 1 1 9
+ + ...+ > —
1+v2 V3++V4 V99 + /100 = 2
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(6) [Hokaxute, 4to ans awoboro HaTypanbHoro 1 > 1 KBagpaT OTHOLIEHWSI NPOU3BELEHUS

NeEpPBbLIX L HEYETHbIX YNCen K MPON3BEAEHNIO NEPBbLIX T YETHbIX Yncen bonblue 4nucaa 4%, HO
MEHbLLUE %
7. I_IonapHo pPa3nn4dHble NONOXKUTENIbHbIE HNCNA Xy X1y...yXn MEHbLIE 1. ﬂlOKaN(I/ITe, 4TO

cyujectsyeT napa (Xq, Xj), 418 kotopoii 0 < xixj(xy — X;) < 31—n

OpTOJ’IOI'I/I‘-IHbIQ TPEeyroJibHNKu

7 nronsa

1. (Teopema Kapro) [an tpeyronsiuk ABC. /13 touek Ay, By, Cy onyctunu nepnenguky-
nsipbl Ha npsimble BC, AC n AB cooTBeTcTBeHHO. [JoKaxkuTe, 4TO faHHble NEpPNeHanKyNspbl

NepecekaloTcsa B O4HOM TOYKe TOrga U TONLKO TOrAa, KOraa
A]Bz + B]Cz + C]Az = Ay C? + B]Az + C]Bz.

2. Ha nnockocTtu panbl asa Tpeyronsinka ABC n A1B1Cy. JokaxuTte, 4T0 ecaum nepneHau-
Kynsipbl, onyweHHble n3 To4ek Aq, By, C; Ha BC, AC, AB nepecekatoTcsi B OAHOI TOYKe,
TO 1 nepneHankynsipol, onyuleHtusle ns A, B, C Ha B1Cy, A1Cq, A1B; Toxe.

Onpepenexue. Takue TpeyronsHuku ABC n A1B1Cy HasbiBatoT opTosorndHbimMu. Tou-

K nepeceH4eHmsA COOTBETCTBYHOLWNX NEPNEHANKYNAPOB HA3bIBAOT LUEHTPAMU OPTOJIOMNU.

3. /13 Bepwmt Tpeyronbiuka ABC onyctuau nepnengukynapsl AA7, BBy, CCy Ha npsimyto L.
Hokaxxute, 4to nepnengukynsipbl us A1 Ha BC, u3 By Ha AC n n3 C; Ha AB nepecekatoTcs

B OOHOW TO4Ke.

Onpepenexune. OHa HasbiBaeTcs opTonosiom L oTHocuTenbHo TpeyronbHuka ABC.

4. lokaxuTte, 4yto Tpeyronbiuk ABC opTonoruyen

(@) TpeyronbHuky, 0bpa3oBaHHOMY OCHOBaHWSIMU BbICOT;

(6) nrobomy TpeyronbHUKY C BEPLIMHAMMN Ha MPSIMbIX, COAEPXKALLMX BbICOTHI;

(B) ntobomy TpeyronbHuKy C BEPLUMHAMMU HA CPEAMHHbIX MEPNEHANKYNSPaX;

(r) TpeyronbHunky, obpa3oBaHHOMY ToHKaMu KacaHust (BHE)BMNUCAHHON OKPYXXHOCTY.

5. HokaxuTe, 4To nepneHanKyasipbl, ONyLleHHble U3 LEHTPOB BHEBMMUCAHHbLIX OKPYXHOCTEN
Ha COOTBETCTBYIOLLNE CTOPOHbI, MEPECEKAOTCS B OAHON TOYKE.

6. Toukn Ay, By, C; — cepeantbl ctopoH BC, AC, AB tpeyronsiuka ABC. A; — ocHoBaHue
nepnenaukynspa ns A Ha B1Cy. Toukn By n C; onpegensitotca aHanornyHo. JokaxuTe, 4To
nepnenaukynsapsl us Ay, By, Cy Ha BoC;,, AyC,, AyB) nepecekatotcs B ofHOM TouKe.
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7. Oxono Tpeyronsiuka ABC onucaHa okpyxxHocTb. [lpsimas, npoxoasiuias yYepes BepLUNHY
A napannensHo BC, nepecekaet 3Ty okpy»xHoCTb B Touke Aq. Touku By n Cy onpegensrorcs
aHanoru4dro. M3 touek Ay, By, C; onyctunn nepnengukynsipsl Ha BC, CA, AB cooTsert-
cTBeHHO. [lokaXknTe, 4TO 3TN TpW NEpreHANKYsipa NEPECEKAOTCS B OAHOW TOYKE.

8. B tpeyronsiuk ABC Bnucana okpyxHocTb. VI3 cepeanHbl 0Tpe3ka, COefnHSIOLLErO 4Be
TOYKMN KacaHusl, NPOBOAUTCA MepneHAnKyNsip K CTOpPOHe, cofepxkalleil TpeTbto. [okaxknTe,
4TO 3TV NepPneHANKYAsSPbl NEPECEKAtOTCS B OAHOR TOYKE.

9. B uetbipéxyronbiuke ABCD guaronann nepnenaunkynsipuel. E u F — cepeavHbl cTopoH
AD n AB. I3 3Tux Touek onyctunu nepnenankyasipbl Ha ctopoHbl BC n CD cooTeTcTBEHHO.
[lokaxknTe, 4TO ToYKa UX nepeceveHus nexxuT Ha npsmoin AC.

10. NMycts ABC — paBHocTopoHHWiA TpeyronibHuk, P — nponssosibHas Touka. dokaxuTe, 4yto
nepneHanKyNapbl, OnyLleHHble U3 LIEHTPOB BMUCAHHbLIX OKPY>XHOCTel TpeyronbHukos PAB,

PBC n PCA Ha npsambie AB, BC n CA cooTBeTCTBEHHO, NepecekatoTcsl B OfAHO TOYKe.

Haign kpaviHero

8 nronsa

1. Ha nnockoctn oTmeueHo M Touyek. VI3BecTHO, 4TO Ntobble 4 N3 HUX NexaT B BepLUMHAX
BbINYKJIOTO YeTbIpexyroibHuka. [loka)knTe, 4TO BCe TOUKM fieXKaT B BEPLUMHAX BbIMYKIOTO
T-yrofbHUKa.

2. Ha nnockocTn oTMeYeHO ML TOYeK Tak, YTO MJoLladb Jtoboro TpeyrofibHMKa C BepLUMHAMM
B OTMeYeHHbIX To4kax He npesbilwaeT 1. JlokaxxuTe, 4TO BCE TOYKM MOXXHO MOMECTUTb B
TPeyrosibHUK niowagn He bonbuie 4.

3. Ha niockocTn oTMedeHO ML TOYeEK, He NexallnX Ha OAHOW npsimoii. [JokaxkuTe, 4To cyLe-
CTBYET 3aMKHyTas JloMaHas b6e3 camonepeceyeHunii C BeplWIMHAMK B 3TUX TOYKaX.

4. 68 peteli napannenn M8 yctpounun rugpoboii. OHn BCTanu Ha niouwlafike Tak, 4TO BCe
nonapHble PacCTOSIHUS MEXAY HUMU Pa3anYHbl. 3aTeM KaXablii 00naun ns Beapa bnvxaiiwero
K HeMy 4YenoBeka. [lokaxkuTe, 4TO HUKTO He oka3ancs obaut bosbwe 5 pas.

5. lokaxkuTe, 4T0 A5 1t0DOrO MHOXKECTBA 13 XOTs Dbl ABYX TOYEK HA MAOCKOCTU, HE JeXKALLNX
Ha OLHOW MpsIMOWA, HallZeTCs NpsiMast, COAepPKaLLast POBHO 2 TOUKMN.

6. Ha nnockoctu nposeaero 300 npsimbix obuiero nonoxenust. JokaxxuTte, 4To cpean obna-
CTeli, Ha KOTOpble OHU pa3bMBatOT MAOCKOCTb, HaligeTcs xoTs bbl 100 TpeyronbHUKOB.

7. [laH BbINyKAbIVi MHOMOYrobHUK Naowaan 1.

(@) [Lokakute, 4TO €ro MOXKHO MOMECTUTL B MPSIMOYTONLHUK MJIOWaAN He bonblue 2;

(6) [okaxnTe, 4TO B HEFO MOXHO MOMECTUTH MPSIMOYTOIBHUK MIOWAAN XOTs Obl %.

8. Ha nnockoctu gaHo N Touek, cpefn nonapHbIX pacCTosHW MeXAY KOTopbiMu He bosee,
Yem M pasnunynbix. Jokaxute, yto N < n? + 2.
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ANNKBOTHbIE ApobOwU

8 nrons

1. MoxHo aun n3 cymmbl % + % + % + ...+ 21—0 BbIYEPKHYTb YeTblpe CAaraembiX Tak, HTOOb
3HaYeHMe MOJYHEHHOrO BbIPaXKEHNS ObIIO LEebIM Ynciom?

2. BepHo sin, 4To Anst ntoboro K cyLuecTByeT YMCa0, KOTOPOE MOXET DbITh NPeacTaBieHO B
BUAe 11_1 + %
3. (a) HaiignTe Bce HaTypasnbHble T, Npu KoTopbIX cymma 1+ % + % +.. .+% paBHa LIEJIOMY

rae m v M HaTypasbHble, He MeHee Yem K cnocobamu?

qncay. (6) Jokaxkute, 4To cymma BCex ymcen Buaa ;—q, rae 1 < p < q < 2024, He anseTcs
LESbIM YUCIOM.

4. Yucno 1 — 12 + % — 411 + ...+ 2711——1 — % NpeacTaBuAN B BUAE HECOKPATUMON Apobu.
[okaxkute, 4to ecnm yucno 3n + 1 npocToe, TO YMCAUTENb MONYYMBLUEHCS APODY AeNTCS
Ha 3n + 1.

5. Ha pocke BbinucaHbl Yucna 1,%,%,...,2()%. et u Baca wrpatoT B nrpy. Kaxapiii no
oyepean BbIOMPAET N3 HAMWCAHHbLIX HA JOCKE ABa NPOWU3BOJIbHLIX Yucna a u b, cTupaert nx
W nuweT Ha Aocky 4nucno a + b + ab. lMocne 2023 xomoB octaHeTcs ogHo 4mcno. [lets
BbIMTPLIBAET, €C/IN OCTaBLIEECS YnUCa0 OymeT uenbiM, uHade BbiurpbiBaet Baca. Kro umeer
BbIMTPbILIHYIO CTpaTernto’?

6. (a) Hailignte Bce BO3pacTatowme aprMETUHECKNE MPOTPECCUN C KOHEHHBIM HUCIOM
4JIeHOB, CyMMa KOTOPbIX CyMMe BCex Apobeii BuAa plq, rmeld<p<qg<np+4g>n,
HO,D,(P, q) =1.

(6) HokaxuTe, 4o Nt0bOE NONOKUTENBHOE paLMoHanbHOE Yncao N MOXKHO NpeacTaBnuThb B
BUAE CYMMbl PasfinyHbix Apobeli ¢ yncantenem 1 v HaTypasbHbIMU 3HAMEHATENAMM.

7. leta n Baca no oyepeamn nuwyT Ha goCKy Apobu Braa % rae T — HaTypasibHOEe, HauMHaeT
Metsa. MeTa 3a xof nuweT ToNbKo ogHy Apobb, a Baca 3a nepsbiilt xoq — 0AHy, 3a BTOPOIA
X04 — [BE, N TaK KaXXIbIM CleAytouMM XO040M Ha oaHy Apobb bonbuie. Bacs xoyer, 4Tobbl
nocse Kakoro-To xoAa CymMma Bcex Apobeli Ha Aocke DObina HaTypasibHbIM YUC/IOM.

(@) HokaxnTe, 4To Ntoboe YMCIO @ MOXHO MPEACTaBUTL B BUAE CyMMbl K apobeii Buaa 11_1
KOHEYHBIM YNCAOM crnocobos (ecnm BoobLle MOXHO MPeACTaBUTS).

(6) Cmoxet nu et nomewats emy?

Kak oxpaHaTb mMy3ei

9 nronsa

1. (a) [okaxuTe, 4To ecnn BCe rpaHu MaaHapHOro rpada TPeyroibHble, TO CyLiecTByeT
BEPLUMHA CTeneHn He Bonblie 5 He Ha rpaHuLe BHeLIHeR obnacTu.
(6) HokaxuTte, 4to BHYTpM t060ro (HEBLINYKAOrO) NATUYrONLHIKA MOXHO BbIOPaThL TOUKY

TaK, 4TO OTPE3KNU, I'IpOBe,EI,éHHbIe K BEpPWWNHaAM, HE 6y,£llyT nepecekaTb CTOPOHBbI NATUYTOJIbHWKA.
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(8) (Teopema ®apwn) [ns scskoro nnaHapHoro rpacda 6e3 netenb n KpaTHbIx pebep

CYLEeCTBYeT ero yk/afka, B KOTOpPOil BCe pebpa npeacTaB/ieHbl OTPE3KaMU.

[NpeacTaBbTe, HTO Bbl — AUPEKTOP KAPTWHHOI ranepeun, npeacTassitolleli coboii HeKoTo-
pblii M-yroNbHYK. Bam Hy)KHO paccTaBUTbL OXPaHHWKOB Tak, 4TODbI KaXKAasi TOYKA Haxo-

AnnacCb B NOJIE 3PEHNA XOTA bl OOHOIo0 OXpPaHHUKa.

2. (a) [LokaxuTe, 4To Nt06OM MHOTOYrONBHNK MOXHO PasbuTb ANAaroHansiMu Ha Tpeyrob-
Hukn. (6) [Mpu 3TOM MOXXHO packpacuTb ero BeplinHbl B TpW LBeTa TaK, 4Tobbl B Jt0boM
TPeyrosibHUKe BCe BEPLIMHbBI ObINM pa3HOro UBeTa.

3. (Teopema Xsatana) (a) [okaxwuTe, 4To [ 3] OXpaHHUKOB BCeraa AOCTAaTOYHO, YTODI
oxpaHsiTb My3eid. (6) Jns kaxxgoro m noctpoiite npumep, Korga Hesb3st 060NTUCE MEHBLLNM
KOJIMYECTBOM.

4. [NycTb KaXKablii OXpaHHNK NPOXaXKNBAETCS BAOJIb OAHOW 13 cTeH My3es. [1pugymaiite Takyto
copmy Myses, npu koTopoii Heobxoaumo | 7| OXpaHHUKOB.

5. (@) Ckonbko OXpaHHNKOB HEODXOAMMO PaccTaBuTb MO Yriam 34aHusi, HTODbI OXPaHSTH
BCIO BHELLUHIOK TEPPUTOPUIO?

(6) [HokaxuTe, 4To ecnm CTaBUTL UX B MPON30JIbHBLIX TOHKAX MJIOCKOCTU, TO LOCTAaTOYHO

[ oxpatHmkos.

Cymma aByx KBaapaToB

9 nronsa

1. PewnTe B yenbix uncnax ypasHerve x{ +xj + ... + x5 = 10000000000002024.
2. KakoBo Hanbonbliuee KONMYECTBO MOAPSA UAYLUX HATYPabHbIX HUCEN, HU O4HO U3 KOTO-
PbIX HENb3s NPeACTaBNTL B Buge ab?, rae a u b B3aumHonpocTsl, b > 17

Onpepenexue. [llycte p — npoctoe 4ucno, X — HeHynesoli octaTok. MHoxecTBO
{x,2x,3x, ..., (p—1)x} 0bpasyer nosHyro cnctemy BbIHETOB, T.€. KAXKAbI OCTaTOK BCTpe-
yaetcs B Hell poBHO oguH pas. OcraTok Yy, Takoii 4to xy = 1(mod p), Ha3biBaeTcs 06-

paTHbIM K X 1 0603Ha4aeTcst X .

3. I—lyCTb p — HeYeTHoe MPOCTOE HYNChO. ,lelﬂ HEHYNIEBOIO OCTATKa X PAaCCMOTPUM MHOXECTBO
_ . I

M, ={x,—x,x ', —x"'}.

(@) HokaxnTe, 4To ntobble fBa TakMX MHOXKECTBA He MepecekatoTcsl, MbO COBNajatoT.

(6) [loka)knTe, 4TO BCe MHOXECTBaA, KPOME, DbITb MOXET, ABYX, COCTOAT POBHO W3 YeTbIpEX

S/1IEMEHTOB.
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(8) Caenaiite BbiBOA, 4TO ypasHeHue x* = —1(mod p) uMeeT pelleHre B TOM 1 TONLKO TOM
cnyyae, ecnu p = 1(mod 4).
4. (@) Myctb p—npoctoe yucno suga 4k + 3. [JokaxnTe, 4TO ecnn cymma KBagpaTos

HaTypanbHeIX Yncen a? + b? geautcs na p2™!

, To a u b genatca Ha p™.

(6) [Hokaxute, 4To CcyLiecTByeT GECKOHEYHO MHOTO HATypasibHbIX HUCEN, KOTOpbIE AaAtOT
octatok 1 no mogynto 4, HO He NPeACTaBUMbI B BUAE CYMMbl ABYX KBaZpaToB.

5. JokaxnTe, 4to npoctbix yncen suga (a) 4k +1; (6) 4k + 3 beckoHeqHo MHoro.

6. [okaxuTe, 4yTo ecnv a u b—HaTtypansHble 1 2¢ = 2°(mod 101), To a = b(mod 100).

Teopema(Kputepuii Jiinepa). YpasHerne x* = a(modp) umeeT pelueHne B ToM U

Tonbko Tom caydae, ecan alP~1/2 = 1(mod p).

7. (@) Myctb t —konMM4ecTBO HETHBIX Yucen, bonbwmux p/2, Ho MeHblMx P. [okaxuTe, 4To

2-4-...-(p—1)z(—1)f-1-2-...-("7—1).

(6) Monbaysick kpuTeprem Diinepa, YCTAHOBNTE, i KAKNX P UMEIOT PELLEHNST yPaBHEHUS

x? = —1, x> =2, x = —2. Pe3synbTaTbl 3anuwunTe B TabauLy:
8k+1|8k+3|8k+5|8k+7
—1
2
—2

8. HokaxknTe, 4to npocTeix ducen suga 8k + 3, 8k +5 n 8k + 7 beckoHeuHo MHoroO.

KoHeuyHoe B becKOHeYHOM

10 nrons

1. Koponb ctout B yray waxmaTtHoit gocku. [poannm eé Bnpaso 1 BAEBO Ha MUJIIMOH KNETOK.
MoxkeT nn koposib 0bOTU BCIO AOCKY, NODLIBAB Ha KaXAOV KIETKe pOoBHO oauH pas? A ecnu
JOCKY MPOAJINTL BJIEBO W BMPABO [0 beckoHeyHoCTU?

2. Ha beckoHeyHOM nincTe KnetyaToii bymMaru yknagbiBatoT KOCTU AOMUHO pa3mepom 1 X 2
TaK, 4TO OHU MOKPbIBAtOT BCe KAeTKU. MOXHO v Npu 3TOM [0OUTHLCS TOro, Y4TObbI Kaxkaas
npsiMasl, UAyWwas no JNHUAM CETKU, pa3pesaa Jnlib KOHEYHOE KOJIMYECTBO KOCTER JOMUHO?
3. (a) HokaxnTe, 4To B NtOOBOM KOHEHHOM rpadhe MOXKHO PacCTaBUTb B BEPLUMHAX HATY-
pasibHble 4YMCIa Tak, 4Tobbl Yncia B 4BYX BEPLUMHAX OblAM B3aUMHO MPOCTbI TOTAA U TONBKO
TOrfa, KOrAa 3TU BEPLUMHbI HE CMEXHbI.

(6) BepHo nn To e camoe 4ns NPoM3BONILHOTO beckoHeuHoro rpada?

11
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(B) CywectsyeT nn beckoHeuHasi NOCNEAOBATENBHOCTL HATYPAbHBIX YICEN A7, A2, . . . TAKas
4to (an, am) = 1 TOorga v Tonbko Toraa, korga m—mn| =17

4. [okaxuTe, 410 U3 Ntobbix 11 DeckoHeYHbIX AECATUYHBIX Apobeii MOXHO BbIOpaTh ABe,
coBnajatoline B OECKOHEHHOM YuUC/ie MO3nLniA.

5. [Ba 3epkana beckoHeuHoW AnuHbl obpasytoT yron. Jlyd ceeTa nagaer Ha OAHO U3 HUX.
[okaxknTe, 4TO OH OTPaA3UTCs OT 3epKafl KOHEYHOe YMCO0 pa3 (f[aXke ecan yron o4veHb Ma-
NEHBKNA).

6. (@) HasoBém mosiocoii 4acTb NAOCKOCTU MEXAY ABYMs napaienbHbiMi npsiMbiMn. MoxHO
JIN MOKPbITb MJIOCKOCTb KOHEYHBIM YUCAOM MOJIOC?

(6) Mo>xxHO 11 NOKPBITH NIOCKOCTb KOHEYHBIM HICIOM BHYTPEHHOCTEN napabon?

(B) MoXHO N1 NOKPbITE MAOCKOCTL KOHEYHLIM YNCOM BHYTPEHHOCTEN YroB, ecin CymMMa
nX rpafycHbix mep pasHa 359°7

7. (a) Ha oTpeske gantbl 1 pacnonoxero beckoHeqHo MHoro otpeskos gautsl 0, 1. Jokaxku-
Te, 4TO HailgeTcst oTpesoydek gauntbl 0,01, nexxawnii BHYTpU BECKOHEYHOrO YMCaa OTPE3KOB.
(6) B kpyre pagnyca 1 pacnonoxero beckoHedHo MHoro kpyros paguyca O, 1. JokaxuTe,

4TO Haligetcs kpy»xok paanyca 0,01, conepxawymniicss B DECKOHEHHOM HUCNE KPYTOB.

MaTbow npodoun

10 nrons

1. HaiiguTe nepeble yetbipe undpsl dncna 11+ 22 + 33 + ... 4+ 999977 1 10000,

2. PaccmaTtpuBaloTcst BCEBO3MOXHbIE TL-3HAYHble YWCa, COCTaBNeHHble u3 uudp 1, 2 n 3.
B koHuUe Kaxgoro u3 atux Yucen npunucbiBaetcs uudpa 1, 2 uam 3 Tak, 4TO K ABYM YUCNaM,
Y KOTOPbIX BO BCEX Paspsfax CTOAT pasHble Uudpbl, NPUNUCLIBAOTCA pasHble uudpbl. [o-
Ka3aTb, YTO HAWAETCS M-3HAYHOE YMCNIO, B 3aMNCU KOTOPOro Y4aCTBYET JIMLLIb OAHA eANHULIA
N K KOTOPOMY MPUMUCLIBAETCS eANHULA.

3. lyctb M n M - HaTypasbHble 4ncna, He MeHblve 2. [lokasaTb, 4TO Haligérca Takoe

n+\/n2—4)m _ k+VkZ—4
2 =2

4. Touka H — opToueHTp ocTtpoyronsHoro Tpeyronsiuka ABC, B kotopom AB > AC. Touka

HaTypaJibHOE HYNCNI0 k, 4TO (

E cummetpuyna C oTHocuTensHo BoicoTel AH. F — Touka nepecevenus npsimeix EH n AC.
[loka>kuTe, 4TO LEHTP ONUCAHHOW OKpyXKHOCTK TpeyronbHka AEF nexxunt Ha npsmoii AB.
5. 3a keagpaTHbiM aHepHbiM sncToM 19 X 19 cnpsTaHa kpyrnas MulleHb AnamMeTpom 7.
Bapor MrioHxrayseH yTBEpP)KAAET, HTO MOXKET rapaHTUPOBAaHHO MOMAcTb B MULLEHb, CAENaB He
bonee naTtu BeicTpenos. He xsactaet nn HapoH?

6. Haligute Bce HaTypanbHble T, Mpu koTopbix N — 1 1 N2 4 3n + 17 seasitoTcs kybamn.
7. B napannenn M8 2n yuenukos (m > 1). Ha kaxzaplii Npném nuiim npuxogsT LexypuTs T
n3 Hux. [locne HeCKONIbKUX TaKMX AEXKYPCTB KaXKAble ABa YHEHUKA NOAEXYPUIN BMECTE XOTS

Obl O4WH pas3. |_|p|/| KaKOM MWHNUMaAJIbHOM KOJINHECTBE AEXXYPCTB TaKOE MOrJo I'IpOI/I3OI7ITI/I?
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8. Kakoe Haunbonbliee 4ncno npsmbix MOXHO MPOBECTU HA MJOCKOCTU Tak, 4Tobbl cpeam

ntobbix 2024 n3 HUX HawAKch ABe, obpasyrowmne yron 12 rpagycos?

3oronanbHoe con pAXeHune

12 nronsa

Onpepenenue. [an tpeyronbiuk ABC n Touka P, He coBnagatowias ¢ BepluvHamm
TpeyronbHuka. Toukm Py, Py, P. — oCHOBaHusA neprneHAnKynspoB, onyuieHHbIX u3 P Ha
npsmble BC, CA, AB cooteetcTtBeHHo. TpeyronbHuk Py PyP. Ha3sbiBaeTcs negasibHbiM

TPEYroabHNKOM TO4KMN P.

1. lNpsimas h. — nepnenankynsip u3 Touku C Ha npsimyto P Py. [Npsmbie hy n hy onpege-
NAKOTCA aHANOTNYHO.

(@) Hokaxute, uto npsimast PC cummetpudna he oTHocuTensHo bucektpucel yraa C (pas-
BepuTe ntobble ABa CAydast pacrnoNoXeHnst To4ku P Ha naockocTw).

(6) (Mpsimas Cumcora) Touka Q neXkKUT Ha onMcaHHOR okpy>kHoCcTU TpeyronsHnka ABC.
[okaxunTte, 4To Anst Heé npsimble hy, hy 1 he napannenshbl. Caenaiite BbIBOL, 4TO TOYKM
Qa, Qp 1 Q¢ nexxat Ha ofHoW NPsSIMOIA.

(8) [LokaxuTe, yto ecnn Py, Py, u P. He nexat Ha ogHoii npsimoid, To hg, hy n he nepece-

KaloTCA B O,D,HOI7I TOYKE.

OnpepeneHuve. 3Ta To4YKa Ha3bIBAETCA M30rOHAIbHO COMPSIKEHHON To4ke P.

2. (@) JokaxuTe, 4TO OPTOLEHTP 1 LLEHTP OMUCAHHONR OKPYXXHOCTY N30TOHAIBHO COMPSKEHbI.
(6) Touka P nexut Ha npsimoii AB u He cosnagaet ¢ A u B. Kakoii Touke oHa conpsixeHa?
3.KacaTenbHble K onucaHHoii okpy»xHocTn TpeyronsHuka ABC B Toukax B n C nepecekatotcs
B Touke P. Touka QQ cummeTpryiHa Touke A oTHoCUTeNbHO cepeanHbl oTpeska BC. HokaxuTe,
4To P 1 Q n3oroHanbHo conpsixeHsbl.

4. B tpaneyun ABCD b6okosas ctopona CD nepnenankynspHa ocHoBaHmuam, O — To4dka ne-
peceveHust guaroHaneii. Ha onucanHoii okpyxxHoctu TpeyronsHuka OCD BbibpaHa Touka S,
AnamMeTpanbHo npotneononoxHas Touke O. HdokaxuTte, yto /BSC = ZASD.

5. MNyctb Toukm P n Q, nexaiyme BHyTPU TpeyronbHMKA, N30rOHANbHO COMPSIXKEHbI.

(@) Hoxaxute, uto Tpeyronstukn PP P, 1 QQu, Q4 nogobHb.

(6) [dokaxkuTe, 4TO BeplIMHBI MefaNbHbIX TPEYroNbHUKOB Todek P n Q nexaT Ha ofgHOIA
OKpy>KHOoCTU. Haligute eé ueHTp.

(B) [dokaxuTe obpaTHOe: ecan OnMCaHHble OKPY>KHOCTW MeAasibHbIX TPEYroNbHUKOB fBYX

TOYEK COBMaAdatoT, TO 3TN TOYKN N3OTOHAJIbHO COMPAXKEHbDI.
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6. Touky P oTpa3unn oTHOCMTENBHO NPAMbBIX, COAEPXKALLX CTOPOHbLI TPpeyroabHuKka. Jokau-
Te, H4TO LEHTP OMMNCAHHON OKPY>KHOCTIW NOMYHUBLIErOCS TPEYTONbHNKA U30TOHAIBHO COMPSIXKEH
Touyke P.

7. Touyka P Haxoantca BHyTpu TpeyronsHuka ABC, B koTopoM nposegeHbl BbicoTel AAy,
BBy, CCy. Touka Ay cummetpuyHa P oTtHocuTensHo npamoit BC; Ttoukn By n C; onpe-
aenstoTcs aHanorndHo. Hokaxkute, 4to npsamblie AgAq, BoB1, CoCy nepecekatotcsa B ogHoli
TOUYKE.

8. Croponbl TpeyronsHuka ABC BugHel n3 Ttodku T nog yrnamm 120°. [dokaxkuTe, 4TO
npsimble, cummetpudtble npsambim AT, BT n CT oTtHocutensHo npsimeix BC, CA n AB
COOTBETCTBEHHO, MEPECEKAOTCS B OAHOW TOYKe.

CunbHO cBsi3Hble TYPHUPLI

13 nrons

Onpepenexune. OpreHTrpoBaHHbIV rpad, B KOTOPOM MexXay tobbiMn ABYMS BEPLUMHA-
MU eCTb pebpo, Ha3bIBAETCS TYPHUPOM.

I. Jokaxute, 4To B TypHupe ecTb (@) BepLiMHa, N3 KOTOPOA MOXHO AobpaThcs Ao NtoboiA
apyroii; (6) nyTb, npoxoaswmMii No BCEM BepLUMHAM.

Onpeaenexune. OpneHTpoBaHHbIN rpadd Ha3bIBAETCA CUJILHO CBSI3HBLIM, €CAN OT DO

BEPLIUHBI A0 NtobOV APYroii ecTb NyTb, HE HAPYLUAIOWINIA HANPaBAEHUSI CTPESIOK.

1. [lokaxknTe, 4TO B CUIIBHO CBSABHOM TYPHUPE €CTb LNKANYECKNT TPEYronbHIK.

2. llycTb B cunbHO CBA3HOM TypHUpe M BepwiH. [dokaxuTe, 4to npu Bcex 3 < k < n ans
MtoboI Hanepés 3aJaHHOl BEPLUWHbBI CYLLECTBYET LKA ANNHbI K, NPOXOASLMNA Yepes Heé.
3. Hokaxxute, 4TO UMKIOB AJNHBI K B CUABHO CBA3HOM TYpHMPE Ha M BEPLUMHAX HE MeHee
n—k+1.

4. Hazosem yapém BeplunHy B rpadpe, paccTosiHue oT KOTOpOW A0 toboli Apyroi BepLiviHb
He npeBocxoauT ABYX. [lokakuTe, 4TO

(@) B ntobom TypHupe HaligeTcs uaps.

(6) Ecnn B TypHupe poBHO ofuH Lapb, TO OH NObeAnn BCeX APYrux YHaCTHUKOB.

(B) B TypHupe He MOXeT ObITb POBHO ABYX Lapeii.

5. [dokaxuTe, 4TO B TypHUpe ¢ M > 7 BeplMHaMW HAlAETCA BEPLUMHA, VHBEPTUPOBAHWEM
BCEX PEDEp B KOTOPOI MOXKHO f00UTHCA TOro, 4Tobbl rpadh CTan CUIbHO CBSIHBLIM.

6. [okaxxuTe, 4To B 1t0OOM CUABHO CBA3HOM OPUEHTMPOBAHHOM rpadpe Ha N > 3 BeplumHax
MOXHO BbIKWHYTb HECKOJIbKO CTPENOK, OCTaBuB He bonee 2n — 3, Tak, 4Tobbl rpad ocTancs

CNNBbHO CBA3HbIM.
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MHoroyneHsbl

13 urons

1. Anekcangp CepreeBund pa3brBaeT MHOrOYEHbI
x—1,(x=1T)(x—2),(x—1)(x—=2)(x—3),...,(x—=T1)(x—2)...(x —2024)

Ha age rpynnbl. O6osHauum depes P(x) npousseaeHne MHOrOYNEHOB B NepBOli rpynne u

qepe3 Q(x) npownsseneHne mHorouneHos Bo BTOpoili rpynne. Okasanock, 4To P(X) genntcs

K P(X)’;
Ha Q(x). Kakyto HauMeHbLLYIO CTENEHb MOXET UMETH MHOMOYJEH !
2. [locneposatenbHocTb MHorodneHos Fn(x) (m = 0,1,2,...) 3agaHa COOTHOLIEHUAMU

Far1(x) = xFa(x) — Faoi(x), Fo(x) = 2, Fi(x) = x. [dokaxute, 4To npu npoctom p
BCE, KPOMeE OfHOro, KO3puLIMeHTbI MHorouneHa Fy(X) genatcs Ha p.

3.Mycts P(x) = anx™+...4+0ag — MHOro4NEH C BeLLECTBEHHbIMU KO3 dULMEHTaMu, NPUYEM
an > 1. JokaxnTe, 4to ecin yncno m bonbue nwboro ns vncen |an_1|+ 1,...,]agl + 1,
10 Q(X) = P(X + M) - MHOrO4YEH C NONOXKNTENBHBIMU KO3(PDULUEHTAMMY.

4. (a) Haiigute Bce MHoroqnenbl P(x) Takue, 4to P(x?) = P(x)%. (6) Haiigute Bce
MHorounensl P(x), Takue yTo cywectayet Q(x), ans kotoporo P(x?) = Q(P(x)).

5. MonoxuTensHoe Lenoe 4ncao N HasbiBaeTcs cbasiaHcmpoBaHHbIM, ecan L= 1 unn ecau n
MOXKHO 3anncaTb KakK MPOW3BEeHME YETHOro YUCia He 0bsA3aTeNbHO PasiUYHbIX MPOCThIX
qucen.

[Ins nonouTensHbIX Uenbix 4nucen a n b paccmotpum nonvHom P(x) = (x + a)(x + b).
(@) [okaxnTe, 4TO CyLIECTBYIOT pasnnyHble MONOKUTENbHBIE Lieble YACAa A 1 b Takue,
yTo BCe Yucna P(1),P(2),...,P(50) cbanaHcuposaHsi.

(6) HokaxuTte, 4to ecnnm P(n) cbanaHcnpoBaHo 4nsi BCEX HATypasibHbIX 4Mcen M, 70 a = b.
6. HalignTe Bce mHorounenbl P(x) ¢ BeujecTBeHHbIMU KO3 dULMEHTaMN, YA0BAETBOPAIOLLE
ycnouio P(a?) — P(a) = P(b?) — P(b) gns Bcex Takux BELLECTBEHHbIX YUCEN @ U b, 4TO
a+b=1.

7. HaiiguTe BCe HaTypasibHble M, AN KOTOPbIX CylleCcTByeT MHorodneH f(x) ¢ uensimu Ko-
schpuLmeHTamMmn Takoii, 4To Bce koapdpuumenTsl MHorodnera f(x)> — (1 +x+ ... +x*)
KpaTHbI M.

8. llyctb M — HaTypanbHoe yucno. Ha 2n 4 1 kapTouke HanMcaHo MO HEHYNEBOMY LIESIOMY
4UCNY; CYMMa BCEX YUCEN TakxKe HeHyseBast. | pebyeTcs STUMK KapTOYKaMi 3aMeHUTh 3BE3-
[OYKN B BbIpaXkeHUU *X2™ 4 «x? 1 4 . 4 %X + % TaK, 4TOObl MONYYEHHbI MHOTOYNEH He

nMen uenbixX KOpHeM. Bcerp'a N 3TO MOXHO c,qenaTb?
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VcpeaHeHune

14 wnrons

I. TTo Kpyry CTOST aecsTb 4ncen, cymma KOTOpPbIX paBHa eanHuLe. [lokaxkuTe, 4To cpeam Hux
HAAYTCs YeTbipe NOAPSA UAYLIMX YUCAA, CYMMa KOTOPbIX MOJOKUTENbHA.

Il. Mo kpato Kpyraoro crona paBHOMEPHO paccTaBieHbl TabANYKK C paMUANAMU AUTNIOMA-
TOB, Y4aCTBYtOLMX B neperoBopax. [locne Havana neperoBOpoB OKa3asoChb, YTO HU OAWH U3
AUNJIOMATOB HE CUAWNT OKOMO CBOell Tabnmuku. MoXKHO AU MoBepHYTb CTOJI Tak, 4TODbI Mo
KpaliHell Mepe ABa AvnaoMaTa CUAENN OKOJO CBOMX Tabanyek?

1. lMo kpato kpyrnoro crona paBHoMepHo pacctaenenbl 10 Tabnuyek «matematuky» u 10
Tabnudek «buonory. 10 matemaTtukos u 10 brionoros B8 ciyHaitHoM nopsiake cenm 3a CTOA.
Ecnn y koro-to Tabsnyka He COOTBETCTBYET ChneuuanbHOCTU, TO OH obuxkaetcs. K kakomy
HaUMeHbLIEMY YCY ODUAEBLINXCSA MOXHO rapaHTUPOBAaHHO CBECTU NtODYHO paCcCTaHOBKY Mpw
NOMOLLIM MOBOPOTa CToNa’?

2. B rpynne npodn yuntcs 24 peberka. [NocmoTtpum Ha Bce 24! cnocobos pasgath Aetam
Den IKNKN.

(@) B kakoit gone Bcex cnydaes Jlykbsiv nony4uT ceoii 6eifgKunk?

(6) [nst kaxxgoro cnocoba nocHnTaem KONMYECTBO AETEN, NONYHNBLUMX CBOA Deligkuk. HYemy
paBHO cpefHee apudMeTnyeckoe aTux yucen’

3. MNocne Toro, Kak BCe AETU HAKOHEL, NOYY NN CBOW DERAXKNKIN, OHU BCTAAN B KPYT JIULIOM K
LEHTPY. 3aTeM KaxKAblil U3 HUX 4an Niela To in IEBOMY, TO M npaBoMy coceay. nsa kaxxzgoro
cnocoba paszaym Neuein nocHnTaem KoIMYecTBoO AeTel, ocTaBlumxcs bes sewa. HYemy pasHo
cpeaHee apndpMeTUYECKOe STUX Yucen?

4. B rpynne 10 mansuukoe n 10 gesouek. [locMOTpUM Ha BCE BO3MOXKHbIE C}g cnocobos
nocTaBuTb uUx B psg. [Ansd kaxzgoro cnocoba mogcyntaeM KoNMYeECTBO Map CTOSILUX PSiAOM
Mafib4nKoB. Yemy paBHsieTcs cpefHee apudMeTnyeckoe aTux Yucen’?

5. B boTaHuyeckom cnpaBoUHUKe KaXkaoe pacTerue xapaktepusyercs 100 npusHakamm (kax-
Ablii Npu3Hak nbo npucyTcTeyeT, N1Mbo oTcyTCTBYeT). [lBa pacTeHnsi cUMTaoTCs HEMOXOXKU-
MW, €CJI OHU Pa3nM4YatoTCst He MeHee, Yem no 51 npusnaky. [lokaxkuTe, 4TO B CMpaBOYHUKE
He MOXXeT HaxoauTbcst bosee 50 MonapHO HEMOXOXXUX PacTeHWA.

6. B narepe 2024 pebetka, HEKOTOpbIE N3 KOTOPLIX APY>XKaT, a HekoTopble — HeT. [lokaxkuTe,
4TO MOXKHO BblOpaTb napy Aeteli Tak, 4TO Cpeamn ocTaBlimxcs HaigeTcs xotsa bbl 1011 getein,

KaXX[bIii N3 KOTOPbIX UM APYXXUT C 0bONMU BbIDPAHHBIMU AETbMU, UAN C ODOVMU HE APYXKUT.

Bokpyr HepaBeHCTBa TpeyrosibHUKa

14 wnrons

1. BryTtpu yrna ABC, pasHoro 105°, Bbibpara Touka X Tak, 4to ZXBC =70° n BC = BX.
Ha otpeske BX BbibpaHa Touka Y Tak, yto AB = BY. [okaxute, 4to AX + AY > CY.
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2. B tpeyronbiuke ABC yron A = 60°. Hokaxnte, yto AB + BC > 2AM, rae M —
cepeaunta BC.

3. B yetbipexyronsiuke ABCD yrnbl A v C tynble. okaxkuTe, 4To NnepuMeTp BMUCAaHHOMO
B ABCD u4eTbipexyronsHuka bonbuue, vem 2AC,

4. B tpeyronbiuke ABC na ctopore AB Bbibpatbl Toukn K n L tak, yto AK = BL, a Ha
ctopoHe BC — 1oukn M un N Tak, uto CN = BM.. [lokaxxute, yto KN + LM > AC.

5. Ha ctopore AC Ttpeyronbiuka ABC oTmeueHa Touka D, Ha ctopore BC — Touka E,
a Ha otpe3ke BE — touka F Tak, yto ZADB = ZBED = 60°, AC = BD n CD = BF.
HokaxunTe, yto AD + CE > AF.

6. Ha ctopoHax TpeyronbHnka ABC kak Ha OCHOBaHUsIX MOCTPOeHbl BOBHE paBHODeapeHHbIe
TpeyronsHukun ABCy, BCAy, CAB; c yrnom 120°. [Jokaxkute, 4TO nepumMeTp TPeyrobHuNKa
A1B1C; He bonbwe nepumertpa TpeyronsHuka ABC.

7. BryTpn tpeyronsHuka ABC Bbibpata Touka M. [dokaxuTe, 4yto

min(AM, BM, CM) + AM + BM + CM < AB + BC + AC.

3apgayva o 3aropatouiemM MHonJlaHeTSHUHe

15 nrons

ObuTaTenn NIoCKOro Mpa MoryT NprHUMAaTL hopMy Npon3seosbHol durypel. ConHedHble
Jly4n NPeACTaBaAstoT coboli ceMelicTBO HampaBieHHbIX NapanfesbHbix NpsMbix. BeTpeyas
NPensATCTBUE, CONHEYHbIA NyY JafiblUe He NAET.

Kak Tosibko TOYKa Ha NeprMeETpe NHOMNAHETAHUHA NOJABEPraeTCs BO3AENCTBIIO COMHLA, B
ODLLEN CNIOXKHOCTW, OfHY MUHYTY, OHA CTAHOBWTCS 3aropeBLueil. 3aropasi, MHOMJIAHETSHUH

MOXXET MIHOBEHHO NMOBOPAYMBATLCA Ha I'IpOVIBBOJ'IbeIVI YroJ.

1. Kakoe MuHumanbHoe Bpemst MoTpebyeTcst MHOMMAHETSAHUHY KBaApaTHON dhopMbl, YTODbI
MOJIHOCTBIO 3aropeTh’

2. Kakoe MuHmmanbHoe BpeMst MoHagobnTcst MHoOMAaHeTSHUHY B hOpMe NMPON3BOJILHOO Tpe-
YroibHUKA, Y4TODbI MOJHOCTBLIO 3aropeTh?

3. [JokaxkuTe, 4TO BCAKOMY NHOMAAHETSHUHY, UMEIOLLLEMY (DOPMY BbIMYKIOr0 MHOIOYFObHM-
Ka, NoTpebyeTcs He bosiee ABYX, HO HE MeHee MoayTopa MUHYT.

4. Kakoe MUHUMANbHOE BPEMSI MOHAZODUTCA MHOMAAHETSHUHY B hOPMe OCTPOYrOJIbHOrO
CEKTOpa, YTODbI LieNIMKOM 3aropeTs’

5. Kakoe munnmansHoe BpeMsi NoHafobuTcs MHOMMAAHETSIHUHY B (DOPME TYMNOYrOJbHOMO CeK-
Topa, 4TODbI LEANKOM 3aropeTb?

6. [puBeanTe nprMep Takoro MHOMMAHETSHUHA, KOTOPbIVi MOXET LEJIMKOM 3aropeTb, HO eMy

NnoHagobuTcs cTporo bosblie ABYX MUHYT.
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7. okaxxuTte, 4T0O 10OOMY UHOMNAHETSAHWHY NATUYTONbHOW (POPMbI OCTATOHHO ABYX MUHYT.

MaT6ow 7-INMpodu — 8-lNMpodn

15 wnrons

1. Bce HatypanbHbie yncna ot 1 go N noctasnetbl B psig. K kaxgomy ducny npubasuau
HOMEp MecTa B psigy, Ha KOTOpoM oHo cTouT. Haiigute konmuectso Takux N < 32%%4 nns
KOTOPbIX MOIJI0 OKa3aTbCsl, YTO KaXKAast U3 MOJIyYEHHbIX CYMM SIBISIETCS CTEMEHbIO TPOWKM.
2. YV Cawu ecTb HEOrpaHWYeHHbI 3amac OAUHAKOBLIX CaNMETOK B PopMe BbIMYKIOrO 4ye-
ThIPEXYTO/IbHNKA, CTOPOHbLI KOTOporo He npesocxoaaT 1. OH X04eT MONHOCTbIO HaKpbITh UMK
Bonbwoii KeagpaTheiii Cton mnowaan S = 1000000. CandeTkin MOXHO KAACTb APYr Ha
Apyra, noBopayunBaTb, NepeBOpaynBaTh, YacTU CaNdeToK MOryT BbIXOAUTL 33 Npeaesbl CTo-
Nla, OfHAKO, HeNb3st MeHsTb dopmMy candeTok (pesatb, crubatb n T.n.). JokaxunTe, 4To C
3TOl 3aja4eli OH MOXKET CMpaBUTLCS, UCTPATUB CandeTKy CyMMapHol nioulaasto He bosee
1,01 S2.

3. B kaxxpgoii knetke kBagpaTHoii Tabauusl 4 X 4 3anucan O nnm 1. Kaxayto cekyHay npouc-
XOAUT Cneaytolee: YUCa0 B JAHHON KAeTKe CTaHOBUTCS eAVNHULEN, ECIN B KIETKAX, COCeLHUX
No CTOPOHE, CyMMa He4YéTHa, U HyNéM — B NPOTUBHOM ciydae. [JokakuTe, 4TO B TeyeHue
NePBbLIX CEMU CEKYH[ KaKOe-TO PacnofioKeHue Hysnel v eanHunl, obsi3aTeNbHO MOBTOPUTCA.

4. Ha|7|,u,|/|Te BC€ HATypaJibHblE HNCNA, KOTOPbIE HE MOTYT ObITh npeacTtaBneHbl B BUAE!

a a-+1

b b

roe a, b — HekoTopble HaTypabHble Yucha.

5. HartypanbHoe 4ucno 3ameyatesibHO, €CAM OHO B3aWMHO MPOCTO C CYMMOI BCEX CBOWX
penuteneii (Bkatodas camo 4ncio). Kakoe Hanbonbluee KONMHECTBO NOAPSIA UAYLLUX HUCEN
MOTYT ObITb 3amMedaTesbHbIMU?

6. B tpaneunn ABCD guaronans BD pasha ocHosanuto AD, a anaronans AC — bokogoii
ctopore CD. Otpesku AC n BD nepecekatotcs B Touke E. Touka F Ha oTpeske AD BbibpaHa
Tak, 4to EF||CD. Jokaxute, yto BE = DF.

7. Ha Bedyepunke y [lawm Bce gapwnun apyr apyry nogapku. [Nlawa nony4nn nogapkos B 6
pa3 bonblue, 4eM NoAapwu, a KaXkAblli U3 OCTasbHLIX MoJapus nogapkos B 3 pasa bosnblue,
yem nony4uun. JokaxxnuTe, 4TO Kakme-TO ABOE AAPWAU NMOAAPKN APYr APYrY.

8. ycTb X1,X2, ..., X2024 — NepecTaHoBKa HaTypasbHbix Yucen ot 1 go 2024. Haligute Hau-

bosiblliee BO3SMOXHOE 3HaYeHme BblPa>XE€HUA:

.. % —xa] —x3] — ..o — X2023] — X2024]-
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BHyTpeHHUd maTboii npodoun

15 nrons

1. lnsa nonoxutensHbix 4yncen a, b, ¢ n d gokaxxute HepaBeHCTBO

(E+E)+(E+E>+(E+E>+<E+E>>2(C1+C)(b—|—d)
b «a c b d ¢ a d/)”~ Vvabcd

2. Jano kBagpaTHoe nosie 4 X 4, B KaXKaol KJeTKe KOTOPOro JIEXKUT MO MOHETE, OpPJIOM UK

pewikoii BBepx. Kaxayto CekyHay CO BCEMU MOHETAMW OLHOBPEMEHHO MPOWNCXOANT Cledyto-
LLee: MOHETA B [JAHHON KJIETKE MEpeBOPaYvMBaETCs, EC/IN B KJIETKAxX, COCEAHMX MO CTOPOHE,
HEYETHOE YNC/IO OPJIOB, a NHaYe — He NepeBopadunBaeTcs. [JokaknTe, 4TO B TeHEHNE NePBbIX
CEMU CEKYHJ KaKOe-TO PacrosIOKEHNE OPJIOB U PeLLeK 0bsi3aTeNbHO MOBTOPUTCS.

3. Toukun A un B nexat Ha okpyxHoctn w c ueHtpoMm O, npudem O He nexuT Ha npsi-
moii AB. Ha otpeske AB BbibpaHa Touka C. Touku M n N — cepegunbl otpeskos AC
n CB cooteeTcTBeHHO. OnuncaHHble okpy>kHocTu TpeyronbHukos AON n BOM nepecekatot
w BTOpu4YHO B Toukax K u L cooTBeTcTBEHHO, 1M MepecekatoTcss Apyr C APYroM BTOPUYHO
B Touke X. [lokaxuTe, 4yto Toukn C, K, X, L nexxaT Ha ofHOW OKPY>XHOCTHU.

4. Mawa u [Mawa no ovepean NpoBOAAT AMAroHasn B NpaBuibHOM 98-yronbHuke, Ha4MHaeT
Mawa. Pa3pelieHo npoBoguTb AVaroHasb, €C/IM OHA He NeprneHanKyNsipHa HIW OLHON U3 paHee
NPOBEAEHHbIX AnaroHasel, a TakKe nepecekaeT XoTs Obl MONOBMHY paHee NPOBEAEHHbIX Ana-
roHaneii. [TponrpbiBaeT TOT, KTO HE MOXKET caenath xof. KTo U3 UrpokoB MOXET obecneynTb
cebe nobeny He3aBUCUMO OT AEACTBUIA conepHuKa?

5. Byaem rosoputs, 4Tto Touka A(x,Yy) bosswe Toukn B(X',y'), ecnimx = x' uy > y’. Ecan
xe x < x' uy <y’, 7o byaem roeopuTh, 4TO Touka A meHbie Todkn B. Ha koopanHaTHoi
MJIOCKOCTN OTMETUJIN HECKOJIBKO TOYEK, 0be KOOPAMHATBLI KOTOPbIX SBASOTCA HATypasibHbIMU
yncnamu, He npeeocxogswumm n. Okasanoch, HTO A4S KaXKAOW OTMEYEHHON TOYKU KO-
HECTBO TOYeK, DOMbLINX €€, N KOJIMHYECTBO TOYEK, MEHbLUUX €€, OT/INYALOTCS He bonee, Yem
Ha 1. Kakoe Hanbosbluee KOMNYECTBO TOYEK MOXKET DbITb OTMEYEHO !

6. Cawa HapucoBan rpadp, BepLIVHAMK KOTOPOro SIBASIKOTCS BCE BO3MOXXHblE MOC/EA0Ba-
TenbHocTy 13 0 n 1 gnnuer 2019, a pebpo mexay BepLuvHaMK NPOBOAUTCS, €C/N COOTBET-
CTBYIOLLUME MOCAEN0BATENBLHOCTY OTANYAIOTCA POBHO B OfHOM MecTe. Ha30BEM paccTaHOBKY
HEHYNEBbIX YMCEN B BepLUMHAX 3Toro rpada k-rapmMoHu4eckon, ecnm ais ntoboli BepLunHbl
CyMMa 4ucen B COCEAHMX C Hell BepwmHax B K pa3 bosblue ynucna B camoii Bepuunte. [pu
KaKUX BelecTBeHHbIX kK cyliecTByeT K-rapMoHmnyeckasi pacCTaHOBKa YMCeN B BEPLUMHAX 3TOTO
rpacha?

7. [laHo HaTtypansHoe yucno n > 10. Jokaxute, 4to Hu gns kakoro k € {1,2,...,n} uncno
(2n)! + k He penutca Ha ! + 1.

8. Bce HaTypanbHbie yncna ot 1 go N nocrasnenbl B psag. K kaxxgoMy ducay npubasuam

HOMEp MecTa B psigy, Ha KOTOpoM oHo cTouT. Haiigute konmuectso Takux N < 3%2°%4 nns
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KOTOPbIX MOIMJIO OKa3aTbCA, HTO KaXXgasA N3 NOJIYHEHHbIX CYMM ABJIACTCA CTENEHBHO TpOI7IKVI.

MaT6oi 8-Ipodhu — 9-lNpodon

15 nrons

1. lnsa nonoxutensHbix 4yncen a, b, ¢ n d gokaxxute HepaBeHCTBO

<E+E>+<E+E>+<E+g)+<é+g)>2(G+C)(b+d)
b «a c b d ¢ a d)” Vabed

2. ﬂlﬂﬂ NONOXKNTENBbHbLIX BELLECTBEHHbIX YUCEN P N ( 6yp,e|v| Ha3blBaATb OCTATKOM T1pn AE€JIEHNN

P Ha  HauMeHblLee HEOTPNLLATENbHOE BELLLECTBEHHOE HYNCO T TAKOE, YTO Pq;f — LEeSI0e Yncno.
[okaXknTe, 4TO AN KaXKAOro HaTypasbHOro b CyulecTBYeT POBHO OfHO HaTypasibHOE A Takoe,
YTO €CAN T1 M T — ocTaTku npu geneHnn ayv/2 4+ byv/3 Ha V2 u /3 cooteeTcTBEHHO, TO
T+ T = \/Z

3. Ha buccektpuce AD octpoyronstoro tpeyroasiuka ABC (AB > AC) nexut Touka
P. lNpsimbie BP n CP nepecekatot ctopoHsl AC u AB B Toukax Q u R cooTBeTcTBEHHO.
Hokaxunte, yto PB — PC > RB — QC.

4. Cawa HapwucoBan rpad, BepLIMHAMYN KOTOPOrO SIBASIIOTCS BCE BO3MOXKHbIE MOC/eL0BaTE N b-
Hoctn 13 0 n 1 gnunel 2019, a pebpo Mexay BepLUMHaMmN MPOBOAUTCS, €CAU COOTBETCTBYHOLME
NoCief0BaTENbHOCTM OTINYAKOTCS POBHO B OAHOM MecTe. Ha30BEM paccTaHOBKY HeEHyNeBbIX
4umcen B BepliMHax 3Toro rpadgpa K-rapmonmnyeckod, ecnn ans noboli BepNHbI CYMMa YUCES
B COCEAHMX C Hell BeplumHax B K pa3 bosblwe yucna B camoii BeplimHe. [lpu Kakux Bele-
cTBeHHbIX Kk cyuiecTByeT k-rapMoHuYeckast pacCTaHOBKa YnCeN B BeplUMHax 3Toro rpada?
5. [dano HatypansbHoe yucno n > 10. Jokaxute, 4to Hu gns kakoro k € {1,2,...,n} yncno
(2n)! + k He penutca Ha n! + 1.

6. Toukn A n B nexat Ha okpyxHocT w ¢ ueHTpom O, npuyem O He NeXXUT Ha NpsiMoOi
AB. Ha oTpeske AB BbibpaHa Touka C. Toukn M n N — cepegunbl otpeskos AC n CB
cootBeTcTBeHHO. OnucanHblie okpyxxHocTn TpeyronbHukos AON n BOM nepecekator w
BTOpM4YHO B To4kax K u L cOOTBETCTBEHHO, U nepecekatoTcss APYr C APYromM BTOPUYHO B
Touke X. HokaxnTe, 4yto Touku C, K, X, L nexkaT Ha 0fHOIN OKPY>XHOCTH.

7. Mawa u [Mawa no o4epean NpoBOAAT AMaroHanu B nNpaBuibHOM 98-yronbHuke, HaunHaeT
Mawa. Pa3spelieHo npoBoguTh AMaroHab, €C/in OHA He NeprneHanKyNspHa HII OLHO U3 paHee
NpPOBEeAEHHbIX AnaroHaseli, a TakKe nepecekaeT XoTs Dbl NONOBUHY paHee NPOBEAEHHbIX Ana-
roHaneii. [lponrpbiBaeT TOT, KTO HE MOXET caenaTh xof. KTo U3 UrpoKOB MOXET obecnednTb
cebe nobesy He3aBUCMMO OT AEACTBUIA conepHuKa’?

8. Byaem roeoputb, yto Touka A(x,y) bonbwe Touku B(x',y’), ecnu x > x' ny >

' 10 Byaem roeopuTb, 4TO To4ka A MeHble Todku B. Ha

y' Ecom xex < x'my <y
KOOp,ELI/IHaTHOI\/‘I NJTIOCKOCTUN OTMETUNIN HECKOJIbBKO TOYEK, o6e KOOPAWNHATbLI KOTOPbIX ABNAKTCA
HaTypasbHbIMUN Yucnamu, He npesocxogasaimmm n. Okasanock, YTO A5 KAXKAON OTMEYEHHOIA
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TOYKN KOJINHECTBO TO4YeK, DOMbLINX €€, 1 KONMNYECTBO TOYEK, MEHbLUUX €€, OTNINYAOTCA He
bonee, yem Ha 1. Kakoe Hanbonbluee KONMMYECTBO TOYEK MOXET DObiTb OTMeyeHO?

9. Halignte BCe BelLeCTBEHHbIE YnCNa X Takue, 4To 4x° —7 1 4x'3 —7 — TouHble KBagPaThI.
10. Boosb OKpYy>XHOCTU PacnoioXXeHO TL MOHET, Kaxk[as IEXXKUT OpPJIOM W PELLKOV BBEPX.
Ecnu gBe cocegHune mMoHeTbl niexat oanHakoso (obe opnom unm obe pelukoii), paspeluaert-
cs obe nepeeepHyTb. CKOJIBKO MMEETCS BapUaHTOB PACMOJIOKEHUSI MOHET, KOTOPbIE HEsb3S

noay4nTb APYr U3 ApYyra, NPUMEHsist Takne onepauum’?

YcpeaHeHune B rpadpax

17 wrons

1. B rpace ¢ 10 sepwmHamu 60 TpeyronbHunkos. [okakuTe, 4TO CyLIeCTBYeT BepLUMHa
CTEeneHn He MeHbLue, Yyem 7.

2. Ha puckoTteke mexay 7 Manbdmkamu n 7 [eBOYKAMU COCTOsIOCH 22 napHbiX TaHua.
[loka)knTe, 4TO ANSA KaKUX-TO [ABYX MaJib4MKOB HAWAyTCs Takue ABE AEBOYKMW, C KOTOPbIMY
oba OHMW ycnenu noTaHLeBaTs.

3. BepwuHbl rpada kpacsT B d uysetos. (a) Kakosa Bonsi packpacok, B KOTOPbIX KOHLIbI
BbiDpaHHOro pebpa opHouBeTHble, cpeamn Bcex packpacok? (6) [okaxute, yto cywectsyer
packpacka, B KOTOpOli fonsi pebep C 04HOLBETHBIMUN KOHLIAMU He bosblie }d.

4. [lokakuTe, 4TO MOXHO MOKpacuTb pébpa mosnHoro rpada Ha N > 2 BeplwnHax B [Ba
LiBETA, YTODbI OAHOLIBETHBIX TPEYrOJLHUKOB DbINO MeHbLIe YeTBEPTU.

5. (a) BepwuHbl noaxoro rpaca npoHymeposatsl dncnamu ot 1 go n. Ckonbko cylecTsyet
CnocoboB 3a4aTb opueHTauuto pebep Tak, 4Tobbl 3TV BepWMNHbI B (PUKCUPOBAHHOM MOPSIAKE
0bpa30BbIBaNN LMKN?

(6) Hdokaxute, 4To Ans NtobOro M CyLLecTBYeT TYPHUP Ha TL BEPLUNHAX, B KOTOPOM MMEETCS

(n—T1)!
211

6. JaHo HatypansHoe yncno n > 1000. B ogHokpyrosom BosieiibosibHOM TypHUpe y4acTByeT

HEe MeHee FaMUIbTOHOBBIX LUKJIOB.
M < 2™ komang. [okaxuTe, 4TO MO0 OKasaThCs Tak, 4To m3 aobbix 2n + 1 komaHs
HalayTCs 3, BbIMMPABLUMX APYr APYra Mo LukKy.

7. B aBynonbHoM rpacbe meHblie, 4em 2™ BepLIVH, ANS KaXXAON U3 KOTOPbLIX 3aZaH CrUCoK
N3 M LBETOB.

(@) 3amennm kaxgplli uBeT 3 cnuckos Ha 4ncao O uan 1, nocne Yero conocTasum BepLuy-
HaM NEePBONM JOAN KOHBIOHKLMIO YNCEN B CMCKE, a BEPLUMHAM BTOPON A0AN — AN3BIOHKLMIO.
KakoBa 019 3aMeH, B KOTOPbIX BbIOpaHHON BepLunHe NepBoli 40U OKa3ajack COMOCTaBe-
Ha 17

(6) Hokaxute, 4TO MOXKHO Tak MOKPACUTb KaXKAYtO BEPLUMHY B OAUH U3 LIBETOB €€ CMnCKa,

HTO CMEXHbIE BEPLLUNHbI 6y,£I,yT Pa3HbIX LBETOB.
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ApudcdmeTnyeckue nporpeccumn

18 nrons

Onpe,qeneHme. ApMCf)MeTMLIeCKOﬁ nporpeccmeﬁ Ha3blBA€TCA MOCNEANO0OBATE/NIbHOCTL BE-

LLeCTBEHHbIX Yncen Buga a,a+ d,a+ 2d,...,a+dn,....

1. MycTb yncna x2, Y2, z2 obpasytoT apudmeTuyeckyto nporpeccuto. JokaxuTe, 4To 4nca
1/(x+y),1/(y+2),1/(x + z) Takxe 0bpasytoT apnmMeTn4ecKyto Nporpeccuto.
111

2. MOXXHO N1 BbIYEPKHYTb U3 MOCNEAOBATENBHOCTU —, =y =, ... HaCTb YWUCEN TakK, 4TODbI

octanacbk apudmMernydeckas nporpeccust (a) beckoneuroin gnnnbl; (6) n3 10 vnenos?

3. /13BecTHO, 4TO Cpefm HaeHOB HEKOTOPOKA apuPMETUHECKOR NPOrpeccunt a, z, Az, ... €CThb
qucna af, a3, a3. [okaxunTe,uTo 3Ta NPOrpeccus COCTOUT U3 LenbIx Yucen.

4. Bce uneHbl apumeTnyeckoil nporpeccun — HaTypasbHble Yucna. [okaxkuTe, 4to ecaw
NPOAO/XKaTb BbIMUCLIBATL HOBbLIE YNEHbI 3TOW MPOrpPeccun, TO PaHO WK MO3AHO HalAyTCs
ABa uneHa (He 0bsi3aTenbHO COCeAHNe) C paBHOW CymMMOl Ludp.

5. [dana apndmeTnyeckas nporpeccusi (C pasHOCTbIO, OTAIUHHONA OT HyNst), COCTaBEHHasH 13
HaTypasibHbIX YUCEN, OECATUYHAS 3aMUCh KOTOPbIX HE COAEPXKUT undpbl 9.

(@) HokaxuTe, 4To 4mncno eé uneHos menbiue 100.

(6) MpusegnTe npumep Takoit nporpeccun ¢ 72 YneHamu.

(B) [okakute, 4TO 4NCNO YNEHOB BCAKOM Takol mporpeccun He bonblue 72.

6. [lokaxkute, 4to

(@) B apudmeTnyeckoii nporpeccuit ¢ nepebIM YAeHOM, paBHbIM 1, N Pa3HOCTLIO, PaBHON
729, HaiigeTcst BeckoHeqHO MHOro uneHos Buaa 10X,

(6) Jltobas apudmeTnyeckasi Mporpeccrsi, COCTOSILLAS N3 HATYPabHbLIX HUCEN, COLEPXKUT B
cebe HEKOTOPYHO FEOMETPUYECKYHO MPOrpPeCCUto.

(B) B npon3sosbHoli apudMeTnHeckoll Nporpeccun ¢ HavasabHbIM Y1eHOM a 1 pasHocTbio d
COLEPXKMUTCSA DeckoHeYHast reOMeTpUYEeCcKasi NPOrpeccrst B TOM 1 TOJIbKO TOM CJlydae, KOrAa
oTHoweHne a/d pauuroHansbHo.

(r) Ecnn beckoHedHast apudpmeTnyecKast NpOrpeccusi CoAepXXMT XOTs Bbl Tpu nocnegoBaTeb-
HbIX YJIeHA FeOMETPUYECKON NMPOrpeccun, To OHa COAEPKUT DECKOHEYHYIO FeOMETPUHECKYHO

Nporpeccuto.
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KBagpaTbl, KBaapaTbl 1 elle pa3 KBagpaThbl

18 nrons
I. [dokaxknTe, 4TO MPsIMOYro/ibHUK, OMMCAHHbLIA OKONO KBagpaTa, . G/\ ]
ABNSIETCS KBaAPaTOM. ./J KN
Il. Keagpatet ABCD u EFGH pacnonoxeHb! Tak, kak nokasaHo Ha )
PUCYHKe. i /
(a) Ldokaxure, uto otpesku IM n OK pasHbl 1 nepneHguKynsipHbI. K N/

(6) JokaxnTe, uTo nnowaam yetsipexyronsiukos JONK n IPML ’ O\/ ’

PaBHbI.

1. Keagpatet ABCD n AEFG pacnonoxeHbl Tak, Kak NoOKa3aHo Ha
pucytke. [lokaxute, 4o (@) CF || BD (6) toukn C,D n G nexar
Ha OA4HOW NPAMOIA.

2. BHyTpu npsimoyrosnbHuka npoBegeHa JOMaHasi, 3B€Hbst KOTOPOL

PaBHbl MEHbLLEN CTOPOHE NMPSMOYTONIbHIKA, @ COCEAHNE 3BEHbS Nep- A 5

NeHANKYAsipHbl. HaliguTe oTHOLWeHEe CTOPOH MPSIMOYFOJIbHUKA. G

B

B c

!J

D A D G

3.Keagpatei ABCD u A’B’C’D’ pacnonoxensi Tak, 4To Beplwimntbl A u D nepgoro keagpata
nexat Ha ctopoHax A'B’ u A’D’ sToporo, a sepwunna C’ BToporo — Ha ctopoHe BC nepsoro.
NokaxxuTte, 4to otpesok MN, coeauHstownii Aee obLIE TOYKN FPaHUL, KBAAPATOB, MPOXOANT
vepe3 ueHTp O kBagpata ABCD.

4. Keagpatel ABCD n DEFG pacnonoxeHbl Tak, Kak Noka3aHo Ha pucyHke Bbile. [1psimbie
AC n GE nepecekatotca B Touke P, a npambie AE n CG — B Touke Q. LokaxkuTe, 41O
Toukn B, P, Q, F nexat Ha ofHoii npsimMoi.

5. Ha ctoporax AB, BC, CD n DA kBagpata ABCD otmedenbl Toukn K, L, M n N Tak,
4to AK = BL = CM = DN. OTtpeskn DK u MN nepecekatotcsi B Touke E, a otpesku KC
n LM — B Touke F. Jokaxure, 4o EF || AB.

6. Ha ctopoHax AB n AC tpeyronsiuka ABC BO BHELUHIOK CTOPOHY NOCTPOEHbLI KBaApPaThl
ABDE n ACFG. [okaxuTe, 4yto npsmble BF n CD nepecekatoTcst Ha BbICOTe TPeyrofibHMKa
ABC.

7. B octpoyronsHom TpeyronsHuke ABC H — opTouenTp. Ha ctoporax AC n BC oTmeyeHsl

Ttoukn K u L cooretcteenHo Tak, 4to AK = BH n BL = AH, M — cepeaunHa oTtpeska KL.
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Hokaxxute, 4to yron AMB — npsimoii.

DKCcTpeMasibHble rpadbl

19 nrons

1. (a) Haligute makcumansHoe kKoNMHeCTBO pPEDEp B HECBA3HOM rpadhe Ha M BepLUMHAX.
(6) Haligute MmakcnmanbHoe KOMHECTBO pébep B HECBSIBHOM rpadhe Ha ML BEPLUMHAX, NMEIO-
Lero He MeHee K KOMMOHEHT CBA3HOCTW.

2. HazoBéM cBoIICTBO rpadpa HaC/ie4CTBEHHbIM, ECAIN OHO BbIMOJIHAETCS /11 BCEX €ro nofrpa-
dos.. Mycts P(Nn) - Hanbonbliee konnyecTso pébep B rpade ¢ N BepluMHaMu, obnagaroLem
HacneACTBeHHbIM cBolicTBoM. [lokaxuTe, 4To P(n) < Z5P(n—1).

3. (a) Ha nnanere cywectayer 100 rocysapcts, n kakue bbl TpU U3 HUX He B3sTb, Cpeau
HUX HaligyTcs ABa, UMeNoLMe AMMIOMATMYeCKue oTHoWeHNs. Kakoe MUHMMaNbHOE YUCNo
NOCOIbCTB Ha njaHete?

(6) Haiignte makcmansHoe dncno pébep y rpacpa Ha 30 BepLumMHaXx, y KOTOPOro HET MOJHOMO
noarpada Ha Tpéx BepLUnHaXx.

(B) okaxuTe, 4To ecnu B rpadbe Ha 2n BeplunHax He MeHee N2 + 1 pebep, To B HeMm ecTb
TPeyroNbHUK.

(r) Haiignte makcumansHoe qucno pebép y rpacpa Ha 30 BeplunHax, y KOTOPOro HET MOJHOMO
noarpada Ha 4eTbIpéx BepLUMHaX.

4. 3a KpyrnbiM cTosIoM cuaaT 2n yenosek. Paspelwaetcs nobbix AByx Ntogeli, CUasLinx
PAAOM, MOMEHATL MecTamu. Kakoe HauMmeHbliee YUCAO TaKuX MepecTaHOBOK Heobxogmmo
coenaTb, 4TODbI B pe3ynbTaTe KaXible ABa COCeAa OCTanncCb Dbl cocensimm, HO cuaenmn bbl B
obpaTHOM nopsigke?

5. (a) B rpade Ha M BepwmHax ntobble ABa HEYETHBIX LMKIA He UMeOT obLymx pebep.
Halignte MmakcumanbHoe Koan4ecTso pebep B TakoM rpade.

(6) HaiignTe MakcumanbHoe koan4ecTso pebep B rpadbe, eCan B HEM TL BEPLUNH U HET LINKIIOB
YETHOW AJINHbI.

Jlemma He-bepHcainpga

19 nrons

1. MNycte p — npocToe yucno. Pasobbém kpyr Ha P cekTopoB U Dysem KpacuTb B a LiBe-
ToB. bygem cuntaTh packpacku 3KBUBaSIEHTHBIMM, €CIN UX MOXHO MepeBecTy Apyr B Apyra
NOBOPOTOM.

(@) Ckosbko packpacok MOXET NiexaTb B OAHOM KJACCE SKBUBANEHTHOCTM !

(6) Caenaiite otctoga BbiBog, 4To aP = a(mod p).

2. HazoBéM y30pom packpacky Tabauusl XN B aBa yseta. OgHo onepaymeid paspeluaercs

NEPEKPACUTL BCE KIIETKU NobbIxX CTOJ'I6LI,OB nan CTPOK B NPOTUBOMOJIOXKHbIE LUBETA.
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(a) [okaxuTe, 4To ecnu npuMennTb BCe 2°™ onepauuii K OfHOMY M TOMYy e y30py, TO
nosly4eHHble TakuM 0bpa3oM y30pbl OyayT BCTpeYaTbCs POBHO MO fiBa pas3a.
(6) Byzem cunTaTh y30pbl O4MHAKOBLIMU, EC/TN O4MH MOXHO MEPEBECTU B APYTOiA NPU NOMOLLN
oaHoii onepauun. CKONbKO CYLLECTBYET PasUYHbIX Y30pOB?
3. [Ina npaBuibHOrO M-yrofibHUKa Ha MJIOCKOCTU PaCcCMOTPUM MHOXeCTBO D, Bcex aBuxe-
HUIA, KOTOPbIE NEPEBOAAT ero B cebs.
(a) Paccmotpum Bepwmnbl A n B. [Jokaxute, 4to cpegn anementos Dy, cyliecTByeT poBHO
ABa ABWKEHUS, KOTOPbIE NEePeBOASAT OA4HY B APYryHo.
(6) Ckonbko Bcero snemenToB B MHOXecTBe Dy? Bepro s, 4To ntoboe Takoe gsnkerue
MOXHO MPefACTaBUTbL B BUAE KOMMO3NULMN CUMMETPUUN 1 NoBopoTa’
4.TTycTb Haf 3N1EMEHTaMMN HEKOErO MHOXKECTBA X pa3peLleHO COBEPLLATh HEKOTOPbIE AeNCTBUS
G ={f: X — X}. lpn 3TOM, BbINONHEHbI TPU CBOWCTEA:

e ToxnaecTBeHHoe npeobpasosaHue idyx npuHagnexnt G.

o Komnosnuus geictenii n3 G Takxe npuHagnexunt G.

e Ecnn f npunagnexnt G, To oHo obpatumo, u obpatHoe f~! Toxxe npunagnexnt G.
Hazosém opbutoii snementa x € X mHoxecteo Gx = {f(x)|f € G} C X.
Hasosém crabuimzatopom snementa x € X muoxecteo Sx = {g € Glg(x) = x} C G.
Hlokakute, 4TO
(@) Ans nwoboro y € Gx soinonHeno [Sy| = [Sx|. Kak cnegcrene, |G| = [Gx] - [Sx|.
(6) ObozHaunm uepes s obuiee 4ncno opbut. [lokarknTe, YTO BbINOSHEHO PABEHCTBO

s-1Gl =) _Fix(g),

geG

rae Fix(g) — a0 uncno tex anementoB X, KOTOpble OCTAlOTCA Ha MECTE NOA AEACTBUEM (.
5. CkonbKo cyLiecTByeT cnocoboB MOKpacuThb BEPLUMHbLI NPABUJILHOO WECTUYrobHNKa B K
LIBETOB C TOYHOCTbIO 10 NOBOPOTa?

6. B kBagpate nposegeHa anaroHanb. CKOMbKO CyLLIECTBYET CMocODOB MOKPACUTb MNsATb OT-
pe3koB (CTOpOHbI KBagpaTa v AnaroHasb) B K LBETOB C TOYHOCTBIO O CAMOCOBMELLEHUS !
7. (a) Ckonbko BCero cylecTByeT BpalleHuii Kyba, npu KOTOpbIX OH nepexoanT B cebs’?
(6) MocunTaliTe OTAENBHO YNCAO BPALLEHNIA, ECAN OCb BPALLEHNS MPOXOAUT Hepes ABe Bep-
WNHBI; Yepe3 CepeanHbl ABYX CTOPOH; Yepes LEeHTPbl ABYX rpaHeii.

(B) PaccmoTpum Bce packpacku rpateii kyba B k usetos. [ns kaxzgoro Twna BpaileHus
noacuHuTaliTe, CKOJBbKO Packpacok nepeBoasTcs B cebs.

(r) Ckonbko cyLiecTByeT pasanyHbix (C TOHHOCTHIO 4O BPALLEHNS ) pacKpacok rpaHeii kyba B
k ugetos?

(8) B uenTpe kaxgoii rpanu kyba Hapucosanu ctpenouky T, |, <— unm —. Ckosbko (¢ Tou-
HOCTbIO [0 BPALLEHUs) CYLLEeCTBYET TakKUX PacCTaHOBOK?

8. BoceMb BeplunH 4Y4eTLIPEXMEPHOrO rnnepkyba pacnonokeHbl B TOYKax C KOOpPAMHATaMM
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(x,Y,z,1), rae Bce nepementbie npuHumatot 3HadeHnst O nan 1. Pébpa nposogsTcs B TOM
N TONIbKO TOM CJy4ae, ec/in y BepLUUH Pa3/n4aeTcsl pOBHO OAHa KoopauHaTa. PacctosiHus
B YeTbIPEXMEPHOM MPOCTPAHCTBE BbIYUCAAIOTCS MO aHANOrMM C TpEXMepHbIM. [locunTaiiTe,

CKOJIbKO CAMOCOBMELLIEHNIA CYLLECTBYET Y YeTbIPEXMEPHOrO runepkyba.

/

(cm. Takxe en.wikipedia.org/wiki/Tesseract)

Kpacnm nnockocTb

20 wrons

1. MnockocTb nokpawera B 2 ugeta (oba useta npucytcraytoT). JokaxuTe, 4To HaligyTcs
(@) aBe Toukm ogHoro useta Ha pacctosHn 1;

(6) aBe To4kM pa3Horo ugeTta Ha pacctosiHum 1;

(B) npaBunbHbLI TPEYroNbHUK C OAHOLBETHLIMI BEPLIMHAMU;

(r) npsiMOyro/ibHbIA TPeyroNbHUK C OAHOLBETHLIMU BEPLUMHAMU;

(&) oTpesok, cepeuHa 1 KOHLI KOTOPOrO MOKPaLleHbl B O4UH LIBET.

2. Kaxgas To4ka NJoCKOCTW MOKpalleHa B OAuWH U3 N useToB. [JokaxknuTe, 4TO Haligercs
NPSIMOYFONbHUK C OAHOLIBETHLIMI BEPLUUHAMMU.

3. Kaxgas To4ka niockocTn nokpatueHa B oamH 3 n usetos. Okazanock, 4To nobas npsamas
NPOXOAMT Yepes TO4YKM He bonee yem AByx LBeTOB. [1py Kakom HanbosibLIEM L 5TO BO3SMOXKHO?
4. MnockocTb nokpawera B 3 uygseta (Bce useta npucyTcTeytoT). JokaxnTe, 4To HaligeTcs
NPSIMOYFO/bHbBIA TPEYrONbHNK C BEPLUMHAMMN TPeX Pa3HbIX LiBETOB.

5. Hasosem xpomatuyeckum uyuciom naockoctu X (R?) HanMeHbluee YUCNO LBETOB, B KO-
TOPOE MNIOCKOCTb MOXHO MOKPACUTh TaK, Y4TODbI He HALINIOCh ABYX OAHOLBETHbLIX TOYEK Ha
pacctosnum 1. [okaxuTe, 4to (a) x(R?) >4 (6) x(R?) < 7.

6. [okaxnTe nynkTbl (B) v (4) nepBoii 3aga4n npu ycnosuy, YTO MJIOCKOCTb MOKPALLeHa B

3 ugerta.
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3agaun gna abaku

20 nrons

Anrebpa

1 1 1 1 1
A8 VnpocTuTe BbipaxeHue mrvarie i vy B v el v cr:y Bl v 3 e § R Al w7y e

A16 MycTb X1 1 X2 - KOPHN KBaAPaTHOro ypasHenns x> —9x —3 = 0. CocTaBbTe KBagpaTHOE

1 1
YPaBHeHMe, KOPHAMU KOTOPOro SBASIOTCA HYncna X1 + -~ 1 X2 + -

A24 Hemy MOXET paBHATLCA X €CAU N3BECTHO, HTO

X_a_b_c
 b+c c¢c+a a+b

A32 KesagpaTHas dyHKLns onpeaenera soipakernem f(x) = x? — 2. CkonbKko AelicTBUTENb-
HbIX KOpHeli umeeT ypashenune f(f(f(f(f(x))))) = 07
A40 VkaknTe 5 apudpmeTnyecknx nporpeccuii ¢ pasanyHbIMU LESbIMU Pa3HOCTSIMU HE paB-

HbIMWU 1, NOKpbIBatOLME HATypanbHbIl Psf.

[eomeTpus
8. B Bbinyknom wectnyronsHuke ABCDEF Bce BHyTpeHHUMe yrabl paBHbl. V3BecTHO, 4TO
AB =2 CD =5, DE =7, EF = 1. Haiigute BC n AF.
[16. YHepes BepwnHy B napannenorpamma ABCD nposegeHa npsimasi, KoTopasi A4eauT CTO-
poHy AD B oTHowenun 1 : 5 cuuTas oT BepwuHbl A. B kakom oTHoweHWn oHa Aenut
anarornans AC?
[24. B TpeyronbHuk BnmcaHa okpy>xHocTb paguyca 2. OfHa U3 To4ek KacaHusl C Hell genuT
COOTBETCTBYIOLLYO CTOPOHY TpeyrosbHuka Ha oTpesku gauubl 3 n 10. Haligute nepumetp
TpeyrosbHuKa.
32. Hailgnte nnowaab tpeyronsHuka ABC, ecnin AB = 3, AC = 5, a ogHa n3 meauaH
paBHa 1.
[40. Ha kaTeTax Cc gnimHamm a n b npsiMoyrofibHOro TpeyrofibHUKa BblOupatoTcst Toukn P u
Q cooteetctBeHHo. [lycte K n H - ocHoBaHus nepnenaunkynsipos PK n QH, onyuweHHbix Ha
runoTeHy3sy. Haligute HanmeHbluee Bo3MOXKHOe 3HaveHne cymmbl KP+PQ4+QH.

Llenbie uncna
LI148. HaliguTe Hanbonbluee TpexaHadHoe N, Takoe 4yto HOMl(n,60) = 6
L|416. HaliguTe Bce npocTele p, Ans KoTopbix Yncno 2P 4 p? Takxke NpocToe.
Y24, Ckonbkumu cnocobaMm MOXXHO MPeAcTaBUTb YUCIO, SABSIOLLEECS NPOU3BELEHNEM TL
Pa3/INYHbBIX HEYETHBIX MPOCTbLIX YNCES, B BUAE PA3HOCTM ABYX KBAAPaTOB HaTypasibHbIX Yncen’
L432. Mpuaymaiite HaTypanbHbie yncna a,b,c,d, Takue yto uncna a® + b%, a? + b? +
Cz, a’?4+b?+c?+d?- KBaZpaThbl LeblX Yuncen.
L4Y40. Hdanbl yncna 1,2,3,...,2010. Haiigute Hanbonbliee m, obnagatoliee Takum CBOI-

CTBOM: Kakue bbl m un3 AaHHbBIX YNCEJT HN BbIHYEPKHYTb, Cpean OCTaBLUNXCA HKhcCen Hal7l,£l,yTC9|
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[Ba, OQHO U3 KOTOPbIX AENNTCA Ha Apyroe.

KombuHaTopuka
K8. Ckonbko KBafpaTOB MOXHO HapMCOBaTb MO JIMHUSIM CETKU Ha Aocke 5 X 57
K16. B komnanum N yenosek. Ka)kgomy U3 HUX HpaBUTCs poBHO K Ntofeli U3 3Toil KoMnaHuu.
[py KakoM HavMeHblieM K MOXHO yTBEPXKAaTb, HTO 0bsA3aTesIbHO HalAyTCs ABa YenoBeka
N3 3TO KOMMNaHUW, KOTOpblE HPABSATCA ApYr Apyry’
K24. [1soe wrpatoT B cnepytowyto urpy. B knetyatom npsiMOyronbHUKe M Ha T KaXK4blli
Mo oYepean BbIYEPKMBAET BCE KNETKU KAKOrO-HWUOYAb rOPU30OHTANIbHOMO WM BEPTUKAILHOMO
Psiia, B KOTOPOM €LUE eCTb HEBbIYEPKHYTbIE KIETKW. BbiMrpbiBaeT TOT, KTO BblYEpKUBaET
nocneaHne knetku. [pn Kakux M v N BbINFPLIBAET NEPBbIA !
K32. Kakoe HaumeHbLLee H1CNO DULLEK HY)KHO MOCTaBUTL Ha LIAXMaTHOW [OCKE pa3Mepamu
8 Ha 8 Tak, 4TODbI B KaXKAOM Psifly, KaXX[OVi CTPOKE 1 Ha KaXKAO AMaroHanm CTosiia XoTst Obl
ofHa ulKa (fMaroHansb MOXET COCTOSITL U3 OAHON KIETKM).
K40. Ha pocke Hanucano 100 Hyneir, 101 eaunnua v 102 agoiikn. Paspelsaetca crepeTb
ABE HepaBHble UNPbI 1 BMECTO HUX HaMUCaTb OAHY LUMPY, OTAUYHYHO OT CTEPTLIX. lakas
onepauus bbina nNpoaenaHa CTONBKO pas, CKOJIbKO ObI0 BO3MOXHO. YTO MOrio octaThcs Ha

pocke? (MOr0 0CTaTbCs HECKOIBKO Ymcen)

KombuHaTtopHas reomertpusa
KI'8. PaspesaTb kBagpaT CO CTOpPOHOI 4 KNETKU Ha MPSIMOYrONIbHUKK, CyMMa MePUMETPOB
KOTOPbIX paBHa 25.
KI'6. ®urypa F nmeer age ocu cummeTpum, yron Mexay koTtopbiMu paseH 46°. Kakoe
HAaUMEHbLLIEE YNCIO OCER CUMMETPUMN MOXET UMETL F7
KI'24. Ha ctopoHax TpeyronbHuka ABC oTMeTUAN HECKONbKO TOYEK — A TOYEK Ha CTOPOHE
BC, b Touek Ha cTopoHe CA, ¢ Touek Ha cTopoHe AB. Kaxkfyto oTMeYeHHYyt0 TOYKY Ccoeaun-
HUJWN C NPOTUBOMOJIOMHOV BEPLUMHON, 1 OKa3aJoCh YTO HUKAKUE TPU NMPOBEAEHHbIX YEBMAHbI
He nepecekatoTcs B ofHol Touke. Ha ckonbko vacTeii oHun pasbunm tpeyronbHuk ABC?
KI'32. Hapucyiite aBa nNsiTuyrosibHWKa Tak, 4TODbI Y HUX ObIAN OLHU U Te XKe BEPLUUHbI, HO
He ObINIo HW OAHON ObLLEN CTOPOHbI.
KI'40. Kakoe Haunbosiblee YNCNO TOYEK MOXKHO OTMETUTL B NPsSIMOYroabHuke 3 X 4, Tak 4To

PaCCTOsIHME MEXAY MOBbIMU ABYMS N3 HUX 6bl10 Gonblue /57
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TeopeTunyeckmne BonpocChbl K 3a4eTy

22 nrons

1. Kputepnuii KapHo. Teopema KapHo, opTonornytsie Tpeyronbhuku. Optonon. [NMpumepsl
OPTOIOTNYHBIX TPEYTObHUKOB.

2. Dopmyna diinepa n eé cneacteust. CBA3b C BbINYKAbIMU MHOTOrpaHHuKamMu. [JBoCTBeHHbIT
rpadp. Packpackn mHororpaHtuka B 2, 4 n 5 ugeTos.

3. Teopema XeaTana. Teopema @Papu. Kak pacCcTaBuTb OXpaHHUKOB Ha MJIOCKOCTU, YTODBLI
BUAETb BCIO BHELLHIOW TEPPUTOPUIO?

4. Cymma [Byx KBafipaToB MO MPOCTOMY MOAY/O, METOA pa3buerns Ha yeTsépku. Vlccne-
noBanune cnyyaes —1, 2, —2 npw nomowm kputepus Jiinepa. MNpocTeix Yncen suga 8k + 3,
8k + 5 un 8k + 7 beckoHe4HO MHOrO.

5. lMNepanbHbiii TpeyronbHuk, npsiMmast CumcoHa. lNeganbHblie TPeyrofbHUKY N30rOHANbHO CO-
NPsiXKEHHBbIX TodeK. Touku Toppuyennu n AnonnoHuns.

6. Lluknbl B cuabHO CBSI3HOM TypHupe. 3agadva ob nHeepTupoBaHumn pebep o4HOIN BepLUMHBI.
3afjaya 0 BbIKUAbIBaHUN pEbep CUbHO CBA3HOrO rpada.

7. VNpesa ycpeaHennsi. 3agada o 4ucie map CTOAWMX PSiAOM MafibdukoB. Pébpa mosHoro
rpadpa MOXXHO MOKPACUTb B [1Ba LBETA, YTODbI OAHOLBETHLIX TPEYrOJIbHUKOB ObINO MeHbLLEe
yeteptu. [ns noboro n > 1000 cyuiectBeT TypHup, B KOTOpOM cpean Ntobbix 2n + 1
KOMaH[, HallgyTCs Tpu, MO LUWUKAY BbIMTpaBLUMe APYr Apyra.

8. B kakux cnyvasix apudpmetnyeckas nporpeccusi cogepXuT B cebe reometpudeckyto? [lo-
KQXXNTE, YTO eC/in apudPMEeTUYECKast MPOrpeccusi COAEP>XXUT KBAApPaThl TPEX MePBbIX YJEHOB,
TO OHa LENOYNCIEHHAs.

9. Jlemma He-bepHcaiiga. [dokazatenscteo Manoii Teopembl @epma. Hucno cnocobos no-
KpacuTb Kyb B k L,BETOB.

10. XpomaTtuueckoe 4ncno nnockoctu. OgHOLBETHbIE KOHCTPYKLMUA MPY pacKpacke MioCKo-

CTn B Tpun UBETA.
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3aKJ/Jlo4YnNTesIbHbIN TecT

22 nrons

OnpepgeneHue. lyctb aaH Habop 3HayeHwnit aj, Ay, ..., dy. Yucno C HasbiBaeTcs me-

AnaHoii 3Toro Habopa, ecnu nonosuHa Yucen He bonbwe C, n nonosuHa He mexblue C.

B KoHue cMeHbl geTsm Bbina npegnoxeHa cneayrolias 3agada.
1. (a) OueHuTe CNOXKHOCTb 3aHSATWIA MO LWKae
ot 1 (ketrypy 3a Tpu 6anna) ... po 7 (HenogbEMHas rpobuHa);

(6) OueHute HOBU3HY 3aHATWMIA NO WKae
ot 1 (bei10 Ha kpyxke 5 knacca) ... go 7 (nepegHnin Kpai Hayku).

C MegnaHaMn NOJIyHUBLLUNXCA Ha60pOB MO>XHO O3HAKOMUTbLCA B Ta6n|/|u,e:

Tema (a) | (6) | Tema (a) | (6)
1. B none npoxoaut gopora 4 14,5 15. KoHeyHoe B beckoHe4HOM 3 4
2. lHoyKTUBHbBIE KOHCTPYKLMK 3 3 | 16. 13oroHanbHoe conpsixkeHne | 5 6
3. Kputepuii Kaphro 3 5 | 17. MHorouneHsl 6 4
4. PazHoboii-1 3 3 | 18. CunbHO CBsI3HbIE TYPHUPDI 4 3
5. Bbinykable MHOFOrpaHHNKY 4,5 | 5 | 19. Bokpyr Hep-Ba Tpeyr-ka 4 2
6. KBagpaTHbIli TpexuseH 4 3 | 20. YcpenHerue 3 3
7. Pasnoboii-2 4 3 | 21. 3apaya 0ob nHonnaHetaHuHe | 2,5 | 5
8. HepageHcTBa 4 3 | 22. YcpeaHerue B rpadpax 4 | 4
9. OpTonornyHble TpeyronbHukm | 3 6 | 23. Apudpmer-e nporpeccun 4 3
10. AnukBoTHble apobu 4 3 | 24. Ewg pas kBagpaThl 4 13,5
11. Haitn kpaiinero 3 |2,5|25. Jlemma He-bepHcaiiga 551]6,5
12. HeBo3MOXHbIE 0OBEKTHI 5 6 | 26. JkcTpeMasbHbie rpadbi 5 5
13. Kak oxpaHaTb my3eii 5 5 | 27. Kpacnm nnockocTb 4 4
14. Cymma aByx KBagpaToB 4,5| 4 | 28. Abaka 3 |3

TaK)Ke, Mbl NOACHUNTaNN CpeaHee apl/lcbmequeCKoe BCEX MONYHEHHbIX HYNCEN:

CnoxHoctb: 3,9 HoBusHa: 3,96
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