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BctynutenbHbii Tect M8

1 nronsa

1. Hanvwwute popmyny Diinepa ans nnaHapHoro rpada Ha njaockocTul.

2. Cdpopmynupyiite onpesenerne dpyHkunm iinepa. YKaKnTe 3HadeHue pyHkuumu diinepa
ans n = 100.

3. Yo Takoe creneHb Touku? Kak onpesensietcss pagukasibHasi OCb ABYX OKPY>XHOCTel?
PaankanbHbIi LeHTP TPEX OKPY>XXKHOCTENR !

4. Yepes TOUKY BHYTpW TPeyrofibHNKa MPOBEAN TPU MPsiMbIX MapaiesbHbix cTopoHam. /13-
BECTHO, YTO MAOWAAN MOAYUUBLLNXCS TPeyroibHUKoB paBHbl 92, 25 n 49. HaiignTte naowaab
NCXOAHOTO TPEYrobHUKA.

5. B rpynne 10 manbunkos n 7 gesodek. CkoabknMu cnocobamy MOXKHO M3 HUX BbiDpaTb
KOMaHZy 13 6 4es0BEK, B KOTOPOI MOPOBHY MasibY4NKOB 1 AEBOYEK?

6. Jana dyHkums y = x> — 8x + 23 HaliauTe ee HauMeHbLUEe 3HAYEHNE W YKaXKnuTe npu
KaKOM 3Ha4YeHWn aprymMeHTa OHO JOCTWraeTcs.

7. Halignte octatok ot generns yncna 20272024 ya 23.

8. Yro bonbwe C3 + C3 + CS + -+ C3" unu 252 u nouemy?

9. Haiigute octaTok oT geneHusi muorounena x20%% 4+ x2022 — 2 ya x2 — 1,

10. B Tpeyronbruke ABC nposenu npsimyto, cummerpuynyto megmaie AM oTHocuTenbHO
buccekTpuckl yrna A. Bbipa3uTe oTHolieHne, B KOTOpoM oHa aenunt otpe3ok BC, 4yepes

CTOPOHbI TPEYroNbHNKA.

ab ac bc
11. [lokaxkuTe, 4To ANA NONOXKUTENBHBIX YiCeN d, b, C BEPHO HEpaBEHCTBO b Tare Thie S
a+b+c

2
12. lMocTpoiite yetbipéxyronsHnk ABCD, y kotoporo anaroHans AC sisnsietcss buccekTpu-

coli yrna A, 3Hasi A/IUHbI €ro CTOPOH.

13. [an npasuabHbiii 2025-yronbHnk AjAs... A n O — ero uentp. [okaxute, 4to
H % —

cymma BektopoB OA 1 + OA, + - - - + OAp5 pasHa 0.

14. [okaxuTe HepasencTeo a’ + b* + ¢* + d* + e* > a’b + b3c + e + d*a + €3d.

15. KeagpaTHbiii Tpexunen P(x) = ax? 4+ bx + ¢ umeeT uensie kopHu. Yucna a,b,c —

uesnble, npudeM ¢ HedéTHo. MoxeT au yucno P(2023) bbiTe HEeYETHBIM?

B none npoxogunTt npsimasi gopora

2 nronsa

1. B none npoxogut npsimasi gopora, a no Heli co ckopocTbto 10kM/4 efeT Benocuneamcr.
YKaXKnTe BCE TOYKM MOJs, C KOTOPbIX MOXHO JOTHaThb BenocuneaucTa, ecnn (@) bexats ¢
Tol »xe ckopocTbto; (6) MaTM co ckopocTbio 5 KM/H.

2. Ha popore Haxogutcsi aBTODycHasi OCTaHOBKa, rae CTouT Aegylika. [1o nosto oH Moxet
MATU CO CKOPOCTbIO He bonee 3 KM/ 4, a no gopore — He bonee 6 km/4. Hapucyiite Bce TouKN

noasA, A0 KOTOPbIX OH MOXET AOMTM 3a 1 vac.
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3. B 5 km ot goporu pacnonaraetca nsbywka nectuka. Ot n3bywkn go aBTobycHoll ocTa-
HOBKM poBHO 13 kM. JleCHMK XOAMT Mo MOJIKO CO CKOPOCTLIO 3 KM/4, a no gopore — 5 km/u.
MoxeT nu oH nonacTb Ha OCTaHOBKY 3a 3 4aca 44 MuHyTbI?

4. Nec npeactasnsieT coboii durypy nnowagn 25 kKM%, OKPYEHHYIO MOJEM U HE NMEIOLLYIO
BHYTPEHHUX NycTbix obnacteii. [lyTHUK noTepsncs B necy u He 3HaeT ero dopmbl. Kak emy
BbLIATU 13 neca, npoliasa He bonee 104/7T km?

5. Henoganéky ot neca ectb bepésosasi pouia B dopme kpyra ¢ paguycom 1 km. Haiign-
Te MUHUMAJbHYIO AAUHY NYTU, KOTOPbLIA HY>XHO Oblao Obl NPOATK, 4TODLI rapaHTUPOBAHHO
BbIOpaTLCS U3 poLy.

6. Bbl HaxoanTeck B nosie Ha paccTosiHuy 1 KM OT NpsiIMOIl AOPOrU, HO He 3HAaeTe, B KaKOiA

oHa ctopoHe. Kak BbIiiTn Ha gopory, npoiigs He bonee (a) 7,3; (6) 6,72; (B) 6,4 km?

BCTyﬂ ntTeJibHasd oJimmiinaga

2 nronsa

1. V kBagpaTHoro TpéxuneHa ax? 4+ bx + ¢ Bce Ko3phULMEHTbI Pa3ANYHbLI 1 OTAUYHBI OT
Hynsi. OKa3anoch, 4TO TpéxuaeH bx? + CX + a UMeeT TOT »ke AUCKPUMUHAHT. [JokaxuTe, 4To
NCXOAHBIVE TPEXUIEH UMEET XOTs Obl OAWNH KOpeHb, MeHbwuii 1.

2. CKOJIbKO CyLLLECTBYET CMOCODOB BbIOPaTh HeCckoNbKO Hucen ot 1 go 49, 4Tobbl nx npons-
BefieHne BbINo TOYHBIM KBaZpaToM (TO eCTb KBaApaToM Lenoro vucna)?

3. [NpsamoyronbHuk paspesanu Ha nosocku 1 X M. [JokaxxuTe, 4TO KOAMYECTBO MO0 ropu-
30HTaIbHbIX, MO0 BEPTUKAJbHBIX MOJOCOK AEAUTCS Ha M.

4. B tpeyronbHuke ABC ZA = 45°, /B = 60°. Ha npogonxeHun ctopoHbl AB 3a Touky
B otnoxeHn oTpesok BD = 2AB. Haiigute yron BDC.

5. Koponb pewmn yctponTb TecT cBoeMy npugsopHomy myapeuy. Myapeuy Hy>KHO HanucaTb
Ha gocke 10-3Ha4YHOE 4YMC/IO, NMOCNE Yero KOpOJSib HAa30BET Kakoe-HUOyAb CBOE HaTypasbHOe
qucno ot 1 go 100. Ecnu mygpew, cMoXeT nocTaBuThb 3Haku +, —, X (HO 6e3 ckobok) mexay
HEKOTOPLIMU LPpaMy YiCaa Ha JOCKE TaK, YTODbI pe3ynbTaT Obll paBeH HUCNy KOposis, TO
OH NpOoRAET TecT. Kakoe 4ncio MOXET HanncaTb MyapeL, HTobbl rapaHTMPOBAHHO CMPaBUTLCS

C 3ajaHnem kopons?
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MHoroyneHsbl

3 urons

l. icnonb3yst Teopemy BueTa, yragalite KopHU KBaApaTHbIX YpaBHEHWIA:

(a) x* —5x+ 6 =0;

(6) 2x* —5x +3 =0;

(8) X! — (2a+4)x+ a*+4a=0.

1. He Bbiuncnss kopHeli ypasHenus 3x% +4x — 1 = 0, Haiitu x% 4+ x3, x3%1 +x3x2, %3 +x3.
I11. MycTb X1 1 X, — kopHu ypasHeHust 2x> —7x —3 = 0. CocTaBbTe KBapPaTHOE ypaBHEHME,
KOPHSIMU KOTOPOTo ByayT SIBAATLCS YUCAa:

@) x1—Tnxy—1,

©) &0t

(8) x1%3 n xox?;

(r) 2+TnZ+1

1. BblpasnTe ANCKPUMUHAHT KBaApPATHOrO TPEXU/IEHA YEPE3 Er0 KOPHMU.

2. N3BecTHO, 4TO KOPHU ypaBHeHUs x> +Ppx + q = 0 — Lenble 4ncna, a p U g — NpocTble
ducna. Havigute p n q.

3. MycTb n30bpaxén rpaduk dyrkunn y = x> +ax+b. Toukn A n C — Toukn nepecedenns
rpacpuka ¢ ocbto OX, npudem A neesee C, B — Touka nepecevenus rpacuka c ocsto QY.
N3BecTHO, 4TO Npsimast AB nepneHavkynsipHa npsmoii Yy = x. Haligute gnuny otpeska OC,
roe O — Havyano KoopAuHar.

4. KeagpaTHbiii Tpéxunen f(x) = ax?+bx + ¢ npuHnmaeT B Toukax ]E N C 3HAYEHUSA Pa3HbIX
3HakoB. [JokakuTe, 4TO KOpHU TpéxyneHa f(X) nMeroT pasHble 3HAKN.

5. [an rpacduk dyrkumu y = ax?. Mpamas nepecekaeT eé B Toukax C abcumccamu Xq u Xz,
a camy ocb abcuucc B Touke ¢ KoopanHaToii X3. [dokaxunTe, 4To )3—1 + )2—2 = )3—3

6. Cto nocnenoBaTenbHbIX YETHBIX YUCEN B3sIM B KadecTBe KoappuuneHtTos ax u by 8 50
KBaZpaTHbIX ypaBHeHUSIX Buga X2 + axx + by = 0. MoryT nu Bce 3T ypaBHEHNS NMETb
Lesble KopHu?

7. MNpo pelicTBuTenbHble Yucna a, b, ¢ nssectro, 4to c(a + b + ¢) < 0. Jokakute, 4To

b2 —4ac > 0.

MpunHunn KapHo
3 urons
I. Jan otpesok AB n Bewecteentoe uncno ¢. (@) Ckonbko Ha npsimoit AB Touek X, Takux
410 AX? —BX? = c? (6) [okaxuTe, 4to [MT BCex ToHek MAOCKOCTU, YAOBNETBOPSIOLINAX
5TOMY PaBEHCTBY, NPeACTaBAseT cobO Npsamyto, nepneHankynspHyto AB.
Il. (MpuHuun KapHo) Ha nnockoctu gavbl Toukn A, B, C u D. [Jokaxure, yto AB

nepnenaukynsapro CD Toraa v Tonbko Torga, Koraa AC?—BC? = AD?—BD? wn AC?+
BD? = AD? + BC?,
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1. lan wectuyronshuk ABCDEF, B kotopom AB = BC,CD = DE,EF = FA, a yrael A
n C — npsimble. JokaxuTe, 4to npsimele FD n BE nepneHavkynsipHbl.

2. B octpoyronsiom TpeyronbHnke ABC Ha BbicoTe BH BbibpaHa npoussonbHas Todka P.
Touku A1 n C; — cepeauntbl ctopod BC n AB cooTeeTcTBeHHO. [lepneHankynap, onyLeHHbIi
n3 A1 Ha CP, nepecekaetcs ¢ nepneHgukynsipom, onyuieHHsiM 13 C; Ha AP, B Touke K.
Hokaxxute, 4to Touka K pasHoygmaneHa ot Todek A n C.

3. Han Boinyknbiit yeTbipéxyronsiuk ABCD Takoii, 4to AB = CB n AD = DC. Touknm
K,L, M — cepegunbl otpeskos AB,CD un AC cooTerctBeHHo. [lepnenaukynsp, npose-
NEHHbIA 13 Toukm A Kk npsamoii BC, nepecekaercs ¢ nepneHanKynsipoM, MpoBeAEHHbIM U3
Toukun C k npamoii AD, B Touke H. [okaxute, 4to npsimbie KL 1 HM nepneHgukynsipHei.
4. Nan tpeyronbiuk ABC. [NocTpoiiTe 0Tpe3ok, KOTopbIi pa30bbET ero Ha fiBa TPeyrosbHIKa
C OAMHAKOBOI CYMMOW KBaLpaTOB CTOPOH.

5. (Kputepnii Kapro) (@) MMyctb u3 Toukn M onyuwenbl nepnengukyaspst MA;, MBy,
MC; Ha cTtoporbl BC, AC, AB cOOTBETCTBEHHO, [OKAXNTE, YTO AB% — BC% + C1AZ —
AB?+ B;C?— CA3 =0.

(6) HokaxuTe, uto ecnn A1B2—BC3+C1A2—AB$+BC>2—CAZ = 0, To nepnenankynspsi,
onyuieHHble n3 Tovek A, By, Cy Ha ctopoHsl BC, AC, AB cooTBeTcTBeHHO, nepecekatoTcs
B O4HOW TOYKE.

6. NpumeHeHne kKpuTepusi KapHo B N3BECTHbIX CUTYyaLUSAX:

(@) [okaxkuTe, 4TO BbLICOTbI TPEYro/bHIKA MEPECEKAIOTCS B OAHONW TOYKE.

(6) Tpm okpyxHocTn nonapHo nepecekatotcsi. JokaxuTe, 4to obuwye xopgsl (uam nx npo-
LOJDKEHUNST) Map 3TUX OKPY>XHOCTEN NepecekatoTcst B OAHON TOYKE.

(B) MpogomxeHnsi pagnycoB BHEBMUCAHHBIX OKPY>KHOCTEN, NMPOBEAEHHBIX B TOYKM KaCaHMS
C COOTBETCTBYIOLMMM CTOPOHAMMN TPEYTOJIbHNKA, MEPECEKAIOTCS B OAHOWM TOYKE.

7. Ecnhu nepnenavkynsipbl, onyuieHHble n3 Todek Arg, B1, C; Ha ctoponsl BC,AC, AB co-
OTBETCTBEHHO, MEPECEKAOTCA B OAHOW TOYKE, TO W MEPNEHAUKYNAPbLI, ONYLLIEHHbIE N3 TOYeEK
A, B, C Ha B1Cy, A1Cy, A1By cooTBeTCTBEHHO, NEpecekatoTCst B OAHOR TOYKE.

8. K kaxxaoli cTopoHe TpeyrosibHuKa NpoBey NepneHanKyasip B TOYKE KaCaHUsl JaHHOR CTOpOo-
Hbl C BHEBMUCAHHOW OKPY)KHOCTbIO. [loKaXkuTe, 4TO TpW 3TUX NEPNEHANKYNSAPA NepecekatoTcs
B OLHOWN TO4Ke.

MHayKTBHbIE KOHCTPYKL UK

4 nronsa

|. PaspexbTe KBagpaT Ha:

(@) 4 menbwux kBagpaTa (He 0bsi3aTENbHO OANHAKOBbIX);
(6) Ha 7 kBagpaToB;

(B) Ha 6 kBagpaToB;
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(r) na 8 kBagpaTtos;

(8) Ha nwoboe uncno keagpaTos, bonbluee nsTw.

I1. (a) Mpugymaiite 3 pa3nnyHbIx HaTypasbHbIX YNCIA Takmx, 4TobbI Kaxgoe bbiIo Aenn-
TENIEM CYMMbl BCEX OCTasIbHbIX;

(6) 4 uncna; (B) 10 uucen.

1. JokaxuTe, 4to 4ncno 1 MoxxHo npeacrasuts B Buge B cymmbl 2024 apobeii, yncantenu
paBHbl 1, a 3HamMeHaTeNn — pasfnyHble HaTypasibHbIE YMCNa.

1. B macTepckoit nsrotaBanBatoT KBaApaTHbIE PELIETKU, COCTOSILLME N3 KBAAPATHBIX S4eeK
co ctopoHoii 1. [lns 3Toro ncnonb3yoT 3aroTOBKW, COCTOSILLME U3 TPEX CTEpXKHel anunHol 1,
CBapeHHbIX nog npsiMbimM yriom B Buge byksbl T1. [1pn n3rotoeneHnn pewétkn 3anpeLaercs
HaKMaAblBaTb CTEPXKHU APYr HA ApYyra; MOXHO JIVlb CBApUBATb MX MexXay Coboli B To4Kax
kKacaHus. [13rotoBbTe KBaApPaTHYIO PELIETKY pa3MepOM

(@) 2x2; (6) 3x3; (B) 5x5; (r) 9x9.

2. Ecnn Ha gocke 3ammcaHo 4mcao A, K HeMy MOXHO NpubaeuTb t0DOIR ero cobCcTBEHHbI
penutenb (oTandHbIA oT 1 1 camoro A) 1 3aMeHNTb YUCIO Ha MOAYHMBLUYIOCS cymmy. [o-
KaXkuTe, 4To U3 A =4 MOXKHO MONy4nTb Nt0bOe COCTAaBHOE YUCO.

3. lpu kakux HaTypanbHbIX L 4ucna oT 1 0 M MOXKHO pa3buTb Ha HECKONbKO Tpynm, B
KaXKZoM 13 KOTOPbIX OAHO YMCO, YMHOXKEHHOE Ha 2, paBHO CyMME OCTasbHbIX?

4. Mansip MOXET 33 OfiNH XOf, NepeiiTn Ha COCEeHION MO CTOPOHE KNeTKy focku 8 X 8, mocne
3TOr0 OH AOJKEH MEPEKPACUTL €€ B MPOTUBONOJIOXKHbBIV LBeT. B Havane mansp cTtouT Ha yrio-
BOIl KNETKe [OCKU, rae Bce KaeTku benbie. [1okaxnTe, Kak Manspy NepekpacuTb TOJbKO OfHY
NPOM3BOJILHYIO KNEeTKY. [loKaKnTe, 4TO OH MOXXET MOKPACUTb JOCKY B LUAXMATHOM MOPSIAKE.
5. B komnanum u3 n venosek (N > 4) kaxablii y3Han no Hosoctu. Co3BOHMBLWINCH, ABOE
PacCKasblBatoT ApYr APYry BCe M3BeCTHble UM HoBocTu. Kak 3a 2n — 4 3BOHKa BCe CMOryT

y3HaTb BCE HOBOCTMN?

oo —

6. Bocemb uyenosek genst nupor. Kakablii X04eT noiy4nTb He MEHbLLUE ¢ OT BCEro nupora,
OAHAKO Y KaXKAOro MOXET ObITb CBOE MpeACTaB/ieHNE O LIEHHOCTY TOW WAM UHOR Y4acTu 3TOro

nupora. Kak nm opraHnsoBaTb Aenéx, 4Tobbl KaXkablii Obi 4OBOJIEH CBOE Aoneii?

T paHCc-HepaBeHCTBO

4 nronsa

I.LMyctba>d, ab>c. Torga (a+b)(c+d)<(a+c)(b+d)vwac+bd < ab+cd.

Il. Jokaxkute, 4to npu a,b,c > 1 cnpaBennnBo HepaBEHCTBO

E+E+E<abc—l—L+1
b ¢ a abc

1. [dokaxxnTe no WHAYKUUN TPaHCHEPABEHCTBO:

Myctb a1 2 a; =2 ... 2 a,mby =>by > ... > by, [lyctb ¢y, C2,...,Ch — HekOTOpPas
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nepectaHoBka 4ucen by, by, ..., b,. Torga

aib;+aby+...+ayby > aic +axcr +...anch = a1by + aob1 + ... a,bs.

f—t

.MNycte a > b > ¢ > 0. YnopsagounTte Habopbl 4ucen no yobiBaHuto:

111

(@,0%,¢%, (oo -

21,2 112 2 2 2
b2, b > e

2. [loka)knte HepaBEHCTBO U3 BCTYNUTENbHOIO TecTa:

at+ b+t +dt+ et > ddb+bde+ e+ dPa+ €d.

3. (a) a1+a2+ —|—a—“>TLﬂpI/I(11>O (6) a—?—b+bzc+aic<bic+aic+a:—b'
c>1

4. ,ZI,OKa>K|/|Te, 4yTo ANAa a, b,

ab +bc+ca > avbec + by ac + cvVab.

5. na a,b,c > 1 gokaxunTe, 410

a(b+1) Jrb(c—H) Jrc(c1—|—1)

b <
arbres— b+ ct

6. Jns a,b,c > 1 gokaxxuTe HepaBeHCTBO

1+ab T1+4+bc 1+4+ca
+ +
b+c c+a a+b

> 3.
7.c1,C2y...,Cn — pPa3nuyHble HaTypanbHble Ynucna. [dokaxute, 4To

T S AL
"y n? 2 n’

8. (Hepaserctso Yebbiwésa) Myctb a1 > az > ... 2 apnby > by > ... = by, Jokaxure:

a;b; + apby +...a,by < a1—|—a2...an.b1—|—b2—|—...bn
n - n n '

[Topobue

5 nrons

I. (@) HokaxuTe, 4To B NOAODOHbLIX TPEYrofbHNKAaX MeAUaHbl, BbICOTbI 1 BUCCEKTPUCH! MPO-
BeZlEHHbIE K MPOMOPLMOHAIbHBIM CTOPOHAM, OTHOCSTCS Kak K03 uumneHT nogobus.

(6) B nogobHbix TpeyronbHuKax niowagm OTHOCSTCS KaK KBagpaThbl KOIMPULMEHTOB NOAO-
bus.

Onp. lNpeobpazoBatne NAoCKOCTU HasbIBaOT nogobuem ¢ koabduuymentom k, ecam nocne

npeobpa3oBaHns BCE PaCCTOSIHUA YBENMYMBALOTCS B K pas.
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Il. JokaxuTe, 4To npeobpasosaHune nogobusi COXpaHseT yribl, B 4aCTHOCTW, COXPAHSIET CBOW-
CTBO NpsiMbIX ObITb NMapaaiensHbIMU.

1. JokaxnTe, 4TO ecnu cyLlecTByeT npeobpasoBaHme nogobus nepeBoasiiee OauH TPeyrosb-
HUK B APYroii, TO TpeyroibHNKy nogobHsl. BepHo nn obpaTtHoe?

IV. [aiite onpenenermne nogobHbix veTbipéxyronbHukos. VI onpegenerune nogobusi npons-
BOJIbHBIX PUryp.

1. Joka>kuTe, 4TO cepefuHbl OCHOBaHWIA N TOYKa NepecedeHns AuaroHaneli Tpaneunn nexat
Ha OAHOWN NPAMOIA.

2. [nowapb Tpaneuyun pasHa 9, a oaHo u3 eé ocHoBaHwuii B 1,5 pasa bonblie gpyroro.
HalignTe nnowaab HacTeld, Ha KOTOpble AnaroHaan pasdbuBatoT Tpaneuuto.

3. Bepro nu yTtBepxaeHue: "Ecau aBe CTOpOHbI U Tpu yrna OQHOIO TPEYrofibHUKa paBHbI
ABYM CTOpPOHaM 1 TPEM yriaM Apyroro TPeyrosibHUKa, TO Takne TPeyrosbHUKN paBHbl'?

4. Ortpesok BE pasbusaer tpeyronsHnk ABC Ha aBa nmogobHbIX TpeyroabHuKka, Npuyém
koachcpuLmeHT nogobusi paseq /3. Haligute yrabl Tpeyronshuka ABC.

5. W3 Bepwurbl C octpoyronsHoro Tpeyronbiuka ABC onyuieHa seicota CH, a u3 Touku H
onyuwierbl nepnenankynspsl HM n HN Ha ctoporbl BC u AC cooteetcTBeHHo. [JokaxunTe,
yto TpeyronbHukun MINC n ABC nogobHbi.

6. B tpeyronsHuke ABC Ha ctopone AB B3saTa Touka K, npuuém AK : BK =1:2, a Ha
ctopore BC B3aTa Touka L, npudém CL: BL =2 : 1. lNyctb Q — To4Ka nepeceveHns npsimbix
AL n CK. Haiignte nnowaas TpeyronsHuka ABC, ecan gaHo, 4To nnouwjafb TpeyroabHuka
BQC pagHa 1.

7. Yepes npounssonbHyto Touky P ctopoHbsl AC TpeyronbHuka ABC napannensHo ero me-
anaHam AK n CL npoegeHbl npsimble, nepecekatowme ctoporbl BC n AB B Toukax E u
F cootBetctBenHo. Jokaxute, 4to MeguaHel AK n CL genat otpesok EF Ha Tpw pasHble
4acTu.

8. Ha croporax BC u AD wuetbipexyronbinka ABCD B3satbl Touku M un N Tak, 4T0
BM: MC =AN:ND = AB : CD. Jlyan AB n DC nepecekatotcsi B Touke O. [HokaxxuTe,
yto npsimast MIN napannensHa buccektpuce yrna AOD.

9. Ha ctoporsl BC n CD napannenorpamma ABCD (nnm Ha ux npogonxeHnus) onyuyeHsl
nepnengukynsapsl AM un AN. HokaxnTte, 4to AMAN ~ AABC.

10. Megunana BK un buccektpuca CL tpeyronstHuka ABC nepecekatotcs B Touke P. JokaxuTe
PaBEHCTBO % — %—g =1.

11. Kakune 4eTbipéxyrosibHUKN MOXXHO pa3pe3aTb NPsiMOiA JIMHMER Ha ABa NOAODHBLIX MEXay
coboii YeTbIpéxyronbHNKa?

12. [3agaua o 6abouke] Hepes cepeanny C npownssosnsHoli xopasi AB okpy»xHocTn npo-
segerbl ase xopabl KL v MIN (touku K u M nexat no ogHy ctopory ot AB). Otpesok
KN nepecekaetr AB B Touke P. OTpesok LM nepecekaetr AB B Touke Q. [okaxuTe, 4To

PC = QC.
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I1pobOHble BblYeThbl

5 nronsa

Onp. Yepes Z, byaem 0bo3Ha4aTb CUCTEMY BbIYETOB MO MOLY/IO M.

I. ns npoctoro p cpaBHeHune bx = a (mod p) umeeT pelieHne, n Npu TOM €4UHCTBEHHOE.
I1. ns kakoro-Hubyas cocTaBHOro M NpuBeanTe NprMep cpaBHeHne, koTopoe (@) He nmeert

pewenus; (6) nmeer eanHcTBeHHOe pewenne; (B) MMEET HECKONBKO PeLLEHNIA.

1

Onp. ObpatHbiM BbIHETOM X' K BbIYETY X MO MOZY/IO TL HAa3bIBAETCS TAKOM BbIYET Y, HTO

xy =1 (mod n).

Pokyc. [asaiite pewenue x (ecnu oHo ecTb) cpaBHeHns bx = a (mod n) 3anucsiBaTh Kak

b~'a unm &, 4to ygobree. Tenepb xopoLo 6o Bbl 4OKa3aTh, HTO BbIYETHI, 3aNMCAHHbIE B

bl
BUae Apobeli AelicTBUTENBHO BedyT cebsi Kak apobu.
. o a c (mod p) (a) ac (6) ad
. lokakute, 4yToecim X = —, a y = — (mo , 70 (a) xxy = —; X:iy=-—:
Y=g P Y= ba be

(B)x+ :ad—l—bc_ (r)x— :ad—bc
Y="3a Y="va 3

1. (a) Onpepenute, KakoMy Knaccy BbI4eTOB MpuUHaanexuT 3 no moaynto 7. (6) Lenoe
4ncno a Takoso, 4to a’? = 36 (mod 73) n a®® = 59 (mod 73). Kakoii ocTaTok gaer
4ncno a npw genednn Ha 737 (B) Kakoii octatok gaer 92! npu genennu Ha 977

2. [okaxkute, ytoecm 3 #p E€PuIacZ: a*+9:p,todc€Z: c*+1:p.

3. HaTypanbHble 4ncna a u b takosbl, 4to yuncno a?%?2 + 1 genntest Ha ab + 1. Jokaxure,
410 yncno b2°?2 + 1 toxe genntcs Ha ab + 1.

4. (Teopema Bunbcona) (p —1)! = —1 (mod p).

5. (Teopema 3diinepa) Mycts k € {1,2,...,n} Takoe 4ncno, yto HOA(n, k) = 1. Obo-
3Ha4YnM 3a @ (M) Koanyectso sTux udncen. Jokaxute, 4to k®™ =1 (mod n).

6. lyctb p — npocToe yncno. Halignte ocTaTok OT fJeneHns yncna Cgp Ha P.

7. okaxkuTe, 4TO Npy NPOCTOM P > 2 4ncamTenb Apobu

nocne NpuBeeHust AeNTCs Ha P.
8. [daHbl HaTypanbHble Ynucna a, b un ¢ takue, yto ab + 9b + 81 u be + 9¢ + 81 genatcs
Ha 101. Jokaxxute, yto Torga u ca + 9a + 81 Toxe genntcs Ha 101.

P — |k
9. [Ins npocTtoro 4ncna p un HaTypanbHoro k > p gokaxunTe, 4to C; = [5] (mod p).
10. [dokaxxuTe, 4To Ans NtobOro NpocToro Ynucna P CywecTByeT HaTypasibHOE YMCAO TL TAKOE,
4to 2"+ 3"+ 6" =1 (mod p).
11. [lano npocToe p. [lokaxuTe, 4TO CyllecTByeT Takas nepecTaHoBKa (af, dz,...,dp)
qncen 1,2,3,...,p, 4T0 4ucna aj, ajdy, A1a20az,..., 010 ... 0, AAOT pasHble OCTaTKY
npu geneHun Ha p.
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IlBn><eHuns

7 nois

Onp. [lenkeHnem Ha3biBaeTCst Npeobpa3oBaHme MAOCKOCTU, COXPAHSIOLLEE PACCTOSIHNE MEX-

4y TOYKaMMu.

I. [JokakuTe, 4TO Npu ABUKEHUU OTPE30OK MEPEXOAUT B OTPE30K, MpsiMast B MpsiMyto, Tpe-
YrOJIbHVK B PaBHbIii cebe TpeyronbHuK, Yroa B paBHblii cebe yro.

Onp. lNpeobpazoBaHne NIOCKOCTU, KOTOPOE Kaxayto TouKy M oTobparkaeT Ha TaKyto TOYKY
M/, uto MM’ = 7, nasbiBaeTcs napaniesbHbiM NepeHocoM [ Ha 3aJaHHbI BEKTOP g

Onp. [peobpasoBaHmne NAOCKOCTU, KOTOPOE Kaxkayto Touky M oTobpaxkaeT Ha cUMMeTpuy-

Hyto eli Touky M’ oTHocuTenbHO npsiMoii 1, HasbiBaeTcs ocesoli cummeTpueit Sy.

Onp. lNoeopotom Bokpyr Toukn O Ha OpMEHTUMPOBaHHbLIN YroN & HasbiBaeTcs npeobpaso-

BaHue nnockocTi RE, koTopoe Kakayto Touky M oTobpaxkaeT Ha Takyto Touky M’, uTo

OM =0M'n ZMOM’ = «.

Onp. LentpansHoit cummetpmeii otHocuTensHo Toukn O HasbiBaeTcst npeobpa3oBaHue naoc-
kocTn Zg, koTopoe nepesoanT Touky M B Takyto Touky M’ 4yto O — cepeguHa oTpeska
MM?” (nosopot Ha 180°).

I1. BbipasuTe Yepes cTOpoHbI Tpaneuunn AanHYy OTpe3Ka, COEAUHSIOLLENO CEPEfNHBI OCHOBaHWIA.
Il. B tpeyronsHuke ABC ZA = 60°. CepeauntHblii nepneHankynsip K otpesky AB nepe-
cekaeT npsamyto AC B Touke Cq, a cepefuHHblii nepneHankynsp k otpesky AC nepecekaet
npamyto AB B Touke By, HokaxuTte, 4to npsimasi B1C; kacaetcs BnucaHHOW OKPYXXHOCTU
TpeyronbHuka ABC.

IV. Yepes ueHTp nNpaBuiibHOrO TPeyrosbHWKa NPOBefeHb! ABE MPsiMble, YrOa MeXay KOTO-
poiMy paBeH 60°. [lokaxknTe, 4TO OTPE3KM STUX MPSIMbIX, SABASIOLLNECS NX NEpeceveHnem C
TPeYroNbHUKOM, pPaBHbI.

1. lMNpaeunbHeie Tpeyronbiukn ABC v BDE nexat 8 ogHoii nonynnockoctu npsimoii ABD.
Touku F u G — cepeantbl otpeskos AE n CD. [dokaxuTe, 4yto ABFG — npasusibHblii.

2. Ha ctoporax AB n BC tpeyronsiuka ABC noctpoetbl cooTseTcTBeHHO KBagpaTel ABED
n BCGF, npnyem kBagpat ABED wn TpeyronsHuk ABC HaxoasiTca B pa3Hbix MosynaoCKo-
cTsx oT npsmoii AB, a keagpat BCFG — B oaHOI NOAYNIOCKOCTY C 3TUM TPEYrofibHUKOM
oTHocuTenbHo npsimoii BC. dokaxuTe, uto oTpeskn EG n AC paBHbl 1 nepneHanKynsipHbi.
3. Buytpu yrna c Bepwwuroii O gaHa Ttouka M. [loctpoiite npamyto OM uupkynem u
NuHelikol, He ncnonb3ys Touky O.

4. lNocTpoliTe TpeyrosbHWK NO ABYM CTOPOHAM W PAa3HOCTW MPOTUBONEXKALLUNX UM YI/I0B.

5. [aHbl aBe koHUeHTpU4Yeckne okpy>xHocTu. [locTpoiiTe C MOMOLWbIO LMPKYAS N NNHERKY
KBaApaT Tak, Y4TODbI 4BE €r0 CMEXHbIE BEPLUMHbI 1EXKANN HA OLHON OKPYXXHOCTW, a 4Be Apyrue

Ha ApYyrow.



XL Kuposckasi JIMLLI, M8, obbidHbie rpymnnebi LOJ1 "Buwkunnes”, 1-26 nrons 2024 r.

6. Ha ctopoHnax Tpeyronbiuka ABC Bo BHeLHIOW CTOPOHY OT HEro MOCTPOEHbLI MPaBUJibHbIE
TpeyronsHukun ABCy, AB1C n A1BC. HdokaxuTte, 4to

(a) AA] = BB] = CC1;

(6) menbwnii yron mexay AA; n BBy pasen 60°;

(8) AA;, BBy n CCy nepecekatotcsi B ogHoii Touke Ty (nepsasi Touka Topuyennn);

(r) HdokaxuTe aHanornyHoe yTBEPXKAEHNE N5t BHYTPEHHErO MOCTPOEHUS NPABUJIbHBLIX TPe-

yronbHUKoB (BTOpas Touka Topuuennu).

Teopema besy

7 nois

Onp. MHoro4yneHoMm Ha3sbiBaeTca dyHkuus Buga P(x) = an X"+ an X" T+ 4+ ax+ao,
npuyem a, == 0.
Yucno n HasbiBaeTcs creneHblo MHorodneHa — deg P. Yucna ayn, ..., ap — ko3dpdpuymeHTs

MHOTO4YJIEHA.

I. [lokaxxuTe, 4TO MHOrOYNEHbI MOXKHO CKNAZblBaTh, BbIYUTATh U YMHOXKATb, NPU 3TOM MO-
JIyHatoTCs CHOBA MHOroYsieHbl. Kak BesyT cebsi cTeneHn npu Takux onepauusix’?

Il. Mycts P(x) n Q(x) — mHorounets!, npudem Q(x) He paseH Hymto ToxaecTBeHHo. [o-
KaXKnTe, 4YTO CYLUECTBYIOT eAWHCTBEHHble MHorousneHbl T(x) n R(x) Takue, yto P(x) =
Q(x)T(x) + R(x), n deg R(x) < deg Q(x).

I1l. (Teopema Besy) [Jokaute, 4to ocTaTok OT geneHust MuorodneHa P(x) Ha mMHorouneH
x — ¢ paseH P(c).

1. lokaxkuTe, 4TO MHOrOY/IEH CTEMEHN TL UMEET He boslee Yem T KOpHEIi.

2. Pazgennte MHOrO4/IEHbI C OCTATKOM:

(@) x* =43 +6x* —3x+1Ha x> +x+1; (6) 23 +2x* +x+6 Hax* +2x+1; (B) x* +1
Ha x>+ 1; (r) x"—Twhax—1; (g) x"+1Hax+1

3. Haiigute octaTok oT aenexus muorounera P(x) = x8 +x¥ +x7 +x* +x (a) max—1;
(6) nax+1; (B) Ha x*—1.

4. Muorounen P(x) paer octatok 2 npw genenun Ha X — 1, n octatok 1 npu geneHun Ha
x — 2. Kakoli octatok gaet P(x) npu genexnn Ha muorodner (x — 1)(x —2)7

5. Mpu kakux a u b mHorouneH P(x) = (a + b)x® + abx? + 1 geautca na x* — 3x + 27
6. MHorounen P(x) Takos, uyto P(7) = 11, a P(11) = 13. [JokaxxnuTe, 4To XOTs Obl OANH 13
ero KoapPULUNEHTOB — He LIeJI0e YUCIIO.

7. Muorounensl P(x) n Q(x) ¢ uensimu koapduumeHTamMmn TakoBbl, H4TO Npu OOOM Lienom
k wucno P(k) genntcs na Q(k). HokaxuTte, uto P(x) genutcs Ha Q(x).

8. V wmHorouneHa P(x) cymma KoahpULNEHTOB NpU YETHLIX CTEMEHAX PABHSAETCS CyMME
KO3(PPULMEHTOB MPY HEYETHBLIX CTEMEHSIX. DTUM e CBOWCTBOM obnagaet mHorouneH Q(x).
ObsizatensHo nm MHorodner P(x) - Q(x) obnagaer sTum ceolicTBoM?
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9. 1an HenocTosiHHbIV MHOro4dsieH P(x) ¢ nonoxuntensHbiM cTapwnm kosdduumnentom. [Joka-
XKUTE, YTO, HAYMHAS C HEKOTOPOrO MOMEHTA, OH ByAeT NPUHIMATbL MONIOXKNUTE/IbHBIE SHAYEHNUS,
(To ectb, Haligétcs Takoe M > 0, yto ans Bcex X > M Boinontero P(x) > 0).

10. [Jdaubl gea mHorounena P(x) u Q(x) ¢ uenbimn koappuumertamn. Okasanock, 4To
Q(n) # 0 npwn HaTypanbHbix N 1 P(n) genutcs Ha Q(n) npwn Bcex HaTypanbHbix M. [oka-
xunTe, 4to P(x) penntca Ha Q(X) kak MHOrousieH.

dyHkyuna Iiinepa

8 nrons

Onp. Onpegenerune. Pynkums diinepa @(N) onpenensieTcs Kak KOJMYECTBO B3aWMHO Mpo-

CTbIX C TL HAaTYpPalbHbIX 4NCeN, HE NPEBOCXOAALLNX M.

l. HaliguTe:

(a) ©(24), ¢(120);

(6) o(p), rae p — npocroe;

(B) @(p™), rae p — npocToe.

Il. JokaxuTe, yto npu n. > 2 @(n) yetHo.

1. Halignte cyMMy B3aUMHO NPOCTBIX C TL YUCEN, HE NPEBOCXOAALLMX TL.

2. [ycTe M, N — B3aWMHO NpoCTble HaTypasbHble Yncna. CTpoku Tabnunubl NpoHYMeEPOBaHbI
yucnamun ot 0 go n—1, a ctonbusl — o1 0 go m— 1. Ha nepeceyeHnn cTpoykn j u ctonbrika
1 3anuUCcbIBAETCS OCTATOK OT AefieHnst Yucaa in + jm Ha nm.

(@) HokaxnTe, 4yto BCe Yncna B Tabanue OyayT pasnusdHbl.

[ne B 3Tol Tabauue 4ucna, B3aumHo npocTele ¢ MN? [lokakute MyAbTUNANKATUBHOCTb
dbyHkunm diinepa: @(nm) = @(n)e(m).

(6) HokaxnTe npeacraBnenune dyHkuun diinepa:

e(m)=(pi—1py .. (pm— T =n (1 —pl]) (1 —plm> ,
n=p...pkn.
3. Jokaxute, 4to @(m*) = m*To(m).
4. HaignTe BCe Takume X, 4TO:
(@) o(x) =24
(6) @(x) = 56.
5. HailiguTe BCe Takue X, 4TO:
(@) o(x) =
(6) o(x) =
(B) o(x) =

NIX WX NI
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6. PaccmoTpum psag apobeii:
1 2 n
o
Pasgenum dncnutens u 3HaMeHaTeNb Kaxxaon apobu Ha nx HOZ.
(@) Ckonbko bygeT apobeii co sHameHaTenem d, rge d — genutens n7?

(6) [LokaxuTe Toxaectso Jitnepa-laycca:
@(d1) +@(dz) +---+ @(ds) =,

roe dy — Bce penutenu 4ucna mn.

Mdopmyna BKJOYEHNNR-NCKKOYEHNN

8 nronsa

I. Ckonbko HaTypanbHbIX Yucen ot 1 fgo 10° He gensitcs HU Ha 2, HW HA 3, HW Ha 57

Il. B netnem narepe 70 pebsit. VI3 Hux 27 3aHumatoTcs B ApaMKpyxkke, 32 notoT B xope, 22
yBaekatoTcst cnoptoM. B apamkpyxke 10 pebat us xopa, B xope 6 CMOpPTCMEHOB, B ApaM-
KPY>KKe 8 CmopTCMEHOB; 3 CMOPTCMEHA MOCELWAtOT U APaMKPY»KOK, 1 xop. Ckoabko pebsaT He
MOKOT B XOpe, HE YBJIEKAOTCA CMOPTOM W HE 3aHUMAOTCS B APAaMKPY>KKe?

I1l. Boiseante chopMyny BKAKOHEHW U NCKAOYEHUA anst 4 MHOXECTB.

IV. BHyTpu durypbl niowaan 6 pacnonoxeHo 3 MHOrOYrosibHWKa Nioulafblo He MeHee 3
KaXkablii. [lokaxkuTe, 4TO CywleCTBYeT ABa MHOMOYrObHIKA, MJOLWA4b NEPECEHEHNST KOTOPbIX
He MeHee 1.

1. [laH TpeyrosbHUK, Ha KaXk4ol 13 CTOPOH KOTOPOro OTMEYEHO Mo 9 ToYeK, AeNsLWUX CTOPOHY
Ha 10 paBHbix oTpe3koB. CKOIbKO CyLLECTBYET TPEYrosibHUKOB C BEPLUMHAMY B STUX TOYKAX
N CTOPOHaMW, He MapasfieibHbIMU CTOPOHAM LaHHOro?!

2. B 8-31axxHoM 3gaHun ecTb audT, Kyaa Habunock 15 yenosek. Ckonbknmun cnocobamm oHm
MOTYT BbIATY U3 ndpTa Tak, 4TODbI HWM OAWH 3TaxK He DbLT MyCTbIM?

3. AutoH, Aptem un Bepa pewnnun smecte 100 3agad. Kaxablii n3 Hux pewnn 60 3agaq.
Hasosem 3agady TpygHOIA, ecnm ee pelna TONbKO OfWH YENOBEK, U JIErKOW, eCNU ee peLmnan
Bce. HackonbKo OTANYaeTCs Yncno TpyaHbIX 3aay OT Ynucna Nerkux’

4. BHyTpun durypbl naowanm 4 pacnonoxeHo 7 MHOMOYroJibHUKOB MJOWAAb0 He MeHee |
KaXkablii. [lokaxkuTe, 4TO CywleCTBYeT ABa MHOMOYrONbHIKA, MJIOLWA4L NEPECEHEHNsT KOTOPbIX
He MeHee 17

5. Kyb co ctoporoii 20 pasbut Ha 8000 eanHmyHbIX KYOUKOB, B KaXKAOM 3amnucaHo 4uco.
13BecTHO, 4TO B KaxkgoM ctosibuke ns 20 kybnkos, napanienbHom pebpy Kyba, cymma dncen
paBHa 1 (paccmatpuBatoTcst cTonbukm Bcex Tpéx HanpasieHnit). B HekoTopom kybuke 3anu-
cato yucno 10. Yepes atot kybuk npoxoanT Tpu cnost 1 x 20 x 20, napannenbHbix rpaHsm

Kyba. Haiignte cymMMy BCeEX YmMCEN BHE 3TUX CIIOEB.
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6. (Popmyna ans dyrkunm ditnepa) Jano n = p]f‘p]f ...PXn rpe pi — npoctble. HaliguTe

@(N) — KOANYECTBO YMCEN MEHBLUUX N B3aUMHOMNPOCThIX C M.
7. Ha kadbrane nnowagsio 1 pasmellerbl 5 3annaT, niowaas KaXx 4o 13 KOTOPbIX HE MeHbLLE

%. Hokaxkute, 4To HalayTcs

3.
20°
1.
51
1
20
8. B knacce 100 yyeHukoB, 4acTb 13 KOTOPbLIX HaxBaTasa Asoek no k npeameram. [Boiikn

(a) aBe 3annaTbl, naowasb obLWER HaCTN KOTOPbIX HE MEHbLLE
(6) aBe 3annatbl, naowaab obLyeil 4acTn KOTOPbLIX HE MeHbLUE

(B) Tpu 3annatel, naowaab obLLE HACTK KOTOPLIX HE MEHbLUE

No KaXk[oW rpynne n3 He MeHee, YeM AByX NpeaMeToB nosy4mam 60 y4eHNKOB, MO KaXkAaoi
rpynne us He MeHee, 4yem 3 — 55, n3 He meHee, yem 4 — 50 un Tak pmanee. [locuunTaiite

KOJTMHECTBO TEX, Y KO0 ABOEK HET. ,DJIFI Kakux k 3ajad4a NMEET cMmblicn?

KBagpaTHbiii Tpex4yneH. 3agayuu

8 nrons

1. Haiiante Bce 3HaueHVs a, NPU KaXKAOM U3 KOTOPbLIX YpaBHEHVE UMEET POBHO [iBa Pa3imny-

HbIX KOPHA

x*—ala—1)x—a

V3 4+ 2x — x?

2. HaiiguTe BCe 3HajveHUst mapameTpa a, NPu KaXXAOM U3 KOTOPbIX YpaBHEHME VMEeT POBHO

3

= 0.

[IBa Pa3/IMYHbIX KOPHS.
a? —4x* + 8)x| —4 = 0.

3. HaiignTte BCe 3HauveHUs napameTpa a,, Npy KaXKAoOM U3 KOTOPbLIX YPaBHEHNE UMEET POBHO
4eTbIpe Pa3INYHbIX KOPHS.

a?— ax — 2x> —6a + 3x + 9x| = 0.

4. Haligute BCe 3Ha4YeHMs a, NPU KaXKAOM W3 KOTOPbIX YPAaBHEHNE UMEET YeTbipe PasinYHbIX
KOPHS.
Ix? + a? — 6x —4a| = 2x + 2a.

5. Haiitn Bce 3HaueHus napamMeTpa a, nNpu Ka>kaom M3 KOTOPbIX YpaBHEHNE NUMEET XOTA bl

ABa Pa3/INYHbIX pELLEHNA
la—4] - x*—2ax? + |a — 30| = 0.
6. HaI7ITI/I BCe ,£|,eI7ICTBl/ITeJ'IbeIe 3HA4YeHWA (1, npun KOTOPbLIX TPEXHYNEH
(@—=1x*=2(a—T)x+1

MONOXKUNTENEH NMPU BCEX ,£I,€I7ICTBI/IT€J'IbeIX X.
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7. HaiiTn BCe 3Ha4eHUs A, Npu KOTOPbIX KOPHU ypaBHeHns ByayT oba noaoKUTENbHBIMY
(24 a)x* —2ax + 3a = 0.

8. Haiitu BCe Te 3HauyeHns mapamerTpa C, Mpu KOTOPbIX 0Da KOPHS KBaApaTHOrO ypaBHEHUS
MeHbLUe, Yyem —1
x? +4ex + (1 —2¢+4c¢%) = 0.

9. Npn KakMx 3HaYeHUsIX A OAUH N3 KOPHel ypasHeHus bosbwe 1, a apyroii meHblie |
(a*+a+1)x*+(2a—3)x+a—5=07?

10. Mpwn Kakux 3HaYEHUSIX A YTO KOPHW YPaBHEHUS Pa3inyHbl 1 0ba 3akitodeHbl Mexay — |
n +1
X2 +2x+a=0

11. VcTaHosuTs, MPU KaKMX 3HA4YEHUAX T CYMMa KBaApaTOB KOPHel ypaBHEHUSA 6y,u,e'r Hau-
MeHbLUen

X —mx+m—1=0.

12. OnpegennTb BCe 3HaYEHNS A, NMPU KOTOPbIX YPaBHEHUS 11 UMEIOT XOTsi Dbl OANH 0D
KOPEHb
x*+ax=1=0 X +x+a=0

13. Haiitn Bce 3HaueHns a, npu KoTopbix U3 HepaBeHCcTBa ax x 2 —x + 1 — a < 0 cneayet
HepageHcTBO 0 < X < 1.
14. HaiianTe BCe 3Ha4YeHUst napameTpa d, Npu KaXkAOM U3 KOTOPbIX YPaBHEHNE UMEET POBHO

ABa pa3)'ll/|‘-|HbIX KOpHSI.
a?—9x? +18|x| — 9 = 0.

15. HaliguTe BCe 3HaYeHns a, Npy KaXkAOM 13 KOTOPbIX YPaBHEHNE UMEET YeTbIpe PasInydHbIX
KOPHS.
Ix? 4+ a? — 7x — 5a| = x + a.

16. Haiitn Bce 3HayeHns napameTpa a, Npu KaXk4oM U3 KOTOPbIX YpaBHEHME UMEET XOTsl Dbl

ABa Pa3/INYHbIX pELUEHNA
la—2]-x*—2ax* +|a— 12| = 0.

17. Korga k kagpatHomy Tpéxuney f(x) npubasunn 3x%, ero HanmeHblLee 3HaueHME yBe-

2

JNYNNOCb Ha 9, a KOrga M3 Hero Bbl4aM X~y €ro HauMeHbllee 3Ha4Y€HNE YMEHbLLLNIOCH Ha 9.

A KaK U3MeHNTCS HanmeHbluee 3HadeHune f(x), ecan K Hemy npubasuTh X2,
18. [puBeaéHHblil KBagpaTHbLIV TPEXYNEH C UENbIMU KO3(PpUUMEHTaMU B TPEX MOCAeao-
BaTe/IbHbIX LeSIbIX TOYKaxX MPUHUMAET MpocTble 3HaveHus. [lokakuTe, 4TO OH MpuUHUMaeT

MPOCTOE 3HAYEHNE MO KPaHENR Mepe eLle B OAHOWN LLenoli TOYKe.
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19. Haiigute Bce Takne dymkunn f(x), yto f(2x + 1) =4x% + 14x + 7.
20. MMpo keagpaTHbill Tpexunen f(x) = ax? — ax + 1 ussectHo, uto [|f(x)]| < 1 npu

0 < x < 1. Halaute Hanbonbluee BO3MOXKHOE 3HaYeHMe q.

MeTtopa LLITypma

9 nrons

I. Okpyxute 3abopom anvHbl 4a NPSMOYrofibHbIX Y4aCTOK MaKCMMasibHOW MaoLwaan.

Il. Y EBrenuns bbin0 ABa NONOKUTENbHLIX Yncna a u b. EereHunini 3amennn ux Ha aBa HOBbIX
yncna ¢ u d Takme, yto a+b = ¢+ d, |a — b| > |c — d|. Kak nsmeHaTca 3HaveHus
cnepylowux Beipaxennii: (a) ab; (6) a’+b% (8) 1+ 1 (r) Va+ vb?

(&) MMycTb nonoxnTensbHble YNCna yAOBNETBOPSIIOT HepaBeHCTBY a4 < b < ¢ < d. Torga
ecoimad =bec, Toa+d >b+c.

1. lokaxknTe ans HeOTPULATENbHbLIX YMNCEN HEPABEHCTBO MEXAY CPEAHUMI KBAaAPATUYECKNM

N apuUPMeTNYECKNM

\/x%+-~+x$l L Xt
/ .
n n
2. [loka)kute Ans HEOTPULATENbHBIX YUCEN HEPABEHCTBO MEXY CPEAHUMU FrEOMETPUYECKUM

N FTapMOHNYECKUM
n

1 1
3. Haligute Hanbonbluee 3HaveHne BbipaxkeHus v/ 1 + 5x++/1 +5y++/1 4+ 5z, echu cymma

NONOXKMUTENbHbIX Yncen X, Y,z pasHa 1.

n)q.....xﬂ}

4. [lokakute, 4to ecam aj +---+an =1 un a; >0, To
1 1 1 n.
(a) (1+a—1) (1—|—a—2)...<1—|—a)>(n—|—1),
2 2 2
(6) <1+ai]) +<1+aiz) +-~+(1+a‘—n> >n(n+1)%
5. (a) MNyctb 0 < ayy...,an < 1, gokaxnTe, 4TO

1 1 1 n
+ + < :
T4+a; T+a T+an 1+ Yaaz...a,

(6) [LokaxuTe, 4to npwn aj,...,an > 1 BLINONHAETCH NPOTUBOMOJIONKHOE HEPABEHCTBO.
6. [lokaxuTe, 4yto ecnu a; +---+ap =1wu a; > 0, 10

(T+a))2+az)...m+an) <2nl.

7. HeoTpuuaTenbHble 4nucna aqy ..., Ay TaKOBbl, 4TO A1 + -+ + Ay = % Hokaxknte, 41O
l—a 1T— 1—a, _ 1
T4+a; 14+ 1+a, 3
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8. [lns HeoTpuuaTensHbix Yucen a, b, c, BepHo, 4To a + b + ¢ = 3. [JokaxuTe, 4T0 a’b +
b%c + c?a < 4.

CmmmeTpm HeCKmne MHOIo4JieHbl

9 nronsa

Onp. MHorouneH f OT NI NepeMeHHbIX Ha3bIBAETCA CUMMETPUHECKMM, ECIIN OH HE MEHSIETCA
Npu NtobbIX NEepecTaHOBKAX NMePEMEHHbIX, TO CTb ANS Nt0DOV NePeCcTaHOBKMA Qi,y i,y -« -y A,

qucen ot 1 go n seinonxero: f(ay, az,...,an) = flai,, ai,y ..., a, ).

Onp. 71emeHTapHbIE CUMMETPUHECKNE MHOMOYAEHBI TL NEPEMEHHbIX:

op=1, ox= Z X, Xi, .- X, A1 1 <k<n

1< < <a.Kign

NHbiMu cnosamu, K-biii aneMeHTapHbIi CUMMETPUYECKITT MHOFOYNIEH MPeACTaBaseT coboii

CYMMY BCEBO3MOXHbIX NMpou3BeAeHnii K nepeMeHHbIX U3 M.

I. okaknTe, 4TO CyMMa, pa3HOCTb 1 MPOU3BEAEHUE CUMMETPUYECKUX MHOTOYEHOB SABS-
IOTCS CUMMETPUHECKUMMN MHOTOYIEHAMMU.

Il. ABnstoTcs nn cummeTpuYeckrMin ClefyroLie MHOFOUIEHbI OT TPEX NEPEMEHHbBIX X, Y, Z:
(@) X¥* +y% (6) x+y—z (B) X +y* +2" + 2xyz; (r) (x —y)ly —2z)(z—x).
OcHoBHasi TeopemMa CUMMETPUYECKMX MHOro4aeHoB. Jlioboii cummeTtpudeckunii
MHorouseH f(Xq,...,Xn) BblpaXKaeTcs 4Yepe3 3NeMeHTapHble CUMMETPUYECKNE MHOMOYJIEHbI
nocpeacTeom onepauuii +, —, X. VIHbiMy cnoBamm, CyLecTByeT MHOMOU/IEH g OT TL NEPEMEH-
HBIX TaKoWi, 4TO g(07y...,0n) = f(X1,y...,Xn).

Onp. byaem paccmatpuBaTh CTpokM 13 uenbix HeoTpuuatenbHbix ducen. Ctpoka A =
(a7, azy ..., an) sekcukorpachmydecku menbie ctpokn B = (by, by, ..., by ), ecnin ans Hau-
MEHbLLEro 1 Takoro, 4To @i # by, BbinoaHeHo a; < by, nnm cTpoka A siBAsieTcs NpedrKcoMm
cTpoku B.

Takum 0bpa3om 3afaéTcst s1eKCUKOrpaghuyecknii MopsiAOK Ha HYUCAOBBIX CTPOKaxX C LEbIX

HEOTPULATEJIbHbBIX 2JIEMEHTAMMN.

1. Jokaxute, 4o (@) cTporo ybbiBatowlas nociefoBaTeNbHOCTL CTPOK M3 TL LESbIX HEOT-
puuaTensHbix Yncen koHedHa u (6) B NtODOM HEMYCTOM MHOXECTBE TaKux CTPOK €CTb

HAVUMEHbLUNIA SNEMEHT.

ki k .
Onp. CreneHbro OAHOYNAEHa MHOMMX MEPEeMeHHbIX X 'X<2...xXn Ha30BE&M CTPOKY LEbIX
1 ™2 n

HeoTpuuaTenbHbix Yncen (ki, kKo, ..., Kn).

Onp. CreneHbro MHOro4€Ha MHOMMX MEPEMEHHbBIX HAa30BEM HaUDOMbLLIYIO B CMbIC/IE JIEKCH-
KOrpadhnyecKkoro nopsiika u3 creneHeli COCTaBASOWMNX ero OAHOYEHOB.

IV. lemma 1. lyctb u = ax]f‘xlz<2 XK

X3y a# 0 — Bbicwuil YneH (OTHOCUTENBHO Nlekcu-

KOTrpaPryecKoro nopsifika) CMMMETPUYECKOro MHorodneHa. Torga k1 > ky > ... > ky.
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V. lemma 2. [1na noboro ogHo4dneHa u = x]f‘xlz<2 . ..xl‘l“ cki >ky>...>Kkn > 0cyuwe-
CTBYIOT TaKue HeoTpuLaTenbHble uenble yucna Ly, Ly, ..., Ly, 4TO BbICWINIA YaeH MHOro4YeHa
0‘%1 0‘52 ..o coBnagaet c w. Yucna i, 1y, ..., 1, onpesenenbl 3TUM yCnOBMEM OfIHO3HAYHO.
VI. [Joka)kuTe OCHOBHYLO TEOPEMY CUMMETPUYECKNX MHOFOYJIEHOB C MOMOLLLIO BblHUTaHUS
N3 TEKYLLEro MHOrO4/IeHa MHOTOY/IEH OT O, 02, ..., Oy, HTOObI BbICLUNIA YNEH YMeHbLIACS
B CMbIC/1e IEKCMKOrpadpr4eckoro nopsiika.

HanomunHaHwme. VI3 Teopembl Be3y 1 BOIMOXXHOCTW AeNUTL MHOFOYJIEHbI C OCTAaTKOM Cre-
ayet dakT: ecnn mMHorouneH f = anX™ + an_1X™ ' + ... + a;X + ap MMeeT T KOpHeii

X1yX2y ..y Xn, TO UMEET MECTO Pa3/iOXKeHNe
f(x) = an(x —x7)(x —%2) ... (x —Xn)

VII. [lokaknte Teopemy Bueta ans mMHoroyneHoB BbICLIMX CTeneHeil. Ecam xq,...,X, —
kopHn MHorouneHa f = x™ + an_1X™' 4 ... a;X + 4, TO MMEET MECTO CUCTEMA PABEHCTB
(X1 +X2+ ...+ Xn = —0Qp_1,

X1X2 +X1X3 + .. X9 X HX2X3 FXoXg e XXy e + Xn—1Xn—2 = Qn_2,

< X1X2X3 +X1X2Xq + .o + Xpn2Xn—1Xpn = —Qn_3,

([ X1X2.. . X = (—1)™ao.

ObpaTnTe BHUMaHUWE, YTO B JIEBbIX YACTAX YPABHEHWIA CUCTEMbI CTOSIT 3/1IeMEHTapHble CUM-
METPUYECKNE MHOTOYJIEHbI OT KOPHER MHorodneHa f.

1. 3nas, 4to 07 = @, 07 = b, 07 = ¢, HailgnTe

(a) x* +y%+2% (6) x*y? +x*22 +y?2% (B) X* +y3 +2° — 3xyz.

2. [Ins BeuwjecTBeHHbIX Yucen a, b, ¢ BbinosnHeHbl paseHctea abc = 1 a+b+c = %+ -I—%.

o=

[loka>kuTe, 4TO Kakoe-TO N3 HUX paBHO 1.
3. Yucna x,y, z ygosnetsopstoT paseHcTBy (X +y + z)(xy + xz + yz) = xyz. JokaxuTe,
HTO CYMMa KaKUX-TO ABYX U3 HUX paBHa HYJHO.

4. [laHbl TpU BELLECTBEHHbBIX YUCAA X, Y, Z, O151 KOTOPbIX
x+y+z>0,xy+xz+yz > 0,xyz > 0.

[MokaxuTe, 410 X,Y,2Z > 0.

5. PewuTe cnctembl ypaBHeHnii:

X+y+z=2 Xx+ytz=a
(@) s x*+y?+22=6 (6) < X2 +y2+z22=a?
Xy’ +2° =38 X +y’ 42 =ad’

6. [JokaxknTe, 4To 3HaYeHMe Nt0OOro CUMMETPUYECKOTO MHOTOYNEHa C LEebIMU KO3 DULM-
eHTamu OT KOpHell yHuTapHoro (koacbUUMEHT NpU OAHOUEHE C BLICLUEN CTENEHbIO paBeH

1) MHorouneHa ¢ uensiMn koadduumneHTamu seasieTcs yensim duciom. (Cumtaem, 4To BCe
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KOPHW BELLECTBEHHBIE).
7.Myctb a > b > ¢ — kopHn MHorounera x>—3x+1. Jokaxute, uto (a—b)(a—c)(b—c) =
vk ans HekoToporo HaTypanbHoro k.

Teopema Lllans

10 wrons

Onp. [snxerHne — 370 npeobpa3oBaHe MIOCKOCTU, KOTOPOE COXPaHSET PACCTOSHIE MEXIY
NODObIMU ABYMSI TOYKAMU, T.€. PACCTOSTHNE MEXY ABYMS TOYKaMMN PABHO PACCTOSIHUIO MEXAY

nx obpasamu.

I. JokaxuTe, 4to (@) KOMMO3MLMS ABYX ABVXKEHWNA — ABUKEHNE;

(6) oTobparceHue, 0bpaTHOE K ABUKEHNIO — TOXE ABUKEHNE.

I1. JokaxnTe, 4to (@) ecnan aBa ABMXKeHMsi coBnagatoT B Todkax A u B, To oHu cosnagatot
B Ka)gol To4ke npsimoli AB;

(6) ecnn aBa gBrXeHNS COBMAZAIOT B TPEX TOYKAX, HE IEKALLMX HA OLHON MPSIMOIA, TO OHWM
COBMajAtOT BO BCEX TOYKAX MIOCKOCTU.

1. [okaxute, 4to (@) BCSKNA TPeyrofbHNK MOXKHO MEPEBECTN BO BCAKMWIA PaBHbIA eMy
KOMMO3uueli He bosiee, 4eM Tpex OCEBbIX CUMMETPUIA;

(6) Bcsikoe fBMXEHME MAOCKOCTI SABASIETCS KOMMNO3ULMeE He bosiee, YeM Tpex OCeBbIX CHM-
METPUNA.

2. HaiignTe komno3numto aAByx ocesbix cummetpuii: (@) ¢ nepecekatowyumucs ocsimu; (6) ¢
napaiesbHbIMU OCSIMU.

3. JokaxnTe, 4to (@) BCAKUI NEpeHOC MOXKHO MPEACTaBUTL B BUAE KOMMO3ULNN ABYX OCe-
BbIX CUMMETPUIA C NapasiefibHbIMW OCSIMU, NepPNeHANKYAspHBIMY HanpaBaeHNO NepeHoca,
(6) BCcskniA NoBOPOT — B BUAE KOMMO3ULMN ABYX OCEBLIX CUMMETPUN C OCSIMU, Mepecekato-
LMMUNCS B LIEHTPE NMOBOPOTA.

4. Yto aBnsieTcs KOMMNo3numeid napasnesbHOro nepeHoca 1 nosopoTa’

5. [lokaxxnTe, 4TO KOMNO3NLMS OCEBOI CUMMeTpUM C ocbio | 1 nepeHoca Ha BekTop p L 1,
ABNSETCA OCeBOl cuMmmeTpueit ¢ ockto m||L.

6. [okaxxuTe, 4TO KOMMO3MLUS OCEBO CUMMETPUM W MEpPEHOCA Ha HEHYNEBOW BEKTOp, MNa-
panesbHblii OCY CUMMETPUN, HE SIBASIETCS HU MEPEHOCOM, HU MOBOPOTOM, HU OCEBOW CUM-
MeTpUen.

7. [lokaxxuTe, 4TO KOMMO3ULMA OCEBOV CUMMETPUN U NEPEHOCA Ha BEKTOP, HE MEPMNEHANKY-
NSIPHbIVE OCK, ECTb CKONb3sLLas CUMMETPUS.

8. [lokaxknTe, 4TO KOMNO3ULNSI OCEBOI CUMMETPUMN U MOBOPOTA ECTb OCEBASH MU CKOJb3sILLAs
CUMMETPUS.

9. (Teopema LLlans) Bce aBM>KEHNS NIOCKOCTI — 3TO NEPEHOCHI, MOBOPOTI, OCEBLIE 1 CKOJb-
351Le CUMMETPUN.
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Onp. Hazosem Tpeyronsiuk ABC nosoxnTensHo opmeHTUpoBaHHbIM (OTprLATENBHO Opu-
EHTUPOBAHHLIM), eC/u nepemeltermne no ero koHTypy A — B — C — A npoucxoaut npotus
4acoBoli cTpenkn (Mo 4acoBoli CTpesnke).

10. [okaxuTe, 4To He cyuiecTByeT Takoro Asuxerust D, 4to D o D — oceBasi cummeTpus.

MaTboln 0OblYHbIX rpynn

10 wrons

1. lokaxute, yto ecin 0 < a < b < ¢ n a?+b?+c? = 2(ab+bec+ca), o /a+vb = /c.
2. Touka M nexut Ha runoTeny3e AC paBHODeapeHHOTro MPSIMOYrOJILHOrO TPeyroJibHMKA
ABC, a Touka N — Ha eé npogosxeHun 3a Touky A Tak, 4to ZCBM = 30°u ZABN = 15°.
MNokaxuTte, yuto AN = CM.

3.lo kpyry nexxat n. moHeT Maccoit 9 r u n MmoHet maccoii 10 r, BCce OHU BbIMIAAST OAVHAKOBO.
13BecTHO, 4TO MOHETbI Ka)kgoii macchl fiexxkaT noapsa. [1pu kakom Hambosibliem M 3a ABa
B3BELUMBAHNS HA YalleYHbIX BECaxX €3 rmpb MOXXHO BbISICHUTb, FAe NPOXOAAT FPaHuLbl MEXy
MOHETaMU pa3Hoil Macchl”?

4. Ha pocke HanucaHo 4ucno 30!. 3a xog et MoxxeT yMeHblWNTL ero Ha 3,4 unn 5, a Bacs
— pa3genuTb Ha 3,4 nan 5. Henb3s nonyyatb ApobHbie n oTpuuaTenbHble Yucna. HaunHaert
[NeTs, a BbIMTPbIBAET TOT, KTO HE CMOXET caesnaTh xo4. KTo MoXeT BblurpaTb, Kak Obl HU
Nrpas ConepHuk’?

5. HatypanbHoe 4ncio Ha30BEM 0CODLIM, eCau B AECATUYHON 3anucy ero KeagpaTta Lud-
pbl UayT B HeybbiBatouweM nopsigke. CyuwiecTBytoT s aea nocnegoBaTesnbHbix 100-3HaUHbIX
0cobbIx yucna’?

6. [lBa abdpa CUMTAKOTCS POBECHUKAMM, ECAN UX BO3PACTbl OTINHAKOTCS MEHbLIE Yem Ha 5
net. 3a kpyrnibim ctosiom cnasTt 50 anbdoB Tak, 4TO Kaxkgasi napa COCefeil — POBECHUKU.
[loka)knTe, 4TO MOXXHO MOCAANUTL 3a MATb KPYMbIX CTOJIOB MO AECATb 3/b(OB Tak, 4TOObI
No-npeXxHeMy Kaxkble ABa coceaa Obiin poBEeCHUKAMU.

7. OKpy>xHOCTU (W1 1 Wy nepecekatoTcs B Todkax A n B. Ha w; otmeuena Touka C, a Ha W,
— 1o4ka D Tak, yto ZBAC = ZBAD. KacatenbHbie kK w; 13 Todek B n C nepecekaroTcs
B Touke P, a kacaTenbHble k Wy 13 Todek B u D — B Touke Q. Jokarknute, yto npsimas AB
NpoXoAMT Yepes cepeauHy oTpeska PQ.

8. Knetkn npsimoyronsHoit Tabnnusl 4 x 33 packpaweHbl B benbiii n 4éphbiii ugeta. Cawa
nepekpacusl HarMeHbLLEee HeobXOoANMOe KOIMYECTBO KNETOK B MPOTWBOMOJOMHbLIV LBET TaKk,
4TODbI KaXkablii KBagpaT 2 X 2 comepykan 4€THoe 4ncno benbix knetok. Kakoe Hanbonbliee

KOJINYECTBO KNeTOoK Mor nepekpacuTs Cawa?

CyeT B TO4YKaXx

12 nrons
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HanomwuHaHue. HanpasieHHbiM OTpe3kOM Ha3bIBAaeTCA YMOpsifOYeHHas napa ToYek Ha
NAockocTU. HanpaBneHHble 0Tpe3ky A? " C_D> Ha3blBatOTCA akBUBaNeHTHbIMU, ecnn ABDC
— napannenorpamm. Knaccbl 5KBUBANIEHTHOCTU HaMpaBieHHbIX OTPE3KOB HA3bIBAtOTCA BEK-
Topamy. BekTopa Ha3bIBatOTCA KOIMHEAPHBLIMY, €CNN NPU OTKAAAbIBaHUN OT OLHOW TOYKM
nx oblLlee HAYaNo U X KOHLIbI NIEXKAT Ha OAHON MpPsIMOIA.

I. Ynpoctute Bbipaxkerune (a) AC + DE + @;I— @) (6)_)@ —_>C—/>\ + EB — DB.

Il. (/lemma o nepecranoske) Nokaxute, yuto AX + BY = AY + BX.

Npesa. HanpaeneHHbIli 0TPe30K MOXHO MbICAUTL KaK Pa3HOCTb TOYeEK lﬁ = Q —P. A
TaKXKe MOXXHO roBOpUTb, 4TO Touka Q monydvaetcs ns Touku P cmelleHnem Ha BekTOp lﬁ
nan Q = P+lﬁ Torpa ntoboe BblpaXkeHne N3 BEKTOPOB 1 TOYEK, AatOLLEe B PE3Y/ILTATE OfHY
WU HONb TOYEK UMEET FeOMETPUYECKNi CMbICA, ONpeaenénHblii oqHO3Ha4vHo. [lokasaTe 3To
MOMOXET JIeMMa O MEPeCcTaHOBKe: HEBAXKHO, KaK pasbuTbl Ha BEKTOPA TOYKM, BaXKHO TOJNLKO
TO, YTO OAHW TOYKU — Ha4dana, ApYyrne — KOHLbI.

(Mo>HO cHuUTaTh, Y4TO TOUKM — 3TO KpaTKas 3anu1cb AN1si BEKTOPHbIX BblpaXkeHuid. Hanpumep,:
O=P+PJ <= VOEE, OC=O0P+Pq.)

Onp. o onpegeneHnto, Ans KONNMHEAPHBIX BEKTOPOB X 1 U CYLLECTBYET YMUCIO A TaKoe,

4yto X = AY. Torma oTHoweHuem (co)HanpasBieHHbIX OTPE3KOB Ag =X u CD = gy bygem
Ha3blBaTb TO CaMoe A, T.e.

ﬁz%z?\g:)\cﬁ = 'ﬁ:

= A.

Onp. OtHowweHnem Tpéx Todek (MPOCTbIM OTHOLUEHNEM TOYEK), NEXKALLNX HA OGHOI NPSMOIA,
(AB, X) bynem Ha3bIBaTb BEANYUHY

X—A AX
(AB,X) = 5 =

B—X XB

FoBopsT, yto X geaut /ﬁ B otHowweHun (AB, X).

1. Haliante Touky ans otpeska AB, roe A(—1;5), B(7,14), pensuiyto ero B oTHoLWEHUN

(@) 2:1; (6) 4:—1.

2. (Mpasuno pwiyara) Ecnn X genut AB & oTHOWeHY X 10 X = %.

3. (a) Mycts M — cepeguna otpeska AB. [okaxute, 4to M = %(A+ B). (6) Mycte M
n N — cepeantbl otpeskos AB n CD. [okaxuTe, 4To W = %(A? + ﬁ) (B) Mycrs
M — Touka nepeceveHus meanaH Tpeyronbinka ABC. [dokaxxuTte, 4o M = %(A+B + C)
(r) Ecan ABCD — napannenorpamm, 10 A+ C =B+ D.

4. Haiigute Touky nepecedernsi (@) megman; (6) buccektpuc; (B) BbICOT TpeyrosbHuka
ABC, rge A(—12;—-30),B(44;12), C(—28;33).

5. Toukn M, K, N n L — cepeaunbl ctoposn AB, BC, CD n DE natuyronsHuka ABCDE
(He obsizatensHo Bbinyknoro), P n Q — cepeantbl otpeskos MN n KL. [dokaxunTe, 4To0
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otpesok PQ = JAE n PQ || AE.

6. [laHo Heckonbko Touek u s HekoTopbix nap (A, B) 3Tux Touyek B3ATbI BEKTOPDI /ﬁ
NPUYEM B KaXKIO TOYKE HAaYMHAETCS CTO/IbKO »KE& BEKTOPOB, CKOJIbKO B Heli 3aKaH4YMBaeTCs.
[okaxknTe, 4To CyMMa BCex BblOpaHHbIX BEKTOPOB paBHa 0.

7. lNyctb E n F — cepeautbl ctopoH AB n CD uvetbipexyronsiuka ABCD, Touku K, L, M
n N — cepeantbl otpeskos AF, CE, BF n DE. Hdokaxute, yto KLMN — napannenorpamm.
8. (MMapametpunueckoe ypasHetne npsmoii) JokakuTe, 4To Touka Z nexut Ha npsmoii AB

TOrAa n ToAbko Toraa, korga Z = tA + (1 — t)B A5 HEKOTOpOro t.

HepaBerHcTtBo KBLL

13 nrons

HepaseHctBo Kowu-bByHskosckoro-LLBapua: [ns ntobbix geiicTBUTENbHBIX YnCe
a1, a2y...,Qn ¥ by, by, ..., by BbINONHAETCSA HEPABEHCTBO

(a?4+ a5 +...+a2)(bF+b5+...+b2) > (a1b; + ayby + ... + anbn)?,

NPMYEM PaBEHCTBO AOCTUrAETCS Torga M TOJIbKO Torga, Korga Habopbl aj, A2y ..., 0y W
b1, by, ..., b, nponopunoHansHel, T.e. by = tay, by = tay,..., by = ta,.

I. JokaxunTte HepaseHcTeo KBLL (@) ans aByx nepementbix; (6) 41 n nepemeHHbIX.

I1. Mpu KakuUx 3HaYEHUSX NepeMeHHbIX (X, 1, Z) AOCTUraeTCs MUHNMYM BbipaxeHns x> +y%+
z% ecnu ussecTHo,uTO 3% — 4y + 5z =57

1. Ncnonbsys KBLL goka>knuTe HepaBeHCTBO Mexay CpeflHUM KBaApaTUYECKUM U CPeaHUM
apnPMETNYECKM, a TaKXKe MEXIY CPeAHUM apuPMETUYECKUM N CPEAHNM FAPMOHUYECKIM.
1. JokaxuTe HepaseHcTo a® +b%+c? > 14, ecnu ussectHo, 4to a+2b+3c > 14. Koraa
JOCTUTAeTCst PaBEHCTBO?

2. [lokaxute Hepaserctso ab + /(1 —a?)(1 —b?) < 1 ecm |a| < 1,|bl < 1

3. [lokaxxute cneaytolme HepaBeHCTBA, NCnonb3ys HepaseHcTBo KBLL:

a) (m+az+...4+an) (a]—]+ai2++aln> >n?, a; > 0;

6) v/ - \/a%+a%+...+a$l> ar+a+...+an.
4. [Ins HeoTpuuaTenbHbIX A, b, C fJOKaXKUTE, YTO

3a2+ab+ v3b2+bc+ V3c2+ca<2(a+b+ec).

5. [lokaxkute ans HEOTPULATENbHbLIX YNCEN HEPABEHCTBO
(ar+a+...+a)(af+a+...+a) > (f+3+...+ )]+ +...+a)).
6. Cneagcreune KBLL (nemma Tuty, HepasercTBo CeapaksiHa). [okaxuTe, 4To

A5 NObbIX A7,y Ay ...y Qn U AOOLIX b1, by, ..., by > 0 BbINONHSAETCA HEpaBeHCTBO
2 2 2 2
aj a; a, _ (ar+a+...+an)

—t+—=+...F— =
b, b, b, bi+by+...+ by
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VCcTaHOBNTE, MPU KakUX Qi, bj LOCTUTAETCS PaBEHCTBO.

7. [lokaxnTe HepaBeHCTBa A1 MONIOXKUTENBHBIX @, b, C:
1 1 9
a) >
a b L_C o
a-+2b ‘%JrZC c+2a”
B) 5 i . + T a + o > > (Hepasencteo Hecbutra).

a+b+b+c+c+a/2m+b+d;
6)
c
8. [na x,y,z > 1 gokaxute, 4T0 /X +Xxyz = Vx—1+/y—T++vz—1

[[eomeTpusa macc

13 nrons

Onp. lyctb M — HekoTopasi To4YKa MAOCKOCTM W T — HeHyneBoe 4ducno. MaTepranbHoii
Toukoii (M.T.) MM HasbiBaeTcst Todka M € 4ncnom M, n nog 3Tum Ynciaom byaem nogpa-
3ymeBaTb Maccy Toukn M (cuuTas, 4TO OHa MOXET BbITb N OTPULLATENLHON).

Onp. LUentpom macc cuctembl m.T. MMy, muoMy, ..., M, M,, Ha3biBaeTCsa Takas TO4YKa
5 — =

L, nna kotopoii nmeet mecto paseHcteo MiZMi + muZM) + - - + My LMy = 0 npu

ycnoBuu, 4To My + my + - - - +my, # 0.

I. (Teopema 1) [lokakute, 4TO B TOYKAX LEHTP MACC BbIPAXKAETCS Kak

Z_m1M1+...+mnMn
my+...+my,

I. (Cnepcreue) [1ns KoHeuHOl CUCTEMbI MaTePUasbHLIX TOYEK LIEHTP MAcC OnpeaensieTcs
OJJHO3HAYHO.

I1l. (Teopema 2) LleHTp Macc gByx M.T. pacnofioXeH Ha NPsiMOiA, COeANHSAOLLEN 3TN TOUKN;
ero MoJIOXKEHNE ONpeaensieTcs apxumMegoBbIM npasuiomM poidara: myd; = mod,.

IV. (Teopema 3) lMNyctb B8 cucteme myMy, muM,y, ..., MMy, otmedensl k m.T. myMy,
myMay, ..., muMy. MNycts Z' — uenTtp mMacc oTMedeHHbix M.T. Ecnu BCro Maccy oTMedeHHbIx
M.T. COCPeOTOHUTb B X LieHTpe Macc Z', To OT 3TOro nonoxeHue LeHTpa Macc BCeil CUCTeMBI
He W3MEHUTCS, TO eCTb LeHTP Macc cucteMbl M.T. (Mg +my+---+1my)Z/, My 1My, ...,
m,M,, coBnagaer c LeHTPOM Macc nepsoHadansHoii cuctemsl. (ObpaTHo Toxe paboTaer.)

1. MNycte ABCD — 4etbipexyronsHuk, K, L, M, N — cepeaunbl ctopoi AB, BC, CD,
DA. Hokaxute, 4To Touka nepecedeHus otpeskoB KM n LN saBnserca cepeguHoii aTux
OTPE3KOB, a TaKXKe U CEepefiVHOV OTPEe3Ka, COeAVHSIIOLIErO CepeanHbl AraroHanei.

2. Mycts Aq, By, ..., Fi — cepeaunbl ctopon AB, BC, ..., FA nponsgoabHOro wiectu-
yroabHuka. [JokaxuTe, 4To Touku nepeceveHus meanaH tpeyronsHukos A1CiE; n BiD1Fy

COBMajaAtoT.
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3. lNpsimast npoxoguT yepes Bepwunry A Tpeyronsiuka ABC n cepeanny L megunansr BBy,
B kakom oTHoweHnmn gesnT ata npsimas ctopory BC?

4. Ha ctopore AC TtpeyronsHuka ABC B3aTta touka M Takasa, yto AM: MC =1:2 a
Ha npogoskeHun ctopoHsl CB — Touka N Takas, 4yto NB = CB. lNlpsmas NM nepecekaet
ctopoHy AB B Touke P. B kakom oTHoLeHN 3Ta Touka genut ctopoHy AB un otpesok MN7
5. B tpeyronsrnke ABC Touka F gennt ctopony BC B otHoweHun 3 : 1, cuuTas oT BepLniHb
B. Toukn M n P otcekatot ot ctopod AB n AC no 1, cuuras cooTBeTcTBEHHO OT BepLLNHBI
A u ot BepwinHbl C. B kakoM oTHOLEHUU AennTcs Kaxkablii n3 otpeskos MP n AF Toukoli
nx nepeceveHus’?

6. Ha ctopoHax AB, BC, CD, DA sbinyksoro yetbipexyronbinka ABCD B3atel Toukmn K, L,
M., N cootsetcteerHo, npudyem AK: KB =DM : MC =aunw BL:LC=AN:ND =0b.
[yctb P — Touka nepecederuss otpeskoB KM u LN. Hokaxute, 410 NP : PL = a u
KP:PM =b.

7. B okpyxHocTb BnucaH 4detbipexyronbHuk ABCD. M — Touyka nepecedenus ero gmaro-
Haneli, Q — cepeamnHa ctopoHbl CD. Beluncnante, B kakom oTHoweHun gennt npamas MQ
ctopoHy AB, ecaun nseectHo, yto AD = a, BC =b.

8. [lyctb BnucaHHas okpyxHocTb TpeyronbHuka ABC kacaetca ctopon AB, BC, CA B
Toukax Cq, Ay, By cootsetctBenHo. [okaxuTe, 4to npsamble AA 1, BBy, CC; nepecekatoTcs
B O4HOIi Touke (Tovka XKeproHHa).

9. lNycTb BHeBNUCaHHbIe OKpyXKHOCTU TpeyronbHuka ABC kacatotcs ctopo AB, BC, CA B
Toukax Cy, Ay, By coorBetctBenHo. [okakute, yto npsimble AA1, BBy, CC; nepecekatoTcs
B O4HOIi Touke (Tovka Harens).

10. (Teopema Yessbi) [dan tpeyronsHuk ABC, toukn Ay, By, C; nexat Ha npsmbix BC,
CA., AB cooteetcTeHHo. [lokaxuTte, 4yto npsmbie AA;, BBy, CC; nepecekatotca B ofHOiA

TOYKE NN Napaasi€abHbl TOrAa N TOJIbBKO TOrAa, Korga

BA| CBi ACi
AC BA CB

11. (Teopema Menenas) [an tpeyronsiuk ABC, Toukn Ay, By, C; nexaT Ha npsiMbix

BC, CA, AB cootsetctBeHHo. JokaxuTe, 4to Toukn Aj, By, C; nexat Ha ogsHoii npsimoii
TOrga v TOJIbKO TOrAa, Korga

Yucna KaTtanaHa

14 nrons
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Onpepeneruve. Yucrno KatanaHa ¢, — KOAMYECTBO CMOCODOB pacCTaBuUTb B psig ML OT-
KPbIBAIOLLMX 1 TL 3aKPbIBAOLMX CKODOK Tak, 4TobblI Mosy4unace npasusibHasi ckoboyHas
nocneo0BaTeNbHOCTb (Ha NobOM HavaNbHOM OTPE3Ke KOJIMYECTBO OTKPbLIBAOLWMX CKODOK He
MEHbLIE KOMYECTBA 3aKPbIBAOLLNX).

l. Haiigute nepsble 5 yncen KaTtanaHa.

Il. Ckonbko ecTb cnocobos cbecTb BCe ML BANHOB, KOTOPbIE MEYET MaMa, eCU CbiH BPEMS OT
BPEMEHU 3aberaeT Ha KyxHtO 1 DepéT camblii BEpXHUA BanH?

1. JJoka>kuTe, 4TO KONMYECTBO Cleayrownx obbeKTOB paBHO COOTBETCTBYtoWweMy Yucay Ka-
TanaHa:

(a) MocnegosatensHocTn Ay, ..., Ay AAMHBI 2N, B KOTOPbIX L pa3 BCTpedaetcs 1, M pas
BCTpevaetcst —1, 1 BCe YacTuyHble CyMMbl (CyMMbl MepBbIX HECKOJIBKIX Y/1EHOB) HEOTpULa-
Te/IbHbI.

(6) (Mytn Auka) MyTn Ha kneTyatoii bymare n3 toukm (0,0) B Touky (2n,0), cocTosiwmx
N3 21 OTPE3KOB, MPOXOAALLMX MO AWArOHANAM KNETOK U He onycKatowmxcs Huke ocn OX.
(B) Cnocobbl pa3buTb Ha napbl 21 TOYeK, CTOSILLMX MO OKPY>XXHOCTU, N COEANHUTL TOYKN B
napax oTpe3kaMu Tak, 4ToDbl OTPE3KN HE Mepecekanunch.

(r) (Tpuanrynsynsi) Cnocober pasbuts BbinykAbIl (L + 2)-yroNbHUK HenepecekatoLMMmncs
ANAroHaNsiMi Ha TpeyronbHUKM (Cnocobbl, OTANYAOWNECS MOBOPOTOM, Pa3fnydHbl).

(&) Mnockne kopHeBble ABoUYHbIE AepeBbst (Y KaXKAON BepLUMHbI He HoJiee ABYX MOTOMKOB,
JIEBOTO 1 MPABOTO, U Y KAXKAOW BEPLUMHBI, KPOME KOPHS, OAWH MPefoK) C N BepLHaMU.

(e) Tabaumubl 2 X N, 3anoaHeHHbIe HaTypanbHbIMK Yucnamn ot 1 go 2n, Tak, 4To 4Yucna B
KaXkZoll CTPOKE N B KaXKAOM CTO/IbLEe BO3pacTatoT.

(>) (Mapannenomuro) Heynopsigodennbie napel nyteii ¢ waramu (0,1) n (1,0) gaunebl
n+ 1, Hauunatowmecs 8 Touke (0,0), 3akaHYMBaOWMECS B OAHON TOUKE 1 MepeceKkatoLnecs
TOJIbKO B Ha4asIbHOW 11 KOHEYHON TOYKE.

(3) Habopsl ns n yensix qucen ot 0 o M, cymma KoTopbix genntcs Ha N+ 1.

(n) Mpuaymaiite ceoll NnpuMep NOCAEA0BATENBHOCTI ODBEKTOB, KOJIMHECTBO KOTOPLIX «THMa
n» paBHO M-oMmy 4ucny Katanaua.

2. Hokaxkute dopmynbl ana ducen KaTanaHa:

(a) co=1, chn=coCn1+C1Cn2+ ...+ Cn_1Co

n—1
4n — 1 Z An—ke,
n—+ 1
(B) o — (n+2)(cicn_1 +c2¢n2 + ...+ Ccn_1¢1)
" 2n—1)
In—2 1

e =g Ch
n—+ 1 n-+1

(r) cn=

(B) cn= mcﬁm
(e) Ch = C?n _ C?TT1
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[logckasku:

() , (r) Tpuanrynsuns.

(8) (J/lemma Peru) Mo kpyry pacctaBnersl L+ 1 egnHuua n 1 MuHyC egntul, (B HEKOTOPOM
nopsinke). Mbl XOTUM NOCTaBUTL OKOJO OAHON Lnbpbl TOYKY OTHETA TaK, YTObbI Anis 10boro
1 <k <2n+1 cymma K 4ncen no 4acoBoii CTpesike, HaYMHas C TOYKK OTCHETA, bblaa noso-
)uTtenbHoli. [lokaXkute, 4TO MOXKHO BbIBpaTh Takyl TOYKY OTCYETA, MPUYEM €AUHCTBEHHbIM
cnocobom.

(e) (Mpurymn otpaxerus) Myt Ha knetyaToin bymare n3 touku (0,0) B Touky (2n,0), co-
CTOSALLMX N3 2T OTPE3KOB, NPOXOASALLMX MO ANATOHANAM KJIETOK U UMEIOLLUX TOYKN B HUXKHEV]
NoJyNa0CKOCTU, paBHO konudecTsy nyTeli us To4km (0,0) B Touky (2n,—2).

3. (Tpeyronbruk Katanana) B nesom BepxHem yrny 6eCkoHEHHOM BNPaBO 1 BHU3 LIAXMaTHOIA
[OCKN CTOWT wWalka. B kaxmoll kneTke, Kyda MOXET MonacTb LUaLlKa, fAeast XOfbl TOJbKO
BHU3, DyAeM 3annCbiBaTb KOJIMYECTBO CNOCcoboB 40bPaThCs 40 HEE N3 HAYaIbHOTO MOJIOXKEHUS.
OueBnaHO, B KJETKY MOXHO MOMacTb TOMBKO W3 ABYX BEPXHUX COCEAEN, €CAn OHW eCTb,

NO3TOMY YMC/O B KJETKe PaBHO CYMMe ero cocefieli CBepxy.

14 14 6 1

(@) HokaxnTe, 4To Ha NeBON BepTUKaAN TpeyroibHUKa cToAT Hncna Kartanawa.
(6) Kak u3 uncen tpeyronbHuka Mackans MoxxHo nonyuuts TpeyronsbHink Katanana? (Mo-

npobyiliTe HEKOTOPbLIM 0BPa30M COBMECTUTbL 3TU TPEYrObHIKIA.)

O6nmnknm ymcen Kartanaua

14 wnrons

Konnyectso Kagoro us ciefytolmx obbekTos paBHo yucny Katanana cy.

(@) Cnocobbl cbecTb BCce M BJIMHOB, KOTOpbIE MEYET Mama, EC/IN CbiH BPEMSi OT BPEMEHU
3aberaet Ha KyxHtO 1 DepeT caMblii BepxXHUA BanH.

(6) MocnegosatensHocTn Ay, ..., Aoy AJMHLI 2N, B KOTOPLIX TL €4ANHNAL, 1 TL MUHYC €ANHNL
N BCE YaCTN4YHbIE CyMMBbI (CYMMbI NEPBbIX HECKOIBKUX HYIEHOB) HEOTPULATENbHbI.

(B) (Tpuarrynsymns) Cnocobel pa3dbutb Ha napbl 21 TOYeK, CTOSILLMX MO OKPYXHOCTHW, U
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COEIMHUTL TOYKM B Mapax OTPe3Kamu Tak, Y4ToDbl OTPE3KU He Nepecekannce.

(r) Cnocobbl pasbuts Bbinykibi (L + 2)-yronbHUK HENEpPeceKatoLMMICS SUAroHaNSIMI Ha
TpeyronbHukn (Cnocobbl, OTNMHAOLWNECS NOBOPOTOM, Pa3nydHbl).

(a) (Mytu [uka) Myt na knetyaTolt bymare ns Toukn (0,0) B Touky (2n,0), cocTosiwmx
n3 2N OTPE3KOB, NMPOXOASALLNX MO AMArOHANAM KJETOK U He onyckatoumxcs Huxe ocn OX.
(e) MocnepoBaTenbHoCTM LenbIx Yncen s = (So, Sty ..., Son) Takue, 40 So = 0, [si—si_1| =
1,1 <i<2nml)ecnnsy, =0;2)ecnusy #0,...,8m #0;3)ecin sy = 0,...,8:m = 0.
(>) MyTtu c koHuom B Touke (21, 0), umetowme poBHO 2K XOAOB B HUXKHEN MONYNIOCKOCTY
(ans noboro dukenposatHoro 0 < k < n).

(3) Myt u3 Toukm (0,0) B TOoUKy (M,M) NO AMHUAM CeETKM, UAYyLIME BNPABO 1 BBEPX, He
MOAHUMAIOLNECS BbILIE MPAMON Y = X.

(v) Mytn u3s Touknm (0,0) B Touky (n — T,m + 1) pasHo uncny nyteii u3 toukm (0,0) B
TOYKY (T, M), NOAHUMAIOLUXCS BbILLE AWATOHANMM Y = X.

(k) Tnockne KopHeBble CTPoOro ABouYHble fAepeBbst (DUKCUPOBAHHLIA KOPEHb, Y KaXKAOA
BEPLWIMHBI N0 ABa NOTOMKA, MBO HU OAHOrO) C poBHO M+ 1 MPOHYMEPOBaHHBIM JIMCTOM.
(n) Mnockne kopHeBbie fepeBbsi ¢ L+ 1 BepLUNHON.

(m) Mnockme kopHesble fBONYHbIE aepeBbs (y KaXKAoNi BepLUMHbI He Bosee 4BYX MOTOMKOB,
NIEBOTO 1 MPABOTro, Uy KaXAONA BEPLUNHbI, KPOME KOPHSI, OAWNH MPedoK) C L BEpPLUMHAMMU.
(H) Tabnumupl 2 X M, 3ano/HeHHble HaTypaibHbIMU Yucnamu oT 1 1o 2n, Tak, 4To 4Yncna B
KaXKAoW CTPOKe U B KaXkJoM cTonbue BO3pacTatoT.

(o) (Mapannenommno) HeynopsigodeHntsie nape nyteii ¢ waramu (0, 1) n (1,0) gannb n+-T,
HauuHatoumecs B Todke (0,0), 3akaHYMBAIOLWNECA B OLHONM TOYKE 1 NEPECEKAOLLINECS TONBKO
B Ha4Ya/IbHOW N KOHEYHOWN TOYKe.

(n) Cnocobbl 3anoaHnTb M-« eceHKy» (BbICOTbI TL) TL NPSIMOYTOIbHIKAMU.

(p) Heyboigatowme nocneposatensHoctn yncen n3 N aj,y ..., an: @ <igna 1T <i<n;
(c) TMocnepoBaTenbHoCTM HaTypasbHbIX Hucen BuAa 1,aj,...,an, 1, B KOTOPLIX KaXAablii
YNEH ABNSAETCA AeNUTENEeM CYMMbl ABYX cocepei.

(T) Habopbl ns n yenbix Yncen ot O go N, cymma KoTopbix gennTcs Ha .+ 1.

(y) (Mepecrarosku Knyta) Cnocobbl paccTaButs 4ucna ot 1 o M yucen B psig Tak, 4Tobbl

He bbIsIo TpéX Hncen, CToAwmXx B nopAaake BO3paCTaHNA.

[MnaHapHble rpadbl

15 wrons

Onp. lNnaHapHbiil rpac — rpad, KOTOPbITE MOXET DbITb N300paXkeH Ha MIOCKOCTH be3 nepe-
ceveHus pebep. [Mnockuii rpadp — nsobpaxkeHune nnaHapHoro rpadpa bes nepecedeHnii pebep.

Pe6pa NAOCKOIo rpacba OENAT NJNOCKOCTb HA H4aCTW, KOTOPbI€ HA3bIBAOTCA FpaHAMN.

I. an nnockuii rpadp. ObosHaumm konmyecTso BeplumnH 3a B, pebep — 3a P, rpaHeii —3a I
(@) Lokaxute, 4yto ecan rpadp — gepeso, To B—P + T = 2.
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(6) HokaxwuTe, 4To npu ypanexun pebpa, He SBAAOWMMCS MOCTOM, BenndnHa B — P + T
HE N3MEHSIETCS.

(B) Ons cesisHoro nnockoro rpaca gokaxute opmyny B —P +T = 2.

(r) Yemy pasHo B — P + T, ecan rpac cogepnt K KOMNOHEHT CBSI3HOCTM !

1. B crpane OzepHas 7 o3ep n 10 kaHanos (kaHan coepuHsiet 2 03epa), npuyem ot Jtoboro
03epa MOXXHO JOMJbITb A0 atoboro apyroro. Ckofibko B 3TOW CTpaHe OCTPOBOB?

2. [lokaxuTe, 4TO Anst NtOOOro CBSA3HOro MIOCKOro rpadgpa ¢ xoTst bbl AByMs pebpamu, be3
neTeNb U KpaTHbIX pebep, BbiNosHsieTcst HepaBeHcTeo 2P > 3T

3. okaxknTe, 4To Ans rpadpa U3 NpeablayLieli 3aga4m BoinoaHseTcs HepagencTso P < 3B—6.

KoHTposibHbI Bonpoc: 4To byaet, ecan B rpache He bonee 1 pebpa, nav ectb netiv n KpaTHbie

pebpa? Beinontsietcsi v gpopmyna B—P+T" = 27 Beinonnsercs an HepaseHctBo P < 3B—67

4. Kak uameHsaTcs HepaseHcTBa 2 1 3 3agaqn, ecan rpad AByRoseH (Bce ocTanbHble CBOWCTBA
TakXKe BbIMOSHAIOTCS)?
5. JokaxuTe, 410 nosHbili rpad Ha natu BepwHax (Ks) n nontbili gBygonsHbli rpad, obe

ponu kotoporo cogepxat 3 sepiuntbl (K3 3) — He nnaHapHbl.

PaccMoTpum BbinyK/IbIfi MHOrOrpaHHUK v TOYKY BHYTpu Hero. [lomecTum MHOrorpaHHuk
BHYTPb CGhePbI C LIEHTPOM B 3TOM TOYKE, U CIPOELMPYEeM €ro U3 LEHTpa Ha cgepy. Y no-
Jly4eHHOro Ha cgbepe rpagha pebpa He nepecekarorcs. [Todemy?

[locTaBum cchepy Ha MAOCKOCTb Tak, 4TObbl TOYKA, ANAMETPATILHO MPOTUBOMOJIONHAS TOYKE
kacanusi (Montoc), He MpuHaAaexana HapucosaHHoMy Ha cgpepe rpacpy. Cnpoeyupyem n3 no-
JI0Ca Ha MJIOCKOCTb BCe TOYKM cepepbi (cTepeorpacpudeckas npoekyus). lonyquncs naockuii
rpach, COOTBETCTBYIOLLNI MHOMOrPaHHUKY.

6. [okaxkuTe, 4TO A5 BbINYKJIOrO MHOTOrpaHHNKa BbinoaHsietcs popmyna B — P + T = 2,
7. MNpuseanTte nprMep MHOrOTPaHHUKA, A4Jist KOTOPOro 3Ta hOpMYysia He BbIMOJHAETCS.

8. Bce rpaHun Bbinykaoro muororpaHHuka — kBagpaTel. CKOMbKO y Hero BepliviH, pebep u
rpanein’?

9. Bce rpaHu BbINYKAOro MHOMOrpaHHUKA — MpaBuibHble NATUYrONbHUKU. CKONBKO Yy HEro
BEPLUWH, pebep 1 rpaHeli?

10. Bce rpaHu BbiNyknoro MHOrorpaHHuKa — npaBuJibHble TPEYrONbHUKN 1 B KaXKAOW Bep-
LUINHE CXOANTCS oauHakoBoe Yucno pebep. Ckonbko y Hero BeplunH, pebep u rpaHei?’

11. (a) Hokaxute, 4To y ntoboro nnaHapHoro rpada ecTb BepliMHa CTeneHn He bonblue 5.
(6) [HokaxuTte, 4TO y BbINYKIOr0 MHOTOrpaHHUKA eCTb rpaHb, cofgepxaliasi He Gosblie 5
pebep.

12. CemunyronbHuk pasbunn Ha Bbinykibie 5 n 6-yronbHuku. /138ecTHo, 4TO B Kaxxaoii Bep-
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LUVHE CEMUYTOJIbHNKA CXOAUTCS XOTst Obl 2 4acTu pasbueHusi, n HWKakas BeplinHa Ntoboro
MHOFOYTOJIbHUKA HE SABISETCA BHYTPEHHel TOYKOW CTOPOHbI APYroro MHOroyrofsHuka. Jo-

KaXXNTe, 4TO 5-yrosibHUKOB He MeHee 13.

MaTtboin ObblyHble M8 — OObiuHble M7

15 wrons

1. B sbinyknom natuyronbiuke ABCDE paccmaTtpusatotcs 5 oTpeskoB — ero amaroHa-
an. Tpoiika anaroHaneli Ha3bIBaeTCS YAa4YHOR, €CN U3 HUX MOXHO COCTaBUTb TPEYrObHUK.
Kakoe HauMeHbLIee BO3MOXHOE KOJMYECTBO YAAYHbIX TPEYroJbHNKOB MOXKET ObITh !

2. B tpaneyun ABCD c ocHoanusimu AB n CD BbinonHero paseHctso AB = BD + CD.
Myctb E — cepeauna auaronann AC. HokaxuTe, 4yto ZBED = 90°.

3. Ha pocke HanucaHo npoussegeHmne HaTypanibHbix Yucesn oT 1 o n. Paspelwaetcs 3amensaTs
k Ha k- (k—T1). [Npn kaknx 1. MOXKHO MOMY4YNTb Ha AOCKE KBaApaT HaTypasibHOro Yucna npu
NOMOLLIWM TaKnx onepawuuii’?

4. B knetkax kBagpata 5 X 5 ctosAT 25 pasnnyHbiX HaTypasbHbIX YUCEN, MPUYHEM B KNeTKax,
VMEIOLLMX ODLLYHO AnaroHasb, Yncia B3avMHo NpocTbl. Kakoe MUHMMaibHOe 3Ha4eHne MOXKET
NPUHUMaTb Haubosbluee U3 Yucen?’

5. B yeTbipexyronbHuke AAUHbI CTOPOH BbipaXkatoTcs LenbiMu Yucnamu. VIssecTHo, 4To cym-
Ma JoDbIX Tpex AennTcst Ha dYeTeepTyto. JlokaxuTe, 4To B 4eTbIpexyrosbHKe eCTb ABE paB-
Hbl€ CTOPOHbI.

6. B JIMLL 40 kopnycoe. Mexay ntobbiMu aBymMs Koprnycamiul MpOXoAsiT 2 Of4HOCTOPOHHWE
TponuHku (Bo3MOXHO, 0be B oaHYy cTopoHy). Hazosem cusioli Kopryca KONMHYeCTBO TPOMUHOK,
BedyLnX n3 Hero. Kakash MakcumasibHast pasHuLa B Cuie MOXKET DbITb y COCefHUX MO Cue
KOpMycoB?

7. [pann kyba 3 X 3 X 3 pa3buTbl Ha eguHMYHbIE KBaApaTbl. B HekoTopbIx KBagpaTax
HapUCOBaHbI TPEYTONbHUKIN MIOLLAALIO ]E Hukakasi Touka NoBepxXHOCTU He NPUHALNEXUT OA-
HOBPEMEHHO ABYM TpeyrofibHukam. Kakoe MakcmanbHoe YCAo TPeyrosibHUKOB MO0 ObITh
HapUCOBaHO?

8. Ha nnockoctn oTMeueH MunnmnoH Todek. [lokaxknTe, 4TO CyLlecTByeT CTO3BEHHAsI IOMaHas

C BEPLUMHAMM B 3TUX TOYKAX, BCE 3BEHbS KOTOPOU MMEIOT Pa3HytO AJUHY.

MaTtboin O6bidHblie M8 — lNonynpocdu M7

15 wrons

1. B Boinyknom natunyronsiuke ABCDE paccmatpusatotcs 5 oTpe3koB — ero gnaroHa-
nn. Tpoiika AnaroHaneil Ha3bIBAETCA YAAYHOW, €CAN U3 HUX MOXXHO COCTaBUTb TPEYrObHUK.

Kakoe HanMeHblLee BO3SMOXXHOE KOJINYECTBO YAA4YHbIX TPEYTOJIbHNKOB MOXET ObITH?
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2. KnetyaTblii NpsiMOYrofibHWK COCTaBAEH W3 MJIWTOK TPEX TWUMOB, MOKA3aHHbLIX HA PUCYH-

Ke (K?:])Kp,aﬂ NANTKa COCTOUT N3 ABYX NMOJIOBUH KJ'IeTKVI). MoxkeT nu nanTok BTOpPOro tuna

OKa3zaTbcsi posHo 1117 -
3. Yucna 231,232, .. ,232024 BbINVCaHbI APYr 33 APYrom B CTPOHKY be3 npo- . % D
benos.. MNonyyunocs Yncno N. 3a n 0603HAYNM KOAUHECTBO Lndpp B 3aMncy 1 2 3

N. Ha kakyto Hambosbluyto cTeneHb asolikn genutcs N7

4. Ha nocke HanmcaHo Npou3BeseHne HaTypanbHbix Yucen oT 1 go n. PaspewaeTcs 3aMeHsTb
k Ha k- (k—T1). [Mpun kakmx 1. MOXKHO NOMYH4UTb Ha AOCKE KBaApaT HaTypasibHOro Yucna npu

NOMOLLM TaKKX ornepauuii’?
2

5. [lokaxxnTe, 4TO CywecTBYIOT HaTypasbHble Yncaa M, T, ANS KOTOPbIX % —v2024| <
1
To10°
6. [panu kyba 3 X 3 X 3 pa3buTbl Ha eguHMYHbIE KBaApaTbl. B HekoTopbIx KBagpaTax
HapUCOBaHbI TPEYTONbHNKIN MIOLLAALIO % Hukakasi To4ka NoBepXHOCTU He NPUHALIEXUT OA-
HOBPEMEHHO ABYM TpeyrofibHukam. Kakoe MakcrmanbHoe YiCao TPeyrosibHUKOB MO0 ObITh
HapUCOBaHO?
7. B vetbipéxyronbinke KLMN gnuHa ctopoHbl LM paBHa cymMMme OauH cOCeHUX CTOPOH.
Takxke ZNMK 4 ZLKM = 180°. HokaxnuTe, 4to ZKNM = ZLMK + ZMKN.
8. B JIMLL 40 kopnycos. Mexay ntobbiMu aBymMs koprnycamul nMpoxXoasT 2 Of4HOCTOPOHHWE
TponuHkn (BO3MOXKHO, 0be B 0fHY CTOpOHY). HasoseM cunoii kopnyca KoAN4ecTBO TPOMMHOK,
BedyLmX n3 Hero. Kakash MakcumasibHast pasHuua B Cuie MOXKET DbITb y CcocefHUX MO cue
KOpMycoB?
Pewerue. OueHnm ceepxy pastuuy mexay k-m u (k + 1)-m no cune kopnycamu. By-
AEM MoNb30BaThCs TypHUpHbIMU TepmuHamu (Boinrpbiw 2:0, Hudbs 1:1). MakcumansHas
cymMmapHasi cuna k bosiee cusibHbIX KOPMYCOB AOCTUrAeTCsl, eCivi OH obbIrpany BCe OCTaslb-
Hble KOpryca, a Mexay coboii Cbirpanan Kak yrogHo. Torga y HWX BMeCTe B3sATbiX Oyger
2k - (40 — k) + k(k — 1) oukoB. 3HauuT, cpegHsisi Cuaa KaxAOro W3 STUX KOPMYCOB He
bonbuwe 2(40—k) + (k—1) =79 — K, a MuHumanbHast — Tem bonee He Bonblie 3TOro Yuc-
na. AHaNOrMYHO yCTaHaBAMBAEM, YTO CPefHsIs CUIa OCTaslbHbIX KOPNYcoB He MeHblle 39 —K,
a Hanbonbluas — Tem bonee. Taknm obpasom, pasHocTb He bonblue 40.
[prMep nosy4vaeTcss U3 BbILEONWCAHHON KOHCTPYKLUWW, €CAN BCE CUJIbHBIE ChIFpann Apyr C

APYroM BHU4YbBKO U BCE cnabble Toxe.

[lepecTaHoBKNK

17 nrons

Onp. lNepectaHoBka yucen 1, ..., N — 3TO B3aMMOOAHO3HA4YHOE OTODpaXKeHMe S KOTOpoe
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nepesoanT 4ncio k B yucno s(k). MepectaHoBka MoxeT BbITb 3anncaHa cneayolmM obpasom

1 2 3 ... n
s(1) s(2) s(3) ... s(n)
1 2 3

l. Ha waxmaTtHoli gocke oTMedeHbl 16 KNeTok, Tak 4To Ha @ O
KaXAOI rOPN30HTaNN U KaXKAON BEPTUKANN HAXOAATCA MO (é ; i)
nBe oTMeYeHHble KneTku. [lokasaTb, 4TO U3 3TUX KNETOK
MOXHO BblbpaTh 8 Tak, YTO pacCTaBAEHHbIE B HUX JafbW ©
He byayT buTb apyr apyra. G (; : i)

Il. deaguaTe wkonbHukos pewanu 20 3agay. M3secTHo,

4TO KaXKAYyl W3 33734 pelwnan 2 WKONbHUKA U KaXKablii OONO)

WKONBHMK pewna no gee 3agaqn. [lokasaTb, 4TO MOXKHO

TaK OpraHm3oBaTb pa3bop 3afay, YTO KaXKAbIA WKONBHUK PacCKaXkeT Mo OAHOU 3ajade u
KaXKAas 3agada byaer pacckasaHa pOBHO OAWH pas.

Onp. lMepecTaHoBKa Ha3bIBAETCH LMKANYECKONA (MAM NPOCTO LMKIOM), €CN OHA CABUraeT
HEKOTOPbLIE 3/IEMEHTBI MO KPYry, a OCTa/lbHble OCTaBSET HEMOABVHBIMU.

Linkn nepecrasnstownii anementsl {aj, ..., ax} 3anuceiBaetcs B Buge (aj, az,...,ax) (1o
ectb s(ax) = ax41).

[lBa UMKNa HA3bIBAIOTCS HE3ABUCUMbLIMU, €CAN HUKAKOA 3EMEHT He COBUrAETCS MNEepBOVi W

BTOPOW NepecTaHOBKOW OLHOBPEMEHHO.

I1. Halitu nepectaroeky Ha mHoxecTe {1,2,3,4,5}, saeastoulytocs koMnosnuuein ceayto-
wwux unknos: (134)(235); (23)(245).

1. MokaxnTe, 4To Ans bbix Tpex nepectaHoBok A o (Bo C) = (Ao B) o C. To ectb
ornepaumst KOMNO3NLUM NEPECTaHOBOK acCoLMaTUBHA.

2. 3anucaTb B BUAE KOMMO3MLMU HE3ABUCKMbLIX LMKIOB Crefytoline nepecTaHOBKU:

12345 123456

45312)'\316542
3. [lokasaTb, 4To ntobasi NepecTaHOBKA €CTb KOMMO3ULMS HE3ABUCUMBIX LIVIKJIOB.
4. (a) Mo kpyry pacnonoxero 2024 kapToyek. ABTOMAT yMeEET MeHsATL MECTaMU Jtobble ABe
KapTo4k. MOXHO N1 CABUHYTbL BCE KAPTOYKM MO KPYTY, NCMNO/b3yst aBTOMAT MHOTOKPaTHO?!
(6) MoxxHo nn caenaThb TO »Ke CaMoe C NMOMOLLLIO CynepaBToMaTa, KOTOpbIf He yMeeT cpasy
MEHSATb MeCTaMu Ntobble IBE KaPTOYKU, HO YMEET MeHSTb MecTaMu ABe coceqHue?
5. (a) [okaszaTb, 4To ntobol LMK €CTb KOMMNO3ULMS LMKIOB AnnHbl ABa. (Takue umkibl
Ha3biBatoTCst TpaHcnosnumsimu.) (6) Jokaxute T0 e Npo NMPOU3BOJIbHYHO MEPECTAHOBKY.
(B) TpaHcnosuums Ha3biBAaeTCst 3/EMEHTApHON, eC OHA MEHSIET MeCTamy ABa COCEAHUX
yncna. (T.e. umeet Bug (i,1+ 1)). Jokasats, 4To ntobyto NepecTaHOBKY MOXHO pasiioxXuTb
B KOMMO3ULMIO 3J1EMEHTAPHbLIX TPAHCMO3ULMIA.

IV. Ha kHuxHOI nosike B bubnnoteke ctouT cobpanme codmHennii, coctosiwee ns 2024 to-
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mMoB. B bubnnoteke pabotaer komuccusi. Ecam oHa obHapy»xuBaeT napy TOMOB Ha MOJIKE,
PACMONIOXKEHHYIO TaK, YTO TOM C MEHbLIMM HOMEPOM W3 3TON Napbl CTOUT paHblie TOMa C
DONbLIMM HOMEPOM, TO 3a KaXKAYHo TaKyto napy bubnnotekapb noay4aeTt BbIrOBOP.

(a) Ckonbko BbIroBOpOB NoNy4UT BUbANOTEKApPL, eciu Bce ToMa bygyT pacnonoxeHbl B 06-
paTHOM nopsjake?

(6) Mpwn HekoTOpOIi paccTaHOBKe KHUM BUBANOTEKAPL MONYHII HEKOTOPOE KOJIMHECTBO Bbi-
roBopoB. MOXHO 1 Tak NepecTaBuTb ABE KHUMM, YTODbI YMCAO BbIFOBOPOB YBENINYMNAOCH HA
1007

(B) Bubnnotekapto ymanocb pacctaBuTb Ba 3K3eMNsSpa 3TOro CObpaHWsi COUYMHEHWI B
npaeunbHoM nopsigke. B 6ubnnoteky 3abpannck aga xynuraHa. Kaxabili s Hux Kaxagyto
CeKYHAY MepecTaBnsieT Kakne-Hubyab ABe KHUrKM Ha cBoeli noske. MoXeT in oKasaTbCs Tak,
4To y nepsoro n3 Hux 4epe3 100 cekyHa KHUMM DyayT paccTaB/ieHbl TOYHO TaK XKe, Kak Y
BTOpOro 4epes 99 cekynn?

(r) [okasaTb, 4TO KHWTM MOXXHO PacCTaBuTb Tak, 4TO DUBANOTEKApL MOAYYUT POBHO M-
JINOH BbITOBOPOB.

Onp. lMNyctb gaHa HekoTopasi nepecTaHoBKa Ha MHoxecTBe dncen 1, 2, ..., . Mapa dncen
(1,j) Ha3biBaeTCS MHBepCUel OAHHONA NepecTaHoBKWM, ecan Dosibluee M3 3TUX YMCen pacno-
NIOXKEHO B MEPECTAHOBKE paHblue MeHbluero. [lepecTaHoBka Ha3blBaeTcst YETHON (HEYETHOIA),
ecnu Y4ETHO (HEYETHO) YNCNo eé nHBepCui.

12345
25413

6. Halitn 4étnocts: (@) nepecraHosku , (6) npownssosnbHolt TpaHcnosu-

mys
7. [lokaszaTb, 4TO MPU YMHOXKEHNUN MPOU3BOJILHOV NEPECTAHOBKMU Ha TPAHCMO3ULINIO YETHOCTb
NepecTaHOBKY U3MEHNTCS.

8. Haiitn wétHocTb yukna: (a) anudsl 3; (6) aavubl 4; (B) npon3BoNbHOR AAUHBI TL.

9. [lokasaTb, 4TO KOMMNO3NLMS NEPECTAHOBOK OAWHAKOBOM YETHOCTW €CTb Y4&THasl nepecTa-
HOBKa, a KOMMO3ULIMA NEPEeCTaHOBOK Pa3HOl YETHOCTW — He4yeTHas.

10. CdopmynupoBaTb onpegeneHue rpynnbl NepecTaHOBOK MO aHaNorUu C rpynnoii ABu-
xeHunit. [lokasaTb, 4TO BCe YETHbIE MEPECTaHOBKM ODpasyloT rpynny, a BCe HEYETHbIE He
obpasytoT.

11.B ropoge VYptonnHcke paspelueHbl TONbKO TpoliHble 0bmeHbl kBapTup. MoxxeT nu B pesysib-
TaTe HECKOJIbKUMX ODMEHOB MOYy4nTLCS Tak, 4TO cembst /IBaHOBbIX MOMeHSETCS KBapTUpamMm

C ceMbéli [1eTpoBbIX, a BCE OCTa/IbHbIE XKWUTEN OCTAHYTCS MPU CBOMX KBapTUpax?

MaccoBblii pa3HOOOVWA

17 nrons

1. okaxuTe, 4to ueHTp Macc nstuyronbHuka ABCDE nexuT Ha oTpeske, coefnHsitoLlem
BepwuHy A 1 ueHTp Macc 4YeTbipéxyronbHka BCDE. B kakom oTHoweHumn oH genut aToT

OTpe3s0K’?
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2. Cropoubl AABC, npotusonexauwue sepwmHam A, B n C umetor gnunel a, b n c.
(a) dokasaTb, 4to yeHTp mMacc cuctembl aA, bB, cC — ueHTp BNMCaHHOR OKPYXHOCTH 3TOrO
TpeyronbHuka. (6) B kakom oTHoweHun buccektpuca AA; LeAnTCs TOYKOI nepeceyeHns
buccekTpuc?

3. MNycte ABCD — onucanHbie yeTbipexyronbhuk, Todkn K, L, N, M — Toukn kacaHus
ctopod AB, BC, CD un DA c BnucaHHoli okpy»HocTbto. B kakom oTHoweHun oTpeskn KN
n LM pensitcs cBoeli TouKoli nepecedeHns ?

4. U3 yetbipex Todek A, B, C, D Hukakue Tpu He nexxaT Ha OAHON npsiMoit. Toukmn nepece-
qenus meguan Tpeyronsiukos BCD, ACD, ABD, ABC obosHadyeHbl cooTBeTcTBEHHO A,
B’, C’, D’. dokasaTs, 4to otpeskun AA’, BB’, CC’, DD’ nepecekatotca B oaHoli Touke Z.
5. [Hanbl yetbipe Toukn A, B, C, D. Hepes K, L, M, N, P, Q obosHaueHbl cepefuHbi
otpeskos AB, CD, AC, BD, AD, BC. [dokazaTs, 4to cepegunbl otpeakos KL, MN n PQ
CoBMajatoT Mexay coboit 1 ¢ Toukoin Z n3 npeabiayLulein 3agaqu.

6. lNnowaas napannenorpamma ABCD pasHa 1. Touka M gennt ctopory BC B oTHoweHnn
3 : 5, cuyutasa ot Bepwutbl B. [pambie AM un BD nepecekatotcs B Touke P. Bbluncauts
niaowaab YetbipexyronsHnka CMPD.

7.TycTb cuctema matepranshbix Todek miM; (1 = 1...m) c ueHtom macc Z nog gelictarem
npeobpasosarust nogobusi f (B TOM qucne u ABUKEHNS) NepexoanT cnctemy Todek MM/
(f(Mi) = M) c uentpom macc Z'. Jokaxute, 4to Z' = f(Z).

8. (a) [okaxute, 4To ansi noboii Toukn X Ha npsimoit AB cyuectsytoT macehl &, 3 Takue,
4yTto X — ueHTp macc A, 3B.

(6) [HokaxuTte, 4to ans nwboii Toukn X BHyTpu TpeyronsHuka ABC cywectsyer Habop
Macc &, 3, Y Takoii, 4to X — ueHTp macc A, 3B n yC.

(B) [okaxnTe Toxe camoe st NPON3BOILHONM TOYKMU MIOCKOCTH,

Bonpoc: OaHo3Ha4HO /i 0npeaensitoTcs Macchbl U3 npeasigyiei 3agaqn? VI ecin HeT, To 4To

Bbl MOXKETE MNPEASIOXKNUTL AJ15 TOrO, 4yTObbI 3TV Macchl ONpeAEIAINCD O,[{HOS’Ha‘-IHO.?

9. (a) Myctb gaH muoroyronsHnk M n ans awboii napel ero sepwuH A, B cyuwecrtsyer
nexeHne nnockoctn f, nepesopsuee M B cebst n yposnetsopsitoulee ycnosuto f(A) =
B. [lokaxkute, 4TO BOKpYr HEro MOXHO onucatb okpyxHocTb. (6) ToT >xe Bonpoc npo

MHOFOrPaHHUK 1 OMUCaHHYIO Cepy.

Hen pnBoamnmMmblie MHOIO4YJi€HbI

18 nrons

Onp. HeHyneBoii MHOro4seH C AEACTBATENBbHBIMU KO3(MPULMNEHTAMI HA3LIBAETCS HEMPU-
BOAUMbIM Hafj IR, ecnu ero Henb3s NpeAcTaBUTb B BUAE MPOU3BEAEHUS ABYX MHOFOYJIEHOB

cTeneHn Bbiwwe 1.

Teopema. Jloboii MHOro4eH cTeneHn Bbille ABYX NpuBoaumM Hag R.
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Onp. Henynegoit MHOro4neH C LenbiMu Ko3PULMEHTAMN HA3LIBAETCS HEMPUBOAVMbLIM Haf
Z., ecnn ero Hesb3si NPefCTaBUTb B BUAE NPOU3BEAEHUS [BYX MHOFOYJIEHOB C LIEbIMU KO-
dbuumenTamn cteneHn soiwe 1.

I. Pasnoxute muorounen x* + 1 B nponsBeseHne HenpreognMbIxX Hag R.

4

Il. JokasaTs, 4To mHorounen x* —x? + 1 nenpusognm Hag Z.

1. PasnoxuTe MHorouneH B nponsseneHue Henpueoaumbix Hag R. (a) x* +4; (6) x* —
102+ 1; (B) x®+27; (r*) x* +4x3 +4x* + 1.

2. PaznoxnTe Ha HENPUBOAMMbIE COMHOXXMTENN HEHYNEBOV CTeneHn C LenbiMUu koachdpuLm-
eHTamMu MHorouneH x'2 — 1.

3. MoxHo N cnepytoLime MHOTO4IEHbl NPEACTABNUTL B BUAE NPOU3BELEHNS MHOTOYIEHOB C
uensimu koacbcbuuymentamu (@) x* +2; (6) x> +4x* —3x +7; (8) x>+ 3x* +4x +5.
4. MHorouneH cefjbMoili CTeNeHN C LeNbiMn Ko3PdULNEHTaMI B CEMI LiefibIX TOHYKaX paBeH
+1. [okaxnTe, YTO €ro HeNb3si NPeACTaBUTb B BUAE MPOU3BEAEHNS ABYX HEMOCTOSHHbIX
MHOFOYJIEHOB C LeNIbIMU KO3PPULMEHTaMU.

5. PaznoxuTe Ha HenpusoguMble Hag Z MHoMUTeNM MHorouner x2017 — 32017,

6*. [lokasatb kputepuii diiseHwTeiina. [ycTb gaH MHOro4YNeH C UenbiMu Ko3ddULneHTamu
f(x) = anX™ 4 a1 X 4 ... 4+ a;x + ao.

Ecnu cyuwiectsyeT npoctoe 4ncao p Takoe 4To
1) an He gennTcs Ha P

2) Qn_1yQn_2y.-., 01, Qo AENUTCSH HA P

3) ao He genuTcs Ha P2

Toraa muoroynen f(x) Henpusoaum Hag Z.

[omoTeTnsa

18 nrons

Onp. lomoTeTnein Ha3bIBatOT Npeobpa3oBaHmMe MIOCKOCTU, nepeBoasiiee ToUKy X B TOYKY
X', obnagatowyto Tem ceoiictom, 4to OX’ = kOX (Touka O n yucno k dpukcnposatbi).
Touky O Ha3bIBAalOT LEHTPOM FrOMOTETUN, A 4NUCIO K — KOIPPULUUEHTOM rOMOTETIN.

K
[omoTeTuto ¢ ueHTpom B Todke O u koadbdpuymnentom k byaem obosHaqats H.

I. JokaxuTe, uto ecnn A’ = HE(A) n B/ = HE(B), To TB’ = kﬁ.

Il. Jokakute, 4TO romoTteTusi — npeobpasoBaHue nogobus.

1. JokaxuTe, 4To nt0byt0 OKPY>KHOCTb MOXXHO MEPEBECTU B NIIODYIO APYyryto roMoTeTuel u
HaliMTe BCE BO3MOXKHbIE LIEHTPbl U KOS MULNEHTbI.

1. [okaxuTe, 4to ans noboii Toukm A BepHO ClemytoLee: H(]%(H]EJ(A)) = A.

2. Brytpu kBagpata ABCD B3sita Touka M. [lokaxkuTe, 4TO TOYKM nepecedeHuns meanat
TpeyronsHukos ABM, BCM, CDM, DAM obpa3sytoT kBagpar.
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3. Ha ocHoBanusix BC u AD Ttpaneuyun ABCD BHe Hee nocTpoeHbl paBHOCTOPOHHUE Tpe-
yronsHukn BCX n ADY. Hdokaxute, 4to npsimas XY npoxofuT Yepes TOUKY nepecedeHuns
AnaroHanel Tpaneuun.

4. BHyTpu nonocbl Mexxay ABYMSI NapasfieflbHbIMU NPSMbIMU A 1 D HApUCOBaHbI [1IBE OKPYK-
HOCTU Wq U Wy, KacatoLlmnecs Apyr apyra B Todke S. Kpome Toro, okpy»<HOCTb (W, KacaeTcs
NpsiMoli @ B To4ke A; OKPY>KHOCTb Wy KacaeTcs npsimoii b B Touke B. [JokarkuTe, 4To Touka
S nexuT Ha oTpeske AB.

5. [lee okpy»KHOCTW KacatoTcs Apyr Apyra BHewHuMm obpasom B Touke A. [pamas 1 nepe-
CekaeT MepByto OKpYyXHOCTb B Todkax B n C un kacaetcs BTOpoii okpy»KHOCTM B Todke D.
Hokaxute, yto AD — buccektpuca srewnero yrna BAC.

6. Ha crtopoHe AC tpeyronbiuka ABC BbibpaHa Touka D Tak, 4To paguycbl BNUCaHHbIX
okpy»kHocTeii TpeyronasHrkos ABD n BCD pastbl. [JokaxknTe, 4To pagnycbl BHEBNUCAHHbIX
OKPY>XHOCTEeN 3TUX TPeyroJibHUKOB HanmpoTUB BepLUUHbI B Toxke paBHbI.

7. Ha nnockocTu hrukcmpoBaHbl OKPY>XHOCTb (W, Todka A Ha Heli n T BHyTpu. Paccmatpu-
BatoTCs BCeBO3MOXKHble xopabl BC, npoxoasauine vepes T. Haiigute TMT

(a) Touek nepeceverns megnan TpeyronsHuka ABC; (6) optoueHTpos Tpeyronsiuka ABC.
8. lNyctb Ay, By, C; — TOYKM KacaHust BNMCAHHON OKPYXKHOCTU CO CTOPOHAMU TPeyrofibHuKa
ABC, a Ay, By, Cyp — cepeaviHbl gyr onvcaHHOW OKPY>XHOCTU.

(a) HokaxnTe, uyto npsimsle AjAg, B1By u C1Cy nepecekatotcsi B 0aHOM TouKe.

(6) Myctb I v O — ueHTpLI BNUCAHHONR 1 oNMCaHHOW OKpy>KHOCTeR TpeyronsHnka ABC.
Hokaxxute, 4to opToueHTp TpeyronsHuka A1B1Cy nexunT Ha npsmoii OI.

9. lNycts AK n BL — BbIcoTbl ocTpoyronsHoro TpeyronsHrka ABC, a w — BHeBnucaHHas
okpy>xHocTb TpeyrosbHuka ABC, kacatowascs otpeska AB. Obwue BHyTpeHHune kacaTenb-

Hble K okpy>xxHocTsM (CKL) u w nepecekatoT npsimyto AB 8 Toukax P u Q. JokaxuTe, 4o
AP = BQ.

KombureomeTtpus

18 nrons

1. Ha nnockoct oTmedeHo N Tovek. 3BecTHo, 4TO Mtobble 4 U3 HUX NexaT B BepLUMHaXx
BbIMYKJ/IOrO YeTbipexyrofibHuka. [loka)knTe, 4TO BCe TOYKMN NexXaT B BEPLUMHAX BbIMYKIOMO
N-YroNbHUKA.

2. Ha nnockocTn oTMeYeHO ML TOYeK Tak, Y4TO MJoLladb JtobOro TpeyrofibHMKa C BepLUMHAMM
B OTMEeYEeHHbIX To4ykax He npeblwaeT 1. [lokakuTe, 4TO BCE TOYKM MOXHO MOMECTUTHL B
TPeyroNbHUK naowaan He bonbuue 4.

3. Ha nnockoctn oTMeyeHo M To4dek, He fiexkalux Ha oaHo npsiMoit. [lokaxknuTte, 4To Cylle-
CTBYET 3aMKHYTasi JloMaHast be3 camonepeceyeHnii ¢ BEPLINHAMI B 3TUX TOYKAX.

4. 68 peteit napannenn M8 yctpounn ruapoboii. OHu BCTanu Ha niollafike Tak, 4TO BCe

nonapHble PacCTOSIHUS MEXAY HUMU Pa3anyHbl. 3aTeM KaXablii 00 ns Beapa bavxaiiwero



XL Kuposckasi JIMLLI, M8, obbidHbie rpymnnebi LOJ1 "Buwkunnes”, 1-26 nrons 2024 r.

K Hemy 4esnoBeka. [lokanTe, 4TO HUKTO He oka3ascs obaut bonblue 5 pas.

5. Jokaxkute, 410 AN 110OOr0 MHOXECTBA 13 XOTS1 Obl ABYX TOYEK HA MJOCKOCTY, HE IEXKALLINX
Ha OLHOW MPsIMOWA, HAZeTCs NpsiMasl, COAEepPKaLLast POBHO 2 TOUKMN.

6. Ha nnockoctu npoeegneHo 300 npsambix obuiero nonoxerus. lokaxkute, 4to cpean obna-
CTeli, Ha KOTOpblE OHU Pa3bMBaOT MAOCKOCTb, HaligeTcs xoTs bbl 100 TpeyronbHMKOB.

7. [laH BbINyK/bIE MHOTOYrONbHUK naowaan 1.

(@) [okaxnTe, 4TO €ro MOXXHO MOMECTUTH B MPSIMOYTOJIbHUK MJOWAAM He bonblue 2;

(6) [okaxknTe, 4TO B HEFO MOXHO MOMECTUTL NPSIMOYTOJILHUK MIOLWAAN XOTs Dbl %.

8. Ha nnockoctu gaHo N Touek, cpefn nonapHbIX pacCTosHWI MeXAY KOTOpbiMU He bosee,

Yem M pasnunynbix. Jokaxute, uto N < n? + 2.

[MoBopoT

19 nrons

I. JokakuTe, 4TO KOMMO3MUUS ABYX MOBOPOTOB Ha Yribl B CYMMe He KpaTHble 360° sB-
NSIETCA MOBOPOTOM. B Kakoli Touke HaxoguTCs LEHTP U 4eMy paBeH yroj 3TOro noBopoTa’
PaccmoTpuTte cayyaii, korga cymma yrnos kpaTHa 360°.

Il. lan pasrocToporHuii TpeyronsHnk ABC, O — ueHTp TpeyronbHuka. Haiiante komnosu-
unio nosopotos: (a) Rz® o RY": (6) Ry o RY; (8) R o RY".

I1l. Ha ctoporax BC, CA, AB Ttpeyronbiuka ABC BHe ero nocTpoeHbl npaBusibHble Tpe-
yronbHukun BCA;, CAB;, ABC;. JokaxuTe, 4To KOMNO3ULMS NMOBOPOTOB C LEeHTpamu Aj,
By, Cy Ha yribl 60° ecTb yeHTpanbHas cummeTpusi. HaiiguTe ee UeHTp.

1. Apxeonorv Hawwy CTapyrHHbIA CBUTOK, B KOTOPOM Dbl HanncaHo: « BctaHb okono bepessl,
N OOWAM OT Hee, He CBOpauYMBasl, JO KOJMOALA, A Y KOJOALA MOBEPHU MOL MPsSIMbIM Yr0OM
HaJeBO U MPONAN Takoe e paccTosiHue. B Tom mecTe, rae Tbl okasascsi, BOei Kosblllek B
3eMJ1t0. Tenepb ONsTb BCTaHb y bepesbl, U fOWAN OT Hee, He CBOpaymBasi, 4o Ayba, NnoBepHU
noA NpsiMbIM YrIOM HamnpaBo W MPORAN Takoe e paccTosiHve. Bbeid BTopoli Kosblliek B
3emto. [NocepennHe mMmexay Konbiwkamm 3apbiT kKnagy. Okasanock, 4To Koaogew n ayb no-
NpexxHemMy Ha MecTe, HO bepesbl yxke HeT. CMoryT au apxeonoru HaliTu knag?

2.Ha ctopornax AC n BC tpeyronsHuka ABC BHe ero nocTpoeHbl NpaBuibHble TPEYroabHUKM
ACP n BCQ. HaiiTn yrnbl TpeyronbHrKa, y KOTOPOro BepLUMHbI COBMaZatoT ¢ cepeguHoii M
ctopoHbl AB, Toukoii P n uentpom O TpeyronsHuka BCQ.

3. (Teopema HanoneoHa) Ha crtopoHax TpeyronbHUKa BHE €ro mMOCTPOeHbI MpaBusibHbIE
TpeyronbHUKU. [Joka>knTe, 4TO UX LEHTPbl — BEPLUVHbI MPABUILHOTO TPEYTrobHIKA.

4. lNocTpoliTe TpeyronbHUK, €CN N3BECTHLI TPW TOYKM, SIBASIIOLLMECS BEPLUMHAMMN NPaBUIb-
HbIX TPEYrOJbHNKOB, MOCTPOEHHbLIX BHE TPEYrOJbHIKA Ha ero CTOpPOHaX.

5. [lge okpyxHocTu w1 1 Wy nepecekaroTcst B Toukax A u B. Hepes Touky A nposeaeHa
npsiMast, nepecekatowast wi 1 w; 8 Todkax C n D (A Ha otpeske CD). Mycte M u N —
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cepeautbl ayr BC n BD cooTseTcTBeHHO, He copepxawux Touky A, K — cepegura CD.
HokaxxunTe, uyto Toukm A, K, M, N nexaT Ha ofHOW OKpPY>KHOCTW.

6. Ha cTopoHax 4eTbipexyrosbHuKa, BHe ero nocTpoeHbl KBagpaTbl. [okaxknuTe, Y4TO LEHTPbI
3TUX KBAAPATOB SIBNSAIOTCA BEPLUMHAMMN YETbIPEXYTONbHIKA, Y KOTOPOro AWaroHaan paBHbl U1
nepneHanKyNsapHbl.

7. Ha ctopoHax Bbinyknoro vetbipexyronbHika ABCD kak Ha gnameTpax nocTpounu nony-
okpy>xxtoctn. Ha AB u CD — BHewHum obpasom, a Ha BC u DA — BHyTpeHHum. [locne
yero otmetunn todkm K, L, M, N — cepeantbl gyr AB, BC, CD un DA cooTteeTcTBeHHO.
Onun obpa3sytoT YeTbipexyronsbHuk. dokaxute, yto KLMN — napannenorpamm.

8. Ha ctoporax AB n BC enucantoro vetbipexyronsHuka ABCD BbibpaHbl Takue Toukn K
n L cootsetctBerHo, 4To AK = CD un CL = AD. lyctb M — cepeanna KL. dokaxuTe,
yto ZAMC = 90°.

N3oroHanm m nx yacTtHbie cay4dan

20 nrons

OI'Ip. Wzoronann otHocuTesbHO AaHHOro yrjiia — npsamble, CUMMETPUYHHbIE OTHOCUTEJIBHO

brccekTpuchbl 3TOro yrna.

Teopema 06 nsoroHansx. Nycts OB u OC — usoronanu yrna AOD. lNpameie AC u BD
nepecekatotcst B Touke Q, npsimbie AB n CD — B Touke P (ecim AB n CD napannenbhsl,
To paccmaTpusaem nyd OP, napannenshbiii um). Torga OP n OQ — Takxe usoroHanu
oTHocuTenbHo yrna AOD.

I. Jokakute Teopemy 0b nsoroHansx.

Onp. VzoroHansHo conpsixéHHbie TOYKU B TPEYroJibHUKE — TOYKWN, NeXKalune Ha COOTBET-

CTBYHOWLNX N30TOHAJIAX OTHOCUTENBHO BCEX YIJIOB TPEYTrOJIbHMKA.

Onp. VzoronanbHoe conpsixkeHne — npeobpasoBaHne, CTaBsALLEE TOYKE, He nexalleli Ha
OMMNCAHHOW OKPY>XHOCTW JAHHOIO TPEYrosbHUKa, B COOTBETCTBUE U30rOHABHO COMPSAMEHHYHO
en.

Il. [Joka)knTe KOppeKTHOCTb onpeaeneHns N30roHa bHO COMPSIXKEHHOW TOYKMU.

Oﬂp. CmmeqmaHa — NpAMas, N30roHajlbHada MeanaHe OTHOCUTENIbHO Yyrja, N3 KOTOPOro OHa

BbIXO4UT.

1. Touka S nexuT Ha cTtopoHe BC tpeyronsiuka ABC. Toraa skBUBaneHTHbI YCAOBUS:

o(S,AB) AB  BS AB’

*o(S,AC) _AC' ‘s Ac?
IV. Touka X BHyTpu TpeyronbHuka ABC TakoBa, 4to ZBAX = ZACX n ZABX = ZCAX.

Torga AX — cumegmaHa.

o AS — cumegmnana;

V. (Touka Jlemyara) CumeamnaHsl TpeyroibHUKA NEPECEKatoTCsl B OfHON TOUKe.
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1. B tpeyronsiuke ABC yesunansl AAT, BBT n CC1 nepecekatotcst B8 ogHoit Touke. Oka-
3anocb, 4to ZB1A;C = ZC1A1B. JokaxunTe, 410 AA| — BbICOTA.

2. lycts BA; n BCy — BHewHune buccektpucel yrna B tpeyronsiuka ABC, ZAAB =
/ZCCyB = 90°. Hokaxute, uto A1C n C;A nepecekatotcst Ha buccektpuce yrna ABC.

3. KacaTenbHble K onucaHHoii okpy»kHoctu Tpeyronbinka ABC B Bepwuntax B u C nepece-
KatoTcst B Touke P. [lokaxknte, 4yto AP — cumeamaHa B faHHOM TpeyrosibHUKe.

4. B tpeyronsiuke ABC nposenera buccektpuca AA’, Ha oTpeske AA’ BbibpaHa Touka X.
Mpsimas BX nepecekaer AC B Touke B’, a npamas CX nepecekaer AB B Touke C’. Otpeskn
A’B’ u CC’ nepecekatotcst B Touke P, a otpesku A'C’ n BB’ nepecekatotca B Touke Q.
HokaxuTe, 4yto yrael PAC n QAB pasHbi.

5. [wnaronann tpaneunn ABCD nepecekatotcst B Todke P. Touka Q nexut mexay napan-
nensbHeiMu npsambiMu BC n AD Tak, yto ZAQD = ZCQB u npamas CD pasgensieT Toukm
P un Q. Hokaxute, uto ZBQP = ZDAQ.

6. [an Bbinyknbiii YetbipexyronbHuk ABCD. llycte I u | — ueHTpbl okpy»KHOCTeld, BNun-
caHHbix B TpeyronbHukn ABC n ADC cootBeTcTBeHHO, a [4 U Jq — LeHTpbI BHEBNUCAHHbIX
okpyxHocreii TpeyronsHukos ABC n ADC cooTsetcTeerHo (BnncanHbix B yrasl BAC u
DAC cootsetcTeerHo). [okaxkute, 4To Touka nepecedenus npsmbix 1] n JIg nexut Ha
buccektpuce yrna BCD.

7. Ha gnametpe KW okpy>xHocTu B3dTa Touka M, oTnnyHas oT ueHTpa okpy»xHocTu. Jlyun
MA n MD rakosel, 4to ZKMA = ZWMD < 90° (A n D — Tou4kn nepeceverus
3TUX JIyHell C OKPY>XXHOCTBIO — JIeXaT B O4HOM MOMYNI0OCKOCTH oTHOCUTeNbHO npsimoli KW).
Hokaxkute, 4to BCe npsimbie AD, nocTpoeHHble TakuM obpas3om, nepecekatoT npsmyto KW
B OAHOW 1 Toli »e Touke P.

8. Nyctb I — ueHTp BnncanHoili okpyxHocTu Tpeyronbinka ABC. JokaxxuTe, 4To cumeamnaHa
n3 BeplwuHbl I TpeyronsHuka BIC nepecekaeT onmcaHHyto OKpY>XHOCTb B CepefuHe Ayru
BAC.

9. MycTb B TpeyronbHuke ABC gaHbl ABe napbl W30roHaNbHO conpsikeHHbIx Todek X, X' n

Y,Y’. Torpga Toukn nepecederus XY ¢ X'Y' n XY’ ¢ X'Y Toxxe U30roHaslbHO COMPSiXKEHbI.

3aknto4unTtenbHasn oJinMinaga

21 wronsa

HosbiBOg,
1. B BepwwHax TeTpasgpa 3anucanu 4 pasHbix HaTypafbHbiX 4ucna. Ha kaxgom pebpe
HamWcany NPon3BefeHne 3Tux Yncen. B kakgoli rpaHn 3anucanu npousBeaeHune Tpex Yuces
B ee BeplUMHax. BHyTpu TeTpasgpa 3anncanu 4ncno, paBHOE NMPOU3BELEHUNIO HNCEN BO BCEX
ero BepwwuHax. ITn yucna caoxuam n nonydunm 2024, Kakue 4ducna beiam HanucaHbsl B

BepLUMHax?
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2. B cocrosiuem ns n anemeHToB MHOXXecTBe M BbIOpaHO HECKOMBKO MOogMHOXeCTB. [lpu
3TOM KaX[l0e HEBbIOPaHHOE MOAMHOXXECTBO MHOXKECTBA M npesCcTaBnMO B BUE nepecedeHmns
HEKOTOPbIX BbIOpaHHbLIX NOAMHOXECTB. Kakoe HanMeHbLlee YNCI0 NOAMHOXECTB MO0 DbiThb
BblOpaHo?

3. B tpeyronsHuke ABC Ha ctopone AB un Ha npogomxernun ctopoHsl BC 3a touky C
oTmedeHbl Toukn E n F cooteerctBenHo Tak, 4to AE = CF = AC. llpsmbie EC n AF
nepecekatotcs B Touke D, H — ocHoBaHue nepnenankynsipa, onyuieHHoro n3 D Ha npsmyto
AC. Hokaxute, yto annHa AH pasHa nonynepumetpy TpeyroasHuka ABC.

4. Ins noNOXUTENbHBIX X{ TaKUX, 4TO X1 + -+ - + X190 = 1, HallanTe HanbosbLIee 3HaYeHne

Bblpa>Xe€HnA

(T+2x1) - (34+4%x2) - (7+8x3) -...- (1023 + 1024x1p).

5. Bo3bMéM BCEBO3MOXHbIE KBaApaTHbIE TPEXYIEHbI C HATYpasbHbIMUN KO3PULIEHTaMK, He
npesocxogsawmmm 100. Kakux TpéxuneHos bosiblue: MMEIOLLNX XOTs Dbl OANH AeliCTBUTENbHbIA

KOPEHb, VN HE VMEKLUX HU OLHOro”?

BbiBop
6. ,BIOKa)KVITe, 4TO ANA J'II'O60|'O HaTypaanoro T BbINOJIHAETCHA HepaBeHCTBO:
1 N 1 N 1 T 1 _ 3
n+1 n+2 n+3 7 2n 4

7.B knybe 1)KeHTIbMEHOB KaxkAble ABa JXKEHTAbMEHa — Nnbo Apy3bs, N1bo Bparu. VssecTHo,
4TO Y KaXkoro posHo 75 Bparos. Kpome Toro, B kiybe BbinosiHsieTcs npasuao: «Bpar moero
apyra — moii Bpary. CKOMbKO OXKEHT/IbMEHOB MO0 ObiTh B Kiybe?

8. Buccektpucsl AA; n CCy npamoyronsHoro TpeyronsHuka ABC (£B = 90°) nepeceka-
totcs B Touke 1. [Nepnenankynsip, onyuieHHblii U3 BepwmnHbl B Ha npamyto Al, nepecekaer
npsimyto CI B Touke Cp; nepneHamkynsp, onyuieHHslii n3 sepwitsl B Ha npamyto CI, nepece-
KaeT npsamyto Al B Touke Ap. [lokaxknTe, 4TO LEHTP ONUCAHHO OKPYXKHOCTU TPeyrosbHUKa
AoBCy nexunt Ha npsimoii A1C;.

9. PewnTe B Uenbix Yncnax ypasHetne n? + 5 = m?.



