XL JletHsis MroronpegmetHas LLikona. Buwkuab. 1-26 nona 2024 roga. 8 knacc

8 knacc. ['pynna nonynpodou

Vuebrbie maTepunabi

lNpenopaBatenn:
3agsopHos B.
KasaHuesa A.B.
Nentok C.B.
Meuwepskos E.A.
Haknnos H.H.
Pbixxas O.A.






Coaep>xaHue

1

2

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

BcrynutenbHbin Tect M8 . . . L L L L 1
B none npoxoauT npsiMas Jopora . . ... ... 1
BctynutenbHas onMMnmvana . . . .. .. 2
MHoOrouUNeHbl . . . . . . e 3
MpuHunn KapHo . . . . . . . . . 3
MHAYKTUBHBLIE KOHCTPYKLMU . . . . . o o o ottt e e e e 4
TPaHCHEPABEHCTBO . . . . . . . . . . . 5
Mopobue . . . . . . 6
APOOHbIE BbIYETbI . . . . . . . . 8
ABVvdKeHUSA . . . . L 9
Teopema Besay . . . . . . . 10
DYHKUNA DANCPA . . . o . o o ot 11
JNlemma BepHcanpa . . . . . . . . 12
KBagpaTHblii TpExuneH. 3afaunm . . . . . . . . . .. 13
HepaBeHcTBa . . . . . . . . . . 15
CUMMETPUYECKNE MHOTOUNIEHbBI . . . . . o o o i e e 16
Teopema Wlana . . . . . . . . 18
MaTt6oi nonynpoddm . . . . . L 19
CUHBT B TOUKAX . . . . . . o o 20
HepasenctBo KBLL . . . . . . . . . . 22
FeomeTpust Macc . . . . . . . . . 23
PasHobom . . . . . . . 25
Hucna KaTtanaHa . . . . . . . . . 25
O6nukn uncen KaTtanaHa . . . . . . . .. 27
KoHeYHoe B BECKOHEYHOM . . . . . . . . . . . . 28
MnanapHbie rpaddbl . . . . . . . . 29
Mat6oii Monynpodpn M8 — Mpocbu M7 . . . . . . . . . . . .. ... .. ... ... ..., 30



28

29

30

31

32

33

34

35

36

37

Mat6oii Monynpodpn M8 — ObbivHbIe MO . . . . . . . . . . . . ... 31

Mat6oii Monynpodpn M8 — ObbivHbIe MO Lite . . . . . . . . . . ... ... ... . .... 32
MepecTaHOBKM . . . . . . . . . e 33
MaccoBbii pa3HODOI . . . . . . . .. 35
JNlemma Xonna . . . . . .. 36
FomMoTeTna . . . . . . L 38
KoMOureoMeTpust . . . . . . . . . 39
MoBOPOT . . . . . e 39
M30roHannm m nx 4acTHbI@ CAYHAWN . . . . . . . . . . 40
3aKN0UNTENbHASA OJIMMIMAAA . . . . o o o o o e e 42



XL Kuposckasi JIMLLI, M8, rpynna nonynpogpu AOJ1 “Buwkunns", 1-26 nrons 2024 r.

BctynutenbHbii Tect M8

1 nronsa

1. Hanvwwute popmyny Diinepa ans nnaHapHoro rpada Ha njaockocTul.

2. Cdpopmynupyiite onpesenerne dpyHkunm iinepa. YKaKnTe 3HadeHue pyHkuumu diinepa
ans n = 100.

3. Yo Takoe creneHb Touku? Kak onpesensietcss pagukasibHasi OCb ABYX OKPY>XHOCTel?
PaankanbHbIi LeHTP TPEX OKPY>XXKHOCTENR !

4. Yepes TOUKY BHYTpW TPeyrofibHNKa MPOBEAN TPU MPsiMbIX MapaiesbHbix cTopoHam. /13-
BECTHO, YTO MAOWAAN MOAYUUBLLNXCS TPeyroibHUKoB paBHbl 92, 25 n 49. HaiignTte naowaab
NCXOAHOTO TPEYrobHUKA.

5. B rpynne 10 manbunkos n 7 gesodek. CkoabknMu cnocobamy MOXKHO M3 HUX BbiDpaTb
KOMaHZy 13 6 4es0BEK, B KOTOPOI MOPOBHY MasibY4NKOB 1 AEBOYEK?

6. Jana dyHkums y = x> — 8x + 23 HaliauTe ee HauMeHbLUEe 3HAYEHNE W YKaXKnuTe npu
KaKOM 3Ha4YeHWn aprymMeHTa OHO JOCTWraeTcs.

7. Halignte octatok ot generns yncna 20272024 ya 23.

8. Yro bonbwe C3 + C3 + CS + -+ C3" unu 252 u nouemy?

9. Haiigute octaTok oT geneHusi muorounena x20%% 4+ x2022 — 2 ya x2 — 1,

10. B Tpeyronbruke ABC nposenu npsimyto, cummerpuynyto megmaie AM oTHocuTenbHO
buccekTpuckl yrna A. Bbipa3uTe oTHolieHne, B KOTOpoM oHa aenunt otpe3ok BC, 4yepes

CTOPOHbI TPEYroNbHNKA.

ab ac bc
11. [lokaxkuTe, 4To ANA NONOXKUTENBHBIX YiCeN d, b, C BEPHO HEpaBEHCTBO b Tare Thie S
a+b+c

2
12. lMocTpoiite yetbipéxyronsHnk ABCD, y kotoporo anaroHans AC sisnsietcss buccekTpu-

coli yrna A, 3Hasi A/IUHbI €ro CTOPOH.

13. [an npasuabHbiii 2025-yronbHnk AjAs... A n O — ero uentp. [okaxute, 4to
H % —

cymma BektopoB OA 1 + OA, + - - - + OAp5 pasHa 0.

14. [okaxuTe HepasencTeo a’ + b* + ¢* + d* + e* > a’b + b3c + e + d*a + €3d.

15. KeagpaTHbiii Tpexunen P(x) = ax? 4+ bx + ¢ umeeT uensie kopHu. Yucna a,b,c —

uesnble, npudeM ¢ HedéTHo. MoxeT au yucno P(2023) bbiTe HEeYETHBIM?

B none npoxogunTt npsimasi gopora

2 nronsa

1. B none npoxogut npsimasi gopora, a no Heli co ckopocTbto 10kM/4 efeT Benocuneamcr.
YKaXKnTe BCE TOYKM MOJs, C KOTOPbIX MOXHO JOTHaThb BenocuneaucTa, ecnn (@) bexats ¢
Tol »xe ckopocTbto; (6) MaTM co ckopocTbio 5 KM/H.

2. Ha popore Haxogutcsi aBTODycHasi OCTaHOBKa, rae CTouT Aegylika. [1o nosto oH Moxet
MATU CO CKOPOCTbIO He bonee 3 KM/ 4, a no gopore — He bonee 6 km/4. Hapucyiite Bce TouKN

noasA, A0 KOTOPbIX OH MOXET AOMTM 3a 1 vac.
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3. B 5 km ot goporu pacnonaraetca nsbywka nectuka. Ot n3bywkn go aBTobycHoll ocTa-
HOBKM poBHO 13 kM. JleCHMK XOAMT Mo MOJIKO CO CKOPOCTLIO 3 KM/4, a no gopore — 5 km/u.
MoxeT nu oH nonacTb Ha OCTaHOBKY 3a 3 4aca 44 MuHyTbI?

4. Nec npeactasnsieT coboii durypy nnowagn 25 kKM%, OKPYEHHYIO MOJEM U HE NMEIOLLYIO
BHYTPEHHUX NycTbix obnacteii. [lyTHUK noTepsncs B necy u He 3HaeT ero dopmbl. Kak emy
BbLIATU 13 neca, npoliasa He bonee 104/7T km?

5. Henoganéky ot neca ectb bepésosasi pouia B dopme kpyra ¢ paguycom 1 km. Haiign-
Te MUHUMAJbHYIO AAUHY NYTU, KOTOPbLIA HY>XHO Oblao Obl NPOATK, 4TODLI rapaHTUPOBAHHO
BbIOpaTLCS U3 poLy.

6. Bbl HaxoanTeck B nosie Ha paccTosiHuy 1 KM OT NpsiIMOIl AOPOrU, HO He 3HAaeTe, B KaKOiA

oHa ctopoHe. Kak BbIiiTn Ha gopory, npoiigs He bonee (a) 7,3; (6) 6,72; (B) 6,4 km?

BCTyﬂ ntTeJibHasd oJimmiinaga

2 nronsa

1. V kBagpaTHoro TpéxuneHa ax? 4+ bx + ¢ Bce Ko3phULMEHTbI Pa3ANYHbLI 1 OTAUYHBI OT
Hynsi. OKa3anoch, 4TO TpéxuaeH bx? + CX + a UMeeT TOT »ke AUCKPUMUHAHT. [JokaxuTe, 4To
NCXOAHBIVE TPEXUIEH UMEET XOTs Obl OAWNH KOpeHb, MeHbwuii 1.

2. CKOJIbKO CyLLLECTBYET CMOCODOB BbIOPaTh HeCckoNbKO Hucen ot 1 go 49, 4Tobbl nx npons-
BefieHne BbINo TOYHBIM KBaZpaToM (TO eCTb KBaApaToM Lenoro vucna)?

3. [NpsamoyronbHuk paspesanu Ha nosocku 1 X M. [JokaxxuTe, 4TO KOAMYECTBO MO0 ropu-
30HTaIbHbIX, MO0 BEPTUKAJbHBIX MOJOCOK AEAUTCS Ha M.

4. B tpeyronbHuke ABC ZA = 45°, /B = 60°. Ha npogonxeHun ctopoHbl AB 3a Touky
B otnoxeHn oTpesok BD = 2AB. Haiigute yron BDC.

5. Koponb pewmn yctponTb TecT cBoeMy npugsopHomy myapeuy. Myapeuy Hy>KHO HanucaTb
Ha gocke 10-3Ha4YHOE 4YMC/IO, NMOCNE Yero KOpOJSib HAa30BET Kakoe-HUOyAb CBOE HaTypasbHOe
qucno ot 1 go 100. Ecnu mygpew, cMoXeT nocTaBuThb 3Haku +, —, X (HO 6e3 ckobok) mexay
HEKOTOPLIMU LPpaMy YiCaa Ha JOCKE TaK, YTODbI pe3ynbTaT Obll paBeH HUCNy KOposis, TO
OH NpOoRAET TecT. Kakoe 4ncio MOXET HanncaTb MyapeL, HTobbl rapaHTMPOBAHHO CMPaBUTLCS

C 3ajaHnem kopons?
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MHoroyneHsbl

3 urons

l. icnonb3yst Teopemy BueTa, yragalite KopHU KBaApaTHbIX YpaBHEHWIA:

(a) x* —5x+ 6 =0;

(6) 2x* —5x +3 =0;

(8) X! — (2a+4)x+ a*+4a=0.

1. He Bbiuncnss kopHeli ypasHenus 3x% +4x — 1 = 0, Haiitu x% 4+ x3, x3%1 +x3x2, %3 +x3.
I11. MycTb X1 1 X, — kopHu ypasHeHust 2x> —7x —3 = 0. CocTaBbTe KBapPaTHOE ypaBHEHME,
KOPHSIMU KOTOPOTo ByayT SIBAATLCS YUCAa:

@) x1—Tnxy—1,

©) &0t

(8) x1%3 n xox?;

(r) 2+TnZ+1

1. BblpasnTe ANCKPUMUHAHT KBaApPATHOrO TPEXU/IEHA YEPE3 Er0 KOPHMU.

2. N3BecTHO, 4TO KOPHU ypaBHeHUs x> +Ppx + q = 0 — Lenble 4ncna, a p U g — NpocTble
ducna. Havigute p n q.

3. MycTb n30bpaxén rpaduk dyrkunn y = x> +ax+b. Toukn A n C — Toukn nepecedenns
rpacpuka ¢ ocbto OX, npudem A neesee C, B — Touka nepecevenus rpacuka c ocsto QY.
N3BecTHO, 4TO Npsimast AB nepneHavkynsipHa npsmoii Yy = x. Haligute gnuny otpeska OC,
roe O — Havyano KoopAuHar.

4. KeagpaTHbiii Tpéxunen f(x) = ax?+bx + ¢ npuHnmaeT B Toukax ]E N C 3HAYEHUSA Pa3HbIX
3HakoB. [JokakuTe, 4TO KOpHU TpéxyneHa f(X) nMeroT pasHble 3HAKN.

5. [an rpacduk dyrkumu y = ax?. Mpamas nepecekaeT eé B Toukax C abcumccamu Xq u Xz,
a camy ocb abcuucc B Touke ¢ KoopanHaToii X3. [dokaxunTe, 4To )3—1 + )2—2 = )3—3

6. Cto nocnenoBaTenbHbIX YETHBIX YUCEN B3sIM B KadecTBe KoappuuneHtTos ax u by 8 50
KBaZpaTHbIX ypaBHeHUSIX Buga X2 + axx + by = 0. MoryT nu Bce 3T ypaBHEHNS NMETb
Lesble KopHu?

7. MNpo pelicTBuTenbHble Yucna a, b, ¢ nssectro, 4to c(a + b + ¢) < 0. Jokakute, 4To

b2 —4ac > 0.

MpunHunn KapHo
3 urons
I. Jan otpesok AB n Bewecteentoe uncno ¢. (@) Ckonbko Ha npsimoit AB Touek X, Takux
410 AX? —BX? = c? (6) [okaxuTe, 4to [MT BCex ToHek MAOCKOCTU, YAOBNETBOPSIOLINAX
5TOMY PaBEHCTBY, NPeACTaBAseT cobO Npsamyto, nepneHankynspHyto AB.
Il. (MpuHuun KapHo) Ha nnockoctu gavbl Toukn A, B, C u D. [Jokaxure, yto AB

nepnenaukynsapro CD Toraa v Tonbko Torga, Koraa AC?—BC? = AD?—BD? wn AC?+
BD? = AD? + BC?,
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1. lan wectuyronshuk ABCDEF, B kotopom AB = BC,CD = DE,EF = FA, a yrael A
n C — npsimble. JokaxuTe, 4to npsimele FD n BE nepneHavkynsipHbl.

2. B octpoyronsiom TpeyronbHnke ABC Ha BbicoTe BH BbibpaHa npoussonbHas Todka P.
Touku A1 n C; — cepeauntbl ctopod BC n AB cooTeeTcTBeHHO. [lepneHankynap, onyLeHHbIi
n3 A1 Ha CP, nepecekaetcs ¢ nepneHgukynsipom, onyuieHHsiM 13 C; Ha AP, B Touke K.
Hokaxxute, 4to Touka K pasHoygmaneHa ot Todek A n C.

3. Han Boinyknbiit yeTbipéxyronsiuk ABCD Takoii, 4to AB = CB n AD = DC. Touknm
K,L, M — cepegunbl otpeskos AB,CD un AC cooTerctBeHHo. [lepnenaukynsp, npose-
NEHHbIA 13 Toukm A Kk npsamoii BC, nepecekaercs ¢ nepneHanKynsipoM, MpoBeAEHHbIM U3
Toukun C k npamoii AD, B Touke H. [okaxute, 4to npsimbie KL 1 HM nepneHgukynsipHei.
4. Nan tpeyronbiuk ABC. [NocTpoiiTe 0Tpe3ok, KOTopbIi pa30bbET ero Ha fiBa TPeyrosbHIKa
C OAMHAKOBOI CYMMOW KBaLpaTOB CTOPOH.

5. (Kputepnii Kapro) (@) MMyctb u3 Toukn M onyuwenbl nepnengukyaspst MA;, MBy,
MC; Ha cTtoporbl BC, AC, AB cOOTBETCTBEHHO, [OKAXNTE, YTO AB% — BC% + C1AZ —
AB?+ B;C?— CA3 =0.

(6) HokaxuTe, uto ecnn A1B2—BC3+C1A2—AB$+BC>2—CAZ = 0, To nepnenankynspsi,
onyuieHHble n3 Tovek A, By, Cy Ha ctopoHsl BC, AC, AB cooTBeTcTBeHHO, nepecekatoTcs
B O4HOW TOYKE.

6. NpumeHeHne kKpuTepusi KapHo B N3BECTHbIX CUTYyaLUSAX:

(@) [okaxkuTe, 4TO BbLICOTbI TPEYro/bHIKA MEPECEKAIOTCS B OAHONW TOYKE.

(6) Tpm okpyxHocTn nonapHo nepecekatotcsi. JokaxuTe, 4to obuwye xopgsl (uam nx npo-
LOJDKEHUNST) Map 3TUX OKPY>XHOCTEN NepecekatoTcst B OAHON TOYKE.

(B) MpogomxeHnsi pagnycoB BHEBMUCAHHBIX OKPY>KHOCTEN, NMPOBEAEHHBIX B TOYKM KaCaHMS
C COOTBETCTBYIOLMMM CTOPOHAMMN TPEYTOJIbHNKA, MEPECEKAIOTCS B OAHOWM TOYKE.

7. Ecnhu nepnenavkynsipbl, onyuieHHble n3 Todek Arg, B1, C; Ha ctoponsl BC,AC, AB co-
OTBETCTBEHHO, MEPECEKAOTCA B OAHOW TOYKE, TO W MEPNEHAUKYNAPbLI, ONYLLIEHHbIE N3 TOYeEK
A, B, C Ha B1Cy, A1Cy, A1By cooTBeTCTBEHHO, NEpecekatoTCst B OAHOR TOYKE.

8. K kaxxaoli cTopoHe TpeyrosibHuKa NpoBey NepneHanKyasip B TOYKE KaCaHUsl JaHHOR CTOpOo-
Hbl C BHEBMUCAHHOW OKPY)KHOCTbIO. [loKaXkuTe, 4TO TpW 3TUX NEPNEHANKYNSAPA NepecekatoTcs
B OLHOWN TO4Ke.

MHayKTBHbIE KOHCTPYKL UK

4 nronsa

|. PaspexbTe KBagpaT Ha:

(@) 4 menbwux kBagpaTa (He 0bsi3aTENbHO OANHAKOBbIX);
(6) Ha 7 kBagpaToB;

(B) Ha 6 kBagpaToB;
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(r) na 8 kBagpaTtos;

(8) Ha nwoboe uncno keagpaTos, bonbluee nsTw.

I1. (a) Mpugymaiite 3 pa3nnyHbIx HaTypasbHbIX YNCIA Takmx, 4TobbI Kaxgoe bbiIo Aenn-
TENIEM CYMMbl BCEX OCTasIbHbIX;

(6) 4 uncna; (B) 10 uucen.

1. JokaxuTe, 4to 4ncno 1 MoxxHo npeacrasuts B Buge B cymmbl 2024 apobeii, yncantenu
paBHbl 1, a 3HamMeHaTeNn — pasfnyHble HaTypasibHbIE YMCNa.

1. B macTepckoit nsrotaBanBatoT KBaApaTHbIE PELIETKU, COCTOSILLME N3 KBAAPATHBIX S4eeK
co ctopoHoii 1. [lns 3Toro ncnonb3yoT 3aroTOBKW, COCTOSILLME U3 TPEX CTEpXKHel anunHol 1,
CBapeHHbIX nog npsiMbimM yriom B Buge byksbl T1. [1pn n3rotoeneHnn pewétkn 3anpeLaercs
HaKMaAblBaTb CTEPXKHU APYr HA ApYyra; MOXHO JIVlb CBApUBATb MX MexXay Coboli B To4Kax
kKacaHus. [13rotoBbTe KBaApPaTHYIO PELIETKY pa3MepOM

(@) 2x2; (6) 3x3; (B) 5x5; (r) 9x9.

2. Ecnn Ha gocke 3ammcaHo 4mcao A, K HeMy MOXHO NpubaeuTb t0DOIR ero cobCcTBEHHbI
penutenb (oTandHbIA oT 1 1 camoro A) 1 3aMeHNTb YUCIO Ha MOAYHMBLUYIOCS cymmy. [o-
KaXkuTe, 4To U3 A =4 MOXKHO MONy4nTb Nt0bOe COCTAaBHOE YUCO.

3. lpu kakux HaTypanbHbIX L 4ucna oT 1 0 M MOXKHO pa3buTb Ha HECKONbKO Tpynm, B
KaXKZoM 13 KOTOPbIX OAHO YMCO, YMHOXKEHHOE Ha 2, paBHO CyMME OCTasbHbIX?

4. Mansip MOXET 33 OfiNH XOf, NepeiiTn Ha COCEeHION MO CTOPOHE KNeTKy focku 8 X 8, mocne
3TOr0 OH AOJKEH MEPEKPACUTL €€ B MPOTUBONOJIOXKHbBIV LBeT. B Havane mansp cTtouT Ha yrio-
BOIl KNETKe [OCKU, rae Bce KaeTku benbie. [1okaxnTe, Kak Manspy NepekpacuTb TOJbKO OfHY
NPOM3BOJILHYIO KNEeTKY. [loKaKnTe, 4TO OH MOXXET MOKPACUTb JOCKY B LUAXMATHOM MOPSIAKE.
5. B komnanum u3 n venosek (N > 4) kaxablii y3Han no Hosoctu. Co3BOHMBLWINCH, ABOE
PacCKasblBatoT ApYr APYry BCe M3BeCTHble UM HoBocTu. Kak 3a 2n — 4 3BOHKa BCe CMOryT

y3HaTb BCE HOBOCTMN?

oo —

6. Bocemb uyenosek genst nupor. Kakablii X04eT noiy4nTb He MEHbLLUE ¢ OT BCEro nupora,
OAHAKO Y KaXKAOro MOXET ObITb CBOE MpeACTaB/ieHNE O LIEHHOCTY TOW WAM UHOR Y4acTu 3TOro

nupora. Kak nm opraHnsoBaTb Aenéx, 4Tobbl KaXkablii Obi 4OBOJIEH CBOE Aoneii?

T paHcHepaBeHCTBO

4 nronsa

I.LMyctba>d, ab>c. Torga (a+b)(c+d)<(a+c)(b+d)vwac+bd < ab+cd.

Il. Jokaxkute, 4to npu a,b,c > 1 cnpaBennnBo HepaBEHCTBO

E+E+E<abc—l—L+1
b ¢ a abc

1. [dokaxxnTe no WHAYKUUN TPaHCHEPABEHCTBO:

Myctb a1 2 a; =2 ... 2 a,mby =>by > ... > by, [lyctb ¢y, C2,...,Ch — HekOTOpPas
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nepectaHoBka 4ucen by, by, ..., b,. Torga

aib;+aby+...+ayby > aic +axcr +...anch = a1by + aob1 + ... a,bs.

f—t

.MNycte a > b > ¢ > 0. YnopsagounTte Habopbl 4ucen no yobiBaHuto:

111

(@,0%,¢%, (oo -

21,2 112 2 2 2
b2, b > e

2. [loka)knte HepaBEHCTBO U3 BCTYNUTENbHOIO TecTa:

at+ b+t +dt+ et > ddb+bde+ e+ dPa+ €d.

3. (a) a1+a2+ —|—a—“>TLﬂpI/I(11>O (6) a—?—b+bzc+aic<bic+aic+a:—b'
c>1

4. ,ZI,OKa>K|/|Te, 4yTo ANAa a, b,

ab +bc+ca > avbec + by ac + cvVab.

5. na a,b,c > 1 gokaxunTe, 410

a(b+1) Jrb(c—H) Jrc(c1—|—1)

b <
arbres— b+ ct

6. Jns a,b,c > 1 gokaxxuTe HepaBeHCTBO

1+ab T1+4+bc 1+4+ca
+ +
b+c c+a a+b

> 3.
7.c1,C2y...,Cn — pPa3nuyHble HaTypanbHble Ynucna. [dokaxute, 4To

T S AL
"y n? 2 n’

8. (Hepaserctso Yebbiwésa) Myctb a1 > az > ... 2 apnby > by > ... = by, Jokaxure:

a;b; + apby +...a,by < a1—|—a2...an.b1—|—b2—|—...bn
n - n n '

[Topobue

5 nrons

I. (@) HokaxuTe, 4To B NOAODOHbLIX TPEYrofbHNKAaX MeAUaHbl, BbICOTbI 1 BUCCEKTPUCH! MPO-
BeZlEHHbIE K MPOMOPLMOHAIbHBIM CTOPOHAM, OTHOCSTCS Kak K03 uumneHT nogobus.

(6) B nogobHbix TpeyronbHuKax niowagm OTHOCSTCS KaK KBagpaThbl KOIMPULMEHTOB NOAO-
bus.

Onp. lNpeobpazoBatne NAoCKOCTU HasbIBaOT nogobuem ¢ koabduuymentom k, ecam nocne

npeobpa3oBaHns BCE PaCCTOSIHUA YBENMYMBALOTCS B K pas.
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Il. JokaxuTe, 4To npeobpasosaHune nogobusi COXpaHseT yribl, B 4aCTHOCTW, COXPAHSIET CBOW-
CTBO NpsiMbIX ObITb NMapaaiensHbIMU.

1. JokaxnTe, 4TO ecnu cyLlecTByeT npeobpasoBaHme nogobus nepeBoasiiee OauH TPeyrosb-
HUK B APYroii, TO TpeyroibHNKy nogobHsl. BepHo nn obpaTtHoe?

IV. [aiite onpenenermne nogobHbix veTbipéxyronbHukos. VI onpegenerune nogobusi npons-
BOJIbHBIX PUryp.

1. Joka>kuTe, 4TO cepefuHbl OCHOBaHWIA N TOYKa NepecedeHns AuaroHaneli Tpaneunn nexat
Ha OAHOWN NPAMOIA.

2. [nowapb Tpaneuyun pasHa 9, a oaHo u3 eé ocHoBaHwuii B 1,5 pasa bonblie gpyroro.
HalignTe nnowaab HacTeld, Ha KOTOpble AnaroHaan pasdbuBatoT Tpaneuuto.

3. Bepro nu yTtBepxaeHue: "Ecau aBe CTOpOHbI U Tpu yrna OQHOIO TPEYrofibHUKa paBHbI
ABYM CTOpPOHaM 1 TPEM yriaM Apyroro TPeyrosibHUKa, TO Takne TPeyrosbHUKN paBHbl'?

4. Ortpesok BE pasbusaer tpeyronsHnk ABC Ha aBa nmogobHbIX TpeyroabHuKka, Npuyém
koachcpuLmeHT nogobusi paseq /3. Haligute yrabl Tpeyronshuka ABC.

5. W3 Bepwurbl C octpoyronsHoro Tpeyronbiuka ABC onyuieHa seicota CH, a u3 Touku H
onyuwierbl nepnenankynspsl HM n HN Ha ctoporbl BC u AC cooteetcTBeHHo. [JokaxunTe,
yto TpeyronbHukun MINC n ABC nogobHbi.

6. B tpeyronsHuke ABC Ha ctopone AB B3saTa Touka K, npuuém AK : BK =1:2, a Ha
ctopore BC B3aTa Touka L, npudém CL: BL =2 : 1. lNyctb Q — To4Ka nepeceveHns npsimbix
AL n CK. Haiignte nnowaas TpeyronsHuka ABC, ecan gaHo, 4To nnouwjafb TpeyroabHuka
BQC pagHa 1.

7. Yepes npounssonbHyto Touky P ctopoHbsl AC TpeyronbHuka ABC napannensHo ero me-
anaHam AK n CL npoegeHbl npsimble, nepecekatowme ctoporbl BC n AB B Toukax E u
F cootBetctBenHo. Jokaxute, 4to MeguaHel AK n CL genat otpesok EF Ha Tpw pasHble
4acTu.

8. Ha croporax BC u AD wuetbipexyronbinka ABCD B3satbl Touku M un N Tak, 4T0
BM: MC =AN:ND = AB : CD. Jlyan AB n DC nepecekatotcsi B Touke O. [HokaxxuTe,
yto npsimast MIN napannensHa buccektpuce yrna AOD.

9. Ha ctoporsl BC n CD napannenorpamma ABCD (nnm Ha ux npogonxeHnus) onyuyeHsl
nepnengukynsapsl AM un AN. HokaxnTte, 4to AMAN ~ AABC.

10. Megunana BK un buccektpuca CL tpeyronstHuka ABC nepecekatotcs B Touke P. JokaxuTe
PaBEHCTBO % — %—g =1.

11. Kakune 4eTbipéxyrosibHUKN MOXXHO pa3pe3aTb NPsiMOiA JIMHMER Ha ABa NOAODHBLIX MEXay
coboii YeTbIpéxyronbHNKa?

12. [3agaua o 6abouke] Hepes cepeanny C npownssosnsHoli xopasi AB okpy»xHocTn npo-
segerbl ase xopabl KL v MIN (touku K u M nexat no ogHy ctopory ot AB). Otpesok
KN nepecekaetr AB B Touke P. OTpesok LM nepecekaetr AB B Touke Q. [okaxuTe, 4To

PC = QC.
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I1pobOHble BblYeThbl

5 nronsa

Onp. Yepes Z, byaem 0bo3Ha4aTb CUCTEMY BbIYETOB MO MOLY/IO M.

I. ns npoctoro p cpaBHeHune bx = a (mod p) umeeT pelieHne, n Npu TOM €4UHCTBEHHOE.
I1. ns kakoro-Hubyas cocTaBHOro M NpuBeanTe NprMep cpaBHeHne, koTopoe (@) He nmeert

pewenus; (6) nmeer eanHcTBeHHOe pewenne; (B) MMEET HECKONBKO PeLLEHNIA.

1

Onp. ObpatHbiM BbIHETOM X' K BbIYETY X MO MOZY/IO TL HAa3bIBAETCS TAKOM BbIYET Y, HTO

xy =1 (mod n).

Pokyc. [asaiite pewenue x (ecnu oHo ecTb) cpaBHeHns bx = a (mod n) 3anucsiBaTh Kak

b~'a unm &, 4to ygobree. Tenepb xopoLo 6o Bbl 4OKa3aTh, HTO BbIYETHI, 3aNMCAHHbIE B

bl
BUae Apobeli AelicTBUTENBHO BedyT cebsi Kak apobu.
. o a c (mod p) (a) ac (6) ad
. lokakute, 4yToecim X = —, a y = — (mo , 70 (a) xxy = —; X:iy=-—:
Y=g P Y= ba be

(B)x+ :ad—l—bc_ (r)x— :ad—bc
Y="3a Y="va 3

1. (a) Onpepenute, KakoMy Knaccy BbI4eTOB MpuUHaanexuT 3 no moaynto 7. (6) Lenoe
4ncno a Takoso, 4to a’? = 36 (mod 73) n a®® = 59 (mod 73). Kakoii ocTaTok gaer
4ncno a npw genednn Ha 737 (B) Kakoii octatok gaer 92! npu genennu Ha 977

2. [okaxkute, ytoecm 3 #p E€PuIacZ: a*+9:p,todc€Z: c*+1:p.

3. HaTypanbHble 4ncna a u b takosbl, 4to yuncno a?%?2 + 1 genntest Ha ab + 1. Jokaxure,
410 yncno b2°?2 + 1 toxe genntcs Ha ab + 1.

4. (Teopema Bunbcona) (p —1)! = —1 (mod p).

5. (Teopema 3diinepa) Mycts k € {1,2,...,n} Takoe 4ncno, yto HOA(n, k) = 1. Obo-
3Ha4YnM 3a @ (M) Koanyectso sTux udncen. Jokaxute, 4to k®™ =1 (mod n).

6. lyctb p — npocToe yncno. Halignte ocTaTok OT fJeneHns yncna Cgp Ha P.

7. okaxkuTe, 4TO Npy NPOCTOM P > 2 4ncamTenb Apobu

nocne NpuBeeHust AeNTCs Ha P.
8. [daHbl HaTypanbHble Ynucna a, b un ¢ takue, yto ab + 9b + 81 u be + 9¢ + 81 genatcs
Ha 101. Jokaxxute, yto Torga u ca + 9a + 81 Toxe genntcs Ha 101.

P — |k
9. [Ins npocTtoro 4ncna p un HaTypanbHoro k > p gokaxunTe, 4to C; = [5] (mod p).
10. [dokaxxuTe, 4To Ans NtobOro NpocToro Ynucna P CywecTByeT HaTypasibHOE YMCAO TL TAKOE,
4to 2"+ 3"+ 6" =1 (mod p).
11. [lano npocToe p. [lokaxuTe, 4TO CyllecTByeT Takas nepecTaHoBKa (af, dz,...,dp)
qncen 1,2,3,...,p, 4T0 4ucna aj, ajdy, A1a20az,..., 010 ... 0, AAOT pasHble OCTaTKY
npu geneHun Ha p.
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IlBn><eHuns

7 nois

Onp. [lenkeHnem Ha3biBaeTCst Npeobpa3oBaHme MAOCKOCTU, COXPAHSIOLLEE PACCTOSIHNE MEX-

4y TOYKaMMu.

I. [JokakuTe, 4TO Npu ABUKEHUU OTPE30OK MEPEXOAUT B OTPE30K, MpsiMast B MpsiMyto, Tpe-
YrOJIbHVK B PaBHbIii cebe TpeyronbHuK, Yroa B paBHblii cebe yro.

Onp. lNpeobpazoBaHne NIOCKOCTU, KOTOPOE Kaxayto TouKy M oTobparkaeT Ha TaKyto TOYKY
M/, uto MM’ = 7, nasbiBaeTcs napaniesbHbiM NepeHocoM [ Ha 3aJaHHbI BEKTOP g

Onp. [peobpasoBaHmne NAOCKOCTU, KOTOPOE Kaxkayto Touky M oTobpaxkaeT Ha cUMMeTpuy-

Hyto eli Touky M’ oTHocuTenbHO npsiMoii 1, HasbiBaeTcs ocesoli cummeTpueit Sy.

Onp. lNoeopotom Bokpyr Toukn O Ha OpMEHTUMPOBaHHbLIN YroN & HasbiBaeTcs npeobpaso-

BaHue nnockocTi RE, koTopoe Kakayto Touky M oTobpaxkaeT Ha Takyto Touky M’, uTo

OM =0M'n ZMOM’ = «.

Onp. LentpansHoit cummetpmeii otHocuTensHo Toukn O HasbiBaeTcst npeobpa3oBaHue naoc-
kocTn Zg, koTopoe nepesoanT Touky M B Takyto Touky M’ 4yto O — cepeguHa oTpeska
MM?” (nosopot Ha 180°).

I1. BbipasuTe Yepes cTOpoHbI Tpaneuunn AanHYy OTpe3Ka, COEAUHSIOLLENO CEPEfNHBI OCHOBaHWIA.
Il. B tpeyronsHuke ABC ZA = 60°. CepeauntHblii nepneHankynsip K otpesky AB nepe-
cekaeT npsamyto AC B Touke Cq, a cepefuHHblii nepneHankynsp k otpesky AC nepecekaet
npamyto AB B Touke By, HokaxuTte, 4to npsimasi B1C; kacaetcs BnucaHHOW OKPYXXHOCTU
TpeyronbHuka ABC.

IV. Yepes ueHTp nNpaBuiibHOrO TPeyrosbHWKa NPOBefeHb! ABE MPsiMble, YrOa MeXay KOTO-
pbiMu paBeH 60°. [JokaxkuTe, 4TO OTPE3KN ITUX NPSIMbIX, ABAAIOLLNECS UX MepecedeHnemM C
TPeyrosibHNKOM, paBHbI.

1. BuyTtpu yrna c sepwuHoii O paHa Touka M. [loctpoiite npsmyto OM unpkynem u
NuHelkol, He ncnonb3yst Touky O.

2. NocTpoliiTe TpeyrosibHUK MO ABYM CTOPOHAM M Pa3HOCTW MPOTUBOIEXALLNX UM YrIOB.

3. [aHbl ABe KOHUEHTpUYeckne okpy>xHocTu. [locTpoliTe C NOMOLLBIO LMPKYAS U JIUHEAKN
KBaApaT TaK, YTODbI IBE Ero CMEXHbIE BEPLUVHbBI JIEXKAJN HA OfHOV OKPYXKHOCTU, a ABE ApYyrue
Ha OpYyrow.

4. Ha ctoporax TpeyronsHrka ABC BO BHELWHIO CTOPOHY OT HEr0 MOCTPOEHbLI NPaBUJIbHbIE
TpeyronbHukun ABCy, AB1C n A;BC. [dokaxuTe, 4to

(a) AA] = BB] = CC1;

(6) menbwnii yron mexay AA; n BBy pasen 60°;

(8) AA;, BBy n CCy nepecekatotcst B ogHoii Todke Ty (nepsasi Touka Topudennu);

(r) [oxaxnTe aHanormyHoe yTBepXAeHUE 41t BHYTPEHHETO MOCTPOEHUS MPaBUIbHBIX Tpe-

yrofbHuKoB (BTopasi Touka Topuyenan).
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5. [lanbl veTbipe kBagpaTa. Tpu HUXKHME BEPLUMHBI PACMONOXKeHbI Ha ogHOI npsimoii. (a) Jo-
KaXUTe, 4TO CyMMa OTMedeHHbIX yrnos pasHa 20°. (6) [okaxute, 4TO CTOpoOHa HUXKHErO
LIEHTPaJIbHOrO KBajpaTa BABOE MeHbLIE CTOPOHbI BEPXHETO.

6. B octpoyronsHom TpeyronsHuke ABC: H — opTtouenTtp. Ha

ctopoHax AC n BC otmeuenbl Toukn K n L cooTBeTcTBEHHO TaKk,

yto AK = BH n BL = AH, M — cepeaunHa otpeska KL. [loka-
xunte, 410 yron AMB — npsmoii.

Teopema besy

7 noJis

Onp. MHorounexom HasbiBaeTcst pyHkLnst Buga P(x) = anX™ 4 an_1Xx™ '+ - -4+ a;x + ay,
npudem a, # 0.
Yucno n HasbiBaeTcs creneHbto MHorodnesa — deg P. Yucna an, ..., ap — ko3dpdprymeHTs

MHOIO4J1€Ha.

I. [lokaxkuTe, 4TO MHOrOYNEHbI MOXKHO CKNAZbIBATh, BbIYUTATh U YMHOXATb, NPU 3TOM MO-
JIy4aloTCsl CHOBAa MHOro4YneHbl. Kak BeayT cebsi cTeneHun npu Takux onepauusix’?

I. Mycte P(x) n Q(x) — mHorounens:, npndem Q(x) He paseH Hynto ToxaecTBeHHO. [o-
KaXKnTe, 4YTO CYLUECTBYIOT eAWNHCTBEHHble MHorodseHsl T(x) n R(x) Takne, yto P(x) =
Q(x)T(x) + R(x), n degR(x) < deg Q(x).

I1l. (Teopema Besy) [Jokaxute, 4to ocTaTtok OT geneHust MHorodneHa P(x) Ha MHorouneH
x — ¢ paseH P(c).

1. Muorounen P(x) paet octaTtok 2 npu geneHun Ha X — 1, n octatok 1 npu genenun Ha
x — 2. Kakolii octaTtok gaet P(x) npu genexnm Ha muorodnen (x — 1)(x —2)7

2. MHorounen P(x) Takos, uto P(7) = 11, a P(11) = 13. [JokaxxnuTe, 4TO XOTs Obl OANH 13
ero KoapPULUNEHTOB — He LIeJI0e YUCIIO.

3. Muorounensl P(x) n Q(x) ¢ uensiMn koappuymeHTamn TakoBsl, 4TO Npu 1HOOOM LENOM
k wucno P(k) genntcs na Q(k). HokaxuTte, uto P(x) genutcs Ha Q(x).

4. V mHorouneHa P(x) cymma KoabpULNEHTOB MpU YETHBLIX CTEMEHSAX PABHAETCS CyMME
KO3(PPULMEHTOB MPY HEYETHBLIX CTEMEHSIX. DTUM XKe CBOWCTBOM obnagaet mHoroyneH Q(x).
ObsizatensHo m MHorouner P(x) - Q(x) obnagaer sTum ceolicTBOM?

5. 1an HenocTosHHbIN MHOrouneH P(x) ¢ nonoxunTtenbHbiM cTapimnm koadduuneHtom. Joka-
XKUTE, YTO, HAYMHAS C HEKOTOPOrO MOMEHTA, OH ByAeT NPUHUMATbL MONOXKNTE/IbHBIE SHAYEHNS,
(To ectb, Haligétcsa Takoe M > 0, 4to ans Bcex X > M Boinontero P(x) > 0).

6. [anbl aea mHorounena P(x) n Q(x) ¢ uenvimu koadppuumentamn. Okazanocb, HTO
Q(n) # 0 npwn HaTypanbHbix N 1 P(n) genutcs Ha Q(n) npw Bcex HaTypanbHbix . [Joka-
xunte, yto P(x) genntca Ha Q(X) kak MHOro4sIeH.

7. dan muorounen fo(x). MocnenoBaTelbHOCTL MHOMOYIEHOB NOCTPOEHA CleaytoLM obpa-

3oMm fr(x) = fo(f_1(x)). Okazanocs, 4to y Bcex MHorouneHos fi(x) npu k < 100 Bce kopHu
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nelicteutensHole. [yctb ay obosHavaer cpeaHee apudmetnyeckoe kopHeii Ty (x). VssectHo,
4yTo a9 = 97. Halignte aoy.

DdyHkyuna Iiinepa

8 nrons

Onp. Onpegenenne. Pynkuus ditnepa @ (N) onpeaensercs Kak KOAUYECTBO B3aUMHO Mpo-

CTbIX C TL HAaTypPaNbHbIX YNCEN, HE NPEBOCXOAALNX TL.

. HaliguTe:

(a) ©(24), ¢(120);

(6) @(p), rae p — npocroe;

(8) @(p™), rae p — npocToe.

Il. JokaxuTe, 4to npu n > 2 @(n) yeTHo.

1. HalignTe cymmy B3aMHO MPOCTbIX C TL 4WCEN, HE MPEBOCXOAALLNX .

2. [lycTb M, N — B3aWMHO NpocTble HaTypasbHble Yncaa. CTpoku Tabnnubl NpoHYMepoBaHb
qucnamu ot 0 go n—1, a ctonbubl — ot 0 go m— 1. Ha nepeceverun cTpoykm j n crtonbrka
1 3aNUCbIBAETCA OCTATOK OT AeNeHns yucna in + jm Ha nm.

(@) [HokaxuTe, 4To BCe Yncna B Tabnuye OyayT pasnanyHbl.

[ne B aToli Tabnuue 4ucna, B3awMmHo mpocTble ¢ Mn? [okaxxnuTe MyabTUNANKATUBHOCTb
dbyHkunm dlinepa: @(nm) = @(n)e(m).

(6) [okaxnTe npeacrasneqne yHkumu Jiinepa:

R N Y A L=

K
n=p;...pkn
3. JokaxnTe, 4to @(m¥*) = m*Tp(m).

4. HalignTe BCE Takue X, 4TO:

(a) o(x) =24

(6) @(x) =56.

5. HaliguTe BCe Takue X, 4TO:

(@) o(x) =73

(6) o(x) =3;

(B) o(x) =%

6. PaccmoTpum pag apobeii:
1 2 n
g

Pazgenum dncnutenb n 3HaMeHaTenb Kaxxgoi apobu Ha nx HOL.
(a) Ckonbko byget apobeii co sHameHaTtenem d, rge d — genntens n?
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(6) [LokaxunTe Toxaectso Jitnepa-laycca:
@(d1) +@(dz) +-- -+ o(ds) =,

roe di — BCce genuTenn 4mucna mn.

Jlemma bepHcaiipa

8 nrons

I. (a) Ckonbkumu crnocobamu MoXKHO packpacuTs B Tpu ugeta (a, b, c) kneTkn kagpaTa
5 x 57

(6) Cronbko byzet cnocobos, ecim packpacku, CUMMETPUYHbLIE OTHOCUTENBHO BEPTUKAJBbHON
CPeAHeR NMHUN, CYNTAOTCA OAUHAKOBbLIMY?

(B) Ckonbko byaeT cnocobos, ecnm packpacku, NoJyHatoLWMecst 4pyr U3 Apyra NoBOPOTOM
Ha yron, KpaTHbiid 90°, cunTaloTCs 0aUHAKOBLIMUY

(r) Ckonbko byget cnocobos, ecim v NOBOPOTbI, U CUMMETPUN OTOXAECTBASIOT PaCKpacKm?
Beegem Heckonbko onpeaeneHunii.

Mycts X — MHOXECTBO packpacok «be3 ycnosuii», kak B nyHkTe (@). DNeMeHTbl MHOXeCTBa
X byaem obosHavaTh OykBOW X.

Mycts G — MHOXECTBO Npeobpa3oBaHnii, KOTOPbIE MOXHO AenaThb ¢ X (Hanpumep, NOBOPOTHI,
nepesopoThbl U T.n.). dnemenTsl G obosHaumm kak f, g, h. lNo cyTn, Mbl MOXeM HaxoanTb
f(x), g(x), g(f(x)) € X. B nocneanem cnyyae npeobpasosaHne Ha3bIBAETCS KOMMO3NLNEN,
N ero MoXHo 0bosHaunTs g o f.

Onp. Muoxectso G HasbiBatoT rpynmnoli npeobpa3oBaHunii, ecay oHO 0bagaeT CBOCTBaMM:
(@) ToxgaectseHHoe npeobpazosatue npuHagnexut G;

(6) xomnosnums npeobpaszosannii n3 G npuHagnexut G;

(B) ans kaxgoro g € G ecTb obpaTHoe npeobpasosanue f = g~', npunagnexaulee G;

(r) sbinonnsietcs accouymatmsrocTe: ho (go f) = (ho g) of. (A KoMMyTaTUBHOCTL He

obsizaTenbHal)

MuoxecTBo packpacok Ty ={g(x) € X|g € G} Ha3biBaeTCsi opbuTOiA 3nemeHTa X.
MHoxxecTBo npeobpasosaruii Sy ={g € G|g(x) = x} Ha3bIBaeTCA cTabUNU3aTOPOM 31EMEH-
Ta X.

Il. (a) Myctby € T. Hokaxute, yto Ty =T

(6) Buibepem opHy packpacky x. [lokaxkute, 4To Sy siBAsieTCS rpynnoii npeobpasoBaHuii.
(B) TMyctb mHoxecTBO Sy cogmepxut K anemeHToB g1,92,...,9gk, M f — nponssosnbHoe
npeobpasosatue us G. Hokaxute, uto fo g1(x) =fo ga(x) =+ =fo gy(x).

(r) [LokaxwuTe, uto Bce f o g; siBAsitOTCS pa3HbIMU 3nemMeHTaMun G, XOTb 1 A4S 3AeMeHTa X
BbIMOJIHEHbI PAaBEHCTBA.

(8) Lokaxute, yto ecan f(x) = h(x), To MHOXecTBa Buga f o gi n h o g; coBnagator.
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(e) Hokaxure, uto S| = %

(>k) Myctb MHOXecTBO Ty, COAEPXKUT TN INEMEHTOB X| = X, X2y X3y - « - y Xip. [lOKaXKMTE, 4TO

Torga
Gl =[S, + Sy, + -+« + Sy, |-

(3) Mycts X cogepxnT M 31eMeHTOB, T.e packpacok «bes3 ycnosuii». MMycts Y — mHoxe-
CTBO PaCKpacoK «C YCJOBUSIMUY», T.e. MHOXecTBO Bcex opbut B X. [okaxute, 4Tto TOrAa

BbIMOJIHSAETCS PABEHCTBO
Sl + 1S5, + -+ + ISk, [ = [G] - [Y].

() Nycte Ny, rae 1 < 1 < |G| — 310 konnyecTBo snemeHToB X, Nepexoasiunx B cebs npu
npeobpasosarnu gi. Jokaxunte, 4To [Sx |+ [Sx,| 4+ -+ -+ Sk, [ = N7+ Nz + - 4+ Nig|.
1. (Jlemma Beprcaiiga) Konandectso pasnuurbix packpacok (opbuT) paBHO cpegHemy apud-

METNYECKOMY KOJINYECTB PACKPaCOK, HE MEHSIIOLMXCS MPU KaXXAOoM npeobpasoBaHuu, T.e.

N+ Ny + -+ N
G|

Yl =

1. CHoBa pewuTe 3aga4y 1.

2. /13 npoBonoKu COrHyanM paBHOCTOPOHHWUI TpeyronbHuK. Ero ctopoHsl MoryT ObiTh OKpa-
LWeHbl B oAnH 13 M 1BeToB. CKOMBbKO CYLLECTBYET ABUXKEHWI, NEPEBOAALLMX TPEYrONbHUK B
cebn? CKONbKO CYLLECTBYET Pas3/inyHbIX PacKpacok’

3. CkosbknMu cnocobamm MOXHO packpacuTb Oycbl U3 P BYCUHOK B @ LBETOB C TOYHOCTbLIO
po nosopoTa? (p — npocroe).

4. Ckonbko pasnuytbix byc ans 40 BycHOK U A UBETOB C TOYHOCTbLIO O NMOBOPOTa?

5. Ckonbko pasnunynbix byc MoxxHo cocTaBuTb 13 10 KpacHbix 1 4 cuHmnx OycrH C TOYHOCTbLIO
[0 NOBOPOTA 1 nepesopoTa’

6. Ckonbkummu cnocobaMy MOXKHO pacKpacuTb BeplunHbl Kyba B 3 useTta?

7. CkonbknumMm cnocobamm MOXKHO packpacuTb rpaHu kyba B 3 userta?

8. Ckonbknmmu cnocobamm MoXKHO packpacuTb pebpa kyba B 3 uperta?

9. Ckosibko Pa3N4HbIX WECTUYroNbHNKOB MOXHO BMUCATb B I'IpélBI/IJ'IbeII7I 15—yroan|/|K?

KBagpaTHbili TpexyneH. 3agadu

8 nrons

1. HaliguTe BCe 3HauveHUs a, Npu KaXXAOM 13 KOTOPbIX YpaBHEHUE UMEET POBHO fiBa pa3/iny-

HbIX KOPHA

¥ —ala—T)x—a®

=0.
V3 4+ 2x —x?

2. HaiiguTe BCe 3HayeHMs nMapameTpa a, NPW KaXKAOM U3 KOTOPbLIX YPaBHEHWE VMEET POBHO
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[IBa Pa3/IMYHbIX KOPHS.
a? —4x* + 8|x| —4 = 0.

3. HalignTte Bce 3HayeHus napameTpa a,, NPU KaXKAOM U3 KOTOPbIX YPaBHEHNE IMEET POBHO

HETbIPE PaA3JINHHbIX KOPHA.
a?— ax —2x> —6a + 3x + 9x| = 0.

4. HaliguTe BCE 3HAYEHNA A, NPU KAXKAOM N3 KOTOPbLIX YPAaBHEHME MEET HEThIPE Pa3NUYHbIX
KOPHS.
Ix? + a® — 6x —4a| = 2x + 2a.

5. Halitn Bce 3Ha4eHusa napameTpa @, Npu KaXXAOM U3 KOTOPbIX YPaBHEHWE VMEET XOTsi Dbl

ABa Pa3/INYHbIX pELLEHNA
la —4] - x* —2ax* +|a — 30| = 0.
6. HaliTn Bce pelicTBUTENbHbIE 3HAYEHUSI Q, MPU KOTOPbLIX TPEXYJIEH
(@—=1x*=2(a—T)x+1

MONOXUNTENEH NMPU BCEX ,£I,€I7ICTBI/IT€J'IbeIX X.

7. Halitn Bce 3HayeHns @, Npw KOTOPbIX KOPHU ypaBHEHWS DyayT oba NoAOKUTENbHLIMY
(2+ a)x* —2ax +3a =0.

8. Halitn Bce Te 3Ha4eHUss mapameTpa C, NMPU KOTOPbIX 003 KOPHS KBaApaTHOrO ypaBHEHWS
MeHbLUEe, Yyem — 1
x? +4ex + (1 —=2¢+4c¢%) = 0.

9. pn KakMx 3HaYeHUsIX A OAUH N3 KOPHel ypasHeHus bosbwe 1, a apyroii MeHblwe 1
(@®4+a+1)x*+2a—3)x+a—5=0?

10. Mpwn Kakux 3HaYEHUSIX A YTO KOPHMW YPaBHEHWS Pa3ivyHbl 1 0ba 3akatoyeHbl Mexay — |
n +1
XX +2x+a=0

11. VcTaHoBUTb, Npu Kaknx 3Ha4eHUSIX T CyMMa KBaJpaToOB KOPHEl ypaBHEHS 6y,u,eT Hau-
MeEHbLUEN

X —mx+m—1=0.

12. OnpegennTb BCe 3HAYEHNS A, NMPU KOTOPbIX YPaBHEHUS 1 UMEIOT XOTsi Dbl OANH OB
KOPEHb
X 4+ax=1=0 X +x+a=0
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13. Haiitn Bce 3HaueHns a, npu KoTopbix U3 HepaBeHCcTBa ax x 2 —x + 1 — a < 0 cneayet
HepaBeHcTBO 0 < X < 1.
14. HaiignTe BCe 3Ha4YeHUst napameTpa d, Npu KaXXAOM U3 KOTOPbIX YPaBHEHNE UMEET POBHO

ABa pa3)'ll/|‘-|HbIX KOpHSI.
a?—9x? +18|x| — 9 = 0.

15 HaI7I£I|I/ITe BCE€ 3HAYEHUA a, MPUN KaXXKAOM N3 KOTOPbIX YPaBHEHNE MMEET HETbIPE PA3JINHHbIX
KOPHSI.
x>+ a?—7x —5a| =x+ a.

16. Haiitn Bce 3HaueHns napameTpa a, Npu KaXkgoM U3 KOTOPbIX YpaBHEHME NUMEET XOTsl Dbl

ABa Pa3/INYHbIX pPELUEHNA
la—2]-x*—2ax* + |a—12| = 0.

17. Korga k kBagpatHomy Tpéxuney f(x) npubasunn 3x%, ero HanmeHblLee 3HaueHME yBe-

2, €ro HanMeHblee 3Ha4eHNe YMEHbLWNNOCE Ha 9.

A KaK U3MeHWNTCS HanmeHbluee 3HadeHune f(x), ecan K Hemy npubasuTh X2,

JANYNNOCb Ha 9, a KOorga n3 Hero Bbl4am X

18. llpuBeaéHHbIli KBafpaTHbIA TPEXYNEH C LEAbIMU KO3 dULMEHTaMN B TPEX MOCIeNo-
BaTEIbHbIX LIENIbIX TOYKAxX MPUHMMAET MPOCTble 3HadeHus. [okakuTte, 4TO OH NpuUHMMAET
MPOCTOE 3HAYEHNE MO KPaHEN Mepe eLlE B OAHON LLenoli TOYKe.

19. Haiignte Bce Takue dynkumn f(x), uto f(2x + 1) = 4x? + 14x + 7.

2

20. MMpo kBagpatHbid Tpexuned f(x) = ax® — ax + 1 ussectHo, uto ||[f(x)|| < 1 npu

0 < x < 1. Hailaute Hanbosbluee BO3MOXKHOE 3HaYeHune d.

HepaseHcTBa

9 nronsa

1. NzBecTHO, 4T0 0 < a,b,c < 1. dokaxxuTte, 4To:
a b o 3
(a) 1+b+ca + 1+c+ab + 14+a+bc < at+b+c’

<1

(6) H—acil—abc + H—blii—abc + H—cc—i—abc
(B) 1—Sbc + 1—fac + H—Cab <2

(r) 7+bc31+03 + 7+a2+c3 + 7+a§+b3 < %
2. (a) WssectHo, yto a,by,c > 0una+b+c= 2v/abe, gokaxuTe, uto be > b + ¢.

(6) Cymma HeoTpuuaTenbHbix Hncen a, b, c, d pasra 4. JokaxunTe, 4o (ab +cd) - (ac +
bd) - (ad + be) < 8.

(B) [dokaxnTe, uyto ecnu a + b + ¢ > abec, 1o a?+b%+c? > abe.

(r) WsBectHo, 4to a,b >0 v a+ b = ab. Jokaxute, 4to bz;‘jré‘ + aZL—Hl > 12

3. (a) Pewnte ypasHenne x* — 8x + 63 = 0.
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(6) [ns umncen x,y, z BoinonHserTcs ycnosue X +Yy+z =5 u xy +yz+zx = 8. JokaxnTe,
yto 1 < x < %

4. (a) Mo kpyry Hanucarbl 2024 nonoxutensHbix Yucna. Cymma atobbix ABYX psifoM CTOSILUX
bonblie CyMmMbl 0OpaTHBIX K ABYM CeAyOLMM 3a HUMIK No Yacosoli cTpesike. [okaxuTte, 4To
npon3BefeHne Bcex aTux Yncen bonbuie 1.

(6) [dokaxnTe HEpPaBEHCTBO A/ MONOXKNTENBHBIX YNCEN X1y ...y Xy

1 1 n?
— + -+ = .
1+x T+xn - MAx+ +xn

(B) IsBecTHO, 4TO X}OO 4+ XLOO =1, x}m 4+ 4 xllm = —1. Kakune 3HayeHns Moxxer
NPUHUMATL X1 + X3 + X5 + + - - + x[V7?

CmmmeTpm HeCKne MHOro4JieHbl

9 nrons

Onp. MHorouneH f oT N NepeMeHHbIX HAa3bIBAETCA CUMMETPUHECKMM, ECIIN OH HE MEHSIETCA
Npu NtobbIX NEpecTaHOBKAX NMePEMEHHbIX, TO eCTb ANs Nt0DOV NepecTaHOBKMN Qi,y i,y -« -y A,

qucen ot 1 go n seinonxero: f(ay, az,...,an) = flai,, ai,,...,a ).

Onp. JsemeHTapHbie CUMMETPUHECKNE MHOIOYAEHBI TL EPEMEHHbIX:

(70:1, Ox = Z XhXiz...Xik,ﬂ,)'lﬂ]gkgn

1< < <aKiksn

NHbimn C/1o0BaMm, k-biid 3neMeHTapr||7| CI/IMMeTpI/Il-IeCKI/IIZ MHOrFo4YneH npeacrtaBasAaAeT coboii

CyMMY BCEBO3MOXXHbIX r|p0|/|3Bep,eH|/||7| k NEPEMEHHbLIX N3 M.

I. [dokaxuTte, 4TO Cymma, pasHOCTb U MPOU3BEAEHNE CUMMETPUYECKUX MHOFOYIEHOB SIBIIS-
IOTCA CUMMETPUYECKMIY MHOTOYJIEHAMMU.

I. ABnstoTcs M CUMMETPUYECKNMU CEAYIOLWNE MHOTOUIEHbI OT TPEX MEPEMEHHBIX X, Y, Z:
(@) X¥* +y% (6) x +y—z (B) X’ +y’ + 2"+ 2xyz; (r) (x—y)(y —z)(z—x).
OcHoBHasi TeopemMa CUMMETPUYECKUX MHOro4aeHoB. Jlioboii cruMmMeTpuyeckuii
MHorouneH f(Xq,...,X,) BblpaXkaeTca 4epes sneMeHTapHble CUMMETPUYECKNE MHOTOYJIEHbI
NoCpescTBOM onepaumii 4+, —, X. VIHbiMu cioBamu, CyLLecTBYeT MHOrO4YIEH g OT TL NepeMeH-
HBIX TakoWi, 4TO g(07y..., 0n) = f(X1y...,Xn).

Onp. byaem paccmaTpuBaTh CTPOKM W3 Uenbix HeoTpuuatenbHbix ducen. Ctpoka A =
(a7, a2y ..., an) snekcukorpaghmyecku merbiue ctpokn B = (by, by, ..., by ), ecnn ans Hau-
MeHbLUEro 1 Takoro, 4To @i # by, BbinoaHeHo a; < by, nam cTpoka A siBASIETCA NpedrKCOM
cTpoku B.

Takum 0bpa3om 3a8a8TCs JIeKCUKOrPaghuyecknii MopsAOK Ha YUCAOBbIX CTPOKaxX C LIesbIX

HEOTPULUATEJIbHbIX 2JIEMEHTAMMN.
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1. Jokaxute, uto (@) cTporo ybbiBatoLias NoCIef0BaTENLHOCTL CTPOK U3 TL LesibIX HEOoT-
puuaTensHbix Yncen koHedHa u (6) B Nt0DOM HEMYCTOM MHOXECTBE TaKux CTPOK €CTb
HAaVMEHbLUWIA IEMEHT.

k1 k2

Onp. CreneHbto 0fHOYNEHA MHOMUX MNEPEMEHHbIX X1'%5 LXK

" Ha30BEM CTPOKY LeJbIX

HeoTpuuaTenbHbix Yyncen (kKi, Ko, ..., Kn).

OI'Ip. CTreneHbro MHOro4Y1eHa MHOMMX nepeMeEHHbIX Ha30BEM HaVI6OJ'IbLLIyI'O B CMbICJ1IE€ JTEKCU-

KOrpadhnyecKoro nopsifika U3 CTeneHel COCTaBASIOLMX €r0 O4HOYIEHOB.

a # 0 — BbiCcwNii YneH (OTHOCUTENBHO JIEKCH-

IV. Nlemma 1. Mycts u = ax!'x5? ... xkn,

KOTrpaPryecKoro nopsifika) CMMMETpUYECcKoro MHorodneHa. Torga k1 > ko > ... > Ky,

V. Jlemma 2. [1na noboro ogHo4neHa u = X]1<1X]2<2 . ..x]fl“ ckizky>... >k, > 0cyuwe-
CTBYIOT TaKue HeoTpuLaTenbHble uenble yucna Ly, by, ..., Ly, 4TO BbICWNIA YneH MHOro4YeHa
0'%1 052 . G}{* coBnagaet ¢ w. Hwucna b, by, ..., L, onpeaeneHbl 3TUM YCNIOBMEM OAHO3HAYHO.
VI. [loka>kuTe OCHOBHYIO TeOpemMy CUMMMETPUHECKNX MHOTOYIEHOB C NMOMOLLIO BblYUTAHUS
N3 TEKYLLIErO MHOFOY/IEHA MHOFOYJIEH OT 07, 02, ..., Oy, YTODbI BbICLLINIA YNEH YMEHbLIACS
B CMbIC/1E IEKCMKOrpadpr4eckoro nopsiika.

HanomuHaHue. V13 teopembl Besy n BO3MOXXHOCTW AeNnTb MHOMOYJIEHbI C OCTaTKOM Clie-
nyet dakT: ecnn mMHorouneH f = apX™ + An_1X™ + ... + a;x + Ao MMeeT T KOpHeii

X1yX2y ..y Xn, TO UIMEET MECTO PA3/IOKEHNE
f(x) = anlx —x1)(x —x2) ... (x — %)

VII. [okaxnte Teopemy Bueta gnst MHoro4dneHoB BbICLINX cTeneHel. Ecam X1y...,Xq —

kopHM MHorouneHa f = x™ + an_1X™ ' 4 ... a;X + 4, TO MMEET MeCTO CUCTEMA PABEHCTB

s
X1 +X2+ ...+ Xp = —Qn_1,
X1X2 +X1X3 + ..o X9 Xy T X2X3 T X2Xa oo XX e + Xn—1Xn—2 = An_2,
< X1X2X3 +X1X2Xa + .o F Xpn2Xn—1Xpn = —Qn_3,

[ X1X2. .. Xn = (—1)"ao.

ObpaTnTe BHUMaHWE, YTO B JIEBbIX YACTSAX YPABHEHUIA CUCTEMbI CTOSIT 3/IEMEHTapHbIE CUM-
METPUYECKNE MHOFOYJIEHBI OT KOpPHEHA MHorodnewa f.

1. 3nas, 4to 07 = @, 07 = b, 07 = ¢, HailgnTe

(a) ¥* +y* + 2% (6) Xy +x*2% +y*2% (B) X* +y° +2° — 3xyz.

2. [1ns BewjecTBeHHbIX Yucen a, b, ¢ BbinosHeHb! paseHctea abc = 1 wn a+b+c = 1;—|— —I—%.

o=

Jloka)kuTe, 4TO Kakoe-TO 13 HUX paBHO 1.
3. Yucna x,Yy, z ygosnetsopstoT paseHcTBy (X + Y + z)(xy + xz + yz) = xyz. JokaxuTe,

4TO CYMMa KaKNX-TO ABYX U3 HUX PaBHa HYJIO.
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4. [laHbl Tpu BeLLECTBEHHbIX 4YNCNA X, Y, Z, A5 KOTOPbIX
x+y+z>0,xy+xz+yz>0,xyz > 0.

MokaxknTe, 4T0 X,Y,Z > 0.

5. PewuTe cuctembl ypaBHeHnii:

Xx+y+z=2 x+y+tz=a
(@) {¥*+y*+22=6 (6) {x*+y*+22=a’
X +yP+2° =38 X +y’ 427 =ad’

6. [JokaxnTe, 4TO 3Ha4YeHne NtobOro CUMMETPUYECKOr0 MHOFOYAEHa C LeabiMi Koaddunm-
eHTaMun OT KOpHel yHUTapHOro (Ko3PULMEHT NPU OZHOUEHE C BbICLIEH CTEMeHbio paBeH
1) MHorouneHa ¢ uensiMn koadduumneHTamu siensieTcs yensiM duciom. (Cumtaem, 4To BCe
KOPHN BELLECTBEHHBIE).

7.Myctb @ > b > ¢ — kopHn MHorounena x>—3x+1. JokaxuTe, uto (a—b)(a—c)(b—c) =
Vk ans HekoToporo HaTypanbHoro k.

Teopema Lllans

10 nrons

Onp. Iemxernne — 31o npeobpasoBaHue MIOCKOCTN, KOTOPOE COXPAaHSIET PACCTOSHNE MEXAY
NtoObIMIN IBYMSt TOYKAMU, T.€. PaCCTOSIHUE MEXAY ABYMSI TOYKaMW PaBHO PACCTOSIHUIO MeXay

nx obpasamu.

I. Jokaxute, 4to (@) koMnosnums ABYX ABUXKEHWNA — ABUKEHNE;

(6) otobpaxerue, 0bpaTHOE K ABUKEHNIO — TOXE ABUXKEHNE.

I1. JokaxnTe, yto (@) ecnan aBa ABMXKeHMsi coBnagatoT B Todkax A u B, To oHu cosnagator
B Ka)<gol Touke npsimoli AB;

(6) ecnu pBa gBMKEHMS COBMAZAtOT B TPeX TOHKAX, He JIEXALUNX HA OLHOVW MPSIMOIA, TO OHU
COBMafAtOT BO BCEX TOYKAX MIOCKOCTH.

1. dokaxute, 4to (@) BCAKNIA TPeyrosbHUK MOXXHO MEPEBECTW BO BCSKUN PaBHbI emy
KOMMo3uumel He Doslee, YeM TPeX OCEBbLIX CUMMETPUIA;

(6) BCcsikoe fBrXEHNE MIOCKOCTI SABASIETCS KOMMO3ULMeli He boniee, YemM Tpex OCEBbIX CHM-
METPUIA.

2. HalignTe komno3numtio aByx ocesbix cummetpuii: (@) ¢ nepecekatowyumucs ocsimu; (6) ¢
napanfieNbHbIMU OCSIMU.

3. [okaxute, 4to (@) BCAKNIA NEPeHOC MOXKHO MPEACTaBUTL B BUAE KOMMO3NLNN BYX OCe-
BbIX CUMMETPUIA C NapaiesbHbIMU OCSIMU, NePNeHANKYASPHbIMY HaMpaBieH O NepeHoca,
(6) BCsikMit NOBOPOT — B BUAE KOMMO3NLMN ABYX OCEBBLIX CUMMETPUIA C OCSIMU, MEpecekaro-
WMMIUCS B LEHTPe NOBOPOTA.

4. Yto aBnseTcs KOMMNo3numed napannesbHOro nepeHoca 1 noBopoTa’
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5. [lokaknTe, 4TO KOMMNO3NLMS OCEBO CUMMeTpUM C ocbto | 1 nepeHoca Ha BekTop p L 1,
ABNAETCS 0CeBON cummeTpueid ¢ oceto m||L.

6. [lokaxkuTe, 4TO KOMMNO3ULMUS OCEBO CUMMETPUW 1 NMEPEHOCA HA HEHYNEBO BEKTOP, Ma-
pannenbHbli OCY CUMMETPUN, HE SIBASIETCS HU MEPEHOCOM, HU MOBOPOTOM, HU OCEBOW CUM-
METPUEN.

7. [lokaxkuTe, 4TO KOMMO3ULMSA OCEBOVi CUMMETPUN U NEPEHOCA Ha BEKTOP, HE MEPMNEHANKY-
NSIPHBIA OCK, CTb CKOMIb3ALLAS CUMMETPUS.

8. JokaxxuTe, 4TO KOMMNO3ULMSA OCEBOV CUMMETPUIN U NOBOPOTA ECTh OCEBAst WU CKOJb3sLLAs
CUMMETPUS.

9. (Teopema LLlans) Bce ABUXKEHNS NNOCKOCTY — 3TO MEPEHOCHI, MOBOPOTHI, OCEBLIE U CKOJb-
3s11e CUMMETPUN.

Onp. Hazosem Tpeyronsiuk ABC nosoxnTensHo opmeHTUpoBaHHbIM (OTprLATENBHO Opu-
EHTUPOBAHHLIM), eC/u nepemetltermne no ero koHTypy A — B — C — A npoucxogut npotus
4acoBoli cTpenkun (No 4acoBoli CTpesnke).

10. [okaxuTe, 4To He cyuiecTByeT Takoro asuxerust D, 4to D o D — oceBasi cummeTpus.

MaTboin nonynpodoun
10 nrons

1 1

- -
a+1 b+1 c+1
Noka)knTe cnpaBeAMBOCTb HEpaBEHCTBA

a + b + ¢ <V2
Vvbcla+1)  Vaclb+1)  Vab(c+1)

N NOKAXXNTE, HTO BblpaXXEHNE B NEBOM 4acTn MOXET bbITb CKOJb yrogHo 6an3Ko K \/Z

1. MycTb

=1, roe a,b,c — nonoxuTenbHblE YUCna.

2. B knacce yyatcs 2n yyenukos (1 > 1). 3a pa3 Ha 3KCKypChto MOTMyT noexaTtb T y4eHu-
koB. [locne HeCkoNbKMX SKCKYpPCUli KaxkAble 4Ba Y4YeHUKa U3 Kaacca nobbiBasy BMECTe XOTs
Obl Ha ofHOW 3kckypcumn. [pu KakOM MUHUMaNbHOM KOJIMYECTBE SKCKYPCUi TaKoe MOrIOo
npon3onTn?

3. 1Mo kpato Kpyrnoro cToNa ¢ METPOBLIMU MPOMEXYTKaMm CToST P batogey (p — npocToe), Ha
KaXXIOM MO OAHOMY nedeHbto. KapicoH npoxoanT BOKpyr ctona k MeTpoB, oCcTaHaBNBaETCS
n bepéT neverbe c barogua. 3atem Manbiw, CTapTOBaB U3 TOrO K& MecTa, NPOXOAUT BOKPYT
CTOMIa M MEeTPOB, OCTaHaBAMBaETCA 1 Oepé€T Tam nedeHbe ¢ bmogua. MNMotom Kapncow ot
MeCTa CBOeil OCTaHOBKM WAET K MeTpoB 1 DepéT nedeHbe C BAOALA, €CNM OHO Tam eLlé
ocTanock, u T.4. Bce nepexonbl oHu genatoT B ogHOM HanpasieHun. KoMy n3 HUX JOCTaHEeTCs
Dosblue neyeHbss U HAa CKOJIbKO, eCau K 1 T — pasfnuyHble HaTypafbHble YnCia MeHblue P’
4. Ha knetyatoii gocke 10 x 10 ctonT HeBuanMas nafbs. 3a OfWMH BOMPOC MOXHO yKa3aTb
Ntoboii Habop KNETOK M y3HaTb, CKOJLKO W3 HUX NobuTbl nagbéin. CKoabko Takux BOMPOCOB

HY>XHO, 4TODbI HaBepHsiKa y3HaTb nojoxerue nagbn? Jlagbsi OLET nosie, Ha KOTOPOM CTOWT.
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5. B waxmaTtHom TypHupe y4dacteytoT 14 nrpokos. B kaxgom Type oHu pasbusatoTcst Ha
napbl clydaliHbiM 0bpasom, HO ABa LWAXMaTWUCTa, UrpaBLIve APYr C APYroM paHblie, BTOPOIA
pa3 nrpaTb He MOryT. TypHMP 3aKaHYMBAETCS, KOrga Takoe pa3buneHne HeBO3MOXHO. HaiiguTe
MUHUMaNbHO BO3MOXHOE YMC/IO TYPOB.

6. Tpu nonapHo pa3nuyHbIX BELWECTBEHHbIX YUCAa a, b, C TakoBbl, 4TO MHOXecTBO {a +
b, b+c, c+a} conagaer c mHoxectsom {ab, be, ca}. JokaxuTe, 4To MHOXecTBO {@, b, c}
coBnagaet ¢ mHoxectsom {a? —2,b% — 2, ¢* —2}.

7. B ctpane 100 ropomos. HekoTopble U3 HUX CoeanHEHbI AOPO- B
ramu, npu4eM Mexay atobbiMu ABYMs ropojamMun ecTb He bosnee
oaHoii poporun. [opoga npoHymepoBaHbl 4ucnamu ot 1 go 100.
[NeTs cosepwmn 100 nyTewecTBMii NO AOporam CTpaHbl, KaXKAblli
pa3 Ha4uHas MyTewecTBUsl B pa3Hbix ropogax. Bce ceom nyTele-
CTBUSI OH OCYLLECTBNSET no ciegytouemy npasuny. OkasaBlinch
B Kakom-1nbo ropoge A, leTs HaxoanT cpean BCEX ropofioB, CO-
efivHeHHbIX ¢ A, ropos B ¢ HaumeHbwmm Homepom. Ecnm ropos
B y>xe Obin nocewieH B 3ToM nyTewecTeuu, unm n3 A Boobuie HeT D C
HW OAHOI Aoporu, NyTelwecTBre TYT »e 3akaH4uBaeTcs B A. B

npoTueBHOM cny4yae, [leTs nepemewtaetcs us A B B n npogonxaet

nyTewecTeue no stomy xe npasuny. Okasanock, 4to cosepwwe 100 nytewecTsuii, [Neta no-
CeTun BCe ropoda CTpaHbl NopoBHY pa3. [1pn kakom HanbonbLieM KOANYECTBE AOPOT B CTpaHe
Takoe BO3MOXHO?!

8. PasHobeapentblie TpeyroasHuku ABC n CDE ¢ paBHbIMU yrnamu npy oCHOBaHUU pacno-
noxeHsl Ha nnockoctu Tak, 4to BC = BD (cm. pucyrok). Okasanocs, 4to yron ADB = 30.
Haiigute yron BEC.

CuyeT B TO4YKax

12 wrons

HanomwuHaHuwe. HanpasieHHbiM OTpe3kOM Ha3bIBAaeTCA YMOpsiloYeHHas napa To4ek Ha
naockocTu. HanpaBneHHble 0Tpe3ku /ﬁ " Cﬁ Ha3blBatOTCA 3KkBMBaAEHTHbIMY, ecnin ABDC
— napannenorpamm. Knaccbl 5KBUBANIEHTHOCTU HaMpaBieHHbIX OTPE3KOB HA3bIBAIOTCS BEK-
Topamy. BekTopa Ha3bIBAtOTCA KOIMHEAPHBLIMY, €CNN NPU OTKAAaAbIBAaHUN OT OLHOW TOYKM
nx oblee HaYaMo 1 UX KOHLbI 1eXXaT Ha OAHOV NPsSIMONA.

I. Ynpoctute Bbipaxkerune (a) AC + DE + CB + E—A>; (6) CE— CA + EB — DB.

Il. (/lemma o nepecranoske) [Lokaxute, 4To AX + BY — AY + BX.

Npesa. HanpasneHHblli 0TPe30K MOXHO MbICAUTL KaK Pa3HOCTb TOYeEK l@ = Q —P. A
TakXKe MOXHO FOBOPUTL, 4TO Touka (Q mosnyyaetcs us Touknm P cmelleHnem Ha BekTOp lﬁ
nam Q = P+lﬁ Toraa ntoboe BbipaXkeHUe N3 BEKTOPOB U TOYEK, atoLLee B PE3YabTaTe OfHY

WAN HOMb TOYEK VIMEET FreOMeTPUYECKUii CMbIC/, ONpeaenérHblli oqHo3Ha4YHo. [loka3aTb 3To
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MOMOXET JIEMMa O NEPECTAHOBKE. HEBAXHO, KaK pa36VITbI Ha BEKTOPa TOYKW, BAXXHO TOJIbKO
TO, YTO OAHWN TOYKWN — Ha4ala, ,£I|per|e — KOHUBbI.

(l\/|o>KHo CYMTaTh, 4TO TOYKM — ITO KpaTKas 3aMnCh ANst BEKTOPHbIX BblpaxkeHni. Hanpumep,:
O=P+P3 <= VOEE, 00 =O0P+P3.)

Onp. o onpegeneHnto, AN KONNUHEAPHBIX BEKTOPOB X 1 U CYLLECTBYET YMCIO A TaKoe,

4yto X = AY. Torpa oTHoweHnem (co)HanpasieHHbIX OTPE3KOB /ﬁ =X n CD =Y byaem

Ha3blBaTb TO CaMoe A, T.e.

? . 3 Ag X
AB=X=Aj =ACD <= == =A.
I§ Y
Onp. OtHowweHnem Tpéx Todek (MPOCTbIM OTHOLUEHNEM TOYEK), NEXKALLNX HA OGHOI NPSMOIA,

(AB, X) bynem HasblBaTb BEANYUHY

X—A AX
(AB,X) =
B_X XB

[oBopsiT, yTo X geamt /ﬁ B otHowwerHun (AB, X).

1. (llpasuno poivara) Ecnu X penut AB & oTHOWeHM K 10 X = mATKE
m k+m

2. (a) Mycts M — cepeguna otpeska AB. [lokaxute, 4to M = (A +B). (6) Mycte M
n N — cepeauntbl otpeskos AB n CD. [dokaxuTte, 4To W = E(AAC% + ﬁ ). (B) MMyctb
M — Touka nepeceveHus meanar Tpeyronbinka ABC. [dokaxxuTte, 4Tto M = %(A—I—B + C)
(r) Ecnu ABCD — napannenorpamm, 10 A + C =B + D.

3. Haligute Touky nepeceverus (@) buccektpuc; (6) BbicoT; (B) cumegmaH TpeyronbHukKa
ABC, roe A(—12;—-30),B(44;12), C(—28; 33).

4. Toukn M, K, N n L — cepeautbl ctopon AB, BC, CD v DE natuyronsHuka ABCDE
(He obsizaTtensHo Bbinykioro), P u Q — cepeantbl otpeskos MN un KL. [JokaxnTe, yto
otpesok PQ = JAE n PQ || AE.

5. Ha npsmoii nexat 2023 touku My, ..., Map23. Bre npsamoii gaHa touka A. MoxeT au
TaK CAYYNTbLCS, YTO MOXKHO pacCTaBuTb Ha oTpeskax AMy, ..., AMjg23 CcTpenkmn Tak, 4Tobbl
CyMMa MoJIyYeHHbIX BEKTOPOB Dblia paBHa 0?

6. anbl napannenorpammel A1A2A3A4, B1B2B3By, C1C2C3C4. ObosHauum vepes Si Touky
nepeceveHust meama tpeyronsHuka A;BiCi. okaxunTe, 4to $1S,S3S4 — napannenorpamm.
7. (Mapametpuyeckoe ypasHerne npsmoii) JokakuTe, 4To Touka Z nexut Ha npsmoii AB
TOrAa M ToNbKO Toraa, korna Z = tA + (1— t)B A5 HEKOTOporo t.

8. [Onunbl ctopon TpeyronbHuka ABC pashel a, b n ¢ (AB = ¢,BC = a,CA = b u
a < b < ¢). Ha naysax BC n AC oTmeueHbl coOTBETCTBEHHO Takue Touku By n Aj, 4to
BB; = AA; = c. Ha nydax CA un BA otmedenbl cooTBeTcTBeHHO Takume Toukn Co un By,
4TO CCZ = BBZ = a. HaiTn |A1B1| . |Csz|

9. Hokaxute, yto ecim K1 +ky+...+kn =T uky, ko, ...,k > 0, 1O A= k1A1 +k2A2+
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. + knAn npuHagnexunT Bbinykaoin obonoyke MHoxectsa {Aq, Ay, ..., An}. VI Haobopor,

A5t 0DOI TOUKM BbINYKIOA 0D0I0UKM CYLLECTBYIOT Takne KOI(PpULNEHTHI.

HepaBerHcTtBo KBLL

13 urons

HepaseHctBo Kowu-bByHskoBckoro-LLIBapua: [ns ntobbix geiicTBUTENbHBIX YnCe
a1, a2y...,Qn ¥ by, by, ..., by BbINONHAETCS HEPABEHCTBO

(a% + (1% + ...+ afl)(b% +b§ +.. +b2) > (a1b + asby + ...+ anbn)?,

NPMYEM PaBEHCTBO AOCTUrAETCS Torga M TOJIbKO Torga, Koraa Habopbl aj, A2y ..., 0n W
b1, by, ..., b, nponopunoHansHel, T.e. by = tay, by = tay,..., by = ta,.

I. JokaxuTe HepaseHcTBo KBLLI (@) ans aByx nepementbix; (8) 415 n nepemeHHbIX.

I1. Mpu Kakux 3HaYEHUSX NepeMeHHbIX (X, 1, Z) AOCTUraeTCs MUHNMYM BbipaxeHns x> +y%+
z% ecnu useecTHo,uTO 3% — 4y + 5z =57

1. Ncnonbays KBLL goka>kuTe HepaBeHCTBO Mexay CpeflHUM KBaApaTUYECKUM U CPeaHUM
apnPMETNYECKM, a TaKXKe MEXIY CPeAHUM apuPMETUYECKUM N CPEAHUM FAPMOHUYECKUM.
1. JokaxxuTe HepaseHcTBO a4 b2+ c? > 14, ecnun ussectHo, 4to a+2b+ 3¢ > 14. Koraa
JOCTUTAeTCst PaBEHCTBO?

2. Vala+c—b)+vbla+b—c)++vec(b+c—a) </(aZ+b2+c2)(a+b+c)rae
a, b, c - CTOpPOHbI HEKOTOPOrO TPEYTrONbHUKA.

3. [lokaxxute cneaytolime HepaBeHCTBA, NCnonb3ys HepaseHcTBo KBLL:
a) (a1 +az+...+an) (al]+alz+...+‘_> )nz’ a; > 0;

an

6) V1 - \/ +a3+...+al>ar+a+...+an.
4. aja; + aa3+ ...+ asajo + ajpa; = —1 ecan a%+a%—|—...+a%0=1
5. [Ins HeoTpuuaTenbHbiX @, b, C fJoKaxkuTe, 4TO

3a2+ ab+ v3b2+bec+V3c2+ca<2(a+b+c).

6. [na nonoxuTensHbix Yucen agy...,an U by,..., b, OokaxnTe HepaBeHCTBO

] ] 1
(a1+b1)2+(a2+b2)2+...+(an+bn)2 + + ...+
aib;  azb; anbn

) > 4n?.

7. [lokaxxuTe ans HeOTPULATENbHBIX YNCEN HEPaBEHCTBO
(ar+a+...+a)(af+ad+...+a) > (f+a3+...+ )+ +...+a)).
8. Cneacreune KBLLI (nemma Tuty, HepasercTBo CeapaksiHa). [okaxuTe, 4To

A5 NObbIX A7,y Ay ...y Qn U AOOLIX b1, by, ..., by > 0 BbINONHSAETCA HEpaBeHCTBO
2 2 2 2
aj a; a, _ (ar+a+...+an)

—t+—=+...F— =
b, b, b, bi+by+...+ by
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VCcTaHOBNTE, MPU KakUX Qi, bj LOCTUTAETCS PaBEHCTBO.

?
v

)2 ecin 0 < u <

9. [okaxxuTe H]epaBeHCT]Ba Ans nono>49<v|Teanb|x a,b,c:
Jaro T orc Tera” Aatoro)
6) 2+ b >
a+2b b+2¢c c+2a
B) 5 i . + . _E . + . i > > > (Hepasencteo Hecbutra).
10. HaiianTe HauMeHbLuee 3HaYeHne BbipakeHust (U —v)? + (v2 —u? —
V2,v>0
11. [lokaxknuTe, 4To AN TPEX HADOPOB MONOKUTENBHBIX YNCEN A7y A2, ..vy On,y D1, D2y .oy by 11
C1y C2y +ovy Cn CIPABEANNBO HepaBeHcTBO (a3 + a3 +...+ad)(b3+b3+...+b3)(c3 + ¢35+
ee. Ci) > (agbycr + axbocy + ...+ anbncn)3

[[eomeTpusa macc

13 nrons

Onp. lyctbe M — HekoTopasi To4YKa MAOCKOCTM W T — HeHyneBoe 4nucno. MaTepranbHoii
Toukoli (M.T.) MM HasbiBaeTcst Todka M € 4ncnom M, n nog 3Tum Ynciaom byaem nogpa-
3ymeBaTb Maccy Toukn M (cuuTas, 4TO OHa MOXET BbITb N OTPULLATENBHON).

Onp. Lentpom macc cuctembl m.T. MMy, muMy, ..., M, M, Ha3biBaeTCsa Takas TO4YKa
5 5 — =

Z, nna kotopoii umeet mecto paseHcteo MiZMi + muyZMy + - - + My LMy = 0 npu

ycnosum, 4to my +my + - - - +my # 0.

I. (Teopema 1) [lokakute, 4TO B TOYKAX LEHTP MACC BbIPAXKAETCS Kak

Z-_m1M1—|—...—|—mnMn
my+...+my,

I. (Cnepcreue) [1ns KoHeuHOl CUCTEMbI MaTepUasbHLIX TOYEK LIEHTP MAcC onpeaensieTcs
OAHO3HAYHO.

I1l. (Teopema 2) LleHtp Macc aByx M.T. pacnofioXeH Ha NPsiMOIA, COeANHAOLEN 3TN TOUKN;
ero noJIOXKeHNe ONpefensieTcs apxXMMeoBbIM NpaBuaom pbldara: myd; = myd;.

IV. (Teopema 3) MNyctb B8 cucteme myMy, muM,y, ..., MMy, otmedensl k m.T. myMy,
myMs, ..., muMy. MNycts Z' — uenTtp macc oTMederHbix M.T. Ecnu BCro Mmaccy oTMedeHHbIx
M.T. COCPeOTO4UTb B X LieHTpe Macc Z', To OT 3TOro nonoxeHue LeHTpa Macc BCeil CUCTeMbI
He U3MEHWUTCSA, TO €CTb LEHTP Macc cucteMbl M.T. (Mg +my+---+1my)Z’, My 1My, ...,
m,M,, coBnagaer c LEHTPOM Macc nepsoHadansHoii cuctemsl. (OBpaTHo Toxe paboTaer.)
1. MNycte ABCD — 4etbipexyronsHuk, K, L, M, N — cepeaunbl ctopon AB, BC, CD,
DA. Hokaxute, 4To Touka nepecedeHus otpeskoB KM n LN saBnserca cepeguHoii aTux
OTPE3KOB, @ TaKXKe 1 CePeAVHOl OTpe3Ka, COEfUHSIIOLLErO CepefviHbl AVaroHanei.
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2. lycts Aq, By, ..., Fi — cepeaunbl ctopon AB, BC, ..., FA nponssoabHoro wectu-
yroabHuka. [JokaxxuTe, 4To Touku nepeceveHus meaunaH TpeyronsHukos A1CiE; n BiD1Fy
COBMagatoT.

3. lpamas npoxoaut yepes BepwmnHy A TpeyronbHuka ABC n cepeanHy L meaunansl BBj.
B kakom oTHoweHnmn gennt sta npsmas meauany CCq?

4. Ha ctopore AC TpeyronsHuka ABC B3dta Touka M Takasi, yto AM : MC =1:2, a
Ha npogoxeHun ctopoHsl CB — Touka N Takasi, 4to NB = CB. lNlpamas NM nepecekaet
ctopoHy AB B Touke P. B kakom oTHoweHNN 3Ta Touka genuT ctopoHy AB n otpesok MN?
5. B tpeyronbruke ABC Touka F gennt ctopory BC B oTHoweHun 3 : 1, cuntasi oT BepLUMUHbI
B. Toukn M u P otcekatoT ot ctopod AB n AC no 1, cuntasi COOTBETCTBEHHO OT BEpLUMHbI
A u oT BepwmnHbl C. B kakoM oTHOLWEHUN fenunTcs Kaxkablii n3 otpeskos MP n AF Toukoli
nx nepecedeHns’?

6. Ha ctoporax AB, BC, CD, DA Bbinyknoro detbipexyronbHuka ABCD B3stel Toukn K, L,
M, N cootsetcTtBenHo, npudem AK: KB =DM : MC =an BL:LC =AN:ND =0b.
[lycte P — Touka nepecederns otpeskoB KM un LN. [okaxute, 4uto NP : PL = a u
KP:PM =b.

7. B okpyxHocTb BnucaH 4detbipexyronbHuk ABCD. M — Touka nepecedeHus ero gmaro-
Haneli, Q — cepeaunHa ctopoHbl CD. Beluncnnte, B kakom oTHoweHun gennt npamas MQ
ctopoHy AB, ecau nseectHo, yto AD = a, BC =b.

8. Ha okpyxHocTu gaHo M Touek. Yepe3s ueHTp Macc M — 2 To4ek NpOBOAMTCA MpsiMasi,
nepneHAnKyNsapHasi Xopae, CoefnHstoLleR aBe ocTaBlwmecs To4ku. [lokasaTb, 4To BCe Takue
NpsiMble NepecekaroTCst B OJHON TOYKE.

9. [lyctb BnucaHHasi okpyxkHocTb TpeyrosnbHuka ABC kacaetcs ctopon AB, BC, CA B
Toukax Cq, Ay, By cootsetctBenHo. [lokaxuTe, 4to npsamble AA 1, BBy, CC; nepecekatoTcs
B 0fHOIN Touke (To4yka XKeproHHa).

10. MNyctb BHeBNMCaAHHbIE OKpy>xHOCTM TpeyronbHuka ABC kacatotcsa ctopod AB, BC, CA 8
Toukax Cy, Ay, By coorBetctBenHo. [okakute, 4to npsimble AA 1, BBy, CC; nepecekatorcs
B OAHON Touke (Touka Harens).

11. (Teopema Yessbi) [dan tpeyronsHuk ABC, toukn Ay, By, C; nexat Ha npsmbix BC,
CA, AB cooteetcTtBerHo. [lokaxxuTe, yto npsmble AA1, BBy, CC; nepecekatotca B ogHoli

TOYKE NN NapaasiesbHbl TOrAa N TOJIbKO TOraa, Koraa

BAi CBi AC .
AC BA CB

12. (Teopema Menenas) [an tpeyronsiuk ABC, Toukun Ay, By, C; nexaT Ha npsiMbix

BC, CA, AB cootsetctBeHHo. JokaxuTe, 4to Toukn Aj, By, C; nexat Ha osHo npsimoii
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Torga v TOJIbKO TOrAaa, Koraa

BA; CB; AC;

A;C B;A (B

= 1.

Pa3Hobolii

13 wrons

1. [1na nonoxunTenbHbiX AeACTBUTENbHBLIX YUCEN BbiNofHseTcs paBeHcTBo abc = 1. [oka-

1\? 1\ 2 1\?
<a+—>—%OH“> +<c+—>;>%a+b+c+1L
b C a

2. B octpoyronsHom HepasHobespeHHom TpeyronsHuke ABC nposegeHa eoicota BB’ n ot-

YKUTE, 4YTO

Mederbl Todkn H n O — Touyka nepeceyeHnst BbICOT U LIEHTP OMUCAHHONR oKpy>kHocTu. [o-
KaXXWUTE, YTO TOYKA, CUMMETPUYHAS LEHTPY OMNWUCAHHON OKpY>XHOCTW TpeyronsHuka HOB'
oTHocuTensHo npsimoii HO, nexxut Ha cpearein aunum tpeyronbhinka ABC.

3. okaxute, uto mHorouner (x% —x + 1)1 4+ (x2 + x + 1)'% he compepxuT HeYETHBIX
CcTeneHen X.

4. Bosa yTBep[aeT, 4TO NpuayMan Takyl KOMOMHauuto BpalieHuii kybuka pybuka, 4To
n3 1toboro CocTosiHUS Kybuka MOXXHO MepeiT B cobpaHHOe, MOBTOPUB 3Ty KOMOWHALUIO
AocTaTodHoe yucno pas. He npusupaer sn Bosa?

Yuncna KaTtanaHa

14 nrons

OnpepeneHune. Yucio Katanana ¢, — KOAMYECTBO CnocobOB paccTaBuTb B psig T OT-
KPbIBAOLWMX 1 TL 3aKpbIBalOLMX CKODOK TaK, 4TODbI MOAy4nnach MpaBusibHasi CKobo4YHas
nocne0BaTebHOCTb (Ha NOOOM Ha4aNbHOM OTPE3Ke KOJMYECTBO OTKPLIBAOLLNX CKODOK He
MEHbLLE KOJIMHECTBA 3aKPbIBAtOLLNX).

|. Haligute nepsble 5 uncen Katanana.

Il. Ckonbko ecTb CcnocoboB CbecTb BCE TL DAMHOB, KOTOPbLIE NEYET MaMa, €CU CbiH BPeMS OT
BpeMeHun 3aberaet Ha KyxHtO 1 DepéT camblii BepxHuii banH?

1. [lokaxuTe, 4TO KOIMHECTBO CIefyrOLMX OOBEKTOB paBHO COOTBETCTBYOLWEMY Yucay Ka-
TanaHa:

(@) MocnegosatensHocTn Ay, ..., Ay AAVHBI 2N, B KOTOPbIX L pa3 BCTpedaetcs 1, n pas
BCcTpevaetcst —1, 1 BCe 4acTuyHble CyMMbl (CyMMbl MepBbIX HECKOJILKUX Y/IEHOB) HEOTpULa-
Te/IbHbI.

(6) (Myru [uka) Myt Ha knetyatoit bymare ns toukn (0,0) B Touky (21,0), cocTosiuymx

N3 21N OTPE3KOB, NPOXOASALLMX MO AMATOHANAM KJIETOK U He onyckatolmxcs Huxe ocn OX.
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(B) Cnocobbl pa3buTb Ha napbl 21 TOYeEK, CTOSILLMX MO OKPY>XXHOCTU, N COEANHUTL TOYKN B
napax OTpe3KaMu TaK, YTODbl OTPE3KU HE Mepecekasnchb.

(r) (Tpwanrynsyns) Cnocobbl pasbuTb BbINykAbIZ (ML 4 2)-yronbHUK HenepecekaroLwMincs
ANAroHaNsiMu Ha TpeyroibHUKM (Cnocobbl, OTANYAOWNECS MTOBOPOTOM, PasnydHbl).

(&) Mnockme kopHesble fBONYHBIE fepeBbs (Y KaXXAOW BeplUnHbI He bonee ABYX MOTOMKOB,
JIEBOTO 1 MPABOro, Uy KaXAOW BEPLUNHbI, KPOME KOPHSI, OAWNH MPeRoK) C N BEpLIMHAMMU.
(e) Tabanubi 2 X M, 3anonHeHHbIE HaTypasbHbIMK Yncaamu ot 1 go 2n, Tak, 4To 4ncna B
KaXX[OWi CTPOKE 1 B KaXKAOM CTO/DLE BO3PaCTatoT.

(>k) (Mapannenomuro) Heynopsigodennbie napel nyteii ¢ waramu (0,1) n (1,0) gaunebl
n+ 1, HaunHatowmecs B Touke (0,0), 3akaHYMBAOLINECS B OLHON TOYKE U NEPECEKAOLLNECS]
TOJ/IbKO B HAYa/IbHOW N KOHEYHOW TOYKE.

(3) Habopbr u3 n yenbix yucen ot 0 go N, cymma KoTopbIX fenntces Ha N+ 1.

(») Mpugymaiite cBOI NpUMep NOCIELOBATENBHOCTN OOBEKTOB, KOJIMHECTBO KOTOPLIX «TUMA
n» paBHO N-oMmy yucny Katanana.

2. Hokaxkute dopmynbl ansa ducen KatanaHa:

(@) co=1, ch =cocn1 +CiCn2+ ...+ Cn_1Co

] n—1I1
4n — z Z 4n_ka
(6) n+1
(8) cn = (n+2)(cicn_1 +c2¢n2+...+cn_1¢1)
’ 4 2 2](n— Y
TL_
n = — n— — —CTI
(r) c ntl Ty
(8) cn = mcznﬂ
(e) cn=Cy, —Ch'
[Nlogckasku:

(8) , (r) Tpuanrynsuus.

(8) (/lemma Pern) Mo kpyry pacctaenenbl 4+ 1 eguHnua u 1 MUHyC egunny, (B HEKOTOPOM
nopsifke). Mbl XOTUM NOCTaBUTL OKOJIO OAHOI LNpbl TOUKY OTHETA TaK, 4TObbI Asist 1t0boro
1 <k <2n+1 cymma k 4ncen no 4acoBoii cTpenike, Ha4MHast C TOYKK OTCYETA, bblna noso-
»uTtensHoli. [lokaXkute, 4TO MOXKHO BbIBpaTh TaKyt TOYKY OTCHETA, NPUYHEM €AUHCTBEHHbIM
crnocobom.

(e) (MpuHynn otpaxenns) Myt Ha knetyatoin bymare us Touku (0,0) B Touky (21n,0), co-
CTOSILLMX 3 2TL OTPE3KOB, NPOXOASLLMX MO ANATOHANSAM KIETOK U NMEIOLLX TOYKU B HUXHEV]
MOYNIOCKOCTH, paBHO KonmdecTsy nyTeid us Toukn (0,0) B Touky (2n, —2).

3. (Tpeyronbruk Katanana) B nesom BepxHem yrny 6eckoHeuHON BNpaBO 1 BHU3 LAXMaTHOIA
[OCKN CTOWT walwka. B kaxgolt kneTke, Kyaa MOXeT MonacTb Lallka, Aeast XOfbl TOJbKO
BHU3, DyeM 3anncbiBaTh KOIMYECTBO CNocoboB obpaThCs 40 HEE N3 HAYaIbHOTO MONOXKEHUS.

O‘-IeBVI,EI,HO, B KJNETKY MOXHO NOMnacCTb TOJIbKO N3 AOBYX BEPXHUX COCG;I,GVI, €C/iIn OHWN €CTb,
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MNO3TOMY YUC/O B KJIETKE PaBHO CYMMe ero cocefieli CBepxy.

14 14 6 1

(@) HoxaxnTe, 4To Ha NeBoll BepTUKann TpeyronbHUKa cToaT Hncna Kartanawa.
(6) Kak n3 uncen TpeyronbHuka Mackans MoxxHO noayynTs TpeyronbHuk Katanana? (Io-

npobyiiTe HEKOTOPbIM 0BPa30M COBMECTUTbL STW TPEYTrOJbHIKMA. )

O6nmnknm ymcen Kartanaua

14 nrons

Konuuectso Kaxkaoro n3 ciefyrolimx obbekToB pasHo dyncny KatanaHa Cp.

(@) Cnocobbl cbecTb BCce M BAMHOB, KOTOpPbIE MEYET Mama, eC/IN CbiH BPeMsi OT BPEMEHU
3aberaeT Ha KyxHto 1 bepeT camblii BEpXHWiA OIVH.

(6) MocnepoBatensHocTU Ay ...y Qo AAVHBI 2T, B KOTOPbIX TL €4VHUL, N TL MUHYC €4MHML,
N BCE YaCTW4HbIE CyMMBbI (CYMMbI NEPBbIX HECKOIbKUX YJIEHOB) HEOTPULATENbHDI.

(B) (Tpuanrynsymns) Cnocobbl pa3dbutb Ha napbl 21 TOYeK, CTOSLMX MO OKPYXHOCTHW, U
COEAVHNTL TOYKM B Napax OTPe3KaMu Tak, 4ToDbl OTPE3KM He Nepecekanuces.

(r) Crocobbl pasbuts Boinykbli (L + 2)-yrofbHUK HenepecekaroLMMIUCs 4UaroHaNsMI Ha
TpeyronbHMkn (Cnocobbl, OTNNHAKOLWNECS NOBOPOTOM, Pa3fnyHbI).

(8) (Mytn Auka) MNytn Ha knetyaToii bymare n3 Touku (0,0) B Touky (2n,0), cocTosiuymx
n3 21 OTPE3KOB, NPOXOASALLMX NO ANAroHaNAM KIETOK U He onyckatowmxcst Huke ocn OX.
(e) MocnegoBaTenbHOCTY LeNbIX YnCeNn S = (Sg, STy« - -, S2n) Takme, 4T0 S = 0, [si—si_1| =
IL1<i<2nml)ecm sy, =0;2)ecimsy #0y...y8m #0;3)ecnusy > 0,...,83, = 0.
(><) MyTn c koHuom B Touke (21,0), nmetowme poBHO 2k XOZOB B HUXKHER NOMYNIOCKOCTH
(ans noboro dpukenposantoro 0 < k < n).

(3) Mytn n3 toukm (0,0) B ToUKy (N, M) NO AMHUAM CETKM, UAYLLME BNPABO 1 BBEPX, HE
NOAHUMAIOLLNECS BbILIE NPAMON Y = X.

(v) Mytn us Toukn (0,0) B Touky (n — T,n + 1) pasHo uncay nyteii u3 toukm (0,0) B
TOYKY (T, M), NOAHUMAIOLLUXCS BbILLE AWATOHANM Y = X.

(k) TMnockme KopHeBble CTPOro ABOMYHbIE fepeBbsi ((PUKCUPOBAHHBIA KOPEHb, Y KaXkZol
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BEpLMHBI N0 ABa NOTOMKA, MO0 HU OJHOrO) C POBHO M+ 1 MPOHYMEPOBAHHBIM JIMCTOM.
(n) Mnockne KopHesble aepeBbsi ¢ M+ 1 BepLUNHOIA.

(m) TMnockne kopHeBble ABONYHbIE AepeBbsi (y KaxAoii BepwMHbLI He bonee ABYX MOTOMKOB,
NIEBOTO U MPABOrO, Uy KaXXAONA BEPLUNHbI, KPOME KOPHSI, OAWNH MPedoK) C TL BEpLUMHAMMU.
(H) Tabauusl 2 X M, 3anonHeHHble HAaTypaibHbIMU Yucnamu ot 1 go 2n, Tak, 4To 4Yucna B
KaXK[ol CTPOKe U B KaXk[OM CToNbLe BO3pacTatoT.

(o) (Mapannenomuro) Heynopsigodentbie napei nyteid ¢ waramn (0, 1) n (1,0) ganuer n+1,
HaumHatoumecst B Touke (0,0), 3akaHYMBAIOLMECS B ONHON TOYKE 1 NMEPECEKatOLLINECS TONBKO
B HAa4Ya/IbHOW N KOHEYHOI TOYKE.

(n) Cnocobsl 3anonHUTL N-«eceHky» (BbICOTbI L) TL MPSIMOYrObHUKAMN,

(p) Heyboigatowme nocneposatensHoctn yncen n3 N aj, ..., an @ <igna 1T <i<n;
(c) MocnepoBaTensHoCTM HaTypasbHbiX Yucen Buga 1, aq, ..., 0n, 1, B KOTOPbIX KaXKAbIi
YEH ABNSETCA AeNTeNeM CYMMbl [1BYX COCEAEN.

(T) Habopbl n3 n yenbix Yncen ot 0 go N, cymma KoTopbix geanTces Ha .+ 1.

(y) (Mepecrarosku Kryta) Cnocobbl paccTaButs 4ucna ot 1 o N yucen B psig Tak, 4Tobbl

He ObINIO TPEX YUCen, CTOALLMX B NOPSIAKE BO3PACTAHUS.

KoHeyHoOe B beCKOHeYHOM

14 nrons

Onp. [oBopAT, 4TO BeNM4YMHA ObIBAET CKOJIb YrogHO BObLWION, ecin Anst Ntoboro HaTypasib-
Horo N cyllecTBYyeT 3Ha4eHne BeNnYuHbIl, npesocxoasiuee N.

I. BepHbl nn cnepytoune yTBEPXKAEHUS:

(a) B psigy HaTypasbHbIX YNCEN HAWAETCS CKOJIb YTOAHO MHOIO MOCIEA0BATENbHBIX COCTAaBHbIX
qucen;

(6) B psagy HaTypasbHBIX YNCEN HAAETCS BECKOHEYHO MHOTO MOC/NEA0BATENbHBIX COCTABHbBIX
qmcen.

1. Koponb ctout B yray waxmatHoii gocku. [1poasivim eé BnpaBo v BAEBO Ha MUSIJIMOH KJIETOK.
MoxkeT nn koposib 0boVTU BCIO AOCKY, NODLIBAB Ha KaXAOW KIETKe pOBHO oguH pas? A ecnu
[OCKY MPOANUTL BJIEBO U BNPaBO A0 beckoHeyHocTun?

2. Ha beckoHeyHOM nucte knetyaToln bymMaru yknaabiBalOT KOCTU AOMUHO pasmepom 1 X 2
TaK, YTO OHU MOKPbLIBAKOT BCe KNeTKU. MOXXHO nu npu 3TOM A0BUTHLCS TOro, 4TObLI Kaxkzaas
npsiMasi, ayLwas no AMHUSM CETKMN, pa3pes3aa Jllb KOHEYHOE KONYECTBO KOCTEN JOMUHO?
3. HdokaxuTte, 4to 13 ntobbix 11 beckoHeYHbIX AECATUYHbBIX Apobeli MOXXHO BbIbpaThb ABE,
coBnagatouirie B beCKOHEYHOM YKCe NO3ULMNIA.

4. [lga 3epkana beckoHeYHOW AsvHbI 0bpasytoT yron. Jlyd ceBeTa nagaer Ha OLHO W3 HUX.
[okaxkuTe, 4TO OH OTPaA3UTCA OT 3epKaf KOHEYHOe YNC0 pa3 ([ake ecan yron oveHb Ma-

NEHbKUN).
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5. (a) Hazosém nmosiocori 4acTb NA0CKOCT MEXAY ABYMsi napasiensHeiMu npsiMbimu. MoxHo
JIN MOKPbITb MJIOCKOCTb KOHEYHBIM YUCAOM MOIOC?

(6) MoxHO M NOKPBLITL MAOCKOCTL KOHEYHBIM HUCAOM BHYTPEHHOCTEl napabon?

(B) MOoXHO 1M MOKPBITH MIOCKOCTL KOHEYHLIM YUC/IOM BHYTPEHHOCTENA YrioB, €Cn CyMMa
NX rpafycHbix mep pasHa 359°7

6. (@) Ha otpeske gaunnbl 1 pacnonoxeHo beckoHeudHo MHoro otpeskos aautbl O, 1. Jokaxu-
Te, 4To Haligetcs oTpesodek aavHbl 0,01, nexawuii BHYTpU BECKOHEYHOTO YKCaa OTPESKOB.
(6) B kpyre pagnyca 1 pacnonoxeHo beckoHedHo MHoro kpyros paguyca 0, 1. Jokaxute,

4TO HailgeTcst Kpyxok pagawnyca 0,01, cogepkaliniicsi B DECKOHEYHOM HUCe KPYToB.

[ThaHapHble rpadbl

15 nrons

Onp. lNnaHapHbiii rpadp — rpady, KOTOpbI MOXET ObITb U300paxkeH Ha NJIOCKOCTM be3 nepe-
cederuns pebep. MNnocknii rpadh — n3obpaxerne nnaHapHoro rpadpa bes nepecedennii pebep.

Pebpa nnockoro rpadpa gessT NAOCKOCTb Ha 4aCTh, KOTOPbIE HA3bIBAtOTCS IPaHSIMU.

I. an nnockuii rpadp. ObosHaunm konmyecTeo BeplunH 3a B, pebep — 3a P, rpaneii —3a I
(@) HokaxnTe, 4to ecnu rpacdp — gepeso, 7o B—P +T = 2.

(6) [Hdokaute, 4To npwm yganeHun pebpa, He SBASIOWUMCS MOCTOM, BeudnHa B — P 4T
HE N3MeHseTCs.

(B) [ns ceasHoro nnockoro rpada gokakute gopmyay B—P + T = 2,

(r) Yemy pasHo B — P + T, ecnn rpad cogepxunt K koMnoHeHT cBs3HOCTU?

1. B crpane OzepHas 7 o3ep n 10 kaHanos (kaHan coepusiet 2 03epa), npuyem ot Joboro
03epa MOXHO JOMbITh 4o toboro apyroro. CKonbKo B 3TO CTpaHe OCTPOBOB”?

2. [lokaxuTe, 4TO Anst Nt0OOro CBS3HOroO MJIOCKOro rpadpa ¢ XoTst bbl AByMs pebpamu, be3
neTeNb N KpaTHbIX pebep, BbinosiHseTcs HepaBeHcTeo 2P > 3T

3. dokaxkuTe, 4To Anst rpadpa 3 npeabiayLieli 3aga4m BoinoaHsercs HepasencTso P < 3B—6.

KoHTposibHbI Bonpoc: 4To byaet, ecan B rpacpe He bonee 1 pebpa, nav ectb netiv n KpaTHble

pebpa? BoinonHsercs an popmyna B—P+T" = 27 Boinonxsiercs i HepaseHctso P < 3B—67

4. Kak uameHsTcs HepaBeHCTBa 2 1 3 3agauqn, ecan rpad AByRoJieH (Bce ocTasbHble CBOWCTBA
TaKXXe BbINOJHAOTCS )7
5. JokaxuTe, 4To nosHbili rpac Ha natu sepwHax (Ks) n nonusili aBygonsHolli rpad, obe

ponu kotoporo cogepat 3 Bepiuntbl (K3 3) — He nnaHapHbl.

PaccmoTpum BbInyKbIGT MHOrOrpPaHHUK 1 TOYKY BHyTpu Hero. [lomecTtum MHOrorpaHHuK
BHYTPb CGhepbl C LIEHTPOM B 3TOM TOYKE, U CIPOELMPYEeM €ro U3 LEHTpa Ha cgepy. Y no-
JIY4EeHHOro Ha cghepe rpacpa pebpa He nepecekatorcs. [lodemy?
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[locTaBum cchepy Ha MAOCKOCTb Tak, 4TObbI TOYKA, ANAMETPATILHO MPOTUBOMOJIONHAS TOYKE
KacaHusi (MoN1toC), He MpUHaAAexana HapucoBaHHoMy Ha cgpepe rpacpy. Cnpoeyupyem n3 no-
JI0Ca Ha MJI0CKOCTb BCe TOYky cpepbi (cTepeorpacpudeckas npoekyus). Nonyquncs naockuii

rpach, COOTBETCTBYHOLNI MHOrOrPaHHUKY.

6. [okaxxute, 4TO A/s BbINYKIOro MHOTrOrpaHHMKa BbinoaHsieTcs dhopmyna B — P + 1T = 2.
7. lNpyBennTe NpriMep MHOrOTPaHHNKA, AJIst KOTOPOro 3Ta hOpMysa He BbIMOJHSETCS.

8. Bce rpaHun Bbinyknoro muororpaHimka — keagpaTbl. CKOIbKO Y Hero BepluuH, pebep u
rpanein’?

9. Bce rpaHu BbiNyk/0ro MHOrorpaHHuKa — npaBuibHble NATUYroNbHUKN. CKObKO Yy HEro
BEpLUVH, pebep n rpaHeli?

10. Bce rpatu BbiNyknoro MHOrorpaHH1uKa — MpaBuJibHble TPEYrONbHUKN 1 B KaXKAOW Bep-
LVHE CXOAUTCS OAMHAKOBOe Yuncao pebep. CKoabKo y Hero BepluimnH, pebep v rpaHeit’

11. (a) Hokaxute, 4To y ntoboro nnaHapHoro rpada ecTb BepliMHa CTeneHn He bonblue 5.
(6) [HokaxuTte, 4TO y BbINYKJIOr0 MHOTOrpaHHUKA eCTb rpaHb, cogepxaliasi He Gosblie 5
pebep.

12. CemunyronbHuk pasbunn Ha Bbinykibie 5 n 6-yronbHuku. /13secTHo, 4TO B Kaxxaoi Bep-
LUVHE CEMUYTOJIbHNKA CXOAUTCS XOTst Obl 2 4acTu pasbueHusi, n HWKakas BepLinHa Ntoboro
MHOFOYTOJIbHUKA HE SIBASIETCS BHYTPEHHel TOYKOW CTOPOHbI APYroro MHOroyrofbHuka. [o-

KaXXUTe, 4TO 5-yronbHUKoOB He meHee 13.

MaT6oi Nonynpodpn M8 — lNpocdunu M7

15 wrons

1. Bce Hatypanbhbie yncna ot 1 go N noctasnerbl B psig. K kaxgomy ducny npubasuau
HOMep MecCTa B psifly, Ha koTopoM oHo cTtouT. [1pu kakmx N MOrio okasaTbCs, 4TO Kaxkaas
N3 MONYYEHHBIX CYMM SIBISIETCA CTEMEHbIO ABOVKN?

2. B 6purage 2024 conpata. Kaxnaplii AeHb HECKOBKO 13 Hix (HO He BCe) MAYT B JO30p. 33
HECKOIbKO [Hel MpOoM30LWIo Tak, YTO KaxAbll C KaXkAbiM nobbiBan B fo30pe poBHO 1 pas.
Conpat 3a yyacTtue B fo3ope noay4daer 1 pybas. [lokakuTe, 410 KTO-TO 13 congat 3apaboran
He MeHee 46 pybneii.

3. B kaxgoii knetke kBagpatHoli Tabanusl 4 X 4 3anucan 0 nnan 1. Kaxayto cekyHay npowvc-
XOANT CNEeAYIOLLEE: YNCIO B aHHOW KIETKe CTAHOBUTCS eANHNLENR, €CN B KNETKAX, COCEAHUX
No CTOPOHEe, CyMMa He4YéTHa, U HyNéM — B NPOTUBHOM cny4dae. [JokakuTe, 4TO B TedeHue
NepBbIX CEMIU CEKYH[ KaKoe-TO PacrnofioKeHne Hysnel u eanHunl, obsi3aTeNbHO MOBTOPUTCS.

4. B tpaneunn ABCD pguaronans BD pasna ocHosanuto AD, a gnaronans AC — bokogoii

ctopore CD. Otpeskn AC n BD nepecekatotcsi B Touke E. Touka F Ha oTpeske AD BobibpaHa
Tak, 4to EF||CD. dokaxuTte, yto BE = DF.
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5. MNycTb X1, X2, ...y X2024 — NEPECTAHOBKA HaTypasbHbix Yucen ot 1 go 2024. HaiguTe Hau-

bonbluee BO3SMOXKHOE 3Ha4eHne Bblpa>XeHnA:

.ot — %2l —x3| — .o . — %2023 — X2024]-

6. B cTpouky B npoussonbHOM nopsake BoinucaHo 999 eauHuy u Heckonbko Hyneid. [o-
KaXKUTe, 4TO MOXHO BCTaBUTb MJKOCHI MEXAY HEKOTOpbIMU UudpaMn Tak, 4TODbI CymMma
NOJIYYEeHHbIX YNCEN OKa3asacb CTENeHbI TPOKM.

7. PewnTe ypaBHeHMe B HaTypasibHbIX YuCNax:
(a+b%)(b+a?) =2".

8. B tpeyronsHuke ABC yron B — octpbliii. Buccektpuca yrna A nepecekaet ctopoHy BC
B Touke D. Ha ctopoHe AC B3aTa Touka P. [Hokaxute, 4yto ZBPD < ZDPC.

MaTtb6oin Nonynpocpu M8 — Ob6bluHble M9

15 nrons

1. B JIMLW ectb 2024 kopnyca, 3aHymepoBaHHble yucinamu ot 1 go 2024, a takxe 2024
ropHuYHble, K-s1 13 KOTOPbIX YMEET MeHSTb COCTOsiHME (T.e. OTKPbITbIE 3aKpbIBaTh, @ 3aKPbl-
Tble OTKPbIBATb) BCEX KOPMYCOB, HOMEPa KOTOPbIX Aensdtcs Ha k. 3aBxo3 moxeT notpebosaThb
OT FOPHUYHBIX OTKPbITH Ntobble KOpryca no ceoemy Bbibopy. Kakne Kopnyca goskeH noTpe-
boBaTb 3aBX03, YTODbLI KOJMYECTBO FOPHUYHBIX, KOTOPbIX HEODOXOAMMO DyaeT UCnosib30BaTh,
bbi10 Hanbonblwmnm? TpebyeTca ykasaTb BCe TaKne CMUCKU.

2. [Mpy Kaknx ML BbINYKAbIT T-YrOABHUK MOXXHO pasbuTb HenepecekaroLMMINCs guaroHansamMm
Ha TPEeYrofibHUKN TaK, Y4TODbl N3 KaXKAOW BEPLUVHbLI UCXOAUIO YETHOE YUCIO AMaAroHaneir?
3. Ha kBagpaTHOM KOHTUHEHTE BCE CTPaHbl NPSIMOYroibHbl. [1Be CTpaHbl CYMTaOTCS coceas-
MW, ECTN UMELOT ODLWMI OTPE30K rpaHuLLbl HeHyneBol AnnHbl. HazoBemM CTpaHy BAUSITENLHOI,
ecNn y Hee He MeHee fecsaTu coceneir. MoryT nu He MeHee TpeTy BCex CTpaH ObITb BAUATENb-
HbIMU?

4. B octpoyronsHom TpeyronsHuke ABC, BnucanHom B okpyxHocTb [, Touka I — ueHTp
BMWCAHHOW OKpy>xHOCTHU, Kacatowmecs AB B Touke F. buccektpuca BHewwero yrna ZACB
nepecekaeT nyd AB B Touke L. Touka K Ha gyre CB okpyxHocTtu I', He copepxaiein A,
TakoBa, 4to ZCKI = ZIKL. Jlyy KI nepecekaet I' BTopnyHo B Touke D. [dokaxuTe, 4To
/ACF=/DCB.

5. CywectByeT v HaTypasibHOE YKCAO M, Asst KOoToporo Yucna 1,2,...,2n — 1,2n MmoxHo
no kpaiiteii mepe 2024 cnocobamy pasdbuTb Ha mapbl Tak, 4TODbI CyMMa 4MCesN B KaXkAOi
nape Obisia TOYHLIM KBagpPaTOM?

6. B psig soinucanbl 2023 yucna, kaxgoe ns kotopbix pasHo 1 van —1. ns noboro vncna

B pA4y MOXHO HalTK Ha‘-II/IHaPOLLI,I/II\/JICﬂ C 3TOro 4mciaa mnn 3aKqu|/|Barou_|,v||7|csq 3TUM HNCIOM
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OTPE30K N3 HECKOJIbKUX MOCNEA0BaTENbHbLIX Yncen (MOXET ObiTb, OAHOMO), CyMMa KOTOPbIX
HemosiokuTeNbHa. Kakyto HanbonbLyto CyMMy MOTyT UMETh BCe Yucnia’

7. B HekoTopbix knetkax gockun 2020 x 2020 nposenn no ogHoit anaroHanu. Jlyy, nagarounii
Ha NPOBEAEHHYIO AVaroHasb C JtoboVi CTOPOHbI, OTPaXKaeTCst OT HeE Mo NpaBusy «yros na-
AeHNs paBeH yray oTpaxkeHusiy. B cepeanHe n1eBoil CTOPOHbLI JIEBOIN KNETKU KaXKAON CTPOKU
YCTaHOBJIEH Nla3ep, Jly4 KOTOPOro BbIXOAUT BMPaBO, a B CEpeAviHe NMpPaBoOil CTOPOHbI MPaBoOi
KIETKN KaXK[OW CTPOKU — /1a3ep, Jlyd KOTOPOro BbIXOAMT BaeBo. Jlyy Kakgoro nasepa umeet
HOMEp, PaBHbIAi HOMepY CTPOKM, B KOTOPOIi OH HauymHaeTcst (CTPOKM MPOHYMEPOBaHbI CBEPXY
BHM3). Jly4 CTaHOBUTCS KPacHbIM, €C/ OH BbIXOAUT U3 AOCKN Yepe3 BEPXHIO €€ CTOPOHY,
N 3eEHbIM, €CUN Yepe3 HUKHIOW. [I3BeCTHO, 4TO KaXkAbliA iyd CTan 3enéHbIM WK Kpac-
HbIM. JlokaxkuTe, 4TO CyMMa HOMEPOB KPaCHbIX JlydYeil MeHblle Ui paBHa CyMMe HOMEpOB
3eNEHbIX.

8. Mpowussegerne (12 + 1)(22 + 1)...(n? + 1) genuTcs Ha KBagpaT NPOCTOro Yucaa P.
HokaxuTe, 4to p < 2n.

MaTtboin Nonynpocpun M8 — O06bivHbie M9 Lite

15 wrons

1. B JIMLL ectb 20 kopnycoB, 3aHymepoBaHHbix Yncaamm oT 1 go 20, a Takxe 20 ropHuYHBIX,
K-51 M3 KOTOpbIX YMEET MeHsITb COCTOsiHME (T.€. OTKPbITble 3aKpbIBaTb, A 3aKPbiTble OTKPbI-
BaTb) BCEX KOPMYCOB, HOMEpa KOTOPbIX AeNsTCs Ha K. 3aBX03 MOXeT noTpeboBaTb OT rop-
HUYHbIX OTKPbLITb /Il0DbIe KOpryca no ceoemMy Bbibopy. Kakne kopnyca gosikeH noTpeboBaTb
OTKPbITb 3aBX03, YTOObI KOJIMYECTBO FOPHUYHbLIX, KOTOPbLIX HEOOXOAUMO byaeT UCNoNbL30BaTh,
6bino Hanbonbwum? TpebyeTcs ykasaTb BCE TaKMe CMUCKU.

2. [Mpy Kakux ML BbINYKAbIT T-YFOABHUK MOXXHO PasbuTb HEMepeceKatoLMMINCs 4MaroHansaMm
Ha TPEYroNbHUKN TaK, YTODbI U3 KaXk[ol BEPLUUHbLI NCXOANIO YETHOE YUCNO AUaroHanen?’
3. Han octpoyronbhbliii TpeyronsHuk ABC. lNepnengukynap us B k npsimoii AC nepecekaet
OKPY>XHOCTb, noctpoenHyto Ha AC, kak Ha guameTpe, B Todkax X n Y (X bamxe k B, vem
Y). Ananoruuro nepnenankynsip ns C k npsimoii AB nepecekaet oKpy>XHOCTb, NOCTPOEHHYHO
Ha AB kak Ha guametpe, B Toukax Z n T (Z 6anxe k C,uem T). Jokaxute, 4to npsimble
XZ, YT n BC nepecekatotcs B ogHol To4Ke n1bO napasnesbHbi.

4. B kaxaom y3ne beckoHeuHoli kneT4aTol A0CKM co cTopoHoii 1 pacTér gepeso. [Ba ne-
copyba Hawnu bpesrHo anuHoii 100, koTopoe NeXXUT napannenbHO ropu3oHTANbHBIM JTINHUSM
pockn. MoryT aum oHu ero noBepHyTb Tak, 4TODbI OHO JIEXKaNo NapasfiesbHOB epTUKaIbHbLIM
JMHUAM Jocku? TonwmnHoin bpeBHa 1 AepeBbeB MOXXHO NpeHebpeysb.

5. [laHo HaTypasnbHoe yncno m. MocnegosatensHocTs (ay, ) onpeaeneHa ycnosusimu al = 1
na, =m-+ajdy...ay npun > 2. [lokaxxuTe, 4TO CyLLECTBYeT HECKOHEYHO MHOFO MPOCTbIX

HUCEN, ABNAWNXCA AENNTENAMN HYJNEHOB NOCNIEAOBATEJ/IbBHOCTN.
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6. CywecTByeT n HaTypadbHOe 4Mcio N, ans kotoporo ducna 1,2, ...,2n — 1, 2n mMoxHo
no kpaiiHeii mepe 2024 cnocobamun pa3buTb Ha napbl Tak, 4TODbI CyMMa HYUCEN B KaXKAOii
nape bbina TOYHLIM KBaZpaTOM?

7. B psag sbinucanbl 2023 yucna, kaxgoe us kotopbix pasHo 1 vau 1. Jns noboro vucna
B PSiAY MOXXHO HAlTV Ha4yMHAIOWUIACS C 3TOMO HMCNA WM 3aKaHYMBAOLWMIACS 3TUM YUCIOM
OTPE30K N3 HECKOJIbKUX MOCNEA0BaTENbHbIX Yncen (MOXET ObiTb, OAHOMO), CyMMa KOTOPbIX
HenonoxuTensHa. Kakyto Hanbosbluyto CyMMy MOTYT UMETb BCe Yucna’?

8. Mpounsseaerne (12 +1)(22 4+ 1)...(m? + 1) genntcs Ha KBagpaT NPOCTOro 4ucaa p.
HokaxuTe, 4to p < 2n.

[lepecTaHoBKN
17 nrons
1 2 3
Onp. lNepecraHoeka 4ucen 1, ..., N — 3T0 B3aNMOOA- ®© ©
HO3Ha4HOe OTODpaXkeHne S KOTopoe nepesoguT 4ucno ks (; 2 i)
yucno s(k). MepectaHoBka MOXeT BbITb 3anncaHa chemy-
oMM 0bpa3om ©
123 n G (251)

s(1) s(2) s(3) ... s(n) |~ ® O ©

I. Ha waxmaTHoli gocke oTMedeHbl 16 KNETOK, Tak YTO Ha KaXKOW rOPU30OHTANN U KaXKAONA
BEPTWKANN HAXOAATCSA MO [Be OTMeYeHHble kKneTku. [lokasaTb, 4TO U3 3TUX KJIETOK MOXKHO
BbiOpaTb 8 Tak, 4TO paccTaB/ieHHble B HUX Nlafbn He DyayT buTe apyr apyra.

Il. Ieaguate wkonsHukos pewanu 20 3agady. VIsBecTHo, 4To Kaxkayto n3 3agad pewunan 2
LUKOJIBHIKA U KaXKAblli LWKONBLHUK pewin no ase 3agaqu. [1okasaTb, 4TO MOXHO Tak opraHu-
30BaTh pa3bop 3a4a4, YTO KaXKAbINA LKONLHUK PACCKAXKET MO OAHON 3aJaqe 1 Kaxkaas 3a/aqa
OymeT pacckazaHa pOBHO OAWH pas.

Onp. lMepecTaHoBKa Ha3bIBAETCSH LMKANYECKONA (MAM MPOCTO LMKIOM), €Ci OHA CABWraeT
HEKOTOPbIE 3/IEMEHTbI MO KPYry, a OCTasibHble OCTABASIET HEMOABVXXHbLIMU.

Linkn nepectasnstownii snementol {ay, ..., ax} 3anucsisaetcs B Buge (aj, dz,...,ax) (1o
ecTb s(ax) = axi1).

[1Ba LMKNa HaA3bIBAOTCS HE3ABUCUMbIMUW, EC/N HUKAKOW 3NEMEHT He CABUraeTCs NepBoii u

BTOPOW NepeCTaHOBKOW O4HOBPEMEHHO.

I1. Halitu nepectaroBky Ha mHoxecTe {1,2,3,4,5}, seastoulytocs komnosnuuein creayto-
wwmx unknos: (134)(235); (23)(245).
1. TMokaxuTe, 4yto ana nbbix Tpex nepectaHosok A o (Bo C) = (Ao B)o C. To ectb

onepaunsa koMno3anunn nepectaHOBOK aCCOUMATUMBHA.
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2. 3anucaTb B BUAE KOMMO3MLMU HE3ABUCKMbIX LWKIOB Crefytolmne nepecTaHOBKU:

12345 123456

45312)'\316542
3. [dokasaTb, 4To ntobast nepecTaHOBKA €CTb KOMMO3ULNSA HE3ABUCUMbBIX LIVKIIOB.
4. (a) Mo kpyry pacnonoxero 2024 kaptouek. ABTOMaT yMeeT MeHSATb MecTamu tobble ABe
KapTo4ku. MOXXHO NN CABUHYTL BCE KAPTOYKM MO KPYTY, MCMOJb3Yyst aBTOMAT MHOFOKPATHO?
(6) MoxxHo nn caenaThb TO »Ke CaMoe C NMOMOLLLIO CynepaBToOMaTa, KOTOpbIfi He yMeeT cpasy
MEHSTb MEeCTaMu Jtobble ABE KAPTOYKM, HO YMEET MeHATb MecTaMmn A4Be coceaHune’
5. (a) [okasaTb, 4To ntobO LMK €CTb KOMNO3ULMS LMKIOB AnnHbl ABa. (Takue umkibl
Ha3blBatoTcs TpaHcnosuyusmu.) (6) [okakute To e Npo NPOU3BONLHYIO MEPECTaHOBKY.
(B) TpaHcnosuums Ha3bIBAeTCs 3/EMEHTAPHON, eC OHA MEHSIET MeCTamy ABa COCEAHUX
yncna. (T.e. umeet Bug (i,1+1)). Jokasats, 4To ntobyto nepecTaHOBKY MOXHO pasiioxXuTb
B KOMMO3ULIMIO 31IEMEHTAPHbIX TPaHCMNO3NLNIA.
IV. Ha kHuxHOI nosike B bubnnoteke ctouT cobpanmne codmHennii, coctosiee ns 2024 to-
MoB. B bubnnoteke pabotaer komuccusi. Ecan oHa obHapy»kuBaeT napy TOMOB Ha MOJIKE,
PaCMONIOXKEHHYIO TaK, YTO TOM C MEHbLIMM HOMEPOM W3 3TON Napbl CTOUT paHblie TOMma C
DoNbLWIVM HOMEPOM, TO 3a KaXKAYHo TaKyto napy bubsnotekapb noay4aert BbIrOBOP.
(@) Ckonbko BbIrOBOpPOB NONy4UT BUbANOTEKApPL, eciu Bce ToMa bygyT pacnonoxeHbl B 06-
paTHOM nopsjake?
(6) Mpwn HekoTOpOIi paccTaHOBKe KHUM BUBANOTEKAPL MONYHIN HEKOTOPOE KOJIMHECTBO Bbi-
roBopoB. MO)KHO 1 Tak NepecTaBnTb ABE KHUMM, YTODbI YUCAO BbIFOBOPOB YBENINYMNAOCH HA
1007
(B) Bubnnotekapto ypanoch pacctaBuTb fBa 3K3eMNsSpa 3TOro CObpaHWsi COUYMHEHWI B
npaeunbHOM nopsigke. B 6ubnnoteky 3abpanvck aBa xynuraHa. Kaxabili U3 Hux Kaxayto
CEeKYHAY MepecTaBnsieT Kakne-Hubyab ABe KHUrKM Ha cBoeli noske. MoXeT i oKasaTbCs Tak,
4To y nepsoro n3 Hux 4epes 100 cekyHa KHUMM DyayT paccTaB/ieHbl TOYHO TaK XKe, Kak Y
BTOpOro 4epes 99 cekyHn?
(r) [okasaTb, 4TO KHWTM MOXXHO PacCTaBWTb Tak, 4TO DUBANOTEKApL MOAYYUT POBHO M-
JINOH BbITOBOPOB.
Onp. lNyctb gaHa HekoTopasi nepecTaHoBKa Ha MHoxecTBe ducen 1, 2, ..., 1. Mapa dncen
(1,j) Ha3biBaeTCs MHBepCUel OAHHONA NepecTaHOBKM, ecan Dosibluee M3 3TUX YMCen pacno-
JIOXKEHO B MEPECTAHOBKE paHblue MeHbluero. [lepecTaHoBka Ha3blBaeTcst YETHON (HEYETHOIR),
ecn 4ETHO (HEYETHO) UNCNo eé nHBepCui.

12345

6. Halitn ué :
aliTn 4étHoctb: (@) nepectaHoBKM )5 413

, (6) npownssosnbHol TpaHcnosu-

Luu.
7. [lokazaTb, 4TO NPV YMHOXXEHUMN NPON3BOJILHO NEPECTAHOBKYM Ha TPAHCMO3NLMIO YETHOCTb
NepecTaHOBKU U3MEHUTCS.

8. Haiitn wétHocTb yukna: (a) anudsl 3; (6) gavubr 4; (B) npon3BoNbHONR AAUHBI TL.
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9. [lokasaTb, 4TO KOMMO3MLMSA NEePeCcTaHOBOK OAMHAKOBOW YETHOCTW eCTb YETHasl mepecTa-
HOBKA, a KOMMO3MLUS NepecTaHOBOK Pa3HOW YETHOCTM — HeyeTHasl.

10. CdopmynuposaTb onpeaeneHne rpynnbl NEPeCcTaHOBOK MO aHaNOrUU C rpynnoii ABu-
xeHunit. [JokasaTb, 4TO BCe YETHble MepecTaHoBKM ODpasyrtoT rpynny, a BCe HEYETHble He
obpaszytoT.

11.B ropoge YptonnHcke pa3peLleHbl TOJAbKO TPOiiHble 0bMeHbl kBapTup. MoxeT au B pesynb-
TaTe HECKOJIbKNX ODMEHOB MOy4YUThCS Tak, 4TO ceMbst [IBaHOBLIX MOMEHSETCS KBapTUpamu

C ceMbéli [leTpoBbIX, a BCE OCTasIbHbIE XKUTEN OCTAHYTCS MPU CBOUX KBapTUpax?

MaccoBblii pa3HOOOVA

17 wrons

1. [JokaxxuTe, 4to ueHTp macc nstuyronbHuka ABCDE nexuT Ha oTpeske, coefnHsitoLlem
BepwuHy A 1 ueHTp Macc 4YeTbipéxyronbHka BCDE. B kakom oTHoweHumn oH genut aToT
OTpe30K’?

2. Croponbl AABC, npotusonexauwme sepwuHam A, B n C umetoT gavubl a, b un c.
(a) LokasaTb, 4to yeHTp macc cuctembl aA, bB, cC — LeHTp BNMCaHHOR OKPYXHOCTH 3TOrO
TpeyronbHuka. (6) B kakom oTHoweHnu buccektpuca AA| [ennTcs TOHKOW nepecedeHus
buccekTpnc?

3. lNycts ABCD — onucanHble YeTbipexyronsHuk, Touku K, L, N, M — Touku kacaHus
ctopot AB, BC, CD un DA c BnucaHHoli okpy»HocTbto. B kakom oTHoweHun otpeskn KN
n LM penstcsa cBoeli Toukoli nepecedeHns’?

4.B yron PAQ BnucaHa okpy>XHOCTb, kacatoLasicst cTopoH yria B Todkax P u Q. [psmas BC
kacaeTcs okpy>kHocTu B Touke T. [psimble BQ n CP nepecekatotcs B Touke M. [okasaTs,
yto Toukm A, T u M nexxat Ha OfHO MPSAMOIA.

5. V13 vetbipex Touek A, B, C, D Hukakue Tpu He nexxaT Ha ofHOIn npsamoii. Toukmn nepece-
yenus meguan Tpeyronsiukos BCD, ACD, ABD, ABC obosHayeHbl cooTBeTcTBEHHO A,
B’, C’/, D’. dokazaTts, 4to otpesku AA’ BB’, CC’, DD’ nepecekatotca B ogHoit Touke Z.
6. [anbl yetbipe Toukun A, B, C, D. Hepes K, L, M, N, P, Q obosHaueHbl cepefuHbl
otpeskos AB, CD, AC, BD, AD, BC. [dokazaTs, 4to cepegunbl otpeskos KL, MN n PQ
COBMaZAtOT Mexay coboit 1 ¢ Toukoin Z n3 npeabiayLiein 3agaqu.

7. nowapnb napannenorpamma ABCD pagHa 1. Touka M genut ctopory BC B oTHoWweHNK
3 : 5, cuutasa ot Bepwurbl B. lMpsambie AM n BD nepecekatotcs B Touke P. Bbluncnnts
naowaab YetbipexyronsHnuka CMPD.

8.MycTb cuctema matepnanshbix Todek miM; (1 = 1...m) c ueHtom macc Z nog gelictarem
npeobpasosarust nogobusi f (B TOM qucne u ABUXKEHNS) NepexoanT cnctemy Todek MM/
(f(Mi) = M) c uentpom macc Z'. Jokaxute, 4to Z' = f(Z).

9. (a) dokaxute, 4to ans awboii Toukn X Ha npsimoii AB cywectsytoT maccbl &, 3 Takue,
4To X — ueHTp macc A, B3B.

(6) [HokaxuTte, 4to ans nwboii Toukn X BHyTpu TpeyronsHuka ABC cywectsyer Habop
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Macc &, [3, Y Takoii, 4to X — ueHTp macc A, 3B n yC.

(B) [okaxknTe Toxe camoe f/isi NPON3BOJILHON TOYKM MIOCKOCTHU.

Bonpoc: OaHo3Ha4HO /i onpeaensitoTcss Maccol U3 npeasigyiyei 3agadn? VI ecim Het, To 4To

Bbl MOXKETE MNPEASIOXKUTL A4J15 TOrO, 4yTObbI 3TV Macchl ONnpenesisainCh O,LT{HO3H3'-IHO.7

10. (a) MMyctb gan mHoroyroasHnk M n gns noboii napel ero Bepwud A, B cywectsyert
nexeHne nnockoctn f, nepesogsuwee M B cebs n ymosnetsopsitoulee ycnosuto f(A) =
B. [okaxunTe, 4TO BOKpYr Hero MoXHo onucatb okpyxxHocTb. (6) ToT e Bompoc npo

MHOFOrPaHHUK 1 OMUCaHHYIO Cepy.

Jlemma Xonna

18 wrons

Onp. Ycnosue pazHoobpasms — nwobble kK toHOLWER B COBOKYMHOCTU 3HAKOMbI C XOTsi bbl K

AeByLIKaAMU.

Onp. [lapocoyetanne B rpaghe — Habop pebep, B KOTOPOM HUKakne ABa pebpa He nMeroT
obumx KoHLOB. [lapocoyeTaHmne Ha3bIBAETCA COBEPLUEHHBIM, €CNV B HEM 3afeliCTBOBaHbI BCe

BEPLUMHbI.

Jlemma Xonna. EcTb . toHoWEl 1 N AeBYLLIEK, HEKOTOPbIE KOHOLUUN 3HAKOMbI C HEKOTOPbLIMUY
Aesylikamu. B rpade ecTb coBeplueHHoe napocodeTaHune (MOXXeM NOXEHNTb BCEX FOHOLLEN Ha
3HAKOMBbIX UM AEBYLLKAxX) TOr4a U TONBLKO TOMAA, KOTA4a BbIMOJHEHO YC0BUE pa3Hoobpasus.
I. HdokaxuTte nemmy Xoana. [nst gokasaTenbcTsa [OCTaTOYHOCTW YC/IOBUSI pa3Hoobpasms
BOCMOJIb3YWTECh UHAYKLMER MO YNCAY tOHOLWER C pa3bopoM AByX Cay4qaes:

e [1ns noboro k ntobble k toHowel 3HakoMbl He MeHee Yem C K + 1 geByLIKOiA.

e EcTb rpynna n3 K toHowweld, koTopble 3HaKOMbl POBHO C K aeByLIKamu.

. (J/lemma Xonna gns apabekux ctpar) Cpepy M OHOWER U HECKONBKNX AEBYLLIEK HEKOTO-
pble FOHOLIW 3HAKOMbI C HEKOTOPLIMU AeByLIKamMun. Kaxkablii tOHOLIA XOYET KEHUTHLCS Ha M
3HaKoMbIX deBylikax. [loka)knTe, 4TO OHWM MOryT 3TO CenaTb TOrAa W TONbKO TOrfa, Korga
Ans noboro Habopa n3 k toHOLWER KONMYECTBO 3HAKOMbIX WM B COBOKYMHOCTW AEBYLUEK HE
MeHblle Km.

. (Jlemma Xonna ¢ gepuymtom) [anbl HaTypasbHOE HMCAO S, @ TakKXKe M IOHOLWER U
Heckonbko geBywek. Ecnn Jns noboro k > s ntobbie K toHOLWEel 3HAOT HE MeHblUe, YeMm
k — s feByLleK, TO MOXKHO OfIHOBPEMEHHO MOMEHUTb XOTsi Obl M — S HOHOLLEA.

1. [lokaxxuTe, 4TO p€bpa ABYAONLHOrO rpada, CTeneHb KaXk4ol BEPLINHBLI KOTOPOro paBHa kK,
MOXXHO MPaBULHO packpacuTh B k uBeToB (M3 KaXKZOVW BEpPLUNMHBI JOJXKHbI BLIXOAUTL pebpa
BCEX LIBETOB MO OAHOMY pa3y).

2. Jlnct bymarn pasbut Ha . MHOrOYroJibHUKOB OfAMHAKOBOW MOLWIAAN C OLHOW CTOPOHBI
N Ha ML Apyrux TOR e nmaowann ¢ obpaTHoi cTopoHbl. JlokaXkuTe, 4TO 3TOT JNCT MOXKHO

MPOTKHYTb TL NTOJIKAMYW TaK, YTO KaXKAbl N3 21 MHOrOYro/ibHUKOB DYAET NPOTKHYT Mo pasy.
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3. B wkony “Xorsaptc' noctynuno 24 nepsokypcHuka. VseectHo, yto B [ pudpcpunmope
yyaTcs xpabpble, B Kortespane — ymtble, B [lydpdbenaye — crapaTtenbhbie, a 8 CanseprHe —
xnTpble. Kaxablii nepBOKYpCHUK 0bi1afaeT poOBHO ABYMS 3TWMUN Ka4eCTBaMu, 1 BCE Ka4eCTBa
BCTpeYatoTcst oanHakoBoe 4ucno pas. [dokaxute, yto Pacnpegenntenshas LLnsna cmoxer
NOPOBHY MOAENNTL NEPBOKYPCHUKOB Ha (PaKy/IbTETHI,

4. B tabanue 1000 x 2000 (1000 ctpok 1 2000 cTonbuyoB) B HEKOTOPbIX KAETKAaX CTOUT
no dpuwke. N3sectHo, 4To B Kaxaoii ctpoke ctonT 50 duwek, a B Kaxgom crtosbue no 25
uwek. [okaxxute, 4TO MOXHO OCTaBUTb B KaXKAOM CTO/IOLIE POBHO OAHY PULLKY TaK, Y4TODbI
B Ka)K[OVi CTPOYKe 0CTaNoCh POBHO MO 2 puLLKU.

5. MpsamoyronsHnk m X M (M < M) Ha3bIBAaeTCA NATUHCKUM MPSIMOYrONbHUKOM, €CIN OH
3aMoJIHeH HaTypafibHbIMU Yucaamu OoT 1 A0 M Tak, YTO B KaXKAOW CTPOHKE U B KAXKAOM
cTosibue CTOST pasHble yucna. [okaxxute, 4To NATUHCKNIA NPSMOYTONbHUK MOXXHO AOMONHUTb
A0 NaTUHCKOro KBaaparta.

6. lNonHyto kKonoay n3 52 kapt pas3dbunu Ha 13 cTonok no 4 kapTbl B Kaxkgoii. [okaxuTe,
4TO BCETAa MOXHO BbiDpaTb MO OAHOW KapTe W3 KaXKAOW CTOMKW, 4Tobbl ObINO BbIOpaHO No
OAHOI KapTe Ka)k4oro [OCTOVHCTBA.

7. Ha kondepenumto npuexann 300 maTeMaTnKOB, KaXkAblil 3HAET 3 A3blka U3 5 paspelueH-
HbIX Ha KoHdpepeHuun. [okaxxute, 4To nx MOXKHO pasbuTb Ha Tpu cekymu no 100 venosek,
rOBOPSILLMX HA OAHOM SI3bIKe.

8. B npsamoyronbHoii Tabanue m X N 3anucaHbl HeoTpuLaTenbHble Ynucna. B kaxaoii ctpoke
N B KaXKAOM CTOJIOLE eCcTb XOTst Dbl OAHO MONOXKNTENBbHOE Yucno. bosnee Toro, ecnu psag
cTosIbel, nepecekatoTCst Mo NONOXKUTENLHOMY SJIEMEHTY, TOr4a CYyMMbl YUCEN B psije 1 CTonbue
coBnagatoT. [lokaxxute, 4To m = n.

9. Ha nnanete Hubunpy »unByT npuiensubl TpEX pa3nnyHbix reHaepos — scero 3M ocobeii

no M kaxpgoro reHgepa. Kakablii npuiienel, NCnbITbiBaeT CUMNATUIO KaK MUHUMYM K —M

4

npuenbUam KaXk4oro n3 AByx Apyrux reHgepos. bpak Ha nnanete Hubupy 3akntodaercs
TOSILKO MEeXAy TPEMSI MPULIENbLAMMN PasHbIX FEHAEPOB, UCMbITLIBAOWMX CUMNATUIO OPYT K
apyry. JokaknTte, 4To BCex npuenbles MOXHO pasbnTs Ha M B3arMHO cumMnaTu3npytoLmx
TPOEK 1 MOXKEHUTH.

10. len Mopo3s xo4eT nogapuTb n AeTM Nogapku. i-Tomy pebeHky Hpasutcs x; > 0 nogap-
koB. [lokaknTe, 4TO ecnm Xl] + Q—Z +-- ;—n < 1, To ea Mopo3 MoxeT nofapuTb KaXkaomy
pebeHKy HpaBsALWUIACS eMy NoAapoK.

11. MNpaBunbHbIf TPeyrosbHUK CO CTOPOHO T pa3buT Ha MpaBUJIbHBIE TPEYTONIbHUKIA CO CTO-
poHoit 1. Ha30BEM TpeyronbHNK KpacuBbIM, €Ci OH OPUEHTUPOBAH TakK »e, Kak 1 DoNbLIOi
TpeyrosibHuk. [leTst Bbipe3an n3 TpeyrofibHUKa T KPacKBbIX TPEYroNbHNKOB CO CTOPOHOW 1.
[lokaXkuTe, 4TO OCTaBLLYHOCS [OCKY MOXXHO pa3buTb HA Mapbl COCEAHUX MO CTOPOHE TPEYTolb-
HWYKOB TOrAa M Tobko Torga, korga anst kaxgoro k (1 < k < n) v kaxzgoro Kpacnsoro

TPeyrofibH1UKa Co CTOpOoHOI K B HEM copepxuTcs He bosiee k 3aKpalleHHbIX TPeyroibHUKOB.
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[omoTeTus

18 nrons

Onp. lomoTeTueli HasbiBatoT Npeobpa3oBaHne NAOCKOCTU, nepeBoasliee ToUky X B TOYKY
X', obnagatowyto Tem csoiicteom, 4to OX’ = kOX (Touka O n wucno k dpukcnposatsi).
Touky O Ha3bIBalOT LEHTPOM FrOMOTETUM, a 4nCN0 K — KOIPDULMEHTOM FrOMOTETIN.

K
[omoTeTuto ¢ ueHTpom B Touke O n koacbdpuymnenTom k byaem obosHayats H.

I. JokaxuTe, 4to ecim A’ = HE(A) n B = HE(B), To A’B" = kAB.

Il. okaxknTte, 4TO romoTeTuss — npeobpasosaHune nogobus.

1. JokaxuTte, 4To nt0byto OKPY>KHOCTb MOXKHO MEpPeBecTU B 0Dy Apyryto roMoTeTuelt u
HaliguTe BCE BOSMOXKHbIE LIEHTPbl U KOS MDULNEHTHI.

1. [dokaxuTe, 4to ans noboli Touknm A BepHO CledytoLLee: Hé(HE(A)) = A.

2. BHytpu kBagpata ABCD B3aTa Touka M. [lokaxknte, 4TO TOYKU MepecedeHnst MeamaH
TpeyronsHukos ABM, BCM, CDM, DAM obpa3sytoT KBagpar.

3. Ha ocrosatusix BC u AD tpaneunn ABCD BHe Hee nocTpoeHbl paBHOCTOPOHHME Tpe-
yroasHukn BCX n ADY. HokaxunTte, 4to npsamasi XY npoxoauT 4epe3 TOYKY NepeceHeHus
AnaroHanei Tpaneyunn.

4. BHyTpu Noaockl MexXay ABYMsl NapanfiefbHbIMU NPSMbIMUA A U D HApUCOBaHbI IBE OKPYXK-
HOCTN W4 1 Wy, Kacatowmecst Apyr aApyra B Touke S. KpomMe Toro, okpy»KHOCTb (W, KacaeTcst
NpsiMOil A B To4ke A; OKPY)XHOCTb (WY, KacaeTcst npsiMoii b B Touke B. [okaxxuTe, 4To To4ka
S nexuT Ha oTpeske AB.

5. [lge okpy>KHOCTW KacatoTcs Apyr apyra BHewHum obpasom B Touke A. [Npamas 1 nepe-
CeKaeT MepByO OKPYXHOCTb B Todkax B n C un kacaetcs BTOpoii okpy»KHOCTM B Todke D.
NokaxuTte, yto AD — buccekTtpuca srewnero yrna BAC.

6. Ha crtopoHe AC Ttpeyronbiuka ABC BbibpaHa Touka D Tak, 4To paguycbl BNUCaHHbLIX
okpy»xHocTeit TpeyronbHrkos ABD n BCD pagHbl. [lokaxxuTe, 4To paguycbl BHEBMUCAHHbIX
OKPY>XHOCTER 3TNX TPeyrosibHUKOB HanpoTUB BepLUNHbI B Toxke paBHbI.

7. Ha nnockoctn dprKcrmpoBaHbl OKPY>XXHOCTb (W, Touka A Ha Heil n T BHyTpu. Paccmatpu-
BatoTCst BCeBO3MOXHbIe xopabl BC, npoxoasuime vyepes T. Haigute TMT

(a) Touek nepeceqerns megnan TpeyronsHuka ABC; (6) optoueHTpos TpeyronsHuka ABC.
8. Mycte Ay, By, C; — Toukn KacaHus BNUCAHHOW OKPY>KHOCTU CO CTOPOHAMM TPEYro/ibHUKA
ABC, a Ay, By, Cyp — cepeaviHbl oyr onvcaHHOW OKPY>XXHOCTHU.

(@) HokaxnTe, uyto npsimsie AjAg, B1By u C1Cy nepecekatotcsi B 0aHOM TouKe.

(6) Mycts I v O — ueHTpbI BNUCAHHOW 1 ONMCaHHONR OKpy>xHoCTel TpeyronbHinka ABC.
Hokaxkute, 4to opToueHTp TpeyronsHuka A1B1Cq nexunt Ha npsmoii OI.

9. MNycts AK n BL — BbicoTbl ocTpoyronsHoro TpeyroasHuka ABC, a w — BHeBnucaHHas
oKkpy»HocTb TpeyronsHuka ABC, kacatowasics otpeska AB. Obuive BHyTpeHHMEe KacaTesb-

Hble K okpy>xxHocTsiM (CKL) u w nepecekatoT npsimyto AB 8 Toukax P u Q. JokaxuTe, 4to
AP = BQ.
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Kombureometpus

18 nrons

1. Ha nnockoctn oTmedeHo M Touek. M3BecTHO, 4TO tobbie 4 M3 HUX NexxaT B BeplUnHaX
BbINYKJ/IOTO YeTbipexyrosibHuka. [oKaknTe, 4TO BCe TOUKM JieXKaT B BEPLUMHAX BbIMYKJIOTO
T-yrofbHNKa.

2. Ha nnockocTn oTMeYeHO ML TOYeK Tak, YTO MJOLLAAb Jt0DOro TpeyrofibHMKa C BepLUHAMM
B OTMEYeHHbIX To4kax He npesblwaeT 1. [lokaxkuTe, 4TO BCE TOYKM MOXXHO MOMECTUTL B
TpeyrosbHuK naowaan He bonbuie 4.

3. Ha niockocTn oTMedeHo ML TOYEK, HE Nexallmx Ha OAHOW npsimoit. Jokaxkute, 4To cyuie-
CTBYeT 3aMKHYTas JlomaHasl be3 camonepeceyeHnii C BEPLIMHAMM B STUX TOYKAX.

4. 68 petein napannenn M8 yctpounn rugpoboii. OHu BCTanu Ha nowlafke Tak, 4TO BCe
MoMapHbIE PACCTOSTHNS MEXAY HUMIU PasanYHbl. 3aTeM KaXkablii 0bnun us Begpa bavxkaiiwero
K Hemy 4esnoBeka. [loKa)kuTe, 4TO HUKTO He oka3ascs obauT bonblue 5 pas.

5. Jokaxxute, 4To Ans 11006Oro MHOXECTBA N3 XOTs Obl ABYX TOYEK HA MJAOCKOCTW, HE JIEXALLNX
Ha OAHOV NMPsIMOIA, HalileTCst Npsimasi, CoAep<alliasi POBHO 2 TOYKMN.

6. Ha nnockoctu nposeaero 300 npsimbix obuiero nonoxenusi. [okakute, 4to cpean obna-
CTell, Ha KOTOpbIE OHM Pa3bMBatOT MIOCKOCTb, HaiigeTcs xoTs bbl 100 TpeyroabHNKOB.

7. [laH BbiNyKAbIE MHOTOYrofbHUK naowaan 1.

(a) [dokaxnTe, 4TO €ro MOXXHO MOMECTUTL B MPSAMOYTONbHIUK MoWaamn He bonbiue 2;

(6) HokaxnTe, 4TO B HEFO MOXHO MOMECTUTH MPSIMOYFObHUK MAOLAAN XOTs Obl %.

8. Ha nnockoctu gavo N Touek, cpeam nonapHbiX pacCTosiHWUI MEXAY KOTOpbiMK He boree,
YeM M pasnanynbix. JokaxkuTe, 4yto N < n? + 2.

[MoBopoT

19 urons

I. [JokakuTe, 4TO KOMMO3MLUUS ABYX MOBOPOTOB Ha Yribl B CyMMe He KpaTHble 360° sB-
NseTCst NoBOPOTOM. B Kakoli Touke Haxo4UTCS LUEHTP 1 Yemy paBeH yros 3Toro noopota’
PaccmoTpuTe cnydaii, korga cymma yrnos kpaTHa 360°.

Il. dan pasHocTopoHHunii TpeyronbHuk ABC, O — ueHTp TpeyronbHuka. Haligute komnosu-
unio nosopotos: (a) Rz® o RY": (6) Ry oRY; (8) R o RY".

Il. Ha ctopoHax BC, CA, AB Tpeyronbiuka ABC BHe ero nocTpoeHbl npaBusibHble Tpe-
yronsHukn BCA, CAB;, ABC;. JokaxuTe, 4T0 KOMNO3MLMs NOBOPOTOB C LigHTpammn Aj,
By, C; Ha yrbl 60° ecTb UeHTpanbHas cummMmeTpus. Halignte ee ueHTp.

1. Apxeonoru Hawnm CTapuHHbIA CBUTOK, B KOTOPOM bbinio HanucaHo: « BcTanb okono bepesbi,
N OOMAN OT Hee, He CBOpauYMBasl, JO KOJMOALA, a Y KONOALA MOBEPHMW MOL NPsSIMbIM Yr0M
HaJIeBO 1 NMpPOAN Takoe e paccTosiHue. B Tom MecTe, rae Tol oka3ancs, BOeli KOJbILLEK B

3EMJIO. Terlepb OnATb BCTaHb Y 6epe3b|, n ,ELOIZ,ELI/I OT Hee, HE CBOpaduMBad, A0 ,u,y6a, noBEPHU
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noa MpsiMbIM YrIOM HamnpaBoO W MPORAn Takoe e paccrosiHue. Bbeid BTopoli Kosblliek B
3emto. [NocepennHe mexxay konbiwkamu 3apbiT knagy. Okasanock, 4To Konogel n ayb no-
npexHeMy Ha MecTe, HO bepesbl yxxe HeT. CMOryT in apxeosnioru HaikTy knag?

2.Ha ctoponax AC n BC tpeyronbhiuka ABC BHe ero nocTpoeHbl MpaBuibHbIE TPEYTrONbHUKM
ACP n BCQ. Haiitn yrabl TpeyronbHuKa, y KOTOPOro BEpLUUHbI COBMAAAOT C cepeanHoii M
ctopoHbl AB, Toukoii P n uentpom O TpeyronsHunka BCQ.

3. (Teopema HanoneoHa) Ha cropoHax TpeyrosibHuka BHE €ro MOCTPOEHbI MpaBuibHbIE
TpeyronbHUkU. [JokaXknTe, Y4TO UX LEHTPbI — BEPLUMHbLI MPABUABHOIO TPEYTrobHIKA.

4. [NocTpoliTe TpeyrosbHUK, €C/iN N3BECTHLI TPW TOUKM, SIBASIOLMECS BEPLUNHAMMN MPaBUIb-
HbIX TPEYTrONbHUKOB, MOCTPOEHHbIX BHE TPEYrofibHNKA Ha ero CTOPOHax.

5. [lge okpyxHOCTM W7 1 Wy nepecekatoTcs B Toukax A u B. Hepes Touky A nposegeHa
npsiMasi, nepecekatowast wi u w; B To4kax C n D (A Ha otpeske CD). Mycte M u N —
cepeauntbl ayr BC n BD cooTsetcTBeHHO, He cogepxawux Touky A, K — cepeguna CD.
HokaxunTe, uto Touknm A, K, M, N nexaT Ha ofHOW OKPY>XHOCTW.

6. Ha cTopoHax 4eTblpexyrosbHuKa, BHe €ro noCTpoeHbl KBaapaTbl. [JokaXkuTe, 4TO LEHTpbI
3TUX KBaZpaTOB SIBASIOTCA BEPLUMHAMM HETbIPEXYTObHIKA, Y KOTOPOro AMaroHaaun paBHbI v
nepneHanKynspHbl.

7. Ha ctopoHax Bbinyknoro vetbipexyronsinka ABCD kak Ha guameTpax noctpounu nony-
okpy>Hoctn. Ha AB n CD — BHewHumM obpasom, a Ha BC n DA — BHyTperHum. [locne
vero otmetunn Todkm K, L, M, N — cepeanibl gyr AB, BC, CD un DA cooTeeTcTBeHHO.
Onn obpasytot vetbipexyronsHuk. Jokaxute, 4To KLMN — napannesnorpamm.

8. Ha ctoponax AB n BC enucannoro detbipexyronsHnka ABCD BeibpaHbl Takue Toukn K
n L cooteetcteerHo, 4To AK = CD u CL = AD. lyctb M — cepeguna KL. dokaxuTe,
yto ZAMC = 90°.

N3oroHanm m nx yacTtHbie cCJZiy4Han

20 nronsa

OI'Ip. VIzoroHann oTHocUTE/IbHO AaHHOro yrjia — npsamMble, CUMMETPUYHbIE OTHOCUTEJIBHO

brccekTpucChbl 3TOro yria.

Teopema 06 nsoroHansx. Nycrs OB u OC — usoronanu yrna AOD. lNpameie AC u BD
nepecekatotcst B Touke Q, npsimeie AB n CD — B Touke P (ecim AB v CD napannenbhsl,
To paccmaTpusaem nyd OP, napannenshbiii um). Torga OP n OQ — Takxe usoroHanu
oTHocuTensHo yrna AOD.

I. Jokaknte Teopemy ob nsoroHansx.

Onp. V30oroHanbHO conpsiEHHbIE TOYKU B TPEYroJibHMKE — TOYKMN, NExallne Ha COOTBET-

CTBYHOWLNX N30TOHAIAX OTHOCUTENIbHO BCEX YIJIOB TPEYIrOJIbHNKaA.

Onp. VzoroHanbHoe conpsikeHne — npeobpasoBaHne, CTaBsLLEe TOYKe, He nexalleli Ha
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OMUCAHHOI OKPY>XXHOCTU JAHHOTO TPEeyrosibHNKa, B COOTBETCTBME U30rOHAJIbHO COMPSIXKEHHYHO
en.
Il. loka)knTe KOppeKTHOCTb onpefesneHns N30roHabHO COMPSIXKEHHOW TOYKMU.

OI'Ip. C////vle,q///aHa — NpsAMasd, N30roHajibHasd MeanaHe OTHOCUTENIbHO yrja, N3 KOTOPOro OHa

BbIXO4UT.

I, Touka S nexut Ha cTopore BC TpeyronsHuka ABC. Torga skBUBaNEHTHbI YCNOBUS:

o(S,AB) AB BS AB?

*0(S,AC) _AC' ‘s Ac?
IV. Touka X BHyTpu TpeyronbHuka ABC Takosa, 4to ZBAX = ZACX n ZABX = ZCAX.

Torpa AX — cumegnana.

e AS — cumegmnana;

V. (To4ka Jlemyana) CumeamnaHbl TpeyronbHUKa NEPECEKAtOTCs B OLHOMN TOUKe.

1. B tpeyronsHuke ABC uvesunanbl AAT, BBT n CC1 nepecekatotcs B ogHoit Touke. Oka-
3anock, 4to ZB1AC = ZC1 A B. HokaxnTte, 4yto AA| — BbICOTA.

2. Nycte BA; n BCy — BHewHue buccektpucel yrna B tpeyronsiuka ABC, ZAA1B =
ZCCyB = 90°. Hokaxute, uto A1C n C;A nepecekatorcs Ha buccektpuce yrna ABC.

3. KacaTesnbHble K onucaHHoi okpyxxHoctu TpeyronbHuka ABC B Bepwutax B u C nepece-
katotcst B Touke P. dokaxuTe, 4yto AP — cumeanaHa B aHHOM TpeyrofibHUKe.

4. B tpeyronsHuke ABC nposesera buccektpuca AA’, Ha oTpeske AA’ BbibpaHa Touka X.
Mpsimas BX nepecekaet AC B Touke B’, a npamas CX nepecekaer AB B Touke C’. OTpeskn
A'B’ u CC’ nepecekatotcs B Touke P, a otpesku A'C’ n BB’ nepecekatotcs B8 Touke Q.
HokaxuTe, 4yto yrael PAC n QAB pasHbi.

5. Hdwnaronann tpaneunn ABCD nepecekatotcst B Touke P. Touka Q nexut mexay napan-
nenbHbiMu npsambiMun BC n AD Tak, yto ZAQD = ZCQB un npsmast CD pa3gensieT To4ku
P un Q. HokaxuTe, 4yto ZBQP = ZDAQ.

6. [aH Bbinyknbiii YetbipexyronbHnk ABCD. llycte I u ] — ueHTpbl okpy»kHoCTeld, BNm-
caHHbix B TpeyronbHukun ABC n ADC cootsetcTBeHHo, a [y 1 Jq — LeHTpbl BHEBNUCAHHbBIX
okpyxHocteii TpeyronsHukos ABC n ADC cootsetcteerto (BnucanHbix B yrasl BAC u
DAC cootsercTeerHo). [okaxute, 4To Touka nepecederus npsmbix 1] n JIg nexut Ha
buccekTpuce yrna BCD.

7. Ha gnametpe KW okpy»xHocTu B3sTa Touka M, oTnnyHas oT ueHTpa okpy»xHocTu. Jlyun
MA n MD rakosbl, 4to ZKMA = ZWMD < 90° (A n D — Toukn nepeceqeHus
3TUX JlyHell C OKPY>XXHOCTBIO — JIeXXaT B OAHOMN MOMYNIOCKOCTH oTHOCUTeNbHO npsimoli KW).
Hokaxknute, 4to BCe npsimble AD, nocTpoeHHble TakuM obpa3om, nepecekatoT npsimyto KW
B OflHOU 1 TOli e Touke P.

8. Nyctb I — ueHTp BNucanHoi okpyxxHocTu Tpeyronbiuka ABC. [dokaxunTe, 410 cCiMegmaHa
n3 BepwuHbl I TpeyronsHuka BIC nepecekaeT onucaHHyto OKpY>XHOCTb B CepeauHe ayru
BAC.

9. MycTb B TpeyronbHuke ABC gaHbl aBe napbl N30roHaNbHO conpskeHHbix Todek X, X' n
Y,Y’. Torga Toukn nepeceverus XY ¢ X'Y' n XY’ ¢ X'Y Toxxe M30roHaibHO COMPsiXKEHbI.
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3aknto4unTtenbHas oJinMinnaga

21 wnronsa

[osbiBOg,
1. B BepwunHax TeTpasgpa 3anucanm 4 pasHbix HaTypasbHbix ducna. Ha kaxgom pebpe
Hanucanm nponsseaeHune 3Tux Yucen. B Kakgoli rpaHu 3anucanu NponsBefeHne TPeX YnCen
B ee BeplUMHax. BHyTpu TeTpasgpa 3anncanu 4nucno, paBHOE NMPOU3BELEHUNIO HNCEN BO BCEX
ero BepwimHax. ITu 4ucna cnoxuanm n nonysuan 2024. Kakve yucna bbinm HanucaHbl B
BepLUnHax?
2. B cocrosiuem ns n anemeHToB MHOXXecTBe M BbIOpaHO HECKOMbKO MogMHOXecTB. [lpu
3TOM KaXKAoe HeBbIDpaHHOE MOAMHOXECTBO MHOXXeCTBA M npeacTaBuMO B BULE NEPECEYEHUs
HEKOTOPbIX BbIOPaHHbLIX MOAMHOXECTB. Kakoe HanMeHbLIee HNCIO NOAMHOXKECTB MOFO ObiTb
BblOpaHo?
3. B tpeyronsHuke ABC Ha ctopoHe AB wn Ha npogonxeHun ctopoHbl BC 3a Touky C
oTMedenbl Touku E n F cootsetctBenHo Tak, 4To AE = CF = AC. [lpsmbie EC n AF
nepecekatoTcs B Touke D, H — ocHoBaHue nepnenankynsipa, onyweHHoro u3 D Ha npsimyto
AC. HokaxuTte, 4to annHa AH pasHa nonynepumetpy TpeyronasHuka ABC.
4. 1ns nonoXNTENbHBIX Xi TakuxX, 4To X1 + - -+ + X190 = 1, HalignTe Hanbonbliee 3HaYeHne

Bblpa>keHnA

(1+2x1) - (3+4x2) - (7+8x3) - ... (1023 + 1024x1,).

5. Bo3bMméM BCeBO3MOXKHbIE KBaApPaTHbIE TPEXYNEHBI C HATYPaibHbIMUN KO3 PULINEHTAMY, HE
npesocxoaswmmm 100. Kakux TpéxuneHos bosblue: MMEIOLLINX XOTS Dbl OANH AeiCTBUTENbHbI

KOPEHb, WU HE NMEKLUX HU OLHOro”?

BobiBop,
6. Jokaxxute, 4To Aans Ntoboro HaTypasbHOrO T BbIMOJHAETCS HEPaBEHCTBO:
1 n 1 N 1 P 1 - 3
n+1 n+2 n+3 77 2n 4

7.B knybe [)KeHTAbMEHOB KaXKAble [Ba AXKEHTIbMeHa — Anbo apy3bs, nmbo Bparu. VseecTHo,
4TO y Kaxkaoro poeHo 75 Bparos. Kpome Toro, B kaybe BoinonHsercs npaeuao: «Bpar moero
apyra — Moii Bpary. CKOMbKO IXKEHT/IbMEHOB MOrJ0 bbiTh B Kiybe?

8. Buccektpucel AA; n CCy npsamoyronsHoro TpeyronsHuka ABC (4B = 90°) nepeceka-
totcs B Touke [. [lepnenankynsip, onyuwleHHbili n3 BepwinHbl B Ha npsmyto Al, nepecekaet
npsamyto CI B Touke Cyp; nepneHankynsip, onyuieHHbli n3 sepwntbl B Ha npsmyto CI, nepece-
kaeT npsmyto Al B Touke Ay. [Jokakute, 4TO LEHTP OMUCAHHON OKPY>XXHOCTU TPEYrobHIKa
AoBCy nexut Ha npamoin A;C;y.

9. PewnTe B Lenbix Yucaax ypasHeHne n? + 5 = m?.



