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loporue jern!

A Tounee, noporue Bans, Banga, Banepa, Amup, Iuma, Huxkura, Makcum,
Buag, T'ocman, Yabana, Muma, Kupa, Asra, Kavmmmra, lama, Cama, Cepreit,
Kars, Jlatuda, I'puma, Biraguciaas! Croa mpomiaemcst ¢ Bamu Ha rog. [Iycrs Ba-
II1e OTHOIIIEHNE K I'eOMeTPHUN OYJIeT TaKUM K€ FapMOHUYIECKUM, KaK y Hac, Ballll
perrennst OyIyT TaKIMH »Ke QyHIaMeHTaIbHBIMEI 1 KoMiutekcHbIME! He 3a0b1Baii-
Te 3aHNMAThCsT CaMO(1 He TOJIBKO ) aHAJIM30M, pasJiessiiTe 1 gaJiblie ¢ HaMi Tpadbl
u 3emstt0 Kuposckoit JIMII! C Bamu Ob1710 09eHb HPUSITHO PabOTATH 1 IIPOBOIITH
BpeMsi. Y:ke cKydaeM. Hajgeemcs, 4aTo eme He pa3 OyJaeM UMeTh BO3MOYKHOCTH Bac
YUIUTh: )

2Kaewm B ciemytoriem rouy!

Ho Berpeun!

Nckpenne Bamm,

Anekcanaap BiaaguvmupoBud,
Nrops AnapeeBud,
Makcum BagumoBud,

Anpomaa @apugoBHA.
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1. BcerymmrenbHas oJIMMIIHAIA 2 urons

1. /IBa feiicTBUTENILHBIX YUCTa ¢ U b TAKOBBI, YTO BBIIOJTHIETCS PABEHCTBO
2 912
a” + 2a = 2b” + 130 — 8.

zBecTHO, 4TO IIPH JIIOOOM U3MEHEHIH 3HAUEHUS @ Ha JIPYToe PABEHCTBO IIepecTaeT
ObITh BepHbIM. HaiijinTe Bce BO3MOYXKHBIC 3HAYEHU b.

2. Ha myockoctn ormernsin Touky P. Ilama xoueT mpoBecTu m NmpsiMbIX, He
MPOXOAAINX depe3 P, Tak, 4ToObl KayK/IbIil JIyd, BBIXOJAIINI n3 P, nepecekas
xoTsd Obr 10 mpoBemeHHBIX MpaMbIX. [Ipm kakom nHanmMenbiiem 7 Ilamma moxker
JIOOUTBHCS YKeJTaeMoro?

3. Ha nocke nammcano HaTypabHOE UHUCIO M. 3& OJUH XOJ YNCIO0 1M 3aMEHSsI-
eTcd Ha CyMMy YHUCIa M W KBaJpaTa HauOOJBIIET0 COOCTBEHHOIO JIEJTUTEN M.
Morsio s moce 2024 maroB Ha JIOCKE OCTATbCA YUCJIO, SABJISAIONICECs TOUHBIM
KBa,IpaToM?

4. [Ipn Kakmx HATYpaJIbHBIX N HA JOCKY 1 X 1 MOYKHO BBICTABUTH HECKOJBKIX
Jajieit Tak, 9To0bl KayKiasi KjaeTka (BKJII0Yas KJIeTKN, HA KOTOPBIX CTOSIT JIQJbH)
ObL1a obuTa poBHO 3 JiagbsiMu? Jlajbs ObeT KJIETKY, Ha KOTOPOH CTOUT; Jia/ibu
He OBIOT CKBO3b JIPYT JpyTa.

5. Touka P BblOpaHa Ha ONUCAHHON OKPYXKHOCTU OCTPOYTOJILHOI'O TPEYIrOJIb-
nuka ABC. Ilycre D, E'u F' — Toukn, cuMMeTpudHble P OTHOCHUTEIBHO CpeTHIX
qunnii Tpeyrosibanka ABC, napamiensubix BC, CA nu AB coOTBETCTBEHHO.
Hokazkure, 4To olmcaHHble OKpYyzKHOCTH TpeyrosbiHukos ADP, BEP u C'FP
UMEIOT OONIYIO TOYKY, OTJNYIHYIO OT P.

6. B n-seMenTHOM MHOXKECTBE BLIOPAJIHN 1M PA3JIMIHBIX MOAMHOXKeCTB Aj, As,
..., A,,. Jlokaxkure HepaBeHCTBO

n’ Y JAINA N AL > (JA] + [Ao] + .+ AR,
i.j.k=1
2.  Cepus 1. MHOrOYJIeHBI: TEOPUS 8 urons

Onpenenenne. Muorowienbl A nu B Ha3bIBAIOTCSA pasHbLMU, €CI X KOIhDU-
IIUEHTbl COOTBETCTBEHHO PaBHBI.

KommenTapmit. [Ipejibityiee omnpejesieHne 9acto Ha3bIBACTCHA POPMANDHBLM
PAGEHCTNEOM MHO20UNAEHOE, PAGEHCTNEOM MHO20UAEHOE KAK G6biPAHCEHUT.

Kazk1oMy MHOTOUIEHY MOYKHO €CTECTBEHHBIM 00Pa30M COMOCTABUTDH (PYHKITNIO.
Ecnau 11 1ByX MHOTOUJIEHOB MOJYYIINCH OJUHAKOBBIE (PYHKIINN, TO TOBOPSIT O
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PYHKUUOHANLHOM PABEHCMBE MHO20UNAEHOB, PABEHCMNEE MHO20UAEHOE KAK yHK-
wul.

9TO (pOpMabHOE PABEHCTBO MHOTOYJIE-
HOB, T.€. COBIa/IEHE€ MHOTOUJIEHOB KaK

BBIPaKCHUII;
A(z) = B(z) MHOTJIa  MOXKHO — BCTPETHTH — 3alliCh
A(z) = B(z), KoTOpasi anTaercst Kak

mootcdecmeenno pasHo; Mbl TaK IHCATH
He OyjeM

9TO (PYHKIIMOHAJIBHOE PABEHCTBO MHOT'O-
Vee R Ale) = Ble) YJICHOB, T.€. COBIIQJICHHE MHOI'OYJIEHOB
KakK PYHKIUIT

A(e) = B(c) 970 paBeHcTBO JBYX dnces A(c) u B(c)

NHOI'la 9Ta 3alliChb O3Ha4YaeT YpPasHEHUE,

A(z) = B(z) T.€. 317y HAXOXKJIEHUSA UUCeJ ¢, s
kotopbix A(c) = B(c).

CTouT OTMETUTDH, YTO B MEPBOIl M YETBEPTOI CTPOUKAX T — ITO 0DO3HAUEHNE
nepeMennoii. Ilepemennas — e 4ncso, a npocto 6ykBa. Ecyim ObI MBI BMeCTO ¢
BO BTOPOIl M TpeThell cTOUYKaX HAIMCAIN Obl TOYXKE X, TO Y HAC OBLIO Obl YeThIpe
MOUTH OJIMHAKOBBIE 3AINCH, KOTOPbIE 03HAYAIOT aDCOIOTHO pa3Hble BeI!

BoBoa. Ecim oTmmunTh mepByIo CTPOUKY OT YeTBEPTOH MOXKHO TOJBKO <IIO
cyTi» !, TO BOT OTJIMYATH YHCJIO0 OT TIepeMeHHoi MOKHO ¢ ITOMOIIbIo 3ammcu>. [To-
9TOMY $I MHOTJIa TOBOPIO «T — oOO3HadeHue MepeMeHHoil, JaBaiiTe JIsd YnuC/a
BbIOEpEM KaKoe-TO JIpyroes. JacTo caMmblil IPOCTO CIOco0 ceIaTh epeMeHHyIo

YUCJIOM — JJOOABUTDH K Hell MHIEKC:

T — TlepeMeHHas, T — YUCJIO.

Cueyromuit TeKCT MOXKeT 10Ka3aThCsl CAUIIKOM CTPAHHBIM, HO MHE B II€JIOM
HpaBUTCsI ObITH CTPAHHBIM HeCTaHIapTHLHIM. Koria Halo BIOpaTh 0003HAUEHHE,
y MEHs B I'0JIOBE KIBYT KaKHe-TO TaKue IIpejcTaBjeHnst 0 OyKBax:

e a, b c d e, f, g, h — ckopee obo3HaUeHHE JIECTBUTEIbHBIX UNCEJT
® i, j — CKOpee 0DO3HAYEHWS /I UHJIEKCOB CYMMUPOBaHU
e k., {, m, n — cKopee 00O3HAUEHIE HATYPAJIbHBIX UNCET

® 0 — BOOOIIE HE HAJIO UCIOJIb30BATh Kak OyKBY, cuikoM Ha () rmoxoxka

Ly MeHoMTb3ys BMECTO 3HAKA = 3HAK =
2 moburesn DYP — K BaC 970 TOXKE OTHOCUTCS
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® p, ¢, ¥ — WIK 0DO3HAYEHUE IIPOCTHIX YUCE]I, WK 0003HaYEHUE JIeiCTBUTE b
HBIX 4HCeJI

e s, t — win obo3Havenne JIIOOBIX YNCEs, NI 0D0O3HAUEHIE TePEMEHHBIX, KOT/Ia
OHM KOHYWJINCH WM XOUeTCHA €€ BbIJIEINTh

o U, VUV, W — obo3HaYeHne NI KOMIIIEKCHBIX quces1, nJin KOMIIJIEKCHBIX IIepe-

MGHHI)IX3

® I, Y, 2 — TOYHO IIEPEMEHHBIC

3. Cepug 1. Yro 3a0bIBafOT paccka3arh PO MHOTOWIEHBI 3 w4

KommenTtapwmit. Muoroujiensl — tema J1o0oIbITHAA. B Heil MHOrO Teopun, KOTO-
PYIO JTIOOSIT PACCKA3bIBATD MMTKOJIBHIKAM (HadMHAas OT TeopeMbl besy, 3aKaHIHIBAsT
4eM-HUOYJIb THIIA «MHOIOWIEHBI, HANMEHee OTKJIOHAIONIeCs: OT HyJist» ). [Ipu arom
MHOT1a 3a0bIBasl IIOIOBOPUTH IIPO KAKUE-TO COBCEM «PYUHBIE» IIOJIXOIbI.

Omnpeneneane KopHsa. Kopenb MHOro4IeHa — 3TO B IIEPBYI0 OYEPEIb TAKOE
YUCJIO, YTO eC/IU ero mnojcTaBuTh, nojuyuntes 0. (M moavko 60 emopyto — umo
deaumces Ha T — xg.)

ITosoxXuTeabpHOE YMCJIO He PABHO HYJIO. ECu BbI MOKETe JI0Ka3aTh, YTO 3Ha-
deHne MHOIOWJIEHA B KAKOH-TO TOYKE IMOJI0’KUTEJIbHO/OTPUIATEIbHO — TO TeM
caMbIM BbI JIOKAsKETEe, YTO YKA3aHHOE YHC/I0 HE KOPEHb.

YecTHOE pacKphITHE CKOOOK. PaBeHCTBO MHOIOYJIEHOB — 9TO PO COBIAJICHUE
koabdunnentos. NUuorna mago ssoguth P(x) = apa™ + ap_ 12" 1+ ... +ag 1
PACKPBLIBATL CKOOKH.

IToacTaHoBKa KOHKPETHBIX YMCe]I. PaBencTBO MHOIMOYJICHOB — 3TO IIPO COBIIA-
nenne Gpynxnuit. VIHOrIa HAJ0 IIPOCTO HOACTAB/ISATL KAKIE-TO KOHKPETHDIE Y1C/IA.

1. ITycte P — menyneBoit muorouien. MoryT i Bce KOI(PUITUEHTHI MHOTO-
giena P(x) - (x — 1) 6biTb HeOTpHTATETBHDBI! [Ipudymatime dea peuwenus.

2. Koaddunumenramu MHOTOWIEHOB HeUETHOI cTeneHn P u () sIBJISIIOTCS HEIET-
Hele gncia. Jlokaxkure, 9ro y mMHOrowiena P - () ectb XoTsd Obl OJUH YETHBIM
kodddunment. [Ipudymatime dea peuwerus.

3. Haiijmure cBoboublil wien muorowiena P(x) ¢ mebivu Kodhduinentami,
eCJIN M3BECTHO, ITO OH 1m0 Moysio Merbire 1000, n P(19) = P(94) = 1994.

4. Ilycte P(x) — UpOuW3BOJIBHbBII MHOTOWIEH C IEJbIMU KOI(MPUIUECHTAMH,
prIéM 13BecTHO, uTo MuOrouteHsl P(x) u P(P(P(x))) umeior obmmuii neiicTBu-
TeJIbHBII KopeHb. /JloKaKuTe, 4To 9T MHOINOYJIEHBI IMEIOT OOIIUil 11e/Iblil KOPEHb.

3HMcHoIB30BaTh BCE TPH — KOPOTKHII Iy Th IEPEemyTaTh B KAKOH-TO MOMEHT U 1 ¥, HIMEHHO TIOSTOMY Pgr-MEeTO],

a He uvw
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5. Haiijgure Bce muorowienol P(x) ¢ jeflcTBUTe/IbHBIMU KOI(DDUITEHTAME,
VJIOBJIETBOPSIOINTNE YCJIOBUIO

P(2?) — P(z) = P((1 — 2)*) — P(1 — ).

6. [Ipo muorowren P(z) = a,z" + ... 4+ a1z + ag ¢ nesbivMn Kosbdurmentamm
I3BCCTHO, UTO —1 SIBJSIETCS €r0 KOPHEM, a €ro 3HAUCHHE B TOUKe v/2 — Tesoe
qucso. JokaxkuTe, UTO CYIIECTBYeT XOTsl ObI JiBa Pa3INYIHbIX K, JJIsI KOTOPBIX
aucyio P(k) + ay, 1étHoe.

7. Ilyctb n — narypasbHoe uncio. Ha 2n 4+ 1 kapTroukax HammcaHo 110 HEHY-
JIEBOMY IIEJIOMY YHCJIY; CYMMa BCeX 4Huces Tak:Ke HeHyjeBas. Tpedyercss STUMU
KapTOUKaMU 3aMEHUTDh 3BE3/I0YKN B BbIpayKeHNN

o ke L x4

Tak, 9TOObI 1101y YeHHBIII MHOI'OUJIEH He NMeJI IIeJIbIX KopHeil. Obsg3aTe/bHO JI 3TO
MOYKHO CJI€JIaTh?

8. HenyseBnle uncia a, b, ¢ TakoBbI, 4TO JIIOOBIE JBa U3 TPEX ypaBHEHMUI
az'' + bzt +¢c =0, ba' +cx* +a = 0, ca™ + az* + b = 0 nmeror o6mMit
Kopenb. /lokazkure, 4TO Bce TpU ypaBHEHMST UMEIOT OOIUIl KOPEeHb.

9. /lan mHorouiexn
P _ 2n 2n—1
() = agpz™ + agy 1 + ...+ az + ag,

Yy KOTOPOrO KaKJjiblil Kodddurment a; npunaiexut orpesky [100,101]. Tlpu
KaKOM MUHUMAJIBHOM 7y TaKOI'O MHOTOYJIEHa MOYKET HalTHUCh JIefCTBUTETbHbIN
KOpPEHb !

10. Muorounen P(x) ¢ BemecTsenHbIMU Ko3dduImenTaMu umeeT crenedns 107,
a ero crapmmnii koadduruent pasen 1. Halignre HamMeHbITYI0O BO3MOYXKHYIO CTe-
IIeHb MHOI'OYJIEHA

R(z) = P(z"" 4 1) — P(x)!".

4. Cepng 2. Diamond-iemma 8 urons

1. Diamond-iemma. /Ian opueHTHPOBAHHBIN I'pad ¢, BO3MOXKHO, OECKOHEUHBIM
MHO>KECTBOM BEpPIINH. ByjieM Ha3bIBaTh BEPIINHY ¥ TIOTOMKOM BEPIITHHBI U I'pada,
€CJIN CYIIECTBYeT MyTh U3 4 B v. Ecn ecTb pedbpo U3 u B v, TO HA30BEM BEPIITIHY
v pebeHKOM BepInHbl u. VI3BecTHO, 9T0 Bee myTH B rpade KOHEUHbI (B 4aCTHO-
CTH, HET IUKJIOB) U YTO BBIMOJHEHO CJIeIyTOIee YCJIOBHe: s JII0OBIX JIBYX JeTreil
JII000# BepINUHBI Tpada y 3TUX JleTell cylecTByeT odmuii moToMok. lokakute,
qT0 y JII0OOH BepIIUHBI I'pada CyIEeCTBYeT e€JIMHCTBEHHBIH MOTOMOK HCXO/SINEit
crerenu 0.
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(a) [TpeuionoKuM, 9T0 Y HEKOTOPOi Bepuuibl Ay eCTh JiBa IIOTOMKA UCXO/I51-
mieit crenenn 0. JJokazkure, uto y Ay ecth pebEHOK, UMEIONIUH JBYX [OTOMKOB
ncxondiieit cremnenn 0.

(b) Basepiure jokazaresibeTso Diamond-jieMMbi.

2. Ilycts n — matypasbnoe umcio. B andasure mmeercs m OYKB U M CO-
OTBETCTBYIOIIX UM anmubdyxs. V3Ha9aIbHO BBIINCAHO HEKOTOPOE CJIOBO 3TOIO
asipaBuTa. KaxKiyio cekyHj1y U3 CJI0Ba yJIAJIAI0TC CIydaiiHO BBIODAHHDBIC PSIIOM
crosiiie OyKBa U ee aHTUOYKBA (He BaKHO, KTO U3 HUX CJI€BA, & KTO CIPaBa) JI0
TeX TOop, MOKa HE OCTAETCs HECOKPATHUMOE CJIOBO. J[oKarKuTe, YTO HECOKPATUMOE
CJIOBO, KOTOPOE IOJIYIUTCS B Pe3yJibTaTe, He 3aBUCUT OT XOJIa IIPOIECCA.

3. Ha crosie jexxuT Kycok mjiacTuimHa Maccoil n Kr. Ero gensdar Ha JBe 4da-
CTU, KazKjasl 13 KOTOPBIX BECUT IeJI0e JUC/I0 KIUJIOIPaMM. 3aTeM OJIHY U3 dacTeil
ONATH JIeJIAT HaJIBOe W TaK JaJjee, IMoKa He ToJydaT 1 KycKoB Maccoit 1 kr. Ilpn
KazKJIOM JIeJIEHUU OJIHOTO KyCKa Ha JIBE HYaCTU Ha JIOCKY 3allMChIBAETCS ITPOU3BeE-
JIEHIe MacC JIBYX HOBBIX KyCKOB. Kakue 3HaueHUs MOXKET IPUHUMATH CyMMa BCEX
q1cesI, 3alllCaHHBIX Ha JOCKe?

4. JTana qurpamma FOnra. 13 Hee moouepein y1asorcs KjaeTdaTbie JOMUHOIII-
KI TaK, YTOObI B KayKbIil MOMEHT BpEMEHH JIarpaMMa IO-IIPeXKHEMY OCTaBaJIach
KOppeKTHOi. Takue yiajieHns: IIPOJIeJIbIBAIOTCS, 1I0Ka BO3MOXKHO. OCTaBIIYIOCH
JarpaMMmy Has3oBeM Adpom UcxojHoil. /lokaxkure, 4To onpejiesieHne KOppeKTHO,
TO €CTh pe3yJIbTaT MPOIecca He 3aBUCUT OT BBIOOPA JIOMUHOIIEK.

5. lan koneunlii rpad G, B BepIIMHAX KOTOPOI'O PACCTABJICHDLI BEIICCTBEHHDIC
Beca (B BeplHe ¢ HOMEPOM 4 Bec 7). Kazkiyto MUHYTY BbHIOUPAETCs TPOU3BO/Ih-
Had BeplnHa V ¢ oTpunaTebHBIM BecoM 7. Ee Bec 3aMensiercs na —r, a K BecaM
BCex ee coceieit mpubassterca r. IIponece 3aKkanInBaeTcsl, KOTIa Beca BCeX BepIInH
HEOTPUIATEILHDL. VI3BECTHO, 9TO N3 NCXOIHON KOH(MDUIYypAIMU MPOIECC 3aKaHdy-
BaeTcs B JIIOOOM CJlydae.

(a) Tokazkure, 9410 pe3y/IbTaT HE 3aBUCUT OT HOPSJIKA JIEHCTBHIL;

(b) Jlokaxkure, 9T0 KOJUIECTBO MIANOB TAKXKE HE 3aBUCUT OT TOpsijiKa Jefi-
CTBUIA.

6. B psi1 crour 100 kopobok. B camoii jieBoit u3 aux jgexkut 100 cindaex. 3a xo/1
pasperaercst U3 J000i KOPOOKHU MePeIOKUThL OJHY CINYKY B COCEIHIOI CIIPaBa
KOpPOOKY, IIPpU YCJIOBUU, YTO B MCXOJHON KOPOOKE OCTAHETCs He MEHbIIe CINYeK,
JeM B TOM, KyJia MbI CIIMYKY JobaBmin. Kakne KoH(MUrypamun MOIJIN OCTaThCs B
KOHIIE IIpoIecca’

7. Urops Halmica 1 Ha JOCKe YUCIa a1, A2, a3, . . . , A100, IMEHHO B TAKOM IIOPsiJIKE.
Pasz B munyTy Ilamma orcunTbhiBaeT 2k duces ¢ HadaJa psija Ipu HEKOTOPOM IIeJI0M
k u cnejytonue 3a HUIMU 9eThbIpe YUCia a, b, ¢, d MeHseT Ha JiBa Jucia ac + bd n
ad+bc B modom nopsaake. HYepes 49 MuHyT Ha JI0CKe OocTaIuch 2 uncia. Jokaxkure,
9TO 9TU YUCJIa HE 3aBUCAT OT HOPSIKA ACHCTBUIL.
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8. Ha Geckoneunoit B 06e CTOPOHBI 110JI0CE U3 KJIETOK, IIPOHYMEPOBAHHBIX IIe-
JIBIMU 9UCJIAMHU, JIEZKUT HECKOJIbKO KaMHeill (BO3MOYKHO, 10 HECKOJIbKY B OJIHOI
KyeTKe). Pasperaercs BBIIOJIHITE CIEAYIONIIE J1efiCTBUA:

1) CHATDH IO OJHOMY KAMHIO C KJIETOK 1 — 1 U 7, U MOJIOXKUThH OJINH KAMEHDb B
KJleTky n + 1;

2) CHATb JBa KaMHs C KJIETKH 7 ¥ TOJIOXKUTH O OJHOMY KAMHIO B KJIETKH
n+1,n—2.

Jlokazkure, 9TO IIpU JIOOOM 1TOCIEI0BATETHLHOCTH JIeHCTBUN MBI JIOCTUTHEM CH-
Tyally, KOTJ1a yKa3aHHbIe J1eficTBUs O0JIbIe BBIIIOJIHSITD HEJIb3d, U 9Ta KOHEeUHAs
CHUTYaIus He 3aBHCUT OT IOCJICIOBATEJIbHOCTH JIEHCTBUil (& 3aBUCUT TOJBKO OT
HavYaJIbHOW PACKJIAJIKN KaMHEeN 110 KﬂeTKaM).

5. Cepug 3. Paznob6oit «IIpopu mm TH17» 3wt

1. Haitqure KoymmyecTBO crocobOB paccTaBuTh B KjeTkKu jocku 2024 x 2024
dbutkn (B KAyt KJIeTKY MOYKHO CTaBUTH He Oojiee OJHON (PUIIKN) TaK, YTOObI
KoJIngecTBa (pUIIeK B CTPOKax ObLn paBHbI 1, 2, 3, ..., 2024 B HEKOTOPOM IIOPSII-
Ke, 1 KOJIM4IecTBa (PUIIEK B CTOJOIAX TaKyKe B HEKOTOPOM ITOpsiJIKe ObLIN paBHbI
1,2, 3, ..., 2024.

2. Jlng xakKmxX HaTypaJbHBIX 7 BEPHO CJEIYIONIee YTBEPIKJIeHNe: i MPOM3-
BOJILHOTO MHOTOWIeHa P(x) crerneHn n ¢ meabiMi KodGQUineHTaM Haiiry Test
TaKue pasJindHble HATypaJibhble ¢ u b, 1 Koropeix P(a) + P(b) nemurcs na
a-+b?

3. Karsa BwiOpaJjia npocroe unciio p < 2024 um BwIIUCaJia B psijJi BCe UKCIA
1,2,3,...,2024 Tak, yro s JioObIx 6 dmcesn a,b,c, d, e, f, cTOSIMUX TOIPSII
(MMeHHO B TakOM TOpsijike), ducyo ace — bdf menurcst Ha p. Hemy Moxer ObITDH
paBHO p?

4. B tpeyrossuuke ABC uzBectHo, uto ZA > 60° u ZC > 30°. B nosyiioc-
KOCTH OTHOCHTeIbHO TpsiMoit BC', He comepzkalieii Touky A, orMedeHbl TOYKE [
n E takme, 9TO

LABE = /ZCBD =90°u /BAE = ZBCD = 60°.

Toukn F' u H — cepenunbl orpe3koB AE u C'D coorBercrBerHo; G — TOUKA
nepecedennst npsaMbix AC' u DE. Jdokaxure, uro /FGH = ZABC.

5. Ilyctb p — mpocroe uncsio. CKOJIBKO CYNIECTBYET BBIUCTOB X € Z, TaKuX,
910 T U & + 1 00a SABJISIOTCS KBAJIPATUIHBIMI BbIU€TaMU 110 MOJLYJIIO P

6. B cBasnom rpade n BeprmmH. Paccmosnuem MeXKIY JIBYMs BEPITNHAMEI Ha-
3BIBAETCST YUCJI0 pedep B CAMOM KOPOTKOM ITYTH MeXK1y HUMHU. VI3BeCTHO, 9TO eCTh
JIBe BEPIINHBI, PACCTOSIHIE MEXKIY KOTOPBIME He MeHblie d. Kpome Toro, crerneHn
JII000#1 BepInHbl He MeHble k. Hokaxkute, aro 3n > kd.
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7. O6osnaunM a, = 3n +vn?—1, b, = 2 (\/n2 +n+vn?— n) Jokazkure,
YTO CYHIECTBYIOT Takne nejable A n B, 1y1g KOTOphIX /a1 — by ++v/as — by + ...+

+vV ag9 — b49 =A + B\/§

6. Cepus 4. Uarepnonasimus: Teopus 4 uronn

1. (Heroron). Jlokazkure HHIYKIHEH 10 1, 9TO JJIs MOMAPHO PA3TMIHBIX Jeii-
CTBUTEJILHBLIX YUCEJT T(, L1, ..., Lp U JIOOLIX JICHCTBUTEILHBIX YUCET Y, Y1, - - -,
Y, CYLIECTBYIOT MHOIOWIEH f Takoil, 4To it Kaxkjaoro 1 < ¢ < 1 BbLIIOJHEHO
f(x;) = y;. o undykyuu! He Jlaepanorc! Horomon! Undyrxyus!

J1s Bcepoca ckopee BCEro, HUYEro, KpPOMe CYIIECTBOBAHHUA XOTb KaKOI'0-TO
MHOTI'OY/IEHA CTEIIeHH He BbIIIE 1, KOTOPBIIl IPOXOIUT depe3 jJaHHble 1+ 1 Touky?,
He norpebyercst. Halie BCero 9To 4acTh «IIPUMEp» B 3aJa4ax Ha OLEHKY U IPUMeD
— T.e. mouTn Oecriaruple 1-2 GaJia.

2. Ectb 25 dyrbosncToB, y KaxKJI0r0 U3 HUX €CTh PEHTUHT 71, Ty, ..., T95, BCE
pPefTHHIN TTONAPHO pas3/IndHbl. TpeHep xodeT BIOpaTh U3 HUX B KOMaH Ly 11 Jiro-
OuMUNKOB. JIJIs1 9TOro OH IpUIyMbIBAET MHOIOWIeH P, JJIsh KayKI0I'o CIIOPTCMEHA,
BBITHC/ISIET €10 cnopmushuit nomenyuan P(r;) u BeIOUPaeT UTPOKOB ¢ MaKCU-

MaJIbHBIM TIOTCHIINAJIOM. JIOKazKITe, 9TO eMy XBaTHT MHOTOU/IeHa 24-0i1 cTereHn.”

3. Ha miockoctu ormedennr 2020 Todek, nx aOCIUCCHI PA3JIMIHBI, KayKas 13
TOUYEK OKpallleHa Jub0 B KpacHbIil, 1100 B cunuii 1seT. CKaxkeM, 4TO MHOTOUJIEH
P(x) paszdeasem stu Touek, ecau jub0 Bbie rpaduka P(r) HeT KpacHBIX TO-
4JeK, & HIKe — HeT CHHUX, JIT0O Hao0OpOT; Ha caMoM rpaduKe MOIYT JIeXKaTb
TOYKN 000mX IBeToB. JloKa)kure, 4TO BCerjia MOXKHO IOCTPOUTDH PasIe/IsiioNInii

MHorodien ne soie 2018-ii cremnenn.’

O6patuTe BHUMaHUe BO hpasze «XOTh KAKOTO-TO MHOT'OYJIEHA CTEIIeHN He BbIITIe
N, KOTOPBIII IPOXOJUT 4Yepe3 JaHHble N + 1 TOUKy» Ha 4aCTh «XOTh KaKOT'O-TO».
[TocTpouth Takoit MHOTOUWIEH MOXKHO OoJiee deM ojHuM criocoboM. [louemy-To B
OJINMITMA/THBIX KpyTraxX MHOTJIa CUNTAIOT, YTO MHTEPHOJIAINOHHBII MHOTOYIEH —
9TO MMEHHO HHTEPIOJIANMOHHbI MHOro4wIeH B dhopme Jlarpanzka (00 9T0 1yTh
naJsbiie). B HEKOTOPBIX KHIKKAX Tak JIayKe MHUIIYT.

0;. Bemomuute, aro Jobble jiBa MHOTOYJIEHA CTEIEHH HE BBIIIE 7, KOTOPbIE
POXOJIUT Yepe3 JaHubie n + 1 TouKy (¢ pasHbIMU abCIuccamu), paBHbL.

02. Ocosnajite, 4TO MHOIOWIEH CTEHEHU 7 COBIAJAET CO CBOUM MHTEPIIOJIs-
[MOHHBIM MHOTOUeHOM 10 1 + 1 Touke (T.e. mo Toukam Buja (a, P(a))). D1o

4KOJIITIECTBO TOUEK COBIAJAET C KOJMIECTBOM KO3(bQHUIUEHTOB; UTO JOTHIHO, YINTHIBAS KAKHe-TO coobpa-
JKEeHMsl KOJIMIECTBA, CTeleHil ¢cBOoBOIbI/ pa3MepHoCTeil

5Ha TyitmMaa e CIPaIIHBAIA HAMMEHDIIYIO CTEIEHb.

SHa Bcepoce clpammBajm HAMMEHBIIYIO CTeleHb
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,[LaéT HaM BO3MO2>KHOCTHb «BOCCTaHOBUTL» MHOI'OYJIEH, €CJIM Mbl 3Ha€M TOJIBKO €I'0
SHa4YCHU .

4. ,HOK&)KI/ITG, 4TO €CJI1 MHOI'OYJIECH B pallMOHAJIbHBLIX TOYKaX IIPUHUMAECT pa-
IMnOoHaJIbHBbIC 3Ha4Y€HusA, TO U BCE €TI0 KOSCbeI/ILLI/IeHTbI pannOHaJIbHBIE.

5. Ilycte P — MHOTOW/IEH CTEleHu He BbIe n, st Kotoporo P(x;) = y;
npu i € {0,1,...,n}, Q — aApyroii MHOrOUIeH, s KoTOoporo Q(x;) = y; npu
i € {0,1,...,n}. Kak cBssansl MHOrouwensl P u ()7 3amnoHuTe MPOIYCKH B
dbpaze «vmorowren P(x) — TIpH JieJIeHnn MHorotwiena Q(z) Ha MHO-

ro4Jjied ».

urepnonsimonnslit MHOro4IeH B popMe HbloTona mcmosib3yercs pejiko, UTo
JIOTUYHO: OH He TaKoii aBHbII. Ero y100cTBO — 9TO /I «yTOYHEHUST» MHOT'OUJICHA,
T.€. €CJIM CTAJIO Ha OJIHY TOUKY OOJIbIIE, He HAJIO MePeCINTHIBATE BCE TIPEIbIIyIIIee.

6. (Jlarpamx). Ilycts xg, o1, T2, ..., T, — HOMAPHO PA3JINIHbIE JIEHCTBUTE b
HBIE YNCIIA.
(a) [Tpusemure npumep Muorousiena Py(x), crenenu n, jjist kKoroporo Py(zg) = 1,
Po(afz) =0, rme 7 > 0.
(b) BeiBeiuTe 13 myHKTA &) CYIIECTBOBAHIE HHTEPIIOJIAIIMOHHOIO MHOTOWICHA CTe-
[IeHN He BBIIIE .

Y MHTEpPIOJIIIMOHHOI0 MHOro4IeHa B (hopme Jlarpanrka yja00cTBO JIpyroe: 3a-
patee BbrancauB Muorowtenbl Py(x), Pi(x), ..., P,(x) MOXHO JJTsi Pa3inaHbIX
HaOOPOB 3HAYEHHUIT (T.€. Yo, Y1, - - -, Ypn) OBICTPO HAXOIUTH TPEOYEMBIil MHOTOUIEH.

YacTo nHTEepnoIAIMOHHbIE MHOTOWIEHbl UCTIOIL3YIOT, YTOOBI «BOCCTAHABUTHY
caM MHOrO4jieH (cM., Hampumep, 3aaady 4). TyT BosHUKaeT emmé ojHO YI00CTBO
MHTEPIOJIAIIMOHHOI0 MHOTroWwIeHa B popMe Jlarpamxka: on 6osiee SBHDII.

7. Muorounen P(x) cremnenn m mpuHUMET Tejible 3HadeHust B Toukax 0, 1, 2,
..., n. dokaxxure, 4T0
a) n! - P(x) — MHOrO4/JIeH ¢ neibiMu KO3 hUIImeHTaM.
b) muorounen P(x) npuHuMaer 1ejible 3HaYeHUsI BO BCEX IEJIbIX TOUKAaX.

8. [Iycrb x; — nmomapHo pasudnble dncia, f(z) — MHOrOYICH CTEIeH! MEHbIIe
n. Jlokaxkure, 4To JIpoObL

/()

(x —x1)(x —29) ... (T — )
MOYKHO TIPEJICTABUTh B BUJIE

a1 as ap
+ + ...+t —
Tr— I xr — XT9 xr— Ty

riae a; — HEKOTOPbLIEe YHCJIa.

He Bcerjia nHTEpIoIsSIIMOHHbBIN MHOTOUJIEH — NaHales. Hanpumep, Te, KTo Ha
dunase zamaay
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2017.9.6. Ilyctb a, b, ¢ — narypaJsibuble uncia. Bepro i, 9To obs3a-
TEJIbHO CYINECTBYET KBaJIPATHBIN TPEXUJIEH € HEJbIMU KO DUIneHTa-

MI, KOTOPEIil B HEKOTOPBIX IEJIbIX TOUKAX MPUHIMACT 3HadeHUs a’, b3,
37
c’

IBITAJICH PEITUTH Yepe3 MHTEePHOJIAINOHHbI MHOrOUYeH Jlarpam:ka, eé ckopee He
pemajn. Beé Taku cymecTBYIOT U IPYTHUe CIOCOOBI PA0OTHI ¢ MHOI'OYJICHAMU.

9. Muorounen P(z) crenenu n rakos, uro P(k) = £ ausa seex k or 0 10 n.

Haiimure P(2n). Hanpasaenue mowcau: (k+ 1)P(k) =1 das eécex k om 0 do n.

03. 3ajiymaiiTech U ONMUTE, ITO €CJIU MbI OyJieM BCE TO YKe CaMoe TPOJIeIbI-
BaTh B MHOJKECTBE OCTATKOB IpH Jjlesiennn Ha p (obosnauenue: Z/pZ wm F,7), To B
IEJIOM BCE PAacCyzKJIeHus 1 1po Muorowien Hporona u npo muorowien Jlarpamxa
LPOXOJISIT.

10. ILyctb p — mpocToe uuciio.
(a) Hokaxkure, uro smodast bynkius f: F, — [F, 3amaércs HEKOTOPHIM MHOIO-
YJIEHOM CTelleHU He Bbiie p — 1.
(b) Ckosbko cymiecrsyer dyuknuit f: F, — F,? Muorowrenos cremenn ne Bbirie
p — 17 Cuenaiite Kakoil-To BbIBOJ. JloKakuTe TOT »Ke BBIBOJ HMCXO/d U3 OoJiee
KJIACCUIECKIX METOJIOB [IJIsT MHOTOYJIEHOB.

7. Cepng 5. /IBoiiabie oTHOmMEHNS —1 4 urons

Onpenenenue. /[6otinvim omnowenuem dersepku Touek A, B, C', D, nexamux
AC BC

=D BD' 311ech 10/1

Ha OJIHOIT TpsiMoit, HasbiBaeTcs orHorerne (A, B, C, D) =

XY MBI MOHIMaeM BEKTOp C HadaJioM B X 1 KOHIIOM B Y.
Onpenenenwne. /[6otinvim ommoweruemM yIOPsiIOYEHHON YeTBEPKU HPSIMbIX a,
b, ¢, d, Ha3bIBaETCS BEJIMUNHA,

. 4 - . Z - 3
(a,b,c,d) = P (C_L’f) 2 (C_L’il),
sin Z(b,c) sin Z(b,d)

rie a, b, ¢, d — Npon3BOJIbHBIE BEKTOPHI, HAIIPABJIEHHBIE BJIOJIb IPSIMBIX @, b, ¢, d.
Jamevanue. JTa BeJIUUNHA HE 3aBUCUT OT BBIOOpa HAIIpPaBJEHUIl BEKTOPOB
a,b,c,d.
Onpenenenne. Yersepka Touek (IPSMBIX) HA3BIBACTCH 2aPMOHUYECKOT, €CIin
UX JIBOifHOE OTHOIIEeHNe paBHO —1.

1. IIpsvbie /4 u {5 epecekaiorcss B Touke A. Ha mpsimoit /1 orMedeHb TOYKI
By, C1, Dy, a ma upstmoii £9 — Touku By, Cy, Dy. Jlokaxkurte, 1aTo npsimbie BiBs,

"HHOTA MHITYT MPOCTO Zy, HO TyT MOYKET BOSHHKHYTH ITyTaHUIIA, TIOTOMY UTO TaK emé 0O03HAJAIOT ITIeble

p-aanuvdeCKue Iucjia, 9To OBI 9TO HU 3HAYMIIO
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C1Cy, D1 Dy wonxypermmv, (TO €CTh MEPECEKAIOTCSI B OJIHON TOUYKE WM Tapali-
JIeJTbHBL) TOTJIa 1 TOJIbKO Torja, Korya (A, By, C1, D1) = (A, By, Cy, D>).
2. (a) Ilycrs A, B,C, D — paziuunbte Touku, u (A, B,C, D) = (B, A,C, D).
Hokazxure, aro Torga (A, B,C, D) = —1.
(b) Hokaxkure, uro eciu (A, B,C, D) =1, to mubo A = B, mbo C = D.
(c) Hokaxure, uro (A, B,C, D)+ (A,C,B,D) = 1.
3. Jlokazkure, 4TO CJICAYIONINE YeTBEPKU MAPMOHUYCCKHE.
(a) (A, B, M, Py), rie M — cepequna AB, a Py, — 6eCKOHETHO yiaJleHHAST
TouKa Haupasjenus AB.
(b) (A,B,K,L), rne K u L —ocHoBaHusi BHyTpEHHeN 1 BHeIIHel OrcceK-
Tpuc Tpeyrojabiunka ABC.

(c) (A, B, X,Y), rie X u Y 1eHTPbI HellepeceKarouxcsi OKPYKHOCTeil pas-
HOro pajmyca, A u B — Touku nepecedenus OOIIUX BHEMIHUX U BHYTPEHHUX
KacaTebHbIX.
3amevarue. DTU TapMOHIMIECKNIE UEeTBEPKHU SIBJISIIOTCS CAMBIMI PaCIpOCTpa-
HEHHBIMU U MOTYT IIOMOYb B CJICAYIONINX 3aa9ax.

4. (a) Yerbipe npsimble, Mpoxo/isiine yepe3 Touky O, mepecekaioT npsamyio £ B
roukax A, B,C' u D. ZAOC = 90°, a (A,C, B, D) = —1. Jlokaxure, aro OC —
ouccexkTpuca yria BOD.

(b) B octpoyrosibroM Tpeyrosibauke ABC mposejena Boicota AH 4 1 oTMme-
Jenbl 1MenTpol [, [4 BImcannoit m BHEBIUCAHHON OKpy»KHOCTel. /lokakute, 910
upsmbie HaI, Hal4 cuvMeTpudHbl OTHOCHTEIBHO Tipsimoit BC'.

5. Teopema o mosiHOM 4eTbIpéxcTopoHHUKE. [Iponomkenns: cropon AB u C'D
gerbipexyrosibHuka A BC' D nepecekatorcst B Touke F| npogokenuss BC' u AD —
B Touke F', mpsambie AC' u BD nepecekaior EFF' B Toukax M n N. Jlokakure,
aro (E, F, M, N) = —1. Ilpudymaiime dea peweruas.

Kommernmaputi. Ha camom fesie Ha KapTUHKE MOXKHO YBUJIETh FOpas 10 00IbIIe
rapMOHMYECKUX YETBEPOK.

6. (a) TTocTpoiiTe ¢ TTOMOIIBIO OJIHON JIMHEHKH K TPEM JAHHBIM MPSIMbBIM, [TPO-
XOAAIINM Yepe3 OJHY TOUYKY, YeTBEPTYIO TaK, YTOOLI 3TH IPsiMble 00PA30BLIBAJIN
rapMOHUYECKYIO0 YETBEPKY.

(b) ITocTpoiiTe ¢ MOMOIIBIO OJHOM JIMHEHKN YeTBEPTYIO FAPMOHUIECKYIO K
TpeM JaHHLIM TOYKaM, JIeXKAIUM Ha OJHON IIPAMOIA.

7. IlpomomKenns: MpOTUBOIOJIOKHBIX CTOPOH BBIIYKJIOIO YeTHIPEXYTOJIbHIKA,
ABCD mnepecekatorcsa B Toukax P u (). Uepes Touky O 1epecedeHust ero jima-
rouaJieii IpoBOJINTC IpsiMasi, Hapajuieabias P(Q). JlokaxkuTe, 970 0TPE30K 3TOii
PSIMOI, 3aKJIFOYEHHBIN BHYTPU Y€THIPEXYIOJIbLHIKA, JIeINTCsS TOYKO O TOmoIaM.

8. (a) Hdau yron AOB u touka P, nexamasi Bae yria. Yepes P npoBojsTcs
napbl ceKynmx, nepecexarorne jiyaun OA u OB coorBeTcTBeHHO B TOUKax A1, By
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Ay, By. JlokaxkuTte, 4TO BCe BO3MOXKHbBIE TOUKH TiepecedeHust mpsiMbix Aj By jiexkar
Ha (PUKCUPOBAHHOMN IIPSIMOIA.

(b) Hdau yros ¢ Beprmsoit O u BHyTpu Hero Touka A. Paccmorpum rakue
rouku M, N Ha pa3HbIX cTOpoHAX JaHHOrO yria, 91o yribl M AO u OAN paBHBL.
Hokazkure, aro Bee mpsimble M N TIPOXOJAT depe3 OJfHy TOUKY (W/IH HapaJiieib-
HBI).

9. Bayrpennsis n BHeIIHsIsT OMCCEKTPHUCHI yriia A HepaBHOOEIPEHHOTO Tpe-
yrosibauka ABC nepecekaior npsimyio BC' B Toukax K un L COOTBETCTBEHHO.

Touka M — cepemuna cropounl AB. Ilpsmas KM nepecekaer npsamyio AC B
touke N. lokaxkure, utro NL = NA.

10. B ocrpoyroiasnom tpeyronbanke ABC Boicorer AD, BE u C'F nepeceka-
torcst B Touke H. P u () — npoeknun touek A u H na FF' coorBercrBerno. [IycTn
R — rouka nepeceveruss DP u QH. Haiijure HQ/HR.

11. Ilycts B Tpeyrosbauke ABC' BrnucanHasi OKPYzKHOCTb KacaeTcsi CTOPOH
BC,CAu AB Broukax D, E'u F' coorBercrBenno. [lycts X Takas Touka BHyTpH
tpeyroibanKa ABC, 910 BIncaHHas OKPyKHOCTH TpeyrosbHuka X BC' kacaercs

XB, XCuBC8BZ,Y uD coorBercrBerno. [lokazkure, uro K FZY BlInucanHbiii.

8. Cepnus 6. Koacmekr mo anaamsy 4 urons

Yro Takoe jAeiicTBUTEILHOE YHCJIO
Yo MBI XOTHM OT JIefiCTBUTEILHOTO YMCJIA.

® CBOIICTBa MO.AA, T.€. BOSMOYKHOCTb ITPOBOJIUTH IPUBBIYHBIE apu(dMEeTHICCKIE
olepaluu ¢ YuCJIaMu;

e OTHOIIEHNE TOPsIJIKa («MEHbBIIE I PABHOY );

® KAKOe-TO yTBEPXKJEHUE, KOTOPOe O3HAUAJIO Obl «OTCTYTCHBE JIBIPOK» Ha UHC-
JIOBOIT TIPSIMOT ((aKcuoma noaHomaot);

ITpumep. MuokecTBO paruoHaJ bHbIX dnces1 Q mogaxouT 1o/l nepBble JgBa Ha-
Oopa CBOICTB BBIIIE, HO B HEM «eCTh JIBIpKI». Hanpumep, Merk1y MHOYKeCTBaMI
L={reQ:22<2}uU={re€Q: 2> > 2} ectb «JIbIpKa», T.e. HET PaIUO-
HAJIBHOT'O YHCJIa, KOTOPOE TOMAJI0 Obl MEYK/Iy STUMU JIByMsI MHOXKECTBAMMU.

Onpenenenne. Beprhet epanvio MHO)KecTBa A C R HazbIBaeTcs Takoe 9mCII0
M, aro Va € A Boemonneno a < M. Tounoti eeprreti 2panvio WIN CYNPEMYMOM
MHOYKecTBa A HasbIBaeTCs HamMEHbIIasg U3 ero BepxHux rpaxeii. Obo3HaveHUeE.
sup A.

AHATIOTHYHO OTPEJIEIISTIOTCST HUNCHAA 2PAHD, MOYHAA HUNCHAL 2panb (UuHgu-
mym, inf A).
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AkcmoMa MOJIHOTBI, HAIT BHIOOP: MPHWHIIMII cympeMyMa. Bcesikoe orpaHndeHHoe
CBEPXY MHOYKECTBO UMEET CYIPEMYM.

BriBejiem u3 npuHInia cylpeMyMa Jpyroro KaHujara Ha poJib aKCHOMbI 110JI-
HOTBI.

JlemMa o BiIoXKeHHBIX oTpe3kax. Ilycts [ay, b1] D [ag, by] D ... — Geckonetunas
I0CJIe/I0BATEILHOCTD BJIOYKEHHBIX OTPE3KOB. Tora cyIecrByer 9uc/io ¢, IpuHa/l-
JexKaree BeceM orpeskam, T.e. Vi € N BbinosHeno ¢ € [a;, by

HokazareascrBo. [lycts A = {ai,as,...} — MHOXKeCTBO Bcex JIeBBIX KOH-
OB JIAHHBIX OTPE3KOB. 3aMETHUM, UTO JjId KayKJI0r0 HATYPAJbHOTO % BBIITOJTHEHO
a; < b; < by, T.e. MmHOXKeCTBO A orpanndeno csepxy uucsaom by. Torma y Hero cy-
IIECTBYET TOUYHAsl BEPXHsisi 'paHb Sup A, Ha30BEM €€ ¢ U JIOKayKeM, ITO 9TO YNUCJIO0
IOJTXO/THT.

[To ompenenennto cynpemyma, Jjis KaxKJ0ro ¢ BBIIOJHEHO @; < C, T.e. HAM
JIOCTATOYHO IIPOBEPUTH, UTO JIJIA KaxKJI0ro ¢ BbIoJiHeHO ¢ < b;. [Ipemmooxknm,
YTO 9TO HE Tak, T.e. Haiijércs k Takoe, uro b < c. Jlokaxkem, uTto Torma by —
TaK>Ke BEePXHsIsI TpaHb A, 9TO U NPUBEJET K MpoTHBOpednio. JleficTBure/bHO, 115t
KaxKJ0ro ¢ < k umeeM a; < ap < by; 1j1s1 Kaxkjaoro ¢ > k umeem a; < b; < by.

IToyemy Takume 4mciia CymecTBYIOT
Mogenb neficTBUTEILHBIX YNCeI, HAll BBIOOP: O€CKOHEYHbIE JIECATUIHBIE JIPO-
om. HazoBéM MHOXKECTBOM JIEHCTBUTE/ILHBIX YUCET MHOXKECTBO OECKOHEUHBIX JIe-
CATUIHBIX JIPO0eii:

ap, 410203 . . ., ay € 7, a¢6{0,1,2,3...,9},z’€N.

HpI/I 9TOM MBI CHIUTaeM, 9TO

ag,aj ...ar99... =ag,a1...ar1(ap+1)00..., ar #9uwmk=0. (%)

Mpgr mestaem Takoii BBIOOp M3-3a HPUBLIYHOCTH Takoii Mojesn. ObpaTnure BHU-
MaHhe, 9TO HAM HAJI0 OIPEJIeJUTh ellé Olepaliil CJIOKEeHUs U yMHOXKeHUsl (1
UMEHHO CJIOYKHOCTH 9TOI'O OIIpeJle/IeHds] — HEeKOTOopas IaTa 3a BHEIIHIOI IIPO-
CTOTY MOJIEJIN ).

Onpenenenue. [lycte A = g, aias... u B = by, biby... — nBa jeiicTBu-
TeJbHBIX dncia. Bcanm a; = b; aasa xkaxkporo 7, to A = B. Unaue, nycts k —
HAUMEHBIIII NHEKC TaKoi, 910 ap # by. Ecim ap < by, To MbI OyJieM rOBOPUTb,
yro A < B.

Yr1BepxkaeHne. BpenéHHoe OTHOIIEHHE IOPsi/IKa YIOBIETBOPSET BCEM CBOIi-
CTBaM OTHOIIEHUS TOPsIKa (T.e. pedIeKCHBHO, AHTHCHMMETPIYHO U TPAH3UTUB-
HO).

YupaxHuenne (meobsi3aresnpnoe). [Iposepbre 910.

Teopema. BeckonedHble JlecsITUIHBIE JPOOU ¢ BBEJIEHHBIM OTHOIIEHIEM TOPS -
Ka YJIOBJIETBOPAIOT HPUHIIAILY CyIIpEMYyMa.
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HokazarenbctBo. [Iycth A — HekoTOpOe orpaHuyveHHOe CBEPXY MHOYKECTBO,
M =Ty, ... — Kakag-TO ero BepxXHsisi I'paHb (OrpaHUIeHOCTb MHOXKECTBA, CBEPXY
— cuHOHUM €€ cymiecTBoBanusA). [lycth Ay — MHOXKECTBO BCEX TEJbIX dacTeil
A (re. {ap: 3x € A: x = ag,...}). Torma m0boit ss1eMenT B Ay HE MPEBOCXOAT
mo+1 (1.x. M — BepxHsist rpatb). 3HAYUT, B A( cylecTByer HanboIbIIHIl 9/1eMeHT
(HamoMHUM, 9TO B Ag JiezKaT TOJIBKO 1esible dncia). [lyers on paBen s.

Hautee, nocsieioBaTe/ibHO cTpouM MHOXKecTBa Ay cierytomum obpazom. [Tycrs
Ap — MHOXKECTBO BCeX 3JIEeMEHTOB U3 A, Havaj 0 JeCATUIHON 3aIlluch KOTOPBIX

COBITQJIAET C Sg, S1...Sk_1. 110 MOCTpoeHNIO Takoe MHOXKECTBO HemycTo. I3 Bcex
k-x mucp mocie 3arsaToit B ancaax n3 Ay BiOepeM HanOOJIBIIYI0, €€ 0003HAUNM Sj.

[Tostyuennoe uuciio Sy, 5152 - .. U OyJeT cynpemyMom A.

Yupaxuenne. /[okaxkute 370.

YrBepxkenue (0e3 mokasarenbcTBa). Ha mMHOMXKeCTBe OECKOHETHBIX JECSTIY-
HBIX JIpOOeii MOXKHO BBECTHU OIEPAITMHN CJIOXKEHUS U YMHOYKEHUST TakK, 9TOObI I1OJIy-
GUBITIEECST MHOYKECTBO OBLIO TT0JIeM (T.€. O CJI0YKEHII0 — KOMMYTATHBHO, aCCHOTIN-
aTUBHO, €CThb (), €CTh IPOTUBOTIOJIOZKHBIIN 9JIEMEHT; 10 YMHOXKEHUIO — KOMMYTaTHB-
HO, aCCUOIIMATUBHO, €CTh 1, ecTh 0OpaTHBIN JIEMEHT; YMHOXKEHIe JUCTUOYTUBHO
OTHOCHTETHHO CJIOZKEHMS ).

IIpenen

— HEKOTOpasl I10CJICJOBATEJILHOCTD ,ZLefICTBHTeHb—

(0.¢]
n:l?

o0

Onpeznenenne. [lycts (a,,)>

HBIX dncet. ducao A Ha3bIBAETCs npedesom TOCIeI0BATEIbHOCTH (ay,) ecm

Ve > 0 dN.: Vn > N, Bomosneno |a, — A| < ¢.

Ob6o3nauenne. lim a, = A win «a, — A upu n — oco».
n—oo

Onpexnenenue. Eciin y 1ocsie1oBaTe/IbHOCTH €CTH MIPEJIET OHA HABBIBACTCS CL0-
dawetic.

Jpyrumu croBamu. OtmernM Ha qrcsioBoii npsamoii Touky A. Torga |[r—A| < ¢
O3HAYaeT, YTO PACCTOsIHUE OT TOYKHM X Ha YUCJI0BOI MpsMoil Menblie €. MHoxe-
CTBO BCEX TAKHUX TOUEK HA3BIBACTCS E€-OKPECTHOCTBIO TOUKM A.

To ecTnb B onpe/ieIeHnn Ipe/iesa HaAIICAHO, YTO KaKoe Obl [MaseHbKoe| £ HaM HiT
JIAJIH, MBI CMOZKEM IPEIbsSIBATH TaKoe [1ocTaToqHo 60Jbinoe| N, ITO BCE TWICHBI
IOCJIeIOBATEILHOCTH, HadnHast ¢ N, JieKaT B e-0KpecTHOCTH TOUkH A (T.e. K Hel
JIOCTATOTHO OJIM3KN).

Terepb MBI MOYKEM JIOKA3aTh €II¢ OJIHO BasKHOE yTBEpXKJieHue (KOTOpoe ToXKe
MOKHO BBIODATh B KaueCcTBe OJHON U3 aKCUOM IOJIHOCTHI).

Teopema (o0 MoHOTOHHOIT OrpaHWYIEHHOI TT0CIeA0BaTebHOCTH; Beitepmrpacc).
Besikast orpanndenHas MOHOTOHHASI TTOCJIEI0BATETLHOCTD UMeeT TIPe/Ie.

HokazaTenbcrBo. Byjiem jjoKa3bBaTh JIJIi MOHOTOHHO BO3PACTAIOIIEH T10CI€10-
BaTesbHOCTH (a,)0% . [Tycrs A = sup{a, }. dokaxewm, aro lim a,, = A npocro mo
onpejesiennio. Ham Boltanm kakoii-to € > 0.
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ITocmorpum Ha gmcyio A —e. Tak kak A — To4uHast BepxXHssd rpaHb, T0 A —e —
HE BepXHsisd TpaHb. SHAYUT, CYIIECTBYET 9JIEMEHT OC/IeI0OBATEILHOCTH @ OOJIbIIe
A — . Bosbmém B kauectBe N, qmcio N. [xs moboro n > N torma

A—e<ay <a, <A,

OTKY/Ia JIETKO BUJETh, 9TO |a, — A| < €.

e.¢]

o21 — HeKoTopad IocJIe-

YrBepx/enue (eUHCTBEHHOCTH npeaena). [lycrs (ay,)
JOBATEJIHHOCTD JICHCTBUTE/IbHBIX dnces, A # B — nBa paznndubix dnciaa. Tora
(@n)C HE MOXKET CTPEMUTLCA OjfHOBpeMenHo n K A, n K B.

JoxkazaTenbcTBo. [Ipenooxum nporusHoe. BosbMméM € = @. [TockosbKy
a, crpeMuTcs K A, 1715 Beex n, 60X nekotoporo N2, pimosmeno |a, —A| < e.
Anajiornuno st Beex n, 6osibiux nekoroporo N2 mosneno |a, — B| < €.

Torna, st Becex n, OOJIBIINX maX{NEA, NP}, Bblnomens! 0jHOBpeMeHHO Hepa-

BeHcTBa |a, — A| < e u |a, — B| < . Ho Tax ne 6biBaer:
2
\A—B\<|A—an|—i—|an—B\<25:§\A—B\.

CoBet. HapucyiiTe npousole/iee Ha YUCI0BOI MPSIMOIL.

YupaxHenne (OrpaHUYEHHOCTh CXOJINElics mocaeaoBaTeabHocTH). JloKaKn-
Te, YTO €CJIN TOCTIE0BATETHLHOCTD (Gy,)0° 1 CXOANTCS, TO OHA OrPAHUYEHA.

Yupaxnenue (apudmerndeckue cBoiictsa npegeios). [lycrs (a,)0 u (by,)00 4
— nBe cxopsimuecst K A m B coorBeTcTBeHHO moceoBaTesbHoctn. Torma

(0.¢]

>0, exomutest K A + B; npyrumu cioBaMu

1. mocseoBaTeIbHOCTD (Gy + by,)
lim (a, + b,) = lim a, + lim b,.
n—oo n—oo n—oo

2. TOCIEZI0BATEBLHOCTD (ay,by,)0 | cxopuTest K AB; qpyrumu cioBaMu

n—o0 n—o0 n—oo

3. myctb B # 0, a takxke b, # 0 npu n > m. Torma mocienoBarebHOCTh
(an/by)22,, cxonutest K A/B; qpyrumu cjoBaMu
an hmn—mo Qn

n—00 by, lim,, o0 by, '

Panpr
Oupenenenne. (DQopmanvrviil, beckoneunviil) pad 9T0 BbIpaKeHne BUJa

oo
a;+as+ ... :Zan.
n=1
Ompenenenne. Ilycts >~ a, — (dopmasbhblil, Geckoneunsiit) psag. Onpe-
JgeanM K-10 9acTHYHYI0 CyMMY Kak Sy = 2521 a,. Ecim mociie1oBaTesbHOCTE
(Sk)%_, cxomures K S pu K — 00, TO TOBOPAT, UTO PAD Y, 1 Gy CTOOUMCA K

S.
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9. Cepug 6. CaMooIpOCHUK II0 IpejiesiaM 4 urons

1. Ilycrs @, — cxoasiasics mocjiesoBarebHOCTh. Toraa x,, — orpaHuveHHast
110CJIeI0BATEIbHOCTD.

2. [lycrs &, — cxojsiasics moceoBaTe/1bHoCTh U lim x,, = A. Ilycrs naunnas
¢ HEKOTOpOro MoMenTa x, > B. Torma A > B.

3. [lyctb x, — cxopsmasicst mocjaeaoBaresbHocTh u limx, = A # 0. Torma
HavYMHas ¢ HeKOToporo MomenTa Az, > 0 (T.e. A u x,, 0JHOrO 3HAKA).

4. Ilyctb x,,, Y, — CXOJSIINECs TTocaeoBaTe/bHOCTD 1 lim x,, = A, limy, = B.
[TycTh HaunMHAsT ¢ HEKOTOPOTO MOMEHTa Ty, = U,. lorma A > B.

5. IlycTb x,, — cxojsImasicst mOCIe[0BaTeIbHOCTD, Y — €€ ITOIIOCIe0BATE /b
Hocth u lim x,, = A. Torma moc/ie10BaTeIbHOCTD Y, cXoquTes u lim vy, = A.

6. [Iyctp 2, — A, y, — A. Oupegenum 2o = T, 2ok_1 = Y. Jokaxxure, 4T0
z, — A. O0beauHeHne IBYX II0CJI€I0BATEILHOCTEN ¢ OMHUM IIPeIeIoM UMeeT TOT
JKe TIpeJies

7. Bepno 111, 9T0 y 110C/I€10BATEILHOCTH, KOTOpasl IPUHUMAET KOHEUHOE TICJI0
Pa3/IMIHbIX 3HaUYEHUil, 00s13aTe/IbHO €CTh IIpee’?

8. B cxongmeiics mocsie10BaTe IbHOCTU JINIIb KOHEUHOE YICJI0 1JIEHOB II0JI0KH-
TeJIbHBI, BEPHO JIM YTO y Hee OTpUIlaTeIbHbIN Ipeiesi?!

9. IlocemoBare/bHOCTL cxonuTed. JlokarkuTe, 4TO U3 Hee MOYKHO BBIJIEIUTH
MOHOTOHHYIO ITOJII0CJIE/I0BATE/IbHOCTD.

10. Haitgure cymmy psjia 1—12 + % + ...+ ﬁ + ...

11. Bepno Jin, 9T0 ec/in MOCTeI0BATENLHOCTU Ty U Y, HE UMEIOT TIpejiesia, TO 1
Ty + Y, HEe uMeet rpejesa’

12. Bepno Jin, 9T0 ec/in MOCTeI0BATENLHOCTU Ty U Y, HE UMEIOT TIpejiesia, TO
Ty - Yp HE UMeeT mpejesia’

13. IlocienoBaresbHOCTD X, OeCKOHEUHO MaJjias. A MOC/Ie0BATEILHOCTD Yy,
npou3BoJibHa. Kakoit MoxKeT ObITh IIPejest y MOCaeI0BaTeIbHOCTH XYy, ?

14. JTokaxkuTe, 9TO MOHOTOHHAS TOC/IE€/I0BATEIHLHOCTD CXOIUTCA TOTJIA U TOJIb-
KO TOTJI&, KOIJ[a KaKasg-HIOY/Ib ee MOAIOCTe0BATETbHOCTD CXOIUTCS.

15. /lokazkuTe, 9TO CXONAIIAACS MOCJIEI0BATETLHOCTD JOCTUTAET JINOO CBOEit
BepxHeit, b0 cBoeil HIKHell TpaHu.

10. Cepnsg 6. 3agaun 0 aHAIM3Y 4 uronn

1. IocenoBarenbrocti (ay)o oy u (by,)0, cxomsares. JlokaxKknre, 910

lim max{a,,b,} = max{ lim a,, lim bn}
n—oo n—oo n—oo
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2. Ilycts X m Y ;Ba orpaHmveHHbIX CBEPXY YHUCJIOBBIX MHOXKECTBa. byjem
HA3bIBATh UX CYMMOI Z MHOKECTBO COCTOSIIIEE U3 BCEBO3BMOXKHBIX CYMM X —+ 1/,
rie x € X,y € Y. Jlokaxxure, 9to sup Z = sup X + sup Y. Bepno ju, 9to
supX - Y =sup X -supY?

3. [loceioBaTe/IbHOCTD X, TaKOBa, YTO B HEll BCTPEUYAIOTCS BCE JIpOOK BHUIA %
POBHO 110 OJ{HOMY pasy. BepHo Jin, 910 y 9T0il 1nocjemoBaTe/IbHOCTH 00si3aTeIbHO
eCTb Ipejiest?

4. Yemy MoxKeT ObITH paBeH Ipejie]l 9acTHOTO JIBYX OECKOHEUHO MaJIbIX IIOC/Ie-
JI0BATEJILHOCTEH !

5. okaxkure, 4ro limy, . /n = 1.

6. Ilycts a1 = as > a3 > ... — HeBO3pacTalonag MOCaeI0BATETHLHOCTH HEOT-
PHUIATEIbHBIX YHCe, CTpeMslasics K Hymo. Jokaxure, aro psag Y o (—1)"a,
CXOJTUTCSI.

7. TocienoBaTesibHOCTD (ay,)0% | TAKOBA, UTO DL Y o | Gy CXOJIUTCS, & Psij
> o 1 |an| — ver. Jokazkure, 4To CyIiecTByeT Takasl MepPeCcTaHOBKA 0 HATYDAJIb-
HBIX YHCEJI, YTO CyMMa Psijia 220:1 Ug(n) PaBHa 2024,

11. Cepusa 7. YnucioBbie Beca 5 U104

Yrpaxaenne. B KjieTkn JJocKu n X n paccrapjeHbl dpuiiku. M3BecTHo, 4T0 BO
BCEX CTOYKAX U CTOJIOIAX KPOMe OJHOIO CTOSIT POBHO k duek. Jokazkure, 910
BO BCEX CTPOKaX M CTOJIOIAX POBHO Kk (PpUITIEK.

3ameuanme. Ha camom Jiesie Ipu perieHnn Mbl BCEM JIaJIbsIM MTPUCBOWIN Beca
1, u mocuuTaan cymMMy BecoB JByMsi criocobamu. Ho He Bcerjga oObekTam HaJIo
IPUCBANBATh paBHbIEe Beca. MoxKeT 0Ka3aTbCsl, ITO «BKJIa/» Pa3HBIX JIEMEHTOB
B IIPOIECC Pa3HbIl.

YrpaxaeHne. B HEKOTOPBIX KJIeTKaxX IPSMOYTOJIbHON TaO/IMIbl HAPUCOBAHDI
3Be3109KHU. VI3BeCcTHO, 9TO 11 JIF00O0it OTMEUYeHHOI KJIeTKN KOJIMYECTBO 3BE3/109eK
B eé cTojIbIe COBIaJIaeT ¢ KOJMUIECTBOM 3Be3/104eK B eé cTpoke. Jlokaxkure, 910
YUCJIO CTPOK B TabJinIle, B KOTOPBIX €CTh XOTh OJIHA 3BE3JI0UKA, PABHO YHCJIY
CTOJIOIOB TaOJIMIIbI, B KOTOPBIX €CTh XOTh OJIHA 3BE3/I0UKA.

Yupaxuaeane. HeTBepTh IJI0CKOCTH C MOJOKUTEIbHBIMI KOOPIMHATAMUI Pa30y-
Jm Ha Kjaetkn 1 X 1. B HeKOTOpBIX KJIeTKaX IOJIyYUBIIeiics JTOCKH JiexKaT (DUITKH.
Pasperaercst yoparh GUIIKY ¢ KJIETKH, IMEOIeit KOOpAUHATHI (7, j) U ITOCTABUThH
o durike B kKiaetkn (i + 1,7) u (4,5 + 1), mpu 9TOM 3ampernaercs CTaBuTh bojee
ojiHoi buimky B KJAeTKY. V3Hada/ibHO B TPEX JIEBBIX HIDKHUX KJIETKaX, o0pasy-
IONIUX YTOJIOK, CTOUT 10 ulike. JlokaxKuTe, 4TO TAKUMHU ONEPAIUAMEI HEJIb3s
JI0OUTHCSI TOTO, YTOOBI OHM CTaJIU IIyCTHIMU.

1. B kyacce y kaxjioro ydenuka He oosiee 20 Bparon. YUuTes b MOJAe NI KJIaCC
Ha JiBe Tpynibl. [IIKOJIBHIKE XOTAT, 9TO0BI Y KaXK/I0I0 YISHUKA U3 TIEPBOii I'PYIIIILI
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ObLIO He DoJiee 5 BparoB BHYTPHU I'PYIIIBI, & Y KaXKJI0T0 YIeHIKa U3 BTOPOIl IPYIIIILI
— He 6oJ1ee 15 Bparos BHYTpH rpymibl. KaxKkiplii JIeHb 0JTHOTO 13 NTKOJbHUKOB, Ha-
PYHIAIONIUX 3TO MPABUJIO, KOJVICKTUBHBIM PEIICHUEM IIEPEBOJAT B JIPYTYIO IPYIIILY.
JloKaxKuTe, 9TO 3TOT MPOIECC KOIJIA-TO 3aBEPIITUTCS.

2. B psin crogaTr n Kopobok. B HUX cyMMapHO JIEXKUT N IMIAPUKOB. 3a OJNH XO/I
MOKHO BBIOpPaTh KOPOOKY U IEPEIOKUTH U3 Hee B KarKIYI0 COCEIHIOI KOPOOKY
110 OJHOMY IapuKy. Jokazkure, 4T0, Kakue ObI ollepalni HU JIe/1aIuCh, PAHO WJIN
II03/IHO XOTsI ObI OJMH IAPUK OKayKeTCsl B KpaiiHeil ciipaBa KOPOOKe.

3. B npsimoyrosibHO#t Tabstuiie m cTpoK u n cTosidnos (m < n). B HekoTopbIx
KJIETKAX TaOJIUILI CTOSIT 3BE3J/I0UKM, TaK UYTO B KayKJIOM CTOJIOIE CTOUT XOTSI ObI
oJiHa 3BE3/10UKa. JloKazKuTe, 9TO CyIIeCTBYeT XOTs Obl OJ[HA TaKasl 3Be309Ka, ITO
B OJIHOIT CTPOKE C HEIO HAXOAUTCs OOJIbIIE 3BE3/I0UEK, YeM ¢ HEIO B OJTHOM CTOJIOIIE.

4. Heckosibko KamHeit Ob1n pasyiozkenbl B N KydeK. 3aTeM KaMHU Pa3JI0AKIIIN
no-jipyromy, B n < N kydek. /lokaxkure, 9T0 KaKoil-TO KaMeHb MONAJ B KYUKY
OOJTBITIETO pa3Mepa, YeM Ta, B KOTOPOIl OH JieyKasl M3HAJaIbHO.

5. ITo kpyry crodar 2n jereit. Y Hux ectb cymmapHo 2" —1 neuenek. 3a 0JIMH X0/
pebeHoK MOXKeT TepeaTh OJHY MeUeHbKYy cBoeMy cocemy. [Ipmdem, moxkaHmdas,
B 9TOT K€ MOMEHT OH cpa3dy CbejaeT OJHy U3 CBOUX IedeHek. Bepno jm, 49To
pu JIF0OOM HavabHOM paclpejiesIeHnn TedeHeK pebsTa MOryT JeificTBOBATh TaK,
YTOODI TIepe/IaTh OJIHY TeYeHbKY T'OJIOHOMY MaJbanKy Bure?

6. I[To oxpy:xaocTn ormeruin 40 KpacubrX, 30 cuaux u 20 3ej1eHbIX ToUeK. Ha
KazKJION Jyre MeK/1y COCeJHUMU KPacHOW U CUHEH TOYKaMU MocTaBuIn 1udpy 1,
Ha KayKJIOM Jlyre MexK 1y COCeTHUMU KPacHO 1 3ejieHoit — nudpy 2, a Ha KaxK 01
Jyre MexKJIy cocepHuMu cuneii u sesenoit — rmudpy 3. (Ha myrax mex iy omHo-
nBeTHBIMI Toukamu Ttoctasuin 0.) Haifnre MakcHMaIbHYIO BOSMOKHYIO CYyMMY
[IOCTaBJIEHHBIX YUCEJI.

7. Ilo xpyry croar 2022 nesouku. Y ojHO#l n3 Hux ecTh 2022 monernl. Pa3 B
MUHYTY KaKJiasl JeBOYKa, Y KOTOPOIl Ha JIAHHBIX MOMEHT €CThb XOTs Obl 2 MOHETHI,
nepejiaeT 10 OJIHOI MOHeTe CBOMM cocejikaM. JlokarkuTe, 4TO JaHHBII 1IpoTiece He
MOKET 3aKOHUYUTHCS.

8. KiteTku JIOCKH m X 1 OKPallleHbl B JiBa 1BeTa. V3BecTHO, YTO Ha KaKyio Obl
KJIETKY HU IOCTaBUTh JIa/Ibl0, OHa OyJeT OMTH OOJIbIe KJIETOK He TOr'O I[BeTa, Ha
KOTOPOM CTOWT (KJIeTKa IO/ JIaJibeli Toxke cauTaercs moburoit). Jlokaxkure, aro
Ha KaxKJI0ll BePTUKAIN 1 KaXKJ0i FOPU30HTAIN KJIETOK 000X I[BETOB IIOPOBHY.

9. B mkosy xogdaT d JieBoUeK U m MaJabduKOB. KaKablil MaJIbiuK JIPYKUT 110
KpaiiHeil Mepe ¢ OJHOI JEeBOUKOM, KayKaas JeBOUKa — He Oojiee 9eM C JIeCAThIO
MaJbIKaMi. Tak:Ke U3BEeCTHO, U4TO Yy KaxKJI0ro MaJIibulKa JApy3eii-ieBoueK ObLIOo
OoJIbIIIe, YeM Y KayKJIOf M3 9THX JeBOYEK — Jpy3eil-MaJibankoB. Jlokaxkure, 9To
m < %d.
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12. Cepnsg 8. UaTepmonsmus: 3a1a49n 5 woas

1. y(npOCT;I(Te (yC)THo!) Bbl(pa}KeI)ﬂ(/IH | ( ' |
o (@—a)(x—-D a2.x—b T —c » @w—o)(r—a
Ay ey oy S ey ey S A
b)

2 a? b2
c—a)c—b) (a=Dla-0 G-—0b-a

2. Ilycts a, b, ¢ — momapHo pa3/ndHbIe 1e/ible dncia. Jlokaxkure, 4To InCIo

) T h—ab-0  c—alc—b)

a

(@ —0b)(a—c

1eJ10€.
3. Ilycrsb x; — monapHo pasjudHble YUCIa, ; — KaKHe-TO YUC/IA.

(a) OcosHaiire, 9TO cyreayOIIast CHCTEMA JINHEHBIX YPABHEHUIT HMeeT POBHO OJTHO

perienne (B IIePEMEHHBIX @; ):

n—1

ATy + an1Ty  + ...+ a179 + ag = Yo

) n—1
anxy + ap1ry " + ...+ ax +ap=y;

anTy + an_lxﬁ_l +...+a1x, +ay) =1y,

(b) lokaxkure, 910 CJIeYIOMAST CHCTEMA JIMHEHHBIX yPABHEHUIT HMeeT POBHO OJTHO
periierne (B II€PEMEHHBIX @;):

(

apry +  apx} ...+ aw + apx? =0
n—1

n
1 i
anty '+ a2y o+ @]+ oaer ! =

apry + ap_1r1 +...+ axp,1 + apr, =0
L an + Ap—1 +...+ ay + ag =0

4. Jlana dbysknus f(x), 3HaUeHHEe KOTOPOI Ipu J060M TeaoMm z 1esoe. M3-
BECTHO, YTO JiIsl JIOOOIO IIPOCTOr0 YUC/IA P CYIIECTBYET Takoil MHOrou/IeH ())(T)
crenent, He npesbimatoreit 2013, ¢ nesbivmu koadduipentamu, uro f(n) —Qp(n)
JEJTUTCs Ha, P TIPH JII0OOM 11ejioM n. JloKaxKuTe, 4To CyIiecTByeT MHOTOWIeH g(x)
C BeIeCcTBeHHbIMI Kovbdunnentamu takoit, aro g(n) = f(n) ms go6oro meaoro
n.

5. Ilycts p — mpocroe auciio, f(x) — MHOrOWIEH cTeneHn d ¢ ebIMEI KOI(]-
dburmentamu. Ussectro, aro f(0) =0, f(1) = 1, ocrarok mpu genennn f(n) na
p paBen 0 wim 1 mig Becex n. dokaxkure, aro d = p — 1. MT® 2060pum, wmo
cmenens p — 1 6weaem. Pewenue me wepes unmepnosauuo He npuHuMaemcs.

6. [Iycrs P(x) — npuBesénnbiii MuOrowieH cremenu n. VabHyp mocuuras ero
3HAYCHUsI B N+ 1 pasimuHbIX HeJbIX ToYKax. JJokazkuTe, 9To 0JHO U3 MOy YeHHbIX
MibHypoM ducest mo Moyt XoTst 661 n! /2",
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7. llerst 3ayman muorouen f(x) crenenu e 6osee 130, 3HaUEHMsT KOTOPOTO
P BCEX MEBIX T SABJISIIOTCS MEIbIMU ducjaamu. 3a oauH Bonpoc Ilerss moxer
y3HaTh YéTHOCTD uncaa f(k) npu oxmom k € {1,...,131}. 3a kakoe HanmenbIree
KOJIMIecTBO Boipocos llerst emozkeT y3narh uérHocTh dncia f(0)7

8. (Teopema Mak-/Iyramra). [lycts Ha oKpy:kHOCTH 0OTMedeHO 2n Todek. 060~
3Ha4YMM Uepe3 R; pousBelenne pacCcTodHuii oT i-ii TOUKK J0 ocTaabHbIX. JloKa-

JKUTe, 4TO

S NS U S 1
Ry Ry Ry Ry = Ry Ry

9. Asmrca 3a/lymMalia MHOTOUIEH JIECATON cTereHn (¢ JefCTBUTETbHBIMEI KOI(]-

0.

dunmentamu), a Bob xouer ero yrajarb. Bob6 MoxkeT 3a OjMH BOIPOC HA3BATDH
JIIOOBIE JIECSTh JefiCTBUTELHBIX dHcesI, mociae dero Asmca rosoput boOy 3ma-
JeHre e€ MHOTOUYJIeHa MPH OJHOM U3 HA3BaHHBIX 3HaUYEHHil mepeMeHHOil (HO He
TOBOPUT, KAKOE UMEHHO IHC/I0 U3 Ha3BAHHBIX OHA TOJICTABUIA).

a) Jokaxkure, uro Bob cMoxKeT onpesesinTb MHOTOWIeH AJTHCHI.

b) Kakoe nanmenbiiiee 9ucjio BOMPOCOB €My [IJIsT 9TOTO MOHAT00UTCST !

10. CymiecTByer Jiu MHOrOUJIEH ¢ mejbiMu Koddduimenramu P(x) cremeru n
taxoii, aro P(0), P(1), ..., P(n) — pasnudmble crenenn IBOfiKm’

13. Cepnusa 9. Pa3znoboii «IIpodu mu te1? HacTh Bropasgy» 5 wona

1. Haitinre Bce HaTypasibHble n 1 k Takue, uro n! +n = nk.

2. [Tama 3a/tymaJr mepecTaHoBKY a1, s, . - . , G, HATYPaAJbHBLIX uncea 1,2,....n
(n > 1). Uropb mMoxkeT BBIOpaTh Hapy HaTypasibHbIX unces 1 < i < j < n,
coobuuTh ee Ilame, a on B orser HasoseT Mropio onHo U3 4uces ta; Wiu ja;.
Wropnb ne 30aeT, KaKoe 13 3TUX 2 9Uces eMy Ha3bBaloT. [Ipn Kaknx HaTypabHbIX
n Vropb rapaHTHPOBaHHO CMOYKET OTTAJIAaTh BCIO TIEPECTAHOBKY, 3a/1aB HECKOJIHKO
TAKIX BOIPOCOB?

3. Uropsw 3ajymas MuOrowIeH or jiByx nepementubix P(z,y). Cama obHapy-
JKILJI, 9TO KaKoe ObI IIeJIoe HeoTPHUIATeIbHOe YUCI0 7 OH He IOJCTABUJI BMECTO
OJTHOM M3 MePEeMEHHbIX, OCTAHETCA MHOIOYJIEH OT BTOPON MEepEeMEHHOIl CTeleHn
He BbIIe 1 (BO3MOXKHO, HYJIEBOiT). AJTbOMHA yTBEPXK/IACT, 9TO TOT/a MHOTOUIEH
P(x,x) — gérnoii crenenn. [IpaBa jinm Ajbbuna?

4. Jlan octpoyrosibhbiii Tpeyroibiuk ABC, B kotopom AB < BC < CA.
Toukn Ho n Mo — ocHoBanune BbIcOThI 13 BepinHbl C' 11 cepejinHa cTopoHbl AB
COOTBETCTBEHHO, a H — opTonenTp Tpeyroiabauka. Ilycts [o — menTp BOucamHoil
okpyzkHoctu Tpeyroibunka H HoMe, a Jo — 1eHTp BHEBIUCAHHONI OKPYKHOCTH
tpeyronbanka H HoMe, kacaroreiicss ctopoubl H Me. AHaJOrnYHO Olpejiesi-
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1orcd Touku Hg, Mp, Ig u Jg. doxkaxure, uro Touku Ig, Io, Jg, Jo nexar Ha
OJIHOI OKPYZKHOCTH.

5. Paccmorpum rpad, B kotopoMm 1024 BEepIIMHBI — 9TO BCEBO3MOYKHbBIE CTPOKI
u3 HyJieit u eguuul JayrHbL 10, a pedpo MPOBOAUTCS MEXKLY JIBYMsI CTPOKAMI, €CJIN
OHM OTJINYAIOTCS POBHO B OJiHOI mo3unuu. B sTom rpade BoiOpasn 512 pédep, He
UMEIOIIIX OOIINX KOHIOB, 1 IIOKPACu/In B KpacHblit. OcTaibabie pedpa IMOKPACUIIN
B cunnii. Jlokaxkute, 9To B Trpade Hailjercs MUK JJIMHBI He Oojiee yem 18, B
KOTOPOM KpacHble U cuHue PEOpa depeIyroTcs.

14. Cepus 10. YpaBuenue Iless: Teopus 7 wrons

Paccmorpnm mnodanToBo ypasHeHne o2 —dy? = 1 11715 KazKJI0ro HaTypaJbHOTO
d.
3amedannme. TpuBraIbHLIMU PEIIEHUSIMEI JAHHOIO YPABHEHUsI SIBJISIIOTCS IIapbl

(£1,0).

Vopaxnenne. Penmute ypasnenne 2 — dy? = 1 B caydae, Koraa d sBiIsgeTcs
TOYHBIM KBaJIPATOM.

Onpenenenne. [1yctb d — HaTypabHOE YUCJIO, HE SIBJISIOIIEECs] TOUHBIM KBa/I-
patoM. Ypaerenuem Ileara HasbBaeTcsa muodanToBo ypasHernne x2 — dy? = 1.

Teopema. Eciu d ne sgB/sieTcss TOYHBIM KBaJIpaTOM, TO CYIIECTBYET HETPUBU-
aJIbHOe pereHne ypapaenus [less.

JlokazaTeIbeTBO JTaHHON TeopeMbl Mbl obcyauM mo3anee. Ceroms, onnpasich
Ha Hee, MbI OIUINIEM BCe pelleHns ypapHeHus llemrs jis kaxjoro d.

Jyist mastbHefiero MOHIMAHNST TIPOUCXOSAIIEro OY/IeT MOJIe3HO BPEMEHHO CMe-
HuThH TepMuHosornio. Ilyers Z[Vd] — «kombios wucen {a + bvV/d, rae a,b € Z}.

Bameuanne. B srom «kosibies ssement 1+ 0-v/d = 1 sisisiercs exununeit. To
ectb 2 -1 =12 = z ana moboro z € Z[V/d).
Vupaxsenne. Jlokazkure, 9T0 e 1 + y1vVd = @9 + yav/d, T0 1 = 9,

Y1 = Y2.
Ompenenenne. IIycrs 2z = = + yvd € Z[V/d]. Hopmoti z nasoBeM quciio

N(z)=z-Z=(z+yVd)(z —yVd) = 2> — dy>.

Bameuanme. Hopma sIBISETCS MYALMUNAUKGMUGHOT XAPAKTEPUCTUKON 3J1e-
mentos Z[v/d]. To ectb s mobbix 21, 2y € Z[Vd] semomneno N(z - z) =
= N(21) - N(29). Takxe monsrao, aro N(1) = 1.

Perenne YpaBHEHUA [Tesnsa PaBHOCHJIbHO HaXO2KJICHHUIO BCEX 3JIEMCHTOB 2 U3

koubia Z[v/d] rakux, aro N(z) = 1.
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Oupenenenne. Hazosem perenne (r1,y;) ypasaenust [lemist giyndamernmans-
nowm, ecan o1, y1 € N, u 1y; — HauMmenbinee Bo3MozkHoe. C 3T0ro MOMEHTa Be3J1e
o/ (21, y1) MBI MOHUMaeM QyHIAMEHTATBHOE PEIeHNe.

3ameuanwme. [1ocko/IbKY ecThb X0Ts ObI OJIHO pelieHue, rje x, y # 0, cMeHuB 1pn
HEOOXOMMOCTH 3HAKH, ITOJIYYUM HATYPAJILHOE perlenne. 3HauuT, (yHIaMeHTA b
HOE pelleHne CYIeCTBYeT U €AMHCTBEHHO. TaKyKe MOHATHO, YTO U3 BCeX pelleHuii
C HATYPAJILHLIME X 1 Y QPyHJIaAMEHTAJILHOE SIBJIAETCA HANMEHDIIIM.

O6ozmauenne. IIycrs 21 = z1 + Y1V d, Tiie (x1,y1) — dDyHIAMEHTaIbHOE pellie-
nue ypasuenud [lems.

1. Toxazkute, uto z € Z[v/d] o6parum B Z[V/d] (1o ectb cymectsyer 2/ € Z[+/d]
Takoii, uro zz' = 1) Torga u Tospko Torma, korma N(z) = £1.

2. (a) Hycrs z = © + yv/d umeer wopmy 1, u npu stoMm z, iy € N. Jlokaxmure,
aro z/z; € Z[Vd] u N(z/z) = 1.

(b) [peanomnoxnm, uto z/z = 2’ +y'v/d > 1. Jlokaxure, uro 2/, i’ € N.

(c) Hoxaxure, 4to BCe 2 = ¥ 4+ y\/d ¢ HATYPAJBHBIME & U 4 TaKIe, 9TO
N(2) = 1 paBHBI 2 [/ HEKOTOPOrO HAaTypajbHOro k. [l 10Ka3aTeabeTha, Mo-
JIEBHO MMOHUMATh, 4TO 21 > 1.

3. Knaccudukanus pemrenmit. Joxaxure, urto Bee z € Z[Vd] Takume, |ro
N(2) = 1 umeror B £z} 1 HekoToporo nesoro k.

4. Jlokaykure, 9To Bee perienust (x,y) ypaBaerust [lesist onncbiBaioTest Ghop-
MyJIaMU

(1 + yVd)F + (21 — VA (1 + VA = (21 — V)

+ :
2 2V/d

JIJTsT TEJIBIX K.

5. Permure B neabix unciax ypasuenns (a) a2 — 2y? = 1; (b) 42® — 3y = 1,
(c) 2% — 5y* = 25; (d) 2 + y* — 1 = 4ay.

Ilodckasra. HacTo okasbiBaeTcst, 9T0 (pyHIaAMEHTAIBHOE PEIIeHne MOXKHO IIPO-
CTO 110/100paTh.

15. Cepns 11. YpaBuenue Ilennsa: 3amaun 7 wrons

1. Byjem Ha3bIBaTh HATypaJbHOE YUCIO0 JOCMOTUHBM GHUMGHUSA, €CJTT OHO
JIeJINTCA Ha KBaJIpaThl BCEX CBOUX IPOCTHIX JesnTeseil. JJokaxkure, 4To ecTh bec-
KOHEUYHO MHOI'O TaKUX HaTypaJbHBIX YUCE @, 9TO 00a 4ucia a u &+ 1 J0oCTOWHBI
BHUMAaHMSI.

2. /IokaxkuTe, 9TO CyIIeCTBYeT ODECKOHETHO MHOI'O HATYPAJIbLHBIX 1 TAKUX, UTO

qnesao 2 + 24/28n2 + 1
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a) SIBJISETCS TEJIBIM;
(b) sBJIsIETCS KBAIPATOM IEJIOTO THCIIA.

3. Onumnre Bce HaTypasbHble k < m Takue, 4To
1424 ... +k=(k+1)+(k+2)+...+m.

4. OmpeIe/IIM HOCIeI0BATEILHOCTD @, = n(ny/2—[ny/2]) s Beex naTypass-

HbIX n. Jlokaxkure, uTo i Jioboro € > 0 cymiecTByeT OECKOHEYHOE KOJNIECTBO
1+¢

22

5. Jlokaxkure, 9TO JJjis1 JJFOOOI0 HATYPAJIBLHOIO k IHCIIO

(24 V3)* 14 (2 V3)*!
2

HATYPAJIBHBIX Kk TaKNX, UTO G <

—1

SIBJII€TCS TOUYHBIM KBaIPATOM.
6. Haiiure Bce HATYpadbHBIC M 1 7 Takne, uro 1217 — 2m? = 1.
7. Pemmre B nesbIx unciiax ypasaenne 3x2 — 2y? = 1.

8. rZLOKEL}KI/ITG7 dTO CyIIeCTBYET OeCKOHEYHO MHOI'O HaTypaJIbHbIX YHCEJ Tl Ta-
KUX, 9TO 4YHCJIO n3 — 2 I[IpeacraB/ideTrcd B BuAEe CYMMDBI JABYX KBa/JdpaTOB LEJIbIX
qHuceJI.

9. Jlokazxure, uto ypasuenne z° +1° + 22 —3xyz = 0 nMeeT 6ECKOHETHO MHOTO
pelenniit B HATypaJbHbIX YNC/IaX.

10. Haiture Bce HATYpaJIbHBIE YHCIA 1 TaKHe, 4TO 2n? + 1 sBJIAeTCH CTEIeHbIo
TPOVIKIU.

16. Cepug 12. AcHMITOTHKH W TOPSJIKHA POCTA 8 urons

[esb 9TOTO JIMCTOYKA — MOTOBOPUTH 00 aCHMITOTUYIECKOM TTOBEIEHUN (PYHK-
U1, UX IOPSIJIKAX POCTa.

Koria Bo3HIKaeT BOIIPOC 00 ONUCAHUY TTOBeIeHIsT (DYHKIINK BOJIN3KM HEKOTOPOIt
ToYKN (Min GECKOHEYHOCTH), TOBOPST, U4TO MHTEPECYIOTCS GCUMNMOMUKOT W
acumnmomuyeckum nosederuem GYHKINN B OKPECTHOCTH 9TON TOUKHU.

B pamkax 9TOro JincTo4ka Mbl B OCHOBHOM PacCMaTpUBaeM CTpeMJIeHHE K Oec-
KOHEUHOCTH, a (PYHKINN OY/yT OIpeie/IeHbl Ha MHOXKECTBE HATYPAJIbHbBIX YHCET
(T.e. IO CyTH — TIOCJIEJI0BATETLHOCTH ).

Acumnrorndeckoe moseeHne (GyHKIIME OOBITHO XapPaKTEPU3YIOT ¢ MOMOIIHIO
JIpyToii, 6oJiee MpocToil Wan OoJiee M3yUeHHON (PYHKIUN, KOTOPas B OKPECTHO-

CTHU UCCJIEJyeMOIl TOUKU C MaJIoil OTHOCUTEIbHON TOTPENTHOCTHIO BOCITPOU3BOIUT
3HAYCHUS U3ydaeMOil (DyHKITIH.




XL Kuposckasn semmuas mrozonpedmemuan wxona, 9 xaacc [IIPOOH 27

Ompeneneane. ['oBopsiT, UT0 PyHryus f OECKOHEUHO MAAAA NO CPABHEHUIO C
g, u iy f = o(g) (duraercs «o-Majoe 0T g»), ecji CyIecTByeT QyHKINSA o
Takasd, 910 a(n) — 0 mpu n — oo u f(n) = a(n) - g(n).

Kommenarpwmii. 3amich o f) o3Hagaer Kakyo-To (ByHKIHIO U3 TEJI0T0 KIacca
dbyuxiwmit. [Tosromy ropaszgo koppekTheii 66110 Obl ucaTh g € o f), HO TaK Mbl
oTepsieM Ky4dy yI00CTB.

01. Ocosmaiite, uro oznavaer 3ammch o f) + o(f) = o(f), u moxkaxure 310
YTBEPK ICHHE.

Kommenrapumii. 3anucs o f) nompasymeBaer Hajidne CTPEMJIEHHsI Y€rO-TO
Ky/J1a-To (y HAC n — 00).

0. Ocosnaiite, uro Tyt namucano: o(f) = f - o(1).

Ompenenerne. ['0BopaT, 9T0 DYHKIUU f U § ACUMNMOMUYECKY IKEUBAAEHN-
not, u iy T f ~ g, ecmn f(n) = g(n) - (14 o(1)).

1. ITycrs P(x) = asx® + as 12°7 1+ ... + ay.

a) Hokaxure, aro P(n) ~ asn’®. Cmpozoe nanucanue «cmapuiuts wien A6AAeMcs
2AAGHBIM CAARACMBIMS.
b) lokaxkure, uro eciu as > 0, o Haiijgéress N > 1 takoe, aro npu Beex n > N
BeInosHEHO P(n) > 0.

KommenTtapmit. OOpature emné pa3 BHUMaHHE, YTO Mbl 'OBOPHM IIPO OTHO-
CUTEJbHYI0 MAaJIOCTh OCTaBIIUXCSI CJlaraeMbIX, a He abCOJIIOTHYIO: ITOHSTHO, 9TO
P(n) — asn® MoxkeT ObITH OY€Hb OOJIBIINM 1O MO0, [109TOMY HUKAKHX <«IIpH-
MEPHO PaBHO» B KadeCTBe CTPOIUX JIOKA3aTe/bCTB!

Hemoonpenenenne. Eciu f u g — Geckoneuno Gosbine dyuknuu (T.e. 0be
crpeMsiTcss K +00 npu n — 00) u g = o(f), To roBopst, 9ro f umeem boaee
BHLCOKULE NOPAJOK POCA, “UeM .

KommenTtapwmit. 4 He HAIEN OOIIEIPUHATOE ONIpe/ie/IeHNe JIJIsi 9TOTO TePMIHA.
MoKHO MOBOPHUTDH «aCHUMIITOTHYECKU OOJIBIIE», MOXKHO I'OBOPUTH «ACUMIITOTHYE-
CKHU cujIbHee». JIydille HUKOTIa He FOBOPUTH «PACTET ObICTPees.

03. BemomuamTe npumep mociieioBaTe/ibHOCTER @, 1 b, Takux, 9TO @, <«PacTeéT
obIcTpeey, YeM b, HO JIjIsl KOTOPBIX a, < b, JJIg KarKJI0ro HaTypPaJJIbHOIO 1.

Ecm g(n) = f(n) - a(n), rne a(n) — 0 npu n — 00, TO O ONPEICTCHUIO
npejiena it Beex docmamouno bosvwur n |a(n)| < 1, orkyna |g(n)| < |f(n)|.

2. Jlokaxkure, 4To Jrobasi moKazaTesbHas PYHKIMS UMeeT OOJIBIINI OPSI0K
pocra (Mpu cTpeMJIeHnn K GeCKOHETHOCTH ), 9eM JIF000# MHOTOUJIEH.

3. YopsiioubTe B MOPsiIKe BO3PACTAHUS IMOPSIKOB POCTa Ha OECKOHETHOCTH
(o/iHY TIApy MOKHO MPOCTO CPABHUTH, & HE CPABHUTH WX MOPSIKH POCTA):

2

10" p'% vnooon"  nl (n/2)"  C»® cy 2"
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Onpenenenne. [lycts f u g — mexoropeie dhyuknuu. [osopsrt, aro f = O(g)
(«0-6oJtbII0E OT g) TpU M — 00, ecyn cyiecTByer Koucranta C' > 0, 910 11pH
BCEX JIOCTATOIHO Oosbinux n Boinosteno |f(n)| < Clg(n)|.

KommenTapuii. OrisiTh 7Ke, 09eMy-TO Y Takoil CHTyalii HeT OBIIEeMPUHSITOrO
HasBaHusi. CMBICJT 9TOT0 0OO3HAYEHUsI IPUMEPHO Takoii: (pyHKINs f He acumIl-
ToTnueckn Oosbine GyHkimun ¢. [losTomy HaBepHOE MOXKHO TOBOPUTH, 4TO f
ACUMNMOMUNECKU He boavuLe (.

Hesnaunmble KOHCTAHTBI, HAIIpUMeED Sinn, Beerjga MOxKHO 3aMenstTh Ha O(1).

04. Iloiimure, aro o(1) sBisiercst O(1), a obparHOe, €CTECTBEHHO, HEBEPHO.
(tak aro 3ammck 0(1) = O(1) MOXKHO YUTATH TOJBKO CJIEBA~-HAIIPABO, HO HIEJIb3sI
clripaBa-HaJIeBo).

05. Hdokaxure, aro eciu f = o(g), a h = O(f), To h = o(g). mum ydoo-
Ho Gwieaem noavdosamuvca. Bom 6 caedyroweti caoocnoti sadave, nanpumep. Eé
AYHULE TOPEUATID TLOTMOM.

4. * ITycTb 10CIEI0BATEILHOCTD @, TAKOBAa, 4TO a4, - " = n. Jlokaxkure, 410
a, ~ Inn.

KomMmenTtapwmii. Ciiesyromne 3a1a9u cKOpee «PsiJioM» € TeMOIl, 4eM «Ha» TEeMY.

5. Tlosoxkurenbuble uncaa a, b, ¢ TAKOBBI, 9TO JIg KaKJIOTO HATYPAJTHLHOTO
qUCa M CYLIeCTBYeT TPEeyroJbHUK co cTopoHamu a’, b", ¢". Jlokaxkure, 4TO BCe
9T TPEYTOJbHUKU PaBHOOEPEHHBIE.

6. [Iyctb P — MHOroWwIeH ¢ IeJabIMI KO3 DUuImeHTaMm i KOTOPOTo CYIIe-
CTBYET IIOCJI€IOBATEIbHOCTD IONApPHO PA3JIUUHBIX HATYPAJbHBIX YHCET a1, (9,
as, ... takasi, aro P(ay) = 0, P(as) = a1, P(a3z) = a9, .... Hokaxure, 4To
deg P =1.

7. Harypasbubie yncia a, b, ¢ u d nomapHo pasjndnbl. JlokaxKure, 9T0 KOJIN-
YeCTBO PeIIeHnil ypaBHeHNs

P rar+b=19y+cy+d

B IIEJIbIX YMCJIaX KOHEYHO.

8. Haiiiure Bce mocse1oBaTeIbHOCTH HATYPAJIbHBIX YHCE] X, TaKue, 9TO BbI-
MOJTHEHBI CJIeIyIoIIue JBa yeaoBus: 1) x, < ns/n 1upu JgoboM n; 2) pasHoCTb
Ty — Ty, JEJIATCS HA T — M [IPU JIOOBIX PA3JIUYIHBIX 1 U M.

9. /laHbl geificTBUTE/ILHBIE TICIA A1, A9, . . ., A0 U b1, ba, . .., bogag. ODO3HATIM
X, UUCJIO

[nal + bl] + [Tlag + bg] + ...+ [nagogo + 52020].
Oxka3zaJjioch, 9TO I0C/Ie10BATE/IbHOCTE X, — apudmerndeckas nporpeccus. Jloka-
JKUTE, YTO a1 + a2 + ...+ Q9o — 1eJIoe.

10. IIpo Bo3pacTaIIyIO MOCIEI0BATEIbHOCT HATYPAJIbHBIX YUCEI A1, G, 43,
... U3BECTHO, 9TO a, < 2020n 11 KaxKgoro n.
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a) Jlokaxkure, 910 B 9TOI 110C/I€J0BATEIHHOCTH GECKOHEUHO MHOI'O 4JIEHOB COJIep-
JKaT B CBOeil jiecssTiaHoil 3amucu mudpy 1.

b*) Jlokazkure, 9T0 B 9TOI MOCIEI0BATETHHOCTH GECKOHETHO MHOIO WJIEHOB CO-
JnepzKaT B cBoeil gecarnyanoii sanucu 2020 mojpsi uaymux nugp 1.

11. Haitinre Bce ueTBEpKH dncen a, b, ¢ u d Takue, 9T0 JJi OECKOHETHOT'O KOJIN-
qecTBa HATYPAJIBHBIX 1 BBITOJTHsIETCsT paBeHCTBO (a+0)(2a+b) . .. (an+b) = cnl+d.

12. [lyctb f — MHOrOWIEH ¢ mesbiMI KO DUIUEHTAMH, @, — CTPOTO BO3pac-
TAOIasl MOCIeI0BATEIbHOCT HATYPAJIBHBIX YHCeNl Takas, d4To a, < f(n) misa
BCeX HaTypaJbHBIX n. JJoKaykuTte, 4TO CyIecTByeT O€CKOHEUHO MHOI'O IIPOCTHIX P,
KOTOpBIE JIEJIST XOTsl ObI OJIHO U3 YHCET Oy,

17. Cepusa 13. /IBoiinble oTHOIMIEHSI—2 8 urons

Onpenenenme. Toukn A, B, C, D nexar na okpyxkuoctu S. [Iycte X — mpo-
M3BOJIbHAST TOUYKA 9TOH OKPYKHOCTU. J[80TUHLM OmHoweHuemM YIOPSAI0IeHHO
gerBepku Touek A, B, C, D nasviBaercs (A, B,C, D) = (XA, XB, XC,XD,).

Samevwanue. Oupejenenne KOppeKTHO, TO €CTh He 3aBUCUT OT TOUKN X .

Omnpenenenne. Brmcauublii 9eThIPEXyTrOJbHIK HA3BIBAETCS 20PMOHUYECKUM,
eCJI IPOM3BEAeHNS JJINH er0 MPOTUBOIIOIOXKHBIX CTOPOH PABHBL.

Onpenenennme. Brmcanubiii dersipexyroabink ABC'D Ha3bIBaeTCS 2apMOHU-
weckum, ecin deTBépka Touek (A, C, B, D) rapMoHIYIecKasi.

Samevarue. Termepb Mbl MOYKEM HPOEIUPOBATDH JIBOITHOE OTHOIIEHNE C MPAMOIi
Ha OKPY?KHOCTBb Uepe3 TOUKY, JIEXKAIILYI0 Ha, 3TOH OKPYKHOCTH.

Takum 0bOpa3oM, Mbl HAydHIUCH IIPOEIIPOBATH YeTBEPKU TOUEK C OKPYKHO-
CTH Ha IPsMYIO U C IpsIMOil Ha npsamyio. Ha KapTWHKax HUKe paBHBI JIBOMHBIE

OTHOIIICHUN A (Al, Bl, Cl, Dl) = (AQ, BQ, 02, Dg)

1. Ilycre ABC'D — rapMoHn4ecKuii 4eTbipexyroibHuk, M — Todka mnepece-
JeHNd ero auaroHaJsieii, P — Todka mepeceueHnd KacaTeJIbHOI K €ro OIMUCAHHOI
okpyzkHOCTH B Touke B u npsimoit AC'. [lokaxure, aro (A,C, M, P) = —1.
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2. lokazkure, 9TO BIUCAHHBIN YeTbipexyrojbHuk ABC D sBjsieTcs rapMOHH-
YEeCKUM TOIJIa U TOJIBKO TOIJIa, KOrJIa

(a) Kacarenbuble K ero onucannoii OKpyzKHoCTH B Toukax B u D mnepecexa-
forcst Ha npsiMoit AC, nbo mapaJiieibHbI 9TOM IPSIMOIi;

(b) Buccexrpucor yrios A u C' niepecekatorcst Ha jguaronam BD;

(c) PaBubr xo1st 661 jiBa u3 yriios BNC, DNC u BAD, rie N — cepejinna
nuaronaan AC

(d) duaronans AC copep:KuT cumepuany tpeyrojbinka ABD.
Samevanue. Boobiie rapMOHNYIECKUIT YeThIPeXyroJbHIK 00J1a/1aeT J0CTaATOYHO
3a0aBHBIM CBONCTBOM «CHUMMeTpuduHOCTH». Hampumep, jokaszaB KOHKYPEHTHOCTD
KacaTe/bHbIX K OKPY KHOCTH B Toukax A, C' u npsamoit BD, Mbl aBTOMATHYECKN
[I0JIy9aeM KOHKYPEHTHOCTb KacaTeIbHbIX B Toukax B, D un npsmoit AC'.

3. (a) B yron BAC Brmcana oKpy»KHOCTb W, KACAIOIIAsACS CTOPOH yT/Ia B TOU-
kax B, C. Xopma C'D oxpyzKHOCTH w HapaJuiesnbHa upsamoit AB. Ilpamas AD
BTOPOIl pa3 IepecekaeT OKPYKHOCTH w B Touke F. Jloxkaxkure, aro npsamas C'E
JeuT oTpe3ok AB momosam.

(b) U3 Toukn P K OKPY?KHOCTH w TIPOBEJIEHbI OTPE3KN KacaTeabHbIX PA,
PB, touka C' nnameTpaJjbHO IIPOTUBOIOIOXKHA Touke B. /lokarkure, 9T0 mpsiMast
CP neyiaT momojiaM IepleHuKyJIsap, OnyIleHHblil 13 Toukn A na npsamyio BC.

4. (a) Ha okpyxkuocT w ormeuensl pasimdnbie Toukun A, B, C', D. Touka P
He JIeXKUT Ha OoKpyKHocTu w. [psmeie PA, PB, PC', PD Bropoii pa3 mnepece-
KAIT OKPY’KHOCTh w B Toukax A', B, C' D'. Jlokaxure, uro (A, B,C, D) =
= (A, B, C", D).

(b) Jlokakure, 4TO NP MHBEPCUH COXPAHSIETCs J[BOIHOE OTHOIIEHHE YeThi-
pex TOYeK.

(c) YeTbipe OKPYKHOCTH WA, Wp, We U Wp KACAIOTCA OKPYZKHOCTH W B TOU-
kax A, B, C, D cooTBeTCTBEHHO U KACAIOTCs JAPYyT JApyra o 1mukiy. Bee kacanms
sremnune. Jlokaxxure, uro ABC D — rapMoHHYeCKUil 9eThIPEXYTOIbHIK.

5. B ocrpoyrosbrom Tpeyrosbinke ABC (AC > AB) npoesin OHCCEKTPUCY
AL n mennany AM , 1oc/eIHIO0 TPOIJININ J0 IepecevdeHns ¢ OMUCAHHON OKPY K-
HOCTBIO TpeyrojbHnuka B Touke . Touka F' cummerpuuna L ornocurenbno M.
Hanbr yroer Tpeyrosibauka ABC', naitaure yron FDA.

6. Teopema o 6abouke. Xopgapl AC' 1 BD OKpY:KHOCTH IIPOXOISIT Uepe3 cepe-
nauny xopabl MN. Orpeskn AD u BC nepecekator orpe3ok M N B Toukax X u
Y. Hdokaxkute, uto XM =Y N.

7. By u By — ocHOoBaHUsI BHYTPEHHEIl U BHEIIHEH OMCCEKTPUC TPEYroJbHIKA
ABC'. Kacaresnbuble, oriindnbie otipsmoit BC, npoBeiennbie n3 By n By K BIu-
CAHHOI OKPY>KHOCTH, KacaroTcs eé B Toukax Ki u Ky. /lokakure, uro B, K1 u
K5 nexxat na oaHoil IpsaMoii.
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8. lan ocrpoyrosibubiii Tpeyrosbiuk ABC'. [leprienukysisip u3 B K 1upsiMoit
AC' mepecekaer OKpYyzKHOCTD, moctpoernyio Ha AC, Kak Ha guamerpe, B TOUKaX
X nY (X 6mmxke x B, gem Y). Anasorngno neprenukyssip u3 C' K npsimoit AB
[epecekaeT OKPYzKHOCTh, IOCTpoeHHIo Ha AB Kak Ha jguamerpe, B TOUKax £ u 1
(Z ommxe k C, uem T'). Hokaxure, aro npsimbie X Z, YT u BC' nepecekatorcst
B OJIHOI TOYKe JINOO IapaJiiebHbl.

9. Yernipéxyronbauk ABC' D Bumucan B OKpy»KHOCTb w. KacarenbHast B TOUKe
D x oxpyzkuoctn w nepecekaer aya AC' B rouke E. [Ipsimast, mpoxomsmias gepes
Touky F, nepecekaer orpesok AB B Touke P, orpesok BC' —B Touke (), oTpe-
30k BD —B Touke R, a OKpy:KHOCTb w — B Toukax S u T. Okazajoch, uro R —
cepeauHa orpeska P(Q). Hokaxkute, uro R — cepeanna orpeska ST

18. Cepusa 14. Pa3gengionue MHOXKeCTBa 9 wons

Onpenenennme. Hazosem muOKecTBO Bepiind IR B rpade G pazdeasrowum, ecim
rpacd G — R He sIBJIsIETCsT CBSABHBIM.

Omnpenenenne. [lycts X ¢ R, Y ¢ R. Bymem rosoputh, uro R pasdeasem
mHOKecTBa X 1 Y (Win, 9To TO Ke caMoe, oTeaseT MaoKecTBa X 1 Y JApyr OT
Apyra), ecjln HUKakue jiBe Bepumubl v, € X\R u v, € Y\ R He J1exxar B 0JHOI
KoMIIOHeHTe cBsi3HocTH rpada G — R.

Onpenenenme. CkarkeM, 9TO MHOXKECTBO S paddeasem R B rpade G, ecin
BepinHbl R\S J1eKaT xoTs Obl B JBYX PA3HBIX KOMIIOHEHTAX CBSA3HOCTH Ipada
G- S.

Onpenenenne. ['pad G nasviBaercs k-csiztbiM, eciiu |G| > k u npu yuaienun
He Oosiee ueM k — 1 BepinHbl rpad He TepPseT CBA3HOCTD.

Onpenenennme. Toukxoli courernenus HA3bIBACTCS PA3IEIAIONIee MHOKECTBO, CO-
CTOdIIee U3 OJIHON BEePIINHBI.

1. Ilyctb M — MHOXKeCTBO M3 k BepIIUH B k-CBA3HOM T'pade, pasiessioniee
ero Ha m > 2 KOMIIOHEHT cBsa3HOCTH. JloKarkKuTe, 9TO KOJIUUIECTBO pedep, IpoBe-
JIEHHBIX 13 BepimH M K ocTaBIINMCcs BepinmHaM rpada, He MeHbine mk.

2. B rpade paccrostare MeK1y JIOOBIMU BEPIIMHAMU HE TTPEBOCXOJIUT d, U JJIsi
JIIOOOM BepIUHBI €CTh JIpyTas Ha paccTodnun d or Heé. Jlokaxknure, 910 JaHHBII
rpad aBycssizen. (Paccrosinume mexkjy BeprimHamMu — 3TO KOJMUIECTBO PEOGEP B
KpaTJaiiliem myTH MeXK 1y HUMI. )

3. I'pad G cesi3en. HazoseMm pasdesumenem MUHIMAIBLHOE 110 BKJIIOYEHIIO MHO-
»KeCTBO BEPIIHNH, IPHU YIaJeHNN KOTOPBLIX rpad TepsieT cBa3HocThb. Ilyers S u R
— pasnenurenn rpada G. UsBectHo, uro S He pasnenser R. Jlokaxkure, yro R
He pazzesser S (Bo3moxkno, |R| # |9]).



32 Buwxunao, 1-26 uroas 2024 200a

4. Uzsectno, uro rpad G Ha N BEpIINHAX SIBJISETCS JIBYCBA3HBIM, HO IIPU 9TOM
COJIEPZKUT Pa3JIeIAIONIee MHOXKECTBO U3 2 cMexKHbIX BepiuH. JJokaxkure, yro G
COJICPKUT JBYCBsI3HBI noarpad (He paBHblii ), B KOTOPOM GOJIbIIE 1/2 BEPIIIH.

5. HazoBem pebpo rpada pasdesarousum, €ciam IBa KOHIIA 9TOro pedbpa odpasy-
10T pasjesistiolee MHOXKeCTBO. B rpade paccrosinue Mexk1y JIIoObIMI BepIINHAMIU
He IPEBOCXOJINT d, U JiJisl JTF0OOI BEPIINHBI €CTh JIPyras Ha PacCTOAHUU d OT HEE.
Jokaxkure, 14TO He DoJiee TpeTn Beex pebdep rpada sIBISIOTCS Pas3/Ie/AONIMU.

6. Hazosem mnogmuoxkecTBo pedep rpada G paddessrowum, ecim 1mocse yia-
JleHust 9Tux pebep rpad mepecraer ObITH CBsI3HBIM. [Iycth A m B — 1Ba MuHO-
MaJIbHBIX 110 BKJIIOUEHHUIO Pa3/Ie/IsIoNnX peOepHbIX MoJMHOXKecTBa. Jlokaxkure,
aro (AU B)\(A N B) TakkKe sABIETCS PA3IEIISIONTIM.

7. B cTpane 2n ropojioB. I3 KaxKj0ro ropojia MOXKHO J0OPaThCs B KarKJIbIi,
IIpU 3aKPBITUH JIIOOOI0 IOPOjia 9TO CBONHCTBO coxpaHnsieTcss. CTpaHa pasjiesnaach
Ha JiBe pecriyosimkn A m B, B KaxKJi0if 13 KOTOPBIX OT JII0OOOIO TOpojia MOZKHO
J1006paThcs J10 JIFOOOTO JIPYTroro, He MOKuIas pecryoanku. B Kaxk1o0it 3 peciybink
Obli1a BeIOpaHa croJnia. KopoJsb yBuaesl, 4ro B peciydsnke A ropojioB MeHbIIe,
YeM B B, 1 penin mepeBecTu 4acTh ropojioB n3 B B A Tak, 9T00BI B peciryOinkax
CTaJIO TIOPOBHY TOPOJIOB, TTO-TIPEXKHEMY BHYTPH KarK 10 peciyOInKN MOXKHO ObLIO
J100paThcd OT JII0OOro Topoja J0 JIF0OOro JPYroro, M CTOJUIBI OCTAJIUCH ObI B
pasHbIX pecrybynkax. JJokaxKure, 9T0 KOPOJIb MOYKET OCYIIEeCTBUTL CBOM ITLIaH.

8. B HekoTopoM rpade uepes KazKjaoe pedpo IPOXOJUT He DoJiee TPEX IHPOCTHIX
1UKJIOB. JJoKazkuTe, 9T0 BEPIINHBI 9TOr0 Irpada MOXKHO IPaBUILHO OKPACUTH B
TpU I[BETA.

9. B k-csisnom rpade G BbIOpaHbl MHOXKECTBaA, BepiInH S1, Sy, S3, KaxK10e 13
KOTOPBIX paszjessieT rpad G poOBHO Ha 2 KOMIIOHEHTBI CBSI3HOCTH. B KaxkjioMm u3
9TUX MHOYKECTB POBHO k BepiuH. JlokaxKure, 94T0 cpejin JIFoObIX 7 BepIiinH rpada
G — 51 — 59 — S3 HaitjyTes JBe Takue, YTO OHM JieXKaT B OJ[HOI KOMIIOHEHTBI
CBSI3HOCTH IIPU VAAJEHIN JII0O0TO U3 MHOXKECTB S, Sa, S3

(a) B ciyuae, korma Sy, So, S3 MoMapHO He MEPECEKAIOTC;

(b) st mpousBosibHBIX ST, Sa, S3.

19. Cepus 15. IIpumepno mesoe 9 wronn

DTO JINCTOUEK Ha TAKYIO HJICI0: €CJIN UMEETCsT CXOANIAsACS TOCIeI0BATEIbHOCTD
IeJIBIX YUCEJI, TO OHA C HEKOTOPOIO MOMEHTa MOCTOSHHAA.

Ipumep. Lennie uncia a, b u ¢ Takoswl, 4To an® + bn + ¢ — TOUHLI KBajpaT
JUTST KayKJI0T0 HATYpaJIbHOTO n. JlokaKuTe, 4TO CyIMECTBYIOT TaKue IejIble THIC/Ia
du e, uro an? + bn + ¢ = (dn + €)? 11 KaxKJ0ro0 HaTyPaJIbLHOIO 1.

Paccyxaemne. [Iycts 22 = an® + bn + c¢. Toraa x, = Van? + bn + ¢ ~ ny/a.
Tora, HapuMep, X0o4eTcsl cKa3aTb, YTO Tpy1 — &y ITO UTO-TO THIIO /A, T.€.
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MOJIyYUTh, 9TO /a XoTst Obl 1esioe. [TpoGye:

Tpi1 — an = Van+ 12 +bn+1)+c—Van2+bn+c =
~(a(n+ 1 +bn+1)+c) — (an® +bn+c)
B van+1)2+bn+1)+c++van? +bn+c a
2 2an - (1 1
_ an + KOHCTaHTa _ 2an (1+0(1)) L a
Van+12+bn+1) +c+vVan2 +bn+c  2v/an- (14 0(1))
Nrax, mocyieoBaTe/bHOCTD Ty 1 — &y, COCTOUT U3 1esbix quces (1) u cxoaures
(1) k y/a. 3nauut, ona paBHa y/a, HAaUMHAS C HEKOTOPOIO MOMEHTa, T.€. T, = dn+e
JIst BCEX JIOCTATOYHO GOJIBIINX N, e d = /a — 1esoe ducio. Ho Torga MHOrO-

wieHbl an’ 4+ bn +c n (dn+ 6)2 COBIIQIAIOT JIJIS BCEX JOCTATOYHO OOJIBIIUX 71, T.€.
COBIIQIAIOT JIJIsl BCEX M.

Kommenrtapuii. Ha Bcaxwmit cioydait nanomuio, 9To U3 X, ~ N+/a B 00IIeM
caydae He CJeJyeT, 9TO Ty i1 — Ty — 4/ G €CJIN PACIUChIBATH (DOPMAJIBLHO, TO

Tpr1 — Tp = \/5"' 0(7”&),

10 0(n) MokKeT ObITL U OGeCKOHETHO OOJIBIION MOC/IeI0BATEILHOCTRIO. Tak aTo
IPUAETCs IPeJIoaraTb U IPOBEPSATh.

KommenTapuit. O6partnuTe BHHMaHHe, YTO MBI 3/1eCh BBIUYUTAIN HMEHHO T,
YTOOBI OCTABATHCS I10CJIEJOBATEILHOCTBIO TIEIBbIX dnces. JIerko mpoBepuTh, 4To
x, = ny/a+ o(1). Ho mbr Hudero He 3Haem 06 sroit o(1). Ecu ke reneps Hamu-
caThb

Tpp1 — Tn = (n+ 1)va —nva+o(l) = Va+o(1),

TO 38 CUYET [EeJIOUUCIIEHHOCTU Mbl y3HaéM, 9T0 o(1) B 9T0ii 3amucu Ha camMoM Jiejie
TOXKJIeCTBeHHbIH ().

1. Kosdpburmentsr Mmuorousiena f rmesble, a ero crernenb pasHa k. V3BectHo,
910 anciao +/ f(n) — mesoe it KaXKJ0ro HATypasbHOro n. Jlokazkure, 9To cy-
MECTBYIOT TaKue 1ejble uncia a u b, uro f(x) = (ax + b)*.

2. Harypasbnbie unciaa a u b takosbl, uto a1 4+ 0" nemmresa na a™ + " qoa
OECKOHETHOI'0 MHOXKECTBa Pa3/JIMYHBIX HaTypaJbHbIX 1. Obs3aTebHO JIM TOIJA
a=1>b7

3. Muorowienbl f u ¢ ¢ neabiMu KodduimeHTaM TakKOBbI, UTO JJisI Oec-
KOHETHO MHOTHX HATYPaJbHbIX n auciao f(n) geamrtes na g(n). Jokaxknre, aro
Hal1ETCsT TaKO MHOTOUIEH h ¢ paruoHa bHbIMI Kodh duimertamu, 9to f = g-h.

4. HarypaJsbhble aucia a, b u ¢, 6osibine 1, TaKoBbI, UTO JIJIsi BCEX HATYpaJlb-
HBIX 1 Hail1éTCsl Takoe HaTypasibHoe k, uTo a¥ 4+ b* = 2¢". lokaxure, uro a = b.

5. Cpenn JeficTBUTEIbHBIX YHCET a1, d9, ..., Q029 €CTb XOTsI ObI OJHO HE
nesoe. Jlokaxkute, 910 JijIst O€CKOHEYHO MHOIMX HATYPAJbHBIX 1 UYHCIA N U
[a1n] 4 [agn] + . .. + [agp20n] B3aMMHO TTIPOCTEL
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6. Llesbie uncsia @ m b TaKOBBI, YTO JIJIs BCEX JOCTATOYHO OOJILIITUX HATYPA/Ib-
HBIX N 4ucio a - 2" + b — Tounblii kBajgpar. Jlokaxure, uro a = 0.

7. Ilyctb f — npuBeséHHBIN MHOIOUJIEH € Te/ibiME Koad durmerntamu. V3Bect-
HO, 9TO JIJIsl KAKJIOr0 HATYPaJIbHOTO uncya 1 ypaBaenne f(x) = 2" mmeer Xors
Obl OJIHO pellleHne B HATypaJbHbIX dnciax. Jokaxkute, uro deg f = 1.

20. Cepusg 16. CioxxH0oe — cymMMa IIPOCTOTO 10 wronn

IIpumep. 3BecTHo, 4TO CKaJIsIpHOE IIPOU3BEIEHNE BEKTOPOB — JINHEHAs (DY HK-
sl 110 aprymenTaM. Kak u3 9Toro moyydnTh GpOpMY/Iy /IS CKAISPHOIO IIPOM3-
BEJICHUsT BEKTOPOB (T1,y1) U (Z2,Y2)?

HocraTouo HammcaTb, YTO IEPBBIl BEKTOD DaBeH T1€; + Y1€,, & BTOPOH —
L€y + Yo€y THE €y U €y — OasucHvie sexmopul, €; — Bekrop (1,0), €, — BexTOD
(0,1). Torma

(1‘16_;3 + ylgy; ngx + y2€y) - $1$2(€z7 6_;:) + y1y2(€ya gy) + x1y2(5x, e_ty)_i_

+29y1(€y, €2) = T122 + Y1Y2,

B II0CJIEJJHEM PaBEHCTBE MBI BOCIOJIB30BAJICH TeM, YTO (€, €;) = (€y,€,) = 1,
(€x, gy) - (gya €;) = 0.

1. (kuraiickas Teopema 00 ocraTkax, cyiiecrsoBatue). [lycts my, mo, ..., my,
— IONAPHO B3aMMHO IIPOCTBLIC HATYPAJILHBIC YNCIA.
(a) doxaxkure, aro cymectByer Takoe ducyio My, aro My =1 (mod my), M1 =0
(mod m;), i > 1.
(b) Hdokazkure, 94T0 JiJist JIOOBIX MMOMAPHO B3AUMHO IIPOCTHIX HATYPAJbHBIX TUCET
mi, Ma, ..., My U JJIA JOOBIX HEJIBIX YUCEJ A1, A9, ..., 4, CYIIECTBYET TAKOE
qUCIO @, 9T0 a = a; (mod m;) Jist KazKJioro i.

2. B kusteruaroit Tabsune 4 X 4 uaet urpa «2KnusHb» 10 CJISIYIONIIM ITpaBUIaM:
KJIETKa YKUBET, €CJIM Ha IPeIbLIYIIeM XOIy Y Hee ObLIO HEYETHOE UHCJIO YKUBBIX
cocesieil M MepTBa B IPOTUBHOM ciydae. Hafiinre MakcuMyM mepuojga 0 BCEeM
PaCCTAHOBKAM.

3. Ilo kpyry croar 128 nenbix 4uces. 3a OJUH XOJ| BCE YUC/Ia OJHOBPEMEHHO
3aMEHSIOTCS Ha CyMMY JBYX cBouX cocejieit. Jlokayknre, 9TO 4depe3 HECKOJIBKO
XOJIOB BCe 4HC/la CTaHYT JIeJIMThcd Ha 128.

4. Tlo okpyzKHOCTH paccTaBjeHbl p' 1eJbix ducen (p — npocroe). JJokaxkunre,
9TO Yepe3 HeCKOJILKO XOJ0B BCe 4ncia OyIyT JequThes Ha P22, ecii 3a XOJ U3
KaxKJIOTO IMCJIa BBITUTACTCS €TI0

(a) JsieBbIil cocep;
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(b) ¢-blit coce cieBa, ¢ UKCUPOBAHO;
(c) * (-writ cocen cieBa, £ MOXKET MEHSATHCS OT XOJIa K XOJIY.

5. Ha mnanmere Karkiast crpaHa IpaHMIUT He 0OoJiee, 9eM C CeMbIO JIPYTHMI.
CTpaHbl XOTST IIepepacipeie/InTh CBOIT 30J10TOil 3aI1ac Tak, YTOObI Y JIFOOBIX JIBYX
rpaHnvaluX CTPaH KOJUYIeCTBO 30J10Ta pa3/indaioch Obl He 6ojiee, yeM B 13 pa3s.
JlokaxKkuTe, 4TO 9TO Iepepaciipejie/ieHne MOXKHO IIPOBECTH TaK, UTOObI Kark lasl
cTpaHa JIMIILIACh He 0oJiee, 9eM MOJIOBUHBI CBOEIO 30JI0TA.

21. Cepuga 17. Yuebnsrii Mexmycoboii 10 wons

1. Haitiure B 3aMKHYTOM BHJle 3HAUEHNE BbHIPaYKEHUS

% (2k . 31)(2k . 32) o (2kz o 31000)

£ (2F —21) . (2F — 2F 1)(2F — 2FH) (2K — 2100
2. Haitninre Bce MuOTOWIeHBI P(2) ¢ BerecTBeHHbIME KObDbUIMeHTaMH, JIJIs

KOTOPBIX HEPaBEHCTBO

P(a—1)P(a+1) > P(a)* -1

BBIIIOJTHEHO IIPpM BCEX BCIIECCTBEHHDLIX .

3. Ha mockocTn pacrosiozKeHbl n OKPYZKHOCTEH OJIMHAKOBOIO DPAJNyca, Hi-
KaKWe JIBe U3 KOTOPBIX HE KACAIOTCs, a WX O0beJNHEHNE eCTh CBsi3Has (DUrypa.
[Iycts S — MHOMXKECTBO TOUEK, KOTOPBIE TIPUHAJIEZKAT XOTsI ObI JABYM OKPY?KHO-
crsm. oxaxxure, uro |S| > n.

4. Mana tpanerus ABCD c ocnoBanusaymu AD u BC'. Ha cropone C'D orme-
gyena Touka F', E'— touka nepeceuenust npsiMmbix AF n BD. Touka GG Ha cropoHe
AB rakosa, uro EG || AD. O6osnauum depe3 H Touky nepecedetrust npsmbix C'G
u BD, qepes I — touky nepecedenns npambix FH, AB. Jlokaxknurte, 9T0 IpsMbIe
CI, FG u AD nepecekaiorcst B OJIHOIl TOUKe.

5. B mekoTopoil crpane ecTh HECKOJLKO IIIIHOHOB, HEKOTOPBIE Iapbl U3 HUX
HMEIOT CeKpeTHble KaHaJbl cBsa3u. Hemycrast rpymma mmmoHoB A HasbiBaeTcs
onepepynnot, ecan Jar000i mmmon n3 A MOXKeT nepejarh COODIIeHne JF0OOMY
JIPpyroMy IImuoHy w3 A — BO3MOXKHO, Wepe3 MOCPEJHUKOB U3 9TOI 2Ke I'PYIIIIbI
(B wacTHOCTH, JIIOOOM MIMOH 00pa3yeT OTAe/IbHYIO oneprpytiy). /Ise oneprpyr-
bl C8A3AHDI, €CJIV OHU HE TIePeceKaloTCs, a X 00be IMHeHIE — TaKKe OIeprpyIia.
PesujieHT cocraBmi cxeMy CBsi3eil MexKJy OoleprpyIiaMu, HO B 9TON cXeMe OTCYT-
CTBYIOT yKa3aHWsl Ha COCTaBbI oneprpyil. Jlokakure, 4To, MOJYyIUB ITY CXEMY,
KOHTPpa3BeJKa MOXKET BOCCTAHOBUTEL CXEMY CBSI3€il MKy IIITHOHAMI.

6. ITocienoBaresbaocTs (a,,)>2; He Bo3pacrtaer u crpemurces K 0. Jlokaxure,
9TO PsJL Y ey @k CXOJUTCS TOT/IA U TOJILKO TOTJIA, KOTJIA CXOMUTCs Pl Y peq 28 -agr.
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7. Jdokaxkute, aro ajs Jjodoro HarypasabHoro 10 < N < 1000 cymecrByoT
pas/ImIHble HATypaJbHbIe YUCIa L1, L9, .. ., L10, Y1, Y2, - - -, Y10 TAKLE, ITO

N+7(w%+x§+...—|—x%o):y%—i-y%-l—...—i—y%o.

8. Jlan napasienorpamm ABCD. Ilpsmas ¢ nepuenaukyisipia BC u 1npo-
xomuT 4epe3 B. JIBe okpyxkHocTH ¢ 001eit xopjoin C'D kacarorcs mnpsiMoit £ B
roukax P u (). Hokaxkure, ato orpeskn DP n D() Buanbl u3 cepeaunnl AB mon
PABHBIMU YTJIAMU.

9. Ha nocke HalmcaHo HEKOTOpPOe CJIOBO, cocTapjieHHoe u3 Oyks JI, M u III.
MorKHO 3aMEeHSTh YaCTU CJIOBA IO CJIEIYIOMINUM ITPABUIAM

M — JIM 4+ 11, T — JIOT+ M,  IIIM — MIII + JI,

a 3aTeM «pacKpbiBaTh cKOOKu». Hampumep, u3 Boipaxkenus HHIMJI + M MoxKHO
3a oy oneparuio noayantb kak MIILJI + JIJI + M, tak u LIIJIM + LI + M.
JlokarkuTe, 4TO TAKUMH OIIePAISIMU NCXOIHOE CJIOBO MOYKHO IIPEACTABUTH B BU/IE
CyMMBbI HecKosbKEUX cyioB Buga JI...JIM.. . MII... I (Bo3aMokHO, HEKOTOPBIX
OYKB HET), IpUIEM TaKoe IPeJICTaBIeHIe eMHCTBEHHO C TOYHOCTDHIO JIO TTOPSIJIKA
cJlaraeMbIX.

10. ITycTb a, b — narypaJsbuble uncia, bosbime 1. Jlokaxknute, 9T0 CymecTByeT
YUCJI0, KPATHOE @, KOTOPOE B CUCTEME CUUCJEHUs ¢ OCHOBaHUEM b COJIEPXKUT BCe
mudpsr 0, 1, ..., b — 1.

22. Cepnsg 18. Pabora ¢ cucteMaMn BbII€TOB 12 wronn

Omnpenenenne. MHOXKeCTBO BCeX BBIYETOB IO MOJIYJIIO 1 HA3BAIOT NOAHOU CU-
cmemoti 6bi%emoe6 10 MOJIYJIIO N.

Omnpenenenne. O6o3HaINM Yepe3 () KOJIMIECTBO YnCe, He OOJIBIINX 1, B3a-
FMHO MPOCTHIX ¢ 1. [0BOPST, 9TO HAOOD U3 (N) PA3IMIHBIX BBIYETOB, B3ANMHO
POCTBIX ¢ 1 (ec/i BBIOPATH M3 KAyKJIOTO KJIacca BBIUETOB IO MPEJCTABUTEIO),
00pasyeT NPUBEIeHHYI0 CUCTNEMY 6bIUEMOE TI0 MOIYIIIO N.

Yupaxuenne. [lycts a — mpousBoJibHOE 1es10e dncio. Torma mpu caBure moJ-
HOI CUCTEMBI BLIYETOB Ha, @ MBI CHOBa MMOJIYYNM IMOJTHYIO CUCTEMY BLIYETOB.

Yupaxnenwue. [lycts (a,n) = 1. Torga npu 1oMHOKEHUN [T0JTHOT / TPUBEICHHOT
CHUCTEMBI BBIUYETOB Ha @ Mbl CHOBA TIOJIyYUM IOJIHYIO /TIPUBEIEHHYIO CUCTEMY Bbi-
YETOB.

CaencrBue. Ilycts (a,n) = 1. Jlokaxkure, 9TO CyIIECTBYET 00pammoill K a
BBIUET 0 MOJYJIIO 7, TO €CTh Takoil BbraeT b, ato a - b =1 (mod n).

Caencrsme. Ilycrs (a,n) = 1. Jokazxure, urto a¥™ =1 (mod n).
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1. Jlano npoctoe uncio p > 100. /lokakuTe, 9TO CYIIECTBYIOT pa3IUdIHbIE
1eJIble HeoTpHIlaTe/IbHble Yucia a, b, ¢, d, e, KayKJioe U3 KOTOPbIX MEHbIIe p, U
Takue, 910 a + 2b + 3¢ + 4d + de jenurca Ha p.

Ilodckaska. Badukcupyiite MpoOU3BOJILHBIE pa3ndnble a, b, ¢, d, € 1 moupo-
OyiiTe cjBUraTh UX HA OJHO U TO YKE YUCJIO 110 MOJIYJIIO P.

2. IIycTb n — HedeTHOE HaTypaJbHOe uncio. Jlokaxkure, 4To HAOOPOB U3 k pas3-
JINUHBIX HATYPAJbHBIX UNCEJI, MEHBIINX 7, CYMMa YHICe]I B KOTOPOM JIaeT OCTATOK
1 110 MOJIYJII0O N CTOJIBKO K€, CKOJIbKO HabDOPOB M3 k pPas3MUIHbIX HATYPaJbHbBIX
qHCeJI, MEHBIINX 7, CYMMa KOTOPBIX JIAeT OCTATOK 2 110 MO/LYJIIO 7.

3. [Iyctb p — npocroe uncsio. CKOJIbKIMHI CII0COOaMU MOZKHO BHIOPATh HECKOJIb-
KO HaTypasbHbIX ducen u3 Habopa {1,2,3,...,p — 1,p} Tak, 4robbl UX cymMMa
Jlenach na p?

4. Jano HeuérHoe npocroe 4ducio p. st Kaxkjgoro HarypasbHoro k < p — 1
0003HAYNM Yepe3 @) KOJUIECTBO HATYpaJsIbHbIX JenuTeseil ducia kp+ 1, 60/1bimx
k u menpmux p. Haitnure aq +ags + ... + ap—1.

5. /lano npocroe p u p HaTypaJbHBIX 4HCEI 4f, ..., Qp. JJoKaxkuTe, 4TO 1pH

HEKOTOPOM I1eJIOM Kk
p—1

(a) cpem wncen ag +k, az+ 2k, ..., a,+pk ectb ne bosee
OJIMHAKOBBIC OCTATKHU NPU JICJICHUN HA P;

(b) uncina ay + k, as + 2k, ..., ap + pk 1ai0T He MeHee p/2 PA3HBIX OCTATKOB
IpU JIeJIeHUN Ha, p.

nap, JIalonmnx

6. /Iano mpocroe yucyo p > 2. Jlokaxkure, 9T0 Cpein JTIOObIX p+ 1 MeJIbIX dnce’
MOZKHO BBIOpaTh p — 1 4mcio ay, ag, ..., ap—1 Tax, 4Todbl a; + 2as + 3az + ... +
+(p — 1)a,—1 pesmtocs Ha p.

7. 151 Kakux HaTypaJbHBIX 1 CYIIECTBYeT TaKasl IePEeCTaHOBKa Pi, P2, ..., Pn
qnces 1, 2, ..., n, 9TO B KarKJIOM U3 HAOOpoB uucea p1 + 1, po+2, ..., pp,+nu
p1— 1, ps —2, ..., p, — N BCce 4uUCIa JA0T pa3Hble OCTATKU IIPU JieJleHun Ha N’

8. /lano HeuéTHOe IpocToe 4ucio p. IlociienoBaTe/ibHOCTD 1IEJIBIX HEOTPHUIA-
TEeJILHBIX YHUCEII A1, A2, . . ., Gp, KazKJJ0e U3 KOTOPLIX MEHbIIE P, HA30BEM npekpac-
HOU, ecJn

(1) a1 + ag + ... + a, He jeauTCs Ha p;

(2) a1as + asas + ... + ap_1a, + apa; jgenurcs Ha p.

Hajinre Komm4uecTBO IPEeKPACHBIX IOC/IEI0BATEIbHOCTEI].

9. /TaHo HeuéTHOE HATypaJbHOE Yucyo n. Ha J0cKe BBIINCAHBI B OPSAIKE BO3-
pacTaHusi BCe OCTATKH, KOTOpPble MOT'YT JiaBaThb CTEIeHU 2 IPU JeJeHUM Ha Nn.
(Hanpumep, nipu n = 9 na gocke 6buin 661 Hamucanbl dnciaa 1, 2, 4, 5 7, 8.)
Bceerna i1 1o 3TuM 9mciaM MOXKHO OIPEIeInThb 1’

10. Mano npocroe wnciao p > 5. st KayK/I0#l [EepecTanoBKU (X1, T2, ..., Tp)
quces 1, 2, ..., p, B KOTOPOil x; # 1 JJIsT KaXKJIOTO ¢ < P, MOCYUTAIH OCTATOK



38 Buwxunao, 1-26 uroas 2024 200a

OT JIeJIeHud 4ucia Ty + 2x2 + ... + px, Ha D. JlokaxkuTe, 9TO 1epecTaHOBOK, Y
KOTOPBIX 3TOT OCTATOK paBeH 1, CTOJIbKO »Ke, CKOJIbKO IIePECTAHOBOK, Y KOTOPbBIX
OH paBeH 4.

23. Cepnsg 19. Caer B KOMIJIEKCHBIX YmncIax—1: Teopus 12 urons

Bo Bcex paabHeimux cepusgx OyjgeM 0003HA4YaTh I0JI€ KOMILJIEKCHBIX YNCET
gepe3 C.

PaccMoTpuM TIOCKOCTH € JIEKAPTOBOI cucTeMoil KoopaumHat. BeKTop ¢ Koop-
muHaTaMu (x,y) OyleT COOTBETCTBOBATH KOMILIEKCHOMY YUCIY X + Yi.

3amevanne. CJI0yKEHUIO U BBIYUTAHUIO KOMILJIEKCHBIX YUCEJI COOTBETCTBYET CJIO-
JKeHUe ¥ BbIYUTAHUE COOTBETCTBYIONINX BEKTOPOB HA KOOPJMHATHOI MJIOCKOCTH.

Omnpenenenme. MojysieM KOMILJIEKCHOIO YHUCIa 2 = & + Yi HA30BEM YHUCJIO
|2| = /22 + y? (10 aHaOrUN ¢ MOJLyJIEM BEKTODA).

3aj1aiuM Ha TJIOCKOCTH TTPSIMOYTOJIBHYIO JIEKAPTOBY cucteMy kKoopunat Ozy.
Torma KaxKJ0My KOMILJIEKCHOMY YHUCIY 2, MPEJICTABICHHOMY B a/redpamdecKoii
dopme z = x4 1y, MOYKHO OJTHO3ZHATHO ITOCTABUTDH B COOTBETCTBUE TOUKY M 1110C-
KOCTH ¢ Koopjmaatamu (&, %) (1o ectb Touke M (x,y) Ha caMoM JieJsie COoCTaBIeH
sexTop OM ). KomIiekcroe 9iceiio z HA3BIBAIOT KOMNAEKCHOT K00pdunamoti co-
orserctByiomieit Touku M u murryt M (z). [loHsITHO, 9TO MOIY/Ib KOMILIEKCHOTO
qHC/ia Z PaBEH PACcCTOsIHUIO OT Touku M J10 HavYa/ & KOOp/[MHAT.

CJres1oBaTeIbHO, MHOYKECTBO TOUYEK €BKJINJIOBON IJIOCKOCTU HAXOJUTCH BO B3a-
UMHO OJTHO3ZHAYHOM COOTBETCTBUU C MHOXKECTBOM KOMILJIEKCHBIX YHCEJI. DTY ILIOC-
KOCTb Ha3BIBAIOT TJIOCKOCTHIO KOMILIEKCHBIX duces. Hagamo O cucTeMbl KOOPIH-
HaT Ha3bIBAIOT IIPU 9TOM HaYaJILHOU MJIM HYJIE€BOH TOYKOH IIJIOCKOCTU KOMILJIEKC-
HBIX YHCE/I.

Omnpenenenne. Ha kommiekcroit miockoctn Oxy ormetdena Touka M (z). Opu-
CHTHPOBAHHLIH yToJ1 (IPOTHB YaCOBOM CTPEIKN) MexK Ly ocbio Ox 1 BekTopoM O M
HA3BIBAETCS ApPryMEHTOM KOMILJIEKCHOI'O YHUCa 2 U 0003HavYaeTcs Yepe3 arg 2.

Tpuronomerpuaeckas popma KomiuiekcHoro dmcia. [lycrs p = arg z. Torua
z = |z|(cos @ + isin p).

3ameuanwme. Jlerko nposeputs, uto |1/2| = 1/|2|, arg 1/2z = —arg 2.

Yupaxnaeane. BoloiHeHbl COOTHOIEHNST

® arg z129 = arg zj + arg 2s.

o arg z1/zy = arg z; — arg 2.

Omnpenenenne. Ecin gano KOMIIEKCHOE YUCIO 2 = & + 1Y, TO KOMILJIEKCHOE
qHCJIO Z = T — 1}y Ha3bIBACTCH KOMILJIEKCHO COIPSIKEHHBIM K JIAHHOMY YHCIIY.

Yupaxuenne. BbIioiHeHbI COOTHOIICHUS:
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ozl =Z| =Vz-ZuaVz € C. @2z + 20 =Z] + Z3 s Vz1, 20 € C.
©Z1 2 =721 2o st V21,20 € C. @ z1/2z0 = Z1 /%5 st Vze # 0,2 € C.
e arg z = —arg z jada Vz € C.

24. Cepnsg 19. Caer B KOMIJIEKCHBIX 9ncaax—1: 3aga9m 12 wrons

crosib3yst onpejie/IeHHY 10 BbIIIE TEPMUHOJIOTHIO, IOITPOOYEM PEHINTh HECKOJIb-
KO MPOCTHIX (MOKa 4ITO) 3a1a.

Yupaxnenne. /lokaxkure, aro deTbipéxyronbank ABC D sBisercs: napaJiie-
JIOTPaAMMOM TOT/Ia ¥ TOJILKO TOIJIa, KOIjla KOMILJIEKCHBIE KOOPJAMHATHI a, b, ¢, d ero
BEPIINH YJIOBJICTBOPAIOT YCJIOBUIO @ + ¢ = b + d.

Pemenne. Pacroioxkimm Har 9eThbIpexyroJbHIK Ha KOMILIEKCHON ILJIOCKOCTH.
[Iycrs A(a), B(b), C(c), D(d). Torna cepemuna M orpeska AC umeer Koop-

a+c —  0OA+4+0C
JITHATY Tak Kak OM = — Anasiormaso cepeanna orpeska BD
b+ d
umMeer Koopjunary ——. To ecTb paBeHCTBO @ + ¢ = b + d paBHOCUJILHO COBIIa~

Jernio cepennt orpe3skoB AC' u BD, 1o ecTh paBHOCHIBHO Tomy, uT0 ABC'D —

TapaJiJIeIOrPAMM.
Yupaxneane. Ha xomiutekcuoii miockoctu ganbl Touku A(a), B(b) u C(c),
. a—+ Ab
npuiem AC = AC'B jj1s1 HekoToporo BemectBennoro A # —1. Torna ¢ = T

Pemenne. Kax mbl 3HaeM, Bektopy AC cOOTBETCTBYeT KOMILIEKCHOE UHCJIO

¢ — a, a Bekropy C'B — komiuiekcroe ducio b — ¢. Torna umeem ¢ —a = A(b— ¢),
a+ A\b

L+X°
Yupaxnenne. /lan mosioxkureibHO opueHTpoBaHHbIil KBajgpar ABC'D ¢ KoM-

OTKY/la C =

miekcHbIME KoopuHaTamu Bepumi A(a), B(b). Haiinnre KoMIuiekcHbie Koopin-
Hatol Bepiind C'u D.

Pemenne. Kax Mmbl nonnMaeM, Bektop BA nosayuaercs n3 sektopa BC' 10Bo-
POTOM IPOTHUB YacoBoil crpesikn Ha /2. Torma nveem

a—b=(c—0b)- - (cosm/2+isinm/2) = (c—10) -1,

a—0b+ b

OTKYJla ¢ = =b+ bi — ai.

Tenepnb Haitgem koopaunary Touku D). MoxKHO 3amucars, 910 BeKTOop AD 110-
Jydaercst u3 Bekropa AB 1oBoporoM Ha /2 nporus uacoBoii crpeski. OTKyja
d—a=(b—a)-i, 1o ectb d =bi — ai + a.

Yupaxnaenne. /lokaxkure, 9To cyMMa, KBaJIpaTOB JIJINH JUAroOHaJICl deThIPeX-
yIoJIbHUKA paBHAa yABOEHHOU cyMMe KBaJIpaToOB €ro CpeJIHUX JIMHUIL.
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Pemenwme. O6o3naunM dernipexyroibauk depes ABC'D u cHOBa paciioiozKnuM
ero Ha KOMILJIEKCHOI 1tockoct. Obo3Haunm yepes a, b, ¢, d, KoOpJuHATHI BEPIINH
A, B, C, D coorBerctBenno. Torma Tpebyercst H0Ka3aTh TOXKIECTBO

a+b—c—d a+b—c—d a+d—b—c a+d—b—c
2 +2 =
2 2 2 2

=(a—c)(a—c)+ (b—d)(b—d).

[Tocsie packpbITHsI CKOOOK IOJTydaeM BEPHOE PaBEHCTBO.

,ZLJISI CaMOCTOATEJbHOT'0 pelIeHnA

1. Jlan gerwipexyronbauk ABCD. [lycts M — cepenuna croponbt AB, N —
cepennna croporbl C'D. B gerwipexyronbankax AMND nu M BCN ormernim
cepeaunbl guaronaJeii. Jlokaxkure, 4To 4 MOJIYUEHHBIX TOUKHM ABJISAIOTCA BEPIIHU-
HAMU ITapaJiiesiorpaMma, JIM0Oo JiexKaT Ha OJHOI IPAMOIi.

2. Touku M, K, N u L — cepengunnl ctopon AB, BC, CD u DE nusru-
yrosibanka ABC DE (He 0bst3aTeIbHO BBITYKJION0), P u () — cepejinHbl OTPe3KOB
MN un KL. Jokaxkure, 910 0Tpe30oK P() B deTbipe pa3a MeHbIle cTopoHbl AE n
napaJijiesieH ei.

3. lokakuTe, 9TO KOMILJIEKCHAST KOODJIMHATA TOUKH Tiepecedenns Meaunan M (m)

tpeyroibanka ABC' ¢ koopauaaramu Bepuina A(a), B(b), C(c¢) Bbipazkaercs 1o
a+b+c

3

4. (a) Jlan moJ0KUTETHHO OPUEHTHPOBAHHDII TPABIIbHBII TpeyroabHuk ABC

dopmysie m =

¢ KOMILJIEKCHBIMU KoopnuaTamu Bepiiud A(a), B(b). Haiignre KoMILIeKCHY IO KO-
opjmHaty Bepinutbl C'.

(b) HeBepositHo mosie3H0e coobpaxenume. JlaH MOJI0KUTEEHO OPHEHTUPOBAH-
HBIl TpeyroibHnK ABC' ¢ KOMILJIEKCHBIMU KOODJMHATAME BEPINUH @, b, ¢ cooT-
BercTBeHHO U yriiom ZACB = . Jlokaxkute, 4TO KOOpAUHATA IEHTPa OIICAH-

HOIT oKkpy»kHOCTH Tpeyroibuuka ABC' Bbraucisiercs 1no dopmysie xr = %, rje

¢ = (cos p +isinp)? = cos 2p + i sin 2.

5. (a) HokaxKkute, 9T0 CyMMa KBaJpPATOB [JJINH MEJUAH TPEYTOJbHUKA DaBHA
3/4 cyMMBI KBaJIPATOB €r0 CTOPOH.

(b) OcroBHOe TOXmMecTBO mapasutenaorpamma. /lan napastenorpavmm ABCD.
okaxkure, 9T0

AB? + BC? + CD?* + DA? = AC? + BD?.

(c) Jau npousBosbablii geTbipexyroabauk ABC D. Ilycts M u N — cepeinnbl
nunaronasieit AC' u BD coorBerctBenno. Jlokaxkure, 910

AB? + BC? + CD? + DA?> = AC? + BD? + 4M N?>.
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6. Ha miockoctu napucosanbr jiBa kBajpata — ABC'D u K LM N (ux Beprin-
HbI TI€PEYUCIICHBI TPOTHB YaCcOBOM CTpesiki). JJoKaykuTe, 4To cepe/IiHbl OTPE3KOB
AK, BL, CM, DN rtaxxKe SIBJISIIOTCSI BePIITHAMI KBaJpaTa.

7. Uz meqnan AA,, BBy u C'C} tpeyronbanka ABC' cocTaBiieH TpeyroJbHIK
KMN, au3 mennan KKy, MM; n NNy tpeyronbauka K M N — TpeyrojbHUK
PQR. JlokaxuTe, 4TO TPETUl TPEYrOJLHUK IOJ00EH IIEPpBOMY U HaiauTe KO-
pUIIeHT 1101001,

8. Ha croponax tpeyrobanka ABC' Bo BHEIIHIOI CTOPOHY ITOCTPOEHBI 110100~
Hble Mexk 1y coboit Tpeyrosbauku ADB, BEC u C'F A, 1o ecThb

AD BE CF

DB EC FA
Jlokakure, 4TO:

(a) cepeunbt orpeskos AC, DC', BC' w EF — Beplunnbl napaJsiiejiorpaMma;

k, /ADB = /BEC = /CFA = a.

(b) y aToro mapasiesorpaMma JBa yrja PaBHBI (v, & OTHOIIIEHUE CTOPOH PABHO

k.

9. Ha croponax AB, BC' u AC tpeyrosbauka ABC' BoBHE OCTPOEHBI paBHO-
Oepennble psimoyrosibHble Tpeyronbiaukn ABCT, BC Ay, C AB; ¢ runoreny3amun
AB, BC' u AC coorBercrBenno. JlokaxkuTe, 9T0 TOUKHN II€pecedeHnsl MeIUaH Tpe-
yroapankoB ABC u A1 B1C} coBnagaior.

10. loxakuTe, 9TO CymMMa KBaJIPaTOB paccTogHuil or Toukn M 10 BeprimH
TpeyroJbHIKa MUHUMaJbHA, ecin M — Todka mepecevenns MeinaH TPEyTroJbHNI-
Ka.

11. Ha croponax BC u CD pomba ABCD ormedennl Touku P u () coor-
BeTcTBeHHO Tak, uro BP = (C(@). Jlokaxkure, 9T0 TOYKA IepeceueHns] MeIruaH
TpeyroybanKa APQ nexxut Ha juaronain BD pomoa.

12. Touka M sjexxkuT Ha HPsIMOIi, cojiepzKaliieil runorenysy AB npsMoyroJibHO-

ro Tpeyroibanka ABC. Jloxkaxure, uro M A? - BC* 4+ M B?- AC? = MC?- AB?.

13. Ha croponax BbinykJjoro mectuyrosibiuka ABC DEF BO BHEIIHIO CTO-
POHY IOCTPOeHbI pasHocToponnue Tpeyroabiukun ABC', BCD', CDE', DEF’,
EFA u FAB'. Okazanock, uro tpeyroubiuk B'D'F’ — pasnocroponnnii. Toka-
»kure, 9yTo Tpeyroabuuk A'C'E' Takzke paBHOCTOPOHHMUIA.

25. Cepnusg 20. AcumMnToTHKa B KOMOMHATOPHUKE 18 wronn

Yrnpaxunenne. beckoneunyio KjeTdaTyio IJIOCKOCTH Pas30uMM Ha paBHbLIE Ia-
paJLeiorpaMMbl € [eJIOYUC/IEHHBIMU BEPIIMHAMU, HE COJiepzKalliie 1eJJOYNCIeH-
HBIX TOYEK BHYTPHW W Ha Tpanune. /lokaxknute, 9To IJI0MQIL HapaJjaeorpaMmMa
paBHa 1.
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1. /IBoe UTPOKOB CTAaBAT KPECTUKU U HOJTUKHU Ha OECKOHEUHO KJeTdaToi Oyma-
re, IpUYEM Ha KaxKJblit KPECTUK 11ePBOro UI'pokKa BTOpoil orBedaeT 100 HOJIMKAMMU.
JlokazknuTe, 9TO MEPBBIIT MOXKET JOOUTHCsA, IYTOOBI HEKOTOpPbIE YeThIpe KPEeCTUKA
obpa30BaJl MPSIMOYTOJILHUK (CO CTOPOHAMHE, TTAPAJLIETLHBIMIE JIMHISIM KJIETOK ).

2. ¥V Iletn ecTh GECKOHEYHO MHOT'O OJIMHAKOBBIX TPEYTOJbHBIX cajdeToK. J[o-
KayKUTe, UTO JJIs1 JI0CTaTOuYHO OosbimnX R IleTs cMoxKeT MOKPBITh STUMU cajideT-
kamu 6osiee 99% mroraau Kpyriaoro crosia pajguyca R (canderkn He nepekpbi-
BAIOTCs, HE BBLIE3AIOT 3a KpPail CTOJIA, UX MOYKHO [IEPEBOPAYNBATH ).

3. 13 GeckoHedHOIl KJleT4aToll JIOCKN BBIKMHYJ/IM HECKOJIBKO KJIeTOK. Paccrosi-
HIe MKy TeHTPpaMi KarKJIbIX JIBYX BLIKIHYTHIX KjieToK He MenbIie 1000. Beerna

JIN OCTABIIYIOCS 9aCTh MOXKHO PasdUTh Ha JOMIHOIIKHI?

2 BIIICAHBI B KJICTKN TAOJIN-

4. Jlano natypaabaoe n = 2021. Yucna 1,2,...,n
IIbI 13 X M TAK, YTO B KarK 10 KJIeTKe HAIIMCAHO OJIHO YncI0. JJoKaxKuTe, 4TO MOXKHO
OTMETUTDb N KJIETOK, HUKAKNe JBE U3 KOTOPBIX HE HAXOMATCS B OJHOI CTPOKE MJIH
B OJIHOM CTOJIOIle, TaK, YTOObl HUKAKNUE YeThbIpe YNCJIa, CTOSIINE B OTMEYEHHBIX

KJIETKaX, He 00pa30BbIBAIN apUPMETHIECKYIO IIPOIPECCUIO.

5. JIBoe UTPOKOB 0TMEYAIOT TOUKHM IIockocT. CHavaJa MepBhlil oTMedaeT TOY-
Ky KpacCHBIM IIBETOM, 3aTeM BTopoil oTmedaeT 100 Todyek cmHMM, 3aTeM IEPBbIi
CHOBA OJIHY TOUKY KpacHbIM, BTopoit 100 Touek cunum u tax jajee. (Ilepekparru-
BaTh YK€ OTMEeUeHHBbIe TOUKHN HeJIb3s1.) JlokazkuTe, 9T0 mepBblil MOXKET MOCTPOUTD
MPaBUJILHBIN TPEYTOJHHUK ¢ KPACHBIMU BEPITMHAMMU.

6. /lana 6eckoneunas KjieTdaras IJIOCKOCTH. Y UNTeILHUIA 1 Kaace n3 30 yde-
HUKOB UI'PAIOT B UT'PY, Jlejlas XOJIbl 110 OUepe/in — cHadajla yIuTeJbHUIa, 3aTeM
10 OYepeJi BCe YUEHUKHU, 3aTEeM CHOBA yUUTEJbHHUIA U T.J. 3a OJUH XOJ MOYKHO
[IOKPACUTh €JJUHUYHBIII OTPE30K, SIBJIAIONINICI ITPAHUIell MeXKy JIBYMs COCEHU-
M KJaeTKamu. JIBazkibl KpacuTh KJIETKH HEJIb3sI. ¥ YUTe/TbHUKa TT00EXKIAeT, eCJIn
1ocJjie Xoaa OJHOro n3 31 urpokoB HalijleTcs KjaeTdaTblit IpsiMOyTroJbHUK 1 X 2 nin
2 X 1 Takoii, 9TO y HEro Bcsd T'PaHNIla TTOKpalleHa, a eJJMHNIHBII OTPE30K BHYTpU
Hero #e nokparten. CMOTYT /I YIEHUKH MOMENaTh yIUTeTbHITE TOOeTUTD !

7. (a) Orpannuennas burypa Ha MIOCKOCTH UMeeT Itomab S > 1. Jlokaxure,
4TO €€ MOKHO CABUHYTH Ha I[eJIOUUCJICHHBII BEKTOD TaK, YTOOBI NCXO/1HAs durypa
1 e¢ 00pas3 IepeceKasich.

(b) Jlemma MunkoBckoro. B menTpe KOOpHHATHOI MJIOCKOCTH PACIIOJIOMKEHA
BBIIIyKJIasd [EHTPaJbHO-CUMMeTPUYIHAA OTHOCUTEJILHO LIEHTPa KOOpAUHAT durypa
mtoman oosbie 4. Jlokakute, 4To B Hell HaiijleTcd elle O/lHA 1EJIOUYUC/ICHHAS
TOYKA.

8. Jano meorpunaresnbnoe dncio C. B KaxKJioif KjIeTKe KBajpaTa n X n CH-
JUT 2KyK. 11 Kazk 101l mapbl 2KyKOB [IOCYUTAIN paccTosHre Mexk 1y Humu. [locie
3TOT0 KazKJIpIil JKYK IIEPEIOJI3 B OJHY U3 COCEIHUX II0 CTOPOHE KJICTOK, IIPUYEM B
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KayKJI0il KJIeTKe CHOBa, CHUJIUT POBHO 1 »KyK. JLJIsT Kayk10ii maphl »KyKOB CHOBA, 110~
CYUTAN pacCcTosiHne MexK 1y HuMu. OKas3a/10Ch, 9TO JJIst KayK/I0r0 HATYPaIbHOIO
1 KOJMYECTBO He N3MEHUBIINXCH paccTodnuil He Menbine Cnt. Yemy MoxkeT ObITH
pasuo C?

9. Ha oxpyxxuoctn ormedenst n > 1010 touek. JIpoe mo odepeanm mpoBojsT
OTPE3KHU C KOHIIAMU B OTMEYEHHBIX TOYKAX, IEPBbINl CBOMM XOJIOM ITPOBOJIUT OJINH
KpacHbIil oTpe3ok, BTopoil — 100 cunux. OJUH U TOT »Ke OTPE30K 3aIperieHo
HIPOBOJIMTD JIBaXKbI. [IepBhIil HTPOK X04eT, 9T0ObI 110CJIe HECKOJIBKUX XOJI0B rpad,
O6p&30B&HHbII7I 7 OTME€YE€HHbIMU TOYKaMM 1 KPpaCHBIMU OTPE3KaMU, 6bLH CBA3HBIM.
CwmozkeT Ji BTOPOit eMy moMeniaTh?

26. Cepnsg 21. Coyck n nogbeMm 1mo Buery 13 wons

Yupaxaenue. J[okaxkuTe, 4TO €CJI JIjIs HEKOTOPBIX HATYPaAJIbHbBIX YHCeNI a, b,
2 | 72
a®+b
ab+ 1
VYupaxnenne. [1po HarypasbHble yncia a 1 b n3BecTHO, 4T0 a’+b>+1 nesmres
na ab. JJokaxkure, uto a’® + b> + 1 = 3ab.

k BBITIOJTHEHO PABEHCTBO = k, To k — TOUHBIl KBaJpar.

ZLJIH CaMOCTOLATEJIbHOI'O perecHuA

1. Jlokaxknte, uro ypasuenne a®> + b> + a + b = Hab ne nmeer pemenuii B

HaTypaJIbHbIX 9HCJIaX.

2. JloKazKuTe, 4TO CYIIECTBYIOT HATYPAJIbHbIe Yncia a, b, ¢, d, 6osbime 102024

Takue, uTo a’ + b? + ¢ + d? = abc + abd + acd + bed.
a® + b?
ab—1

3. HarypajbHble uncia a u b TaKoBbl, 4TO UUCJIO nenoe. Jlokaxkure,

YTO OHO PaBHO .
(a+b+c)

4. Kakne HaTypaJibHble 3HAUEHUsT MOYKET ITPUHUMATH BhIpayKeHue )
abc

pu HATYpaJIbHbIX a, b, c?

5. I[IycTb n — HaTypasbHOE YKC/I0 TAKOEe, YTO YPaBHEHHE :1:2+y2+z2 = n(ajyz—H)
NMeeT pellleHre B HAaTYPaJbHBIX ducaaX. JJokaKure, YTO n MpeJcTaBUMO B BHIE
CYMMBI KBa/IPATOB JIBYX IIEJIBIX YUCEJI.

6. Jano narypaabHoe uncio k. JJokazKnTe, 9TO CyIECTBYeT OECKOHEIHAA BO3-
pacTaloas II0CIe/[0BATeIbHOCTb HATYPAJLHBIX YHCET a1, ds,ds ... TaKasg, 9TO
a1 1oboro n uuesio aZ + k JIenmuTes Ha 41, & 9MCI0 a2y + k jenures Ha
Q.

7. HarypasibHble uncia a, b, ¢ Takosbl, 4to |a® + b* — abe — 2| < c¢. Jokaxure,
qro ynciio a’ 4+ b? — abc ABIIAETC TOYHBIM KBaJIPATOM.



44 Buwxunao, 1-26 uroas 2024 200a

8. HarypasbHble uncia a, b, ¢ yIoBIeTBOp:IOT yeaoBuio a® +b? +c = 1+ 2abc.
a+1 b+1 c+1

2 7 27 2

,Z[OK&)KI/ITG, YTO XOTsI OBl OJJHO M3 YHcCeJI ABJIAETCA TOYHDBIM

KBa/IPATOM.
9. Pemure B HaTypasbHBIX dnciIax ypasaenne 4a’ + b 4 ¢ = 4abe + 2a.

10. O HaTypaJIbHBIX YNCJIaX T U Y U3BECTHO, uTo &2 geinTcd Ha 2xy + y? — 1.
Jlokazkute, 4T0 3> — 1 mesures Ha 2.

27. Cepusg 22. MHoro4wieHsl B KOMOMHATOPHUKE 14 urona

PaCCMOTpI/IM I[IPOU3BOJIBHYIO II0CJI€A0BAaTEC/IbHOCTL YUCEJI g, A1, A9, . .., Ayp, 110~
Ka 4YTO KOHEYHYIO. Kax MbI IIOMHHM, TaKHe II0CJIeJOBaTCJIbHOCTHU OJHO3HAYHO
COIIOCTaBJIAIOTCA MHOI'OYJIEHaM 11O IIpaBUJIY

2
ag, a1, 09, ...,0n —> Qg+ 1T + aox” + ... + a,x”.

Hanpumep, nocieposarensnocrs CO, CL C2 ... C" orobpaskaeTcs B MHOIO-
qJIeH
0 1 2.2
C,+Cx+Clz+...+Cra" = (1+2x)".

Teneps Jy1s1 1OJICUETAa CYyMMBI UJIEHOB 3TOI MOCIEI0BATEIBHOCTH JIOCTATOTHO
HOJICTABUTL © = 1, a JjIsd 1ojicyeTa 3HaKomepeMmeHHoit cymmbl x = —1. Oxa-
3BIBAETCS, UTO IMOJ00HAs TEXHUKA YacTO MO3BOJISIET BBITUC/IATH KOIDPUITUMEHTH
MHOI'O4IEHOB. JIJIst 9TOro MOXKHO Jiazke IOJICTaBJISATh B MHOTOUJIEH KOMILJIEKCHBIE
apryMeHTHI.

Yupaxuenne. [Iycts p — npocroe uncio. CKOIBKIMU CIIOCOOAMU MOYKHO BbI-
OpaTh HECKOJIBKO HATYpaTbHBIX unces u3 nabopa {1,2,3,...,p—1, p} tak, 410061
X CyMMa JIeJInaach Ha p?

OTmeTuM, 9TO IOCJIEIOBATEILHOCTH dg, A1, A2, . . . , Ay, COCTOSIIEH M3 IEJIBIX
HEOTPUIIATE/IHLHBIX YNCE, MOYKHO TaKyKe COMNOCTAaBUTL MHOrodjIeH % 4+ x4
+x? + .. 4 2.

Yupaxuaeane. HekoTopblii KjieTdaThlil IPsIMOYTOJILHUK PAa30UT Ha PSIMOYTOJTb-
HuKE M X 1 1 1 X n (KOTOpble HeJb3sl MOBOpaunBaTh). JJoKaskuTe, 4T0 ero MOKHO
pas3duTh Ha HPSIMOYTOJbHUKN TOJBKO OJHOIO M3 9THX THIIOB.

ITomesnas memma. [lycthb p — npocroe unciio. PaccMoTpuM KOpHU U3 €JIUMHUIIBI
p-oit crenenu 1, e, €2, ..., el e ¢ = COS%7r + 7s1in 27”. OkazaJioch, 9To JIJIsI
HEKOTOPBIX PAITMOHAJBHBIX A, A1, - - - , G, BEPHO

2 ~1
ap + aje +ae” + ... +a,1e’ " =0.

Torna ap =ar =ax = ... = ap_1.
1. CrosbKuMHU CII0CODAMHU MOYKHO BbIOpaTh momuoxkectso {1,2,...,2000},
CyMMa, 3JIEMEHTOB KOTOPOI'O JIeJINTCs Ha 47
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2. CKOJIbKUME CIIOcODAMU MOYKHO pPacKpacUTb N IIapUKOB B JiBa IlBeTa Tak,
YTOOBI KOJTMYECTBO MIAPUKOB IEPBOIO IIBETa, JICJIMIOCH Ha 37

3. lanbl 1Ba urpajbHbIX KyOuka. Ha Kaxkg1oM 13 HUX MOYXKET BBIIACTH YHCJIO
oT 1 J10 6 BK/IIOUNTEJIHHO, HO He 00si3aTe/IbHO PABHOBEPOSITHO; BCE BEPOSITHOCTU
SABJISIIOTCS HEOTPUIATEIHLHBIMI BEIeCTBEHHBIMI YncjiaMu. MoxkeT Jin oKaszaTbhest
TakK, 4TO IIPU OJHOBPEMEHHOM OpOCKe 000MX KYOMKOB CYMMa, BBIIABIINX UHCEN C
paBHOII BEPOSITHOCTBIO NIPpUHUMAJIA 3HadeHus 2, 3,4, ..., 127

4. I3 kBajpara 13X 13 yaa/mim HeHTpaIbHy 0 KIeTKY. MoXKHO 11 OCTaBIIYIOCs
durypy paspesarb Ha HPIMOYroJabHUKI 1 X 4 w4 X 17

5. Jlamo mpocroe dnciio p u ga nabopa HaTypasibHbIX dncen A = (ay, ag, . . ., a,),
B = (b1, by, ...,by). Ussectno, 4ro cpean dncesn sujia a; +b; (1 < 4,5 < p) posHO
p dncesi garoT ocraTok 0 IpH Je/IeHUK Ha P, POBHO P Jai0T OCTATOK 1, ..., POBHO

p jnator octaTok p — 1. JlokaxkuTe, 9TO B OJIHOM 13 HAOOPOB KarK/IbIil OCTATOK TTPU
JIeJIEHUU Ha P BCTPEYAETCs POBHO 110 OJJTHOMY pa3y.

6. Bepmmabl npaBUIBHOIO N-yroJbHUKA IOKPAIIeHbl HECKOJBKMMU KpacKa-
M (Kazkjasi OIHOI Kpackoii) Tak, 9To TOYKU OJJHOIO M TOTO K€ IBETa CJIYZKAT
BepIMHAMI MPaBUJILHOIO MHOTOYTOJbHUKA. JloKaxknuTe, 9T0 cpeu 3TUX MHOTO-
YIOJIbHUKOB HaliIyTcs JiBa PaBHbBIX.

7. [lyctb p — npoctoe unciio. CKOJIBKIMHI CIIOCOOAMEI MOYKHO BBIOPATH P 4HCe/
u3 Habopa {1,2,3,...,2p — 1,2p} Tak, 4T06bI UX CyMMa JIeJUIACh Ha p?

8. IlocienoBarenbuocTu ay, as, ..., a, 1 by, bs, ..., b, HATYPAJILHBIX YKMCE Ta-
KOBBI, 9TO HAOOPBI UX MOMAPHBIX CyMM {ay + as, a1 +as, ..., an_1+a,} u {by+bo,
by + b3, ...,b,—1+ b} coBnanator. lokaxkure, 410 n = 2F 1151 HEKOTOPOro HATY-
paJjibHOro k.

9. Jlanbl 2n pa3/JndHbIX JefCTBUTE/IBHBIX YUCEI A1, A, . . . , Ay, b1, bo, b3, ..., y.
B kJsterku 0cKu m X M paccTaBjIeHbl YUC/Ia 110 CJIEAYIONEMY IIPABIIY: B KJIETKe
(4,7) crour umcio a; + b;j. Okazanock, 4TO IPOU3BEEHHsI YHCE BO BCEX CTPO-
Kax oJinHakoBble. JlokayKuTe, 9TO IIPOU3BEIEHIST JICE] BO BCEX CTOJIOIAX TaKKe
OJINHAKOBBIE.

28. Cepns 23. UaBepcus + cuMMeTpus 14 wons

1. Yruet AOB u COD coBmemaroTcst oBOpoToM Tak, 9to jiya OA coBMmeria-
ercs ¢ yiydom OC, a iya OB — ¢ siyaom OD. B s1u yriibl Biicanbl OKPYZKHOCTH,
nepecekarommuecs B Toukax F u F. Jlokaxkure, aro yrisl AOE nu DOF' paBHBL.

2. B rpaneruun ABC'D c ocnoBanuem AD u BC' nyun AB nu DC' nepecekaiorcst

B Touke K. Touku P u () — IeHTpbl ONUCAHHBIX OKPYKHOCTEH TPEyroJIbHUKOB
ABD un BCD. lokaxnure, uro ZPKA = /ZQKD.
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3. Jlemma Bapbepa. Okpy:kHocTh w Kacaercs cropod AB u BC' TpeyrojibHu-
ka ABC' u ero onmcannoit okpyzkuoctu B toukax X, Y, P (maxas oxpyorcrocms
HA3BIBAECMCA NOAYENUCAHHOT ), & BHEBIMCAHHAST OKPYKHOCTDb Tpeyroibauka A BC
kacaercs ero croponbl AC' B Touke Q).

(a) Hokaxure, uro LZABP = ZCBQ);

(b) dokakure, uro mnenTp BiucanHoit B ABC' OKpY:KHOCTH JIEXKUT Ha Psi-
Mmoit XY,

(c) Hokazkure, aro derbipéxyroybaukn AX I[P u CY I P aBiasdioTcs BIucaH-
HBIMU.

4. (a) Jan rpeyrossauk ABC, B kotopom AB < AC. Ilycrb D — rouka 1ie-
peceuenns ouccekTpuchl yriia BAC ¢ onmcaHHON OKPYZKHOCTBIO TPEYrOJIbHIKA
ABC', Z —Touka 1epecedeHust cepeJIMHHOro neprenukyssipa Kk AC' ¢ BHerHei
ouccekTpucoit yriia BAC'. Jlokaxkure, 94T0 cepenna orpeska AB jie;kuT Ha omu-
CaHHOMN OKpPY’KHOCTH TpeyrosbHuka ADZ.

(b) B oxpyxkuocts ) Brnmcan octpoyrosbbiii Tpeyroabauk ABC, B Ko-
topom AB > AC. Ilyctb P u () —cepeunbl MeHbinneir u Oosibiein jgyr AC
okpyzkHocTu §2 coorBercrBenno. [Iycts M — ocHoBaHUe IepIIeHIUKYJIsApa, OIy-
IeHHOro n3 TouYKu () Ha orpe3ok AB. Jlokaxkure, 9T0 OKPY’KHOCTD, OIMNCAHHAS
okoJio Tpeyroibunka BMC', nennt nomosam orpe3ok BP.

5. Ilyctb w — onncannas okpyzKHOCTL TpeyrojbiHuka ABC. OKpy:KHOCTH €
neHTpoMm B Touke O Kacaercsa orpeska BC B Touke P u qyru BC' oKpy:KHOCTU

w, He cojepxKarieit Touky A, B Touke (). Hoxkaxkure, aro ecsiu ZBAO = ZC AO,
t0o /BAP = ZCAQ.

6. ['umorenysa AB npsimoyrosibHoro Tpeyroyibanka ABC KacaeTcs: BIMCAHHOM
1 COOTBETCTBYIOIIEN BHEBIINCAHHON OKPYyzKHOCTell B TouKax 17 u Th cOOTBETCTBEH-
H0. OKPY2KHOCTD, IPOXO/ISIas depe3 CepeuHbl CTOPOH, KACaeTcsl 3TUX OKPYK-
HocTeil B Toukax S, So coorBercrBenHo. Jokarxkure, uro £S1CTy = £S5,C'Th.

7. Tpeyrosbauk ABC Bmmcan B OKpPY2KHOCTH ¢ meHTpoMm B Touke (). Toukn
M v N — cepequnnl cropon AC' u AB coorBercTBerno. [Ipsimble, mnpoxosiine
gepe3 A neprnengukyisspao AC' u AB, nepecekator BC' B Toukax X un Y coor-
BercTenno. [Ipamast X M nepecekaer AB B Touke P, a npsimast Y N nepecekaer
AC B Touke (). Hdokaxkure, aro Toukn O, P, () jiexkar Ha OIHOI IIPSIMOii.

29. Cepnusg 23,5. /IobaBka mo reomeTpun 14 uronn

1. lan tpeyronpauk ABC' ¢ nanenTpoM B Touke I. D — npoexmus Toukn I Ha
BC', P—upoeknus Toukn I na AD. Jloxkaxure, uro ZBPD = ZDPC.

2. BricoTsl ocTpoyrosbnoro rpeyrosnbinka ABC nepecekatorcss B Touke H u
LIEPECEKAIOT ero OINUCAHHYIO OKPYzKHOCTL w B Toukax A’ B', C'; M — cepenn-
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na BC'. Jlyu M H nepecekaer w B Touke X. B rpeyromsuuku A'B'X u A/C'X
BIUCAaHbI OKpYzKHOCTH ¢ HenTpamu U u V. Jlokaxkure, aro UV || BC'

3. Touka O nexxkut BHyTpHu Tpeyroabanka ABC. Ilpavbie AO, BO u CO me-
pecekator cropoubl BC,CA n AB B Toukax D, E u F coorBercrtBenno. H -
OCHOBaHUE TePIeHInKYJIdpa, omyimennoro n3 Toukn D na FF. Jlokaxkurte, 910
OCHOBAHM TEePIEeHINKYIAPOB, onyineHubix u3 H na BE,CF,AB n AC nexar
Ha OJHOIl OKPY>KHOCTHU.

4. Kacarenpnas B Touke A K OmMCAHHOI OKpyzKHOCTH w Tpeyroabinka ABC
nepecekaer npsmyio BC' B Touke D. [Ipsimast £ mepecekaer orpe3ok AD B TouKe
P, oxkpxxuoctb w B Toukax () u T, croporbl AB n AC' coOTBETCTBEHHO B TOYKAX
R u S, a uponozkenne cropoubl BC' B Touke U. Toukn P, Q, R, S, T u U pac-
II0JIOYKeHbI Ha HpsiMOil £ MMeHHO B TakoMm mopsjake, QR = ST. Hokaxkute, 4T0
PQ=UT.

5. B ommcannoit okpyzkuoctu §2 Tpeyrosbiuka ABC' nposejena xopjaa XY,
napaJsuiensbaag BC' n pacnosararorasics Mmexk, 1y Toukoit A u npsimoit BC'. OkpyK-
HOCTH W1 1 Wo KacaroTcst Xopabl XY, okpyzkHoctu ) u orpeskoB AB u AC' coot-
BETCTBEHHO, TPUYEM PACIIOIOKeHbl ol Mexk Ty npsaMmbiMu XY n BC'. Jlokaxkure,
qTO O0IIe BHYTPEHHME KacaTeJIbHble K Wi U Wy I1ePEeCeKaIOTCsI Ha OUCCEeKTPHCe

yrina BAC.

6. OKpy>KHOCTH W ¢ IeHTpOoM [ BIcaHa B HepaBHOOEIPEHHBII OCTPOYTOIbHbIIM
tpeyroibiuk ABC. Ilycts By n C7 — upoeknuu touek B u C' na npsmyio Al.
Toukun X u Y BoiOpanbl Ha orpeske BC' tak, uro £ZB1 XCi = ZBYCy = 90°.
Jokazkure, 9T0 OKPYZKHOCTD, OIMCAaHHAasi OKOJIO TpeyrosbHuka AXY | Kacaercs
w.

7. Touka O — IEHTp ONMMCAHHON OKPYKHOCTU W OCTPOYTOJHLHOTO TPEYTOTbHI-
ka ABC'. Buccekrpuca yria ZBAC nepecekaer BC' B Touke D. OKpPyKHOCTD
w4 Kacaercst orpeskoB AB n AC, a Takke BHYTPEHHHM 00Pa30M KacaeTcsl W B
touke P. Obosnaunm depe3 F n F' Toukn KacaHus BHEBINCAHHBIX OKPYKHOCTEI
c orpeskamu AC' u AB coorercrerso. Ilycrs N — Touka Haress, To ectb TO9-
Ka nepecedennst orpeskoB BE u CF. Oxazayioch, 4ro N JIe;KUT Ha ONUCAHHOI
okpy2KHOCTH TpeyrosibauKa AEF. Jlokaxkure, aro N Tak:Ke JIEKUT Ha OIMUCAH-
HOIT OKpYzKHOCTHU Tpeyroibiuka PDO.

8. Obmne BHelrHIe KacaTeabHble {1 11 f9 K OKPY>KHOCTSIM S1 U So IIePeceKaroTcst
B Touke K. OKPYy»KHOCTH w HPOXOJIUT Uepe3 TOUKYy K, KacaeTcs OKPY»KHOCTel §1
U So U IOBTOPHO IepecekaeT npsimble £1 u fo B Toukax B u D. Kacarenbubie n3
Touek B u D K s, ornunbie oT {1 u {9, mepecekaiorcst B Touke A. Kacarenbibie
u3 rouek B u D K s9, ormmanble oT {1 u {9, iepecekatorcst B Touke C'. Jlokaxkure,

uro LZAKD = /CKB.
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30. Cepng 24. Ypasuenne lesmig-2 15 wons

CerojHst Mbl HaKOHEIl JIOKaxKeM TEOPEMY O CYIIECTBOBAHUH HETPUBUAJIHLHOIO
perienus ypapaenus [less.

YIUBUTEJILHO KOPOTKOE J0KA3aTE/JIHLCTBO TEOPEMbI O CYIIIECTBOBAHIU PEIICHUS
ypasuenust [lemst onybmkosas B 2008 roxy H. Baiiibeprep (Ascrpasus). Bee
paHee U3BECTHBIE JTOKA3aTE/ILCTBA OBLIM HE COBCEM 3JIEMEHTAPHHI.

[onoxkum g(z,y) = x? — dy* u OygeM IpeoOpasoBLIBATL 3Ty KBaIpaTh-
HYIO popMy caeayomumM oopazom. Ecn Ha odepeHOM Tare moJiydunaach gopma
g(z,y) = ax® + bxy + cy?, To npeodpazyem ee uim B g(z+y,y), wim B g(z, z +y)
TaK, 9T0OBI y HOBOIT (hopMbl Koabdduiment mpu 22 6611 > 0, a 1pn 42 6611 < 0 —
KakK 1 y HadaJIbHON (DOPMBI.

1. (a) ITpomenaiite 3Tu npeobpazosanus s hopmbl 12 — 2y,
(b) Ha kakoM-To Imare J0JSKHO CTaTh OYeBUJIHBIM, YTO ypaBHeHue x2 —2y% = 1

NMeeT pelenue.

2 2

2. Amasornuno, npogenaiite aaroputs st GopMbl x4 — Ty~

3. (a) Yro npoucxoauT ¢ juckpuMuHaHTOM dopMbl D = b* — dac npu sTHX
1IpeodPa30BAHUAX !

(b) okazkure, 4To Ha KayKJIOM IIare mpeodpasoBaHie MOkKeT ObITh BHIOPAHO
POBHO OJIHOM CIIOCODOM.

(c) okaxkure, 9TO B TMOJyUEHHON MOC/IEI0BATETBHOCTH (HOPM BCTPETHTCSI
TOJILKO KoHeuHoe uncyio (opm. CregoBaresbao, NOCIeA0BATEIbHOCTD 3aUKINT-
csl.

(d) Jokaxkure, uTo 110 04epeiHoii (hopMe MOKHO BOCCTAHOBUTH MPEJbLILYIILYO.
C1e10BaTEILHO, MOCICI0BATEILHOCTD 3AIUKINTCA 063 IPEAIePUO/IA.

(e) Hokaxkure, uro y ypasnenust [lejiis cymecTByeT HETPUBUAILHOE PEIIeHIe.

31. Mar6oii IIpodpu-9 — IIpodu-8 15 wionn

1. /Iyt osIosKuTEeIbHBIX Ynces a, b, ¢ u d JJOKaXKuTe HepaBEeHCTBO

(o t) (i) (502) o (o3) iz

2. /111 MOJIOYKUTEIbHBIX BEIIECTBEHHBIX YKCes p U ¢ OyJAeM Ha3blBaTh 0CMAM-

KoM npu deaenuu P Ha @ HauMEHbIICE HECOTPpUIaTEC/JIbHOEC BEIIECTBEHHOE YUCJIO T

TakKoe, 4To ’% — 1esioe dnco. Jlokaxkure, 4TO JIs KayKJIOro HATypasbHOTO b

CylIeCcTByeT pOBHO OOHO HaTypaJIbHOC G TaKO€, YTO €CJIM T1 U 'y — OCTaTKHN IIpu

JeJIeHNN a\/§ + b\/§ Ha \/§ u \/§ COOTBETCTBEHHO, TO 71 + T9 = \/5
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3. Ha 6uccekrpuce AD ocrpoyrosibaoro rpeyroibiauka ABC (AB > AC)
nexxkut Touka P. [Ipsmbie BP u C'P nepecekaior croponbl AC' u AB B Toukax
() u R coorBercTBenHo. [lokaxkure, uro PB — PC' > RB — QC.

4. Carra HapucoBa/ Ipad, BeplUIMHAMU KOTOPOI'O SIBJISIIOTCS BCE BO3MOKHbIE
nocsieioBaressbHocT 13 0 1 gunbl 2019, a pedbpo Mek 1y BepIHIMHAMUI ITPOBO-
JINTCS, €CJIU COOTBETCTBYIOININE TTOC/IET0BATE/ILHOCTA OTJINYAIOTCS POBHO B OJHOM
Mecre. Haz0BEéM paccTaHOBKY HEHYJIEBBIX 4HCE B BepIlInHax 3Toro rpada k-
2apMOHUYECKOT, ecIu Uit JIF0OOM BEPIIMHBI CyMMa YHCeJI B COCEJHUX C Heil
BepInHaxX B k pa3 0oJibllle Yuc/ia B camoil Bepiiune. IIpn Kakux BelecTBeHHbIX k
CYIIECTBYET k-TapMOHUYECKasi PACCTaHOBKA YMCEs B BepIInHaX 3Toro rpada?

5. lano narypasbsaoe ducyio n > 10. Jokaxkure, uro uu jyist kakoro k € {1, 2,
3,...,n} ancio (2n)! + k ne nenurcs wa n! + 1.

6. Touku A u B nexxat Ha oKpyzKHOCTH W ¢ 1eHTpoM O, pudem O HE JICXKUT
Ha npsimoit AB. Ha orpeske AB BoiOpana touka C. Toukun M u N — cepeuHbI
orpeskoB AC' u C'B coorBercTBenHo. OmncaHHble OKPYKHOCTH TPEYrOJbHIKOB
AON n BOM nepecekatoT w BTOPUYIHO B ToUKax K u L cOOTBETCTBEHHO, U IIEepe-
CEeKaroTCst JPYT ¢ Jipyrom Bropudno B Touke X . lokaxkure, uro Touku C, K, X, L
JIeyKaT Ha OJIHOI OKPYKHOCTH.

7. Mama u [Tamma o ouepein IpoBoaAT AAroHan B IpaBUIbHOM 98-yrobHHIKE,
HaunHaeT Maima. PasperieHo mpoBoJuTh JuMaroHasib, €C/Id OHa HE IePIeHUKY-
JIIpHA, HU OJHOI U3 paHee IPOBEJIEHHLIX JMaroHaseil, a TakyKe IepeceKaeT XOTsI
ObI II0JIOBIHY paHee IIPOBEJEeHHbIX Juaronasieii. IIpourpeiBaer ToT, KTO HE MOXKET
cienarb xoJ. KTo u3 MIpoOKOB MoxKeT obeclieduThb cebe 1mobejy He3aBHCHMO OT
JeficTBUI corepHuKa,?

8. Byzem rosoputh, uto Touka A(z,y) 6osbine Toukn Bz’ '), ecm x > ' n
y =1y Ecm xe v < 2’ nuy <y, 10 OyeM ropopurh, 4To TOYKa A MeHbIIe Tou-
ki B. Ha KoopauuaTHOil IJI0CKOCTH OTMETU/IN HECKOJILKO TOUEK, 06€ KOOPAUHATDI
KOTOPBIX SIBJIAIOTCA HATYPAJbLHBIMU YUCIAMHU, He IpeBocxoasimumi n. OKasaioch,
9TO JUIs KayKA0ii OTMEYEHHON TOYKM KOJMYECTBO TOYEK, OOJIBIINX €€, 1 KOJIMe-
CTBO TOYEK, MEHBINNX €€, OTJINJaloTcsd He Oosiee, yeM Ha 1. Kakoe mamboJibIlee
KOJINYECTBO TOUEK MOZKET ObITH OTMEYEHO?

9. HaiiuTe Bce BellleCTBEHHBIE YNCIa & Takue, 9To 4a° — 7 u 42'3 —7 — Tounble
KBaIPATHI.

10. Bjiotb OKPY2KHOCTH PACIIOJIOKEHO 1 MOHET, KayKJas JIEXKUT OpPJIOM WJIN
perKkoit BBepx. Ecsm JBe cocejiHMe MOHETBI JIeXKAT OJMHAKOBO (00e OpJIOM WJIn
obe perkoii), paspernaercst 0be nepeBepHyTh. CKOJIBKO MMeeTCsi BAPUAHTOB pac-
[IOJIOYKEHHSI MOHET, KOTOpPbIe HeJIb3sl IOJIYUUTh APYT U3 JIPyra, IPUMEHss TaKie
oreparm?
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32. Mar6oii IIpodpu-9 — Iloxynpocdpnu-9 15 wons

1. IIyctb n — HaTypaJibHOE YUCIIO,

2 2 2
(1+x+42°)" =ap+ a1z + agx” + ... + ag,z™".
Jokazknre, uto aj — a2 + a3 — a2 + ... — a3, ; + a3, = a,.
2. Ilyctb aq, a9, ... — GeCKOHEUHAs ITOCCOBATEIBHOCTh HATYPAJIBHBIX YNCET

Takas, 4TO JIJId BCEX HATypaJIbHBIX YHUCEJT M U N YUCIO OpQ, — 1 JeJnTcd Ha
Gpin- JlOKazKITE, ITO BCE YJIEHBI MOCEI0BATEILHOCTH, HAUNHAA ¢ HEKOTOPOTO,
paBHbI 1.

3. Ha ocrpoBe ArTpomoprem »kuByT 800 9es0BeK, KarxKIblil N3 KOTOPBIX — PhI-

napb min JKer,. Macenl skuTeseil pasusl 2,4, 8, .., 2800

B HEKOTOPOM HEU3BECTHOM
HUKOMY Topsiake. KosoHn3aTop nNpruObLI Ha OCTPOB C ABYyXUallleYHbIMU BecaMu 0e3
I'Ipb, KOTOpPbIE TTOKA3bIBAIOT BEPHBINl 3HAK, €CJIM Ha Becax pbllapeil He MeHbIIIE,
JeM JIZKEIOB, U ITPOTUBOIIOJIOXKHBIN, €CJIN JIKEIIOB Ha Becax 00JIbIIe, YeM PhIapeii.
Mozxet i1 on 3a 10 B3BeluBaHmIil rapaHTUPOBAHHO OIPEIE/INTH CAMOT'O TAXKEIOr0

xkutensa? (Bo Bpems B3BenmuBammst 0be gali BeCOB HE JIOJKHDBI OBITh MYCTHI. )

4. B npsimoyrosibHoMm Tpeyrosibiuke ABC u3 Bepinnbl npsimoro yriaa C' ory-
mena Beicota C'H. B tpeyrosbankn ACH u BC'H Bnucann okpyxkaoctu; Oq
u Oy —ux neaTpol; Py u P, —ux Ttoukn kacauusa ¢ AC u BC. [okaxure, 910
upsimbie O P u O Py niepecekatorcst Ha AB.

5. Bosmmebnoii crpane 100 ropogos. HekoTopble n3 Hux coeinHeHbI 0€CIIOCa, 101~
HBIMU JIByXCTOPOHHUME aBuajnHusimu. Hazosem ropojg A docmotinvim enumarus,
ecJ 1pu Jio0boit Hymepaluu ropoios Boueonoit crpanbl yuciaamu 1, 2, ..., 100
HaliIETCsT TOPOJI ¢ HOMEPOM 1M, JI0 KOTOporo m3 A MoKHO J00paThcs pOBHO 34
m tnepeniéroB. Hanpumep, B mapimpyre A — B — A — B — A — B poBHO 5 1niepe-
néros. OkazaJjioch, uTo B BosmebHoil crpane ecTb poBHO k TOPOJIOB, JOCTOMHBIX
BHIMaHusI. JlokaxkuTe, 4To ropoja BoiedHoit cTpaHbl MOXKHO pa3ouTh Ha k + 2
HMPOBUHIIMK TaK, YTOObI aBUAJIMHUU COEJUHSJIN TOJBKO I'OPOJa U3 Pa3HBIX MPO-
BUHIIAIA.

6. s 1oJIoXKUTEIbHBIX Yncesl a, b 1 ¢, mpou3BejieHne KOTOPhIX PaBHO 1, J10-
KayKIUTe HePaBEHCTBO

1 1 1 1

<
a3+262+26+4+b3—|—202+20+4+c3—l—2a2—l—2a—l—4 3

7. I[lycte I' — onucannas okpyzkHocth Tpeyrosbauka ABC. OxkpyKHOCTB )
KacaeTcs: cTopoHbl AB 1 Kacaercst okpy»kuocTu I B Touke, jexkameii ¢ Toukoit C'

110 oiHy cropony ot AB. Buccekrpuca yria BC A niepecekaer ) B IByX pas3/ind-
Heix Toukax P u (). Hoxkaxure, uro LZABP = ZQ)BC.
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8. Carlla xoueT paccTaBUTh B KaK/YIO KJIETKY OCCKOHEYHON KJIeTYaTOi ILI0C-
KOCTU 110 HATYPaJbHOMY YHCJIY TaK, 9TOObI BCE YUCIa ObLIM Pa3IUIHBbI W I
KavKJI011 KJIETKN XOTsl ObI B k COCEIHNX C Hell 10 CTOPOHEe MJIN IO YTJIy KJIEeTKaX
CTOSJIM YHCJIa, KpaTHBIE YUC/Iy B 3TOi KieTke. [Ipn kakoMm Haumbosbiiem k Takoe
BO3MOXKHO?!

9. Bacg BbiOpas HATypaabHOE M W XOUeT HalMCaTh Ha BOJIIEOHON JTOCKe Ha-
TypaJibHOE YHCJIO, KOTOPOe J0CKa OY/IeT 1MpeoOpa3oBbIBATHL MO TAKOMY ITPABUILY:
ecJil B KaKOW-TO MOMEHT Ha JIOCKe OKa3aJsoch 4ucjio r < 2™, depe3 MUHYTY OHO
3aMEHHUTCs Ha 9ncyao x2 + 2™, a ec/m 9ucyio o > 2™, To 4epe3 MUHYTY OHO yMeHb-
muTest posHo BJBoe. [Ipu kakux m Bacs MoxkeT HanucaTh Ha JJOCKe TaKoe 9HC/IO,
YTO OHO Bcerja OyjeT ocTaBaThCs HEeIbIM?!

10. Ha mtockocTn oTMedeHO KOHEYHOE MHOXKECTBO TOYeK. /[uckom Ha30BEM
KpYT, IIOCTPOEHHbI Ha OTPE3Ke, COeJUHSAIONIEM JIB€ OTMEYEHHbIX TOYKU, KaK Ha
mranMeTpe (KpyT COJEep:KUT CBOIO rpaHuily). KakiM HAaNMEHBITNM IHUCIOM JIHCKOB
rapaHTHUPOBAHHO YJIACTCs MOKPBITH BCE OTMEUEHHbIE TOUKN !

33. Marb6oii IIpopn-9 — IIpodu-10 15 wons
1. CymmMma 110oJ102KuTe/IbHBIX dncest a, b u ¢ paBHa 3. JlokaKure HepaBeHCTBO
a’ b? c?
+ + = 3,

3a2—a—b> 32—b—c* 3¢ —c—a?
€CJIM M3BECTHO, YTO BCE 3HAMEHATEJIN MOJIOKUTETbHBIE.

2. Jlaubl m BEKTOPOB ¢ cyMMoil HOb 1 TouKa C'. JlokaxkuTe, 9TO UX MOXKHO
VIIOPSI0UUTE (671, a3, ..., @) TaKNM 00pa3oM, 4TOObI Bee Touku By, Bs, ..., B,
e st Besikoro k somosneno OBy = af + ab + ... + cTn), JIeXKaJ M BHYTPU WJIN
Ha I'paHnile Kakoro-Huby b yria ¢ Bepmunoit C' u Bemaunoi 60°.

3. Haiinure Bce Takne muorousensl P(x) BerecTBeHHBIMU KOI(DbUIIEHTAM,
ITO

P(x)* 4+ 1 =4P(2* 4 42 + 1).

4. BuyTtpnu ocrpoyrosbaoro tpeyronabianka ABC Buibpansr Toukn P u () Tax,
uyro LZACP = ZBCQ n LCBP = ZABQ. Touka Z — upoeknust Toukn P Ha
upssmyto BC'. Touka (' cummerpuana Touke () oTHOCHTEILHO TOUKM Z. Touku

K u L Beibpanbl Ha jqydax AB u AC coorBercrBenno Tak, uto Q'K || QC n
Q'L || @B. Hokaxure, uro LZKPL = /BPC.

5. Carmra napucoBas rpad, BeplUIMHAMU KOTOPOI'O SIBJISIIOTCS BCE BO3MOYKHbBIE
nocsieioBaressbHocT 13 0 1 giunbl 2019, a pebpo Mexk 1y BepIIMHAMEI ITPOBO-
JINTCS, €CJIU COOTBETCTBYIONINE TTOC/IET0BATE/ILHOCTA OTJINIAIOTCI POBHO B OJHOM
MecTe. HazoBéM paccTaHOBKY HEHYJIEBBIX 4HCEJ B BeEpIIMHAX 3Toro rpada k-
2apMOHUYECKOT, ecIl JJIst JIF0OOM BEpIIMHBI CyMMa 4YHCeJI B COCEJHUX C Heil
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BepIuHax B k pa3 0oJibllle dncia B caMoii Bepinae. [Ipn Kakux BemecTBeHHbIX k
CYIIECTBYET k-TapMOHUYECKasi PACCTAHOBKA YUCE/ B BepIlnHax 3TOro rpada?

6. Hamomuum, 910 nasundpomom Ha3bIBaETCs HATYPAJIBLHOE YHUC/I0, TUTAIONIEe-
¢ OJIMHAKOBO CJIeBa HAITPABO U cipaBa HaJeBo. Hampumep, 12321 — naaungpom,
a 1210 — metr. CymectByer Jin HATypaabHoe uncgo N > 1 Takoe, 9TO Bce €ro
HATypaJbHbIE CTEIIEHN SIBJIAIOTCSA MAJMHIPOMAME !

7. Ha okpyzxnoctu S ormedennl Toukn A u B. KacareabHble K OKPY?KHOCTH .S,
npoBejiennble B Toukax A u B, nepecekatorcs B Touke C. Ilycrs M — cepenuna
orpeska AB. OxkpyzkHocTh S7, npoxojsimast depe3 Touku M u C', BTOpudHO mepe-
cekaeT oTpe3ok AB B Touke D u oKpyzKHOCTH S — B Toukax K un L. Jlokaxknre,
4TO KacaTesbHbIe, IIPOBeJeHHbIE K OKPYKHOCTH S B Toukax K n L, nepecekaiorcs
Ha orpeske CD.

8. Haiiyiure Bce mpoctbie p, st KOTOPBIX cylecTByer posHo ojHo a € {0, 1,
2,...,p— 1} makoe, uro p gesur a> — 3a + 1.

9. Brob OKPYXKHOCTH PACIOJIOKEHO 1 MOHET, KayKjasl JIEYKUT OPJIOM WJIN
perkoit BBepxX. Ecsim JBe cocejiHMe MOHETBI JIeXKAT OJMHAKOBO (00e OpJIOM Wi
obe perkoii), pasperaercst 0be nepeBepHyTh. CKOJIBKO MMeeTcs1 BAPUAHTOB pac-
MIOJIOYKEHUST MOHET, KOTOpbIe HeJIb3s MOJYUUTh JAPYT U3 JIpyra, TPUMEHAd TaKie
oreparym?

10. B a3bike BosikoB jBe OYKBLI: @ 1 II, 11006ast KonedHas 1mocyie0BaTeIbHOCTh
KOTOPBIX 00OpasyeT cjioBo. Cj10Bo Y Ha3bIBaeTCs IOTOMKOM cJioBa X , eciin Y 10J1y-
gqaercs n3 X BbIYepKUBaHNEM HEKOTOPHIX OyKB (Hampumep, cioBo PDIID mveer
8 noromkoB: @, II, DD, OII, [1D, ODIT, PIID, DDD). [Ipu ganHoM n onpeIein-
Te, KaKoe HanbOoJIbIIee YNC/I0 TTOTOMKOB MOXKET UMETH N-OYKBEHHOE CJIOBO SA3BIKA
BOJIKOB.

34. Mar6oii IIpodpu-9 — IIpodpn-10 — mpemogaBaremm 15 urons

1. Cymma ToIoKUTETBbHBIX unces a, b u ¢ paBua 3. /lokaykute HEpaBEeHCTBO

a? b2 2

= 3,
3@2—a—b2+3b2—b—02+302—c—a2

€CJIN U3BECTHO, 9TO BCE 3HaM€HaTeJIN ITOJIOZKNTEJIbHBIC.

2. Ha mnockoctu niposesiennl - > 10 mpsaMbIx odIiero moJioxkenns. Jlokaxkm-
Te, 9TO CPEeJM HUX €CTh MNpsMasd, ¢ KaxKJIOfl CTOPOHBI OT KOTOPOil HE MeHbIIe

[(n—li(()n—2)

10JIOYKEHHbIe Ha 9TOI PSMOIi, HE YIUTHIBAIOTCH ).

:| TOYEK IIepeCeHYCHUA IIPOBEACHHDIX IIPAMDBIX (TO“IKI/I repecedenusd, pac-

3. Muorowrennl P(z) n Q(x) ¢ BemecTBeHHBIMU KO3(bDMUIHEHTAMI TAKOBBI,
aro P(x)— P(y) nenurcst Ha Q(x) — Q(y) KaK MHOTOWIEHBI OT JIBYX E€PEMEHHBIX.



XL Kuposckasn semmuas mrozonpedmemuan wxona, 9 xaacc [IIPOOH 53

Hokazure, ato cymecrsyer muorowied H(x) ¢ BermecTBeHHBIME KOIDDUIIEHTA-
mu takoif, ato P(x) = H(Q(x)).

4. Buyrpu ocrpoyronbaoro tpeyronabianka ABC Buibpansr Toukn P u () Tax,
yro LZACP = /ZBCQ u ZCBP = ZABQ. Touka Z — npoexiust Touku P Ha
upstmyio BC'. Touka (' cummerpuana Touke () OTHOCHTEILHO TOUKM Z. Touku

K u L Beibpanbl Ha jydax AB u AC coorercrBenno Tak, uto Q'K || QC u
Q'L || @B. Hokaxure, uro ZKPL = /BPC.

5. Cama napucoBaJy rpad, BepIIMHAMUI KOTOPOTO SIBJIAIOTCSA BCE BO3MOXKHBIE
nocsiejioBaressbHocT 13 0 m 1 gunbl 2019, a pedbpo Mek 1y BepIIuHAMEI TPOBO-
JINTCsl, €CJIU COOTBETCTBYIOININE MTOCIe0BATEIbHOCTI OTINYAIOTCS POBHO B OJJHOM
MecTe. Haz0BEéM paccTaHOBKY HEHYJIEBBIX 4HCeT B BepIInHax 3Toro rpada k-
2GPMOHUYECKOT, €CTIU I JII0OON BEPIIMHBI CyMMa YHCET B COCETHUX C Heil
BepInHax B k pa3 60Jibllle duca B camoii Bepinne. [Ipn Kakux BenecTBeHHLIX K
CYIIECTBYeT k-TapMOHWYECKas pacCTaHOBKA YHCesT B BeplInHax 9Toro rpada’

6. lato marypasbaoe ducyio n > 10. Jokaxkure, uro uu jyist kakoro k € {1, 2,
3,...,n} anciao (2n)! + k me nenurca na n! 4 1.

7. Ha okpyzxnoctu S ormedensr Toukn A u B. KacareabHble K OKPY?KHOCTH .S,
npoBejieHHble B Toukax A u B, nepecekatorcs B Touke C. [Iycte M — cepejinna
orpeska AB. OkpyKHOCTB S7, poxo/isinas depe3 Touku M n C', BropudHO mepe-
cekaeT oTpe3ok AB B Touke D u OKpyzKHOCTH S — B Toukax K u L. Jlokaxknre,
YTO KacaTeJbHbIe, IPOBEJICHHbIE K OKPY2KHOCTH S B TouKax K u L, nepecekarorcs
Ha orpeske CD.

8. Jlyist HaTypasibHOrO M, He JeJisiiiierocss Ha 3, obosHaunm depes C'(n) Hau-
OoJIbIlIee KOJMYIECTBO Kk IEJIbIX YHCeI G, ..., d;, KOTOPble MOXKHO BbIOpATh TaK,
qT00BI 1IPH JIOOBIX MHJEKCAX ¢ U j 1 J000M HaTypasibHOM t uncio 3'a; — a; ne
nemiaoch Ha n. Jokazkure, aro uncio C'(3d+ 1)+ C(3d+2) neuérno npn jodom
HATYPAJTHLHOM d.

9. Bosib OKPYXKHOCTH PACIOJIOXKEHO 1 MOHET, KaKjiasl JIEKUT OPJIOM WJIN
perikoii BBepx. e jiBe cocejiHne MOHETHI JIEZKAT OJIMHAKOBO (00€ OpJIOM MJIH
obe perKoii), pasperniaercst 0be nepeBepHyTh. CKOJIBKO MMeeTCsl BAPUAHTOB pac-
IIOJIOKEHUST MOHET, KOTOPbIe HEJIb3s TOJYIUTh JPYT U3 JAPYyTra, IPUMEHsIsST TaKie
oreparm?

10. Jlano nHarypasbHoe dncyio n. Asca nu Bob 1o ouepein BINCHIBAIOT B KJIETKH
KJIETYATOH JIOCKN 2n X 2n pa3/IMdHbIe MOJIOKUTE/IbHbIEe YUC/Ia, HadnHaeT AJnca.
B KaxKjyio KJIEeTKY MOXKHO BIIECATh TOJHKO O/HO uucjo. [locae Toro xkak Tabd-
JINIA 3all0JIHeHA, B KaXK/I0H CTPOKE M B KaXKJOM CTOJIONE 3aKpallnBalOT KICTKY
¢ HambOJIBIIM dncyIoM (OJJHA KJIeTKa MOXKeT OBITh 3aKpallleHa HEeCKOJBKO pas).
Bob xodeT, 4TOOBI 1OC/IE 3AITOHEHN BCeil TaOIUIIBI OBLIO 3aKpallleHO KaK MOXK-
HO OoJIbIlle KJIETOK, a Ajnca — Kak MO:KHO MeHbIe. CKOJIbKO Oy/IeT 3aKpalieHo
KJIETOK B KOHIIE UI'PBI NIPU MPABUIBHOI Urpe 000MX UTPOKOB?
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35. Cepng 25. K3B: teopus 16 wons

Omnpepnenenne. Ilycts p — npocroe ancio, a Z 0 (mod p). l'osopsr, uro a € F,
SIBJIAETCS KBA/[PATHIHBIM BLIYETOM 110 MOJLYJIIO P, eciin cytiectByet b € F), Takoii,
uto a = b? (mod p). Vnade a HasbiBaeTcsl KBaPATHIHBIM HEBLIYETOM.

Yupaxunenue. CyniecTByer ;%1 Pa3JIMUHBLIX KBaJAPATUIHBIX BEIYETOB 110 MOJLY-
JIO .

a
Onpenenenne. Cumeonrom Jleosrcandpa HA30BEM BblparkKeHHE (—), paBHoe 1,

ec/iM @ — KBaJPATUYHDLIA BBIYET 110 MOIYJIIO p; —1, eciu a — KBaJpaTudHbIii
HeBbIYeT 110 Moy o p, u 0, eciir a = 0 (mod p).

1. Tokaxkute, 94TO

o (= i 0 ()0)-(2)

2. [otivenm yist Kakux mpocTeix p aucsao r Z 0 (mod p) aBisieTcst KBapaTid-
HBIM BBIUETOM.

(a) Paccmorpum muO)KecTBO BhideToB S = {r-1,7-2,r-3,... r- p%l} Ho-
KayKUTe, ITO JIJIA KazkKJIoro HenysneBoro a € IF), poBHO ojnH U3 BBIYETOB a,p — @
coJlepKuTest B S

(b) OTorkecTBIM KazKblil 91€MeHT .S ¢ HesIbIM 9nCaoM 13 MuoxKecTna {1, 2,

3,...,p—1}. Hokaxure, 410 (f) = (=1)"®)_ rie v(p) — KOJIMUECTBO 3/IEMEHTOB

p—1
2

3. Jlokarkute, 94TO 2 ABIAETCS KBaJIPATUIHBIM BHIYETOM T10 MOJIYJIIO P TOTJIA 1

B S, DOJIBIINX

TOJIKO Torjia, Korjia p = +1 (mod 8).

4. Ilyctb p u ¢ — pasaudHble IPOCTLIE HEYeTHbIE 4Yucja. PaccMoTpum mps-
MOYTOJILHUK Ha IeJOYNCJIeHHOl pereTke ¢ BepimHamu B Toukax (1, 1), (1, qg—l))
(p%l, 1), (p%l, q;—l) [TocunTap TOUKKM BHYTPH U HA TPAHUIIE TOIO MPSMOYTOJILHI-
Ka, JOKAXKUTE, ITO

p—1 g—1

LRS-

i LP j=1

5. (a) Ilycth p 1 ¢ — pasudHbIe IPOCTHIE HeYeTHBIE YUCTa. B yCIOBUSIX JIEMMbI
(p—1)/2

2. 5

Z'_

laycca (3agada 2b) st a = g jJokaxkure, 9o v(q) q) =

(b) KBagparuunstit 3akon B3auMaOCTH. [[yCcTh p, ¢ — pasudHbie HeIETHBIE
IpoCThle Yucya. 1Tor/1a BBITOJTHEHO PABEHCTBO:

(0
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6. Haitnre
3 1009 113
@ (55) © () @ (562)
36. Cepus 25. K3B: 3anaun, ciopupus:) 16 wons

1. Jokaxkure, 9To mpocThix unces suja 10k — 1 6eckoHeIHO MHOTO.
2. Jlokaxkure, 9To uncjo 2" + 1 He uMeeT NMPOCTHIX JeuTresneil sujga 8k + 7.

n
3. Jano k = 22" + 1. JlokaskuTe, 4ro k IpOCTOE TOTa U TOJBKO TOTJIA, KOTIA
k-1
k siBiasieTcs penurenem ducia 3z + 1.

4. HaiinuTe Bce HaTypaJiblble 9UCIa N, I KOTOpbIX 3" — 1 mesmres na 2" — 1.

5. Jdanbl marypambhble uncia n u k. Okasagocs, uto (5" — 1) = 5% — 1.
Hokaxure, aro (n, k) > 1.

6. [locienoBarensrocts {x,} onpejeneHa PeKypCUBHO: X1 = @ IPU HEKOTO-
poM HATypaJbHOM a, a TakKke Tn,i1 = 2T, + 1. Ilycrs y, = 2% — 1. Kaxkoe
MaKCUMaJbHOE KOJMYECTBO TOJIPS] WIYIINX MPOCTHIX YHMCeJ MOXKET OBIThH B IO-

CJIEJIOBATEILHOCTH { Yy }7

3

7. Pemute ypasuenne 23 — x 4+ 9 = 5y B IeJIbIX YHCIIAX.

8. Hokaxkute, uto uncio 5" — 1 He jenurcd Ha 2" 4+ 1 HU TPU KAKOM HATY-
paJbHOM 7.

9. CyIecTBYIOT JII HeUETHBIC HATYpaJIbHbIE @, b, ¢ Takue, uto a’b = ba+1+7c2?

37. Cepusa 26. Pa3znengionme MHOKeCTBaA—2 17 wona

Cerojiast MbI JIOKaKeM OJTHO U3 KJIIOUEBBIX YTBEPXKIEHNN B TEOPUU CBA3HOCTH
rpadoB, a TakyKe BBIBEJEM U3 HEr0 HEKOTOPhIE JPYIUe TEOPEeMbl Teopuu rpados.

Onpenenenne. ['pad G nasbiBaercs k-csiztbiM, eciu |G| > k u npu yuanenun
He OoJiee ueM k — 1 BepmnHBI I'pad HE TepsieT CBAZHOCTD.

1. Teopema T'epuara/Menrepa. B rpade G BbIOpaHbI MOJIMHOKECTBA BEPIITIHH
X n'Y, BOBMOXKHO, IIepeceKaronnecst, B KaXKJI0M 13 KOTOPbIX XOTsI ObI k BEpIINH.
MzBecTHO, uTO B G HE CYIIECTBYeT MHOYKECTBa, U3 MeHee ueM k BEepIINNH, pa3ieis-
formero X n Y. Tornma cymecrByer k HenepeceKalonuxcs MpocThIX myTeit u3 X B
Y.

3amedanme. DTU IIyTH HE JOJYKHBI UMETH JlaykKe OOIIUX KOHIIOB, IIyTh MOYKET
COCTOATDH 13 OJiHON Bepiunbl. Hampumep, ecoim v € X NY, To v gaBsgeTcs myTeMm

nm X BY.

HokazarebeTBO OyjieM MPOBOJNTHL MHIYKIIUEH 10 KOJIUYECTBY BEpPIINH B I'Pa-

de.
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(a) [IpejmoiozkiM, 9TO CyIIeCTByeT MHOXKeCTBO R u3 k BepiuH, pasjiesisito-
mee X u Y. Paccmorpum rpad G, = G — (Y\R). Hokaxure, 910 B J11060M
nojiMHOYKecTBe BepiinH G, paspendomnem X u R B HoBoM Tpade, xoTsd Obl k
BEPIINH.

(b) Takum obpasom, jjst rpacda G, u MHONKecTB X u R BbINOJHEHO IIPEJi-
nosiozkenue unjyknun. Ilposena anajoruunble paccyzkienus Jid rpada G, =
= G — (X\R), zaBepiure mepexo/| HHIYKIINN B YCJIOBUH ITyHKTa (&).

(c) Tenepb mpeIIoIOKIM, YTO PA3/IE/IAIONIEr0 MHOKECTBA U3 MyHKTa (&) HeT.
Haunem BbIKHIbIBaTH U3 rpada G pebpa Jio TexX Mop, MoKa BBITOJHEHBI YCJIOBUs
TeopeMbl. [IycTh Ha odepeHOM ITare Nnpu BLIKUIBIBAHUU pedpa MeXKTy BepITH-
HAMW T 1 Y HAUYNHAET CYIIeCTBOBATH MHOXKecTBO 1'; copep:xkaiiee He bosee k — 1
Bepnnbl, pasaessomniee X u Y. Torga mbl 3uaem, aro T'U {zy} pasmenser X u
Y, vo npu srom T'U x — He pazjensier. Kakoil BbIBOJ MOXKHO c/e/1aTh?

(d) BaseprmTe noKazaresbeTBO TeopeMbl Leputra/Menrepa.

3ameuanme. Takum 00pa3oM, Mbl J0OKa3aJ/d, ITO JJIsI JIOOBIX JIBYX IOJMHO-
»kecTB BepinH X u Y cyliecTByeT JinOO pasjiesisioniee MHOXKECTBO U3 He DoJiee
yeM k — 1 BepmuHbl, JuO0 k Hellepecekatomuxcs myTeii. VI To, u apyroe ogHoBpe-
MEHHO, OY€BH/IHO, BBIIOJIHATHCS HE MOYKET.

2. B crpane n 1opojioB, HEKOTOPbIE M3 KOTOPBIX COEIMHEHbI JBYXCTOPOHHIMM
aprasimausiMu. OT cTpanbl oTje/minch jiBe peciiyosinkn A u B. Okaszajoch, 9To
JUTIHA, KPATJafliero myTn 3 ropojoB peciyOnku A 10 TOPOJIOB peciyd/uKu
B 6ousbiiie y/n. JTokazkure, 910 CyIecTByeT MHOXKECTBO S u3 He Gojiee deM +/n
rOpOJIOB Takoe, ITo Jitoboit myTh n3 A B B npoxoant uepes S.

3. Teopema Menrepa. [Iycts x u y — HecMe:kHbIe BepinuHbl rpada G. 13-
BECTHO, UTO B JIFOOOM IOJIMHOYKECTBE, Pa3/IeIsIOeM & U Y, XO0Td Obl k BepINNH.
Jokaxkure, 9TO CyIIecTBYyeT k pas/IMIHbIX IIPOCTHIX IIyTell U3 & 1 Y, He NMEIOIIIX
OOIIUX BEPIINH, OTJIMYHBIX OT T U Y.

3amedanwme. B 1ojiaBiisitonieM OOJILIIMHCTBE cilydaeB TeopemMa Menrepa rpu-
MEHsIeTCsl B 0CJIa0JIEHHOM BUJIE U3 IIPEIbIIYINeil 3a1ad.

4. Ilycrs k — marypasbhoe dncio. B rpade G MexKay BepmmHaMu 4 1 U Cy-
mecTByeT poBHO 2k — 1 npocThix myTeit. [Ipudaem Kazkiast 13 OCTABIINXCSA BEPIITIH
y4acTByeT He DoJiee UeM JABYX TakKuxX IyTax. Jlokarkure, 9TO CyIliecTByeT k Ipo-
CTBIX IIyTell U3 © B ¥ TaKUX, UTO KaxKJas M3 OCTABIINXCS BEPIINH yIaCTBYET He
0oJiee YeM B OJIHOM TaKOM IIyTH.

5. Ilycts G' — k-cBs3HBII Tpad.

(a) Jokaxkure, 4To Jijist JIHOOBIX JIBYX BEPIIUH T U Y CYIIECTBYET k Pa3InIHbIX
IPOCTBIX IIyTell U3 T 1 Y, He UMEIOIINX OOIINX BEePIINH, OTJIMIHBIX OT £ U Y.

(b) dokaxkure, 910 Jist JEOOBIX K BEPIIMH CYIIECTBYET MPOCTOf MUKJI, COIEp-
ZKalluil BCe 3TU BEPIINHDBIL.
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6. Jlokaxkure, 4TO It JIFOOBIX TpeX BepIINH X, Yy, z JABycBsi3HOro rpada G
CYIIECTBYET IPOCTOI IyTh U3 T B 2, MPOXOJAIINI depe3 .

7. llycts A, B — jBa MHOXKECTBa BEpIINH B OPHEHTHPOBAHHOM (BO3MOKHO, C
KpaTHBIMHI pebpamu 1 neTsaMu) korednoM rpade G. Hazosem muoxkecrtso C' C A
xopotuM, eciin 13 C' B B cymiecrsyer |C| HellepeceKatomuxcs M0 BePIIHHAM Ty~
Teit. JlokaxkuTe, UTO BCe MaKCHMAJIbHBIC 110 BKJIIOUEHHUIO XOPOIIHE MHOXKECTBa
coJiepKaT OJMHAKOBOE KOJIMYECTBO 3JIEMEHTOB.

38. Cepng 27. CyeT B KOMIIJIEKCHBIX YNCIAX—2: TEOPHA 17 urons

1. (a) Paccmorpum HenyneBble BeKTOpa © 1 v. IIlycTh 21 U 2y — KOMILIEKCHBIE
q11cJia, COOTBETCTBYIONIME U U U COOTBETCTBEHHO. JloKakKuTe, 4TO ¥ M ¥ KOJIJIHU-

HeapHbI TOTJIa U TOJIBKO TOTJA, KOIA 21/29 = 21/z9 (pyrumu cjioBamu 2q/ze —
BEIeCTBEHHOE ).

(b) Pacemorpum roukn A(a), B(b), C(c), D(d) na KOMIJIEKCHOM MJIOCKOCTH.
a—b a-—b
c—d c¢—d
(c) Hokaxkure, aro Toukn A(a), B(b), C(c) nexkar na oxHoil npsmoii Tora
a—c a—c
b—c b—c

3ameqanwme. [[oHaTHO, YTO TOUKM a, b, ¢ MOXKHO MEHATb MECTaMU B IIPEIbIIY-

Hokaxure, aro AB || C'D Toryia u TOJIbKO TOT/a, KOT/Ia

TOJILKO TOIJIa, KOIJa,

meM ypaBHeHnu. [Ipu npuBejieHnn K obIeMy 3HaMeHaTe 0, T01ydaeTcs ypaBHe-
HUe

a(b—7¢)+b(e—a)+c(@—>b) =0,
KOTOPbIM HE PEKOMEH/IYETCd 110JIb30BaTbhCA B ,ZLaJIbHefIHleM.

2. (a) Pacemorpum HenysieBbie BekTOpa U 1 v. IlycTh 21 U 29 — KOMILIEKCHbIE
qi1cJia, COOTBETCTBYIONINE % U ¥ COOTBeTCTBEeHHO. Jlokaxkute, uro u L v Torjga n

TOJIBKO TOTJIA, KOTJIA 21 /29 = —21 /29 (JIDYyTUMUE CJIOBAME 21 /29 — THCTO MHIMOE).

(b) Pacemorpum toukn A(a), B(b), C(c), D(d) Ha KOMIJIEKCHOM MJIOCKOCTH.
a—>b a—>b

d—c d—c¢

3ameqanme. [1o100HbBIe ypaBHEHNST HAXOIAT IMUPOKOE ITPUMeHeHne Ipu pabore

Hokazkure, uro AB 1 C'D Torpa u TOJIbKO TOr/a, KOTIa

C €JIUHUYHOI OKPYKHOCTBIO.

3. PaccMoTpnM e MHIYHYIO OKPY?KHOCTH W € MEeHTpoM B () HA KOMILIEKCHOT
mtockocTH. [lorsiTHO, UTO TOUKA Z(2) JIE€KUT HA W TOT/A U TOJIHKO TOTJA, KOTJIA
2z =1wnm xe z = —.

2

(a) Pacemorpim xopiay A(a)B(b) okpyxuocti w. lokazxure, ato Touka Z(z)

JIEYKUT Ha npsiMoii AB Torma n TOJIbKO Tornua, Koraa z + 2z - ab = a + b.
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(b) Hoxaxkure, 9ro TOUKa Z(z) JEKUT Ha KacaTeJbHON K w B ToUke A Torja
1 TOJILKO TOTJIa, Korja z + % - a* = 2a.

3amevanue. YpaBHemnne KacaTeJbHON K OKPY’KHOCTH COBIAJIACT C YPABHEHHEM
XOPJIbI B cilydae, Korjia Toukn A n B coBnajaior.

(c) Paccmorpum touky C'(c). dokazkure, aro npoekiist Toakn C' Ha MPIMYIO
a-+b+c—rcab

5 :

(d) Ha eguamanoit okpyxuoctu ¢ mearpom B 0 Boibparsl Toukn A(a), B(b),

C(c). Hoxaxkure, aro oprouentp H tpeyrompanka ABC umeeT KOMILIEKCHYTO

AB umeer KOMILIEKCHYIO KOODANHATY

KoopJuHaty a + b + c.

39. Cepug 27. CdeT B KOMIIJIEKCHBIX YUCIAX—2: 309l 17 urons

Yupaxnuenue. Jlan tpeyrospank ABC. Ilycts O — 1eHTp ero ommcaHHOif
OKpy2KHOCTH, 8 H — Touka nepecederns Bbicor. Ob60o3HaunM depes D TOUKy, CiM-
MeTpuunyio Touke O otHocuTenbHO npsimoit AC'. Hokaxkure, aro OD = BH.

Pemenwme. He napymas obmHOCTH, 1IyCTh ONKMCAHHAST OKPYKHOCTH TPEYTOJIb-
nuka ABC' siBjisieTcss eMHUYHON ¢ TIeHTpoM B HyJe. Torga Todka repecevdeHust
BbIcOT TpeyrosbHuka ABC mmeer KOMILIEKCHYIO KoopjauHaty a + b + c¢. 3ame-
TUM, 9TO cepeauna orpeska AC' apisiercs Takxke cepeauHoil orpeska OD, oTKy/1a
d+0=a+c, 10 ectb d = a+ c. Torna sexropy OD COOTBETCTBYET KOMILIEKC-
HOE YHCI0 a + ¢, a BekTopy BH — KoMILlekcHoe uncyio h — b = a + ¢, T0o ecTb

OD = BH, orkyna OD = BH.

Yupaxnaenue. JlokaykuTe, 4TO €CJI CpeiHNIe JIMHAN 9eThIPEXYTOJbHIKA PABHBI,
TO €ro JMaroHaJ/In IMepPHeHNKYIAPHbI, 1 00PaTHO.

Pemenne. Pacnoo:knm 4eThIpexyTrobHIK Ha KOMILIEKCHOI mockocTu. [1yern
A(a), B(b), C(c), D(d) — xomiuiekcHble KoopauHaTet ero Bepima. [lycrs K, L,
M, N — cepeaunnl cropon AB, BC', CD, DA coorsercTBenno. Torma

1 _ _
KM"‘:Z(a+b—c—d)(a+b—6—d).

1 — _
Anasornuno LN? = Z(b +c—a—d)(b+¢—a—d). To ectb ycioBue paBeHCTBA

CpeJIHUX JINHUIT PaBHOCUJILHO PaBEHCTBY
(a+b—c—d)(@+b—c¢c—d) =((b+c—a—d)(b+c—a—d);

2(ab+ba+cd+de) = 2(ad+da+bc+cb), ab+ba+cd+de = ad+da+be+ cb.

C npyroit cTOPOHBI HEPIEHINKYISIPHOCTD JuaroHaJjeil paBHOCHIbHA PABEHCTBY

(a—c)(b—d)+(@—7e)(b—d)=0.
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HOC.He HECJIO?ZKHOTI'O PaCKPbLITUA CKO6OK IIoJIy49aceM
ab+ba+cd+dec—be—cb—ad—da=0, ab+ba+cd+de= ad+ da+ be+ cb.
TO €CTb MbI IIOJIYHIMUJIN TO 2KE CaMO€ yCJIOBHE.

Yupaxnenne. Kacarejbuble B KoHIIaX A n B gumaMerpa OKpyKHOCTH IIepece-
KaIOTCA C TPeThell KacaTeabHol B Toukax X 1 Y coorBeTcTBeHHO. /loKakuTe, 910
npousBesnenne AX - BY He 3aBHUCHT OT IOJIOXKEHUSI TPEThell KacaTeJbHOI.

Pemenme. He napyimas oOIIHOCTH, IIYCTh OKPYKHOCTH U3 YCJIOBUS SIBJISETCH
equnnanoii ¢ nentpom B 0. Toukn A(a) u B(b) nexar Ha 9TOH OKDYKHOCTH,
npudeM b = —a, a TpeThs KacarTejbHas mpoxoanT depes Touky C(c) maHHOl
OKPY2KHOCTH. 3aluIleM CUCTeMY yPaBHEHUM JI/isi TOYKU X

T +Ta® =2a, x+7Tc=2c,
2ac? — 2ca? 2ac A 2bc T
OTKYJIa & = = . Anasiornyno y = . Tenepn 3ameTnM, 4T0
e 2 — a? a—+c (A P ’
a(c—a) blc—=>b) alc—a) —alc+a
(3 —a)(y — b) = ble—b) _alc—a) —af ):—a2,
c+a c+b c+a c—a
10 ecth |AX - BY | =| —a?| = 1.

ZLJISI CaMOCTOLATEJIbHOI'O pereHuA

1. IIpamag iimepa. /lan Ttpeyronbank ABC. Ilycrs O — nenTp onmcaxHoi
okpyzkHoctH, M — TouKa nepecedenus MeauaH, H — TouKa 1epecedeHns: BhICOT.

Hoxkazkure, uro Toukun O, M, H nexxkar Ha onnoit upsamoii, npudem M H = 20M .

2. JlokaknuTe, 9TO AUATrOHAJN YETHIPEXYTOJbHUKA HEPHEeHIUKYJIIPHBI TOTIA
U TOJIBKO TOTJIa, KOrJla CyMMa KBa/IpaToB JIBYX €ro HPOTUBOIIOJIOKHBIX CTOPOH
paBHa CyMMe KBa/IpaTOB JIBYX JIPYI'UX HPOTUBOIIOJIOZKHBIX CTOPOH.

3. Han tpeyronbauk ABC'. O6o3naunm uepes O MEHTP ero OlnnucanHoOl OKPY K-
HocTH, yepe3 R — ee pajuyc, dyepe3s H — TOUKY lepecedenns BbICOT TPEYTOTbHIKA

ABC'. Jokaxxure, 910
OH? = 9R* — AB*> — BC? — CA”.

4. Han tpeyrompauk ABC. Ilycts O — meHTp ero onmcaHHoOi OKPYKHOCTI,
a H — Touka nepecedenus BbicoT. Obo3HAUNM Yepe3 [) TOUKY, CUMMETPUUHYIO
touke O orHocutesbHO Hpsimoit AC'. Hokaxkure, aro OD = BH.

5. (a) Jlan Buumcanubiii gerbipexyroybauk ABCD. Obosnadnm depe3 Hp op-
ToreHTp Tpeyroiabanka ABC. Ananornano onpenennm touku Hy, Hg, Ho. Ho-
kazkure, 9To npsimble AH 4, BHp, CHa, DHp niepecekaloTcst B OJJHOI TOUKE.

(b) Yersipexyrobauk ABC D Brucan B OKpyzKHOCTH ¢ 1ieHTpoM B O. O6o3Ha-
qnMm depe3 Hp opromentp Tpeyroiabanka ABC. Ilycrs Np — cepenmna oTpeska
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OHp. Anasiornuno onpeneynm Touku H 4, Hg, Ho, N4, N, N¢o. Jlokaxkure, 4To
upsmbie ANy, BNg, C N, DNp niepecekaloTcst B OJHOI TOUKE.

6. Touka O — nenTp onmcanHoit okpykHocT Tpeyroabanka ABC, AH — ero
BbicoTa. Touka P — ocHOBaHME HEePIeHINKYJ/IsSIpa, OMyIeHHOro n3 A Ha NnpsMyro
CO. Hokaxure, uro npsimass H P mpoxonnut depes cepejnny orpeska AB.

7. Ussectno, uro tpeyronbankun ABC n A1 B;C umeor o0y OMUCAHHYIO
okpyzkHOCTh. Okazanoch, uto AA; || BB; || CC}. lokasarh, 910 nepIreHmKy-
JISIPBI, OIYINEeHHbIe U3 BEPIINH OJHOIO TPEYroJIbHUKA Ha IPsIMbIE, COIeprKallie
COOTBETCTBEHHLIE CTOPOHLI JAPYroro, MepeceKkaloTcs B OJHOI TouKe, JiexKaleid Ha
JAHHOI OKPYZKHOCTH.

8. Kacarenbuasg B Touke C' K OKPYXKHOCTH TiepecekaeT B Touke M TMpsiMyIo,
cogepxkaiyio jguamerp AB stoit okpyxxuoctu. Ilepnengukynsp k AB B Touke
M nepecekaer npsimbie AC' u BC' B Toukax D n E. lokaxure, 4ro Touka M —
cepennaa oTpeska DE.

9. IIycts Toukn A, B, C' nexKaT Ha OKPY’KHOCTH, a IpsiMasi b KacaeTcst 9Toii
OKpy2KHOCTH B TouKe B. U3 Touku P, jiexkalieil Ha npsMoii b, oIyIieHbl IepieH-
mukyasipbl PA; u PCy wa npsimbie AB u BC' coorsercrBerno (touku A; n C
nexkat Ha orpeskax AB u B(C'). Jokaxure, uro A;Cy L AC .

10. Yernipexyronbank ABC D Bruucan B oKpy»KHOCTB ¢ jJuamerpom AC'. Toukn
K u M — npoeknun epimud A u C' coorBercTBeHHO Ha mpsimyio BD. Yepes
Touky K mposesena npsimas, mapaJsuiesnbias BC' u nepecexkarorias AC B Touke
P. Jokaxkure, aro yron K PM — mpsamoii.

11. IIycts Ay, By, C1 — ocnoBanus BbicoT Tpeyroyibiuka ABC n3 Bepmun A,
B, C coorBercTBerHo. obosnaunM depes Ag, Ao npoexiun Toukn A; Ha IIpsiMble
AB un AC coorBeTcTBeHHO. AHajorndHo onpejenum Touku Ba, Bo, Cy, Cp.
Hoxkazkure, uro AgAc = BaBo = C4Cp.

12. B nepasnobeipennom octpoyrosibHoM Tpeyroibanke ABC Touku Cy u By
— cepeannbl cropod AB 1 AC coorsercrBerro, O — IEHTP ONUCAHHON OKPYZK-
nocru, H — mouka mnepeceuenusi BoicoT. [Ipsimbie BH u OC\ nepecekaiorcsi B
touke P, a npsimbie CH u OBy — B Touke (). OKa3a/10ch, 9TO 4eThIPEXYTOJIbHUK
OPH(Q — pomb6. Hokaxkure, aro Toukn A, P u () jexkar Ha OIHOM IPIMOii.

13. Ocrpoyroabublit Tpeyroibank ABC Biucan B OKPYZKHOCTD W C IIEHTPOM B
rouke O. Ilpsmas ¢, mapamnenbHas npsamoit AQ, nepecekaer orpeskn AB, BC' u
nya C'A B toukax D, E n F' coorBercrBerno. /JJokakure, 9TO IEHTP OKPYKHOCT,
OICAHHOII OKoJIO TpeyrosibHuka AF D, cepennna orpeska AE u touka O jexar
Ha OJHOI IPAMOIl.
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40. Cepng 28. PoxnecrBenckad Teopema ®epma 18 wons

Yupaxuenne. /lano narypajabioe dmciao m. V3BecTHno, 9To i HEKOTOPOTO
HATYPaJIBLHOTO 1 9UCjI0 2™ - m IPecTaBUMO B BHJIE CYMMBbI KBaIPATOB JIBYX IEJIBIX
quces. Jlokaxknute, 9T0 TOrJa U M IPECTABUMO B TAKOM BHJIE.

Pemenne. Ilycts 2" - m = 22 + y%. 3amMerus, uTo & 1 Y OJHOI YETHOCTH,

IIOJIy YaeM
2 _ 2 2 2
THYN Ty Y e,
2 2 2

CHyCKaHCb JaJie€ aHaJIOTU4IHO, IIOJIyYaceM Tpe6yeMoe.

Oco3HaeM, 4TO 110J00Has 3aMeHa Oblla BIIOJIHE ecTecTBeHHOil. [elicTBUTEIBHO,
paccMoTpuM ypasrenue a? + b = 2 (B mamem ciaydae a = b = 1). Pas-
JIOXKUB B KoJiblle Z[i|, momydaem (a + bi)(a — bi) = 2. C apyroii cTOpoHBI
(x +yi)(x —yi) = 2" -m. Y Hac BOHUKAET YKeJIAHUE 110 AHAJOTUE C YDABHEHHEM
[Tesi1s TTOJEIUTD OJIHO PellieHne Ha JPyroe, 4Toobl HoaydnTh 21 - m. Mmeem

r+yi r—yi , a_b_ —_— a_b, B
o+ bi a—bi_(x+yz)(2 22) (x“”)(z 2Z>_

(xa—i—yb ya—xb,) <xa+yb ya—xb,)

2 2 2 2
a b

MBI BOCIIOIB30BAJICH, TEM, YTO — — —i SIBJISIETCA OOpPATHBIM K IHCIY a + bi.
xa+yb ya — xb
2 72

OcraJjoch JnIb 3aM€TUTb, 9YTO B IIape ( ) 00a YuncJa aABJISTIOTCs

E/IBIMI.

[TooOHasi TeXHUKa CIIyCKa JIOCTATOYHO €CTECTBEHHA W IPUMEHSICTCS MPH I10-
nbITKe 06001eHust PorkiectBenckoit Teopembl @epma. Tenepb BpeMeHHO 3a0y1eM
IIPO BCe BBIIIECKa3aHHOE.

1. PoxxmecrBenckas reopema ®epma. Hevernoe mpocToe 9ncesio p mpejicTaBuMo
B BHJIE CYMMBI JIBYX KBaJIPATOB IIEJIBIX YHCEJT TOJa U TOJBKO TOTa, Korjga p = 1
(mod 4).

(a) Joxazkure, uro eciu p = a® + b? s nesbix a u b, ro p =1 (mod 4);

(b) Ilycts p = 1 (mod 4). Obo3HaunM €Uepe3 i BBIUET 0 MOJY/IIO P TaKoii,
uto 12 = —1 (mod p). Ilycrs Kazkaoe n3 uucesn a u b Geraer B juanasoHe
0,1,2,3,...,[y/p]. Jokaxure, uro naityyyres pasindnbie napsi (ap,by) u (ag, bo)
13 JIAHHOTO JMIIa30Ha TaKue, 9To a; — iby = as — tby (mod p);

(c) BaBepiruTe JOKA3ATEILCTBO POXKIECTBEHCKOIT Teopembl Depma.

2. (a) /IBa uucsia npejcTaBIsgOTCd B BUJIE CYyMMbI JIBYX KBAJPATOB IEJIbIX YU~
cest. JlokaxknTe, 9T0 UX MPOU3BEJICHNE MPEJICTABIISETCA B BUJIE JIBYX KBAJIPATOB.
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(b) okaxkure, uTo HaTypajbHOe 9nucjio N MpeJCcTaBUMO B BHJE CYMMbI KBa/i-
paToOB JBYX IEJbIX YUCEJ TOTJA U TOJBKO TOrJa, KOLJa KaxKJ0e MPOCTOe YUCJIO
Busia 4k + 3 BXOUT B pasjiozKeHue n Ha MpOCTble MHOXKUTEN B YeTHON CTelenu.

3. JlokazknTe, uTo ypasHenue x2 +y? = 2° + z nMeeT 6€CKOHETHO MHOTO TEJIbIX
pellennii, B KOTOPbIX T, Y U 2 TOIAaPHO B3aUMHO IPOCTHI.

4. Kakue mpocTbie 9uc/ia mpecTaBuMbl

(a) B Buge 22 + 2y? s nesbx x u y?

Ilodckaska. CHadana TOWMHUTE, 10 KAKUM MPOCTBIM MOJYJIAM —2 SBJISAETCS
KBaJIPATHIHBIM BBIYETOM. 3aTeM MOIPOOYTe CIeaTh TO Ke, U9TO U B EePBOii 3a-
nade. V3 paccy K aeHus JOJZKHO HOJMYUINTBCA, UTo p = 2 + 2y? nmm 2p = 2+ 212,

(b) B Buge 2% + 3y* ans nenbx T u y?

5. Kaxue npoctble uncia npejicrasumMbl B sujie (a) x2 — 2y?; (b) 22 — Ty? s
MeJIbIX T 1 Y7

6. Kakue npocrble unciia npejicTaBuMbl B BUe 12 + 5y? [ist HejbX o 1 y?

7. Kaxue 1mmpocThle umc/Ia IpeJcTaBuMbl B Bujle 12 + xy + 2 1uist nebix o u y?

8. JloKazKuTe, 9TO He CYIIeCTBYeT IEeJIOT0 1 TAKOTO, 9TO N’ 4 7 ABJIfeTCs KBal-
paToOM I1eJI0r0 HhCJIa.

9. Bce gmcia, KoTopble MOXKHO TPEJICTABUTD B BUJIE CYMMbI KBaJIPATOB JBYX
B3aMMHO IIPOCTBIX HATYPaJbHBIX YMCEJI, BBIIMCAHBI B IOPsAKe Bo3pacTanus. [lo-
KayKTe, ITO JJIsd JII0OOT0 N B 9TOI MOCIE0BATETHHOCTH MOYKHO HAWTHU 7 TTOCTIEe-
JIOBATEJIbHBIX HEYETHBIX YJIEHOB.

41. Cepng 29. IlonyBnmucanHas OKpY2KHOCTb 18 wons

Omnpenenenne. Ilycts Tpeyronbauk ABC' Brnucan B oKpyzKHOCTH 2. OKpyxK-
HOCTb S4 Ha3BIBACTCS NOAYSNUCAHHOT, ecan OHa KacaeTcs ctopon AB u AC u
OKPY?KHOCTHU ) BHYTPEHHIM OOPa30M.

Bo Bcex cieyromux 3ajadax OyjeM UCIOJIb30BATh CJIeyionue 0003HaueHNs,
ecJIl B YCJIOBUSX HE OT'OBOPEHO MHOE.

Tpeyronbuuk ABC Brucan B 0Kpy»KHOCTH ). OKPYKHOCTH S4 KacaeTcs: CTo-
pou AB nu AC B Toukax K u L coorBeTcTBeHHO U «MeHblneiy jyru BC' B Touke
Ty. Ilycts By, C7 — cepeaunbl «Mmenbiuxs jgyr AC' u AB okpy:xnoctu €2, W —
cepennna «bosbmeity qyru BC, B — cepenuna «Menbliieiis jgyru BC', [ — nenTp
BIINCAHHOW OKpYy»kHOCTH TpeyrojbHuka ABC. D u () - TOYKU KacaHusl BIHCAH-
HOIT M BHEBIIMCAHHOI OKPY2KHOCTHU, Kacarorieiicst croporbl BC, co croponoit BC
COOTBETCTBEHHO.

1. ToxazknTe cieayromune yTBePK/IeHHA:
(a) Tpsimbie T4 K u T4 L nipoxomgar depes Touku C u By cOOTBETCTBEHHO.

(b) Ipsivast B1Cy — cepeiuHHbII IepHeHANKYISp K oTpe3ky Al.
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(c) B1Cy nesur nonoyiam orpeskn AK u AL.

(d) [psimast T4 A comepxut cumeuany Tpeyrosbiuka BiC1Ta. (Crenoba-
TeJIbHO, UeThipéxyrosbuuk By AC, T — rapMonndeckuii. )

(e) [Mpsimast T4W copepzkutr Mepnany tpeyrojbanka B1C1Ty.

(f) Touxa I jexut na npsnvoit TyW.

(g) Ilpamas K L — kacaresibHast K OKPY’KHOCTSM, OIUCaHHBIM 0K0osio BIC
uTylFE.

(h) IIpsimbre C'CYy 1 B By SIBIISIFOTCST KacaTeIbHBIMU K OKpY KHOCTSIM Ty BK T
u T4yCLI coorBeTCTBEHHO.

(i) Anasornano onpenesum Touku T u Te. Joxkaxkure, aro mpsimbie ATy,
BTy n CTy nepecekarorcst B OJIHOI TOUKe, sIBJIAIONIEHCS IIEHTPOM TOMOTETHH,
nepeBOIAIIEl BINCAHHYIO OKPYKHOCTH B ONUCAHHYIO.

(j) Hpsimeie KL, BC u Ty E niepecekatorcst B o/iHoi Touke. /lajee sy ToUKy
Oyzaem obo3HadaTh depe3 Ry.

(k) Amasoruuano onpegenum touku Rp u Re. Jokaxure, ato Toukn Ry,
Rp n Re nexkat Ha oHOI TPAMOii.

(1) Ty — meHTp MOBOPOTHOI rOMOTETHH, TIePEeBOsAIINiA TpeyrobHnK BK 1 B
tpeyrosbuk [ LC'.

(m) £BTyD = LZABC, ZBT4A = ZCTyD. (CnenoBarenbro, AB kacaer-
CsT OMICAHHON OKPYKHOCTH TpeyrosbHuka BTy D.)
ITodckaska. Bosmorkuo, crour pacemorperh Touky A’ na oxpyzknocru €2 Ta-
Kyto, auro A’A || BC.
(n) Oxpyzxkuocts Ty DE nepecekaer cropony BC' B Touke Ha npsimoit Al.

2. Ipstmast, mpoxoisiias depes Bepiiuay A, nepec ekaet cropony BC 1 oKpyK-
HocTh §) B Toukax X u Y coorBercTBenHo. Torma Touku X, Y, Ty u D nexkar Ha
OJTHOI OKPYZKHOCTH.

3. Kacarenbuble, mpoBeIéHHbIE K OMUCAHHON OKPYXKHOCTU OCTPOYTOJIHHOIO
tpeyronbanka ABC B Toukax A n C, nepecekatorcst B Touke 4. AA;, CCy —
BoicOoThI. [Ipsmast A1Ch nepecekaer npsimbie ZA, ZC' B Toukax X n Y coorBet-
crBeHHO. JlokakuTe, 4TO ONMMCaHHBIE OKpYzKHOCTH Tpeyrojbankos ABC' nu XY 7
KaCatoTCs.

4. S — BTOpas TouKa nepecevdeHusi okpyxkuoctu IW E ¢ npsiMoil, mpoxosineit
gepes | u nmapasutenbaoit BC. Jlokaxkute, aro npstmbie AQ) n E.S nepecekarorcs
Ha OKPY KHOCTH §2.

5. IlycTb meprieHInKyIIAp, BOCCTAHOBJIEHHBIN B Touke B K npsimoit AB, 1e-
peceKaeTcsi ¢ ONMCAHHOI OKpyKHOCTBIO Tpeyroyibiuka ABC B Touke U, u ¢
ouccekrpucoit yrita BAC B Touke Z. JlokaxkuTe, 9T0 JJIMHA KacaTeJbHOIl, TPO-
BegeHnoi 13 Toukn U K MoJIyBIUCAHHON OKPYXKHOCTH, paBHa JimHe oTpe3Ka U Z.
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6. Ilycro F' — Touka nepecedenusi npsiMmbix ATy u K L. Jlokaxkure, 4TO
/BFK = /CFL.

7. Touka X jsiexkut Ha «MeHblneits ayre BC', I1 u [s — UHIEHTPBI TPEYTOJIbHI-
koB BAX u CAX coorsercrBenno. Hokaxkure, aro X I1 15T 4 — BIucanHblii.

8. Kacarepuble n3 Toukn X K BINCAHHON OKpYKHOCTH TpeyrosbHuka ABC
nepecekaior BC' B Ttoukax Uy u Uy. Hokazkure, uro X U;UsT 4y — BlIMCAHHBII.

42. Cepug 30. AmamTrdecKkas TeopHs dnCel 19 wionsn

1. HazoBem HaTypaibHOE YUCJIO 11 TOPOULUM, €CJI OHO JIEJTUTCS Ha JIBa 1OCIe-
JIOBATE/IbHBIX HEUYEeTHBIX HATYpaJbHBIX uncia, ooibmumx 1. /lokaxkure, 9T0 114
moboro HarypasabHoro n > 1000 cpean 4dncen ot 1 10 n He Gosee n ABJIAIOTCA
XOPOIITIMU. g

2. O6osnaunm gepes S = {1,4,8,9,16, ...} MHO)KeCTBO BCeX TOUHBIX CTENEeHel
(He MEHBIX 2) HATYPATBHBIX THCEI. SaluIleM UX B BHJIE BO3pACTaoIeil moce-
nosaresibHoCTH {a;}5°,. Jlokazkure, 4To HaiiéTCsi GECKOHETHO MHOTO 7 TAKHX,
gto 9999 nenmut a, 1 — ay,.

3. Jokazkure, 9T0 JjIs JIOOLIX 7 MONAPHO Pa3JIMUHBIX Jpobeil 13 uHTepsasa
(0, 1) cymma ux snamenaresieil He Menblie, dem in3/2.

4. JlokazKnTe, 9TO CyIIeCTBYeT GECKOHEeUYHO MHOTO uuces] Buja n’ + 1, ¢cBoboj-
HBIX OT KBaJIPATOB.

5. Cymecrytor s 1000 momapHO HelepeceKalommuxes apudMeTHIecKIX IPo-
rpeccuii ¢ HATYpaJbHBIMA WIEHAMH TaKNX, UTO KaKjgoe HaTypaJbHOe YHUCIIO,

0100

oosbiiiee 10777 cojiepKUTCS B OJIHOM U3 HUX, W KarKJlash ITPOIPECCUsi COJIEPYKUT

XOTsl ObI OJIHO IIPOCTOE InC/10, Oostbinee 10007

6. Haiinure Bce muorowiennr P(x) ¢ meficTBuTesibHBIME KO3bbUIMEHTAME
Takme, 9TO ero 3HavdeHus B JIOOOM PenbloHuTe (dncie, 3amncanioM OHUMU €JIi-
HITAMI) TAKZKE SIBJISIETCS PENBIOHITOM.

7. HazoBéM 1ocsie0BaTeIbHOCTD @1, A3, A3, . . . HATYPAJIbHBIX UUCE]T MEIAEHHO
so3pacmarouiet, eCii OHa BO3PACTaeT, HO JIJId JH0OO0r0 N BBIIOJIHSIETCS HEpaBEeH-
cTBO a, < 9000n. Hokaxkure, 4To B JIFOOOI MeJIJIEHHO BO3paCTAIOIIEil 110C/1e/10Ba-
TEJILHOCTH CYyIIECTBYET OECKOHEUHOE KOJIMYECTBO NHIEKCOB ¢ TAKUX, YTO @; JCJIUT
HOK Bcex npeJblayIux 4ieHOB [I0CIe0BaTeIbHOCTH.

43. Cepug 31. MHoroujieHoI B KOMOMHATOPUKE—2 19 wons

1. JlokaxkuTe, 9TO HATypaJbHOE YUCJIO P > 2 ABJIFIETCA MPOCTBIM TOT/a 1
TOJIBKO TOTJIa, KOTjia JII0OOH p-YyrOJbHUK ¢ PaBHBIMU yIVIAMHU U paIlllOHAJHLHBIMI
JIJINHAMU CTOPOH SABJIACTCA IPABUJILHBIM.
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2. Ilorojga B Mae Mecsitie ObIBaeT JBYX THUIIOB: XOpoIlasi U HE OYeHb. VY UEHbIE
YCTAHOBIJIM JIBE 3aKOHOMEPHOCTH:

e 1 Mag 1oroja Bcerjia He OUeHb;

o 1151 2 < k < 31 noroja k-ro Mas cjejyIomnero rojia He 04eHb TOIIa 1 TOJIbKO
KOIJla, KOIJla B TeKYIIeM Tojy mnoroja k u k — 1 Mast orimyaiach.

B kakoM rojy BIepBbI€ II0I0/Ia B TeYeHHe BCero Masi OyjieT B TOUYHOCTH TaKOil
ke, Kak B 20077

3. [ocyiemoBaTE/IHHOCTD PA3IMIHBIX HATYPAJIbHBIX YUCEN A1, 42, - . . TAKOBA, UTO
JUUTsl JTI0OOT0 HATYpaJIbHOTO 7 BBITTOJTHEHO @, < 4.999n.

(a) lokaxkure, 4To CyIecTBYeT GECKOHETHO MHOI'O HATYDAJIBHBIX 1 TAKUX, ITO
cymMMa mudp 4duciia a, He JeJIUTCs Ha D.

(b) Bepno sin yrBeprkienue mykra (a), ecin a, < Hn Ui BCeX HATYPAJIbHBIX
n?

4. I3ravaibHO B KayK 0 KJIeTKe KJIeTIaToil IJIOCKOCTH JIEYKUT MOHETa PEITKOi
BBepx. Pazpermaercs BeiOparTh KBajpaT 2 X 2 U IepeBepHyTh B HEM BCE MOHETHI,
KpoMme BepxHeii mpapoii. MoyKHO Jin JOOUTHCSA TOTO, 9TOOBI Yepe3 KOHEUHOe YUCTIO
XOJIOB POBHO JIB€ MOHETHI JIeZKaJIl OPJIOM BBEPX !

5. Ha Oeckonednoit KjaeT4daToll MIOCKOCTH BBIOPAIN CTPOKY W 3AITOJTHUIN eé
HYJISIMU, JIUITH B OJIHY KJIETKY MOCTaBUB eanHUILy. CTpOKN HIZKe BHIOPAHHOI 1T0-
CJIeIOBATEIbHO 3allOJIHSIOTCS YUCJIaMU 110 CJAEIYIONEMY TPABUIY: KazKJI0€ YUCJI0
B HOBOII CTPOKE — 9TO CyMMa TPEX UHCeJI, CTOSIIIIX B TPEX COCEIHIUX (110 CTOPOHEe
WJIN JTHaroHa ) KjeTkax crapoil ¢crpokn. Jlokaxkure, 910 B CTOJIOIE, COMEPIKa-
eM eJIMHNYKY UCXOJHOI CTPOKM, HET YuceI, JIAIIUX OCTATOK 2 IIPU JIeJIeHUN Ha

3.

44. Cepug 32. Cyer B KOMIUIEKCHBIX UHCIaX—3: T€OPHST 19 uions

Onpenenenne. Ha komiiekcHoit miockoctn ormedersl Touku A(a), B(b), C(c),
a—c a—d
b—c b—d

1. (a) Ha xomriekcHoil TIIOCKOCTH JIAHbBI JiBa OpueHTHpOBaHHbIX yria ZABC

D(d). Ux dsotirvim omuowenuem Ha3bBAETCs KOMILIEKCHOE IHCIIO

n ZDEF, menbmne 180°. 9Tu yriibl paBHBI TOIJIa U TOJIBKO TOT/Ia, KOIJa

c—b f—e c¢c—b [f-—e
a—b d—e a—b d—e

(b) Ha xommtekcnoit miockoctn ormedenst Toukn A(a), B(b), C(c), D(d), ne
Jiekarue Ha ojHoit npsmoit. Jlokaxkure, uro Toukn A, B, C', D jexkar Ha OJHOI
OKPYZKHOCTH TOTJIa ¥ TOJILKO TOI/IA, KOIJIa

a—c¢c a—d a—c a—d

b—c b—d b0 b—d
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Bameuanme. B nynkre (b) mbl jgokaszann, aro touku A, B, C, D jexar Ha
OJITHOI HPAMOI MJIM OKPYZKHOCTU TOTJA& U TOJILKO TOrJIa, KOTJIa UX JIBOMHOE OTHO-
IIIeHNe BeIeCTBeHHO. B IBOMHOM OTHOINIEHNN TOYKH MOXKHO MEHATH MeCTaMH KaK
YT'OJIHO.

Ilomobue. B HekoTophIX 3a/1a4ax y00HO BHIYUCISITH KOOPANHATHI 13 TOI00HBIX
TPeyroJbHUKOB. Hampumep, mycTh Ha KOMILIEKCHOM IMJI0OCKOCTH PACIIOIOKEHDI TT0-

JI00HBIE OIMHAKOBO opueHTHpoBaHHbIe Tpeyroibuukn ABC n A1 B1C}. Mbl xoTuMm
cC—a C1 — aq

BBIPA3UTHL KOOPANHATY TOUYKH €] Uepe3 ocTaabHble. VMeem , JaJgee

HAXOJIMM €] M3 COOTBETCTBYIOIIErO JIMHEITHOTO ypaBHeHHH.b © o

[ToroBopum 006 ymoOHBIX cIIOCOOAX BBECTU CHCTEMY OTCYUETA.

ITonesnas cucrema orcuera 0. Onucannast OKpPyzKHOCTb TpeyroJibauka ABC
SIBJISIETCS € IMHUYIHOM ¢ eHTpoM B (), BepIINHBI TPEYTOJBHIKA IMEIOT KOOPINHATHI
a, b, c.

ITonesnasi cucrema orcuera 1. Brincannasi okpy»KHOCTE TpeyroJibhuka ABC
sIBJIsIeTCs einHnIHO ¢ 1ieHTpoM B 0. IlycTh TouKEM Kacanust OKPY>KHOCTH CO CTOPO-

HAMU UMeIOT KOMILIEKCHbIE KOODJIMHATHI T, ¥ U 2. B 3aBejieHHoil cucrteme oTcyeTa
2y 2yz 2z

) ) *
r+y y+z z+x
Baxwnsbrit mpuem. Horia 110/1€3H0 BBOJIUTL KOMILIEKCHBIE KOOPJAUHATHLI HE TO-

® BCPIIMHBI NCXOJHOI'O TPEYI'OJIbHUKa HMEIOT KOOPANHATBI

YeK, a «YIVIOB». DTHUM Mbl ceifdac 1 3aiiMeMcs.

ITonesnag cucrema orcuera 2. Onucannast OKpPyzKHOCTL Tpeyrosbauka ABC
siBJIsieTCsl enHNIHOI ¢ mieHTpoM B (. OOo3HaUMM KOOPAMHATY BepIIHHBI A depes
a. BreibepeM koMILIeKkcHble uncia k 1 | Tak, uTobnl ak?® = b, al’> = ¢, a Takxe
ak u al sBiasuch cepeamHaMu «MeHbIX nyr» AB u AC coorBercTBenno. B
3aBEJIEHHOII BBIIIIE CHCTEME OTCUETa

e cepenHa «MeHbIeits ayru BC' umeer KoopauHaty —akl;

e cepejinnbl «bosibiuxy jyr AB, AC u BC umeror koopjuHatsel —ak, —al,
akl cOOTBETCTBEHHO;

® I[CHTD BIIMCAHHOI MMeeT KoopjauHary ak + al — akl,

® [[EHTPHI BHEBIIMCAHHBIX OKPY2KHOCTEl, Kacarormuxcs cropodn AB, AC u BC
uMmeroT koopaunarel ak + akl — al, al + akl — ak, —akl — ak — al coorBeTcTBEHHO.

45. Cepug 32. Cyer B KOMIUIEKCHBIX YHCJIaX—3: 3a7a9M 19 uions

Yupaxsenne. Jlokaxkure, 9To cepeannbl cropoH Tpeyrosbanka ABC, ocHo-
BaHUs €r0 BBICOT U CEPEJINHBI OTPE3KOB, COEIMHAIONIIX OPTOICHTD C BEPIINHAMU,
JIEZKAT HA OJ[HON OKPY?KHOCTU (OKPYZKHOCTH JIEBSITU TOYEK TPEYTOJbHUKA).

Pemenne. [Iycts onucannasi okpy>kHoCTH Tpeyroiibinka ABC' sBisiercst en-
a+b

2 )

nnanaoit ¢ entpom B 0. Torma cepeiMHbI CTOPOH NMEIOT KOOPAUHATHI 1M, =



XL Kuposckasn semmuas mrozonpedmemuan wxona, 9 xaacc [IIPOOH 67

b+c c+a
nk =

2 2
JIEYKUT Ha JlaHHoi okpyzkHocTu. CHadajia pasdepeMcsi ¢ OCHOBaAHUSIMU BBICOT.

n — . ﬂOK&)KGM, YTO KazK/Jad N3 OCTaBIINXCA IMIECTH TOYEK

Hocrarouno mpoBepuTh st ocHOBaHUsSI BbicoThl 13 A Ha BC, nMeromemy Ko-

b —ab
opjinHary h, = @t +20 a C. Nmeem

ho —m h, —k _ (c —abc)(b— a) _ (ac — bec)(b — a) _ c(b— a)?
n—m n—%k (b—abc)(c—a) (ab—cb)(c—a) blc—a)?

DTO0 JBOITHOE OTHOIIEHNE JefCTBUTEIHLHO BEIIECTBEHHO, TaK KakK

c(b—a)* 13- %)2 _ (b—a)*ca*d  c(b—a)’

e—af L(A-1)7 (c—afitae  bc—a)

b \ec a

Tenepn mpoBesieM TPOBEPKY /I CEPEIMH OTPE3KOB, COCIMHSIONINX OPTOIEHTP C
BepmuHaMu. Kax Mbl TOMHUM, OPTOIEHTP TPEYyroJbHUKA, BIUCAHHOTO B €IMHIY-

HYIO OKPY>KHOCTDL, UMeeT KoopJauHatsel a + b+ c. IToaromy cepeauna orpeska AH

20+ b+ c
IMeEeT KOODJANHATY T = — Nnmeem

(b—a) (atb-a) _(z+
(c=a) (at+bh(c—a) G+
_(a+c)(b—a)a bc (a+c)(b—a)
(a+b)(c —a)a2bc  (a+b)(c—a)

r—m x—k (a+c)

n—m n—k (a+0)

Vupaxnenne. [lokazxure, uro I0? = R>—2Rr, rje I, O — 1enTpb! BIUCAHHOI

OKPY2KHOCTH U OIIMCAHHON OKPY2KHOCTeil COOTBETCTBEHHO, a R 1 r — UX paJnycChl.

Pemenne. Bsenem cucremy orcdera 2. Torga meHTp BHUCAHHON OKPYKHO-

CTH MMeeT KOMILIEKCHYI0 KoopjauHary ak + al — akl. Ilpoexmusi 1eHTpa BIIU-

caHHoil okpyzkHocTH Ha IpsaMmytlo BC' Bbruucisiercs 1o Gopmysie MPOoeKIun Ha
) ak? + al® + ak + al — akl — akl® — ak?l + akl

XOP/Lly eAUHUYIHON OKPY2KHOCTH =

2
ak® + al® + ak + al — akl®* — ak?l
= . Torma, mockombKy R = 1, MBI 3HaeM, 9TO

2
2Rr coBmajaer ¢ JJIMHOII BEKTOPA

(ak? + al® + ak + al — akl* — ak®l) — 2(ak + al — akl) =
=a(k+1)? = (a+akl)(k+1)=—a(l — k)1 =D (k+1).

C npyroit cTOpOHBI

10? — R* = (ak + al — akl)(ak + al — akl) — 1 =
(IR l-D) — k(1= k)1 D(k+1)

kl kl
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Benomunast, aro |a| = |k| = || = 1, nosyaaem Tpebyemoe.

Yupaxueane. B uernipexyronbauke ABCD ormedensr Toukn M n N —
cepennnbl cropodn AB u C'D coorBercrBenno. Okazasiock, 4ro npamas M N o0-
pasyer pastble yriibl co croponamu AD u BC'. Jlokaxure, uro AD || BC um
AD = BC.

Pemenme. Kak 0ObI1HO pacioioyKuM 4eThIPEXyroJIbHIK Ha KOMILIEKCHOT T110C-
r+y
2
obpazyer pasuble yribl ¢ AD n BC, MBI motydaeM, 9TO IPHU X OJNHAKOBOI OpeH-

T+ 2 r+y)? (T+7Y)?
ramm AD || BC. Unate AR [z +9) = ( _y)
2 r+vy dxy 4y
My 3HAMEHATEJIIO 1 PACKPBIB CKOOKH, nMeeM 12Ty +y>*Ty = T xy+y2xy. llepenocs

koctu. [lycts x = a—d, y = b—c. Tormam—n = . [ockobky mpsaimasg M N

. [IpuBejist K ob1e-

BCE B OJIHY CTOPOHY U PACKJIA/IbIBast Ha MHOXKHUTEH, nMeeM (2Z—yY)(zy—yT) = 0.

Ecm nepsast ckobka pasua 0, o AD = BC, unaue x/y = x/y, orkyna AD || BC.

LLJISI CaMOCTOLATEJIbHOI'O perieHuA

1. Yerbipéxyroabuuk ABC' D BrnucaH B OKPY»KHOCTb.

(a) Hokazkure, aro opronenTpsl Tpeyrojsaukos BCD, CDA, DAB, ABC
JIeyKaT Ha OJIHOIM OKPYKHOCTH;

(b) Jdokazkure, 4T0 9Ta OKPY?KHOCTH PABHA OIIUCAHHON OKPYKHOCTH TPEYIOJib-

nuka ABC.

2. B rpeyrosibauke ABC (AB < BC') I — nenTp Brmcantoii okpyzkuoct M —
cepequna AC, N — cepeauna jyru ABC onucaHHOl OKPY?>KHOCTH TPEYTOJIbHIKA.
Hoxazkure, uro ZIMA = ZINB.

3. Jokazkure, uto OI2 = R*+ 2Rr,, rae O — HeHTp OMUCAHHOf OKPYKHOCTH
tpeyrosabanka ABC, R — ee pamnyc, I, — IeHTpP BHEBINCAHHON OKPYKHOCTI,
Kacatoeiica croponbl BC, r, — pajinyc 3Toit OKPYzKHOCTH.

4. Ha oxkpyzkHOCTH, OIINCAHHOIT 0KOJ10 MpsiMoyrosibHuka ABC' D, Boibpana TO9-
ka K. Okazajoch, uro npsamas C'K nepecekaer orpe3ok AD B Takoit Touke M,
aro AM/MD = 2. Tlycts O — nentp npsimoyroyibiuka. Jlokaxknre, 9T0 TOU-
Ka repecedenns Meauan Tpeyroabinka O K D JeKUT Ha oncanHoi OKPYKHOCTH
tpeyrojbanka COD.

5. Jlan napastenorpamm ABCD ¢ tynbim yriiom A. Touka H — ocHoBaHume
HepIeHuKYyIstpa, omyiennoro u3 rouku A wa BC'. IIpogosnkenne meananns: C' M
tpeyroiabanka ABC nepecekaeT ommCcaHHYIO OKOJIO HEIO OKPYZKHOCTL B TOUKe K .
Hokaxkure, uro Touku K, H, C' u D jexar Ha OJHOIl OKPY?KHOCTH.

6. Brimcannast okpyzxuocth Tpeyroibanka ABC' kacaercs ctopon AB u AC
B Toukax D m E coorBercTBeHno. Ilycth [ — menTp BIMCaHHONI OKPYKHOCTH

tpeyrosbanka ABC, O neHTp onucanHoit okpyzkuoctn Tpeyroibunka BIC. [do-
kaxkure, uro ZBDO = ZCEQO.
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Ilodckasra. He ymasnss obiHoctu, TpeyroibHuk ABC 1010:KUTeIbHO OpUeH-
tupoBaH. Beegure cucremy orcdera 1. Ilycte LZABC = (. Toraa kKoMiuiekcHoe
aucsio d/e orBedaer 3a moBOpor Ha yros 180° — [ HPOTHB YACOBOl CTPEJIKH.
Yro0b! HaiiTH KoopauHATY O, JTOCTATOTHO BCIOMHUTD 3aja1y 4(b) u3 cepun 19.

7. B octpoyroisnom HepaHOOeapeHHOM Tpeyroibanke ABC' npoBeieHb Me-
qnana AM u Beicota AH. Ha npsvbix AB u AC ormedennl Toukn ) u P
coorBeTcTBeHHO Tak, uro QM | AC u PM 1 AB. OnucanHas OKpyKHOCTb

Tpeyrosibanka PM(Q) nepecekaer npsimyto BC' Bropuano B Touke X. Jlokaxkure,
gro BH = CX.

8. Buccekrpuca yria A napasnenorpamma ABCD nepecekaer mpsimbie BC,
CD B toukax P u (). [Jokaxknute, 4TO HEHTP OINUCAHHON OKPYKHOCTH TPEYIOJIib-
Huka C'P(Q) J1eKUT Ha ONUCAHHON OKpYy2KHOCTU Tpeyroybanka BC'D.

9. Ha rmrockoctn uKCHpPOBAH OCTPOYroJibHbIN TpeyrosibHuk ABC ¢ Hau-
oosbineit croponoit BC. Ilycts P() — 1pOou3BOJIbHBIN JUAMETP €ro OMUCaHHO
OKPY?KHOCTH, pu4dém Touka P jexxut Ha Menbineit gyre AB, a Touka () — Ha
menbiieit gyre AC. Toukn X, Y u Z — ocHOBaHUs IHEPIIEHIUKY/ISIPOB, OIYIIEeH-
HBIX 13 TOukKM P Ha upamyio AB, n3 toukn () #Ha npsmyio AC n n3 toukum A
Ha npamyo PQ). okaxkurte, 9T0 IEHTP OMUCAHHON OKPYXKHOCTH TPEYTOJTbHUKA
XY Z nexut Ha (PUKCUPOBAHHON OKPY’KHOCTH (HE 3aBUCSIIEH OT BBIOOpA TOUEK
Pu@).

10. Ha croponax AB u AC' octpoyrosibhnoro Tpeyroibinka ABC BeIOpaHbl
touku M un N coorBercTBeHHO TaK, 4T0 M N mpoxoaut depes meaTp O onucaHHoii

okpyzkHOCTH Tpeyroabunka ABC. Obo3naunMm depes () u P cepeuHbI OTPE3KOB
CM n BN coorsercrenno. Hokaxkure, aro ZPOQ) = ZBAC.

11. B mpeyroabuuke ABC' o6uccekrpucet AA; nu C'C) nepecexarorcss B TOU-
ke I. Ilpsmasi, npoxojsiast uepe3 Touky B mapasienbio AC nepecekaer jydn
AA; u CCy B Toukax As u (9 coorBercrBento. Touka O, — HEHTP ONUCAHHOI
okpyzkHOCcTH Tpeyroabanka AC1Cy, Touka O, — MEHTD ONMCAHHON OKPY’KHOCTH

tpeyroabanka C' Ay As. Hokaxkure, uro Z0,B0O,. = LAIC.

12. ITycts O — nenTp onucannoil OKpyKHOCTH OCTPOYTOJHLHOIO TPEYroJIbHIKA
ABC, T — uenrp onucanuoit okpyzxHoctu tpeyroabauka AOC, M — cepeauna
AC'. Ha croponax AB u BC Bbibpanbl Toukun DD u F coOTBETCTBEHHO TakK, 4TO

/BDM = /BEM = /B. Jlokaxure, utro BT 1 DE.

13. Dan rpeyroasuuk ABC. Ilyern A” — cepequna cropoust BC', B. — npo-
exiust Bepmmabl B Ha Oouccekrpucy yria ACB, Cp, — npoekius Bepiabl C' Ha
ouccexkTpucy yriaa ABC. Obosnaunm depe3 Ay HEHTP OIMUCAHHON OKPYKHOCTH
tpeyrosbinka A’ BoCg. Ananornuno onpeenennl Touku By, Cy. Jokazkure, 9T0
oproreHTp TpeyroabauKa AgByCy coBliajaeT ¢ MeHTPOM BINCAHHON OKPYKHOCTH
tpeyrosbauka ABC.
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46. Cepug 33. I'ayccoBbl uncia u Apyrue pacmmpeHns 20 wuioas

Cerojiast Mbl U3yYUM HEKOTOPbIE M10JIE3HbIE TEOPETUKO-UUCIOBbIE CBOHCTBA KO-
sent, Z[i] (kosbio rayccopbix uncen), Z[y/—2| u Z[%j?’]

Mpb1 MoOKeM BOCHIPUHUMATH JIaHHBIE KOJIbIIA KaK «PacIIUpeHus» KOJIbIa Z Te-
JIBIX YUCeJI.

EcrectBennslii Borpoc. Kakue cBoiicTBa, aHAJIOTTIHBIE KOJIBITY Z €CTh Y JlaH-
HBIX KOJIeIL!

s Havasa XodeTcs HAy4YUTbhCd CPaABHUBATH UUCIA B 3TUX KOJIBIAX MEKTY
coboit. st 9TOro 1moJjie3H0 BCIOMHUTD TTOHSITHE HOPMBI.

Onpenenennme. Hopmoit rayccoBa 4nciia 2 = a + bi Ha3bIBaeTCsi

N(z) = 22 = (a + bi)(a — bi) = a® + b*.

Onpenenenne. Hopwmoit uncia z = a + by/—2 naswisaerca N(z) = a* + 2b%

Onpenenenne. Hopmoit uucia z = a + bw, rie w = HQV =3 HasbiBaeTCsl

N(z) = a® + ab + b*. Ecin nepenucaTh sjeMeHT Koablia B Buje ai + byy/—3
IS palMoHaIbHbIX a1 1 by, To N(2) = af + 3b.

Bameuanme. Hopma siBjisiercst MyJIbTUIIMKATUBHON (DYHKIHMEH, TO eCcTh JIJIs
JIOOBIX 21, 29 BbIoHEHO N (21 + 29) = N(21) - N(22).

Hopwma HyskHA HaM Jijist TOTO, YTOOBI HAYUUTHCS «CPABHUBATH» MEXKILY CODOi
rayccoBbl qucia. I3 9Toro ecrecTBeHHBIM 06pa30M BO3HUKAET CJIEJYIOIIee CBOIi-
CTBO.

Henenne ¢ ocratkoMm. B cjie/iyromux KoJIblax BOSMOXKHO JIeJIEHIEe C OCTATKOM,
TO €CTb JIIOOBIX YHCEN 2] U Z9, Tie 2z 7# 0, CYIIeCTBYIOT YUC/Ia U U I U3 TOTO Ke
KOJIbIIA TaKue, 9To 21 = 2ou + 17 u N(1) < N(22).

e Kouib1io rayccosbix unces Z[i| ¢ nopmoit N(a + bi) = a® + b?.

e Koo Z[v/—2] ¢ nopmoit N(a + by/—2) = a® + 2b%.

e Kosbiio Zlw], rie w = %537 ¢ nopmoit N(a + bw) = a® + ab + b?.
Bameqanme. Mb1 B35/ Kob10 Z[w], a ne Z[y/—3| 1ist Toro, 4Tobbl CyecTBo-

BaJIO JejieHrne ¢ OCTaTKOM.

YupaxHenune i xejgaomux. [lokaxxure, uro Kosbla Zlw|, tie w =

1+v/-11
2

1+V-7
2

TaKzKe JOIIYCKaloT AeJIECHNE C OCTaTKOM OTHOCHUTEJIIbHO CT&H,ZLapTHOﬁ

nin
HOPMBI.

Cornamenue. B janbHeiinem Beerga w = %‘73

Onpenenenne. Hanborbum o0IIMM Jie/InTe/IeM JIBYX YHCe/I 21, Zo U3 KOJIbIA
Zi] (Z|v/=2], Z|w]) nasbiBaercss nX OOIIMIt JEIUTENb, UMEIONIH HAUGOIBIIYIO
HOPMY.

Samedanme. HanbosibImnit oOIIuil Jenreisb omnpeiesied ¢ TOUHOCTBIO 10 JOMHO-
JKeHIsT Ha 00OpaTUMBbII 9JIEMEHT.
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Teopema o smmeitrom mpeacraBiaennn HOJ. [liis yirobbix uncen zy, zo € ZJ[i)
(Z[/=2], Z|w]) cymecrsytor uncia u, v € Z[i| (Z[v/=2], Z[w]) rakue, uro
(21,29) = uz1 + v29.

Onpepesenrme. Tuciio z B koublie Z[i] (Z[v/—2|, Z|w]) nasbisaercst 1mpocThbiM,
eC/I OHO HE PACKJIQJbIBACTCS B IIPOU3BEIEHNE JIBYX UUCET U3 KOJIbLA ¢ MEeHbIIe
HOPMOIA.

OcnoBrasi Teopema apudmeruku. Jl100oe HEHYIEBOE UHUCIO U3 KOJbIA Z[i
(Z]v/=2|, Z|w]) MO:KHO DPaB/IOKUTL B IIPOU3BEIEHNe HPOCTBIX YUCE] U3 JAHHOIO
KOJIBLIA, IIPUYEM 3TO PA3JIOKEHNEe eAMHCTBEHHO ¢ TOYHOCTBIO JIO HOPSIKA COMHO-
JKUTEIel 1 JOMHOXKEHUsST Ha 00paTHMble 3JIEMEHThI KOJIbIIA.

[osesnbiii kKorrpupuMep. Koo Z[v/—5] He ynoBieTsopser oCHOBHOMH Teo-
peme apudmeTnku, HockoIbKy 21 = 3 -7 = (1 +2v/=5)(1 — 2v/=5).

Ternepb HEMHOIO MOMOBOPUM IIPO MPOCTBIE JEMEHTBI B HAIIKMX KOJbIAaX. 3a-
MeTHUM, YTO He BCE IPOCTble YKCIa 7 SBJSIIOTCS MPOCTBIMU YHCIaME B HAIINX
KOJIBIIAX.

Teopema. (a) Llesoe wamcsno z > 0 sBisieTcst TPOCTBIM B KoJiblle Z[i| Torma u
TOJIBKO TOT/IA, KOTJIa OHO mpoctoe B Z 1 z = 3 (mod 4).

(b) Lenoe uncio z > 0 sBageTca IPOCTHIM B KOJble Z[v/—2| Torna u ToIbKo
TOrJa, KOrja OHO mpoctoe B Z u z =5 (mod 8) wmm z =7 (mod 8).

(c) Lemoe wmemo z > 0 sgBiseTcs MPOCTBIM B KOJbIe Zlw| TOrja n TOJBKO
TOrJIa, KOTJIa OHO 1pocToe B Z u z = 2 mwin z = 1 (mod 3).

Teopema. Ecyin N (z) siBjisieTcst IPOCTBIM THCIOM B Z, TO 2 SIBJISIETCST ITPOCTHIM
aucioM B Z[i| (Z[v/=2], Z]w)).

3amedanme. Kak Mbl moHIMaeM, 0OpaTHOE YTBEPXKICHINE HEBEPHO.

Yupaxuenune. B3anMHO pocThbie B COBOKYITHOCTH TIe/IbIe YNCIa @, b i ¢ TAKOBHI,
ato a’ + b = 2. JlokaxKnTe, UTO CyMIECTBYIOT Takue Ieble Ynciaa U U v, 9TO

a = u? — v?, b = 2uv nam Ha06OPOT.

J1s caMocTosATEeIbHOTO pernieHnst
1. Pacemorpum qmcio 4 = 2 -2 = (1 — /=3) - (1 + v/—3). To ectb MbI

MOJIY UM [TPOTUBOPEUre ¢ OCHOBHON TeopeMoil apudmernku s Z[w]? [ne mbr
Bac OOMaHbIBaeM?

2. (a) Jokakure, 4To Kaz/10€ IIPOCTOE YUCJIO IIPEJICTAB/IACTC B Buje 12 + 1
JUIST TEJIBIX & 1 Y He 6oJiee 4eM OJHUM CIIOCOOOM ¢ TOUYHOCTLIO JIO0 3HAKOB X U Y.

(b) BepHo Jin, 4To Kazjoe MpocToe YHCIo HpejcTaBisercs B Buie 2 + 2y
JUIA TIEIBIX & 1 Yy He 6oj1ee 4eM OJHUM CHOCOOOM ¢ TOYHOCTDLIO JI0 3HAKOB X U Y7

(c) Bepno i1, 4To Kazk/i0e IIPOCTOe YUCJIO HpeicTaisercs B suje 2 + 3y°

JUIsl LEJIBIX & 1 4 He OoJjiee 4eM OJHUM CIIOCOOOM C TOYHOCTBIO JIO 3HAKOB T 1 Y7

3

3. Ommmmre Bee permenus ypasHeHns a® + b> = ¢ B HaTypasIbHBIX nC/IaX.

4. (a) PemmTe B 1eJbIX Yncaax ypapHenue x2 + 4 = y3.

(b) Pemure B 1e/bx yuciax ypasuenne y° + 2 = 2.
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YKasanue. D10 ypaBHEHNE HYXKHO PeliaTh yxe B Z[v/ —2].

5. Jlokazkute, uTo ypasHenne " = y? + 1 He mMeeT pemieHnil B HATYPaIbHBIX
qucJax 1Ipu HaTypajbHOM 1 > 1.

6. Pemure B 1mesbIx unciax ypasuenne x2 + 2 = y".

7. Harypasbuble 4ncia x, Y, z TaKoBbl, uTo zy = z° + 1. Jlokaxure, 4To
HallIyTcs Takne neiele a, b, ¢, d, uro x = a?> + b?, y = 2 + d?, 2 = ac + bd.

8. Jlanbl B3aMMHO IIPOCTLIE mejbie a 1 b pasHoit dernoctu. V3BecTHO, UTO
a’ + 3b? asnserca KyboM 1esoro umncia. JloKasKnuTe, 9TO CYIECTBYIOT IeJIble S
u t Takue, 4to a = s — 9st?, 3t(s* — t2).

47. 3akmounTeabHAs OJIMMIINAIA 21 wons

JloBBIBOT

1. Cronbipr Tabauibl N X n nponyMepoBan duciamu ot 0 o n — 1 cieBa
HAIIPaBO, a CTPOKU — qucjaamu n,n + 1,...,2n — 1 causy Beepx. Takum obpa-
30M, KayK/iasl KJIeTKa 3a/1aéTCsi HOMEPOM CTPOKHU 1 CTOJIONA, B KOTOPOM OHa, CTOUT.

(Hmknstst sieast knetka — (n,0).) B xaxayro n3 kiaetok (i, ) 3ammcanin 9ucsio
1

PaCCManI/IBaIOTCH BCE€ BOSMOZXKHLIE IIYyTH M3 JIEBOI'O BEPXHEI'O yIJia JOCKH B IIPpa-
BbII1 HI/I}KHI/H(/JI7 riae K&)Kﬂblﬁ XOoo OeJilaeTCd Ha OAHY KJICTKY BHH3 MJIM Ha OJHY
KJIETKY BIIpaBO. HazoseMm u@HOﬁ IIyTHU IIPpOU3BEACHUE YH1CEJI B KJIETKaX 9TOI'O IIYTHU

HE BKJIIO4Yad KOHIIBI ). LIGM aBHa CYMMapHad CTOUMOCTDb BCEX TaKUX II Teﬁ?
1 y y Y

2. B octpoyrosbaoMm Tpeyronbauke ABC nposenena ouccexkrpuca BL 1 BbI-
cora C'H. Touka H; cummerpuuna Touke H orHOCUTE/IbHO 1psiMoit BL, a Touka
Hy cummerpuuna touke Hy ornocuresnbuo npsamoit C'H. Okazasioch, 9TO 9eThbl-
pexyronbauk C'HyLHs; — Brnmcanssiii. /Jlokaxknre, aro Tpeyroipuuk ABC —
paBHOOE/IPEHHBII.

3. Ksagpar ABCD paspesan Ha IPSMOYTOJbHUKH TaK, YTO HU B KaKOil Bep-
IINHE He CXOAsTcs 4 mpaMOyTroJibHUKa. Bce BepHIMHBI paCKpacuin B JIBa IIBETa
TakK, 4TO B JIIOOOM IIPSIMOYTOJIbHUKE HMPOTHBOIIOJIOXKHBIE 110 JUATOHAJIN BEPIINHEI
pasnoro npeta. l3Bectno, uro Bepmmabsl A u C' oxHoro msera. okakure, 910
BepmuHbI B 1 [ ToXKe 0JHOIO IIBETA.

4. Jlan xBajgparthbii Tpexunen f(z) = x? + ax — 1 ¢ jeficTBUTENBHBIM a.
Carrra mamén 50 jgeiicrBuresibHbIX periennii ypasaenus f(... f(x)) = x (47 6yks
f). Hokaxure, 9T0 y 9TOrO ypaBHEHUsI €CTh emé XoTs Obl 46 JeficTBUTE/bHBIX
perenunii.

5. Jlanol niesioe k > 1 u nmpocroe p Takue, 9TO 4ucjao n = kp + 1 cocrasHoe.
Oxkazajoch, 4To uncio 2"~ 1 — 1 nemmres Ha n. Joxazkure, urto n < 2F.
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BriBojg,

6. Kaxknasa kierka kBajgpata 10 X 10 nmokpamena B oguH u3 60 nperos. s
KaKOTO HamOOJILIIET0 HATYPAJbHOIO k MOXKHO YTBEp:KJIaTh, YTO HAIIyTCd XOTHd
OBl k KJIeTJaThIX KBaIpaToB 2 X 2, Bce 4 KJIETKN KaXKJ0r0 U3 KOTOPBIX MOKPAITICHBI
B pa3Hble 1IBeTa’

7. B mepaBuobeapennsbiii Tpeyroibank A BC' Brmcana oKpy»KHOCTD C IIEHTPOM
B Touke [. [Ipssmbie BT u C'I iepecekaloT ero omucaHHy o OKPY>KHOCTb W B TOYKAX
By u C. Ipsamast, npoxojsias depes I mapasienbno BC, mepecekaeT CTOPOHY
AB B touke Cy, croporny AC — B Touke By, a TakzKe OKPY’KHOCTH W B TOYKax X
nY, taxk aro Cy — mexay Y u 1. Jlokaxkure, 9T0 KacarejbHas K W, IIPOBEIEHHA
B TOUKe A, a TakxKe 00IIe BHEIIHIE KacaTeIbHble K OKPYKHOCTSIM (BB X) u
(C1C5Y") mepecekaroTcst B OJIHOM TOUKe,

8. IlycTp jamel 1esble HeoTpulaTelbHble udncia a, b, c. TpeyronbHuk nHa
KJIeTYaTol IIJIOCKOCTU C BEpIIMHAMU B y3J1aX CeTKH CO CTOPOHOI 1 Ha30BEM
(@, b, ¢)-TpeyroJbHIKOM, €CJIH Ha, OJIHOI ero CTOPOHE PACIIOJIOKEHO POBHO @ Y3JI0B
(He cumTast BEpIINH), HA JPYTOil CTOPOHE — POBHO b Y3JI0B, a HA TPEThell CTOPOHE
— poBHO ¢ y3J10B. Haiijure kosmmdecTBo Tpoek (a,b, c) Taknx, aro a < b < cu
MUHUMAJIbHAST BO3MOXKHAS TIOMAh (a, b, ¢)-Tpeyroibhuka pasaa 9 000 000.

48. Bompochl K 3a4ery 21 wons

KoMbunaTopuka

. Diamond-emMma, gokazarebeTBO. 3a1a4a 2.2.

. [Ipumenenne Diamond-iemmbr. 3agaan 2.3, 2.4, 2.5.
. Hucjowle Beca. 3ajnaun 7.1, 7.6, 7.8.

. Hucjoswle Beca. 3agadn 7.3, 7.5, 7.9.

. Paznensroniue muoxkectBa. CBsizaHHBIe olpejesenus. 3agadn 14.1, 14.2,

. Pabora ¢ pasnensromumn MuoxkecrBamu. 3ajaadn 14.4, 14.6, 14.7.
. Acumnroruueckue coobparkeHusi B KomoumHaTopuke. 3ajgadn 20.2, 20.3, 20.6.

. Jlemma MuHKOBCKOTO, JI0Ka3aTEJILCTBO.

[y
=~
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. Muorowiensr B komOuHaTopuke. 3ajiaqn 22.3, 22.4, 22.6.

10. Muorowiensr B kKomouHaTopuke. Ilomesnasa nemma. Sagaan 22.5, 31.1.
11. Muorouienbl B KoMOnHaTopuKe. Yipazkaenne 22.1. Sajaun 22.2, 22.7.
12. Teopema I'epunra/Menrepa. JlokazarenbCTBO.

13. Teopema 'epunra/Menrepa. Jlemmva Xosuta. Sagaqan 26.2, 26.3.
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14. Teopema l'epunra/Menrepa. 3ajaan 26.5, 26.6.

15. Muorowienbl B KOOMHATOPUKE HaJ[ HECTAHAPTHBIM IosieM. 3ajaqun 31.2,
31.4.

Anredpa n Teopus amcen

16. NMuaTepnossiiinonnblii MHOrOWwIeH B (hopme Hbrorona. MHTeprosiius MHO-
rousieHa OOJIBIION CcTereHn 1Mo HeDOIBIOMY KoJtrmdecTBY Touek. CoBiaieHne MHO-
roujieHa cO CBOUM WHTEPIIOISAINOHHBIM MHOTOYJIEHOM TIO JIOCTATOYHOMY KOJTHe-
CTBY TOYEK. EJIMHCTBEHHOCTH MHTEPIIOJISIIIMOHHOIO MHOT'OUJIEHa He O4YeHb 00JIb-
IO CTeleHN.

17. CnoxxkHoe — cyMMa, IIPOCTOIO: MHTEPIOJSIUOHHBIIT MHOrOYIeH B (hopme
Jlarpamxa, cymecrBoBanune B Kuraiickoit Teopeme 06 Ocrarkax, 3aa41a 16.3.

18. KosdpdurmenT pu £ B HHTEPIOJSIIMOHHOM MHOTOYIeHe Jlarpam:xka. 3a-
nada 8.6.

19. Ompesenenne Kombia Z[v/d], nopma. O6parumblie smeMentsl. Omucanue
Beex pemennii ypasaenuit Ilesist npn 3a1aHHOM QPyHIAMEHTAILHOM PelIeHu.

20. Pemenmue ypasuenns x2 — 2y? = —1 B neabIx unciaax. 3ajada 11.4.
21. Vpasuenne Ilens. CyriecrBoBanne HETPUBHAIBHOIO PEIEHNUSI.

22. IIpeobpaszosanue kBajgparuanoii ¢hopmbl. Samaan 10.5(d), 11.7.

23. Cucrembl BbrueToB. 3ajaqun 18.2, 18.3, 18.7.

24. Tlogbem o Buery. 3ajtaan 21.2, 21.6.

25. Cnyck no Buery. 3ajaan 21.1, 21.3.

26. KBajipaTnanbIii 3aKoH B3auMHOCTH. JloKa3aTebCcTBO.

27. PoxxecrBenckas Teopema ®epma. 3agaqn 28.1, 28.2, 28.4.

28. O06o06IIeHnsT poxKaecTBeHCKOI Teopembl Pepma. 3agaqun 28.5, 28.7.

29. Kosbnia Z[i], Z[v/—2], Z[*4=2]. O6parnmble /1eMEHTDL, JIeJIeHNe ¢ 0CTaT-
KOM, TeopeMa O JINHEeHHOM mpejcraBieHnn Hojl. OCHOBHas TeopeMa apudMeTHKI.

30. HeomrosnadanocTs pasiiozkennst Ha MpocTbie B Kosbie Z[y/—5]. Diaement ¢
IIPOCTOI HOPMOIl SIBJIsIETCsI IIPOCTBIM. 3ajiada 33.2.

31. Kiaccuduranus ITudarosbix Tpoek. 3ajgaun 33.4, 33.5.
Hauajio maTemaTnyeckoro anajmsa

32. beckoneunble gecaTrdHbIEC APOOM: OTHOIICHHUE IOPsIKA, NPUHIIAII CYIIPe-
MyMa.

33. Jlemma 0 BIOYKEHHBIX OTPe3KaX: BBIBOJ U3 MPUHIATIA CYIIPEMyMa.
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34. IIpejen mocseoBaTe/IbHOCTH: OIIPEJie/IeHNe, eMHCTBEHHOCTh, OrPpaHUYeH-
HOCTh, apudMeTHIecKue ornepaiuu (CJI0XKeHne ¢ JIOKa3aTe/IbCTBOM; YMHOYKEHNE,
epexo/ K 0OpATHOMY 1 JIeJIeHIe — TOJBKO (DOPMYTHPOBKH).

35. Teopema 0 MOHOTOHHOIT OrpaHUIEHHOI TOC/IEI0BATEILHOCTH (TeopeMa Beii-
epITpacca).

36. Cymma psiya: onpejesierne. 3ajgada 6.7 (reopema Pumana 06 ycoBHO €XO-
JSATIAXCS PSJIAx ).

37. AcumnToTnmdeckoe mopejeHne (PYHKINNA: O-CHMBOJINKA, ACHUMITOTHIECKAs
9KBUBAJEHTHOCTb MHOTOUJIEHA U €0 CTApPIIero 4jeHa, aCUMIITOTHICCKOEe CpaBHE-
HUe MHOTOYJIeHA U MOoKazaTe bHol yHkinu. 3ajgadu 12.9 u 12.10b).

38. CxopsIunecs 1mocje10BaTe/IbHOCTH U3 1IeJIbIX ducesa. 3ajga4da 15.1.

39. Anasutudeckast Teopusi yuces. 3agaqn 30.1, 30.2, 30.4.
T'eomerpus

40. /IBoiinble OTHOIIEHNS, ONIpeaeeHne JIJId YeTBEePKN TOUYEK Ha MPIMOi, JeT-
BEPKU TPAMBIX, KOPPEKTHOCTD onpeiesienns. [IpoerupoBanne d9eTBepKN MPAMBIX
Ha HIpsIMyIo. 3ajada 5.1.

41. 'apmonndeckne deTBepku. 3ajaqu 5.3, 5.5.
42. [IpumeHeHne ABOIHBIX OTHOIIEHUI. 3aaadn H.4a, 5.7, 5.9.

43. JIBoitHoe OTHOIIIEHNE YeTBEPKN TOYeK Ha OKPYKHOCTH U KOPPEKTHOCTH
onpenenennii. [IpoenmpoBanne yepe3 ToUKy Ha OKpyKHOCTU. ['apMoHndecKue ve-
THIPEXYTOJBHUKN, PABHOCUJIBHOCTD oltpejiesiennit. 3ajaqan 13.1, 13.2.

44. JIpyrue criocobwl npoenupoBanust. 3ajgaan 13.4a, 13.4b, 13.7.

45. JIBoiiHbIe OTHOIIEHUSI Ha IPSMbIX 1 Ha OKpyrKHOCTU. 3aJiadn 13.3b, 13.6.
46. NuBepcust + cummerpus. 3agadn 23.1, 23.2, 23.5, 23.6.

47. TTosyBrmcanHasi OKpy»KHOCTh, OCHOBHBIE cBoficTBa. 3ajadn 29.1, 29.2.
48. IlosryBrcanHasi OKpyKHOCTh. 3aja4u 23.3, 29.3.

49. KowmiuiekcHble dncia B reomerpun. 3ajgadn 19.1, 19.2, 19.7.

50. Komriutekcubie uncia B reomerpun. 3ajgaqn 19.4, 19.8.

51. KomIuiekcHble ncsia B reomeTpunt. Boibop cucremsbr orcuera. 3agaqun 19.10,
19.11.

52. Kommiekcnble uncia B reoMerpun. Kpurepum mapasijie TbHOCTH, TEPITeH-
JIAKYJISIPHOCTHU. Y paBHeHne IpsiMoii. 3ajgaqua 27.2.

53. Komiutekcuble uncia B reoMmerpun. Cucrema orcuera, CBs3aHHAsl C OIN-
CAHHOI OKPY?KHOCTBIO. Y paBHEHHUE XOp/bl, YpaBHEHUE KacaTelbHoil, dpopmyia
HPOEKINN Ha XOpJy, (bopMmyJia opToleHTpa. 3ajgadn 27.1, 27.5.
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54. Komriutekcnble unciia B reomerpun. JIBoitHoe oTHOIEHNE Y€TBEPKU TOYEK.
Kpurepuit paBencrBa yrioB, MeHbIuX 180°, KpuTepuil «BIHCAHHOCTHY. 3a/1a4un
32.1, 32.5.

55. Komiutekcuble uncia B reomerpun. Crucrema orcdera ¢ eIUHUYHON BIIN-
caHHOIT OKPYKHOCTBIO. [1o1001€ 0/IMHAKOBO /TIPOTHBOIIOIOKHO OPHEHTHPOBAHHBIX
TPEeyroJbHIKOB. 3aj1a4a 32.6.

56. Komiuiekcubie gmciia B reomerpuu. CucremMa oTcdeTa ¢ OJHON BEPITHHOMN
TPEYroJIbHUKA, €JUHUYHONI OMMCAHHOI OKPY2KHOCTBIO U YTIJIaMU IOBOPOTOB, KOOP-
JIMHATBI OCHOBHBIX TOYeK. 3ajada 32.2.

57. KoMmrutekcuble uncia B reoMerpun. 3ajaqn 32.8, 32.9.
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