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33. I'ayccoBbl ynciia n Ipyrue pacimpeHns

20 uroasa

CerojiHst MbI U3Y4IHM HEKOTODbIE IOJIE3HBIE TEOPETHKO-YUC/IOBbIE CBOicTBA KoJell Z|i]
(KOJIBIO TayccoBbIxX unce), Z[v/—2] u Z[%TS]

Mpr MOYKeM BOCIIPUHUMATH TaHHbIE KOJTbIla KaK «PACIIUPEHNs» KOJIbIA Z MEeTbIX TICel.

EcrectBennsrii Bopoc. Kakue cBoiicTBa, aHAJIOTMIHBIE KOJIBILY Z €CTb Y JIaHHBIX KOJIeI!

st Havaia X0ueTcst HayInThCsl CPaBHUBATH YHCJ/Ia B 9TUX KOJIBIAX MeXK1y coboit. [lis
9TOTO MOJIE3HO BCIIOMHUTDH MOHATHE HOPMBI.

Omnpenenenme. Hopwmoii rayccosa uncia z = a + bi Ha3bIBaeTCA

N(z) = 2Z = (a + bi)(a — bi) = a® + V°.

Onpenenenme. Hopwmoii uncia z = a + by/—2 naspisaercst N(z) = a? + 202,
Onpenenenne. Hopmoii uncia z = a+bw, roe w = HT V=3 yaspisaercs N(z2) = a’+ab+b2.
Ecim nepenmcarb 3JeMeHT KOJbIa B BUje ai + b1y/—3 1j1s palnoHaJbHBIX a1 U by, TO

N(z) = a3 + 3b3.

3ameganme. Hopma siBjisiercst My IbTHILIMKATUBHON (DYHKIUEH, TO €CTh JJIsd JIFOObIX 27,
2o BoIOJIHEHO N (21 + 29) = N(2z1) - N(22).

Hopma #y2KHA HaM JJIsI TOr0, YTOOBI HAYIUTHCs «CPABHUBATDY> MEXKIY CODOI IayCCOBBI
qncya. V3 3Toro ecrecTBeHHBIM 00pa30M BO3SHUKAET CJIEAYIOIIEee CBONHCTBO.

Jenenue ¢ ocraTkoM. B ciieiyrommx KobliaX BO3MOXKHO JIEJIEHHE C OCTATKOM, TO €CTh
JIIOOBIX THCEJT 21 U Zo, TJie 2 7 0, CyIIECTBYIOT YUCIA U U T 13 TOT'O K€ KOJIbIa TaKue, 9To
21 = zou+ 71 u N(r) < N(z9).

e Kosbio rayccosbix uncen Zli] ¢ nopmoit N(a + bi) = a* + b*.
e Kosbo Z[v/—2| ¢ nopmoit N(a + by/—2) = a® + 2b°.
e Kosbiio Z{w], riae w = 1+‘2/j3, ¢ Hopmoit N(a + bw) = a? + ab + V°.

3ameuanue. Mol B3sin KOJIbIO Zlw], a ne Z[v/—3] g Toro, 9To0bl CyIecTBOBAIO 16
JIEHUE C OCTATKOM.

YupaxHenue s xkejgaonmx. [lokazkure, 4To KoJblia Z[w], rie w = H\F I H\éjl
TaKKe JOMYCKAIOT JeJIeHIe ¢ OCTATKOM OTHOCUTEJIbHO CTAHIAPTHON HOPMBL.

Coraamenune. B nasibreiineM Beceraa w = %j?’

Omnpenesenne. HauGosibmm obIuM JiejmTesieM BYX Ynces 21, 29 n3 Koubla Z[i] (Z[v/=2],
Z|w)) HazbiBaeTCs UX OOIIHI JIeJIUTe b, MMEOIINi HANOOJIBIITYI0 HOPMY:.

3ameuanne. Haubouibimnit o0Iuii genresib omnpeaeeH ¢ TOYHOCTBIO 10 JOMHOYKEHUSI Ha
00paTHMBbIii 9JIEMEHT.

Teopema o mmueiitnom mpeacrasiaenmn HOJ. /st j1t06bix jiByx umces z1, zo € ZJ[i)
(Z[\/=2], Z|w]) cymecrytor uncna u, v € Z[i] (Z[v/—2], Z|w]) Takue, uto (21, z2) = uz1+v2s.
Omnpenesenne. Tuciio z B xonbue Z[i] (Z[v/—2], Z|w]) nasbiBaeTcs 11pOCTBIM, €M OHO

HE PACKJIaJIbIBAETCSI B IPOU3BEJIEHNE JIBYX YHCE U3 KOJIbIIA ¢ MEHbIIeil HOpMOi.

OcnoBaasi Teopema apubmerukn. Jlio6oe Hemysiesoe uucio us Koibla Z[i] (Z[v/—2],
Z|w]) MOXKHO Da3JIOKUTh B MPOU3BEJEHIE TTPOCTHIX YNCeT U3 JAHHOTO KOJIbIA, MPUIeM
9TO PA3JIOKEHUE €JNHCTBEHHO C TOYHOCTBIO JI0 MOPSJIKA COMHOKUTEICH U TOMHOXKCHHS Ha,
0OpaTUMbBIE 3JIEMEHThI KOJIbIIA.



XL Jlerasss Muoronpeaverrasi IlIkosta e 9 Kiace, rpymia npogu e Burikuib, jgeto 2024

Ioseanbiii kKonTpupumep. Kosbio Z[y/—5] ne ynosieTsopser ocHOBHOII Teopeme apud-
MeTHKH, T0CKOJIbKY 21 = 3+ 7 = (1 + 2¢/=5)(1 — 2¢/=5).

Terepb HEMHOTO TTOTOBOPUM PO MPOCTBIE JIEMEHTHI B HAIINX KOJIBIAX. 3AMETUM, UTO
HE BCE MPOCTHIC YHCIA Z SIBJSIIOTCS TPOCTBIME YUCIAMU B HAIINUX KOJIBHIIAX.

Teopema. (a) Ilesoe uncio z > 0 siBiIsieTcst TPOCTBIM B KOJiblle Z[i] Torjga m TOJbHKO
TOTJIa, KOIyla OHO mpocToe B Z u z = 3 (mod 4).

(b) Lenoe unciio z > 0 siBsieTcs NPOCTBIM B KoJiblle Z[v/—2] Torja u TojibKo Torja,
KorJia, OHO 1poctoe B Z n z =5 (mod 8) wm 2z =7 (mod 8).

(c) Lenoe ancio z > 0 sABJIsETCS TPOCTHIM B KOJIbIE Z[w] TOrIa 1 TOJBKO TOIJIA, KOrja
OHO TIpocToe B Z n z = 2 win z = 1 (mod 3).

Teopema. Eciit N(z) siBjisieTcst IPOCTBIM 9UCJIOM B Z, TO Z SIBJISETCS TIPOCTHIM IHUCJIOM
o 2li) (212, ZLw)).

3amedanme. Kak Mbl HoHIMaeM, 00paTHOE YTBEPXKIEHNEe HEBEPHO.

Yupaxsaenane. B3anMHO pocThie B COBOKYITHOCTH TIEJIble YUCIa @, b U ¢ TaKOBBI, UTO
a’ + b? = ¢?. Jlokazkure, 4TO CYIIECTBYIOT Takue HeJble Yucia U 1 v, 4To a = u? — v?,
b = 2uv nim Ha0OOPOT.

rZ[JISI CaMOCTOATEJbHOT'0 pelneHnd

1. Pacemorpum ancio 4 = 2-2 = (1 —y/—3) - (1 + v/—3). To ectp MbI nOMy I
IPOTUBOpEYNe ¢ OCHOBHOI Teopemoit apudmerukn s Zlw|? [ne mbl Bac obmanbBaeM?

2. (a) TokazKuTe, 4TO KazK/0e IIPOCTOe YMCJI0 IIPEJICTABIACTCA B BUe T2 +y? Jlst He/IbIx
X U y He DoJiee YeM OJIHUM CIIOCOOOM C TOYHOCTBIO JIO 3HAKOB X U Y.

(b) BepHo Jiu, 4TO KazKj0e HPOCToe YUCIO HpecTaBisercs B Buje o2 + 2y s HesbiX
x Uy He DoJiee YeM OJIHUM CIIOCOOOM C TOYHOCTHIO JIO 3HAKOB X U Y7

(¢) Bepno i1, 4To KazKji0e IPOCTOe YUCI0 MpeJcTaB/sgercs B Buje o2 + 3y? 1ia ne/bix

x Uy He DoJiee IeM OJHUM CIIOCOOOM C TOYHOCTBIO JI0 3HAKOB & U Y7

3

3. Ommmmre Bee perienus ypasHeHns a’ + b> = ¢ B HaTypaJsIbHBIX UNCIIAX.

4. (a) Pemure B ne/bix unciaax ypasuenne x2 + 4 = o3,
(b) Pemure B 1esibIx unciax ypasHenne y° + 2 = a3,

Vkasarue. ITo ypaBHeHHe HYKHO pelaTh yzxe B Z[v/—2].

5. JlokazknuTe, uTo ypasHenue " = y? 4+ 1 He MMeeT peIIeHnit B HATYpaJIbHBIX UYHCJIaX
pu HATypajbHOM N > 1.

6. Pemure B mesbIx UnciIax ypasHenne 2 + 2 = y".

7. HaTypanbhble umncia x, Y, 2 TAKOBBI, 4To £y = 2> + 1. JlokayKnTe, 9TO HaiigyTcs
Takme nessie a, b, ¢, d, ato x = a® + 0%, y = > + d?, z = ac + bd.

8. JlaHbI B3aIMHO ITPOCTHIE TesIble a 1 b pasnoii uerHocTH. VI3BecTHO, 9T0 a?+3b? apiser-

cd KyboM 1es1oro uncia. JokazkKure, 9To CyIIEeCTBYIOT LeJIble S U t TaK#ue, 9TO a = §3 — 95t2,
3t(s? — t2).



