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Ot aBTOpPOB

[lepen BaMu COOPHUK MAaTepHAJOB 3aHATHI OOBITHBIX Ipynn 9 Kjgacca MaTeMaTHdecKOoro
orjiesnenuss XL KwupoBckoit JierHeit MHOOIPEJMETHONW IIKOJIb, KOTOPas COCTOSIACh
1-26 wronst 2024 roga B JAOJI «Bumkuiaby KorejnbHuueckoro paiiona KupoBckoi
obsactu. COOpPHUK MOYXKeT ObIThb WHTEPECEH MIKOJbHUKAM, YUUTEJsIM, PYKOBOIUTEISIM
MaremMarudeckux  Kpy»kkoB. Cocrasuresn Osarogapst ydenukon JIMIIT-2024  3a
HPOsiBJICHHYTO aKTUBHOCTb B PEIIEHUU 3a/1a4 HACTOAIIEr0 COOPHUKA.
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BerynurenbHad oiuMimmana. 2 uroJs

1. /IBa JieficTBUTE/ILHBIX YUCIA @ U b TAaKOBBI, YTO BBIIOJIHACTCA PABEHCTBO
2 _ o912
a” + 2a = 2b + 13b — 8.

zBecTHO, UTO IIpU JIIOOOM HM3MEHEHMHM 3HAUYCHHUs @ Ha JIpPyroe PaBEeHCTBO IepecTaeT ObIThb
BepHbIM. Haiijure Bce BO3MOXKHbBIC 3HAUYCHU b.

2. Ha mnockoctn ormernsin Touky P. [lama xodeT mpoBecTwm n NpsMBIX, HE ITPOXOIATINX
yepe3 P, Tak, 4ToObI KaXX/JIblil JIy4, BLIXOAAIMI u3 P, nepecekay xors O0br 10 mpoBeieHHbIX
npsambix. [Ipu kakom HauMenbineM 7 Ilaima MoxkeT JIOOUTHCS 2KejiaeMoro?

3. Ha jiocke HammcaHo HATypaJbHOE YUCIO M. 38 OJIMH X0/ YUCJIO 1M 3aMEHSIeTCS Ha, CYMMY
quc/ia m U KBajipara HauboJIbIIero coocTBeHHOro Jjeanresisi m. Morjio jin nocse 2024 maron
Ha JIOCKE OCTAThCS YUCJIO, SIBJISIOIIECECS TOUHBIM KBaPATOM?

4. Ilpu kakux HaTypaJibHbIX M HA JIOCKY 7 X 1 MOYKHO BbICTABUTH HECKOJIbKUX Jia el TaK,
ar100bI KaXK/last KJeTKa (BKJIIOUast KJIETKH, Ha KOTOPBIX CTOAT JIajbl) Oblia mobuTa POBHO 3
nagabsaMu? Jlagbsa ObeT KJIeTKy, Ha KOTOPOIl CTOUT; JiaJibu He ObIOT CKBO3b JIPYI' JIPYTa.

5. Touka P BbIOpaHa Ha OIMMCAHHONI OKPYXKHOCTH OCTPOYIOJBLHOro Tpeyrosbauka ABC.
Ilycts D, E u F' — Touku, cuMMeTpudHble P OTHOCUTE/HLHO CPEHNAX JIMHUI TPEeyroJbHUKa
ABC, mapamnenmsunix BC, CA u AB coorBercrBenno. JlokaxXure, 9TO OIHCAHHBIE
okpy2KkHOCTH Tpeyrojibiukos ADP, BEP u C'F' P umeroT 00I1yi0 TOUKY, OTJIUIHYIO OT P,

6. B n-sjieMeHTHOM MHOXKECTBE BBIOpAJIM 1M PA3IMIHbIX MOAMHOXKECTB Ay, Ao, ..., Ap.
Jlokaxkure HepaBeHCTBO

m

n® Y JAINA N A > (JA] + [Ao] + .+ AR,

1,7,k=1

1. KoMIiLiekcHbIe 94ucja. 3 mioJId

Onpedeaerue. Modyiem |z| KOMILUIEKCHONO YUCJIa Z HA3BIBAETCsH JIJIMHA BEKTODPA OZ, a
apeymenmom arg 2z HeHyJIEBOIO YUC/Ia 2 — OPUEHTUPOBAHHDBIN yIOJI MEXK/Ly TOJOXKUTEHHBIM
HaIlpaBIeHUEeM JefiCTBUTEbHON ocu u BeKTopoMm OZ.

NS

1. N3obpasure Ha KOMILIEKCHO# 1j10cKocTr vucia: 1,2, 1 + 2, % —1
2. Jlokaxxkure, 4To:

a) |2° = 27

0) |21 — 29| — paccrosinme Mexkly TOUKAME 21 U 29;
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B) |21 + 22| < [a1] + |z2;
r) MOJYJb [POU3BEJCHHs (YACTHOrO) KOMIUICKCHBIX UHCEJ DPABEH [POU3BEICHHUIO
(wacTHOMY) MOJTyIIEii.

3. zobpasure Ha KOMIIEKCHOM MJIOCKOCTH CJIEJLYIOHIME MHOXKECTBA!
a) lz—il=1; ©6)1<|z—1+2i<3 ) =2=1

lz+1]
r) iz —1] > |z — 1] n) |m—arg 2| < e) larg(z —1)| < 7.
Onpedeaenue. 3amuch |z|(cosp + @ - sing), rme @ = arg 2z, Ha3bIBACTCH

mpueonomempuuecx:oﬁ ¢0pM0UU KOMNNAEKCHO20 YUCAA Z.

4. Jlokaxkure, 9TO TPH [POU3BEJEHUM  (J€I€Hnr)  KOMIUIEKCHBIX — 9UHCesT B
TPUTOHOMETPHIECKOH (hopMe nX MOJY/IN I[ePeMHOXKAIOTC  (JeaTcs), a apryMeHTb
CKJIA/IBIBAIOTCS (BBITUTAIOTCS ).

5. @opmyaa Myaepa. Jokaxure, uro eciu z = r(cos @ + i -sing), 1o st n € N BepHO
2" =r"(cosnp + 1 - sinngy).

(1—4)7(—+/344)'°
a5 -

6. Boruucanre

Onpedenerue. Inciio w HasbiBaeTcs KopHem n-0l cmeneny /2 n3 KOMILIEKCHOIO Y1CJIa
z, ecim w" = z.
7. a) Bolunciaure Bce KopHu V1, /1, /1. 306pasure ux Ha KOMILIEKCHOH [LIOCKOCTH.
0) BoiBegure dopMysty st HAXOXKJICHUST BCEX 3HAYCHUIT KOPHsI /1. Kak i kopHu
PaCIOJIOXKEHbI Ha, KOMILJIEKCHOMN TJI0CKOCTH !
B) BoiBesure  Qopmysy  Jyis HAXOXKJEHUS  BCEX — 3HAYEHUE  KOpHA  {/Z B
TpuroHoMerpudeckoit (popme. Kak 3T KOpHEM PaCIONIOXKEHBI Ha, KOMILJIEKCHOH IJIOCKOCTH !

8. Haityture Bce 3Hadenus v/1 + i 1 n306pa3uTe nX Ha KOMIUICKCHOI IJIOCKOCTH.
9. Pemnre ypasnenne 2° + 2t + 23+ 22 + 2+ 1= 0.

10. Haiijure a) cymmy; 6) npoussejenue scex kopheit /1.

11. a) lokaxxutre cieyroriue (HOPMYIIbL:

2 4 4

cosnr = CLcos" x — O cos" ?wsin’z + Ot cos" *wsinz — ...

1 3 )

sinnr = Clsinzcos" 'z — CPsin®zcos" Pz + CPsin®zcos" "z — ...

0 2 4 2022 2024
6) Boruncimre Chpos — oz + Cogas — - - . — Cipas + Cipds .
12. Jlokaxxure cjiejlyIolue paBeHcTBa:

.2 Aw . 2(n—1)m
sin — +sin — 4+ ... 4 sin ———— = (),
n n n
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27 A7 2(n— )7
coS— +cos— +...+cos —— = —1.
n n n

cos1° + cos2° + ...+ cos44°
sin 1° 4+ sin2° + ... +sin44° "’

13. Boruuciiure

2. IloBopoTrHad romMoreTus. 3 MIOJIA

Onpedeaernue. Ilosopommnas zomomemus — KOMIIOSUIUS IIOBOPOTa U TOMOTETHH C
obiuM 1eHTpoM. IlopsiJiok BbIOJHEHUsT IIPeodpa3oBaHUil MOXKeT ObITh JIFOObIM, T.€.

R% o H)y = Hk o R,

e Bekrop AB IIEPEXOJIUT B BEKTOP C"ﬁ, noBEpHyTHIH Ha yros o (npu k > 0) uam a+ 180°
(npu k < 0), a ero jyimua ymHoxaercs Ha |k|.

o Coxpansgerca dopma uryp: mnpsMmasg IEepexoiuT B IPAMYI0, OKPYXKHOCTb — B
OKPY2KHOCTb, COXPAHSAIOTCA OTHOILIEHUS OTPE3KOB, YIJIbl, MapaJlJIeJIbHOCTb.

Ynpaotcnenus
1) a) Tpeyrosbuukun YAB u Y A1 By ¢ obuieit Bepiintoit Y 0jiMHaKOBO OPUEHTUPOBAHbBI U
onobubl. Jokaxkure, aro Tpeyrojabauku Y AA; n' Y BBy tak:Ke 0JHaAKOBO OPUEHTUPOBAHbI
1 11000HbI.

0) Ilpsimbie AA; u BB; nepecekaiorcst B rouke X. JlokaxKure, 410 4eThbIPEXYIOJbHUKH
YABX n Y A;B1X — Buucauuoie.

B) IIpsimbie, cosepxkaiue orpesku AB u Ay By, nepecekatorcst B Touke X. Onucantbie
okpyzkHocry TpeyrosbHukoB AA1 X u BB1 X ¢ nenrpamu C' u D nepecekaiorcst B Touke Y .
Hokaxkure, uro tpeyrosbuuku Y AB u Y Ay By nojnobusl, yron ZAY Ay paBeH yriiy Mex/Ly
stuMu npsmeimu, a LAY B = ZAY By = ZCY D.

3adavu
1. Ksagparst ABCD u AXY Z ojuHakoBO OpueHTHPOBaHbl. JloKaxkure, 4TO HpsiMble
BX, CY u DZ nepecekalorcsi B OJHOI TOYKE.

2. Tourxa Muxeasn. [Ipsimbie AB n A B; uepecekatorcst 8 rouke X, upsimbie AA; u BB
epecekatorcs B rouke Y. Jlokaxkure, 4To 4eTbipe OIMCaHHbIE OKPYKHOCTH TPEYIOJIbHUKOB,
00PaA30BAHHDBIX JIAHHLIMU IIPSAMbBIME, HPOXOJST YePes3 OJHY TOUKY.

3. Cropount AB u C'D uernipéxyronpunka ABC D nepecekarorcs B Touke F. Touka M —
cepenuna AB, touka N — cepemunaa C'D. JlokaxkuTre, 9TO MEHTPDI OMMCAHHBIX OKPYKHOCTEI
rpeyrojbinkos BCE, ADE v MNE nexar Ha 0JIHO# 1PIMOIA.

4. Ha muaromanu BD Brnucamnoro dernipéxyronbinka ABC D BoiOpaHa Takast Touka K,
aro LJAKB = ZADC'. Ilycrs I u I' — nedTpbl BOECAHHBIX OKPYKHOCTEH TPEyroJbHUKOB
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ACD u ABK coorsercrsenno. Orpesku II' u BD nepecekarorcss B Touke X . Jlokaxkure,
gro Touku A, X, I, D jexxar Ha OJHON OKPYKHOCTH.

5. Ha cropone AB tpeyrombuuka ABC BbiOpana Touka D). OmnmcanHas OKpPYKHOCTb
tpeyrojbanka BC' D BTOPUIHO IepeceKkaeT OKPYKHOCTD, IIPOXOIAILYT0 depe3 Toukn A u D
u Kacaforytocs npsmoit C'D, B touke K. Touka M — cepemuna BC, touka N — cepennna,
AD. Jlokaxxure, uro Toukn B, M, N nu K jexar Ha OJHOI OKPY?KHOCTH.

6. Buucannasi OKpy»KHOCTH IHPIMOYTOJIbHOTO Tpeyrosbiuka ABC ¢ 1npsiMbIM  yrJjoMm
C kacaercss kareroB BC u AC B moukax D u FE coorsercrBento. Toukun G u H
Ha croponax BC wu AC coorsercrBenno takosbl, uro BD = CG uw AE = CH.
Orpesku DH wn EG nuepecekatorcss B touke M. Jlokaxkure, dro omimunas or M
TOYKa IepeceveHnsi OIMCAHHBIX OKpyKHOCTel Tpeyrosbaukos DGM w EHM nexur na
BIIMCAHHON OKpy»KHOCTH Tpeyrojbauka ABC.

3. Mmaorounensl. Teopema bezy. 4 uross

Onpedeaerus. Mrozousern — 3T0 BbIpaxKeHUe BUJIA
-1
P(x) = apz" + ap_12" " + ...+ a1x + ag, a, # 0,

KO3 PuImeHThl KOTOPOro npuHajjexar dncaiopomy Mmuoxkectsy K. Cmenens mmozousena
P(x) — aucno deg P(x) = n. Yucio a, — cmapwuid kospduyuenm, ag — c60600nvil wien.
MHOTOWICHBI pa6Hvl, €CIIN Y HUX COBIAJAIOT BCe KOADMUIUEHTHI IPU OJMHAKOBBIX CTEICHSIX.
Bumecro & MOXKHO MOJICTABATH J1I000E TUCIIO Ty, T. €. BBITUCIUTD 3HaA%eHUE 6 moyke Tq. Eenn
P(xp) = 0, T0 Ty HA3BIBAIOT KOPHEM MHOTOUICHA.

Ynpaostcrnenus
1) Haiimure crenens u crapiuii KOGOUIUEHT CIIETyONUIX MHOTOWICHOB.
a) (x4 1)19(1 — 22?)3; 6) (22 +x+1)%— (z+ 1)
2) Haiijure cBobojtblil dieH u cymMmmy KObDQUIMEHTOB CIeyOIUMX MHOIOYJICHOB:
a) (2 —z + 1)%018, 6) (322 — 4z — 2)15.
3) Han muorousen (1 + 2% + 21)30 + (1 4 23 + 29)20.
a) CKOJIbKO HEHYJIEBBIX KOI(DMOUIMEHTOB UMEET 9TOT MHOIOUYJICH ?
0) Hemy paBHa cymMa Beex KOIMOUIMEHTOB 9TOM0 MHOIOUY/IeHA?
B) Hemy pasha cymma KOIDQMUIUMEHTOB 1P YETHBIX CTEHEHSX 9TOr0 MHOIMOUJIeHA !

Onpedeaenue. Pasdesums muoroanen P(z) Ha HeHyaeBoil MHOTOWIEH (Q(T) ¢ OCTATKOM
— 910 Haiitw takume Muorowiensl H(x) (wenoamwoe wacmnoe) uw R(x) (ocmamox), €aro
BoinosiHeHO paBerctBo P(x) = Q(z)H(x) + R(x), npuuém deg R(z) < deg Q(x) wunm
R(z)=0.
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4) Ilopenutre cTondUKOM:
a) 6zt — 72 + 1222 — 10x +8ma 22 — 2 +2;  6) 2P+ 2 +1ma2?—1.

5) Hokaxwure, aro g K = Q (mm K = R) npu nesiennn MHOrowIeHa Ha MHOTOUICH
¢ ocTaTkOM HemosHoe dacTHOoe (Q(x) m octarok R(x) CymecTBYIOT # ONPEEessiOTC
OJTHOBHAYHO.

Teopema Besy. Ocrarok or jiesienust Muorodiena P(x) na jgsywien © — a pasen P(a),
1. e. P(z) = (z —a)Q(z) + P(a), npurom deg Q(z) — deg P(x) — 1.
6) dokaxure reopemy Besy.

7) a) Muorowien P(x) aenurcs Ha T — a Torja u ToJbKo Toria, korja Pla) = 0.
0) Hokaxxure, 9r0 4MCJI0 KOPHEH MHOIOUYJIEHA HE PEBOCXOJUT €IO CTEleHH.
B) JlokaxkuTe, 9TO ec/u 3HAUCHUs JBYX MHOTOWICHOB, CTEIECHb KaXKJ[OMO U3 KOTOPBIX HE
MIPEBOCXOJIAT 7, COBIAJAIOT B 1 + 1 PA3IMIHBIX TOUKAX, TO 9TH MHOTOWICHBI DABHBL.
r) Eciu muorowsnen P(x) peaurces na Q(x), 10 KopHu MHOrowsiena (Q(x) siBistiorcst
KOpHsiMu MHOTOUIeHa P(x).

3adavu
1. [Iycrs P(z) — muorowrewn, takoit, uro P(x) = P(z + 1). Hokaxkure, aro P(x) —
KOHCTAHTA.

2. Jokaxkure, uro muorouen (z + 1)% — 2% — 22 — 1 nenurca na x(z + 1)(22 + 1).
3. [lpu xakux a u b muorounen P(z) = (a + b)2® + abz® + 1 nenurca na 2 — 3o + 27

4. a) UsBecrno, uto muorouiexn P(x) maét npu jgejennn Ha £ — 1 ocTaToK 5, a npH JeIeHIn
Ha = + 2 ocratrok 14. Haiigure ocrarok or menenus P(z) wa (x — 1)(z + 2).
6) Haitjure ocrarok R(z) or jesenust muorowiena ' + x + 2 na 2 — 1,

5. Jlokaxure, 40 Jyist 110000 HATYPAJILHOIO N, He KPATHOIO 3, MHOroujex 2" + o + 1
nesures Ha 12 + x + 1.

6. [Ipo muorowien P(x) crenenu 10 ¢ jeficrBuresibibiMu KO3MDQUIMEHTAMU U3BECTHO, YTO
P(1) = P(—-1),P(2) = P(-2),...,P(5) = P(-5). Hokaxure, uro P(z) = P(—x) nis

JIIOOOT'O JIEHCTBATEBHOIO X .

7. Haiijgure Bce muorousennr P(x), yJ0BJIETBOPSIONIME TOXKJIECTBY
zP(zx —1) = (z — 20)P(z).

8. [lycts P(z) = 2* + 23 + 22 + 2 + 1. Haitnure ocraTok or nenenus P(z°) na P(x).

9. Muorounen 23 +px?+qr+r umeer na uarepsaie (0; 2) TPH PA3IHIHBIX NEACTBATEILHDIX
KopHs. Jlokaxkure, uto —2 < p+qg+1r < 0.
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10. Muorounen P(x) = 23 + ax® + bx + c umeer TPU PA3JINYHDBIX JICUCTBUTEILHBIX KOPHSI,

a muorouten P(Q(z)), e Q(z) = % + o + 2024, jeficTBUTeNbHBIX KOPHEil He HMeer.
Hokaxute, uto P(2024) > 4.

11. Muorousnennt P(z),Q(z) u R(z) ¢ peiicrBurenbibiMu  KoabduiMeHTaMu, Cpeju
KOTOPBIX €CTh MHOIOWIEH BTOPO# CTENeHM M MHOIOYJIEH TPETheH CreneHu, P Beex
JeficTBUTEIbHBIX X yiosiersopsaior pasencrsy P2(x) + Q*(z) = R?*(x). Hdokaxkure, 4ro
BCE KOPHM OJIHOI'O M3 MHOI'OUYJIEHOB TPEThEl CTeneHn — JeHcTBUTe IbHbIE.

4. Beagocunemmcrtbl. 4 mi0Ja4a

1. a) dana npsimoyrosibhas rpanenust ABCD ¢ ocnoBaunsimu AD n BC' u upsiMbIM yriiom
npu Bepiuae D. Touka M — cepejuna orpeska AB. Hokaxure, uro MC = MD.

0) OkpyxRHOoCTH Wi U wWo ¢ TeHTpamMu O 1 Oy COOTBETCTBEHHO MEPECEKAIOTCS B TOTKAX
P un Q. llpamas, npoxonsmasi depe3 (), BTOPUIHO IIepeceKaeT wi U ws B Toukax A u
B coorBercrBenno. Jlokaxkure, uro cepemmna orpeska (109 paBHOyIaJCHA OT CEpeJIuH
orpeskos QA u QB.

B) [aubl jiBe OKpyxKHOCTH, lepecekaionecs B toukax P u Q. lokaxkure, 4ro Ha
IJIOCKOCTH HAfAETCs TOYKaA CO CJIEJYIONMM CBOMCTBOM: €CJIM IPOBECTH depe3 TO4Ky ()
IIPOM3BOJIBHYIO TIPSIMYIO, HEPECEKAIOILYI0 OKPYXKHOCTH BTOPUYHO B Toukax A m B, 1o 3Ta
ToYKa OyJler pasHoyiaieHa or A u B.

Jlemma o dsyx eeaocuneducmax. Ilo jByM OKPYKHOCTSIM, HEPECEKAIOMIUMCS B
roukax P u (), 0jiHOBpeMeHHO 13 TOYKU P 110 4acoBOil CTpesIKe BbIeXaJin JIBa BEJIOCUIIEICTa,
A u B ¢ 0oAuHAKOBbIMHU YIJIOBbIMU CKOpoOCTsiMU. JlOKaykKuTe, 9T0 CyIIeCTBYeT TaKasi
bukcupoBaHHasi TOUYKa V' Ha IJIOCKOCTH, 4TO B JIOOOH MOMEHT BpeMeHu BbiojiHeHo AV =
BV. (Touky V nasbiBaior moukot deyzs eesocuneducmos)

2. a) Ilo kakoit Tpaekropun aBUKeTCs cepenuna orpeska ABY
0) B ycsoBusix siemmbl jokaxkure, uro £V PQ = 90°.

3. Yepes Touky A, He JjiexKalllyio Ha OKPY?KHOCTH, [IPOBEJICHBL JBE HPIMbIE, [IEPECEKAIOIIIEe
9Ty OKPYKHOCTb, OjiHa — B TouKax Pi, P, japyras — B Toukax (J1, (2. IIpousBosibuas
psiMasi, LIPOXOJdilas depe3 Touky A, nepecekaer OKpy»KHOCTb B Toukax M; u My, a
OIUCAHHBIE OKPYXKHOCTU TPeyroibHUKoB AP ()1 u APy(Qs — Bropuuno B Toukax Ni u N
coorBercrBeHHO. Jokaxkure, aro M Ny = MsNs.

4. Jlan BeIIyKJbli deTbipéxyroibiuk ABCD. Ilycth ero jmaroHajiu Mmepecekalorcs
B Touke F, Toukm M wm N — cepenmHbl JumaronaJjeii. Bokpyr TpeyrojbHHKOB
AEB, BEC, CED, DEA onuncanbl OKpy>KHOCTH, IPAIEM IIEPBasi U TPEThsI IEPECEKAIOTCS
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BTOPUYIHO B TOUKe L, BTopas u 4erBépTas — B Touke K. Jlokaxkute, aro Touku M, N, K, L
JIeXKaT Ha OJIHON OKPYKHOCTH.

5. Jlse okpyxkuoctu S7 u Sy mepecekatorcs B Toukax M u P. Obosmaumm uepes M A
XOP/y OKPY?KHOCTH S7, KACAMOILYIOCsI OKPYKHOCTH So B Touke M, a 1epes M B — xopjuy
OKPY2KHOCTH S3, Kacarolytocs okpykHoctn S B Touke M. Ha ayae M P otyioxen orpe3ok
PH = MP. Jokaxwure, 910 4eTbIpéxyroabiuk M AH B MOXKHO BIHCATH B OKPYKHOCTD.

6. OkpyKHOCTH Wy U wo Iepecekatorcs B Toukax A m B. KacaregbHas K OKPy2KHOCTH
wy; B Touke A mepecekaer wy B Touke ('; KacarejgbHas K OKDPY>KHOCTH wy B TOUKe A
nepecekaer wp B Touke D). Buccekrpuca yrima CAD mepecekaer wy; U Wy B ToOUKax F u
F' coorBercrBenno. Buemmnsisi 6uccekrpuca yria CAD mepecekaeT wy # Wy B TOYKAX X U
Y coorBercrBenno. /lokaxkure, UTO cepeJIMHHBIN MEePIeHIUKYIIp K OTpe3Ky XY KacaeTcs
OTMMCAHHON OKPYKHOCTU Tpeyrojbunka BEF.

7. OKpYKHOCTH W1, Wo U W3 HPOXoJdAT depe3 Touky FP. KacarenbHas K wip, IPOBEJIEHHAS
B TOuKe [°, BTODMYHO lepeceKaer wp M w3 B TouKax P2 u [F3 COOTBETCTBEHHO.
Touku Py, Pag3, P31 u P39 onpejendiorcd anajgoruyno. Jlokaxkure, 4TO cepeJUHHbIC
IepIeHIUKYIAPDL K oTpeskaM Py 9Py 3, 1P 3 u P31 P39 nepecekatoTcst B 0JJHOI TOUKe.

5. OTHOmieHHMsa >SKBUBAJEHTHOCTH W TPYIIIHI HOTpeodOpa30BaHUIA.
D nroJd

Ynpaotcnenue. B crpane (Hacesenume KOTOPOi, BO3MOXKHO, OECKOHEUHO) HEKOTODDIC
rpazkjaHe JpyxKar MexKy coboii. [Ipu 3ToM BBIIOJHEHBI TaKUe IPaBHIIA;

(1) xaxpIit 1pyr cam cebde;

(2) ecim A npyxut ¢ B, To u B npyxur ¢ A;

(3) mpyr moero sipyra — Moii JpyT.

Jlokaxkure, 4TO BCE XKUTEJIU STOH CTpaHbl pasOMBAIOTCS Ha KJIAHBI TAKKM 00Pa30M, 4TO
JH00BIE JIBOE U3 OJIHOTO KJIaHa JAPY2KAaT, a JIoOble JBOe U3 Pa3HbIX KJIAHOB — HET.

Onpedenerue. ['oBopsat, uro Ha MHOXKecTBe M 3a7aHO OTHOIIECHUE ~, €CJIA JIJIs JIIOOBIX
JIBYX 3JIeMEHTOB a,b € M u3BeCTHO, HAXOJAUTCS JIEMEHT @ B OTHOIICHUU ~ K dJIEMEHTY b
(mumyT: @ ~ b) niam mer.

Onpedeaerue. OTHOIICHHE ~, 3aJlaHHOE Ha MHOXKecTBe M, Ha3bIBaeTCS:
o pedaercusHviM, CIn a ~ a Jisd Jioboro a € M,
® CUMMEMPUYHBIM, €CIIH JIJIs JIIOObIX a,b € M u3 a ~ b caegyer, aro b ~ a;

® MPAH3UMUBHBLM, €CJIA JIJIst 00X a,b,c € M u3 a ~ b u b ~ ¢ caejyer, 4T0 a ~ c;
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PediekcuBroe, cUMMETpUYHOE U TPAH3UTUBHOE OTHOILIEHHUE HA3LIBACTCS OMHOULCHUEM
IKGUGCAACHINHOCTTIL,

BaMeHMM B yHpaxKHeHMM 1 CTpaHy HPOM3BOJILHBIM MHOXKECTBOM, a JApyKO0y —
IIPOUBBOJILHBIM 33JIaHHBIM Ha 9TOM MHOXKECTBE OTHOLICHMEM SKBUBaJeHTHOCTH. [TosyunTes
TeopeMa 0 pazbMeHun: eCJIM Ha HEeIlyCTOM MHOXKECTBE 3a/1aH0 OTHOIIEHUE SKBUBAJEHTHOCTH,
TO BCE JIEMEHTDBI 9TOI'0 MHOXKECTBA Pa3OUMBAIOTCS HA HEIYCThIE HEIEPECEKAIOIMECs KJIaCChl
TaKuM 00pa3oM, 4TO JIOObIe JiBa SJIEMEHTa M3 OJHOIO KJIACCA HAXOAATCS B JIAHHOM
OTHOIIEHUU (TO €CTh, HPOIIE 'OBOPs, IKBUBAJICHTHDI ).

Bepho, oueBusno, 1 obparHoe: e€Cji MPOUM3BOJILHOE MHOXKECTBO PasOUTO Ha HeIyCTbie
HEIIEPECEeKAIONIecs KJIaCChl, TO OTHOLIEHUE «JIEXKATh B OJHOM KJjaccey» OyJeT OTHOIICHHEM
SKBUBaJieHTHOCTH. [losydaercs, 9To pasbuTh MHOXKECTBO Ha HEIYCTble KJIACChl M 3a/aTh Ha,
HEM OTHOIIEHHE SKBUBAJEHTHOCTH — 3TO, II0 CYTH, OJIHO U TO XKe.

2) ABJSIOTCs JIM OTHOIIEHUSIMU IKBUBAJIEHTHOCTH:
a) oTHOIIeHHe «OoJIbIIey Ha MHOXKeCTBe RR;
0) HapaJsuIeJbHOCTD 1IPIAMBbIX;
B) HEPIEH/IMKYJISIPHOCTD [PSIMbIX;
I) CPABHUMOCTD IEJIBIX TUCENT T10 JIAHHOMY MOJLYJIO;
/1) 1oji0bue 1mockux Guryp?

3) Kakumu oTHOIICHUSIMU Pa3OUBAIOTCS:
a) bUrypbl Ha KJIACChl DABHOBEJIMKHX;
0) BepiuHbl rpada Ha KOMIOHEHTBI CBA3HOCTH !

Onpedeaernue. Ilpeobpasosaruem  mmoorcecmea M~ HazbiBaercss  OMEKTHUBHOE
OTOOPaYKEHME HTOI0 MHOXKECTBA Ha Cebsl.

Onpedeaenue. Hemycroit nabop G npeobpasoBanuii MHOXKecTBa M HA3LIBACTCS 2pynnot
npeobpasosaruli STOr0 MHOXKECTBA, €CJIU OH 00JIaJlaeT CJICAYIONKUMU TPeMs I'PYIIIOBLIMU
CBO#ICTBaAMU:

(1) ecoim f,g € G, rou go f € G;

(2) ecu f € G,romn f71 e G

(3) idps comepxures B G.

Onpedenenue. Ilycrs G — Hekoropast rpyiia npeodbpazoBanuit muoxkecrsa M. Byjiem

rOBOPUTH, 4TO 3jemeHT r € M cpashum ¢ anemenmom y € M no modymo G, eciu
cymecrByer npeobpasosanue f € GG, nepepojsiiiiee T B .

Onpedeaernue. COBOKYIHOCTL BCEX SJEMEHTOB, CpPaBHUMBIX ¢ x 1o Moayiio G,
HA3BIBACTCA 0pOumots aremenma x, nopostcoénnot epynnot G.



10 Bumkuias. 1-26 uroaga 2024 r.

Teopema. OrHOlLIEHNE CPABHUMOCTH 110 MO/JLYJIIO IPYIIIbI Ipeobpa3oBanmii MHOXKecTBa, M
SIBJISIETCS OTHOLIEHWEM SKBHBAJCHTHOCTH Ha MHOxKecTBe M, T. e. rpyla npeodpa3oBaHuil
MHOXKECTBa pa30bUBaeT BCE €ro 3JIEMEHThI Ha HEIlyCThle HellepeceKalouecs OpouThI.

3adavu
1. KakuMmu rpynmaMum — 1npeoOpasoBanuii  IOPOXKJIEHDI  CACLYIOIMUE  OTHOIICHUST
SKBUBAJCHTHOCTH:
a) CPABHUMOCTD TI€JIBIX TUCEJT [0 MOJLYIIIO 1M,
0) 1oj00ue 1IocKux Guryp;
B) HAPAJIEJIBHOCTD IPAMbBIX Ha ILJIOCKOCTH?

2. Tlpujiymaiire rpyiibl 1peodpasoBaHuil, opouTaMu KOTOPbIX Obljid Obl:
a) OKPYKHOCTH C JIAHHBIM [EHTPOM;
0) BepIINHbBI IPABUJIBHBIX k—yTOJBHUKOB C JIAHHBIM TIEHTPOM;
B) peméTka U3 TOYEK KOOPJIUHATHON IJIOCKOCTH C IEJOTUCICHHBIME KOODJAUHATAMEI U
PEIIETKY, MOTYJaoNnecs U3 Heé BCEBO3MOXKHBIMU CBUTAMHU.

Onpedeaenue. [lycro G — rpynma npeodbpazosanunit muoxkectsa M. Huco 3semenTos
B rpymme GG Ha3bIBaeTCs nopAdkom 2pynno. 1 obosHadaercs |G|.

3. KakoB MOpSIOK TPYIIbI CAMOCOBMEIECHUH [PABUILHOIO a) IMATHYTOJbHUKA; 0)
MIeCTHYTOJTHHUKA !

4. Tlycrs A — muoxkecrso u3 10 sjementoB. [lpuBejure npumep rpyibl 1peodpa3oBaHuii
nopsijika a) 2; 6) 5; B) 7; r) 14; 1) 15.

6. MHaorouwieHnsl ¢ 1eJbiMu Ko dpunueHTaMmu. 5 UioJis

Bo scex 3adavwax mov, bydem paccmampusamd MHOZ0YAEHDL C UCAOLMU KOIPHUUUEHMAMU.
Mmnootcecmeo ecex mHo204aeH06 ¢ Ueavimu kKoapduyuenmamu obosnavwaemes Z|x|.

1. Jlokaxkure, 4To ecam Hecokparumas JpoOb £ — Kopenb MHOroweHa ¢ ILeJbIMK
q

koabdummentamu P(x) = a,2™ + ap_ 12"+ ...+ a1 +ag (ag # 0), o a, } q,ag : p.

2. [lycts P(x) — mHOrOWIEH ¢ niesbiMu Koadduimentamu. Jlokaxure, 910

a) P(a) — P(b) nesmurces Ha a — b npu Beex 1esibix a u b;
0) P(a) = P(a+b) (mod b).

3. [Iycrs P(x) — muorowien ¢ rnejbiMu Kosddunuentamu, npuiém P(2) nemures Ha 5, a
P(5) nequrcs na 2. Hokaxutre, aro P(7) nemures ma 10.

4. JTan muorowien P(x) ¢ neapiMu koadbdunuentamu. U3sectro, uro P(1) = 2025,
P(2025) =1, P(k) = k, tine k — mekoropoe tiesioe wucyo. Haiture k.
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5. ¥ muorouwrenos P(x) u Q(z) onun u ToT )e HAOOP 1eJTbIX KoM hUImenTos (MxX mopsijok
paznuuen). lokaxure, uro pasnocts P(2025) — QQ(2025) kparna 1012.

6. V3BecTHO, uTO umcsa p U g mpocTble, a ypasrenue ' + pr?? — ¢ = 0 umeer nesnbrit

Kopenb. Jlokaxknure, uto ypasuenue 1% — pz!t® 4+ ¢ = 0 Toxke mmeer nenpiil KopeHs.

7. Haiigure cobosmbiii wien MmuorouwieHa P(x) c¢ nenbivMu Koy dunumentamu, eciiu
M3BECTHO, UTO OH IO MOJLYJTIO MeHbIe Thicaun, u P(19) = P(94) = 2024.

8. Jlokaxure, uTo jjist Jitoboro MuorouieHa P(x) ¢ meabiMu KoahGuimueHtaMu u Joboro
HATYPAJBHOTO K CyIecTByeT Takoe HaTypasbHoe n, aro P(1) + P(2) 4 ...+ P(n) aenurcs
Ha k.

9. Jlokaxkure, 4T0 Jijist KAXKJ0I0 HEIOCTOsIHHOIO MHOrousieHa P(x) € Z[z] naiigéres rakoe
HaTypaJbHOE 11CJI0 1, 410 P(n) — cocrasroe 4uciio.

10. B pasencrse 2° + 22 + 3 = p” uncina x u k — narypasbhbie. Moxker ju 4nucjio p 6bihb
POCTHIM !

11. Jlokakure, 4TO HE CYIHIECTBYET MHOI'OYJIEHA CTEIEeHU He HUXKE JIBYX C IeJIbIMU
HEOTPUIATEbHBIMU KO3 UlieHTaMu, 3Ha4eHue KOTOPOI'o 1pu JIFDOOM HIPOCTOM P siBJISIETCS
IIPOCTBIM YUCJIOM.

12. Jlan MHOrowIeH JBaJiliaroil creineHu ¢ mesbiMu Koddpdunuentamu. Ha 1iockocru
OTMETHJIM BCE TOYKHU C IEJbIMU KOOPJAMHATAMM, Y KOTODPbIX OpJAMHATHI HE MeHbine 0 u He
boJibiiie 10. Kakoe nauboJibiiiee 4ncjio OTMEUEHHBIX TOUYEK MOXKET JieXKaTh Ha I'PaUKe 3TOI0
MHOIo4JieHa,?

7. UUncuaa Karajgdana. 7 nmroJid

Onpedeanerue. KojmuecTBo HPaBUIbHBIX CKOOOYHBIX II0C/IE/IOBATEAbHOCTEN JIJIMHBI 2N
Ha3bIBACTCHA N-biM wucrom Kamanrana C,.

1. Iloxkaxkure, 9TO KOJMYECTBO CIOCODOB COCJMHUTL 2N TOYEK Ha OKPYKHOCTH N
HelepeceKaonMMICcs Xopaamu (13 1000 TOUKU BbIXOIUT ojHa Xopja) paBHo C),. Boipasure
n-e dncao Karasana depes nupejibiiyiiue.

QIO NS

2. Bynem paccmarpuBarh Bee mytd u3 To9kd (0, 0) AIuHbL Qn\f UJIyIIMe 110 JIMATrOHAJIAM
KJIETOK BIIPABO-BBEPX UJIM BIPABO-BHU3 (JIMHA KaXKJO# JUATOHATHA — \/i)
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a) Ipunyun ompasicenus. JJoKakuTe, 9TO KOJMIECTBO IyTeli ¢ KOHIOM B TOUKE
(2n,—2), paBHO KOJUYECTBY IyTell ¢ KOHIOM B (2n,0), WMEOIUX TOUYKH B HUXKHENl

ITOJTY TVIOCKOCTH.
6) Jdokazxxute, uro C, = O3, — Cy-L.

3. a) [lokaxkure, 4T0 KOJMUIECTBO TPUAHIYJIANMIT (paspesaHuii Ha N TPEYroJbHUKOB
HEIePeCeKaoNUMUCs JIMArOHAJISIMI ) BBILYKJIOrO (1 + 2)-yrosbHuka paBHo Cl,.
0) Hokaxkure dopmyiry

(n+2)(C1Cp1 + CoC, o+ - - - + Cp 1 Ch)

(n—1)C, = 5 :
B) Hokaxure, uro Cp1q = 47?;2 .
r) Jokaxure, uro C,, = %HCSH

4. CKOJIbKO CYIIECTBYET HEIEPECeKAOMXCs nap 1y Teil (OHU ULy T TOJBKO BBEPX U BIIPABO)
u3 rouku (0,0) B 0JjHy M Ty Ke TOUKY, cymMMapHOil jyiunbl 2n + 27 Taxkue uapbi iyreit
Ha3bIBAIOTCS NaAPAAAEAOMUHO.

5. Cxkonbko cymecrByer Ttabsui, FOnra pasmepom 2 X n? Tabmuna Hxra — 310
IPSIMOYTOJIbHUK, 3aII0JJHEHHBIH [TOC/IE0BATEIbHBIMU YUCIaMHU TaK, YTO OHU BO3PACTAIOT 110
CTPOKaM U CTOJIOIaM:

356
1 2 4

6. Jlokaxkure, 9TO KOJIMICCTBO TOJBEIICHHBIX JIBOMIHBIX JIEPEBHEB (Y KaXKJION BEPIIUHbI
He 6oJjiee JIByX IIOTOMKOB — JIEBOI'O U IIPABOI0, M Y KarKJI0il BEpIIUHBI, KPOME KOPHs, OJIMH
MpeJioK) ¢ n BepnaaMu paBao C,.

7. CKOJIbKO CYIIECTBYET Pa3JIMIHbIX YHOPSJOYEHHDBIX [OJIBEIIEHHBIX JIEPEBBEB, IJE Y
Kaxk/10# BepiuHbl jin0o 0, mubo 2 noromka, a B rpade n + 1 jguct?

LR

8. Ilepecmanosxu Knyma. Jlokaxkure, 4TO KOJUIECTBO CIIOCOOOB PACCTaBUTDh UUC/IA OT
1 10 n 4ucen B psji TaK, 9TOObI He ObLIO TPEX UUCE]I, CTOSAIIMX B IOpsJIKe BO3PaCTaHUsd,
pasao C,,.
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8. JImHeiiHOe nBUM2KeHHe. 7 WIoJIs

Onpedeaenue. Tlpejnosnoxkum, uro Jyisi Kaxoro t € R onpejesena rouka A(t), Bekrop
a(t) wiu upsimasi [(t). Byjsem rosopurs, uro oobekrbl A(t), a(t) wiu [(t) aunetno sasucam
om t (wu deuzaromes Aunelno), eCan CyIecTByeT Takoi BEKTOp U, 4TO

A(t) = A(0) +t -7, a(t)=a(0)+t¢-7, [(t) =1(0)+t-w.

Cesoticmesa

1) BekTop, coequHAONuil ABe JUHEHHO ABUKYIIUECT TOUKHU, JIBUXKETCA JIMHEHHO.

2) Cepejuna oTpe3Ka, COEIUHSIONIEr0 JiBe JIMHEHHO JBUKYIIAECA TOYKHU, JIBUXKETCHI
JIMHENHO.

3) [Tapannenbnasg npoeknusd JUHEHHO JBUXKYIIEHCs TOYKH Ha HEMOJABHXKHYIO MIPAMYIO
JIBUXKETCA JINHEHHO.

4) [Ipsimas mocTOAHHOTO HAIIPABJIeHHs, IIPOBE/IEHHA Uepe3 JIUHEHHO JBUKYIIYIOCsd TOUKY,
JBUXKETCA JINHEIHO.

5) Touka nepecedeHust TUHEHHO JBUKYITUXC MPIMBIX JIBHYKETCS JIMHEHHO.

3adavu
1. Ha croponax BC' u C'D pomba ABCD ormeuenbr Touku P u () COOTBETCTBEHHO TaK,

qro BP = CQ. Jlokaxkure, 9T0 TOUKa Iepecederust Mejauan Tpeyrojibiauka APQ) nexur Ha
jmaronajm BD.

2. Buucannasi B rpeyrosibiuk ABC okpy)HOCTH Kacaercsi ero cropod AB u AC' B Toukax
C1 n By coorsercrBenno. Ha orpeskax BC7 nu ABp ormedenbl Touku P u () Takue, 410
PCy = QB;. Hokaxure, 94ro cepejinna orpeska P(Q) siexxut Ha npsimoit BiCh.

ai; a2 a3
Onpedeaenue. Onpedeaumenem Marpuibl 3 X 3 BUJA |G21 oo (93| HA3BIBAETCsI

az;r azz ass
BbIpa2KeHue

(11022033 + 12023031 + A13021032 — A11023032 — 012021033 — 113022031 .

IIpednaoocernue

a) Eciu nBe nuneiino ABUXKyIUeCs TOIKU COBIAAIOT TP JIBYX 3HAUCHUAX MapaMeTpa
t, TO OHH COBIAJIAIOT BCErJIA.

0) Ecau tpu smHeitHno 3aBuCsAIAe OT ¢ MpsMbIe EPECEKAIOTCS B OJHON TOUKE TIPH JIBYX
3HaYEeHUAX IIapaMeTpa t, TO OHM BCerJia IIepeceKaloTcsl B OJIHOI TOYKe.

B) Eciau JsimHEHHO JBUXKYNMECs BEKTOPLI IMEPICHIUKYJISIPHBI IPU TPEX 3HAUCHHUIX
nmapamMerpa t, TO OHU BCerja IepIeHIUKYAaPHbI.
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F) Ecim muneiiHo JBUKYIIHECs BEKTOPHI KOJJIMHEAPHBI IPU TPEX 3HAUYCHUIX IapaMeTpa
t, TO OHU BCerja KOJIINHEAPHBDI.

,ZL) Eciin cyiiecTByoT Tpu MOMEHTa, BPpEMEHH ¢, KOI'Jia TPU JIMHEHHO JBUXKYIIUECsS TOYKU
JIeXKaT Ha OJIHOU MPSMOI, TO OHU BCerjia JiexKaT Ha OJJHON IIPAMOA.

3. IIpamas I'aycca. Ha 1miockocTu IpOBEJIEHbI YeThbIpPE IIPSMbIE ODIIEro IOJIOXKEHUS.
JlokaxkuTe, 9TO cepeJMHbl OTPE3KOB, COEJUHSIIONINX TOUKY IepecedeHnsd JBYX IPIMbBIX €
TOYKOI mepeceuyenusd JIByX OCTABIINXCA IIPAMDBIX, JIe2KaT Ha OJHOU IIPAMOIL.

4. JlnaroHajiu BbIIYKJIOI'O YE€THIPEXYI'OJIbHUKA lepIeHJMKY/Isipabl.  Jlokaxkure, 410
LEPHEHAUKYAAPbl M3 CePeJUH JIBYX CMEXKHbBIX CTOPOH K IPOTUBOIOJIOKHBIM CTOPOHAM
LIEPECeKAIOTC Ha JUalrOHaJIN.

5. Ha croponax BC,CA, AB pasuobenpennoro tpeyroibinka ABC (AB = AC)
ormeuenbl Toukn P, XY coorBercrBenno tak, uto PX||AB, PY||C A. Touka T — cepeuna
nyru BC okpyxuocru (ABC). Hokaxure, uto TP 1 XY,

6. a) Hdana duxcuposannas touka A. Touku B u C rpeyrosbhuka ABC japuxyres
JIMHEHHO 13 TOYKKM A B OJIHOM HAallpaBJIEHUU 110 HPAMbBIM, Ipoxojsimnm depes A. Jlokaxure,
4TO HEHTP OIMMCAHHON OKPYKHOCTH ¥ OPTOLEHTP Tpeyrosibinka ABC' 1BUXKyTCs JIMHEHHO.

0) Hanbr dukcuposannbie Toukn A u B. Touka C' nuneiino apuxkercs no npsamoit AC.
Jlokarkure, ITO IEHTP OMUCAHHON OKPYKHOCTH 1 OPTONEHTD Tpeyroibauka ABC 1BuKyTCs
JIMHEIHO.

7. Ilycrs na croponax BA u BC tpeyronbiuka ABC Bbibpanbl touku Ag u
coorpercTBeHHO, a Touku M u My — cepepunbr orpesko AC u AgCy. Hokaxkure, 4To
ecim AAg = CCy, To upsimast M My napaJsuiensna duccekrpuce yriaa ABC.

8. Cropoubsr BC' u AC tpeyronbanka ABC KacaoTcs COOTBETCTBYIONIMX BHEBIIMCAHHBIX
okpyzkHocTeit B Toukax A; m By. Ilycrs Ao, By — opronentpsl TpeyroabankoB CAA; u
CBB;. Hokaxure, uro As By nepunennukyinsgpna duccekrpuce yria C'.

9. Jlemma Bepucaitga—1. 8 uiouad

Onpedeaenue. llycto G — rpymnmna npeobpasoBannit muoxkectsa M. Ywucio 3sremenTos
B rpymme G HasbIBaeTcss nopadkom epynno. u obosHadaercs |G|. Henodsuotcroti moukot
npeobpaszosarus Ha3bIBACTCA BCAKMI 3jieMeHT x € M, KOTOpbIil 3TO Ipeobpas3oBaHue
IIEPEBOJIUT B ceDsl.

3adauu
1. Jlokaxxure, 9TO €CJu KazKJioe U3 JIBYX IIPeoOdPa30BaHuil IepEeBOJIUT SJIEMEHT & B 3JIEMEHT
Y, TO HaJIETCs TaKoe IIpeodpa3oBaHue, JIJI KOTOPOIo T sIBJISETCS HEIOJBUXKHON TOUYKOIA.
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2. Jlokarkure, 9TO eciu Bce mnpeobpasoBanus u3 rpynnbl (G, KpoMe TOXKIECTBEHHOIO, HE
MMEIOT HEMOJBUKHBIX TOUYEK, TO JJIHHA KaxKJ0i eé opbutsl paBHa |G|.

B curyanuu, onumcaHHO@ B IOCjeHeil 3ajiade, HAWTU YHUCJIO OpOUT OYEHb JIEI'KO: HaJo
IOJIEJTUTD UUCI0 dJeMeHTOB MHOxKecTBa M Ha mopsmok rpymnbl G. Ho mbr 3HAaeM, 9To
opOuTa 3JIeMEHTa MOXKET HUMeTb U JIPYIYI0 JJIMHY. DTO IIPOMCXOJUT, KOIJIA CYIINECTBYIOT
HETOXK/IECTBEHHBIE IIpeobpa30BaHns, UMEIONINe HellOBUKHbIE TOUKH.

Onpedeaernue. MuoxkecTtBo Bcex mpeobpaszoBanuii u3 rpymnmnbl (7, OCTABJISIONINX
HEIOJIBUXKHON TOUKY T, HA3bIBAETCS CMAOUAU3AMOPOM dJIeMeHTa T 1 0bo3HadaeTcs St(x).

3. a) [lycrs Touku x u y nexar B ool opbure rpymnibl G. Torga npeobpazosanuii u3 G,
MEPEBOJIAIIUX T B ¥, CTOJIKO 2Ke, CKOJIbKO IIpeobpa3oBaHuii B CTabUIN3ATOPE JEMEHTA T,
10 ectb | St(x)|.

§ 6 Gl o
) Hokazkure, 40 jUmina OPOUTEL TOUKK & PABHA [grrsr. ITO OBHANACT, UTO HOPI/KH
cTabMJIM3aTOPOB Y BCEX TOUECK OJ[HON OPOUTHI OJMHAKOBBI.

B) Jokaxkure, 410 CyMMa MODPSJKOB CTabUIM3aTOPOB BCEX TOYEK OJHOI OpOMTHI paBHa
G|

r) Y kaxjoro npeobpaszopanust u3 rpyiiibl G HafJEM YKCIO0 HEHOJBUXAKHBIX TOYEK.
Jokaxkure, 9T0 CyMMa, BCEX IOJIYUYEHHBIX YMCEJl PaBHA CYMME IOPSJIKOB CTAOUJIN3aTOPOB
BCceX TOUeK MHOxKecTBa M.

1) Jlemma Beprncatida. /s npeobpazoBanus g € G obosnauum depes N (g) qucsio ero
HeIOABMKHBIX To4YeK. Torma qucsio opour rpynmnbl G paBHO CpeHEMY UUCTY HEIOBUKHBIX

1
TOYEK, TO €CTh € Z N(g).

[Ipunoxennsa nmemmbl BepHcaiiia K pelmeHuio 3ajiad OCHOBAHBLI Ha TOM, UYTO HaXOIUTHh
YUCJIO HEIOJIBUKHBIX TOYEK IIPeodpa3oBaHus 4acTo ObIBAET Jierde, yeM JIJIMHbI OPOUT.

geG

IIpumep. Boruuciurh KOJMYECTBO PA3JIMUIHBLIX OxKepeyuii u3 6 OyCHMHOK, KaxKjas u3
KOTOPBIX MOKET OBbITb OJIHON U3 TPEX IBETOB.

10. WMuBepcuga—1. 8 utous

Onpedeaenus. Ha mnockocrn mana okpyKHoCTh S ¢ mearpom O panmyca R. Unsepcuet
OMHOCUMENLHO OKPYHCHOCTIY S HA3BIBAETCS IPeodpa30BaHue IIJIOCKOCTH, KOTOPOE JIFO0YI0
touky M, ne coBnajaorniyto ¢ O, nepepojut B Touky My, nexaryio Ha jgyue OM, Takyo,
aro OM - OM; = R? Jlna touku O sro mpeobpasoBanme He ompejeieHo. Touka O
HA3BIBACTCS UCHMPOM UHBEPCUU, S — OKPYHCHOCTILIO unsepcuu, IR — paduycom unsepcuu.



16 Bumkuias. 1-26 uroaga 2024 r.

Onpedeaenue. Yeaom meocdy 068ymsa Kpusvimu, IIEPECEKAIONUMUCI B Touke A,
HA3BIBAETCS YIOJI MEXKJYy KacaTeJIbHBIMUA K HHUM, IPOBEIEHHLIMU B TouKe A. OKpyKHOCTH,
YTOJI MEKJTy KOTOPBIMH IPSAMOI, HA3BIBAIOTCI 0OPIMO020HaNbHLMU.

Teopus
T1. Ilocrpoenne. lana okpyxuocts S ¢ nearpom O u Touka M BHE OKPYKHOCTH.

a) MT — kacarenbhas u3 touku M k okpyxuoctu S. U3 mouku T oryckaem
neprenukysasap na OM. [onyuaem rouky M.

0) [lycrb AB — juamerp, nepnenaukynsipubiii OM, P — touka nepecedenust AM u
okpyxHoctu S. [Ipsmbie BP u OM nepecekatorcst B Touke M.

Torma Toukn M um M; wmaBepcHbl. Kak cTpouTh MHBEPCHYIO TOUKY, ecau M HaxomuTcs
BHYTPH OKpY2KHOCTH S

T2. OcuoBHas JjiemMma. [lycrs A, A’ u B, B’ — napnl pasimiublx TOYEK, MHBEPCHDIX
orHocuTeibHO OKpy2kHocTu ¢ nenrpom O. Torna LZOAB = ZOB'A'.

T3. Ilamarka. [Ipu uusepcun

qTO BO 4TO

[Ipssmas gepes O B cebs

[Ipsimast we uepes O Okpy»kuocthb gepes O
OxkpyxHocts depe3 O [Ipsimasi ve gepes O
Oxkpyxuocth He depe3 O | Okpyx)HOCTH He depe3 O

T4. OproroHaJibHOCTh. OKDPYXKHOCTH, NPOXOJidllas Uepe3 JiBe B3aUMHO WHBEPCHDIE
TOYKH, IIPU MHBEPCUU IIpeodpas3yercs B cedsd.

T5. NaBapuanT. OKpYy:KHOCTH, OPTOrOHAJIbHAA OKPY?KHOCTU MHBEPCHUH, MHBAPUAHTHA.

T6. ObpaTHOo — mHBApUAHT. Ec/in OKPYKHOCTDH [IPU MHBEPCUU 11EPEXOJIUT caMa, B cebsi
U HE COBIIAJIAeT C OKPYXKHOCTHIO UHBEPCUHU, TO OHA €l OPTOI'OHAJbHA.

Ynpaostcnenus
1) Hapucyiire 0oOpa3 OKpPYy»KHOCTU M JIBYX KacaTeJIbHbIX K HEM, 1POBEJIEHHbIX U3 OJHOM
TOYKHU, [IPU UHBEPCUU
a) OTHOCUTEJIbHO TOYKHU IIEPECCYCHUN KACATE/IbHDIX;
0) OTHOCHTEJILHO TOUKM KACAHUSI;
B) OTHOCUTEJIBHO I[€HTPA OKPY2?KHOCTH.

2) Hapucyiire 06pas rpeyrosibHUKa U €ro BbICOT [IPU HHBEPCUU OTHOCUTEBHO OPTOLEHTPA.

3adavu
1. OkpyxHOCTH S7 Kacaercs OKpy:KHOCTH Sy B Touke K, a eé xopapl AB — B touke C.
Touka L — cepemuna nyru AB, me conepekareit Touky K. Jokaxure, uro LA? = LC - LK.
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2. B cermMenT BOHCHIBAIOTCS BCEBO3MOXKHDLIE TApbl Kacalomuxcsa OKpyxkHocteit. Haitaure
I'MT kacanus 3TuX OKpYKHOCTEIA.

3. B cermeHT BIMCHIBAIOTCSH BCEBO3MOXKHbIE I1apbl IE€PECEKAIONIUXCS  OKPYKHOCTEM.
PaccMOTpUM MHOXKECTBO HPAMBIX, ITPOXOJSAIIUX Yepe3 UX TOUKU lepecedenus. JJokaxure,
4TO BCE TaKKe IPsIMbIe TTPOXOJAT Yepes ojiHy Touky (Permmre nByms criocobamn — unpepcueii
OTHOCUTEJILHO yIJIa CErMEHTa U OTHOCHTEJILHO MCKOMOH TOUKH).

4. B tpeyrosbank ABC Biucana oKpy»KHOCTh w € pajuycoMm 7. IlycTb w4 — OKpYKHOCTD,
IpoxogAnasa depe3 Toukn B u C' u opToroHajbHas wW. AHAJOIHIHO OIPEIe/INM OKPYKHOCTH
wp U we. OKPYKHOCTU Wp U We IHepecekaroTcss BTOpUYHO B Touke A’ AHajorndso
onpegesum toukn B’ u €. Onucannas okpyxuocts Tpeyroabnuka A'B'C’ umeer pagmyc
R. Jlokaxute, uto r = 2R.

5. a) 3adaua Apzumeda. lycrs rouka C nexur Ha orpeske AB. [lo ojny cropony
or npsmoii AB 1nocrpoenbl 1osyokpyxkHoctu Ha juamerpax AB, BC, AC (apbenoc).
[epuengukynssp MC k orpesky AB jenur apbesioc Ha jBe yacru. JJokarkure, 4To pajinychbl
OKPY2KHOCTE#, BIIMCAHHBIX B 9TH 9acTh apbesioca, paBHbI MeXK1y CODOIi.

0) Badaua Ilanna. Ilycts okpyxuocru «, 3, v ¢ muamerpamu AB, BC, AC obpasytor
apbesioc; 0p — OKPY?KHOCTb, BIICAHHAs B apOesoc; OKPYKHOCTD 01 KaCaeTCs OKPYKHOCTel
a, 0 1 0y, OKPYKHOCTH 09 KaCAETCsl OKPYKHOCTEH <, 5 u 01, n Tak jgajee. ObozHaunm R,
— PaJUyC OKPYXKHOCTU Op, d, — PACCTOSHKUE OT LEHTPA OKPYKHOCTU 0, 10 upsmoi AB.
Hokaxure, uro d, = 2(n + 1)R,,.

11. Jlemma Bbepucaiiga—2. 9 utoud

1. B andasure miemenn Ym60-KOM00 Tosibko jiBe OykBbl — A u Y. CyioBoM cumTaercs
Jaobast komOuHalusi 13 TpPEx Oyks. [IBa cjioBa CUMTAIOTCS CHHOHMMAMH, €CJIM OJHO U3
HUX MOXKET OBbITh IOJIyIEHO M3 JPYrOro ¢ MoMOIbIo nepectaHoBku OyKB. CKOJIBKO CJIOB
C pa3HbIMU 3Ha4YEHUsSIMU B si3bike Y MO0-HOMO0? Perure a1y 3a/1a9y ¢ MOMOIIBIO JIEMMbI
Bepucaiijia 1 1ipoBepbTe OTBET ¢ TOUKU 3PEHUs 3JIPABOI'0 CMbICIA.

2. Borancaurs kostmaectBo oxkepesuit u3 a) 4, 6) 5 OyCHHOK, KaxK/ias U3 KOTOPBIX MOYKET
ObITH OJIHOI'O U3 JIBYX I[BETOB.

3. CKOJIbKUMU PA3JIMYHBIMU CIIOCODAME MOXKHO PACKPACUTH I'PAHK PABUJILHOI'O TETPAIPA,
eCJIM  KaXkJIyl0 MOXKHO KpacuTh Ji000# u3 jaHHbiXx N Kpacok? Packpackm cuanraem
OJIMHAKOBbIMHU, €CJIM OHU COBMELIAIOTCA [IOBOPOTOM TeTPad/ipa.

4. CKOJILKUMHE CIIOCODaMKM MOXKHO PacKpacuTh péopa Kyba Tpemsi Kpackamu? Packpacku
CUUTAEM OJMHAKOBBIMH, €CJIM OHM COBMEIAIOTCA [IOBOPOTOM KyOa.
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5. Oxepesbe cocrouT u3 p OyCHMHOK (p — TMpocroe), Kaxkjas OyCHHKa OJHOTO u3 K
nBeroB. OxKepeyibe MOXKHO BpalllaTh, HO HEJb3s IepeBopaunBarb. CKOJIbBKO UMEETCs TaKUX
oxkepesuit? BreiBenuTe u3 pesysibraTa Majyio Teopemy Pepma.

6. Oxepesibe cocToUT M3 N OYCHHOK, KaxKjasg ojHoro m3 k 1mperoB. Oxkepejbe MOXKHO
BpalliaTh, HO HEJIb3s IlepeBopaduBaTh. JIOKaXKuTe, UTO KOJUUECTBO Pa3JIUUHBIX OXKEpeJIHii

pPaBHO
1T
nid

7. CKOJBKO CYIIECTBYeT pa3judHbix Oyc u3 18 Oycwn, ecim 6 OycWH OKpalleHbl
KpacHOil Kpackoii, a 12 Oycun — cuneii kpackoii? OxkepeJjibe MOXXHO BpalllaTh, HO HEJIb3s
IIepeBOPAINBATD.

12. WuBepcuga—2. 9 utouad

Teopus
T7. Usmenenue paccmosnut. [lycto A1 u By — obpaser Touek A u B 1npu nuHBEpCUu ¢
2
neaTpoMm O u paguycom R. Torma A1B; = AB - Ofﬁ'

T8. KoudopmuocTs. [Ipu nuBepcun coxpaHsirorcs yrjibl MEXK/)1y KPUBbIMU.
3adavu

1. Hepasencmeo IImoaemes. okaxxure, uro juist J00bIX yeTbipéx rouek A, B, C, D
ILJIOCKOCTHU BBIIIOJIHEHO HEPABEHCTBO

AC-BD < AB-CD + BC - AD,

IPUYEM PaBEHCTBO JIOCTUIAETCS TOIja M TOJbKO Torja, Korjga ABCD — BblLyKJIbli
BIMCAHHBI 9eThIPEXyTrobHUK min Touku A, B, C, D jiexkar Ha OHON 1PSIMOI.

2. Yernipéxyrosbank ABCD Brucan B okpyx)uoctb ) ¢ nenrpom O, upuuém O He
JIEXKUT Ha JUMArOHAJISIX YeThIPEXyrobHuKa. Omrcannast OKpyKHOCTh £21 Tpeyroibanka AOC
IPOXOJUT [epe3 cepejuny juaronanun BD. Jlokaxure, 9TO OnuMCaHHAs OKPYKHOCTH 1o
rpeyrosibauka BOD npoxoaur dyepes cepejuny auaronaan AC.

3. Jlaubl geThIpe OKpyKHOCTH S1, Sz, S3, Sy4. Ilycrs S7 u S
nepecekaiorcs B Toukax A; u Ag, S n S3 — B Toukax By u B,
S u Sy — B roukax Cy u Cy, Sy u S1 — B roukax Dy u Dy (cwm.
pucynok). [dokaxkure, aro eciu rouku Ay, By, C1, Dy jexar
Ha OJIHO# OKpY2KHOCTH (TIpsiMOit) S, To u Touku Ag, By, Co, Do
JTeXKAT Ha OJ[HON OKPYKHOCTH (IPSAMOIL).
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4. Teopema o 6abouxe. Ilycro O — cepenuna xopant AB
okpyzxuoctu S, MN u P() — npousBoyibHbIE XOP/ibl, poxosiue depe3 O, K u F' — Toukn
nepeceuenusi xopaol AB ¢ orpeskamu M P u N coorsercrBenno. /lokaxkure, uro O —
cepenuHa oTpeska EF.

5. OkpyzkHocTb S 4 npoxoauT depes Touku A u C'; 0OKpYy»KHOCTH Sp NPOXOAUT Yepe3 TOUKH
B u C; nenrpol obenx okpyzkHocrei Jiexkar Ha upsmoin AB. Okpyzknocrb S Kacaercs
okpyzkHOCTeH S4 u Sp BHyTpeHHUM 00pa3oM, a KpoMe TOro, oHa kKacaercs orpeska AB
B Touke C7. Hokaxure, aro CC7 — buccekrpuca TpeyroJibinka ABC.

13. HenpuBoaumocTb MHOTO4JieHOB. 10 mroJjisd

[Tycrs K — HEKOTOPOE YMCII0BOE MHOXKECTBO (HAIPUMED, MHOXKECTBO LEJIbIX, PAIIMOHAJbHDIX,
JEACTBUTEIIbHBIX MM KOMIUIEKCHBIX duces). P(x) — muorounen ¢ koadduimenramu us
muoxecrsa K, 1. e. P(x) € Klz].

Onpedeaenue. Muorounen P(x) € Klz] naspBaerca npusodumovim nad K, ecin
cymecrByior Q(z), R(x) € K[x] nenynesoit cremnenu, takue, uro P(x) = Q(x) - R(x). B
npotuBHOM caydae P(x) nenpusodumoim nad K.

0. [Ipusoaumpl ju Haj Z muorowienst a) z° +2; 6) xt + 23 + 22 + 2 + 17

1. Iycrs P(x),Q(x), R(z) € Zx], upuuém P(z) = Q(x) - R(x). UssecrHo, uro Bce
ko3 duimenTsl MEOrOwIeHa P(x) je/srest Ha HeKOTOpoe 11pocToe Yucio p. Jlokaxure, 4o
Jmbo Bee koahduuuenrsr Q(x), smbo Bee koahdunuenrsr R(x) jessites Ha p.

2. Ilycts P(x),Q(x), R(z) € Zx|, npuuém P(x) = Q(z) - R(z). Obozuatum HOJL Beex
koadburpentos P(x), Q(x), R(x) 3a a,b, ¢ coorBercrBenno. lokaxkure, 4to a = be.

Onpedenernue. HOJl Bcex KoadpDuiueHTOB MHOrOWICHa C IEJbIMUA KO3 UImeHTaMm
HA3BIBACTCS COOCPAHCAHUEM MHO2OUAEHA.

Jlemma I'aycca. [Ipousseienne MHOIOYJIEHOB € CojiepKaHueM 1 siBJIsieTCsi MHOI'OYJICHOM
¢ cojiepxKanuem 1.

3. a) Hokaxure, uaro sioboit muorouien P(z) € Q[x] moxkuo npejcrasurs B Buge 2Q(x),

n
rie Q(z) € Z[x], upuuém cojepxkanue Mmuorodsiena Q(x) pasuo 1.
0) Hokaxkure, uro eciau muorouien P(x) € Z[z] upuBogum naj Q, To on npuBogum u
HaJ| Z.

4. a) ITpusnax dtusenwmetina. [lycrs P(x) € Z[z|, npuaém crapuiumii kosdbdurnuent ue
JICJIUTCA Ha IIPOCTOE TUCJIO P, BCE OCTAJNbHDBIC KOI(DMUIMEHTD! ACAATC Ha P, HO CBOOOIHDII
wjlen e jeured Ha p?. Joxaxwure, uro Torma P(x) menpusonum naz Z.
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0) [IpuBesure npuMep MHOTOUICHA, JIJIT KOTOPOTO 0OPATHOE yTBEPKICHUE HEBEPHO.

5. JIemma. Ilycrs a — nesoe uucsio. Eciin muorownen P(x) nenpusojum uaj Z, 1o P(x+a)
— TOXKE HEIIPUBOJIUM HaJl Z.

6. Jlokaxxure, 9TO CJICYIONIHE MHOTOWICHBI HEIPUBOIUMbBI HAJ| Z:
a) 152 + 1821 — 922 + 272 — 36; 6) 2'+1; ) 2°+ 23 +1; 1) 2" 4 52" — 3.

7. Jlokaxkutre, uro MHorouwter a1+ P24+ . 4+ x4 1 menpuBoauM HaJ| Z TOIJIA U TOJIBKO
TOrJla, KOIJIa P — IPOCTOe YHUCJIO.

8. a) Hokaxure, 1uro muorouien P(z) = (v —a1)(x —ag) ... (x —a,) — 1, rue aq, ..., ay,
— pasJMuHbIe 1esibie ducia, Henpupojum uag Q.
6) Jdan muorounen P(z) = (x—a)*(x—as)? ... (x—a,)*+1, e ay, . . ., a, — pasiuunble

mesible ancsa. Jlokaxure, aTo on nempuBoguM Haj Q.

OcHosHnas meopema an2ebpwvi. JI10O0I MHOIOYJIEH CTEIEHHM HE MEHbIIE €JUHUIILI C
KOMILJIEKCHBIMU KO3 puliieHTaMu uMeer XOoTsi Obl OJIMH KOMILIEKCHbIH KOopeHb. pyrumu
cioBamu, HenpuBojuMbiMEu HaJi C MHOTrOYIEHAMK SIBJISTFOTCS TOJIHBKO MHOI'OYJIEHBI MEPBOIf
CTEIEHU.

9. [lycrs P(z) € R|z]. Hokaxure, uro eciu P(z) =0, To P(Z) = 0.

10. okaxkure cjiejiyiolue CaeICTBUsS OCHOBHOI TeOpEeMbl aJjreOpbi:

a) Beskuit muOorowien crenenu n > 1 ¢ KoMiieKCHbIME KOI(MDMUIUEHTAMY €/[HHCTBEHHBIM
00pa3oM (¢ TOYHOCTBIO JIO YMHOXKEHHSI Ha 9UHCJO) DPACKJIAIBIBACTCA B MPOU3BEJCHUE 7
JIMHEHHBIX MHOXKHUTEJEH ¢ KOMILIEKCHBIMU KO3 PUIUeHTAMU.

0) Jloboit MmHOrOWIEH ¢ JIefCTBETENbHBIME — KOI(DMDUIMEHTAME  eIMHCTBEHHBIM
00pa30M pacKJ/IaJbIBAaeTCsI B IIPOU3BEJEHKE MHOI'OUJICHOB CTEIeHM He BBbIIIE BTOPO
C JieficTBUTE/IbHBIME KO3 uruenTamu. JpyruMu cjioBamMu, HeEIpUBOAUMbIMK Haj R
MHOI'OYJICHAMHU $SBJISFOTCS B TOYHOCTH MHOI'OUJICHBI IIEPBOM CTEIIEHM ¥ MHOI'OYJIEHbI BTOPOi
CTEIEHU C OTPUIATE/IbHBIM JUCKPUMUHAHTOM.

B) JIioboit MHOrOUJIEH ¢ JiedcTBUTEbHBIMI KOI(MDDUIIMEHTaAMK HEYETHONH CTEIIeHN UMeeT
XOTsl Obl OJIUH JIEUCTBUTE/IbHBIN KOPEHb.

11. Pasjoxure MHOrOWIeH Ha HEIPUBOIUMBIE MHOTOYJIEHBI C JIEHCTBUTEIbHBIME
KO3 puUImeHTaMu:
a) 2t +1; 6) 28+t +1; )2 — 1.

12. Muorounen P(x) ¢ geficrBuresbHbiME KOXDMUIUEHTAMA DU BCEX JICHCTBUTEIbHBIX
T UPUHAMAET TOJHKO MOJOKHUTEIbHbIC 3HadeHus. Jlokaxkure, UTO HAUyTCS TaKue
vuorouwienbl  A(x) wu B(x) ¢ gefictBuresbHbiME  KOIDQUIHEHTAMEI, IS KOTOPBIX

P(x) = A%(z) + B*(x).
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Buyrpennnii mar6oii M9-Ilosynpodnu. 10 uroasa

1. Buucannast okpy»xkuoctb Tpeyrosbinka ABC kacaercsi croponbt BC' B Touke D, [
— HeHTp 3710 OKpyrkHOCTH. OnucanHasi OKpy»KHOCTH Tpeyrojbinka ABC nepecekaercst ¢
npsimoit Al B rouke M, a ¢ npsimoit DM — B trouke N. Jlokaxure, uro AN L IN.

2. Haityiure Bee snadenus napamerpa a € (—2;2), npu Koropbix muorodwien %4 —ax™ +1
gesrest Ha MHorousen x4 — az” 4 1.

3. Jlano narypaJjbHoe ducyao n. Anrca u Bob mo ouepeau BIUCHLIBAIOT B KJIETKH KJIETIATOM
JIOCKK 2N X 2n pa3judHble MOJOXKHUTEeJIbHbIe Yhcja, HauuHaeT Ausmca. B kaxiayroo kierky
MOXKHO BIIMCATDH TOJIBKO OJIHO 1uncjio. [locie Toro kak Tab/IuIa 3al0JHEeHa, B KaXK/ 10 CTpOKe
M B KaXKJIOM CTOJIONE 3aKPAIMBAIOT KJIETKY ¢ HAHOOJBIIAM YUCIOM (OJ[HA KJIETKA MOYKET
OBITH 3aKpallieHa HECKOJIBKO pa3). [okaxkure, uro Bob Moxker urparh Tak, 9T00bI B UTOTE
ObLIO 3aKpallleHO He MeHbIIe 31 KJIETOK.

4. IMonoxuresbubie 4ucia a,b,c Takosbl, ut0 a + b + ¢ = 1. Haiijjure maxcumajbHO
(a+1)(b+1)(c+1)
abc + 1 '

5. Ha croponax AB u B(C' HepaBHOOEIPEHHOIO OCTPOYTOJBHOrO Tpeyrosbauka ABC
IIOCTPOEHBI KaK Ha OCHOBAHMAX paBHOOeapeHHble Tpeyroapinku AFB u BEC c
OJINHAKOBLIMU yTJIaMu IIpH ocHoBaHusix, npuieMm LCAF = ZACE. llpamas F'E nepecekaer
croporsl AB u BC B roukax K u M coorBercrBenno. /lokazkure, aro Tpeyroipuuk BK M
— paBHODEIPEHHDIIA.

BO3MO2KHO€ 3HAYCHUE BbIPaAKCHW S

6. Haiijiure Bce narypaJibibie n, JlJIsi KOTOPLIX CYLIECTBYET HATYPaJIbHOE YUCJIO K, Takoe,
qTO JUIS KaXKJIONO HATyPabHOIrO Jeiauress d duciaa 1 4ducjo d — k TakKe siBJISIeTCsI
JesresieM (BOBMOXKHO, OTPUIATEIIbHBIM) YUC/IA 7.

7. Jan Habop u3 2n HaTypaJbHBIX YHCE/I, CYMMa KOTOPBIX KpaTHa n. Pasperaercs BbIOpaTh
n 4duces u IpubaBUTb KO BCEM OJIHO U TO Ke HaTypaJibHOe 4HuC/0. JIoKaxKuTe, 4To0 MOXKHO
cJiesiaTh BCe YUCJIa PaBHBIME, BBIIOJHUB He Oojiee 2n — 1 Takux olepaliuii.

8. B rpade cpegu Ji0ObIx TPEX HPOCTHIX I[UKJIOB HEUYETHOM JIJIMHBI HaflyTCs JiBa,
KOTOpbIE UMEIOT 0011110 Bepiiuny. Jlokaxkure, 4o BEpPIIUHBI 3TOI'O I'Pada MOXKHO HOKPACUTH
IIPaBUJIbHO B 8 IBETOB.

Buyrpennnii mar6oit M9. 10 utoss

1. /lanpl fgBa 49eTblpéxyrojbHuKa. i KaXkXJoro M3 HUX BBIIUCAJIN B IIPOU3BOJHLHOM
nopsijike 6 4mces — JUIMHBI CTOPOH U JiuaronaJeii. OKa3aJioch, UTO BbIIKCAHHBIE HAOOPLI
coBnaJii. BepHO Ji, 9TO 4eThIPEXYyroJbHUKH PABHBI!
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2. Jlanbr 2024 kBaJpaTHBIX TpéxwieHa x2 —a;x +b;, i =1, 2, 3, ..., 2024, y KOTOPBIX Ha

MmecTe KO3 pUImueHTon a;, b; BcrpedatoTcs 1o ojHoMy paly Bce uucia ot 1 10 4048. Hukakue
JIBa, TPEXUIeHa He MMeroT oOnux KopHeil. Ha BemecTBennoil mpsaMoit oTMeTniin Bce KOpHU
9TUX TPEXWIeHOB. JloKaxkure, UTO PACCTOSHHE MEXKJY KAKUMHU-TO JBYMsI OTMEYCHHBIMU
Toukamu MenbIre 1/250.

3. [ana Bospacraromnias apudMeTniIecKasd IPOrPecCus, COCTOANAA U3 HATYyPAJIbHBIX YUCEJ
ap, az, as, . .. Wssecrno, 4yro az = 13. Haligure MakcuMa/IbHO BO3MOXKHOE 3HAYCHUE CyMMbI
g, + Qgy + Ay + Qg + Qg

4. Jlan ocrpoyrosbubiii Tpeyronbauk ABC, B koropom ZACB = 45°. I[lycte G u O —
TOYKA IIepecedeHusI MeIiaH 1 MeHTD OMUCAHHO! OKPY>KHOCTH COOTBETCTBEHHO TPEYTOJILHIKA,

ABC'. Ussecrno, uro OG =1 u OG || BC'. Haiitu aynuny orpeska BC'

5. Ha croponax AB u B(C' HepaBHOOEIPEHHOIO OCTPOYTOJBHOrO Tpeyrosbauka ABC
IIOCTPOEHBbI KaK Ha OCHOBaHUAX paBHOOeapeHHble Tpeyroapianku AFB u BEC c
OJINHAKOBBIMU yTJIaMu IIpH ocHoBaHusix, npuieMm LZCAF = ZACE. llpamas F'E nepecekaer
cropotbl AB u BC' B toukax K u M coorBercreenno. JJokaxkure, uro rpeyroibiuk BK M
— paBHODE/[PEHHDbII.

6. Haiijiure Bce narypajibHbie n, JlJIsi KOTOPLIX CYLIECTBYET HATypPaJbHOE YUCI0 k, Takoe,
qTO IS KaXKJIONO HATyPaJbHOIO Jeauress d duciaa n 49ucio d — k TakKe siBJISIeTCsI
JesresieM (BO3MOXKHO, OTPULIATEIIbHBIM) YUCIIa 7.

7. an nHabop u3 2n HarypaJbHbIX YHUCE/I, CyMMa KOTOPbIX KpaTHa n. Pasperiiiaercs BbiOpaTh
n 4uces U 1pubdbaBUThH KO BCEM OJIHO U TO Ke HaTypaJibHOe 4uc/i0. JJokaxkure, 4To MOXKHO
CJleJIaTh BCE YUCJ/Ia PABHBIMM, BBIIIOJHUB He OoJiee 2n — 1 Takux olepaiiuii.

8. B rpade siobbie jiBa HEUETHBIX 1MKJIA HepecekatoTest. JJokaxkure, 4T0 BepIIMHbI 3TOI'O
rpadga MOXKHO MOKPACUTh MPABUJIBHO B D I[BETOB.

14. MormHOCTh MHOXKECTB 1 OecKOHeYHbIe KOHCTPYKITUN. 12 miod

ILHH KOHEYHBbIX MHOXKECTB MbI MOXKEM KOPPEKTHO OIIpEJC/JIMThL IIOHATHUE Dpa3Mepa HWJIN
MOITHOCTHU. MOH_[HOCTb — 9TO IIPOCTO KOJIHNYECTBO 3JIEMEHTOB B 93TOM MHOXKECTBE. O,ZI;H&KO
JJIA OCCKOHEYHBIX MHOXKECTB 3TO onpeneJienne OKa3blBa€TCdA HECIIPUMEHUMbBIM.

Onpedenerue. MHOXKeCTBO HA3bIBACTCH 0OECKOHEUHBIM, €CIIE OHO COJIEPXKHUT KOHEUHbIE
II0JIMHOXKECTBa, CKOJIb YI'OJIHO OOJIBLIION MOIHOCTH.

IIpumepwvr. Crejytonume MHOXKECTBa OECKOHEUHBI: MHOXKECTBO HATypaJbHBIX UHCET;
MHOXKECTBO PAIMOHAJIBHBIX THCENT; MHOXKECTBO TOUeK Ha oTpeske [0; 1].
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Onpedenerue. BeckonedHoe MHOXKECTBO HA3BIBAETCA CYEMHbIM, €CITU CYTIECTBYET
OMEKINsT STONO MHOXKECTBA C HATYPAJbHBIM PSIJIOM.

Onpedeaerue. JIBa MHOXKeCTBa, MEXKJIY KOTOPbIMU CYIIECTBYET OUEKIMsi, Ha3bIBAIOTCs
PABHOMOULHBLMU, TOBOPAT TaKXKe, 4YTO ITU MHOXKECTBA HUMEIOT OJIMHAKOBYIO MOIIHOCTD.
Takum 00pa3oM, CUETHbIE MHOXKECTBA, —- 3TO MHOXKECTBa, PABHOMOIIHbIE HATYpPaJIbHOMY
pALYy.

[TousiTHO, YTO MHOXKECTBA, PABHOMOIIHbIE CYETHOMY, CHETHDI.

3adavu

1. /lokaxknuTe CYETHOCTD CJIETYIONUX MHOXKECTB:

a) MHOXKECTBO TEJIbIX THUCEJT,

0) MHOXKECTBO 11eJIbIX TOYEK Ha KOOPJMHATHOM IJIOCKOCTH;

B) MHOXKECTBO KJIETOK OECKOHEYHOM 11aXMaTHOW JIOCKU;

I') GECKOHETHOE TT0JIMHOYKECTBO HATYPAJIBHOIO DsiJia;

/1) MHOXKECTBO PAIMOHAJIBHBIX YUCEL.

2. dBygroTcs Jin CUETHBIMUA MHOXKECTBa, MHOT'OUJIEHOB:
a) JUHEHHBIX ¢ MEJIbIMU KOIDMOUITHCHTAMIY;
0) JIMHEHHBIX ¢ pANMOHAJIbHBIME KO3bDUIHCHTAMY;
B) M-Oii CTENECHU C PAIHOHAIBHBIMU KOI(DDUIEHTAME;
I') BCEX MHOTOWJICHOB C PAlMOHAJbHBIME KOdbdunuenramu?

3. lokaxkure, 4T0 HECKOHEUHOE MHOXKECTBO HEIIEPECEKAIOIUXCs MHTEPBAJIOB Ha ILJIOCKOCTU
CYETHO.

4. JTokaxxure, 410 00'beMHEHNE a) KOHEYHOI'0; 6) CUYETHOI'O MHOYKECTBA CYHETHDBIX MHOXKECTB
CUYETHO.

5. JlokaxkuTe CIETHOCTD CAEYIONNUX MHOXKECTB:
a) MHOXKECTBO BCEX TEKCTOB (KOHEUHBIX ), HAIMCAHHBIX Ha PYCCKOM SI3BIKE;
0) MHOXKECTBO KOHEUHBIX MOC/IEI0BATEILHOCTEN HATYPATBHBIX THCET;
B) OECKOHEUHOE MHOXKECTBO HEIEPECEKATOMIXC s BOCHMEPOK Ha IIIIOCKOCTH !

6. B nocsejoBaresibHOCTH HUCEJ CyMMa 1EPBbIX T 4JIEHOB OoJibllie 1 Jijisd JIF0OOI0
HaTypaJibHOrO n. Jlokarkure, 4To 3Ta 10CJE/0BATE/ILHOCTD COJEPKUT OECKOHEUHO MHOI'O
MIOJIOYKUTEJIbHBIX YUCEJI.

7. Huaeonanavrviti memod Kanmopa. J[lana 1ocienoBare/ibHOCTh OECKOHEYHbIX
Jlecsitudanbix  sipooeit. Ilocrpoiire emé ojHy Takym Jpodb, OTJIMYHYIO OT BCex Jpooeit
110CJIEJI0BATE/ILHOCTH.

8. a) /[lama mocsenoBaTeIbHOCTL GECKOHEUHBIX B 00€ CTOPOHBI JBOUTHBIX JIPODEI.
JlokaxkuTe, 94TO eCcThb elié ojHa TakKas Jpo0b, OTJUYHAS OT BCEX JAHHBIX.
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0) Hama mocienoBaTesbHOCTE OECKOHETHBIX B 00 CTOPOHBI JBOMYHBIX Mernodek (6e3
sangroit). llemouku, ornmuatoniecss JApyr u3 Jpyra  CABHIOM, CUUTAIOTCS DABHBIMU.
JlokazkuTe, 9TO eCTh eIé ojHa IelodKa, He paBHas HU OJHOH JTaHHOIA.

15. KomiuiekcHble 4ucyaa B reomerpun—1. 12 uroJgs

Bynem oboznadaTh depe3 z KOMILIEKCHYIO KOOPJAWHATY TOUYKH Z KOMILIEKCHOW IJIOCKOCTH.
Touka O — HaYaJI0 KOOPJAMHAT, /I OCTAJbHBIX TOUEK KOODPJMHATA COOTBETCTBYET OyKBe.

Ynpaostcnenus
1) Ilycrs zg — HEKOTOpOE (BUKCHPOBAHHOE KOMILIEKCHOE IHCII0. Kakue mpeobpasoBaHust
KOMILIEKCHOH IJIOCKOCTH 3aJaI0T CJEAYIONHe (DYHKIIN:
a)w(z) =z+20; 06)w(z) =2, B)w(2)==z2-2, 170 20| =1;
r)w(z)=r-z, mer € R; 1) wz=z-27

2) Han upasuibhbiii tpeyrosibiuk ABC 1M KOMILIEKCHAst KOODJMHATA, BepiiuHbl A.
Hajijjure KOMILIEKCHYIO KOOPJAMHATY BEPLIMHbI B Jjijisl 1OJ0KUATEIHLHO OPUEHTUPOBAHHOIO
rpeyrojabiuka ABC, ecin 3a HAYaIbHYIO TOUYKY IIPUHSITA,

a) seprnna C'
0) nentp Tpeyronburnka ABC|
B) OCHOBaHWE BBICOTHI AA;.

3adavu
1. Touka C' jexxut Ha orpeske AB U JeJUT ero B OTHOIIEHUAN P : ¢, CAUTAs] OT BEPIIHHEI
9 p
A. Torna ¢ = ——a + ——b.
p+q p+q

2. Haiijure KOMIUIEKCHYIO KOODJMHATY TOYKM [I€PECeYeHUs MeJiuaH TPEeyroJibHUKA,
BEPIINHBI KOTOPOI'O UMEIOT KOOPJIMHAThL @, b u C.

3. a) Ksanpar ajumnnt orpeska AB? = (b — a)(b — a);
0) 2z = 1 — ypaBHeHUe eJMHUIHON OKPYXKHOCTH € 1EHTPOM B TouKe 0.
B) Harmummre obiee ypaBHeHHE OKPYKHOCTH.

Qa —
4.a) OA||OB & 7 JeHCTBUTEIbHOE TUCI0 < ab = ab;

b—a _ _
0) AB||CD < d — JeiicrBuTesibHOE ducao < (a — b)(¢ — d) = (a — b)(c — d);
—c
B) Kpumeputi koasuneaprocmu mpéxr mouex. Touku A, B,C nexar Ha OIHON
a—c a—=¢c
MPSAMOfi TOTJIa ¥ TOJILKO TOT/[A, KOTJIa ; =7

5.a) OA 1L OB & % — YHCTO MHEMOE 9HCIO <> ab + ab = 0;
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6) AB L CD@Z_G

— uucro Muumoe uncio < (a — b)(¢ —d) + (@ — b)(c — d) = 0;
—c

6. [Iycto A, B,C, D — 104K eJMHUIHON OKpyKHOCTH ¢ 1enTpoM B O.
a) AB||CD < ab = cd;
0) AB L CD < ab+cd=0.

—b)z+ab— ab
7. a) (a )_z +5a @ TOYKa, CUMMETPUIHAsT Z OTHOCUTEIbHO AB.
a J—
(@—b)z+ (a—b)z+ab—ab
0) 2@ b) — OCHOBaHUE IePIEHJUKYJISPa U3 TOYKU Z Ha PAMYIO
a J—
AB.

8. Ilycrb A, B — TOYKM eJUHUIHON OKPYKHOCTHU ¢ HeHTpoM B O.
a) z + abz = a + b — ypasHnenue nupsimoii AB;
6) az + aZ = 2 — ypaBHEHHE KacaTeJbHONH K OKPYKHOCTH B TOUYKe A;

B) §(a + b+ m — abm) — ocHoBaHue nepieHuKysipa u3 Touku M Ha npsimyo AB;

2ab

r
) a+b
9. Ilyctp tpeyrosmbuuk ABC' Buucan B €JUHUIHYIO OKpYKHOCTb. Jlokaxkure, dUTO

KOOpJIMHATa ero opToleHTpa pasHa h =a + b+ c.

— TOYKa II€peCcedCHUA KaCaTCJIbHbIX K OKPY>KHOCTH B roukax A u B.

10. Touku A, B,C, D nexar Ha OJHON OKpyKHOCTH (HJIK HA OJHON MpsAMOli) TOrga U

TOJIbKO TOrJIa, KOIJIa

ol
Ql

a—c b—c a-—-c
a—d b—d a—d b—d
11. Ilycrs BrmcanHast OKpy2KHOCTH TpeyroJibiuka ABC' siBjisiercst e uHUIHOM U KacaeTcs
cropon BC,AC,AB B roukax P,Q,R. lokaxure, 4r0 LEHTP OIUCAHHON OKPYKHOCTU
2pqr(p+q+7)
(p+a)(g+7r)(r+p)
12. Tpeyrosbhukun ABC u XY Z 110j106HbI 1 0Ji1HAKOBO OPUEHTUPOBAHbI (€ COOTBETCTBUEM

CTOPOH) TOIJIa M TOJBKO TOIJ[a, KO

b —
b —

rpeyrosibauka ABC uMmeer KoopuHaTy

c—a z—x v 1
; = Sb oy 11=0
—a Y-z .1
a a 1 ;
13. Hdau tpeyrombuuxk ABC. lokaxure, uto |b b 1] - 1 OpPUEHTUPOBaHHAS ITIJIOMIA/b
c ¢ 1

TPEYIroJIbHUKA.
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16. KoHTuHyaJibHbIE MHOXKecTBa. 13 uroJjisd

1. [JokaxkuTe, 9TO MHOXKECTBO BCeX OECKOHEUHBIX JIECATUIHBIX Jpobeil HeCUETHO.

2. a) Hokaxure, 4ro J11060€ HBECKOHETHOE MHOKECTBO COJEPIKUT CUETHOE T10JMHOKECTBO.

0) [Iycrs A u B — Henepecekatoimecsi Mmuoxkecrsa. Jlokaxkure, uro eciu B cuérno u A
beckoneuno, To A U B paBHoMoIHO A.

3. Jokaxwure, YTO MHOXKECTBO Todek Ha orpe3ke [0;1] paBHOMOIIHO MHOXKECTBY
OECKOHEUHBIX JIECATUIHBIX JIpOOeii ¢ HyJIeBOM 11eJI0i YacTbiO, a 3HAUUT, HECIETHO.

Onpedeaenue.  MnoxectBa,  paHOMOImHbe — orpesky  [0;1],  HasbBatoTcs
KOHMUHYAALHbLMU. TOBOPAT TaKXKe, YTO TAKME MHOMXKECTBA UMEIOT MOIIHOCTL KOHTHHYYMA.

4. JTokaxKure KOHTUHYAJIbHOCTh CJIEJYIOIIMX MHOKECTH:
a) unrepsaJa (0;1);
0) nostyunrepnasia [0; 1);
B) BEIECTBEHHBIX THCEJ.

5. [loctpoiite sBrO Gueknuio mexy [0; 1] u [0;1).

6. okaxure, 4T0 MHOXKECTBO BCEX IOJMHOXKECTB HATYPaJbHOIO Psijia PABHOMOIIHO
orpesky [0; 1].

7. B rocyupapcrse Jj1000€ 1OJAMHOXKECTBO I'DakjiaH CcOCTOMT B TajfiHom obmecrse. B
HEKOTOPBIE MOMEHT KaXK/IbIlii I'DakKJIaHUH JIOHOCAT POBHO Ha OJIHO TaliHOe ODIIEeCTBO.
Jokarkure, 9T0 Ha HEKOTOPOE TaiHOe ODIIECTBO HE MOCTYIINJIO JIOHOCOB.

Onpedeaerue. JlelicTBuTebHOE  UUCAO  HA3BIBACTCI  KOHCIMPYKMUCSHLIM,  €CJIT
CYIIECTBYET KOHEUHBIH aJITOPUTM, BBIYUCJIAIONINN ero ¢ JI0O0# TOUHOCTHIO.

8. Jlokaxxure, 4TO MHOXKECTBO KOHCTPYKTUBHbBIX YUCEJ CUETHO.

9. a) Haityure omubky B cielymomeM paccykJieHnu. 3aHyMepyeM Kak-Hubyjb Bce
KOHCTPYKTHUBHbBIE YUC/IA U PACCMOTPHUM CJIEJIYIONIUI aJrOPUTM BbIYUCJICHUsT TUCIIA, T «i-bIif
3HAK IOC/IE 3aIATON JICCATUIHON 3allMCU YuC/ia T paBeH 1, €C/iM y 1-1'0 KOHCTPYKTHUBHOI'O
qucsIa OH He paBeH 1, u paBen 2 unades. [losydaem nporuBopedne, Tak Kak TOT aJrOPUTM
BBIYUC/ISIET 9UCJI0, OTJUIHOE OT BCEX KOHCTPYKTHUBHbIX.

0) [IpuBe/ure IpuMep HEKOHCTPYKTUBHOIO YHUCJIA.

10. O6ozHaunM depes 2% MHOXKECTBO BCex HMOMMHOMXKECTB MHOxKecTBa X . JloKaxkuTe, 4TO
2% ne pasnomorino X.
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17. JluHeiliHble peKyppeHTbl. 13 uroJasa

Onpedeaerus. IlociepoBarenbuocrs {1, } HasbiBaercs pexyppenmots nopadka k, ecin T,
BbIPAXKACTCS UEPE3 Ly, Tty - - - Tt k—1 JJIst Bcex n € N,
PekyppeHTHOe COOTHOIIEHKE OPSIIKa, Kk HA3bIBACTCS AUHETHbIM, CCIII

Tp = Q1 Tp—1 + A2Tp—2 + ... + ATy},

rje a; — HeKOTopble (PUKCUPOBaHHbIE dncia, ar 7 0.
Xapaxmepucmuveckum  YpasHeHuem  ITOW  JIMHEHHOM  PEKypPPEHTbI, Ha3bIBAETCs

ypasuenue suia ¥ — a2 — apat 2 — ... —ap = 0.

3adavu
1. a) Jlokaxwure, 9TO JiBe PEKYPPEHTHI MMOpsijika Kk, 3aJaHHbIC OJHUM H TEM XKe
COOTHOIIIEHUEM, COBIIAJIAIOT TOTJIa U TOJBKO TOTJIA, KOI'JIa COBIAIAIT €€ IepBbie Kk 1JIEHOB.
0) [okaxkure, 9TO reOMETPUICCKAS IPOIPECCHsT Xy, = ¢, SIBJISICTCS PEIICHUEM JITHEHHOM
PEKYPPEHTBI TOIJIa U TOJBKO TOIJA, KOIJIa (¢ sIBJIAETCS KOPHEM XapaKTepUCTUUIECKOTO
ypaBHEHHSI.
B) Jokaxure, 4ro €ciu Y, U 2, HEKOTODPbIE DEIIeHWs JUHEHHOH DPEeKypPeHTbI, TO
Chyn + Coz, TaKXKe sIBJISIETCsT PEIEHUEM 3TOW PEKYPPEHTHI.

2. Ilycrb xapaxrepucTUUeCKOe ypaBHEHUE JIMHEHHONW PEKYyPPEHTbl BTOPOI'O IOPsIKA
Tp = @1Tp_1 + AoXp_9 HMMEET JiBa Pa3JIMUHBIX KOPHA (1, ¢o. Jokaxkure, 410 JIHOOYIO
110CJIEJI0BATE/ILHOCTD, YJIOBJIETBOPSIONIYIO JIAHHOMY PEKYPPETHOMY COOTHOIIEHUIO, MOXKHO
LPEJICTABUThL B BUJIE:

n n
T, = C1qy + Cagy,
rie C; — HeKOTOpble KOHCTAHTBI, KOTOPbIE ONPEEIAIOTC 110 HaYaJbHbIM YCJIOBUSIM.

3. a) Haiiiute Bce reomerpumueckue MPOIPECCHH, YIOBICTBOPSIONIAE DEKYPPEHTHOMY
COOTHOIIEHUIO Tpio = Tpi1 + 122,.

0) Haiimure dopmyay n-ro dieHa MOCTEIOBATEIHHOCTH, 33 aHHON DPEKYpPPEHTHBIM
cooTHolenneM r1 = 1,29 = 1, Tp190 = xpy1 + 122,,.

4. Ilyctb x, — peKyppeHTHas IOCJIEJ0BATEJILHOCTL BTOPOrO IOpsJIKA, U KOpHHU €6
XapaKTePUCTUICCKOrO YPABHEHMs COBHAJIAIOT, T. €. ¢ = (2 = (. JJOKaxKnuTe, 4TO MOXKHO
nooopath Takue dnciaa Cp u Cy, aro z, = ¢"(Cy + nCs).

3amevwanue. /s peKyppeHT 60jiee BLICOKHUX IIOPSJIKOB MOXKHO J0Ka3aTh aHAJOIMIHbIC
yrBepKaeHus. Eciu x, — peKyppeHTHas IIOCIeJ0BATE/]bHOCTL IOpsaKa Kk, u eé
XapaKTEepUCTUICCKOe ypaBHEHHE HMeeT Kk pas3JIMuHbIX KOpHe#H ¢i,qo,...,Qr, TO JIIOOYIO
[IOCJIEJIOBATEIbHOCTD, YJIOBJIETBOPAIOIIYIO JaAHHOMY PEKypPPETHOMY COOTHOIIEHUIO, MOXKHO
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IPEJICTABUTDL B BUJIC
x, = C1q7 + Cogqy + ... + Crqy,

rje C; — HeKOTOpbIe KOHCTAHTBI, KOTOPBIE OLPEIE/ISIOTCs 110 HadaJbHbIM yeaosusM. Ecun ¢
— KOPEHDb KPATHOCTH 1M XapaKTEePUCTUICCKOrO YPABHEHUSI, TO 3TOMY KOPHIO COOTBETCTBYIOT
nuHefino HesapucuMmble pemenus {q"}, {ng"}, {n?q¢"}, ..., {n™ 1¢"}.

5. Haiijinre siBHyto (popMysly m-ro 4jeHa 1Mocje0BaTe/IbHOCTH, 3a/laHHON PEKYPPEHTHbBIM
COOTHOLIEHUEM
a) Any2 = Sapy1 — 4ay, a1 = 1,00 = —1;
0) Gnt2 = Ang1 — Gp, a1 = 1,09 = 3;
B) Apyo = 8apt1 — 16ay,, a1 =2, a9 = 3.

6. Haitjure dpopmyiy obiero wiena st ducess PudoHaqqm.

7. [ocrenoBarenbrocTs onpejenera dhopmysioi a, = (5+ v/ 17)" + (5 — /17)". Haiigure
PEKyPPEHTHOE COOTHOIICHUE JUI a,. Jlokaxkure, 9ro a,, n € N, memurca ma 2" HO He
nesures Ha 27

8. CKOJIbKUME CIIOCODAMU MOYXKHO 3allOJHUTH KOPOOKY padMepoMm 2 X 2 X n Kuprinudamu
pasmepom 1 X 1 x 27 Haiijure siBHy10 OPMYJLY N-I'0 4IEHa MOCIEI0BATEIbHOCTH.

9. HarypaJsbable ducia a u b He pasibl 1. [locienosarenbaocts {x, } 3a1ana Hada bHBIMU
ycaoBusaMu g = 0 1 1 = 1 1 cooTHOIIEHUAMU

Top = AT2p—1 — Top—2, Topt+1 = DTy — Top—1, n € N.

Jokaxkure, 4To 1P JIIOObIX HATYPAJILHBIX 110 U N IPOUBBEJEHUE Tpim * Tpim—1 * - - - * Tpal
JICJIATCA HA Ly * Tyl * -« - - * 1.

18. Ilpmanun kpaiinero B rpadax. 14 uiouad

Eciu Bbl XOTHTE paccMOTPeTb KaKOH-TO 3jJeMeHT B rpade, pacCMOTpUTE KpalHMii.
Hampumep, MOXKHO paccMaTpuBaTh HAUOOJBIIAN TyTh, MaKCHMaJbHOE IapocovyeTaHue,
HaUMEHbIIUH [UKJI, BEPIIMHY HanOOJIbIIeH / HaUMEHbIIIE CTEIIeHU U TaK JaJiee.

Ynpaotcnenue. B rpade G crenendb kaxoil Bepiiunbl xorst 61 ¢ (¢ > 2). [lokaxkure,
40 B (G CyIIECTBYET POCTOM IIyTh JJIMHLI XOTd Obl ¢ 1 IIPOCTOM IUKJI JIMHBL XOTs Obl ¢ + 1.

3adavu
1. Bce npocrbie nukiibl rpada MMeT JJIMHY, KPaTHYIO HaTypaJbHOMY 4YUCIY 1 = 3.
Hokaxkure, 4ro B rpade ecrb BepilinHa creleHn He dosiee 2.

2. Apxunenar cocrout u3 1000 ocTpoBOB, HEKOTOPbIE IAPLI KOTOPLIX COEJIMHEHBI MOCTAMH,
IPUIEM OT JIFOOOTO OCTPOBA MOXKHO JI0OPaThCs IO MOCTaM J0 Jitoboro Jipyroro. OKasaJioch,
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qTO JIJIs1 JTIOOBIX 9eThIpéx ocTtpoBoB A, B, C', D takux, 4ro ectb MocT Mexkay A u B, mexy
B u C, mexny C' u D, takxke ectb MocT Mexkay A u C' wnn mexxay B u D. Jlokaxkure, 910
€CTb OCTPOB, COEIMHEHHDBI MOCTAMEI CO BCEMH OCTaJIbLHBIMI.

3. B rpymne u3 1002 gesioBek, roBopsiux Ha Pa3HbIX S3bIKAX, JIFOObIE TPOE MOI'YT ODIIATHCs
(BO3BMOXKHO, OJIMH TIEPEBOJUT JIBYM JApyruM). Jlokasarh, 9T0 UX MOXKHO pa3bUTh Ha Mapbl, B
Ka K10l 13 KOTOPBIX UMeeTCs OOIUil sI3bIK.

4. Anjpronia HApUCOBAJ KapTy U3 HECKOJBKHUX TOPOJOB U JIOPOT MEXKJy HUMH (JIOPOT
MOJIyIMJIOCH HE MEHee JIBYX, KayKJas JOopora COeJHsieT pasjudibie ropoja). Ha kaxiom
ropojie OH HAaIIMCaJ, CKOJLKO JOPOr U3 Hero BLIXOAUT. Morio jum mogayduThed Tak, 9TO Ha,
9TOI KapTe HeT JIBYX JIOPOr ¢ COBIIAIAIONIMMU HAOOpaMH YKCesl Ha KOHIAX!

5. B rpade n BepiuH, Hn pédep U HET NUKJIOB JJIMHbI MeHee nsaTh. JloKaxKuTe, 9To B 9TOM
rpade ecTb 5 He IePeceKaoNMMUXCs 110 BEPIIMHAM ITHKJIOB.

6. Kaxmprit u3z 100 genmoBek mocias Komy-To apyromy u3 3tux 100 desoBek muCbMO.
zBecTHO, UTO ecju BbiOparTh U3 HUX JIOObIX 40 4desioBeK, TO B 3TOH KOMIAHUU HaliyTCsd
1 OTIPABUTEb, U IOJIyUaTe/Ib OJIHOIO muchbMa. [Ipu KakoM HaumMeHbIIeM k 3aBeJIOMO MOYKHO
BbIOpaTh k muceM Tak, 9ToObl KaxK iblil 13 100 desioBeK oKazaJics JitOO OTIpaBUTEEM, JTHOO
oJjiydaTresieM XOTs Obl OJJHOIO U3 STUX IHCEM?!

7. B uzosnsgrope cobpaJjioch HECKOJILKO Jiereil. OKa3ajoch, 4To JIOObIE JIBa JUTs, KMEIOIINX
OJINHAKOBOE UMCJIO JIpy3eil B U30JTOpe, He UMEIOT 00IuX JApy3eil. JJokaxkuTe, 4T0 HAAETCS
CKydaloluii bejoJiara, y KOToporo He 6oJjiee oJHOro JIpyra.

8. B crpane 300 ropojoB, HEKOTOpble M3 HHUX CO€JMHEHbI joporamu. (OKazajochb, UTO
JUIs J1I0DOI 4eTBEPKU TI'OPOJIOB OT JIFOOOI'O I'Opoja 3TOi YeTBEPKH MOXKHO JI00PaThCs JI0
JII0OOr0 JIPyIroro ropoja 3TOi 4YeTBEpKM, He Ipoe3xKas depe3 ocrapiuecs 296 ropojios.
Hokaxkure, 4T0o MOKHO BbIOpaTh 100 ropojioB Tak, 4ToObI JiIOObIE JiBa BBHIOPAHHBIX [OPO/Ia,
ObLIM COeUHEHBI JIOPOIOI.

9. Pébpa nostHoro rpada ¢ n BeplUInHAMU [TOKPAIIEHbI B HECKOJILKO IIBETOB TaKUM 00pPa30M,
YTO KaXKJIblil 1IBET BCTpedaeTcs He bosee n — 2 pa3. Jlokaxkure, 4TO €CTh TPU BEPIIUHBI, BCE
pébpa MexK/J1y KOTOPbIMU IOKPAIlIeHbl B pa3jMdiHbIE I[BETa.

10. Jlenuc m Maxcum urpator B urpy Ha rpade ¢ 2023 peprmHamu. [lepBbiM Xoj0M
Henuc ycranapyiuBaeT (uiky. /lajee urpoku 1o odepeju mepejBUraioT (pUIIKy 10 pédopam
rpada, HaunHasg ¢ Makcuma. Hesb3s 3aX0/iuTh B BEpIIMHY, B KOTOPOil y:Ke OblLia (DUIIKA.
[IpourpeiBaeT TOT, KTO HE UMeET X0jia. KTO BbIMI'DLIBACT IIPU IPABUJILHON Urpe?
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19. KomiuiekcHble 4ucyia B reomMerpun—2. 14 uroJs

Ynpaostcnenus
1) Ha croponax mapaJjuiejlorpaMMa BO BHEIIHIOID CTOPOHY MOCTPOCHBI KBAPATHL.
JlokakuTe, 4TO IMEeHTPbI IOCTPOCHHBIX KBaJIpaToB 00pa3yroT KBa/ IpaT.

2) anbr okpyxkuocTh ¢ merrpom O u touka M. Jlokaxkure, 9TO CyMMa KBaJ[pATOB
paccrosinnii o Touku M 10 KOHIOB XOp/bl, HapaJjienbHoii OM, He 3aBUCAT OT BBIOOpA
XOP/IbI.

3adavu
1. Touku M, K, N u L — cepenunnt cropon AB, BC', CD u DFE naruyronsuuka ABCDE
(e obs3aTesbHO BBIMYKIOrO), P u () — cepenunbl orpeskoB M N u K L. Jlokaxure, 910
orpe3ok P() B deThIpe pasa MeHbIe cToponbl AF u mapaJiiesneH eii.

2. Yerpipéxyroabuuk ABC D Brnucan B OKpy>KHOCTb.
a) Hokaxwure, aro opronentpsl Tpeyronsuukos BC'D,CDA, DAB, ABC' nexar Ha
OJTHOW OKPY2KHOCTH.
0) okaxure, 9TO paiyc ITOI OKPYKHOCTH DABEH DPAJYCy OIMMCAHHONW OKPYKHOCTH

ABCD.

3. Hokarkure, 94To B JiIoOOM TpeyroyibHuKe ABC' BBIIOIHAECTCST COOTHOIICHHIE
OH? = 9R* — (AB* + BC? + CA?),

rie O — MEeHTP OIMUCAHHON OKpy:KHOCTH, IR — €€ paguyc, H — opToleHTp TpeyrojbHuKa.

4. Teopema Hwvromona. lokaxkuTe, 9TO B OMMCAHHOM YETBIPEXYTOJLHUKE CepeJIuHbI
JuarotaJieil u MeHTp BIUCAHHON OKPYKHOCTHU JIeKaT Ha OJIHON IPAMOIA.

5. B npsamoyrosbaom tpeyrosbanke A BC na karerax AC' u BC (AC > BC') B3sTbl TOUKH
M u N tak, aro AM = BC u CM = NB. Jokaxure, 910 yroyg mexjy orpeskamu AN u
BM papen 45°.

6. Ilycts A, B,C, D — ugernipe Toukn Ha okpyxkHocTH ¢ nearpom O. Touku Aq, Ap —
npoekiuu Toukn A wa BC' u BD coorBercTBenno; Touku Bo, Bp — mpoekiuu Toukn B Ha
AC u AD coorsercrenno. Touku Hy u Hg — opronenrpsl Tpeyroapankos AC'D u BC'D
coorBercTBerno. Hokaxkure, uro eciu AcAp L OHp, o BoBp L OHy.

7. Illyctrb P — mTouka BHyTpm Tpeyrosbuuka ABC. llpamas ~ mpoxomur depes
touky P. Ilycts A’, B',C’ — rmouku nepecedenus npsimbix, cummerpuunnix PA, PB, PC
orTHOCUTEILHO Y, ¢ upaMbimu BC, AC, AB coorsercrsenno. Jokaxure, uro A', B', C' nexar
Ha OJTHOM MPAMOIA.
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20. IlocrpoeHus ogHUM IUPKYJaeM. 15 mroJjid

Byjem rosoputh, uto «ipsiMasty cauraercs 3adannotl (WM MOCTPOEHHOI), eciu Ha Heil
yKazaHo (uiam nocrpoeno) xorst Obi jse Touku. «OTPE30K» CUMTAETCH 3aJAHHBIM, €CJIu
YKa3aHbl €ro KOHIIbL.

1. Basosoe nocmpoenue. lana okpykuoctsb S ¢ iearpom O 1 ToUKa A BHE OKPYKHOCTH.
[TocrpoiiTe 0bpa3 Toukn A npu MHBEPCHUU OTHOCHTEIHLHO OKPYKHOCTH S.

2. Hanbl e Touku A u B.
a) Yuoiite «orpe3ok» AB;
0) Paznenure «orpesok» AB mnomosam;
B) [lomenure «orpe3ok» AB Ha n paBHBIX YacTeil.

3. Hana okpyxuoctb S ¢ nearpom O u Touka A BHyTpu oKpyzkHOCTH. [Tocrpoiite obpas
TOYKM A 1IpU MHBEPCUKM OTHOCHTEIHHO OKPYXKHOCTH S,

4. a) locrpoiiTe ocHOBaHUE MEPHEHANKY/IAPa Ha «IpsaMyio» AB u3 touku C, He sexkarieit
Ha 3TOU MPAMOIL.
0) [ocrpoiite «mpsMyio» depe3 TOUKy A, NeprneHnKyIapHyo «mpsaMoity AB.

5. a) Haubl okpyxuocth S ¢ nenrpom O u «ipsimasty AB, e npoxopsinas depes O.
[Tocrpoiite 0bpa3 «ipsimoity AB 1pu MHBEPCUU OTHOCHUTEIBHO S,
0) [IpoBejure OKpYKHOCTL Yepe3 3 JlaHHbIE TOUKH.
B) [Tocrpoiire 1eHTp JlaHHON OKPYKHOCTH.
r) Haubl okpyxnocrs S ¢ nenrpom O u OKpyxkHOCTH S He npoxojsiast depes O.
[TocTpoitre 0Opas 0OKpyKHOCTH S7 IPU MHBEPCUKM OTHOCUTEJILHO S.

6. a) [Jamsr okpyxuOCTh S 1 «mpsMasi> AB. [locrpoiiTe TOUKH mepecevdeHus «IIpsaMoii»
AB ¢ okpyKHOCTBIO S.
0) Hamsr qse «mpsvbie» AB u C'D. IlocTpoiite TOUKY mepecedeHnst ITUX «IPSMBIX».
B) Teopema Mopa-Mackeporu. JI1oboe TOCTpOCHEE, BBITOJIHIMOE C TIOMOITIBIO [TUPKYJIs
U JUHEUKH, BBITOJHIMO C IIOMOIIBIO OJTHOTO IUPKYJIS.

Braemanii marooit M8 — M9. 15 urog

1. B JIMII ectp 2024 kopmyca, 3anmymepoBaHHble duciaMu oT 1 jo 2024, a Takxke
2024 ropHuYHBIE, k-1 U3 KOTOPBIX yMEET MEHATH COCTOsHUE (T. €. OTKPBIThIE 3aKPbIBATD,
a 3aKPBITBIE OTKPBIBATH) BCEX KOPITYCOB, HOMEpa KOTOPBIX JeJATCA Ha k. 3aBX03 MOXKET
noTpeboBaTh OT FOPHUUYHBIX OTKPBITH JIIOObIE KOPIIyca 110 cBoeMy BbiDOpy. Kakue Kopiryca
JIOJI2KEH HOTPedOBaTh 3aBX03, YTOObI KOJIMUYECTBO IT'OPHUYHBIX, KOTOPBIX HEOOXOAUMO OyIeT
HCIIOJIb30BaTh, ObLI0 HaumbobmuM? Tpedyercd yKa3aThb Bce TaKhe CIACKU.
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2. Ilpm Kakux n BBIIYKJbIA N-yrOJBHUK MOXKHO pPa30UTh HelIepeceKaronuMUICs
JIMaroHaJIIMK Ha TPEYTOJbHUKHU TaK, YTOObI U3 KayKJIOH BEPIIMHbLI UCXOJMIO YETHOE UKCJIO
JmaroHaJieii?

3. Ha kBajipaTHOM KOHTHHEHTE BCE CTpPaHbI IPAMOYIOJIbHBI. JIBe CTpaHbl CUUTAIOTCS
COCEJIsIMM, €CJIM HMEIOT OOIIUil OTPe30K I'paHullbl HeHyJeBoil JjuHbl. HazoBéMm crpany
sAUAMENbHOT, €CJI Y HeE He MeHee JiecaTu cocejieit. MoryT jin He MeHee TpeTu BCeX CTpaH
OBLITh BJIUATEILHBLIMA?!

4. B ocTpoyrosbaoMm tpeyrosbanke ABC, BoucaHHOM B OKPYKHOCTH ', Touka [ — 1eHTp
BIIMCAHHON OKpYy:KHOCTH, Kacaomeiicas AB B Touke F'. Buccekrpuca Buerraero yria ACB
nepecekaer jsiyd AB B rouke L. Touka K na nyre C'B okpyxuocru I, He cojepxaieir A,

takoBa, uto ZCOKI = ZIK L. Jlya K1 nepecekaer I' Bropuuno B Touke D. Jlokaxkute, 9410
LZACF = /DCB.

5. CyiecTByer Jin HaTyPaJbHOE YUCI0 1, JIjIst KOTOporo uncia 1,2, ...,2n — 1, 2n MOXKHO
1o kpaitneit mepe 2024 ciiocobamu pa3dUTh Ha Hapbl TakK, YTOObI CyMMa YHUCEs B KaxKJOW
nape ObLjIa TOYHBIM KBaJpaToOM?

6. B psiyi Boinncanbl 2023 yuciia, Kaxjioe u3 Koropbix paBuo 1 wim —1. st jiroboro duciia
B PsIJIy MOXKHO HAWTH HAUMHAIOIMICS ¢ 9TONO YKMC/Ia, WM 3aKaHIUBAIOIIMICT STUM TUCIOM
OTPE30K M3 HECKOJIbKKUX IOCJIEI0BATE/ILHBIX THCe] (MOXKET ObITh, OJIHOI0), CyMMa KOTOPbIX
HeroJoKuTesibHa. Kakyo HauboIbIIyI0o CyMMy MOI'YT UMETh BCE YUC/Ia7

7. B mexoropsix kierkax jocku 2020 x 2020 mposesn 1o ojiHoit quaronasu. JIyd, magatomntmit
Ha IIPOBEJICHHYIO JIMaroHaJb C JII0DO CTOPOHBI, OTPaXKaeTCs OT Heé IO MPABHJIY <«YIOJ
najeHns paBeH yIyIy OTpazkennud». B cepeume JeBoit CTOPOHBI JI€BOI KJIETKHU KaK 101 CTPOKH
YCTAHOBJIEH JIa3ep, Jyd KOTOPOT'O BLIXOJIUT BIIPaBO, a B Cepe/InHe MpaBOil CTOPOHBI MpaBoOi
KJIETKN KaXKJO CTPOKH — Jia3ep, Jiyd KOTOPOTO BBIXOJHUT BJEBO. JIyd KaxKJj0oro Jazepa
MMEeT HOMEp, PABHBIl HOMEpPY CTPOKH, B KOTOPOW OH HAYMHAETCS (CTPOKHU MPOHYMEPOBAHDI
cBepxy BHU3). Jlyd CTAHOBUTCS KPACHBIM, €CJM OH BBIXOJUT U3 JIOCKU Ue€pe3 BEPXHIOK €6
CTOPOHY, M 3€JEHBIM, €CJIH 4depe3 HIKHIO. V3BecTHO, UTO KaXXJblii JIyd CTasl 3eJEHbIM
Ui KpacHbIM. JlokaxkuTe, 9TO cyMMa HOMEPOB KpaCHBIX JIydeil MeHbIIe WM PaBHa CyMMe
HOMEPOB 3€JIEHBIX.

8. Ilpoussesenne (12 + 1)(22 4+ 1)...(n? + 1) gemuTca Ha KBajpaT HPOCTONO UUCHA P.
Hokaxkure, ato p < 2n.
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Buayrpennnii mar6oii IIPO®U-9 — I1OJIVIIPOPUM-9. 15 ntojs

1. IIycTb n — HaTypaJibHOE YHUCIIO,

(14 2+ 23" = ag + a17 + agx® + . .. + ag, ™.

Jokaxkure, 9TO a% — a% + a% — a% + .= Cb%n_l + a%n = Qnp.

2. Ilyctb aq,as, ... — OECKOHEYHAs IIOCJE0BATEIbHOCTh HATYPAJbHBIX YUCEJ TaKas, ITO
JUTS BCeX HATYPAJbHBIX YHCEN 11 U 1 TUCTIO GGy — 1 J@TATCT Ha Aty JOKaXKHUTE, ITO BCE
YJIEHBI TIOCJIE/I0BATEIbHOCTH, HaUMHasd ¢ HEKOTOPOIro, paBHbI 1.

3. Ha ocrpoe Aurpomoprem xkuyt 800 4esioBeK, KaxKJIblif U3 KOTOPHIX — PhIlapb WJIN

ket Maceol sxuresneit pasubt 2,4, 8, .., 250

B HEKOTOPOM HEU3BECTHOM HUKOMY IOPsJIKE.
Kostonuzarop npubbiji Ha OCTPOB C JIByXUallleUHbIMU BecaMu 0€3 I'MPb, KOTOPbIE 110Ka3bIBAIOT
BEPHbIIl 3HAK, €CJIM Ha Becax pblllapeil He MeHbllle, YeM JI2KEIOB, U [IPOTUBOIIOJIOXKHbIHA, ecJiu
JDKEIOB Ha Becax boJibiiie, yeM pbitapeit. Moxker jiu on 3a 10 B3BeluBaHuil rapaHTUPOBaAHHO
ONpEJIENIUTh CaMOoro Tskéaoro kurtens! (Bo Bpems B3BemmBanusi obe dalim BECOB HE

JIOJIKHBI OBITD IyCTHL. )

4. B npsamoyrosbaoMm Tpeyroabanke ABC u3 Bepmunbl mpsiMmoro yria C omyIneHa BbICOTa,
CH. B mpeyrompuukun ACH u BCH Buucamu okpyzxkuoct; O u Oy — ux medaTpol; P u

Py, — ux roukn kacanus ¢ AC' u BC. Jlokaxure, uro npsimple O1P; u O Py miepecekaiorcst
na AB.

5. Bousmebnoit crpane 100 roposos. Hekoropbie M3 HUX coejrHEHbI 0OECIIOCAI0UHBIMU
JIBYXCTOPOHHUMU aBuajnnusiMmu. Hazosém ropoj A docmotinvim eénumanus, eciu npu Jiodoi
HyMmepaluu ropojios Bouiiebnoii crpanbl uuciaamu 1, 2, . .., 100 naiijércs ropoji ¢ HOMEPOM
m, JI0 KOTOPOro m3 A MOXKHO J00paThcs PoBHO 3a m 1nepenéros. Hanpumep, B Mapiipyre
A—B—A— B — A— B poshHo 5 nepenéros. OkazaJjioch, uro B BoJiebHoit crpaHe ecrb
POBHO k rOPOJIOB, JIOCTORHBIX BHUMaHK. JlokaxkuTe, 4T0 ropoja BoiedHoit cTpaibl MOXKHO
pa3ouTh Ha k + 2 NPOBUHIUU TaK, YTOOBI ABUAJUHUN COEJIUHSIIA TOJHKO FOPOJa U3 PAa3HbIX
IIPOBUHITHIA.

6. Jljsi mOJIOXKUTEBbHBIX 4ncesl a, b u ¢, IpousBeJieHne KOTOPBIX pPaBHO 1, JIOKaXKHUTe
HEPaBEHCTBO

1 1 1 1
<

P12 1214 B2 t2et 4 Pr2@ 20143
7. Ilycte I' — ommcannast okpyxkuHocTh Tpeyronbiuka ABC. Oxpyxuoctb () Kacaercs

croporbl AB u Kacaercs okpyKHocTh ' B TOUKe, jexKareii ¢ Toukoir C' 110 OJIHy CTOPOHY OT

AB. Buccekrpuca yriia BC A nepecekaer {2 B 1Byx pa3nnunbix Toukax P u (). lokaxkure,
qro LZABP = ZQBC.
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8. Cala xo4yeT paccTaBUTh B KaxKJIyIO KJETKYy OECKOHEYHOI KJIeTJYaToOl ILJIOCKOCTH IIO
HATYpPaJIbHOMY YHCJy TaK, 4TOObI BCE YHCJa ObLIU Pa3JUYIHbl U JJIs KaXKJI0l KJIETKH XOTsI
Obl B k COCEJIHMX C HEil 110 CTOPOHE WJIK 110 YIJIY KJIeTKaxX CTOsJIM YHCJa, KpaTHbIE YKUCJY B
1ol Kaerke. [Ipu kakom HauboJbIIEM k TaKOe BO3MOXKHO?

9. Bacst BbiOpaJi HaTypaJ/JbHOE M W XO4UeT HallMCaTh Ha BOJIIEOHON JIOCKE HATypaJbHOE
YHUCJI0, KOTOPOE J0CKa Oy/IeT Ipeodpa30BbIBATD 110 TAKOMY IIPABUJIY: €CJIM B KAKOH-TO MOMEHT
Ha, JIOCKE OKA3aJ0Ch YUCI0 T < 2™, 4epe3 MUHYTY OHO 3aMEHUTCHA Ha 4UCIO T2 + 2™, a ecin
qucyio x 2= 2™, To Yepe3 MEHYTY OHO YMEHBIINTCA poBHO BiBoe. [Ipn kakmx m Bacs moxer
HallCcaTh Ha JIOCKE TAKOe UHCJIO, YTO OHO BCerja OyjeT ocTaBaTbCs HEJIbIM !

10. Ha 1miockocT OTMEYEHO KOHEYHOE MHOXKECTBO To4ek. J[uckom Ha30BEM KpYT,
IOCTPOEHHBIH HA OTPE3KE, COCJMHSIONIEM JIBe OTMEYCHHBIX TOUKM, KaK Ha jamerpe (Kpyr
COJIEPXKUT CBOIO rpanuily). KakuM HaMMEHbIIUM YUCJIOM JIMCKOB TapaHTUPOBAHHO YJIACTCs
HOKPBITH BCE OTMEYEHHBIE TOUKH?

Braemuanii marooit M9 — M10. 15 uroiga

1. /lanpl moyioXKuTEeIbHBIE YUCIa ] < ag < ... < ay,. Jlokaxure, 910
1 1 1 \* 1 1 1 1
+...+t— <—+ + 4+ .+ —.
I+ar 1+4a 1+ ay ar  ax—ar a3 —a ap — Ap-1

2. Ilyctp I' — omnmcannast okpyHOCTh Tpeyrosibinka ABC. Okpyxuoctsb ) Kacaercs
croponbl AB n Kacaercst okpyxkHoct# I' B Touke, jiexkateit ¢ Toukoit C' 110 0jiHy CTOPOHY OT

AB. Buccekrpuca yria BC A nepecekaer {2 B 1Byx pa3nnunbix Toukax P u (). lokaxkure,
qro LZABP = ZQBC.

3. C kjeryaTblM I[IPAMOYIOJBHUKOM pa3pellaeTcs IPOJeJbiBaTh TaKyl OIEPAIHio.
Paspesarb Ha Tpu KJIeT4aTbIX MHOIOYTOJBHUKA, JIBA W3 HUX CJIOXKHUTH B IPIMOYTOJbLHUK,
a TpeTuil — BBIKMHYTL. JloKaxKuTe, 4TO, HaUWHAs ¢ KBaJipara 2n X 2n, MOXKHO IpPOJEIaTh

n? TaKux olepanuii mojipsii.

4. I'pad G MOXKHO HAPHUCOBATH HA IJIOCKOCTH TaK, IYTO KaK10e pedpO — OTPE30K e TMHIIHON
JUIHHBL (pEOpa MOTYT MEPeceKaThbCsi U HAKJIAJBIBATHCS JIDYT Ha JIPYTa, PA3HbIC BEPIIHHBI
JIOJIPKHBI COOTBETCTBOBATDH PA3JIMIHBIM TOUKaM ). MOXKET Jii 0Ka3aThCsi, 9TO B JIIOOOM TAKOM

1
2024

5. JlokaxkuTe, UTO CYyIIECTBYeT COCTABHOE UHCJIO, KoTopoe mocje mpudasienns: 100!

PUCYHKEe HaiiJlyTCsd JiBe BEPIIMHbI HA PACCTOAHUN ?

CTaHOBUTCA IIPOCTBIM.
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6. OKpyKHOCTb W KacaeTcs bosbieil oKpyzkHocTH ) BHyTpeHHHM obpasom. Xopanl AM
u AN okpyxnocru {) Kacaiorcs w B Toukax P um () coorBercTBeHHO. JloKaxkure, 9TO

PM + NQ > PQ.

7. ObosnaunM depes F(n) KOJIUIECTBO TAKMX HEIYCTHIX MOJMHOYXKECTB MHOXKECTBA

{1,2,...,n}, aro HO/JI Bcex seMeHTOB TAKOTO IMOJMHOKECTBA, B3AKMMHO MIPOCT C YUCJIOM 7.
Hokaxure, aro »  F(d) =2" — 1.
d|n
8. Muorowien ¢ nesbimu koahdunuenramu f(x) rakos, uro f(10) = 10. Haiijgure

HanboJIbIIEe BO3MOYKHOE KOJMHYECTBO LeIbIX pellennil ypasuenns f(z) = x2.

9. Ha miockocru ecrb 46 Touek, Hukakue 4 U3 KOTOPbIX HE JiexKaT Ha OJHOM IPIMOIl.
Jlokaxkure, 4To U3 HUX MOXKHO BbiOparTh 10 TOouek, HUKaKUe TPU U3 KOTOPbIX HE JIEXKAT Ha,
OJIHOM HPSIMOW.

10. Ausi u Bensi 1o ouepeju Boibupator uncia uz nabopa {0,1,2,... 81}, kaxiplii cBoum
XOJIOM BbIOMPaeT 0JHO ellé He BeiOpanHoe uncio. Haunnaer Anst. Korna Bee ducia BbIOpaHbI,
Anst cunraer cyMMy BbIOpaHHbBIX e unces — unciio A, a Benst cuuraer cymMmy BbIOpaHHbBIX UM
ancest — aucsio B. Aust xouer jio6urbest roro, urobbl HOJ[(A, B) 6bu1 kak MOXKHO GoJiblIIe,
a bensi — 4T0o0ObI KaK MOXKHO MeHbIe. Kakoil pesy/ibrar MOryT rapaHTupoBaTh cebde pebsita,
HE3aBUCHMO OT JIefiCTBUI conepHuKa’?

21. KBajapaTtudHble BblUeThl. 17 M0JId

B sTom smcTouKe p — MpocToe YmcsIo, He paBHOE 2.

Ynpaotcnenue. a) s KaxkJoro HEHYJIEBOrO OCTATKA @ MO MPOCTOMY MOJYJIO P
CyIIECTBYeT eJMHCTBEHHDI 0OpaTHbIH 0CTATOK, T. €. Takoil octatok b, uto ab =1 (mod p).
O6oznauenne: b = a~ L.

6) OcTaTKu M0 TPOCTOMY MOJIYJIIO MOXKHO JIGJIUTD, T. €. cpaBHeHue axr = b (mod p) uMeer

€IMHCTBEHHOEC pEIIeHue.

Onpedenerue. HenysieBoii BbIYeT @ HA3bIBACTCA K6AIPATNUYSHLM GbIYEMOM 110 IIPOCTOMY
MOJYTIO P, eclli cymecTByer Takoe b, uro b?> = a (mod p). B mporusmoM ciydae
G Ha3bIBaeTCA K6adpamuyHoLM Hesbiwemom. TakuMm o0pa3oM, BbIYETHI 110 MOJYJIIO P
pa3dbuBaloTCsd Ha 3 IPYIIbL HYJIEBOW BbIUET, KBaJpaTUUHbIE BbIUYETbI M KBaJIpATHIHBIC
HEBBIIETHI.

3adavu
1. Haitmure Bce KBajipaTHdIHble BBIYETHI IO MOJYJIAM o, 7, 11, 13.

2

2. a) Jlokaxkure, 9T0 Jjisi HEHYJIEBOIO OCTATKA ¢ KBajpaTHOE cpaBHeHue r° = ¢ (mod p)

HMEET POBHO JIBa pelli€HuA 110 MOJYJIIO P WJIM HE HMEET NX BOBCE.
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0) CKOJIBKO CYIIECTBYET KB[PATUIHBIX BBIUETOB IO MOJYIIO P?

1

3. JlokaxkuTe, 9TO €C/IM T KBaJIpATHIHDLIA BBIUET, TO £ KBaJIpATHIHDLINA BbIUET.

4. Jlokaxure, 410
a) MPOU3BEJICHUE JIBYX KBAJPATHIHBIX BBIICTOB — KBAJ[PATUIHBIN BBIUET,

6) IpousBei€HNEC KBaJAPAaTUIHOI'O BblY€Ta U KBaJAPAaTUIHOI'O HEBbIYETA — KBa,,[LpaTI/I‘IHbIﬁ
HEBbLIYECT,

B) InpousBeaceHne AByX KBaJAPAaTHIHbIX HEBBIYETOB — KB&,ZLpaTI/I‘{HbIﬁ BbIYeT.

5. a) [Ipu Kakux p KOJMIECTBO KBAJPATUIHBIX BBIUETOB YETHO?
0) Hokaxure, uro —1 KBaJpaTuuHblii BbIYET TOJA U TOJLKO Torja, Korjga p = 4k + 1.
B) Ucnonbdys teopemy Bumbcona o tom, uto (p — 1)! = —1 (mod p), npemioxure
dopmyiny juisd Kopus u3 —1 npu p = 4k + 1.
6. a) Kakue npocrbie uucia BCTPEUAIOTCS B Pa3/ioxkeHuu Bbipaxenuit sujga n® + 1 na
POCTBIE MHOXKUATEIU?
0) Jokaxkure, 9T0 mpocThix duces Buja 4k + 1 6eCKOHETHO MHOTO.

7. Haiiiure cymMMy KBaJpaTHIHBIX BBHIYETOB 11O MOJIYJTIO P.

8. Ilokaxure, uro cpasuenue az> + bxr +c =0 (mod p)
a) MMeeT JiBa PEIIeHUs 110 MOJLYJIIO P, eCIU JUCKPUMUHAHT — KBAJPATHIHBIH BbIUET;
0) He MMeeT pelieHui, eciiu JIMCKPUMUHAHT — KBAJIPATUUHbBIA HEBbIYET;
B) UMeeT POBHO OJIHO DEIIeHHE [0 MOJLYJIIO P, €CJIU JUCKPUMUHAHT CDABHUM C HYJIEM IO
MOJLYJIIO P.

Onpedeaerue. Cumsonom Jleocarndpa Ha3BIBACTCA UUCIIO

0, ecsiv @ JieJIuTCst Ha, P;

a
— | = ¢ 1, eciima — KBaJIpaTUIHbIA BLIYET 110 MOJLYJIIO P;
p
—1, ec/in @ — KBaJIpaTUIHbIA HEBBIYET 110 MO/LYJIIO P.
ab a b
3amevarue. YrBepxjeHue 3ajadd 4 MOXKHO liepenucarb Kak | — | = | — —
p p p
—1 p—1
YTBepKJIeHUE 3a1a91 5 MOXKHO Tepenucarb Kak | — | = (—1)7z .
p
< MmN a p=L
Kpumeput Jtaepa. | — ) =a =z (mod p).
9. a) [Iposepbre kpuTepmii Diisepa st p = 7.
. p—1
0) Hokaxure, 4ro eciin @ — KBaJPATUUIHbIH Bbuer 110 Moo p, 1o a 2 = 1 (mod p).

B) Jdokaxure Kpurepuit ditepa st p sujga 4k + 3.
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r) Jokaxwure kpurepuii Ditiepa nis p suga 4k + 1.

10. Teopema XKupapa. IIycts 2% +y? neanrca Ha mpoctoe ancio p suja 4k+3. Jlokaxkure,
9TO T U Y JeJATCI Ha P.

11. Pemure B 1eabIx unciax ypasienne x5 4+ 7 = 32

22. Teopema Bpykca. 17 uroJjs

Onpedeaenue. Packpacka sepmnn rpada G B k IBETOB Ha3bIBACTCI NPAGUALHOU, €CIIH
JIIOObIE JIBE CMEXKHbIe BEPIIMHBI IOKpAalleHbl B pas3Hble IBeTa. HauMmeHnbllee HATypaJbHOE
qucso k, Takoe, 4TO CyIIECTBYeT IpaBujibHas packpacka sepiin rpada G B k nseros
HA3BIBACTCS TPoMamuyeckum wucaom rpada G u obosnauaercs x(G).

Onpedeaenus. Yepes «(G) oboznauaercs paszmep HaubOJIBIIEIO HE3ABUCUMOZO
mmootcecmea Bepiud rpada G, TO ecThb TAKOro MHOXKECTBA BEPIIUH, MEXKJIy KOTOPbIMU
wer Hu ojHoro pebpa. Yepes 0(G) u A(G) 0603Ha4a0OTCsE COOTBETCTBEHHO HAMMEHbIAsS U
HarOOJIbIIAs U3 creneneil Bepini rpada G.

Onpedeaenue. Ilycrs v — Bepmmua rpacda G. Yepes G — v obozHaugaercss rpad,
nojiydaeMblii u3 (G yaaJleHneM BepIIUHbI ¥ U BCeX HHIUJICHTHBIX eil pébep.

Onpedenenue. Yepes G obosnagaercst donoanenue rpada G, To ecrb rpad ¢ Tem xe
MHOXKECTBOM BepIuH, 4To U (7, B KOTOPOM CMEXKHBI T€ U TOJILKO T€ IIapbl BEPIIUH, KOTOPbIE
He cMmexkHbl B rpade G.

3adavu

1. Jokaxkure, ato s jroboro rpada G Ha n BeplIMHAX BBITOJIHIETC HepaBeHcTBo Y (G) -
a(G) = n.

2. Bepmunbl rpada G Hesb3st IpaBUIbHBIM 00pa3oM nokpacuTh B d 1peroB. Jlokaxwnre,
aro cymecrsyer takoil nojrpad H rpada G, uro §(H) > d.

3. Hokaxure, uro x(G) + x(G) < n+ 1, e n — kosmuecrsBo Bepiuun rpada G.

4. B rpade G Bcero v BepimH u e pédep, ero BEpUINHLI MOXKHO IIPABUJILHBIM OOPa30M
02
v2 — 2e

5. Ilycre G — cs3ubiii rpad, A(G) = d > 3. Jokaxure, uro Bepiiutbl G MOXHO

nokpacuThb B k 1peroB. Jokaxure, ato k >

IPABUJIbHLIM 00PAa30M PACKPACUTh B d IIBETOB, €CJIK
a) ecTh BepIIUHA, CTECHb KOTOPOH MeHbIIe d;
0) ecTb Takas BepiuHa v, 9T0 rpad G — v HECBS3eH;
B) €CTh J[BE TaKUE BEPIIMHBI U U v, 9TO rpad G — u — v HECBI3EH;
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I') €CTh TPU BEPIIUHBL U, U U W TAKUE, UTO U CMEXKHA C U ¥ W, BEPIIMHBI U U W HECMEXKHbBI
u rpad G — v — w cBgA3eH.

Teopema Bpyxca. [lycrs d > 3, a G — cBsa3ublit rpad, OTJIMYHbBIA OT MOJIHOIO rpada
na d + 1 Bepumne, u A(G) < d. Torpa x(G) < d.

6. /lokaxxure reopemy bpykca
a) 1IpK TIOMOIIM 3aja4u b;
0) 1pU OMOIIK METO/IA YePEeJLYIONIUXCs e,

23. HWurtepnogugiudga. 18 mniojid

Onpedenernue. I[locrpoenne wmuOrowitena P(x) crTemenn He Bbllle 7, KOTOPBHIA B
JIAHHBIX Pa3JIMIHbIX TOYKaX g, ...,~T, IPUHAMAET COOTBETCTBEHHO JIaHHbIC 3HAUYCHUS
Yo, -, Yn, T. €. P(x;) = y;, Ha3BIBaeTCA unmepnosayued, a MOJydaeMblii MHOTOUICH —
UHMEPTLONAUUOHH LM,

3adavu
1. a) Ilocrpoiite Muorownen P(x), KOTOPbI B TOYKaxX X1, T, ...,T, DABEH HYJIO, a B
OCTAJILHBIX TOYKAX OTIMYCH OT HYJIsI.
0) [Mocrpoiire muOrOwWIeH P(x) crenenu n, KOTOPbIA B TOUKE X( IPUHUMACT 3HATCHUE Y,

a B TOUKAX X1, L9, . .., T, PABEH HYJIO.

B) Ilocrpoiite muorounen P(x) cremenu He Bbimie n takoi, uro P(z;) = y;, r7e
1=0,1,...,n.
2. Ilyctp g < 21 < 29 < ... < x, — jeiicTBuTesbHBIe umucaa. JlokaxkuTe, 9TO
JJIst JIEOOBIX Y, Y1, - - -, Yn CYIIECTBYET €IMHCTBEHHBIA MHOTOUWIeH P(T) creneHu HE BbIIIe
n, takoit, uro P(xg) = yo, P(x1) = y1,..., P(xy) = y,. DTOT MHOrOUJIEH Ha3bIBAECTCS

uHmepnoAAUYUOHHBIM MHO20UAEHOM ﬂCLZpCLHQfCG.

3. a) [locrpoiire kBajparubiii rpéxuien P(z) rakoit, yro P(—3) = 14, P(—1) = 4,
P(1) = 10.

6) Haitjijure MHOroujieH HauMeHbIIEH CTelleHu, KOTOPbIM 1pu JjiejieHun Ha T — 1 Jjiaér

octaToK 10, ipu jiesienun Ha & — 2 JIa€T OCTATOK 7, 1PU JiesieHun Ha & — 4 jlaér octaTok 15.

4. Yucna a,b u ¢ pasmuanbl. CKOJIBKO KOPHEH MOXKET UMETh ypaBHEHUE

(o —a)a—h) a0 | Le-be-d _
o=t a0 " @ha=0

B 3aBUCHUMOCTH OT 3HadeHuii a,b u c?

. abe
5. Jlokaxkure, 4T0 Jijisi PA3JIMIHbIX 3HAUCHU a, b, ¢, d BBIIOJIHEHO PABEHCTBO (=) (d=0){d=0) +

abd acd bed -
0D T Tat-ot-d T @haad — 1
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6. Jokaxure, aro eciu P(x) — MHOrOYJIEH, CTEleHb KOTOPOIO MEHbIIe 7, TO Jpodb

P(x
(:v—:vl)(x—g(cg)) =) (1,22, ..., T, — NPOU3BOJILHBIEC MONAPHO PABJIUYHBIE YUCIIA) MOKET ObIThH

- s A Ao An
pejJicTaBjieHa B BUJE CYMMbl 7 IIPOCTEHIINX Jipobdeit: prs + pra— + ...+ pra—

e
Ay, As, ..., A, — HEKOTOpPbIE KOHCTAHTDI.

Onpedeaerue. Muorodnen Ha3bIBAETCA UEAO3HAYUHOIM, €CIIA B TEJBIX TOYKAX OH

I[IpPUHUMAET 1eJIble 3Ha9CHUA.

(z—1)...(x—k+1)
k!

nesiosaadnbl (CO = 1), Takue

7. a) Jloxaxure, 4to Muorowiens sujga CrF = & .

MHOTOUJIEHBI HA3LIBAIOTCS OUHOMUANDHbLMU.

0) Jlokaxkure, UTO BCAKHUN TEJO3HAYHBIH MHOTOUJIEH CTENEHH 7N MPEJCTABIIACTCS
nuHeitHoi kombunarueit muorownenos CU, CL ... C" ¢ nenpiMu koaduipentamu.

B) JlokaxxuTe, ITO €CJIM MHOTOUJICH CTEICHU N eJo3HadeH, To Maorowien n! P(x) uMeer
1eJsibie KO3 OUIUEeHThI.

8. Jokaxkure, 4ro ecju MuorodieH P(x) crenenu n npuHUMAET [eJble 3HAUYCHUs B TOUKAX
x=0,1,...,n, TO OH HpUHUMAET Le/Ible 3HAUYCHUS BO BCEX 1IEJIbIX TOUKAX.

9. Unmepnoasauuorrviti muozouser Hwvromona. Jlokazarh, 4T0 MHTEPIIOJISAIMOHHbII
MHOIOYJIEH CTEleHU He Bbie n, Takoi, uro P(xg) = yo, P(r1) = y1,..., P(x,) = yn,
OJIHOBHAYHO Olpejiessiercs: popMmyJioit

Plx)=cy+ci(x —xg) +co(x —xp)(xr —21) + ...+ cn(x —x0)(x —21) ... (T — Tpp1)-

10. ITycrs P(z) — MHOrOwieH creneHu MeHblue n Takoil, uro P(i) = 1 npu Beex
i=1,...,n. Haiigure P(n + 1).

11. Tlycrs P(z) — MHOrowjeH cremeHu He Bbine n Takoil, uro P(i) = 2' npu Beex
i=0,1,...,n. Haiijure P(n +1).

24. DBoJabliiee B MmeHbIlieM. 18 urojga

Teopema. Ilycrs Bepmunbl Terpasapa K LM N jiexxaT BHYTpHU, Ha I'paHIX WK Ha pEOpax
apyroro terpasapa ABCD. Torpa cymma miama Bcex pédbep terpasapa K LM N wenbiie,
qem 4/3 cymmbl JiUHH Beex pébep rerpasapa ABCD.

1. a) Ogun TeTpasnp pacmojokeH BHYTpH JApyroro. Moxer jim mepumerp BHYTPEHHETO
TeTpa’/ipa ObITh OOJIbIIE IepUMeTPa BHEIIHEro?
0) OJuH TPEYroJbHUK PACIIOJNOKEH BHYTPH JIPYToro. MoXKeT Jii epuMeTp BHYTPEHHETO
TpeyroJibHUKa ObITh OOJIbIIE IIepUMETPa BHEIIHEro?
B) HazoBém rpanb Terpasiapa naubosvuwed, ecau eé mepuMeTp He MEHbIe MepuMeTpa
KaykJIOfl M3 OcCTaJIbHbIX TI'paHeil. JlokaxKuTe, 4TO IEpUMETP TeTpa’jpa He IIPEBOCXOJIUT
YJIBOGHHOI'O II€pUMETpa ero HauboJIbIIeil rpaHu.
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r) TpeyrojibHUK pPACIONOXKEH BHYTPU BBINYKJIOTO MHOTOYTOJbHUKA. Jlokaxkurte, d9TO
IIepUMETP TPEYroJLHUKA HE IIPEBOCXOIUT EPUMETPa MHOIOYTOJILHUAKA.

1) Hokaxkure, 910 mepuMerp (bUTYDPbI-IPOEKIN TETPasjipa Ha MJIOCKOCTh MeHbIe 2/3
CYMMBI JIIMH IIPOEKIUi pébep Terpasjipa Ha 3Ty ILIOCKOCTD.

e) Hokaxure Teopemy.

Onpedeaerue. Oyukuus f(x) HazbiBaercs sunykaol Ha upomexyrke I C R, eciu jyist
JIIOOBIX T1, To € I u 100bIX A1, Ao = 0, A1 + A9 = 1 BBIIIOJIHEHO HEPABEHCTBO

f(Mz1 + dawa) < A f(x1) + Ao f ().

Onpedeaenue. Hadzpadurom pyuxiun y = f(x) HasbiBaeTcss MHOKECTBO TOUeK (T, 1)
KOOPJIMHATHOM 11JIOCKOCTH Takux, 4t y > f(x).

2. a) [okaxkure, uro (byHKIUS BBIIYKJIA HA TPOMEXKYTKE TOTJIA U TOJHKO TOTJIA, KOTJA 68

HaJIrpaduK Ha 3TOM IPOMEXKYTKE — BBIIIYKJIOE MHOXKECTBO.

0) [Hokaxkure, 4ro cymMma (QYHKIUIA, BBITYKJIBIX HA MPOMEKYTKE, TAKXKe SBJISCTCS
BBLIMIYKJION Ha 9TOM MPOMEXKYTKe (DYHKIIHE.

B) dokaxute, 4T0 HanOOJIbIIEE 3HAaTCHIE (DYHKITUU, BBIIYKJION Ha OTPE3Ke, JTOCTUTACTCS
Ha IpaHuIe 3TOTO OTPe3Ka.

r) [lycrs f(X) — Beimykias dyukius rouaku X . [lycrs X npoberaer HEKOTOPBIiT OTPE3OK.
Jokarkure, 9T0 HambOJIbIIee 3HAUCHHE f JOCTUrAETCS Ha TPAHUIE 9TOrO OTPE3KA.

1) Hokaxure, 49ro (QYHKIUSA PACCTOSHWS OT TOYKHA [POCTPAHCTBA JIO HEKOTODPOIl
(bUKCHPOBAHHOI TOYKM 3TOrO IIPOCTPAHCTBA SABJISETCS BBIIIYKJIOH Ha BCEM IPOCTPAHCTBE.

e) [lycrs A, B,C' GbukcupoBaHHBIE TOYKH MOpOCTpaHCTBa. JoKaxKuTe, 4TO MepuMeTp
rerpasapa ABCX gapnsercs BoinyK/oi dyHknueit Touxkn X .

k) Hokaxure Teopemy.

25. Typuupsl. 19 uioJjs

Onpedeaerue. Typruproil zpagh) Wau IPOCTO MypHup — STO OPUEHTUPOBAHHLINA I'pad, B
KOTOPOM JII0ObIE JIBe BEPIIUHbBI COEJIMHEHbI POBHO OJJHUM OPHEHTHUPOBAHHBIM PEOPOM.

1. /lokaxkuTe, YTO B TYpPHUPE €CTh FaMUJILTOHOB Iy Th.

2. Kakue-1o jiBe KOMaH/ibl HabpaJii B KPYI'OBOM BOJIEH0O0JILHOM TYPHUPE OJIMHAKOBOE YU CJIO
oukoB. Jlokaxkure, uro Haiijyrcs takue komaHgbl A, B u C, uyro A Bwemmrpasa y B, B
soiurpasa y C, a C Bbiurpaja y A.

Onpedeaenue. Bepmnnnl a u b opueratupoBannoro rpada GG Ha30BEM C8A3UHHbLMU, €CITH
B rpade GG CcyIecTByIOT OpHEHTHPOBAHHLIE MyTH 3 ¢ B b u u3 b B a. OpueHTrpOoBaHHbI
rpad Ha3bIBACTCS CUALHO C6A3HbILM, €CJIH JIFOObIE JIBE €r0 BEPIINHBI CBSI3aHbI.
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3. JlokaxkuTe, 9TO B CHJILHO CBA3HOM TYPHHPE €CTh TaMHUJILTOHOB ITHKJI.

4. Jlokaxkure, 9TO B CHJAbBHO CBsSI3HOM TypHUpe (G ¢ 4YeThIpbMsi U 0oJiee BepIIMHAMU
cylecTBytor jiBe Takue Bepiintbl a, b € V(G), uro rypaupbl G —a u G — b CUIIbHO CBsI3HbI.

5. Teopema Myna. Ilycrs G — cuiibHO CBsiHblil TypHupHbiil rpad, v(G) — KOJIMIECTBO
sepiinn rpada G u 3 < k < v(G).
a) Jokaxure, aro s jo0oit Bepimuaet v € V(G) cymecTByer npocToil MUK JJIHHLL K,
IIPOXOJAIIANA Yepes v.
0) Hokaxutre, aro B rpade G cymecrByer xots 661 v(G) — k + 1 MPOCTBHIX MUKJIOB JIJTHHBI

k.

6. [Iycte G — TypHEpHLI rpad HA N BEpIIXHAX, TI1€
a) m 9ETHO;
0) n HeuérHO U M > 7.
Hokarkure, 4T0 B HEM CYIIECTBYET TaKOH IaMUJILTOHOB IIYTh A1d9 . . . Ay, YTO €I'0 KOHIIbI
COEJIMHEHDBI PEOPOM @1 ay,.

26. T'eomerpuyeckue HepaBeHCTBa. 19 uroJisd

Onpedeaenue. llycts A u B — 1Ba OAMHOXKECTBa HEKOTOPOTO MHOXKECTBA, 1€ OIIPEIEICHO
Kakoe-To cjoxkenne. Tora A+ B ={a+b:a€ A, be B}.

Ha 1rockocTs, rjie TOYKM MOXKHO OTOXKJECTBUTb C HUX paJIiyC-BEKTOPaMH, TaKyIO
oIeparyio Ha3bIBAOT cymmoti Munkoscrozo duryp A u B.

Ynpaotcnenue. Haitjiure cymmy Munkosckoro:
a) A u Touku;

B) ABYX HE€IllapaJlJICJIbHBIX OTPE3KOB,;

0) JBYX HApaJJICJIbHBIX OTPE3KOB;

r) TPEX MOMAPHO HEMAapAJIICbHBIX OTPE3KOB,;
) JIBYX KPYTOB;

€) JIByX OKPY2KHOCTEH.

Onpedenernue. Hazosém c-oxpecmmocmvio puzypvr MHOKECTBO BCEX TOUYEK ILIOCKOCTH,
HAXOJIAIIMXCH HA PACCTOsiHUM He DOJIbIlie € OT 3TOW (PUI'YPbI.

3adavu
1. JlaH BBIIYKJIBIE MHOTOYIroJibHUK ILiomau S u mnepumerpa P. Haiinure miomaips u
[EePUMETP €0 E-OKPECTHOCTH.

2. Jokaxkure, uro eciu A u B — BoinykJinl, To0 A + B Toxe.
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Onpedeaenue. /[uamempom MHOXNKeCTBa A Ha3bIBAIOT HAUOOJIbIIEE PACCTOSIHIE MEXKTy
toukamu A n obosnadator ero diam(A).

3. okazkure, 94TO JiJIsi MHOTOYTOJILHUKOB A, B BepHO
a) diam(A) = max{|z|,z € (A+ (—A))};
6) diam(A 4+ B) < diam(A) 4 diam(B).

4. Ha miockocTy HapUCOBaHbBI JBa BBITYKJBIX MHOrOyrojbHuka A m B, y HUX m u n
CTOPOH cOoOTBeTCTBeHHO. Ha KaxKji0if cTopoHe HapucyeM CTPeJodKy B MOpsjKe 00Xoja Io
JaCcoOBOW CTpeJIKe W MOJYyYUM HAaDOp U3 M + M BEKTOPOB ¢ HyJeBoil cymMMmoil. OTI0XKUB X
MOCJIEJIOBATEIHHO B TOPSIKe 0OXOJ[a IO YacOBOH CTPesKe TOJYyIUM TPAHUILy BBITYKJIOTO
muoroyroibunka M. Jlokaxkure, uto M = A + B.

Bamenwanue. U3 3anauu 4 caenyer, auro P(A + B) = P(A) + P(B) s BBIIYKJIbIX
MHOTOYTOJILHUKOB. OTCIO/Ia MOXKHO JIOKAa3aTh, ITO OHO BEPHO IS JIHOOBIX BBIMTYKJIBIX
MHOXKECTB.

5. Boinykiiyto purypy nepumerpa P paspesaJiu psiMOJIMHETHBIM Pa3pe30M JIJIMHbI [ Ha JiBe
gactu. [lycrs M — MHOXKeCTBO cepejinH OTPE3KOB € KOHIIAMU B Pa3HbIX dacTsx. Haitjure
nepumerp M.

6. Kopobka 6 xopobre. a) [lycrb M —- npsMOyrosibHbIH Hapasesuieluine)] ¢ JJIMHAMK
pébep a,b, ¢, B — wap ejunuunoro pajuyca, a dyukuus Vy(e) — obbém rena M + eB.
Haiigure koapdunmenror A, B, C, D u pokaxure GopMmyJiy:

Vir(e) = A+ Be 4+ Ce® 4 De3.

0) Ilycrs My, My — jBa UpsAMOYIOJibHBIX HapaJsuiesenuneia, npuaém M; C M.
Cpasuure Vi, (e) u Vyy(e).

B) BoiBegure u3 6), uro cymma jyinH pébep mepBoro mapaJuiesienunesia He 0oibiie, deM
CyMMa JIJTUH peédep BTOPOToO.

Onpedeaerue. Kupnuvém HA30BEM IPAMOYTOJHLHUK CO CTOPOHAMH, MapaJsiieJbHbIMI
KOODJIMHATHBIM ~ OcAM. Haz0BEM  wupnuuHoLM MHOMHCECTIE0OM KOHEIHOE O0beIMHEHHE
KUPIUYIEi.

3amevwarnue. Jlioboe KHUPIUIHOE MHOXKECTBO MOXKET OBbITh IIPEJCTaBJICHO B BHJIE
JIN3BIOHKTHOT'O O0'beIMHEHUST KUPIIUIEH.

7. a) okaxkure, 410 CyMMa JIBYX KUPIHUIHBIX MHOXKECTB — KUPIMIHOE MHOXKECTBO.

0) [Iycrs A, B — xuptmuu. Jokaxure Hepasencrso \/S(A+ B) > 1/ S(A) + /S(B).
B) Ilycts A, B — Hekoropble QUrYpbI, OpsMble | ¥ M HapaJuleJbHbI OCH adCIuce. |
pazbuBaer A Ha JBe YacTh — BepxHIO A 1 HIKHIOIO Aj; anajorudHo m pasbuBaer B Ha
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By n Bs. Jlokaxwure, uro dburypol A; + By u Ay + By jexkar B pa3HbIX HOJYILIOCKOCTIX
OTHOCUTEJILHO HEKOTOPOU MPAMOIA.
r) [lycts A u B — kupnuunbie MHOXKecTBa. Jlokaxkure, 910

VS(A+ B) > +/S(A) +/S(B).

3ameuarue. C MOMOIMIBIO TIPEJEJBHOIO MMepexofa U3 3aJadd 6 MOXKHO BbIBECTH
HepaBeHCTBO Bpynua — MunkoBckoro: ecim A u B — JiBa BBIIYKJIBIX MHOI'OYT'OJIbHUKA

mu60 BBHITYKbIE MEOrOyTOMbHEK 1 KpyT, T0 1/ S(A + B) = 1/S(A) + 1/S(B).

8. BruiBejiure u3 nepapencrsa Bpynua-MuHKOBCKOIoO uzolepumerpuieckoe HepaBeHCTBO

JIJIsT MHOT'OYTOJIbHUKA: B JIIOOOM MHOIOYroJibHUKE nepumMerpa P u miomau S BbIIOJIHAETCs
nepasencTso 4mS < P2

9. /luamerp BbIIIYKJIOIO MHOIOyroJibHUKa paen 2. [lokaxkure, 4TO €ro Iuiolajb He
LIPEBOCXOUT Tr.

27. YpaBuenue llenga. 20 urojig

1. PemnmM B HarypasibHbIX Ynciax ypasHenue x2 — 2y = 1.

Paz/iozKuM Ha MHOMKUTE/IN JIEBYIO 4acTh pasencrsa 12 — 2y° = (v + yv/2)(z — yv/2).

[TepBoe HerpuBuasibHOE, TO ecTh orimunoe or (1;0), perienune ypasuenus jaér napa (3; 2).

a) Ilycrsb (a; b) — nekoropoe pemenue ypashenus x2 — 2y> = 1. [loayuntre, ymMuoxas obe
qacty ypasHenus Ha (3 + 2v/2)(3 — 2v/2) = 1, em@ oo pemrenne ypapHenus.

6) lokazkure, uro ypasuenue x2 — 2y* = 1 umeeT 6ECKOHEUHO MHOIO pelleHuii. YKaxKure
JMHEHHOe PEeKYyPPEHTHOE COOTHOIIEHKE, MO3BOJIAIONIEe 110 UMEIOIEMYCs PEIeHuio (Ty; i)
HAUTH JIPyroe pemieHue (.1 Yna1)-

B) YCTaHOBUTE DPEKYPPEHTHOE COOTHOIIEHUE, MO3BOJIAONIEe MO periennto (a;b) Haiitu
perenue (¢; d), upu stom ¢ < a,d < b.

r) Jlokaxkure, 4TO BCe HETPUBHAJILHBIC pelleHus ypapHenus r2 — 2y° = 1 — 970 mapbl
(21; Yp), BaJAHHBIE COOTHOMICHUEM T, 4+ Y V2 = (3 +2v/2)", n € N.

Onpedeaerue. Ypasuenme Buja 2> — dy? = 1, rie d He dABigeTcAd KBaJpaToM
HATYpPaJbHOTO 4YHCJa, HasbiBaeTcss ypasuenuem Ilears. Hammvenbiiiee HeTpuBmrasibHOE
perenne ypasuenusi [lesist HazbiBaercst ero gyndamenmanrviviM Pewernuem.

2. Jlokaxkure, 4To BCe pelienust ypapHenus Ilejuist Bbipaxkatorcest yepes pyHjiaMeHTa bHOe
pelileHue.

OBO3HATIM MHOKECTBO THCET BUAA & + bv/d, e a 1 b — mesible 9ucia, depes Z[\/&]

Bee pemtenusi (ecim onu ectb) ypasHenns x2 — dy? = 1 NpuHAJIeKAT MHOMKECTBY
Z[/d). B sanade 2 nokazano, 9to eciu (Lo;yo) — (byHIAMEHTAIBHOE PCIICHHC YDABHEHIS
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$2 - dy2 = 1, TO BCE€ pemcHHA COOTBETCTBYIOT YHUCJ/IaM, ABJANIMMMCA CTEIICHAMHU 4YHCJIA

xo + yo\/a € Z[\/E]

Haxoxieane pyHaMeHTa bHOTIO PellleHrs IepedopoM HHO/Ia ObIBAET 3aTPY/HUTE/IbHBIM

(mampumep, GbyHIAMEHTAJBHOE DEIICHHE YDABHEHUS r2 — 6ly> = 1 wumeer BuUI
xo = 1766319049, yo = 226153980). Beerna nn naxoxjerue (yHIaMEHTAJIBHOTO DEIICHUS
nepebopoM mpmBegeT K yemexy? Beerma sm ypasnenne Ilenna 22 — dy? = 1 umeer

pemenne? OKa3bIBaeTCs, UTO BCEIJia. YIUBUTENHHO KOPOTKOE JOKA3aTeTbCTBO TEOPEMbBI O
CyIIeCTBOBaHUM pelenus ypashenus Ilemrs omybsukosas B 2008 rogy H. Baitaabeprep
(ABcrpasus). Bee panee usBecTHbIe JT0KA3aTEbCTBA OBLIK HE COBCEM JICMEHTAPHBI.

[onoxkum g(x,y) = 22 —dy? n Gyem 1peobpaszoBbIBaTh 9Ty KBajparuninyio dopmy. Eciu
Ha, OYepeIHOM Iare nojydnnach dpopma g(x,y) = ax® + by + cy?, To npeobpasyem eé uin
B g(xr +y,y) wm B g(x,r + y) Tak, 4robbl y HOBOH GopMbl KOdDPUIKEHT 1pu 2 BbLI
IOJIOYKUTEJIbHBIM, & IPH 42 ObLI OTPUIATEIILHBIM — KaK U Y HaYaJbHOI (DOPMBI.

3. a) Ipojenaiite a1u 1peobpasoBatust jyisa hopmbl 12 — 2y,
6) Ha kakoM-TO miare JIOJIKHO CTaTh OUEBUJHBIM, 4TO ypaphenue x2 — 2y> = 1 umeer

peleHue.

2 2

B) AHAJIOMMYHO, Hpojiesiaiire aaroputm it GopMbr 22 — Ty°.

4. a) Yro npoucxopur ¢ jguckpumunantom dopmbl D = b? — dac npu srux

peodpasoBaHusix?

0) Jdokaxkure, 4To Ha KaxK/IOM Iare npeobpazoBaHue MOKeT ObITh BHIOPAHO POBHO OJIHUM
CIIOCODOM.

B) Jlokaxkure, 9TO B MOJYUCHHON MMOCIEIOBATEIHLHOCTH (DOPM BCTPETHTCS TOJBKO
KoHeugHoe gucyio popm. CrieoBaTesibHO, TOCIE0BATETHLHOCTD 3aIUKIUTCS .

r) Jokaxwure, 4to 1O oOuepenHO#i ((bOpME MOXKHO BOCCTAHOBUTH IIPEJIBIIYIILYTO.
CureJ1oBaTeIbHO, MOC/IEIOBATEILHOCTD 3AIUKJINTCS Oe3 Mpe/Iepuo/ia.

1) Hokaxure, uro y ypasuenusi [lesiist cyrmecTByeT HeTpUBHAJIBHOE PEIICHUE.

5. Hanummre pekyppeHTHbIe 1 aBHBbIC GOPMYJIBL i pelleHns ypaBHeHud x° — 7y° = 1.

6. PemmmTe B 1esnix umncsax ypasaenue a2 — 42 + 2xy — 1 = 0.

28. Teopema Xeanu HaA IJI0cKOCTHU. 20 MIOJIA

Teopema Xeaau. JlaHo KOHEUHOE CEMEHCTBO BbIIYKJIbIX MHOXKECTB Ha, ILJIOCKOCTH.
NzBectHo, 4TO JiIOObIE TPU M3 HUX lEepeceKaroTcs. 1orjia Bce MHOXKECTBa UMEIOT ODIILYIO
TOUKY.
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3adavu
1. a) Jokaxkure Teopemy Xesuiu jijisi 4 BbIIYKJIbIX MHOXKECTB.
0) Hokaxure Teopemy XeJuin Jijist 1 BBILYKJIbIX MHOXKeCTB (1 > 4).

2. Ha myrockocTn 3a/1aHbl HECKOJIBKO MOJYIIIOCKOCTEN, BHYTPEHHOCTH KOTOPBIX IMOKPBIBAIOT
BCIO ILJIOCKOCTb. JloKazarb, YTO U3 3STUX M[OJYILJIOCKOCTEHl MOXKHO BbBIOpaTh TpH,
BHYTPEHHOCTU KOTOPBIX TOXKE MOKPBIBAIOT BCIO IJIOCKOCTb.

3. Ha 1jiockocTu JlaHbl HECKOJIBKO TOYEK, JIFOObIE TPU U3 KOTOPbIX MOXKHO HAKPbITh KPYTI'OM
pajinyca 1. Jlokaxkure, 410 BCE 9TU TOUKU MOXKHO HAKPbITh TAKUM KPYI'OM.

4. Teopema FOwnea. [okaxkure, 4TO Jit0OOI BBIIYKJIbII MHOIOYTOJbHHK JHaMerpa 1

MO2KHO IIOKPLITH KPYI'OM pPaJdnyCa %

5. Jlokaxkure, 4YTO BHYTPHU JIIOOOI'O BBIIYKJIOI'O CEMUYIOJIbHUKA €CTh TO4YKa, He
HPUHAJJIEXKAIAs HA OJIHOMY U3 YeTbIPEXYI'OJILHUKOB, 0OPA30BaHHBIX 10C/IE0BATE/ bHbIMY
BepIlIMHAMMU.

6. Jlaupr X7q,...,X,, — BBIIYKJble MHOI'OYI'OJbHUKU. VI3BECTHO, 4YTO Jijisd JIIOOBIX TPEX
U3 HUX MOXKHO IapaJileIbHO IepeHecTH HEeKOTOpPLIM MHOTroyrojbHuk M Tak, 49TOo OH
OJIHOBPEMEHHO IepecedéTcs ¢ KaxKJIbIM u3 HuX. /loKaxknuTe, YTO MOXKHO TaK IMapasljiebHO
nepenectu M, 9TO OH IepecedeTcs cO BCeMU MHOTOYTOJbHUKAMA X1, ..., X,.

3aKJJaIo4YnTeJbHad OJNMIINaaa. 21 moad

J1oBBIBO/T,
1. Crosnbupl Tabyuisl n X n nponymepoBaju ducjaamu or 0 jo n — 1 cieBa HalpaBo, a
CTpoKU — umcjgaMu n,n + 1,...,2n — 1 cuu3y BBepx. TakuMm oOpazoMm, KaxKjas KJIETKa

3aJIa8TCs HOMEPOM CTPOKH U CTOJIONa, B KOTOpoM oHa crouT. (Hukuss seBas kierka —
(n,0). B kaxyto u3 kietok (i, j) 3anucajiu Tucyo % PaccmarpuBarorcst Bce BO3MOXKHbIE
yTW W3 JIEBOI'O BEPXHErO yIyia JOCKU B MPABbIl HIKHU, TJIe KAXKJIbI XOJ| JeaaeTcs Ha
OJIHY KJIETKY BHW3 WJIM Ha OJIHY KJIETKY BipaBo. HazoBeMm wenotd myTu mpousBeieHrue ducest
B KJIETKAX TOTO Iy TH (He BKJIIOYast KOHI[bI). UeMy paBHa CyMMapHas CTOUMOCTD BCEX TaKUX

myTeit?

2. B ocrpoyrosbnom rpeyrosbauke ABC' nposejena ouccekrpuca BL u Boicora C'H.
Touka H; cummerpuuna Touke H orHocutesibHO 1psiMoit BL, a Touka He cummerpudHa,
touke Hy ornocurenbro npsimoit C'H. Okaszajoch, uro derbipexyroibink CHiLHy —
Brucanubiii. JTokaxkure, aro rpeyrojibiuk ABC — paBHOOEIpeHHbII.

3. Ksagpar ABC'D paspe3an Ha OpsIMOYIOJbLHUKH TaK, 9YTO HU B KAaKOW BepIIHHE HE
cxojiATcd 4 mpsMoyroJibHMKa. Bce BeplIMHbI pacKpacu/yd B JiBa IBeTa TakK, 4TO B JIIOOOM
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IPSAMOYTOJTbHUKE ITPOTUBOIIOJIOXKHDIE IO JUATOHAJN BEPIINHBI pa3Horo mnsera. V3secTHo, 910
Bepimnabl A u C onnoro msera. /lokazkure, uro Bepmmabl B u [ ToXKe 0IHOTO IBETA.

4. Jlan kBajJipaTHbIi Tpexaien f(x) = 22 + ax — 1 ¢ peiicrBuresnbubiM a. Camma Hamén 50
neiicrBuTebHBIX pernenuii ypasuenust f (... f(x)) = x (47 6yks f). Jokaxkure, 910 y 9TOrO
YPaBHEHHsI €CTh eIlé XOTs Obl 46 JeidCTBUTEIbHBIX PEIIeHI.

5. Hanbl nesioe k > 1 u npocroe p takue, 4dro uucjo n = kp + 1 cocraBuoe. OKazaJjoch,
aro uncso 2" 1 — 1 genurcs na n. Jokaxure, uto n < 2%

BriBon
6. Kaxas kierka kpajpara 10 X 10 nokpamiena B ojguu u3 60 mpseron. [ljisi Kakoro
HauDOJILIIEIO0 HATYPaAJILHOIO K MOXKHO YTBEp:KJIaTh, 4TO HaijlyTcst XOTsd Obl k Kjerdarbix
KBaJIpaToB 2 X 2, Bce 4 KJIETKH KaXKJIOI'0 U3 KOTOPbBIX IMOKPAIIEHbI B pa3Hble 1[BeTa’

7. B nepasnobespennniit rpeyrosbiuk ABC Buucana OKpy»KHOCTH ¢ LEHTPOM B Touke 1.
[Ipsimbie BT u C'I niepecekatoT ero OnmucaHHy0 OKPY»KHOCTH w B Toukax By u Cp. Ilpsmas,
poxojisiiast yepes I mapasensio BC, nepecekaer cropony AB B Touke Cy, cropony AC —
B TOUKe By, a Tak»Ke OKPyKHOCTh w B Toukax X u Y, Tak aro Cy — mexy Y u I. [lokaxkure,
qTO KacaTesbHasi K w, HpoBejeHHas B Touke A, a Takyke oOIUe BHEIIHWE KaCaTeJbHble K
okpyxkuoctsim (B1BeX) u (C1C2Y) nepecekatorcst B 0JJHOI TOUKe.

8. Ilycrh janbl Hejble HeOTpULATEIbHbIE uucjaa a, b, ¢. TpeyrojbHUK Ha Kiaerdaroii
IJIOCKOCTU ¢ BEPLIMHAMU B y3JlaX CETKU CO CTOPOHOH 1 Hazosém (a, b, ¢)-TpeyrosibHUKOM,
€CJIM Ha OJIHON €ro CTOpOHE DACIOJOXKEHO DPOBHO « y3JOB (He cuuTas BEpIIMH), Ha
JIDYroii cTOpoHe — POBHO b y3JI0B, a Ha TpeTheil cTOpoHe — pOBHO ¢ y3JioB. Haiijgure
KOJIIIECTBO TPoek (a, b, ¢) Takux, 910 @ < b < ¢ M MHHUMAJbHAS BO3MOMKHAsI ILIOMIATH
(a, b, c)-tpeyroabruka pasaa 9000000,
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