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28. Bokpyr poxagecTBeHCKOil TeopeMbl Pepma

18 mrona

Yupaxuenne. /lano narypasjbaoe qucjio m. V3BecTHO, YTO JiJisi HEKOTOPOI'O HATYPAJILHOTO 1 UUC/IO
2™ - /m npecTaBUMO B BUJIe CYMMBbI KBa/IpaTOB JIBYX II€JIbIX Yuces. /Jokaxkure, 4TO TOT/Ia U 1M ITPECTABUMO
B TaKOM BHJIC.

Pemenne. Ilycrs 2" - m = 22 + y?. 3aMeTHus, 4T0O T U Y OJHOI YETHOCTH, IOJIyHaeM
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Cryckasich jiajiee aHAJOTUIHO, MOJIyIaeM Tpebyemoe.

OcosnaeMm, 9T0 1o106Has 3aMeHa Obliia BIIOJIHe ecTecTBeHHO. /leficTBUTEILHO, pACCMOTPUM ypaBHEHe
a’? 4+ b? = 2 (B namem ciaydae a = b = 1). Paznoxkus B kosbie Z[i], noaydaem (a + bi)(a — bi) = 2. C
JIPyTOit CTOPOHEI (T + yi)(x — yi) = 2" - m. Y HaC BO3HHKAET JKeJaHUe 110 aHAJOIUHU ¢ ypaBHeHneM lesuis
HOJICJIUTE OJTHO PellieHye Ha JIPyroe, 9Toobl moayduTh 27 1 - m. Mmeem
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MBI BOCITOJTB30BaJINCh, TEM, YTO 5~ 52 SBJIIETCsI 00OPATHBIM K IUCITy @+ bi. OcTamoch JIMIb 3aMeTUTh,
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[ToobHas TexHUKA CIIyCKa JIOCTATOYHO €CTeCTBEHHA U IIPUMEHsIeTCs MIPU TONbITKe 00001enns Pox e-
crBeHckoil TeopeMbl Pepma. Tenepb BpemeHHO 3a0y1eM PO BCE BBINMIECKA3AHHOE.

) 00a 9muc/Ia, SIBIAIOTCS IEJILIMHA.

1. PoxnecrBenckas teopema ®epma. HeuerHoe 1mpocToe 9uc/io p NPeJCTAaBUMO B BUJE CYMMBI JBYX
KBaJIPATOB IeJIBIX YHCe/T TOIJIAa U TOJBKO Torja, Koryia p = 1 (mod 4).

(a) dokaxmure, uro ecu p = a® + b* g nesbix a u b, 1o p = 1 (mod 4);

(b) Iycrs p = 1 (mod 4). O6ozuaunM Yepes i BBIYET 110 MOJLY/IO p Takoil, uto i = —1 (mod p). Ilycts
KaKjioe u3 gucen a u b 6eraer B quanaszone 0,1,2,3, ..., [\/1_9] Jlokaxxkure, 4TO HalllyTCs pa3IUYdHbIE ITapbl
(ay,b1) u (az,be) U3 JAHHOTO MUMA30HA TaKWe, 9To a; — iby = as — ibe (mod p);

(c) BaepiuTe J0KA3ATETHCTBO POKIECTBEHCKOIN Teopembl Depma.

2. (a) /IBa 4mncia mpeCTABISIOTCS. B BUJIE CYMMBI JIBYX KBaJIPATOB TeJIbIX dncen. /Jokazxkure, 9m0 ux
[IPOM3BEJIEHNE [IPEJICTABIISIETCS B BUJIE JBYX KBAJPATOB.

(b) Tokaxkure, 4o HATypaabHOE YucyI0 N TPEJCTABUMO B BUJIE CYMMbI KBJIPATOB JBYX IEJIbIX TUCET
TOIJIa M TOJILKO TOIJIA, KOTJa KayKJoe IPOCToe Yucjo Buja 4k + 3 BXOIAUT B pasjioxkKeHue n Ha MPOCTHIE
MHOYKHUTE/IU B Y€THOl CTEIEeHN.

3. JlokaxkuTe, 4To ypapHeHnue r2 + y?> = z° + 2 uMeer 6eCKOHEYHO MHOIO IIEJbIX PeIleHuil, B KOTOPBIX
X, Yy U Z TOIAPHO B3aUMHO IPOCTHI.

4. Kakue 1pocThble 9uc/ia IpejicTaBuMbl

(a) B BUgE 72 + 2y* J1a nenbx x u y?

ITodckasxka. Cragasia nmoimMuTe, 0 KAKUM HPOCTHIM MOJYJIAM —2 ABJISIETCA KBAAPATHIHBIM BBIUYETOM.
Barem monpobyiite ciesiaTh TO ¥XKe, 9TO U B IEepBOii 3ajade. V3 paccyKeHus JOJKHO MOy IUThCS, UTO
p =22+ 2y* wm 2p = 2% + 292

(b) B BUsE 7% + 3y* Mist HEBIX T U Y?

5. Kakue npocreie unciia npejacrasumbl B Buje (a) z2 — 2y2; (b) 22 — Ty? mia nenwix z u y?

6. Kaxue mpocTble dnc/Ia IpeJcTaBuMbl B Buje x2 + 5y? 1id neiabx © u y?

7. Kakue mpocTble 4ncia IpecTaBUMbl B Bujie 22 + xy + y? s nensx x u y?

8. JlokazKuTe, 4TO He CyIeCTBYeT HeJOro 1 TaKoro, 4To n' + 7 sB/gercs KBaJpaToM IeJIoro Yucia.

9. Bee unciia, KOTopble MOXKHO TIPEJICTABATL B BUJE CYMMbBI KBaJPATOB JIBYX B3aMMHO IIPOCTBIX HATY-

PaJIbHBIX Y9HCEJI, BBIIIMCAHBbI B IIOPAJIKE BO3PaCTaHUA. ,H‘OKa}KI/ITe, 9TO OJId JII0OOro N B 3TOM II0CJIeJ0Ba-
TEJbHOCTH MOXKHO HAHATHU N I1ocjie 10BaTe/IbHbIX HEUYETHBIX 1JIEHOB.



