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Bcerynurensnaa onumnmaga. 04.07.2007

1. B oTHOKPYTOBOM YeMNHMOHATE TITKOJBI TIO MMAXMaTaM y4acTBOBAJIN 46
y4eHuKOB. [lo OKOHYaHWM YEeMTMOHATA BBISCHWJIOCH, YTO KaXKJIBIH W3 HUX
BBIUTPAJI POBHO Yy JIBYX W TIPOUTPAJ POBHO JBYM CBOMM OJHOKJIACCHUKAM.
Jlokaxkute, 9TO XOTsT OBl OJTHA TMAPTUS 3aKOHYUJIACH BHUYBIO.

2. Mwma n Bops 3anucaan B TeTPaIgX OJHO W TOXKE HATYpPATbHOE YHCTIO.
Yunrtesb npenoxuia Muliie, BHIYEPKHYB HECKOJbKO TGP, MOJIYUYUTH HAW-
MeHbIee JEBATUIHAYHOE YHUCJ0, a8 Bope TpeoXua MOJYyUYUTh TaKUM 2Ke
cocoboM HamboJIbIee JIeBATH3HAYHOE YUCT0. Y MUIMH MOJyYHI0Ch YUCTIO0
123456789, a y bopm — 987654321. [lokakuTe, 9TO, IO KpaitHeit Mepe, ouH
73 HUX PENTJ TPEJJIOKEHHYI0 YIUTEIeM 33,/1a4y He TMPABUJIbHO.

3. 3amanwr ancna a?,b%, ¢ (a, b m ¢ — monoxkwUTeNBbHBIE UnCHa). Paspema-
€TCSI BBITIOJTHSATH OTIEPAIINY CJIOXKEHWSI, BHIUYMTAHUS W YMHOMKEHWS, & TaK¥XKe
3aMOMUHATH JII000€ KOJTMYIECTBO TTPOMEKYTOTHBIX PE3YIbTATOB M CPABHUBATH
nxX Mexay coboit. MoXKHO Jin, MCTIOJIB3YsT TOJIBKO 3TH ONEPAINN, TTIPOBEPUTH
CIpaBeIJIMBOCTh PaBeHCTBa a + b = ¢?

4. Ilycrs £ — 6uccekrpuca BHermHero yriia C Tpeyroabuuka ABC. [ps-
Masl, mapaJjuiesbHas £ u mpoxoadaiias depe3 cepenuny K cropoust AB, mepe-
cekaer cropony AC B rouke E. Haiitu CFE, ecim AC =bu CB = a.

5. MosxHo 1 pa3éuth uynciaa oT 1 1o 100 Ha Tpu Ipynmsl TaKuM 06pa3oM,
4T0OBI B TIEPBOI TPyTITIE CYyMMa, Yuces Jeanaach Ha 102, Bo BTOpoii rpynmne —
Ha 203, a B Tperheit Tpymnme — Ha 3047



ITpeobpazoBanus naockoctu. 05.07.2007

1. Jokaxmure, uTO0  a) JABUKeHHe 0) mpeoOpa3oBaHuWe MOMOGHS  Tie-
PEBOJIUT OTPE3KN B OTPE3KH.

2. PaBHbIe OKpYKHOCTH S; U Sy KACAIOTCS OKPYKHOCTH S BHYTPEHHUM
obpasom B Toukax A; m A,. IIponsBosibHast Touka C' OKPYKHOCTH S COETHHE-
Ha OTPE3KAMH € TOUYKaMU A; 1 Ag. DTH OTPE3KH TEPECEKAIOT OKPYKHOCTH S
n So B Toukax By u By, okaxwnre, uro A; Ay || By Bs.

3. Ha orpeske AE 110 OIHY CTOPOHY OT HEIr'O MOCTPOEHHI PABHOCTOPOHHME
tpeyroasankn ABC u CDE (rouka C, pasymeercs, JEXUT Ha orpe3ke AF).
Touku M u P — cepenunst oTpe3koB AD u BE. JlokaxKuTe, 9TO TPEYTOJIb-
uuk C'PM — paBHOCTODOHHWMIA.

4. (JIemma Apxmmena.) Ilyctb A mw B — buKCHpOBaHHBIE TOYKH
okpy»kHOCTH S. Bribepem ofHy u3 Jayr oKpyKHOCTH S ¢ KoHnamu A u B n
PACCMOTPUM TIPOU3BOJBHYI0 OKPY’KHOCTH, KACcamoIyocs oTpe3ka AB u BbI-
Opannoit nmyru. OO603HAYMM TOYKHW Kacauus depe3 P u () COOTBETCTBEHHO.
Jlokaxkute, 9TO BCe TpssMbie P() epecekaloTcss B OJTHOM TOUKe.

5. (Touka Toppu4esumn.) [Iycts T — Takast TOYKA MIIOCKOCTH, 9TO CYyM-
Ma PACCTOSHWI OT Hee JI0 BEPIIWH JAHHOTO OCTPOYTOJHHOTO TPEYTOJbHUKA
MUHUMAaJIbHA. [{0oKaXkKuTe, 9TO BCe CTOPOHBI TPEYTOJbHUKA, BUIHHI U3 HEe TIOJT
yraom 120°.

6. B xBajpare co cTropoHoit 1 pacnoJioxkena (purypa, pacCTOSHIE MEXKTY
JIIOOBIMY JIByMs TOUKaMu KoTopoit He pasHo 0,001. lokaxkuTe, 9TO TJIOMIAb
sro#t purypsl He npeBocxoaut:  a) 0,34;  6) 0,287.

Paznoboii. 05.07.2007

1. B kuerkax Tabauisl 8 X 8 paccTaBiieHbl Tesble uncia. Paspermaercs
mpuOaBIATE IO 1 KO BceM umcsaMm Jo0oro kBaapara 3 X 3 wiau 4 X 4. Bepuo s,
YTO TPH JI000# HAYAIHHON PACCTAHOBKE YHCEJ C TIOMOIIBIO TAKUX OTepPaItnit
MOXKHO CHEJIATH BCE YKMCJId, YeTHBIMHA?!

2. [IaTHaAIATH TPOCTHIX YUCES 00PA3YIOT apUPMETHIECKYIO TTPOTPECCHIO
¢ pasHocThio d. Jlokaxkute, uto d > 30000.

3. Pemmure B HATYpaJdbHLIX 4HCJIaX ypasHeHme 3 - 2% + 1 = y2.

4. Ilycts aq,as, . .., 0 — Tako# HaOOP Pa3IMUHBIX HATYPATbHBIX YUCEJI,
YTO HH OJIHO W3 HUX HE SIBJISETCS HAUAJIOM JpYyroro (ckaxkem, 12 spiasercs
HavyasioM uncya 12034, Ho He sBJiseTcs HadadoM umncaa 1120). Tokaxkure,
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5. B xpyr pajmyca 3 mOMeCTHJIM HECKOJIbKO KPYTOB C CyMMOHN pajamy-
coB 25. JlokaxkwTe, 4TO Hafimercs mpsaMasd, TepeceKalomas He MeHee 9 w3
HUX.

6. Ha crose nexkar jaBe Kydku cnmdek: B oiHON — 100 cimvex, B ApyToit —
252. Jleamc n Poma wrpator B cienyromyio urpy. Kakapit m3 HUX CBOUM
XO70M OepeT HECKOJIbKO CIMYEK W3 OTHON KYUKM TaK, YTOOBI MX KOJHUIECTBO
SIBJASJIOCH JeJUTeNIeM YNCJa CIIUYeK B Jpyro#l Kydke. BuIMTrphiBaeT WIPOK,
B3ABIIAHN TocJeaHI0I0 cnnyky. Ilepseim xonuT Poma. Kto BBEIMTpBIBaeT mipm
TMPaBUIbHOMN urpe?

ITpeobpazoBanusi maockocTu: CBA3b ¢ BekTopamu. 06.07.2007

1. [Tycts F' — mpown3sBosibHOE Tpeobpa3oBaHue monobust (BO3MOKHO, siB-
JISIOTIEeCs] JBUKEHNEM, T. e. K03 durmenT momobust MoxkeT ObITh paBeH 1).

a) oxaxure, uto ecim AB = CD, to F(A)F(B) = F(C)F (D).

Vcxo/st m3 yTBEPXK/IEHN TYHKTA &) MBI MOXKEM OJJHO3HAUHO OTPEJIENTh
06pa3 IPOM3BOJILHOTO BEKTOPa U U 0603Ha4nTH ero F'(7).

6) dokaxuTe, 9TO JiJIsi JIIOOBIX BEKTOPOB U U U W 4ucya k € R BepHb
paBenctBa F'(u + v) = F(u) + F(v) u F(ku) = kF (u).

2. Jlokaxkute, 9TO JiBU>KeHNe F' aBaseTcs

a) TapaJuleJbHbIM TEPEHOCOM TOTJA M TOJBKO TOTJIA, KOTJA TEPEBOTUT
KaK/JIbIit BEKTOD B cels;

6) NEeHTPaJbHON CHMMETpHEH TOTJa W TOJBKO TOTJA, KOT/IA TEPEBOAT
KaZK bl BEKTOP B IPOTHBONOJIOXKHBI;

B) MOBOPOTOM Ha YTOJI ( TOTJI3 M TOJBKO TOTJA, KOTJIA JIJIs JIIDOOTO BEK-
ropau Z(u, F(u)) = .

r) Jlokaxkure, 9TO mpeobpa3oBaHue TONO0HS SBJISETCS TOMOTETHEN C KO-
sapdummentom k # 1 Toryma TOJBKO TOT/A, KOTJAA IS JIOOOTO BEKTOpPa U
F(u) = ku.

3. /lanbl 1Be IepeceKaronrecs npsaMbie. /J{okaknuTe, 9TO KOMIO3UIINS OCE-
BBIX CUMMETPH OTHOCUTEIHHO 3THX MPSIMBIX €CTh MMOBOPOT C TIEHTPOM B TOY-
Ke TIEPeCeueHns] MPSIMBIX W HAINTe YTOJ 3TOTO TOBOPOTA.

4. a) JlokaxuTe, 9TO KOMIIO3UIHUS JBYX MOBOPOTOB (MX NEHTPHI HE 00532~
TEeJHHO COBNAMAIOT!), CyMMa YIJIOB KOTOPHIX He KpaTHa 360°, ecTh MOBODOT.




Haiizure ero yroa um menrp. 6) A uro Gyner, ecsim cymMMa yIJIOB KpaT-
Ha 360°7

5. JlokaKuTe, 9T0 KOMIIO3HIHAS JIBYX TOMOTeTHil (ONSTh XKe, NX IIEHTPHI He
06s13aTesTbHO COBNAAIOT) ¢ Koaddunnentamu ki u kg, tie ki ko # 1, aBasercs
romorerueit. Haitinure ee nnenrp u koadpdpunuent. Uro O6yner, ecan kiky = 17

6. B tpeyrospanke ABC mnposenenst memuana C'M wu Boicora C'H. Ha
TJIOCKOCTH BHIOpaHa TPOW3BOJbHAS TOYKa P, depe3 KOTOPYI0 TPOBEIEHBI
npsavbie, neprnenaukyaapubie CA, CM u CB. O6o3HauuM TOYKH TEpece-
YeHWd ITUX TpAMbIX ¢ npamoit C'H dgepe3 A;, M; u B; COOTBETCTBEHHO.
Jokazxkwure, uro A\ M, = B, M,.

HepasencTtsa. 06.07.2007

1. Ilycts a, b, ¢ € R. Joxasxkute, uto a® + b* + ¢ > ab + be + ac.

2. Ilycrs ay,ay,...,a, € R oxaxure, aro (a1 + az + ... + a,)? <
n(al +a3+...+d2).

3. JlaHbsl TOJIOXKUTENbHBIE YnCIa ¢ ¥ b Takue, uTo a + b < 2. JlokakuTe
HEPABEHCTBO ;o + o Jfab > 1.

4. CyMMa TIOJOXKUTEJNBHBIX YUCET 4 + a9 + ... + a, < 1/2. Jlokaxkure,
aro (1 —a1)(1 —ag)... (1 —a,) > 1/2.

5. IlosoxkuTenpHbIe YMCad @, b, ¢, d TAaKOBH, 9TO ¢ > b > ¢ > d n
a+b+c+d<1. Hoxkaxmure, uto a® + 3b? + 5¢? + 7d? < 1.

6. [losoxknTenbHBIE YUCTA A1, A2, - - - , Ay TAKOBBI, UTO 41 +a2+. . .+ 0y = 7.
Joxkaxwure, 910 (1 4+ a1)(1 + ag) ... (1 + a,) < 2™

7. Jlokaxute, 4TO 1+%+%+...+ﬁ > \/n.

BekTposl n nx cBoiicra. 07.07.2007

1. [Iycts @ u b — [1Ba HEKOJIMHEAPHBIX BeKTOPa. JlOKasKuTe, 9TO T1060H
BEKTOp ¢ MOYKHO €IMHCTBEHHBIM 06pa30M TPeJICTaBATh B BUJE € = uG + vb,
TJle ¥ W U — BENeCTBEHHbIE YHCJIA.

2. JTaHO 1 IONApPHO HEKOJUIMHEAPHBIX BEKTOPOB A1, . . ., Gy, (1 > 3) Takwe,
410 @y +. . .+a, = 0. a) JlokaxKuTe, 9TO CYIECTBYET BHIYKJIBIH 71-yTOJIBHUK
A, ... A, Takoit, 9aTo Habop BekTOpoB A; Ay, A9 As, ..., A, Al coBnagaeT ¢ Ha-
6opoM @y, . ..,0,. ©6) CKOJIBKO CYIIECTBYET PA3JINYHBIX MHOTOYTOJBHHUKOB,
Y/IOBJIETBOPSIIONTAX YCJIOBHIO a)7

3. Ha npamoit exkuT omuaHaAATL TOUeK My, . .., M. BHe nmpamoit nana
touka F'. Moxuo nm Ha orpe3skax F'Mi, ..., FMi; paccTaBuUTh CTpeJKHN Tak,
4T00bI CyMMa BCeX MOJIyYeHHHIX BeKTOpOB ObLia pasHa 07
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4. B naruyronsauke ABCDE touku M, N, K,L — cepeiuHbl CTOPOH
AB,BC,CD w DE coorBercTBerno, P u () — cepenunsl oTpe3koB MK n
NL coorsercrrenro. Jokaxnre, uto PQ||AE n HaiijuTe oTHOMeHHe L.

5. Ha oxpyxknoctu paawmyca 1 ¢ menrpom (O maHo 2n + 1 Touek
Py,..., Py, 1, 7eXamux 10 OJHY CTOPOHY OT HEKOTOporo janamerpa. /loka-
JKWUTE, 9TO ‘OPI +...+ OPQHH‘ > 1.

6. /lan mHOTOyTOTBHUK A1 As ... A,. Ilyets By, ..., B, — cepeuHbI €10
cropon AA,, ..., A,A; coorBercTtBenHo. OT KaxKm0#l TOUKH B; OTJIOXRKHM
BO BHEIITHIOK CTOPOHY 0Tpe30K B;C;, MepneHTuKyAIPHBIH COOTBETCTBYIONIEH
CTOPOHE MHOTOYTOJbHUKA W UMEIONNil IJINHY, PABHYIO JJIMHE ITOH CTOPOHHI.

Hoxaxwure, uto B|C, + ...+ B,C,, = 0.

Paznoboii. 07.07.2007

1. PemmuTe B HATYpaJbHEIX YHCJIaX ypaBHeHHE 1° + 13 = 2V.

2. B rpadpe ¢ n BepImmHaMu CTeTIEHb KaXKI0# BEPITMHBI HE TPEBOCXO/NT .
JlokaxkuTe, YTO BEPIIMHBI MOXKHO PAaCcKpacuTh B 3 IBETa Tak, 4TO pedep ¢
OJTHOTIBETHBIMM KOHTamu Oyzier He Hosee 3.

3. B kosonie 9acTh kapt Jiexkut pybamkoit Buu3. Bpems ot Bpemenn a-
M3 BEIHUMAET W3 KOJOJBI TavKy W3 OJTHON MW HECKOJBKUX TOIAPS MIYTIHX
KapT, B KOTOPO# BEpXHSS M HUKHSAS KAPTHI JieXKAT pyOaIkoit BHU3, TIepeBo-
padmBaeT BCIO MAYKYy KaK OJHO TIEJIO€ W BCTABJISET €€ B TO K€ MeCTO KOJIOJTHI.
JlokaxkuTe, 9TO B KOHIE KOHIIOB BCE KAPTHI JATYT pyOaIIKo#t BBEpX, Kak ObI
Hu jieficTBoBasa Jlama.

4. Ha mpomomkennn croposl BC Tpeyroavbauka ABC 3a Touky B oT1-
MedeHa Todka D takuMm obpasom, uro BD = BA. Touka M — cepennna
cropousl AC. Buccekrpuca /ABC mnepecekaer npsmyio DM B Touke P.
Hoxkaxxure, uro /BAP = /ACB.

5. a, b, c — CTOPOHHI TPEYTOJIbHUKA, ¢ IepuMeTpoM 1. JIoKakuTe HEpaBeH-
CTBO:

1+a n 140 n 1+c > 19

1—2a 1-20 1-—2¢c—

6. /lokaxkuTe, YTO MHOXKECTBO CEPEJIMH XOPJ JAHHOM OKPYKHOCTH, TIPO-

XOASAIMAX depe3 JAHHYIO TOUKY M BHYTPH OKDPYXKHOCTH, €CTh OKPY>KHOCTb.

7. U3 yrna mpsaMOyTOJABHOTO OWIIHAD/A C TEeJBIMA CTOPOHAMM TYIEH

map no OmccekTpuce 3TOrO yria. /loKaxKuTe, 9TO TOCJE€ HECKOJBKUX OTPa-

JKeHWil OT cTeHOK Gmmap/a (Mo 3aKOHy “YroJl MaJeHusl PaBeH YTy OTpa-
JKeHus”) Tap CHOBA MONAJIET B OJMH U3 YIVIOB OMJLTHAD/IA.
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I'padsi. Packpacku u mpouee. 09.07.2007

1. Kaxnprit m3 450 menmyraroB [ocynapcTBeHHOW JYMBI YAapWJa POBHO
OJTHOTO M3 CBOWMX KoJjIer. JloKaKuTe, YTO MOYKHO COCTABUTh KOMUCCHUIO W3
150 menmyTaToB, CpeIu KOTOPHIX HUKTO HUKOTO He OMJI.

2. Crenenu Bcex BepITUH CBS3HOTO Tpada He mpeBocxoasat d. lokaxkmnre,
YTO €r0 BEPITUHBI MOYKHO TPABUILHBIM 00Pa30M PACKPACHUTH B d 1TBETOB, €CJTH
a) eCTh BEPIINHA, UMEIOIAs CTETIeHb MeHbIle, 9eM d;  6) eCTh BepIINHA, IPH
y/laJIeHuH KOTOPO# Tpad TepsieT CBA3HOCTh; B) d > 2 M €CTh J[BE BEPITHHBI
TaK¥e, YTO MPH YJAJI€HNH UX 000MX rpacd Tepser CBA3HOCTh; T) €CTh TPH
BEPITUHH U, ¥ U W TaKWe, YTO U CMEKHA C U M W, BEPITUHBI ¥ U W HECMEKHBI
W TIPY y/IaJI€HUY BEPITUH ¥ ¥ W CBSI3HOCTb HE HAPYIIAETC.

1) (Teopema Bpykca.) Crenenn Bcex BEPIIHH CBS3HOTO Tpada, HE sIB-
JISIONETOCH HEYETHBIM IUKJOM ¥ TOJHBIM TpadoM m3 d + 1 BepIIuHBI, HE
npeBocxodaT d. /lokaxkuTe, 9TO €ro BEPITMHBI MOXKHO PACKPACUTH B d TBE-
TOB TPABUJIBLHBIM 00Pa30M.

3. B cTpane mpoBesin aHKETY, B KOTOPOil TpeOOBaI0Ch HA3BAThH JIOOUMOTO
TIUCATEJIS, XY/IOXKHUKA, U KOMIO3UTOpa. (JKa3a0Ch, 9TO KaXKJbIil yHOMSHY-
THI#t XOTb pa3 JiedTe b UCKYCCTB SBJSETCH JIIOOMMBIM poBHO k Jioabmu. Jlo-
KayKWTe, 4TO BCEX MPOAHKETHPOBAHHBIX MOXKHO Pa3/IeJinTh HA 3k — 2 TpynIsl
TaK, 9TO B KaKJI0# TPYIITe JI00bIE JIBa, Y€JI0BEKA MMEIOT COBEPIIEHHO PA3HBIE
BKYCHI.

4. JlokaxKuTe, 9TO BEPUTNHHI TJIOCKOTO Tpada MOXKHO PaCKpachUTh Tpa-
BIJIbHBIM 00pasoM a) B 6; 0) B 5 1BETOB.

5. B roposie HeT HU MOCTOB, HM TOHHeJIeH, HM TYNMKOB. Bce mepekpecT-
KH UMEIOT KpecToobpa3Hyio (hopMy 1 06pa30BaHbI TepecedeHneM POBHO JIBYX
yaui. CoBepliias WHCTIEKITMOHHYIO TIOE3/IKY MO TOPOJY, TYOepHATOP Ha KaXK-
JIOM TIEpeKpecTKe TOBOpadYMBaJ JuO0 HAmpaBo, JubO0 HaJeBO. Yepe3 HEKO-
Topoe BpeMs 1modep TrybepHATOpa 3aMETHJ, YTO OHM €IyT MO JOpOoTe, TO
KOTOPO# y2Ke mpoe3kayn. JIoKaXKnTe, 4TO OHU €1yT B TOM K€ HAIPABJIECHUH.

6. Ha okpykHOoCTM OTMeTW/M 47 TOYEK W PACKPACUIN WX Yepe3 OJHY
B KpacHbBIH 1 cuHMi 11BeTa. TOUKM KaxKI0TO 1BeTa, pa30MIn Ha Maphl ¥ TOYKH
KaKJIOl Taphbl COEJIMHUIA OTPE3KOM TOTO ¥Ke I[BETA, UTO M 9TH TOYKU (HHU-
KaKue TPH OTpe3Ka TIPH 5TOM He TEPECEKJINCh B OJHOM Touke). Jlokaxkure,
4TO HaWjeTcd mO KpaiiHell Mepe 71 TOUYeK IepecedeHns KPACHBIX OTPE3KOB
C CHHUMH.



Knaccudbukanmna asumxkennii. 10.07.2007

1. [okakuTe, 4TO Jit0OOE JBUKEHWE OJHO3HAYHO 33JaeTcsd oOpasamu
a) OJIHOW TOYKM W JIByX HEKOJUIMHUAPHBIX BEKTOPOB; 0) TpeX TOYEK, He
JeXalux Ha OJTHON TPAMOM.

2. a) JlokaxuTe, 9TO JBHKEHNE, NMEIOIEe TPH HETIOJBIKHBIE TOUKH, He
JIEXKAINE Ha, OJTHOM MPSIMOl SBJISETCS TOXKJIECTBEHHBIM TTPEOOPa30BaHMEM, a
JIBMKEHWE MMEIOTIIee JIBe HETIOJBUXKHBIE TOUKM — TOXKJIECTBEHHBIM TIpeo0pa-
30BaHUEM WJIM CUMMeTpHueil.

6) JdokakuTe, 9TO JBUXKEHNE, HMEIOIIEe POBHO OJTHY HENOJBUKHYIO TOU-
KY, SBASETCS TTOBOPOTOM.

3. (Teopema Illans.) Jokaxkure, 9To JIO00E JIBIKEHHE MOXKHO TIPET-
CTaBUTb KaK KOMIIO3UIIWIO He H0Jiee, 4eM TPEX OCEBBIX CUMMETPHIA.

4. JlokakuTe, 9TO JBUKEHNE, KOTOPOE MOXKHO TPEJICTABUTh B BUJIE KOM-
TIO3WITAA YETHOTO YHCJA OCEBBIX CHMMETDHH, HeJb3sd NPEACTABUTL B BHJE
KOMTO3WIIMA HEYETHOTO YHCJIA OCEBBIX CHMMETDPHUA.

Omnpepnenenne. /[BuxkeHne, MpeJCTABUMOE B BHJI€ KOMIIO3UIMYA YE€THOTO
YUCJI8 OCEBBIX CUMMETDWIM, HA3BIBAETCH J8UMCEHUEM NEPB020 POda, a IBUMKE-
HHE, TIPEeJCTaBUMOE B BHJE KOMIIO3WIIMA HEYETHOTO YHCJIA OCEBBIX CHMMET-
puit, HA3BIBAETCH JEUMHCEHUEM 6MOP020 POJa.

Onpepnenenne. Croavdaweld cummempueli HABIBAETCT KOMIO3UIIHS
CUMMETPUM OTHOCUTETHLHO HEKOTOPOI MpsMoit £ u mepeHoca Ha BEKTOP, Ta-
paJutesibHbIi £ (3TOT BEKTOP MOXKET GbITh HYJIEBBIM).

5. a) JJokaxkure, 4ro J11060€ JBUXKEHNE TIEPBOTO POJIA SBJSIETCS TIOBOPO-
TOM WJIM TIAPaJIJIEJbHBIM TIepeHocoM.  6) Jlokaxkure, 4T J1I060€e IBIKEHUE
BTOPOTO POJA ABJLETCA CKOJB3AIIEH CUMMETpHEN.

Paznoboii. 10.07.2007

1. /TokaxkuTe, 4TO JJs JIOOOTO TOJOKUTEIBHOTO YHMCJA, & CIIPABEITUBO
HepabeHcTBo 2z° + 928 < 9210 4+ 2.

2. HarypaabHbie YHCIa 7 ¥ 170 TAKOBHI, 9TO m2+n’+m - mn. JJokaxmure,
YTO 1M — KBaJAPaT HATYPAJbHOTO YUCHA.

3. Illects kpyroB uMmer0T 06IMyI0 TOUKy. JloKaxKwWTe, 4TO OJWH M3 HUX
COJIEPXKUT TIEHTP KAKOTO-TO JPYTOTO U3 HUX.

4. [Tycts I — meHTp BOHCAHHON OKPY»KHOCTH TpeyroJabuuka ABC, By —
TOYKA KaCaHUs €r0 BHEBMUCAHHOW OKYKHOCTH cO cTopoHoit AC, m M — ce-
penuna cropousl AC. lokaxwure, uro BB ||IM.



5. Nmeercsa kyuka u3 1997 opexoB. 3a oqHY ONEPANMIO PA3PEIIAETC JI0-
Oy10 U3 MMEIONTUXCS KYy4eK pa3aenuThb Ha ABe. [Ipu 3ToMm, ecim 06pasoBaanch
JIBe HepaBHbIE KYYKH, TO B3nuMaeTcs mrpad onuna pybsan. Kakosa HanMeHb-
masi BO3MOXKHas cCyMMa MmTpada, KOTOPYI0 MPUXOIUTCS 3aIIATHTH, YTOOBI
nosyunTh 1997 Kydek, Mo OTHOMY OPeXY B KaiKJ0M?!

6. Cepezka 3ammcaJi B KJIETKM TMaxMaTHOH gocku 8 X 8 umcna 1, 2, 3, ...,
63, 64 B HekoTopoMm mopsinke. OH coobmua J[aHe TOJBKO CyMMy YHCET B
KaKJIOM TIPSIMOYTOJIbHUKE W3 JABYX KJIETOK u j1o6aBmi, 4To 1 m 64 jiexkar HaA
onHOM nuaronanu. JlokaxkuTe, 94T0 10 3T0H nHpOpManun Jans MoKeT TOUHO
OTIPeIeTNTh, B KaKO# KJeTkKe KaKoe YMCJI0 3aIUCAHO.

HepasencTBo o cpemumx. 11.07.2007

1. JIaHBI TOOKATETbHBIE YUCTA L1, L9, - - - , Lp. JLOKAXKHATE, ITO 2—; + 2—; +
-+ w;—;l + z—’; > n. (HepaBecHTBOM O CPETHUX TIOJH30BATHCS HE PA3pera-
eTcs).
2. (HepaBeHCTBO O cpenHemM apupMETHYECKOM M CPEJSHEM TI€O-
MeTPU4IECKOM.) JLJisi MPON3BOIBHBIX MOJOKUTETbHBIX YACEI 1, . . . , Gy, BbI-
TIOJTHSIETCS] HEPABEHCTBO

a1+a2+---+an
n

> araq ... ay.

a) JlokaxKuTe, UTO €CJM HEPABEHCTBO O CPETHUX BBINIOJIHSIETCS JJIS k 9u-
CeJ1, TO OHO BBITIOJIHSIETC U Jyist 2k uncen.  6) Jlokaxkure, 9To €CaM HEpABEH-
CTBO O CPEHUX BHITMIOJHIETCA A5 k 4KMceJ, TO OHO BHITIOJHSIETCA U A k — 1
uyncaa. B) BbiBesere HEPaBEHCTBO O cpenHuX u3 3a7a4m 1. 1) JokaxkuTe
HPaBEHCTBO 0 cpeaHux MeronoM IlItypma 6e3 mpuMeHeHUST WHIYKITHH.

3. (HepaBeHCTBO O CpegHEM reoOMEeTPUYECKOM M CPEJHEM rap-
MOHMYECKOM.) JloKaXKuTe, UTO JJIsi MPOU3BOJBHBIX MOJOKUTETHHBIX THCEJT
a1, ..., 0y, BHITIOJHAETCS HEPABEHCTBO

n
Yaias .. .0, > .
=1 1 1
al + a2 + + Qn
4. (HepaBenctBo o cpegueMm apudMeTHIECKOM U CPEJHEM KBAa/I-
paTugHOM.) JloKaxKWTe, 4TO IS TPOM3BOJBHBIX BEIECTBEHHBIX YHCEJT
a1, .., 0y, BHITIOJHIETCS HEPABEHCTBO

s>

\/a%+a§+---+a2 a1 +az+ -+ +ay
n n '



5. Jlyis TOJMOXKWTENbHBIX YHCET ¢ W b JIOKaXKWTe HEePaBeHCTBO: 2+/a +

3vb > 5v/ab.

6. JlokaskuTe HepaBeHCTBO v/a + 1 + v/2a — 3 + /50 — 3a < 12.

Caa3HocTh rpacdos. 11.07.2007

Onpenenenune. Pebpo cBs3HOrO Tpada HABKIBAETCA MOCMOM, €CJIN TPH
€ro ynaJeHnn rpacd TepseT CBA3HOCTh. BepmmHa cBa3HOTO Tpada HA3HIBAET-
csT Moukol COYAEHEHUA, €CTTU TIPH €€ YIAJEHUN Tpad TepseT CBI3HOCTD.

1. a) B rpade, umeromem Xorst GBI TPU BEPINTUHBI, HET TOYEK COUJIE-
HeHUs. J[oKakuTe, 9TO MeXKJIy JIOOBIMU JBYMs BEPITMHAMH JAHHOTO TPa-
da cyIecTBYIOT JiBa TyTH, He WMEIONTHE OOIMMX BEPINWH, KPOME KpaiHUX.
6) HecMmekHbIe BEPIUHBL G U b TAKOBBI, YTO JJIs JII0O0OH BEPITMHBI ¢ CYIIe-
CTBYET TyTb U3 ¢ B b, He MpoxoAsIuit Yepe3 c. Jokaxkure, 4T0 MKy ITH-
MW BEPITMHAMHU CYITECTBYIOT JIBA TMYTH, HE UMEIOIINe OOIUX BEPITUH, KPOMe
KpaliHuX.

Omnpepnenenne. Cps3ublit Tpad HA3BIBAETCS 08YC8A3HbIM, €CTU OH CO-
JIEPKUT KaK MUHUMYM TPHU BEPIIUHBI U TIPU yAaJEHUH JI060# BEPITUHBI CO-
XPAHSET CBAZHOCTD.

2. a) Jokaxwure, uro B rpade 6e3 MOCTOB MeXKJIy JIOOBIMH JIBYMsI BEp-
IMMHAMM CYIIECTBYET J[Ba TyTH, He MMerorue obmmx pebep;  6) Bepimunst a
n b TakoBbI, uTO J1s JI060T0 pebpa C' cyiecTByer nyTh U3 ¢ B b, HE TPOXO/Ts-
it yepe3 C'. JlokaxKuTe, 94TO CYIIECTBYIOT JBa MyTH M3 ¢ B b, He MMeEIOIIHE
06X pebep.

3. a) Pe6pa A, B u C TakoBbI, YTO CYIIECTBYET MPOCTON ITMKJI, TPOXO-
namuit 9epe3 A m B, W CyIecTByeT MpOCTO# IUKJ, MPOXOadinuii yepe3 B
u C. Jlokaxkurte, 9TO CyIIECTBYET MPOCTOH MUKJ, mpoxoasimmii yepe3 A u C.
6) dokaxmure, 9T0 B JABYCBsi3HOM Tpade obbie Ba pebpa jexkar Ha 00ImeM
MPOCTOM TUKJIE.

4. B rpade mexay J0OOBIME JBYMS BEPITMHAMHU CYIIECTBYET MPOCTOM
TMyTh YETHON JAWHBI. J[OKaKuTe, 4TO MEXKIY JIIOOBIMU JBYMS BEPITHHAMMU
CYIIIECTBYET NPOCTON IIyTh HEUYETHON JJINHBIL.

5. Bce BepmmHbl cBsS3HOTO Tpada mMeoT crenedb 3. Ero pebpa packpa-
IMEeHbl B 3 TBETa TaK, YTO M3 KarKJOM BEPITWHBI BBIXOJIUT POBHO TIO OJTHOMY
pebpy kaxkoro npeta. /lokaxkure, 9TO 3TOT Tpad OCTAETCS CBA3HBIM TOCJIE
yaajeHus Jo0oro pebpa.

6. B crpane 100 roposoB, W3 KarKJOTO TOPOJA BBIXOIUT XOTS OBl Of-
Ha Jopora. JlokaxKuTe, 94TO MOXKHO 3aKPBITh HECKOJBKO JIOPOT TaK, YTOOBI



MO-TIPEXKHEMY W3 KarKJIOTO TOPOJa BBIXOJIMJIO HEe MeHee OJTHON JIOPOTW W TIpH
3TOM TIO KpaitHeit Mepe n3 67 TOPOJIOB BHIXO/IMJIO POBHO TI0 OJHOMN J0poTe.

Buyrpennnit matboii. 12.07.2007

1. B ocrpoyronsaom tpeyroasuuke ABC cropona AC' > BC,a CD, AP
n BQ) — Bwicotsl. Ilycts R — Touka nepecevenuns npambix PQ u AB. [loka-
JKWTe, 9TO OMMMCAHHBIE OKPYKHOCTH TpeyroabHuKoB C' PQ) u RD() xacaiorcs.

2. Ilera, Baca n Tosst pemmuan chIrpaTh B CJeAyIONyI0 uUrpy. B kyuke
gexar 1999 cnuyek. [lers m Baca nmetor mpaso O6path 1 wiam 2 cnwykwy, a
Tonst — 1, 2 wam 3. IIpu srom [letst u Bacs o6beMHSIOT CBOM YCUTHS TIPOTUB
Tonu, a Toss nmeeT mpaBo BHIOPATH OUYePEIb CBOETO XOJa — MEPBHIit, BTOPOi
nan TpeTuit. BRIMTPHIBAET TOT, KTO BO3BMET TOCJIEIHIOW cndKy. MoxkeT iu
Tonst BRIOpaTh cebe Takyw odepe/ib, YTO TPHU MPABUIBHOI WIPe BBIUTDAET
WMEHHO OH?

3. Pemmure B HATYpaJbHLIX 4MCJaX ypasHeHue 1° + 35 = z2y2.

4. Pebpa nosiHOTO Tpada ¢ 1 BepITNHAME TOKPAIIEHB B HECKOJIBKO T[BETOB
TaKuM 00Pa30M, UTO KaxKIbIHl 1IBET BcTpedaerca He Gojee n — 2 pa3. Jloka-
’KWTe, 9TO €CTh TPHW BEPITUHBI, Bce pedpa MeXkKTy KOTOPHIMHM TIOKDAIIEHHI B
PA3JIMYHBIE TIBETA.

5. Ha croponax tpeyronpanka ABC Kak Ha OCHOBaHUSAX TIOCTPOEHBI BO-
BHe paBHOOepenubie Tpeyroabankn ABC,, BCA;, CAB; ¢ yruom 120 rpa-
JlycoB Tipu BepiuHe. JloKaxkuTe, 4T0 mepuMerp Tpeyroabuauka A, B;C He
6otbIlie IEpuMeTpa Tpeyroabauka ABC.

6. B xnerkax Tabauisl 4 X 4 BOUCAHBI HYJIW W €IUHUIBL. VI3BecTHO, 9TO
CyMMa 4YHCeJ B JIIOOOM KBapTeTe He PaBHA HYJO. JloKaxKWTe, 4TO CyMMa
BCEX 4mCes He MeHbIne 7. ( Keapmemom Ha3BIBAIOTCS 9€THIPE KJIETKHU, TIEHTPHI
KOTODPBIX SIBJISTIOTCSI BEPITHHAMH TPSMOYTOJIbHUKA,).

7. JaHbl TOIOKUTEbHBIE YUCTA @, b, ¢ 1 d Takue, uTo ac = bd. Jokaxkure
HEPABEHCTBO

(a+b)(b+c)(c+d)(d+a)
v abed

8. Bce HaTypasabHbBIE UnCIIa, pacKpaIleHbl B PO30BLIT 1 TOJy00it IBETA TaK,
YTO YUCEN KaXKJIOTO IBeTa 0eCKOHeYHO MHOTO. JloKaxKuTe, 9TO CYIIECTBYET
YUCJI0, SBJLIONIEECS U CyMMO# JIBYX PO3OBBIX, M CYMMO#l IBYX TOJYOBIX.

9. /Ipa Kora ykpaJsu 1975 cocncok, coeJuHEHHBIX B 99 nemovek (menovex
W3 OJHOI COCUCKHW W3HAYAJbHO HeT). Kaxnprit 13 HEX CBOMM XOIOM MOXKET

> 4(a + c)(b+ d).
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MEPEKYCUTh TIEPEMBIUKY MEXKJy JBYMsI COCHCKaMM M CheCTb BCe 0Opa30BaB-
Imecss OJIMHOYHBIE COCUCKM. BhMTphiBaeT chemimuit Gosbiite cocucok. Kro
BBIUTPHIBAET TIPU TMPABUIbHOMN UTpe?

10. BermecTBeHABIE 9ACAA T1, Ty, - - - , T, TAKOBHI, 9TO T4 + 241, + b? = T,
T3+ 2az9 + 0 =13, ..., 22 + 20z, + b = 1, THE b > @ > 0. Jokaxwure, 9TO
T =T =...=Tp.

I'eomeTpunsa macc. 14.07.2007

Onpenenenne. Mamepuasvholi moukot (m.m.) HASBIBAETCS YTOPSIOYEH-
Hag napa mM, tne M — HekoTOopas TOYKa TJIOCKOCTH W 111 — HEHYJIEBOE
qncyo. Umesmo m Ha3bIBaeTca Mmaccoti MaTepuasbHOit Toukm mM, a cama
Touka M — wocumenem 310 M.T. Llenmpom macc MaTepUaJbHBIX TOUYEK
mi My, moMs, ..., m, M, Ha3HIBaeTCca TaKasd TOYKa 4, JJIA KOTOPOH WMeeT
MECTO PaBeHCTBO M Z M, + meZ My + ...+ mpyZM, = 0.

Teopema 1 (OcHoBras teopema). Ecam Touka Z CJIy:KUT IEHTPOM
MaCC CHCTEMBI M.T. my My, ma Mo, ..., m,M,, npudem mi+mao+...+m, # 0,
TO JJs Ja1000# Touku (O CpaBeaInBO PABEHCTBO

W_ m10M1+m20M2++mnOMn
- m1+m2++mn )

O6paTHo, ecyin X0Ts OB A5 0HOM TouKH () BHITIOJHAETCS 9TO PABEHCTRO,
TO TOYKA, Z — TIEHTP MAacC JaHHON CUCTEMBI M.T.

CaencrBue. [[ns KOHEYHOU CUCTEMBI M.T. C HEHYJEBOHW CymMMoit Macc
TEHTP MAacC CYIIEeCTBYeT W ONPeIeNseTcs OTHO3HATHO.

Jlasiee Be3nie, TOBOPS O CHCTEME MaTepHAJbHBIX TOUYEK, OyaeM Mpeanosa-
raTh, YTO CYyMMa MacCC €€ TOYeK OTJMYHA OT HYJId.

Teopema 2 (IIpaBmio pseruyara). Llentp mace Z aByx M.T. miA n
moB ¢ HeOTPHIATEJbHBIMA MAaCCAMH PACIOJIOXKEH Ha, oTpeske AB, mpmyem
my |AZ| = me |BZ|.

Teopema 3 (IIpaBmio rpynnupoBku). IlycTh B cucremMe MaTepuasb-
HBIX TO4eK myMi,moMs, ..., m, M, ormeuensr k M.T. mi M, moMsy, ...,
mip My, m myctb C — HEHTp Macc OoTMedYeHHBIX M.T. Torma cucrema my M,
maMa, ..., m, M, IMeeT TOT Ke TEHTP MaCC, YTO M CACTEMA M.T. (M +ma +
ot mk)C, Mgr1 Mi11, ..o Mg My,

1. ITycte AA; — meanana tpeyroabanka ABC. Ha cropone AC BHIGpa-

Ha Tovyka F Takas, 4To TOYKa mepecedenus otrpeskoB BE um AA; aBasercs
AE

cepeuHoit orpeska AA;. Halinure oTHOMmeHne 7.
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2. B Bepmmmnax A, B, C, D napannenorpammva A BC D pa3Melensl moJio-
JKUTEJBHBIE MACCHI Mg, My, M, U My COOTBETCTBEHHO.  a) JloKaxkure, 9T0
eCJIM My = M A My = Mg, TO EHTP MACC HAXOIUTCA B TOUYKE MEPECEIEHUS
JMaroHaJsei mapasuiesiorpamma.  6) JJoKayKuTe, 9TO €CJIM TEHTP MACC HAXO-
JINTCA B TOYKE TEPEcCeueHms TUaroHaJsell mapasaesorpaMmma, T0O My, = M, u
my = My.

3. Ilyctb M, N u P — TOuKH, pachoJioxKeHHbe Ha, cTopoHax AB, BC
n C'A tpeyronpunka ABC w neasinme 9TH CTOPOHBI B OIMHAKOBBIX OTHOIIE-
HUAX (T. €. f/l—l‘é = % = %). JlokakuTe, 94TO TOYKA MEPECeYCHHS MeIUaH
TpeyroabauKa M N P coBuamaer ¢ TOYKO# TepeceveHusT MeJINaH TPEyToJib-
uuka ABC.

Omnpepnenenne. [lyctsh @ 1 b — aBa KOJAWHUAPHBIX BeKTOpa. Torma oTHOIIE-

HHUEM % HA3BIBAETCS YMCJI0, KOTOPOE TIPW YMHOXKEeHWW Ha b jaeT a.

4. /lokaxkuTe TpU TOMOIN Macc TeopemMy UeBsl.

Ha croponax AB, BC n AC Ttpeyroabauka ABC, niu Ha WX TPOTOJIKE-
HUsTX oTMedeHbl Touku C, A, m B cooTBeTCTBEHHO. J[0KaxKuTe, 4TO TpSsi-
mbte AAy, BB, u CC) xonxypenmnos (T. €. OO TapasuiesbHbl, JU00 TEepe-
CEKAIOTCsI B OJTHOM TOYKE) TOTJA M TOJBKO TOTJ/IA, KOT/IA

BA, CB;, AC

4,C B,A CB

5. JlokaxkuTe TIpu MOMOIH Macc Teopemy Menesas.

Ha croponax AB, BC u AC tpeyroabauka ABC, win Ha WX TPOJIOJ-
keHusx orMedensl Touku C, A; u By coorBeTcTBeHHO. JlOKaXKuTe, 94TO 9TH
TOYKH JIEXKAT HA OTHON TPAMOI TOT/a ¥ TOJHKO TOT/A, KOT/Ia

BA, CB, ACi _
AlC BlA ClB

6. /lokakute mpu nomoInu Macc Teopemy Ban-O6ens.

Yesuanst AA;, BB, u CC| tpeyronpanka ABC mepecekaiTcs B TOY-
ke K. Jlokaxkute, 9TO 1?114(1 = % + %.

7. B okpyxHOCTH BrnucaH 4deThipexyroibauk ABCD; M — Touka me-
pecedeHus ero auaronaJseit, () — cepenmna cropousl C'D. Berumcauthb, B
KaKOM OTHOITIEHU! JeauT npsmas M) cropony AB, ecim W3BECTHO, 9TO

AD = a,BC = b,

12



E1me meckosbkoO KilaccmdecKnx HepaBeHCTB. 14.07.2007

1. (HepaBsencrso Kommn-Bynskosckoro-IITBapua.) a) [lokaxwure,
YTO JJIsT JTIOOBIX BEIECTBEHHBIX YUCEJ (1, dg, - - - , Gy, b1, ba, . . ., by, CTIpaBE TN~
BO HepaBeHCTBO  (af+...+a2)(b3+...+b2) > (a1b +...+azb,)® 6) llpm
KaKUX 3HAYEHUSX TIEPEMEHHBIX JIOCTUTAETCS PABEHCTBO?

2. (TpancuepasencrBo.) a) Ilyctb 0 < a1 < ag < ... < a0 < b <
be < ...< by u (i1,42,...,1,) — nepecranoBka umcen 1,2,...,n. Jokaxnre,
qTO albn + CEan_l + ...+ anbl S albil + a2bi2 + ...+ anbin S a1b1 + a2b2 +
oot apby,.

6) IIycrb 0 < a1 S ap < ... < ap;0< by <bg <oio Sy ;0< 4 <
by < ..o < Ay | (G1,02, .0 y0n)y «ovy (J1,J2y-++5Jn) — TIEPECTAHOBKH HHCEJT
1,2,...,n. Hokaxnure, uto aib;, ...¢;, + agbi, ... 4;, + ... + anb;, .. . 4;, <
albl...ﬁl+a2b2...£2+...+anbn...ﬁn.

3. Jl1s mpom3BOJbHBIX MOJOKATEIBHBIX YHCET MOKAXKHUTE HEPABHECTBO:
a® 4+ b% + 2 + 2abc + 1 > 2(ab + be + ac)

4. Ilycts a,b,c > 0. okaxkure, 4T0 % + % + % >a+b+c

5. (mepaBencrBo Yebbimesna.) lokaxwure, uro js uncesa 0 < a; <
ag < ... < ay, 0 <b <by <...< b, BHNOJHEHO HEPABEHCTBO (G + ... +
an)(br + ...+ by) < nlarhy + agby + ... + ayby).

6. JlokaxkuTe, 94TO MPH TOJOKUTEILHOM I W TMPOW3BOJBHBIX Y, 2 BEPHO
mepasectBo  2'0(z + % + 24)7 > T (zy2)*.

7. s moJIoKUTENbHBIX YHUCeN G, b, ¢ IOKaxKuTe HEPaBEHCTBO

b2 c? a+b+c
a+2b+c + a+b+2¢ Z 4 -

a2
2a+b+c +

Maccs! Bo3spamiatorcs! 15.07.2007

1. ITycts O — mpowusBoJibHAs TOYKA BHYTpH Tpeyroabauka ABC. Jloka-
2KHTE, 9TO SBOC . m-i- SAOC . O—B+ SAOB . m = 6

2. JTan TpeyroibHUK CO CTOpOHaMHU a, b u ¢. Kakue Macchl HY:KHO TIOMe-
CTUTh B €T0 BEPIIUHBI, YTOOBI TEHTPOM MACC TIOJYUUWBIIEHCS CUCTEMBI OKa-
3aJiCsl IEHTP  a) BIMCAHHOW; ©) BHEBINMCAHHONW  OKPYXKHOCTH JIAHHOTO
TPEeyTOJIbHUKA.

3. [lycrs ABC D — BoimyKJibiit 9ersipexyroabauk, K, L, M, N — cepe-
qunbl ctopor AB, BC, CD, DA. JlokaxxuTe, 9TO TOYKA, TEPECEUEHUS OTPE3-
koB KM n LN gBnsgercs cepenHON 3TUX OTPE3KOB, a TaKXKe W CepeIMHON
OTPE3Ka, COeTUHSIONEro cepeaunbl auaronaieir AC' u BD.
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4. a) (rouka 2Kepronna.) JlokaxnTe, 4TO TPSIMbI€, COETUHSIONINE BEP-
IITAHBI TPEYTOJbHUKA C TOYKAMH KACAHWS BIHUCAHHOW OKPYXKHOCTH C COOT-
BETCBYIOIIMMH CTOPOHAMH, TIEPECEKAIOTCS B OHOM Touke. 6) (Touka Ha-
redisi.) JlokaxuTe, 9TO TPSIMble, COEUHSIONINE BEPIUHBI TPEYTOJbHHUKA C
TOYKAMM KACAHWS BHEBIMCAHHBIX OKPYKHOCTEH C COOTBETCBYIOIMMHE CTO-
POHAMH, TIepeceKanTcs B oxHol Touke. B) Toukm C, A, B — cepeauHbl
cropon AB, BC, AC tpeyronsunka ABC. [lokaxKuTe, 4TO NEHTP BIUCAHHON
okpy kHOCTH Tpeyrobanka ABC coBmaiaer ¢ Toukoit Haresns TpeyroabHuka,
A B Ch.

5. Ha okpy»KHOCTH PACIIOJIOXKEHBI N TOYEK C €TMHUIHHIMI Maccamu. Bacs
BHIOMpAET MPOM3BOJIBHBIE 71 — 2 M3 HUX, PUCYET UX TEHTP MACC M OMyCKaeT
"3 HEero TEepNeHIUKYJIID HA MPIMYI0, MPOXOALAIIYI0 Yepe3 JIBE OCTABIIHAECS
Touku. Jlokaxkure, 9To Bce BacwHbI psMbie TPORIYT Yepe3 OHY TOUKY.

6. B uernipexyronpanke ABCD Ttouka E — cepenuna cTroponsl AB, a
touka K — cepenuna croponsl C'D. JloKayKuTe, 9TO CepeTuHbI 0Tpe3KoB AK
CE, BK n DE aBnsiioTcs BEpUIUHAMY TAPAJIIEIOTPAMMA.

7. Ha 6uccekrpuce yria A HepaBHOOeApeHHOTO Tpeyroibauka ABC BbhI-
opana Ttouka K. [lpamere BK u C'K mnepecekawor cropoust AC m AB B
toukax L n M. [lokaxkure, 9yro mpamas LM mpoxoauT uepe3 OCHOBAHUE
OUCCEKTPUCHT BHENTHETO yTia A TpeyroJbHUKA.

Pasznoboiiunk. 15.07.2007

1. Bruucannas okpyxkHOCTH Tpeyroapuunka ABC kacaerca cropoH AB
n BC B Toukax P m () coorBercTBeHHO. J[0KaxKWTe, 4TO TOYKA TEpecede-
Hus P(Q) ¢ 6uccekTpucoi yriia A JIe:KHT Ha OKPYKHOCTH, TOCTpoeHHo# Ha AC
KaK Ha JINAMeTpe, a TaK¥Ke Ha, CpejJHell TUHWH, MapaliiepbHol ctopone AB.

2. (Teopema o Tpex koamnakax) OOIue BHEITHWE KacaTeJbHbE K IIa-
paM OKpy KHOCTel S1 1 So, So 1 S3, S3 1 S| nepecekatorcs B Toukax A, Bu C
cooTBeTcTBeHHO. JlokaxkuTe, uto Toukn A, B u C jexaT Ha OHON TPIMOI.

3. Hoxkaxwnre, uro ecam ¢ = b (mod p) (rae p — mpocToe 4YuCiIo0), TO
a® = (mod p?).

4. Haiinure Bce Takue maphl HATYpPaJbHBIX uncen (a,b), 9ro uncia a® +
6ab+ 1 u b® + 6ab + 1 — Tounble KyOHI.

5. Ha miockocTn JJaHO MHOXKECTBO TOTIAPHO HETIEPECEKAIONTUXCS KPYTOB.
JlokaxkuTe, 9TO 3TO MHOXKECTBO He HOJIee YeM CUETHO.

6. /lokaxXTme, 9YTO HA, TJIOCKOCTH HEJIB3S PACIOJOXKUTDL 00Jiee 4eM CUeT-
HOe MHOXKeCTBO Hemepecekatonmuxcst 6yks T a) ecsim 6yksa T cocrour u3
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JIBYX TIEPIEHINKYASPHBIX OTPE3KOB JIJIMHBI 1, KOHEI] OJTHOTO U3 KOTOPHIX COB-
TaJIaeT ¢ cepeiuHol apyroro;  6) ecan OykBa T MOKeT COCTOSTDH M3 JHOGHIX
JIBYX TIEPTIEHUKYJISPHBIX OTPE3KOB, KOHEI OJTHOTO M3 KOTOPHIX JIEXKUT BHYT-
pu Jpyroro;  B) ecsn OykBa T MOXKET COCTOSTH M3 JIIOOBIX JIBYX OTPE3KOB,
KOHET[ OJTHOTO M3 KOTOPHIX JIEXKUT BHYTPH JPYTOTO.

7. JlokaxkuTe, 4TO 4MCJIO pa3dueHmit HaTypasbHOrO N Ha HATYpaJbHbBIE
cJaaraeMeie, He TPEBOCXOJSINMe k, paBHO umcay pa3bmenuit N Ha He Gosee
4eM k HaTypasibHBIX ciaaraembix. (Pa3buenns, OTIMYaloNuecs JUIb MOPs/I-
KOM CJIATAEMBIX, CIUTAIOTCS OJMHAKOBBIMH. )

Hanpasaennsie yrisl. 16.07.2007

1. Ha cropone AB pasHoGenpentoro Tpeyroabanka ABC (AB = BC)
BbIOpaHa Touka D). Yepe3 Touky D) mpoBesm KacaTeTbHYIO K ONUCAHHOM
okpy»kHOocTH Tpeyroabanka ADC. OHa nepecek/ia OMUCAHHYI0 OKPYKHOCTD
tpeyroasanka BDC B rouke M. Tokaxwure, uro BM||AC.

2. (IIpsmass Cumcona.) anwsr tpeyroabunk ABC wu rtouka P.
[Tycts Ay, By u C| — OCHOBaHWS TEPIEHINKYJIIPOB, OMYIIEHbIX U3 TOUYKH P
Ha npambie BC, AC n AB coorBercTBenno. [lokaxwure, uro Touku A, B;
n C nexaT Ha OHON MPAMO#i, TOT/IA M TOJIBKO TOT/a, KOTIa TOYKa PP nexur
HA OMMCAHHON OKPYKHOCTH Tpeyroabuuka ABC.

3. (Touka Muxkeusi.) Ha mrockocrn jfausl 4 mpsiMble 06IIEro MOJIOXKe-
Hus. /loKa)kuTe, YTO OMMCAHHBIE OKPYKHOCTU YETHIPEX 0OPA30BAHHBIX MU
TPEYTOJbHUKOB UMEIOT OOIIYI0 TOYKY.

4. JIse okpyskHocTH ¢ niearpamu O; u O, niepecekatorcs B Toukax A u B.
Onucannas OKpy»KHOCTb Tpeyroabanka (1 B0, nepecekaeT BTOPYIO OKPYK-
HOCTH Takxke B Touke P. Jlokaxkute, uro Touku O, A u P jexar Ha OHON
TIPSAMOT.

5. B Tpeyroabauke ABC nposenu 6uccektpucy BK u Beicory CD, a B
tpeyroabanke BKC — Bbicory K L. Ilpasvsie BK n C'D mepecekaioTcss B
touke M, a npambie KL u CD — B Touke N. OnucaHHasg OKpPyKHOCTb TPe-
yronbauKa BK N BTOpHYHO nepecekaer npamyo AB B Touke P. [lokaxwure,
uTo TpeyronbHuk K PM paBHOOEIpEHHBIT.

6. Okpyxuoctu S;, So u S3 mepecekatorcsd B Touke A. Kpome Toro, nep-
BbIE JIBE OKPY2KHOCTHM TIEPECEKAIOTCS B TOUKe B, mepBas W TpeTbs — B TOY-
ke C, a BTOopas u Tperbsd — B To4uke D). KacaresbHbie K OKPYKHOCTH S92 B
Touke B m K OKpy>KHOCTH S3 B Touke (' TepecekaioTcsa Ha OKPYKHOCTH Si.
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JlokaxkuTe, 4TO KacaTeIbHbIE K OKPYXKHOCTH Sy B TOUKe D M K OKPYKHO-
cti 51 B Touke C' TIepecekaioTcs Ha OKPYKHOCTH Sj.

Yucgaa n muoroujensl. 17.07.2007

1. Jokaxkure, 9T0 Jyisl JTIOOBIX HATYPAJIbHBIX uncesa n u k (tae n > k)
CYTIECTBYET HATypaJbHOE YHUCJ0, KOTODPOE TIpH JieJIeHNW Ha uucaa 1, 2, ...,
7 JTIaeT POBHO k Pa3JUYHBIX OCTATKOB.

2. CymecTByeT i HATYPAJTbHOE YUCJIO 71, Y KOTOPOTO CyMMa TP Takas
e, Kak y 4mcaa n? — 17

3. Ilycts P(z) — mHOTOWIEH ¢ nesbivu Koaddunmenramu. Jlokaxkure,
4ro B mocJenoBareabaoctn { P(n)}S | 6eCKOHEUHO MHOTO COCTABHBIX IHCEJI.

4. Jlanbl MOMAPHO B3aUMHONPOCTHIE HATYPAJbHBIE YHCIAA (1,09, - . -, Op,
KaxKJI0€ U3 KOTOPHIX 6osbime 1, Ho Menbe (2n — 1)2. [lokaxwure, 9T0 cpean
TUX YUCEJ €CTh XOTs OBl OJTHO TTPOCTOE.

5. Harypaababie uncaa x, y, 2 U n TakoBel, 9T0 " + y" = 2". /loka-
KHUTE, 4TO 2 > M.

6. Permure B meabIx uncaax ypasHenue x° + 5y3 + 2523 = 0.

7. llycrs f(z) = apz™ + -+ + ap — MHOTOUWIEH ¢ TeJAbMH K03 bunm-
eHTaMM, a % — HecoKpaTuMasi JApobb Takas, 4To f (%) = 0. JTokaskuTe, 4TO

a)plao; 6)q|an.

Mat60it IIpodpn-8 — IIpodu-9. 17.07.2007

1. Baca Hammcas Ha JOCKe BCe BO3MOXKHBIE TOCJIEI0BATEILHOCTH U3 IIIe-
cru udp (or 000000 m0 999999). Ilorom mpurmes [lerss u cTep B KaxK o
nocJie10BaTesbHOCT 10 4 nudphl (He 0b6s3aTesbHO WyImue moapsin). Ka-
KOe HaMMeHbIee KOJUYECTBO Pa3JIMYHBIX IIOCJEI0BATEIHLHOCTEH MOIJIO II0-
JYIATHCS?

2. /IBoe UIPOKOB 110 OYEPEIn CTABAT KPECTHKM M HOJMKH B KJETKHU Oec-
KOHEYHOTO JIUCTA KJeTdaroii Oymaru. IlepBwiii cTpeMuMTCS K TOMY, 4TOOBI
KaKHe-TO 4YeThIPe KPECTHKa 00Pa30BLIBAJIM KB3JIPAT CO CTOPOHAMMY, TAPaJI-
JIEJTbHBIMY JIMHUSM CETKH, a BTOPO# cTapaercd moMemaTh eMy. MoxeT Jm
HEepPBHI UTPOK BHIUTPATH?

3. [luig Npou3BOJILHBIX TOMAPHO PA3INYHBIX BEITECTBEHHBIX YHCEJ JI0Ka-
JKUTEe HEPaBEHCTBO: (bfi)2 + (ci)Q + (af2b)2 > 2.
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4. JToka)knuTe, 4TO HATYPAJHHOE UHUCJO ¢ SIBJSETCS TOYHBIM KBa,IPATOM
TOTJIA ¥ TOJBKO TOTJA, KOTJA JJs JI0O0TO HATYPAJbHOTO b CyIIeCTBYET Ha-
TypaJbHOE ¢ TaKOe, YTO @ + bc — TOYHBIN KBaJIpAaT.

5. Ectb n uekaHnmkoB. HekoTOphle W3 HUX M3TOTOBJSIOT TOJIHKO (Dajib-
ITUBbIE MOHETHI, 4 JIPyTHe — TOJbKO HacTosmue. Bec danbimmBoit MOHETHI
OTJIMYEH OT Beca HacTosImel. VIMeIoTcs BeChl CO CTPEJKO# (TIOKa3bIBAIOIIE
TOYHBIH BeC JII060TO KOJMYECTBA MOHET) M OJTHA 33BEJIOMO HACTOSIIIAS MOHETA.
Y KaxKJIOTO YeKAHINKa MOXKHO B3STh CKOJbKO yromHo MoHer. Kak ¢ momo-
IHI0 TPEX B3BEIIMBAHWN OTPENEJUTH BCEX (DATbITUBOMOHETINKOB?

6. Ectb 8 onunakoBbix KyOmkoB ¢ pebpom 1. [IpomsBosnbubie 24 Tpanu
n3 48 mokpaieHsl B Oesbiil 1BET, a OCTaJbHBIE — B YepHHIH. [lokazarh, 4TO
n3 3TUX 8 KYOMKOB MOYKHO COCTaBUTb KyH 2 X 2 X 2, Tak 4TOOB HA €ro
TMTOBEPXHOCTH OEJTBIX M YEPHBIX KB3JIPATUKOB CO CTOPOHO# 1 OBLIO TIOPOBHY.

7. Ha croponax AB u BC tpeyroabuuka ABC Bbibpanbl Touku K u
L coorBercTBenHo, Tak uro /KCB = /LAB = «. I3 Touku B omyImneHbt
nepueHaukyasapsl BD nu BE na npameie AL u CK coorBercTBeHHO. F' —
cepennna cropoubi AC. Haiinure yrasr Tpeyronsuanka DEF'.

8. Ilpn kakmx HATYpaAJBHBIX N MOXKHO 4uCaa OT 1 /10 1 pa3buTh Ha JBE
TPYIIBI TAK, YTOOBI CYMMa, YUCEJT OJTHOM TPYyNIHI OBLIA PABHA MPOU3BEIEHUIO
gucen apyro# rpynner? (['pynma MoxKeT COCTOSITH W U3 OJJHOTO YHCJIA. )

9. [Ipyxn pas3bur Ha 2n uyacreii (n > 5) Kak moKa3a-
HO Ha pucyHke. /[Be yacTu 6y/ieM HA3BIBATH COCETHUMH,
€CJT OHM UMEIOT OOTIYI0 CTOPOHY mam ayry. Takum o6-
pa3oM, NI KajKJ0# 9acTH €CTh POBHO TPHM COCETHUX.
B npyny cunut 4n+ 1 aarymek. Ecau Tpu wiu 6osbime
JIATYIIIEK CHJIAT B OJHOW YacTW TPYyJAa, TO TPU U3 HUX
TIEPENPHITUBAIOT B TPU COCETHUE YACTH.

JlokaxkuTe, 4TO Yepe3 HEKOTOPOE BPeMS JIATYIITKY OyIyT PaBHOMEPHO Pac-
TpeJIeIeHBI TIO TPYAY. DTO O3HAUAET, UTO JIJIs KaxKJI0# dacTu Jmbo eCTh CH-
JIATIIe B Hel JATYITKY, 00 eCTh JATYIITKA BO BCEX COCEIHUX C Hell JacTdax.

10. Cropony AC tpeyrospuuka ABC oTpasmim CHMMETPUYHO OTHOCH-
reabHo TpaMbiXx AB u BC. [lycth K — To4Ka TIepeceveHus MOy IeHHBIX TPsI-
MbIX. JloKarkuTe, 94TO TEHTDP ONMHMCAHHOW OKPY’KHOCTH Tpeyrojbuuka ABC
Jgexut Ha BK.
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Mat60it IIpodpn-7 — IIpodu-8. 17.07.2007

1. IIpyn pas6ur Ha 2n 9acreit (n > 5) KaK moka3a-
HO Ha pucyHke. /[Be yacTu 6y/ieM HA3BIBATH COCETHUMH,
€CJT OHM UMEIOT OOTIYI0 CTOPOHY mam ayry. Takum o6-
pa3oM, NI KajKJ0# 9acTH €CTh POBHO TPHM COCETHUX.
B npyny cunur 4n + 1 aarymek. Ecan tpu wnn 60ib-
e JIATYIIEK CUJIST B OJHONW YacTW TPyJa, TO TPH U3
HUX TEPENPHITUBAIOT B TPU COCEMHME YacTu. JoKaKu-
Te, YTO Yepe3 HEKOTOPOe BpeMs JATYIIKN OyIyT PABHOMEDHO PACTIPEIEIEHbBI
O TIPY/1y. DTO O3HAYAET, UTO JJIs KaXKJI0M JacTu b0 €CTh CUAIIe B Hel
JIATYIITKH, JTUOO €CTh JIATYIITKN BO BCEX COCETHUX C Hell JacTdax.

2. Ha miranere 10000 ropo/ioB, cpe/ii KOTOPHIX €CTh CTOJIMITH TOCYIaPCTB.
Hekoropsie Toposia CBS3aHBI JOPOTAMM TaK, 4TO Ji0Oad JOPOTA COEJIMHSET
POBHO JIBa, TOPOJA, U OT J1060TO TOPoAa 10 JI060Tro APyroro MoKHO 100paTh-
¢ mo goporaM. IIpm 3TOM, 9TOOBI TOMACTh W3 OJHOM CTOJIMIIBI B JPYTYIO,
HYKHO TIpoexaTh He MeHee 200 mopor. /lokakuTe, 9TO Ha TJIaHETE MEHBIITE
100 crosni.

3. HarypasbHabie unciaa a un b Takme, 9T0 9UCT0 “bil—i—b:—l SIBJISTETCSI TI€JTBIM.
Hoxkaxure, uro (a,b) < va+b.

4. Buyrpu tpeyronsunka ABC B3gara Touka K Takas, uro ZJABK =
/ZACK. E u F — ocHOBaHUS TIEPIIEHIUKYJISIPOB, ONYIEHHBIX U3 TOUKH K Ha,
cropousl AB u AC, M — cepenuna cropousi BC. Jlokaxkure, uto M E =
MF.

5. Ilpo BemecTBeHHBIE YHUCAA @, b W ¢ W3BECTHO, YTO CyMMa Japoleit
a’+b2—c? a%+c2-b? b%+c2—a?

o e e~ DaBHA equHUTE. JIOKaXKWUTeE, 9TO U3 TPEX JAHHBIX
Jipobeit nBe paBHH 1, a oaHa paBHa —1.

6. Ha xousb1ieBoit mopore posHo 2007 cBetodopos. Kaxkayio vunyTy oHm
MEHSIOT CBOM CUTHAJIBI MO CJIEYIOMIEMY TPABWIY: €CJAN B MPEIBIAYINAN MO-
MEHT y CBeTO(OPOB, COCEJIHUX C JIAHHBIM, TOPSIT CUTHAJBI PA3HBIX ITIBETOB,
TO Ha HEM 3aropaeTcs CUTHAJ TPEThEro ITBETA, & €CJAW ITH CUTHAJB OBLIH
OJTHOTO T[BETA, TO HA HEM 3arOPAETCS CUTHAJ TOTO Ke TBeTa. B HEKOTODHIi
MOMEHT BPEMEHM y BCEX CBETOMOPOB TOPEJH TOJHKO KPACHBIE WJIM 3€JE€HBIE
CUTHAJBI. MOXKeT JIM TOJIyIUThCs, YTO YepPe3 HEKOTOPOE BPEeMsI BCE CUTHAJIBI
OynyT KeaTbiMu?

7. Tpeyronsunk A BC — paBHocTopouuwmii. Haiiure reomerprieckoe mMe-
cro Touek M rakwux, utro MA = MB + MC.

8. Haiiure Bce HaTypaJbHLIE M, IPH KOTOPHIX p* = 2% + 22™ 4 1 ecom
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P — TPOCTOE YHUCJTO.

9. B pan croar 14 THOMOB, y KaKJI0TO He MeHee 5 opexoB. Kaxkmayio
MHUHYTY OJIMH W3 THOMOB MOXKeT TepeJaTh OpeX THOMY, CTOSIIEMY CIpaBa,
ecm y Toro 6oJibIie OpexoB. Uepe3 HEKOTOPOE BpeMsl BCe Opexu coOpanch
y onaoro rHoMa. Kakoe HanmMeHbITee 9MCJIO OPEXOB MOTJIO OBITH ¥ THOMOB?

10. Ha xkureruaroit nocke 2007 x 2007 nBoe MTpaioT B CJAEAYIONIYIO UTPY.
X0/l COCTONT B 3aKpaIlTMBaHUHU 8§ eIlle He 3aKPAITEHHBIX KJeTOK, 06pa3yio-
MIX CBA3HOE MHOXKECTBO. lIpOWTpBIBaeT TOT, KTO HE MOXKET CJeJIaTh XOJa.
Kro Beiurpaer npu npapuibHoi urpe? (CBsI3HBIM HA3BIBAETCS TAKOE MHOXKE-
CTBO KJIETOK, 4TO U3 Jit0OO# ero KJIeTKNM MOXKHO TEepedTH TO KJIETKAM ITOTO
MHOXKECTBa, B JIIOOYI0 JPYTYIO, TePeXos KaxKJblii pa3 B COCETHIOI TIO CTO-
poHe.)

Mmuorounensl. lenenune ¢ octatkom n aiaroputm EBkimma. 19.07.2007

Omnpenenenne 1. MHOTOYJIEHOM C BeIECTBEHHHIMHU KO3 pUIIMeHTAMYU Ha-
3bIBaeCs BeIpaxkenue Buja P(x) = a,z™+- - -+a1z+ag, TA€ ap, G, - . ., G, € R
n a, # 0. Yncsao n Ha3BIBaeTCd CTEMEHbI0 MHOTOYIeHa P, m obo3HavaeTcs
deg P. MHOXeCTBO BCEX MHOTQYJIEHOB C BEIIECTBEHHBIMU K03 duImeHTamMu
obosHauaercst yepe3 R[z|. AHamOrn4HO, MHOXKECTBO BCEX MHOTOWIEHOB C Pa-
IMOHAJTBHBIMA KO3 bunmenTamu obo3nauaercs depes Q[z], ¢ neabivu koad-
¢dbunmenramn — 4epes Z[z] nr. 1.

Muorounennt Pi(z) = a,z" + -+ a1z +ag 1 Py = bypa™ + -+ + by
HA3BIBAIOTCS PAGHLILMU TOTJIA W TOJbKO TOTJA, KOTJIAa M = N U ap = by npu
ke{0,1,...,n}.

Kaxnomy mHoroureny P € R(z) MOXKHO HOCTaBATb B COOTBETCTBHE
GYHKIAIO T — ap2™ + -+ + a1 + ag. Yepe3 HEKOTOpoOe BpeMs MBI JOKa-
yKeM, uTo (YHKIMA 3aj[aHHble MHOTOwIeHaMu Pp, Py € R[z] paBHbI Torga n
TOJILKO TOTJIa, KOT/1a MHOTYJIeHb P m P paBHHI.

Oupenenenne 2. Muorousnen P nesurca Ha MHOTOWIEH () # 0, ecain cyTie-
CcTByeT MHOTOUWIeH R Takoit, uto P = QR.

Murorousen h aBiagercda oOIMM JeauUTeJeM MHOTOYJIEHOB [ W ¢, ecan
f 1 hug: hwuHa3HBaETCT HAMOOIBITIM OOIIHM JIEIUTENIEM, €CJTH €70 CTETIEHD
He MeHbIIle CTeNeHn JIIO0Tro Apyroro obimero aeaurens f u g.

1. (denenne c ocrarkom.) JlokaxkuTe, 4T0 /sl JIOOBIX MHOTOUJIEHOB
f(z) m g(z) # 0 cymecTByIOT eTMHCTBEHHBIE MHOTOUIEHH ¢(z) U () Takue,

uro f(z) = g(z)q(z) + r(z) u deg(r) < deg(g).
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2. (Teopema Beay.) a) [JokaKuTe, 4TO OCTATOK OT J€JEHAST MHOTOUJIEHA,
f(z) Ha x — a paBen f(a). 6) Hdokaxkwure, uto f(z): z — a TOrNA M TOJBKO
rorna, korna f(a) = 0.

3. a) (Auaropurm Esxkampa.) Ilycrs f(z) m g(z) # 0 — wmHO-
rowieHsl. PaccMOTpUM TIOC/Ie/IOBATEBHBIE JIEIEHUsT ¢ ocTaTkoM f(z) =
9@)q(z) + ri(z), g(x) = r(2)@(z) + rz), n(z) = r(z)e(e) +
73(2), s Tno2(2) = Ta1(2)gn(z) + 10(2), Ta-1(2) = 70(2)gnia(2). Hoxa-
wure, w10 (£(2), 9(2)) = 72 ().

6) (JInmeitnoe npencrasnenne HO/JL.) lokaxkure, 4To Jisl JHOGHIX
MHOTOwWIeHOB f(z) u g(z) cymecTBytoT MHOTOWIEHH u(z) n v(x) Takme, 9TO
u(z)f(z) + v(z)g(z) = (f(2), 9(x)).

B) JlokaxuTe, 9T0 JII00O0# OBIHil JeauTe b ABYX MHOTOUJIEHOB JIEJUT WX
HauOONbIIN OOITHil J1eJINTEIb.

4. Jlan muorounen (z7 + 25 + 1)2. Haiiaure ero xosddunuenr npu
a) z'%  6) z'.

5. Haiiinre  a) cymmy Koadbdunnenros; 6) 3HAKOIEPEMEHHYIO CyMMY
ko3¢ bunmentos Muorounena (1 — 3z + 22%)™3 . (1 + 3z — 22%)™4,

6. lokaxmure, 90 a) (z™ — 1,2" — 1) = (™™ — 1;

6) (z¥" +1,2*" +1) =1, npu m # n.

7. N36aBbTeCh OT MPPATMOHAJIBLHOCTH B 3HAMEHATENE podu

1
9 6a3+7a2—2a—17
I7le & — KOpeHb MHOTO4YJIeHa 2%~ + = — 2.

VYupaxkuenusa no teme “Muorodjiensr’

1. Passiennre ¢ ocTaTKOM MHOTOUseHB: &) 7' — 525 + 42% — 23 + 21 — 8
Ha 13 — 22 +3; 6) 2% — 8% + 521 — 222 + 3 na 2% — 3z + 5.

2. Haiinrure HOJI muorounenos  a) z? + 223 —z — 2 u 22 + 5z + 6;
6) 2! + 223 + 22 + 6z + 2 m 2° + 22" — 522 — 6z — 2.

I'pacdbi. OpuenTupoBannbie u He TOabKO. 19.07.2007

1. Y ®enu ectb monHwi rpad ¢ n BepmmHaMU. OH XOYET PACCTABUTD
cTpesKm Ha, pebpax 3Toro rpada Tak, 4ToOb HUKakue Tpu pebpa He oOpa-
30BBIBAJIM OPUEHTUPOBAHHBIH 1MUKJI. CKOTbKUME cIOCOOAME 3TO MOYKHO CJTe-
JIaTh?!

Oupenenenne 1. OpueHTHPOBAHHBIN Tpad HA3BIBAETCA CUALHO CEA3-
HblM, €CJH OT JI000# ero BEPITUHBI MOXKHO J00paThcd 0 J060i# apyroit
ABUTAACH IO CTPEJIKaM.
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Omnpepenenne 2. [amMusbmoHO8bIM NYMEM HASBIBAETCS MY Th, TPOXOJI-
it o KaxkK0# BepimmHe rpada POBHO OJWH Pa3. [ aMUAbMOHOBbIM YUKAOM
HA3BIBAETCS THKJI, TTPOXOJSINNI TI0 KK 01 BepimuHe Tpada pOBHO OJWH pa3.

2. a) JlokaxkuTe, 4TO B MOJHOM OPHEHTHPOBAHHOM Ipade CyImecTyer ra-
MHJIBTOHOB TyTh.  0) JIOKaXWTe, 9TO B MOJHOM CHJIbHO CBSI3HOM ODHEHTH-
POBaHHOM Tpade CyIecTByeT TaMUILTOHOB TTHKJI.

3. [losiHbIit CUTBHO CBSI3HBIN OPUEHTUPOBAHHKI Tpad COMEPKUT XOTs ObI 4
BepITuHHL. Jl0KaxKWTe, YTO OJHY U3 €r0 BEPIIMH MOXKHO VAAJUThH 0€3 MOTepH
CUJIbHOHN CBA3HOCTH.

4. B crpane 2007 ropoioB M epBOHAYAJIbHO HET HUW OJHOM noporu. J[Be
CTPOMTEJILHBIE KOMIIAHUH CTPOSIT TIO JIopore 1o ouepeu. (Jliobas mopora co-
eJVHSIET JIBa TOPOJa B OJHOM W3 HANpaBjeHmit. Mexny AByMs TOPOJAMU
HEJTb3s TPOBOJUTH JIBE JIOPOTH B OJTHOM HAIPABJEHWH, HO MOXKHO TPOBECTH
JIBE JIOPOTH DA3HOTO HANpaBieHWs.) IIpoMrphiBaeT KOMIAHUS, TOCJE X0/
KOTOPO# 13 JII000T0 TOPO/Ia MOXKHO O6Y/IeT mpoexaTh B Jit0boit apyroit. Kakas
n3 JIBYX KOMIaHui cMoxkeT obecrieunTs cebe mobemy?

5. lan rpad, crenenp 060l BEPITHHBI KOTOPOTO HE MeHbIime k (e
k > 2). Hokaxwure, 910 B 3TOM Tpade Ha#JETCS MPOCTOH MUK JITMHBI HE
MeHbImeit, yem k + 1.

6. B rpade N Bepmmn. [loKaxkuTe, 9T0O  a) €CJAM CTENEHH BCEX BEP-
ITMH HE MEHbIIe %, TO B JJAHHOM Tpade CyIecTBYeT TaMUJIbTOHOB TYTh;
6) ec/m CTeleHN BCEX BEPIMUH HE MEHbIIE %, TO B JIJAaHHOM Tpace CyIecTByeT
TaMUJIBTOHOB TTHKJI.

Mmuorounensl. OcHoBHas Teopema apucpmeruku. 20.07.2007

Omnpenenenne. Muorowien f(x) # 0 HA3BIBACTCH HENPUGOOUMDBLM, €CITH €TO
HeJsb3s TIpesicTaBuTh B Busie f(x) = g(z)h(x), e deg g(x) > 0, deg h(z) > 0.
1. Hoxaxwure, aro ecanm f(z)g(x) : h(z) u (f(x), h(z)) =1, 10 g() : h(x).
2. (OcuoBHasi Teopema apucdmernku.) JI060it MHOrOUIEH MOXKeET
OBITH TIPEJICTABJACH B BUJE NMPOM3BEICHUS HENPUBOJANMBIX COMHOXKHMTEJEH
e/IMHCTBEHHBIM 06Pa30M C TOYHOCTHIO JIO TIEPECTAHOBKY M JIOMHOMKEHUS CO-
MHOXKWTEJIEH HA, KOHCTAHTHL.

Onpeaenieane. Ynciao a HA3BBAETCA KOPHEM kpamHocmu k MHOTOUIEHA
f(z), ecnm f(z) ' (z—a)* n f(z)] (x — a)**. Qucaom wopreli mnozourena
C YHEeMOM KPAMHOCTY HASHIBAETCS CyMMa, KPATHOCTEH BCEX €r0 KODHEH.

3. a) JlokaxkuTe, 4YTO MHOTOYIEH CTENEHH 7I MOXKET WMeTh He Gosiee n
KODHeil ¢ yueroM kKparHocTH. 0) Jlokaxkure, 4ro eciau MHOrouseHsl f(z)
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u ¢(Z) IPUHUMAIOT OJINHAKOBHIE 3HAUEHUS B GECKOHEYHOM HYHCJE TOYEK, TO
OHY PaBHHI.

4. Ilycrs f(x) — MHorowieH ¢ mnenabiMu Kosddunuenramu. Jlokaxkure,
97O JJIS JTIOOBIX JIBYX PA3JMYHBIX TEJBIX urces a u b BepHo, uto f(b) — f(a)
nennTed Ha b — a.

5. Muorounen P(x) naer ocTaToK 5 NpH JEJEHWN Ha & — 2 ¥ OCTATOK 7
npu jgeiennu Ha ¥ — 3. Kakoii octarok MHorowieH P(x) naer mpu jeseHnn
Ha (z — 2)(z — 3)7

6. Tan muOrOuseH f(z) Takoit, uro MHOTOUWIEH f(Z™) MEJUTCS HA MHOTO-
wied ¥ — 1. Jlokaxkure, 9r0 MHOTOWIEH f(Z) TakyKe JEJIUTCS HA MHOTOUJIEH
z — 1.

7. a) Ilyctb a, b m ¢ — pa3nnuHble BeleCTBEHHbIE Yuca. JloKaXKuTe, 9To
IIPH BCEX BEIECTBEHHBIX I BHITIOJIHAETCH PABEHCTBO

(z —a)(z —¢)
(b—a)(d—c)

6) Ilycrb a1, a2, ..., a, — pPa3nnuHble BEIECTBeHHbIE 4YnCJa. JloKaxKkuTe,
9TO TIPW BCEX BENECTBEHHBIX I BHITIOJIHSAETCS PAaBEHCTBO

(z —a2)(z —a3)...(x —ay) N (z—a)(z—a3)...(x—ay)
(a1 —a2)(ar — a3) ... (a1 —an) (a2 — a1)(az — as) ... (a2 — an)

(z—a)(z—a2)...(x —ap_1)
(an, — a1)(an — ag) ... (G — Gy_1)

n =1.

Ksaaparununsie BerueTrsl. 20.07.2007

Ounpepenenne. Ilycts m > 1 — HaTypaJabHOE 9HCJIO M @ — IIEJO€ YUCJIO,
B3aMMHO TIPOCTOE C 1. YHCI0 a HA3HIBAETCH KE6aAJPAMUYHBLM GHIYEMOM TIO MO-
Jytio m, ecam cymectyer € N rakoe, ato a = z°  (mod m). B mporusaOM
CJIydae 4MCJ0 @ HA3BIBAETCH K6adpAMUYHbLM HESbIHemom IO MOIYIIO 1.

1. JTokaskuTe, 9TO €CIM p — HEYETHOE NMPOCTOE YUCJIO0, TO TIO0 MOAYJIIO P
CyIecTByeT POBHO I%l KBaJPaTUIHLIX BHIYETOB U CTOJJIBKO 2K€ HEBLIYETOB.

2. JlokaxkuTe, 9TO JIJIsl IAHHOTO MOJyJas p € P a) mpoussesieHne JByX
KBaJPaTUYIHLIX BHIY€TOB — BbLIYET, 6) Ipou3sBeJcHNe BhIYeTa Ha HEBBIYET —
HEBLIYET, B) IpousBeJcHue IBYX HEBLIYE€TOB — BLIYET.
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3. [IycTs p — HEYETHOE TPOCTOE YMCIO.  a) JloKaxKkwuTe, 9TO €CJu ¢ —
o p=1
KBaJ[PATHYHBIH BHIYET IO MOAYJI0 p, T0a 2 =1 (mod p). 6) Jokaxkure,
o p=1
9TO €CJIM @ — KBAJIPATHYHBIN HEBBIYET 110 MOJYI0 p, Toa 2 = —1 (mod p).

Omnpepenenne. Ilycts p € P. Cumsosom Jlescarndpa HA3BIBAETCS BhIPaXKe-
Hue, 0603HauaeMoe (%), paBHOe 1, eCl ¢ — KBaJPATHUHBIN BHYET IO MOJY-
Jaio p; —1, ecam a — HeBBIUET 1O MOAYJO p U (), ecin ¢ KpaTHO P.

13 3aa497 3. CJIe/IyeT, 9TO ecam p HedeTno, To (4) = a’=  (mod p).

4. Jlokaxkure, 9T0 —1 ABJISETCS KBAIPATUIHBIM BHIYETOM TIO MOJIYJIIO
IIPOCTOTO YHCIa P > 2 TOT/IA U TONBKO Torja, korja p =1  (mod 4).

5. [IycTth p — HedeTHOE MPOCTOe YUCJIO, A, b, ¢ — BHIUETHI 110 MOJYJIIO P,
npudem a Z 0 (mod p), a D = b? — 4ac. okaxure, uto eciim D — KBaipa-
TWYHBINA BHYET IO MOJIYJIO P, TO cpaBHeHne az’+br+c=0 (mod p) nmeer
JIBa KOPHS, ecn D — KBapaTUIHBIA HEBHIYET 10 MOJYJIIO P, TO CPABHEHWE
az? +br +c=0 (mod p) He mmeeT KopHeit, a ecoim D = 0 (mod p), To
9TO CPABHEHME MMEET OJAH KOPEHb.

6. JlokakuTe, 4TO MPOCTHIX unce] Buaa 4k + 1 6eCKOHEYHO MHOTO.

7. JlokaxwTe, 9T0 ypaBHeHWe 4Ty — T — Yy = 22  a) HE WMEET DEIIeHWit
B HATYDAJbHBIX YHCJIaX; 6) MMeeT GECKOHEYHO MHOTO DEIeHWiH B IEIbIX
YUCIAX.

Komnuaekcunie unciaa. 21.07.2007

1. Borancsmre (1 — +/3i)2007.

2. Ilycth €1,€9,...,6; — BCe KOpHU cTenmenu k w3 enuwuHunbl. Haiinnre
el +eg+---+ep.

3. [lokaxkuTe, 9TO €CJAM KOMILIEKCHOE YUCJIO 2 SBJSIETCS KOPHEM MHOTO-
wieHa f(z) ¢ BemecTBeHHBIMA KO3(hM)UIMEHTAMH, TO YUCIO Z TAKKE SBJIS-
€TCS er0 KOPHEM.

4. Ilycrb 21, 22, .., 2, — TOYKH KOMIUIEKCHOM TIJIOCKOCTH, SBJIAIOIITHECS
BEPITMHAMHY BBIMYKJIOTO 7-YTOJbHUKA. VI3BECTHO, UTO TOUYKA 2 YI0BJIETBOPIET
YPaBHEHUIO Z_IZI + Z_1Z2 +---+ Z_lzn = 0. /lokaxkuTe, 9TO TOYKA 2 JIEXKHUT
BHYTPH 3TOTO 71-YTOJbHUKA,.

5. a) Haitmure C + C2 4+ CL +.... 6) Hdokaxure, aro C — C2 + C?: —
Ce +...=v2mcos(Zt), B)CL—C:+C;—Cl+...=v2"sin(T}).
Onpenenenne. J[gotiHbiM omHoueHUEM KOMIJIEKCHBIX YHCeN a, b, ¢, d Ha-

_ a—c ., a—d

3pIBaeTCs 4ucao (a,b, ¢, d) = §=% : §=5.
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6. /lokakuTe, 9TO TOYKYM, COOTBETCTBYIOITHE KOMIIJIEKCHBIM YHUCJAM d, b,
¢, d JexkaT Ha OJHON OKDPYXKHOCTM WJIM Ha OJHON TPsAMO# TOTAA W TOJBKO
TOT/IA, KOTJIa WX JIBOMHOE OTHOIIIEHUE BEINECTBEHHO.

7. Ilycts A, B,C, D — mnpou3BoJbHBIE TOYKH ILIOCKOCTH. IIpm momo-
I KOMILIEKCHBIX 9Yncen jJokaxknre, uto  a) |[AB|-|CD|+ |AD|-|BC| >
|AC| - |BD| (nepaBencrBo IlTosemest); ©6) paBEHCTBO JOCTHTAETCS TO-
IJ1a ¥ TOJBKO TOTNA, Korya Touku A, B, C, D siexxar Ha OJHON OKPYKHOCTH,
IpUYeM NMEHHO B TaKOM Topsijike (Teopema Iltonemest).

ABynoabusie rpadsni. 21.07.2007

1. Ha Bedepe HM OJWH MaJbUWK HE TAHIEBAJ CO BCEMHU JIEBOYKAMHU, a
KaKJias JEeBOYKA TAHIEBAJA, XOTS OBl C OJTHUM MAJLIUKOM. J[oKarkuTe, 4TO
CYIITIECTBYET 2 MAJILIUKA U 2 JIEBOYKHU TaKWe, YTO TEPBLIil TAHIIEBAJ C IEPBOIA,
BTOPOi1 — €O BTOPO#, a IEPBHIil CO BTOPOHA M BTOPOIl ¢ IEpBO He TAHIIEBAJIH.

2. (JIemma o peBymkax.) [laHo 7 10HOIIEH ¥ HECKOJBKO JIEBYIIEK. 3-
BECTHO, 4TO I Jioboro k < n m mioboit Tpynnbl U3 k [OHOIIEH ecTh He
MeHee Kk JIEBYIEK, KaXKJiasd U3 KOTOPHIX 3HAKOMA, XOTs OBl C OJTHUM W3 3THX K
MaJBIUKOB. JI0KaKUTe, 9TO BCE IOHOIN MOTYT BHIODATH 1O HEBECTE M3 YKCJIA
CBOMX 3HAKOMBIX.

A ecm chopmysnmpoBaTh TO-HAYYHOMY TIPO JBYIOJBHBIN Tpad, TO MOJIY-
ynTcad Teopema XoJuia.

3. (Jlemma Xosua gusi apabekux crpas.) Cpeau n 1oHOmEH u
HECKOJBKUX JIEBYIIIEK HEKOTOPbIE IOHOIIM 3HAKOMBI C HEKOTODHIMHU JIEBYII-
kamu. Kaxbiit 10HOIA XO4YeT KEHUThCS Ha, 1 3HAKOMBIX JeByImKax. Jloka-
JKWTe, YTO OHW MOTYT 3TO CAEJATh TOTJIA W TOJbKO TOTJIA, KOTJIa Jijist JTI060TO
Habopa m3 k I0HOIEH KOMMYEeCTBO 3HAKOMBIX MM B COBOKYITHOCTH JIEBYIIEK
HE MeHbIne km.

4. Hanwst k maawaukoB u 2k — 1 koH(dera. JloKaXKuTe, 9TO MOXKHO JIAThb
KaXKJIOMy MaJIBIMKy TIO KOHQeTe TakK, 94TOOb MaJbUMKy, KOTOPOMY HE Hpa-
BUTCS €70 KOH]EeTa, He HPABUINCH M KOH(ETHI OCTATIBHBIX MAJBIMKOB (UTOGHI
HE CO3/1aBaTh TPEINOCHIIOK JJIsT JIPAKH).

5. Bce BepimuHb IBY0/1bHOTO Tpada MMEIOT cTenenb k. JlokaxKkuTe, 4To
X MOXKHO Pa30WUTh HA TAphl CMEKHBIX.

6. Kaxknpiit m3 1ByX paBHOBEJWKWX KBaapaToB pa3but Ha 100 paBHOBE-
JIMKWX 4acreit. JIoka)KuTe, 9TO MOXKHO CJIOXKUTH 9T KBAJIPATHI B CTONKY U
mpoTkHyTh B 100 Toukax Tak, 4ToOb Kaxkjas w3 100 gacreit KaxKmoro m3
KBa,IPATOB ObLJIa TPOTKHYTA.
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7. Illyctb M — MHOXKECTBO BCeX Kk-3JIEMEHTHBIX TOIMHOXKECTB MHOMKE-
crBa {1,2,...,2k + 1}. Cymecrsyer sn 6uekrust f : M — M Takas, 4ro
AN f(A)=o.

Mmuorounensl. Teopema Buera. 22.07.2007

1. (Teopema Buera.) [lycth MHEOTOWIEH G T™ + a1 Z" 1 +. . .+ a1+ ag
MMEeT POBHO 71 KOPHEH C y4eToM KPATHOCTH — I, Tg, ..., Tn. 1OTI3 BHIIIOJ-
HAIOTCS CJICAYIONHE COOTHOIIEHHS:

Qn—
$1+IE2++IEH = —Z—nl
Qp—
T1T2 + 2123+ ...+ Tp1Zn = Z—n2
J— n a
T1X2... 2y = (—1) 20

2. Muorounen z2 + ax + b + 1 ¢ neasiMu ko3 buIeRTaMHI WMeeT JBa.
HaTypaJbHLIX KopHs. JJokaxkuTe, uTo uncyo a? + b? — cocrasHoe.

3. JlokaxkuTe, 9To cyMMa Ky0OB Tpex KopHeit ypaBHenud z° + pz +¢q = 0
¢ TeabMu Ko PUITHEeHTaM eCTh 1eJI0e YUC0, JeIdineecd Ha, 3.

4. YpaBHenne apz" + ap_12" ' + ... + apx® + a1 + ag = 0 uMmeeT N
Pa3IWYHBIX BENECTBEHHBIX KOpHE#. [lokaxkmuTe, uto  a) a2_; > %anan_Q;
6) a? > 2 asaq.

5. Ilyctb a,b,c € R. UsBecrHo, uto abc = 1, a + b+ ¢ =
JlokaxkuTe, 9TO OJTHO W3 YUCEJ PABHO 1.

6. loxaxkure, 4T0 ecau MHorouneH P(z) ¢ measivn kosddunnentamn
MMeeT palMOHaIbHBI KOpeHb Ty = £, 1o P(z) = (¢z — p)Q(z), tae Q(z) —
MHOTOYJIEH C TIEIBIMU KO3 puimenTamu.

+14

|
[

o=

Paznoboii. 22.07.2007

Onpenenenne. YeTHHIM KOHTYPOM CTelleHW Kk HA3BIBAETCH OHOPOJIHBII
rpad cremenu k, He cCOAepXKAIMUit HEUYETHHIX IUKJIOB.

1. (Teopema Kénura o ueTHoM KOHType.) JloKaxKuTe, YTO YETHHIH
KOHTYD CTelleHW Kk MOXKHO pa3buTh Ha k rpadoB cremenm 1, He MMEONTUX
06X pebep.

2. PemnmuTh B TeNLIX YKCAaX ypaBHeHme r° + 7 = y2.

3. Yepes KaxkIy10 BEPITHHY TPEYTOJbHUKA, MPOBEIEHBI JIBE MPAMBIE, Je-
JIAIIAE TPOTUBOIIOJIOKHYIO CTOPOHY TPEYTOJbHUKA HA TPU DPABHBIE YACTH.
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lokaxknTe, 94TO TUATOHAJIN, COETUHSIONTE TPOTHBOTIOJIOXKHBIE BEPITHHBI TITe-
CTUYTOJbHUKA, 00PA30BAHHOTO 3TUMH TPSIMBIMU, TIEPECEKAIOTCS B OJTHOM TOU-
Ke.

4. JlaHBI TIOJIOKUTENbHBIE YUCTA L1, L9, - - - , Ly, CYMMa, KOTOPHIX PaBHA, 1.
lokaxkure, 9TO

(1—2z1)(1—29)...(1 —x,)

> (n—1)"

T+y+2
zY+yz+zr

6. [locrpoiiTe BHIMYKJBIH  a) NATHYTOJbHUK; 0) 1O CEPEIMHAM €ro
CTOPOH.

5. KommiekcHble 9yncaa T, y, 2 uMeloT MoayJib 1. Hafimure

akJiounTeabHada oaumnuaga. 23.07.2007
doBbIBO,

1. MoXXHO JIM COCTaBUTb TPH HECOKPATHMbIE NPOOH, TPOM3BEIEHNE KO-
TOPHIX PaBHO 1, MCTOJIL30BAB B KAYECTBE YHCJUTE/EH M 3HAMEHATEeH TUX
npobeit mectb yncen u3 Habopa {1,2,3,4,5,6,7,8,9}7 (Kaxmoe 4ncyio MOK-
HO WCIIOJIb30BATH OJINH Pa3 WM HE WCIOJIb30BATH BOBCE.)

2. TlonoxkurenbHoe 4ncI0 x TakoBo, uto [z] - {z} = 100. Yemy moxer
6bITh paBHO "ncio [z2] — [2]?? (Kak 06brano, [y] — 910 Tesasd 9acTh yncaa y,
a {y} — npobuas gacTh yucia y.)

3. Ha xrneruaroit nocke 100 x 100 paccTaBiaeHb HECKOJBKO TMMAXMATHBIX
koHeit. Kaxknyio MuHy Ty Kakoii-HuOy b OJTMH U3 KOHEH J1e/1aeT X011 Ha cBOOO/T-
HOe ToJie. Yepe3 HEKOTOPOE BpeMs 0Ka3aJI0Ch, YTO KasK b KOHb TOOBIBAJI HA
BCEX TIOJISTX POBHO TIO OJTHOMY Pa3y ¥ BEPHYJICS HA MCXO/HOe moje. JlokaxKuTe,
9TO OB MOMEHT, KOT/[a BCE KOHUW CTOSIJIN HE Ha CBOWX TOJISX.

4. Jlan ocTpoyroabHbiit Tpeyroabauk ABC takoit, uro /B = 60°. Ero
BoicoTel AD u C'FE nepecekatorcs B Touke H. JIokaXuTe, 94TO IEHTP ONUCAH-
HOI OKPY>KHOCTH ITOTO TPEYTOJHHUKA JIEXKUT Ha O6uccekTpuce yriaa ZCHD.

5. HarypasbHble uucia a,b,c TaKOBHI, YTO YHUCJIO ¢ — b — TpocToe u
3c¢® = c(a + b) + ab. Tokaxkwure, 90 8¢ + 1 — TOUHBIA KBaJpAaT.

Brisog,

6. ITonoKuTeSbHBIE BeIeCTBEHHBIE YNCIa ¢, D, c TaKOBHI, UTo abc = 1 n
2
a® > 36. Hoxaxure HepaBeHCTBO % + 0% 4 ¢* > ab + be + ac.
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7. Yernipexyroabank ABC D BnucaH B OKPY*KHOCTh W C TIEHTPOM B TOY-
ke O. Buccekrpuca yria ZABD mnepecekaer cropony AD B Touke K, a
OKPYKHOCTb W B Touke M; 6uccekrpuca yria ZCBD mepecekaer CTOPO-
vy CD B Touke L, a okpy)HOCTh w B Touke N. V3pectHo, uro KL||MN.
Jlokaxkute, 4TO OMMCAHHAS OKPY2KHOCTb TpeyroabHuka MON TmpoxXoauT de-
pe3 cepenuny BD.

8. B sareps mpmexau m MaJb9UKOB ¥ d jneBouek. Kakias neBodka 3Ha-
KoMa, He OoJiee, ueM ¢ 10 MaabuMKaMu, a KaXKJIblif MAJBIUK — HEe MeHee, YeM
¢ omHOM AeBouKoi. OKa3aa0Ch, 9YTO V KarXKJI0TO MAJBINKa O0JIbITe 3HAKOMBIX
JIEBOYEK, 4eM y Ji000# 3HAKOMOM C HUM JIEBOUKHM — 3HAKOMBIX MAaJbUMKOB.
Hokaxwure, uro d > 1, 1m.
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