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1. Ot aBTOpPOB.

Hoporoii ipyr! Bei ceifuac jep:kure B pyKax Wil 4UTAeTe ¢ IKpana OpoIopy, KOTo-
pas  pOAWJIACh KakK IJI0Jl COBMECTHOTO TBOPYECTBA AaBTOPOB € TPYIIOH
“TIIpocpu—8” Jlerreit muoronpeamernoii mkoss Knposckoit obsactu 2010 rosa.

Bosibiine n unTepechbie 3aHgTHS 0 TEOPUU TPaOB OBLIM MOJATOTOBIEHBI U
nposejiennl JI.B. KaprnosbiM. OcHoBHasi 9acTh 3aHATHI ObLIA COCTABJICHA TPEMSI
OCTaBIIMMUCS aBTOpaMu coBmectno. Martbou ¢ rpynnamu IIpodr—9 u [Ipodpu—7
6bun - cocrasiennl  copmectio ¢ A.B. Tlacropom, A.B. I[anopasoBbiv
H.. KyabikoM, 3a 9TO XOTUM BBIpa3uTh UM OsiarogaprocTh. Ocobo xorenoch Obl
orMeTuTh pockormubit mogapok A.B. lanoBajoBa 7 10 3ajady 3aKJIIOIUTE b=
HOH oJuMIIa Ibl.

Hajieemcst, 910 Mbl OCTABUIIE MHOTO TIOBOJIOB JIJisl PA3MBbIIILIEHHS JI0 CJIEIyIOMIeit
HIKOJIBI M, KOHEYHO K€, XOTHM BBbIPa3uTh OJArQJAPHOCTL BCEM yUEHUKAM IPYTIhI
“IIpodu 8™
Axbaposy Aptypy, Asekcanjpoy Hukure, Besopy Hmurpuio, [anumony
Tuwmypy, TlomosanoBy Ajsekcamipy, 3aciaBckomy Ogiery, Kusizesoit Ajuce,
Konynaesy Biamucnasy, Kopskuny Hanuny, Korensuukosoit FOymu, JlaTsimesy
Anekcero, Magbiruny Buranuio, Mapsuny Eropy, Marymkuny Anekcanpy,
Moxuny Anekcanjpy, PoikoBy Hukure, CajpikoBy Pumnary, Coxosy Esrenuio,

Codponoroii Anune, Cypuny Muxawny, [aiixeesoit Tajuu.




Pegaxrop Cyros K.A.
XynoxkectBenustil peraktop Pybanosa H.H.
TEXunueckuii penakrop Cyzos K. A.
Tenepanbhblii KoppekTop Anmponos A.B.
Koppexrop Pycexuz M.C.

Cpano B nabop 25.07.10. Ioanucano x neuaru 26.07.10. ®opmar Ab
ByMar‘a ((CHel"ypO‘IKa». HeanB BT’JCOKag‘I7 OY€eHb BBICOKas.
3aka3 sin(In(e™)) Tupax 30
MN3znarenscrBo «Xakepkas
Jupektop uzmgarenscrea [laemmnes K.B.
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2. BcrynuresbHasg oIuMOHAAIA. 4 WIOJIA.

1. Craio MOJIOIHAKA COCTONT W3 OBIYKOB U Te04YeK. Te049ex B cTa-
ne 55% ot ero obmieil YncienHocTH, a ux obmuit Bec cocrapuser 45%
obrmero Beca ctazia. Bo ckobKo pas3 cpeamii Bec ObIYKa 60JIbIe cpej-
HEro Beca, TeJIOUKH?!

2. CymectBytor jin 127 TOApST MY IUX HATYPAJIBHBIX TUCIIA, CYMMa
KOTOPBIX jesntcs wa 20107

3. Haiinnre Bce TpoitKu AeCTBUTEIHLHBIX YNCET TaKNe, 9TO KayKI0e
13 HUX PABHO KBAJAPATy CYMMBI JIBYX JAPYTHX.

4. Ilycrs ABC'D — paBrobejipeHHast Tpalienus ¢ ocHoBaausimu A D
n BC. Ha npomoskennn mpsimoit DA 3a TOUKy A OTJIOKIIN OTPE30K
AFE Takoit, uto AE = BC. B KakoM OTHOIEHUN OUCCEKTPHUCa yTia
DBFE pemut orpesok DE?

5. B OxrobokoMm rpadcrBe Mexk 1y HEKOTOPBIMHU, HO, K COXKAJIEHMUIO,
ere He MeXKJTy BCeMH, ycaJpbaMu MPOJIOZKEHbI IOPOTH € OTHOCTOPOH-
HUM JBIKeHneM. [Ipw sTom, mpu mogBierun 060l HOBOM Ioporn
(Tax»Ke ¢ OJIHOCTOPOHHUM JIBUZKEHHEM) MEXK/Iy ycaJbbamu, He coe/ii-
HEHHBIME JIOPOTON JI0 9TOr0, MOSIBUTCH BO3MOYKHOCTH J00pPAThCH OT
J060i#1 ycaap0bl J10 J11000it 1pyroil, He Hapyiad npasui. Jlokaxkure,
YTO TaKag BO3MOYKHOCTEL MMEETCs YIKe ceffdac.

6. BuyTpu ocTporo yria co cTOpoHaMu a W b pacroJioyKeH BBIMTYK-
Jetit getbipexyroabank ABC D. Oxazaioch, 9To 179 KasKI0i U3 IBYX
MPAMBIX, COJIEPKAIINX CTOPOHBI YTJIa, CyMMa PACCTOAHUI OT BEPIINH
A u C' no s10it psgMoii paBHA CyMMe paccTognuit ot Bepiua B u D
J10 9Toit ke mpsmoit. Jlokaxxure, aro ABC D — mapasiiesiorpam.

7. Ky6 100 x 100 x 100 cocraBnen m3 6eIbIX U YePHBIX €ITMHUIHBIX
KYOWKOB, TpUYeM B KaXKJI0M KyOe 2 X 2 X 2 HaXOIUTCA POBHO 3 OEJTbIX
u 5 gepHbix KyOnkoB. CKOJIBKO BepIINH OOJIBIIOr0 Kyba MOKpPaIeHb
B UEpHBIN 1BeT?!

8. Kpagpataprit et Gymaru paspesaroT 10 MpgMOil Ha /1Be JacTH,
U TakK JIeJal0T MHOTO pa3. Kakoe HamMeHbIlee YUCIO Pa3pe3oB HY K-
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HO CJIeJIaTh, 9TOObI CPeJiy MOJIYUeHHBIX JacTell 0Ka3aJoCh POBHO CTO
JIBaJIATIYTOJTBHUKOB!

3. CunpHag CBA3HOCTb OPMEHTHPOBAHHBIX I'padoOB. 5 MIOJI.

OINPEAE/IEHUE: Bepmuser a u b opuerTupoBansoro rpada G Haz30-
BEM C6A3GHHbLMU, eCTT B Tpade GG CYIecTBYIOT TyTH U3 @ B b 1 u3 b
B a.

OpuenTtupoBannbiii Tpad G HA3BIBAETCH CUALHO CGAZHOIM, ECITH JIIO-
Oble JIBe €ro BEPITHHBI CBI3AHbI.

Takum obpasom, muOKecTBO BepimH V (G) okasbiBaeTcst pasbuTo
Ha KJIACCHI TTOMAPHO CBA3AHHBIX BEPIINH, KOTOPHIE Mbl Oy/IeM Ha3bl-
BaTb KOMNONCHIMAMU CUALHOT CEAZHOCII.

[Toctpoum st Hamero opueHTHpoBaHHOTO Tpada G 2pad Komno-
nenwm cuavnots ceaznocmu C(G), BEPIIMHBI KOTOPOTO COOTBETCTBYIOT
KOMITOHEHTaM CHJIBHOI CBA3HOCTH opreHTHpoBanHOoro rpada G. [1po-
BezeM B rpade C(G) pebpo V; — V; Torma u Tosbko Torza, KOrua B
rpade G ecTb pebpo, HanpapienHoe o V; K V.

Jist siioboro noamuokectsa U C V(G) wepes G(U) Mt Gyem 060-
3HAYATD UHIYYUPosarolil nodepad rpada G Ha MHOXKECTBE BEPIIHH
U (Takoit rpad coctonT u3 Beprna MuozkectBa U 1 Beex pebep rpada
G MeXy STHMH BEPITHHAMN).

1. a) [okaxwure, aro B rpade C(G) wer nmkios. b) Jokaxure, 4a1o

JUIsT TTH000M KOMIIOHEHTHI CIbHOI cBst3rocTn V; rpad G(V;) Ha Bep-
muHaX MHOYKecTBa V; ¢ pebpamu rpada G MKy STUMI BepITHHAMN
CHJIbHO CBSI3€H.
ONPEAEJEHUE: [IycTs V; — KoMIOHEHTa CUIBHOI CBA3HOCTH OPUEH-
tupoBanuoro rpadga G. HazoBeM 3Ty KOMIIOHEHTY NpoMescymounot,
ecain B rpade C(G) cymecrByer pebpo, Bxojsiiee B V;, 1 cylecrByer
pebpo, Bbixojdinee u3 V;. B nporuBHOM cilydae Ha30BeM KOMIIOHEH-
Ty V; wpatined.

56
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2. B opuentupopannom rpade 200 BepiinH, U3 KarkK10il BEPIIHHEIL
BBIXOJIUT XOTsI ObI OJJHO PeOPO U B KaXKIYIO BEPIIUHY BXOIAUT XOTA ObI
onHo pebpo. Jlokaxkure, 9T0 MOXKHO 100aBUTH He Oosiee 100 HOBBIX
OPUEHTUPOBAHHBIX pedep Tak, IToObl TOT rpad CTaj CHJILHO CBSI3-
HbiM. (Mexkty JByMst BepITMHAMEI MOYKET ObITh TIPOBEJIEHO HECKOJIBKO
pebep.)

3. llycrs G cs3ublit opuenTUpoBaHHbIil Tpad Ha N BepmuHax. [lo-
kaxkuTe, 9ro a) CyIecTByeT CHIILHO CBA3HBIH 0CTOBHBIH 1orpad rpa-
dba G, B koropom He bostee 2n — 2 pedpa.

b) Ecm B rpade G Mex Iy JIOOBIME JBYMS BepITHHAME ITPOBEEHO
He Oosiee OIHOTO pedpa, TO CYIIECTBYET CHUJIBHO CBSI3HBIH OCTOBHBIN
nozarpad rpacda G, B Koropom He Hosiee 2n — 3 pedpa.

¢) s Beex n > 3 mocTpoiiTe mpuMepbl TpadoB, /19 KOTOPBIX OIEHKN
TYHKTOB &) U b) SABISIOTCT TOUHBIMI.

ONPEAEJEHUE: [loanvitd opuenmuposanmvil 2pag wim mypHupHvii
2pag) — 5TO OPUEHTUPOBAHHBIN Tpad, B KOTOPOM JTI0ObIE JIBe BEPITHHDI
COEJTMHEHBI POBHO OJTHUM OPHEHTUPOBAHHBIM PeOpOM

4. a) [lokaxkure, 9T0 KOMIIOHEHTBI CHJILHOI CBA3HOCTH TYPHUPHOIO

rpada MoyKHO npoHyMepoBaTh (i, ..., G Tak, 9To0bI Jj1sd BeeX i < j
B C(G) 6bL10 pebpo G; — Gj.
b) B opuentnposantom rpade Her 1mkioB. JokaxknTe, 9To €ro Bep-
MIMHBI MOXKHO IIPOHYMEPOBATDL 1 . ..U TaK, 9TO Kaykjoe pebpo opu-
EHTUPOBAHO OT BEPIIUHBI C MEHBIITIM HOMEPOM K BEPIITHHE C OOJIBITTNM
HOMEPOM.

5. [lokakure, 9T0 B CUJIBHO CBSI3HOM TYPHUPHOM rpade CyIecTByer
2aMUALMON06 ukA (T.e. TIUKJ, TPOXOMASIIN M0 KaXKJOH BepIInHe
POBHO OJIMH pas).

6. a) Jlokazkure, 9T0 B CUIILHO CBA3HOM TYPHUPHOM I'pade ¢ 9eThipb-
Mg 1 6oJiee BepIIMHAME CYIIECTBYET BEPINUHA, y/ajeHine KOTOPOoi He
HAPYITaeT CUILHOM cBA3HOCTH rpada.

b) JlokaxkuTe, 9TO TAKUX BEPIINH XOTA OBl JBe.
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7. llycrs G — cunbHO cBaAsblit TypHupHBIT rpad, 3 < k < v(G).
a) lokaxknre, aro sy Jroboit Beprmunbl v € V(G) cymecrByer 1mpo-
CTOI IUKJI JIJIUHBI K, TIPOXOISIIIIL Uepes v.

b) Hokaxnte, uto B rpade G cymectByer xotd 01 v(G) — k + 1
NPOCTHIX IUKJIOB JJIMHBI K.

8. Ilycte G — MOJHBINA OPHEHTUPOBAHHBIN I'pad ¢ M BepIINHAMH.
JlokayKuTe, 9TO B HEM CYIIECTBYeT TAKOW TaMIJIBTOHOB IyTh 4 —
(g — +++ — Ay, 9TO €ro KOHIbl COeJNHEHBI peOpOM a1 — ay,

a) Ipy 9eTHOM 7;  b) NpPW HEYETHOM N, OTINYHBIM OT 3 1 5.
¢) Haiiure Bce moJiHbIE OPHEHTUPOBAHHBIE IPAdBbI, JIJIsT KOTOPBIX Ta-
KOTO IYTH He CYIIeCTBYeT.

4. Paszno6oii. 05 uroiiga

1. JIokaxkuTe, 9T0 TIPH JTI060M HEUeTHOM 1, 6osIbIeM 3, dncio 2™ — 1
neanTed Ha nd — 4n.

2. Mana mokomagka 700 x 2009 (700 — Beicora, 2009 — mupuHa).
/lBa gesoBeKa MIpaloT B CAELYIONIYIO UIPY. X0 COCTOUT B TOM, UTO
MOYKHO B3siTh JIFODO# OT/e/IbHBIIT KyCOK IMOKOJIaJ KK (B HAYAJEe UIPbI
TaKO KYCOK BCEro OJIMH) U BBIIPHI3TH U3 HETO KYCOK B (hOpME TPsiMO-
VTOJIbHIKA, IPUYEM [IEPBOMY HUIPOKY Pa3peInaeTcd ChedaTb TOJBKO
IPSIMOYTOJIBHUKHM, ¥ KOTOPBIX BBICOTA 0OJbINE JUO0 paBHA IIHPHHBL,
a BTOPOMY — y KOTOPBIX MeHbIle 100 paBHa IMIMPUHBI. BbiurpoiBaer
TOT, KTO J0eCT HoCaenHuii Kycodek. KTo BeIMIpaeT mpu mpaBUIbHOI
urpe?

3. Kakue geThipexyroJbHUKI MOXKHO paspe3arh MPpsaMOil JnHueil Ha
JIBa, MOI00HBIX MEXKIY CO00i YeThIpexyroabHIKa,?

4. Hazoem HaTypasbHOe YHCTIO N “KPOKOJAWIOM’, ecjiu Jjioboe Ha-
TypajbHOE UHCI0, MEHBIIee 7, MOYKHO MPEJCTaBUTh B BUIE CYMMBI
HECKOJIbKIMX Pas3IMIHbIX JeauTeseir n. JJokaknre, 910 Mpon3BeaeHne
JIBYX KPOKOJIMIOB — KPOKO/IILI.
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5. Kaxaomy u3 30 dejioBeK HpaBATCA POBHO M OCTaJbHBIX. [Ipn
KaKOM HalMeHBITIEM 1M MOYKHO TapaHTUPOBATh, UTO HAHIyTCd ABa Te-
JIOBEKa, HPaBAIIUXCA JIPYT JAPYTY?

6. OKpy>KHOCTD, 1IOCTPOEeHHAs Ha BbicoTe AD TPSIMOYTOJIBHOIO Tpe-
yrosbanka ABC Kak Ha nuamverpe, nmepecekaer karer AB B Touke K,

a karer AC' — B Touke M. Otpesok KM mepecekaer Boicoty AD B
AK _ AL

AL = 17 Haitgure ocTphIe yribl TPEyToJib-

touke L. M3BecTHO, 41O
nuka ABC.

7. Ha mocke Hammcano HECKOTBKO HATYpaIbHBIX dncest. Pa3permaercd
CTepeTh ¢ JIOCKN! JIBa dncia u 3anucath BMecto Hux nx HOJ[ u HOK.
Jlokaxkure, 9T0 KOr/1a—HUOY/Ib YNC/IA HA JOCKE [IePECTAHYT MEHATHCH.

8. [lokaxkute, 9TO B JII0OOM BBIITYKJIOM MHOTOYTOJILHUKE MOYKHO Pas3-
MECTUTD JIBa, He HAJETAOMNUX MHOTOYTOJTLHUKA, MOJOOHBIX eMy ¢ KO-
sddurmentom 1/2.

9. a) Kak coexmnanrs 2003 10Opojia HAMMEHBIIMM YMCJIOM ABHAJIN-
HUil Tak, 9TOOBI U3 JIIOOOIO TOPOJa MOXKHO OBLIO IONACTb B JI00OIT
JPYTOit, caenaB He Gosee IBYX mepecagok? (YKaxKuTe Bee CIocoObl i
JIOKaQXKHUTE, 9T0 Apyrux Het.) b) CKOAbKUMHI CIOCOOAMI 5TO MOYKHO
clieJiaTh !

10. CymectBytoT s 100 monmapHO pasauIHBIX HATYPATBHBIX UHCEI,
TaKWX, YTO PN JII0O0M pa3dneHny nxX Ha JIBe HEeITyCThIe TPYIITIHI CyMMa
qHCesT B OJIHOf I'PYIIIIEe JIeJIUTCS HA CYyMMY YHCEeN B JIPYTOit!

5. Ilytm m nmKJbI

ONPEAEJIEHUE: Jaepos nymsv B rpade G — 3T0 My Th, IPOXOIATIIII
0 KayKJIOMy pebpy pOBHO OJIUH pas.
Jtnepos yuka B rpade G — 3TO MUK, TPOXOMSIINAN M0 KaXKIOMY
pebpy POBHO OIMH pas.

Pasymeercs, sitiepoB myTh ¥ IUKJI B rpade MOIYyT UMETh CaMOIle-
pecedeHnst [0 BepIInHAM.
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1. Ilycte G — cBa3HBII rpad.
a) DitsepoB nuKJ B rpacde G CyMeCTByeT TOrJa U TOJBKO TOT/IA, KO-
ria (G CBsI3€H U CTETeHN BCeX BEPITUH YeTHBI.
b) Pebpa rpacda G moxHO pasburh Ha He Oosiee, 4eM k 1yTeil U 1uK-
JIOB TOI'/Ia M TOJILKO TOTIa, Kornaa B rpade He Oosee, ueM 2k BepIiinH
HEYETHO CTEeHN.

MuoxkectBo Bepim rpada G Mbl Gygem obosnadars depes V(G),
MHOZKeCTBO pebep — uepes F(G), i KoJmdecTBa BepiiH 1 pebep Oy-
JeM ucnosb3oBaTh obosuadenns v(G) u e(G) coorBercrBenno. Yepes
de(x) MBI 06o3HAUaeM cTenenb BepmmHbl - B rpade G. Yepes §(G)
MbI 0003HAYaeM MUHWMAJILHYIO cTereHb Bepiuabl rpada G. linna
IyTU ¥ IUKJIa B rpade Beerya nusMepsaercd B pedpax.

[IyTh (u, aHATOTHYMHO, IUKJ) HA3BIBAETCS NPOCMBIM, €CT OH He
UMeeT caMoTlepecedeHnit o BepimHaM. Bo Beex ey rommx 3a1adax
[yTH W IUKJIBI — MPOCTHIE.

2. Ilyers 6(G) > 2. [Jokaxwure, 9TO:
a) B Tpade G ecTb mpocToit myTh AmuHbl XoTsd 061 §(G);
b) B rpade G ectsb mpocroit nuks AuuHbL X0t OB1 0(G) + 1.
3. Ilyerb e(G) >t - v(G), t € N.
a) Jlokaxure, uro cymecrsyer Takoii moarpad H rpada G, [ro
S(H) >t+1.
b) lokaxutre, 1o B rpade G ecTb IPOCTOli Iy Th JJTUHLL XOTst Obl ¢+ 1
U TIPOCTO¥ TIUKJT JITUHBL XOTs ObI ¢ 4 2.
4. [lyctbn > 2, ay . . . a, — MakcuMaJbHbIH 11yTh B rpade G, npudem
da(ar) + dg(a,) = n. dokaxkure, 4ro B rpade ecTb UKJI JJIUHBL N.
5. a) B rpade st 00bIX JBYX HECMEXKHBLIX BepinH u, v € V/(G)
BBITTOJTHAETCST
da(u) + dg(v) = v(G) — 1. Jokaxure, uro B rpade G ecrb ramusib-
TOHOB TIyTh.

b) Hokaxure, uro ecmn §(G) > v(G)—1

2

, To B Tpache G ecTh raMuTh-
TOHOB TIyTh.

52
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46. ITokazarenu: ornpejesieHne, OCHOBHBIE CBOMCTBA.

47. KBapaTuyiHble BBIYETHI, HEBBIYETDHI, UX MTPOU3BEICHIE.

48. CumBon Jlexxanmpa.

49. Jlemma ['enseiisi.

50. IIepBo0OpPa3HLIil KOPEHDb, CBOWCTBA, MOIYJIN 10 KOTOPBIM UX HeT.

51. IlepBoobpasHbIil KOpEHB CYTIECTBOBAHIE.

52. Ilepuoudaeckue poodw.

53. Hepasencro Kortu st iByxX 4unces, mpuMepbl PUMEHEHWA.
Hepagencrso Bepnysin.

54. HepasenctBo KBIII, 1Ba m0Ka3aTenbeTBa.

55. Hepasencrso KBIII, npumenenue.

56. HepaBeHcTBO 0 CpeTHIX I KBAIPATUIHOTO, apU(PMETIHIECKOTO
U TapMOHIIECKOTO.

57. HepaBenctBo o cpeHuX s apudMeTHIeCKOTO U TeOMeTpHrie-
cxoro, waayKnust O.J[.Kommn.

58. TpancHepaBeHCTBO, HEPABEHCTBO 1eObINIEBA.

59. KomriekcHble 9ucia: akCHOMATHIecKoe 33/TaHue.

60. KowmriekcHbie qucia: ConpsiyKeHne, MoJ1yJib, apryMeHT.

61. KoMmekcHble Yncia: TPUTOHOMeTpHUiecKas hopma.

62. KommekcHble 9nca: apryMeHT, MOJTYJTb U COMPAYKEHHOEe TTPO3-
BeJIEHUS.

63. KoMmruekcHble dncia: KOPHA U3 eIUHUIIBI, CyMMa UX CTeeHeil.

64. KoMIuiekcHbIe YnCIa; pelienre KBapaTHOTO YPaBHEHWS.

8 Bumkunnas., 3—28 urong 2010 r.

6. a) Jlust i06bIX 1BYX HecMekHBIX BepiinH u, v € V/(G) BbiosHs-
ercst dg(u) 4+ dg(v) = v(G). Hokaxure, aro B rpade G ecThb ramuiib-
TOHOB IUKJI.

b) Hokaxkute, uto eciu 6(G) > U(QG), To B rpade G ecTh TAMIITBTOHOB

LKL
7. Ilycts ab & E(G), dg(a) + de(b) = v(G), a B rpade G + ab ectb
raMIJIBTOHOB UK. Jlokaxkure, 4To B rpade G Tak»Ke eCTb raMuib-
TOHOB TIMKJI.
8. Ilycte v(G) = n, a dy < dy < -+ < d,, — TOCJEJIOBATE/ILHOCTD
creneneii Bepums rpada G. Ilyers d; + d,—; = n s Kaxkioro i €
[1..n — 1]. Jokaxwure, uro B rpade G €cTh raMUIIBTOHOB [UKJI.

6. Pasznob6oii. 6 uroid.

1. Haitnure Bce Takue mapbl HATYypadbHBIX dncen (a,b), ato a — b —
MIPOCTOE UUCTIO, & @ - b — TOUHBIN KBaJIpAarT.

2. Toukn Ay, By u C} nexat Ha croporax BC, CA u AB coorser-
CTBEHHO, U JIeJIAT WX B OTHONIEHNHU 1: 2 Tak, 9To Aj OJIMKe K TOUKe
B, By oimxe k C', C; — x A. Jlokaxkure, 4ro u3 orpeskoB AA;, BB
u C'C'y MO2KHO COCTABUTH TPEYTOJIbHUK.

3. HazoBem monu HeoOIUTEILHBIM, €CJIM Y Hero He OoJiee IATH JIpy-
3eit. HazoBeMm MOHU 9IyIMKOM, €CTM BCE €ro JIpY3bs HEOOITUTEbHEL.
Hokaxkure, 9T0 4yIMKOB He DOJIbINE, YeM HEeOOIIUTebHBIX.

4. BoIyK/IbIf 9€ThIPEeXyTOJbHUK Pa30UT JUArOHAIAMU HA YETHIPEe
TpeyroyibHuKa. J{oKaXKuTe, 9T0 TOUKH MepecevueHns MeUaH ITUX Tpe-
YTOJTBHIKOB 00Pa3yIOT MapasIeIorPaMM.

5. Nmeer i ypapuenue x° + 3° = z* pemenns B mpocThix unciax?

6. Keagparubiii Tpexusen f(r) = az’+br+c TaKoB, YTO ypaBHEHUE
f(x) = x He umeer BelecTBeHHbIX KOpHElt. JlokaxkuTe, 4T0 ypaBHeHue
f(f(x)) = o Takke He uMeeT KOpHeii.

7. IloBap BBLIOXKUII HA CKOBODPOJKY 8 KOTJIET O Kpyry (mo daco-
BOM CTpeJIKe), IpIYIeM KaxKast CIe/IyIolast BHKIaIbIBaeMas KOTIeTa
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6bl1a Ha 10 TpaMMOB Ts2Kesee mpeablaytieil. Korma KOTIeTsl moiKa-
PUWINCH, TOBAp OOHAPYKUIT, 9TO 3a0bLT, ¢ KAKOW KOTJIEThl OH HAUMHAT
BLIKJTaIbIBaTh. [loMoruTe emy HaliTu caMyto TSKeTyio KOTJIETY 3a 2
B3BEINBAHUS HA YAIIEIHBIX Becax 0€3 Muphb.

8. Jlama okpyzkHOCTD, ee muamerp AB m touka C' Ha STOM [Ina-
metpe. [locTpoiiTe ¢ MOMOITBIO TUPKY/IA W JIUHEHKN Ha OKPYXKHOCTH
jaBe Toukn X 1Y, cuMMeTpUYHbIe OTHOCUTEJILHO auaMerpa AB, s
KOTOpBIX psimast Y C' nieprieriukyisipaa K npsamoit X A.

9. CymiecTBYIOT JI YeThbIpe KBaJIPATHLIX TPeXtWieHa TaKwWe, UTO B
KakoM Obl mopganke fi, fo, f3, fi WX He BBINIUCAIN, HalJIeTCAd TaKoe
BeleCTBeHHOE 1ncyio a, 110 fi(a) < fola) < f3(a) < fi(a)?

10. B pamyzxnom ropogie 1000 xuresieit. Kaxkibrit Beuep Bce xKutesn
ropojia CooOITAIT BCEM CBOUM 3HAKOMBIM T€ HOBOCTH, KOTOPBIE OHU
3HAIOT. V3BecTHO, UTO t00ag HOBOCTb PAHO WJIH TTO3/THO CTAHOBUTHLCS
u3BecTHa BeeM. [lokakure, 910 MOXKHO BRIOpaTh 90 2KUTeseit, u cood-
MUTH UM HEKYI0 HOBOCTB Tak, 9To depe3 10 mHeit oHa cTaHeT M3BECTHA
BCEM YKUTEJISAM.

7. Packpacku BepmuH rpadoB. 7 UOJId.

Bynem obosnatats depes A(G) n §(G) MaKCHIMATBHYIO 1 MUHIMATH-
HYIO CTeleHb BepInHbl rpadga G cCOOTBETCBEHHO.
ONPENEJIEHUE: 1) Packpacka seprmn rpada G B k 1[BeTOB Ha3bI-
BAETCsl NPacUAbHOl, €CJI JTHOOBIE JIBe CMEXKHBIE BEPIIUHBI TIOKPAIIEHbI
B pasHble IIBeTa.
2) Yepes x(G) obosuauum xpomamuueckoe wucao rpada G — Hau-
MeHbIIIee TAKOe HATypPaIbHOE UUC/I0, UTO CYIIECTBYeT PAaBUIbHASA pac-
Kpacka BepiiH rpada G B Takoe KOJUYECTBO I[BETOB.

1. [ycrs G — casubiit rpad, A(G) = d u B rpade G ectb BepiinHa
crenern Menee d. Jlokaxkure, 110 X(G) < d (10 ecrb, BepuHbl rpada
G MOXKHO TIPaBUJIBHBIM 06pPa30M PaCKpacUThb B d TIBETOB).
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18. Teopema Bpykca mnpocroit BapuanT(ieMma K J10Ka3aTeIbCTBY ).

19. Ilnan nokasaTenbcTBa TeopeMbl bpykca.

20. DitepoB MyTh W UK.

21. ['aMUIBTOHOB Y Th.

22. ['aMUJIBTOHOB IIHUKJI.

23. Jlemma Xomnra.

24. Jlemma Xosta g apabcKuX cTpaH, IpUMeHeHue JeMMbl XO0JITa.

25. OpueHTupoBaHHbIE YIJIbI, UX CBOICTBA.

26. CkajigpHoe IIpou3BejieHre, CBONCTBA.

27. Jlpmxkenuda. Onpenenenne, coxpaHeHre OCHOBHBIX MeOMETpHIYe-
CKUX 00BEKTOB.

28. Jlsmxkennsa. OCHOBHBIE THITBI, UX KOMITO3UIIUH.

29. Teopema 00 0JTHOBHAYHOCTU JBUKEHUS 110 TPEM TOTKAM.

30. Teopewma [lams.

31. JIBoiiHoe OTHOIIEHNE B KOMILIEKCHBIX YHCJIaX, YCIOBUE TTPUHA/I-
JIEYKHOCTU OKPY2KHOCTH U TIPSIMOIA.

32. Onucanve NBUXKEHUN B TEPMUHAX KOMILIEKCHBIX UUCET.

33. Hepasenctro [ITomemes.

34. Brinykiible MHOXKECTBA.

35. Teopema Xemmm.

36. Teopema HOwra.

37. BexTophl: onpenenerne, oCHOBHbIE CBOMCTBA.

38. BekTophl 1 BBITYKJIBIII MHOTOYTOJIBHUK, /IBa JI0KA3aTETbCTBA.

39. llenTp Macc — TOUKHU MepecevdeHns OCHOBHBIX UeBHAH TPEYTOJIb-
HUKA.

40. [lenTp Macc — ompeesieHne, TPUMEPHI.

41. IlenTp Macc — mpaBwjia TPYNUPOBKU U phlUara, OCHOBHAs Teo-
pema.

42. Teopema Yenwbr.

43. Teopema Menemnas.

44. Teopema Ban-Ob6ens.

45. Touxkn Hareng n 7ZKeprona.
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O6osnaunm vepe3 H Touky mepecedennss ero aumarosaseit, A m F
IEHTPBI OMMCAHHBIX OKPYKHOCTel TpeyroabaukoB PHQ n RHS co-
oreercrBenHo. lokaxure, aro H AT E — mapajiesorpamm.

6. [locnenoBarembHOCTD YuCeN ap U by 3aaeTcd PEKYPPEHTHO, Ce-
aytommmn yeaosusvn: @ = 2010, by = 2011, any1 = an + boV/3,
bn+1 = b” — CLTL\/g. quy PaBHO CLQOll?

7. Ecrb aBe rpynmnbl MoneT: B onHoit 10, u B jpyroit 77 monet. M3-
BeCTHO, 4TO cpeau 3tux 10 ecThb poBHO onHa danmbimuBag. Kak 3a
TPU B3BEITUBAHUS Y3HATH €CTh JIM CPEJU ITUX 77 MOHET XOTs Obl Ol
Ha danbimmpasi. (M3BecTHO, 9T0 Bee (asbINMBbIe BECIT OIMHAKOBO 1
JIerde HACTOSIIIUX, KOTOPbIE TOXKE BECST OJMHAKOBO. )

41. IlpejaBapuTreJibHbIil CIIUCOK BONPOCOB K 3a4eTy.

01. PaBHOCHIBHOCTH (hOPMATHLHOTO U (DYHKITMOHATHLHOTO PABEHCTBA
MHOT'OYJIEHOB

02. Teopema Besy.

03. KosimdecTBo KOpHEet MHOIOYJIEHA.

04. Muoroujiennl HaJi Zjy, KOJIN4YECTBO KOPHeil

05. VHTeprosAnoHHBIT MHOTOYJIEH: CYIIeCTBOBAHME.

06. I/IHTepHOHHHHOHHbIﬁ MHOT'OYJIEH: €JUHCTBEHHOCTD, OIIMCaHUE BCEX.

07. PamporaabHbIe KOPHI MHOTOYJIEHA, C HEIBIMI KOI(M(DUITEHTAMIA.
08. OrneHka MOJIy/Id OJJHONO MHOI'OYJIEHA Yepe3 JIPYToil.
09. YerHble u HeUeTHBIE [TOJHTHOMBL.

10. Teopema Buera

11. HenpusomumocTs, comeprKaHne MHOTOUICHA.

12. Jlemma [aycca, kpurepuit DiizeHInTeiHa.

13. Henpusogmvocts Han Z u Hag Q.

14. OyHKIUT 1 MHOTOUJICHBL HaJ, Zy,.

15. CymMbl K03 PUITMEHTOB ¢ HOMepa KpaTHBIMUI 2, 3, 4.
16. CusibHasg CBA3HOCTDH OPUEHTUPOBAHHBIX I'PadOB.

17. Typuupmustit rpad.

10 Bumkunnas., 3—28 urong 2010 r.

2. Bepmmnnt rpacda G Helb3s1 IpaBUIbHBIM 00pa30M ITOKPACUTD B d
nBeroB. Torma cymectsyer Takoit moarpad H rpada G, aro §(H) >
d.

3. a) Jlokaxure, uro u3 rpada G MOXKHO yIaJuTh He Gojee, dem
% YJacTb ero pedep Tak, YTOOBI MOTYUIeHHbIH rpad nMes MpaBUIbHYO
PacKpacKy BEPIUH B 7 IBETOB.

b) Hdokaxkure, uro u3 rpada G MOKHO HECKOJIBKO pebep Tak, 9acTb
ero pebep Tak, YTOOBI MOJTYUeHHBIN Tpad IMeT TPaBIILHYI0 pacKpac-
KY BEPIIUH B 1 [[BETOB U CTEMEHb KayKJI0¥ BEPITUHBI YMEHIINIACh HE

n—1
o pas.

boJiee, geM B UeM

['1aBHOM 11e/IbI0 HAIIErO 3aHATHS ABJISETCS JOKA3ATEIbCTBO TEOpe-
MbI Bpykca.

Teopema (R. L. Brooks, 1941) Ilycts d > 3, a G — cBasubiii rpad,
oTMYHBI 0T TosiHOro rpada Ha d + 1 Bepmune, A(G) < d. Torna
X(G) < d.

[Ipn A(G) = 2 Bompoc 0 CyIMECTBOBAHNN TMPABIILHON PACKPACKI
Bepina cBsi3uoro rpada G B jBa nBera oveswjyeH. Takoit rpadp G
— qubo P, (myts u3 n Bepmun), qubo C, (nuksr u3 n BepmuH). B
MEePBOM CJlydae JIerKo BujeTb, uto x(P,) = 2, a Bo BTOpOM cJIydae
X(Cax) =2 m x(Copr1) = 3.

4. Ilycte G — cBasmwiii tpad, A(G) = d > 3. [okaxnre, 9ro
pepimmHabl G MOYKHO MpaBWIbLHBIM 00pa3oM packpacuTh B d LIBETOR,
ecIu
a) ecTb Takas BepIIUHBI @, 9T0 Tpad G — a HecBsa3eH;

b) ects aBe Takme BepmmHLl a u b, uT0 rpad G — a — b HecBs3eH;
C) eCTh TPU BEPIIUHbL U, ¥ U W TAKHUe, 9TO U CMEYKHA C U U W, BEPIINHBI
v 1w HecMeXHBI 1 rpad G — v — w CBA3EH.

5. Jlokaxxkure Teopemy bBpykca.

1 manocieok 1Be HECI0YKHbIE 3a0a491 PO PACKPACKU.

6. Uepes G Gyunem obosnadars donoanenue rpada G, To ectb, rpad
Ha TeX Ke BepIInHax ¢ pedbpamMu, KoTopbix HeT B rpade G. Jlokaxknure,

aro x(G) + x(G) < n+ 1, one n — komudectso BepiH rpada G.
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7. B rpade G nobbie 1Ba HEIeTHBIX IUKJIa IUMEIOT OOy BEPIINHY.
Hokazkure, ato x(G) < 5.

8. Paznoboii. 7 uroagd

1. IlycTs p — mpoctoe uncio. Jokaxure, aro (3p — 1)! + 2p* : p?

2. Tlycre f(x) — npuBeeHHBI KBAJIpPATHBIN TPEXUJIEH, KOTOPbIH
UMeeT JIBa Pa3TUIHBIX JIEHCTBUTENTHHBIX KOPHS, U3 KOTOPBIX POBHO
omuu npurasnexut orpe3ky [0;1]. Hokaxwure, aro f(f(0)) < 0.

3. a) U3 yria npgMoyroJbHOrO GULIHADAA M X 1 C HETBIME CTOPO-
HaMU TYTIEH ITap Mo OMCCEKTPUCe 9TOro yria. /lokaykuTe, ITO TOCTE
HECKOJIbKIX OTpaKeHuil (110 3aKOHY “yroJi MaJeHns PaBeH YLy OTpa-
JKenwst”) [map CHOBa MOMaJeT B yroy.  b) Yepes cKOJIBKO OTparkeHuii
CJIYHIUTCs 9TOT JIOJITOXKIAHHDBIT MOMEHT?

4. B rpade ¢ n BepmuHaMu CTeneHb KaXKJI0W BEPIIUHBI HE TTPEBOC-
xomuT 5. JlokaykuTe, 9TO €ro BepIINHBI MOYKHO TTOKPACUTL B 3 IIBETA
Tak, 9To pebep ¢ OJHOIBETHBIMU KOHIAaMU Oyer He Gosiee n /2.

5. Harypanpmele 4ncia m u m TakoBwl, 910 m? + n? +m : mn.
Hoxaskure, 910 M — KBaJpaT HATYPAJTHHOTO YUCIIA.

6. [llecTs KpyroB nMerOT 0OIIYI0 TOUKY. /[oKayKuTe, YTO OJIUH U3 HUX
COJIEP2KUT TIEHTP KAKOT'O-TO JPYTOTO.

9. BexkTopsl. 9 utosisg

—
0. Yupocrute BbIpazkenne a) 1@ + ﬁ + C@ + FEA+ Eﬁ;
| ~YN+BX —~TZ+MN-TB+Y7
b) XM —YN+BX -TZ+ MN -TB+YZ.
1. Jokaxkure, uro a) eciu M — cepeauna orpeska AB, To s
nmo60it Toukn O MI0CKOCTH BBIIOJTHAETCS PABEHCTBO

()—Ai:;(oﬁwo?)

b) ecim M nmemut otpe3ok AB B oTHOmEHHN m @ M, TO i 000

48 Bumkunnas., 3—28 urong 2010 r.

CJTaraeMbIX.
11. Jlokazkure, 9TO MEPUOJL CyMMBI (Pa3HOCTH) JABYX JIpobeil sBiisger-
ca penurenem HOKa mepuonos, a mpemmnepuos He IIPEBOCXOINT MaK-
CHMyMa, TIEPHOIOB.
3adayu 0 camocmosmenvnozo Peuets.

12. Ilycts p > 5 — mupocroe uwucjo. V3BectHo, 4o jjmuHa Hau-
MEHBIIEro neproja JecaTnanoi 3anucu apobu 1/p pasaa 2n. [loka-
JKUTE, 9TO €CJIM STOT MEPHO Pa30dUTh HA IBa N-3HAYHBIX KYCKa, TO
CyMMa dnces B 9THX Kyckax pasua 99...9 (n geBartox). Hampuwmep,
1/7 = 0.(142857), 142 + 857 = 999.

40. 3BakmouurenbHas OJimMmnuaga. 23 uioJis.

1. Pemure B HaTypabHEIX UHcIaX n U k ypasHenne: n! = k? + 2.

2. B tpeyronsauke ABC' cropona BC' Bapoe 6osbiie croporst AC,
D — cepenuna BC', E — cepequna DC'. Jlokaxkute, uto AD siBigercs
ouccekTpucoit yria BAFE.

3. Yucna a, b u ¢ taxkosbl, uro a’ + b% + ¢ = 3. Jlokaxure, 4o

2ab + 3ac + 6bc < 12 — 3a® + 5.

4. Ha nranere, nmeroreit (opmy cepbl, TOCTPOEHBI TOPOIa, HEKO-
TOphIe M3 KOTOPBIX COeAMHEHbI joporamu. st kaxkmoro ropoga G
nMeeTcs «aHTUropomy G*, cummeTpudHbIii (G OTHOCHTETHHO MEHTPA
cepnl. Ecmm ropoma G u H coenmHEHBI JOPOrOil, TO «aHTUTOPOIA»
G* 1 H* Tak:Ke coeIlMHEHBI Toporoit. Jloporn He mepecekarTcsd B TOU-
Kax, OTJIMIHBIX OT T'OPOJIOB, U U3 JIIOOOI'O T'OPOa MOXKHO II0 J0pOoram
nobparbes B J1000it. B ropogax, coeumHEHHBIX JTOPOroif, KOJTHIeCTBO
xurejeit ormyaercs we 6osiee dem na 1000. Hdoxkaxkure, 9To cymie-
CTByE€T 1opoz, 4ucJjio JKurTejleil B KOTOPOM OTJIM4aeTCd OT 4Hucjla 2KU-
TeJsiell B «aHTUropoze» He dosee uem Ha 1000.

5. Yernipexyrosbank PQ RS, mpoTHBONIOIOKHBIE CTOPOHBI KOTOPO-
ro He TapasiiebHbl, BIUCAH B OKPYKHOCTH ¢ IIEHTPOM B Touke 1.
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npobu, a a —IUC/INTeb.

B dasvnetiwem cuumaem, wmo b £ 25",

Bermomunm Asnzopumam deaerus cmosbukom. Tpu TPaBUIbHOM B3TJIsI-
JIe Ha BeI[W COCTOUT B cjejyiomeM. [losaraem ry = a u cuurtaem pe-
KyppeaTtHo 10 - r;_1 = bg; + r; (nenenne ¢ ocratkom). [Ipu sTom ¢; —
i-Tag nupa nocyie 3anATol B papeHcTBe § = 0, q1q2G3 - . .

2. a) [lokaxkure, 4TO MpU JEJEHUN B CTOJOUK MOJIYIAETCs TTePHOIU-

geckast JIpobb ¢ meprogiom He Gosee b — 1; b) u gaxke cymma JUuH
neproa n mpearnepnoa He boaee b — 1.
Eime o/1H0 MOHUMAaHUE aJTrOPUTMA JIEJIEHNSA CTOJIOMKOM COCTO-
UT B CIeyiomeM. lemnM ¢ ocTaTKoM: @ - 10F = bQy. + 1. Torma Qy
— 9mc/10, 00pa3oBaHHOE MepBbIMU k HndpaMu Mocje 3amsiToi, 1, —
TO JK€ CaMoe, 94TO paHee (TeM CaMbIM 7', OKA3bIBAETCSI OCTATKOM IIPH
nenenun a - 10% ma b).

3. a) Jlokaxure, uro ecam (b,10) = 1, 1o (r;,b) = 1. b) [lokaxmure,
970 JJINHA Tepuojia He IpeBocxomut ¢(b).

4. Jlokaxwure, aro eciu (b, 10) = 1, To 3alUKINBaHUE TPOMCXOAT
6e3 mpennepuona. [pu aTom nuHa mepuoja He 3aBUCUT OT @ U PaBHA
HanMeHbIemy t, 11 kotoporo 108 — 1 1 b.

5. Ilyctb HAMMeHbBINUI TIepuo HEKOTOPOit MOC/Ie0BATEILHOCTH pa-
BeH [, a L — mexoropsiit jpyroit nepuos. loxaxkure, aro L : [.

6. [okaxwure, aro npobp 0, RTTT ... (R — w3 k uudp, T'— us t

R
mmcdp) paBHa oF T W.

7. Jokazxute, uto ecu (b, 10) # 1, To B JecaTnynoii sammcn § 06g-
3aTEJILHO €CTh TIPEJIIEPUO/I.

8. Ilyctb a < b, (a,b) =1, b =2"-5Y - | = max{zx,y}. Joka-
JKUTe, 9TO TephoJl IpobH § paBeH Neprojty Jpobu %, a TpeJIepuosT B
TOYHOCTU PaBeH [, m He MOYKeT ObITh MEHbIIIE.

9. KakoBo naunbosibiiee 3HAYUEHNE JJINHBI MIPEJIIEPUOIA CPEIN BCEX
HECOKPATUMBbIX JIpo0eit co 3HameHaresieM He npepocxogdnium 20087

10. [Ipusenure mpumep apodeit ¢ mpeanepuogamMu, Ipu CI0XKEHUHN
KOTOPBIX MPEJIIEPHOJT UCUE3AET, a EPUOJ] MEHbIIe, deM 00a Teproia
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To4KU O IJIOCKOCTU BLIIIOJIHAECTCA PaBeHCTBO

e n — m
OM:7-0A+7-O§.
m-+n m-+mn
2. JlokazkuTe, 9T0  a) TouKa X NPUHAIEKUT mpamoit AB Torma
U TOJIBKO TOTJIQ, KOTJIA CYIIECTBYET TaKoe t, 9To Jijis jr000it Toukn O
mwiockoct OX =t-OA+(1—1t)-0
b) Touka X mpunasekuT orpesky AB Torma u TONBKO TOTIA, KOT/a
cymectByer Takoe t, 0 < t < 1, aro js jirodoit Touku O TI0CKOCTH
OX =t-OA+(1—1t)-OB.
3. JlokaxkuTe, 9TO CyMMa BEKTOPOB, WLYIULX 13 IEHTPA IPABIILHOro
N-yTOJIbHUKA B €r0 BEepIIUHLIL, paBHa () .
e S
4. Jlokaxkure, 4TO €CJii BEKTOPbl @ + ¢ U d — € TNepHeHnKyIhp-
e, 1o | @) = | 7).
5. B uwernipexyronvuuke ABC'D touka M — cepequna BC, N —
—>
BA+C
— 2
6. [lycrb ef u ej — JBa HeKoJIMHEAPHBIX BekTopa. [lokarkure, 4To

—
cepenuna AD. Jlokaxute, ato M N =

71106011 BEKTOP " MOKHO €/HHCTBEHHbIM 00pa30M IIpPEeJICTABUTH B BHJIE
7 =o€l + ﬁe_2>, re o u 3 — BemecTBeHHbIE JHCIIA.

7. Ha mpsamoit exxut ogmHAAANIATL ToUeK My, . .., M;;. Bre nmpamoir
nana Touka F. Moxno yin Ha orpeskax F'M;, ..., F' My, paccraputh
CTPEJIKH TaK, YTOOBI CyMMa BCEX IIOJIYIEHHBIX BEKTOPOB ObLia paB-
Ha 07

8. a) JlokaykuTe, ITO M3 MeIMaH TPEYyTrOJbLHUKA MOYKHO COCTABUTH
TpeyroibHuK.  b) JlokaxKuTe, 9TO T0 MOKHO CJEJIATh TIPH OMOIIH
mapaJie/IbHbIX IePeHOCOB MeuaH.  ¢) Haiiure oTHOIE e Mm101ma-
JIM TIOJIy 9MBIIEr0Cd TPEYTOJAbHUKA K IIJIOMAIN MCXOIHOTO.

9. JlokaxkuTe, 9TO Ha CTOPOHAX M JIMATOHAJIAX HEUYETHOYTOJHLHUKA
MOYKHO PaCCTABUTDh CTPEJTOUKN TaK, I9TOOBI CyMMa BCEX IOJIYUeHHBIX
BEeKTOPOB ObLTa paBHa ( .

3adavu Ons camocmosmenvHo2o PeuLeHs.

10. Ilycte M, N, P, () — cepemunnl ctopon AB, BC, CD u DE

BoITyKJT0TO Tisituyroiabinka ABCDE; F' — cepequna M P, G — ce-
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pemuna NQ. Jlokaxxure, 9To orpe3ok F'G mapasuienen orpe3ky AFE
U MeeT BUETBEPO MEHBITYIO JIJTHHY.

11. V BBIIYKJIOTO TATHYTOJTBHUKA OTMETIIA CEPeMHBI CTOPOH, a
MOTOM CTEepJId BCe, KPOMe OTMEUYeHHBIX TOueK. BoccTaHoBUTe MATH-
YTOJTBHUK.

12. Ha okpyxknocTu pagnyca 1 ¢ mearpom O ormedena 2n+ 1 Touka
Py, ..., Py, 1, JeKamux 110 0JJHYy CTOPOHY OT HEKOTOPOI'O JinaMerpa.
Hoxkazkure, 910 ‘(ﬁ +...+ OPQTH_l‘ > 1.

13. Ha mmockocru gano 2000 BeKTOPOB, IpUYIEM CPeal HUX €CTb He
KoJuTHeapHble. V3BecTHO, 9TO cymMa 00X 1999 BEKTOPOB KOJIITH-
HeapHa C BEKTOPOM, He BKJIIOUEeHHbIM B cymMy. [lokarkure, 4To cymma
Bcex 2000 BEKTOPOB paBHA HYJIEBOMY BEKTODY.

10. Mmuoroujsensl. 9 uroad

1. /lam mMHOTOUIEH (338 + 20+ 1)20. Haiture ero koadpdunuenT npu
a) #'7; b) 28,

2. Pazesmre ¢ ocrarkom a) 22 —x+1na x —2; b) 2%+ 1 na 2% + ;
c)a"—lmax—1;d) 2" +1umax+1.

3. Haiiaure Bce HaTypasbHEIE M, TPU KOTOPBIX uncio 2n° 4 3n? +
An + 3 nenmres Ha unciao n’ + 1.

4. JlokaxkuTe, 9TO IPU JHOOBIX IEIbIX HEOTPHUIATEIbHBIX [, 1M, 1 MHO-
rowter 32 4+ 23 4 23" qenuresa na 22 4+ x + 1.

5. Muorowren f gaeT ocTaTok 2 MpH JIEJIEHUN HA & — 2 U OCTATOK
5 npu zenennn na x — 3. Kakoit ocratok muOrOwIieH f Oyjer jgaBarh
npu jesiennu Ha (x — 2)(x — 3)7

6. lokaxkuTe, ITO [715 TIOOBIX HATYPATBHBIX aricen n 1 k (tae n > k)
CYIECTBYeT HATYpPaJIbHOE UNUC/I0, KOTOPOEe MPH JeJeHNN Ha 9ucjia 1,
2, ..., M JaeT POBHO k Pa3JINIHBIX OCTATKOB.

7. Teopema Be3y. 3nauenne MHoro4dieHa B Touke ¢ € R copmajaer
€ OCTATKOM OT JIeJIEHWUs €0 Ha MHOTOUJIEeH & — C.

46 Bumkunnas., 3—28 urong 2010 r.

eCTb, UX 3HAYCHNA COBHIAJAIOT BO BCEX TOUKAX T € Zy.

1. a) JlokaxknTe, 9T0 MHOTOUIEH T¥ — & SKBUBAJEHTEH HY/JIEBOMY 110
moayso p;  b) JlokaxknTe, 9T0 €cim MHOTOUWJIEHBl f 1 ¢ 1O MOJIYJIIO
P SKBUBAJEHTHBI, TO f — ¢ jenutcs Ha xf — x.

2. Jloxkazxkure, uto .obaa byHKIWS Z), — 7, 337aeTcd HeKOTOPBIM
MHOTOUJIEHOM.

3. a) [lokaxkure, 94TO €CJU MHOTOUJIEH HEIMPUBOJNUM KaK MHOTOUIEH
0 MOJIYJIIO, TO OH HETPUBOANM U KaK MHOTOUJIEH C TEIBIMU K03 du-
I[IEHTAMI.

b) Tlpuseaure mpuMep HEMPUBOJANMOTO MHOTOUJIEHA C TIEJIBIMU KO3(]-
bunmerTaMn, TPUBOIUMOTO KaK MHOTOUIEH 110 MOJLYJTIO.
¢) Beiegure orcrona kpurepuit Ditsenrreiina.

4. Jlokaxkute, uTo ecau p — 1 i m, To MHOTOWIEeH =™ — 1 umeer
POBHO M KOPHE#t TI0 MOYJTIO P.

5. [lycts P(x) — HeKoTOpbIi MHOrOUIeH. Boipasute depes ero 3ua-
YeHUs B HEKOTOPBIX TOYKAX &) CYMMY YETHBIX KOI(DPUIHEHTOB;

b) HeveTHBIX KO3 DUIMEHTOB;
¢) cymMmy K03 MDUIMEHTOB ¢ HOMEpAMHU KPaTHBIMU 4;
d) JaroImx oCTaToK 7 10 MOJYJIO 4.
) ¢ HOMepaMu KPATHBIMI 3;
f) ¢ Homepamu marommvn octaTok 1 mpu mesieHnn Ha 3.
3adayu 0as camocmosmenvnozo PeuLets.
6. Jlokaxure, aro muorouien (r? — 13)(xz? — 17)(x? — 221) umeer

e

KOPHU 110 JII0OOMY Halepes] 3aaHHOMY ITPOCTOMY MOJIYJIIO P.

7. JlokaxkuTe, 9TO /7151 BCAKOTO MTPOCTOTO YUCTA P HAHIETCS TTPOCTOe
YUCJI0 ¢ Takoe, 9To NP — p He JIeJINTCd Ha ¢ HU [IPU KAKOM HaTypaJib-
HOM 7.

39. lecaruanbie Apoom. 21 MIOJId.

1. /lokazkuTte, 9TO Ap00b ABJISIETCA KOHETIHOM TOra U TOJLKO TOIJIa,
kKorma b mmeer Buy 2"5". 3pmech n gajee, 9ucio b — 3HaMeHaTeNb
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5. Ctporo jokaxkuTe, 9T0 a) Kpyr; b) MOJIyIIOCKOCT; ¢) Gecko-
HedHasi noJjioca; d) BHYTPEHHOCTH 0CTPOro yria; d) TpeyroibHUK
SIBJISTFOTCSI BBIITYKJTBIMIL.

6. Teopema Xesm: Ha mmockocTr JaHbl NI BBIMYK/IBIX MHOYXKECTB,
KayKJIble TPW U3 KOTOPHIX MMeT 0bInyto Touky. Jlokaskure, 9T0 BCe
STH MHOXKECTBA UMEIOT ODIIyt0 TOUKY a) n = 4; b) /I Ipou3BoJib-
HOT'O 7.

7. Ha mtockocTn 3a/1aHbl HECKOJIBKO TTOJIYIIIOCKOCTEH, KOTOPbIE 110~
KPBIBAIOT BCIO IJIOCKOCTH. JloKaKuTe, 9TO M3 9TUX IOJYILIOCKOCTE(t
MOYKHO BBIOpATh TPH, KOTOPBIE TaKyKe MOKPBIBAIOT BCIO ILTOCKOCTb.

8. Ha mjrockocTu jaHbl HECKOJIBKO TOYEK, JIFOOBIE TPU M3 KOTOPHIX
MOKHO HAKpPBITh KpyroMm pajauyca 1. Jlokaxkure, 9T0 1 BCe ST TOUKI
MOKHO HAaKPBITh TaKIM KPYT'OM.

3adavu Ons camocmoAmMenvbHo20 PeuLeHu.

9. Teopema FOnra: Ha mrockoctn gafbl HECKOJIBKO TOYEK, PACCTO-
STHIE MKy JIIOOBIMHU JIByMs M3 KOTOPBIX He mpeBocxoanT 1. Jloka-
YKHTe, UTO BCE 5TH TOUKH MOYKHO HAKDHITH KPYroM pajmyca 1/4/3.

10. JlokaxkuTe, 9T0 BHYTPH JIF000TO BBIIYKJIOIO CEMUYTOJIbHAKA €CTh
TOYKA, He IPUHAIeKAINasd Hi OJHOMY 13 9eThIPeXyTOJbHIKOB, 00pa-
30BAHHBIX Y€TBEPKAMU €0 COCEIHMX BEPIINH.

38. MHoro4jeHbl HaJ KOMILIEKCHBIMUA YNCJaMHU U HAL Z,.
21 uroJjig.

0. BermomunTe, 9TO CTENEHD MPOM3BEIEHIT MHOTOUICHOB II0 ITPOCTO-
MY MOJIYJIIO eCTh CyMMa CTeleHell comHoXKuTeneil. [IpuBeaure mpn-
Mep, MOKA3bIBAOIIII, ITO JIsi COCTABHOTO MOJIYJIA 9TO HEBEPHO.

0. BermomuMTE, 9TO Y MHOTOUIEHA CTEIIEHM 7 TI0 TIPOCTOMY MOJLYJTIO He
MOZKeT OBITE bostee n KopHeii. [TokaxkuTe, 9TO 71 COCTABHOIO MOJLY/JIsT
9TO HE TaK.

ONPE/IE/IEHUE: HazoBeM jBa MHOrOYJIeHa II0 MOIYJIIO P IKGUGH-
ACHMHMBLMAU, ECTTI OHH 33Jal0T OHY U Ty Ke QYHKIUIO Z), — Z,, TO
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8. Mmuorowien mequTcd HA T — € TOIJIA U TOJBLKO TOLJA, KOLJA €
ABJISIETCST €0 KOPHEM.

9. Iycth ¢y, . . ., ¢ — pasIUIHbIE BElECTBEHHbIE dncia. [lokaxure,
9T0 MHOTOUJIEH f JieiuTest Ha npousBeenue (r—cy) ... (x —ci) Torma
¥ TOJIKO TOTJIA, KOTJ/Ia BCE ¢; ABJIAIOTCS KOPHAME f.

3adavu, Ond camMOCMOAMENOHO20 PEULCHUA.
ONPEAEIEHUE: Kpamnocmsvio KOpHs ¢ MHOTOUJIeHa f Ha3bIBaeTCs
nanbosibiee 1esioe k taxoe, ato f gennres Ha (x — c)¥. O6osnadenue:
mult s (c).
10. [okaxwure, uto a) multy4(c) = min(mults(c), multy(c));
b) mults,(c) = multy(c) + multy(c).

11. JloxkaxknTe, ITO YUCIO KOPHEH MHOrOWIeHa (C y9IeTOM KpaTHO-
CTH) He TIPEBOCXOJIAT €ro CTEIeHT.

12. Jlokaxxure, 9TO €c/ii 3HAUEHNUs MHOTOWIEHOB [ U ¢ COBIAJIAIOT
BO BCeX ToYKax, To ecth f(c) = g(c¢) g n060ro ¢, To MHOIOUJIEHBI
f u g coBmamaror.

11. HepaBeHnctBa. 9 mroag

1. Joxaxute, uto a) a® + b? > 2ab nna mobbix ducen a u b; b)
a’>+b*+c > ab+ be + ac.

2. a) [ng moboro MoNOKUTENEHOTO YHCAA & TOKAXKUTE HepaBeH-
CTBO :L'—I—% > 2. b) Kakoe HanMeHbITIee 3HAYEHIE MOKET TPUHUMATh
BhIpakeHue ar + % mpu & > 0 (a,b > 0)7?

3. JlokaxkuTe, 9TO JJIs1 JTIOOBIX TIOJIOYKUTETHLHBIX YUCeT @, b U ¢ BbI-
nosnsercs nepasercrso (a+b+c) (1 +1+1) >0,

4. Jlokaxure, 1o (a + b)(b+ ¢)(c+ a) = 8abe (a,b,c > 0).

5. Jloxaxure, uto a + b+ ¢ + d > 4v/abed (a, b, c,d > 0).

6. Yucsia x u y Oosibiiie HyJisi, HO MeHbIIe e uanIbl. J[okarkure, 910

x Y
I+y ' 14z <1
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7. a) Ilpu n > 2 gokaxkure Hepaserncrso 2" > 2n + 1;
b) (Hepasencmeo Bepuyanu) lpu n > 1, a > —1 pokaxnre Hepa-
BercTBO (1 + )" > 1+ nav.

8. Jlokaxkure, uro 7a + 5b > ab + 35, ecin a, b € [5,7].

9. Jlokaxkure HePasencmeo mescdy cpedium Keadpamuieckum u cped-
HUM APUGMEMUMECKUM T TOJTOKUTEIbHBIX YUCeIT 1, A9, . - ., Oy

=
n n

2, 2
\/a1+a2+---+a% Jatat o ta
10. (Hepasencmeo Kowu-Bynaxoscerozo-1llsapya) a) Jlokaxkure, 1m0
JITIST JTIOOBIX BEHIECTBEHHBIX YUCET A1, A9, . . ., 0y, b1, b, ..., b, clpa-

BEeIJINBO HEPABEHCTBO
(a4 +a2) BT+ +2) = (abi + - +anby)’.

b) Ilpu Kakux 3HAUEHUSIX [EPEMEHHbIX JTOCTUTAETCS PABEHCTBO?
3adaywu 0 camocmoAmenvnozo peuerus.

11. /Tokaxkute, 9TO ecjid &, Yy U 2 — JJIMHBI CTOPOH TPEyroJIbHUKA,
Toxyz = (x+y—2)(y+2z—2z)(r+2—1y).

12. [IpuaymaiiTe n 10KaxKUTe HEPABEHCTBO, aHAJIOTUYIHOE 3ajade 3,
JJIA TIOJIO?KUTEJIbHBIX YUCEJ L1,L2,. - - ,Lp.

13. [IpugymaiiTe u jgoKaKUTE HEpPaBEHCTBO BepHy/LIn Jiid ocTaslb-
HBIX (.

12. Ilokazarenu. 10 urouga

ONPEAEJEHUE: [Tokazarenem 11e0ro a mo MOy IO HATYPAJIBLHOTO N
(Lpy yCJIOBUM, 9TO G W N B3AUMHO IIPOCTHI) HA3bIBAETCH HAMMEHBIIEE

HaTypaJbHoe t Takoe, uTo a' = 1.
n

1. a) Jlokaxnre, 10 a’=1 Torma u TOIBLKO TOrzA, KOrua d IeuTCs
n

Ha t.

b) Hokaxure, aro a” = a® Torga u ToJabKO TOrAA, Korga d — S it
n

¢) Hokaxure, ato ¢(n) neaurcs va t.
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(BI1ECHh P — MPOCTOE YHUCIIO).

7. llycrw f € Z[z| npurnvaer nenbie 3nadennsi +1 npu JAByX pas-
JIMYHBIX TEebIX 3HaueHusx a, b. Jlokaxkure, 9o a) ecau |b — a| > 2,
TO f He WMeeT palMoHATbHBIX KopHeil; b) ecin |b — a| < 2, To pa-
[MOHATILHBIM KOPHEM MOXKeT ObITh Juiih (b + a)/2.

8. I[lycrtb ay, as,. .., a, — pasjndHble mesbie Ynciaa. Jlokaxkure, 9o
MHOT'OYJIEHbI

a) (r—ar)(z—ag)...(x —a,) —1;
b) (x —a1)*(z — a2)?... (x —a,)* + 1

HEMTPUBOIUMBI HAJT Z.

37. Teopema Xemanamu. 21 uoJid.

1. Ha mpsawmoit maHBl HECKOJIBKO OTPE3KOB, JIOObIe Ba U3 KOTOPBIX
UMeroT o0ITy0 TOuKy. /lokaykuTe, 9TO BCe OTPE3KU UMEIOT OOIIYI0
TOUKY.

2. Ha mmockocTu maHBl HECKOJBKO MPAMOYTOTBHUKOB, Y KOTOPBIX
CTOPOHBI MapaJIJIeJbHb IBYM 33JaHHBIM B3aWMHO MEPIEeHINKYJIIp-
HBIM TIpAMBIM. [Tpu aTom Tr00BIe TBA TPAMOYTOTHLHIKA UMEIOT OOIITYI0
Touky. JlokazaTh, 9T0 U BCE 3TH MPAMOYTOJTHLHIKNA UMEIOT 00IITYI0 TOU-
KY.

3. Ha mockocTn laHo KOHEUHOE MHOYKECTBO MHOTOYTOJTLHUKOB, JTHO-
Oble /IBa U3 KOTOPBIX UMeE0T 00IMyI0 TouKy. /okaykure, 9T0 HalieTcs
npsAMasi, MepeceKaas KazK/Iblil 13 3TUX MHOTOYTOIBHUKOB. [IpaBa
JIX, 9TO Y MHOI'OYTOJIbHUKOB 00s3aTe/IbHO HaifaeTcss obimast Touka?
ONPEAEJEHUE: MHOXKECTBO TOYEK Ha IJIOCKOCTU HA3BIBAETCA Gbi-
NYKAbLM, €CITA BMECTe C JIFOOBIMU JIByMdA CBOUMU TOYKAMU OHO IIeJIU-
KOM COJIEPYKHUT OTPe30K, MX COeUHAONTI. MHOrOyTOThbHIK Ha3bIBa-
eTCs BBIMYKJIBIM, €CJIU MHOYKECTBO €T0 TOUEK ABJISIETCS BBIMTYKJIBIM.

4. Jlokaxkure, 9TO TIepecevdeHue JII000ro ceMeicTBa BhITYKJIbIX MHO-
JKECTB SIBJIAETCA BBITYKJIBIM MHOXKeCTBOM. BepHo i To ke camoe J1ist
o0 beguHeHnd”?
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36. HempuBoaumocTts. 20 mrod.

BOCITOMUHAHMA. OTHBIHE MBI OYJIeM pacCMaTpPUBATL MHOT'OUJICHBI
¢ KoaddunueHTaMu He TOJBKO B R, HO W B JIPYI'MX YUCIOBBIX CH-
cremax, Harnpumep, B Q u Z. [lycts K — Takas 9UCIOBasi CUCTEMA;
gepe3 K[x] mbl Oyiem 0603Ha9aTH MHOXKECTBO BCEX MHOT'OUJIEHOB € KO-
spdurmenramu uz K. Koneuno, ioboit muorousen us K [x] apisierca
n muorowienoM Hax R, to ects K[z] C R[z]. Ho apyrue nomstus,
HAPUMED, HENPUSOJUMOCTH, MOTYT U3MEHUTHCSA TIPH repexojie oT R
K K: MHOTOUJIEH HA3BIBAETCA HENPUGOJUMBLM Had K, eciin ero HeIb3st
[IPEJICTABUTDL B BUJIE TPOM3BEICHUA JIBYX MHOTOUIEHOB CTEIICHN BBITITE
HYyIeBoit ¢ Kosddpunmentamu u3 K.

1. [lyctb g, h € Z[z] u f = gh. UssectHo, uro He Bee Kodahuiu-

eHTHI g YeTHBI U He Bce KoddpdunmenTol h deTHbl. JloKaykuTe, 9T0 He
Bce KO3 DUImeHTol [ IeTHBI.
ONPEAEJIEHUE: Codeporcanuem muorounena f € Z[x| nasbiBaer-
st HaMbOTBINIiE 00l JemmTesb ero KoadduinenTon (obo3HatdemHme:
c(f)). MHOrousIen Ha3bIBACTC NPUMUMUGSHVLM, €CTIA €T0 COJEPIKAHIE
paBHO 1.

2. Jlokaxkure, aro Jt0boit MuorowieH f € Z[x| MOXKHO mpeicTaBuTh
B Buge f = c(f)fi, rme fi — NpUMHUTHBHBIH MHOTOWJIEH.

3. (JIemma Taycca) Ilpomssejenne TPUMHTHBHBIX MHOIOUICHOB
PUMUTUBHO.

Cnencreue. ¢(fg) = c(f)e(g).

4. Eciu muorounen f € Z[z| nenpusoaum HaJl Z, TO OH HEIIPUBOUM
Hax Q.

5. (Kpurepnii Diizenmreiina). [Iycts Bece KoabdumenTs MHO-
rodjieHa Haj Z, KpOMe CTapIlero, JejsTcs Ha MpPOCTOe YHUCI0 P 1
CBOOOHBII TIeH He AemuTcd Ha p°. JIOKasKHTe, ITO 3TOT MHOTOWICH
HETTPUBOINM HaT Z.

3adayu 0 camocmosmenvnozo peuers.
6. /lokaxkuTte, 9TO MHOTOUJICH e REE S| HETpUBOINM HaJT Z
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2. a) Jlokaxkute, 9T0 B PA3JIOKEHUN HA POCTBIE COMHOKUTEN YHC-
na 27 — 1, rme ¢ —poctoe, Jioboe Iuco OyIeT gaBaTh ocTaToK 1 1Mo
MOJIYJIIO ¢.

b) BoiBemure 13 9T0r0, ITO MPOCTHIX THCET HECKOHETHO MHOTO.

3. Jlokaxure, uato @(a”™ — 1) geanres Ha n st HATYPAJIbHBIX @ U 1.

4. [lycrb p u ¢ — upoctele, ¢ > 5. U3BectHo, uTo 2P 4 3P nenurcs Ha
q. Joxaxxure, ato q > 2p.

5. Jlokarkure, 9TO ecjim m — CTeleHb JBOIKM, TO JI0OON POCTOil
nemrensb qucaa 2" + 1 cpaBanM ¢ 1 110 MOMyTIO 2m.

6. Jlokaxure, uro 2"*! — 1 ne gemurca ma n + 1.

3adavu Ons camocmoAMenvHo20 PeuLeHA.

7. a) Ilyctb @ > 1, p > 2 u p — npocroe. [lokazkure, 9T0 MPpOCTHIE
HevueTHble AemmTenu a’ — 1 wim genar a — 1 wiam cpaBHUMBL ¢ 1 110
MOJYJITIO 2.

aP—1
a—1

b) okaxkure, 910 9mciio MMEET XOTsI ObI OJINH ITPOCTOIl AE/INTE b,
He jessimuit a — 1.
¢) Yacmmwiii cayuati meopemv JQupurae. JJokaxure, 9T0 CyIeCTBYeT

0ECKOHEYHO MHOTO TPOCTHIX YUCEJI, CPABHUMBIX ¢ 1 10 MOYJIIO 2p.

13. KBIII. 10 urouag.

1. [lycers a, b, ¢, d > 0. JlokaxkuTe HEpaBeHCTBO

1 1 4 16 64
—>

a b c+j1/a+b+c+d

2. Jlng moMOKUTENbHBIX YUCET T, Y W 2 BBIOJHIETCA PaBEHCTBO
22 + 9% + 22 = 3. JlokazKuTe HepaBeHCTBO

1 1 1
—+t-—+-Z2rt+y+-=z
rT Yy =z

3. a) Ilycts a, b, ¢ > 0. Jlokaxkure, 410

a’b + b3+ Pa > a’be + bPac + Fab.
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b) Iycrs a, b u ¢ — nimubr cropon TpeyrosibanuKa. Jlokaxkure, 910

a*b(a — b) + b*c(b — ¢) + *a(c — a) > 0.

4. JlaHbl TIOMAPHO Pa3/IMUHble HATYDAJIbHBIE UUCHIA (1, A2, . . .,y
n n
ag 1
Hoxaxwure, aro Y 35 > > .
k=1 k=1
5. Jlokakure, 9TO 15t JTIOOBIX TTOJO0KUTEIBHBIX THCEN A1, A2, . - . , Uy
n
(n > 2) cpaBeIBO HePABEHCTBO |, —* > ~= T1e § = a1+. . .+ay,.
=
6. [l1s1 JIFOOBIX TTOJIOKUTENIHHBIX YUCET A1, A9, . . . , Ay JOKAYKUTE HEPa-
BEHCTBA . )
ay a3 ay,
a) —+—=—+...F " >Za+a+...+ay
as as aq
2 2 2
a a a
1 2 ,
b) (1+—=)(1+—=) ... (1+=) > (1+a)1+a)...(L+ay).
az as ai

7. llyctb a, b, ¢ > 0 m abc = 1. Jloka:xkute HEpaBEHCTBO
1 1 1 3
a’(b+c) - b(c+a) - Ala+D) >3

3adavu O camocmoamenvo2o peuLeHs.

8. Illyctb a, b, ¢, d > 0. [lokakure HEPABEHCTBO

a n b N c N d S

b+c c+d d+a a+b”

9. llyctb a, b, ¢, d > 0. /TokaxkuTe HEpaBEeHCTBO

2.

a b c d 2

+ + ~ >

b+2c+3d c+2d+3a d+2a+3b a+2b+3c” 3
10. IIpeamosiozkum, 9T0 @y, @s, ..., a, u by, by, ..., b, — MOTOKH-

TeTbHbIE YNCTA, YAOBIETBOPAIONINE YCIOBUIO
a1+ as+...4a,=b+by+...+b,.
okaxknTe HEPAaBEHCTBO

a? a3 az a+ay+...+a,
+ Fo ot >
ap+b;  as+ by a, + b, 2
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35. HanpaBaennble yriabl. 20 miojis.

1. Ha cropone AB pasuobenpentoro tpeyroibunka ABC (AB =
BC) Buibpana Touka D. Yepes Touky D mpoBenn KacaTelbHYI K
OIHCAaHHOW OKpy:KkHOCTH TpeyroibHunka ADC. OnHa mepeceksa Omm-
CaHHYIO OKPYKHOCTH Tpeyronabauka BDC B touke M. Jlokaxkure,
aro BM ||AC.

2. (Ilpamas Cumcona.) /laubr tpeyrombank ABC u touka P.
[lycts Ay, By m C] — oCHOBaHUS TEPHEHIUKYISIPOB, OMYIIEHBIX 13
roukn P wa npsmeie BC, AC u AB coorsercreenno. Jlokaxxnre,
gro Toukn Ay, By u C jexar Ha OJHOI HmpsiMOif, TOrya U TOJIBKO
TorJa, KOrJaa TOouKa P JIeXKUT Ha OMUCAHHON OKPYYKHOCTH TPEYTOJIb-
unka ABC.

3. (Touka Muxkeuns.) Ha mnockoct ganbt 4 mpsMele 00mero mo-
noxenus. Jlokaxkure, 9TO OMUCAHHBIE OKPY>KHOCTH Y€THIPEX 00Pa30-
BAHHBIX MU TPEYTOTHLHUKOB UMEIOT OOIIYI0 TOUKY.

4. JIe okpyxuoctu ¢ nearpamu Oy u Oy 1iepecekaroTcst B Toukax A
n B. Omucannas oKpyKHOCTE TpeyroibauKa O BOs mepecekaeTr BTO-
PYI0 OKPY?KHOCTB Tak:ke B Touke P. Jlokaxkute, ato Touku O, Au P
JIe2KAT Ha ONHOU IIPAMOIL.

5. B rpeyronbanke ABC' niposesu buccekrpucy BK u Boicory C'D,
a B Tpeyronpauke BK C — soicory K L. Ilpsmeie BK u C'D nepece-
karorcs B Touke M, a mpsameie KL u C'D — B Touke N. OmnucanHas
OKPY>KHOCTB TpeyroabanKa B K N BTOpHIHO mepecekaeT mpsamyto AB
B Touke P. Jlokaxkure, aro Tpeyrosbauk K PM paBHOOE pEHHDIIL.

6. Okpyzxnocru S, Sy u S3 nepecekatorcs B Touke A. Kpome toro,
IepBBIE JIBe OKPYXKHOCTU IepeceKalTcsd B TOUKe I3, mepBag U Tpe-
Tbad — B Touke (', a BTopas u TpeTbsd — B Touke . KacatenbHble K
OKPYKHOCTH So B TOUKe B 1 K oKpy:kHOCTH S3 B Touke C' mepeceka-
foTcst Ha, OKpyzkHOCcTH S1. JloKaxkure, 910 KacaTe/bHbe K OKPYKHO-
ct Sy B Touke D 1 K OKpy2KHOCTH S7 B TouKe C' IepecekaroTcs Ha
OKPY?KHOCTH S3.
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KcraTu, nepsobopasable, KOPHU CYTECTBYIOT TOJBKO IO MOTYJIAM 1L =
2,4, pt, 2p', tne p > 2 —mpocroe.

Teopema: [lo mpocTomy MomysiO BCeT/Ia, CyTIecTBYeT MepBOOOPa3HBIi
KODEHb.

KIMIOYEBAS JIEMMA: 1 m1060T0 HATYPATBHOTO k MO TIPOCTOMY
MOJIYJIIO P CYIIECTBYeT He OoJiee k TaKMX OCTATKOB, UTO UX k—5 CTereHb
cpaBHUMA ¢ 1 110 MOJYJIIO P.

[Tnan mokaszaresnLCTBA:

1. Eciir & mo Moystio p uMeeT rmokasaresib ab, To % nMeeT mokas3aTesib

b.

2. Eciin & 1 y uMeroT 1o MoJ1yJIio p oKasaTesu a 1 b COOTBETCTBEHHO,
npuveM a U b B3aUMHO TPOCTHI, TO TY MMeeT ToKasaTelb ab.

3. Ilyctb s — HamMeHbIIlee 0bOIIee KpaTHOE BCEX BO3MOXKHBIX IOKa3a-
Testeil 0cTaTKOB 10 Momy o p. Jlamee, mycth s = plfl . p§2 R
pasIoyKeHre Ha TPOCThIe MHOXKUTEMN. JI0KaXKuTe, 9T0 CyIMEeCTBYIOT N
OCTATKOB 110 MOJLYJIIO P, UMEIOIINUX [I0KA3aTeI1 p]fl, p’§2, .., pkn coor-

BETCTBEHHO.
4. Jlokaxkure CyleCTBOBAHUE OCTATKA MOKA3ATEJISI S.

5. ITokaxure, aro § = p — 1 (He 3abyapre Mpo KIOUYEBYIO JeMMy!)
BakoHUUTE JTOKA3ATETHCTBO TEOPEMBI.

1. Jlokaxkure, 910 JjIst JIFOOOTO MpoCTOro p «mcia 1, 2, ..., p — 1
MOXKHO PACCTABUTD 110 KPYTY TaK, 9TO JIJIS JIOOBIX Tpex MOC/IeI0Ba-
TeNTBHEIX @, b U ¢ pasHoCcTh b? — ac mennTes Ha p.

2. HaitauTe 9mcio ocTaTKOB M0 MOJYJIIO P, SABJSIONINXCA TTEPBO0D-
Pa3HBIMU KOPHAMM.

3. Ilerqa BosBes kaxkmoe u3 uncen 1, 2, ..., 100 B crenenb k U CJI0XKILI
BCE IOJIYUUBIIIECA pe3yabTaThl. [Ipu Kakux k TO, 9TO IOJIYYMIOCE,
oynmer gemuThed Ha 1017

4. Jokaxwure, uro ecau qucyao 2" + 1 — mpocroe (n > 1), 10 3
ABJISETCS €TI0 TIePBOOOPA3HBIM KOPHEM.

18 Bumkunnas., 3—28 urong 2010 r.

14. KomMmniaekcHble 4ncJja, Hadaaa. 10 mrous

o 1430) (1—44)+4+i
1. BoinosauTe aeiicTBu: %

2. JlokaxkuTe CBOIICTBA CONpPSXKEHUSA: 2 + W = Z + W, Z - W = Z - W,

zZ=2z.

3. Jlokaxkure, 9T0 UNCIA 2 U Z OJHOBPEMEHHO JIMOO SBJIAIOTCH, OO
He ABJISIIOTCA KOPHAMU MHOTOUJIEHA, C BEIECTBEHHBIMU KO3 hUImeH-
TaMH.

4. a) oxaxkute, uto |zw| = |z| - |w| mist mobeix z u w.

b) ILOKa)KI/ITe, 4TO €CJIM ABa HaTypaJibHbIX YUCJla MTPEACTABIAOTCA B
BHUJI€ CYMMBI JIBYX KBaJIPATOB, TO UX IPOU3BE/IEHIE TAKIKE [IPEICTAB-
JIFETCST B BUJIE CYMMBI JIBYX KBaJIPATOB.

5. a) Jlokaxknre, 9r0 J171s1 1106010 KOMIIJIEKCHOTO YHC/IA 2 HAWIETCA
Takoe KOMILTEKCHoe ¢, uTo t> = z. CKOJNIBKO CYIIeCTBYeT TAKUX 7
b) Pemmre ypasnenue z% — (2i + 2)x + (2i — 1) = 0.

6. Brraucmnre (1 — /3)2007.

3adayu 0 camocmosmenvnozo peueHs.

7. llyctb €1, €9, . . ., €}, — BCE KOPHU CTeNeHU k w3 euHUIbL. Haiinure
el +ey+ ...+l

8. Ilyctb 21, 29,...,2, — TOYKU KOMILJIEKCHOM IIJIOCKOCTH, SBJIAIO-
Muecsd BepIIMHAME BBIITYKJIOTO n-yrojbHuKa. M3BecTHO, 9TO TOUKA 2

1 1 1 _
YIOBJIETBODAET yPABHEHUIO  ——— + = +...+ o 0. Hoxaxkute,

4TO TOYKa 2 JIC2ZKUT BHYTPHU 9TOI'0 N-yr'oJIbHUKA.

15. T'eomerpus macc. 11 urous

ONPEAENEHUE: [lycte M — HekoTOpasi TOYKA IJIOCKOCTH W 1M —
HeryseBoe uncsio. MarepuasbHoit Toukoit (M, m) HasbiBaeTca mapa
Touka M ¢ 9mcgoM M, IpuHYeM YUC/I0 11 Ha3blBAETCH MACCON MaTepu-
asibHOl Touku (M, m), a Touka M — HocUTeIeM 3TOH MaTepuaIbHON
TOYKU.
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OTNPEAEIEHUE: Llenrpom Mace cucrembl MaTeprasbHbix Touek (My, my),

(M, ms), ..., (M, m,) Ha3biBaeTCA Takas TOYKa 7, JJist KOTOPOIi
ZM, ZM,
HMeeT MeCTO paBeHCTBO my - LMy +mo - ZMo+ ... +m, - ZM, = 0.
1. (OcunoBras Teopema) a) Eciu Touka 7 gBigeTcst MEHTPOM Mace
cucreMbl MarTepuasbHbix Todek (My,my), (Ma,ma), ..., (M,,m,),
mpudeMm my+mso+. .. +my, # 0, T0o 1 J1060it Touku O CripaBeinBo
PABEHCTBO

(ﬁ_mlm+m2m++mn5]\—4—;

mp+me+...+m,

b) Obparho, ecim st HeKOTOPO# ToYKK () BBIOJHAETCA 9TO PABEH-
CTBO, TO TOYKa Z — IEHTP MAacC JAaHHOI CHCTEMbI MaTepUaJbHBIX TO-
YeK.

2. Jl19 KOHEeUHOM CHCTeMBbl MaTepHaIbHBIX TOYEK C HEeHYJIEBOH CyM-
MO Macc CyIecTByeT eJMHCTBEHHbIH [EHTP Macc.
anee Be3zme, TOBOpPA O CHCTEME MATEPHAJBHBIX TOYEK, MBI Oymem
[IPeIIToIaraTh, YTO CyMMa, MacC ee TOYeK OTIMIHA OT HYyJId.

3. (IIpaBuso peraara) Llentp Macc Z JBYX MaTepHATbHBIX TOYEK
(My,mq), (M3, my) ¢ HEOTPUIATEILHBIMI MACCAMU DACIIOJIOXKEH Ha
orpeske My My, ipudem my - | My Z| = my - |MyZ]|.

4. (IIpaBuio rpymnupoBku) [lycTs 1ana cucreMa MaTepUaibHBIX
rouek (My,my), (Ma, m3), ..., (M,, my,) n nycrb Touka O — 1eHTP
MAaCC CHCTEMBI, COCTOSIINE 13 TePBLIX k MaTepUAIbHBIX TOUEK JAHHOM
cucrembl. Torma IeHTp Macc JAHHOI CHCTEMBI COBIAJAET C IEHTPOM
MacCC CHCTeMbl MaTepUATbHBIX TOUEK

(O,m1 +meo+ ...+ mk), (Mk+1,mk+1>, e (Mn,mn)

16. MHoro4JeHsnl cC 1eJibiMu Ko duiimeHTaMmm u He TOJbKO.
11 mroanga

1. [Tycts P(x) — muorowies ¢ rebivn kosddurmentamu. Jokaxu-
Te, uTo B mocyenoBareabHocTn { P(n)}o° | 6eCKOHETHO MHOTO COCTAB-

40 Bumkunnas., 3—28 urong 2010 r.

33. Pa3s3uoboit 000 Bcem. 19 nrong.

1. Jlan rpad. PaccmoTpum packpacku ero pebep B KpacHbIH 1 CHHAIN
IBETA, JIA KOTOPBIX M3 KayKJ0il BEPITUHBI BBLIXOIUT YETHOE HUUCJIO
KpacHbIX pebep. [okaykuTe, 4TO YUCIO TaKUX PACKPACOK ABJISAETCS
CTeIIeHbIO ITBOMKM.

2. JlokaxkuTe, 9TO HATYpATbHOE YUCJIO @ ABJSETCS TOUHBIM KBaJIpa-
TOM TOT/Ia ¥ TOJILKO TOT/Ia, KOT/Ia JJid JIF000ro HaTypaabHOro b cyire-
CTBYET HATYPAaJbHOE ¢ TaKoe, UTO @ + bc — TOYHBIN KBaJpart.

3. Ectb 8 oimHakoBbIX KyOUKOB ¢ pebpom 1. [IponsBosibHbIe 24 TpaH
n3 48 moKpalenbl B OeJIbIiT IIBET, a OCTaJIbHbIe — B UepHbIi. /loka3aTs,
YTO U3 ITUX 8 KYOMKOB MOXKHO COCTABUTDH Ky0 2 X 2 X 2, TaK YTOOLI Ha
ero TIOBEPXHOCTH OEJIBIX U YePHBIX KBAIPATUKOB CO CTOPOHOI 1 OBIIO
TIOPOBHY.

4. Cropony AC tpeyronbunka ABC oTpasuin CMMMETPUIHO OTHO-
cureibHo npsimbix AB u BC'. Tlycrs K — Touka 1iepecedeHus 1o-
JYYeHHBIX MpAMBIX. JloKaXKuTe, 9TO MEHTP OMUCAHHON OKPYXKHOCTU
tpeyrosibiuka ABC nexur na BK.

5. CymecTByeT JIn HATYpPAJIbHOE UUCJIO 1, Y KOTOPOTO CyMMa ITUdp
Takag e, Kak y qucaa n? — 17

34. TIlepBoobOpa3Hblii KOpeHb. 20 UIOJIs.

ONPEAEJEHUE: Ecin a u n — B3auMHO TPOCTBIE HATYPAJIbHBIE THC-
J1a, 1 MOKA3aTeJIb TUC/IA @ TI0 MOJLYJIIO N paBeH ¢(Nn), TO @ Ha3bIBAETCS
1IepBOOOPA3HBIM KOPHEM T10 MOJLYJIIO 7.

B rakom cayaae a”, al, ... a?™ =1 garor o pasy BceBo3MOXKHBIE OCTAT-
KU 10 MOJYJIIO 7, B3AUMHO MPOCTHIE C 7N.

YTPAYKHEHUE 1: [TokaykuTe crpaBeIlTIBOCTD TPEIBIIYITETO YTBEP-
YKJIEHUSA.

VTIPAYKHEHUE 2: CymiecTByeT Ji IepBOOOPa3HbIil KOPEHb 110 MO/TY-

mo 87 o momymio 97
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2. Jlokaxkute, 9TO JIJId JIAHHOTO MOojyid p € P
a) MPOM3BEJICHNE [IBYX KBAaJPATIIHBIX BBIYETOB — BBHIUET,
b) mpomsBe/ieHne BhUETa HA HEBBIUET — HEBBIUET;
C) ImpousBeJaeHue JByX HEBbIYETOB — BbIYET.

3. Ilycts p — HewerHoe mpocroe wuciao.  a) JlokaxkuTe, 9TO €c-

" p_1
JIM @ — KBaJPATUIHBIN BBIYET TI0 MOJIYIIO P, TO a 2 =1. b) Ho-
P

KQXKUTe, YTO €CJAU (G — KBQJPATUYHBLIA HEBBIYET II0 MOMIYJII0 P, TO
p—1
az =—1.
P

ONPEAENEHUE: [lycts p € P. Cumsorom Jleowcandpa wasviBaercs
BbIpazkeHne, 0003HaIaeMoe (g), paBHoe 1, ecim @ — KBaJpPATHIHBII
BBIUET TI0 MOJIY/O p; —1, eCim @ — HeBBIUeT 1Mo Moy o p u 0, ecan

a KpaTHO P.

p—1
Us zamauan 3. CJIeIyeT, 4TO eCji p He4YeTHO, TO (g) % a? .

4. JlokaxkuTe, 9TO — 1 ABIA€TCSI KBAIPATUIHBIM BBITETOM TI0 MOTYJTIO
[POCTOI0 YKCIa P > 2 TOrja 1 TOJLKO TOrJa, KOrja p % 1.

5. Ilycts p — HedeTHOE HpoOCTOE YHUCTO, @, b, ¢ — BBIYETHI IO MO-
ayJo p, npudem a { p,a D = b?> — 4ac. Jlokaxure, uro ecin D —

KBa/IPATUYHBI BBIYET IO MOIYJIIO P, TO cpaBHeHue ax’ + bx 4+ c=0
P

nMeeT JIBa KOpHd, eciu ) — KBaJpaTUIHLIII HEBBIYET 10 MOJYJIIO D,

TO cpaBHenwue ax’ + bx + ¢ = 0 He mMeeT KopHeit, a ecn D ¢ p, To 5T0
P

CpaBHEHUE NMeeT OJINH KOPEHb.

6. /lokaxxuTe, 9TO NMPOCTBIX Uuces Buga 4k + 1 6GeCKOHETHO MHOTO.

7. JlokaxuTe, 9TO ypapHenue 4xy —x —y = 22

a) He VMeeT perrie-
HIT B HATYDAJIbHBIX 9Kcyiax;  b) nMeer GECKOHETHO MHOIO PereHunit
B TIEJIBIX IHCTIaX.
3adavu Ons camocmoAmMenvHo20 PeuLeHUA.
8. Pemute B 1esbIx 4nciax ypasHeHme x° + 7 = y°.
9. IIpoctoe aucmo p f 3, a IeJIble YHUCIa & U Y TAKOBBL, 9To 2 + 12 :

p. Hokaxkute, 9ato x, y : p.

20 Bunmkniae. 3-28 mrona 2010 r.
HBIX YUCEJT.

2. Tlyers f(z) = apax™ + -+ + ag — MHOPOUJIEH C IEJTBIMU KO3(]-
dunmenTamu, a f—; — HecoKpaTuMas JIpobb Takas, 49To f <§> = 0.

Jokaxure, a0 a) p | ap; b) q | an.

3. [lycrs P(x) — muorowien ¢ nesbivu kKosdduimentamu. Jlokazku-
te, uro P(a) — P(b) : a —b.

4. Muorouwren f rtakos, uro f(7) = 11, a f(11) = 13. [lokaxure,
YTO XOTS OBl OJUH U3 ero KoM UIINEeHTOB — He IeJIoe TUCIO.

200y200 + 1 Heb3s NIPEeACTaBUThL B BUIE p(l’)Q(y)-

5. Jlokakure, 94TO T

6. Jlna muorounena (3 — 4x +2)1% mocye packpbiTua cko60K Haii-
uTe a) cyMMy K03 bUImenTos; b) ¢cBobOIHBI HTeH.

7. Hoxaxmure, aro muorodned (x? —z+ 1)198 4 (22 + 2+ 1)1 nocye
PACKPHITHST CKOOOK He COJEPIKUT HEYETHBIX CTEreHeil .

8. Hokaxkure, uro Vn € N ecTb yHWTapHBII MHOrOUYIeH [ Takoii,

qTo

f€Zx]: Ve € Z f(z) : n.

Sadayu dns camocmosmenvHnozo PeueHus.

9. JlokayKuTe, 9TO eCIM CTeIleHb MHOTOY/IeHa P MeHbIIIe 9eM CTeIeHb
MHOTO4JIeHa, (), TO HAfIeTCH TAKOe YUCJI0 X, YTO JJId JIFOOTro T > X
Oy/IeT BBIIOJMHATBCA HepaBeHCTBO: |P(z)] < |Q(x)].

10. Muorounensl f n ¢ ¢ neabMu Ko3gPUIUEHTAME TaKOBBI, YTO
f(k) nemmres va g(k) s kaxkoro nesoro k. Tokaxure, aro f ie-
JIATCA HA, (.

17. BexkTopsl m Macchl. 11 nioss

1. Ilycrs Touka M pesmr mepmnany AA; tpeyronbanka ABC B o1-

HomreHun 2 : 1, canrtasg or BepmmHbl A. JlokaxkuTe, uTo mist r000it

0A+0B+0
3

S
toukn O BBINOJHEHO paBeHcTBO OM = . BeiBesiure orcio-

Jda TeoOpeMY O IlepecedeHrnr MeJIaH TpeyTroJIbHUKaA.
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2. Kakue mMacchl Ha0 MOMECTUTD B BEPIINHBL TPEYTOJIHHIKA CO CTO-
poHaMu a, b 1 ¢, 9TOOBI IEHTP MacC HMOJTYIEeHHOM CHCTEMBI MaTepPHab-
HBIX TOUEK OKas3aJcd a) B TOUKe TepecedeHus MeinaH; b) B Touke
repecedenns OUCCEKTPUC; C€) B TOUYKE MepecedeHusi BbICOT (OPTOIEeH-
Tpe)?

3. B tpeyronbauke ABC nposenena meaumana AM, Touka P — ee
cepennna. [Ipamast B P nepecekaet cropony AC B Touke E. Haiiaure,
B KakoM oTHorrennn Touka F gemur AC.

4. Toukn, pasdbuBarome KaXKIylo U3 CTOPOH YeThIPeXyTrO/bHIKA Ha
TpU paBHBIE YACTH, COEIMHEHBI eCTeCTBEHHBIM obpasom. Jlokaxkmre,
970 &) KayKJIblil U3 MOJIYIeHHBIX OTPE3KOB TAKKe pa3bHBaeTCst TOUKa-
MU [1€PeCceveHus Ha TPYU PABHbIE JaCTH.

b) [lnomab cpegHero 4eTbpeyXroibHIKa B IeBATH Pa3 MEHbIIE 10~
a1 MCXOTHOTO.

5. JlaHO N TONAPHO HEKOJTHHEAPHBIX BEKTOPOB a1 ,..., G (n > 3)
Takue, 4To a_1> + -+ a_>n = 6> a) JlokaxknTe, ITO CYIIEeCTBYET
BBITTYKJIBIH n-yroabuuk Aj ... A, Taxoit, uto Habop BexTopos AjAs,

Ay As, .. A, A} coBragaer ¢ HaGOpoM El), . ,a_)n.
b) CKOJIBKO CYIIEeCTBYeT pasIiIHbIX MHOTOYTOJIbHUKOB, YI0BIETBODSI-
FOITUX YCIOBUIO )7

6. Buyrpu tpeyrosibiuka ABC ormerniun touky O. Jlokaxkure, 9410
touka O — mentp macc cucreMsl (A, Speo), (B, Saco), (C, Sapo).

3adavu Ons camocmoamenvnozo PeuLetu.

7. Ha 6uccextpuce yria A nepaBaoOepeHHOTO Tpeyroabanka ABC
BoiOpana Touka K. [Ipsimbie BK u C K nepecekator cropoubt AC u
AB B Ttoukax L u M. Jlokaxxkure, 9to npsamas LM mpoxonuT depe3
OCHOBaHME ODUCCEKTPUCHI BHEITHETO yryia A TpeyrobHuKa.

8. Jlano 2n BekTOpOB Ha MmiockocTH. JlBoe mo odepemn GepyT Bek-
TOpbl. BBIMITpBIBaeT TOT y KOTO JJIMHA CYMMBI €r0 BEKTOPOB OyJeT
6osbIre. KTo BRIMIPBHIBAET IPH IPABUILHON Urpe?

9. MHoOroyrompHIUK BIUCAH B OKPY2KHOCTH Auamerpa 1. Ha ero cro-
pPOHAX PACCTaBJIEHBbI CTPEJOUKHU. [oKaykuTe, 9T0 MJINHA CYMMBI MOJTY-

38 Bumkunnas., 3—28 urong 2010 r.

8. (Popmyna Crioapta). B tpeyrosbunke ABC' mnipoBesieH orpe-
30k AAj, rie rouka A; penur cropony BC' B oTHOIIEHWN g, cunrasa
or B. Jlokaxkure, 4T0

A= L gqcrp L ppr- P _pe2
p+q p+q (p+4q)°

9. /lmaronanm HEKOTOPOTO YETHIPEXYTOJbHUKA MEepPIeH UK ITPHE.
Jlokaxkure, 9T0 JuaroHajm JIFO0ro JApyroro YeThipexyrojbHIKa ¢ CO-
OTBETCTBEHHO PABHBIMU CTOPOHAMH TAKKE MEPIIEH/INKYISIPHDI.

10. Touxun A, B, C, I) Taxosbl, 9T0 114 oboit Touky M wugcna
(MA,MB) u (MC, MD) pasmrannr. JlokaxuTe, 90 AC = DB.

11. Jdanwt roukn A, B, C, D. Jlokaxxure, 9410

AB? + BC? + CD? + DA* > AC* + BD?,

pUveM PaBeHCTBO JocTuraercs, Toibko eciim ABC'D — napaJiesno-
TPaMM.

12. Touku P n () — cepeanHbl JuaroHajeil BHITYKJIOTO 9€ThIPEX-
yrosbauka ABCD. Jlokaxkure, 910

AB? + BC* 4+ CD*+ DA? = AC? + BD* + 4PQ*.

32. Ksaapatmanble BbIYeThI. 19 mroJis.

ONPEAENEHUE: [lycte m > 1 — HaTypaJbHOE YUCTO W @ — IEJI0e
YUCJI0, B3AUMHO MPOCTOE ¢ M. YUCI0 a Ha3blBaeTCd K6adpamusHbim

GHIUEMOM TIO MOTYITTIO M, €CITH CYIIeCTBYeT * € Z Takoe, uTo a = x°. B
m

MIPOTUBHOM CJIydae YUCJIO @ HA3BIBACTCH KEAJPAMUUHIM HEBHLYETOM
110 MOJIYJIFO M.

1. Jlokaxkure, 9TO €CJIU P — HEUETHOE IIPOCTOE YUCJIO0, TO [0 MOJY-

—1
JITO p CYIIECTBYET POBHO pT KBaJIpaTU9IHBIX BbIYE€TOB U CTOJIBKO 2K€

HEBBIYETOB.
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31. CkangpHoe mpou3BeaeHue. 19 mroud.

ONPEJAENEHUE: Ckanaprowm npoussedenuem TBYX HEHYJIEBbIX BEK-
S

TopoB U u U HasbBaercs wucao |u| - v - cos(@?). B cuyuae,
ecJin XoTsi ObI OJINH W3 BEKTOPOB U wm U paBen 0, nx ckajggpHoe
POM3BeIeHIEe TaKyKe cunTaeTcd paBHbiM (). CKaagpHOe MPOn3Be/IeHne
BeKTOPOB U 1 U obosHadaercs depes (W, V) nmm o - U.

1. /lig mpousBosibHBIX TOYeK npocTpancTBa A, B, C'u D pokaxkurte
(bopMynyzﬁ-C@—kB?-zﬁ—FCTZl-B?:O.

2. Toukn A, B u C ne nexat Ha oxnoit mpsamoii. Haitnure reomer-
pudeckoe mecto Todek M Takmx, 4To

MA.-MDB = MB-MC = MC - MA.

3. llpaBubHblil MHOTOYTOBHUK A1 As ... A, BIHCaH B OKPY>KHOCTD
paguyca R ¢ mearpom B O; X — mpomsBoJibHasg TouKa. Jlokazkure,
aro |[Ai X2+ ..+ |AXP =n(R+ d%), rae d = |OX].

4. Tlyctb O — 1eHTp OMUCAHHON OKPY2KHOCTH, H — OpTOILEHTD Tpe-
yrosbunka ABC', M — TouKa mepecedeHyss MeIuaH 3TOr0 TPEYro/ib-
auka. Jlokaxnre, ato a) OH = ﬁ—k@—f— O?; b) Touxku M, H, O
JieXKaT Ha OJHO¥ npsivoil (mpsimast Ditsiepa), npuaem M H = 20M;
¢) OH? =9R? — (a* + V* + &2).

5. Jlaubl jBa Bekrtopa @ u Z) ¢ koopauHaTtamu (x1,y1) U (T2, Yys)
coorsercreento. Jokaxute, 4to @ - b = 1122 + Y1ys.

6. Ilycrb «, § u v — yrubl ocTpoyrojibHoro Tpeyrosbiuka ABC.
Jlokazkute, 910 a) cos 2a + cos 23 + cos 2y = —%;

b) cos o + cos B + cosy < 3.
3adavu O camocmoamenvozo peuLeHis.
7. Bemectsennble unucia a, b, ¢ u d Takosbl, uto @’ + b> = 1,

& +d>=1uac+bd=0. Haitaure ab + cd.

22 Bumkunnas., 3—28 urong 2010 r.

YEeHHbIX BEKTOPOB HE€ IIPEBOCXOJUT 2.

18. Macchl HaHOCAT OTBeTHBIN yaap! 13 urong

1. [Tycte M, N u P — Touku, pacroJioykeHnble Ha ctoponax AB, BC

u C'A tpeyrosibuuka ABC' u jendiiye 3TH CTOPOHBI B OJIMHAKOBBIX

AM _ BN _ CP -
OTHONTEHNAX (T. €. T3 = yer = pa) OKaKHATe, 9T0 TOUKa Mepeceve

Hus Mejuan Tpeyrojibuuka M N P coBniajiaer ¢ TOYKOM nepecevdenus

meuan Tpeyrosibunka ABC.

ONPEJENEHNE: [lycth @ u b — 1Ba KOJIHHEAPHBIX BEKTOPA. To_—>
_>

I'la OTHOIIIEHNEM =Z; Ha3bIBa€TCA 9UCJIO, KOTOPOE IIPU YMHOXKEHNN Ha b

aer a.

2. JlokaxknuTe TIpy MOMOIIN Macc TeopeMy YeBBbI.

Ha croponax AB, BC'u AC Tpeyronbunka ABC, nan Ha Ux mpo-
no/kernsx ormedennl Touku Cy, Ay u By coorBercrBento. [lokaxKu-
te, uro npsiMbie AAy, BBy u CCYy konkypenmuw (T.e. 1u60 mapasi-
JIeJIbHBL, MO0 MePeceKalTcs B OJHON TOUYKE) TOrJa U TOJHKO TOIJA,
KOIJIa

BA, CB, AC,
AC BA OB

3. Hokaxxure 1ipu nomoiu macc Teopemy Menenas.
Ha croponax AB, BC'u AC tpeyronbanka ABC, niu Ha ux mpo-

nosKeHngax ormedersl Toukn C, Ay 1 By cOOTBETCTBeHHO. [JoKarKu-
Te, 9TO TH TOYUKH JIeXKAT Ha OJHON MpIMON TOTa W TOJBKO TOT/A,
KOT 12

\

BA; CB; AC
AC B,A OB

4. JlokaxkuTe Tpu moMoIn Mace Treopemy Ban-ObeJis.
Yepuanst AA;, BB; u CC| tpeyrompanka ABC' mepecekatoTcs B

=1

Touke K. Jlokaxkure, 4To

AK  AB N AC,
KA, B/C B
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5. a) (Touka 2Kepronna.) [lokaxkure, 910 npsiMble, COEIMHAIOIINE
BEPHINHBI TPEYTOJIbHUKA C TOYKAMU KACAHUS BIMCAHHONH OKPY>KHO-
CTH C COOTBETCBYIOIIMMHU CTOPOHAMM, MEPECEKAOTCA B OJHON TOUKE.
b) (rouka Haress.) /lokaxkuTe, 9TO TpsiMble, COETUHAIOIINE Bep-
HIMHBI TPEYTOJBHUKA C TOYKAMU KaCaHWsi BHEBIUCAHHBIX OKPY>KHO-
cTeil ¢ COOTBETCBYIONUMI CTOPOHAMHU, TIEPECEKAOTC B OJHON TOUKE.
¢) Touku C, Ay, By — cepenutnnt cropon AB, BC';, AC TpeyroibHuKa
ABC'. JlokaxnuTe, 9TO IIEHTD BIUCAHHON OKPYKHOCTH TPEYTOJTbLHIKA,
ABC' cosmazaer ¢ toukoit Harenst tpeyrosbauka Ay B1Ch.

Sadaywu O camocmosmenvrozo peueHus.

6. /lan TpeyrosbHUK co cropoHaMu a, b n ¢. Kakie Macchl Hy»KHO Mo~
MECTHUTb B €I0 BEPIIUHBI, YTOOBI IEHTPOM MAaCC MOJIY IUBIIEiCs CHCTe-
Mbl OKA3aJiCd [EHTD &) BIUCAHHOW; D) BHEBIUCAHHOW  OKPYZXK-
HOCTH JIAHHOTO TPEyTOJTHHUKA.

19. Marboii—mex1ycob6oii. Ilpocdpu—8. 13 urosd.

1. BuyTpu kBajipaTa co cToponoit 10 nMmeercs 3aKpallieHHbIN KBAIpa-
TUK CO CTOPOHOI 1, CTOPOHBI KOTOPOI'O HapaJsiie/IbHbl CTOPOHAM 00JIb-
IIOro KBaJipaTa. 3a OJHYy Ipody Mpo Ji0O0 MHOIMOYIOJbHUK MOXKHO
y3HATDb, KaKasd J10Jd €ro IO/ 3aKkpaliena. MoxKHO 11 32 JiBe 1po-
Obl HaBEpHSKA OIPEIe/INTh MECTOIOIOKEeHIEe 3aKPAleHHOTO KBaJIpa-
THKa?

2. Bo Bcex knerkax tabsmnbl 120 X 120 crost mitocel. Paspemaercsa
OJTHOBPEMEHHO M3MEHUTL 3HaKHM BO BCEX KJETKaX OJHOM CTPOKU MIN
oJiHOTO cTosIOma. MOoYKHO Jiit, TIpOJie/IaB TaKue OTePaIii HECKOJIBKO
pas, nmoayunTh Tabuity, rae posao 2010 MuHyCOB?

3. Jlan rpad ¢ n BepmimHamu. [JokakuTe, 9TO MOXKHO 33/1aTh OPUEH-
Tallo Ha ero pedpax TaKuM 00pa3oM, 9TOO MOAY/Ib PA3HOCTH MEXKTY
KOJIMIECTBAMI BXOJSAIINX ¥ BHIXOAAIINX Pedep [1JIst KarK 0 BePIIIHbBI
HE IPEBLIIIAJ €JINHUIB.

36 Bumkunnas., 3—28 urong 2010 r.

kjeTku. [Ipu 9ToM 3ampernaercs CTaBUTh JIBe MIUIIKKA Ha, OJIHY KJIETKY
(B ToM uncste u B Havase). Kpome Toro, ecyim mmImKa XouIa mo ro-
PHU30HTAJIN, TO B CIEYIOMUI X0 OHa JOJKHA XOUTh 10 BEPTUKAJIH,
n #Haoboport. [Jokarkure, 4o HeIb3s caesnath moapsas 100 xomoB.

4. Jlokaxkure, ato ecau 4" +2" +1 — mpocToe 9ucio, To 1 — CTeleHb
TPONKM.

5. Hazosem muorowien P ¢ BerecTBeHHBIMU KOd(DuUImenTamu ,10-
bonvimnvim, eciii P(x) palioHajJbHO TOrJa ¥ TOJBKO TOTJIA, KOIJa
paronaygbHo x. [Ipn Kakux n cymecTByeT Ji0O0NbITHBI MHOTOUIEH
n—it crenenun?’

6. Ha rytockocTu J1laHo 3n TOYEK, PACCTOSTHIE MEXK Ly JIOOBIMU JIBYMsi
He Oosibmie 1. JlokazkuTe, 9TO UX MOXKHO Pa3dUTh Ha N TPEYTOJHLHUKOB
TakK, 9TOOBI CyMMa TLIOIMaAeil 3TUX TPEYroJIbHUKOB OblIa He HOJbIIe
1/2.

7. B okpyxuocth w Brmcan 43-yrosbuuk. s ro0bx Tpex moji-
DA WIYTIUX BEPIIUH OTMEYAIOT TIEHTP BIUCAHHON OKPY?KHOCTHU 3TOTO
TpeyroibHnKa. OKa3aloch, 9TO Bee OTMEUEHHBIE TOUKN PaBHOYIAIE-
HBI OT TIeHTpa w. Jlokaxkure, 9TO TIEpBOHAYAJIBHBII MHOTOYTOJBHUK
IPaBUILHBIA.

8. [an Beimykibiit maruyroasank ABCDE| okazanoch ato AB =
AC nu AD = AE, a tmaxxke yron /BAC = /ZDAE. Tlycts X —
Touka nepecedennsg BD nu C'E, O — meHTp ONuCaHHON OKPYZKHOCTH
tpeyrosbanka C X D. Jlokaxxure, aro AQO neprenukyasgpuo BE.

9. B crpane 2010 ropogos u 3014 jopor Mexkjiy HUMU, [IPUYEM U3
JII000r0 MOXKHO j100paTbcd B Jj1r000i gpyroit. Jlokaxkure, 910 MOXK-
HO 3aKpPBITh 2 JIOPOTHU, BEJyIIHe M3 OJHOI0 IOpoja Tak, 4TO0BI I0-
HpeXKHEeMY 13 JTI000r0 TOpojJia MOXKHO OBLIO JT00paThcsd 0 JIH0OOr0
JIPYTOro.

10. [Iyig pon3BOJIBHBIX MIOMAPHO PA3JIUIHBIX BEIECTBEHHBIX THCET
JTIOKAYKUTE HEPABEHCTBO:

a? b2 2
> 9.
G- e—af Ta_p”?
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PU30HTAJU, TO B CJAEAYIOMUN X0/ OHA JOJYKHA XOJIUTh 110 BEPTUKAJIN,
u HaobopoT. [lokaxkute, 4To Heab3d caenaTh noapsa 100 xomos.

7. B psajg croar 14 rHOMOB, y KaKJIOro He MeHee H opexos. Kaxk-
JIyI0 MUHYTY OJIMH U3 THOMOB MOXKET TepeiaTh OpeX T'HOMY, CTOSATIe-
MYy CIIpaBa, eCJIM Y TOTO DOJbITE 0pexoB. depes HEKOTOpoe BpeMs Bce
opexu cobpanch y OJHOTO THOMA. Kakoe HamMeHbIee 9UCI0 OPEXOB
MOIJIO OBITH Y THOMOB?

8. Ilo xpyry cToar uncna or 1 mo 30. Baca KaxKmayio MUHYTY MeHs-
eT MeCTaMU JIBa COCeIHNX YHhcJa. depe3 HEKOTOpoe BpeMs Bce Uncia
OKa3aJIMCh Ha, JIMaMeTPaJbHO TTPOTUBOTIOJIOXKHBIX MecTax. Jlokaxkure,
YTO B KAKOI-TO MOMeHT Bacs moMeHsT MecTaMu JBa 9HCTIA, TAIOTTIX
B cymme 31.

9. B tpeyronvuuke ABC' touku M u N — cepeaunnbt cropon AC
u BC' coorBerctBenno. Ha cropone AB BbIOpaHbl Takue TOUKH K
u L, uro AK = BL, a orpesku KM u LN nepecekarorTcs U paBHbI.
Hoxazkure, uro AC' = BC.

10. [Ipo BemecrBennbie ncia a, b U ¢ ©3BECTHO, 9TO CyMMa JApodeit
2402 -2 >+ n b24c2—a?
2ab O’ 2ac 2bc
JIAHHBIX JIpo0eil JiBe paBHBI 1, a onHa paBHa —1.

paBHa ejunuiie. /Jokaxkure, 4To U3 TPEX

30. Mart6oii [IPO®I-8 — ITPODPU-9. 17 utod.

1. Harypasbaoe 9nciio Ha3bIBaeTCA NaAUNIPOMOM, €CITH €0 3aluCh
YNTAETCA OJMHAKOBO B 0be cropombl (Hampmmep, 1043401). Bee ma-
JIMHJIPOMBI BBITIUCAJIN B PdAJl B TOpsJiKe Bo3pacTanus. Haiijgure Bce
MPOCTBIE YUCJIA, KOTOPbIE MOTYT OBITH JEJUTENAMU PA3HOCTU JIBYX
COCEJTHUX YHCEesT 3TOTO PSIa.

2. BepHno 7, 9T0 /11 KaKJIOTO IPUBEJIEHHOTO KBAIPATHOTO TPeX-
ainena f(x) cymecrByer x takoe, jiysi Koroporo uncia f(z), f(f(x))
u f(f(f(x))) — croponbl TpeyrosbHuKa?

3. B kierkax mnpsmoyrojibHuKa 5 X 9 jexkar 33 MUK, 3a XOJ
MOKHO OJHOBPEMEHHO CABUHYTH BCE MUITKU HA COCETHUE IO CTOPOHE

24 Bumkunnas., 3—28 urong 2010 r.

4. Jlmuaa BoicoTbl AB mpsimoyrosibaO# Tpamerumun ABCD pasna
cymme it ocHoBaamnii AD n BC. [lokaxkute, 9T0 OMCCEKTpHCca yIya
ABC' nenut cropony C'D mnomosaM.

5. Jlyvwom Ha KIeTUaTO MI0CKOCTH HA30BEM KJIETKU OJHOTO CTOJIOIA
UM CTPOKW, WAYIINE MOJPsAT, HAUMHAT C HEKOTOPO#l KiaeTKu. Moxk-
HO JII U3 KJIeTYaTON MJIOCKOCTH BbIpe3aTh OAUH FOPU30HTAJIBHBIA 1
OJIMH BEPTUKAJILHBIN JIyd Tak, 9TOOBl HAYaB C HEKOTOPOW HEy/aJIeH-
HOI KJIETKHU, 000fTH BCIO OCTABINYIOCH ILJIOCKOCTD. Pasperaercsa mepe-
XOIUTL U3 JIFO00N KJIETKU TMJIOCKOCTU Ha JIIOOYIO COCETHION MO TOPH-
30HTAJIM WJIN TI0 BEPTUKAJIN HEeyJaJeHHYI0 KIeTKYy, KoTopas He Oblia
npoiieHa paHee.

6. Ha mrockoctu mamst Tpu Touku. V3 #ux BhIOMparoTcs Jr00bE B,
CTPOUTCs CEPeJIMHHBII TIEPIIEHINKYJISAD K OTPE3KY, UX COEJIMHSAIOIIEMY,
U BCE TOYKU OTPaKAIOTCA CUMMETPUYIHO OTHOCUTEIBHO 3TON ITPAMOI;
3aTeM M3 BCeX TOUEK (CTaphIX M HOBBIX ) CHOBA BRIOMPAIOT KaK1e-TO JIBE
TOYKN U BECh TPOIECC TOBTOPAIOT. Tak jeaercs OECKOHETHO MHOIO
pa3. /lokazaTh, 9TO B IJIOCKOCTH HAWIeTCd TaKasd MpsMasi, 9TO BCe
MOJTyYeHHbIe TOUKN OYIYT JIEXKATH M0 OJHY CTOPOHY OT Hee.

7. Ilpu KaKuUX HATYpaJIbHBIX 1 KazKjoe u3 Belpazkenuit n’ — 10n 484,
n? —12n + 40 u n® — 4n + 98 aBIgeTCa TPOCTHIM MHCTOM?

8. [lyctb a, b u ¢ — croponb! Tpeyrobuuka. Jlokaxkure, 910

a N b N c <
b+c—a c+a—b a+b—c

9. Pemmute B HaTypaipHbX uncaax (n + 1)" = 2nk + 3n + 1.

10. Cy1mecTByIoT Jin Ba PA3InIHbIX 239—3HAUHbBIX YNC/Ia TAKUX, 9TO
OJIHO U3 HUX SBJISETCSA TOYHBIM KBaJPaTOM, BTOPOE TOYHBIM KyOOM, a
KpOMe TOT'0 OHU OTIUYAIOTCS JIUIIb TepecTaHOBKOM mudp.
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20. Mmnorounensl. PopMasibHOE U PYHKIINOHAJIbHOE PABEH-
ctBOo. UnTepnionsinus. 14 urojisg

1. Y mByX MHOrOUWIeHOB f U ¢ 3HAYEHNA COBIAJAIOT B GECKOHETHOM
MHOYKeCTBe ToUeK. J[oKayKuTe, IT0 MHOTOUJIEHB DABHHL.

2. a) Jokaxure, 9o eciim P(x) = P(—x) s 6eCKOHEYHOr0 MHO-
JKECTBA, 3HAUECHMUIT &, TO MHOTOWIEH P COCTOUT TOJBKO U3 OHOUICHOB
YE€THOII CTeIIeHH.

b) Hoxaxkute, uaro ecin P(x) = —P(—x) a1 6ecKOHETHOr0 MHOYKe-
CTBA 3HAUEHWI T, TO MHOrO4YjieH P cocTouT TOJBKO U3 OJHOUYJIEHOB
HEYETHO CTEIeHHN.

3. Muorounen p(x) npu jgejneHun Ha T — k jaer octatok a) k;
b) —k; ¢) k*—k+1 mpu mobom k ot 0 1o n. Haitgure X0Ts 611 0uH
takoii Muorouser. d) Haiiure Bce Takme MHOTOUIEHB HAMMEHBIITAX
CTeleHei.

4. a) Ilycrb a, b u ¢ — pasindHble BelecTBeHHbIe dncaa. Jlokaxure,
YTO IPH BCEX BEIECTBEHHBIX X BBITOJIHIAETCA PABEHCTBO

(x—a)(x—0b) (x—a)lx—2c) N (x —b)(x —c) _
(c—a)ic=b) (b—a)b—c) (a—b)(a—rc)

b) [lycth ay, ag, . .., a, — pasnudHble BemnecTBeHHble dncta. JJoka-
JKUTE, 9TO TIPU BCEX BEIIECTBEHHBIX X BBITTOJTHAETCA PABEHCTBO

(x —ag)(x —a3)...(r—ay,) (x —ay)(x—a3)...(z—a,) N
(a1 —ag)(ay —a3)...(a1 —a,) (az —ar)(ag —az)...(as —a,)
(x—a)(x —as)...(xr—a,_1) |
(an - al)(an - a2) cee (a'n - an—l) '
5. Ilycts xp,..., T, — pasindHble Yncia. a) Haiianre MHOTOUTIEH

fo(x) crenenn n takoit, uto fo(xo) = 1, folx;) = 0, s moboro i ot
1 10 n.

b) Pemmre unrepnossinuonnyio 3agady: Haiitu muorownen f(x) ra-
Koit, ato f(x;) =y;, tme i € [0,n|, a y; — TPOU3BOIBHBIE UNCITA.

34 Bumkunnas., 3—28 urong 2010 r.

4. Ypaprenne a,x" + ap,_ 12" " + ... + asx® + a1z + ag = 0 nmeet n
Pa3IMIHbIX BENeCTBEHHbIX KopHeii. /lokaxkuTe, 41O
2 2n .
a) Ay 2 —1 Anln—2;
2 2n
b) a1 > - asam.
5. [lycts a, b u ¢ — BemecTBenubie yucia. Mssecrno, aro abe = 1
) ) )
a+b+c= % + % + % JTokaxkuTe, 4TO OJIHO U3 YUCET paBHO 1.
. Jlokazkure, 910 €cim MHOIOUJIEH JIBIMI K UITIEeHTa-
6. Jlokaxkure, 91O €c orounen P(x) ¢ e 03 eHTa
MU UMeeT pallOHATBHBIN KOPEHb T) = g, to P(x) = (qv — p)Q(x),
rae Q(x) — MHOrouJIeH ¢ HesbiMi Ko duimenTamu.

29. Mart6oit IIPOOUNU-7 — IIPO®UN-8. 17 uroad.

1. Ilycts ¢ — OuccexTpuca BHemHero yria C' tpeyroiabuanka ABC.
[Tpsamas, mapasnenbHas £ 1 mpoxoAdinas depes cepeuHy K CTOPOHBI
AB, nepecekaer croporny AC' B touke F. Haittu CE, eciu AC = b
un CB=a.

2. B cBasnom rpade 2010 Bepmma n 3014 pebep. [lokaxkute, uTo
13 HEr0 MOXKHO YJ/IaJInTh JiBa pedpa, nMerImux O0IIyI0 BEpIINHY, TakK,
YTOOBI CBA3HOCTH COXPAHIIIACK.

3. Harypasbable ancia a m b TaKOBBI, ITO YUCIIO % + b%l SIBJISIETCA
nenbiM. Jlokaxkure, arto (a,b) < va + b.

4. Harypasbhble uncia a, b, ¢ u d Takoswl, uto a® + b* + ab =
¢ + d? + cd. Nokaxure, 4To uncio a + b + ¢+ d — cocrashoe.

5. HarypasbHoe 9uciio HA3BIBAETCS NAAUHIPOMOM, €CJIN €T0 3aINCh
YNTAETCA ONMHAKOBO CJI€Ba HATPABO M CIIpaBa HAJIEBO (HATPUMeED,
1043401). Bce manamapoMbl BRIMCATA B Psifl B MOPsiIKE BO3pacTa-
Hug. Hafiaure Bce mpocThie Yuc/ia, KOTOPble MOTYT OBITh JAeJIUTeTIAMU
Pa3HOCTU JIBYX COCETHUX YHCE 3TOTO PIA.

6. B kieTkax mpaMOyroiapHUKa 5 X 9 jexkar 33 MUImKu. 3a XoJ
MOYKHO OJIHOBPEMEHHO CJABUHYTH BCE IUIIKK HA COCEJHUE 110 CTOPOHE
kaeTku. [Ipu 9ToM 3anpermaercd CTaBUTDH /IBe MIUIITKI HA OJTHY KIIETKY
(B ToM umcsie u B Hadasie). Kpome Toro, ecm muiika XoIuaa mo ro-
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OIIPEAEJIEHUE: /[eotinvim ommowenuem KOMILIEKCHBIX InCeT a, b,
¢, d maspiBaerca uucno (a,b, ¢, d) = == %‘l

4. JIokayKuTe, 9T0 TOIKN, COOTBETCTBYIOIINE KOMILTEKCHBIM TUCTAM d,
b, ¢ u d jiexkat Ha OJHOI OKPYXKHOCTU UM HA OJHON MPAMOIT TOTIa 1
TOJIbKO TOTVIA, KOTJIa UX JIBOIHOE OTHOIIEHHE BEleCTBEHHO.

5. [lycts A, B, C'u D — npousBojibHbIE TOUKH TI0CKOCTH. [Ipu mo-
MOIIIM KOMIIJIEKCHBIX YHCesT JIOKaKuTe, 9T0  a) (HepaBeHcTBO I1TO-
Jiemest)

|AB| - |CD|+|AD|-|BC| > |AC| - |BD|
b) paBeHCTBO JOCTHraeTCst TOTA U TOJBKO TOTJA, KOTJIa TOUKH A,

B, C'u D nexar Ha 0HON OKPYKHOCTH, [MPUYEM UMEHHO B TAKOM
nopgke (Teopema Iltonemes).

28. Mumuorounennsl: Teopema Buera. 17 uiois.

1. (Teopema Buera.) Ilycrs muorousen
n n—1
an®" + ap_17T +...+a1x +ag

IMeeT POBHO 7. KOpHEHl ¢ y4eToM KpPaTHOCTU — X1, X2,...,Tp. LOIMA
BBITIOJTHSIOTCS CJIETYIONINE COOTHONTEHUS:

gy —
T +x9+ ... +x, = ——=L

an
Aoy —
1Ty + X123+ ...+ Ty, = 22

an

nag

Y. x, = (=1) e

2. Muorowien x4 ax + b + 1 ¢ nesbiMu KodduimentaMu uveer
JIBa HATYPAJIbHBIX KOpHA. JloKaxKuTe, 4o dncio a’ + b> — cocTaBHOE.

3. Jlokaxkure, 4To cyMMa KyDOB Tpex KOpHell ypaBHEHUS
23+ pr + ¢ = 0 ¢ HenbIMu Ko3hOUIIEHTaMI eCTh IIeJI0e TUCI0, Je-
Jsiieecd Ha 3.

26 Bumkunnas., 3—28 urong 2010 r.

¢) Kaxkum Gyzer s1or MHOrOU/IeH HanMenbIneit crerenn? Kak BbIriis-
JIAT BCE TAKNe MHOTOUJIEHDI !

6. [Iycts f u g — ABa MHOTOWIEHA ¢ BeleCTBEHHBIMU KO3 burimen-
tamn. OKa3asa0Ch, 9TO OHW MPUHNMAIOT IeJIble 3HAUEHNS B OJHUX W
Tex ke Toukax (1o ecthb ecau f(a) nenoe, o u g(a) memoe u Ha06O-
por). Hoxaxkure, uto f(z) £ g(x) = ¢, To ecTh aMbO cymma, r60
Pa3HOCTH MHOI'OYJICHOB TOZK/IECTBEHHO PaBHA KOHCTAHTE.

3adayu 0as camocmosmenvno2o PeuLets.

7. Jan muorounen f(x) raxoit, uro muorowren f(z") meaurcs Ha
muorowiex « — 1. Jlokaxkure, 9To MHOTOUIEH f(2) TAKXKE JEIUTCS HA
MHOTro4JIeH © — 1.

21. Pa3znabie HepaBeHCTBA. 14 UIOJId.

1. Ilycts aq, aq, . .., a, € R. Jokaxure, 4To

(@1 +ast... +a)? <n(@+at... +ad).

2. (TpancuepaBenctso.) a) Ilycte 0 < a3 < az < ... < ay;
0 < b < by <...<b,u (ig,d9,...,1,) — TEPECTAHOBKA THCEIT
1,2,...,n. Hokaxure, 410

arb, + asb,—1 + ...+ ab; < albﬁ + CLQbZ‘Q + ...

oot anbin < CL1b1 + CLQbQ + ...+ anbn.

b) Mycth 0 < a3 < ag < ... < a0 < by Kby < ... < by g
0<tl <l <... < énI/I (il,ig,...,in), R (jl;ij--wjn) — Iepe-
cTaHoBKH 4nces 1,2, ..., n. Jlokaxnre, 9o aib;, ... Lj +asb;, ... L+
...+anbin...€jn < albl...€1+agbg...€2+...—I—anbn...ﬁn.

3. (mepaBencrBo Yebbimena.) Jlokaxure, 9T0 JJId qHUCET
0<a <a < ... <ay, 0 <b <b < ... < b, BHIIOJIHEHO
HEpPaBEHCTBO

(a1 + ...+ ay)(bi+ ...+ b,) <nlarby + agbe + ... + azby).



XXVI Jlernsasa mHOronpeaMerHasa mkojga Kuposckoii obiaactu 27

4. CymMa MOJIOKUTEJIBHBIX 9UCes a1 +as+. . .+a, < 1/2. lokaxmure,
aro (1 —ay)(l —ag)...(1 —a,) > 1/2.
Sadaywu 0ns camocmosmenvnozo PeueHus.

5. Tlonoxkurenbabie uncia a, b, ¢, d TakoBbl, uto a > b > c > dn
a+b+c+d< 1. Joxkaxkure, uro a’ + 3b% + 5% + 7d*> < 1.

6. /lamb! mosiozkuTebHbIE Yncaa a u b Takue, uto a + b < 2. Jloka-

_a 4 b
JKHUTEe HEPABEHCTBO jr + —— > 1.

22. JIBmxkenwus. 15 urojd.

OIIPEJEJIEHUE: /IpumkenueMm HasblBaeTCd IIpebopa3oBaHUe ILIOCKO-
CTH, TIPY KOTOPOM PACCTOSHIE MKy TOUKAMU U PACCTOSHIE MEXKIY
ux obpasaMu OJIMHAKOBO.

[anee MBI omepe NN apasiebHbI IEPEHOC, TOBOPOT, OCEBYIO CIM-
METPUIO, CKOIB3AMIYI0 cuMMeTpuio. OmpeIeiin KOMITO3UIINI0 U TT0-
TOBOPWJIA O KOMIIO3UITUN OCHOBHBIX JIBUZKEHMUIA.

1. /IBe paBHBIe OKpY2KHOCTH KacaroTcd B Touke M. Tpu npsmbre,
POXOJISIIe epes TOUKy M | mepecekaroT epByio OKPYKHOCTh B TOU-
kax Ay, By u C1, a Bropyto — B Toukax Ay, By u Cs. Jlokaxkure, 4To:
a) tpeyrosbankn Ay B1Cy n Ay BoCy paBhbl; b)) oTpesku, coe/mHsi-
IOTIIE TIEHTPHI WX BIMCAHHBIX W OMUCAHHBIX OKPYKHOCTEll, & TaKxKe
TOYKHN MepecedeHnst MenaH, TepecekaoTest B Touke M u jgenarca eif
OTIOJIaM.

2. Ha cropone BC' pasroctoportero tpeyroibanka ABC' BeiOpamHa
touka D. Ha orpeske C'D Bue tpeyrompanka ABC' moctpoen ere
ojua tpaBusbHbil Tpeyrosibiuk C'DE. Touku M u N — cepeaunbl
orpeskos AD u BFE cooreercrBenno. Jlokaxkure, 9TO TpeyroJbHUK
MCN Takxke gaBIgeTCI PABHOCTOPOHHUM.

32 Bumkunnas., 3—28 urong 2010 r.

4. JlokaxkuTe, 4TO JABMKEHHE, KOTOPOEe MOXKHO IIPEJCTABUTL B BHJIE
KOMITO3HUIIAN YE€THOT'O YMCJIa OCEBBIX CHMMETPHH, HEb3s IPEICTaBUTh
B BUJIe KOMIIOZUIINI HEUETHOTO YHCIIA OCEBBIX CHMMETPUI.

5. Ha mmockoctu jgannl gBa paBHbIX KBajapata ABC'D u A1 B1C1D;.
Hoxazkure, aro cepemunnl orpeskos AA;, BBy, C'Cy, DD nexar Ha
OJIHOM MPAMOM MM 06pas3yIOT BepIINHBI KBaJpaTa.

6. (3amaua Hamoseona.) /lan mpoussosibHbINH Tpeyronbauk. Ha ero
CTOPOHAX HAPYXKY MOCTPOEHBI IPABUIbHBIE TPEYTOJbHUKN. JIoKasKu-
Te, YTO UX IEHTPBI ABIAIOTCA BepPIINHAMIE IPABUILHOTO TPEYTOIbLHI-
Ka.

7. Ha miockocTu ObL1 HAPUCOBAH MATUYTOJILHUAK, Ha CTOPOHAX KOTO-
POro Hapy»Ky ObLIN MOCTPOEHBI TPABUIbHBIE TPEYTOJILHUKN. XY/IUTaH
Bacst cTep mouTu BeCh 4eprerK, OCTABUB JIMIIL BEPIIMHBI TPEYOJIbHI-
KOB, He IpuHaJexKamye narnyroabauky. Cvoxker ju Ilers Bocera-
HOBUTH Y€PTERK !

27. KowmmnuaekcHslit cuer B reomerpun. 16 miosis.

Ha 3aHATUN Mbl U3y4aJid, KaK MO2KHO IIOCHUTAThb I'€cOMETPUIO0 B KOM-
IIJIEKCHBIX IHC/IaX.

ONPEJIEJIEHUE: BemoMHIM 9TO TaKoe MOJYJb, apryMeHT, TPUTOHO-
MeTpryeckasi (popma KomriekcHoro uucia. JlokazarenncTso daxTa
00 aprymeHnTe Ipou3BeJIeHUd ¢ MTOMOIIbI0 Teopembl [Ilass.

1. BanumunTe B KOMILUTIEKCHOM hopMe cTeyIoTTne IBUKEHUA 1 TIPeod-
pa3oBaHms MJIOCKOCTH: &) TapaJuleJIbHbIH 1epeHoc, moBopor; b) ro-
MOTETHs, TIOBOPOTHAsI TOMOTETHST; C) OCeBasg CUMMETPHUsI, CKOJIb3sl-
mast CHMMETPHS.

2. Haiiiure ycioBue Toro, 9T0 TPU TOYKH HA KOMILIEKCHOM ILIIOCKO-
CTH a) JIesKAT Ha OJHOIN MpaAMOi; b) ojiHA JIEKUT HA OTPE3Ke MEKJy
JABYMS JIPYTUMU.

3. 3anummure ypaBHeHUe a) MIPsAMOif; b) OKpYy>KHOCTU B KOMILITEKC-
HBIX THCTAX.
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b) npu p = 2 aHAJIOTUYHOE BEPHO TOJILKO MPH (v > 2.

JTOKABATEJILCTBO: [Ipeanonoxum, aro a—b geurcs va p, npudem
a He JIeJINTCS HA P.

a) [okaxure, ato ord,(a” — b) > ord,(a — b).

b) Hokaxkute, ato ord,(a® — b°) = ordy(a — b), ecn s He mennTCs Ha

S

¢) Hokaxure, uto ord,(a* — b*) > ord,(a — b) + ord, (k).
d) Hokaxkute, ato ecin p > 2, 1o ordy(a? — bP) = ord,(a — b) + 1.
e) Jokaxwure semmy ['eHsesist B cirydae, ecyii BbIITOJIHEHO ycjioBre 1).
f) Tokaxkure emmy [eHsess B cirydae, eciii BHIIOJHEHO YCIOBHE 2).
1. B kaxkoit cTenenn 5 BXOAUT B pasnoxkerne gucaa 310000 — 210000 gp
MIPOCTHIE MHOMKUTEJIN !
2. JlokaxkuTe, 94T0 MoKasaTesb ducia 2 mo Moy o 3" paseH ¢(3").
3. Pemmnre B HaTypambHBIX YnCIax ypaBHenne 3% = 2%y + 1.
4. Haiigure Bce deTBepKM HaTypasbHBIX quces (n,k,p,x), 1Jid Ko-
TOpEIX > 2, n > 1, p — npocroe n " = p* 4 1.
5. Kakoe nanbosbIitee 9ucao Hysmeit MOKeT OBITH Cpein IMIeCTH TIo-
caepanx nudp uncia 2" gas n > 1007

26. Teopema Illang m 3ama4um HA ABUKeHUe. 16 mromd.

1. /lokaxkute, 9TO JII0O0OE ABUKEHNE OJHO3HATHO 33a€TCA 0Opa3aMu
a) OJTHO¥ TOYKHU W JIBYX HEKOJIMHEAPHbIX BEKTOPOB; b) Tpex TodexK,
He JIeKalluX Ha OHON IpAMOI.

2. a) Jlokaxkure, 4TO JIBUYKEHIE, UMEIOIIee TP HEMOIBIKHBIE TOU-
KM, He JIeKalllue Ha OJIHOW NPAMON, ABAAETCA TOXKIAECTBEHHBIM IIpe-
obpazoBaHMeM, a JBUKEHUE, UMEIOIee JIBe HEeIO/BUXKHbIE TOUKU, —
TOXK/IECTBEHHBIM IIpeodpa3oBaHueM WU CUMMeTpPHEN.

b) Jokaxkure, ITO JBUZKEHEE, UMEIOIIEe POBHO OJHY HEIOBIZKHYIO
TOYKY, ABJIACTCA IIOBOPOTOM.

3. Teopema ITamg. /lokaxkute, 1uTo 1000€ JBM2KEHIE MOYKHO IIPE/I-

CTAaBUTh KaK KOMIIO3UIINIO He DoJiee IeM TPeX OCEBBIX CUMMETPHIL.
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23. Jlemma XoJsna, AByZ0JbHBIE Tpadbl. 15 miomd.

1. Ha Beuepe HU OJWH MaJIBINK HE TAHIEBAJ CO BCEMU JIEBOYKAMHU, a
KaXK/1ad JeBOYKa TaHIeBaIa XOTd ObI ¢ OTHIM MaJIbankoM. JlokaxKkuTe,
YTO CYIIECTBYeT 2 MAJbuUKa W 2 JeBOUKU TaKWe, YTO TEePBLI TaHIe-
BaJI C II€PBOIl, BTOPOIl — CO BTOPO#1, & IMePBBI CO BTOPOU U BTOPOI C
IepBOM He TaHIEBAJIU.

2. (JIemma o geBymkax.) /laHo n 1oHOIIEH 1 HECKOIBLKO JIEBYITEK.
UsBecTHo, uTO 114 T1000T0 K < N 11 1000 TPYTIBI U3 k 10HOIIelH ecTh
He MeHee k JIeBYIIeK, KayK/ash n3 KOTOPBIX 3HAKOMA, XOTs Obl C OJIHUM
u3 3TuX k MajbIuKoB. JlokaXKuTe, 9TO BCe IOHOIIM MOT'YT BBIOpATh 10
HEBEeCTe U3 YUCTa CBOUX 3HAKOMBIX.

A ecin cchopmyMpOBATH TIO-HAYIHOMY TIPO JIBY/I0JIbHBIH pad, TO
HOJIYIUTCA JIeMMa XOJLJIa.

3. (Jlemma Xosuta g apabcknx crpas.) Cpean n oHoImIeil n
HECKOJTBKUX JIEBYTIEK HEKOTOPBIE I0HOITN 3HAKOMBI ¢ HEKOTOPBIMU JTe-
Bymkamu. Kakplit I0HOITA XOUeT YKEHUThCA Ha 11 3HAKOMBIX JI€BYIII-
Kax. JlokaxkuTe, 9T0 OHM MOTYT 3TO CJeJaTh TOTJA U TOJBKO TOTJA,
Kora J/1s J1Io0oro Habopa u3 k I0HOIIeH KOJIMIeCTBO 3HAKOMBIX UM B
COBOKYITHOCTHU JIEBYIIIEK HE MeHbIIe km.

4. Jlanot k manpbuukoB u 2k — 1 xoudera. /lokaxkure, 9TO MOXKHO
JIaTh KaXKJIOMY MAJIBIUKY 10 KOH@ETe TaK, 9TOObI MATBINKY, KOTOPO-
My HE HPaBHUTCs ero KoH(eTa, He HPABUJIUCH U KOH(ETHI OCTAIHHBIX
MaJIBIUKOB (4TOOBI HE CO3/ABATH MPENOCHIIOK JJIA PAKN ).

5. Bce Bepmmnab ABY1071bHOTO Ipada MMeIOT cTenenb k. [lokaxkure,
YTO WX MOXKHO Pa3OUTh Ha Mapbl CMEXKHBIX.

6. JlaTuHCKUM HaA3bIBAETCA MPAMOYTOJBHUK M X N, M < N, 3al0JI-
HEeHHBIN YncjaaMu oT 1 10 1, TaKO, UTO B KazKOU CTPOUKE U B KaXKIOM
cTosbIe uncaa pa3andHbl. JlokaxkuTe, 9To 000 TATUHCKUN MTPAMO-
YTOJIbHUK MOXKHO JIOTIOJTHUT JI0 JIATUHCKOTO KBaJpaTa 1 X 1.
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7. I[lycte M — MHOXKecTBO BceX k-371€MEeHTHBIX IIOJIMHOXKECTB MHO-
xkecra {1,2,...,2k + 1}. Cymecrsyer mm 6uexknus f: M — M Ta-
Kad, ato AN f(A) = 27

3adauu O camocmoamesvo2o peuLeHs.

8. Kaxkiplit u3 AByX paBHOBEJIUKHUX KBajapaToB pa3dut na 100 pas-
HOBETMKUX JacTeil. JlokaxKuTe, 9T0 MOKHO CJIOXKUTH 3TH KBaIPATHl B
cTonKy 1 TpoTKHYTH B 100 ToUKax Tak, 9ToOb Kaxkaad u3 100 gacreit
KA KJIOT0 U3 KBAIPATOB ObLIa TTPOTKHYTA.

9. B kBagpare n X n CTOAT HEOTpUIIATEJbHbIE YHCTA TaK, UTO B
KaXKJI0M CTPOKE W B KaXKJIOM CToJIOIe cymMMa paBHa 1. JTokaxkure, 910
B 9TOT KBaJIpaT MOXKHO MOCTABUTHL 1 He OBIOMNX APYT ApPYyTa Jajeit
TaK, 9TOObI M0J] KayKI0M MOCTABIEHHO JIaIbeit OBIIO MOJI0KUTEIHLHOEe
YUCJTO.

24. HepaBeHCTBO O cpeJHUX. 15 MIOJA.

1. /laHbI 110JI02KUTE/IbHBIE YNUCIA T1, Lo, . . . , Tp. JlOKaKHATE, 9TO
x1 X2 Tn—1 T,

S +=>=n

o) T3 Tn Ty

(HepaBeHCTBOM 0 CpeJIHUX TIOJIb30BATHCS HE PA3PEIIATCs ).
2. (HepaBeHCTBO 0 cpeHeM apu(pMeTHYeCKOM U CpeJHeM

FeOMeTpI/I‘IeCKOM.) ILI[H IMPOU3BOJIBHBIX ITOJTIO2KUTEJIbHBIX YUCEIT a1,. . .

BBITIOJIHACTCA HEPABEHCTBO

ay+as+...+ay
n

= Yajay. .. a,.

a) JlokaxkuTe, 9T0 €CIM HEPABEHCTBO O CPEJIHUX BBIOJIHSIETCS [1jist K
qHCesT, TO OHO BBIMONHsIeTCA U iyt 2k qucesi.  b) Jlokaxwure, 9To ec-
JIN HEPABEHCTBO O CPEIHMX BBITOJIHSIETCS J1JIsT k TIHICEes, TO OHO BBITIOJI-
Hsiercst u st k — 1 qucsa.  ¢) BbiBesere HepaBeHCTBO 0 CPEJIHUX U3
sagaau 1. d) [lokaxkure HepaBeHCTBO 0 cpegaux MetogoM IITyp-

Ma 6e3 IIpuMeHeHuA NHIYKIAN.
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3. (HepaBeHCTBO O cpefHEM T€OMETPUYECKOM U CPEeIHEM rap-
MOHI/I"IeCKOM.) ZLOK&)KI/ITG, qTO AJid IMTPOU3BOJIbHBIX TTOJIO2KUTEJIbHBIX

quces aj, . . . , Gy BBIIIOJIHAETCA HEPABEHCTBO

n
Vajas ... ay =

1 1 1°-
(1,1+a,2+ +(1n

4. (HepaBenctBo o cpeanem apudmernvieckoM u CpeaHeM
KBaIpAaTUIHOM.) [loKazkuTe, 9TO JJid IPOU3BOJILHBIX BEIECTBEH-
HBIX YHUCeJI a1, . . ., A, BBIIOJHIETCI HEPABEHCTBO

¢ﬁ+ﬁ+m+ﬁ>

ay+ay+---+ay,
> )
n n
5. J1Jist HOJIOKUTETBHBIX YUCET @ U b JTOKayKUTe HePABEHCTBO: 24/a+
3 5
3v/b > 5v/ab.

6. Jlokazkute HepaBeHCTBO va + 1+ v/2a — 3 + /50 — 3a < 12.

25. Jlemwma T'en3zesiga. 16 urosa

-1. Jokazkure, 410 C];n : p, rue k He pasuo 0 u p”.
OBO3HAYEHUE: Bynem o603Ha9aTh CTeNeHb, B KOTOPOIT TPOCTOE YnC-
JIO P BXOJIUT B PA3/IOXKEHUe N Ha [IPOCTbIe MHOXKUTEIH, depes ord,(n).

0. JIemma TI'enzens: Ilycts a, b — pasiaudanbie 1esbie ducia, k —
HATYpPaJIbHOE, & P — IPOCTOE YKCJI0, He Jie/idiiee a. Eciu BbIIoJIHeHO
0fIHO W3 TpekpacHbX yeiosmit 1) u 2); to ordy(af — b*) = ord,(a —
b) + ord, (k).

1) p#2muord,(a—b) > 1;
2) p=2mnordy(a—1b) > 2.
BAMEYAHUE: Nnaue jemmy lensenss MOXKHO TepedopMyInpoBaTh
TaK:
ecJtu aﬁb (a { p), o — MakcuMaIbHOE YUCTIO C STUM CBOWCTBOM,

TO
k

= V¥, rae s = ord,(k), n uucio a + s
pu+s

a) pu P # 2 BBHIIOJIHEHO @

HEJIb34d YBEIIMYUTD,



