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Bcerynurenpnaa onummnuaga. 04.07.2011

1. Kak mopoBny pazjenutsb 7 Oy/10K Ha 12 9ej0oBeK Tak, 4TOObI KarK IbIi
KYCOK OBLIT OOJIBIIIE % OyJIKN.

2. Ha xopge AB okpy:xkuoctu ¢ rieHTpoM O 6epeTcst IpOu3BOJIbHAS TOY-
ka M. Yepes touku A, M u O npoBOAUTCSI OKPYKHOCTH, MEPEeCeKaromast
mepByIio OKpyKHOCTEH B Toukax A u C. Jlokaxkure, uto M B = MC.

3. Yucno 11...121...11 nesmrca na 11. okaxkure, 9T0 OHO JIEJTUTCSI

— =

n

Ha 121.

4. B Tabmmme 2011 x 2011 paccrapasiorcs quciaa 1 u —1 Tax, 91700
IIPOU3BEJICHUS YMCE/ BO BCEX CTPOKAX M BO BCEX CTOJIONAX OBLIU paBHBI 1.
CKOJIBKEMHI CIIOCOOAMH 3TO MOXKHO CJIEJIaTh?!

5. Pemure cucremy ypaBuenunii

= ZTot+XT3+ ...+ 2T
= r1+x3+ ...+ 2T

815 |-

|-

= 1]1+[E2+...+I9.

z10

6. IlMmeeTcss HECKOTBKO IOHOTIIIEN, KayK/IBII 3 KOTOPBIX 3HAKOM C HEKOTO-
pbIMu JieByTIKamu. JIBe cBaxm 3HAIOT, KTO ¢ KeM 3HakoM. OJHa cBaxa 3asB-
JsieT: “¢l Mory oJIHOBpEMEHHO KEHUTH BCEeX OPIOHETOB TaK, YTOOBI KaKIbIi
U3 HUX JKEHWJICs Ha 3HakoMoil emy jneBytike!”. Bropasi caxa rosopur: “A
s MOT'Y YCTPOHUTDH CYJAB0Y BCeX OJIOHIMHOK: KaXK/asi BBIMJIET 3aMy’K 3a 3Ha-
KOMOTO foHOIIY!”. DTOT amMajor ycJblmal JIoOnTe/ b MATEMATHKI, KOTOPBIi
ckazas: “B TmakoMm cirydae MOXKHO ¢jesaTh W TO, U JIPYroe OJHOBpeMeHHO!”.
[IpaB 1 on?



Teopema Xouna, uinu Jlemma o geBymikax. 05.07.2011

Jlemma o meBymkax. /[ano n 1onowel u neckoavko desywek. HMssecmmo,
ymo 0as abozo k < n u 40000 epynnv. us k ronowetl ecmv ne menee
k desywexr, kasrcdan uz womopux 3naxoma roms Ove ¢ 00num u3 amux k
1onoweti. Tozda ece 1oHOWwU MO2YM GLIOPAMD MO HEGECTNE U3 YUCAL CEOUT
3HAKOMBLT MAK, YMO HU 00Ha desywKka He bydem uoPaHa 06YMsA 10HOULAMU.

Tenepn naBaiite copmyiupyem 3Ty JieMMY Ha s3blKe Teopuu Ipados.
JL71s1 9TOrO BBE/IEM HECKOJIBKO OIIPE/IeJIEHUI.

Onpenenenue 1. ['pad nasbiBaercs d6ydoavHvim, €CIT MHOXKECTBO €0 BEP-
IITUH MOXKHO Pa30UTh Ha JBa MHOXKECTBA, HA3BIBAEMBIX JOAAMU TaK, ITOOLI
Jiroboe pedbpo rpada coeIMHSIIO BEPIIMHBI U3 PA3HBIX JI0JIE.

Onpenpenenue 2. Ilapocowemaruem rpacda Ha3zbIBaeTCst HAOOP €ro pedep, He
UMEIOMKUX O0IUX KOHIOB. [[apocoveranne Ha3bIBAETCA COGEPUEHHDIM, €CITH
Jobas BepimHa rpada dBjsieTcss KOHIIOM OJIHOTO U3 pebep mapocoyeTaHus.

Teopema 1 (Teopema Xomna). Jleydosvruti epagh G ¢ doasamu A u B ydo-
BAEMBOPAETN. CALOYIOULEMY YCA0BUIO: s A100020 nodmrosicecmea M C A
6 doae B matidemca me menee |M| sepwun, cmesrcnur xoma ove ¢ 00HOU
u3 sepwun mmoocecmea M. Tozda 6 epage G ecmov napocouemarue, npu
KOMOPOM KAHCOGA 8EPUUHA DOAU A ABAAEMCA KOHUOM 00H020 U3 e20 pebep.

Jokaxkem Teopemy XoJLTa JBYMsI CIIOCODAMH.

1. (Memod wepedyrowuxca uenet). PaccMoTpuM TPOU3BOJIBLHOE TAPOCO-
yeTanne B rpade, yI0BIETBOPLAIONIEM yCJIOBUIO TeopeMbl XoJuta. [lycTs Ha-
IIJIACh BEPIIUHA JIOJU A, He sABJISIONAsCsd KOHIIOM HU OJHOrO u3 pebep ma-
pocoderanus. JlokazkuTe, 9TO TOT/Ia CYIIECTBYET IMapocodeTanue ¢ OOIbITIM
YUCJIOM pedep, U BBIBEJIETE U3 9TOI'0 TeopeMy XOJLIA.

2. (Mndyruus). deynonbueiii tpad G ¢ gonsimu A u B yjaoBiaeTBopsier
YCJIOBUIO T€OPEMbI XOJLIA.

a) [Tycrs mopmuoxkectBo M C A TakoBo, uto poBHO |M| BepimmH jq0sm
B cMmexxHBI X0Td ObI ¢ 0HO# BepinHOil MHOXKecTBa M. JlokaxKuTte, 9T0 ec/in
yaaauTh w3 G Bce BepIIMHBI MHOXKecTBa M, a Tak»Ke BCe CMeKHbIE ¢ HUMU
BEPIINHBI, TO MOJIYYHBIIelicd rpad TakxKe OyJeT yI0BJIETBOPATH YCIOBUIO
TeopeMbl XoJLla.

6) lokaxkure Teopemy XoJiia HHIYKIIUEH 110 YUCJTy BEPIIUH Tpada.

3. Bce Bepmiunbl ABY/1015HOTO Ipada UMEIOT CTEeHb k.



a) Jlokaxkure, 4T0 B 9TOM rpade ecTh COBEPIIEHHOE apOCOIeTaAHNUE.

6) Jlokaxkure, aTo pebpa 31oro rpada MOXKHO packpacuTb B k IBETOB
PABUIBHBIM 06pa30M (TO eCTh Tak, 4TOObI HUKaKHe JBa OJHOIBETHBIX pebpa
He UMeJIn OOIIeli BEPIIIHBI).

4. (Jlemma Xouna guiss apabekux crpan.) Cpean n oHomed u
HECKOJIBKUX JIEBYIIIEK HEKOTOPbIE€ IOHOIIN 3HAKOMBI C HEKOTOPBIMU JEBYIII-
kamu. Kazk/IbIil T0HOIIA XOUeT YKEeHUThCS Ha 1M 3HAKOMBIX JeByIiKax. Jloka-
JKUTE, 9TO OHU MOTYT 9TO CJeJIaTh TOI/Ia U TOJIBKO TOI/Ia, KOTJIa JJjIs JTE0O0TO
nabopa u3 k 10HOIIEH KOJUIECTBO 3HAKOMBIX UM B COBOKYITHOCTH JICBYIIIEK
He MeHbIe km.

5. Koneunoe MHOXKeCTBO pa3dbUTO Ha M IMOAMHOXKECTB C OJIMHAKOBBIM KO-
JIMYECTBOM 3JIEMEHTOB, I 9TO YK€ MHOKECTBO Pa3OuTo Ha m? IOJIMHOKECTB C
OJIMHAKOBLIM YHCJIOM 3JIeMeHTOB. JIoKasKuTe, 9TO MOXKHO BLIOpATh m? pas-
JIMIHBIX 9JIEMEHTOB TaK, UTO KaXKJI0€ M3 MHOXKECTB MEPBOTO pa30ueHust co-
JIEPZKUT POBHO M BBIOPAHHBIX 3JIEMEHTOB, & KaKJI0€ U3 MHOXKECTB BTOPOTO
pa3bueHns COIEP:KUT POBHO OJIMH BBHIOPAHHBIN 9JIEMEHT.

6. Hanmwr k mansaukos u 2k — 1 koudera. JlokaxKure, ITO MOXKHO JATh
KayKJIOMy MaJIbdMKy 110 KOH(ETe TakK, ITOOBl MAJbINKY, KOTOPOMY HE Hpa-
BUTCS ero KoHdeTa, He HPABUINCH U KOH(DETHI OCTATBHBIX MATBINKOB (ITOOBI
HE CO3/IaBaTDh IPENOCHLUIOK [T JIPAKH ).

Paznob6oii-1. 05.07.2011

1. [MTaxMaTHBII KOPOJIL 0OOIIET JOCKY HU Pa3y He MOOLIBaB B OJTHOM KJIET-
Ke JIBayKJIbl, IPUYIEM €ro MapIIpyT He uMeeT camorepecedennii. Kakoe namu-
6oJIbIIIee YHCIIO JIMATOHAJIBHBIX XOJ0B OH MOI' COBEPIIUTH !

2. Jlokaxkure, 94TO He CyINECTBYET TAKUX JBYX Tpalleluii, 970 OGOKOBbIE
CTOPOHBI KaxK/ION M3 HUX COOTBETCTBEHHO PAaBHBI OCHOBAHUSAM JIPYTOil.

3. Homoxurenbhoe qucio x takoso, uro [z] - {z} = 100. Yemy moxer
OBITh pasno uncio [z%] — [z]?? (Kax obbrano, [y] — 310 nesas 9acTh 4ucia v,
T. e. HaubOJIbIIee 1IeJI0e YUCII0, He TipeBocxojsiiiee y; {y} = y— [y] — npobuas
JacTh YUC/IA Y. )

4. Touka K jexur Ha croporne BC tpeyronbauka ABC. Buccexkrpu-
ca yria BAK BTOPUYHO IepeceKaeT ONMMCAHHYO OKPYZKHOCTb TPEYTOJIbHIKA,
ABC B touke L. IIpu stom ipambie K L n AC' neprienmukyasipabl. Jlokaku-
te, ur0 AK = AB wm AK = KC.

5. TpeyronbHuk, Bce yriibl KOTOporo He Oosibiiie 120°, pasdouT Ha Tpe-
yroJIbHUKH. JIoKayKuTe, 9T0 KaK MUHIMYM y OJJHOT'O U3 TPEYTOJHLHIKOB Pa3-



OueHus Bce yIyIbl TakKe He OoJsibiie 120°.

6. Pemmure B 1ebx unciax ypasnenue x° + y3 4 6zy = 8.

7. B crpane mpoBesm aHKeTy, B KOTOPOW TpebOBAJIOCH HA3BATH CBOETO
JIIOOUMOTO MHCATE s, Xy/I0KHUKA 1 KoMIto3uTopa. OKa3aaoch, 9TO KayKIblil
YIOMSIHYTBIN XOTb Pa3 JIesITeIb UCKYCCTB ABJIAETCS JTIOOUMBIM POBHO K JTIO/Ib-
Mmu. Jlokazkure, 9T0 BCeX MPOAHKETHPOBAHHBIX MOXKHO pas3/e/inTh Ha 3k — 2
IPYIIBI TAK, 9TOOBI B KaxKJI0# I'pyIIIe JIIOObIe JIBa YeJ0BEKA MMEJN COBEP-
[IIEHHO pPa3Hble BKYCHI.

Mmuorousennl. /desnenne ¢ octarkom m ajroputMm EBkiammga. 06.07.2011

Omnpenenenune 1. Muorowienom HaJ1 ojieM K Ha3bIBACTCs BhIPAYKEHNE BU-
na P(x) = apz™+- -+ a1z +ag, v1€ ag, ay, . .., a, € K na, # 0. Hucnao n Ha-
3bIBAETCS CTEleHbIo MHOrowieHa P, n obosnadaercs deg P. MHoxkecTBO Beex
MHOIOWIEHOB HaJl mojieM K obosnavaercst yepes K [x]. Hanpumep, muOXKe-
CTBO BC€X MHOI'OYJICHOB C BE€IIIE€CTBCHHBIMN KOS(beI/H_H/IeHTa,MI/I O603HaqaeTCH
gepe3 R[z], a MHOKeCTBO BCeX MHOTOUJIEHOB C PAIMOHATIBHBIMU KO3 DuIm-
entamn — 1epe3 Q[z] nr. g

MozKHO TakKe pacCMaTPUBATH MHOXKECTBO MHOT'OYJICHOB ¢ KO3 duImeH-
TaMU U3 HEKOTOPOTO Kosblla. Hampumep, MHOXKeCTBO MHOTOUJIEHOB C TETBIMU
ko3 durmenTamu obo3Havaercs yepes Z[x).

B ocnoBHOM, MBI OyJileM paccMaTpUBaTh MHOI'OYJIEHBI C BEIeCTBEHHBIMU
WA palMoOHaJbHBIMU KO3(ddurmentamu. B qacTHOCTH, permas 3aja4du 3Toi
CepUU MOYKHO CUHUTATH, YTO BCE PACCMATPUBAECMbIE MHOT'OYJICHBI UMEIOT Be-
1ecTBeHHbIe KOA(MDUIIMEHTHI.

Onpepesnenne 2. Muorounensl Pi(x) = a2 + -+ + a1z +ag u P, =
by @™ + -+ - + by HA3BIBAIOTCH PAGHbLIMU TOLIA U TOJIBKO TOIMa, KOIJa m = n
uag="b, upu k €{0,1,...,n}.

Kaxnomy muorowrteny P € K[z] MOXKHO HOCTABUTH B COOTBETCTBHE
dyHKINIO T — a,x” + -+ + a1 x + ag. Hepes HEeKoTOpoe Bpemsi MbI JIOKa-
JKeM, 4To B ciydae Heckonednoro nosist K (B wactHoctn, Q u R), dyHkIwn
3ajiaHHble MHOTOWIeHaMu Pp, Py € K |[x] paBHBI TOI/Ia U TOJIBKO TOTJIA, KOT/IA
MHOTOuJIeHbl Py u P, paBHBL.

Omnpenenenne 3. Muorouien P jienurcs Ha MHOTOUIEH () # 0, ecyu cytie-
cTByeT MHOrOWIeH R Takoii, uto P = QR.

4



Muorowien h sBisiercs obujum deaumenem MHOTOWIEHOB [ u g, eciid
f * hug : h u HasbBaETCA HAUOOALWUM OOUUM OEAUMENEM, €CIIU €TI0
CTEeIeHb He MEHBIIIe CTeNeHH JIF0OOro JIPyTroro odIero jgeaurens f u g.

Teopema 1 (Teopema o nmesennn ¢ ocrarkom). [yems f,g € Klx|, ede K —
nose u g(x) # 0. Toeda cywecmeyrom eduncmeernvie mnozouaenv. ¢(T) u
r(z) maxue, wmo f(x) = g(z)q(x) + r(x) u deg(r) < deg(g).

Teopema 2 (Amropurm Eskmmma). Hyemo f(x) u g(z) # 0 — mmozo-
wpeHvl Had noaem. Paccmompum nocaedosamenvhvie 0eseHus ¢ 0Cmamyom
f(@) = g(x)qu(z) +ri(x),  g(x) = r()g(z)+ra(z), r(z)=rz)ez)+
r3(z), .. Tpa() = rp1(X)gn(x) + ro(z), Tho1(z) = 1r0(T)gner ().

Toz2da smom mpouecc 3a6ePUIUMCA 34 KOHEYHOE YUCAO WAZ0E U MHO20-
waen () 6ydem nauboavwum obuum deaumenem mHo2o04uAeo6 fu g.

Caencrsue (JTuneiinoe npezcrasieaue HO). /las aobwix deyr mrozouie-
noe f(x) u g(x) nad nosem cywecmeyrom mrozounrens, u(x) u v(x) makue,

wmo u(z) f(z) + v(x)g(x) = (f(2), g(x)).

CrnencrBue. J[ob6ot obuuti deaumens 08Yr MHo204ae106 Had nosem desum
UL HAUbOA WU 00ULUTE deAumens.

1. (Teopema Besy.) a) Jlokaxure, 9T0 OCTATOK OT JI€JIEHUsI MHOTMOUJIEHA
f(z) ma © —a pasen f(a). 6) Hokaxkure, aro f(z): x — a TOrAA M TOIBKO
torja, korya f(a) = 0.

2. Jan muorounen (z7 + z° + 1)%. Haiiyure ero kosdduruent mpu
a) 2% 6) z'".

3. Haiigure  a) cymmy KoadbduimeHTo;  6) 3HAKOIIEPEMEHHYIO CYMMY
koabdunuentos muorowiena (1 — 3z + 22%)™3 - (1 4 3z — 222)™4.

4. Haiiymure HamboJbIIUil OOMMI JAEJIUTEb CJEIYIONMX MHOTI'OYJIEHOB:
a)x" —luz™—1; 6)z* +1ua?" +1.

5. a) Isb6aBbrech OT WUPPAIMOHAJBHOCTH B 3HAMEHaTese JIpobH
m, r71e @ — KOpeHb MHorousena 2x% + x — 2.

6) CrenaiiTe To e caMoe B CIydae, KOrJa o — KOpeHb MHOTOYUJICHA T —
r — 1.



Yupaxkuenus no teme “MHoro4dsieHnr”’

1. Haiture nanbobimii 0Ol 1eInTe/Ib MHOTOUIEHOB U €0 JIMHEHOe
npejcrasienue.  a) f(z) = 2° —xt+52° - 222+ 15 u g(v) = 23+ 2%+ 52 +5;
6) f(z) =a* —32® — 2222 + 232 + 34 u g(z) = 23 + 32? — 5z — 6.

Crenenb TOYKM M pagmKajibHas ock. 06.07.2011

Omnpenenenne 1. /larbr okpyKHOCTD S ¢ ieHTpoM O U PAJIMYCOM 7, U TOIKA
M, rakas, aro |OM| = d. Cmenenvto Touk M OTHOCHTETHHO OKPYZKHOCTH
S naspIBaeTcd BeamdnHA d° — 12

Yr1BepxKaeHune. Yepes mouky M, naxodaugrocs na paccmoaruu d om yeH-
Mpa oKPYAHCHOCU Paduyca T, NPosedena NPAMGA, NEPECEKAOULAA OKPYIC-
Hocmo 6 mowkaxr A u B. Tozda ecau mouxa M aescum ene okpyorcrocmu,

mo |AM|-|MB| = d*—r?, a ecau mouxa M aescum enympu oxpysicrocmu,
mo |AM| - |MB| = r? — d?.

1. Ha npsmoit ¢ ormeuenst Toukn A u B. Kpome Toro, JaHo HEKOTOpoe
dukcupoBannoe ducyo c. Jlokaxkure, 9TO Ha NpsAMOil £ CyIIECTBYeT POBHO
ofHa Takad Touka X, uyto AX? — BX? =c.

2. Ha miockocTu JaHbl BE€ HEKOHIIEHTPUYUECKHE OKPY:KHOCTH S U Sa.
JlokazkuTe, YTO T€OMETPUIECKOe MECTO TOUYEK, JJIsI KOTOPBIX CTeIeHb OTHO-
CUTEJIbHO S paBHA CTENEHU OTHOCUTEIBHO Sy — IMPsiMasi.

Onpenenenue 2. Dta npsiMasi HA3bIBACTCA padukasbHOl 0Cb10 OKPYKHO-
creit S u ;.

Onpenenenue 3. Yeaiom MeXIYy IBYMS ePECEKAIONUMUCT OKPYKHOCTSIMA
Ha3bIBaETCH YI'OJI MEKJy KacaTeJbHBIMU K 3TUM OKPYKHOCTAM, IIPOBEJIECH-
HBIM 9epe3 TOUKY UX IepecedeHus (MMeeTcsi B BUJY HAMMEHBIINH BO3MOXK-
HBIT YTOJT MEXK/Ty JIByMsl JTAHHBIMU HPSIMBIMN).

3. Ha mockoctn janbl okpyzkHocTu S7 u Sy. Haitmure I'MT nentpon
OKPY>KHOCTEM, IMepIeHInKyJIApHBIX S1 1 Ss.

4. Ha mmockoctn maubl okpyxkHOCTH S7 1 Sy. Haitmure I'MT nenrpon
OKDYZKHOCTE]H, JIeJISIIIXCS MOM0JIaM OKPYKHOCTAME S1 1 S (TO ecTh KazKaas
13 OKpY’KHOCTeH S 1 Sy mepecekaeT NCKOMYIO OKPY?KHOCTD B THAMETPATLHO
[POTUBOIOJIOKHBIX TOYKAX ).

5. lleHTpBI Tpex OKPY2KHOCTEH He JiexKaT Ha OJHON mpsamoii. lokarkure,
4YTO UX PAJUKAJIbHBIE OCU IEPECEKAIOTCA B OJHON TOYKE.



Onpenenenue 4. Dta TOYKA HA3BIBACTCS PAOUKAALHLIM UEHMPOM TPEX
OKPYZKHOCTENA.

6. [Ipu oMoy MUPKy/d U JIUHEHKHN TIOCTPONUTE OKPYKHOCTD, KacaTe/Ih-
HbIe K KOTOPO#i, TpoBeJIeHHbIe n3 gaHHbIX Touek A, B, C', Ob1in Obl cOOTBET-
CTBEHHO PaBHBI TPEM JAHHBIM OTPE3KaM a, b, c.

7. Ha croponax BC, AC, AB ocrpoyrobHoro rpeyroybianka ABC B3s-
ThI Ipou3BoJibHbIE TOUKU Ay, By, (. Jlokaxkure, 910 TpHU 0OIIHE XOPIbI AP
okpyzxuocteit ¢ auamerpamu AA;, BBy, CC} nepecekaiorcs B OPTOIEHTPE
tpeyrosbuuka ABC.

Pazno6oii-2. 06.07.2011

1. CymiecTBYIOT JIn 9€ThIpe TAKUX KBAJIPATHBIX TPEXUJICHA, ITO, 3AINCAB
uX B JIIOOOM ITOPSIJIKE, MBI CMOYKEM HANTH 9UCJI0, IPU MTOJICTAHOBKE KOTOPOTO
B 9TU TPEXUJIEHBI MOy YeHHbIe 3HAYEHUsI OY/IyT 3aIllCaHbl B CTPOTO BO3PAac-
TaloIEeM OPAIKe?!

2. B Bemyksiom uersipexyroibauke ABCD  ZABD = 65°, ZCBD =
35°, LADC = 130° u AB = BC'. Haiiure yriibl 9eThIPEXYTOJbHUAKA.

3. Jokaxmure, uro wucio (5 + +/17)" + (5 — V/17)" nemmres wa 2" u He
nesimred Ha 27T

4. Bce Bepiunsl rpada G UMeroT cTerneHb 3, a — ojiHa U3 HuX. VI3BecTHO,
9T0 BepHiuHbl rpada (G MOYKHO MOKPACUTH B TPH IIBETa MPaBUIbHBIM 0Opa-
3oM. JlokakuTe, ITO 9Ty MOKPACKY MOXKHO ITPOU3BECTH TaK, YTOOLI COCE/IN
BEPIIMHBI ¢ He ObLIN OJIHOIBETHBIMU.

5. Ilyctb a, b, c,d > 0. /lokaxkure HEPABEHCTBO

b b d d
\/a+ +\/ +c+\/c+ +\/ +a24\/§'
c d a b

6. CymectByer Jiu Takoit Habop 3 100 momapHO Pa3IUIHBIX HATYPAJb-
HBIX YUCEJI, YTO IIPU JII0OOM pa30HMEeHNN IUCE/T TOTO0 HADOPa Ha JIBE HEITYCThIE
CPYIIILI CyMMa YUCEI B OJHOW U3 IPYIII JEJUTCA HA CyMMY 9YHCeJ B JPYToit
rpyrie?

7. Macca kax;10it m3 201 rupek, pacroJIO?KEeHHBIX 110 OKPYKHOCTU — Ha-
TypaJIbHOE YHCJI0, a ux obmas mMacca — 500 rpamm. Jlokaxkurte, 4TO U3 9TOrO
HabOpa MOXKHO BbIOpATH OJIHY WJIM HECKOJIBKO I'MPEK, PACIIOJIOKEHHBIX I0/I-
psn, ¢ obmeit maccoit 100 rpamm.



Muorounenbl. OcHoBHast Teopema apudmeruku. 07.07.2011

Onpepesnenne 1. Muorowren f(z) # 0 HasbiBaeTcst HenpueoouMbiLM, €C-
JM ero Hesb3s mpeicraButh B Buge f(x) = g(x)h(z), tme degg(x) > 0,

deg h(z) > 0.

B 3agauax 1-3 Bce paccMaTpuBaeMble MHOTOYJIEHBI O€pyTCs HAJ
noJieM

1. Jokaxure, uro eciu f(z)g(z) - h(x) u (f(x),h(x)) =1, 10 g(x) * h(x).

2. (OcHoBuasi Teopema apudmeruku.) 060 MHONOWIEH MOXKET
OBITH TIPEJICTABICH B BUJE IIPOU3BEJICHUS HEIPUBOIUMBIX COMHOMKHUTEICH
€JIMHCTBEHHBIM 00PAa30M C TOYHOCTBIO JIO MEPECTAHOBKU U JIOMHOXKEHUS CO-
MHOXKUTeJIell HA KOHCTAHTHI.

Omnpenenenne 2. Yuciio a Ha3bpIBaeTCss KOPHEM KpamHocmu k MHOIOUIEHA,
f(x), ecm f(z) " (x —a)* u f(x)] (x — a)*. Qucrom xopreti mmozourena
C YUEMOM KPATNHOCIMU HA3BIBAETC CyMMa KPATHOCTEH BCeX ero KopHeii.

3. a) Jlokaxkure, 9TO MHOTOWIEH CTEIEHH N MOXKET HMETh He Gosee n
KOpHeji ¢ yderom kparHocru. 0) Jlokaxkure, 4o eciu MHOrowieHs! f(x)
u ¢() IPUHUMAIOT OJIMHAKOBbBIE 3HAUEHUS B OECKOHEUYHOM YHCJIE TOYEK, TO
OHM DABHBIL.

4. Tlycre f(x) — muorowien ¢ nenbiMu Kodddunuenramu. Jokaxkure,
9TO JIst JIIOOBIX JIBYX Pa3/IMYHBIX IEJbIX duces a u b Bepro, arto f(b) — f(a)
nennTed Ha b — a.

5. Muorowien P(x) jaer ocraTok 5 IpH JIeJIeHUH HA T — 2 U OCTATOK 7
upu gesnernu Ha © — 3. Kakoit octarok Muorowien P(x) maer npu JeneHun
na (z —2)(x — 3)7?

6. /lan muOorouteH f(x) Takoii, 4o MHOrOWIeH f(x™) mesuTcst Ha MHOTO-
wien © — 1. Jlokazkure, aro MHOrOowIeH f(x) Tak:Ke JETUTCH HA MHOTOYJICH
r— 1.

7. Ilycte f(z) m g(z) — B3aMMHO IPOCTBIE MHOTOYJIEHBI, BCE KO-
buImeHTH KOTOPBIX — Iesble unciaa. JokaxKuTe, 9TO CYIIECTByeT HATY-
pasbHoe M Takoe, 9UTO JJIS BCEX HATYPAJbHBIX 1 CIPABEJINBO HEPABEH-
creo (f(n),g(n)) < M.



Buyrpennwnit matooit. 07.07.2011

1. Kaxmas geranb koHcTpykropa “HOHbI masibiuk’ — 9T0 CKOOKa B
Buje OykBbI “II”) cocrosdimas U3 Tpex eJIMHUYIHBIX OTpe3KoB. MoxHo n u3
JieTajieii 3TOro KOHCTPYKTOpa CIagTh IOJIHBINA ITPOBOJIOYHBIN KapKac Kyba
2 X 2 X 2, pasburoro Ha Kybukn 1 x 1 x 1?7 (Kapkac cocrour u3 27 Touex,
COEJIMHEHHBIX €JIMHUYHBIMU OTPE3KAMU; JII0ObIE JIBE COCETHUE TOUKH JIOJIZKHBI
ObITH COEJIMHEHBI POBHO OJHUM ITPOBOJIOYHBIM OTPE3KOM. )

2. CymectByer i apudmerndeckas rnporpeccus n3 2011 wienos, Takas,
YTO KaKJbI ee YJIeH fABJIAeTCA TOYHOM CTEICHbBIO HATYPaJIbHOI'O 4YUCA C
HATypPaJbHBIM ITOKa3aTeseM, 60abmuM 1.

3. Kaémkoii KIeTdaroro npsMoyrojabHuKa (o CTOpOHAMU, HEe MEHbIIH-
MU JIByX) HA30BEM IOJIOCY MIUPUHBI 1, MJIYIYIO 10 KPAIO MPAMOYTOJbHUKA.
(IIpsimoyrosibHEK 2 X n siBiIsieTcss W cBoeil KaéMKkoit). MoXKHO Jin KBajpar
2001 x 2001 MOKPBITH MO JIMHUSIM CETKH KaéMKaMU B HECKOJBKO CJIOEB (T. e.
HaJ1 KaxKJI0fl KJIeTKON KBajipara JOJZKHO ObITh MMOPOBHY KJIETOK KaéMOK)?

4. B xnacce ygyarcs n MaJBIUKOB U N JIeBOUYeK. KaxKIplit MAJIBINK cocTa-
BUJI PEHTHHI JIEBOYEK B MOPsIKe yObIBAHUS: KaKas HPABUTCI eMy OOJIblie
BCEro, Kakas Ha BTOPOM MeCTe U T.J. (HHKaKue JBe JIEBOYKH He HPaBATCH
HUKAKOMY MaJIbdUKy B OJMHaKOBOi crerenn). Ha genb cBaroro BasienTtuna
KayKJIOMy MAJIbIUKY Togapuin o JeBouke. OOcyxKias morydeHnble mogap-
KU, MAJbYUKN 3aMETUJIU, UTO IIPH JIOOOM JIPYIOM PACIpE/IeSIEHUN JIEBOYEK
XOTsl ObI OJIHOMY U3 HUX JIOCTAJaCh Obl MEHbIIIe HPABAIMIAACT €My JI€BOYKA.
Jlokaxkute, 9T0 X0Ts OBl OJUH U3 MAJIBIUKOB MOJIYIWI TY JEBOUKY, KOTOPAas
HpaBUJIaCh €My OOJIbIIIe BCEro.

3amMmeHeHa Ha:

4’. B crpane FOpaananu HEKOTOpBIE IOPOJIa COEJIUHEHbI Joporamu (He
HPOXOJSAIIUMU Yepe3 Jpyrue ropoja), IpudeM u3 Jioboro ropojia MOXKHO
JI006paThes 0 JIF0O0ro Apyroro. B omumH HecYacTHBIN J1€Hb 3J100HOE ILIeMsI
cyOUINKOB 3aXBaTU/IO HEKOTOPBIH ropoi. KaskIbIil c/ieIyIonunii 1eHb CyOunKu
JIN0O 3aXBATBHIBAJU TOPOJI, COCEJIHUI C OJIHUM M3 3aXBAYEHHDLIX, JTUOO OCBO-
OOXK A 3aXBavdeHHBII TOPOJI, BCE COCE/IHME C KOTOPBIM 3axBadeHbl. [Ipm
9TOM HUKAKOI ropoj| He 3aXBaThIBaIM 0OJIbIlle OJHOrO pasa. Jlokaxkure, 4To
€CJIU CyOUMKH y2Ke HUYIEro He MOTYT 3aXBATUTDb, TO U3 JIIOOBIX JIBYX COCETHUX
TOPOJIOB XOTs ObI OJIUH 3aXBaveH.

5. Uz Toukn A K JaHHOI OKPy:KHOCTH S MPOBEJEHBI KacaTeabubie AB
n AC'. Ha cpenneit imann Tpeyroiabanka ABC, mapaJutenbroit cropone BC,
BBIOpaHbI Mpon3BoJibHbIE TOYKM X U Y. OTpe3kn KacaTeIbHbIX U3 TOYEK



X nuY x S nepecekymmch B Touke Z. JlokaxkuTe, UTO YETHIPEXYTOJIHLHUK
AXZY — onucaHHblii.

6. Harypambable uncia Takoswl, ato m? + n? +m - mn. Jlokaxure, 910
YUCIIO M SIBJIAE€TCS TOYHBIM KBaJPATOM.

7. JlaHbl IOJIOXKUTEIbHBIE Yuc/ia a, b, ¢ u d Takue, 910 ac = bd. [lokakure
HEPABEHCTBO

(a+b)(b+c)(c+d)(d+a)
v abed

8. B ocTpoyronbaom Tpeyroiabanke ABC cropona AC' > BC,a CD, AP
u B(Q) — BeicoThl. [Iycth R — TouKa mepecedenns: npsaMbix PQ u AB. Jloka-
JKUATE, UTO OIUCAHHBIE OKPYZKHOCTH TpeyroabHuKoB C'PQ) n RD() KacatoTcs.

>4(a+c)(b+d).

l'amuabToHOBBI ITyTH 1 MUKJIbL. 09.07.2011

Onpenenenue 1. MuoxkectBa BepmuH u pebep rpacda G obo3HATAIOTCH
V(G) u E(G) coorBercrBerno. Crenenb Beprmabl v rpada G obo3HaTaeTCs
dg(v). Hanmenbinas u3 creneneii Bepumna rpada G obosnadaercs 6(G).

Onpenenenue 2. [Ipocmovim nymem B rpade HA3BIBAETC IIYTh, HE UMEO-
il caMollepecedeHii 10 BepIInHaM (To €CTh HUKaKasl BepIlHa He BCTPe-
qaercsi B HEM JIBazK/bl). AHAJTOTUIHO, NPOCMbIM YUKAOM HA3BIBAETCS TUKII,
HE UMEIOIINI caMOIepeceYeHnd 110 BEPIINHAM.

Jlaunoti mytu (IUKJIa) HA3BIBAETCST KOJIMIECTBO €ro pebep.

1. [Tycrs 0(G) > 2. Jlokaxkure, uro  a) B rpade G ecTh MIPOCTOi My Th
JyHbl X0 661 0(G);  6) B rpade G ecTb MPOCTOl MUK JJIMHBL XOTS ObI
(G) + 1.

2. Jlan rpad G rakoit, uro e¢(G) > t - v(G), t € N (uepe3 v(G) u e(G)
0603HAYEHBI KOJIMIeCTBO BepiinH 1 pebep rpada G COOTBETCTBEHHO).

a) dokaxkure, 9o cymecrByer Takoil noarpad H rpada G, aro 6(H) >
t+ 1.

6) dokaxwure, uto B rpade G ecTb MpocToil My Th JTMHBI XOTst Obl ¢ + 1 1
POCTOM IMUKJI JIJIMHBI XOTs ObI £ + 2.

3. Ilyctb n > 2, vy...v, — MaKCUMaJbHBII IpOCTOil myTh B rpade G,
npudeM dg(v1) + dg(v,) > n. Jokaxkure, aro B rpade ecTb MpOCTON KT
JUTAHBL 7.
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Onpenenenue 3. [aMusbMOHOEbILM NYMEM HA3BIBAETCS Iy Th, TPOXO IS
110 KaxkJI0il Bepiune rpada poBHO OJUH pas. [ aMusbMOHOEHM UUKAOM Ha-
3BIBAETCS ITUKJI, TIPOXOJIAIINI 110 KarK 10l BepinHe rpada poBHO OJIUH pa3.

4. (Teopema Ope.) B rpade n Bepumn.  a) Cymma creneneii 066X
JIByX HECMEKHBIX BEPIUH 00JIbINe 0o paBHa n — 1. JlokaxKure, 9T0 B 3TOM
rpade ecTh raMuJIBTOHOB IMyTh.  6) CyMMa cTerneneii JIIoObIX JBYX HECMEK-
HBIX BepIIuH OoJibllle Jaub0 paBHa n. Jlokaxkure, uTo B 5TOM rpade ecTb
raMUJIBTOHOB TTUKJI.

5. (Teopema dupaka.) B rpacde N Beprmun. Jlokaxkure, 4to  a) ecyiu
CTEIIEHU BCEX BEPIINH HE MEHbIIe T_l, TO B JIAHHOM rpade CyIecTByeT ra-
MIJIBTOHOB IIyTh;  0) €CJIN CTENeHN BCeX BEPIINH He MeHbIIIe %, TO B JIJAHHOM
rpade CymecTByeT raMIJIbTOHOB UK.

6. [Iycts ab € E(G), dg(a) + dg(b) > v(G), a B rpade G + ab (r.e. rpa-
e, ormmuatomemest or G mobassierremM pebpa ab) ecTb raMHJIBTOHOB UK.
Jlokaxkure, aTo B rpade G TakzKe €CThb FraMUJIbTOHOB K.

7. (Teopema XBarasa.)

a) Ilycte dy < dy < ... < d,, — crenern Bepmnn rpada G, npuaém
st gioboro @ € {1,...,n — 1} BbInONHSETCS HEepaBeHCTBO d; + d,_; > n.
Jokaxkute, uro B rpade G ecTb raMuJIbTOHOB UK.

6) Ilycts dy < dy < ... < d, — crenenu Bepuun rpada G, TpuIéM st
maoboro ¢ € {1,...,n — 1} BbmosHsieTcs HepaBeHCTBO d; + d,—; > n — 1.
Jokaxkute, aro B rpade G ecTh raMUIBTOHOB Ty Th.

BekTopsl. OcHoBHbIe TIoHsiTHgA. 09.07.2011

Onpenenenue 1. Ilycts k u ¢ — gBa jtyda, ¢ HagagoMm B Toukax K u L coor-
BeTcTBeHHO. JIyau k u ¢ Ha3BIBAIOTCS COHANPABAEHHBLMU, €CTTU BBIIOJIHSIETCS
OJTHO U3 CJEIYIONUX JIBYX YCJIOBUMA.

e Jlyuu k u (¢ nexar Ha (pasjaudYHBIX) HapaJUICIbHBIX MPSIMBIX M HAXO-
JIITCsT B OJTHOM TIOJIYILJIOCKOCTH OTHOCHUTEJILHO TIpsiMoii K L.

o Jlyuu k u ¢ ytezkat Ha OJHON IPSIMOI U OJUH U3 STUX JIyUell COJEePXKUTCS
B JIDYTOM (TO €CTh BCE TOYKH OJIHOTO U3 JIyUeil IIPUHAJJIEXKAT JIPYTOMY ).

TeopeMa 1. OOHCanGG/LGHHOCmb /Ly%@ﬁ ABAACTNCA OTMHOWEHUEM IKEUBA-
AEHMHOCTU.
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Onpenenenue 2. Hanpasaernvim ompesrkom Ha3bIBAETCS YIIOPSI0IEHHA
mmapa Todek Ha IIockocTu. HalpaBiieHHBIIH OTpe30K ¢ HadaaoM B ToOUke A u
KOHITOM B Touke B o6osnauaercs AB nim AB . Hauaso u KoHer Halpas/ieH-
HOT'O OTPE3Ka MOT'YT COBIIAJIATh.

Onpenenenune 3. Hamnpasiiennbie orpe3ku AB u C'D Ha3bIBAIOTCS 9K6UGA-
aewmuvimu, ecmn |[AB| = |CD| u nyan [AB) u [CD) conanpasiensl. Ha-
[paBJIEHHbIC OTPE3KN HYJIECBOI JIJIMHBI BCETJA CIUTAIOTCS COHAIIPABICHHBIM.

YrBepxkaeane. Fcau mouku A, B, C', D ne aestcam wa 00Hot npamot, mo
nanpaeaernsie ompeaxu AB u C'D sxsusasenmms mozda u mosvko moeda,
Koeda wemuiperyzorvruk ABDC A6AAEMCA NAPAAIENOZPAMMOM (UMEHHO C
maxum nopadkom eepuiun!).

TeopeMa 2. Dxsusansenmmocms HaANPasAEHHT 0MPE3IKOE ABAACTINCA ONNMHO-
WeHUEM IKBUBANEHTIVHOCTNU.

Omnpenenenne 4. Kiacchl 3KBUBaJI€HTHOCTH HAIIPABJIEHHBIX OTPE3KOB Ha-
3pIBarOTCA sexmopamu. CiaoBocoderanue “BekTop AB” o3HaYaeT KIacc SKBU-
BaJICHTHOCTH, COJIEprKaIlil HallpaBIeHHbIH 0Tpe3oK AB.

3ameuaHmne. BekTop MOXKHO OTJIOXKUTH OT JII000# TOUKH ILJIOCKOCTH, TO €CTh
€CJIN JIaHbl BeKTOP U 1 TouKa (), TO HalijileTcs e IMHCTBeHHAas TOUKa P, Takasd,
gyro OP = .

Omnpenenenne 5. Bekropst AB u C'D Ha3bIBAIOTCS COHANPAEAEHHBIMU, €C-
s conanpasyenst jgyun [AB) u [CD). Bekropst AB u CD masbBaioTcs
NPOMUBONOAOAHCHO HANPABAEHNbLMU, ecar ayan [AB) u [C'D) mapasebHbl
(nm J1eKaT Ha OJJHON IPSAMOIi), HO HE COHAIIPABJIEHBI. BeKTODHI AB u CD
HA3BIBAIOTCS KOAAUHEAPHbLMU, €CJIN OHU JTNOO COHAIIPABJIEHBI, JIMOO IPOTUBO-
HOJIO?KHO HAIIPABJICHDI.

YrBepxkaeuue. [lycmv @ u b — dsa nexoaruneapnoir eexmopa. Tozda
A10001 6EKMOP € MOHCHO €IUHCMBEHHbLM 00pa3om npedcmasums 6 eude
¢ =wua + vb, 2de u,v € R.

%
Omnpenenenne 6. [lapa HeKoLITMHeapHbIX BeKTOPoB (@, b ) HasbIBaeTca 6a-
_>

8UCOM, & TIpelICTaBIeH1e T =ud+vb — pazrosiceruem BeKTOpa € no

basucy (@, ).
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1. Jlokaxkure, ut0  a) Touka X NPHHAIEKUT mpsamoit AB rTorma u
TOJIBKO TOTJIa, KOTJIA CYIIEeCTBYET TaKoe t, 9To Jjist Jito0oit Touku O IIOCKOCTH
OX =t-OA+(1—t)-OB; 6) Touka X puHAIKAT 0Tpe3Ky AB Toraa n
TOJIBKO TOTJIA, KOTJla cyiecTByeT Takoe t, 0 < t < 1, aro jis joboit Toakn O
mnockoetn OX =t-OA+ (1 —1t)-OB.

2. JlokaxkuTe, 9TO CyMMa BEKTOPOB, UJIYIIUX U3 [EHTPA [PABUILHOIO
N-yroJIbHUKa B €ro BepIINHLL, pasHa (.

3. Cropowns! Tpeyrobanka A BC' mapaJuie/ibHbl MeIHaHaM TPEYTOJTbHUKA
DEF'. JlokaxXuTe, 9T0O CTOPOHBI TpeyrojbHuka DEF nmapaJsienbabl MeIna-
Ham Tpeyrosibauka ABC.

4. Ilycre M, N, P, Q — cepemunnl cropon AB, BC', CD u DFE BbI-
nykJoro nsruyroibauka ABCDE; F — cepequna M P, G — cepeauna N Q).
Jokaxxute, aro orpe3ok F'G mapasiesnen orpe3ky AE u umeer BUeTBEpO
MEHBIIYIO JINHY &) C IIOMOIIBIO BEKTOPOB;  6) 6e3 MOMOIIM BEKTOPOB.

5. Ha npsawmoit jgexxkut 2011 Touek My, ..., Moyy,. Brae npsimoit nana To4d-
ka F'. Moxno yimm na orpeskax F'M,..., F'Msy; pacctaBuUTh CTpPEJIKH TakK,
9TOOBI CyMMa BCEeX TIOJTyUeHHLIX BEKTOPOB Oblaa pasHa 07

6. Jlaubl n BEKTOpPOB ¢ HEHyJeBOl cymmoii. /IBa urpoka 1mo ouepen BbI-
ouparoT cebe 10 OJTHOMY BEKTOPY M3 3TOro nabopa. BuiurpoiBaer Urpok, y
KOTOPOTO B KOHIIE UTPBI MOJLYJIb CYMMbBI BLIODAHHBIX BEKTOPOB OyJIeT OOJIbIIIE.
Kro BhmrpbiBaeT npu npaBuIbHON UIDE: HAYMHAIONIUN WU €r0 CONEPHUK !

7. Ha oxpyxuoctun pajmyca 1 c¢ nenrpom O pano 2n + 1 Touek
Py, ... Py,yq, JTEXKAMMUX 10 OJHY CTOPOHY OT HeKoToporo juamerpa. Jloka-
JKHUTE, 9TO ‘O_Pl + ...+ OPQHH‘ > 1.

Mmuoro4dsaenbl. Teopema Buera u nmpoyee. 10.07.2011

Teopema (®@. Buer). ITycmv mmozousen a,z™ + ap 12" 1 + ... 4+ a1 +
ag UMEem PoeHo N KOPHET € Y4emom Kpammocmu — Tq,Ta,...,T,. loz2da
BHINONHANOMCA CALOYIOULUE COOMMHOULEHUA

An—
I1+Q?2++Q}n = —Z—nl
An—
T1To + 2123+ ...+ X1y, = an
r1Ty. ..k, = (—1)"oe,

OHpe,Z[eJIeHI/Ie. MpuoroaieHn or n HHEPEMEHHDbIX HA3bIBACTCA CUMMEMPUYE-
CKUM, €CJIX OH HE€ U3MEHACTCA IIPU IIEepEeCTaHOBKE IIEPEMEHHDIX.
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Ocho6HbIMYU CUMMETPUIECKAMEI MHOTOUJIEHAMU HA3BIBAIOTCS MHOTO'JIE-
HBI BUIQ

op(x1, 9, ..., xy) = E Tiy iy - - - Ti .
1<i1<i2<... <1 <n

daxkT. J1060t CUMM@mpU%GCKUYj MHO20MAEH 01N TV NEPEMEHHBIL MOHCHO 6bl-
pasumbs 4epe3 0CHOBHDBIE CUMMEMPUHECKUE.

Jloka3biBaTh 9TOT (haKT B 00IIEM BHUJIE MbI 1ToOKa He OyiaeM. Ho jis 60J1b-
IITITHCTBA MHOTOYJIEHOB, KOTOPbIE MOI'YT BCTPETUTLCS BaM Ha IMPAKTUKE MOXK-
HO JIETKO T0/[00paTh COOTBETCTBYIOIIEE BbIPAZKEHUE.

B sTux tepmunax coorHorenus u3 TeopeMbl Bueta MoxkHO niepedopmy-
JIMPOBATH CJIEYIONMM 00pasoM:  ox(Z1, Tg, ..., Ty) = (—1)”‘3‘12—;’c

1. Muorounen 22 + ax + b + 1 ¢ neapiMu Ko3bPUINEHTAMA UMeeT JIBa
HaTyPaIbHBIX KopHd. Jlokazkure, uTo amcio a? + b? — cocTaBHOe.

2. Jlokazkure, 9T0 CyMMa KyOoB Tpex KopHeii ypaphenus z° + pr +q = 0
¢ neJbiMu Ko UImeHTaMu ecThb IeJ10€e YUCII0, JIeJIdIeecs Ha 3.

3. YpasHenue a,x" + anp_12" ! + ... + ax® + a1z + ag = 0 umeer n
Pa3/IMIHBIX BEIeCTBEHHBIX KopHeil. JlokaxkuTe, uto  a) a’ | > %anan,g;
6) ai > %aza@

4. Ilyctb a,b,c € R. Ussecrno, uro abc = 1, a+b+ ¢ = %+ % + %
Jlokazkute, 9TO OJHO U3 YUCET PABHO 1.

5. [lycrs f(z) = apz™ + -+ - + ag — MHOTOWIEH C MeJabIMI Ko3bdurm-
eHrami, a © — Hecokparnmas Apobb Taxas, 4T0 f (75’) = 0. /lokaxkure, 91O
a)p|ag; 6)qlan.

B) okaxwure, uro ecjm MHOrowieH P(x) ¢ neabiMu Koddduimenramu
MMEET PAIMOHaIbHbII Kopenb zo = £, 10 P(z) = (qz — p)Q(x), rae Q(z) —
MHOTOYJIEH C TEJIBIMI KO3(DUImenTaMu.

6. Jdan muorounen P(x) € R[x] HenymeBoil creneHu ¢ HOJOKUATENb-
HBIM cTapiuM KodddunnenToM. Jlokazkure, 94TO 3TOT MHOIOUIEH IIPUHU-
MaeT CKOJIb YIOJHO GoJibIine 3Havenus (T.e. jyist jioboro M € R cyrmecrsyer
takoe x € R, aro P(x) > M).

7. Ilyctb x9, 21, ...,2, — PA3JIUYIHbIE BEIIECTBEHHBIE YUCIIA.

a) JlokaxkuTe, 9TO CyIIECTBYET €JIMHCTBEHHBII MHOTOUIEH TaKO! f TakKoi,
aro f(zo) =1, f(x1) =... = f(z,) =0mdeg f <n.

6) Ilycrb yo, Y1, - - -, Yn € R. JloKazkure, 9T0 CyIECTBYeT €MHCTBEHHBIN
MHOrOouIeH [ Takoit, uto f(zo) = yo, f(z1) =11, ... f(zn) = yp u deg f < n.
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Onpenenenune. [locTpoenne MHOroOYIEHA, TPUHUMAIOIIETO B JAHHBIX TOY-
KaX JIaHHble 3HaYEHUsd, HA3BIBACTCH UHMEPNOAAUUET, 8 CAM MHOTOYIEH —
UHMEPNOAAUUOHHBIM MHOLOYAEHOM.

HepaBencTBa o cpeaguux u metos Illrypma. 10.07.2011

1. (HepaBeHcTBO O cpegHeM apudMeTUYECKOM U CPEIHEM Treo-
MeTPUIEeCKOM.) [[Jist IPOU3BOJIBHBIX MMOJIOKUTEBHBIX TUCET A1, . . . , Gy BbI-
IIOJIHAETCA HEPaBECHCTBO

CL1—|—CL2+"'+CLn
n

> Majas . .. ay.

a) JlokaknTe, 9TO €CJIM HEPABEHCTBO O CPEJIHUX BBIIOIHSIETCA ISt K u-
CeJ1, TO OHO BBIIOJIHAETCA U Jyist 2k aucen.  6) JlokaxKkure, 9T0 eC/Ii HepaBeH-
CTBO O CPeJHUX BBIIOJIHAETCA I Kk IHcesl, TO OHO BBIIOJIHAeTCA U Jjid k — 1
JHCTIA.

2. a) Ilycte a > b > ¢ > d > 0. sBectHo, uT0 0+ d = b+ ¢. Hro Gosbie:
ad nmu be?

6) dokaskure HEPABEHCTBO O CpefHEM apubMETHYECKOM U CPEIHEM reo-
METPUYECKOM IIPU IIOMOIIY IIYHKTa a) 9TOoi 3afadu (Takoil crocob gokasa-
TEJILCTBA HEPABEHCTB HasbiBaeTcss MerogoM IIlTypma).

3. a) (HepaBeHCcTBO O cpefHeM reOMeTPUYECKOM U CPEeJHEM rap-
MOHHMYeCKOM.) JlokazKure, 4TO JjIsl IPOU3BOJIBHBIX MOIOKUTEIBHBIX HUCel
i, ..., Gy BBIIOJHAETCA HEPABEHCTBO

n

Yaias . ..y > .
S 1

o +a2+"'+an
6) (HepaBencrBo o cpegueM apudMeTHIECKOM U CPeJIHEM KBAaJ-
patudHOM.) JloKaykure, YTO JJIsi MPOM3BOJBHBIX BEIIECTBEHHBIX YHCE

ai, ..., 0, BBIIOJHSIETCS HEPABEHCTBO

a1+a2+...+an<\/a%+a§+...+ai

n n

4. JIns TMOIOKUTETbHBIX YUCET @ U b JIOKasKUTE HEPABEHCTBO:  2+/a +

3vb > 5v/ab.
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5. JlokazkuTte, 9TO TP JIIOOBIX TOJIOXKUTEIBHBIX X1, L9, . . ., Ly C CYMMON 1
BBITTOJTHEHO HEPABEHCTBO

(1—a1)(1 —x9)...(1 — )

> (n—1)".
T1T9...Tp
6. lokaxkure, 4TO JIJIsi JIIOOBIX IMOJIOYKUTEJILHBIX UHUCET A1, 02, . .., 0, C
cymMMoii S BBITIOJTHEHO HEPABEHCTBO
S 52 S
(I+a)(14a)...14a,) <14+—=+—+...+ —.
12! n!
7. llyctb 214 ... 42, = %, a BCe T; — HeoTpHUIaTeabHbl. Jlokaxkure, 4T0
1—21 1—29 1—xn>1
1+2 142y 142, 3

8. Jlokazkure, 4TO TPH MOJOKUTETHHOM & U IIPOM3BOJIBHBIX Y, Z BEPHO
nepasenctso  210(x 4+ % + 247 > 77 (zy2)L.

CkangpHoe npousBeaeHne BekTopon. 10.07.2011

Omnpenenenne. Ckaraprovim npoudsedenuem TBYX HEHYJIEBBIX BEKTOPOB U
W T HasblBaeTca uciIo |u| - |v| - cos(T, D). B cayuae, ecam xoTst 6bI OMH 13
BEKTOPOB U WM U paseH (), UX CKaJIAPHOE IPOU3BE/IeHIe TAaK:Ke CUUTACTCH
pasabiM (. CrajsgpHOEe TPOU3BE/IEHNE BEKTOPOB U U U 0bo3Ha4daeTcst (U, )

Win u - v.

1. [Iyist mpousBosbHBIX TOUEK pocTpancTBa A, B, C'u D nokazars dop-
myny AB-CD+ BC-AD+ CA-BD =0.

2. Ha croponax mapaJuiesiorpaMMa BO BHEIIHIOIO CTOPOHY IOCTPOEHBI
KBaIpaThl. JlIoKaXKuTe, 9To UX IEHTPHI 00Pa3yIOT KBaJIpar.

3. IIycts O — nentp onmcannoit okpyxkuoctu, H — opronentp u M —
TOYKa Iepecedenns Meauan Tpeyroibauka ABC.  a) dokaskure, uto OH =
OA+ OB+ OC. 6) Boseaure us sroro, uro Touku M, H, O nexar na
ofHO mpsimoit (npamas Disepa), npuaem MH = 20M. B) dokaxwure,
aro OH? = 9R? — (a® + b + ¢2).

4. a) Jlannl 1Ba BekTOpa @ u b ¢ KoopaumHaTamu (1,y1) 1 (Za,%2) COOT-
BeTcTBeHHO. JIoKaxKuTe, 9To @ - b = 129 + Y19a.
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6) Ha xoopaunaTHoil miockocTu JiaH napasenorpamm ABCD. Ussect-
HO, uT0 Bepiuaa A nmeet koopauuatsl (0, 0), Bepiuaa B — (21, ¥ ) 1 BepIIu-
Ha D — (z9,ys). Jokaxkure, uro miomap mapastensorpamva ABC D pasha
|1U1y2 - $2y1‘-

5. Jlokaxkure, 9r0 &) CyMMa KBaJIpATOB JIMArOHAJIEN TapasiieiorpaM-
Ma paBHa CyMMe KBaJIpaTOB BCEX €ro CTOPOH;  0) cyMMa KBaJIpaTOB CTOPOH
[IPOM3BOJILHOTO YETHIPEXYTOJIbHUKA HE MEHBIE, YeM CyMMa KBaJPAaTOB €ro
JIMaroHaJIel, TpuIeM PaBEHCTBO JOCTUTAETCS TOJBKO B CIydae MMapaJiie/io-
rpaMMa.

6. Bemecreennble uncaa a, b, ¢ u d TakoBel, uto @’ + b2 =1, 2 +d> =1
u ac + bd = 0. Haitoure ab + cd.

7. llyctsb v, B,y — yribl Tpeyrojibauka. Jlokaxkure HEpABEHCTBO COS (v +
cos B+ cosy < 2.

ITpeobpazoBanus nyiockoctu. 11.07.2011

Omnpenenenne 1. [Ipeobpaszosaruem niockocmu Ha3bIBAETCsI OMEKIINST MHO-
JKeCTBa TOYEK ILJIOCKOCTH Ha ceOsd.

Onpegenenne 2. IIpeobpasoBanne mmockocT F' Ha3bIBaeTCS J6UNCEHUEM,
eCIM OHO COXPAaHseT PACCTOsIHUs (TO €CTh JiIs JIOOLIX JABYX Touek A u B

|F(A)F(B)| = |AB).

Omnpenenenne 3. IIpeobpazoBanue 1mockocT F' Ha3bIBaeTcss npeobpasosa-
Huem nodobus, eciau cymectByeT takoe k > (0, 9To jiisd JIIOOBIX JIBYX TOYEK

AuB |F(A)F(B)| = k|AB|.

1. Jlokaxkure, 9TO JBUXKEHHE [EPEBOJUT  a) OTPE30K B OTPE30K;
6) IPSAMYIO B IIPSIMYIO.

B) [lokaxkure, uro mpeobpazoBaHue 1M0og00ust 00/1a/1a€T TeMU YK€ CBOWi-
CTBaMU.

2. Toukn A u B nexkar 110 ofHy cTopoHy oT npsamoii £. IlocrpoiiTe oma-
nyio AC'DB nanMmenbieil JUIMHBI Tak, 9T00bI oTpe3ok C'D Jjiexkay Ha 1ps-
Moit ¢ u jiyinHa ero ObLIa paBHA a.

3. OKpyKHOCTH IIEPECEKAET KKy CTOPOHY TPEYTOJbHUKA B JIBYX TOU-
Kax, OJ[Ha U3 KOTOPBIX IIOKpallleHa B KPacHBbIi, a JApyras — B CHUHUIl IIBET.
JlokaxKuTe, 94TO €C/IU MEePIeHUKY/IAPbl K CTOPOHAM TPEYTOJIbHUKA, BOCCTAB-
JIEHHbIE B CHHUX TOYKaX, IIEPECEKAIOTCs B OHOI TOYKE, TO MEPIIEHINKYJIsIPbI
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K CTOPOHAM TPEYTOJIbHUKA, BOCCTAB/IEHHBIE B KPDACHBIX TOYKAX, TAKXKE Iepe-
CEKAIOTCA B OJIHOI TOYKE.

4. (Touka Toppuuesnsm.) [Tycts T' — Takas TOYKa IIOCKOCTH, 9TO CyM-
Ma PaCCTOSHHII OT Hee JI0 BEPIINH JAHHOIO OCTPOYTOJBHOTO TPEYTOJbHUKA
MUHUMaJbHA. J[oKaXKuTe, 4TO BCe CTOPOHBI TPEYTOJILHUKA BUIHBI U3 Hee IOJT
yriom 120°.

5. PaBubie okpykHOCTH S1 U S9 KACAIOTCS OKPYKHOCTU S BHYTPEHHUM
obpaszom B Toukax Ay u As. [Ipounssosbaas Touka C' OKPYKHOCTH S COEIIHE-
Ha oTpe3KaMu ¢ ToukaMn Ay 1 Ag. DTH OTpe3KN MmepeceKaroT OKPYKHOCTH S
u Sy B Toukax By u By. lokaxure, uro A As || By Bs.

6. (Jlemma Apxumena.) Ilyctrb A u B — dukcupoBaHHbIE TOYKH
okpyzxuoctu S. BreibepeMm omny u3 jyr okpyxkuoctu S ¢ konnamu A u B u
PacCMOTPUM TIPOU3BOJIBHYIO OKPYZKHOCTD, Kacarollyrocst oTpeska AB u BbI-
opannoit myru. O6O3HAYNM TOYKN KacaHus depe3 P u () COOTBETCTBEHHO.
Hoxkazkure, 910 BCe IpsiMble P() mepecekaioTcst B OJHOI TOYKE.

7. B kBajipare co croponoit 1 pacrnosioxkena urypa, pacCTosiHUE MEXKLy
JIIOOBIMU JIByMsl TOUKaMmu KoTopoit e pasuo 0,001. JlokaxkuTe, ITO ILIOMIA/TH
5T0it burypsl He npeBocxomut:  a) 0,34;  6) 0,287,

MHoro4eHbl ¢ 11eJabiMu Ko3dduiimeHraMmm
Y MHOTO4YJIEHBI O mpocTomMy MozayJio. 11.07.2011

Onpepenenne 1. [lycts p € P, @ — BBrver mo momymo p u f(x) — mMHO-
rodvjieH ¢ NeJbIME Kodddurmentamu. Boraer o aBiiseTcs Koprem MHo204.ne-
na f(x) no modymo p, ecm f(a) =0 (mod p).

JIBa MHOrOWIEHA CPAGHUMbBL N0 MOOYAI0 P, €CJIU CPABHUMBI UX KO3(DhU-
[UEHTHI TIPU KazK IO CTEIIeHH .

1. a) Jlokaxkure, 9T0 €cin (v — KOPeHb MHOrOwWIeHa f(x) mo MOLyIo p,
TO

f(z) = (z —a)g(x) (mod p)

JIJTsl HEKOTOPOro MHOTOUJIeHa ¢(x) ¢ nebiMu KoabdurmenTamu.
6) JlokaxKure, 4TO €CU (1, g, ..., — PA3JIUIHBIE KOPHU MHOIOUJIE-
Ha f(z) O MOMYJIIO P, TO

f@)y=(r—a)(x—az)...(x —ag)g(z) (mod p)

JIJTst HEKOTOPOTO MHOTO'WIeHA ¢(x) ¢ TeabiMu KodbhuImenTam.
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B) Jlokaxkure, 4TO MHOIOUJIEH CTEIIEHU N, y KOTOPOro He Bee KO durm-
€HTBI JEJIATCA Ha P, MOXKET UMETh He Oojiee n KOpHeH 110 MOJLYJIIO P.
r) Jlokaxkure, 9T0

P —1=@—-1)(z—-2)...(x—(p—1)) (mod p).

1) BeiBesure U3 npebLIyIux MyHKTOB TeopeMy BuiibcoHa (To ecTb Jio-
Kaxkure, 910 (p — 1)l = —1  (mod p)).

Ounpenesienne 2. Ilycrs f(x) — mMHOrOWIEH ¢ TieabiMu Kodddunmentamu.
Codeporcanuem mvuOrOwIeHa [ Ha3bIBaeTCsd HAUOOJBIINN OOIIUI JI€TUTE/Ib
Becex ero ko dunuenros. Cojepanne MuorowieHa f obosnadaercs c( f).

2. Ilycre f(x) n g(x) — MHOTOWIEHBI ¢ MEJIBIME KO(DMUINEHTAMHE.

a) Jdokaxkure, uro ecim ¢(f) = ¢(g) = 1, To ¢(fg) = 1.

6) (JIemma T'aycca.) Hdokaxwure, aro c(fg) = c(f)c(g).

B) Jlokaxkure, uro muorowieH f(z) ¢ meabiMu KodbUIMEHTaMI HeIIp-
BOAMM HaJl Z, To oH HempuBoauM 1 HaJ Q (T.e. eciu f Heb3s pas3IoKUThH
Ha MHOXKUTEJIU C HEeJbIMEA KO3(hMUIMEHTaMM, TO €r0 HEJIb3sl PA3JIOKUTh U Ha,
MHOYKHUTEJIU ¢ PAIMOHATBHBIMEI KO hUIMEHTAMY).

3. (Kpurepuii ditzenmreiina.) [lycrs Bce koabdurmenTs MHOrOUIE-
Ha f(x) € Z|x], Kpome cTapIiero, KpaTHbl IPOCTOMY JHCILY P, 8 CBOOOHBIN
ujien He KpaTeH p2. Jlokaxure, 9ro MHOrOUIeH f(x) HenpusoauM HaJ Z.

4. Ilycts p € P. Jdokaxkute, uto Muorowren P~ + 2P=2 4+ . .+ 2+ 1
HENpUBOAUM HaJ 7Z.

5. a) Muorowren f(x) € Z[x] HederHoil cTeneHn n IPUHAMAET 3HAUCHUST
+1 B n pasnuIHBIX 1eJIbIX ToYKax. Jokaxkure, uro f(x) Henpusomum B Z[x].

6) Yuurapusiii muorouner f(x) € Z[x] crenenn n IpUHAMAET 3HAYCHUC
—1 B n pasnuuHbIX 1HeJbix ToUKax. Jlokaxkure, uro f(x) menpuBoaum B Z[x].
(MHOro4/IeH Ha3bIBAETCS YHUMAPHVLM, €CJTH €ro cTapiiuil kosddurment pa-
BeH 1.)

IlepecranoBku. 11.07.2011

1. Ha mo/TKoBOM TIJIaIly HApUCOBaH MPAMOYTOJIBHUK 1 X 7, pa30uThwril Ha 7
KBaJpaToB. B KBajgparax HalMcaHbl 9UCaa OT 1 10 7, HO He 00s13aTeIbHO 110
nopsisiky. CrapIiinHa BBICTPOUJI CEMEPBIX COJIJIAT B IIEPEHry TaK, YTO KaK-
JibIit crouT B cBoeM kBajpare. [lo komanse “IlepecraBbest!” Kaykpiit coaar
[IEPEXOJ/IUT U3 CBOErO KBaJipaTa B k-bIil cjeBa, rje k — 9uUC/I0, HAIIMCAHHOE
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B KBaJpaTe, rje cTOUT cosiar. Jlokaxkure, aro He OoJjblie, dyeM depe3 12
KOMaH/ Ha4a/IbHOE PACIIOJIOZKEHUE COJIIAT TTOBTOPUTCH.

Onpepenenne 1. [lepecmanoskoti koneanoro MmHokecTBa {1,2,...,n} Ha-
3bIBAETCsI OMEKTHUBHOE OTOOParKeHne g ITOr0 MHOXKeCTBa, Ha ceOs.

YrBepxkaenue. Jobas nepecmanosra pa3zdbusaemcs 1o HENEPECEraIOUUECH
UUKADL.

Onpenenenune 2. Hnsepcueti HA30BEM TaKyIO apy WHIEKCOB %, j, UTO i < j
uo(i) > o(j).

[TepecranoBka Ha3bIBAETCS 4emHol (COOTBETCTBEHHO HewemHol), eCiin
IUCJIO WHBEPCUil B HEll 9eTHO (COOTBETCTBEHHOI'O HEYETHO).

Onpenenenune 3. Tparcnosuyueti HA3BLIBAETCS MEPECTAHOBKA, MEHSIOIIA
JBa, JIEMEHTa MECTaMH.

Tpancriozunum, MeEHIONIE MECTAMU JIBa COCETHUX JIEMEHTA, HA3hIBAIOT-
Co INEMEHMAPHDLMU.

2. JlokaxkuTte, 4TO JIFOOYIO IIEPECTAHOBKY MOKHO IIOJIYUIUThH TOCJIEI0Ba~
TeJIbHBIM BBIIIOJTHEHHEM &) TPAHCIO3UIMA;  6) 9JIeMEeHTAPHBIX TPAHCIIO-
340007078

3. a) Jlokaxkure, 9T0 pH OO0 TPAHCIOZUINH Y€THOCTH IEPECTAHOBKH
MEHSIETCS.

6) Haiizure w1mcsio 4eTHBIX MepecTaHOBOK MHOXKECTBA U3 M-3JIEMEHTOB.

4. a) Jlokaxkure, 9T0 IPU KOMIIO3UIMA JIBYX [EPECTAHOBOK UX YE€THOCTHU
CKJIaIBIBAIOTCAH.

6) Yemy paBHa Y€THOCTDH HUKJIA JIJTUHBI 17

5. IlpuaymaiiTe JiBe mepecTaHOBKH, TAKHE, YTO UX KOMIIO3UIIUSMU MOYKHO
MIOJIYIUTh JIIOOYIO ITePeCTaHOBKY.

6. B roposie N pasperrieHbr T01bKO TpoiiHbIe 0OMEHbBI KBapTUP (110 IUKITY ).
OHazKIbI BBISICHIIOCH, UTO ropoxkane /luaep m Bpokep XoTar moMeHsIThCs
CBOMMHU KBapTHPaMU, & BCE OCTAJIbLHBIE YKUTEU IPH ITOM HE XOTAT HUKY/IA
nepees3:kaTh. JloKaxKuTe, 9TO 9TOT IJIAH HEBBIIIOJIHUIM.

7. B pecropane ecTh n [OHOIIEH, N JEBYIIEK M 7 CTOJOB. 3a KarK/IbIM
CTOJIOM CHJISIT OJUH IOHOIIIA U OJIHA JieByIKa. Ha KaxK10M cToJjie HalllicaHo, 3a
KaKoil HOMep CTOJIa JOJI2KEeH IepececTb CHUJISIINI 38 HUM FOHOIIIA 1 3a KaKoil
CTOJI CHJIAINAs 3a HUM JieByHiKa. Kakjple jJecsaTh MUHYT BCE IOCETHTE/IN
pecTopaHa MepecaKuBaloTCsl B COOTBETCTBUU ¢ HOMEpaMU, YKa3aHHBIMU Ha
ux crojax. [Ipn Kakux n MOXKHO TaK HAIMCATh YMUCJIa HA CTOJIAX, UTO B UTOIe
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KaKJIbIil I0OHOIIa IMOCUJUT C KaXKJON AEeBYIIKON M KaxKJIbIi U3 IPUIIEIIITNX
IIOCHIUT 38 KaXKJIbIM CTOJIOM?

8. B Oubimoreke n KypHaJoB pa3MmelieHbl Ha k moJskax. Ha kakmoii
IIOJIKE TIEPBBIN KYpHAaJI OBbLT MEpecTaB/ieH 3a IOCJEIHUI KypHAJ ITOH ke
oJIku. bubmorekapb 3a OJIHY OIEPAIUI0 MEHIET MeCTaMU JIBa IIPOU3BOJIb-
HBIX 2KypHaJia (BO3MOXKHO Ha Pa3HBIX MOJIKax). Jlokaxkure, 910 HaMMEHbIIIEe
YHCJI0 OIlepaluii, KoTopoe moTpedyercs OndbInoTeKapio, /i pacCTAaHOBKH B
UCXO/THOM TIOPSJIKE paBHO 1 — k.

IIpeobpazoBaHusa MJIOCKOCTU: CBsi3b ¢ BeKTopamu. 12.07.2011

1. Ilycts F' — npowusBosibHOE IpeobpasoBaHue Mo 00ust (BOSMOXKHO, sB-
JIAIOTIeeCsT JBUKEHNEM, T. e. KodhUIMeHT mogobust MoKeT ObITh paBeH 1).

a) dokaxure, aro eciu AB = CD, to F(A)F(B) = F(C)F(D).

Ucxogist u3 yTBEPKI€HUsT TIYHKTa &) Mbl MOYKEM OJ[HO3HAYHO OTIPEJIEJIUTh
06pa3 MpoM3BOJLHOIO BEKTOpa U 1 0603HAYUTh ero F'(T).

6) Jlokaxkure, 4ro jyisi JIIOOBIX BEKTOPOB U U U U 4ucia k € R BepHbI
pasencrBa F(u+v) = F(u) + F(v) n F(ku) = kF(u).

Onpegesienne. PaccMoTpuM IPOM3BOJILHBIN BEeKTOp @ U yroJ ¢. Yepes ag,
MBI GyzieM 0603HAYATH BEKTOD, HOJIYUEHHBII U3 BEKTOpPa @ HOBOPOTOM HA

yIoJI .

3ameyanne. Ecoiu AB = CD, B’ — o6pa3 Touku B Ipu MOBOPOTE Ha yTOJ
¢ ¢ earpoM A u D’ — obpa3 Touku D 1pu MOBOPOTE Ha YroJl ¢ C IEHTPOM
C, ro AB’ = C'D’. D10 03Ha4aeT, 4TO IIPU HOBOPOTE BEKTOPA Ha YIOJ { C
JIIOOBIM TIEHTPOM OyJIeT MOIydaThCsd OJUH U TOT YK€ BEKTOP.

2. a) Jlokaxkure, 9TO JIBUKEHUE SBJISIETCS APAJIIEIBHBIM IIEPEHOCOM TO-
IJ1a U TOJILKO TOIJIA, KOIJIa KazKJbIIl BEKTOP OHO NEPEBOJUT B PABHBIA eMy
BEKTOD (T.e. KarK/Iblii HAIIPABJIEHHBIII OTPE30K MEPEBOIUT B SKBUBAJIEHTHBIN
emy). 0) [okaxkure, 9T0 IBUXKEHUE SIBJISIETCsI TIOBOPOTOM Ha yroi ¢ # 0
TOI/Ia U TOJILKO TOIVIA, KOIJIA JIs JII060r0 BEKTOpa @ JIAHHOE JIBHIKEHHE IIe-
PEBOUT €ro B BEKTOD @. B) Jlokaxure, 4To mpeobpasoBaHue MOI00US
SIBJISIETCsT TOMOTeTHel ¢ KoaddurmeHTom k # 1 Torjga u TOJBKO TOIja, KO-
r1a JJ1s JII000OT0 BEKTOpa @ maHHOE IpeoOpa3oBaHme IEPEBOJINT €r0 B BEKTOP
k-a.

3. Jlanb! 1Be nepecekaromuecs npsamble. JlokazknuTe, 9T0 KOMIIO3UIUS OCe-
BBIX CUMMETPUIA OTHOCUTEJILHO 3TUX IIPAMBIX €CTh IIOBOPOT € IIEHTPOM B TOY-

Ke 1epecedeHud IpsAMbIX U Haﬁ,ZLI/ITe YT'oJI 9TOI'0 IIOBOPOTa.
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4. a) Jlokazkure, 9TO KOMIO3UIUS JBYX MOBOPOTOB (MX IEHTPHI HE 005138~
TEJIbHO COBIAJAIOT!), CyMMa YIJIOB KOTOPBIX He KparHa 360°, eCTh MOBOPOT.
Haiimure ero yron u mentp. 6) A urto Oymer, ecjim cymMMa yrjioB Kpat-
Ha 360°7

5. Jlokazkute, 4TO KOMIIO3UIUS JBYX TOMOTETHI (ONSATH YK€, UX IEHTPBI
He 00s13aTeIbHO COBIAAIOT) ¢ Koaddunuentamu ki u ko, tie kiky # 1, aB-
JieTcss romorerueii. Haiiure ee nenTp m koadpdurment. Yro Oyier, ecim
kiko = 17

6. B mpeyrompuuke ABC' nposenennsl mennana C'M u Beicota C'H. Ha
IJIOCKOCTH BbIOpaHa IPOM3BOJIbHAsSI TOYKa P, 4depe3 KOTOPYIO IPOBEJICHBI
npsimble, neprenaukyaspasie CA, CM u CB. Obo3HaunM TOYKHU TEpece-

YeHus TUX npaMbix ¢ upsmoit C'H uepes Ay, M} u By cOOTBETCTBEHHO.
Hoxaxkure, aro A1 M; = By M;.

Pazno6oii-3. 12.07.2011

1. Kaxkplit u3 JIByX paBHOBEJMKUX KBaJipaToB pa3ouT na 100 paBHOBe-
JuKuX vdacreit. Jlokaxkure, 9TO0 MOXKHO CJIOKUTH 9TU KBAJPATHI B CTONKY U
npoTrkHyTh B 100 TOoukax Tak, 4ToObl Kaxkjaad u3 100 gacTteil KaxKjaoro us
KBaIPATOB OBbLIa IPOTKHYTA.

2. Cpesin n BEKTOPOB €CTh JIBa HEKOJJIMHEAPHBIX, HO CYMMa JII0OBIX 1 — 1
U3 HUX KOJITMHeapHa ocraBinemycs. Jlokaxkure, 4T0 cymMMa BCEX 1 BEKTOPOB
pasna 0.

3. /laubl BoceMb BeIeCTBEHHBIX umcen a, b, ¢, d, e, f, g, h. Jlokaxxure, 910
X0oTd Obl OHO W3 IecTu uucen ac + bd, ae + bf, ag + bh, ce + df, cqg + dh,
eg + fh neorpunarTesLHO.

4. a) Onummure Bce nepecTaHoBKE Ha 10 jieMeHTaX U3 KOTOPHIX H3BJIe-
KaeTCst KOPEHb TPEThell cTeleHn (T.e. OHa sIBISETCS TPEThell CTeleHbI0 HEKO-
TOPOii TIepecTaHOBKM);  6) mocunTaiiTe nX KOJIMIECTBO.

5. Bue mapasutesjorpamma ABC' D ormedena Todka P takas, 9ro Touka C'
JexxuT BHyTpu Tpeyroibunka BDP n /PBC = ZPDC'. [lokaxure, 4TO
/CPB=/DPA.

6. B kiybe “Hapoanunie Borarcra’ coctodaTr 15 osMrapxoB, HEKOTOPbIE
13 KOTOPBIX SIBJIAIOTCA MEXKY COOOM JIeJIOBBIMU ITapTHEpAMU. AHAIU3UPYsI
¢unancosbie nuroru 2011 r., CuerHas majgaTa OTMETHIA, 9TO B HAYAJE TOJA
COCTOSIHUE KazKJIOI'0 U3 9UJIEHOB KJIyOa ObLIO He MEHbINe YeTBEPTH CyMMap-
HOI'O COCTOSHHSI BCEX €r0 IMapTHEPOB, a yKe B JeKabpe COCTOSHUE KazKI0ro
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1IeHa Kayba cTaJio MEeHbIIe YeTBEPTH CyMMAapHOI'O COCTOSIHUAS BCEX €ro mapT-
HepoB. Jlokaxkure, 9T0 KTO-TO U3 oJurapxoB 3ases1 B 2011 1. HOBbIE JI€/IOBBIE
KOHTaKTHhI.

7. Jokaxkure, 9TO JIJIsi JTIOOOIO TOJIOKUTEILHOTO YHC/Ia T CIPABEJJIMBO
HepasencTso 22 + 928 < 9219 4 2.

OpuentupoBanHbie rpadbl. 14.07.2011

Onpenenenne 1. Bepuunbl a u b opuentupoBantoro rpada G HazoBeM
ceazannoLmy, ecin B rpade G CyIIECTBYIOT OPHEHTHPOBAHHDBIE IIYTH W3 G
B b u u3 b B a. OpuenTupoBanHbIil rpad HA3BIBAECTCH CUALHO CEA3HIM, €CIIH
JIIOOBIE JIBE €r0 BEPIITHHBI CBI3aHbI.

1. Jlan menoJiablit opuenTupoBanublii rpad G. Ilpu mobasierun Jsrobo-
r0 OPUEHTUPOBAHHOIO pebpa OH CTAHOBUTCH CHJILHO CBA3HBIM (TO €CTh, U3
JIE000#1 BEPINHBI MOSBJISIETCS BO3MOXKHOCTD MONACTH B JIIOOYIO ApyTyio). [o-
KaxkuTe, 9To rpad G daB/IAETCS CUIHHO CBI3HBIM.

2. /lan cusibHO CBSI3HBIN OpHUEHTUPOBaHHBIN Tpad G Ha n BepIIMHAX.

a) B rpade G Mexiy JByMs BepIIHHAMHI MOXKET OBbITh POBEEHO
HECKOJILKO OPUEHTHPOBAHHBIX PEGep. /lokakuTe, UTO B HEM MOXKHO OCTaBUTH
He OoJiee 2n — 2 OPUEHTUPOBAHHBIX PEOED TaK, YTOOBI COXPAHMIACH CUJILHAS
CBSI3HOCTb.

6) B rpacde G mex,ry JIOObIMU JIBYMSI BEPIIHHAMU IIPOBEJIEHO He OoJiee
OJTHOTO OPUEHTHUPOBAHHOTO pedpa. lokakuTe, YTO B HEM MOYKHO OCTaBUTH
He 6osiee 2n — 3 OpUEHTUPOBAHHBIX PEOEP TakK, YTOOBI COXPAHUIACH CUIbHAS
CBSI3HOCTb.

B) s Bcex m > 3 npusegure npumepbl rpadoB, Jjisi KOTOPbIX OIEHKH
U3 MPEJIBILYIIUX IyHKTOB SBJISIIOTCS TOTHBIMH.

Onpenenenue 2. Komnonenmot cuavrol céaznocmu rpada G Ha3bIBaeT-
Csl MAKCHMAJIBHBIN 0 BKJIIOYEHUIO CUJIBHO CBsI3HBIN mojrpad rpada G (To
€CTh TAKOH CUJIbHO CBA3HBIN MOATrpad, YTO HUKAKOM JPYTOil COJIePKAIINil €ro
noarpad He SBJISIETCS CUTBHO CBSI3HBIM).

Sameuanme. Kaxjas BepinHa OPUEHTUPOBAHHOTO rpada MPUHAIEKUT
KaKOM-1100 KOMIIOHEHTE CHUJILHOI CBI3HOCTH (BO3MO>KH0, COCTOLIIEN U3 OM-
HO¥t BepimHbl). OYeBUHO, UTO PA3INIHBIE KOMIIOHEHTBI CUIHHON CBSI3HOCTH
HE MOTYT UMETb OOIIUX BEPIIHH.
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Onpenenenune 3. /s nanHoro opweHTHpoBaHHOTO rpada G ompempeasum
epap Komnonenm cusvnol ceaznocmu C(G) caemyronmm obpasom. Beprin-
HaAMU 9TOro rpada OyayT KOMIIOHEHTHI CHIbHON cBsi3HOCTH rpada G, u u3
KOMIIOHEHTBI A BejieT pebpo B KoMIioHeHTy B, eciu B rpade G ectb pebpo,
BeJIyIllee U3 BEPIIMHBI KOMIIOHEHTHI A B BepIINHY KOMIIOHEHTHI B.

3. Hokaxwure, uto B rpade C(G) HET IUKIOB.

Onpenenenue. [loanwill opuenmuposanmvitl epadh WIn mypHupHull epagp —
9TO OPMEHTUPOBAHHLINA I'pad, B KOTOPOM JIIOOBIE JIBE BEPIIUHBI COEIMHEHBI
POBHO OJITHUM OPUEHTHPOBAHHBIM PEOPOM.

4. a) Jlokaxkure, 9T0 B CHJIBHO CBSI3HOM TYPHUDHOM Tpade CyIIecTByeT
2aMUADMOHOE UUKA (T.e. [AKJI, TTPOXOJAIMAN MO KaKJOH BEPIMWHE POBHO
OJIUH pa3).

6) dokakure, 9TO B CUJIBHO CBSI3HOM TYPHUPHOM rpade ¢ YeThIPbMs U
OoJiee BepIIMHAMU CYIIECTBYeT BEpINUHA, yIajJeHHe KOTOPOil He HapyIllaeT
CUJIBHOI CBA3HOCTHU I'pada.

B) JlokaxkuTe, 4TO TAKMX BEPIINH XOTs OB JIBE.

5. a) (Teopema Mymna.) Ilycts G — cuibHO CBSA3HBIN TYPHUPHBIN rpad,
3 < k < wv(G). Hokaxure, aro jjisi j0boii Bepunbl v € V(G) cyrmecrByer
IIPOCTOM IUKJI JJINHBI k, TIPOXOIANINN depe3 v.

6) Hokaxkure, uro B rpade G cymecrByer xorst 661 v(G) — k + 1 mpocThix
IIUKJIOB JUIMHEL k.

6. /Tan TypuupHsbIii rpad G Ha n BepHIMHAX.

a) Jlokaxkure, aro npu n # 2,3,4,6 B rpade G MOXKHO BLIOPATH BEPIIUHY
TakK, 9TOObI IIPU MU3MEHEHUU HAIPABJIECHUN BCEX CTPEJOK B ITOW BepIIMHE
MOJIYYMJICS CUJIBHO CBSI3HBIN TYPHUPHBIN Tpad.

6) llpu n =2, n =3, n =4 un = 6 HaiiguTe Bce TYpHUPHBIE TPadbI,
JITsT KOTOPBIX 9TO HEBO3MOYKHO.

7. Ilycrs G — typumpusiii rpad na n? + 1 sepmmne. Ero pebpa pac-
KpallleHbl B J[Ba IIBeTa TaK, YTO HET OJIHOIBETHBLIX IUKJOB. /lokaxkure, 9TO
HailJIeTCst OJHOIBETHBIN IIPOCTOM Iy Th, IPOXOAAIINI 110 N pedbpaM.

OpueHTtaius Ha miiockoctu. HanpasiienHnble 1 opueHTUpoBaHHbIe yribl. 14.07.2011

Teopema 1. ITycmo M — mmoorcecmeo scex ynopadoweHHvix mpoex moyex
NAOCKOCTNU, HE NeAHCAUWUT HA 00H0T npamot. Toeda muoocecmseo M moorcHo
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npedcmasums 6 sude 00sedunenus 08YT HENEePeceraoUUTCA NOOMHOHCECNE
My u Ms, obaadarouus ciedyrowumu c80UCMEAMU:

1) mpotixu (A, B,C) u (A, B, D) npunadaescam 00nomy noommoscecmay
moezda u moavko moezda, xozda mouku C' u D aesrcam 6 00noti nosynasocKo-
CMU OMHOCUMEALHO NPAMOT AB;

2) daa moboti mpotku (A, B,C) mpotru (B,C,A) u (C, A, B) aexcam 6
mom orce nodmmnooicecmse, wmo u (A, B,C), a mpoixu (A,C,B), (C,B,A)
u (B, A,C) — & dpyzom nodmmoosrcecmse,

npuvem makoe paszbuenue eQUHCMBEHHO € MOYHOCNBIO 00 HYMEPAUUL
NOOMHOIICECTNE.

Onpenenenne 1. Tpoiiku ToOUYeK, IPUHAIJIEKAIINAE OJIHOMY IOIMHOXKECTBY,
HA3BIBAIOTCS 00UHAKOBO OPUEHMUPOBIHHBLMU.

3adamv opuenmanuro Ha TJIOCKOCTH 3HAYUT BBIOPATH OJTHO U3 JBYX I0/I-
mHOKecTB My mim M. [Ipu 3ToM, TPO#KK TOUEK, IpUHAIIeKaIne BbIOpaH-
HOMY TIOJIMHOKECTBY, OY/IyT Ha3BIBATHCA OPUEHMUPOSIHHBLMU MPOMUE H4ACO-
601 cmpenru, a TPOMKM, IPUHAJIEIKAIINE JIPYTOMY IIOAMHOXKECTBY — OpU-
EHMUPOBAHHBLMU NO YACOBOT CMPENKE.

3ameuanme. [lockonbKy paszdmenne muOXKecTBa M Ha JiBa TOJIMHOYXKECTBA
OIIPEJIEJISIETCS OJTHO3HAYHO C TOYHOCTHIO JI0 HYMEPAIUH, JJIs TOTO, YTOObI 3a-
JaTh OPUEHTAIINIO Ha IJIOCKOCTU JOCTATOYHO 33/1aTh OPUEHTAINIO JJIs OJHOR
yHOPsI0UeHHO# Tpoiiku Touek. OpueHTarius 000 JIPyTroit yropsi10ueHHOi
TPOUKM OyJIeT TOTJIa ONPEIETIATHCA OJHO3HAYHO.

Teopema 2. Ilapasreavhvili nepenoc U noGOPOM COTPAHAIOM 0OPUEHMAUUIO,
@ 0Ce6aA CUMMEMPUS — USMEHACT, 0OPUCHMAUUIO.

To ecmov ecau A" = F(A), B' = F(B), C' = F(C), 2de F — napans-
AEALHOITL nepenoc uau nosopom, mo mpotku movex (A, B,C) u (A', B',C")
OPUEHMUPOSAHHBL 00UHAK060, a ecau F — ocesas cummempus, mo opue-
MAUUL IMUT MPOEK PASAUNHDL.

Omnpenenenne 2. HanpasaeHHvim y2a0m MeXK Ly TIPIMBIMA @ U b Ha3bIBAET-
sl yTOJI, TIPU ITOBOPOTE HA KOTOPBI MPsIMast ¢ MEPEXOUT B IPIMYIO, ITapaji-
JIeJILHYIO b mu coBIaiatontyto ¢ b. HampasiieHHbI yrosr MexK 1y TPAMbIMA @
u b obosnauaercst Z(a,b). OH ompejiesieH ¢ TOTHOCTBIO 710 KpaTtHoro 180°.

CsoiicTBa HallpaBJIEHHBbIX YTJIOB

1. Ya Z(a,a)=0;
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2. Ya,b,c (L(a,b) = Z(a,c) <= b || ¢);
3. Ya,b Z(a,b) = —Z(b,a);
4. Ya,b,c  Z(a,b) + Z(b,c) = Z(a,c).

Teopema 3. 1) Touxu A, B,C, D aeoscam na 00not npamots aubo ma 00not
okpysrcnocmuy, mozda u moavko moeda, koeda L(AB, BC) = Z(AD,DC);

2) Ilpaman £, nporodswas wepes mouky A, A6aiemcs xKacamesvrol K
onucarnoti okpystcrnocmu mpeyzosvruka ABC moada u moavko moeada, kozda

/(AB,BC) = Z(t, AC).

Bameuanue. [Iynkrel 1) u 2) npeabiyieii TeOpeMbl OUeHb TTOXOXKHU: Kaca-
TEJIbHYIO K OKPY2KHOCTU YJ00HO 3aIMCBIBATH KAaK MPAMYIO, TePEeCeKaIoNLyIo
ee B JIBYX COBIQJIAIONINX TOYKAX. 1aKuM 0Opa30oM, YCJIOBHE BTOPOI'O ITYHK-
Ta TeopeMbl MOXKHO 3allicaTh TaK »Ke, KaK U yCJOBHUE I1€PBOI'0, CUATasl, YTO

toukn A u D cosnagaor: Z(AB, BC) = Z(AA, AC).

Onpenenenue 3. Opuenmuposartvim YeA0Mm MEXKy BEKTOPAMU O U b na-
3BIBAETCS yIroJI, IPU MMOBOPOTE HA KOTOPBIA BEKTOP G IEPEXOIUT B BEKTOD,
COHAIIPaBJICHBINA C b. OpueHTHPOBAHHBIN YIOJI MEXK/Iy BEKTOPAMU 4 U b obo-
sHauaercs Z(@,b). OH ompejiesien ¢ TOYHOCTBIO 10 KpaTHOTO 360°.

CBoiicTBa OpUEHTUPOBAHHBIX YTJIOB

1. Va Z(a,a)=0;

4. Va,b,c Z(a,b) + Z(b,e) = L(a,c).

1. a) Hepasubie rpeyrosbauku ABC u A; B1C} Takossl, uto AB || A1 By,
BC || BiCy u CA | C1A;. Jokaxure, 9T0 CyIIECTBYET IOMOTETHS, IIEpe-
Bojgmasg A B Ay, BB By u C B C;. 6) Tpeyronbuuku ABC u Ay B1C
takoBbl, uro Z(AB, BC) = Z(A1 By, B1Cy) u L(BC,CA) = £(B,Cy,C1 Ay).
Jlokakure, 9TO OHU I10/I00HHI.

B) IIycte AB = BC'. dokaxure, uro Z(BA, AC) = Z(AC,CB).

r) Touka O — 1enTp onmcanHoit OKpyRHOCTH Tpeyrosibauka ABC. [lo-

kaxkure, uro Z(AB, BC) + Z(CA, AO) = 90°.
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Pemenus ciaeayrommux 3a/1ad NPUHUMAIOTCS TOJIBKO B HamNpaB-
JIEHHBIX YTJIaX.

2. Ha cropore AB pasrobGenpentoro tpeyroibiuka ABC (AB = BC')
BeIOpaHa Touka D). Yepes Touky [ MmpoBen KacaTeJbHYIO K OINUCAHHOM
okpyxuocTu Tpeyrojabanka ADC. Ona nepeceksia OMUCAHHYIO OKPYKHOCTD
tpeyroibanka BDC B Touke M. Jokaxure, uro BM||AC.

3. (IIpsmasi Cwumcona.) [lanbr tpeyrombuuk ABC u touka P.
[Iycts Ay, By u C| — ocHOBaHMS TEPIEHIUKY/ISPOB, OIYIIEHbIX U3 TOYKHU P
na npsmble BC', AC u AB coorBercrBenno. /lokaxkure, aro Toukn A;, By
n (' J1exKaT Ha OJHOU MPSIMOil, TOT/Ia M TOJIBKO TOrJIa, KOTJa TOUKa P jiexkxut
Ha OIMCAHHON OKPYzKHOCTH Tpeyrosbauka ABC.

4. a) (Touka Mukessi.) Ha miockoctn naust 4 mpsiMble OOIIEro moJozxe-
Hust. Jlokaxkure, 9T0 OonMCcaHHBIE OKPY?KHOCTU Y€THIPEX 00PA30BAHHBIX UMU
TPEYTOJIbHUKOB UMEIOT OOIIYI0 TOYKY.

6) Touku A, B,C, D nexar Ha oxHoii okpyzxuoctu. [Ipameie AB u C'D
nepecekaroTces B Touke F, a npsavbie BC'u DA — B touke F. Jlokaxkure, 910
touka Mukesist npsmbix AB, BC', CD u DA nexur Ha npsimoit E'F.

5. Touku A, B, C'u D nexar na okpyx)uoctu ¢ iearpom O. [lpsvbie AB
u C'D mepecekaiorcss B ToOUke F| a onmcaHHble OKPYXKHOCTH TPEYTOJIbHU-
koB AEC u BED nepecekatorcs B toukax E u P. Jlokaxkure, 970 a) TOYKU
A, D, P u O nexar na oxHoit okpyxuoctu; 6) ZEPO = 90°.

6. JIBe okpyxkuoctu ¢ nearpamu 1 u Oy niepecekaroTcs B Toukax A u B.
Onucannast OKPYy2KHOCTb TpeyroJibauKa (1 BOy niepecekaer BTOPYIO OKPY K-
HOCTB Takxke B Touke P. Jlokaxkure, aro Touku O, A m P jiexkar Ha OJTHOM
OPAMOA.

7. Okpyzxuoctu Si, So u S3 nmepecekaiorcs B Touke A. Kpowme toro, mep-
BbI€ JIB€ OKPY2KHOCTHU I[IEPECEKAIOTCS B TOUKe B, nepBas U TPeTbsd — B TOU-
ke C, a Bropas u Tpetbss — B Touke D). KacareibHble K OKPYKHOCTH Sy B
Touke B 1 K OKpy:KHOCTH S3 B TouKe (' IEPeceKaroTcs Ha OKPYKHOCTH Sy.
JlokaxkuTe, 9TO KacaTeabHble K OKPYKHOCTH Sy B TOUKe [ M K OKPYKHO-
ctu S7 B Touke C' 1epecekaroTcs Ha OKPYKHOCTHU Ss.

KBaaparu4unbie BbrueThbl. 15.07.2011

Onpenenenune 1. [lycte m > 1 — HarypaabHOE YUCIO U a4 — IEJI0€ UUC-
JIO, B3aMMHO IIpocToe ¢ m. Hucao a Ha3biBaeTcs K6adpamuyuHbM Gbiuemom
1o MO0 m, eciu cymecrsyer ¥ € N Takoe, uro a = x? (mod m). B
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IIPOTUBHOM CJIyYae 9HC/IO @ HA3BIBACTCA KEAOPATUYHBIM HEBDIYEMOM TIO MO-
JLYJIEO M.

1. /lokaxkute, 9TO €CJIM p — HEYETHOE IIPOCTOE YHUCJIO, TO MO MOJLYJIIO P
CyIIEeCTBYET POBHO ’%1 KBa/IPATUYHbBIX BBIUYETOB U CTOJIBKO K€ HEBBIYETOB.

2. Jokazxwutre, 9ro jjist JaHHOTO MOay/id p € P a) mpousBejenne IByX
KBaJIDATUYHBIX BBIYETOB — BbIUET;  6) MPOM3BEJICHNE BbIUeTa HA HEBbIUET —
HEBbIUET; B) IPOU3BEJEHNE JIBYX HEBBIYETOB — BBIUET.

3. [lycts p — mederHoe mpocroe uncyio.  a) Jlokaxkure, 9To ecin a —

o p—1
KBaJIPATHIHBIA BBIYET 110 MOy 0 p, Toa 2 =1 (mod p). 6) Jdokaxwure,

o p—1
9TO eCIM @ — KBAIPATUIHbIH HEBBIYET 110 MOJLYJI0 p, T0a 2 = —1  (mod p).

Onpegenenune 2. Ilycrs p € P. Cumsosom Jleocarndpa Ha3bIBA€TCsT BHIPaA-

JKeHne, 0003HaYaeMoe %), paBHOe 1, eciu a — KBaJApaTUYHBINA BBIYET 110

MOJy/TIO p; —1, ecin a — HEBBIYET 110 MO0 p 1 0, ecanm a KPaTHO P.

p—1
3 3309491 3 CJIEAYET, 9YTO €CJIN p HEIETHO, TO (%) =a 2 (mod p).

4. a) Ilpu Kakux p BoraeT —1 ABJAAETCS KBaJIPATHIHBIM BBIYETOM [0 MO-
Jyso p (Tje p — HedeTHOe MPOCToe IUCI0)?

6) (Teopema 2Kupapa.) Ilycts 22 + y? genurcsa Ha IpocToe YUCIO P =
4k + 3. Jlokaxkute TOT/Ia, UYTO T U Y JEJAATCA HA P.

5. IlycTth p — HEYETHOE MPOCTOE YUCIIO, @, b, ¢ — BBIYETHI 110 MOJLYJIIO P,
npudeM a Z 0 (mod p), a D = b* — 4dac. Tokaxure, uto ecjiu D — Kpajipa-
TUYHBIH BBIYET 110 MOJLYJIIO P, TO cpaBHenue ax’+br+c=0 (mod p) nmeer
JIBa KOPH#, eciu [ — KBaJIpaTUIHBIA HEBBIYET 110 MOJYJIO P, TO CDABHEHUE
ar? +br +c =0 (mod p) ne umeer Kopueii, a ecoim D = 0 (mod p), To
9TO CpaBHEHHUE MMEET OJIMH KOPEHbD.

6. a) Haiijiure cymmy Bcex KBAJPATUYIHBIX BBIYETOB MO MPOCTOMY MO-
aymo p.  6) Vssectro, uro x He jesutcs Ha npocroe p. Haitjure cymmy
g ()
=N P

7. Jokaxkure, 9T0 MHOrO4IeH 24 + 1 HEIPUBOAUM KaK MHOTOUJICH Ha Z,
HO NIPUBOJUM KaK MHOTOWIEH HaJl mosieM [F), [y1st 11060ro mpocToro ducia p.

8. Jlokazkute, 4TO ypasHenue 4ry — x —y = 2> a) He UMeeT PelIeHui
B HATYypaJIbHbIX YUCJAX; 0) WMeeT GECKOHEYHO MHOIO PEIIeHHH B IEJIbIX
qHucIax.
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Komniaekcusie yncia. 16.07.2011

1. a) Jlokaxkure, 4TO €C/i KOMILIEKCHOE YUCJIO 2 SIBJISETCS] KOPHEM MHO-
rouiena f(x) ¢ BermecTBeHHBIMU KO3(MQMUIMEHTAME, TO YHUCJIO Z TAKIKE SBJIsI-
€TCsl er0 KOPHEM.

6) dokaxkure, 4To J06OH MHOIOWIEH C BEIIECTBEHHBIMU KO(DUIieH-
TaMU MOYKHO Pa3JIoKHUTh B IIPOU3BEJIECHNE HEIPUBOIUMBIX MHOI'OYJICHOB He
6oJiee, YeM BTOPOI CTEIIEHM.

2. Ilycre 21, 29,...,2, — TOYKH KOMILIEKCHOW IIJIOCKOCTH, SIBJISTIONIAECS
BepHinHaMU BBIIYKJIOI'O T-yTI'OJIbHUKA. I/I3BeCTHO7 9TO TOYKa 2 YAOBJIETBOPAET
YPaBHEHHIO =~ + —— + -+ + —— = 0. JIoKaxuTe, 910 TOUKA 2 JICKUT
BHYTPH 9TOIO N-YTIOJbHUKA.

3. Jokaxure, ar0  cos 2 4 cos 4 + cos & = —1.

4. a) Hokazute, uro C) — C2 +Cp — CS + ... = /2" cos(T); 6) C), —
C}+C>—Cl+...=V2"sin(Tr).

5. Borancsure  a) C310+Cag10+Co010+- - -+Ca010;  6) CO+C3+CO+. .,
roe n € N.

Onpegesienne. J[6otinvL.m omHuoweruem KOMIUIEKCHBIX 9rucel a, b, ¢, d na-
spBaerca wucio (a, b, c,d) = =< ; 2=4

b—c " b—d"

6. /lokaxkure, 9TO TOYKHU, COOTBETCTBYIOIINE KOMILICKCHBIM THCIaM @, b,
¢, d JiexKaT Ha OJIHON OKPY>KHOCTU WJIM Ha OJHOIN IPSMOI TOTJIa U TOJIBKO
TOr/Ia, KOTJIa WX JBOHOE OTHOIIEHIE BEIECTBEHHO.

7. Ilycre A, B,C, D — mnpousBoJjibHbIe TOYKH ILTIOCKOCTH. [Ipm momo-
U KOMILIEKCHBIX 4Hces jiokaxkure, uro  a) |AB|-|CD|+ |AD|-|BC| >
|AC| - |BD| (nepaBenctBo IlTosiemest); ) paBeHCTBO JOCTUTACTCS TO-
IJia U TOJBKO Tora, Korma Touku A, B, C| D jexar Ha OJHOW OKPYKHOCTH,
IpuYIeM UMEHHO B TakoM mopsijike (Teopema Iltosiemest).

Yupaxkueaus no teMme “Kommiekcubie ancia’’

N 2011
1. Beraucyiure  a) (1 + )21 6) <\}ng> :
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Kunaccudukanusa aBukenuii. 16.07.2011

1. Jlokaxkure, 4To J1000€ IBHUKEHHE OJHO3HAYHO 3ajaeTcs obpasamu
a) OJHOW TOYKU M JIBYX HEKOJUIMHEAPHBIX BEKTOPOB; 0) Tpex TOUYeK, He
JIeXKallux Ha OAHOI HPAMOIl.

2. a) Jlokazkure, 4TO JBUKEHUE, UMEOIEe TPU HEIOBUKHBIE TOUKH, He
JIezKalye Ha OIHOMN IIPSMOil, ABIAETCA TOXKIECTBEHHBIM IIPEo0pa3sOBaHUEM,
a JIBUKECHHUE, IMEIOIIee JIBE HEeIIOIBUKHBIC TOUKH, — TOXKICCTBEHHBIM IIPE00-
pa3oBaHUEM UM OCEBOIl CUMMeTPHEii.

6) Jdokaxkure, 94TO JBUZKEHEE, UMEIOIIEE POBHO OJIHY HEIMOIBUKHYIO TOY-
KY, ABJISIETCSA IIOBOPOTOM.

3. (Teopema IMamsi.) Jlokaxkure, 9410 J11060€ IBUZKEHIE MOYKHO TIPeJi-
CTaBUTDH KaK KOMIIO3UIMIO He 6oJiee, 9eM TPeX OCEBbIX CHUMMETPHIA.

4. JIoKaxKnTe, 9TO JBUKEHHUE, KOTOPOEe MOXKHO IIPEJICTABUTL B BUIE KOM-
HOBUIMK YETHOIO YHC/Ia OCEBLIX CHUMMETPHil, HeJIb3sl IIPEeJICTABUTL B BUJIE
KOMITO3UIINA HEYETHOTO YHCJIa OCEBBIX CUMMETPHIL.

Onpenenenune 1. /IpurkeHue, mpeacTaBUMOE B BUJE KOMIIO3HUIIUNA YETHOI'O
YUCJIA OCEBBIX CUMMETPHIT, HA3BIBACTCS J6UCEHUEM NEPE020 Poda, a IBUKE-
HUe, NPeJICTABUMOE B BUJe KOMIIO3UIINN HEYETHOT'O HYHUCJ/Ia OCEBBIX CUMMET-
puii, Ha3bIBAETCA JBUIAHCEHUEM GMOPO20 POIa.

Omnpenenenne 2. Crkoavaauiets cummempuet; Ha3bIBAETCST KOMITO3UTIAS CHM-
METPHUU OTHOCUTETHHO HEKOTOPOW MPsAMOii £ U HapaJlieIbHOTO IepeHoca Ha
BEKTOD, ITapalIeJIbHbINA { (9TOT BEKTOP MOYKET OBITH HYJIEBBIM ).

5. a) Jlokaxkure, 910 JIIOOOE JIBUKEHUE TIEPBOTO POJIA SIBJIAETCS TIOBOPO-
TOM WJIN [ApaJUIeIbHBIM IiepeHocoM.  0) Jlokaxkure, 9ro jr000€e JIBUKEHIEe
BTOPOT'0 POJIA ABJIACTCA CKOJIL3AIICH CUMMETPUECH.

6. Ha miockocTn HapumcoBaHBI jBa paBHBIX TpeyrosbHuka A;BiC] n
A9 BsC5 Tak, 910 00X0.1 BEPIITUH OTHOTO TPEYTOJIbHUKA MPOUCXOIUT 110 Taco-
BOIl cTpesike, a 06X0J1 COOTBETCTBYIONIUX UM BEPIIUH JIPYTOr0 TPEYTOJbHUKA,
IIPOUCXO/IUT IIPOTUB 9acoBOil crpesiku. Jlokaxkurte, YTO CepeinHbI OTPE3KOB
A1As, B1By u C1C5 nexkar Ha OJHOIN IPAMOIA.

7. Ha mockocTn ObLT HAPUCOBAH MSITUYTOJIBHUK, HA CTOPOHAX KOTOPOTO
HapPy»Ky OBLIH MOCTPOEHBI TPABUJIbHBIE TPeyroIbHUKN. Xyauran Kocrs crep
[IOYTHU BeCh YePTEeK, OCTABUB JIMIIb BEPIIUHBI TPEYTOJHHUKOB, He TIPUHAIIe-
JKarme maTuyroabuuky. Cmoxker jin 2KeHst BOCCTAHOBUTH YePTeXK !
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IlepBoobpas3ubie kopHHU. 16.07.2011

Ounpenesnienne 1. Ilycrs (a,m) = 1. Hanmensbiiee HaTypasibHOe 9mcio d
taxoe, uto a? =1 (mod m) HasbIBaeTCA NOKAZAMENEM, KOTROPOMY NPUHAO-
AEAHCUM @ MO MOJYAI0 M.

1. Ilycrb a upuHAIIEKAT MHMOKazaTe/ o d 1o Moayian m. Jlokaxkunre,
gro  a) wmcna 1 = a% al, ..., a"! momapHo He CpaBHEMBI TI0 MOJYJTIO 7]
6) e =a® (mod m) < dy=dy, (modd); B)d|p(m); r) s .mobo-
ro gemuress h uncia d 4ucao a” NPHHAIEKUT NOKA3aTeI0 & 1o Moyl
m; 1) ecan b npuHa uIeskuT nokazareso k u (d, k) = 1, To ab npunaexur

rokasaresto dk 1o MOIYJIIO M.

Onpepnenenne 2. Yucna, npuna/exanye mokasaresaio ¢(m) (ecan takue
CYIIECTBYIOT), HA3BIBAIOTCA NEPE00OPASHBIMU KOPHAMU TIO MOJLYIIIO M.

Teopema. [lepsoobpasnvie KopHu MO NPOCMOMY MOOYAIO P CYWECTNEYIOM.

DTy T€OpeMY MBbI JIOKAXKEM JIBYMs CIIOCODAM.

2. a) Ilycrs dy,...,d,—1 — mOKa3aTeH, KOTOPBIM IIPUHAJIIEKAT THUCIIA
1,...,p — 1 mo mpocromy mozmymmio p. Jokaxkure, 9to [dy,...,d,—1] = p — 1.
6) Ilpu nomornw myHKTA a) JOKAKUTE, ITO ePBOOOPa3HbIE KOPHH 110 MOJLYJTIO
P CYIIECTBYIOT.

3. a) Iy 06010 HATYpasbHOrO N JIoKazKuTe, 910 » | o(d) = n.

din

6) Ilycte p € P. Ilpu momoru myHKTa a) JOKayKUTe, ITO JJIsi JIFOOrO
d | p— 1 cymecrByer poBHO (d) BBIYETOB, IIPHHA/JIEIKAIINX TOKA3ATEO d
10 MOJLYJTIO P.

4. IlycTb moKa3aTesb 9ucja ¢ 1Mo MpocTOMy MOJIY/IIO p paBeH 3. Jlokaxu-
Te, YTO TOrJa MoKa3aTesb ducia a + 1 paser 6.

5. YMHOXKEHHUE BCEX 9JIEMEHTOB IMPUBEJIEHHON CHCTEMBI BBIYETOB 10 HEYeT-
HOMY MPOCTOMY MOJy/i0 p Ha BbraeT a #Z 0 (mod p) mpousBomuT B Heit
[IEPECTAHOBKY.

a) Jlokaxkure, 4TO €CJM a4 — KBAJPATUIHBIA BBIYET MO MOJYIIO P, TO
[IOJTY YUBITIASICST TTOJICTAHOBKA, Y€THA.

6) okaxkure, 9T0 €M @ — KBaJIPATUIHBIH HEBBIYET 110 MOJYJIIO P, TO
OHa HEYeTHA.

6. /lokaxkure, 9TO JIJIsA JTIOOBIX HATYPAJILHBIX YUCEJI @ U 1, OOJILIITUX €1~
Huiel, p(a” — 1) genures Ha n.
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Paznob6oii-4. 17.07.2011

1. B xkuracce 30 yyenukon. Ha 14 ypokax oHM caUJINCH 110 JIBA Y€JIOBEKA 3
apTy, IPUYeM Ha PA3HBIX YPOKAX OHU MOTJIU CUJIETH 110 pa3HoMy. JlokaxkuTe,
YTO UX MOXKHO PacCaJuTh 3a MapThl TaK, UTO y KayKJIOTO yUYeHWKa Oyjer
cocell, ¢ KOTOPBIM OH eIlle HU pa3y He CUJe.

2. B HEKOTOpOM ropojie BO3MOXKHBI TOJBKO IapHble 0OMEHBI KBapTHUP.
Jlokaxkute, 4T0 JI000# C/IOKHBIN OOMEH MOXKHO OCYIIECTBUTD 3a JIBa, JTHS.

3. a) llycts p € P, p > 2. Jlokaxkure, 9T0 J11000i1 gemure/ib ancia 2P — 1
npejcrasuM B Bujie 2kp + 1, rie k € N 6) Ilyers n € N. [Jokaxkure, 9to
mro6oit gemmrens uncia 22 + 1 npencrasum B Bume 2" 'k 4+ 1, toe k € N.
B) JloKazKuTe, 9TO NPOCTBIX YUCe/T KazK10r0 n3 Bujos 2kp+1 1 2" k41 (te
qncia p € P u n duxkcuposanbl, a k MOXKeT TPUHUMATD JIIOO0E HATYPAJIHHOE
3HavYeHne) GECKOHETHO MHOTO.

4. a) Ilycrb €1, €9, ..., 65 — Bce KOpHU crenenn k w3 exauuuipl. Haitaure
el + el +---+¢ep.  06) Ilycrs p € P. Haiiyture octaTtok or jesieHust Ha p
uncra 1"+ 2" + -+ (p— 1)™

5. Ha manuoii OKpy2KHOCTU HaiiJuTe TaKylO TOYKY, 9TOOBI KacaTe/bHbIe
U3 Hee K JIPYTrOfl JIAHHON OKPYKHOCTU ObLIM PABHBI OTPE3KY OT HMCKOMOiT
TOYKHU JIO JAHHON Toukm A.

6. lano wnciao a > 30. sBecrno, uro [a] - [a

1

,ZLpO6HaH HJaCTb 9YMCJIa a He IIPEBOCXOIUT 5700

?] = [a®]. okazkure, 9TO

Mart6oit IIpocdpu-8—IIpodu-9. 17.07.2011

1. Kpacnubre, cunue u 3ejenble et Bctau B Kpyr. Korja yanrenbauma
MIONTPOCIJIA TIOTHATE PYKY KPACHBIX JIETe, psiJIOM ¢ KOTOPBIMUA CTOUT 3€JIEHBII
pebenok, pyky moaHsiin 20 deoBeK. A Kora oHa MOIMPOCHIA TMOIHITh PYKY
CUHUX JIeTeil, PAJOM C KOTOPBIMU CTOWUT 3€JIEHbIl PeOEHOK, PYKY MOTHSIIH
25 gejioBek. JlokazkuTe, YTO psJIOM C KEM-TO U3 IOJHUMABIINX PYKY CTOUT
cpa3sy JiBa 3eJIeHbIX pebeHKa.

2. CkosbkuMu criocobamu u3 Kjerdaroro keajparta 2011 x 2011 moxk-
HO BbIpe3aTh KBajpaT 11 X 11 Tak, 9TOOBI OCTABIIYIOCH YaCTh MOYKHO OBLIO
pas3pe3arhb Ha JOMUHOIIKN !

3. Jlana moCJI€I0BATEIBHOCTD TOJIOKHUTEBHBIX ducen {zg il z; =
2011, x9011 = 1. /lokazkuTe, 9TO BBIIOJIHIETCSI HEPABEHCTBO

2 2 2 2 2 2
T]+T5 Tyt T3 To010 T o011

VL1T2 VL2T3 v £201072011
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4. Bcee ancia, 6osbinme 1, okparieHsl B JBa 1BeTa (00a IBeTa UCIoJIb30-
BaHbl). /okazkuTe, 9TO CyIIECTBYIOT TaKUe BENECTBEHHBIE @ U b, 4TO duC/Ia
a + b u ab moKpalleHbl B pa3Hble IIBETA.

5. OKpPyKHOCTH, IPOXOJIAIIas Yepe3 BepimuHbl A 1 B BINCAHHOTO YeThI-
pexyroibuuka ABC'D nepecekaer ero jguaronanu AC' m BD B Ttoukax F u
F coorercrBenno. Ilpsvbie AF u BC' nepecekaiorcst B Touke P, a mpsiMbie
BE u AD — B touke (). lokaxxure, uro P(@) nmapauienbuo C'D.

6. Jlano cyioBo Oosiee uem n3 10 OYKB, B KOTOPOM JitOObIE JIBE COCEJIHHE
OYKBBI pa3nmnaHbl. /loKaykKnuTe, YTO MOYKHO IMTOMEHATH MECTAMHU JIBE COCETHIE
OYKBBI TaK, 4TOOBI MOJIyYEHHOE CJIOBO He ObLIO IeprouieckuM (He pasbuBa-
JIOCh Ha, OJIMHAKOBBIE MOJICJIOBA).

7. Haityiure Bce HATYpasbHbIE YKCIa @, b U ¢ TaKUe, 9TO KOPHU YPaBHEHU
22 —2ax+b=0, 2> —2bx+c = 0, 2> —2cx +a = 0 ABAAIOTCA HATYPATLHBIMI
YUCJIAMU.

8. B tpeyronbanke ABC nporenenst meguanbl BD, AK u C'E, KoTopble
nepecekarorcsd B Touke M. V3BecTHo, 1TO g—g = ‘é—IE( # 1. Jlokaxkure, 910
OKPY2KHOCTH, OIHUCAHHBIE OKOJIO Tpeyroibuukos ABM u C'BM, kacaworcs
upsimoit AC.

9. Yucna (ay, an_1, - - .,a9) — nepecranoBka uucen 0, 1, ..., n. Haiiaure
Bce MHOTOWIEHB! f(7) = apa™ + a, 12" ' +. .. +ag (a, # 0) Takue, uro f(x)
UMeeT 7 BEIECTBEHHBIX KOPHEeIl ¢ y4eTOM KPATHOCTH.

10. Haiiure Bce Takue HaTypaJsbHbie 1, 910 n! + 8 meures wa 2n + 1.

Martb6oii IIpodu-7-1 — Ilpodu-8-1. 17.07.2011

1. 16 Koman y49acTBYIOT B (byTOOIbHOM TepBeHcTBe. OHO TPOXOIUT B
HECKOJIbKO dTanoB. Ha kaxkom sTalle Kakne-To 6 KOMAaHJ[ UTPAIOT MEXKLy
coboit oIHOKPYToBOit TypHUP. MOrio Jin oKa3aThes, ITO MOCTIE HECKOTbKUX
TaKUX ITAIIOB BCE KOMAH/IBI CHITPAIOT JPYT C JIPYroMm 1o 2 paza’

2. Kaxkiast cTopoHa TPaBUJILHOTO TPEYTOIBLHAKA MTO/IeJIeHa Ha 15 paBHBIX
JacTeil U Yepes TOUKHU JIeJIEHUs [TPOBEJIEHBI MPsIMble, MapaJsljieJIbHble CTOPO-
HaM TpeyroJibHUKa. B pe3ysibrare 9T0ro noiyyumim pa3dbuenne TpeyrojibHIuKa
HA MaJleHbKue TpeyrojibHu4Iku. [locse 93Toro B KarxK it m3 MajIeHbKUX Tpe-
YTOJbHUIKOB 3amnucanun +1 wim —1. M3BecTHO, 9TO 9MC/IO B KaXKIOM Tpe-
YTOJbHUIKE PABHO MPOU3BEJICHUIO YUCE B Te€X TPEYTOJbHUIKAX, KOTOPHIE
UMEIOT C HUM ODIIyIo CTOpOoHY. JloKakuTe, 4TO B KazKJIOM U3 MaJEHbKUX Tpe-
YTOJbHIYKOB, IIPUJIETAIONINX K Cepe/InHaM CTOPOH OOJIBINOrO TPeyroJbHIKA,
cToutT yucyao +1.
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3. Ha maxmarnoii mocke 20 X 20 cTosAT HECKOIBKO JIaJeil, a Ha BCeX MOJIAX,
KOTOPBIe UMU He ObIOTCH, cTodT Kouu. Hukakue purypol He ObIOT JAPYT JAPYTA.
Kakoe nambosbiree KogmdaecTBoO (puryp MoxKer ObITh Ha JTOCKe?!

4. Harypasbable ancia a, b u ¢ TakoBsl, 910 ab + 9b + 81 u bec + 9c + 81
nenarcda na 101. okaxkure, uto ac + 9a + 81 Toxke nenurca na 101.

5. ITososKuTeIbHbIE YUCIa T,y TaKoBbI, 4To 4° + y < o — 2. JlokakuTe,
gro 22 + 4% < 1.

6. B npsmoyrosibHOM Tpeyrosbauke ABC' ¢ mpsambiv yriiom A mposejieHa
ouccekrpuca BL. Touka K na runorenyze BC takosa, uro ZBLK = 90°.
Oxkaszasiock, uro 3CK = 2(BC — AB). Haiinure ZC.

7. B oTpeske HAXOAUTCS HECKOJBKO MEHBIINX OTPE3KOB, MOKPBIBAIOIINX
ero. Y KaykJIOTO U3 HUX OTOPOCUJIN TOJIOBUHY — JIEBYIO miu npasyio. Jloka-
JKATE, YTO OCTaBIINECd TOJIOBUHBI IMOKPBIBAIOT HE MEHEE TPETH JJTUHDLI UC-
XOJTHOTO OTPE3KA.

8. B BBINIYKJIOM IIECTUYTOJIBHUKE TJIABHBIC JIMArOHAJM PABHBI, U KasK 1asl
U3 HUX JIEJUT ero Ha JiBe paBHOBeuKHe JacTh. /lokaxkure, 9TO JJIUHBI €r0
[IPOTUBOIOJIOZKHBIX CTOPOH PaBHBI.

9. B kutacce u3 20 jereil, HEKOTOpbIE U3 KOTOPBIX BpaxkyioT. [Ipmdem
U3BECTHO, YTO HET TPOUX IONapHO Bpakyiomux. [lociae obesia nekoTopbie
MOMUPHUJIUCH, & HEKOTOPBIE TIoccopminch. OKa3amoch, 9TO Bce paBHO HET TPO-
UX IOTIapHO Bpazkiyiomux. Jlokaxkure, 4To Haiijercs He menee 15 map jereit,
KOTOPBIe OBLIN APY3bsIME JI0 00ea U OCTAINCH ITOCIE.

10. Kpacuble, cunue u 3ejieHble jgeTu BcTaau B Kpyr. Korja yanreabauma
MIOITPOCHJIA TIOJIHATD PYKY KPaCHBIX JIETEHl, psiJIOM C KOTOPBIMU CTOUT 3€JICHBII
pebenok, pyky moaHsiin 20 JeoBeK. A Korja oHa MOIMPOCU/IA TOJHITH PYKY
CUHUX JIeTeH, PAJIOM ¢ KOTOPBIMU CTOUT 3€JIEHbI PEOEHOK, PYKY IMOIHSIIN
25 gejioBek. JlokaxkuTe, UTO PsiJIOM C KEM-TO U3 IOJHUMABIIUX PYKY CTOUT
cpa3sy JiBa 3eJIeHbIX pebeHKa.

Mart6oii IIpodpnu-7-2 — Ilpodu-8-2. 17.07.2011

1. Ha cummnosuywm npuexasmm 100 yesosek. U3 aux 15 dbpamiry30B, KazKIblit
U3 KOTOPBIX 3HAKOM XOTs Obl ¢ 70 y9acTHUKAME CUMIIO3UYMa, U 85 HEMIIEB,
KaXKJIbIfl M3 KOTOPBIX 3HAKOM He 6ojiee 4eM C JIecAThbIo ydacTHuKamu. Mx
paccemuim B 21 xKomuary. /lokaxkKuTe, 9TO B KAKOH-TO M3 KOMHAT HET HU
OJTHOI TTapbl 3HAKOMBIX.

2. Kaxas cTopoHa TpaBUJIbHOTO TPEYTOJIbHUKA T0/IeJIeHa Ha 15 paBHBIX
JacTeil U Yepe3 TOUYKHU JIeJIeHUs IPOBEJEHbI IPsAMble, IapaJlie/ibHble CTOPO-
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HaM TpeyroJbHuKa. B pesysabrare 9Toro moyauin pa3ouenne TpeyroJbHIKa
Ha MaJICHbKHUEC TPEYIrOJIbHUYIKHU. HOC.He 9TOI'O B Ka}K,H,I)H'Z 3 MaJIECHbKUX TpPeE-
YIrOJbHUYIKOB 3anucau +1 min —1. V3BecTHO, UTO 9HCIO B KaXKJIOM Tpe-
YIOJIbHUYKE PaBHO NPOU3BEJICHHUIO YUCET B TE€X TPEYTOJbHUYIKAX, KOTOPBIE
UMEIOT ¢ HUM OOIIyIo cTopony. JlokaxkuTte, 9T0 B KaXKJI0M U3 MaJEHbKHUX TPe-
YTOJIbHUYKOB, TIPUJIETAIONINX K CepeIuHaM CTOPOH OOJIBIIOTO TPEyTroJbHUKA,
crouT gucyo +1.

3. Ha maxmatnoit jjocke 20 X 20 cTodT HeCKOJIBKO JIaJjeil, a Ha BceX MoJIdX,
KOTOPBIE UMH He OBIOTCS, cTodAT KoHu. Hukakue purypol He OBIOT APYT JIPyTa.
Kaxkoe namMenbIee KoJIn4ecTBO Jia el MOXKeT OBITH Ha JIOCKE?

4. Hanmcannoe Ha JOCKe YUCIO0 MOXKHO YMHOXKUTH WJIH PA3JIC/TUTH Ha
W %. MozkHO i1 U3 1 MOJIyIUTh JAPYroe IejIoe TUCI0?!

5. Ilycro a, b, ¢, d — BemecTBeHHbIE YKCIa, IpudeM a > b > ¢ > d. Jloka-
KATE, 9YTO

[e1 [

cd — ab
c< — < b.
c—a+d—-">

6. B npsamoyrospHOM Tpeyroibauke ABC' ¢ mpsaMbiv yriiom A mposejieHa
ouccekrpuca BL. Touka K na runorenyze BC takosa, uro /BLK = 90°.
Oxkaszasiock, uro 3CK = 2(BC — AB). Haiinure ZC.

7. B oTpe3ske HAXOJIUTCA HECKOJIHLKO MEHDBINNUX OTPE3KOB, MOKPBLIBAIOIINX
ero. Y KazkJIoro U3 HUX OTOPOCHIIN IIPaByIo osioBuny. Jlokazkure, 9T0 OCTaB-
IITHeCsT TIOJIOBUHBI IOKPBIBAIOT HE MEHEe MTOJIOBUHBI JIJIMHBI NCXOJHOTO OTPEe3-
Ka.

8. B BBIIyKJIOM II€CTHYTOJILHUKE TJIABHbIE JIMArOHAJIM PDABHBI, U KayKasd
U3 HUX JIEJTUT €ro Ha JiBe paBHOBeJuKHe JacTh. JlokaxKure, ITO JJIUHBI €ro
[IPOTUBOIIOJIO?KHBIX CTOPOH PaBHBI.

9. Haitsiure Bce mpocThie p Takue, 9YTo 00a UHUC/Ia
TOYHBIMU KBAJ[PATAMA.

10. Kpacuble, cunme u 3ejieHble J1eTu Beraan B Kpyr. Korma yaurensania
[IOIIPOCUJIA TIOJHATH PYKY KPACHBIX JIETel, PSAJIOM C KOTOPBIMU CTOUT 3€JI€HbII
pebeHok, pyKy nogasn 20 deioBek. A Korja oHa MOMPOCU/IA TOTHATH PYKY
CUHUX JIeTel, PSIJIOM C KOTOPBIMHU CTOWT 3€JIEHbINl PEOEHOK, PYKY TOHSIIH
25 genoBek. JlokaxkuTe, YTO PAJIOM € KEM-TO U3 ITOJHUMABIINX PYKY CTOUT
cpasy JiBa 3ejIeHbIX peOeHKaA.

ptl

241
B u Z% ABJIAIOTCS
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Packpacku rpadoB u Teopema Bpykca. 19.07.2011

Onpenenenne 1. Packpacka sepinun rpada G B k 1iBETOB HA3bIBACTCA NPa-
6UABHOT, €CJIN JIIOOBIE JIBe CMeKHbIe BEPIIUHDI TOKPAIIEHbI B Pa3HbIE I[BETA.

Hanmenbiee HaTypasibHoe 9rCI0 k, TAKOE, YTO CYNIECTBYET PaBUIbHAL
packpacka Bepmud rpada G B k 1IBETOB HA3BIBAECTCA TPOMAMUYECKUM “UC-
som rpacda G u obosnadaercs x(G).

Onpepesienne 2. Yepes aG) obo3Hadaercs pasMep HAMOOJBIIETO HEe3a6U-
CuM020 MHOYXKeCTBa BepiiuH rpada (G, To ecTh TaKOr0 MHOYKECTBa, BEPIIHUH,
MeZKJIy KOTOPBIMU HET HU OJHOIo pebpa.

Onpegnenenne 3. Yepes 6(G) u A(G) 0603HATAIOTCH COOTBETCTBEHHO HAH-
MeHbIIIas U HanOOJIbINasA U3 cTeleHei BepiuH rpada G.

Omnpenenenne 4. [lycts v — BepmuHa rpada G. Yepes G — v obo3HaqaeTcs
rpad, mosydaemblii u3 G yiajieHneM BepIIUHbL v (M BCeX MHIUIEHTHBIX el

pebep).

Omnpenenenne 5. Yepes G oboznavdaercss donoanenue rpada G, TO ecTb
rpad ¢ TeMm »Ke MHOXKECTBOM BepIuH, 9T0 u (3, B KOTOPOM CMEKHBI T€ U
TOJIKO T€ Iapbl BEPIIUH, KOTOPble He CMeXKHbI B rpade G.

1. Jokazkute, aTo Jjis1 Jiroboro rpada G Ha n BepIINHAX BBIOJIHACTCS
uepasencrso x(G) - a(G) > n.

2. Bepmunsl rpada G Hesb3s MPaBUJILHLIM 00Pa30M MOKPACUTDb B d 1iBe-
toB. [Jokaxkure, uro cymecrByer Takoit moarpad H rpada G, aro §(H) > d.

3. Jlokaxkure, uto X(G) + x(G) < n + 1, rie n — KOJWYECTBO BEPITHH
rpada G.

4. B rpade G v BepiuH u e pebep, ero BEpPIIMHbI MOKHO ITPABUILHBIM
obpaszom nokpacuth B k nperoB. Jlokaxkure, ato k > 1)2”—_228

5. [lycre G — cBsasubiit rpad, A(G) = d > 3. [Jokaxkure, 9T0 BEpIIUHBI
(G MOKHO IIPaBUJIBHBIM 00PA30M PACKPACUTH B d I[BETOB, €CJIN

a) ecTb Takasl BepIuHa v, 9T0 rpad G — v HeCBsI3eH;

6) ecTb JiBe TaKue BEPIIUHBI 4 U v, 9T0 Tpad G — u — v HECBSI3€H;

B) €CTb TPU BEPIIUHBI U, U ¥ W TAKUe, 9TO U CMEYKHA C U U W, BEPIIHHBI
v 1w HecMexKHbI U rpad G — v — w CBA3eH.

Teopema (R.L.Brooks, 1941). Ilyemv d > 3, a G — ceasnwiil epagh, om-
MUK om noanozo epaga na d 4+ 1 sepwune, A(G) < d. Toeda x(G) < d.
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6. Jlokaxure teopemy Bpykca —a) mpum nomomnm 3agadum 5;  6) mnpu
IIOMOIIA METOIa YePeIyIoNXCcs Tereil.

T'eomeTpusa: pasabie noJsie3nbie pakTol. 19.07.2011

1. [Iycts X — ocHOBaHMe NEPHEHIUKYISIPA, OMYIIEHHOIO U3 BEPIIUHbI B
rpeyrosibiauka ABC ma Ouccekrpucy yria A. Jlokaxwure, 9ro TOuKa X
a) JIEKUT Ha CpeJiHell TMHUY, napaJjuiesibHoil cropone AC, Wi Ha ee pojIoi-
JKEHUU,; 6) JIEKUT Ha IPAMOM, COCJIMHAIONIEA TOYKUA KacCaHUd BHOUCAHHON
okpyzxkHocTu co croporamu BC' u AC.

2. a) Haiiure 1ieHTp roMOTETHH, TIEPEBOJISIIEH TPEYTOJBHUK B €r0 cepe-
JIMHHBI TPEyroJbHUK (T.. TPEyroJbHUK, 00pA30BAHHBIN CepeImHAMEI CTO-
por). 6) (IIpsimass Ditnepa) Ilpu momommu myHKTa a) JOKAKUTE, UTO
TOYKA TIepecevueHus MejaH TPEYTOJbHUKA JIEYKUT HA OJIHOM MpsiMoil ¢ op-
TOIEHTPOM U IIEHTPOM OIHUCAHHOI OKPYKHOCTH. B KaKOM OTHOIIEHUU OHA
JIEJIAT COEIMHSIONIII UX OTPE30K

3. B Tpeyronbauke ABC' npoBenensr meuanbl AA;, BBy, CC} u BbICO-
el AAy, BBy, CCy. Ilycts Touka H — oprorenTtp Tpeyroiabanka ABC u
touku As, Bs, C3 — cepenunbl orpeskoB AH, BH u C'H coOTBETCTBEHHO.
a) (Okpy>KkHOCTH AeBaTH To4eK) [lokaxure, uro Touku Ay, By, C}, As,
By, Cy, Az, B3, C3 nexxar Ha ojiHOi oKpykHOCTH.  6) JloKaykuTe, 910 IEHTP
OKPYKHOCTH JIEBATU TOYEK JICXKUT Ha NPpAMOil Dittepa u genut orpe3ok OH
(rme O — 1EHTD ONMUCAHHON OKPY?KHOCTH) HA JIBE PABHbIE YACTH.

4. Jlokaxkute, aro cepejuna jiyru AC onmMcaHHO OKPY?KHOCTU TPEYTOJIb-
nuka ABC, conepxkainas Bepinay B, paBHoymasena ot Touek A, C) [, u I,
(rme I, w I. — UEHTPBI BHEBIMCAHHBIX OKPYZKHOCTEl, KACAIOIIIXCS CTOPOH
BC' u AB cOOTBETCTBEHHO).

5. OkpyKHOCTB, BiiucauHas B Tpeyroiibuuk ABC, kacaercsa croporsbt BC
B Touke D. Touka F quameTpasbHO TPOTUBOIOIOKHA Touke D). Ilycrs F' —
Touka nepecedenns npsimbix AE u BC. Jlokaxure, uro BD = FC.

6. (Teopema o Tpex kosmakax) OOiue BHEITHEE KacaTeJbHbIE K I1a-
pam okpyKHOCTel S7 1 Sy, S u S3, S3 u S mepecekarorcst B toukax A, B u C'
coorBeTcTBeHHO. JlokaxkuTe, uro Touku A, B u C JexKaT Ha OJHON MPIMOI.

7. llycrs Ay, By, C1 — TOYKHU KacaHusl BIIMCAHHOI OKPYKHOCTH TPEYTOJIb-
nuka ABC' co croponamu BC, CA u AB coorBeTcTBEeHHO, a TOYKHU [4, Ip,
Ic — TIeHTPBI COOTBETCTBYIONMINX BHEBIMCAHHBIX OKPY2KHOCTEl. JlokaxkuTe,
aro upsimble 14 A1, IgB1, IoCh niepecekaioTcst B OHON TOYKE.
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YucaoBoii pa3znoboii. 20.07.2011

1. /TokazkuTe, 9TO HE CYIIECTBYET IEeIbIX 1 > 1 Takux, 9To n geaut 2" —1.

2. Ilyctb p = 3k +2 € P. a) Jlokaxkure, uTo cpaBhenne z° = 1
(mod p) umeer eauHCcTBeHHOE pererne.  6) Jlokaxkure, 9TO s JIEOGOTO
BBIYETA @ cpaBHeHme 1° = (mod p) umeeT eJMHCTBEHHOE DEIIEHNeE.

3. Ilyctb p = 3k +1 € P. a) [lokaxure, 9T0o cpaBHenue z° = 1
(mod p) umeer Tpu pemenns.  6) Jlokaxkure, 4To jist JTIOOOrO HEHYJIEBOIO
BbIUeTa a cpasHenne r° = a (mod p) mbo He mMeer perrenwuit, MO0 UMeeT
Tpu pemenns.  B) Haiiure KOJIM4ecTBO TAKNX HEHYJIEBBIX BBIYETOB @, ISt
KOTOPBIX cpaBHenne 3 = a (mod p) umeer perenue.

4. Jlokaxkure, 9TO €Cjiu p HEYETHOE IIPOCTOe U P jiesiuT mP +nP, To Torjaa
u p? geaut mP + nP.

5. Jlokaxkute, 9YTO IUCJIO % + % + ...+ ﬁ HEe sIBJIsIETCdA HaTypaJIbHbIM
HU TIPU KAKOM HATYPaJIbHOM 7.

6. Muorounen f(x) c¢ meabivmu kKoaddunmeHTaMn TAKOB, YTO [P KarK-
JIOM TIeJIOM 1 9ucyio f(n) JeJuTcs Ha OJHO W3 JBYX IeJIbIX duces a uin b.
Hoxkazkure, 9To GO MpH KazKJIOM IeJoM n aucyio f(n) meauresa Ha a, Jubo
pU KazKJIOM TiesIoM n wmcsto f(n) aemurces Ha b.

7. Haiimure Bce Takme n, 9TO CyMIECTBYeT M IPH KOTOpoM m?+9 nesurcs

gHa 2™ — 1.

I'eomeTpusa macc. 20.07.2011

Ounpenesienne. Mamepuarvhotis mowkol (m.m.) HA3BIBAETCS YIOPSIOIEH-
nag napa mM, tne M — HekoTopas TOYKa IJIOCKOCTH W 1M — HEHYJIEBOE
qncsio. ducsio m HasbBaeTcd Mmaccot, MarepuabHoil Touku mM, a cama
touka M — Hocumensem TOM M.T.

Llenmpom macc MaTepuajbHbBIX TOo4deK MMy, maoMs, ..., m, M, Ha3bI-
BaeTCsd Takas TOYKa Z, JJjisg KOTODPOIl MMeeT MecTO paBeHcTBO mi /LMy +
meZ My + ... +mp,ZM, = 0.

Teopema 1 (OcnoBuast reopema). Ecau mouka Z cayorcum yenmpom macc
cucmemvl, m.m. mi My, maMs, ... m,M,, npuuem my +mo+ ...+ my, #0,
mo oas A1060t mouku O cnpasediuso pasencmaeo

m10M1 + mgOMg + ...+ mnOMn

my+me+ ... +my,

0Z =
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Obpammno, ecau xoms 6vr 0as 00H0T Mowky O BLINOAHAEMCA IMO PAGEH-
CMB0, MO MOouKka 2 — YeHmp Macc 0aHHOT CUCTNEMbL M. 1.

CrnencrBue. /[aa koneuwnol cucmemv. M.m. ¢ HEHYAE80T CYMMOT MACC
UEHMP MACC CYWeCm8yem U Onpedessemcs 00HO3HAUHO.

Jlajiee Bessie, roBOps O CHCTEMEe MaTepHabHBIX TOYEK, Oy/IeM IpeJIo ia-
raTb, 9T0 CyMMa MacC €e TOUeK OTJIUIHA OT HYJId.

Teopema 2 (Ilpaswio peruara). Ilewmp mace Z dsyx m.m. miA u moB
C HEOMPUUAMENLHLMU MACCAMU  PACNoAodHCer Ha ompeske AB, npuuem

my |AZ| = ms |BZ|.

Teopema 3 (Ilpasusio rpynnuposku). ITycmov 6 cucmeme mamepuanb-

Holr movex mqMy, moMs, ..., m, M, ommeuenov, k m.m. miMy, maoMs, ...,
myp My u nycmo C' — yenmp macc ommevernnunz m.m. Toeda cucmema mq My,
molMsy, ..., m,M, umeem mom owce ueHmMp MaCc, YMO U CUCEMA M.M.

(m1 +mo+...+ mk)C', mk+1Mk+1, . ,mnMn.

1. Kakne mMacchl HQJIO TIOMECTUTH B BEPIITUHBI TPEYTOJILHIKA CO CTOPOHA-
MU @, b, ¢ 1 TPOTUBOJIEXKAIIMMHI UM YTJIaMK (v, (3, Y COOTBETCTBEHHO, ITOOBI
[EHTP MACC MOJIyYeHHON CHCTEeMbl MaTePUATLHBIX TOYEK OKA3ajcs — a) B
TOYKE Iepecevuennst ONCCeKTpHUC;  0) B IEHTPe BHEBIIUCAHHON OKPYKHOCTH,
KaCaIOIIEeiicsl CTOPOHBI @;  B) B OPTOIEHTPE TOTO TPEyTOJbHUKA.

2. a) (Touka 2Keprouna.) Jlokaxkure, 910 npsiMble, COEMHSIIOININE BEP-
IITUHBI TPEYTOJBHUKA ¢ TOYKAMU KACAHUS BIIMCAHHONW OKPYZKHOCTHU C COOTBET-
CTBYIOIIUMU CTOPOHAMH, II€PECEKAIOTCA B OJHON Touke. Kakme Macchl HaI0
[IOMECTUTH B BEPIIMHBI TPEYTOJIBHUKA JIJIsT TOTO, IYTOOBI MEHTP MACC COBIIAJ
¢ Toukoit zKepronna.

6) (Touka Harens.) /lokaxkure, 9T0 IpsiMble, COEANHSAIONIE BEPIIUHBI
TPEyTrOJIbHUKA ¢ TOYKAMU KACAHWUS BHEBIMCAHHBIX OKPY’KHOCTEHl C COOTBET-
CBYIOIIIUMHU CTOPOHAMH, II€PECEKAIOTCA B OJHON Touke. Kakme macchl Hao
[IOMECTUTH B BEPIIMHBI TPEYTOJHHUKA JIJIsi TOTO, IYTOOBI MEHTP MACC COBIAJ
¢ Toukoit Harers.

B) Touku Cy, Ay, By — cepemunbl cropon AB, BC, AC rtpeyrojbHuka
ABC. Jlokaxkute, 9TO MEHTP BIUCAHHON OKPY:KHOCTHU TpeyroyibHuka ABC
coBmajiaer ¢ Toukoit Harens rpeyronpauka Ay B1C].

3. Ilycte O — npousBosibHas ToYKa BHyTpHu Tpeyrogbauka ABC. doka-
xure, 9o Spoc - OA + Saoc - OB + Saop - OC = 0.
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4. [lycte ABCD — BoInyKJIbIil YeTbipexyroibauk, K, L, M, N — cepe-
nunbl cropon AB, BC', CD, DA. Jlokaxute, 9TO TOYKa [IEPECEICHUsT OTPE3-
koB KM u LN gBisercs cepeJIMHON 3TUX OTPE3KOB, & TaKXKe M CeperuHOM
OTpe3Ka, COeIUHSIONEero cepeanubl auaronaneit AC' u BD.

5. 2ZKens, Muta u Cepexxka numeior paBable Macchbl. OHU O30T MO CTO-
pOHAM TPEYTOJbHUKA TaK, UYTO UX IEHTP Macc ocraercd Ha mecte. [Ipu sTom
2Kens nporrosiz o Beeit rpanuiie TpeyroibHuka. Jlokaxkure, UTO UX MEHTP
MaCC SBJISIETCS TOYKON TepecevdeHus MeInaH TPEYTrOJbHUKA.

HepaBencTrBo Komn-Bynskosckoro-111Bapma. 20.07.2011

1. (HepaBencrBo Komm-BynsikoBckoro-IIIBapna) a) lokaxure,
9TO JIJIA JIIOOBIX BEIIECTBEHHBIX YUHCe a1, ds9, . .., dn,b1,be, ... b, cipaBes-
JIMBO HEPABEHCTBO

(a3 + ...+ a2)(b] + ... +b2) > (arby + ... + ayb,)>.

6) Jlokaxkure, 94T0 Jisl JTFOOBIX BEIECTBEHHBIX YHUCEN (1, A, - . . , Oy ¥ TIO-
JIOXKUTEJIbHBIX duces by, by, ..., b, cupaBeJInBO HEPABEHCTBO
a? az (a1 +...4+a,)?
—+...+=2> )
by b, by + ...+ by,

B) Ilpn Kaknx 3HAYEHUSAX [IEPEMEHHBIX B HEDABEHCTBAX W3 MPEIBIILYIIIX
IIyHKTOB JIOCTUTAETCsl PABEHCTBO?!

IIpu momormm HepaBeHcTBa KBIII mokarkure ciieryrornme Hepa-
BEHCTBA

2. (HepaBeHcTBO 0 cpenHeM apudMeTU4eCKOM U CpeJHEM KBa/l-
paruuaHowm.) Ilycrs ay, ..., a, € R. Torna

a; +as+ ...+ a, <\/a%—i—a%—I—...—i—af1

n n

a? b2 C at+b+c
2a+b+c + a—24-2b+c + > .

2 2
4. Ilycrs aq, ..., a, > 0. Torma Z—;+Z—§+...+“—’;>al+a2+...+an.

3. Ilycts a, b, c > 0. Torma

P
5. a) Ilycrs a,b,¢ > 0. Torma 3% 4 - 4 ¢ > 3,
6) Hycrs a,b,c,d > 0. Torma 3% + Lo 4 & + -4 > 2
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6. IIyctb z1,...,2, >0 21+ ...+ 2, = 1. Torma

1\2 1\? (n2+1)?
(m_) +.._+<xn+_) s (417
T Tn n

7. Ilycre a,b,c > 0 u abc = 1. Jlokazkure HEpaBEHCTBO a3(;+c) + b3(61+a) +
1 3

A3(atb) = 2°

Maccoi-2. Teopembl UYeBbl, Menesnasa u Ban-O6emns. 21.07.2011

1. JHoxkaxxkure mpu rnomoru Mmacc Teopemy Ban-O6ens.

Yepuanot AA;, BBy u C'C) tpeyronbanka ABC' mepecekaiTcss B TOU-
ke K. [lokaxkurte, 910 [?—ffl = g?cl + %.

2. JlokazkuTe Mpu TOMOIIN Macc TeopeMy UeBbl.

Ha croponax AB, BC u AC tpeyronbanka ABC, nin Ha WX MPOJIOJIKE-
Hustx orMederbl Toukn Cp, Ay u By coorBercTBeHHO. JloKaykuTe, 9TO Mpsi-
mble AAy, BBy u CCy konkypenmmos (T. e. b0 HapasiiebHbl, JHOO mepe-

CEKAIOTCsT B OJIHON TOUYKE) TOTJIA U TOJBKO TOT/a, KOIJIa

BA, CB, AC,
A,C BiA CiB

3. JlokaxkuTe TIpu TIOMOINU Macc TeopeMy MeHesasi.

Ha croponax AB, BC u AC tpeyronbauka ABC, wim Ha UX IPOJIOJ-
kenusix ormedenbl Touku Cp, Ay u By coorBercTBeHHO. JloKaxkuTe, 910 9TH
TOYKM JIEXKAT Ha OJIHOW IPSIMOi TOTJIa M TOJBKO TOTJA, KOr/a

BA, CBy AC
AC BA 1B

4. Ha Ouccekrpuce yrita A HepaBHOOepeHHOTO Tpeyroabanka ABC BbI-
opana Touka K. [Ipsmeie BK n C' K nepecekaior croponbl AC' 1 AB B Toukax
L u M. Jlokaxure, uro npamas LM mpoxoguT depe3 oCHOBaHUe OUCCEKTPH-
ChI BHEIITHETO yIyia A TpeyrojbHUKA.

5. (IIpsimas Taycca.) Ilpsmast nepecekaer cropoust AB, BC' u ipojoi-
xerne ctopoubl AC' Tpeyrobanka ABC B Toukax D, E u F' cOOTBETCTBEHHO.
Jokazxxure, aro cepeaunbl orpeskoB C'D, AF u BF jtexkat Ha OHOI ITPAMOIA.

6. Crapsrit mpar 3apblL1 KjaJ Ha octpoBe cpein 20 nepeBbeB. [locie
9TOr0 OH HAIIMCAJI 3aBEIaHue, B KOTOPOM YKa3aJjl, KaK MCKATb KJIaJI: HAJI0
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BCTATh K IIEPBOMY JIePeBY, IPONTH ITOJIOBUHY PACCTOSHES JI0 BTOPOrO JepeBa,
3aTeM IIOBEPHYTh K TPEThEMYy M IPONTH TPETh PACCTOAHHS JI0 HErO, 3aTeM
[IOBEPHYTH K YE€TBEPTOMY M HPOATH YeTBEPTH PACCTOSHMS JI0 HETO, U T.I.,
HAKOHeIl, IOBEePHYTh K JABAJIIATOMY U IIPONTH JBAINATYIO 9aCTh PACCTOSTHUSI
110 Hero. K cokastennio, mupar 3abbliI yKa3aTh, KaK 3aHYMEpPOBAHbI JIepeBbsi!
CKOJIBKO PA3HBIX sIM IIPHUIETCS BHIKOIIATH IIOTOMKAM ITHPaTa, YTOObI BCe-TaKn
HaiTu KJjaj?!

TpancuepaBeHcTBO. 21.07.2011

1. (TpaucuepasencTBo.) a) Ilycrs 0 < a1 < as < ... < a,;0 < b <
by <...< b, u (i1,ls,...,i,) — mepecraHoBKa uduces 1,2,...,n. Jokaxure,
910 A1by, + a2by—1 + ...+ apby < arby, + agby, + ..+ anb;, < aiby + axbs +
..+ apb,.

6) [lyctb 0 < a3 <ag < ... <ap;0<b; <by < ... <by;...;0< <
Uy < ... < Ay u (i1, y0n), ---y (J1,J2,++yJn) — IEPECTAHOBKH UHCE]T
1,2,...,n. Hokaxwure, 910 a1b;, ... 4;, + agbi, ... L, + ... + ayb;, ... 0;, <
aiby ... 0y +agby... Uy + ... +aub,...0,.

2. Ilycts a, b, ¢ € R. Jlokaxxure mepasenctso  a* + b* +c* > a3b+b3c+
Aa.

3. (HepaBencrBo Yebbmmnéna.) loxaxure, qro mist qucesn 0 < a; <
as < ... < ap, 0<b <by <...< b, BBIIIOJHEHO HEPABEHCTBO

(a1 + ...+ an)(by + ...+ by) <nlarby + agbs + ... + ayby).

4. Ilyctsb a,b,c — cTOpOHBI U (v, 3,7 — HTPOTUBOJICXKAIINE UM YIJIbI TPe-
yrojbHuka. Jlokaxkure, 910

(ab + Bc+ va + ac+ Pa + ~b).

N | —

aa+ pb+ye >

5. a) Ilycts a, b, ¢ > 0. Joxazkure, ato a*b+b3c+c3a > a’be+b*ac+cab.
6) Ilyctb a, b, ¢ — jymaHbl cTOpoH TpeyrojbHuka. Jlokaxure, uto a?b(a—b) +
bc(b —¢) + c*a(c — a) > 0.

6. Ilyctb aq,...,a, > 0. /lokaxkure HEPaABEHCTBO
n
n—1
E a;a; < E a;.
— 2 4
1<J =1
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7. BGIHGCTBGHHBIG qucjia a, b u ¢ He Menbie 1. ,HOKEL}KI/ITG HEPaBEHCTBO

1+ab 1+bc 1+ca
+ + > 3.
b+c c+a a+b

Hecsaruunbie gpodu. 21.07.2011

Mpb1 OyjieM U3ydaTh Pas/ioyKeHHe MOJIOKUTETLHOIO PAIIMOHAIBHOIO YUC-
Ja ¢ B HEPUOJMIECKYIO JIECATUIHYIO IpOOL. JIErKo BUIETH, UTO JOCTATOTHO
pacemorperh caydait 0 < a < b u (a,b) = 1.
1. /Tokaxkure, 4TO YUCJIO § MOXKET OBITh NPEJCTAB/ICHO B BUJIE KOHEUHO
JIECSITUIHOM JIpOOK TOTJIa U TOJIBKO TOrja, Korjaa b mmeer Bui 25,

AnroputMm siesieHUs] CTOJIOMKOM IIPU MPABUJILHOM B3TJISIJIC HA BEIH CO-
crout B cieaytomeM. [lomaraem rg = a u cunraem pekyppeatno 10 -7, =
bg; + r; (memenue ¢ ocrarkom). [Ipu arom ¢; — i-Tast udpa moCI€e 3amATol B
pasencrse § = 0,q1q2q3 - - ..

2. JlokaxkuTe, 9TO  a) e€CJid B PA3JIOKEHUEe YUCaa b BXOJUT TPOCTOl
JeIUTE/ b, OTJIMYHBIA OT 2 U 5, TO YMCJIO § MOXKET OBbITh 3alluCaHo B BHJE
[EPUOJINIECKON JIeCATUIHON JpOoOU, IPUIEM ee IePUoj, COJEepXKUT MeHee b
madp;  6) cymMMa JUTHH IIepUojia U IPenepruoia TakyKe MeHbIle b;  B) ecym

(b,10) = 1, TO HmEpPHOJ YUCTHIN (TO €CTh HAYMHAETCST CPA3y MOCJIE 3aISTOMH ).

E1ie oiHO moHNMaHMe aJIropuTMa JAejIeHusi CTOJIOMKOM COCTOUT B CJIe-
nytomeM. Jemmm ¢ octaTroM: a - 108 = bQy, + .. Torna Q) — uncio, obpaszo-
BaHHOE II€PBbIMHU k IrdbpaMu [oc/Ie 3alsToil, 7, — TO JKe caMoe, UTO paHee
(TeM caMbIM T}, OKasbIBaeTCsl OCTATKOM Ipu jejenun a - 10F na b).

3. Ilycre (b, 10) = 1. [Jokaxkwure, 9T0 TOrja JJIMHA [EPHO/Ia HE 3ABUCAT
OT @ W paBHa HamMenbIneMmy t, s koroporo 10 — 1 b.

4. a) [lana GeckoHedHas YHCTO MepPHOIMYECKasl JIeCsATHIHAA JIPOObH
0, (b1bs ... by) (m10cste 3ansTOol GECKOHEUHO TIOBTOPSAETCS [IOCJIEI0BATEIbHOCTD

udp bibs ... by). Jokaxkure, 9T0 ee MOXKHO TPEJCTABUTH KaK OTHOIIEHIE

JIBYX HATypasbHbIX [nces ¢, rme b | 99...9 . 6) /lana GeckoneuHast

b’ S —
‘
nepuojmIeckas gecarudaras 1poob 0,c¢1Cs ... ¢y (b1by ... by). dokaxkure, aTo

€€ MOKHO IIPpEJCTaBUTh KaK OTHOIICHHE [ABYX HaTypaJIbHbIX YHCEJI 4 rae

b
b199...90...0.

¢ m
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5. Ilycrs (b,10) # 1. Jlokaxkure, 9TO B JECATHIHON 3allMcH HYHCTA §
00s13aTeIbHO €CTh IPEIIePHo/], IPUIeM €ero JJINHa paBHA HANOOJBIIEMY U3
rokasaTteJsieil, ¢ KOTOPBIMH 2 M 5 BXOJAT B KAHOHUYIECKOE PA3JI0KEeHNe JUCTIa,
b Ha pOCTbIe MHOXKWUTEJH.
6. Yucso 20% MPEJICTABUJIN B BUJIE ITEPUOIMIECKON JTeCATUIHON JIpoOu.
Hokazkure, 9T0 B (HaMMEHbBIIEM ) [IepUOJIe 3Tl Jpobu He Hosiee 215 ceMepok.
7. CyMMa u Ipou3BeJIeHre JIBYX YHCTO TEPUOJINIECKUX JIECATUIHBIX JIPO-
Oeit — yucTo nepuojmyieckue JIpobu c rmepuojom 1' . Jlokaxkute, 9T0 NCXOTHBIE

JApo0dU UMEIOT IIePUOIbl He OoJibie 1.

Packpacku rpacos-2.
XpoMaTuieckuii MHOTOYJIeH u pebepHble packpacku. 22.07.2011

1. a) Haiiure KoJmaecTBO MpaBUILHBIX PACKPACOK BEPIINUH JlepeBa Ha N
BepIIHAX B k I[BETOB.

NzBecrro, aro mjs goboro k € N KOIu4uecTBO NMPaBUILHBIX PACKPACOK
BepiinH B k 1mBeToB y rpada 1" u y n-BepIIMHHOIO JI€PeBa — OJIMHAKOBBHI.
6) Jdokaxkure, uro y rpada T posHo n BepumH. B) lokaxkure, uro T —
JIepeBo.

Onpepesnenne 1. O6ozHaunm 1uepes Y (k) KOIMIECTBO TPABUIBHBIX pac-
Kpacok BepiuH rpada G B k 1BETOB.

Onpenenenune 2. Ilycts uv — pebpo rpada G. Yepes G — uv obosnagaercs
rpad, monyuennsiit 3 G ynagerueM pebpa uv, a gepe3 G - uv — rpad, mosy-
JeHHbll 13 G crsiruBanueM pebpa uv (TO eCTh BEPIIUHBI U ¥ U 3aMEHSIFOTCS
HA& HOBYIO BEPIIMHY, CMEZKHYIO C TEMU U TOJIHKO TEMU U3 OCTABIITIXCS BEPIITIH
rpada (G, KOTOpbIe OB CMEXKHBI XOTsI ObI C OJIHON W3 BEPIIUH U U V).

2. Beipasure x¢(k) 9epe3 Xg—uww(k) 1 XGuw (k).

3. a) Jlokaxure, uro X (k) — MHOrOWIeH OT k. DTOT MHOrOUJIEH HA3BI-
BACTCS TPOMAMUMECKUM MHOo20uAeroMm TPada G.

6) Jlokaxkure, 4T0 3HAKH KOI(DMUIMEHTOB STOI0 MHOTOUJIEHA YEPEeTYIOTCSI
(To ecTh, cTapiuii Ko3hUIMEHT He MEeHBIIe HyJIs, CJIeIyoIuii — He 6oJIbIIe
HyJ/Is, HOTOM OIITh HE MEHbIIe HyJ/Id, U Tak Jlajee).

B) Jokazkure, 4T0 crapriunii Ko3hbUIueHT XpoMaTHIeCKOr0 MHOIOUJICHA
paBet 1, a cieytoruii pasen —e(G), rie depes e(G) 0603HATEHO KOTIIECTBO
pédep rpada G.
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Onpenenenune 3. Packpacka pébep rpada HasbIBaeTCS NpasusbHol, ecjid
JioObIe j1Ba pedpa, uMeromue OOl KOHEIl, TTOKPAIIEHbl B Pa3HbIe IIBETA.

4. Bce BepImHBI CBA3HOTO T'pada UMEIOT CTEIeHb 3, & pedpa MPaBUIbHBIM
obpaszom mokparieHbl B 3 nBeta. OjH0 3 pebep ynamuau. Jlokaxknure, 9T0
CBSI3HOCTH COXPAHMJIACK.

5. Pebpa rpada packpartirensr B d > 1 11BETOB Tak, 9TO B JIIOOOM IIYTH U3
TpeX Pas/JudHbIX pebep (B TOM YHUC/e W B 3aMKHYTOM) MEPBOE U TIOC/IE/IHEE
pedpo TMOKpAaIlleHbl B pa3Hble 1mBeTa. okaykuTe, YTO BEPIIMHBI 3TOTO I'pada
MOZKHO [IPaBUJIBHBIM 06pa30M packpacutb — a) B d+1 1Ber; 6) B d 11BeTOB.

6. /lan 1ByI0JIbHBIN I'pad, CTENEHN BCEX BEPIIUH KOTOPOTO He ITPEBOCXO-
gt d. Jlokaxkute, 9T0 €ro pédpa MOXKHO MPaBUJILHBIM 00Pa30M IMOKPACUTH
B d IIBETOB.

Paznoboii-5. 22.07.2011

1. okaxkxure, 9TO  JJId  JIHOOBIX — BEIIECTBEHHBIX quces
a1,02,...,0,,01,b,...,b, ClIDaBeJIMBO HEPABEHCTBO

n n

i=1

=1 i=1

2. B mapcuanckom asipasute k 6ykB. JIBa cjioBa HA3bIBAIOTCS TOXOKUMU,
eCJIM B HUX MOPOBHY OYKB M OHI OTJINYAIOTCS POBHO OJIHOM OYKBOM (B OJJHOM
paspsize, Hanpumep: TPYKC u TPUKC). [Tokaxkure, 910 BCe €I0Ba MOKHO
pa36buTh Ha k rpymni Tak, 9ToObl B OJIHON I'PYIIE He OBLIO IMOXOXKHUX CJIOB.

3. Brumcannast okpyzkHocTh Tpeyroyibanka A BC kacaercs croporst BC' B
rouke X. Touka A" — cepenuna 31oii croponbl. Jlokaxkure, uro npsimast A’
(re I — TeHTp BIMCAHHO OKPYKHOCTH) JIEJIUT MOHOJIaM oTpe3ok AX.

4. (dy,ds, ..., dy11) — mepecranoBka muoxkectBa 1T = {1,2,...,2011},
2011

i dy —k)?

SIBJISTIOITIASICST IOJTHBIM TMKJIoM. Haiijiure Muanmym Boipazkenust y | (dy —k)*.
k=1

5. LlenrpanbHo cuMMerpudHas (urypa Ha Kierdaroii Gymare coCTOHT

u3 n “yroJiIKoB” 4eThIpeX KJETOK M k IPsMOYTOJIbHUKOB pa3MepoM 1 X 4.
Jlokazkure, 9TO N IE€THO.

6. /lano 39-3naunoe HarypasbHoe dnciao A. Jlokaxkure, 9TO CyIecTByeT
takoe 20-3HavHOE YHWCI0 [, uTOo HU OmHO 39-3HAYHOE HATYpaJIbHOE HYHCJIO,
noJtydaroreecs u3 A mepecraHoBkoii ero mudp, He genurcs Ha B.
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SakJjounTesjbHas oanMnouaga. 24.07.2011
JloBbIBOT

1. Peibaku jjoBusn puidy JBa JHsd. B mepBblil J1eHb KaxKIblil pblOaK Ioii-
MaJl CTOJIBKO PBIO, CKOJIBKO BCE OCTaJIbHBbIE BMECTe BO BTOPOIi JieHb. JlokaxKu-
Te, 9TO BCE PBIOAKHM IONMaJIN TTOPOBHY PbIO.

2. 49 ToueK Ha OKPYZKHOCTH 3aHYMEpPOBaHBI (BO3MOMKHO, B GECIOpsI/IKe)
HEYETHBIMU YucaaMu 3,5,7,...,99. Ecan ogun HOMEp JesiuTes Ha JIPYyTOi,
TOUYKH COEIMHSIOTCs Xopioit. JlokaxkuTe, 910 HalllyTCst XOP/ibl, KOTOpPbIE TIe-
pecekaroTcst (BHYTpU Kpyra).

3. A, B u C' — nocie/oBaTeIbHbIE BEPIINHBI IPABUJIBHOTO N-YTOJTBHUKA,
JUTHHA CTOPOHBI KOTOPOro paBHa 1. /[marona/im MHOrOyroJibHIKA, BHIXOIAIINE
u3 BepmuHbl B, gexar rpeyroibank ABC na n—2 tpeyronbauka. Jlokaxkmnre,
9TO B KaKJIOM W3 HHUX JJIMHA OJHOI CTOPOHBI paBHA IPOU3BEJICHUIO JIJIMH
JBYX JIPYTUX CTOPOH.

4. ITonoxurenabHble YnCIa a, b, ¢, He peBocxojsdue 1, TakoBbl, 9TO ab+
ac + bc = 1. Jokaxxure, uto a® + b? + c? < 2

5. Jlano nientoe gucyo n > 0. metorcs gariedHbie BeCbl U N I'UPb, Beca KO-
Topeix pasubl 20,21, ..., 2771 Bee n rupb BLIKIAIBIBAIOTCS OJIHA 34, JIPYTOH
Ha 9Jallld BeCOB, TO €CTh Ha KarKJOM U3 7 IIIaroB BHIOMPAETCS TUpsi, KOTOpas
eIre He BbLIOXKeHa Ha BeChl, U JI00aB/IgeTcsd JIN0O Ha JIeBYIO, MO0 Ha MIPaBYIO
Yalry BEeCOB; IPH 9TOM T'MPU BBIKJIAJIBIBAIOTCI TaK, YTOObI HM B KaKOW MO-
MeHT IIpaBas Jallia He OblLia TsizKesiee jiepoit. Haiininre KosmmaecTBo crocobos
BBITIOJIHUTH TAKYIO MOC/Ie0BATEIbHOCTD II1aroB.

BriBog

6. O6oznaunm uepes p(n, k) KoIMIECTBO JejuTesieil ducia n, He MeHb-
mux, 9em k. Yemy paBHa cymma

p(1001,1) + p(1002,2) + p(1003,3) + . .. + p(2000, 1000) ?

7. BueBnucannast oKpy>KHOCTB Tpeyroybanka ABC' KacaeTcs ero cropo-
ubl BC' B Touke P, a npoposkennit cropon AB u AC — B Toukax Q u R
coorBeTcTBeHHO. JloKarkuTe, 4To eciu cepepuna P() JIeXKUT HA OMUCAHHOM
okpyzxuocTn Tpeyroabanka ABC, To u cepequna PR Toxe JIeXKUT HA ITOM
OLMCAHHON OKPYZKHOCTH.

8. Cy1recTByeT Jin TaKas CeTKA U3 PABHBIX MMaPasIIeJIONPAMMOB Ha T1JI0C-
KOCTH, B BEPIIMHAX KOTOPON MOYKHO HAPUCOBATH IMPABUIHHBIH IIATUYTOIb-
HUK?
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