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1. Ilonobmue. 4 uroJjis

OIIPEAEJIEHUE. [IBe durypbl Ha3bIBalOTCsI n000OHBLMU, €CJIN CYIIECTBYIOT TaKue
qucyio k > 0 1 cooTBeTCTBIE MEXK /Iy TOUYKAME 3TUX (PUIYP, YTO JJIsI JTHOOBIX JIBYX TO-
YeK MepBoil GUTryphl paccTOSTHIE MEXKy HUMI B k pa3 MeHbIIe PACCTOSTHISA MEXKIY
COOTBETCTBYIOIUMI MM TOUKAMIA.

HATTOMUHAHUE. Tpeyronbuuku ABC u A'B'C" nojobub! ecu

(1) /ABC = ZA'B'C' n AB/BC — A/B//B’C’;
(2) ZABC = ZA/B/C/ " ZACB — AA/C/B/;
(3) AB/A'B' = AC/A'C' = BC/B'C".

YTBEPK/IEHUE. MHOrOyroJibHUKHI MTO00HBI TOT/Ia 1 TOJBKO TOTIJIa, KOTJla UX CTO-
POHBI COOTBETCTBEHHO ITPOIOPIUOHAIBHBI, & YIJIbI COOTBETCTBEHHO PABHBI.

1. a) JlokaxkuTe, 9TO BBICOTA MPSAMOYTOJHLHOTO TPEYTOJIbHUKA, TPOBE/ICHHAST K TH-
MOTEHy3e, JIJINT ero Ha JiBa TPeyroJbHUKA, MOJ00HBIX ncxomHomy. b) Jlokaxkure,
YTO CyMMa KBaJIPaTOB KOI(DPUIMEHTOB 11010015 paBHa 1.

2. Bacs u3 n 0IMHAKOBBIX KBaJIpaTOB COCTABUI IIPAMOYTOJILHUK, 1 [leTs uz n oju-
HAKOBBIX KBa/IPATOB COCTABUJI IIPAMOYTOJIBHUK. [Ipr KAKUX 1 MOYXKHO yTBEPXKJIATD,
qTo npsimoyrosbaukn Bacu u [Teru 1mogobHb1?

3. Haitmure mtomaib Kpyra pajimyca 10, ecim M3BECTHO, YTO ILJIOMIA/IH KpyTra pa-
nnyca 1 paBHa .

4. TLnoma /b MOBEPXHOCTU HEKOTOPOTO Iapa pasHa 3. Haiiure miomaib mosepx-
HOCTHU BJIBOE OOJIBIIIEro Iapa.

5. /lokakuTe, 94TO CyIIeCTBYeT Iap, IMIOMA/ b TOBEPXHOCTH KOTOPOTO, BhIPAYKEH-
Hasl B KBaJPATHBIX CAHTHIMETPAX, PaBHa ero 00beMy, BhIPaKEeHHOMY B KyOMYECKIX
CAHTHIMETpaXx.

6. Buyrpu napasmenorpamma ABC' D BoiOpana Ttakast Touka P, aro ZPBC =
/ZPDC'. Joxaxure, aro LPAD = Z/PCD.

2. BcrynuresabHas omMnOuajia. 4 mioad

1. Crago MOJIONIHAKA COCTOUT M3 OBIYKOB 1 Tejodek. Tesodek B crage 55% or
ero obmieil YnciaeHHocT, a ux obmmii Bec cocrasiger 45% obmero Beca craga. Bo
CKOJIBKO pa3 cpejHuii Bec ObIUKa OOJIBINE CPEJIHEro Beca TeJ0UKN !

2. BemecrBennblie unciia a, b, ¢ TakoBbl, 910 1 < a < b+c<a+1ub < c.
Hokaxkure, 4to b < a.

3. Ilycrs ABC'D — paBnaobOenpennast Tpatenusi ¢ ocnoBanusimu AD n BC. Ha
npojroszkennn npsimoit DA 3a touky A orsoxkmim orpe3ok AFE Takoit, utro AE =
BC'. B kakom ornormennn ouccekrpuca yria DBE nenmut orpesok DE?
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4. Ha crosie nexxut Kyda nz n (n > 1) oeitjzkeit. Hunouka n Tanedka o odepeiu
(maunuaer Taneuka) pazdUBAIOT JIOOYIO U3 UMEIONIMXCS Kyd HA 2 WK 3 MEHBIINX.
[IpourpeiBaer He mMmerorias xojaa. Kro Beiurpaer mpu npasusbhoit urpe? (Orser
MOZKET 3aBUCETH OT N).

5. B TpeyrosibHEK BrncaHa OKPYKHOCTb. depe3 TOUKH KACAHUSI CO CTOPOHAMU
IPOBEJIEHBI MIPSIMbIE, MapaJliebHble OUCCEKTPUCAM TPOTHBOIOIOKHBIX yIJIOB. Jl0-
KayKUTe, 9TO ITU IIPSIMbIE TEPECEKAIOTCsT B OJIHOI TOUKE.

6. Moxxuo jin pazouTs unciia ot 1 ;10 1000 Ha Tpu rpymnnbl TaKuM 00pa3oM, ITOObI
B IIepBOIl I'pyIilie cyMMa duces jesniaach Ha 1002, Bo BTropoii rpymie — Ha 2003, a
B Tperheil rpymme — ua 30047

7. IlpssMoyTOTBHUK pa3buT Ha Mn IPSIMOYTOJIbHUKOB M — 1 BEPpTHKAJIBHBIM pas3pe-
30M U 1 — 1 TOPU3OHTAJBHBIM pa3pe3oM. [Ipo KaxK bt MajgeHbKUi ITPSIMOYTOTBHIK
(13 9TUX MMN) MOXKHO CIPOCHTD €ro ILIONAJIb. 3a KAKOe HANMEHbIIIee IHCJI0 BOIPO-
COB MOYKHO TapaHTHPOBAHHO Y3HATD IJIOMIAJIb OOJIBIIONO IPSIMOYTOJIbHIKA?

3. MHorouJjieHbl. 5 UIOJIA

1. Haitjure koacbduiment muorownena (2 + x° + 1)% npu a) 217; b) 218,

2. Pazniesute ¢ ocratkom a) 22 —x+1nax—2; b)a2®+1luaz®+x; c)a"—1
maxr—1; d)z"+1naz+ 1.

3. Haitiure Bce HaTypasbHBIE N, IPU KOTOPBIX 4ncio 2n® + 3n? 4+ 4n + 3 nenurcs
Ha umcsio n? 4 1.

4. JlokaxkuTe, 4TO IMPHU JIOOBIX IEJbIX HEOTPUIATE/NbHBIX [, M, m MHOTOYJIEH
32 o p3mEl 430 nenires na 22 + x4 1.

5. Muorowien f jilaer octaToK 2 1pu JeJeHUN Ha & — 2 W OCTATOK D IPU JICJICHIH
ra x — 3. Kakoit ocratok muorowien f Oyjer jgaBarh npn jgesennu xa (x—2)(x—3)7?

6. Teopema Besy. 3nauenne muorodseHa B Touke ¢ € R coBmajiaer ¢ ocTaTKoOM
OT JieJIEHUsI ero Ha MHOTOYJIEH T — C.

7. Muoroujen jeJuTcsd HA T — € TOTJIa W TOJHKO TOTJA, KOTJA C SBJISIETCS €ro
KOPHEM.

8. [Iycro ¢y, ..., ¢ — pasiudHble BEMECTBEHHbIE Tnca. JJokayknuTe, 9T0 MHOTO-
wien f jenurcsa Ha npoussesenue (x — ¢y) - ... (T — ¢x) TOIJIA U TOJBKO TOTJIA,
KOTJTa BCE ¢; SIBJISIIOTCST KOPHSAME f .

9. Jlokazkure, ITO €C/IH 3HAUCHUT MHOTOYWICHOB f 1 ¢ COBIIAIAIOT BO BCEX TOUKAX,
to ecthb f(c) = g(c) s moboro ¢ € R, To MHOTOWIEHDBI f U ¢ COBIA/IAIOT.

10. [dokazkure, 9T0 JiJis1 JIIOOBIX HATYPATbHBIX dnces n u k (rae n > k) cyiiecTByer
HATYpaJbHOE YNCI0, KOTOPOE MPH JIeJeHNH Ha 4ducjaa 1, 2, ..., m JlaeT poBHO Kk
Pa3JIMIHBIX OCTATKOB.
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3adayu 0Af CAMOCTNOAMENOHO20 DEULEHUA.

ONPEAEJEHUE. Kpamnocmuvio KOpHsI ¢ MHOTOUJIeHa [ Ha3bIBACTCsI HAMOOJIbIEE
nesioe k taxoe, uro f gesures Ha (x — c)*. O6osnauenne: mults(c).

11. dokazkute, uro a) multsi,(c) > min(mults(c), mult,(c));
b) mults,(c) = mults(c) + mult,(c).

12. JlokaxkuTe, 9TO IHCJIO0 KOPHEil MHOTOWIEHA (€ yIeTOM KPATHOCTH) HE TPEBOC-
XOJIUT €r0 CTEeleHH.

4. BekTopbl. 5 uioJis

0. Yupocrure Bhipazenne a) AC + DE’\—I— CB\—l— EA+ BD;
b) XM —-YN+BX -TZ+MN-TB+YZ.
1. Jokaxure, uto a) ecau M — cepenuna orpeska AB, To mist jiioboit Touku O

— 1 = ?
IJIOCKOCTHU BBbITIOJIHSAETCs paBeHcTBo OM = 5 (OA+ OB);
b) ectt M nesut orpe3ok AB B oTHOIIEHUN M : N, TO Jjisi Jii00Ooit Touku O 1m10c-
—_— n —_— m
KOCTH BbIoJHsIeTcst papeactBo OM = —— - OA + —— - Og.
m-+n m-+n

2. [okaxwure, uto a) Touka X NpHUHAIEKUT mpsimoii AB Torjga u TOJb-
KO TOIJia, KOIJIa CYIIeCTBYeT Takoe t, 9To Jiisi Jito0oit Touku () IJIOCKOCTH
OX =t -OA+(1-1t) OB
b) Touka X mpunaieRuT oTpe3ky AB Torja u TOJBKO TOrJIA, KOIJia CYIIECTBYeT
Takoe ¢, 0 < t < 1, 90 151 71106011 TOUKN O IIIOCKOCTH 072 =t-OA+(1—-1) O?

3. Jlokaxkure, 4TO CYMM@ BEKTOPOB, WILYIIIIX U3 HeHTPA HPABH/ILHOLO 1-YTOJIBHIKA
B ero BepiinHbl, pasHa 0 .
2w

4. JloxaxkuTe, 9TO €CJM BEKTOPDI qd + nd-—7¢ NepIeHINKYASIPHbI, TO

@ =[]

5. B uernipexyronbuuke ABC'D touka M — cepejuna BC, N — cepeauna AD.
Toxaxure, uro 2MN = BA + CD.

6. IIycth €{ U €3 — JBa HEKOJJIMHEAPHBIX BEKTOpa. JlOKasKuTe, 4To JIH00Oi
BEKTOp ¢ MOXKHO €JIMHCTBEHHBIM 00pasoM IPEJCTABUTD B BHje ¢ = a€] + 33,

rame o n ﬁ — BellleCTBEeHHbIE YUCJIa.

7. Ha npgamoit nexxkut opmaHanaTs Todexk My, ..., M. Brue npsmoit gana Tod-
ka F'. Moxno qm na orpeskax F'My, ..., FM _DAcCTaBuTh CTPEJIKH Tak, YTOOBI
CyMMa BCEX IMOJYYeHHbIX BEKTOPoB Oblia pasha (7

8. a) [lokazkure, 9T0 U3 MeMAH TPEYTOJbHIKA MOKHO COCTABUTH TPEYTOJHHUK.
b) okazkure, 9T0 9TO MOYKHO CJIEJIATH HPU TIOMOIIN TAPAJIIETbHBIX EPEHOCOB
Me/IiaH.
¢) Ilycrb cymma HEKOTOPBIX 1 BEKTOPOB paBHA 6) JlokarkuTe, 9TO U3 HIUX MOXKHO
CJIOYKUTD BBITYKJIBIIT MHOTOYTOJIbHUK.
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9. /lokaxkuTe, 94TO Ha CTOPOHAX U JIMArOHAJIAX HEYETHOYTOJIbHIUKA MOYKHO paccTa-
BUTH CTPEJIOYKH TaK, YTOOBI CyMMa BCEX IMOJIyUEeHHBIX BEKTOPOB Oblia paBHa () .

3adayu OAs CAMOCTNOAMENOHO20 DEULEHUA.

10. [Iycts M, N, P, Q — cepeqaunnl cropon AB, BC, CD u DE BbiyKJIOro
usstuyroiabianka ABCDE; F — cepequna M P, G — cepequna N(Q. Jloxkaxkure,
qT0 oTpe3oK F'G napaJsuiesien orpe3ky AFE n uMmeeT BUY€TBEPO MEHBIIYIO JIJINHY.

11. V¥V BBIIYKJIOTO MATHYTOJBHUKA OTMETHJIN CEPEJINHBI CTOPOH, & TTOTOM CTepJIN
BCe, KpOMe OTMEUYEeHHBIX ToUueK. BoccTaHoBUTE MATHYTOJLHUK.

12. Ha oxpy:xnoctu pajmyca 1 ¢ menrpom (O ormedena 2n + 1 Touka
P, P, ..., P51, 1eKamx 10 OJJHY CTOPOHY OT HEKOTOporo juamerpa. Jloxa-

= —
JKITE, 9TO ‘OPl + ...+ OP2n+1‘ > 1.

13. Ha mmockoctn gano 2000 BeKTOPOB, MpUYEM CpeId HUX €CTh HEe KOJJINHeap-
Hole. V3BecTHO, 9TO cymMma JitoObIX 1999 BeKTOPOB KOJLIMHEApHA C BEKTOPOM, He
BKJIIOUEHHBIM B cyMMy. [lokaxkure, uro cymma Becex 2000 BEKTOpOB paBHA HYJIEBO-
MY BEKTOPY.

5. Paszuoboii. 5 urosiga

1. Kaxkaomy u3 30 4eioBeK HpaBATCsS POBHO M OCTaIbHbIX. IIp1n KakoM HamMeHb-
IeM 1M MOYKHO T'apaHTHPOBaTh, UTO HAMIyTCs JiBa YesjOoBeKa, HPABAIIUXCA APYT
Apyry?

2. JlokazKuTe, 4TO 1P JIF0OOM HEYeTHOM 1, GosiblieM 3, dncso 2 — 1 jesnrest Ha
n® — 4n.

3. Hana mokosajka 700 x 2014 (700 — seicota, 2014 — mupuna). /IBa demoseka,
UIPAIOT B CJICAYIONLYIO UT'PY. X0, COCTOUT B TOM, YTO MOXKHO B34ATh JIFOOOI OT/1€/1b-
HBI{T KYCOK IOKOJIaJIKN (B HaYaje UIPhl TAKOH KYCOK BCETrO OJMH) W BBITPBI3TH W3
HEro Kycok B (popme IPsSIMOYTOJIbHIKA, IPUYIEM [IEPBOMY UI'POKY pa3pernaeTcst Che-
JIATh TOJILKO IIPSIMOYTOJIBHUKHI, Y KOTOPBIX BbICOTA OOJIbINE JINOO paBHA ITUPUHBI, &
BTOPOMY — Y KOTOPBIX MeHbIIe 100 paBHA IMUPUHBI. BhIMIpbIBAET TOT, KTO JIOECT
nocieHuil Kycodek. KTo BbIUrpaeT npu mpaBuibHON urpe?

4. OKpyKHOCTh, IOCTpOeHHast Ha BbicoTe AL HpsMOyTroJIbHONO TPEyroJbHUKA
ABC' xak nHa naumamerpe, nepecekaer karer AB B Touke K, a karer AC' — B ToUKe
M. Orpesok K M mnepecekaer Boicory AD B Touke L. l3BecTHO, 9TO ‘jl—IL( = f—]@.
Haiiinre octpoie yribl Tpeyronbanka ABC.

5. HazoeMm HaTypaJjibHOE 9UC/I0 N “KPOKOJIMIOM ', €CJIU JII000e HATyPaJJIbHOE UUCIIO,
MEHBIIIee 1, MOXKHO IIPEJICTABUTH B BHJIE CYMMbI HECKOJBKUX Pa3JIUIHBIX JICJTUTE-
neit n. Jlokaxkure, 9T0 NPOU3BEICHIE JIBYX KPOKOIUJIOB — KPOKOIIII.

6. Ha jiocke Halmcano HECKOJIbKO HaTypaJbHBIX 4ncesi. Pasperraercst creperh ¢
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Jockn JiBa dncia u 3amnucarh BMecto Hux nx HOJl u HOK. Jdokazkure, 910 KOrma—
HUOY Ib YHCJIa Ha JIOCKE IIePeCTaHyT MEHSIThCSI.

7. Cymectytor Jjin 100 momapHO pas3/MdyHbIX HATypaJbHBIX YUCEJI, TaKUX, 9TO
1pu JII0OOM pas3dMeHn X Ha JBe HEeIlyCThle IPYIIIbI CyMMa YUCEesI B OJHOI IpyIiie
JIeJINTCS Ha CYMMY YMCeJI B JIPYroii?

8. locka m X n (anciaa m+ 1 1 n+ 1 B3aUMHO TIPOCTHI) TOKPAIIEHA TAXMATHBIM
obpasoM. Bo Bcex 0OeibIx KJleTKax paccTaB/ieHbl 4Ync/a. B 4épHBIX KJeTKax Ha/llo
PaCCTaBUTL MUHBI (B KaxK/JyIO KJIETKY — JII00Oe 1eJ10e HeOTPUIATETbHOe KOJTIe-
CTBO) TakK, YTOOBI KOJMYECTBO MUH B COCEIAX KazKJO# Gesioil KJIeTKH ObLIo PaBHO
quc/y, 3almcaHHoMmy B Heil. JlokarkuTe, 9TO 9TO MOYKHO CJejaTh He 0oJiee, deM
OJIHIM CIIOCOOOM.

6. Ilytu m nukJbl. 6 uoJad

OIIPEAEJIEHUE. JUaepos nymsb B rpade G — 3TO IyTh, HPOXOSIINI 10 KazKJIOMY
pebpy POBHO OJIUH pa3. I.aepos yuka B rpade G — 9TO MUK, HPOXOJAIINA 110
KayKJIOMy pebpy POBHO OJUH pas.

Pasymeercsi, 9iijiepoB IIyTh U LUK B rpade MOIyT UMeTh caMollepecedeHus 110
BEPIITIHAM.

1. Ilycrs G — cBasnblit rpad. Jokaxkure, 910
a) sitiepos 1K B rpade G cymecTByer Torja 1 TOJbKO Torjia, Korja B G cTerneHu
BCEX BEPIINH YETHDIE;
b) pebpa rpada G MoxkHO pasduTh Ha He Gojiee, YeM k IyTeil U NUKJIOB TOTJA U
TOJIBKO TOI'JIa, Korja B rpade He OoJiee, yeM 2k BepIINH HEUETHON CTEIIeHN.

MuozkecrBo Bepiut rpada G Mbl Oyjem obosHadarh depe3 V(G), MHOKeCTBO
pebep — depe3 F(G), jijis KOJIM9IecTBa BepIInH U pebep Oy/ieM HCIOIb30BaTh 000-
snadernst v(G) u e(G) coorsercrenno. Yepes dg(x) Mbl 0b603HAYTAEM CTENIEHD BEp-
munbl ¢ B rpade G. Yepes 0(G) Mbl 0b603HATACM MUHUMATHHYIO CTEIIEHb BEPITHHDI
rpada G. [dnmmnnaa nyTtu u nuk/ia B rpade Bcerja n3Mepsiercs: B pedpax.

[IyThb (1, aHAJIOTMYHO, IUKJI) HA3BIBAETCS NPOCMbLM, €CJIN OH HE UMEET CAMOIe-
pecedenuii 1o BepiunnaM. Bo Beex ciiefyionmux 3ajadax myTH U HUKJILL — [IPOCTLIE.

2. llycers §(G) > 2. Jokaxkure, 9T0:
a) B rpade G ecTh IPOCTOi My Th JiHHbI X0Tst 661 0(G);
b) B rpade G ectb npocToit MUK HHEL X0Ts 661 §(G) + 1.
3. llycte €(G) 2 t-v(G), t € N.
a) [okaxure, uro cymecrByer Takoii moarpad H rpada G, aro §(H) >t + 1.
b) Hokaxkure, uto B rpade G ecTh MPOCTOi MyTh JJINHBI X0Tst ObI ¢ + 1 1 mpocToit
IUKJI JYIMHBL XOTsl Obl ¢ + 2.
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4. Ilycrb n > 2, a1, ..., a, — MakCUMaJbHBIH IyTh B rpade G, npuuem
dg(a1) + dg(a,) > n. Jokaxure, aro B rpade eCTh MUK JJIUHBI 7.
5. a) B rpade st s1100bIX AByX HECMEXKHBIX BepiuH u, v € V(G) BBIIOIHICTCS

dg(u) +dg(v) =2 v(G) — 1. Hokaxure, uro B rpade G €CTb raMIIBTOHOB Iy Th.

v(G)—1
2

6. a) list so0bIX JIByX HeCMeKHbIX Beprind u, v € V/(G) BbImosHseTCsI

b) okaxkure, aro eciaun §(G) > , T0 B rpade (G ecTb raMiuJIbTOHOB Iy Th.

dg(u) + dg(v) = v(G). Hokaxure, aro B rpade G €CTh TaMUJIBTOHOB TIHKJL.
b) Hokaxkure, uro ecim 6(G) > U(2G ). 10 B rpache G ecTb rAMUJIBTOHOB 1IKIL.
7. llycts ab & E(G), dg(a) + da(b) = v(G), a B rpade G + ab ecTb raMuIbTOHOB

k1. [Jokaxkure, uro B rpade G TakzKe €CTb raMUJILTOHOB UK.

8. Ilycts v(G) = n, ady < dy < -+ < d,, — HOCJEIOBATEJILHOCTD CTEINeHeit
sepiins rpada G. Illyers d; + d,,—; > n mug kaxgoro @ € [1..n — 1]. Jokaxkure,
yro B rpade GG ecTh raMuJIbTOHOB UK.

7. Paszmoboii. 6 urosiga

1. Haiisinre Bce Taxkue mapbl HATYpaIbHbIX duces (a, b), 410 a—b — mpocToe aucio,
a a-b — TouHbIl KBaJIpaT.

2. Toukn Ay, By u C} nexar Ha croponax BC', CA u AB cooTBeTCTBEHHO, 1
J1eJIaT X B oTHoIeHnn 1 : 2 rak, yro A; oummke Kk Touke B, By oimke k C, C] — K
A. oxaxkure, ato u3 orpe3koB AA;, BBy u C'C| MOXKHO COCTaBUTH TPEYTOJIbHIUK.

3. B pauy:xuom ropojie 1000 xuteneit. Kaxkaplit Beuep Bce »KUTeJ ropoja cood-
IIAIOT BCEM CBOMM 3HAKOMBIM Te€ HOBOCTH, KOTOpbIE OHH 3HaIOT. V3BecTHO, UTO JI0-
Oast HOBOCTH PAHO WJIN ITO3/IHO CTAHOBUTHLCSI M3BECTHA BeeM. JJokarkure, 9T0 MOYKHO
BbIOpaTh 90 KuTeseil nu coodIUTh UM HEKYI0 HOBOCThb Tak, 4To 4epe3 10 jHeil oHa
CTaHET M3BECTHA BCEM JKITEJISIM.

4. B tpaneruu ABCD (AB||CD) toukn P u ) — cepequnnt quaronaseii AC u
BD coorsercrBenno. Ussectno, uro ZPBA = ZDBC. Hokaxure, uro ZQCB =
LACD.

5. I[Iycrb a — HaTypaJsibHOe dnc/io. JJokaxKure, 9T0 CyIecTByeT OECKOHETHO MHOTO
TaKWX IIPOCTBHIX P, ITO MPH HEKOTOPLIX HATYPAJIBHBEIX M 1 1 4nciaa m? +3 nun’ —a
JIEJISITCST Ha, P.

6. a) Kak coepmaurs 2014 ropojia HANMEHBITUM YUCJIOM ABHAJMHUN TakK, 9TOObI
u3 JII0OOTO Iopojia MOXKHO OBLIO TOIACTh B JIIOOOH JIpyToii, cjieiaB He OoJiee JIBYX
nepecaiok? (YKaxKuTe Bee CriocoObl U JIOKaXKUTe, 9TO JApYrux Het.) b) CroJbKIMU
CII0cODAMHI 9TO MOYKHO CJleJIaTh?!

7. CyIlecTBYIOT JIM YeThipe KBaJIPATHBIX TPEXU/eHa TaKue, 9TO B KAKOM Obl 110~

pajke fi, fo, f3, f1 UX He BblUcaN, HANJIETCA TAKOE BEIIECTBEHHOE YUCIO @, YTO

fila) < fala) < fs(a) < fa(a)?
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8. 1151 HEKOTOPOro HATYPAJILHOTO 1 HAIILIOCH 41m TaKUX CTPOK OJINHAKOBOI JIJIN-
HbBI, COCTABJICHHBIX U3 HyJIel ¥ eauHuI], 9to jjs joboro 1 < k < 2m(dm — 1)
cpeJin HUX HafllyTcs JiBe CTPOKH, OTJIMYaloluecs poBHO B k paspsgax. lokaxkure,
qTO 1M — TOYHBII KBaJpar.

8. BuzkeHusi. 7 Ur0Js

0,. Buyrpu npssmoyrosibaunka ABC'D BbiOpana npousBosibHasi Touka M. /loka-
JKUTE, YTO CYIIECTBYET BBIYKJIbI 9eThIPEXYTOJbHIK C HePHeHUKYISTPHBIMEI JTia-
IOHAJISIME, CTOPOHBI KOTOPOI'O paBHbI cooTBeTcTBEeHHO OoTpeskam AM, BM, CM n
DM.

05. B TpeyrosibHUK BIIcaHa OKPYKHOCTH U IIPOBEJIEHBI KacaTeIbHbIEe, Hapaslie/Ib-
HbIE CTOPOHAM TpeyroJibHuKa. JloKaykure, 9TO IMPOTUBOJIEKAIINE CTOPOHBI 00Pa30-
BaBINETOCs MECTUYTOJbHIKA TONAPHO PABHBI, & TPU OOJIbIINE JIUATOHAJIN [TepeceKar-
IOTCA B OJTHON TOYKE.

03. Ha cropone C'D xBajipata ABC' D BbiOpaHa 1mpon3BojibHas TOUKa F 1 1ocTpo-
et kBajipar DEFG (roukn F' u G yexar Bue kBajpara ABC D). Jlokaxure, 910
orpesknt AE n C'G paBHbBI U HePIEHINKYISPHBI.

1. /okakure, 9TO IHpsiMbIe, IIPOBEJICHHBIE Yepe3 CepejHbl CTOPOH BIHMCAHHOI'O
YeThIPEXYTOJIbHUKA EPIEHUKY/ISIPHO IIPOTUBOJIEXKAIIIUM CTOPOHAM, [IEPECEKAIOTCS
B OJTHOI TOYKE.

2. CymiecTByeT Ji BBINYKJIBIH 9eThIPEXyTroJIbHUK, He UMEIOIIi HU IeHTPa CUM-
METPUU, HU OCU CUMMETPHUHU, KOTOPBI MOXKHO pa3pe3aTh Ha JiBa PABHBIX YeThIPeX-
yTOJIbHUKA!

3. IIpaBubnbiit Tpeyrosbauk ABC' Bruucan B okpyzkHocThb. Ha nyre AB, He co-
nepzkamieit Ttouky C', BeioOpana Touka M. Paccrosaust or Toukun M 110 Bepiiun A u
B papubl coorBercTBenno a u b. Haitaure C'M.

4. Ilycts T — Takasi TOUKa IIJIOCKOCTH, ITO CyMMa PACCTOSIHUIT OT Hee JI0 BepIINH
JIAHHOI'O OCTPOYTOJILHOIO TPEyroJibHIKa MuUHHMaJ bHa. /okaxknure, 9T0 BCe CTOPO-
HbI TPEYrOJIbHUKA BUIHBI U3 Hee 1o yriioM 120°. DTa Touka Ha3bIBAETCs TOYKON
Toppuyennn.

5. B Boinykiom derwipexyrosbiauke ABCD /ABD = ZCDB = 60°, Z/BCA =
ZCAD = 30°. Haititure BD, eciin AB = 2.

3adayuu 0Af CaMOCTNOAMENOHO20 DEULEHUA.

6. Ha karerax a u b npsgMOyro/IbHOIO TpeyroJibHIKa BbiOUpatoTcs Toukn P u @),
13 KOTOPBIX OIyCKalTcst neprerauky/aspel PK u QH na runorenysy. Haitanre
HauMeHbIee 3Hadenne cymmbl K P+ PQ) + QH.

7. B Boinyksom dersipexyroibanke ABC D cropoust AB, BC' u C'D pasubl, M —
cepequna AD, ZBMC = 90°. Haitaure yros mexkay AC u BD.
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9. T'eomerpus macc. 7 UIOJIs

ONPEJEJNEHUE. [Iycts M — HEeKoTOpas TOUYKa IJIOCKOCTH U M, — HEHYJIeBOE YUCJIO.
Mamepuaavrot mouxot (M, m) HasbiBaercs napa Touka M ¢ qucjoMm m, mpudeMm
GUCJIO N HA3BIBAETCST Maccoti Marepuasibhoit Touku (M, m), a Touka M — wocu-
meaem 3TON MaTepuaibHON TOYKMA.

ONPEAEJEHUE. [lewmpom Mmacc cucreMbl MaTepuajbHbiX TOoueK (My, my),
(Mz,ms), ..., (M, m,) Ha3bIBaeTCcsi Takast TOYKA 7, JIsi KOTOPOH UMEET MeCTO

L ——
paBeHCTBO My - LMy +mo - ZMs+ ... +m,, - ZM, = 0.

1. OcHoBHas Teopema. a) Ecii Touka Z SIBJISIETCST IEHTPOM MACC CHCTEMBI Ma-
TepuasibHbiX ToYek (My,my), (My, m2), ..., (M,, m,), npudeM cymMMapHas Macca
He paBHa HyJIIO, TO Jid J1i000it Toukn O ClpaBe/InBO PaBeHCTBO

—— —— —
07:m1-OM1+m2-OM2+...+mn-OMn.

mip+mg + ...+ m,

b) Ob6parno, ecim st HeKOTOPO#t Touku (O BBIOHIETCS 9TO PABEHCTBO, TO TOY-
Ka Z — IEHTP MacC JAHHOI CUCTEMbl MaTEPUAJIHLHBIX TOYEK.

2. Jlokaxkure, 9TO JijIsi KOHEUHOI CHCTEMbI MaTepUAJbHBIX TOYEK C HEHYJIeBOIt
CYMMOII MacC CYHIECTBYET €JIMHCTBEHHBIN IIEHTP Macc.

[laJjiee Be3jie, TOBOPsI O CHCTEME MaTepHaJIbHBIX TOYEK, Mbl OyIeM IIpeJIno/iararh,
4TO CyMMa MacC ee TOYEK OTJIUYHA OT HYJIs.

3. IlpaBuio pwryara. llearp macc Z nByx mMarepuajbHbix Touek (M, my),
(M3, my) ¢ HEOTPHIIATEIBHBIMI MaCCaMI PacIoiozkeH Ha orpeske MMy, npudem
mi - |M12| = my - |M2Z‘

4. IlpaBwio rpynnupoBKu. [lycTh jana cucremMa MaTepUAJbHBIX TOUYEK
(My,mq), (My,ms), ..., (My,m,) u nycrb Touka O — IEHTP Macc CHUCTEMBbI,
COCTOsAIIIEI U3 TIEPBLIX k MaTepuaJbHLIX TOYEK JaHHOI cucTeMbl. Torua HeHTp Mace
JIAHHOI CHCTEMBI COBIAJIAET C HEHTPOM MACC CUCTEMbI MAaTepPUAIbHBIX TOYEK

(Oaml +m2 + ... +mk)7 (Mk+17mk+1)7 SR (Mnamn)

10. Pa3z3nao0oii. 7 uroisa

1. HarypasbHble dncia m 1 n TakoBbl, uto m? 4+ n? +m : mn. Jlokazkure, 4T0
m — KBa/IpaT HaTypaJbHOIO YUC/IA.

2. [Iyctp f (x) — [PUBEJEHHBIN KBa/JPATHLIN TPEX4YJIeH, KOTOPbII UMeeT JIBa pas-
JIMYHBIX JIeCTBUTEJIbHBIX KOPHS, U3 KOTOPBHIX POBHO OJMH HPUHAJJICIKUT OTPE3KY

[0; 1]. Hokazxure, uro f(f(0)) < 0.
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3. Ha cropone AB tpeyronbsuuka ABC Boibpana Touka K. Otpesok C'K r1epe-
cexkaer meguany AM B touke P. OkazaJsioch, atro BK = 2PM. Jlokaxkure, 910
AK = AP.

4. HazoséMm secenkoti KiieTuaTyio purypy, COCTOAILYIO U3 BCEX KJIETOK, PACIOJIO-
JKeHHBIX B KAaKOM-HUOY/Ib KBaJjpare ¢ 0JIHOi CTOPOHBI OT ero jauaronaju. MoxKHO Jjin
KaKoi-H1Oy /ib KBaJipaT pa3douTh Ha 2007 JeceHoK, KaxKaas U3 KOTOPBIX COJEPKUT
He MeHee 3 KJIeTOK?

11. CuabHag CBI3HOCTh OPUEHTUPOBAHHBLIX I'padoB. 9 mioid

OIIPEAEJIEHUE. Bepiunbl a u b opuenTupoBanHoro rpada G Haz0BeM C8A3AHMHbI-
Mu, ecin B Tpade G cymecTBYIOT IyTH U3 ¢ B b u 13 b B a.

ONPEAEJEHUE. OpuentupoBatublii rpad G Ha3bIBACTCS CUALHO CEA3ZHBILM, €CJIN
JIIOOBIE JIBE €TI0 BePINNHbBI CBSI3aHDI.

Takum obpazom, MaO)KecTBO BepinnH V ((G) okasbiBaeTcst pa3dUTo Ha KJIACCHI T10-
IIAPHO CBSI3aHHBIX BEPIINH, KOTOPBIE MbI OyIeM HA3bIBATH KOMNOHEHMAMU CUAGHOT
CBAZHOCTIU.

[TocTpoum Jijist Halero opueHTUpoBaHHoro rpada G epag Komnonenm cusvbHol
ceasnocmu C(G), BepIIUHBI KOTOPOTO COOTBETCTBYIOT KOMIIOHEHTAM CHJIBLHON CBSI3-
Hoctn opruentuposanuoro rpada G. Ilposegem B rpade C(G) pedpo V; — V; Torna
1 TOJILKO TorJla, Korja B rpade G ectb pebpo, Hanpasiennoe ot V; k V.

st moboro mopmuoxkectBa U C V(G) depes G(U) mbl Gyiem 0003HaIATD Uh-
dyyuposanmviti nodepag rpada G Ha MHOKecTBe BepinH U (Takoii rpad cocrout
u3 Bepina MHOKecTBa U 1 Beex pebep rpada G MeXKLy STHMHU BEPITIHHAME).

1. a) [okaxure, uro B rpade C(G) ner nukios. b) Jlokaxkure, aro st 0000
KOMIIOHEHTBI CHIbHOIT cBsisnocTu V; rpad G(V;) Ha Bepmnuax MmuOXKecTBa V; ¢ peod-
pamu rpada G MKy 3TUMU BEPIIUHAME CUJILHO CBI3CH.

ONPEAEJEHUE. Ilycth V; — KOMIIOHEHTa CUJILHOI CBSI3HOCTH OPHEHTHPOBAHHOI'O
rpacda G. HazoBem a1y KOMIIOHEHTY npomesicymownot, ecin B rpade C(G) cyie-
cTByeT pebpo, BXxojsiee B V;, U cyliecTByeT pedpo, Bbixosiiee u3 V;. B nporuBHoM
caydae Ha30BeM KOMIOHEHTY V; kpatiner.

2. B opuentupoBannom rpade 200 BepiinH, 13 KaykI0il BEPIIHHBI BHIXOINT XOTS
Obl OJIHO PEOPO U B KarK/IyI0 BEPIINHY BXOJUT XOTd Obl 0JHO pedbpo. Jlokarkure, 910
MOXKHO 7100aBuTh He 0oJiee 100 HOBBIX OPUEHTHPOBAHHBIX pedep Tak, YTOObI ITOT
rpad cras cuibHO cBst3HBbIM. (MezKTy JByMst BepIIMHAMI MOYKET ObITH TPOBEIECHO
HECKOJIbKO pebep. )

3. Ilycrs GG cBs13HBII OpueHTHPOBAaHHLIH rpad Ha n BepimHax. Jlokaxkure, 4To
a) CymiecTByeT CUJIBHO CBSI3HBIN OCTOBHBIH nojrpad rpada G, B KoTopom He 6o-
Jee 2n — 2 pebpa.
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b) Eciin B rpade G Mex 1y JTFOOBIMIE JIBYMST BEPIITMHAME [TPOBEJICHO HE HOJIEE 0JTHOTO
pebpa, TO CyIIeCTBYeT CHJIbLHO CBSI3HBII OCTOBHBIN mojarpad rpada G, B KOTOpOM
He 6oJjiee 2n — 3 pedpa.

c¢) st Bcex m > 3 mocrpoiite npuMepsl rpadoB, jJist KOTOPBIX OIEHKH ITyYHKTOB a)
1 b) SBJISIFOTCS TOYHBIMU,

ONIPEJAEJEHUE. [loanwvili opuenmuposannvili 2pagd Wil myprupHuill 2pagh — 9TO
OPUEHTUPOBAHHBII I'pad, B KOTOPOM JII0ObIE JIBE BEPIIMHbBI COCINHEHBI POBHO OJIHIM
OPHEHTHPOBAHHBIM PEOPOM

4. a) [lokazkure, 9T0 KOMIIOHEHTBI CUJIBHON CBSI3HOCTH TYPHUPHOTO Tpadda MOXK-
HO TporyMepoBaTh Gy, ..., Gy Tak, 9100bl [j1si Beex @ < j B C(G) ObLIO PebPO
GZ‘ — Gj.

b) B opuentupoBantom rpade Her mukios. JlokaxkuTe, YTO €ro BEpIIHHBI MOXKHO
IIPOHYMEPOBATH V1, ..., Uk TaK, 9TO KayKJi0e pedpPo OPUEHTHPOBAHO OT BEPIIUHBI C
MEHBIIIIM HOMEPOM K BEPIINHE ¢ OOJIBIINM HOMEDPOM.

5. Jlokaxkure, 9T0 B CHJILHO CBSI3HOM TYPHUPHOM Ipade CYIIECTBYET 2aMUABMOHOG
yuKa (T. €. UKL, TPOXOJIAIINIT 110 KazK/I0if BepIIHHE POBHO OJIMH pa3).

6. a) /lokaxkure, 9TO B CHJIBHO CBSI3HOM TYPHUPHOM rpade ¢ 9eThipbMsi 1 OoJee
BEPIINHAME CYyIIIECTBYeT BEPIINHA, yIajeHne KOTOpOoil He HapyIIaeT CUILHO CBs3-
HocTH rpada.

b) Jlokaxkure, 4TO TAaKMX BEPIINH XOTsi ObI JIBeE.

7. [lycts G — cusibHO cBsi3HbI TypHUPHBII rpad, 3 < k < v(G).

a) Jokaxkure, uro s Jioboit Bepuimabl v € V(G) cyliecTByer MmpocToil MUK
JUINHBI K, TIPOXOJIATINIT Yepes v.

b) lokaxkure, aro B rpade G cymecryer xotst Obl v(G) — k + 1 mpoCTHIX MUKJIOB
JUIMHBI K.

8. Ilycrs G — moOJIHBIN OpHEeHTHPOBaHHBI Ipad ¢ n BepimmHamu. Jlokazkure, 9TO
B HEM CYIIECTBYET TAKOH TaMIJIBTOHOB IIYTh a1 — A9 — + *+ — (A, 9TO €r0 KOHIIbI
cOeIMHEHbI peOpoOM a1 — ay,

a) Ipu 9eTHOM n; b)) Npu HEYETHOM 7, OTJIMIHBIM OT 3 U 5.
c¢) Haityiure Bce moJiHble OpueHTHPOBAHHDBIE I'Padbl, JIJIT KOTOPBIX TAKOTO IIyTH HE
CYIIECTBYET.

12. Pa3mnob6oii mpo Macchl 1 MHOTOYJIEHBI. 9 MIOJIsI

1. Touku, pazbuBaroIIe KaxK/yl0 U3 CTOPOH YeThbIPeXyI'oJIbHIUKA Ha TPU paBHbIE
JaCTH, COeJINHEHBI €CTeCTBEHHBIM 00pa3oM. JlokarknTe, 9T0 a) KazK/blil 13 oy deH-
HBIX OTPE3KOB TaK:Ke pas3duBaeTCss TOUKAMU IIepecedeHnsl Ha TPU paBHbIC YaCTU;
b) maoma b CcpeiHero YeTbIpeyXroJbHUKA B JEBITh Pa3 MEHbIIE IIONA/ N HCXO/I-
HOT'O.
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2. Buyrpu tpeyrosbiauka ABC ormermin Touky O. [dokaxkurte, uro Touka O —
neHTp mace cucrembl (A, Speo), (B, Saco), (C, Sapo).

3. Ilycte M, N u P — mouku, pacnojioxkenuble Ha ctopoHax AB, BC u CA
tpeyrosibinka ABC u jiesisiiiiie 9TH CTOPOHBI B OJMHAKOBBIX OTHOIIEHUSIX (T.e.
% = ﬁ—g = %). JlokazknuTe, 9TO TOUYKa IepeceveHnsi MejraH TPeyroJbHUKa

MNP coBnasiaeT ¢ TOYKOIl mepecedeHust Meanan Tpeyroibanka ABC.

—
ONPEAEJIEHUE. IlycTb du b — nea KOJIMHEAPHBIX BEKTOPA. Tornma orHomeHn-
%

eM —%— HA3bIBAETCsl YUCJI0, KOTOPOE IIPU YMHOXKeHUM Ha b jaer .

4. JlokaxxuTe mpu IMOMOIIN Macc TeopeMy UeBBbl.

Ha croponax AB, BC' u AC tpeyroibunka ABC nin Ha uX MIPOIOJIZKEHISIX
ormedennl Touku C, A1 u By coorBercrBenno. Jlokaxkure, aro npsimbie AA;, BB,
u C'CY konxypernmmo, (1. €. ubO mapaJiiesbHbl, OO0 MEPECeKAIOTCs B OJIHO TOUKe)
TOTJIa U TOJIBKO TOTJIA, KO/

BA, CB, AC,
A C BA OB

5. Jlokaxkure mpu nomoinu Macc Teopemy Ban-Ob6ess.
Yesuanst AA;, BBy u C'Cy tpeyronbanka ABC nepecekatorcst B Touke K. [o-
KayKNTe, ITO

AK  AB N ACY
KA, B,C C,B

6. Ilycts f(x) = apa™+- - -+ ay — MHOTOUIEH ¢ TiesibiMU Koddbdunnentamu, a %’ —

HeCOKpaTuMas Jpobb Takast, 4To f (g) = 0. Hokaxkure, ato  a)p | ap; b)q| an.

7. st muorounena (3z2 — 4x +2)1% nocie packpbitus ckobok HafiuTe a) cyMmy
k03D dutnenTon; b) cBOOGOHDI TIeH.

8. Ilycts P(x) — mHOrowien ¢ meabiMu Kodbduimentamu. Jlokazxkure, 910 Jist
mobbIX TebiX a n b Beimosneno P(a) — P(b) @ a —b.

9. Muorowren f rakos, uto f(7) = 11, a f(11) = 13. okaxunre, 9r0 X0Ts OBI
OJINH U3 ero KodpUIeHToB — He 1eJ10e YUCJIO.

10. Jlokaxkure, uro Vn € N ecTh yHUTApHBIIT MHOTOWIEH f TaKoii, 9TO

fEeZx|: Ve e Z: f(z) i n.

13. KBajaparudnblie BbideThbl. 10 ur0JIst

IIycts p > 2 — mpoctoe umcyo, a He jgeauTes Ha p. PaccMoTrpuMm cpaBHeHne

> =a (mod p).
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Ecy1 910 cpaBHeHUe UMeeT pelenne, TO YUC/I0 ¢ HA3bIBACTCS K8AIPAMUYHIM Gbite-
MOM TI0 MOJTYJIIO P, B IPOTUBHOM CJIydae — K8aIPamuU4HbM HEGBIYEMOM TI0 MOJLYJIIO
p. ocTtaTouno 4acTo ¢JIoBO “KBaJIpaTHIHBIN MBI OYJIEM OITYCKATb.

-1
0. okaxkuTe, 9TO 110 MOJLYJIIO P CYIIIECTBYET POBHO pT KBaJIPATUYHBIX BbIYCTOB

1 CTOJILKO K€ HEBBIUETOB.

1. /lokakute, 9TO JIJIsA TAaHHOTO MOJIYJS P
a) TPOU3BeJIeHNe JIBYX KBaJIPATHIHBIX BHIYETOB — BBIUET;
b) mpousBe/ieHIe BbIlUETa HA HEBBIYET — HEBBIUET;

C) I[IponsBedcHNE IBYX HEBbBIYE€TOB — BbIYET.

. p—1
2. a) Jlokaxkure, 9TO €C/IM G — KBaJPATUIHBIA BBIUET [0 MOJIYJIO P, TO @ 2 = 1
(mod p). b) [Hokaxkure, 910 ecin @ — KBAIPATUIHBIN HEBBIUET 110 MOLYJIIO P, TO
p—-
az =—1 (mod p).

Vrazanue: ecnomnume 0oka3amesbcmeo meopemdal Buavcona.

Cumeonom Jleotcarndpa Ha3bIBAETCSA BblpakeHne, 0003HauIaeMoe (%), paBHoe 1,

ecJIn @ — KBaJIPATUYHBII BBIYET 110 MOJLYJIIO p; M paBHOEe —1, ec/in @ — HEBBIYET 110
Mojysato p u 0, eciin @ KpaTHO p.

Uz 3amaam 1. cieyert, 9TO (%) = (%) : (%) Uz 3amaan 2. cienyer KpUTe-

(Y] [Ty p—1
puii Diiepa: (%) =az (mod p).
0,. Jlokaxkure, uTo —1 gABIEeTCA KBaAPATUIHBIM BBIYETOM II0 MOJIYJIIO ITPOCTOrO
qucjaa p > 2 Torja 1 TOJIbKO Torjia, Korja p= 1.
4

03. IlycTs p — HedeTHOE HIPOCTOE YUCIIO, @, b, ¢ — BBIYETHI 110 MOIYJ/IIO P, IIPHIEM
a ] p,aD =V — dac. Joxkaxure, uro eciu D — KBaJpaTHU4HbIi BbIYET 10

MO/LYJIIO p, TO CpaBHEHUE ax’+br+c=0 umeer JIBa KOPHsI, ecin [) — KBaJIpaTUIHbII
p

HEBBIUET IO MOJYJIO P, TO cpaBHeHHe az’ + bx + ¢ =0 He UMeeT KOpHEl, a ecim
p

D : p, TO 3TO cpaBHEeHNEe NMEET OAUH KOPEHb.

3. IIpoctoe unciio p % 3, a IeJIble YHCyIa o U Y TaKOBbI, 9To o2 +y2 | p. Jlokaxure,
4TO0 T, Y i P.

4. JlokaxkuTe, 4TO CyMMa, BCeX KBaJIPaTUIHBIX BHIYETOB 110 MOJIYJ/IIO P paBHA HYJIIO.

5. JlokazkuTe, 4To ypapHeHue 4xy —x —y = 2% a) He UMeeT pelieHuil B HaTypaJib-
HBIX 9HC/Iax; b) uMeeT 6ECKOHEYHO MHOTO PEIIEHUIl B MEJIbIX YHCIIaX.

6. Jlokaxkure, 4T0 IPOCTHIX 4nces Buja 4k + 1 6eCKOHEYHO MHOTO.

7. IlycTb p — HedeTHOE IIPOCTOE UKCJI0, N — HAUMEHbIINI HEeBbIYET 110 MO/LYJIIO P.

Hoxazkutre, uro n < /p + 1.

3adanu 0Af CAMOCTNOAMENOHO20 DEULEHUS.

8. Pemmre B 1nesbIx unciax ypasaenne x5 + 7 = y2.
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9. Harypasnbuble yncia a m b TakoBbl, uTo 00a uncia 15a + 160 u 16a — 150
SIBJISIIOTCsT KBaJ[paTaMi HaTypaJbHbIX duces. Kakoe HanMeHbIllee 3HAUCHIE MOXKET
HPUHUMATH MEHbINNI U3 9TUX JIBYX KBaJIpaTOB?

14. Teopema Buera. 10 utoJid

Teopema Bueta. Ilycts y Muorowiena a,x" + a, 12" ' + ...+ ag IMeeTcs POBHO

n KOpHeil (¢ y4eToM KpPATHOCTH): Ty, Tg, ..., Tp. 1OIJIA BBIMOJHEHDBI CJIEYIOIE
COOTHOIIIEHNA:
. n—1
o1 ‘= T1+XTo+...+xHy = —
an
. Qp—2
Oy ‘= X119 +2X1X3+ ... +Tp 1Ty = ——
an
ap
e _ n
Op = XT1xg- ... Ty =(—1)"—
Qn

Mmuorodienbl OoT n IMepeMeHHbIX, CTOSIINE B JIEBOI YacTH PaBEHCTB, HA3LIBAIOTCS
OCHOBHBIMU CUMMEMPUYECKUMU MHOLOUNECHAMU.

1. BemecTBennble uncia x, Yy U 2 TaKoBbI, 9T0 © + 4y + 2 > 0, zy +yz + zx > 0,
xyz > 0. JJokaxkuTe, 9TO YnCIa X, Y U 2 HOJIOXKUTEJIbHBI.

2. lzBectHo, uro abc =1, a+ b+ c = % + % + % JlokazkuTe, 9TO OTHO M3 TUCETT
a, b nim ¢ passo 1.

3. a) Mnorounen z* + az® + 222 4 32 — 1 umeer xopens, papubriit 1. Haiignre
cyMMy KyOOB OCTaJIbHBIX €ro KopHeil. b) Paszmoxknre Ha MHOXKHUTEN BhIpaZKeHHE
a®+b%+c*—3abe. ) Ilycrs o, 8 1y — Kopuu MHorouwiena x> — 9z + 9. Haiture
3HaveHNe BhIpazkeHnda o + 93 + 9.

3adanu 0Af CAMOCTNOAMENDHO20 DEULEHUS.

4. Iyers s :=a% + a5 + ...+ 2F. Joxkaxure Toxkaecrso HbioToHa:
a) Sy — Sp-101+ ...+ (=1)"sg_po, = 0 mpu k > n;
b) sp — sp_101 + ...+ (=1 si04 1 + (=1)*koyp = 0 mpu k < n.

5. llycts o, B uw v — xopum wmuoroungena x° — 9z + 9. JloxkazknuTe, 4TO
a® 4+ o — 6 pasHo B Wi 7.

15. VYmupaxHenus 1o HepaBeHcTBam. 10 u 11 urosis

Ha nepBoM 3ansgaTiu y Hac ObLia JIEKIUs Ha KOTOPOIi ¢ TTOMOIIbIO JTUHEHHBIX OIEHOK
MBI JIOKa3aJ/I HEPABEHCTBO MEXKJIYy CPETHUM apudMETUIeCKUM U CPEJIHUM CTelleH-
HBIM HaTypPaJbHON! CTeleHu.
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,H.HH J0Ka3aTeJIbCTBa 9TOI'O yTBEPXKACHUA JOCTATOYHO IIPUMEHUTDL CJIEAYIOIINE

COOOPaAXKEHMUSI:
1) Tak Kak HEPABEHCTBO OJHOPOJHO, TO MOXKHO CUUTATD, YTO CYMMa T, X2, ..., Tp
paBHa 1 I HaM HaJIO JIOKA3aTh, 9To cyMMa xt, 2k, ... xfl OoJibIIIe MO0 paBHA N.

2) JloKazkeM IIPOM3BOILHBIM JIOCTYIHBIM ClIocoboM, 4To 2% — kx +k —1 > 0
3) CoKUB HEPABEHCTBO U3 IyHKTA 2 110 BCEM MEPEMEHHDIM X; Oy IuM Tpedyemoe.
3 ynparknenusi 13 Mbl BbIBE/IM HEPABEHCTBO MEXK/IY CPEHUMK CTEIIeHHBIME T10-
JIOZKUTEIbHBIX PAIMOHAJIBHBIX cTerneHeil. C oMOIIbIo HHAYKINN JI0Ka3a/11 HepaBeH-
CTBO MEXK/IY CPEJIHUM apudPMETUIeCKIM U CPeJHUM reoMeTpruieckuM. Boccoe iunns
BCE 9TU 3HAHUS, MBI ITOJIYINJIN HEPABEHCTBO MEXKJIY CPETHUMU CTEITEeHHBIMU ITPOU3-
BOJILHBIX PAITMOHAJIbHBIX CTEleHell.
Yupaxkuenus 9, 10 u 11 BmecTe jjajoT HaM JIoKa3aTeIbCTBO HepaBeHcTBa Koru-
Bynskosckoro-IlIBapna depes jinHeitabie onenku. Keratn dpopMynupyeTcs OHO Tak:
0. (KBIII) /lokaxkure, 410 Jijisi JIOOBIX BEIIECTBEHHBIX YUCE]T A1, U2, - . ., y, D1,
bo, ..., b, cupaBe/i/INBO HEPABEHCTBO

(a%_|_..._|_ai) (b%+..._|_bi) 2(a1b1+"‘+anbn)2'

VTIPAKHEHUS:

1. IlpuBejure npumep aByXx HepaBeHcTB f1 > 0, fo > 0 Takux, 9TO B KaxKJOM U3
HUX PABEHCTBO JOCTUrAeTCs, HO 1pu 3ToM f1 + fo > 0.

2. Yucsa x un y 60JbIIe HY/Is, HO MeHbIIe e uHnnbl. JJokazkure, 910
Ty T <L

3. Jokaxkure, uro 7a + 5b > ab + 35, ecqm a, b € [5, 7).

4. Kakoe HanMeHbIIIee 3HaUeHe MOXKET IPUHUMATE BhIpaykKeHue ar +% opu x > 0
(a, b>0)?

5. a) dokaxkutre, uto a? + b> + ¢ > ab + be + ac.
b) Haiiure npaBuibHoe 3HaUeHNE KOHCTAHTHI M B HEpABEHCTBE

2 2 2
ri+ a5+ -+ ar = M(xixe + z123+ -+ Tpo1Ty).
6. Haiiinre npaBuibHOe 3HadeHne KOHCTaHTHl M B HepaBeHCTBE

(1 + 29+ ... +xp)? < M(z]+ 254+ ...+ 22).

7. a) CymecTByer i Takoe HOJOXKHTEILHOE ¢, 9TO HepaBeHcTso ° + x < cx?

BEPHO [1JIsT BCEX MOJIOXKUTEIbHBIX 7
b) st 1106010 10JI0:KUTEILHOIO & BepHo HepaseHcTBo ax® + S + vya? < 0. Jo-
KaykuTe, 9To o n [ orpunarenbubl. Kak v 3aBucut or v u 37

8. a) a® + 4b> + 9¢® > (aa + b + vc)?. Tlpugymaiite npasuibhbe o, (3, 7 1
KOTOPBIX 9TO HEPABEHCTBO BEPHO.
b) a?+b? > (ca+B3b)?. Haiinure Bee napbl unce o, 3 /1 KOTOPbIX 9T0 HePABEHCTBO
BEPHO.
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2
a
9. [Ipwaymaiite Takue o u 3 ¢ cymmoit 1, uro m > aa + Bb.

10. BeiBegnure 3 ynpaxknenus 9 HepaBeHCTBO

2 2 2 2
S R ST (01 +az + . 4 )
by by b, by +bo+ ...+ b,

11. BeBeanure u3 npeapiayiero ynpaxknenus KBITIL
12. [IpegmosnoKum, 910 aq, @9, ..., A, 1 by, by, ..., b, — IOJIOXKUTEJIbHBIE THCJIA,
VJIOBJIETBOPSIIOIIIE YCJIOBUIO

ai+a+...+a,=by+by+ ...+ b,.

JlokaxKuTe HEPABEHCTBO

2 2 2
aj n as L4 a, >a1—|—a2—|—...—|—an.
a; +b;  az+ by an + by, 2

13. Ilycts p > ¢ narypasbhbie ncia. Jokaxure, aro (14 qx)? > (1 + px)? gs
BCEX T > — %.

14. Ilycrs a, b, ¢, d > 0. [lokaxkuTe HEPABEHCTBO

a+b+c+d>2
b+c¢c c+d d+a a+b~ 7

15. Ilycrb a, b, ¢, d > 0. /lokaxkuTe HEPABEHCTBO

1 1 4 16 64

+ = .
a b ¢ d a+b+c+d

16. Ilycrb x, y m 2 — HeoTpunare buble uncia. Jlokaxkure, 4To
ryz 2 (x+y—2)(y+z—z)(x+z2—vy).

17. JIj1s1 OJIOZKUTEILHBIX YHCE]I X, Y U Z BBIIOJIHACTCS PABEHCTBO T2 412 + 22 = 3.

JlokaxKuTe HEPABEHCTBO

1 1 1
—+t-—+-Zr+y+=z
r oy =z

18. Jlokazkure, 9TO Jiist JIOOBIX MOJOKUTEJIBHBIX YUCEN A1, A9, ..., Gy (N = 2)
n

CIIPABEINBO HEPABEHCTBO ) —H= > —= TJie § = a1 + ... + Gy,
i=1"

16. Ilokazaresan. 11 uroJiga

OMNPE/JEMEHUE. ['0BopsT, 94TO IHCIO a npunadiescum nokazamento t (nm t ss-
JIIETCST NOKA3aMeneM TUCTIa @) 0 MOJIYIIO N, €CJIN T sIBJISIETCST HAMMEHDBIITM HATY-
paJIbHBIM YuCIoM TakuM, u9To a' = 1 (mod n).
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SBAMEYAHUE. Teopema Diijiepa (nm 3/paBblii CMbICJI) HAM TOHKO HAMEKAET, 4TO
I 000ro @, B3aMMHO IIPOCTONO ¢ 1, Takoe t cyliecTByer. B ciydae, Koraa
(a,n) > 1, Takoro t, 0OYEBUJIHO, HE CYIIECTBYET.

0;. Ilycth a npunaIeskKuT mokazaresio t o Moy n. JJokaxkure, 4o ducia
1=4a% a', ..., a"! pazmuune! no MomyIIO M.

0,. IlycTh @ npuHAIEKUT ITOKA3ATEIO ¢ 110 MOJYJIIO 1.

a) Hdokazknre, uto a? = 1 (mod n) Torga n TobKo Tora, Korjga d ; t.

b) Hoxazkure, uto a’

= a® (mod n) Torja u ToJLKO TOrNA, KOrjga d — s ¢ t.
c) Hoxaxure, 1ro ¢(n) mneaurcs Ha t.

1. a) JlokaxkuTe, 9TO B pA3JIOXKEHUN HA [IPOCThIE COMHOKHUTE T dncia 27 — 1, rje
¢ — 1pocToe, Jdoe YUCcI0 OYJIeT JlaBaTh OCTATOK 1 110 MOJYJIIO (.
b) BeiBegnre u3 91010, YT0 MPOCTHIX YNCET OECKOHETHO MHOTO.

2. llokaxure, aro ¢(a™ — 1) geaurest Ha N JJIs HATYPAJIBHBIX G U M.

3. Ilyctb p u ¢ — npocthie, ¢ > 5. N3Bectno, uro 2P + 3P nemurcesd Ha q. Jlokaxkure,
4yTo q > 2p.

4. Haiijure Bce mapbl mpocThix unces (p, q) takue, ato 5P 4+ 57 & pq.

5. Haiimure BCce HaTypasbHble N, JJId KOTOPBIX dncaa n u 2" + 1 uMeroT oJuH u
TOT »Ke HAaDOP HPOCTHIX JeINTeIel.

6. /lokaxxkure, uro 2" — 1 He JiesuTcd Ha n, Tpu Beex n > 1.
3adanu 0Af CAMOCTNOAMENOHO20 DEULEHUS.

7. Ilyctb @ > 1, a p > 2 — mpocTtoe.
a) Jlokaxkure, 9T0 MpOCThIe HedeTHBIE Jeauresn a? — 1 wiu cpaBHEMBL ¢ 1 110 MO-

JLYJTI0 2p nin jeyndar a — 1.
a? —1 .

b) Jlokazkure, 9T0 4nNCI0 ——— UMEET XOTsI ObI OJIMH [TPOCTOI JIeIUTeb, He JeJisi-
a J—

muit a — 1.

¢) [okazkure qacTHBIN ciiydail Teopembl Jlupuxiie: cyiecTByer 6eCKOHETHO MHO-

I'0 IPOCTBIX YHUCEJ, CPABHUMBIX ¢ 1 110 MOJIyJ/IIO 2p.

17. CkajaspHoe mmpou3BejeHue. 11 urond

ONPEJENEHUE. [Ipoexyuet eexmopa A§ Ha MPAMYIO £ Ha3bIBAETCA BEKTOD

prgAB = A1 Bj, tie A, — upoexuns Toukn A, By — npoekims Touku B Ha mpsi-
Mmyto £.

OIIPEAEJIEHUE. CkaaapHvim npoussedenuem IBYX HEHYJIEBLIX BEKTOPOB dnd
HABBIBACTCS UnC/I0 |pr— | - | U], ecom pr- u U OJUMHAKOBO HAIIPABJICHDL,
—|pro W | - |7, eciiu OHI IPOTHBOIIOIOAKHO HAIIDABJICHEL.

B cayuae, ecan xoTst Obl OJ[UH U3 BEKTOPOB 1 WIH U paBeH ﬁ, IX CKAJISIPHOE

npousBejienne cantaercss paBabiM 0. CKajsipHOE NPOU3BE/ICHIE BEKTOPOB dut
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obosnauaercs uepes (W, V) wim o - 0.

0;. Jloxkaxkure, aTo 1mwaomaab Tpeyroiabanka ABC paBHa %AB - AC - sin a.

0,. Teopema cunycoB. /Ijis1 Tpeyrosbauka ABC jokaxkure, 9TO

AB B BC B CA B
sin /ACB — sin/BAC  sin/ZCBA
03. Teopema kocumycosB. /st mponsBosbHbix Touek A, B, C' mokaxkure paBeH-
crBo AC? = AB? + BC? —2AB - BC - cos ZABC.
1. Jlna mpoussosibbix Touek npocrpanctsa A, B, C' u D jokaxure gopmymy
AB-CD+ BC-AD+CA-BD =0.
2. Toukn A, B u C' ne ynexxat Ha onHoil npsimoii. Haiture reomerpnaeckoe Mecto
Todyek M Takux, 4To

2R.

MA.-ME = MB-MC = MC - MA.

3. IIpaBuibHbIil MHOTOYTOJNBHUK A1 Ay ... A, BIUCaH B OKPYKHOCTb pajuyca R ¢
nenrpoM B O; X — npoussosibhast Touka. Jlokasknre, uto |A; X[+ ... +|A,X|? =
n(R?+ d?), roe d = |OX]|.

4. Bemectsennbie uncia a, b, ¢ u d Takosel, uto a® + 0> = 1, 2+ d* =1
u ac + bd = 0. Haitnure ab + cd.

5. [lyctb @, B u v — yrisl ocTrpoyroJibHoro Tpeyroibinka ABC. [lokaxure, 910
a) cos2a + cos 20 + cos 2y > —%; b) cosa + cos B + cosy < %

3adayu 0Af CaMOCTNOAMENOHO20 DEULEHUA.

T T
6. Toukn A, B, C', D maxosbl, 9To jjsi Jjit00oit Touku M uucia MA - MB n

MC - M D pazmnunbl. Jokaxkure, ato AC' = DB.
7. Hanwr Toukn A, B, C', D. Jokaxkure, 9410

AB? 4+ BC* +CD*+ DA® > AC* + BD?,

IPUYIEM PABEHCTBO JOCTHTaeTcss TOIbKO ecian ABC D — mapaJiiesorpaMm.
8. Touku P u () — cepeuHbI quaronasieil BeIIYKJIOro YeTbipexyroyibauka ABC D.
Jlokakure, 94T0

AB? 4+ BC*+ CD*+ DA? = AC? + BD* + 4PQ>.

18. ®dopmysia BKJAINOYEHUN—UCKIIOUeHU. 12 uioad

3adayu 0Af CaMOCTNOAMENOHO20 DEULEHUA.

1. ITycTb p, ¢ — npocThle, a — HaTypaJsbHoe. ViMeeTcst HeorpaHudIeHHOe KOJINIeCTBO
OyCUHOK a pas3HbIX IBETOB. HaiijiuTe KOJMYeCTBO pas3UIHbIX KPYTJIBIX OyC U3 pq
OycuHoK. BapuaHTbl, oT/imgaloniecs: TOJIbKO TOBOPOTOM, CUMTAIOTCS OTMHAKOBBIMI.
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2. B xBajipar 1m1omam 5 IOMEIIEHO JIEBITH MHOIOYT'OJIbHUKOB, KayKIbIil 1110,/ [1
1. Jokaxkure, 4TO KaKuUe-TO JIBa U3 HUX HUMEIOT IiepecedeHue IO, He MEHb-
meit 1/9.

3. a) Haiignre KommaecTBO perieHnii ypaBHeHUs

$1+$2—|—$3—|—$4+$5+$6=27,

rie x; € {0,1,...,9}.
b) Haitnure konmdecrBo cuactinBbix 6usieros. (HamomuuMm, 9To 1mrecTusHadHbIi
HOMED HA3bIBACTCS CUACTAUGHLM OUACTNOM, €CJII CyMMa, IIePBLIX TpeX nudp pasHa
CyMMe TPEeX MOCJIe/IHIX ).

4. a) Beipasure HOK(a, b, ¢) wepes a, b, ¢ u HOJI bl oficucrem smux qucedt.
b) Beipasure HO/I(a, b, ¢) 1epes a, b, ¢ u HOK'u nojicucrem 1ux ducest.
¢) [pugymaiire hopmysibl, anamornanbie (GopMysIaM MPeJbLLIYIIX TyHKTOB, JIJIs 1
quCe1.

19. Marboii—mexxkaycoboii. IIpodpu—8. 12 mross

1. Buyrpu kBajipaTa co croponoii 10 nmmeeTcst 3aKpallleHHbIl KBaJpaTUK CO CTO-
POHOIT 1, CTOPOHBI KOTOPOI'O IHapaJljieJibHbl CTOPOHAM OOJIBIIIONO KBaJIpaTa. 3a OJHY
11po0y PO JIt0O0I MHOIOYTOJIbHIUK MOYKHO Y3HaTh, KaKas J10JIsl €ro ILIOMA 1 3aKpa-
mena. MoyKHO Ji 3a JiBe 1IpOObl HABEPHsSIKA OIPEIeJUTh MECTOIOJIOXKEHIE 3aKpa-
IIIEHHOI'0 KBaJpaTnKa’

2. IonoxxuTesibHbIe PalOHAJ bHbIE YNC/Ia @, b U ¢ YIOBJIETBOPSIIOT COOTHOIIIEHIIO

a’ + b% 4 2abc + ab = abc?. Jlokazkure, 4To \/:LZ — paluoHaJbHOE YUCJIO.

3. Jlan pom6 ABC'D. Ha orpeskax AC nu BC' ormedenn! Takue Touku M u N # B
coorBercTBento, uto DM = MN. Ilpsmbie AC' u DN nepecekatorcst B Touke P,
a npsimbie AB u DM — B Touke R. /lokaxkute, uro RP = PD.

4. KoHeuHoe MHOYKECTBO IIEJIbIX YHCE HAa3bIBACTCS IIJIOXUM, €CJIN CyMMa, €0 dJie-
MeHToB paBHa 2010. MHO>KecTBO Ha3bIBAETCs HAJIBIATHIM, €CJIN BCE €I'0 TI0JIMHOXKE-
CTBa He SBJIAIOTCS IJIoXUMHU. Ha Kakoe HamMeHbIllee KOJMYEeCTBO MaJIbIATHIX 10/
MHOKECTB MOXKHO pasbuth MHOKecTBO {502, 503,504, ...,2009}7

5. [onoxkurenbable Yucaa a, b u ¢ U HEKOTOPBIE YUCTA X, Y, Z Y/OBJIETBOPSIOT
ycaoBusiM ¢y + bz = a, cx + az = b u bxr + ay = c. Jokaxkure, 4to a, b u
C SBJIAIOTCS CTOPOHAMM TPEYTOJIbHUKA TOIJIa W TOJBLKO TOrJa, KOrja T, § U 2 110
MO/1YJIIO MeHblIie 1.

6. JIywom Ha KJIETIATON MJIOCKOCTU HA30BEM KJIETKHU OJIHOTO CTOJIONA WU CTPOKH,
Wy TIUE TTOAPST, HAaUuHAas ¢ HEKOTOPOIi KJIeTKU. MOXKHO /I U3 KJIeTYaTO IJIOCKOCTH
BbIpE3aTh OJINH T'OPU3OHTAJBHBIN W OJINH BEePTUKAJbHBIN JIyd TakK, YTOObI HAaYaB C
HEKOTOPOIl Heyla/IeHHOM KJIeTKU, 0OONTH BCIO OCTABIIYIOCs ILJIOCKOCTD. Pasperiaert-
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sl TIEPEXO/INTh U3 JIF0001 KJIETKH IIJIOCKOCTH Ha JIIOOYIO COCEHIOI 110 NOPI30HTAJIN
UJIN 110 BEPTUKAJIM HEYJIAJEHHYIO KJIETKY, KoTopasi He ObLia IpoiijeHa paHee.

7. Ha mtockocTn Jlaubl Tpr TOUKHU. VI3 HIX BHIOMpPAIOTCS JIIOOBIE JIBE, CTPOUTCH Ce-
PEeJMHHBII TEPIIEeHINKYJISID K OTPE3KY, UX COEIUHSIIONIEMY, i BCE TOUKN OTPAXKAIOTCS
CUMMETPHYHO OTHOCUTEIHHO STOM MPSIMOIT; 3aTeM 13 BCEX TOUEK (CTaphbiX U HOBBIX )
CHOBa, BBIOMPAIOT KaKHWe-TO JIBEé TOYKHU M BEChb IPOIecC MOBTOPsioT. Tak jesaercs
O6eckoHEeYHO MHOTO pa3. JlokazKuTe, 4TO B IJIOCKOCTH HalIeTcsl TaKas HpsMasi, 9To
BCE TOJIyIeHHbIE TOYKHU OY/IyT JieXKaTh 110 OJIHY CTOPOHY OT Hee.

8. CymiecTByIoT JIM JiBa PA3JUYIHbIX, HE KPATHBIX JecATH, 239-—3HadHBbIX dHCIIa
TaKUX, 9TO OJHO M3 HUX SABJSIETCA TOUYHBIM KBaJIPaTOM, BTOPOE TOUHBIM KyOoM, a
KPOME TOI'0 OHU OTJIMYAIOTCSI JINIIb [ePECTaHOBKOM 1.

9. Yepes Touky P na cropone AC tpeyrosbuuka ABC' nposejieHa npsimMasi, 1a-
paJutesibHast mejinane AM, koTopast niepecekaer cropony BC' B Touke E, n npsimas,
napaJuiesbias Menuane C'N, koTopast mepecekaer cropony AB B Touke F'. Jloka-
xkure, 9ro Mejaunanbl AM u C'N pazbubaior orpe3ok K F' Ha Tpu paBHbIE YacTH.

10. [Tocsieto0BaTEILHOCTD {a;} 3a/1aeTCs CJICJLYIOIIM 00pa3OM:
ap =0, a1 =1, a, = 2a,-1 + a,_2 npu n > 2. Jlokaxure, 910 G917 — (—1)"
JICJTUTCST Ha, Q.

20. PaaukajgbHoe. 14 urojid

0;. Touka X jexxkut BHyTpu okpyzkHocTh. CeKylasi, IpoBeJieHHas U3 TOUKNn X,
nepecekaer OKpyKHOCThb B Toukax A u B. Jlokaxkure, uro X A - X B He 3aBucur or
BBIOOpA CEKYIIEN.

OIIPEAEJIEHUE. 9TO 4YHUCJO0, B3STOE CO 3HAKOM “MUHYC HA3BIBACTCH CMENEHHIO
mouru X .

0,. Touka X JexxuT BHe OKpYyKHOCTH. JloKazkuTe TO »Ke yTBEpKJIeHHe, 9TO U B
ylpaykHeHun 1.
ONIPEAEJIEHUE. DT0 4KCJIO HA3bIBAETCS CMeneHsvro mouku X .

03. IIycTb paccrosinue ot Touku X J10 neHTpa O OKPY»KHOCTH pajuyca 1 paBHO d.
JloKazKuTe, 4TO CTeleHb TOYKH X OTHOCHTEIBLHO 3TOfl OKPY’KHOCTH paBHa d° — 72.

1. Ha npsmoit ¢ ormedennr ase Toukn — A u B. Kpome Toro, mano nekoropoe
pUKCUPOBaHHOE BeIeCTBEHHOe YUCIO C.
a) Jokaxkure, uto Ha npsiMoil AB cyrmecTByeT POBHO OJIHA Takas TOUKa X, 9TO
AX? - BX?=c.
b) Jlokazkure, 9T0 T€OMETPUIECKOE MECTO TOUeK Y Ha IJIOCKOCTH, JIJIST KOTOPBIX
AY? — BY? = ¢ — 370 npsiMag, TepleHnKyIapHas IpaMoif £,

2. JlaHb! JiBe HEKOHIIEHTPUIECKNE OKPYZKHOCTH (T.e. ¢ pa3HbIMu IeHTpamu). Haii-
nute ['MT Ha 1m1ockocTH, CTeleHr KOTOPbIX OTHOCUTE/ILHO 3TUX OKPYXKHOCTEH 011~
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HAKOBBI.
ONIPEJEJEHUE. 9to I'MT HaszbiBaeTcst padukasvroti ocvio IBYX OKPYKHOCTEIH.

3. JlaHbl Tpu OKPY2KHOCTHU, LEHTPbl KOTOPHIX HE COBIAJIAIOT U HE JieXKaT Ha OJI-
Hoit npsimoii. Haiinure I'M'T Ha 1iockocTu, crerneHn KOTOPBHIX OTHOCUTEIbHO 9TUX
OKPY2KHOCTel 0JMHAKOBBI.

ONPEAEJEHUE. 910 I'MT HasbiBaeTcsa padukasvbHvim UeHmpom TPeX OKPYrKHO-
CTell.

4. ITycts AA; n BB1 — BbICOTBI OcTpOyToJibHOrO Tpeyroibauka ABC, nyctb O —
IEHTP ONMCaHHOI OKpyzKHOCTH. JoKaxkuTe, uro npsimbie A1 By u C'O nepreHnKy-
JISIPHBI.

5. /lokakuTe IMOHSITHO KAKUM CIIOCOOOM, UTO BBICOTHI TPEYTOJIbHIKA [1€PECeKAIOTCSI
B OJTHOII TOYKE.

6. [IBe oxpy:xHocTn nepecekaiorcst B toukax A n B. Jlokaxkure, uro npsimasts AB
JICJTAT OTPE30K 00IIell KacaTeIbHOI K OKPYKHOCTSIM TTOTIOJIAM.

3adanu 0Af CAMOCTNOAMENOHO20 DEULEHUS.

7. Ha croponax AB, BC u AC tpeyronbuuka ABC BoiOpanbl Touku X, Y, 7,
T u U, V coorBercrBerno. OxazaJioch, uro derbipexyronbauku XY ZT, ZTV U n
XY VU Buucannsle. /lokaxxkure, uro mecturoibink XY ZTUV Toxe BIUCAHHBIN.

8. Okpy:kHOCTH W Kacaercst cropon AB, BC tpeyroibauka ABC' B Toukax X u
Y cooTBeTCTBEHHO M €ro onucaHHoil okpyxKHocTu B Touke P. Ilpsavbie PX u PY
BTOPUYHO IEPECEKAIOT OIMCAHHYIO OKPYKHOCTH TpeyrojbHuKa B Toukax M u N.
Hoxkaxkure, uro npsamasg M N penut orpe3ku BX u BY mnonosam.

21. Jlemma XoJsuia, AByaoJIbHBIE Tpadbl. 14 wioJis

1. Ha Beuepe HM OoMH MaJbUMK HE TAHIEBAJ CO BCEMU JIEBOUYKAMHU, a KarKJas
JIeBOUKa TaHIeBa/a XOTd Obl ¢ OJHUM MaJibdukoM. JloKarkuTe, 4TO CyIIecTByeT 2
MaJIbuMKa 1 2 JIEBOUKM TaKue, YTO 1ePBblil TaHIleBaJl ¢ 11epBOii, BTOPOil — cO BTOPOIi,
a IIePBLIIl CO BTOPO#l U BTOPOIl C II€PBOIl HE TaHIEBAJIN.

2. Jlemma o seByinkax. /lano n 1oHoreil 1 HeCKOJIBKO JieBylek. 3BecTHO, 9TO
i Jioboro k < m u 000 IpymIbl U3 k IOHOIIEHl ecTb He MeHee k JIeBYIIEK,
KayKJiasd U3 KOTOPBIX 3HAKOMa, XOTd Obl ¢ OJTHUM 13 9TUX k MaJbauKoB. /lokakure,
YTO BCE IOHOIIN MOTYT BBIOPATH IO HEBECTE M3 YUCJIA CBOMX 3HAKOMBIX.

A eciin cchopmyInpoBaTh HO-HAYIHOMY IIPO ABYIOJIBHBIN T'pad, TO MOy IUTCS
JeMMa XOJLIA.

3. JIemma XoJsuta g apadckKux crpaH. Cpeiy n 10HOIIel 1 HeCKOJIbKIX JIe-
BYIIIEK HEKOTOPBIE IOHOIIM 3HAKOMBI C HEKOTOPLIMHU JIeBYyITKaMu. KarK iblii I0HOIIa,
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XOUeT YKEHUTBHCS Ha M 3HAKOMBIX JIeByIIKax. /loKakuTe, 9TO OHU MOTLYT 3TO CJie-
JIaTh TOLJIa, U TOJIBKO TOIJA, KOrJa Jijisd JiH00oro Habopa us k 1oHOoIIel KOJMIecTBO
3HAKOMBIX UM B COBOKYITHOCTH JIEBYIIIEK HE MeHbIIe Km.

4. Jlanwr k£ manbuukoB n 2k — 1 kKondeta. /lokaxkure, 4TO0 MOKHO JaTh KaxKJOMY
MaJIbIIKY 110 KoH(eTe TaK, YTOObl MaJBLUNKY, KOTOPOMY He HpPaBUTCs ero KoHdera,
HEe HPABUJINCHh U KOH(METHI OCTAJILHBIX MaJILINKOB.

5. Bce Bepmunbl JIBY/10/1bHOTO T'pada UMEIOT cTenenb k. Jlokaxkure, 4To NX MOXKHO
pas3duTh Ha MapPhl CMEXKHBIX.

6. JlaTuHncknM Ha3bIBAETC MPSIMOYTOJLHIK 1M X N, M < N, 3all0JTHEHHBIN dnciamu
oT 1 110 n, TAKOil, YTO B KarKJIOH CTPOYKE U B KazKJOM CTOJIOIE YUC/Ia pas3judHbl. J1o-
KayKUTe, 4TO JIIOOOM JIATUHCKUIT TPSIMOYTOJILHUK MOYKHO JIOTIOJIHUTD JIO JIATUHCKOT'O
KBajIpaTa n X n.

7. Ilyctb M — MHOXeCTBO BcCeX Kk-3J€MEHTHBIX II0JIMHOYKECTB MHOYKECTBa
{1,2,...,2k+1}. Cyuiecrsyer jin ouekius f: M — M rakas, uro AN f(A) = &7

3adanu 0Af CAMOCTNOAMENDHO20 DEULEHUS.

8. Kaxkjplit u3 JAByxX paBHBbIX KBaJpaToB pas3ouT Ha 100 paBHOBEJIUKUX dYacTeil.
JlokazknuTe, 9TO MOXKHO CJIOYKATH 9TU KBaIpAThl B CTONKY U TPOTKHYTH B 100 TouKax
Tak, 9T00bl Kazkgast n3 100 gacreil KarKJa0ro U3 KBaJIpaToB ObLIa IPOTKHYTA.

9. B xBajsipare n X n CTOAT HEOTpULIATEIbHBIC YNCIa TaK, UYTO B KarKJI0i CTPOKe U B
KazKJIOM CTOJI0Ie cyMMa paBHa 1. JokazkuTe, 9To B 9TOT KBaJIPaT MOKHO IIOCTABUTD
n He OBIOIINX JPYT ApyTa Jajeil Tak, 9ToObl MOJ KaxKJ0# IOCTaBIEHHON Jajibeil
OBLIO IOJIOXKUTEJILHOE YUCJIO.

22.  Mmnorounensl Haj Z,. 14 nionsa

Oboznaunm depes Z, MHOKECTBO BBIUETOB 110 MOJLYJIIO 7. DTOT JIICTOUEK IIOCBSIIEH
MHOrO4JIeHaM, K03 dUIMEeHTbl KOTOPLIX OepyTesd u3 Zy,, B 0COOEHHOCTU U3 Zj,, TAe
P — IPOCTOE.

Bcrony Jiasiee, ecjin He OroBOPEHO 00PaTHOE, CUUTAETCsI, YTO P — IIPOCTOE.

0,. a) Ilycrs f, g € Zy[z]. Hoxkaxure, uro deg fg = deg f + deg g.
b) Ilpusemure npumep n u f, g € Zy[z], 1715 KOTOPBIX yTBEPXKJIEHUE MYHKTA a)
HEBEPHO.

0. Iofimure, 4TO J1/I1 MHOIOWIEHOB U3 Zjy|] BEPHBL:
a) TeopeMa O JIeJIEHUN C OCTATKOM;
b) Teopema Besy u ciencrue u3 Hee (0 TOM, KOIJIA € sIBJISIETCSI KOPHEM );
C) YTBEPKJIEHNE O TOM, UTO KOJUIECTBO KOPHEH MHOIOWIeHa (J1azKe ¢ yIeTOM Kpat-
HOCTH) HE [PEBOCXOJIUT €r0 CTENeHN.

1. a) [Ipusesure npumep Henysnesoro Muoroutena f € Zy|x| taxoro, uro Ve € Z,
Boinosineno f(c) = 0.
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b) Hro moxknO cKkazaTh 0 MHOrowienax f u g € Zylx|, ecim Ve € Z,, BBIIOIHEHO
fe) = g(c)?
c) llyers f, g € Zy[z] n deg f, degg < p — 1. Hoxaxure, uro ecim Ve € Z,
Beinosineno f(c) = g(c), o f = g.

2. [okaxure, uro mobas dyuxmus f: Z, — Z, 3a1aeTcsd HEKOTOPbIM MHOTOYJIe-
HOM CTelleHU He Bblie p — 1.

3. Jokaxkure, uro muorowien (z? — 13) - (% — 17) - (z* — 221) umeer kopuu 10
JIFOOOMY Harepe/1 3a/JaHHOMY TIPOCTOMY MOJIYJIIO P.

3adanu 0As CAMOCTNOAMENOHO20 DEULEHUS.

4. Ilycte p € P u f € Z[z]. Okazanocs, aro f(0) = 0, f(1) = 1 u g maoboro
HATYyPAJBLHOrO 1 ocTaTok 1pu jgeienun f(n) wa p pasen 0 win 1. Jlokaxkunre, 9ro
degf>p—1.

5. Jlokazkure, uto eciu p — 1 © m, To MHOTOWIeH """ — 1 MMeeT POBHO M KOpHEit
110 MOJLYJIIO P.

23. Jlemma 00 yTouHeHuu mokazaTess. 15 mrosis

OBO3HAYEHUE. Ilycts p — npocroe. Obo3naunM 4depes v,(x) naubosibliee 1esoe
HEOTPUIATEFHOe TUCJI0 (v TaKoe, 9To x : p%, HO T [ pett,

ITPUMEP. TTockonbky 63 & 3% no 63 / 33, To v3(63) = 2.

[TPUMEP. Ilycrh p # ¢ — upoctble uncia. Toraa v,(p*q’) = a.

[Lestbio 3TOrO JIMCTOYKA OY/IET JIOKA3ATh CJIeJIyIolee yTBepKIeHIe:
JlemMma 00 yTouHenumu mokasarend. llycTtb x m y — neJible 9ucaa, p — TaKoe
IPOCTOE YKCJIO, YTO HU X, HU Yy He jiejuTces Ha p. Torma
a)ecup#2ux —y i p, 10 vp(2" —y") = vy(x —y) + vp(n).
b)ecimp=2uxz—y 4 1o vy(z" —y") =vo(x —y)+ va(n).

IokazaTe/ibcTBO pa3odbbeM Ha, HECKOJILKO IIaros:

1. [lycrs @ u y — 1eJible 9uUCIa, p — TAKoe MPOCTOE YUCIO, UYTO HU X, HU Y HE
Jenures Ha p, a x —y : p. Torjga jyist Jiioboro HATYPAJILHOIO 7, B3AUMHO [IPOCTOTO
¢ p, BolosIHEHO Uy(2" — y") = vy(x — y).

2. [lycrb & u y — 1esible dncsa, p — Takoe He4YeTHOe MPOCTOe YUCJI0, YTO HU X, HU
y He fequrcs Ha p, a x —y : p. Torma vy(2? — yP) = vy(x —y) + 1.

3. Ilycrb x 1 y — HeveTHbIe Te/ble Yncia, Takue, ato x —y : 4. Torma s rodoro
narypasbaoro k soimoneno vz — y?) = vy(z — y) + k.

4. Jlokaxkure jieMMy 00 YTOUHEHUH [TOKA3ATEJISI.

BAMEYAHUE. Tor daxr, uro vy(z" — y") = vy(x — y) + vy(n) Jerko noaydnTs
13 JIOKA3aTeJbCTBA MYHKTA 2, HCHOJIB3Ys HHAYKINIO 10 v,y(n). CMbICT JieMMbl 00
YTOUHEHUN [OKA3aTe I B TOM, 4TOObI 3aMEHUTh HEPABEHCTBO HA DABEHCTBO.



XXX Jlerusis mHOTOIpeAMeTHas 1mKoJsia KupoBckoii objiactu 23

5. B kakoil crenenn 5 BXoAUT B passozkenne umcsa 310000 — 910000

Ha IPOCThIE
MHOKUTEJIN !

6. [lokaxkure, 4To mMokasaTesb ducaa 2 1o Mojyiiio 3" pasen ¢(3").

7. Pemure B HaTypabHBIX unciax ypasuenue 3" = 2" - m + 1.

8. Haiiyiure Bce HaTypaJibible k£ Takue, 4To TPOU3BEJIeHNE MTEPBLIX & TMPOCTHIX Y-
ceJi, YMEHbBINEHHOe HA 1, sIBJISETCST TOYHON CTENEeHbI0 HATYPaJIbHOrO dncja (60Jb-
medi, uem repnasi).

9. Ha jiocke nanucanbl n mudp B psjl. Jlokaxknure, 970 K HIM MOXKHO NPUITHCATH
HECKOJIbKO 1p ciieBa u He Dosiee n 1udp clpaBa Tak, YTOObI IOy iIach CTEeIIeHb

JBOWKU.
3adany 0Af CAMOCTNOAMENDHO20 DEULEHUS.

10. Paduxansom uvarypasbuoro ducia N (obosnadaercs rad(V)) HasbiBaeTCst Mpo-
M3BEJICHIE BCEX MPOCTHIX Jeuresieii ducia IV, B3AThIX 110 oJHOMY pasy. CyliecTsy-
eT JI TPOIKa MOMAPHO B3ANMHO IPOCTHIX HATYpasbHbX unces A, B, C' takux, 9ro
A+ B=CuC >1000-rad(ABC)?

11. Ilycts @, n > 1 — Harypasbhble uncia. JlokaxknTe, 910 ecyin Jijis HEKO-
toporo k wumcio (a — 1)* jenures Ha n, TO Toryia Ha M JIEJIUTCA U YUCIIO
a" a4 fa+ L

24. Kowmmno3unum aBuzkeHuii. 15 mroJis

3adayu 0Af CaMOCTNOAMENOHO20 DEULEHUA.

1. [Jokaxkure, 4TO Ji10OOE JIBIHKEHIE MOYKHO IIPEJICTABUTH B BUJIE KOMIIO3UIIUK HE
00J1ee TPEX OCEBBIX CUMMETPUI.

2. Ha 1miockocTu JIaHbI JiBa, paBHBIX, HO IIO0-PA3HOMY OPUEHTHUPOBAHHBIX TPEYTOJIb-
nnka ABC u A'B'C’. Jokaxkure, uro cepeaunnl orpeskos AA', BB u CC' nexar
Ha OJIHON MPAMOIL.

3. Touka M, jexKkarast BHyTpH BBIIYKJIOro deTbipexyrosbinka ABC D, Takosa,
yro LZAMB = ZCMD = 120°. doxaxxure, 9T0 HaiijeTcs Takas Todka N, 9TO
rpeyrosbaukn BNC nu AN D — paBHOCTOpPOHHUE.

4. a) JlokaxknTe, 9T0 KOMIIO3HIHs JIOOOI0 HEYETHOIO KOJMIECTBA EeHTPATbHBIX
CUMMETPUil ABJIETCA IIEHTPAJLHON CUMMETPHUEI.

b) Eirie pas BoccranoBuTE MATUYTOJIBHUK 110 CEPEITHAM €10 CTOPOH.

5. a) «, f u vy — BeauuuHbl yrjaoB Tpeyroibiuka ABC. Jlokaxkure, d9TO
R? o Réﬁ o R%® — toxjiecTBennoe npeobpazosanue. BepHo i obpaTHoe yTBep-
JKjenne?

b) Ha croponax mpom3BOJIbHOIO TPEyroJIbHUKA BHE €r0 MOCTPOCHBI PABHOCTOPOH-
HUe TpeyroJbHuKH. JJoKaxkuTe, 9T0 X HEHTPHI TaKzKe 00pa3yioT paBHOCTOPOHHMIT
TpeyrojibhuK (BHeIHU Tpeyroiabauk Harosieona).
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25. Paszuoboii. 15 uroiida

1. IlycTe uncia mg, mq, ..., m, IOIAPHO B3aUMHO IIPOCTHbI. JJoKaxkurte, 4TO Cy-
mectByer quco N takoe, uto N = 0 (mod m;) mist Beex 1 < i < n,u N =1
(mod my). BeiBesure 3 31010 KUTACKYI0 TEOpEMy 00 OCTATKAX.

2. a) CKOJIBKO CYIECTByeT KyOUIeCKUX BBIUETOB 110 POCTOMY Buja 3k + 27
b) CkoJIbKO CyIecTByeT KyOMIecKnX BBIYETOB 110 TIPOCTOMY MOJIyJi0 Buja 3k + 17
¢) A demy paBHa ux cymma?

3. Ilycrb xg, X1, ..., T, — pa3IUIHbIC BEIIECTBEHHbIE Yncya. a) Jlokaxure, 910
CyIecTByeT MHOro4jieH p(x) cremenu n takoii, uro p(xg) = 1, a p(z;) = 0 upn
Beex 1 < i < n. b) okaxkure, 910 jist JTHOOBIX ¢; MOYKHO T10,[00paTh MHOTOUJICH HE
BBIIIIE N-Oif CTernenn Takoii, aro p(x;) = ¢; upu Beex ¢ ot 0 J10 n.

4. a) Jlokaxkure, 9TO0 JIJIsI HEOTPUIIATEIBHBIX @, b U €

att? + b + ta? = a?bPe + v Aa + Addh.

b) [okazkure, 9T0 CyIIECTBYIOT Takue «, (3, ¥ ¢ cymMoii 1 Takne, 910 JJIst JTHOOBIX
HEOTPUIIATE/ILHBIX a, b, ¢ BEpHO HEPABEHCTBO:

aa’b’c + Va4 yPath > atb?
c¢) Hokaxkure, 910
a’b’c +b°ca + *a’b > a’b’cP(a® + b + 7).

5. a) Ha nocke m x n crost +1. Paspemniaercst u3MeHUTh 3HAKH Y 9UCET B OJTHOM
cToJ1011e W B 07HOI cTpoKe. CKOIBKO PA3/IMIHBIX PACCTAHOBOK MOYKHO IIOJIYUUTh!
b) Jokazkure, 910 MOXKHO B TabJIUIE MOy IUTH BCe + 1 TOrIa 1 TOJIBKO TOT/Ia, KOT/1a
B KaykK/IOM KBaJIpaTukKe 2 X 2 4eTHOe KOJIMIeCTBO — 1.

6. lan rpad. byuem paccmarpuBaTh packpacku ero pebep B KPaCHBII U CHHUI
[[BeTa TakKue, 4TO U3 KarKJIOfl BEPIINHBLI BBIXOJUT YETHOE UHCJIO0 KPacHBIX pedep.
JlokarkuTe, 9TO KOJIMYIECTBO TAKUX PACKPACOK SIBJISIETCS CTEIIeHbIO JIBOMKMU.

26. KomiuiekcHble dncja, HavdaJja. 16 mross

(1430) (1 —4i)+4+i
2+i ‘
1. Jlokaxkure, 94TO YNC/Ia Z U Z OJHOBPEMEHHO JINOO SBJIAIOTCS, JINOO HE SBJIAIOTCS

KOPHSIMI MHOTO'WJICHA C BEIECTBeHHBIMU KO3(hDMUITHEHTAMIL.
2. a) Hokaxure, uro |zw| = |z| - |w| mas smobbix 2 n w.

0. Broinosinure jeiicTBusI:

b) [okaxkure, 9T0O ecjin JiBa HATYPATHHBIX YHUCJIA MPEJCTAB/ISIIOTCS B BUJE CYMMBI
JIBYX KBaJIpaTOB, TO UX IIPOU3BE/CHUE TAKZKE IPEJICTABJIACTCA B BUJAE CYMMbBI JIBYX
KBaJIPaTOB.
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3. Borancmre (1 — \/gi)2007.

4. Ilycrb €1,€9,...,6p — Bce KopHU crenenn k u3 epuauibl. Haiigure
el +ey+ ... +ey.

5. Ilycrb 21, 29, ..., 2, — TOUYKH KOMILJIEKCHON TIJIOCKOCTH, SIBJISIIONINECS BEPIIIN-
HAMHI BBIITYKJIOTO N-YTOJbHUKA. VI3BECTHO, 9TO TOYKA 2 yAOBJIECTBOPSET YPaBHEHIIO

1 1 1 i}
p—— + . + ...+ Pl 0. Jokaxkure, 9TO TOUYKa 2 JIEXKUT BHYTPU STOTO N
YTOJIbHUKA.

27. IlepBoobOpa3ublii KOpeHb. 16 mioJIst

0;. a) [Iycte n ¢ t. CKOJIBKO CYIIECTBYET HATYPAIBLHBIX THUCET, HE TPEBOCXOJISIINX
n, TAKUX, YTO UX HaUOOJIbINNI 00Nl e/ InTe b ¢ n paBeH t7
b) Hokazxute, uto ., ¢(t) = n, rae cymma Gepercs 10 BCeM JeTUTeIlsM THCIIa .

[Iycts p — mpocroe. Obo3naunm depe3 (1) KOJINIECTBO BBIYETOB 110 MOJYJIIO P
MPUHAJIEXKAIIX TToKa3aTes o t. B mporwislii pa3 Mbl jokazasu, aro ecaun p— 1 1 t,
To Y(t) = 0.

0. Jlokazkure, 910 Zﬂp—l Y(t) = p— 1, re cymma GepeTcst o BCeM JIeJTUTe M
qncaa p — 1.
1. ITycts ¥ (t) > 0, TO ecThb cyIecTByeT XOTs ObI OJINH BBIYET @, MPUHAJICIKATIIIT

nokaszaresio t. JJokaxkure, uto a’, a', ..., a'~! — Bce xKopHn MHOrOUNIEHA X! — 1 €

Zyplx).
2. Jlokazkure, 910 JIst Beex JeanTesieii ¢ unciaa p — 1 Beimosaeno a) ¥(t) < o(t);
b) (1) = ¢(1).
ONPEJEJIEHUE. Borier g Ha3piBaeTest nepeooopastvim KopHem IO MOJLYIIIO 1, eCJIn
OH NPUHAJIEXKUT OKA3ATEII0 ((n) 10 MOJLYIIO M.
Ceifuac MBI [OKazKeM, ITO MEPBOOOPA3HBIN KOPEHDb CYIIECTBYET 10 MOJYJIAM 2,
4, p* u 2p* u Tonbko g mEx (p — 060 HEweTHOE MPOCTOE).

3. Jlokaxkure, 4TO 11€PBOOOPA3HBIIl KOPEHb HE MOYKET CYIIeCTBOBATH 110 MOJLYJISIM,
oTimaHbIM o1 2, 4, p¥, 2p¥, e p — nHewernoe mpocroe.

03. IoitMuTe, 9TO 110 MOIYJISIM 2 U 4 CyIIecTByeT 1epBooOpa3HbIil KOPEHb.

04. [ToiimuTe, UTO B 381a9e 2. MbI JJOKa3aJIH, 9TO 110 MOJLYJIIO P CYIIECTBYET POBHO
@(p — 1) mepBooOPa3HBIX KOPHE.

4. a) JlokaxkuTe, 94T0 ecyin g — 1nepBooOPa3HBIl KOPEHb 110 MOJIYJIIO P, TO Jubo ¢,
760 ¢ + P ABJIETCA 1ePBOOOPABHBIM KOPHEM 110 MOIYJII0 P
b) JoxazkuTe, 4TO eciu ¢ — IepBooOPasHbIil Kopenb 1o Momyio pF, To mmbo g,
6o g + p* aBisercs nepBooOpPa3HBIM KOPHEM 10 MojyJio 2pF.

5. ITyctb p — npocroe. MoxHO Jin paccTaBuTh 110 Kpyry uucia 1, 2, ... p—1 Tax,
9TOOBI JIJIsT JTFOOBIX TPEX TOPsi/ WYX 9UCeT @, b, ¢ (IMEHHO B TAaKOM TIOPSIJIKE )
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qncio b? — ac geansioch 6bl Ha p?
3adaru OAs CAMOCTNOAMENOHO20 DEULEHUA.

ONPEAEJEHUE. O6o3Haunm depe3 A(n) HanMeHbIlee HATYyPAJTbHOE —UHC-
n0 rtakoe, uro MM =1 (modn) m1s J060r0 X, B3AMMHO LPOCTOIO C 1.
A(n) HasbiBaercst ynryuet Kapmatixaa.

6. a) Pemre B HATYypaJIbHBIX Uncjaax ypasaenne @(n) = A(n).

b) dokaskute, uro npu k > 2 soimosmeno A\(2F) = 2872,

c¢) Hpuaymaiite dopmyrty st A(n), n = pit - py? - ... - poe.

d) okazkutre, 910 10 MOJIYJIIO 1 CYIIECTBYET BBIUET, IPUHAJIEZKAIINIT TTOKA3ATEITIO
t TorjIa M TOJILKO Torja, Korga A(n) .

ONPEJAEJEHUE. Yucio n naspBaerca wucaom Kapmaiixia wim ncesdonpocmovim
YUCAOM, €CITH JIJTs JIF0OOTO TIesIoro a Boinosneno a” = a (mod n).

05. /lokazkure, uro 561 gsyerca aucaom Kapwmaiikia.

7. Kpurepuii Kopceabra. /loka:knre, 9T0 cOCTaBHOE YNCJIO SBJISETCA TUCIOM
Kapmaiikjia Torja u TOJILKO TOIJA, KOIJa OHO He JICJIUTCA HY Ha OJUH KBaJpaT
[IPOCTOrO YKC/IA U JIJIsE KazKJIOr0 IIPOCTOrO JEJIUTENSA P YUCIa, 1 YUCI0 1 — 1 JIeuTCst
Ha p — 1.

8. Ilyctn p — upocroe yuciio, a uucia k u p — 1 B3anmuo npocrol. JJokazkure, 4To
1k 2k ..., p* — nosmas cucreMa BBIYETOB 110 MOIYJIIO D

28. HampaBJiiennble yriibl. 17 uioad

ONPEJEJEHUE. Hanpasaernvim yzaom MEZKILY TPSIMBIME @ 1 b HA3BIBACTCST YOI,
IPH [IOBOPOTE Ha KOTOPBI B MOJIOKUTETHHOM HAIPABJICHUN HPSAMAsi @ MEePEXOIUT
B IIPSIMYIO, HapaJiie/bHyo b min coBuajatoiiyio ¢ b. HanpasieHHblii yrosa mMex ity
npaMbIME ¢ 1 b obosnaudaerca Z(a,b). O onpejesen ¢ TOYHOCTHIO JO KPATHO-
ro 180°.
CBoiicTBa HAIPABICHHBIX YIJIOB:

1. Jlsst smioboit psimoit a Beinosineno Z(a, a) = 0.

2. Jlist sio6bIX mpsiMbIX a, b u ¢ yeaosust Z(a,b) = Z(a,c) n b || ¢ paBHOCHIBHBL.

3. st mo6bix mpsMeix a n b Beimosneno Z(a, b) = —Z(b, a).

4. Jyist mobbIX npsMbIX @, b u ¢ Buimosmeno Z(a,b) + Z(b,¢) = Z(a, c).

0,. Toukn A, B, C, D nexar Ha 01HOI IpsiMOii OO Ha OIHON OKPY>KHOCTH TOI'IA,
11 TOJIbKO Torga, Korja Z(AB, BC) = Z(AD, DC);

0s. Ilpstmas £, mpoxossiiast yepes Touky A, siBistercst KacaTeaIbHON K OMNCAHHOI
OKpyzkHOCTH Tpeyrojbauka ABC Torma u toibko Torga, korjga Z(AB, BC) =
Ll AC).

03. Tpeyrosmbuuku ABC u Ay B1Cy takossl, uro Z(AB, BC) = Z(A1By, B1Ch) n
Z(BC,CA) = Z(B,Cy,C1Ay). Toryma orn 1o 100HbI.
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04. Eciiu AB = BC, 10 Z(BA, AC) = Z(AC, CB) 1 1a060por.

05. Jloxaxure, aro £({y,ls) = £(ls,¢1) TOTA U TOJBKO TOIJIA, KOTJA TpsIMbIe {1
u (o OO mapaJLIe/bHbL, JIN0OO HePIeH INKYISIPHDI.

1. Touka O — nenTp onucanHoii okpyzkuoctu Tpeyroapianka ABC. lokaxkure,
uro Z(AB, BC) + Z(CA, AO) = 90°.

2. Ha cropone AB pasuobepentoro tpeyrosbinka ABC (AB = B(C') Boibpana
touka D. Yepe3 Touky [ mpoBe/n KacaTeJbHYIO K OIMMCAHHON OKPY?KHOCTU Tpe-
yroapanka ADC'. Ona 1epecekJia OlnMMcaHHy0 OKPYZKHOCTb TpeyrosbHuka BDC B
touke M. Jlokaxkure, uro BM ||AC.

3. Ha croponax AB, BC u AC tpeyronbauka ABC ormeuennsr toukn Ch, Ap
u B; coorBercTBenno. Onucannble oKpyKHocT Tpeyronbaukos AB1C; u BC1 Ay
BTOPUYHO Iiepecekaiorcst B Touke P. Jlokaxkure, uro Toukn C', Ay, By u P jexar
Ha OJIHOU OKPYZKHOCTHU.

4. JIBe okpyKHOCTH TepeceKatorTcsd B Toukax M n K. Yepes M u K tipoBejieHbl
upsimble AB 1 C'D coOTBeTCTBEHHO, IIEPeCeKaloIIne IepPBYI0 OKPYKHOCTh B TOUKAX
A un C, Bropyio — B Toukax B u D. Jlokaxure, aro AC napaJieiasno BD.

5. Jle okpyxkuoctu ¢ nenrpamu O u Oy nepecekatorcst B Toukax A n B. Ips-
Mag O1 A BTOpUYHO IepeceKaeT BTOPYIO OKPYKHOCTh B Touke P. /lokaxkure, 910
touku O1, Oy, B u P jiexkat Ha 0JIHOI OKPYKHOCTH.

6. IIpamasa Cumcona. Jlanor Tpeyroibuuk ABC u touka P. Ilycts Ay, By
n C] — ocHOBaHUSI NEPIEHMKYJISIPOB, ONYIIEeHbIX n3 Touku P Ha mupsivble BC,
AC u AB coorsercrBenno. Jlokaxkure, uro Touku Ay, By n C] Jjiexkar Ha OJIHOI
HPSIMOM, TOTJIa U TOJIBKO TOIJIA, KOI'Jia TOUKa P JIe?KuT Ha ONUCAHHON OKPYKHOCTH
tpeyrosibauka ABC.

7. a) Touka Muwukensi. Ha mockoctn jrambt 4 mnpsiMbie o01iero moJsioxkenust. [o-
KayKUTe, 9TO OIUCAHHDBIE OKPYKHOCTH Y€ThIpEX 00Pa30BaAHHBIX UMHU TPEYTOJILHUKOB
NMEIOT OOIIYIO TOUKY.

b) Toukun A, B, C' u D nexar Ha omuoit okpyzkuoctu. [Ipsmbie AB u C'D nepe-
cekarorcst B Touke F, a mpsambie BC' u DA — B Touke F. JlokaxkuTe, 9TO TOUKA
Muxesst mpsambix AB, BC, CD n DA nexxur na npsimoit EF.

29. Maro6oit IIPOOPN-7T—IIPODPUN-8. 17 urojd

1. B rpade 6e3 Tpeyrosbankos co 100 BepimHaMu CTElEHN BCEX BEPIINH 00JIb-
e 40. /Jokaxkure, 9T0 B 3TOM I'pade HeT IMUKJIOB JJIUHBI O.

2. B pasno6enpennom tpeyrosbhnke ABC (AB = B(C') na cropone AB Bbibpana
touka M, a Ha npogokerun croponbl AC' — touka K takas, auro KM = MC.
[Ipsimast, mpoxojsiiias depes Touky B mapasuienbio AC, nepecekaercst ¢ CM B
touke P. Jlokaxkute, uro npsamast AP nennt orpesok K M 1omnosam.
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3. Bo Bcex kierkax Tabsunbl 2010 x 2010 paccraBiienbl HaTypaJbHbIE YHCIIA.
Paspemaercst npubaButh 1Mo 1 K JIOOBIM TPeM YHUCJIAM, CTOAIINM B «YTOJIKE» W3
TPEX KJaeToK. BepHo Jjin, uTo mpu J11000i HavaIbHON pacCTaHOBKE YMCE] MOYKHO
¢jieJiaTh Bee ducsa B Tabsmie KpaTtHbiMu 107

4. JTaHO HECKOJIbKO NppaIMoHAILHBIX ducest. [Ipo jiobble iBa a n b 13 HIX N3BECT-
HO, 9TO XOTst Obl OJIHO U3 “HUCeJl 357 1 a—_bH panuonajbHo. [Ipu KakoMm HanOOJIbIIEM
KOJIMIECTBE UNCETT TO BO3SMOXKHO?

5. Hocky 30 x 30 pazousm Ha 100 KBagpaToB 3 X 3 U BhIPE3aJid U3 KaxKJ0ro0 I0JIy-
YEHHOI'0 KBaJjpara IeHTPaIbHyIo KJIeTKY. Kakoe HanMeHbIee KOJTUIeCTBO KOpOoJIeit
HY?KHO TIOCTaBUTH Ha MOJIYYEeHHYIO (PUTYPY, ITOOLI OHU MOOUIN KayKIyTo €€ KJIeTKY !
(Kopouib ObET KJIeTKY, Ha KOTOPOil OH CTOUT)

6. Haiijiure Bce Takme mpocThbie p, 9TO UUCTIO

qucJia.

r—11

ABJIZAETCA KBaJdpaTOM HEeJIOI'0

7. Haiiniure Bece Takue tpoiiku (k, m,n) monapHo B3auMHO IIPOCTHIX HATYPAJIbHBIX
4ucesI, YTO YUCJIO

1 1 1
(k+m+n> Nt =+=
k- m n
SIBJISIETCST 11€JIBIM.

8. VY mambl ecTh KapTHUHA, [IPeJCTaBJIsionast n3 cebst OeJblil KaeTdaTblil IPSIMO-
YIOJbHUK, B KOTOPOM HECKOJIBKO KJIETOK 3aKpalleHbl YépHbiM. OH X04YeT Hapuco-
BaTh KOITMIO 9TOH KapTUHBI Ha OeCKOHEYHOM 0ejioil KjeTdaToil rmiockoctu. B jieHb
nara 3aKpalinBaeT B YEPHBIN IIBET POBHO JIBe OEJIbIX KJIETOYKH, & HOUYBIO €0 Chl-
HUIIKa OECCOBECTHO IepeKpallinBaeT OHY YEPHYIO KJIETKY KpacHoil Kpackoil. /Joka-
JKUTE, ITO TTalla CMOYKET HAPHCOBATH KOIUIO KAPTUHBI (TO €CTh U3 Beeil 6eCKOHETHOM
KJIETYATON IIJIOCKOCTH MOXKHO OYJIeT BbIpe3aTh MPsIMOYTOJILHUK, HA KOTOPOM Hapu-
COBAHO B TOYHOCTH TO K€, YTO U HA KAPTUHE).

9. V¥ pomamiku k£ > 60 sieniecTkoB. JIBa Ko3j1a XOJAT 110 OYePeIn: KarK Iblil CBOUM
XOJIOM OT'beJIaeT Y POMAIIKK TPHU JIFOOLIX JienecTKa. Kaxk bt jiesiaet 1mo 10 Xo/10B.
[TepBbIit KO3ET BRIMTIPHIBAET, €CJIM B KOHIIE CPEJIM OCTABIINXCS JIEIIECTKOB €CTh JIBa
cocejiHux. [Ipu KakoM HamMeHbIIeM k y HEro eCTh BBIUIPBINIHAS CTpaTerus’?

10. Yepes rouky M — cepennny croporbt AC tpeyrosibiuka ABC (AB # BC) —
IIPOBEJIH TIPSIMYIO, HapaJsiiebayio ounccekTpuce yria B. OHa nepeceksia IPsAMYyIO
BC B touke X, a nupssmyio AB — B Touke Y. Hepes Touku X u Y nposesn mpsi-
Mble, neprerauKyasapabie BC u AB coorBercTtBenHo. [lokakure, 9TO TOUYKa HX
nepecedeHnst papHoyasiena ot sepiud A u C.

30. Mat6oii IIPOOU-8—ITPODPU-9. 17 urossa

2120!

1. Haiijiute HanmMeHbIlee IpocToe p TaAKOE, YTO — 1 pgenuTesd Ha p U HE JIEJIUTCA

Ha p°.
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2. Kazkiple j1Ba ropojia crpanbl ['eibbun coeimHeHbl OJHOCTOPOHHUM aBUAPECOM.
13 Kazk 1010 ropojia MOXKHO JI0OpaThCs B J1I000iT JIpyTroil, BO3MOXKHO, C IIepecaKaMu.
Peruonajibabie 6apoHbl XOTAT MPEBPATUTH CTPaHy B (beJIepaliio JIBYX PeciryO/nK
¢ obmieit crosmreit (B KaxKJI0il pecryO/inKe JOJZKHO OBbITH XOTsi ObI JIBA TOPOJIA;
KayK/JIbIfl TOPOJI, KPOME CTOJIHIIBI, OY/IeT PUHAJIeXKaTh POBHO OJIHOI 13 peciyO/InK,
a BBIOpaHHAsT COBMECTHO croinia — obenm). OKazanioch, 9To mpu JoboM crocobe
deepanuzanum Xors ObI B OJIHON U3 PECITyOJIUK HAYTCS JBa TOpoja, U3 OJHOIO
13 KOTOPBIX HEJIb3sl J00PaThCs JI0 JIPYTOro, He BhIe3rKasl 3a MPeJIesibl PeCyOJInKH.
Hokazkure, uro ropoja ['ep0nn MOXKHO 3aHYMEpPOBAaTh HATYPAJbHBIMU UUCIAMI
TaK, 9TO BCe aBUapeiichl, KpOMe OJIHOTO, OY/IyT BECTH 13 TOPO/Ia ¢ MEHBIITIM HOMEPOM
B TOPOJI, ¢ OOJILIITIM HOMEPOM.

3. Uz anucen 1, 2, ..., 2010 nekoropsie 500 moxkpalieHbl B OeJIblil 1IBET, a OCTaJjlb-
Hble — B roJjiy0oii. JlokaxkuTe, 9T0 KOJMUECTBO IOC/Ie/I0BaTe/IbHOCTEll 13 29 duces
OJIHOTO TIBeTA (I1,...,T29), Y KOTOPbIX CyMMa 1 + ...+ Tog Aeurcs ua 2010, He

3aBUCUT OT CIOCO0a IIOKpPaCKMH. I{aHOMHI/IM7 qTO 3JIEeMEHTDBbI B I10CJIe10BATC/IbHOCTI
MOI'YT IIOBTOPATBHCA.

4. Touka P nexur na meguane AA" rpeyronbuuka ABC. Ipsvas BP nepece-
kaer cropony AC B Touke D, a npsimasi C'P niepecekaer cropony AB B Touke F.
JokaxkuTe, 9TO ecjin pajychl BIHCAHHBIX OKPYKHOCTeH TpeyrojbHukos BEP u

CDP pasubl, To AB = AC.

5. MoxHO Jin BbIOpaTh 4 pasjiMdHbIX 4ducia a, b, ¢ 1 d u oTMeTUTb Ha ILJIOCKO-
cri 5 TOUeK Tak, ITOOBI: 1) HUKAKWe TPHU W3 HUX He JIeKaJ U Ha OJHOM MpSMOIi;
2) HUKaKUe 9eThipe He JIeXKaJl Ha OJTHON OKPY’KHOCTH, 3) CPEJIN MOMapHBIX PACCTO-
siHUI 4 ObLIM PaBHBI @, 3 PACCTOSTHUSI ObLIN PaBHBI b, 2 paccTosTHUS ObLIN PaBHBI C
1 OJIHO PacCTOgHHE ObLIO paBHO d?!

6. OKpy:KHOCTD W onncana okoJjio Tpeyroybanka ABC. Touka P npoberaer ayry
BC' oxkpyxuoctu w, He cojpepxxKaiiyio Touky A. Toukm S; m S9 — LEHTPHI BIIN-
CaHHBbIX OKpy»kHOCTeil TpeyroyibaukoB PAB u PAC' coorBercTBenno. /lokarkure,
YTO OKPY?KHOCTH, OIUCAHHBIE OKOJIO TPEYroJbHUKOB P.S1.55, Ipn Bcex 1MOJI0KEHUSTX
TOuKN P UMeIoT 00IIyI0 TOUKY.

7. B kBajipaTHOii TAOIUIE 1 X 1 3AIMCAHDBI YHUCJIa TaK, YTO CyMMa, YUCEeJT B KarK 10l
CTPOKE U B KaXKJIOM CT0Ji0Ie MeHbIne 1. YKaykKuTe HauMeHbIee k, IIPU KOTOPOM
JUUIs1 J1I000# TabJIUIbI BCEr/Ia MOYKHO YBEJIUIUTh k 4dKcell Tak, YTOObI CyMMbI YUCET
B CTPOKaX M CTOJIOIAX CTa/JIl PABHBIMU 1.

8. Bo Bcex kierkax Tabsunbl 2010 x 2010 paccrapiieHbl HaTypaJbHbIE YHC/IA.
Paspemaercst nmpubaButh 1Mo 1 K JIOOBIM TpeM YHUCJIAM, CTOAIINM B «YTOJIKe» W3
TPEX KJaeToK. BepHo Jjiu, 4To 1mpu J11000i Ha4daIbHON paccTaHOBKE YMCEJ MOYKHO
¢jieJiaTh Bee ducsa B Tabsmie KpaTtHbimu 107
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9. IIpousseienue MOJOKUTEIBHBIX YUCEN @, b 1 ¢ paBHO 1. JloKarkuTe HepaBEeHCTBO
a? N b N 3 S 3
(1+b)(1+c) (A+a)(l+ec) (I+a)(l+b)~ 4

10. Henyseble 1iesible gucia a, b, ¢, d TakoBbl, 9TO

1 1 1 1\ )
abcd E+E+E+E —(a—l—b—l—c—l—d).

Tlokaxkute, 4ro uncio a’ + b 4+ ¢ + d?> — cocrasnoe.

31. Addunable npeobpa3oBanus. 19 urod

1. CymecrByer i ISITUYTOJIBHAK, OTJNYHBIA OT IPABUILHOTO, B KOTOPOM:
a) KazKkJiasl JUaroHaJib mapasiiebHa IPOTUBOJICKAIIEH CTOPOHE;
b) ToUKM OMAPHOTO MepecedeHust uaroHaeil 00pa3yioT MsITHyrOJIbHIUK, TT0I0OHBIIT
JTAHHOMY ?

2. B rpanemmn ABC'D uqepe3 Bepimmabl B 1 C' MeHbIIIEro OCHOBAHUSI ITPOBEJIN
psIMble, cooTBeTcTBeHHO napaJsuienbuble C'D u AB. Jlokaxkute, 4ro:

a) TOYKa MepeCceueHns ITUX MPSMBIX JIEXKUT Ha MPSAMOIl, MpOXo/Isieli depes cepe-
JMHBI OCHOBAHUIA;

b) OTpe30K, COeUHSIONINI TOUKE TTePECeTCHUsT ITUX TPAMBIX C JINATOHAJISIME TPa-
HeIun, apaJijieJieH OCHOBAHUSIM.

3. B napamienorpamme ABC' D upsimasi, mapaJuienbias AB, nmepecekaer cTopony
BC un mnaronans AC' B toukax N n K coorBercTBenHO. /loKaknure, 9T0 Tpeyroib-
Hukn ADK n ABN paBHOBEJIMKI.

4. Yepes touky P, nexarryo BHyTpu Tpeyroiabanka ABC, npoBeeHbl TPU Ipsi-
Mble, napaJsieababie croponam AB, BC' u C' A u nepecexaroriue croporst BC', AC
u AB coorsercrsenno B roukax A, B’ u C'. Jokazxkure, 410

PA n PB n pPC"
AB  BC CA
5. Touku M u N — cepemnnnl cropor BC u C'D napasnenorpamma ABCD

coorBercTBeHHO. OTpeskn AM n BN nepecekatorcs B Touke P. Haiianre, B Kakux
OTHOIIECHUAX TOYKa, PP IeJUT 9T OTPE3KH.

1.

6. Kaxxasa cropona TpeyrojibHUKa pasjie/ieHa Ha TPU pPaBHbIE YaCTH U IPOBEJIe-
Hbl BCE YEBUAHbI, COEJIMHSAIONINE BEPIIUHBI ¢ TOYKAMU JIeJIEHUS Ha ITPOTUBOJIEZKA-
mieit cropone. [lokazkure, 9TO B IIECTUYTOJILHUKE, 00Pa30BAHHOM dTUMU HPSIMbBIMI,
OO0JIbININE JINArOHAJIN TIePeceKaloTcs B OJIHOM TOYKe.

7. Ha croponax AB, BC' u C' A tpeyronbanka ABC Boiopanbl Toukn K, N u P.
Touku K', N' u P":
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a) cuMmMeTpudHbl TodKaM K, N n P OTHOCHTEILHO CePeH 9TUX CTOPOH;
0) sexar na croponax tpeyrojbiuka ABC tak, uto KK' || BC, NN' || CA u

PP || AB.
Hoxazkure, uyro Tpeyroabuuku KNP u K'N'P' pasnoBeku.

32. HenpusBogumble MHOTO4JieHbI M OCHOBHag TeopeMa aJl-
reOpbl. 19 nroag

ONPEAENEHUE. Ilycts f € Klz], tne K s10 Z, Q, R, C nnu Z,,.

Muorousien f HasbiBaeTcs: Henpusodumvim wad K, ecin f HeJb3sl 1IPEJICTABUTL B
BIJIE [TPOU3BE/ICHMUS JIBYX MHOTOWIEHOB ¢, h € K [x] cremenn KOTOPBIX MEHbIIIE, TeM
cTereHb f.

1. a) Ilycre f = gh, rue f, g, h € Z[x]. lokaxure, 410 eciiu Bce KO3IMPUIUEHTb
f JesisiTest HA HEKOTOPOE MIPOCTOE UUCIO P, TO JINOO Bee KOIMMUINEHTH! ¢, MO0 Bee
K03 PULMeHTh h JIeIsITCs Ha P.

b) okaxkure, uro ecjiu MHOrOUWIeH f € Z[x] HenpuBoaum HaJ[ Z, TO OH HEIIPUBOJIUM
a1 Q.

2. Kpurepuii Ditzenireitna. [Iycrs Bee koadduimenrsr muorowiena f € Z[x],
KPOMeE CTapIIero, JeJIsTcd Ha MPOCTOe YNCI0 P W CBOOOJHBIN UJIeH He JeJTUTCS Ha
p?. JloKazKuTe, 9TO 3TOT MHOTOUJICH HEIIPUBOIIM HaJl Z.

3. Jokazxure, uro Muorounen 2092 4 1 nean3s npeacTaBuTh B BUjE IPON3BE-

nenns p(z) - q(y), tae p, q € Rlz].

OcHoBHasi Teopema aJirebpbr. (6e3 jokasaresnbersa) ¥ muorowiena f € Clx]
CYIIECTBYET KOMILJIEKCHBINI KOPEHbD.

0. Jlokaxxure, uro y muorowiena f € Clx] xosmdecTBo KOpHEil (¢ yaeToM Kpart-
HOCTH) COBIA/IAET C €r0 CTENeHbIO.

4. JTokazKnuTe, 9T0 BCEe HEIPUBOANMBIC MHOTOWICHBI HAT R MMEIOT CTeleHb He BBIIIe
geM J1Ba.

5. [Ipo muorousien f € R[z| usBecrro, aro jyist jo6oro ¢ € R Boinosneno f(c) >
0. JokazKure, 4To CyIIecTBYIOT Takue MHorodiens! g, h € R[x], uro f = g* + h%.

3adayu 0Af CaMOCTNOAMENOHO20 DEULEHUA.

6. [Iycts p — npocroe. Jlokazkure, uto MEOrowIeH 27 '+ 2P~ 2+, . .41 HerrpuBoIIM
HaJ| Z.
7. Cymecrsyer i Muorousen p € R[z] takoit, uro p(z? + 1) jgemures na p(x)?
8. llycrs f € Z[x] npunumaer tesbie 3Hauennss +1 npu AByX Pa3INIHBIX [EJIBIX
3HAYEHUAX a, b. Jlokaxkure, 1To
a) ecau |b — a| > 2, To f HE uMeeT paIOHALHBIX KOPHEIT;
b) ecrm |b — a| < 2, To pannoHasbHBIM KOpHEM f MOKeT ObITH Julib (a + b)/2.
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33. Paszuoboii. 19 urosda

1. Jlokaxkure, 9TO €CJIM CTEeHb MHOMOYIeHa PP MeHbIlle 4eM CcTeleHb MHOMOYICHA
(), TO HajijleTcsl TaKoe YUCJI0 X(, UTO JJsi JIIoOOro T > Xy OYJeT BBIIOJHSTHCS
nepasenctso: |P(x)| < |Q(z)].

2. Muorowrenst f u g ¢ nesbivn Kosddurmentamun TakoBbl, uro f(k) menurcs Ha
g(k) mas kaxxoro nesoro k. Jlokaxkure, aro f aemures Ha g.

3. Teopema Menemnas. Ha croponax AB, BC u AC tpeyrosbauka ABC, win
Ha UX IIPOJOJIKeHUsIX orMmedennl Toukun C1, Ay u By coorBercTBenno. /lokazkure,
yro Touku Ay, By u C jexkar Ha 0JIHOI IPSMOil TOIIa U TOJBKO TOTIa, KOIJa

\ AN \

4 7 7
BA, CB; AC ]
S T — — 1.

AC BA CB

4. Teopema HeBa-Cunyc. B Tpeyro/ibHIKe IPOBEJIEHBI TP YeBUAHbI U3 PA3HBIX
BEPIINH, KaxKJasl 13 KOTOPBIX pa3dUBaeT yroJ TPeyrojbHUKa Ha JIBa MEHbIIINX yIJia.

O6o3HAINM TOJIYIEeHHbIE YIUIBI (v, 9, B1, B2, Y1, Y2 UMEHHO B TAKOM IOPSIJIKE 10
4acoBoii crpesike. /Jlokaxkure, 4TO 9T YeBHAHBI IIEPECEKAIOTCs B OJIHON TOUKE TOT/Ia
1 TOJIBKO TOIJIa, KOIJIa Sin v - sin 31 - sinvy; = sin am - sin fs - sin vs.

5. CymMMa MOJOKUTEIBHBIX ducest a; + as + ... + a, < 1/2. Jlokaxkure, 4ro
(1—a)(1—az)...(1—a,) >1/2.

6. TpancaepaBeHcTBo. [lyctb 0 < a; < as < ... < a,; 0<by <by <...< by
u (i1,12,...,4,) — HepectaHoBka dnces 1, 2, ..., n. Jlokaxure, 910

arb, +asb,_ 1+ ...+ a,b; < albil -+ agbiQ =+ ...
R anbin < arby +asby + ...+ ayb,.
7. llycts a, b, ¢ > —3/4, a ux cymma pasna 1. Jlokaxkure, 9410

a N b n ¢ - 9
a?+1 P+1 AE+1 10
8. JIj1s TI00BIX MOJIOKUTETBHBIX YUCEN @, b, ¢ JIOKaXK1Te HEPABEHCTBO:

1 1 1 1
< —
a3+b3+abc+b3+c3+abc+c3+a3+abc abc

9. lan muorowien f(x) takoit, uto MHorowten f(x") mequrcsa Ha MHOrOUIeH £ — 1.
Jokazkure, 9ro MHOrOWIeH f(x) TakxKe jenTcs Ha MHOrO4IeH & — 1.

34. Packpackn BepinuH rpadon. 20 urojs

Bynem oboznatars depes A(G) n 6(G) MAKCUMAIBHYIO U MUHUMAJBLHYIO CTEIEHD
BepimHbl rpada G COOTBETCBEHHO.
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ONPEJENEHUE. 1) Packpacka Bepuinn rpada G B k 1[BETOB HA3BIBACTCS NPAGUADL-
Hot, ecJin JTI00bIe JIBe CMeXKHbIE BEPIIMHbBI ITOKPAIIeHbl B Pa3HbIe 1IBeTa.

2) Yepes x(G) obozuaunm zpomamuueckoe wucio rpacda G — HANMEHbBIIEE TAKOE
HATypaJbHOE YUCJIO0, YTO CyIIECTBYeT IIpaBujibHas packpacka BepiiuH rpada G B
TaKoe KOJINYECTBO I[BETOB.

1. ITycte G — cBasubiii rpad, A(G) = d u B rpade G ecThb BepIlnHa CTEIeHN MEHee
d. Hokaxure, aro X(G) < d (1o ectb, Bepimubl rpada G MOKHO TPABIILHBIM
00pa3oM PacKpacuTh B d IBETOB).

2. Bepmunbl rpada G HeJib3sT IpaBUIbHBIM 00pa30M MOKpacuTh B d 11BeToB. Tora
cytecTByeT Takoii nogarpad H rpada G, aro §(H) > d.

3. a) Jlokaxwure, uro u3 rpada G MOXKHO yAaauTh He Gojiee, deM % JacThb €ro
pebep Tak, 4TOObI MOJIYUeHHbIH I'pad mMesT IPaBUIbHYIO PacKpacKy BEPIIMH B N
I[BETOB.

b) Hokaxkure, 1aro u3 rpacda G MOXKHO yJIaJIuTh HECKOJIBKO pebep Tak, ITo0bI oIy~
YeHHBII rpad UMes IPaBUJIbHYIO PACKPACKY BEPIIUH B 1 IBETOB U CTEIIEHb KarK 10l
BEpIIIHBI YMEHIIIIACH He GoJlee, ueM B =L pas.

n

[1aBHOIT 11€JIbIO HAIIIErO 3aHATUS SABJIFETCS JI0KA3aTEIbCTBO TeOpeMbl Bpykca.

Teopema Bpykca. Ilycrs d > 3, a G — cBsi3Hblil rpad, OTJIMIHBIT OT MOJHOIO
rpada na d + 1 Beprmue, A(G) < d. Torna x(G) < d.

[Ipu A(G) = 2 Bompoc o CyIecTBOBAHNY MPABIJIBLHON PACKPACKH BEPIIUH CBsI3-
woro rpada G B JBa 11Beta ouesujieH. Takoit rpad G — mbo P, (yTh U3 1 BepIuH),
6o C,, (muka w3 n Bepin#). B mepsom ciydae Jjierko Bujierb, ato X (F,) = 2, a
Bo BropoM ciydae X(Cox) = 2 u x(Copi1) = 3.

4. llycrs G — cBs3ubiit tpad, A(G) = d > 3. Jlokaxkure, uto Bepimibl G MOXKHO
IpaBUJIbHBIM 00pa30M pacKpacuThb B d IIBETOB, €CJIU
a) ecTh Takas Bepiinaa a, 4to rpad G — a HecBsizeH;
b) ecth sBe Takue BepinHbl a 1 b, uTo rpad G — a — b HecBsI3eH;
C) eCTb TPU BEpIIUHBI %, ¥ U W TaKhe, 4TO U CMEXKHA C U U W, BEPIIUHbI ¥ U W
HecMexKHBI U Ipad G — v — w CBsI3€H.

5. Jlokaxkurte TeopeMy Bpykca.

6. Yepes G Oynem obozHauaTh donoamnenue rpacda G, To ecThb, rpad Ha TEX »Ke

BepInHax ¢ pebpamu, KoTopbix Her B rpade G. [okaxure, aro x(G) + x(G) <
n + 1, riae n — KosmdecTBo BepinnH rpada G.

7. B rpade G sobble j1Ba HEYETHBIX IUKJA UMEIOT 0bILyto BepimHy. JlokaxkuTe,
aro x(G) < 5.
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35. KowmimiekcHble 4ncjia B reomeTpuu. 21 uioJid

Ha sansTun Mbl oOCyam/in Kak 3aJiaTh Ha KOMILIEKCHOM IIJIOCKOCTHU CJIEe/IYIOIINe
O0bEKTBI: TOUYKA, BEKTOP, IPsAMas, OKPYKHOCTb. 1 y3Ha/IM KpuUTepuu: paBeHCTBa
OTPE3KOB, PABEHCTBA YIJIOB, IPUHAJIJIE?KHOCTA TpeX TOYEK OJIHON MpsIMOii, IpUHaJI-
JIEZKHOCTB YeThIpeX TOYEK OJIHON OKPYZKHOCTH.

Tak>ke obcyauan Kak yJI00HO 3a/laBaTh KOOPJAMHATHI TOYEK B PA3HBIX CUTYAITUSIX
1 pelnin HEKOTOphIE 3a/laul.

36. Pas3noboii. 21 urosiga

1. /okakute JIMHEHHOCTH OPUEHTUPOBAHHOM TIJIOA/H.

2. Jlokazkure, uro muorowien (z% —z + 1) + (2% + 2 +1)*™ nocie packpbirus
CKODOK HE COJIEP:KUT HEUETHBIX CTEIeHeil x.

3. Ilycts f m g — ;iBa MHOTOYJIEHA C BelleCTBEHHBIMU Kodddummentamu. Okraza-
JIOCh, 9TO OHU TIPUHUMAIOT TIeJIble 3HAUEHNUS B OJIHUX U TeX YK€ TOUKAX (TO eCThb ecJin
f(a) nemnoe, To n g(a) nenoe u naodbopor). Hoxazxure, aro f(z)+ g(x) = ¢, To ecthb
OO cyMMa, JTIOO Pa3HOCTh MHOTOUYJIECHOB TOYKJIECTBEHHO paBHA KOHCTAHTE.

4. Jlokakure, 4TO €CJIU Y MHOIOYTOJIbHUKA €CTh HECKOJBKO OCeil CUMMETPUHU, TO
BCE OHU IIEPECEKAIOTCA B OJIHON TOYKE.

5. Hokaxkure, aro eciau uucyio 2" + 1 — mpocroe (n > 1), To 3 siBjsiercst ero
[IEPBOOOPA3HBIM KOPHEM.

6. a) Ha npsimoit Jalbl HECKOJIBKO OTPE3KOB, JIFOObIE /[BA U3 KOTOPBIX UMEIOT 00-

1yto Touky. Jlokazkure, 4TO BCe OTPE3KU UMEIOT OOIIYIO TOUKY.
b) Ha riockoctu laHbl HECKOJIBKO MPSIMOYTOJIBHUKOB, Y KOTOPBIX CTOPOHBI MapaJi-
JIEJIbHBI JIBYM 3a/I@HHBIM B3AMMHO II€PIIEeH/INKYJISAPHBIM IPAMbIM. [Ipu 9TOM Jito0bIe
JIBa, IIPSIMOYTOJIbHIKA UMEIOT 00ILyI0 TOUKy. JlokasaTh, 9T0 U Bce 3TU MPSIMOYTOJIhb-
HUKHI TMEIOT ODIIYIO0 TOUKY.

7. Illycrb a, b, ¢, d > 0. [lokaxkuTe HEPABEHCTBO

a b c d 2
>

b+20+3d+c+2d+3a+d+2a+3b+a+2b+30/ 3

8. Jlamb! onapHo pa3jmdible HATYPAJIbHDBIE TUCIA A1, A2, . . . , (. JJOKaXKHTE, 9TO
n n
Qaf 1
g
k=1 k=1
9. Hdeanrom B Kosbile MuOrowienoB R[x| naspiBaerca muoxkectso I C Rx] Takoe,
9TO BBINOJIHEHBI J[BA YCJIOBHS:
1. Va, b € I Boinosineno a + b € I;

2. Va € I, ¢ € R|x] Bbimosaeno ca € 1.
a) Ilycte I — wumeas. Jlokaxkure, 9TO CyIIECTBYET TAKOW MHOrOWIeH h, 9TO
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I =h-Rlz].

b) Ilycrs f, g € R[z]. Jlokaxkure, 4TO0 MHOXKECTBO JIMHEHHBIX KOMOMHAIUIL
{ fp+ gq}, IJIe p U ¢ MOI'YT OBbITH JIIOOBIMU MHOI'OYJIEHAMMU, SIBJISIETCSI MCAJIOM.

c) JlokarkuTe, UCII0Ib3Ysl PE3YJIbTAThl JABYX HPEJIbIIYIINX YHKTOB, UYTO HAMOO/Ib-
mInii OOl JIeJInTe b JBYX MHOI'OYJICHOB IIPEJICTAB/ISICTCS B BUJIE JMHEHHON KOM-
OMHAIIIN.

37. ecarumunble apodu. 22 MioJis

31ech 1 jajee, 9ucao b — 3HaMeHaTe b JIpodu, a a —UIUC/IAUTEb.
1. Jokazkure, 9T0 APOOD SIBJISIETCSI KOHEYHOI TOr/Ia 1 TOJILKO TOra, Korjaa b mMeer
B 25",
B nasnbreiiiiiem canrtaem, uro b # 25",

BcerioMHIM aaropuTMm JieJiIeHusl CTOJIOMKOM.
[Ipn npaBuyIibHOM B3IJIsIE Ha BEIM OH COCTOUT B cieiaytoriem. [loiraraem g = a
u cantaeM pekyppertao 10 - ;1 = bg; + 1; (nesenne ¢ ocrarkom). Ilpu sTom ¢; —
i-Tag 1udpa moce 3audaToil B papencrse § = 0, q1¢2q3 . . .

2. a) Jlokaxkure, 94TO TPHU JIEJIEHUN B CTOJIOUK MOJIYUIACTCsT EPHOInIecKast Jpodb
¢ nepuojioM He 6ojiee b — 1; b)) u jaxke cymma JIIMH TI€PHOJia 1 [IPe/Iepro/ia He
6osiee b — 1.

Ertie 0/iHO MOHUMAaHNIE aJINOPUTMa JIeJI€HUsT CTOJOMKOM COCTOUT B CJICJLYIOIIEM.
Jesum ¢ ocrarkoM: a-10% = bQy+7y,. Toraa Qp — wncio, 06pa30BAHHOE IEPBBIME k
i paMit TTocIe 3arsiToil, T — TO YKe caMoe, 9TO paHee (TeM CaMbIM Ty OKa3bIBACTCs
ocTaTkoM 1pu jeenuu a - 10% na b).

3. a) Jlokaxure, uro ecim (b, 10) = 1, to (r;,b) = 1. b) Hokaxure, aro jyinHa
nepuoia #e mpesocxoaut p(b).

4. Jokaxkure, aro eciu (b, 10) = 1, To 3anuKIMBaHUe TPOUCXOJAUT G€3 Tpeiie-
puoja. IIpu srom jmHa 1Eeprosa HE 3aBUCUT OT @ U paBHA HAUMEHbLIIEeMY ¢, s
kotoporo 10! —1 : b.

5. IlycTh HauMeHbInmii 1epuoj; HeKOTOPOIl moc/iegoBare/bHocT pasen [, a L —
HEKOTOPBIIT Jipyroii nepuoj. Jdokaxkute, ato L : [.

6. Jlokaxure, aro japodbs 0, RTTT ... (R — u3 k uudp, T — u3 t nudp) pasHa
R T
ior T 105 (10t 1)

7. Hoxaxute, aro ecu (b, 10) # 1, To B gecaTndHOll 3aUCH § 00A3ATEILHO €CTh

PeJIIEPUO/I.

8. [lycrb a < b, (a,b) =1,b=2"-5Y -V | = max{x,y}. Jokaxkure, aro nepuos
Jpo0u 7 paBeH nepuojy JApoou %, a IIPeJIepro/l B TOUHOCTU PaBeH [, 1 HE MOXKET

OBITH MEHbIIIE.
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9. KakoBo HauboJIblllee 3HaUEHNE JIJIMHBI IIPEJIIIePUoa CPEI BCeX HECOKPATUMbBIX
npobeii co 3HamMeHaTeeM He mnpeBocxoasiumM 20087

10. [IpuBeaure npumep 1podeit ¢ MpearnepuoaMu, IPU CI0XKEHNN KOTOPIX IIPeJI-
[IePUOJ] UCUE3aeT, a IePUoJl MeHbIIe, 4eM 00a IIepuoja cjiaraeMbIX.

11. Jlokaxkure, 9TO HEPHUOJ CYMMbI (PA3HOCTH) JIBYX JPOOEi SIBJISIETCS JIeTUTe/IeM
HOKa nepuoj1oB, a npejmnepro/] He MPEeBOCXOIUT MaKCUMyMa, [IePHOJIOB.

3adanu 0Af CAMOCTNOAMENOHO20 DEULEHUS.

12. [Iycts p > 5 — npocroe uucyo. M3BecTHo, 4TO JI/IMHAa HAMMEHBIIIETO 1TepHOJIa
JecsaTHIHOM 3armcu jgpobu 1/p pasua 2n. JlokazkuTe, 9TO €CJi STOT NEPUOJL PasdbuTh
Ha JIBa N-3HAYHBIX KYCKA, TO CyMMa 9HCe/I B 9THX KycKax paBaa 99 ...9 (n n1eBaTox).

Hanpumep, 1/7 = 0.(142857), 142 + 857 = 999.

38. 3Sak/aounresbHad OJJUMONATA. 23 UIOJIA

1. B kiy6e Berperuuch 20 KeHTIbMeHOB. Hekoropble ObLin B HLIsAIax, a HEKO-
Topble — HeT. BpeMs OoT BpeMeHU OJINH U3 JIZKEHTJIbMEHOB CHUMAJI ¢ ce0s ISy U
HaJieBaJl ee Ha OJIHOI'0 M3 TeX, Y KOro B 9TOT MOMEHT ILIsIbI He ObL10. B konme 10
JIZKEHTJIBMEHOB MTOJICYUTAJIHN, YTO KaXKJIbIIl 13 HIUX OT/IaBaJl LAY OOJIbIIE Pas3, 9YeM
noJtydast. CKOJBKO JIZKEHTJIbMEHOB MPUIILIN B MIIATAaX !

2. 2013 HaTypaJIbHBIX YHCe] PacCTaBuIM 110 Kpyry. OKaz3aJoch, 4TO KaxKJ10€e YKICJIO0
sipyistercst inoo HO Howm, 6o HOKowm cBoux cocejieit. Kakoe HanboJibiiee KoJimde-
CTBO IIOIAPHO PA3JIUIHBIX YNCE]T MOXKET OBbITh cpeau dtux 20137

3. 40 unenoB xkiopu BuiOupatoT n3 30 3ama4d ojHy. OHU JIONOBOPUINCH BHIOPATH
3aJ1a4y, KOTOPYIO YMEIOT pellaTh He MeHee IOJIOBUHBI YJI€HOB YKIOpH, HO HE BCe.
Kaxk1plit 13 41eHOB »KIOpHU Perti poBHO 26 3a/1a4, IpuieM JII00bIe JIBa dIeHa YKIOPH
pelin pasHble HaOOPhI 3aja4. JlokaykKuTe, 4TO OHM CMOI'YT HAWTHU IIOIXOSIITYIO
3a/a4y.

4. Ha cropone AC tpeyronbanka ABC ormeuensl Toukn D n E, a Ha orpeske BE
rouka F. Okazasiocw, uro AC = BD u 2/ACF = LADB, 2/CAF = ZCDB.
Hokazxkure, uro AD = CFE.

5. JlecstuaHasl 3al1Ch KBaJIpaTa HATYPaJIbLHOI'O YKMCJIa COCTOUT U3 OJHOI JIBOMKI
u k — 1 equaunsl. Jokazkure, uro k He jesmrcest Ha 11.

6. B DpMmurazke B rajiepee repoes BoitHbl 1812 1. Bucut 5 psijioB 110 19 noprperon
repoeB. KazkIplil mopTpeT MOXKET BUCETh JIMIIOM K CTeHe WM K roceTuTengam. JIBoe
CcMOTpHUTEJIel UIPAIOT B UI'PY. 3a& OJUH X0/l MOYKHO IIePeBEePHYThH JII0Oble 4 TIOpTPeTa.
[IpourpeiBaeT TOT CMOTPUTENDb, HIOCIE XOJa KOTOPOI'O IIOJIYUHTCS PACIIOJIOXKEHUE
OPTPETOB, y’Ke BCTPEUaBINeecs: B XOJie UIPhbl (BO3MOYKHO, B MCXOJHBIII MOMEHT).
Ko BbIUrpaer mpu npaBuIbHON UIpe — HAUUHAIOMIUI I ero napTHep?
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7. Ha cropone AC tpeyrosbuuka ABC ormedena Touka D. [IpousBosibHbIil j1yd £,
BBIXO/AINNI U3 BepuinHbl B, nepecekaer orpe3ok AC B Touke K, a OlHMCAHHYIO
OKpY2KHOCTB TpeyrosibHuka ABC — B Touke L. Jlokaxkute, 9TO OIUCAHHAS OKPY K-
HOCTH Tpeyrojbiauka DK L mpoxoauT depe3 (PUKCUPOBAHHYIO TOYKY, OTJIMIHYIO
or D u He 3aBUCSIIYIO OT BbIOOpa Jyda L.

8. B cBasnom rpade n > 3 Bepmma. Ilpu ynansenun Bcex pebep J000ro nmkJia
rpad CTAHOBUTCs HECBSI3HBIM. Kakoe MakcnMa/ibHOE KOJTMIeCTBO pedbep MOKeET ObIThH
B TakoM Ipacde?

39. Bonpocsl kK 3auety. 27 uroJis.

Teopust aucen

1. KBajipaTudnble BbIYETHI: ONpeJeeHre, KOJUIeCTBO, CBA3b € IPOU3BE/IEHUEM.
Cumbou Jlexkanapa. Kpurepuit Ditiepa.

2. [Tokazaresn: OCHOBHbBIE CBONCTBA.

3. Jlemma 00 yTOUHEHNH ITOKa3aTe/Is.

4. TlepBoobpa3HbIil KOPEHb: OINpeie/IeHne, CYIIECTBOBAHNE 10 MOJLYJIIO P.

5. ITepBooGpasHblil KOPEHB: OIpe/e/ieHne, CYIeCTBOBaHNe 0 MoLyism 2, 4, p¥,
2p", oTcyTeTBIE IO JIIOGOMY IPYTOMY MOJLYJIO.

6. [lepBooOpasnblii Kopenb: pyHKINS Kapmaiikia, dpopMysia, CylecTBOBAHIE Bbl-
qeTa, MPUHAJJIEIKAIIEr0 TIOKA3aTe 0 ¢ 110 MOJLYJIIO 1.

7. JlecsaTmanble JIpoOM.

HepaBencTBa

8. HepaBencrBo MeK 1y CpeJIHUM CTElEeHHBIM HATYPaJIbHOI CTENEeHN U CPEJTHIM
apuPMETHICCKIM.

9. HepaBeHcTBO MeXKLy CPeJHUM apu@PMETUIeCKIM 1 CPEJIHIM I'€OMEeTPUIECKUM.

10. Hepasencro bBepnysiin Jijisi palimoHaJIbHOIO 1TOKa3aTe s .

11. HepaBencTBo 0 cpejHUX CTENEHHBIX JJIsd TPOU3BOJIbHBIX PAIlMOHAIBHBIX CTE-
[IeHel.

12. HepasencrBo Komu-Bynsikopekoro-IIIBapiia, SKkBuBaJjieHTHBIE TIepedOpMYyJIn-
POBKI.

13. TpancaepaBeHcTBO.

MHuoro4jeHbl
14. Muorousnensr mHaj R: dpopmaabnoe n hyHKIMOHATHLHOE PABEHCTBO MHOTOYJIE-
HoB HaJ R.
15. Muorounens! naj Z,: dopmaibioe n QyHKIHMOHAILHOE PABEHCTBO MHOIOYJIe-
HOB HaJl Zy,.
16. Teopema Buera.
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17. HenpuBoiuMOCThb: €MHCTBEHHOCTD PA3JI0YKEHIS Ha HEIIPUBOIUMbIE MHOIOYJIE-
uol B R|x].

18. Nneasnr. CymecrBoBanue juHeiinoro npejcrapiernss HOJ MHOro4eHoB de-
pe3 ujealbl.

19. Kpurepuit Ditzenrreiina.

20. OcHoBrast Teopema aarebps! (opmynposka). MHOTOWIEHDI, HEIPUBOINMbIE
Ha 1 R.

21. NaTepnondimonnble MHOrOUIeHbBI Jlarpamka n HeoTona.

Kowmriuiekcabie yucia

22. KowMmrurekcHble ducya: ornpejiesienne, apudmMeTndecKe ornepaniu U uxX CBOii-
CTBa, KOMILJIEKCHOE COIpsIZKEHNE.

23. KomruiekcHas 1miockocThb. Motyiib, apryMenT u TpuronoMerpudeckas popma
KOMILJIEKCHOT'O 1unc/ia. KopHu n-oif creneHn 3 eJInHUIb.

24. TIpeobpazoBaHus MJIOCKOCTH W UX 3allUCh HA KOMILJIEKCHON TJIOCKOCTBIO.

25. 3ajlaHne Ha KOMILIEKCHOM IIJIOCKOCTH MPSIMbIX U OKPYKHOCTEIH.

26. Kpurepnii npuHa IJIE2KHOCTH YeThIpeX TOYEK Ha KOMILJIEKCHOM TIJIOCKOCTH O/I-
HOIl OKPYZKHOCTH.

27. Teopema IlTonemesi: 1oKa3aTeIbCTBO Yepe3 KOMILIEKCHYIO IJIOCKOCTD.

28. IIpsimast CumMcona: JOKa3aTeIbCTBO Yepe3 KOMILIEKCHYIO IJIOCKOCTb.

I'eomerpus

29. BekTopbl: onpejieieHus, TPOCTeiIe CBOWCTBa 1 OTIEPAIlH.

30. ['eomerpusi Macc: OCHOBHBIE OIpe/ieieHrsl (MaTepuaibHas TOUKa, [EHTP Mace
CHCTEMBI MaTepUaIbHbIX ToUeK). CylecTBOBaHNE U €IMHCTBEHHOCTH IIEHTPA MaCce
CUCTEMBI MaTePUAJIHHBIX TOYEK.

31. 'eomeTpus mMacce: MpaBUJIO phlYara U MPaBUIO TPYIITHPOBKH.

32. Teopema Yesnr.

33. Teopema YenwI-cunyc.

34. Teopema Menenasi.

35. Teopema Ban-Ob6est.

36. CkajisipHOe TTpou3Be/ieHne BEKTOPOB: Ollpe/ie/ieHne, OCHOBHBIE cBoiicTBa. Teo-
peMa KOCHHYCOB.

37. Teopema cuHycOB.

38. Pajiukanbaasg och 1 paJuKaJbHBIN EHTP.

39. Hampasiennble yrJibl: omnpejiesieHne, OCHOBHBIE CBOWCTBA W KJIACCUYIECKUE
YTBEPKIEHUSI.

40. ITpssmast CumcoHa: JI0Ka3aTe/IbCTBO Yepe3 HallpPaB/IeHHbIE YIJIbI.

41. Touka Mukens.

42. /IBuKeHusi: OCHOBHBIE JIBMPKEHUSI, NX KoMmmo3uiun. Teopema [Tlais.

43. OpuenTupoBaHHasi IO b OIIpejiesieHne, OCHOBHbBIE CBOICTBA.
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44. Addbunnbie npeodpazoBaHus: HHBAPUAHTHI adDUHHBIX Tpeodpas3oBaHuil, Cy-
necTBoBaHne ahUHHOIO IIPeodPa30BaHusl, 38/ laHHOI0 0Opa3aMu TPeX HEKOJIIMHE-
APHBIX TOYEK.

I'padbr

45. Ditepos 1y Th/1uK/. Kpurepuit sitieposoctu rpada.

46. ['amuibTOHOB Ty Th. JlocTaTouHbIe YCJIOBUS CyIIECTBOBaHUE B rpade raMu/ib-
TOHOBA ITYTH.

47. I'aMuIbTOHOB 1UKJI. JlocTaTouHbIe YCI0BHS CYIIECTBOBAaHUE B rpade raMuib-
TOHOBA IHUKJIA.

48. CuibHasi CBSI3HOCTH OPUEHTUPOBAHHBIX I'PadOB: OCHOBHBIE OIPEJCJICHUS U
CBOIICTBA.

49. Typuupnbie rpadnl. CyiiecTBoBaHNEe FAMIJIBTOHOBA IUKJIA B CUJILHO CBSI3HOM
TYPHUPHOM Tpade.

50. Jlemma Xosia.

51. Jlemma Xosuta Jijist apabCKIX CTPaH.

52. Xpomarmaeckoe uncjo rpada. [Tokpacka rpada B ciiydae HAJIUUNAS BEPITIHHBI
CTEINEeHN MEHbIIel, YueM MaKCHMaJbHas.

53. Teopema Bbpykca.

Pa3znoe
54. XapakTrepucTuieckue (pyHKINNI: Olpejie/ieHne, OCHOBHbBIE cBoiicTBa. DopmyJia
BKJIIOYEHU-UCKJIIOUEHUI.
55. @opmyJia BKJIOUEHN-UCKIII0YeHnit: (popmysmpoBka. Hepasencrsa B hopmyiie
BKJIIOYEHU-UCKJIIOUEHUI.

IN36panabie 3aga4un
1. [Iycts p — HEedeTHOE IPOCTOE UUCJIO, @, b, ¢ — BBIYETHI 110 MOJYJIIO P, IPUUIEeM
a ] p,aD = b — 4ac. Joxaxure, uro eciu D — KBaJpaTHUdHbIi BbIYET 10

MO/LYJIIO p, TO CpaBHEHUE ax’+bxr+c=0 umeer JIBa KOPHsl, ecin [) — KBaJIpaTUIHbIII
p

HEBBIUET 110 MOJYJIO P, TO cpaBHenue ax’ + bx + c=0 He uMeeT KopHeil, a ecin
p

D : p, TO 3TO cpaBHeHNEe UMEET OAUH KOPEHbD.

2. [TpocToe uncsio p =3, a meJible YUCIa & U 3 TAKOBLL, 9To 2+ y2 ¢ p. JlokaskuTe,
q4T0 T, Y : P. !

3. Hdokaxkure, aro ecsim Muorowien [ € Z[zx| nenpupojum Haj Z, TO OH HEIIPUBO-
M Hagt Q.
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4. Ipo muorounen f € R[x] ussectro, uro jist oboro ¢ € R Boimosmeno f(c) >
0. Joxazkure, 4To cyIecTBYIOT Takue MHorodiensl g, h € R[x], uro f = g* + h%.

5. Ha cToponax mpousBoJIbLHOTO TPEeyroJbHIKa BHE €r0 HOCTPOEHBI PABHOCTOPOH-
Hue TpeyroJbHuku. JJokaxkure, 9TO UX IEHTPLI TakzKe 00pa3yioT paBHOCTOPOHHMIA
Tpeyrojibiuk (BHeIHuU Tpeyrojabauk Harosieona).

6. Ilpennonoxkum, 4To ay, as, ..., a, u by, be, ..., b, — NOJOKUTELHBIE YHCIA,
V/IOBJIETBOPSAIOIIIE YCIOBUIO

ai+a+...+a,=by+by+...4+b,.

Jlokakute HEpaBEHCTBO

2 2 2
aj s T a, >a1+a2+...+an.
a;+by  as+ by a, + b, 2

7. Ilycrb a, b, ¢, d > 0. [lokaxkuTe HEPABEHCTBO

a b & d 2

>
b—|—20—|—3d+c—|—2d—|—3a+d—|—2a—|—36+a—|—2b—|—30 3

—
8. [lycTh cymMmma HEKOTOPBLIX 1 BeKTOpoB paBHa ( . /lokaxkuTe, 9TO U3 HUX MOZKHO
CJIO?KATH BBIIYKJIBI MHOT'OYTOJIbHUK.
9. /lokakure, 9TO CYIIECTBYIOT Takue ¢, (3, Y ¢ CyMMOil 1 Takue, 9T0 JiJis JTFOOBIX
HEOTPUIATE/ILHBIX @, b, ¢ BEpHO HEPaBEHCTBO:

aa’b’c + 5b502a + fyc5a2b > atb’c.

10. JTokazkuTe, 9TO €CJIN CTeleHb MHOrOWIeHa P MeHbIIIe YeM cTelleHb MHOTOUJIeHa,
(), TO HajljleTcsi TaKoe YUCJI0 X, UTO JJsi JII0OOro T > Xy OYJeT BBINOJHSTHCS
nepasenctso: |P(x)| < |Q(z)].

11. Bce BepiunHb IBYI0JbHOIO Ipada UMeoT cTeleHb k. JlokarKuTe, 9To UX MOXK-
HO pa30uUTh Ha Iapbl CMEYKHBIX.

12. Kaxk/plit 13 JAByX paBHBIX KBajparToB pas3out Ha 100 paBHOBEJMKUX dacTeii.
JlokazKnuTe, 9TO MOXKHO CJIOYKATH 9TU KBaIpAThl B CTONKY 1 NPOTKHYTH B 100 TouKax
Tak, 9T00bl Kazkgas u3 100 gacreil KaxKJ0ro U3 KBaJIpaToB ObLIa IPOTKHYTA.

13. Ha npsmoii jaHbl HECKOJIBKO OTPE3KOB, JII0ObIE JIBa U3 KOTOPHIX KMEIOT OOIIYIO
Touky. /lokaxkure, 4TO BCe OTPE3KU UMEIOT ODIILYI0 TOUKY.



