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1. JlokaxkuTe, 9YTO MeXK/ly HATypaJbHLIMA ducjaMu n u 11n maiigercs
YUCJI0, Y KOTOPOro cyMma 1udp Ha 5 00JIbIIe, 9eM cyMMa udp Jucia n.

2. JlaHbl Jecarb 9ucen Ty, Ta, ..., T u3 orpeska [0, 1]. Tlokaxkure, aro
1+ 2o+ ...+ 210 < 1922...T10+ 9.

3. CymecTByfor M Takue HaTypaJjbHbIe dncia a, b u n (a # b), 9T0
HOK(a + n,b) = HOK(a,b+ n)?

4. Yeroipexyronpauk ABC' D Brnmcad B OKpPY>KHOCTH ¢ IieHTpoM O, TIpu-
qeM AD — nuamerp okpyzkuocTH. [Ipsmbie AD u BC' niepecekatoTcs B TOUKe
E. Onucannasi okpyzkHOCTb Tpeyrosbauka BOC nepecekaer otpe3ok AD B
touke K. Ilpsmast, nposenennas depes Touky K mnapasiensuo BC nepece-
kaeT npambie AB u C'D B Toukax L u M. [lokaxure, aro Touku F, L, O, M
JIeZKaT Ha OJIHON OKPY2KHOCTH.

5. Nznavaybno B npobupke 6b110 100 OakTepuil, HAXOIANUXCA Ha TIepP-
Boii cryrienn sBoJiorun. Kazktas 6axkTepus, HaxodIIasicsd Ha k-Oif CTYIIeHH
9BOJIIOIIH, MOXKET pa3JIe/InThCs Ha JiBe, Haxosdimecd Ha k + 1-oif cTyIeHn.
HazoBéMm KoJIOHUIO n-ycTONYMBOi, eciu B JiI0OOIf MOMEHT B Hell eCTh XOTd
OBl m OakTepuii Ha OJHON CTyHeHu 3BoJroruu. [[pn KakoM MUHUMAJIEHOM 7
MOYKHO TapaHTHPOBATh, ITO KOJOHHUS BCeraa OyaeT n-yCcToNIuBoii?

6. B pasencrse (2 + \/§)2k_1 =a+bV3, a,bu k — marypasbHble dnCIA.
Jokazkute, 9T0 @ = n? + 1 I KAKOTro-TO IEJI0T0 n.

I'padsi. IIapocodyeranus u nokpseitus. 05.07.2017

Byzem ucnonibzoBars cieayorue obosuadenus: V (G) u E(G) — mMuOXKe-
crBa Bepime u pebep rpada G; v(G) = |[V(G)], e(G) = |E(G)|.

Omnpexnenenune 1. 1) Muoxkecrso sepumn U C V(G) HasbiBaeTcs ne3a6uct-
MDLM, €CTTH HUKaKHUe J[BE ero BepluHbl He cMeKHbl. O6o3HaunM depes aG)
KOJIM9EeCTBO BEePIINH B MaKCHUMaJIbHOM HE3aBUCHUMOM MHO2KECTBE Fpa(:ba, G



2) MuoxkecrBo pébep M C FE(G) Ha3bBaeTcsi napocowemanuem, ecyim
HUKaKue JiBa ero pebpa He uMeroT obieit Bepumubl. Oboznaunm depes o (G)
KOJINYECTBO PEGEP B MaKCHMAaJIbHOM Iapocoderannu rpada G.

3) Byuem rosoputh, uro muOxkectBo Bepuua W C V(G) noxpwisaem
pebpo e € V(G), ecam cymecrByer Bepmuaa w € W, nanunentras e. Byaem
TOBOPUTH, 9TO MHOXKeCTBO pébep F' C F(G) nokpwsaem sepiuny v € V(G),
ecyii cyiecTByeT pebpo f € F', HHIUIeHTHOE V.

4) Muoxkectso Bepiiuna W C V(G) Ha3bIBaeTCA 8EPUUHHBLM NOKDBIMUEM,
ecJIm OHO MOKpPBIBaeT Bce pébpa rpada. O6oznaunm depes [S(G) KOJIUIECTBO
BEPIIMH B MUHUMAJIBHOM BEPIITMHHOM MOKpbITHN T'pada G.

5) MuoxkectBo pédep F' C FE(G) Ha3BIBACTCST pebepHbLM NOKPLIMUEM, €CITH
OHO TIOKpBIBaeT Bce Bepinuubl rpada. O6o3uaunm depes ['(G) KoamaecTBO
pédep B MUHUMAJIBHOM pebepHoM HOKphiTun rpada G.

0. (Hy>xHO cmaBaTh B HHUCBbMEHHOM BH/I€ HA OTIEJIbHBIX JIU-
croukax.) st npousBosibHOro rpacda G Ha n BepIIMHAX JOKAXKUTE, UTO
a(G) + B(G) = n.

1. B mekoropoMm rpade G s 1106010 MHOYKECTBA, €r0 BEPIINH KOJIMYIe-
CTBO BEPIIUH B 9TOM MHOXKECTBE He IIPEBOCXOIUT KOJIMIECTBA, BEPIINH, CMEK-
HBIX XOTsI ObI C OJHOII BEPIIMHON 3TOro MHOXKecTBa. Jlokaxkure, uro m3 G
MOXKHO BBIKHHYTH He H60jiee TPETH BCeX BEPITNH TaKUM 00pa3oM, ITO OCTa b
HbIe BEPIIMHBI MOXKHO OyJIeT pa3sOUTh Ha HellepeceKaroIecst mapbl CMEXKHBIX.

Onpenenenne 2. Ilycte M — mapocoderanne B rpacde G. Ilyrs P Ha-
3piBaercsa M -uepedyrowumcs, eciim B HeM depenyiorcst pebpa u3 M u peb-
pa, #e Bxomdmme B M. Ilyts P mnaswBaerca M -donoanaroujum, ecan OH
M-4aepenyroruiics, a ero Hadajao U KOHEI He Nokpwuimy, mapocoderanuem M
(TO ecThb, HE SIBJIAOTCS KOHIAMu pebep u3 M).

2. (Teopema Bepxka; C. Berge, 1957.) /lokaxure, 9T0 napocodera-
Hue M sBiisieTcst MaKCUMAJIbHBIM B rpade G (To ecTh cotepKuT HanboJIbInee
qucsio pebep cpeu Beex napocoderanuit rpada G) eciu u Tosibko ecian B G
Her M-TOTOJIHATOIIUX Ty Teil.

3. (Teopema Kénura; D.Konig, 1931.) Ilycrs G — aBymo/bHBII
rpad. Torga o/ (G) = B(G).

a) Beiesere Teopemy Kénnra u3 reopembr XoJuia.

6) BeiBesiere Teopemy Xosuta u3 reopembl Kénura.

4. (Teopema Tasnnan; T. Gallai, 1959.) Ilycts G — rpad na n Bepiu-
HaX, IIpUYeM U3 KazKJI0# BepIINHBI BLIXOIUT XOTd Obl 0j1HO pebpo. Jokazkure,

aro o' (G) 4+ B'(G) = n.



Omnpenesenne 3. [lapocoueranne, MOKpbIBaioIiee BCe BEPIINHBI I'pada, Ha-
3BIBAETCS COBEPULEHHDIM.

5. Crenenu Bcex BepinuH rpada paBubl 3. O0s3aTeILHO JIn B TAKOM I'pade
€CTb COBEPIIEHHOE ITapocovyeTanue’

6. Hazosem pebpo rpada sastcHvim, €cid MpU ero yJIajJeHund YBeJTudIu-
BaeTCs pasMep MaKCHMaJbHOTO HE3aBHUCHMMOIO MHOXKecTBa. Jlokaxkmure, UTO
eCJIM IBa BasKHBIX pedpa NMeIOT OOIIyI0 BEPIIUHY, TO B rpade ecTh HeYeTHDII
IIAKJI.

IloBoporHast romorerus. 05.07.2017

Omnpenenenne. [losopomnot 2omomemueti ¢ KodadduiuenToM k u yrjiom
Ha3bIBAETCSI KOMIIO3UIUSI TOMOTETUN C KO3 puiimeHToM k W IIOBOPOTa HAa
yrou , umeronux oomwmii nentp (Hf o RE). Ilpu 9T0M MOXKHO CHMTATD, YTO
k>0u0<p<2m.

Teopema 1. Oxpyorcnocmu S u S nepecexaromesn 6 moukaxr A u B. Tozda
cywecmsyem eOUHCMBEHHAA NOBOPOMHAA 20MOMEMUA C UEHMPOM 6 A, ne-
pesodawasn S 6 S’'. Boaee mozo, o6paszom a0b60t mouku C € S 6ydem mowka
C’, 6 xomopot npamas BC' emopuuno nepecexaem oxpyorcnocms S'. (Towka
C" omauuna om B 3a uckmouenuem cayuas, xozda npamas BC xacaemces
oxpyotcnocmu Sy 6 mouke B ecau mouxu B u C' cosnadarom, mo 6 kauecmee
npamot BC mul pacemampusaem kacamesvnyio k S1 6 mouke B.)

Teopema 2. Ilpamvie AB u AyBy nepecexaromes 6 mouxe P, npuvem ece
mouxu A, B, Ay, By, P pasauunn. Tozda cywecmeyem eduncmeennas no-
sopommas 2omomemus, nepesodautas mouxy A 6 Ay, a B 6 By, npuuem
€€ UEHMPOM ABAAECMCA MOYKE NEPECEYEHUA ONUCAHHIT OKPYHCHOCNET mpe-
yeorvnurose AAP u BB, P.

Teopema 3. [[enmp nosopomnoti 2omomemuu, nepesodaweti HanpasAeHH il
ompesox AB 6 nanpasaennwiti ompesox A1 By cosnadaem ¢ uenmpom noeo-
POMMOT 20MOMEMUL, NePesodawets HanpasieHHvl ompedokx AA, 6 nanpas-
nennvitl ompesox BB;.

1. a) Jlokaxkure, 9To mpeobpazoBaHue MOJ00UsI SBJISIETCS [TOBOPOTHOM
roMorerueii ¢ KodddurmenToM k # 1 1 yrjiom ¢ TOra U TOJbKO TOT/Ia, KOTIa
JUTs TI000r0 BeKTOpa ¢ JaHHOe Ipeobpa3oBaHUeE MEPEBOJUT €r0 B BEKTOD

— — " —

k - ay (voe aj, — BEKTOp, HOJIYIEHHBI U3 BEKTOPa ¢ MOBOPOTOM HA YIOJI ).

6) Yem MoKeT ObITH KOMIIO3UIHSI JBYX IOBOPOTHBIX TOMOTETHH (Iepe-

YUCJINTE BCE€ BOSMOXKHbBIE BapUaHTbI U JOKaKHUTE€, 9TO APYI'UX HeT).
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B) Jlokaxkure, 4ro Jit060e COXpaHSIOIIEe OPHEHTAIINIO MPeobpa30oBaHIe
oa00us ¢ KO3 MUIMEeHTOM, OTJINIHBIM OT 1, SIBJISETCs TOBOPOTHOM TOMOTE-
THEN.

2. OKpPYXKHOCTH W1, . . .,w, mepecekaiorcs B Touke (. Ky3nequk mpoira-
eT u3 TOYKN X; OKPYXKHOCTH Ww; B TOUKY X; 1 OKPYKHOCTH Wj 1, IPA ITOM
npsamas X; X1 TPOXOJIUT Yepe3 TOUKY IepecedeHnst OKPYKHOCTEN w; U Wi 1,
ornumanyto or Touku O. Jokaxkure, 4TO Yepe3 n MPbIKKOB Ky3HEIUK BEPHET-
Cs1 B UCXOJIHYIO TOUKY.

3. JIBe OKpy:KHOCTHU TIepecekatoTcst B Toukax A u B, a xopast AM u AN
KacaTcs 3Tux okpyzxHocreit. Tpeyronbauk M AN jocTpoen 70 mapaJiie-
morpamma MANC', P — cepenuna orpeska BN, touka () — cepenuna MC'.
Hokaxxure, auro ZANC = LZAPQ.

4. Ha croponax AB u BC tpeyronbauka ABC' B34Tbl COOTBETCTBEHHO
toukn Cy n Ay; rouku M u My — cepeaunnr orpeskoB AC' u A;C coorBer-
crBenno. IIpamasg BM nepecekaeT ONUCAHHYIO OKPY?KHOCTH TPEYTOJbBHUKA
A1 BC B Touke K1, a npsimasg BM; — omucaHHyI0 OKPY?KHOCTB TPEYTOJIbHU-
ka ABC B Touke K. Camu onrcaHHbIE OKPY>KHOCTH IIEPECEKaIOTCs B TOUKe P,
a upsambie A1C7 u AC' — B Touke T'. Jdokazkure, uro Touku M, My, K, K,
P u T nexar Ha OJHO# OKPYKHOCTH.

5. B Beimyksom gersipexyroibauke ABC'D touku P u () — cepejuHb
nuaronaseit AC u BD. llpamas PQ) nepecekaer cropoubl AB u C'D B T04-
kax N u M coorBercrTBeHHO. /IoKaxKuTe, 9TO &) ONMCAHHBIE OKPYKHOCTU
tpeyroibaukoB AN P u DM Q) nepecekatorcst Ha npsimoit AD;  6) onmcan-
HbIe OKpYyzKHOCTH TpeyroabHuKoB AN P, BNQ, CM P, DM () nepecekaiorcst
B OIHOII TOYKeE.

6. OxkpyKHOCTH W ommcaHa O0Kojo Tpeyrosbauka ABC. Touka P mpo-
6eraet gayry BC okpyxkHocTH w, He cojepxKairyio Touky A. Toukm S; n
Sy — TEHTPBI BIMCAHHBIX OKPY:KHOCTEN TpeyronbaukoB PAB u PAC' coot-
BeTCTBeHHO. JIOKayKuTe, 9T0 OKPY?KHOCTH, OIMUCAHHBIE OKOJIO TPEYTOJILHUKOB
PSSy, npu Bcex moIoKeHusix TOUYKn P uMeroT o0Iy0 TOUKY.

WNuBepcus. 06.07.2017

Onpenenenue. Hreepcueti OTHOCUTEIHLHO JAHHON OKPY?KHOCTHU C IEHTPOM

B Touke O pajuyca R upeobpasoBaHue IJIOCKOCTHU, IIPU KOTOPOM KazKIasi
Touka A nepexoaut B Touky A’ Taxyio, uro OA’ = R? | g e

CsBoiicTBa MHBEpCUU

o [Ipsamas, npoxojggamas depe3 O, mepexoauT B cedsi.
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o [Ipsamas ¢, e nmpoxojsimiast depe3 O, epexonT B OKPYKHOCTD S, Po-
xojsnyio depe3 O;

— mouka O, cummerpuutasg O OTHOCUTENBHO £, TIEPEXOIUT B IEHTP
OKPYKHOCTH S}

— 00paTHO, OKPYXKHOCTE S, mpoxojsdias depe3 O IepexoauT B Ips-
MyTo /.

e OKpyzKHOCTb, He npoxoadiias depes O, IepexoJuT B OKPYKHOCTh, He
npoxoaantyio depe3 O. VX HeHTpHI JIeXKaT Ha OJHOM JIyde ¢ HATaJIOM
B O (HO IIEHTD He TePeXoJuT B IeHTD!).

AB|-R?
e Ecm A’ u B’ — obpaser rouek A u B, o |A'B'| = m.

0. (Hy>kHO cnaBaTh B MMCbMEHHOM BHJ€ HA OTHEJbHBIX JINCTOY-
Kax.) Ilycrs uaBepcus ¢ niearpom O nepeBoguT oKpyzHOCTH S B S, [loka-
JKuTe, 9T0 Touka O — IEHTp TOMOTeTHH, IepeBojdrieii S B .S’

1. Touku A, B u C jexkar Ha OHHON IPsMOM, a TOYKa P — BHe 3TOil
npsaMoit. Jlokaxkure, 9TO MEHTPHI ONMUCAHHBIX OKPYKHOCTEN TPEyroJbHIKOB
ABP, BCP,C AP u touka P jexar Ha OJHOI OKPY?KHOCTH.

2. OKpYKHOCTH W1 U Wo IepecekatoTcs B Toukax A u B. [Ipamas, ormma-
Hast oT AB, nepecekaer OKpy>KHOCTb wq B Toukax C' u [, OKPY?>KHOCTb Wy B
toukax K u F, a npamyio AB — B Touke P, jexameit Ha orpeske AB. Jlo-
KaxKUTe, 9TO MPAMasd, IIPOXOIIas depe3 IeHTPbI OKPYKHOCTEN, OIMUCAHHBIX
okoJio Tpeyroiabankos AC'E u BDF', npoxoauT depe3 TO4UKy P.

3. IIpu momoru MUPKYJIst U JTHHEHKH TOCTPONHTE OKPYZKHOCTh,  a) TPO-
XOJISIIYIO0 9epe3 JIBe JaHHble TOUYKHM M Kacalollylocsl JTaHHONH OKPY’KHOCTH;
6) IPOXOJIAILYIO Yepe3 JaHHYI0 TOYKY U KACAIOILYIOCH JIBYX JAHHBIX OKPY K-
HOCTEll;  B) KaCAIOIILyI0Csd TPeX JaHHBIX OKPYKHOCTEL.

4. Jlana OKpYy?KHOCTb U TOYKa P BHYTpU Hee, OTJIMYHAA OT IeHTpa. Pac-
CMATPHUBAIOTCSI apbl OKPYKHOCTEl, Kacaloluecs TaHHON W3HYTPH W JIPYT
npyra B Touke P. Haiiaure reomerpuyeckoe MeCTO TOYEK I€pECedeHrs 00-
IIUX BHEITHUX KaCaTEJIbHBIX K 3TUM OKPY2KHOCTAM.

5. Tpeyrompuuk ABC' Bhucan B OKPYKHOCTH w. llepemennasi mpsimas,
napaJjutesibiasg BC, nepecekaer croporbl AB u AC B Toukax D u E coot-
BETCTBEHHO U miepecekaeT w B Toukax K u L (tae D sexur mexay K n E).
OkpyKHOCTB 71 Kacaercst oTpe3koB K D, BD u 0OKPY>KHOCTH W; OKPYKHOCTD
~vo Kacaercd orpeskoB LE, C'FE u okpyx)uoctn w. Haitjure reomerpuyeckoe
MECTO TOYEK IepecevdeHns OOIMUX BHYTPEHHUX KACATeJIbHBIX K OKPYZKHOCTIM

T 1 Y.



Beinykiiocts-1. 06.07.2017

Onpenenenne 1. Ourypa HA3BIBACTCA 8bINYK.A0U, €CITH JJIS JIIOOBIX 2-X TO-
4eK, IPUHaJIJIEKAINX eif BEpHO, YTO BeCh OTPE30K, COEIMHSIONINIT 9TH 2 TOY-
KW, TPUHA/JIEIKUAT STOMY MHOXKECTBY.

VrBepxkaenue. [lepeceverue 1106020 (6 mom wucae u beckoneurozo!) mmo-
HCECNBA, BHINYKAVT Puzyp A6AAEMCA 80NYKAOT Pueyporl.

Onpenenenne 2. Bunykavim MH020Y2045HUKOM HA3BIBAETCS MHOTOYTOJIb-
HUK (T.e. 3aMKHYTasl HeCaMOIlepeCceKaroIasacs JOMaHasl ), JeKAIIUi B OJJHON
MOJIYTIJIOCKOCTH OTHOCHTEIHHO JII000M U3 IIPAMBIX, COJIEPKAIIIX €I'0 CTOPOHBI.
Touka M, ne yrexkaras Ha CTOPOHAX BBIITYKJIOTO MHOTOYTOJIbHUKA, HA3bIBa-
ercst HYMpenHeti, eCJIN JIEXKUT 110 OTHOIIEHHUIO K JII00O0# U3 3TUX HPSIMBIX B
TOM K€ TOJIYILJIOCKOCTH, UTO U BECh MHOIOYTOJIbHUK. B IpoTuBHOM ciiydae
rOBOPAT, 4TO ToUuKa M sesrcum 6He MHO20Y2006HUKG.

Teopema 1. Mnoz0y20ivHuk ABAAEMCA BHINYKABIM, €CAU BBINOAHEHO 00HO
U3 CACQYIOUUT PABHOCUNOHBLT YMBEPAHCICHUL:

1. ecau wacmv naockocmu, um 02PAHUNEHHAA (NAOCKUT MHO20Y20NVHUK)
ABAACNCA GONYKALM MHONCECTNEOM;

2. ecau 2Mom MHO20Y20AbHUK AEHCUM, 6 00HOT NOAYNAOCKOCTIU OMMHOCU-
MeAbHO A10000 NPAMOTL, codeprcauLets e2o Cmopony;

3. ecau ece e20 snympennue yeav, menvuse 180°;

4. ecau 6ce e2o0 uAOHANY AEHCAM NOAHOCTNDIO BHYMPU HE20;

D. €20 e2panuya 6UIHG NOAHOCMBIO U3 A1000T €20 6HYMPEHHET MOYKU;

6. u3 060U enewrel mouky o1 euder nod yaaiom, menvwum 180°.

Omnpenenenne 3. Bunyk.aot 060404Kol MHOXKeCTBa TodeK A HasbIBaeTcs
HaUMeHbIIas 10 BKJ/IOYEHUIO BBINYKJad (PUTYpPa, COJEpKaIlasg BCe TOUYKH
muO)KecTBa A (To ecTh srobast JApyras BeIyKas Gurypa, cojepzkaiias Bce
TOYKN A JOJZKHA CoJlepzKaTh TaKzKe W BBILYKJIYIO 000J109Ky A).

Teopema 2. V npouscosvnozo mHodcecmsaa movex Ha MAOCKOCTU CYuie-
cmeyem eOuHCMBENHAA BLINYKAAA 000A0UKA;

1. a) JlokaxkuTe, 4TO BBINYKJasd 00OJOYKA KOHEYHOTO MHOXKECTBA TO-
YEK AdBJIAEeTCAd MHOI'OYTI'OJIbHMKOM C BEPIIMHAMHM B HEKOTOPBIX U3 3THUX TOYECK]
6) (Teopema Kapareomopu.) Ecim Touka npuHaiesKuT BBITYKJIOH 0060-
JIOUKE CHCTEMbI M3 KOHEYHOTO YUCJIa TOYEK, TO OHA JIMOO COBNAIACT C OJHOMN
U3 TOYEK CHCTEeMBbl, JIMOO MPUHAJJICIKAT OTPE3KY, COSJUHSAIONIEMY JIBE TOY-
KI M3 CHCTEMBI, JTM0O IPUHAJIEKAT TPEYTOILHUKY ¢ BEPIIUHAMU U3 TOH Ke
CUCTEMBI.



2. Ha niockocTn JJaHO n TOYEK, MPUIEM JIIOObIE YeThIpe U3 HUX ABJISTIOT-
Cs BEPIIMHAMU BBINYKJIOI'O YETBHIPEXyTro/ibHUKa. JloKaXKuTe, 9TO0 9TH TOYKH
ABJIAIOTCH BEPUIMHAMU BBIIIYKJIOI'O 7N-YI'OJIbHUKA

3. Ha mmockocTn jganbl 2n + 3 TOYKM, HUKaKe TPU U3 KOTOPBIX HE JiezKaT
Ha OJIHOI MpsIMOIi, a HUKaKne JeThIpe He JeyKaT Ha OJHON oKpykHocTHu. lo-
KayKUTe, 9TO U3 ITUX TOUYEK MOYKHO BHIOPATH TPU TOYKHU TaK, UTO 1 U3 OCTAB-
IIIXCs TOYEK JIeKAT BHYTPH OKPYKHOCTHU, IPOBEIEHHON Uepe3 BHIOpAHHBIE
TOYKH, & N — BHE ee.

4. Jlano n monapHO HECOHAITPABIEHHBIX BEKTOPOB a_f, o 76771 (n > 3) Ta-
KUX, 49TO a_1> + ...+ @ = 0. a) okaxwure, 9To CYHIECTBYeT Bbmygﬂblﬁ

7
N-yroJabHuK Aj ... A, Takoii, uro Habop BeKTOpoB A1 As, AsAs, ..., A, A coB-
naaeT ¢ HabopoM af, . . ., Gr. 6) CKOJIBKO CYIIECTBYET PA3JIMIHBIX MHOIO-

YTOJIbHUKOB, YJOBJIETBOPSIONIAX YCJIOBHUIO MyHKTA a)7

5. HameTe BCe€ KOHeYHbIe MHO>KECTBa TOYEK Ha ITJIOCKOCTH, O6HaﬂaIOIH‘I/I€
TEM CBOfICTBOIVI, 9TO HHUKaKHUE TPpU TOYKU MHOXKECTBa HE JIezKaT Ha O,ZLHOfI
HpﬂMOI'?'I n BMeCTE C KazKJbIMU TpPpEMA TOYKaMM JJaHHOI'O MHOXKECTBa TOYKa
Imepecedenus BbBICOT TPEYyIroJIbHUKA, O6paBOBaHHOI‘O 9TUMHN TOYKaMM, TaK>Ke
IIPUHAJJIEZKUT JJAaHHOMY MHOXKECTBY.

6. BuyTpu BBIIYKJIOrO cTOyrojbHHMKa BbIOpaHo k Touek, 2 < k < 50.
JlokaxkuTe, 9TO MOXKHO OTMETUTH 2Kk BEPIIUMH CTOYTOJbHUKA TaK, YTOOBI BCE
BBIOPAHHbIE TOYKH OKA3AJIMCh BHYTPU 2k-yTOJbHIKA C OTMEYEeHHBIMI BePII-
HaMU.

7. JlokakuTe, YTO BBIMYKJIBII MHOTOYTOJBHUK MOXKET OBITH paspe3aH
HeTlepeCceKafoNMMUC JUAroHaAJISIMI Ha OCTPOYTOJIbHBIE TPEYTOJIBHUKH He 60-
JIee, 4eM OJIHUM CIIOCOOOM

Pasznoboii-1. 07.07.2017

1. Jano marypasbHoe umcio n. Haiitu Bee orobpaxkenus f : R? — R,
TaKue 4TO JIs JIOOBIX TOUeK, Aj, ..., A,, ABIAIONMXCA BEpIIMHAME ITIpa-
BUJILHOT'O N-yTOJIbHUKA, BbioaHeHO, 9T0 f(A1) 4+ ... + f(A,) = 1.

— _h2
v izh V;h" Jlokazkure, 410 Z,lfozof hy < 1,03.

3. Jan onmcanmbii uerspexyronbunk ABCD, B xotopom /2(BC —
BA) = AC. Touka X — cepemuna gumaronamun AC. Jlokaxkure, 49TO

2/BXD = /ZDAB — ZDCB.

4. Ha omnoit u3 kietox jiocku 100 x 100 crout HeBuuMbIi Tank. [Tymka
MOKET 00CTPesITh JTIo0bIe 60 KJIeTOK JIOCKH, IIOCJIe Yero TaHK IepeMelaeTcs
B COCEJTHIOIO TI0 CTOPOHE KJIETKY (OBITh MOXKET, TOJIBKO YTO OOCTPEIAHHYTO).

2. Ilyctb hy = % uh, =



Jlayiee sToT 1porecc nmosropsiercd. MoxKeT Ji IyIiKa CTPeIdTh TaK, 9TO0bI
KOora-HUOYIb rapaHTUPOBAHHO TIONMACTH B TAHK !

5. [lonmoxkurenbuble yucia x, y, 2 yA0BJIETBOPAIOT YCIOBHAIO
x Y z 2

2 T3 T2 - :

241 y2+1 2241 (z+y)(y+2)(z+2)

Haﬁ,ZLI/ITe BC€ BO3SMOXKHbBIC 3HAYCHUA BEJIMYIUHDBI TY + yz + zx.

6. B Jrarepp npuexaJsio 49 mKoJIbHUKOB, KaXKJIblil U3 HUX 3HAKOM POBHO C
24 u3 octaabHbIX. KazK Il KOJILHUK BhICKA3aJI ITOXKEJIaHUE 110 PACCEJICHUIO:
HEKOTOpPbIE CKa3aJik, 9YTO OHU XOTAT 2KHUTH C KEeM-TO M3 CBOUX 3HAKOMBIX, a
OCTaJIbHbIE — HYTO XOTAT KHUTh C KEM-TO U3 He3HAKOMbIX. Jlokaxkure, 9TO
MOKHO BBITHATDH OJIHOTO M3 HUX, & OCTAJbHBIX PACCEJUTH MO JIBYXMECTHBIM
KOMHATaM Tak, 9TO B KarKJI0i KOMHATe XOTs ObI Y OJIHOI'O U3 U3 >KUBYIIUX B
Hell MMKOJIbHUKOB €ro KejaHue OyJIeT yJI0BJIETBOPEHO.

7. Haiiyzure Bce HATYpa/bHBIE YUCIA 0 TAKUE, 9TO YUCJIO

aa+1

2
1+a*+a* +...+a —a

IIPOCTOE.

I'padbi. CoBepinennbie napocoderanus. 09.07.2017

Bynem ucnosnpzoBars caenytomue obosnadenus: ecan U C V(G), o de-
pe3 G — U obozHauaercst rpad, morydeHHbiii yaasenneM u3 G BceX BEPITUH
muO)KecTBa U (M BCcex MHIUJIEHTHBIX UM pebep); ecan ab € E(G), To yepe3
G + ab oboznaunmM rpad, noaydennniit uz G obasienuem pebpa ab.

1. I'pad G obsrajiaer ciieIyIONM CBOMCTBOM: JIJIsA JIIOOOH BEPIUHBI U €
V(G) B rpade G—v ecth coBepirieHHOe Tapocoderanue. Jlokazkere, 4To yepes
00y1o BepmuHy rpada G IpoXoanT IPOCTOR HEUETHBIN UK.

2. Bepumner z,y, z,w € V(G) takossl, uto zy,yz € E(G), Ho 2, y0w ¢
E(G). Ilycrs B xaxkmom u3 rpados G + xz u G + yw ecTb COBEPIIEHHOE
napocoderanne. Jlokaxkure, 94To Torga u B rpade G €CTh COBEPIICHHOE IIa-
pocoueTaHue.

Onpepesenne 4. O603ua11M depes o G) KOTMIECTBO HEIETHBIX KOMIIOHEHT
ceasnoct rpada G (TO eCThb KOJIUTIEeCTBO KOMIIOHEHT CBS3HOCTH, COZIEPIKa-
IIIX HEYETHOE UKCJIO BEPIINH).

Teopema TarTta o coBepiiennom mapocoderanunu (W.T.Tutte, 1947.)
B rpade G cymecrByer coBepieHHOE IMapocodeTaHue TOrIa U TOJbKO TOrIa,
korya st sioboro S C V(G) seimonusercs o(G — S) < [S|.
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3. a) Jlokaxure, uro ecam B rpade G eCTh COBEPIIEHHOE MAapOCOdeTa-
HUE, TO OH yJoBjIeTBOpsier yesosuto Tarra (To ecth mig soboro S C V(G)
Beinosiasiercst o(G — S) < |S].)

[Tycte rpad G ynosiaerBopseT yciaosuio Tarra u npu godasiexuu K G Jio-
6oro pebpa B mosryamBIeMcs rpade ecTb coBepiienHoe mapocoderanue. O60-
s3HavnM depe3 U MHOKecTBO BepinH rpada (G, CMeXKHBIX CO BCEMU OCTaJIb-
ubiMn BepruHamu (o ectb U = {v € V(G) | d(v) = v(G) — 1}).

Hokaxkute, uro Torjma u B rpade (G eCcTh COBEPIIEHHOE IapoCOvYeTaHue
6) ecim cpei KOMIIOHEHT cBsisHOCTH rpada G — U xotrst ObI OJlHA HE SIBJISIETCST
HOJTHBIM I'padoM;  B) B IPOU3BOJBLHOM CJIydae.

r) BeiBesieTe u3 npepLay X myHKTOB Teopemy TarTa.

Onpenenenue 5. /lepuyumom epagha Ha30BEM KOJUIECTBO BEPIIUH, HE I10-
KPBITBIX MaKCHMaJIbHBIM mapocoderanueM. 1o ects def (G) = v(G) — 2¢/(G).

4. ®opmyna Bepxa (C.Berge, 1958.) Jlokaxure, uro def(G) =
max (o(G —S5) —|9]).

SCV(G)

5. a) (J. Petersen, 1891.) Cremnenu Bcex BepiuH rpada paBHbL 3, U IpU
9TOM B HEM He 0OoJiee JIByX MOCTOB. J[oKaKuTe, 9TO B HEM €CTh COBEPIIIEHHOEe
apocoveTaHme.

6) Crenenn Bcex BepiIvH CBsI3HOTO Tpada G ¢ YeTHBIM YUCJIOM BEPIITHH
pPaBHBI d, U [IPU 3TOM U3 JIIOOOT0 COOCTBEHHOI'O TTOJIMHOYKECTBA S MHOYKECTBA
ero BepiInH BbIxoauT He Menee d — 1 pebep (1o ectb He Menee d — 1 pebep
coe/uHsAIOT BeprmHbl MHOKecTB S 1 V(G) \ 5). Hokaxure, uro B rpade G
€CTb COBEPIIEHHOE MapOCOIeTAHHE.

Jlemma 06 yrouyneHnn noka3saress. 10.07.2017

Omnpegesienne. Bynem mucats p* || n, ecim n * p*, wo n | p**t.

1. (JIemma 06 yTouHeHuMmM ITOKaszaTeJs.) /laHbl HpoCcTOE YUCIO P 1
HaTypaJbHbIe Yucaa a, n u t takue, uto p' || a — 1. a) Jlokaxkure, 9TO
ecm n/p, To p' || a® —1. 6) Ilycrs HarypaabHoe 1mcyao k TakoBO, UTO
p* || n. Hokaxure, aro ecimm p > 2 umm t > 1, 1o pt* || a® — 1, a ecrm p = 2
ut=1,ro 22| g —1.

B) Ilycts p € P, a,b € Z, n,t € Nu k € NU {0} TakosbI, 4t0 @ / p,
Pl a—bwupt | n Hokaxure, uto ecqmm p > 2 wmua t > 1, To p'** || a™ — b7,
aecmp=2mut=1,70 28?2 | a" — 1.

3ameuanne. Nnorga sty jtemmy HasbiBatoT “jgemmoit [ersens”, HO 310 He
COBCEM TIPABUIIHHO.



6 4
2. CKOJILKUMH HYJIAMHI OKaH4IMBaeTcs uucio 45 + 657

3. B kaxoii crenenu 5 BXoAUT B pasjiozkenue uuncia 31000 — 21000

CThIEe MHOYKUTEJIN !

Ha IIPO-

4. Jlokaxkure, uTo jj1s ja006oro n € N 1uuciio 2 saBisgercs mepBoodpa3HbIM
KOpPHEM I10 MOJTYJI0 3.

5. Haiigure Bce mapbl HATYpPAIbHBIX Yucea (r,Mn), g KOTOPbIX & > 2,
n>1wu 2" —1 — crenenb IpocTOro 4YucJa.

6. Jamer marypasbuble a u b. OKa3aa0Cch, 9TO JJIS BCEX N BBIIOJIHEHO
a" 4+ b" asnsierca TouHoil (n + 1)—it cremennio. Haiitu Bce BO3MOXKHBIE TaKue
napsl (a,b).

7. Perure B HaTypasbHBIX 4ncsiax ypasHenue z¥ 4+ 1 = (z 4+ 1)Y.

ITonsaproe npeobpazoBanue u teopema Ilackans. 10.07.2017

Onpenenenne. I[lyctb w — okpyxkHocTh ¢ nenrpom O pajwmyca r, P —
touka, orandHasg or O. [loaapod Touku P Ha3bIBaeTCs NpsMasi P, TepIIeH-
mukyssipaast OP u npoxopsiinas depe3 touky P’ (obpas P mnpu uHBepcHu
oTHOCUTENHLHO w). Touka P Ha3bIBAETCS NOANCOM TIPAMOIL .

Teopema 1. 1) Ecau noaoc A npamoti a sesrcum wa nosape b mouku B,
mo mouka B aeocum wa npamoti a.
2) Touku A, B,C aescam na 00nol npamol mozda u moavko moezda,
Koz2da ux noaapvl a, b, c nepecexaromes 6 00HOT MOYKE UAU NAPANAACNOHDL.
3) U3 mouru P ene oxpyorcrocmu w nposedenvs kacamenavuvie PM u PN .
Tozda MN — noaspa mouxu P.

0. (Hy>xHo c1aBaTh B MMCbMEHHOM BH/I€ HA OTAEJIBHBIX JIMCTOY-
Kax.) Jlokaxkure Teopemy 1 (KaxKJblil YHKT T€OPEMbl OYJIET CUUTATHCSA OT-
JICJIBHBIM TTYHKTOM 3aJIa%H ).

1. Ha okpyxuoctu ormedensl Touku A, B, C, D, E, F. Ilpavsie AB
n DFE nepecekatorcsa B Touke U, npsambie BC' u EF — B Touke V', a ups-
mbie CD u FA — 8 touke W. (Hekoropsie u3 rouek A, B, C', D, E, F moryT
COBIIQ/IATDH, B 9TOM CJIyYae B KAUECTBE COCIUHSIIONIEH X MPsIMOil paccMaTpu-
BaeTCs KacaTeIbHasi B 9TON TOUKeE. )

a) [Tycts X u Y — BTOpbIe TOUKM MepeceveHnsl OMUCAHHON OKPY KHOCTH
rpeyrosibiauKa BEV ¢ npsambimu AB u D E coorBercTBeHHO. JloKaxKuTe, IT0
COOTBETCTBYIOIIHE CTOPOHBI TpeyroabuukoB X YV u ADW napaJiiebHbl.

6) (Teopema ITackauisi.) [Ipu momoru nmyHKTa &) JTOKazKUTE, 9TO TOYU-
ku U, V u W nexar na oHOI MPsIMOI.
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B) Chopmysupyiite u JoKazKuTe TEOPEMY, IBOHCTBEHHYIO K Teopeme [Tac-
KA.

2. Jlan Bumcanusiit vetoipexyroibauk ABC D. Ilycrs ' — Touka mepece-
YeHUsI ero Juaronajeil, F' — Todka repecedeHus MpoJIoJizKennii cropon AD
n BC, G — Touka nepecedenus npojgoszkennit cropor AB u C'D, H — Touka
repecevennsi KacaTeJIbHbIX K OMUCAHHON OKpy2KHOCTH B Toukax C' u D.

a) Hokaxwure, uro Touku F, ', H jexar Ha OIHON IPIMOii.

6) Hokaxwure, uro E'F — noxspa toukn G, a FG — nongpa touku F.

3. Jlan Brumcannbiit gerbipexyrosbank ABCD. Touka O — 1eHTp ero
OlMCaHHOW OKpPYzKHOCTU, T — TOuUKa mepecevueHus jguaronaseit, P u ) —
TOYKHU Tepecedenns: mpookeruii cropon. Jlokaxwure, uro touku P, (), T
u O obpasyor opmoyenmpuueckyto wemeepky (T. e. T06asi U3 HUX SIBJISIETCST
OPTOIEHTPOM TPEyTOJbHUKA, 0OPA30BAHHOIO TPEMsT JIPYIUMH ).

4. Yepes 11eHTp BIUCAHHONW OKPYKHOCTU TPEYTOJTbLHUKA ITPOBEJICHBI TTPs-
MbI€, IMEepPIeHIUKYIAPHbIe ero obuccekTpucam. /lokaxKure, 9TO TOYKH Tepe-
CeYeHNs STUX MPAMBIX CO CTOPOHAMH, Ha KOTOPBIE OIYIIEHbI ONCCEKTPUCHI,
JIexKaT Ha OJHON IIPAMO.

5. B ocrpoyronbaOM HepaBHOOEpeHHOM TpeyrosibHuke A BC poBeieHb!
BoicOTbI AA; m BBj, a Tak:ke ormedeHbl cepeaunbl Ag u By cropon BC
u AC. Orpesku AyB; u AygBy nepecekatorcst B touke C’. JlokaxKure, 910
upsimasi C'C’ 1ieplieHIuKyIgspHa TPSMOi, TPOXOJAIIEl Yepe3 OPTOIEHTD U
[EHTP OMMCAHHON OKpyKHOCTH Tpeyroibuuka ABC.

Nppammonasnbubie uynciia u nx npubdimxkenns. 11.07.2017

1. Mynpoe pyKOBOJCTBO HAHSIO HAJICMOTPIINKA JIJI JIeTeil W ITOJIOXKIIO
eMy 3apIiaTy V2 p. B 1enb. [TockoJibKy GaHKHOTBI TAKOTI'O JOCTOMHCTBA, €I11e
He BBLIYCKAIOTCS, MYJIpOe PYKOBOJCTBO KayK IbIN JIEHb TIJIATUT HAJICMOTPIIN-
Ky 1 mian 2 pybiig Tak, 9TO KaxKJblil JIeHb CyMMa, IOJIydeHHasl HaJICMOTP-
IIIIKOM 3a BCE BPEMs €ro PabOTHI OTJINYACTCA OT TOJIO?KEHHON MeHee, 9eM Ha
pyosb. /lokaxkuTe, 9TO MOC/IEI0BATEILHOCTD BBIILJIAT HEIIEPUOITIHA.

2. Ha jymraHOM TpAMOIMHENRHOT JIopore ¢ PABHBIMA WHTEPBAJIAMUI BhIPbI-
Thbl OJIMHAKOBBIE IIOIIEPEYHbIC KaHABKU; PACCTOAHUE MEXKJ/y LIeHTPaMU KazK-
JIBIX JIBYX COCEJTHUX KaHABOK paBHO 1 M. /[okarkuTe, 4TO KAKUMH Obl y3KIMU
He ObLIN CJIeJIAHBI 9TU KAHABKU, Y€JIOBEK, IMAraloNuil 110 JJOpore U UMEIOInit
JJINHY II1ara V2 M, paHO WJIN IIO3HO IIONaJEeT B OAHY U3 KaHABOK.

a) Jlokazkure 5T0 B Cirydae, €Ciii UeJIOBEeK HAUMHAET JBUKEHIE B HAYAJE
noporu (To4uke ¢ KoopauHaToii 0, Ipy TOM, 9TO IEHTPhI KAHABOK HAXOJSITCS
B TOYKaX C HATYPAJbHBIMU KOODJMHATAMN).
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6) Jlokazkure 9TO B cilydae, ecjid YeJIOBEK HAUMHAET JIBUKEHUE B [IPOU3-

BOJIBHOU TOYKE JIOPOTH.
3. a) (Teopema Hupuxite.) Haubt a,7 € R, 7 > 1. Jlokaxkure, 910
<L,
qTt
6) [lano uppannoHajbHOe YUCIO0 . JIoKazKuTe, 9To CyIecTByer Gecko-

HEYHO MHOT'O PAIlMOHAJIbHBIX YHCEN %, TaKuX, 9TO ’oz — g) < q%.

CYIIECTBYET PAIMOHAJIHLHOE TUCJIO g, Takoe, 9ato 1 < g <71 ‘a — §

4. a) (Teopema [Iupuxjie o COBMeCTHBIX NpubJm»KeHusix.) /la-

HBI q,...,0, € R u 7 > 1. Jokaxkure, 9TO CyIIECTBYIOT IeJble YHCIA
ai,...,a,,b, Takue, uto |ajaq + ...+ apo, — b < %n n 0 < max |ag| < 7.
1<k<n
6) (Jlemma Kponekepa.) lanbt a,...,a, € R u 7 € N. [lokaxure,
4YTO CyINECTBYIOT IEJbIE YHCTA P1,. .., Pn,J, Takue, 9ro 1 < ¢ < 7" u mis

J006oro k ot 1 J10 m BBINOJIHAETCA HEPABEHCTBO ’ozk — %‘ < qiT.

5. Jlokaxkure, 9to uncyio  a) 2";  6) 2" 4+ 3" MOXKET HAYMHATHCS C
JII00O#1 TTOC/IeI0BATETHLHOCTH TTUPD.

Teopema Xenau. 11.05.2017

0. (Teopema Xesnu agist mpsimoii. Hy>kHO c/1aBaTh B MICbMEHHOM
BHU/I€ HA OTJIEJIbHBIX JINCTOYKAX.) Ha mpsmMoii JaHbl HECKOJIBKO OTPE3KOB,
JIIOOBbIE JIBa U3 KOTOPBIX MUMEIOT OOILyI0 TOUKY. J[oKazkuTe, YTO BCe OTPE3KH
UMeIOT OOIIYI0 TOUKY.

1. (Teopema Xesnu pusi miockoctu.) Ha miiockoctu jgano — a) 4;
6) n BBIIYKJIBIX (DUTYD, IPUYEM JHOObIe TPU U3 HUX MMEIOT ODIIYI0 TOUKY.
Jokaxkute, uro Bce UTypbl UMEIOT OOIIYI0 TOUKY.

2. (Teopema FOwnra.) Ha mrockoctu Janbl HECKOJIBKO TOUEK, PACCTOs-
HHE MKy JIIOOBIMH JIByMd U3 KOTOPBIX He npesocxoauT 1. Jokaxkure, 910
1

BCE TOYKN MOYKHO HAKDPBLITh KPYI'OM PaJanyca % .

3. Jlana nekoropas cucrema JIyT, IPUHAJICXKAIINX OJTHON OKPYZKHOCTHU U
UMEIONINX JIJTUHY, MEHBIITYIO TPETH OKPY2KHOCTU. KaK ipie aBe jyru 3Toit cu-
CTEeMBbI UMEIOT O6H_LYIO TOYKY. ﬂOKa}KI/ITe, 9TO BCE Ayru 9TON CUCTEMBI UMEIOT
OOIIyIO0 TOYKY.

4. Ha mtockocTu 3a/1aHbl HECKOJIBKO TTOJTYTIJIOCKOCTE, BHY TPEHHOCTH KO-
TOPLBIX IIOKPBIBaIOT BCIO IIJIOCKOCTb. ﬂOKaSaTb, YTO U3 3TUX IIO.HyH.HOCKOCTeﬁ
MOXKHO BBIODATb TPU, BHYTPEHHOCTU KOTOPBIX TOXKE IMOKPBIBAIOT BCIO ILJIOC-
KOCTh.

5. /IaHO HECKOJIBKO ITapaJiIeIbHbIX OTPE3KOB, IIPHYEM /s JIFOOBIX TPEX U3
HUX HaiijieTcsd mpaMasi, X nepecekaromas. Jlokaxxure, 9To HaileTcs npsaMas,
riepeceKaroriasl Bce OTPE3KU.
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6. Haiiiure manbosibiliee HATYPaAJIbHOE N TAKOE, UTO JIJIA JIFOOOIO MHO-
JKeCTBA M3 N TOYEK Ha IJIOCKOCTH CYIIECTBYeT TOYKa (He 00sI3aTeIbHO TIPH-
HaJ[JIeXKAIas 9TOMY MHOXKECTBY) TaKasi, YTO 110 JIIOOYI0 CTOPOHY OT KazKJIoi
HPOXOIAIIEH depe3 Hee MPpsaMOit JiesKuT He 60J1bire 100 ToueK nCX0IHOrO MHO-
JKecTBa (TOUKH, JIeKAIlie Ha IIPSAMOii, IPH 9TOM He YIUTHIBAIOTCH).

7. Ha mtockocTn HaprCOBaHO HECKOJBKO MPAMOYTOJIBHIKOB CO CTOPOHA-
MM, TApaJUIeTbHBIMI OCSM KOOpAWHAT. VI3BecTHO, UTO KarK/Ible JIBa MPIMO-
YTOJIbHUKA MOXKHO IIepecedYb BEePTUKAJIBHOU WJIM NOPUSOHTAJIBLHON HPAMOIL.
JlokaxkuTe, 9TO MOZKHO ITPOBECTU OJIHY FOPU30HTAJILHYIO U OJIHY BEPTUKAJIb-
HYIO TPAMYIO Tak, 9TOOBbI JIFOOO# MPIMOYTOJBHUK IePEeceKascsd XOTsd Obl C
OJIHOM U3 3TUX JBYX HPAMBIX.

BuayTrpeunnnii mar6oii. 12.05.2017

1. HarypayibHOE YHCIO a YJOBJIETBOPSIET CJIEAYIONIEMY YCIOBHIO: JIJIsI
JIIOOOTO HATYpaJJbHOIO N Haiijercd HaTypajbHoe d > 1 Takoe, uro d = 1
(mod n) u n?a — 1 d. Jlokaxkere, 4T0 @ — TOUHBIN KBaJIpar.

2. HazoBeMm HaTypajbHOE YUCTO N 0€3YMHbLM, €CJIU CYIIECTBYIOT HATY-
panbHEIE a,b > 1 Takne, uto n = a® + b. Cymectsytor g 2017 mocre10Ba-
TeJIbHBIX HATYPaJbHBIX drce 1, poBHO 2015 u3 KOTOPHIX O6E3yMHbBI !

3. Touka I — meHTp OKpyKHOCTH, BIHcaHHOW B TpeyrosbHuk ABC.
[Iycte Ec — TOYKa, CAMMETPUYHAS EHTPY OKPYZKHOCTH JIEBATUH TOYECK TPE-
yroibauka Al B otHocuTebHo 6uccekTpuchl yriaa Al B. OupegennM TOYKA
E 4 n Ep ananornanbim oopaszom. okaxkure, uro Toukn F 4, Eg u Eo nexar
Ha OAHOI HPAMOil.

4. Casublit rpad, UMEIONuil X0Tsd Obl TPU BEPIIHHBI, HE TEPSET CBA3-
HOCTU TIPU yJaJleHun Jio0oi Bepmuubl. IlycTh ' — ojHa u3 ero BepIInH.
Hokaxkute, 40 B rpade CymecTByeT IPOCTOH UKJI, TPOXOIAINIl Yepe3 T u
COJIep2KaInii HEKOTOPYIO BEPINUHY Y 7# & BMECTE CO BCEMU €€ COCEeIISIMU.

5. Panmona/ibHoe 9MCI0 HA30BEM NPABUALHBIM, €CJIU OHO TPEJICTaBIIAET-
a*+a—1
b +b—1
CYIIECTBYET CKOJIb YIOIHO OOJIBINIOE MIPOCTOE YHUC/IO, KOTOPOE MPEICTABUMO B
BHUJIE IPOU3BEICHUsT ITPABUJIHBHBIX THCE.

Cd B BHUJE IIp1 HEKOTOPLIX HATYPaJIbHBIX G U b. ,HOK&)KI/ITG, 9TO

6. /lano MHOYXKecTBO HaTypabHbIX uncesr M. /Iy KaxKi0ro ero Hemycro-
ro noagMuoxkectBa A oboznaumm uepes f(A) mommuoxkectBo M, cocrosiiee
u3 Beex uncen M, uMmeronux HedeTHoe ducio gesureseil B A. B kakoe Haun-
MEHBIIIee YUCJIO0 IIBETOB MOYKHO IIOKPACUTH BCE HEIYCThIE MTOJIMHOXKECTBA TaK,
q100b! TogMHOKecTBa A 1 f(A) ObUIN OKPAIIEHDB! B PA3HBIE IIBETA IS JIIO-
ooro nojmuoxkectsa A?
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7. Haitiure Hanboibiiee s > () Takoe, 9TO JIjI JIIOOBIX ITOJIOXKUTETHHBIX
quces a, b, ¢ BBIMOTHAETCA HEPABEHCTBO

1 1 1 \? 1 1 1

+ + > s + +
a+b b+c cH+a) — a?+bc b 4+ca cA+ab

8. B ocTpoyronsraom Tpeyronbauke ABC Touka DD — OCHOBaHME BBICOTHI,
nposesgennoit u3 Bepruabl C'. Touku F u F' jexar wa croponax AC' u BC
coOTBeTCTBEHHO Tak, u4T0 AF = AD u BF = BD. Touka S cummerpudna

Touke C' OTHOCHUTEJIHHO TIeHTPa ONMMCAHHON OKPYKHOCTH Tpeyroybauka ABC.
Jokaxkure, auto SE = SF.

9. B kax10it Kimerke g0cKu 21 X 21 cuauT 110 ABa JIPEeCCUPOBAHHBIX Ky3He-
ynka. [lo curnasy Bce OHM MEpENpPBITUBAIOT B COCEIHUE IO CTOPOHE KJIETKH,
pUYeM JiBa Ky3HEUNKa W3 OJTHON KJIETKHU TEPENPBITUBAIOT B pa3Hble KJIET-
k. Kakoe HamMeHbIlee YHUCJI0 KJAETOK MOIVIO OKA3aThLCS 3aHITHLIMH II0CJIE
IpbIKKA?

S(n)
S(16n)

10. Haiiiure MaKCUMaJIBHO BO3MOXKHOE OTHOIIIEHIE 1o Bcem n € N.

(Hepes S(n) obosnavaercst cymma nudp IucIa n.)

IIpenesnni. 14.05.2017

Onpepesienne 1. OTpe3ok [a,b] Mbl OyjeM HA3BIBATH A08YwWKOU JIJIs 11O
CJIeJIOBATEIbHOCTH {T,,}, €l B 9TOM OTpe3Ke cojiep:KaTcs modru Bee (T. e.
BCEe, KPOME, MOKET ObITh, KOHEUHOT'O UYKCJIA) YJICHbI JIAHHOMN T10CIIeI0BATE b
soct. OTpe3ok [a, b] Mbl Oy/ieM Ha3bIBATH KOPMYWKOT JJist TIOCIIEI0BATEI b
HOCTH {Z,}, €ciim B 9TOM OTpE3Ke COJEPKUTCSA OECKOHETHO MHOIO HJIEHOB
JIAHHOH II0CJIEIOBATEIbHOCTH.

0. (Hy>kHO c1aBaTh B IMCbMEHHOM BH/I€ HA OTAEJIbHBIX JINCTOY-
kax.) CymecTByer Ji I110CJIe0BATebHOCTD, it KOoTopoil orpeskn [0, 1]
u [2, 3] OZHOBPEMEHHO SABIAIOTCA &) JOBYIIKaMH;  ©6) KOpMyIIKamu?

1. Ilycrs orpeskn [0,1] u [9, 10] aBistroTCst KOPMYIIKAME JIJIsT OCJIE0-
BaresibHOCTH {2, }. MoKer sin 1151 9TOH TI0CIe/I0BATELHOCTH CYIIECTBOBATE
a) JoByIika JymHbl 1;  6) jgoBymka jauuast 97 B) CymecTByer i mocie-
JoBaTesibHOCTh 6e3 Kopmytnek? 1) CylnecTByer Jin MOCIe0BATELHOCTD,
JIUIE KOTOPOH JIIOOOH OTPE30K SABJISIETCA KOPMYIIKOI?

2. IlocnemoBarenbHOCTD X, TaKOBa, UTO B HEll BCTpedaloTCsl BCe Ipodu
BHJIA % POBHO 110 OJTHOMY pa3y M KazKJIblil UJI€H IT0C/IeI0BATEIbHOCTH — JIPOOD
TaKoro Bujia. BepHO Jin, 9TO y 3TOi 1OC/Ie10BaTEeIbHOCTH 00sI3aTeIbHO €CTh
npeesn?
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3. Capesmii pa3ami o 3 KyBuimHaM 1 JTUTP MOJIOKa. 3aTeM OH CTaJI Tepe-
JIUBATH MOJIOKO, TaK 9TOOBI B MOMEHT BpeMeHU N+ 1 B KayK0M cTakaHe ObLIO
6Bl POBHO TOJIOBHHA OT TOT'O, YTO OBLIO B JBYX JPYTUX CTaKaHAX B MOMEHT
n. BepHo j1, 910 11pn JTIOOBIX HAYAIBHBIX JIAHHBIX 00bEM MOJIOKA B KAXKJIOM
KYBIIIMHE CTPEMUTHCSI K KAKOMY JIHOO TPEJIey U €CJIH Jia, TO YeMy MOXKET
OBITH PaBEH TOT TIPeIesT?!

Onpenenenue 2. [lociemoBaTebHOCTD @, Ha3bIBaeTCd GYHIAMEHMANDHOU
WA crodsawelics 6 cebe, €CJI BBIIOJIHEHO CJIEIYIOIIee YCI0BUE:

Ve > 03N e NVm,n > N (|am, — a,| < ¢€).

4. (Kpurepuit Komm.) /lokaxkure, 910 MOC/IEI0BATEIIBHOCTD UMEET KO-
HEYHBII Tpejiesl TOra U TOJIBKO TOrJa, KOTJa OHa dBJsdeTcs (pyHIaMeHa b
HOi1.

Onpenenenue 3. Ilycrs 3a1aHbI TOCIEIOBATEIBHOCTD T, U BO3PACTAIOIIA
II0CJIE/IOBATE/IBHOCTD Ny, COJepKallias TOJHKO HaTypaJibHbIe ducia. lorma

Tp,, HA3BIBACTCA IIOAIIOC/IE0BATE/IBHOCTBIO TIOCJICA0OBATEC/IBHOCTH Ty .

5. (JIemma Bousbnano-Beiiepmrpacca.) Jlokaxkure, 910 u3 Jio6oii
OFpaHI/I‘{eHHOﬁ IIocJjie 10BaTeJIbHOCTH MOZKHO BbI6paTb CXOoAIYIOCsA ITOIIIO-
CJIEJIOBATEIBHOCTD.

6. IlocsemoBaTeIbHOCTD X, HEOTPHUIATELHBIX UHCEJ TaKOBa, UTO JIJId
JIIOOBIX HATYPAJBHBIX 1M U N BBIIOJHIETCSI HEPABEHCTBO Tpyipn < Ty + Tp-
Hokazkure, 4TO TIOC/IEIOBATE/ILHOCTD <% MUMeET MpeJIel.

7. (Meroxn Tepona.) ITpubimkeHHoe u3BJeYeHHE KBAJIPATHOIO KOD-
Hg W3 YHUCIA T OCYIIECTBJIAETCHA TaK: BBIOMpaeM HadabHOE MPHUOJIMKEHHE
X

an+-——
a1 ~ T 1 CTPOUM IIOC/IEAOBATE/IbBHOCTD Gp41 = 2an . ,HOK&)KI/ITG, YTO IIpu
IIpaBUJIbHOM BbI60pe Ha4daJIbHOI'O HpI/I6JII/I}KeHI/IH (KaKOM?) Ay — \/E

Ilerrabie npobu. 14.07.2017

Onpepesienne 1. Koneunoit yennoti dpobvio (npyroe Haszsanue — wenpe-
PoI6HasA 0pobb) HA3BIBAETCs BBIPAXKEHUE BUJIA

lag; ai,az, ... a5 1,a,] = ag+ o - , (%)
as +

e ag € Z u ap, € N upu k > 0.
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0. (Hy>xHo ciaBaTh B MICbMEHHOM BH/I€ HA OTAEJIBHBIX JIMCTOY-
Kax.) Jlokazkure, 9410 JI060€ PAIMOHATIBHOE YHCIIO €IMHCTBEHHBIM 06pa3oM
PACKJIAJIBIBAETCS B KOHEIHYIO TIEITHYO JIPO0b € a, # 1.

Omnpenenenne 2. Boiparkenus Buja % = lag;ay,a9,...,a5_1,a;] (voe Py

u (Qy B3auMHO 1POCTBI U () > ) HA3BIBAIOTCS NOOTOOAUUMYU OPOOAMU K
HEHON JTpodH ().

1. IIpu Beex HaTypaabHBIX Ak < N JOKaXKATE, UTO

a) Poy1 = a1 Py + P11 Qi1 = a1 Qe + Qr—1;

6) Pri1Qr — PuQry1 = (—1)*
)

)
B Qé;fl = [ags1; ap, .-, a1], ;:1 = [ags1; g, - - ., ag) (ecam ag # 0).

Onpenesienne 3. Boipaxkenust Buja o = [ag, Qi1 - - ., 0y HA3BIBAIOTCS
NONHBIMU YACTVHOIMU WA OCTAMKAMY TEIHOH ApO0H ().

Pr+Pr_1
2. [Ipu Bcex HATYPAJIbHBIX k < 1 JIOKAsKHUTE, 9TO ( = Lo — ekt lbo1
p yp <nA ’ Qn ap41Qr+Qk—1
Onpepesienne 4. HazoBem nienuyto 1pobb (*) cummempuseckoti, €Cau ay =
G ip 0 < k < n.

3. a) Jlokaxkure, 94To NI CUMMETDPHYECKON IEMHON apobu npu n = 2k
BbINOJIHEeHbI cooTHOMeHust P, = Py_1(Py+ Py2) 1 @, = QxPr—1+ Qx—1FPr—_o,
a pu n = 2k + 1 — coornomenus P, = P2+ P? |, Q, = PyQy + P 1Qs_1.

6) Ilycts p — mpocroe uncio Buga 4k + 1. JTokaxkure, 9T0 cpeu quces
L, £, ..., 4 ecTb wmcI0, pasiaraomeecsa B CAMMETPHICCKYTO TIEITHYTO POk,
B) (PoxxmecrBernckasi reopema @epma, qokasaresbctso H. J. Smith,
1855.) Tlpu oMoy npeblIyuX MyHKTOB JOKAKUTE, YTO JIH0H0e IPOCToe

qncsio Bua 4k + 1 mpegcTraBuMoO B BIIE€ CYMMBI JIBYX KBaJIpaTOB.

Onpenenenue 5. Beckoreurot uentoti 0podvo Ha3bIBAETCS BhIPasKEHNE BH-

J1a
1

lag; ay, ag, . ..| = ap + ———
a+ T

Y
rie ag € Z n a, € N nupu k > 0. [Housrusa nodrodsweti dpobu u noarozo
Yacmmoz20 Jjist OECKOHETHOM TEHON Apodu OIpeIesIsTioTCs: aHATOTHIHO CJTy-

Jai KOHEIHOH Japobu. SHauenuem OECKOHEUHON IEIHOM IpoOu HA3BIBAETCS
IIpeJIesT OCIe0BATEIbHOCTH €€ TOXOISIIIX IPOo0eii.

4. Jokaxkure, 910  a) jist J1060i GECKOHETHON IEMHON Ipodu mocie-
JIOBATEJIbHOCTD €€ MOJXOJANUX Apobeil nMeer KOHeuHbI npejern;  6) sror
peJiel UppannoHajet; B) JI0O0e BElECTBEHHOE IUC/IO €JMHCTBEHHBIM 00-
Pa30M PaCKJIaJIbIBAETCS B OECKOHEUHYIO TEIHYIO JIPOOb.
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Omnpepesnenune 6. Llennas 1pobsb [ag; ay, as, . . .| HasbiBaeTcs nepuoduseckot

0, &1, L2, )
eCJIM TIOCTIeI0BATEILHOCTD (a;) mepuoandeckas (T.e. eCJin CyIIeCTBYeT HATY-
pasibHOe © Takoe, 4TO JUIsd BCeX k HauYMHAs ¢ HEKOTOPOIO MECTa BBIIOJIHE-

HO PaBEHCTBO (yy; = Qy). BCau mepuoj| JyimHbl ¢ HAYUHACTCS C Ggyq, TO
HCIOJIB3YeTCs CIeJIyIoniee 0003HAUCHUE: [Gg; A1, - . ., Qg Ggi1, - - 5 Gogg). I8
YUCTO-MEPUOIIMIECKON TEMHOM JIPOOH THIILYT [dg; Gy, - - -, Gr—1]-

5. Jlokazkure, UTO 3HAUEHUE JIOO0 ITEPUOIMIECKO IIEITHOH 1podu sSIBJISI-
eTcst KB IPATUIHON UPPAIMOHAJIBHOCTHIO (T.€. KODHEM KBaJIPATHOTO ypaBHe-
HUsI C PAIMOHAJILHBIMU KO3(bDhDUIIHEHTAMHY).

Teopema Typana u skcrpeMasibHasi Teopus rpadosn. 15.07.2017

1. B rpade 2n sepmmun u n? + 1 pebpo. Jloxkaxkure, 9TO B HEM €CTb
a) TPeyroJbHUK; ©0) He MeHee n TPEeyroJbHUKOB.

Onpegenenune. CpoiictBo rpadoB P Ha3BIBAETCS HACACICNEEHHBILM, €CIIN
qutst siroboro rpada G, obaamaromniero ceoiicrBoM P, y1r060it moarpad rpada G
Tak»Ke 00/1a/1aeT ITUM CBOHCTBOM.

2. (JIemma o HacaencrBenHom cBoiictse.) Ilycrs P(n) — HauboJib-
IIee KoJIm4ecTBo pebep B rpade ¢ n BepmmHamMu, 001aJaloIuM Hac/IeJCTBeH-
HbIM cBoiicTBoM P. Jlokazkute, uto P(n) < 5 P(n —1).

3. Haiture mpu oMoy JieMMBbl O HACJIEJICTBEHHOM CBOMCTBE HAMOOJIb-
mee KOJIMYIecTBO pebep B rpade Ha n BepmuHax 6e3  a) TPeyroJbHUKOB;
6) moJIHBIX ToArpadoOB HA 4 BEpIINHAX.

4. Teopema Typana (P. Turan, 1941.) Haiijiure nau6oibiiee BO3MOK-
HOe KOJIMYeCTBO pebep B rpade Ha v BEPIIMHAX, He cojepsKalieM noarpada
K,, (monmoro moarpada Ha n BepImHax) &) IPU ITOMOIIN JIEMMbI O HACIIE]I-
CTBEHHOM CBoOiicTBe;  6) 6€3 MOMOIIHN JIEMMbBI O HACJIEJCTBEHHOM CBOWCTBe.

3ama4da o 3anperieHHoM toarpade. Jlan gurcuposarnnd epap H. Tpe-
byemcs Hatmu HauboAbULEE BOZMONCHOE HUCAO pebep 6 epade Ha U 8epuLU-
Hax, ne codepotcautezo nodepaga, uzomopprozo H. Taxoe wucaro mvr 6ydem
obosnavamy ex(v, H).

Teopema Typana maer sam TouHoe 3HaudeHue udnciaa ex(v, K,). Eciam 3a-
NpENIEeH bl TIo/Irpad He sBIgeTCsd MOJTHBIM, 3a/la9a CTAHOBUTCA Topa3io 60-
Jlee CJIOKHOW M TOUHYIO (hOpMyJsly Kak HPaBUJIO yKa3aTb Hejb3st. Tem He
MeHee, Jist CIydast TIOJTHOTO JIBYI0ABHOTO rpada K, , U3BECTHBI HEKOTOPBIE
uncia ex(v, K, ).
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5. a) B rpade Ha v BepuIMHAX, CTeleHb KayKJOW BEPIIUHBI paBHA d W

HEeT IUKJIOB JIJIMHBI YeThipe. /lokaxure, uro d < H—*/;‘T?’. 6) B rpadpe na
v BEPINMHAX HET IUKJIOB JUIMHBI YeThipe. Jlokazkure, 910 B 9TOM rpade He
boJtee v(l%m pebep.

B) (T.Ko6vari, V. T.Sés, P. Turdan, 1954.) Ilyctb m,n > 2 u v >

m + n. Hokaxkure, 94T0

1 151
ex(v, Kpp) < 5 ((m — 1)np*n —l—nv) :

6. B rpade 30 BepmmH, KaxKjgoe pedpo rpada MOKpalieHOo B KpacHBIi
WU CHHUN 1BET TaK, YTO HET TPEX BEPIINH, MOMAPHO COEIMHEHHBIX pedpamMu
ojHOrO 1BeTa. Kakoe HamboJIbIIee KOJTMIECTBO pebep MOMKET OBbITh B 9TOM

rpade?

JIBoiitnblie oTHOImeHudA. 16.07.2017

Omnpenenenune 1. /[6otiHbIM 0OMHOWEHUEM YTIOPSITIOIEHHON YE€TBEPKHU TO-
yek A, B,C,D, nexamux Ha OJHOW NPAMOI, Ha3bIBAETCS BeIMYNHA

(A,B,C,D) = 4¢ . AD

Onpenenenue 2. /[6otlnvim omuoweruem YIOPSIOUYCHHON Y€TBEPKU TIPs-
sin Z/(@,c) . sin/(a,d)

sinZ(b,c) * sinZ(b,d)’
@, b, ¢, d — mpou3BoOJIbHBIE BEKTOPBI, HAIIPABJIEHHbIE BIOJIb IPSIMBIX @, b, ¢, d.

MBIX a,b,c,d, HasbiBaeTcst BesmuuHa (a, b, ¢, d) e

3aMevyanue. DTa BeJMUNHA HE 3aBUCUAT OT BbIOOPA HAIIPAB/IEHU BEKTOPOB

Omnpenenenne 3. Touku A, B, C, D nexar Ha okpyxkuoctu S. [Iycts X —
IPOMU3BOJILHAS TOYKA 3TOH OKPYKHOCTH. J[60TIHbIM OMHOUEHUEM YIIOPSIIO-
vyennoit yersepku touek A, B, C, D wnasbiBaercs seauunua (A, B,C,D) =

(XA, XB,XC,XD).

3amMevyanue. DTa BeJIMIMHA HE 3aBUCUT OT BbIOOpa Touku X. B ciyuae,
ecm oxfa u3 Touek A, B, C, D coBmajaer ¢ X, B KauecTBe COOTBETCTBYIOMIE
IpPSIMOI paccMaTpUBaeTCs KacaTebHas K OKPYKHOCTH S.

Onpepesienne 4. Yersepka Touek (MPsAMBIX) HA3BIBAECTCS 2aPMOHUYECKOT,
€CJIM UX JIBOITHOE OTHOIIIEHNE IIPH KAKOM-JIN00 yropsjaodenun pasio —1. [ap-
MOHMYeCKas YeTBEPKa TOYEK Ha OKPYXKHOCTU HA3BIBACTCH 2aPMOHUYECKUM
YEMbLPETY20NOHUKOM.
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0. (Hy>kHO c/1aBaTh B IMCbMEHHOM BH/I€ HA OTAEJbHbBIX JINCTOY-
Kax.) a) Jokaxure, uro ecsiu (A, B,C,D) = 1, o qu6o A = B, nubo
C =D. 6) Hokaxure, uro (A, B,C, D)+ (A,C,B,D)=1. B) Jokaxu-
T€, YTO JBOHHOE OTHOIIEHHE COXPAHACTCH IIPU MOJIAPHOM HIPeobpa3oBaHUm.

1. Ilycrs (A, B,C, D) = k. Kakue 3HaueHus] MOXKET IIPUHAMATH JBOWHOE
OTHOIICHHA TOil Ke 4eTBEPKU TOYEK, B3ATBIX B JIPYIOM HOPAIKe?

2. a) [Ilyctrb M u N — ocHOBaHUsI BHYTDeHHeil U BHeIHeil OrcceKTpuc
rpeyroibanka ABC' ¢ ocnosanuem BC'. Jlokaxkure, uro (B,C, M, N) = —1.

6) Ilycrb y OKpyzKHOCTEH pasHoro pajuyca ¢ renarpamu X, Y obiue
BHEIIIHIE KacaTebHbIe IIepecekaloTcst B Touke A, a oblue BHyTpEeHHUE Kaca-
TesibHBIE B Touke B. Jlokaxkute, uro (A, B, X,Y) = —1.

B) Ha Bemecrsennoit npsmoit ormernm toukun O(0), A(a), B(b). Hoka-
xkure, uto (A, B,0,X) = —1 Torjga u ToJabKO TOrja, KOrja KoopauHarta X
paBHa cpejiHeMy rapmonndeckomy ducest a u b. (OTcioyia u B3s10Ch Ha3BaHMe
2APMOHUMECKAA YENBEPKQ).

r) Hokaxkure, uro (A, B,C,D) = —1 rorma u tojibko Torja, korga C
u D — MHBEpCHBI OTHOCUTEJIHLHO OKPYKHOCTH IOCTpOoeHHoi na AB, Kak Ha
JmaMeTpe.

3. Ilpsambie ¢ u f5 nepecekatorcst B Touke A. Ha npsmoit /7 ormete-
bl Touku By, C1, Dy, a #Ha npsamoit {5 — Touknu By, Cy, Dy. Jlokaxkure, 1T0O
upsivbie By By, C1Co, D1Dy konkypenmuo, (TO €CTh TEPECEKAIOTCST B OJTHON
TOYKE WU MapasilebHbl) TOrJa W TOJBKO Torya, Korma (A, By, Cy, D) =
(A, BQ, 02, Dg)

4. TIponomxkenus cropon AB u C'D 4dervipexyronbauka ABC D niepece-

kalorcd B Touke F, npojokenuss BC u AD — B touke F', upsimbie AC' u
BD nepecekator EF 8 roukax M u N. Jlokaxure, uro (E, F, M, N) = —1.

5. Ilpu momoru HnpoekIuu JBOHHBIX OTHOIIEHUi jgokaxkute Teopemy
ITammma. Ha npsmbix ¢7 u ¢ ormedennsl Touku Ay, By, C7 u A, By, (s
coorBercTBeHHO. Ilpsimbie A By u Ay B nepecekaiorcst B ToYKe K, IpsiMble
A1Cy m AyCy — B Touke L, npsimbie B1Cy n BoC7 — B Touke M. Jlokazkure,
aro Touku K, L, M nexkar Ha OJHOI HPSIMOIA.

6. IIpu momoryu TpoeKIy JTBORHBIX OTHOIIEHUT JoKaxkuTe TeopemMy o
6abouke. B mynkrax a) u 6) mpuBeJEHBI JBe BO3ZMOXKHBIE (DOPMYIUPOBKI
3TOH TeOpeMBbl.

a) IIpsimas ¢ nepecekaer oKpyKHOCTH S ¢ neHTpoM O, Touka P — ocHO-
BaHUe HepHeHIuKYy/Idapa, onyinennoro n3 rouku O ua f. Ha okpyxkuoctu S
ormeduenbl Touku A, B, C, D takue, aro npsimbie BC' u AD niepecekaiorcs: B

touke P. [Ipsmbie AB u C'D nepecekaror ¢ B Toukax X un Z. Jlokaxkure, 910
XP=PZ.
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6) Ilpsimas ¢ mepecekaer OKpy»KHOCTH S ¢ mentpom O, Touka P — oc-
HOBaHUE IEePIICHIUKYJIsApa, omylineHHoro n3 Touku O na ¢. Ha okpy:KHOCTH
S ormedennl Touku A, B,C, D takue, uro npsmeie AB, BC, CD, DA ue-
pecekatoT ¢ B Toukax X, Y, Z, T coorBercrBenHo. I3BecTHO, 9TO TOUKH Y
u T cummeTpudHbl OTHOCUTENIBLHO P. Jlokaxkure, uyTo Toukun X W Z Takke
CHUMMETPUIHBI OTHOCUTEIHLHO P.

3ameuanme. Ha camom jiesie, Bepua erre 6osiee o0rasi (hopMyIupoOBKa Teo-
PEMBI: YCJIOBUE O TOM, UTO MPSAMasi IEPECEKACT OKPYKHOCTh, He 00s3aTe/IbHO.

7. Bo BumcannoMm derbipexyrosibauke ABC D touka M — cepenuna CD,

F=(AD)N(BC)u E = (AC)N (BD). Otnmuunag or M Touka N Ha omu-
canHoit okpyzkHOcTH AABM Takopa, uto AN = AM

NB = 315 AloKaxkuTe, 9TO TOUKa
N nexut na npsamoir FF.

Mart6oit IIpocdpu8—IIpodu9. 17.07.2017

1. Ha miockoctu ormedeno 100 Touek. OkKazaiochb, 9TO B JIFOOOM Tpe-
YrOJbHUKE C BEPIIUHAMH B OTMEUYEHHBIX TOYKAX HMEETCS BBICOTA JIJINHBI
MeHnbIne 2. /lokaxkure, 9TO JIId HEKOTOPO# MpsiMoil Haiijgercd b1 ormeden-
Hasl TOYKa Ha pacCTossHUHU He 6ojiee 1 OT 9TO# IPSIMOIi.

2. OKpYKHOCTB, IPOXOJIsIast uepe3 Bepmuubl A u B Tpeyrosbauka ABC
mepecekaer BTopudHO ero croponbl AC' m BC' B Toukax By u A; coorBer-
creerro. Orpesku AA; u BB nepecekatorcs B Touke P. Touka H — mpoek-
nusg P na BC. Jlokaxkute, 9TO OKPY?KHOCTD, ITPOXOIAIAs Yepe3 CePUIMHBI
orpeskoB C'P, BP u AB npoxoaut 1epe3 Touky H.

3. Harypasnbuoe uucio n > Cp. JTaHbl 3n pasauYHbIX HATYPAJIbHBIX TH-
ce: a;, b, ¢;, tne ¢ = 1,...n. Hokaxwure, 9To cpeau cymm a; + b;, a; + ¢;,
b; + ¢; xorst 661 k + 1 pa3InIHbIX.

4. B tabauiie n X n paccraB/ieHbl Pa3/MYHbIe HAaTypaJbHbIe UHCJIA, HE
npesocxoagammue 2n?. B Kask1oit cTpoke I B Kazk1IoM crosbre nocunran HOJ
Bcex umces. PaccraHoBka HasbIBaeTcs ydusumenavHot, ecan Bee 3t 2n HO-
JloB paznmansl. [Ipn Kakux n cyliecTByeT yAuBUTEIbHAS PACCTAHOBKA !

5. U3z kybukos 1 x 1 X 1 ckyieen Ky0 3 X 3 X 3. [locrenenno Bacs Beipe3aer
10 OJTHOMY MaJIeHbKOMY KyOWKY Tak, 94TO:

(1) durypa ocraercs nesbHoil (He pacrnajercs: Ha YacTn);

(2) co cTOpoHBI KaxKJ0#i rpaHu UCXOAHOrO Kyba (urypa BBINISIUT Kak
LIeJIbHBIN KBaJipaT 3 X 3.
Kakoe naubosbItiee KoJim4aecTBO KyOMKOB MOT' Bbipe3aTh Bacs?

6. /I BemecTBeHHBIX @, b U ¢ Takux, 910 a + b 4+ ¢ = 0, JOKaxKuUTE
HEPaBEHCTBO
a’b® + b2 + 2a® + 3 > 6abe.
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7. Okpyxu0CcTh TTpoxoauT 1depe3 Bepruabl A u C Tpeyronbauka ABC,
Kacaercst cropoabl AB u nepecekaer cropony BC' B Touke P. Buccekrpuca
yriia B nepecekaer B Touke K KacaTeJIbHYIO K OKPYKHOCTHU, ITPOBEJIEHHYIO
B Touke P, u B Touke L. — orpe3ok AP. Jlokaxkure, uro /LAK = /LCB.

8. Haiiture Bce TPONKN HATYPATBHBIX TUCET (:c, Y, z), JJIg KOTOPBIX YUCJIO
2017 2017 2017
+ +
r+y y+z zZ+x

9. Pemmmre B Ie/IbIX HEOTPUIATEILHBIX YHCIaX ypaBHenue 23¢4+2¢4+1 = b2,

ABJIACTCHA IIEJIBIM.

10. B nmosnom rpade rpade ¢ 200 BeprmHamMu Ha KaxKJI0M peOpe BBe-
Jn opueHTanuo. /lokaykure, 9TO B MOJyduBIIEMCS I'pade MOKHO BBIOPATH
OPHMEHTUPOBAHHLIN TyTh n3 199 3BenneB, B kKoropoMm repsbie 100 pebep opu-
€HTUPOBaHbI B CTOPOHY HadaJla IyTH, a cjaemyomne 99 — B CTOPOHY KOHIIA.

Mart6oii IIpocdpn9—-IIpodpnl0. 17.07.2017

1. ITycrs k, n — HaTypasbHble unucTa, npuaém n > C3. Jlanbl 3n monapHo
PA3JIMIHBIX HATYPAJIBHBIX YUCeN: a;, b;, ¢;, tme ¢ = 1, ..., n. Jlokaxxure, 910
cpean cyMM BUJA a; + b;, a; + ¢;, b; + ¢; x0T Obl k + 1 pas/jimIHbIX.

2. B tabumie n X n paccTaBiaeHbl pasJndHbIe HATYpPaJbHbIE YHCIA, He
npesocxoagae 2n?. B Kask10it cTpoke U B Kazk1IoM crosbre nocuntan HOJT
Bcex umces. PaccranoBka HasbiBaeTcs ydusumenvrot, ecim Bee 3tu 2n HO-
JloB pasymanbl. [Ipr Kakux n cyIecTByeT yauBUTEIbHAsT PACCTAHOBKA !

3. MuoxkecTtBo S BepiuH rpada Ha3bIBACTCA JOMUHUPYIOULUM, €CTTH JIO-
Oast BepiuHa rpada, He BXOAdAIas B S, CMeXKHa, ¢ KAKOH-TO BEPIIHHON U3 S.
CymecrByer ji rpad ¢ Y€THBIM YUCIOM JOMUHUPYIOIUX MHOYKECTB?!

4. Cropoust AB u EFF Buucansnoro mecruyroibauka ABCDEF nepe-
cekatorcsd B Touke X, cropoust FF u C'D — B touke Y, a cropoust C'D un
AB — B Touke Z. Ha npsimoit E'F Boibpana Touka M tak, ato M B 1 AFE.
Ha mpswmoit C'D Beibpana touka N Tak, aro NF 1 C'E, a na npsamoit AB
BeIOpana Touka K Tak, yro KD 1 AC. Toukn O,, O, n O, nenTpEl ONHCaH-
HBIX OKpYyzKHOCTell TpeyroabunkoB M BE, FNC u AK D coOoTBEeTCTBEHHO.
Hoxazkure, uro npamele XO,, YO, n ZO, nepecekaloTcs B OJIHOII TOUKe.

5. B 10 xkopobOkax JiezkaT Kamuu: B k-oit Kopooke jiexkut 2000 4 k£ kKaMHeit
(k =1, 2,...,10). [Ioe urparor B Takyi UTPY: OJUH U3 UTPOKOB BHIOUpaeT
JIoObIe 5 KOPOOOK M BBIHMUMAET M3 KaKJIOH M3 HUX HEKOTOpPOEe HEHYJIeBOe
KOJIMYECTBO KaMHeit. ToT, KTo He MOKeT ¢AesIaTh X0, IMPOUrpbiBaeT. Ko u3
UT'POKOB BBIUTPAET IIPU IIPABUILHON Urpe?
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6. lannt uncia a, b, ¢ € [—1, 1]. Ussectno, uro a? + b? + ¢* < 1 + 2abe.
JTokazKkuTe, 9TO I BCAKOTO HATYPAJIBHOTO 1 AMEET MECTO HEPABEHCTBO a*" -+
b*" + " < 1+ 2(abe)™.

7. B npsmvoyrosabsaoM Tpeyroabauke ABC (LA = 90°) 6uccekrpucst BD

n C'E nepecekaiorcst B Touke [. MoryT i JImHBI KazKJI0r0 U3 0Tpe3koB AL,
AC, BI, ID, CI, IE 6bITb HeJIbIMA YACJIaMU?!

8. BroImykJiblit MHOTOYTOJIBHUK Ha TIJIOCKOCTH TAKOB, YTO €ro obpas3 mpu
JIIOOOM TTapaJiIeIbHOM IIePeHOCe COIEPXKUT IeIyio TouKy. Jlokaxkure, 91O
paccTostHe MeXKTy KAaKIMU-TO JIBYMSI BEPIITUHAMU MHOTOYTOJIbHUKA HE MEHb-

me /2.

9. Ilycre P(r) — npuBejieHHBI MHOTOYJIEH CTENeHU 1, UMEIONHH 1 Be-
IMIECTBEHHBIX KOpHeil ¢ yueroMm kparaocreit; P(2017) = 2017. Ilycrs Q(x) =
H?Sl? P(z + j). Hokaxkure, aro Q(z) nmeer kak MuruMyM 1000 pas3imaHbx
KOpHeit, 1o Mo y/ro Meabimux 2017.

10. Ha kazxkioif kjeTke GECKOHEYHOM MaxMaTHON JIOCKU HAIMCAHO HAW-
MeHbIIIee KOJIMIECTBO XOA0B, 3a KOTOPOE€ KOHb MO2KET ,ZLOIZTH OT 3TOH KJIETKHU
1o nanHoii kiaerku O. HazoBem KieTky 0co6oti, eciu Ha Heil HAIMCAHO YUC-
70 100, a Ha Beex cocemuux ¢ Heii (mo cropone) Kierkax — 101. Croabko
CYIIECTBYET OCOOBIX KJIETOK?

®dynkiun u HenpepwsiBHocTh. 19.07.2017

0. (Hy>kHO cmaBaTh B MICbMEHHOM BHJ€ HA OTHEJIbHBIX JINCTOY-
Kax.)
a) (Pyukmusi Jupuxie.) lokaxunre, 9ro dbyHKIHS

0, zeR\Q,

ro={ 7 18

Pa3pbIBHA BO BCEX BEIECTBEHHBIX TOYKAX.
6) (®yukiusi Pumana.) okaxkure, yro dyHKIUSA

0, zeR\Q,
gla)=4¢ 1

L reQuz="
q q

umMeeT pa3pbiB BO BCEX PAallMOHAJIBHBIX TOYKaX W HEIIPEPbIBHA BO BCEX MPpPa-
IMOHAJIbHBIX TOYKaX.

1. IIycrs f:[0,1] — [0,1] — menpepwiBHasg dyuknusa. Jokaxure, aro
naitaéres « € [0, 1] Taxoit, ato f(z) = .
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2. Ilosiox)kuTenbHbIE YHUCTA (1, g, . . .,y TAKOBBI, UTO v + Qg + ... +
a, = 1. JlokaxXurte, 9T0 JJIsd JIFOOBIX IMTOJIOXKUTEIbHBIX UUCENT T, T2, ..., 1L,
BBIIIOJTHEHO HEPABEHCTBO

Qn

1Ty + oy + ...+ T, = 7t as? L a

3. Haityiure Bce byuknun f: R — R takue, 910 06pazom J1000ro orpeska
SABJISIETCS OTPE30K TAKOM Ke JIJTIMHBI.

4. a) Ha mtockocTu jaHbl MHOIOYTOJIBHUK U npsiMast. Jlokaxkure, 4ro
HalijieTcsl npsiMasi, apaJjuiejbHasl JIAaHHOI, KoTopasl JIeJIUT IO/ lb MHOT'O-
YI'OJIbHUKA ITOIIOJIaM.

6) [okazkure, 9TO HeNpepbIBHAs (DYHKIHsI Ha OKPY’KHOCTH TIPUHUMAET
OJIMHAKOBbIE 3HaUEHNUsI B HEKOTOPOI I1ape /InaMeTpaJibHO IPOTHUBOIIOJIOKHBIX
TOYEK.

B) Ha mutockocTu 1aH BBIMYKJIbI MHOTOYTOIBHUK. JloKaxKuTE, 9TO CyIIie-
CTBYET IIpAMasg, JeJsIdinagd II0IoJaM U ero ILIONIa/ b, U ero IepuMeTp.

r) Jokazkure, 9T0 JIs1 IPON3BOJIBHOTO MHOTOYTOJBHIKA CYIIECTBYIOT JIBE
B3aMMHO IEPIEHIUKYJIAPHBIC IpdAMbBle, JIeJdIIe ero IUIONa/ib Ha YeThbIpe
paBHBIE YaCTHU

5. Haiiiure Bce menpepoiBable hyukimn f : R — R takwme, aro

Ve e R f(sinmz) = f(x)cosma.

6. Oynkmusa f : R — R Takoma, uro f(1) = 1, f(a)f(l/a) = 1 u
fla+b) = f(a) + f(b) ansa mobbix BemecTBeHHBbIX @ 1 b. Jlokazkure, 91O

fz) =z

Ilerrabie npobu, mpubanKeHnsd n ajiredpamveckue ymnciaa. 19.07.2017

0. (Hy>xHO cmaBaTh B HHUCBMEHHOM BH/I€ HA OTAEJIbHBIX JIU-
croukax.) a) Kakoe umciio mmMeer pasioxkeHue B IENHYIO apobb [1] =
[1;1,1,1,...]7 6) Paznoxure B nemmyio apo6s uncio 2.  (Pasymeemcs,
omsemul 6e3 060CHO8aHUA He OYIYm 3aCHUMBIBAMHCA. )

1. Ilycts a0 = [ag; a1, ag, . . .| — pasiiokeHne UPPAIMOHATIBHOIO YUC/IA B
IEIHYIO JIPOOb.
a) [dokazkure, 910 151 JIIOOO# MTOAXO/AIIEH JPOOU BBIIOJHEHBI HEPABEH-

-1 _ P 1
Qn(Qn+l+Qn) < ’Q Q’n ’ < QnQTH—l '
6) BeiBesiere u3 mpespiayiero nynkra reopemy Jdupuxie. (s so-

6oro 7 > 1 cymiecTByeT pallOHAJIBLHOE YHUCTIO %’, Takoe, 9t0 1 < ¢ < 71

CTBa
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B) ILOK&)KI/ITG, qTO Ccpeiu JTIIOOBIX JABYX ITOCJIEOBATE/IbHBIX IMOAXOIAIINX

JIpobeil K v KaK MUHUMYM JIJIsI OJIHO# BBITIOJIHSAETCS HEPABEHCTBO | — 5—"| <
n

ﬁ (1 TeM camMbIM CYIIECTBYeT GECKOHETHO MHOTO PAIMOHAIBHBIX THCE ’E’,
n

TAKWUX, 9TO ‘C( -2

1
. <@).

3ameuanmue. Ha camom JeJie, BepHO U boJsiee CHILHOE yTIBEp2KJACHUEe: JIJId

JIIOOOTO UPPAITMOHAILHOTO (v CYIIECTBYET OECKOHEYHO MHOT'O PAITMOHAJILHBIX

quCceI §’ TaKux, 4TO | — g’ < ﬁq” IpUYeM KOHCTAHTY /D HeJb3sl yBesIn-

YUTDb.

2. llycrba € Ru § #a(a€Z beNu(a,b) = 1) rakossr, uro |a— | <

#. PaccmoTpum pasioxenne § = [ag; ai, . . ., G| 9ucIa § B LEIHYIO APO0H.
P.sf _ S— s—
[yers w = DB=179%@s-1  5) JlogawmuTe, 9ro |w + @=L > 2. 6) Ilycrs
y astps ) QS y

W = [asy1; sy, - - .]. Jokaxkure, aro Toryua o = [ag; ay, . . ., as, asi1, .- .|. (Tem
caMbIM, ecin |o — %] < o To ¢ gBIseTcs OAHOM U3 MOAXOMAIMX JAPOGeii
K Q.)

Omnpenenenne 1. VppanuoHajbHoe (@ YUCIO HA3BIBAETCH K6adpamuuHol
UPPAYUOHANDHOCTIDIO, €CTH OHO SIBJISETCSl KOPHEM KBaJpaTHOIO ypaBHEHMs
¢ paruoHabHbIMU KO3bdurnmentamu. Conpasicennots uppayuonaisHoCmbio
JUUTsT KBaIPATUIHON UPPAITMOHATBHOCTH (v HA3BIBAETCST TUCTIO O, SIBJISIFOIIEECST
KOpPHEM TOTO YK€ TpexdjeHa.

Kpagparndunas uppamnuoHaJbHOCTh (¢ Ha3bIBAETCA NPuedenHotl, eCciin
a>1ln—-1<a<0.

JIMCKpUMUHAHTOM KBa/IPATUIHON UPPAITMOHAILHOCTH (v HA3BIBACTCS JIAC-
KPUMUHAHT KBaJIPATHOIO TpexwieHa [, (), KOpHEM KOTOPOTO SBJISETCS «,
npudeM fo(x) BeIOUpaeTcs Tak, 9TOObl ero KoshOUIMEHThl OB B3aNMHO
IIPOCTBIMU B COBOKYITHOCTH TI€JIBIME IUCIAMHU.

3. a) [Iycth a@ — KBasipaTuIHAask HPPAIMOHAIBHOCTE. JloKazKkuTe, 9TO0 IMpn
ee Pa3JIOKEHUNU B IEIHYIO IPOOb BCE TOJIHBIE YaCTHBIE (v OYIYT KBaJIpaTUd-
HBIMU UPPAIMOHATBHOCTSIMHI C T€M K€ JINCKPUMUHAHTOM.

6) Ilycth o — mpuBesieHHAsT KBAAPATHIHASI HPPAIMOHATIBHOCTD. J{oKazKu-
Te, UTO BCE (v} TAKXKe SBJISIOTCS TPUBEJIEHHBIMU KBAIPATHIHBIMI UPPAIIO-
HaJIbHOCTsAMU. BhIBesieTe U3 3TOro TO, YTO IenHasd JpoOb — MEePUOInIecKas.

B) (Teopema Diinepa-Jlarpanxxka.) Jlokaxure, 4ro 1emnHas apodb, B
KOTODPYIO PACKJIa/IbIBAETCA UPPAIMOHAJIBHOE YUCIO (v EPUOJMYHA TOT/a U
TOJIBKO TOTJIa, KOT/JIa (v — KBaJIpaTUIHAsT UPPAIINOHATBHOCTD.

r) Jlokazkure, 4To T€MHAs IPOOb YHCTO MEPUOJANIECKAs TOTJIA U TOJIBKO
TOr/Ia, KOTJIa (v — MPUBEJIEHHAs KBaJIPATUIHAST UPPAIMOHAIHHOCTD.
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Omnpenesnenne 2. Yucimo o € R HaszbiBaeTcs: anzebpauveckum, €Cam OHO
SIBJISICTC KOPHEM HEHYJIEBOIO MHOTOYJICHA C PAIMOHATIBHBIME KO3 burmen-
tramu. Muorounen f,(z) € Q[x] Ha3BIBACTCH MUHUMAALHOIM MHO20YUACHOM
aaredpandecKoro duciaa «, eciiu fo(a) = 0 u f,(r) nMeer HAMMEHBIITYTO CTe-
[IeHb CPEJIM BCEX MHOTOUJIEHOB C PAIIMOHAIBHBIMU KO3 duIimeHTaMn, KOpHEM
KOTODPBIX SIBJISIETCS (V.

Sameuanue. 1) Jl1o6oe par@oHAJBLHOE UUCIIO SABJISETCS AJreOpAnTIecKuM,
MTOCKOJIBKY SIBJISIETCSI KOPHEM JIMHEHTHONO MHOTOUJICHA C PAIMOHATBHBIME KO-
s durmeHTAMN.

2) MuHMMAJIbHBIA MHOIOYJIEH HENPUBOAUM (JOKAXKUTE 3TO, ITO COBCEM
pocto!)

3) MuHuMa/IbHBIA MHOIOWIEH HE €JMHCTBEHEH, HO JIErKO BUJETH (JI0Ka-
skuTe 910!), 9TO JIIOOBIE JIBA MUHUMATBLHBIX MHOIOYIEHA YUCIA (¢ OTJINIA0T-
¢ IPYT OT Apyra JOMHOXKEHHEM Ha KOHCTaHTy. MuHuUMabHBI MHOTOM/IEH
MO?KHO BBIOpaTh Tak, 9TO0bI €ro KOd(MMUIIMEHTHI ObLIN IEJIBIMUA THCIAMUT.

4. IIycrs a € R — anrebpanteckoe qucio, fo(x) € Z[x] — MuHIMAIbHBII

MHOrOWIeH o, n = deg f,.

a) Ilycrs § — OTIMYHOE OT (¢ panuoHagbHOe quciao (p € Z, ¢ € N).

Jlokaxkure, 910 ]fa(§)| > qin.

6) (Teopema JluyBusisi, 1844.) JlokaxkuTe, 9TO CyIIECTBYeT TaKasi
KOHCTaHTa ¢ (3aBUCAIIAS TOJBKO OT (v), UTO JIA JIHOOOr0 PanUOHAIBHOIO

ancia b # o (p € Z, g € N) spimonneno Hepasencteo |a — 2| > 2.
o 1

B) (Hucmao Jluysumnis.) Jlokaxure, 9T0 9UCIO )~ | foar

JEHTHO.

— TpaHCIIEH-

Acumnroruka. 20.07.2017

1. JlokaxkuTe, 9TO CyIIeCTBYeT HaTypaJibHOoe N Takoe, 4TO ypaBHEHUE
23 +13 4+ 23 +1t3 = N umeer me menee 1000 perrennit B HATYPaIbHBIX THCIIAX.

2. U3 kjeT4yaToil IJIOCKOCTU BBIOPOCUJIN BCE KJIETKH, 00€ KOOD/IMHATHI
KoTOpbIX Jendarcs Ha 100. Moo i Bce ocTaBiieecss KJIeTKU 000HTH X0/ 10M
KOHS!

3. Ha mockoctu n300pazkeHbl HECKOJIBKO YIVIOB TaK, UYTO OHU IOKPbIBa-
IOT BCIO IJIOCKOCTH (T.€. KayKjas TOYKa IJIOCKOCTU JIEKUT BHYTPH XOTS ObI
OJIHOTO U3 3TUX yrioB. Jlokaxkure, 9To ux cymma xots Ob1 360°.

4. CymiecTByeT Jin MHOT'OUJIEH C BEIECTBEHHBIMU KO MDUIIMEHTAMY, 3HA~
YeHUsI KOTOPOI'O BO BCEX HATYPAJIbHBIX UUCIAX — CTEIEeHU JTBONKM?!
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5. Ha mtockocTu 1mpoBejieHbl HECKOJIBKO MTOMAPHO HellapaJIe IbHbIX Ps-
mbix. [To Kax1oit mpsimoii co ckopocTbio 1 KM/cek mosser depenamika. Jlo-
KayKUTe, 9TO 110 MPOIIECTBUN HEKOTOPOI'O BPEMEHU YePENAIKN OKAaXKYTCs B
BEPIINHAX BBIIYKJIOI'0O MHOTOYTOJIbHUKA.

6. (Teopema MunkoBckoro.) Ha maockocTn JjaHa  BBILYKJIAsI
[EHTPAJIbHO-CUMMeTpUYHas (DUIypa 1101 GOJIbIe YeThIPEX € IIEHTPOM
B 11es10ii TouKe. JoKayKuTe, YT0 BHYTPU HEE €CTh €Ie XOTs Obl OjiHA IHeJiast
TOYKa.

7. Ha kjeruaToii MJIOCKOCTH CTOUT KBaJPAT N X N, COCTABJIEHHDLIN W3
dumek. Pazperraercs npbirath (hbUINKOI I€pe3 COCETHIOK 10 CTOPOHE (PUIIKY
HA CBOOOJHYIO KJIETKY, IPU 9TOM (DUINKA, depe3 KOTOPYIO MePEerphIrHYIIH,
canmaetcd. Jlokaxkure, aTo i jgoboro € > () cutyariysd, B KOTOPOi HEJIb3sd
60JIbIIE CIeIaTh HU OJTHOTO XOJIa, MOXKET BOBHUKHYTH HE PAHDINE, YeM depe3

nQ(% — £) XOJIOB JIJISI BCEX JOCTATOYIHO OOJIBIINUX 7.

I'eomerpuyeckunii pazHoboii. 20.07.2017

1. Okpyxuocth Kacaercs ctopod AB u AC tpeyrosibanka ABC' B ToUkax
P u @, a Takxke onmcanHoit oKpyzkHOCTH Tpeyroiabunka ABC. Jlokaxwure,
YTO MEHTP BIMCAHHONW OKPYKHOCTU TpeyroyibHuKa ABC JIeKUT Ha 0TPe3Ke
PQ.

2. B mapastenorpamm A; A3 A5 A7 Bimmcan pom6 Ay Ay AgAg, a B mapasiie-
jgorpamm By B,BgBs — poMm6 BiB3BsB; Tak, 9r0o BCe TOukn A, ..., Ag u
By, ..., Bg pa3/jim4Hbl U PACHOJIOKEHDBI B TOPsJIKE 00X0J/1a COOTBETCTBYIOIIIX
napaJuteorpamMmoB. Okazasock, uto A;A; 1 = B;B;y1 npu Becex @ = 1, 2, 3,
4. Jlokaxkure, aro LAy AyAg = £/ B1 By Bs.

3. [ana monyokpyzkHocTh ¢ ieatpom O u nmuamerpom AB. Ha weit pac-
nosiozkenbl Toukn P u Q@ (AP < AQ). Jlyau AP u B(Q) nepecekaiorcs: B
touke R. Okazayiock, uro opronentp H Tpeyrosibauka PQR jexxut Ha 110-
JIyOKpyKHOCTH. YeMy Mmoxker ObITh paBen ZAOH?

4. Ha okpy:xnoctu gausl b Touek U, V, A, B, C. Ilpsambeie UA u VB
nepecekatorcs B Touke M, npsvble UB u VA — B Touke M, nupameie UB
n VC — B rouke N, npsgmbie UC u V B — B Touke Ny, npsambeie UC u VA — B
touke P u npsmbie UA u VC' — B Touke P;. Jlokaxkute, aro npsimbie M M,
NN; u PP, nepeceKaloTcsd B OJIHOI TOYKe WJIN MapaJsie/IbHbI.

5. Ilycre R u S — /iBe pa3jauvHble TOUYKHM Ha OKPY:KHOCTH {) Takwe, 9TO
RS ne aBngerca nuamerpowm. Ilycrs ¢ — kacatenpnas K ) B Touke R. Touka T'
BbIOpaHa Tak, 4To S dBJidgercd cepeauHoit orpeska RT'. Touka J BbiOpaHa Ha
Menblneit ayre RS okpykuocTu () Tak, 9TO OKPYKHOCTH |, omrcanHasi OKOJIO
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TpeyrosibauKa J ST, iepecekaer ¢ B IByX pas3jMIHbIX ToukKax. [lycts A — Ta
n3 obmux Touek I’ u £, Koropast HaxoauTcs Omke K Touke R. [Ipsavasa AJ
BropudHo mepecekaer ) B Touke K. [lokaxkure, uro npsamas KT kacaercs

L.

6. a) (Teopema o nBoiinoit 6a6ouke.) Ha okpyxHOCTH S OTMEUEHBI
touku Ay, As, As, Ay, By, Bo, Bs, By. llpamas ¢ nepecekaer npsimbie A; As,
AsAs, AsAy, A4A1 B Toukax X1, Xo, X3, X4 coorBeTcTBEHHO 1 IpsiMble 1 By,
By B3, BsB4 B Toukax X, Xs, X3 coorBercTBeHHO. JlOKakuTe, 4TO IpsiMas
B, B, npoxoaut depe3 TOUKy Xjy.

6) (Teopema o 6abouke.) Hepes Touky M, SIBISIONLYIOCSA CEpeIMHON
xopael P(Q) HEKOTOpOit OKpyzKHOCTH, TpoBedeHbl xopasl AB u C'D. Xop-
ne1 AD u BC' nepecekator orpe3ok P(Q) B toukax X m Y. Ilpum momoru
IyHKTa &) JIOKayKuTe, 9T0 TouKa M sBsieTcs cepenHoii orpeska XY .

7. Jlan Tpeyrombauk ABC, B kKotopom /A = 2/B. Ilycrs D — ocHo-
BaHue dOuccekTpuchr yria A. OKPyKHOCTb W C IEHTPOM B TOYKe S KacaeTcs
BHEIITHUM 00Pa30M ONMCAHHBIX OKpyKHOCTe TpeyroabankoB ABD u ACD,
a Takzke Kacaercs npsamoit AB (w u Touka C' jiexkar 1o ofHy cropony or AB).
Hokaxkure, aro npsmbie AS nu BC' neprieH Ky IsipHbIL.

Momaoctu. 21.07.2017

0. (Hy>xHo ciaBaTh B MMCbMEHHOM BH/I€ HA OTAEJIBHBIX JIMCTOY-
Kax.) /okazkure, 94r0 MHOKECTBO BCEX MOJMHOXKECTB JII0O0T0 MHOXKeCTBa M
uMeeT OOJIBIITYIO MOITHOCTE, YeM M.

1. a) Jlokaxkure, 9T0 Ha MJIOCKOCTU HEJIb3si H300Pa3UTh DOJIee YeM CUer-
HOE KOJIMYIECTBO ITOIAPHO He IePEeceKarolnxcs KPYyroB.

BepHo Ji1 aHATIOrHYHOE yTBEPZK IeHHe JIJIs “BOCbMEepOK™~ (TO eCTh I1ap Kaca-
IOIMUXCA BHEITHUM 00pa30M OKPYKHOCTEH, OKPY?KHOCTH U3 PA3HBIX BOCHME-
POK He MOT'YT IIepeceKaThCsi, HO OJTHA BOCbMEPKa MOXKET COJAEPXKAThCA BHYTPH
JpyToit)?

2. JlokazknuTe, 9TO MHOXKECTBO BCEBO3MOXKHBIX OECKOHETHBIX IIOC/IEI0Ba~
TEJbHOCTEN! HyJIed U eIMHUI] — KOHTUHYaJbHO.

3. Bepro i1, 94TO0 MHOXKECTBO  a) Bcex (DYHKIWHA; ©6) HENpepbIBHBIX
dbyuxymuit  f :[0,1] — R korTHHYaIBHO?

4. a) CyecTByeT Jin KOHTHHYaJIbHAS [IEMOYKa MOMAPHO BJIOKEHHBIX JIPYT
B JIpyra IIOAMHOXKECTB CYETHOI'O MHOXKeCTBa?

6) MoxeT Jin UMeTh KOHTHHYAJbHYIO MOIIHOCTh CHCTEMA TIOJMHOYKECTB
CYETHOTO MHOXKECTBA, JTFOOBIE JIBa U3 KOTOPHIX UMEIOT KOHETHOE TIepecevdeHune”?

5. ITocsie Toro, kKak 6echbl, KOuX O€CKOHETHO MHOTO, IIpourpasin Basie, nm
CTaJI0 TaK CTBIIHO, YTO OHU PEIIU/IN 3aHAThCsI (DUSKYIBTYPOIl U 3aIlIiCAIUCDH B
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CIOPTHUBHBIE ceKInNU. VI3BECTHO, ITO B KAYK/IyI0 CEKIINIO 3AIINCAIOCH KOHETHOE
quCJI0 OECOB, U Cpeiu JI0O0ro ODECKOHEYHOTO Habopa OecoB HaiiyTcs jIBOe,
3aHUMAIOIIUEeCTd B OJHON n Toil Ke cekiuu. Jlokaxkute, 910 6€COB-JIEHTSER,
KOTOPBIE XOIAT B KOHEUHOE UMCJIO CEKITUi, JIUIb KOHETHOE UUCIO.

KBaaparuunbiit 3aKkoH B3auMHocTH 'aycca. 21.07.2017

CHaygaJia HaIlOMHUM HECKOJILKO (baKTOB, KOTOpbI€ BbI JOJIZ2KHBLI 3HATL O
KBa/IpaTUYIHBIX BbIYE€TaX.

1. Ilyctb m > 1 — HaTypajbHOE YUCIO U @ — IEJIOe THUCJI0, B3AUMHO IIPO-
croe ¢ m. Yuciio a Ha3bIBAETCA KBaJIPATUIHBIM BBIYETOM II0 MOJLYJIIO
m, eciu cymectsyer x € N Taxoe, uto a = r? (mod p). B nporusnom
CJIydae 9UCJIO G Ha3bIBa€TCA KBaJAPATUIHBIM HEBBII€TOM II0 MOJYJIIO 1.

2. Ilycts p — upoctoe uncisio. CumBosiom Jlexkanjipa HAa3bIBAETCS BbIpa-
JKeHne, 0003HaYaEeMOe (%), paBHOe 1, ec/i @ — KBaJIPATUIHBIN BbIYET

110 MOJTYJIIO p; —1, ecin @ — KBaJIPATUIHBIN HEBBIYET 110 MOJIYJIIO P; U
0, ecnii a 1eATCd HA P.

3. CumBon Jlexxkamapa MyJIbTHUILIMKATHBEH: (%’) = (%) (

IIPOCTOE THCJIO.

4. (%) = a%l, rJjie p — IPOCTOE HEUYETHOE YUCJIO.
1. [IycTb p — HedyeTHOE IIPOCTOE UUCIIO, T = ’%1, 0<z<tu(a,p) =1.
2azx
Jokaxute, ato  a) az = (—1) -y, (mod p), tme 0 < r, < t; 6) (% =
(—1)Ze=l 57,
2. Ilyctb p — HedeTHOE MpOCTOE YHCJIO, T = 1%1, 0 <z <

t
HEYIE€THOE YHCJIO, B3aMMHO IIPOCTOE C P. ,Z[OK&)KI/ITG, 9TO a %)

(C)ERER6) (2) = (-0 ) (8) = ()Tl

3. (KBagparuunbiii 3akoH B3amMHocTu Laycca.) [lokaxure, 4To
(p—1)(g—1)
% (2 (—1)" 2 st JIIOOBIX PA3JINIHBIX HEYETHBIX TIPOCTHIX YUCEIT P

AR
uq.

4. a) Ilycrs (m,n) = 1. Jokaxkure, 9T0 YUCIO @ ABISETCS KBAJIPATHY-
HBIM BBIYETOM IO MOJYJIIO 7M1 TOIJIa M TOJIBKO TOIJA, KOIJIA OHO ABJISCTCA
KBaJIPATUYHBIM BBIYETOM 110 MOy IgM m u n.  6) Ilycrs p — HeveTHOE mpo-
croe umncyio, n € N. /lokaxkure, 4TO @ ABJIATCA KBAJIPATUIHBIM BBIYETOM IO
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MOJTY/TIO0 p" TOTJIa W TOJBKO TOTJIA, KOT/Ia @ SIBJASIeTCd KBAJPATUIHBIM BbIUe-
TOM 110 MOJLYJIIO p.  B) JIoKazKuTe, 94T0 @ ABJISETCS KBAJAPATUIHBIM BBIYETOM
o mogtystio 2" (tae n > 3) Torjga u TOJBKO TOTJIA, KOTJA @ sIBJISETCs KBapa-
TUIHBIM BBIYETOM 110 MOJIYJIIO 8.

5. JlokaxkuTte, 9TO IPOCTHIX duces Bujaa 8k — 1 66CKOHETHO MHOTO.

6. Jlokazkure, uro 2% + 1 mMeer XoTd ObI 2n IPOCTBIX JICJUTENS BUIA
8k + 3. (IlpocTeie mesmTenn MOryT HOBTOPATHCS)

7. Cy1iecTByeT Jin TaKoe HaTypasbHOe IUCI0 1 > 5, u4T0o 3" 4 5" jresiures
2
Ha n° — 257

Pasznoboii. 22.07.2017

1,1 1 1
1. Tlyers x,y, 2 > 0 Takosbl, uTo  + Tz <am Jlokakure, 9TO
2z 2y 2z

+ + < 3.
V1 + 22 1+92 V1422
Yy

2. [Iycrs A — 6eckoHEUHOE TTOIMHOYKECTBO HATYpaIbHBIX unces1. Haiianre
BCe TaKne HATypaJsbHbBIE 1, ITO JJIsi JTF0O0TO a € A, BBITOJHEHO

an_i_anfl_i_.___'_al_i_l’an!+a(n71)!+.__+a1!+1'

3. B ciioBe 60s1ee 10 OyKB, JT100bBIE JIBE MTOC/IE/I0BATEIbHBIE OYKBBI PA3INI-
ubl. Jlokaxkure, 9T0 MOXKHO [TOMEHSATh MECTaMU 2 TIOC/Ie0BaTe/IbHbIe OYKBHI,
9TOOBI MOJIYUHBIIIEECs] CJIOBO HE OBLIO MEPUOIUIECKUM, TO €CTh He MOYKET
OBITH pa3/IeJIeHO HA PABHBIE MTOJICIOBA.

4. Bce Bepmmmbl 110cKoro rpada mmeror cremenb 3. a) Ero pebpa
MOXKHO TPaBUJILHBIM 00Pa30M pacKpacuTh B 3 nBera. lokakure, 94T0 cTpa-
HbI MOYKHO IIPaBUJIbHBIM 00pa3oM packpacurh B 4 1pera. 0) Ero crpanb
MOXKHO IpaBUILHBIM 00pa30M packpacuTh B 4 1Beta. /lokaxkure, 9T0 pedpa
MOXKHO TIPaBUJIBHBIM 00pa30M PACKpacuTh B 3 IBETa.

5. Xo3giika yMeeT 1medb TOpThl k pa3aundabix coproB. OHa ycTpouia mup
Ha 66 "eJioBeK, Ha KOTOPOM KaxKJlash KOMIaHUS U3 36 9eJIOBEK Chesa MO OJTHO-
My TopTy. [Ipudem s r00bIx JIBYyX KoMauuii A u B eBIIUX TOPTHI OJHOTO
copra |AN B| > 18. Jokaxure, 9T0 X03siiKa MOXKET YCTPOUTH MUPYIIKY HA
12 genoBek Tak, 4TOOBI KarkKJasg KOMIIAHUA U3 6 YeJIOBEK Chesia M0 OJIHOMY
TOPTY U JjIs JIIOOBIX JIBYyX KOMIaHuii A m B, eBIIMX TOPTBI OJHOIO COPTA

|AN B| # 3.

6. llenTpor okpyzKHOCTEI S, Sy U S3 JIEXKAT Ha OJHOMN MPSIMOM, TTPUIEM
Sy u Sy He nepecekaioTcs, a S3 BHEITHUM 00pPAa30M KACAIOTCS JIBYX JIPYTUX
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oKkpyzkHOCTeH. JlokaxKkuTe, 9T0 OKPY’KHOCTE S3 IepecekaeT o0Ire BHyTPEH-
HUe KacaTeabHble K S7 1 Sy B 4eThIPpEX TOYKaX, 00Pa3yIoNnX IeThIPEeXyTo/Ib-
HUK, JIBE CTOPOHBI KOTOPOI'O TapaJljIe/IbHbI OOIIMM BHEITHUM KACATeTbHBIM K
Sl u 52.

7. O dbyuknun f(x), 3aaHH0li Ha BCeil BEIIECTBEHHON MPSIMOIi, H3BECTHO,
qTo 1pu Jobom a > 1 dyukius f(z) + f(axr) mHenpepbiBHa Ha Beeil TPSIMOIL.
Hokaxkure, uto f(r) TakxkKe HeIPEPLIBHA HA BCEH MPSIMOIi.

3akaouynTresjibHass oauMnouaga. 23.07.2017

1. Koneunoe MHOXKECTBO S' TOUYEK IEJTOUUCTCHHON PEITETKN Ha TIJIOCKOCTH
HA30BEM 08YCOCEOHUM MHOMCECTNEOM, €CIIU Jiisi KaxkIo# Touku (p,q) € S
posHo jBe Touku u3 (p+ 1,q), (p — 1,q), (p,q— 1), (p,q+ 1) npunamiexar
S. Jl1st KaKuxX n CyIIeCTBYET JBYCOCEJHee MHOXKECTBO U3 1 TOYEK !

2. Ha Beicore AK tpeyronbuuka ABC Kak Ha jJuaMeTpe IOCTPOeHA
OKPY?KHOCTb, KOoTOpas mepecekaer croporbl AB u AC' B toukax D u E co-
oTBeTCTBEHHO. JlOKaxkure, UTO MEHTP OKPYZKHOCTHU, OMUCAHHON OKOJIO Tpe-
yroabanka ABC, j1eXXuT Ha HepreHuKy/Isape, OMyIeHHoM u3 Toukn A Ha
npsmyio DE.

3. Y uucen n, n + 100, n + 200 HauboJsibiline cOOCTBEHHBbIE JIETUTE/IN
pasubl. Haitaure, demy moxker ObITh paBHO . (COOCTBEHHBIM JeJIUTEIEM
YHCJIa HA3BIBAETCS JIeIUTEb, OTJIMYHBIH OT 1 ¥ OT caMoro 4mucia).

4. Ha nwmxueit ropusontanun jgocku 2017 x 2017 crodar nsath poOOTOB.
OrmepaTop MOXKeT OTJIATH JIOO0MY U3 POOOTOB OJIHY W3 CJIEIYIONINX IE€THIPEX
KoMaHI: “BBepX’, “BHU3", “BjIeBO” MM “BIpPaBO’, MOCJE 9ero PoOOT JBUKETCS
B yKA3aHHOM €My HallpaBJeHuu J0 OJIMKaiero npenarcreus (T.e. 10 Tex
0P, [IOKa OH He JIOCTUIHET Kpasi JOCKHU WK He “‘yupercs’” B Jpyroro pobora).
PoGoTbl MOryT X0/IUTH B JIIOOOM MOPSIKE, HO B KaK/IbIii MOMEHT BPEMEHU MO-
JKEeT JIBUTATLCA TOJBKO OJiH poboT. MOXKHO JI TaK KOMAHI0BATh POOOTAMH,
9T00BI OHU B UTOre CTaju B Buje “Kpecra’ (T.e. OfuH U3 POOOTOB CTOSAT B

HEKOTOPOIl KJIeTKe, a OCTaJIbHbIE Ye€ThIPE — B COCEHUX C Hell KJIeTKax)?!

5. Haitaure Bce MHOrOWIeHbI P(2) ¢ 1eabiMu K03 hUIMEeHTaMI, TaKue,
91O Jij1 GECKOHETHOIO Ync/ia HaTypaabHbIX n unciao P(P(n) 4+ n) saserca
IIPOCTBIM.

3akJodnTesjbHass oauMnuaga. BeiBona

6. Ha nponomkernu cropousl AD mpsamoyronbanka ABC D 3a Touky D
BeIOpaHa ToukKa F. JIya EC BTOpHUYHO IepeceKaeT OKPY:KHOCTh W, ONUCAH-
HyT0 0KO0JIO Tpeyrojibhnka ABFE, B Touke F. Jlyaun DC u AF nepecekarorcs B
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touke P. Ha mpsmyto ¢, mpoxosinyto depes TOUKy F mapaJuie/ibHO TPsSMOit
AF, onymen neprenaukynsap C'H. Joxkaxure, aro npsmas PH kacaercs
OKPY?KHOCTHU W.

7. CymMMa HEOTPHIATE/BLHBIX 9HUCeI Ty, L, ..., Ln, paBHa 2. llpun > 4
JIOKAXKUTE HEPABEHCTBO

L1 i L2 NI Ln
1+23 1422  1+23

3
> —.
-2

8. Nmeerca 25 Macok, KaKjiasg CBOETO IBETa. k MYyJIPEIOB UTPAIOT B UT-
pPy: UM IOKa3bIBAIOT BCE MACKH, IIOTOM OHH JIOTOBaApPUBAIOTCA MEXKJLy COOOIA,
[IOCJIe Iero UM HaJIeBalOT MACKU TaKUM 00pa30M, UTO KarKJbIi 13 HUX BUIUT
MACKU HA BCEX OCTAJbHBIX (HO HE 3HAET, Ha KOM OHU HAJEThl) U He BHJIUT
cBoto. Hukakme popMbl B3amMoJielicTBUs MIPU 9TOM He pasperiaiorcd. Bcee
OHM OJTHOBPEMEHHO Ha3BIBAIOT 10 OJTHOMY I[BETY, IBITAsICh YIaJIaTh IIBET CBO-
eit macku. [Ipu KakoM HanMeHbIIEM k£ OHU MOTYT TaK 3apaHee JOrOBOPUTHCH,
9TOOBI XOTs ObI OJIUH U3 HUX HEIIPEMEHHO yraJiaJj’
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